
論文 / 著書情報
Article / Book Information

Title Stability of a traveling wave in curvature flows for spatially non-decaying
initial perturbations

Authors Mitsunori Nara, Masaharu Taniguchi

Citation Discrete and Continuous Dynamical Systems, Vol. 14, No. 1, pp. 203-
220

Pub. date 2006,

URL http://www.aimsciences.org/journals/displayArticles.jsp?paperID=1158

Copyright  Copyright (c) 2006 American Institute of Mathematical Sciences,AIMS

Powered by T2R2 (Science Tokyo Research Repository)

http://www.aimsciences.org/journals/displayArticles.jsp?paperID=1158
http://t2r2.star.titech.ac.jp/


DISCRETE AND CONTINUOUS Website: http://aimSciences.org
DYNAMICAL SYSTEMS
Volume 14, Number 1, January 2006 pp. 203–220

STABILITY OF A TRAVELING WAVE
IN CURVATURE FLOWS FOR SPATIALLY

NON-DECAYING INITIAL PERTURBATIONS

Mitsunori Nara and Masaharu Taniguchi

Department of Mathematical and Computing Sciences,
Tokyo Institute of Technology,

O-okayama 2-12-1-W8-38, Meguro-ku, Tokyo 152-8552, Japan

Abstract. This paper is concerned with the long time behavior for the evo-
lution of a curve governed by the curvature flow with constant driving force in
two-dimensional space. Especially, the asymptotic stability of a traveling wave
whose shape is a line is studied. We deal with moving curves represented by the
entire graphs on the x-axis. By studying the Cauchy problem, the asymptotic
stability of traveling waves with spatially decaying initial perturbations and
the convergence rate are obtained. Moreover we establish the stability result
where initial perturbations do not decay to zero but oscillate at infinity. In
this case, we prove that one of the sufficient conditions for asymptotic stability
is that a given perturbation is asymptotic to an almost periodic function in
the sense of Bohr at infinity. Our results hold true with no assumptions on
the smallness of given perturbations, and include the curve shortening flow
problem as a special case.

1. Introduction. In this paper, we study the long time behavior of solutions to a
Cauchy problem of the form

ut√
1 + u2

x

=
uxx

(1 + u2
x)

3
2

+ k, x ∈ R, t > 0, (1)

u(x, 0) = u0(x), x ∈ R, (2)

where k ∈ R is a given constant. Especially, we are concerned with the stability of
a traveling wave whose shape is a line, that is, u(x, t) = kt.

Our motivation to study this problem comes from the theory of interfacial phe-
nomena, which is a topic of considerable interest in applied mathematics. If two
different chemical or physical states coexist, interfaces appear as a phase boundary
between them, and the analysis of their motion is quite important.

Here we consider an interface Γ(t) in R2 governed by a curvature flow with
constant driving force k ∈ R. Namely, we have

V = H + k, (3)

where V and H are the normal velocity and the curvature of Γ(t), respectively. This
model appears in several fields. One of them is the study of dynamics of interfaces
in an excitable media, for example, Belousov-Zhabotinsky reaction [3, 15]. Equation
(3) also appears in the dynamics of interfaces in the Allen-Cahn equations. See [4]
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for instance. Moreover it appears in the reaction-diffusion systems of a competition
type. See [9].

In this paper, we deal with the case where an interface Γ(t) in R2 is represented
by a graph on the x-axis; in other words, an initial curve Γ(0) is given by a function
y = u0(x), x ∈ R, and a moving curve Γ(t), t > 0 is expressed by y = u(x, t), x ∈
R, t > 0. Under these assumptions, (3) is rewritten as the initial value problem (1)
- (2).

A moving curve Γ(t) is called a traveling wave of V = H + k with the velocity
|v|, if Γ(t) satisfies

Γ(t) = Γ(0) + vt, t > 0
for some vector v ∈ R2. We assume that a traveling wave moves toward the y-
axis without loss of generality. When k 6= 0, a stationary circle with radius 1/k
is a traveling wave with |v| = 0. Except for this circle and self-crossing ones, the
traveling waves of V = H + k (k 6= 0) are represented by a graphical form, after
an appropriate rotation of the coordinates, and is one of the following two cases
[3, 12]:

(i) Traveling line, that is, a line with velocity k, for example, u(x, t) = kt;
(ii) V-shaped front, which is convex and is asymptotic to the traveling lines as

|x| → ∞.
On the other hand, k = 0 means the so-called curve shortening flow. In this case,
every line is a stationary wave, and there exists a traveling wave that is called the
Grim Reaper. Furthermore the curve shortening flow has an extracting self-similar
solution, which is convex and is asymptotic to the stationary lines as |x| → ∞ as
in [8, 11].

In this paper, letting k be an arbitrary constant, we show the stability of the
traveling (or stationary) line u(x, t) = kt for the Cauchy problem (1) - (2). We note
that our results stated below include the case of k = 0, that is, the curve shortening
flow case.

Now we state related works. Chou and Kwong [5] proved the existence of global
solutions of (1) - (2) without the restriction of growth order. In [13], the authors
showed that the V-shaped fronts are asymptotically stable with respect to spatially
decaying perturbations. The proof of this result is given by constructing superso-
lutions and subsolutions. For the stability of extracting self-similar solutions in the
curve shortening flow, see [8, 11].

To study the stability of a traveling line, we consider the function u(x, t) =
u(x, t)− kt. Since ut = ut − k, we have a quasi-linear parabolic equation

ut =
uxx

1 + u2
x

+ k(
√

1 + ū2
x − 1) = (arctan ux)x + k(

√
1 + ū2

x − 1).

Here we note that every constant, that is, u(x, t) ≡ (const.), is a stationary solu-
tion. For the Cauchy problem of the heat equation, it is well known that every
constant is a stationary solution and is asymptotically stable for spatially decaying
perturbations. On the other hand, Collet and Eckmann [7] showed the counter-
example for the asymptotic stability of constant solutions of the heat equation,
where the bounded initial perturbation does not decay but oscillate slower and
slower as |x| → ∞. It is also known that the V-shaped front of the Cauchy prob-
lem (1) - (2) is not always asymptotically stable for similar perturbations as in
[13]. Moreover Poláčik and Yanagida [16] studied related works on a supercritical
semilinear diffusion equation.
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This is the difficulty in considering asymptotic stability in the case where per-
turbations do not decay at infinity.

In what follows, L1(R), L∞(R), W 2,∞(R), denote the Lebesgue or Sobolev
spaces. For γ ∈ (0, 1), Cγ(R) denotes the Hölder space, that is, the space of func-
tions that are uniformly bounded and uniformly Hölder continuous with exponent
γ on R. C2+γ(R) means the space of functions with u, u′, u′′ ∈ Cγ(R). For a do-
main RT = R× [0, T ], Cγ,γ/2(RT ) denotes the space of functions that are uniformly
bounded and uniformly Hölder continuous with exponent γ and γ/2 with respect
to x and t, respectively on RT . C2+γ,1+γ/2(RT ) means the space of functions with
u, ux, uxx, ut ∈ Cγ,γ/2(RT ).

First, we show the result on the asymptotic stability in the case where initial
perturbations decay as |x| → ∞.

Theorem 1. Let γ ∈ (0, 1) be an arbitrary number. Suppose that u0 ∈ C2+γ(R)
satisfies lim|x|→∞ u0(x) = 0. Then there exists a unique classical solution u(x, t) to
the Cauchy problem (1) - (2) up to t = +∞. Moreover it holds that

lim
t→∞

sup
x∈R

|u(x, t)− kt| = 0.

Especially, if u0 belongs to C2+γ(R) ∩ L1(R), the solution u(x, t) satisfies the esti-
mate

sup
x∈R

|u(x, t)− kt| ≤ C(1 + t)−
1
2 , t > 0,

where C is a constant depending only on k and u0.

The proof of Theorem 1 is given in Section 2. Next we show the result including
the perturbations which do not decay at infinity. To this purpose we recall the
definition of an almost periodic function.

Definition 1. A continuous function f(x) for x ∈ R with values in R is called an
almost periodic function in the sense of Bohr if, for every ε > 0, there exists l(ε) > 0
such that, for every p ∈ R, an interval [ p, p + l(ε)] contains at least one number q
with

|f(x− q)− f(x)| < ε for all x ∈ R. (4)

For any almost periodic function f , there exists a mean M{f} defined by

M{f} = lim
R→∞

1
R

∫ s+R

s

f(x) dx,

where the convergence is uniform with respect to s ∈ R, and the limit is independent
of s.

By this definition, every periodic function is an almost periodic function. Let B
be the class of almost periodic functions. Here we mention some properties of the
class B. Each f ∈ B is bounded and uniformly continuous on R. If f, g ∈ B, then
both f(x) + g(x) and f(x)g(x) belong to B, where M{f + g} = M{f} + M{g}
holds true. For a sequence {fn} ⊂ B, the limit function f(x) = limn→∞ fn(x)
belongs to B if the convergence is uniform on R, where M{f} = limn→∞M{fn}
holds true. Note that a non-periodic function f(x) = sin x + sin

√
2x belongs to B

with M{f} = 0. For further details, see [2, 6, 1] for instance.
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Theorem 2. Let γ ∈ (0, 1) be an arbitrary number. Assume that u0 ∈ C2+γ(R) is
an almost periodic function. Then there exists a unique classical solution u(x, t) to
the Cauchy problem (1) - (2) up to t = +∞. Moreover it holds that

lim
t→∞

sup
x∈R

|u(x, t)− kt− µ| = 0

for a constant µ. For each u0, the constant µ is a nondecreasing function of k ∈ R
with

inf
x∈R

u0(x) ≤ µ ≤ sup
x∈R

u0(x).

Especially, µ = M{u0} holds true if k = 0.

Finally we show a result that gives uniform bounds for perturbations depending
only on the asymptotic behavior of the given initial perturbation at infinity. This
result extends a class of initial values for which the stability is determined.

Theorem 3. Let γ ∈ (0, 1) be an arbitrary number. For some functions ϕ∗(x) and
ϕ∗(x) that belong to C2+γ(R), let u∗(x, t) and u∗(x, t) be the solutions of (1) - (2)
up to t = +∞ with the initial values ϕ∗ and ϕ∗, respectively. Assume that u∗ and
u∗ satisfies

lim
t→∞

sup
x∈R

|u∗(x, t)− kt− µ∗| = 0, lim
t→∞

sup
x∈R

|u∗(x, t)− kt− µ∗| = 0

for some constants µ∗ and µ∗. Then for an initial value u0 ∈ C2+γ(R) with

lim
x→−∞

|u0(x)− ϕ∗(x)| = 0, lim
x→+∞

|u0(x)− ϕ∗(x)| = 0,

the solution u(x, t) of (1) - (2) satisfies

lim
t→∞

inf
x∈R

(u(x, t)− kt) = min{µ∗, µ∗}, lim
t→∞

sup
x∈R

(u(x, t)− kt) = max{µ∗, µ∗}.

By this theorem, we can extend Theorem 2 to the case where the initial value is
asymptotic to an almost periodic function as |x| → ∞.

Corollary 1. Let γ ∈ (0, 1) be an arbitrary number. Assume that f ∈ C2+γ(R) is
an almost periodic function. And assume that g ∈ C2+γ(R) satisfies lim|x|→∞ g(x) =
0. Then there exists a unique classical solution u(x, t) to the Cauchy problem (1) -
(2) with the initial value u0 = f + g up to t = +∞. Moreover it holds that

lim
t→∞

sup
x∈R

|u(x, t)− kt− µ| = 0

for a constant µ that depends only on k and f , and is independent of g. Especially,
µ = M{f} holds true if k = 0.

This corollary states that one of the sufficient conditions for asymptotic stability
of a traveling line is that a perturbation converges to an almost periodic function
asymptotically as |x| → ∞. The proofs of Theorem 2 and 3 are given in Section 3.

In Section 4, we give examples of perturbations for which the traveling lines lose
the asymptotic stability. That is, if these perturbations are added on the traveling
lines, they never recover to the original shape.
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2. Stability with spatially decaying perturbations. As mentioned in the in-
troduction, we consider the function u(x, t) = u(x, t)− kt instead of u(x, t) in order
to study the long time behavior of solutions to the Cauchy problem (1) - (2). Here
we write u(x, t) for u(x, t) = u(x, t)− kt for simplicity. Then we have

ut = (arctan ux)x + k(
√

1 + u2
x − 1), x ∈ R, t > 0, (5)

u(x, 0) = u0(x), x ∈ R. (6)

Hereafter, we shall investigate the long time behavior for this problem. We first
show the global existence and some estimates for the solutions with initial value of
class C2+γ(R). In what follows, we always assume that the initial value belongs
to C2+γ(R) even if it is not mentioned specifically. Here γ ∈ (0, 1) is an arbitrary
constant. The following proposition plays an important role in this paper.

Proposition 1. Assume that u0 ∈ C2+γ(R). Then there exists a classical solution
u(x, t) to the Cauchy problem (5) - (6) that belongs to C2+γ,1+γ/2(RT ), RT = R×
[0, T ] for any T > 0, and satisfies the following estimates:

sup
x∈R, t>0

|u(x, t)| ≤ ‖u0‖L∞(R), sup
x∈R, t>0

|ux(x, t)| ≤ ‖u′0‖L∞(R),

sup
x∈R, t>0

|uxx(x, t)| ≤ C1, sup
x∈R, t>0

|ut(x, t)| ≤ C1.

Here C1 is a constant depending only on k and ‖u0‖W 2,∞(R). Moreover the compar-
ison principle is valid, that is, if the solutions u1(x, t) and u2(x, t) to the problem
(5) - (6) satisfy

u1(x, 0) ≤ u2(x, 0) for x ∈ R,

then one has
u1(x, t) ≤ u2(x, t) for x ∈ R, t > 0.

Thus the solution is unique for initial value of class C2+γ(R).

Proof. Let M = ‖u′0‖L∞(R). We first define a function η(p) with

(i) η(p) is of class C∞(R) and satisfies

η(p) = arctan p for |p| ≤ M,

|η(p)| ≤ |p| for p ∈ R;

(ii) η′(p) is bounded uniformly for p ∈ R and satisfies infp∈R η′(p) ≥ δ > 0 for
some constant δ;

(iii) η′′(p) is bounded uniformly for p ∈ R.

Let any T > 0 be fixed. Now we consider

ut = (η(ux))x + k(
√

1 + u2
x − 1), x ∈ R, 0 < t < T, (7)

u(x, 0) = u0(x), x ∈ R. (8)

By the definition of η(p), we can apply the general theory for quasi-linear parabolic
equations with principal part in divergence form, and obtain the classical solution
u(x, t) ∈ C2+γ,1+γ/2(RT ) to the problem (7) - (8). See Chapter V of [14] for
instance. If u(x, t) satisfies

sup
x∈R, 0<t≤T

|ux(x, t)| ≤ M,
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this solution is also the solution of (5) - (6) since η(ux) = arctanux when |ux| ≤ M .
In order to obtain this estimate, we differentiate the equation with respect to x. If
we set v = ux, the function v(x, t) satisfies

vt = η′(v)vxx +
(

η′′(v)vx + k
v√

1 + v2

)
vx, x ∈ R, 0 < t < T, (9)

v(x, 0) = u′0(x), x ∈ R. (10)

By the definition of η(p), the equation (9) is uniformly parabolic and has coefficients
that are continuous and bounded in RT since u belongs to C2+γ,1+γ/2(RT ). Now
we can apply the maximum principle. From the fact that v ≡ ±M are stationary
solutions of (9) - (10), we obtain

sup
x∈R, 0<t≤T

|v(x, t)| ≤ M.

Since T > 0 is arbitrary, we have the global solution to the problem (5) - (6), which
has a uniform bound for |ux|.

Next we prove the comparison principle. We define w = u1−u2 for the solutions
u1, u2 of (5) - (6) with the initial value u10, u20 ∈ C2+γ(R), respectively. Then
w(x, t) belongs to C2+γ,1+γ/2(RT ) for any T > 0 and satisfies the equation

wt = α(x, t)wxx + αx(x, t)wx + k β(x, t)wx, (11)

where

α(x, t) =
∫ 1

0

A′(τ(u1)x + (1− τ)(u2)x) dτ,

β(x, t) =
∫ 1

0

B′(τ(u1)x + (1− τ)(u2)x) dτ

and A(p) = arctan p, B(p) =
√

1 + p2. The maximum principle is valid for (11)
on RT . Consequently, we have w(x, t) ≤ 0 if w(x, 0) ≤ 0 for x ∈ R, 0 < t < T .
From this result, a uniform bound for |u| also follows since u ≡ ±‖u0‖L∞(R) are
stationary solutions of (5) - (6).

Finally we show uniform bounds for |uxx| and |ut|. For any fixed T > 0, we
define uh(x, t) as

uh(x, t) =
1
h

(u(x, t + h)− u(x, t))

on RT−h = R× [0, T − h] for h ∈ (0, T ). Then uh(x, t) satisfies

uh
t = α(x, t, h)uh

xx + αx(x, t, h)uh
x + k β(x, t, h)uh

x, (12)

where we put

α(x, t, h) =
∫ 1

0

A′(ρ(x, t, h, τ)) dτ, β(x, t, h) =
∫ 1

0

B′(ρ(x, t, h, τ)) dτ

with ρ(x, t, h, τ) = τux(x, t+h)+(1−τ)ux(x, t). Recall that A(p) = arctan p, B(p) =√
1 + p2. Applying the maximum principle to (12), we have

sup
x∈R, 0<t<T−h

|uh(x, t)| ≤ sup
x∈R

|uh(x, 0)|.

Passing to the limit as h → +0, we obtain a uniform bound for |ut| as follows:

sup
x∈R, 0<t≤T

|ut(x, t)| ≤ sup
x∈R

|ut(x, 0)| =
∥∥∥∥(arctan u′0)

′ + k

(√
1 + (u′0)2 − 1

)∥∥∥∥
L∞(R)

.
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By virtue of the uniform bounds for |ux| and |ut|, a uniform bound for |uxx| also
follows. Thus the proof of Proposition 1 is completed.

Now we give a proof of Theorem 1. It is based on the uniform bounds for |uxx|
and |ux|. We construct subsolutions and supersolutions.

Proof of Theorem 1. The existence of a solution globally in time follows from Propo-
sition 1. It suffices to show the asymptotic stability of the solution u(x, t) to the
problem (5) - (6). First we show an upper estimate.

From Proposition 1 and the inequality
√

1 + p2 − 1 ≤ p2, we have

0 = ut − uxx

1 + u2
x

− k(
√

1 + u2
x − 1) ≥ ut − uxx −

( |uxx|
1 + u2

x

+ |k|
)

u2
x

≥ ut − uxx − c u2
x

for some positive constant c. Then the solution u(x, t) of (5) - (6) is a subsolution
of

ṽt = ṽxx + cṽ2
x, x ∈ R, t > 0, (13)

ṽ(x, 0) = u0(x), x ∈ R. (14)

Here we define the function w̃(x, t) = exp(c ṽ(x, t)). Then it is easily found that
w̃ satisfies the following Cauchy problem of the heat equation

w̃t = w̃xx, x ∈ R, t > 0,

w̃(x, 0) = exp(cu0(x)), x ∈ R.

Now we obtain an explicit expression of ṽ(x, t) as

ṽ(x, t) =
1
c

log
(

1√
4πt

∫

R
exp(cu0(y)) exp

(
− (x− y)2

4t

)
dy

)
.

Note that exp(cu0(y)) ≥ exp(−c‖u0‖L∞(R)) > 0. We rewrite this expression as

ṽ(x, t) =
1
c

log(1 + h(x, t)).

where

h(x, t) =
1√
4πt

∫

R
(exp(cu0(y))− 1) exp

(
− (x− y)2

4t

)
dy.

Here if u0(x) decays to zero as |x| → ∞, then exp(cu0(x)) − 1 also decays to zero
as |x| → ∞. Thus we have limt→∞ supx∈R |h(x, t)| = 0, and hence

lim
t→∞

sup
x∈R

|ṽ(x, t)| = 0.

Moreover if u0 belongs to L1(R), then exp(cu0(y))− 1 also belongs to L1(R). Thus
we obtain supx∈R |h(x, t)| ≤ C2(1 + t)−1/2 for some constant C2 depending only on
k and u0. This implies

sup
x∈R

|ṽ(x, t)| ≤ C3(1 + t)−
1
2 , t > 0

for a constant C3 depending only on k and u0. This results for the problem (13) -
(14) gives the upper estimate of u(x, t) of (5) - (6). A lower estimate of u can be
obtained in a similar and easier way.
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3. Stability with spatially non-decaying perturbations. In this section we
give proofs of Theorem 2 and Theorem 3. We first state some lemmas that play
fundamental roles in the proof of Theorem 2.

Lemma 1. Let M > 0, m > 0, T > 0, and L > 0 be given constants. Let u(x, t)
be the solution to the Cauchy problem (5) - (6) with

‖u′0‖L∞(R) ≤ M, sup
x∈R

u0(x) ≤ m, (15)

u(a, t) ≤ 0 and u(b, t) ≤ 0 for 0 ≤ t ≤ T (16)

for a, b ∈ R with a < b and b − a ≤ L. Then there exists a positive constant λ
depending only on M, m, T and L with

max
a≤x≤b

u(x, T ) ≤ m− λ, (17)

where λ depends continuously on m ∈ (0,+∞) for any fixed M, T and L.

Proof. Taking M large enough if necessary, we can assume m/M < L/2 without
loss of generality. On the interval [0, L] we consider a Dirichlet problem given by

v̂t = (arctan v̂x)x + k(
√

1 + (v̂x)2 − 1), 0 < x < L, 0 < t < T, (18)

v̂(0, t) = 0, v̂(L, t) = 0, 0 ≤ t ≤ T, (19)

v̂(x, 0) = ϕ(x), 0 ≤ x ≤ L. (20)

Here we take the initial value ϕ(x) ∈ C2+γ [0, L] with

ϕ(0) = 0, ϕ(L) = 0, (21)

(arctan ϕ′(x))′ + k(
√

1 + ϕ′(x)2 − 1)|x=0,L = 0, (22)

Mx ≤ ϕ(x) ≤ m, x ∈ [ 0, m
M ],

ϕ(x) = m, x ∈ [ m
M , L− m

M ],
M(L− x) ≤ ϕ(x) ≤ m, x ∈ [ L− m

M , L ].
(23)

The conditions (21) - (22) are the compatibility condition of first order. Similarly
as in the proof of Proposition 1, we find that the Dirichlet problem (18) - (20) has
a unique classical solution v̂ ∈ C2+γ,1+γ(QT ), QT = (0, L) × (0, T ), and that the
maximum principle holds true.

We define a constant λ as

λ = m− max
0≤x≤L

v̂(x, T ).

Then the strong maximum principle for the Dirichlet problem (18) - (20) yields
λ > 0.

Now we show the inequality (17). Here we may assume a = 0 without loss of
generality. Indeed, if a 6= 0 we replace ϕ(x) by ϕ(x − a) and consider v̂(x − a, t),
which is the solution of (18) - (20) on [a, a + L]. Then we can deal with the case of
a 6= 0 as in the case of a = 0.

In the case of a = 0 and b = L, we define ŵ = v̂ − u on the interval [0, L]. By
the definition of ϕ and the assumptions (15) and (16), we have

ŵ(x, 0) ≥ 0 for 0 ≤ x ≤ L,

ŵ(0, t) ≥ 0 and ŵ(L, t) ≥ 0 for 0 ≤ t ≤ T.
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Then we obtain ŵ ≥ 0 in QT as a consequence of the maximum principle. It follows
that v̂ ≥ u in QT , and hence

m− max
0≤x≤L

u(x, T ) ≥ m− max
0≤x≤L

v̂(x, T ) = λ.

Next we consider the case of a = 0 and 0 < b < L. Since ϕ is nonnegative,
v̂(x, t) is also nonnegative in QT . Thus we have the boundary condition v̂(b, t) ≥
0 ≥ u(b, t). Applying the maximum principle on the interval [0, b], we have

m− max
0≤x≤b

u(x, T ) ≥ m− max
0≤x≤b

v̂(x, T ) ≥ λ.

Finally we show the continuous dependence of λ on m ∈ (0, +∞). To prove this
fact, we consider the function ϕ(x; m) defined for x ∈ [0, L] and m ∈ (0,+∞) as
follows:

(i) For each m > 0, ϕ(x; m) belongs to C2+γ [0, L] and satisfies the conditions
(21) - (23) as a function of x;

(ii) ϕ(x;m) is continuous with respect to m > 0, that is,

lim
m′→m

max
0≤x≤L

|ϕ(x; m)− ϕ(x; m′)| = 0

holds true if m′,m > 0.
Let v̂(m)(x, t) be the solution to the Dirichlet problem (18) - (20) with the initial
value ϕ(x;m). We define a function λ(m) as

λ(m) = m− max
0≤x≤L

v̂(m)(x, T ).

Then λ(m) is continuous function of m > 0 since v̂(m)(x, T ) is continuous with
respect to the initial value ϕ(x;m) and ϕ(x; m) is continuous with respect to m by
the definition. Moreover λ(m) satisfies (17) for each m ∈ (0, +∞). This completes
the proof of Lemma 1.

Next we show a simple lemma and provide an important property of the solution
of (5) - (6) with an almost periodic function as an initial value. Roughly speaking,
for each t > 0, such a solution has the same almost periodicity as that of the initial
value.

Lemma 2. Suppose that u0(x) is an almost periodic function that satisfies (4) as
in Definition 1 with l(ε). Let u(x, t) be the solution of (5) - (6). Then, for every
p ∈ R, an interval [ p, p + l(ε)] contains at least one number q with

|u(x− q, t)− u(x, t)| < ε for x ∈ R, t > 0.

Proof. By the uniqueness of solutions as in Proposition 1, the solutions of (5) - (6)
with the initial value u0(x)− ε, u0(x− q) and u0(x)+ ε are equivalent to u(x, t)− ε,
u(x − q, t) and u(x, t) + ε, respectively. Thus by the comparison principle, the
inequality

u0(x)− ε < u0(x− q) < u0(x) + ε for x ∈ R
implies

u(x, t)− ε < u(x− q, t) < u(x, t) + ε for x ∈ R, t > 0.

This completes the proof.

The two lemmas stated above yield the following result.
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Proposition 2. Suppose that u0(x) is an almost periodic function. Then there
exists a constant µ such that the solution u(x, t) of (5) - (6) satisfies

lim
t→∞

sup
x∈R

|u(x, t)− µ| = 0. (24)

In addition, for each u0, the constant µ is a nondecreasing function of k ∈ R with

inf
x∈R

u0(x) ≤ µ ≤ sup
x∈R

u0(x). (25)

Proof. Since all constants are stationary solutions of (5) - (6), the functions U+(t)
and U−(t) defined by

U+(t) = sup
x∈R

u(x, t), U−(t) = inf
x∈R

u(x, t)

are nonincreasing and nondecreasing, respectively by virtue of the comparison prin-
ciple. The constants U∗ = limt→∞ U+(t) and U∗ = limt→∞ U−(t) exist. Now we
define µ = (U∗+U∗)/2 and δ = (U∗−U∗)/2. Then µ satisfies (25) because we have
U−(0) ≤ U∗ ≤ µ ≤ U∗ ≤ U+(0) by the definition.

First we show δ = 0. Then (24) follows. Since u(x, t)− µ also satisfies (5) - (6),
we may assume µ = 0 without loss of generality.

In what follows we derive a contradiction by assuming δ > 0. Suppose that u0

satisfies (4) as in Definition 1 with l(ε). We define a constant L = l(δ/4) depending
only on u0 and δ.

Let t0 > 0 and x0 ∈ R be arbitrarily fixed. Then we have some points a ∈
[x0 − L− 1, x0 − 1] and b ∈ [x0 + 1, x0 + L + 1] with

u(a, t0) < −δ

4
and u(b, t0) < −δ

4
. (26)

Indeed, by the definition of δ, we can take some point x∗ ∈ R with u(x∗, t0) < −δ/2.
By virtue of Lemma 2, the interval [x∗−x0 + 1, x∗−x0 + 1 + L] contains a number
q with

|u(x∗ − q, t0)− u(x∗, t0)| <
δ

4
.

Setting a = x∗ − q, we have a ∈ [x0 − L− 1, x0 − 1] and

u(a, t0) < u(x∗, t0) +
δ

4
< −δ

4
,

which is the first inequality of (26). Similarly we can take a number b ∈ [x0+1, x0+
L + 1] for the second inequality of (26).

Using the uniform bound for |ut| in Proposition 1, we obtain

u(a, t) ≤ 0 and u(b, t) ≤ 0 for t0 ≤ t ≤ t0 + T

for some positive constant T depending only on u0 and δ. We shall find a positive-
valued function λ(m) for m > 0 with

u(x0, t0 + T ) ≤ U+(t0)− λ
(
U+(t0)

)
.

Using Lemma 1, we can choose λ(·) so that λ(·) ∈ C(0,+∞) and that it depends
only on ‖u′0‖L∞(R), T and 2(L + 1). If U+(t0) ≥ δ/2, we get

u(x0, t0 + T ) ≤ U+(t0)− λ
(
U+(t0)

) ≤ U+(t0)− λ0.

Here a constant λ0 is defined by

λ0 = min
m∈[δ/2, U+(t0)]

λ(m).
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Note that λ0 is well defined and is positive. Since x0 ∈ R is arbitrary and λ0 is
independent of x0, we obtain U+(t0 + T ) ≤ U+(t0)− λ0.

If U+(t0) − λ0 ≥ δ/2, the same argument can be carried out at t = t0 + T .
Namely, for any fixed x0 ∈ R, we have

u(x0, t0 + 2T ) ≤ U+(t0)− λ0 − λ
(
U+(t0)− λ0

) ≤ U+(t0)− 2λ0.

Consequently, we find that U+(t0 + nT ) < δ/2 for some large n. It follows that
U∗ < δ/2 because U+(t) is a nonincreasing. This contradicts the definition of δ.
Thus we proved δ = 0.

Next we show that µ is a nondecreasing function of k ∈ R. For any fixed u0, let
u1(x, t) and u2(x, t) be the solutions to the problem (5) - (6) for k = k1 and k = k2,
respectively. Then there exist constants µ1 and µ2 with

lim
t→∞

sup
x∈R

|uj(x, t)− µj | = 0, j = 1, 2.

It suffice to show µ1 ≥ µ2 if k1 ≥ k2. If k1 ≥ k2, we have

0 = (u1)t − (arctan(u1)x)x − k1(
√

1 + (u1)2x − 1)

≤ (u1)t − (arctan(u1)x)x − k2(
√

1 + (u1)2x − 1),

which implies that u1 is the supersolution to the problem (5) - (6) for k = k2.
Thus u1(x, t) ≥ u2(x, t) holds true, and hence µ1 ≥ µ2 follows. This completes the
proof.

Remark 1. If k = 0, then µ = M{u0} holds true. Indeed, for any fixed t > 0, we
have

1
R

∣∣∣∣∣
∫ R

0

(u(x, t)− u0(x))dx

∣∣∣∣∣ =
1
R

∣∣∣∣∣
∫ R

0

(∫ t

0

ut(x, s) ds

)
dx

∣∣∣∣∣

=
1
R

∣∣∣∣∣
∫ R

0

(∫ t

0

(arctan ux)x ds

)
dx

∣∣∣∣∣

≤ 1
R

∫ t

0

∣∣∣[arctanux]R0
∣∣∣ ds ≤ πt

R
.

Therefore we obtain |M{u}(t)−M{u0}| ≤ limR→∞ πt/R = 0. One has

U−(t) ≤ M{u}(t) ≡M{u0} ≤ U+(t), t > 0,

and hence U∗ = M{u0} = U∗ in the limit t →∞.

Remark 2. Generically µ 6= M{u0} holds true if k 6= 0. Indeed, for k > 0 and
u0(x) = sin x, we have

µ = lim
t→∞

1
2π

∫ 2π

0

u(x, t) dx =
1
2π

∫ 2π

0

u0(x) dx +
1
2π

∫ ∞

0

(∫ 2π

0

ut(x, t) dx

)
dt

=
1
2π

∫ ∞

0

(
[arctanux]2π

0 +
∫ 2π

0

k(
√

1 + u2
x − 1)dx

)
dt

=
1
2π

∫ ∞

0

(∫ 2π

0

k
(√

1 + u2
x − 1

)
dx

)
dt > 0

by using the periodic boundary condition at x = 0, 2π. Thus µ differs from
M{u0} = 0 in this case.
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Proof of Theorem 2. Theorem 2 follows directly from Proposition 2 and Remark
1.

Next we extend the stability results to the case where an initial value is asymp-
totic to some functions as x → ±∞.

Lemma 3. For some functions ϕ∗(x) and ϕ∗(x), let u∗(x, t) and u∗(x, t) be the
solutions of (5) - (6) with the initial values ϕ∗ and ϕ∗, respectively. Assume that
u0(x) satisfies

lim
x→−∞

|u0(x)− ϕ∗(x)| = 0, lim
x→+∞

|u0(x)− ϕ∗(x)| = 0.

Then the solution u(x, t) of (5) - (6) with the initial value u0 satisfies

lim
x→−∞

|u(x, t)− u∗(x, t)| = 0, lim
x→+∞

|u(x, t)− u∗(x, t)| = 0

for every fixed t > 0.

Proof. Let T > 0 be arbitrarily fixed. We first show u(x, T ) → u∗(x, T ) as x → +∞.
On the strip RT = R× [0, T ], we consider the function V = u− u∗. Then V (x, t) is
the solution of

Vt = α(x, t)Vxx + αx(x, t) Vx + k β(x, t)Vx, x ∈ R, t > 0,

V (x, 0) = u0(x)− ϕ∗(x), x ∈ R,

where

α(x, t) =
∫ 1

0

A′ (τux + (1− τ) (u∗)x) dτ, β(x, t) =
∫ 1

0

B′ (τux + (1− τ) (u∗)x) dτ

Recall that A(p) = arctan p, B(p) =
√

1 + p2. From Proposition 1 the solutions u

and u∗ belong to C2+γ,1+γ/2(RT ). Thus the equation for V is uniformly parabolic,
and the coefficients α(x, t), αx(x, t), and β(x, t) belong to Cγ,γ/2(RT ). Therefore
we can express V (x, t) as

V (x, t) =
∫

R
Z(x, y, t)(u0(y)− ϕ∗(y)) dy, (27)

where Z(x, y, t) is the fundamental solution with

|Z(x, y, t)| ≤ C4 t−
1
2 exp

(
−C5

(x− y)2

t

)
, x, y ∈ R, 0 < t ≤ T (28)

for some positive constants C4 and C5. This fact follows from the general theory
for linear parabolic equations. See [10, 14] for instance.

From the estimate (28), the expression (27) implies that, for any ε > 0, there
exists a constant R > 0 with

|V (x, T )| ≤ ε if x ≥ R,

since |u0(x) − ϕ∗(x)| → 0 as x → +∞. Thus we have V (x, T ) → 0 as x → +∞,
that is, u(x, T ) → u∗(x, T ) as x → +∞.

Considering u − u∗, we can obtain u(x, T ) → u∗(x, T ) as x → −∞ in quite a
similar manner. This completes the proof.

Proof of Theorem 3. We only show the upper estimate since the lower estimate can
be obtained similarly. It suffices to show that the solution u(x, t) of (5) - (6) satisfies

lim
t→∞

sup
x∈R

u(x, t) = µ∗ (29)
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in the case of µ∗ ≤ µ∗. Indeed, otherwise one can consider u(−x, t) instead of
u(x, t).

Assume that µ∗ ≤ µ∗ holds true. We denote u∗ − kt and u∗ − kt simply by u∗
and u∗, respectively. Then u∗(x, t) and u∗(x, t) satisfy (5) - (6) with initial values
ϕ∗ and ϕ∗, respectively. For any ε > 0, we take a constant T > 0 with

sup
x∈R

|u∗(x, T )− µ∗| <
ε

4
, sup

x∈R
|u∗(x, T )− µ∗| <

ε

4
.

From Lemma 3 there exists a large constant R > 0 with

sup
x≥R

|u(x, T )− µ∗| ≤ sup
x≥R

|u(x, T )− u∗(x, T )|+ sup
x∈R

|u∗(x, T )− µ∗| <
ε

2
,

sup
x≤−R

|u(x, T )− µ∗| ≤ sup
x≤−R

|u(x, T )− u∗(x, T )|+ sup
x∈R

|u∗(x, T )− µ∗| <
ε

2
.

Since µ∗ ≤ µ∗, we have

u(x, T ) < µ∗ +
ε

2
if x ≥ R,

u(x, T ) < µ∗ +
ε

2
≤ µ∗ +

ε

2
if x ≤ −R.

Now we can define the function ϕ̂(x) with

u(x, T ) ≤ ϕ̂(x), x ∈ R,

lim
|x|→∞

ϕ̂(x) = µ∗ +
ε

2
.

We consider the solution û(x, t) of (5) - (6) with û(x, T ) = ϕ̂(x). By virtue of
Theorem 1, we have û(x, t) → µ∗ + ε/2 as t → ∞. Since u(x, t) ≤ û(x, t) for
t ≥ T , the comparison principle shows that u(x, t) ≤ û(x, t) ≤ µ∗ + ε for t ≥ T∗ for
sufficiently large T∗ > 0. This implies

lim
t→∞

sup
x∈R

u(x, t) ≤ µ∗.

Now it suffices to show that limt→∞ lim supx→+∞ |u(x, t) − µ∗| = 0 since this
implies

µ∗ = lim
t→∞

lim sup
x→+∞

u(x, t) ≤ lim
t→∞

sup
x∈R

u(x, t) ≤ µ∗.

From Lemma 3, for any fixed t > 0, we have

lim sup
x→+∞

|u(x, t)− µ∗| ≤ lim sup
x→+∞

|u(x, t)− u∗(x, t)|+ lim sup
x→+∞

|u∗(x, t)− µ∗|

= lim sup
x→+∞

|u∗(x, t)− µ∗|.

Then, by the assumption of Theorem 3, letting t →∞ yields

lim
t→∞

lim sup
x→+∞

|u(x, t)− µ∗| ≤ lim
t→∞

lim sup
x→+∞

|u∗(x, t)− µ∗|

≤ lim
t→∞

sup
x∈R

|u∗(x, t)− µ∗| = 0.

This completes the proof of Theorem 3.

Remark 3. Under the assumptions of Theorem 3, our proofs give some information
about the behavior of solutions as x → ±∞. From the proof stated just above, it
is clear that the solution u(x, t) of (1) - (2) satisfies

lim
t→∞

lim sup
x→−∞

|u(x, t)− kt− µ∗| = 0, lim
t→∞

lim sup
x→+∞

|u(x, t)− kt− µ∗| = 0.
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Especially if ϕ∗(or ϕ∗) is a constant, that is, ϕ∗ ≡ µ∗ (ϕ∗ ≡ µ∗), Lemma 3 implies
that, for each fixed t > 0,

lim
x→−∞

(u(x, t)− kt) = µ∗

(
lim

x→+∞
(u(x, t)− kt) = µ∗

)
.

4. Bounded initial perturbations which cause lack of asymptotic stability.
In this section, we discuss some examples and counter-examples for asymptotic
stability of traveling lines. If a given initial value u0(x) is bounded in (5) - (6),

inf
x∈R

u0(x) ≤ u(x, t) ≤ sup
x∈R

u0(x)

holds true. This implies that a traveling line is always stable for bounded pertur-
bations. The problem is the asymptotic stability for these perturbations.

Example 1. The solution u(x, t) to the Cauchy problem (1) - (2) with the initial
value u0(x) = tanh x satisfies

lim
t→∞

inf
x∈R

(u(x, t)− kt) = −1, lim
t→∞

sup
x∈R

(u(x, t)− kt) = 1.

Moreover it holds that

lim
x→−∞

(u(x, t)− kt) = −1, lim
x→+∞

(u(x, t)− kt) = 1

for each fixed t > 0.

Though this example is intuitively clear, it is proved rigorously by our results.
Namely, tanh x is asymptotic to ±1 at infinity, and the solutions with the initial
value +1 and −1 are given by u∗(x, t) = kt + 1 and u∗(x, t) = kt− 1, respectively.
Thus Theorem 3 and Remark 3 give Example 1.

The next example shows difficulty of asymptotic stability for k 6= 0 compared
with k = 0.

Example 2. Define the initial value u0(x) ∈ C2+γ(R) to satisfy

u0(x) = 0 if x ∈ (−∞,−1],

u0(x) = sin x if x ∈ [1, +∞).

Then the solution u(x, t) to the Cauchy problem (1) - (2) satisfies

lim
t→∞

sup
x∈R

|u(x, t)| = 0 if k = 0,

lim
t→∞

inf
x∈R

(u(x, t)− kt) = 0, lim
t→∞

sup
x∈R

(u(x, t)− kt) = µ if k > 0

for a positive constant µ. Especially, in the case of k > 0, it holds that

lim
x→−∞

(u(x, t)− kt) = 0

for each fixed t > 0, and that

lim
t→∞

lim sup
x→+∞

|u(x, t)− kt− µ| = 0.

This example follows from Theorem 3, Remark 2, and Remark 3. This example
is due to the fact that a shift of the limiting traveling line occurs if u0(x) = sin x,
while it does not occurs for u0 ≡ 0. Arranging this example, we have the following
one.
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Example 3. Define the initial value u0(x) ∈ C2+γ(R) to satisfy

u0(x) = µ if x ∈ (−∞,−1],

u0(x) = sin x if x ∈ [1, +∞).

where µ is the constant defined as in Remark 2. Then the solution u(x, t) to the
Cauchy problem (1) - (2) satisfies

lim
t→∞

sup
x∈R

|u(x, t)− kt− µ| = 0.

Example 2 and 3 show the peculiarity of our problem due to a shift of the limiting
traveling line. Though the Cauchy problem of the linear equation ut = uxx +k also
has the traveling line u(x, t) = kt, this is not relevant to such phenomena.

Remark 4. For the traveling line u(x, t) = kt of ut = uxx + k, a perturbation
w(x, t) = u(x, t) − kt satisfies the heat equation wt = wxx. Then same results as
Theorem 1, 2, and 3 are obtained in a quite similar manner. Moreover, for any
fixed t > 0, we have

1
R

∣∣∣∣∣
∫ R

0

(w(x, t)− u0(x))dx

∣∣∣∣∣ =
1
R

∣∣∣∣∣
∫ R

0

(∫ t

0

wt(x, s) ds

)
dx

∣∣∣∣∣

=
1
R

∣∣∣∣∣
∫ R

0

(∫ t

0

wxx(x, s) ds

)
dx

∣∣∣∣∣

≤ 1
R

∫ t

0

∣∣∣[wx]R0
∣∣∣ ds ≤ 2t

R
‖u′0‖L∞(R).

Therefore we obtain M{w}(t) ≡ M{u0} similarly as in Remark 1. Namely the
Cauchy problem of the equation ut = uxx +k has no relation to a shift of a limiting
traveling line even if k 6= 0. Thus, for the initial value u0(x) as in Example 2, the
solution u(x, t) of ut = uxx + k satisfies

lim
t→∞

sup
x∈R

|u(x, t)− kt| = 0

for any k ∈ R.

Next we show other mechanisms of the curve evolution which produce some
counter-examples for asymptotic stability. We prepare two lemmas, which evaluate
the slowness needed for flattening out a curve.

Lemma 4. Suppose that u0 satisfies

u0(x) ≤ 0 if x ∈ [a, b],

u0(x) ≤ 1 if x ∈ (−∞, a) ∪ (b,+∞)

for some constants a, b ∈ R with a < b. Then the solution u(x, t) of (5) - (6) satisfies

u

(
a + b

2
, t

)
≤ 2 exp

(
(1 + |k|) t− b− a

2

)
, t > 0.

Proof. We can assume a = −L and b = L without loss of generality due to the shift
invariance. We show u(0, t) ≤ 2e(1+|k|)t−L. First we define a linear operator L as

L[w] = wt − 1
1 + u2

x

wxx − k

√
1 + u2

x − 1
ux

wx = wt − α(x, t)wxx − β(x, t)wx.
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Note that L[u] = 0. From Proposition 1 and the inequality |
√

1 + p2 − 1| ≤ |p|, we
have

1
1 + ‖u′0‖2L∞(R)

≤ α(x, t) ≤ 1, |β(x, t)| ≤ |k|. (30)

Now we define Ŵ (x, t) as

Ŵ (x, t) = e−x+(1+|k|)t−L + ex+(1+|k|)t−L.

Then we have L[Ŵ ] ≥ 0. Indeed, from (30), we have

L[Ŵ ] = Ŵt − α(x, t)Ŵxx − β(x, t)Ŵx

= ((1 + |k|)− α + β) e−x+(1+|k|)t−L + ((1 + |k|)− α− β) ex+(1+|k|)t−L

≥ ((1 + |k|)− 1− |k|) Ŵ ≥ 0.

Moreover, by the assumptions and the definition of Ŵ , we have u0(x) ≤ Ŵ (x, 0).
Thus the function V̂ (x, t) = Ŵ (x, t)− u(x, t) satisfies

L[V̂ ] = V̂t − α(x, t)V̂xx − β(x, t)V̂x ≥ 0, x ∈ R, t > 0,

V̂ (x, 0) ≥ 0, x ∈ R.

Then V̂ (x, t) ≥ 0 follows, and hence u(x, t) ≤ Ŵ (x, t) holds true. Consequently, we
obtain

u(0, t) ≤ 2 e(1+|k|)t−L, t > 0.

This completes the proof.

Lemma 5. Suppose that u0 satisfies

u0(x) ≥ 1 if x ∈ [a, b],

u0(x) ≥ 0 if x ∈ (−∞, a) ∪ (b,+∞)

for some constants a, b ∈ R with a < b. Then the solution u(x, t) of (5) - (6) satisfies

u

(
a + b

2
, t

)
≥ 1− 2 exp

(
(1 + |k|) t− b− a

2

)
, t > 0.

Proof. We define the function Ŵ (x, t) as

Ŵ (x, t) = 1− e−x+(1+|k|)t−L − ex+(1+|k|)t−L.

Then the proof of this lemma can be carried out similarly.

Proposition 3. Suppose that u0 satisfies the following conditions (i), (ii).

(i) 0 ≤ u0(x) ≤ 1 for x ∈ R;
(ii) For any L > 0, there exist constants a0, a1 ∈ R with

u0(x) = 0 for x ∈ [a0, a0 + L],

u0(x) = 1 for x ∈ [a1, a1 + L].

Then the solution u(x, t) to the Cauchy problem (5) - (6) satisfies, for each t > 0,

inf
x∈R

u(x, t) = 0, sup
x∈R

u(x, t) = 1. (31)
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Proof. We show infx∈R u(x, t) = 0. The comparison principle and the assumption
u0(x) ≥ 0 imply infx∈R u(x, t) ≥ 0.

Let T > 0 be arbitrarily fixed. For any ε > 0, we take sufficiently large constant
L with

2 e(1+|k|)T−L
2 < ε.

From the assumption, there exist a constant a ∈ R with u0(x) = 0 for x ∈ [a, a+L].
Then lemma 4 shows

u

(
a +

L

2
, T

)
≤ 2 e(1+|k|)T−L

2 < ε.

This implies infx∈R u(x, T ) = 0. From Lemma 5, we obtain supx∈R u(x, T ) = 1
similarly.

Now we give concrete counter-examples. We exhibit two examples as corollaries
of Proposition 3. The initial value of the first example does not decay but oscil-
late slower and slower as |x| → ∞. This is an initial condition represented by
sin(log(|x|+ 1)). On the other hand, the initial value of the second one is based on
the Bernoulli sequence. This initial value may be called “random noise” type.

Example 4. Define a function f(x) as

f(x) = 0 if (2n)2 ≤ |x| < (2n + 1)2,

f(x) = 1 if (2n + 1)2 ≤ |x| < (2n + 2)2,

for n = 0, 1, 2, . . . . Then the solution u(x, t) of (5) - (6) with u0 = η ∗ f ∈ C2+γ(R)
satisfies (31). Here η ∗ is Friedrichs’s mollifier, that is, η(x) ∈ C∞0 (R), η(x) ≥
0,‖η‖L1(R) = 1, and

(η ∗ f)(x) =
∫

R
η(x− y)f(y)dy.

Namely, the solution of (1) - (2) with u0 = η ∗ f does not converge uniformly to
the traveling line u(x, t) = kt + µ for any fixed µ.

Example 5. Define a function f(x) as

f(x) = Xn, n ≤ x < n + 1, n ∈ Z,

where {Xn}n∈Z is the Bernoulli sequence, that is, Xn takes 0 or 1 for each n ∈ N
randomly. Then the solution u(x, t) of (5) - (6) with u0 = η ∗ f satisfies (31).
Namely, the solution of (1) - (2) with this initial value does not converge uniformly
to the traveling line u(x, t) = kt + µ for any fixed µ.
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