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Adaptive Line Enhancers on the Basis of Least-Squares
Algorithm for a Single Sinusoid Detection

Koji MATSUURA, Nonmember, Eiji WATANABE'", and Akinori NISHIHARA', Members

SUMMARY  This paper proposes adaptive line enhancers
with new coefficient update algorithms on the basis of least-
square-error criteria. Adaptive algorithms by least-squares are
known to converge faster than stochastic-gradient ones. However
they have high computational complexity due to matrix inver-
sion. To avoid matrix inversion the proposed algorithms adapt
only one coefficient to detect one sinusoid. Both FIR and IIR
types of adaptive algorithm are presented, and the techniques
to reduce the influence of additive noise is described in this pa-
per. The proposed adaptive line enhancers have simple struc-
tures and show excellent convergence characteristics. While the
convergence of gradient-based algorithms largely depend on their
stepsize parameters, the proposed ones are free from them.

key words: adaptive line enhancer, least-squares algorithm, fre-
quency estimation

1. Introduction

Adaptive line enhancers (ALEs) are one realization of
adaptive filters, which are used to detect the frequency
of unknown sinusoids corrupted by noise and to filter
additive noise. Second-order IIR filters are often used
to realize ALEs because of their simple structures. The
Gauss-Newton algorithms were first adopted as adap-
tive algorithms for ITR ALEs[1]. They require very
complicated computations. Later, simple gradient-
based ALEs were proposed, and many research efforts
have been devoted to such ALEs so far [2]-[9]. ALEs
with stochastic-gradient algorithms have low computa-
tional complexity and are suitable for real-time imple-
mentation. However, their convergence of adaptation is
not always fast, and is dependent on the amplitude of
a sinusoidal input. The fluctuation of adaptive coeffi-
cients after convergence also depends on the amplitude
of a sinusoidal input. Moreover, the tracking property
of this type of ALEs in the case of a non-stationary in-
put is poor. ALEs with normalized stochastic-gradient
algorithms converge faster than unnormalized ones, but
require additional computations for the normalization
of stochastic-gradients, which are implemented as di-
vision. The convergence of gradient-based algorithms
largely depend on their stepsize parameters.
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This paper proposes ALEs with new coefficient
update algorithms, which adapt more quickly than
conventional ALEs and have simple structures. The
proposed algorithms solve least-squares problems di-
rectly and have no stepsize parameter, while conven-
tional stochastic-gradient-based ones use the steepest
descent method for iterative coefficient update. Gener-
ally speaking, adaptive algorithms by least-squares con-
verge faster than stochastic-gradient-based ones. How-
ever they have high computational complexity due to
matrix inversion. In order to reduce this complex-
ity, the proposed algorithms adapt only one coefficient
to detect one sinusoid for altering matrix inversion to
division. For tracking a non-stationary input forget-
ting factors are introduced to estimate least-squares
errors. The forgetting factors are time-weight coeffi-
cients which make it possible to treat non-stationary
signals as stationary signals approximately. In addi-
tion to these properties, the proposed ALEs show that
their convergence of adaptation is independent of the
amplitude of a sinusoidal input.

One type of ALEs which has an excellent noise-
reduction characteristic is separated-structure ALEs
(SALEs) [9]. SALEs contain two parts, ‘estimator’ and
‘discriminator’. An estimator is an ALE which is used
to estimate the frequency of an unknown sinusoidal in-
put, and a discriminator is a narrow-band bandpass fil-
ter with the same center frequency as the estimator. In
the design of an estimator, the examination of a noise-
reduction characteristic is not required. For this reason
this paper concentrates its discussion on the design of
ALEs with a good convergence property for the use of
estimators.

In this paper an FIR type of algorithm is first pre-
sented. An IIR type is secondly presented, which is
less sensitive to noise than the FIR one. The additive
algorithms to suppress the influence of noise in very
low SNR environments, is also described. Finally it is
demonstrated by simulations that the proposed algo-
rithms show better performance in convergence speed
and trackability than conventional ALEs.

2. Frequency Estimation Using FIR Adaptive
Notch Filters

In this section, a frequency estimation algorithm for
ALEs using FIR adaptive notch filters on the basis of
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least-squares is described. The input signal to ALEs is
the summation of an unknown sinusoid f(k) and noise
n(k) written as

a(k) = f(k) +n(k) (1)

where k is time index. The sampling period is normal-
ized to 1. An unknown sinusoid is represented by

f(k) = Acos(wok + 6) (2)

where A, wy and 6 denote amplitude, angular frequency
and initial phase, respectively. The noise n(k) is as-
sumed to be a sequence of a white Gaussian random
variable with zero-mean and variance o2.

When the notch frequency of notch filters equal
to the frequency of single sinusoidal input, their out-
put is minimized. The input frequency can be evalu-
ated from their coeflicients if it is unknown. General
second-order FIR adaptive filters have three adaptive
coeflicients, and their zeros can be located anywhere in
the z-plane. However, it is sufficient for the estimation
of the frequency of an unknown sinusoid using a second-
order FIR adaptive notch filter that its zeros related to
its notch frequency are located on the unit circle in the
z-plane. Such an adaptive notch filter can be controlled
by only one adaptive coefficient and the computational
complexity for coefficient update is greatly reduced. Its
transfer function is expressed as

Hy(z) =1—2a1(k)z7 + 272 (3)

where aq (k) is an adaptive coefficient which determines
its notch frequency by cosw. = a1 (k). When z(k) de-
notes its input, its output e(k) is obtained as

e(k) = x(k) — 2a1 (k)x(k — 1) + z(k — 2). (4)

When e(k) is close to zero, the notch frequency is close
to the sinusoid frequency. Hence, e(k) can be regarded
as an adaptation error in updating the coefficient a4 (k).
The proposed algorithm is used to minimize this error.
The derivative of e(k) with respect to oy (k) is given by

de(m) _ _ x(m — rm =
%a%(k)) = —2x( 1) fo k 5)
5o (k) = 0 for m < k.

It is noted that the changes of the adaptive coefficient
a1 (k) do not affect e(m) for m < k. This shows that the
error e(m) is not evaluated except m = k. Under sta-
tionary conditions, it is effective for the robustness to
noise that the adaptation error e(m) is available in the
case of m < k. Therefore e(m) is modified to é(k,m)
as follows;

é(k,m) = xz(m) — 2a1(k)z(m — 1) + 2(m — 2). (6)

From this modification, the derivative of é(k,m) of
a1 (k) is obtained as
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oé(k,m)
—_——— =2 —1) f < k.
5o (F) z(m—1) form < (7)
The estimation of total adaptation error is defined by
k
J(ar (k) = Y AmE (k,m). (8)
m=0

where A is a forgetting factor and is set less than 1
and near to 1. The use of this factor has the follow-
ing merit. Though the proposed algorithm is intro-
duced under stationary conditions, it is applicable to
non-stationary input if the input signal does not vary
so quickly and the proper value is set to this factor.
Moreover, the use of this factor prevents the estima-
tion J(ay(k)) from overflowing in the calculation of its
summation.

The frequency of an input sinusoid is estimated
by searching optimum adaptive coefficient (k) which
minimizes J(ay(k)). When the estimation function has
only one relative minimum, the equation to be solved
for getting the optimum aq (k) is

3] (1 (k))
5041(k)

This becomes

—0. 9)

§J (e (k))

_ o 5e(k m)
) = 22/\’“ é(k,m)

5041( )

4 Z /\k_m{Zal(k:)xQ(m ~1)
m=0

—x(m—1)(z(m) + x(m — 2))}
— 0.

It is easy to solve Eq. (9), because it contains only one
unknown variable and no matrix inversion is needed.
Therefore optimum «4 (k) is obtained as

ar (k) = Xk: A= (m — 1) (x(m) +a(m— 2))

m=0

— 1 . (10)

2 Z A= (m — 1)2
m=0

The simulation results are given in Fig.1 when the
signal-to-noise ratio(SNR) are 20[dB], 10[dB], and the
forgetting factor A is 0.95. SNR is defined by
A2

—. 11
202 (1)
It should be noted that a;(k) (thus the frequency) is
estimated even without the FIR notch filter because
Eq. (10) does not refer to the output signal e(k).

This algorithm has very high-speed convergence

SNR =
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Fig.1 The convergence property of frequency estimation using
FIR filter.
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Fig.2 The estimation error due to the noise.

because of solving the solution of least-squares directly.
However there exist two problems due to additional in-
put noise. One is the fluctuation of the adaptive coef-
ficient. It is easily smoothed by using a low-pass filter.
The other is the bias of the estimated frequency. Be-
cause the noise n(k) have no correlation to the sinusoid
f(k), the relation of the noise variance and the esti-
mated frequency & is given by

fjﬂm—lﬂfmw+ﬂm—2ﬁ

OAll (k) _ m=0

Z{Xk: fAm—1)+ Xk: n?(m — 1)}
m=0

m=0

k
> fm—1)
_ O[l(k) - m=0

k
Z fAm—1)+ ZnQ(m—l)

m=0 m=0

A? SNR
S N () =n i
122 - WeRR 1

= ai(k) (12)
This shows that the frequency bias is proportional to
the noise power. For example, Fig. 2 shows the plot of

frequency estimation versus noise power when coswy =
a1 = 0.5 holds.
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Because it is desirable to be robust to the increas-
ing noise power, another adaptive algorithm using IR,
filters which has less influence to frequency bias is de-
scribed in the next section.

3. Frequency Estimation Using Adaptive IIR
Filters

In this section, the idea used in the previous section is
applied to second-order IIR filters which have sharper
amplitude characteristics. It is difficult to solve least-
squares directly because recursive terms are contained
in I1R filters. An approximated solution is proposed to
reduce the difficulty.

The transfer functions of second-order IIR notch
filter Hy(z) and bandpass filter Hp(z) are written as

(1+ ap){l —2aq (k)21 4+ 272}

) = i B e T aee-zy )
Hp(z) = 1— Hy(2)
(1 — 010)(1 — 2_2) (14)

- 2{1 — a1 (1 + ap)z=t + apz—2}

respectively, where g is a constant which determines
bandwidth and «;(k) is an adaptive coefficient which
determines center frequency. «j (k) is related to cosw,
by cosw. = ai(k). e(k) and y(k) denote the output
of Hy(z) and Hp(z), respectively, whose input is z (k).
e(k) is written as

_1—|—Oéo
2

X {x(k) —ar(k)a(k — 1) + z(k — 2)}
+ a1 (k) (1 + ag)e(k — 1) — ape(k — 2). (15)
By differentiating Eq. (15) de(k)/daq (k) is obtained as

e(k)

it = ~(L+ aoyl = 1
+a1 (k)(1 + o) 5(;61(&__11)) —ap 5(;61(?,{__22)) '
(16)

The second and third terms of Eq. (16) are recursive
factors. These make the computation of Eq. (16) diffi-
cult. ¥(z) and ¥, (z) which are the transfer functions
corresponding to de(k)/daq (k) and recursive factors in
Eq. (16) respectively, are defined as

U(z)=Z2

oe(k)

&“%J/Xw> a7)
de(k —1)

5041(]@‘ — ].)

—aoml /X (2). (18)

a1 (k)(1 + ao)
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According to Tellegen’s theorem, ¥(z) can be repre-
sented by

U(z) =G(2)Hp(z) (19)
where
G(z) = —(+ag)e™ (20)

Cl—a(k)(1+ag)z™ ! + apz2?
Applying the z-transform to each side of Eq. (16),
U(2) = —(14+ag)z 'Hp(2) + U,.(2) (21)

is obtained. The ratio of the recursive term to the non-
recursive term in Eq. (16) is given by

U,.(2) _ U, (z)
U(z)—",.(2) —(14 ag)z 'Hp(z)
_|GG) + (1 +ag)z!
B —(1+ag)z7!
= 1 —1
1—on(1+ap)z M Hagz ™2 .
(22)

If it is small enough, it can be neglected in Eq. (16).
Figure 3 shows the frequency characteristics of Eq. (22).

The recursive term strongly depends on «g and
the influence increases when ag approaches to 1. This
factor can be neglected when «q is much smaller than
1. In order to reduce computational complexity, it is
desirable to neglect this factor. However, in order to

0 01 02 03 04 05
Frequency [Hz]

Fig.3 The ratio of recursive terms to non-recursive ones of

Eq. (16).

x(k) o——

1
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have good notch property, g is desired to be close to
1. Therefore g is determined to be as large as pos-
sible on the condition of being able to be neglected in
comparison to 1 by computer simulations.

By means of this strategy, Eq.(16) is approxi-
mately written as

de(k)
(50[1 (k)
Then, the IIR type of adaptive algorithm is derived by

the same way as the FIR type. The optimized oy (k) is
obtained as

~ —(1+ag)y(k—1). (23)

k
ar(k) = 3 N y(m - 1) [x(m) +a(m—2)
m=0

+ aofa(m) - a(m - 2) + 2y(m — )]
1

y _ C(24)

21 +a0) 3 Ny (m — 1)?

m=0

The simulation results are shown in Fig.4 when
the signal-to-noise ration(SNR) are 20[dB], 10[dB], the
forgetting factor A is 0.95, and «ag is 0.7. The lattice
realization of Hp(z) is shown by Fig.5, and the esti-
mator realization of the proposed algorithm is shown
by Fig. 6.

It is found from Fig.4 that the IIR type of algo-
rithm is more stable to the noise power than the case
of FIR. The denominator of Eq. (24) contains only y(k)
terms which are the output of the bandpass filter and

—— SNR =20 [dB]
........ SNR =10 [dB]

—_
R
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o
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EEE R LR
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10 150 200

R
al
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Fig.4 The convergence property of frequency estimation using

IIR filter.
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Fig. 5

The realization of lattice filter Hp(z).
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Denominator Calculation

Numerator Calculation

Fig. 6

have small noise power. On the other hand, the nu-
merator cancels its noise owing to the characteristics of
noise, that is, the zero-mean and no correlation.

4. Suppression of Noise Influence

The proposed IIR adaptive algorithm has an advantage
of small frequency bias. However, it has a problem of
coefficient fluctuations when the SNR of input signals
is small. In this section, some applicable methods to
solve this problem are proposed.

4.1 Coefficient Smoothing with Lowpass Filters

It is necessary for good noise rejection that the vi-
bration of adaptive coeflicients after its convergence
is small. If the coefficient aq(k) has little bias, low-
pass filtering to aq(k), which is sequentially obtained
from Eq. (10) or Eq. (24), can suppress the vibration of
a1(k). However it will make the convergence a little
slow. Experimentally first-order IIR lowpass filters are
sufficient for this purpose because higher-order ones do
not show the remarkable suppression of the vibration
compared to first-order ones. The realization of above
mentioned lowpass filters is shown in Fig.7. An ex-
ample of the convergence property with the proposed
coefficient smoothing applied to proposed IIR estima-
tor is shown in Fig.8, where the SNR of input signals
is equal to 3 [dB].

4.2 Prefilter Technique for Noise Reduction

The output SNR of bandpass filters whose center fre-
quency is equal to the frequency of sinusoidal compo-
nent of input signals is improved. If such bandpass
filters are used at the input of estimators as prefilters,
the noise power becomes small and the coefficient fluc-
tuations are reduced. However it is not easy to apply
this technique strictly. The reason is that it is neces-
sary to equalize their center frequency to the sinusoid
frequency although it is unknown and the function of
ALEs is to estimate it. If the adaptive coeflicients of
ALEs can converge when the center frequency of pre-
filters is far from the sinusoid frequency and the fre-
quency equalization is achieved after their convergence,

1
2(1+0p)

The frequency estimator realization for the ITR adaptive filter.

(k)
A
Time Weight
Nl
x(ko)-—’ Frequéncy o (k)

Fig.7 A typical realization of a lowpass filter for a coefficient
smoothing.
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Fig.8 A convergence property with/without a coefficient
smoothing.

then the effects of additional noise such as the coeffi-
cient vibration can be reduced. A simple and practical
realization of this method is shown in Fig. 9, where p is
named ‘bypass coefficient’ and is a small constant. The
center frequency of the prefilter is also controlled by
a1 (k). When the bandpass filter Hp(2) in the prefilter
has narrow bandwidth, it attenuates not only noise but
also sinusoid. Without the bypass coefficient the atten-
uation of sinusoid causes the degradation of the conver-
gence characteristics of ALEs. The bypass coeflicient
transmits the input signal to the estimator for compen-
sating the attenuation of sinusoid. The SNR of z’(k)
is calculated and plotted in Fig.10 when the SNR of
the input z(k) is 0[dB] and two parameters a; (k) and
ag of Hp(z) in the prefilter are 0 and 0.7 respectively.
Figure 10 shows that excessively small values of p de-
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grade the SNR of #/(k). Since this results in the slow
convergence of adaptive coefficients as well as the reduc-
tion of their fluctuations after their convergence, it is
required to determine p appropriately except for exces-
sively small and large values. To confirm the effective-
ness of the proposed prefilter, a convergence property
with p = 0.01 is shown in Fig. 11, where the SNR of
the input signal is 3[dB] and the sinusoidal frequency
is wp = cos™10.7. ag of Hp(z) in the prefilter is equal
to 0.7. In Fig. 11 the FIR estimator is used because the

x(k)
o—» Freguency o k)
Estimator
J_b Modify
x(k) Prefilter
x'(k) Frequency aq (k)
. 1
Estimator
Fig.9 A prefilter for noise reduction.
510 o i
E ' '
=
3)
g
13)
>
=
(o8
=
Sy
24
Z
10° 107 10" 10° 10
Bypass Coefficient p
Fig.10 SNR improvement with respect to bypass coefficient
p.
—— With the prefilter technique
o Without the prefilter technique

wy=cos ' (0.8)

o o
o

Adaptive Coefficient o,
o
ES

0.2+
0' AR vt i G it o it S R R
0 50 100 150 200
Iteration
Fig.11  Convergence property with/without the prefilter tech-

nique.
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FIR ones more suffer from additional noise than the
ITR ones and the effectiveness of the prefilter is more
remarkable.

5. Simplification of Divisions

The proposed algorithm requires one division per one
sampling period. The execution of divisions requires
longer time than other arithmetical operations like mul-
tiplications. To avoid divisions, the technique which is
introduced for the normalized stochastic-gradient algo-
rithms is applicable to the proposed method [4]. It is an
approximate expression of divisions by using multipli-
cations and additions. The inverse of d can be obtained
from the recursive equations described by

a(n + 1) = a(n) (2 - (d n P,m-n) a(n)) (25)

where P,,;, is a small constant to avoid divisions by
zero and a(n) is a sequence which is initialized to be a
positive value less than d/2 and converges to 1/d. The
circuitry realization of Eq. (25) is shown in Fig. 12. It is
recommended to initialize the denominator of Eq. (10)
or Eq. (24) to some positive value, otherwise this algo-
rithm may be unstable for zero-divisions.

With this simplifications, one division is replaced
by three multiplications. The remarkable difference of
the convergence property between the use of real di-
visions and proposed iterative divisions are not recog-
nized from simulation results.

6. Simulation Results

In this section some simulations demonstrate the ef-
fectiveness of the proposed algorithms by comparison
with conventional algorithms. The IIR types of the
ones with the noise suppression techniques and the di-
vision simplification are examined. The parameters are
set respectively as follows;

A =0.95,
Ppin = 0.001.

p=0.01,
m = 0.05,

Qg = 0.7,

Simulated conventional algorithms are the stochastic
gradient one [6] and the normalized stochastic gradient
one [3].

1. Convergence Speed
The parameters of the input signal are presented

Pmin

o —

Fig.12 The simplifed division by multipliers.
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by A =1, wy = cos™10.8, and SNR = 3[dB]. The

results are shown in Fig. 13.

The proposed algorithm has faster adaption than

the others. The reason is that it evaluates approx-

imately the direct solutions of least-squares prob-

lems whereas conventional algorithms use iterative

update methods by gradient calculations.

2. Tracking Property to Non-stationary Signals

The parameters of the input signal are presented

by A = 1, SNR = 3[dB], signal frequency

wo = cos~ 0.8 before time index 1000 and wy =
0s~1(—0.8) after 1000. The results are shown in

Fig. 14.

The proposed algorithm has a good convergence

even in the case of non-stationary signals. This is

provided by the use of the forgetting factor. Some

of the ALE algorithms have miserable property but

most ALEs can incorporate a forgetting factor to

improve tracking performance.

3. Computational Complexity

Table 1 compares computational complexity per

sampling period for the proposed and two known

ALE algorithms. The proposed algorithm requires

40% less multiplications at the expense of move

additions. Note that a multiplication is in general

IEICE TRANS. FUNDAMENTALS, VOL.E82-A, NO.8 AUGUST 1999

Table 1 Comparison of the computation load.
Addition | Multiplications
Proposed 24 15
SFSVSA [6] 16 26
NSFSVSA [7] 13 24

much more computationally expensive than an ad-
dition.

7. Conclusion

In this paper, new adaptive algorithms for ALEs on
the basis of least-squares criteria have been described.
To avoid computations of matrix inversion, the pro-
posed algorithms adapt only one coefficient to detect
one sinusoid. This makes it possible to realize the pro-
posed ALEs without extra computation compared with
conventional ALEs. For tracking a non-stationary in-
put, forgetting factors are introduced to estimate least-
squares errors. In low SNR case, the additive algo-
rithms to reduce the influence of noise is also described.
It is certified by simulations that the proposed algo-
rithms show better performance in convergence speed
and trackability than conventional ALEs.

The extensions of the proposed algorithms for the
detection of multiple sinusoids still remains to be stud-
ied.
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