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INSTABILITY OF PLANAR TRAVELING WAVES IN BISTABLE
REACTION-DIFFUSION SYSTEMS

MASAHARU TANIGUCHI

Department of Mathematical and Computing Sciences
Tokyo Institute of Technology
Tokyo 152-8552, Japan

(Communicated by Hiroshi Matano)

ABSTRACT. This paper is concerned with the stability of a planar traveling
wave in a cylindrical domain. The equation describes activator-inhibitor sys-
tems in chemistry or biology. The wave has a thin transition layer and is
constructed by singular perturbation methods. Let ¢ be the width of the
layer. We show that, if the cross section of the domain is narrow enough, the
traveling wave is asymptotically stable, while it is unstable if the cross section
is wide enough by studying the linearized eigenvalue problem. For the latter
case, we study the wavelength associated with an eigenvalue with the largest
real part, which is called the fastest growing wavelength. We prove that this
wavelength is 0(51/3) as € goes to zero mathematically rigorously. This fact
shows that, if unstable planar waves are perturbed randomly, this fastest grow-
ing wavelength is selectively amplified with as time goes on. For this analysis,
we use a new uniform convergence theorem for some inverse operator and carry
out the Lyapunov-Schmidt reduction.

1. Introduction. This paper is concerned with the stability of planar traveling
waves in a cylindrical domain. The equation is expressed as

etus = e2Au+ f(u,v)

vt:Aerg(u,v) t>0, (Zl,...7ZN)ERXQ. (1.1)
Here f and g are, for instance, given by
flu,v) = w?(1 —u) = Bouv,  g(u,v) = uv + rv — fav?, (1.2)

where 3y, $1 and (2 are positive constants with 26y(1 4+ 261) < (2. For the
assumption of f and g, see (A1)—(A4) in this section.

Equation (1.1) has two stable constant solutions. We denote them by (u,,v,)
and (T_,7_) with _ < @, and T_ < T,. The domain R x Q is a cylinder in R"
with an integer N > 1. The cross section {2 is a bounded domain in RMN~! with
piecewise smooth boundary. The letter A is Laplacian Zjvzl (8/8z;)%. We impose
the homogeneous Neumann boundary condition

Ju Ov
— =0, — =0 on R x 0.
on " On
Here 7 is a positive constant, and 9/9n is the outward conormal derivative on 9X2.
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Equation (1.1) describes activator-inhibitor systems in chemistry or biology as
in Fife [3]. Examples are as follows. Reaction terms (1.2) describe the dynamics
of prey and predator system in mathematical ecology. See Mimura, Nishiura and
Yamaguti [9]. This system consists of two diffusing populations interacting each
other, and has two stable constant states. Traveling waves that connect these two
stable states are observed in these systems ([3], [6]). For chemical models, Ortoleva
and Ross [12] and Collis and Ross [2] studied several chemical systems including
Belousov-Zhabotinski reaction with two stable resting states, and studied propagat-
ing waves in these systems. Equation (1.1) includes the FitzHugh-Nagumo equation
of bistable type. In an appropriate ionic environment, electronic transmission in
nerve or muscle fibers have two resting states and have propagating waves con-
necting them. See Rinzel and Terman [13] for instance. For population models of
excitatory and inhibitory model neurons in nervous systems, see Wilson and Cowan
[19].

In several activator-inhibitor systems, an activator diffuses much slowly and re-
acts fast, that is, € > 0 is very small. For prey-predator systems, population models
of botanical planktons and planktonic animals agree with this situation if the in-
crease of botanical planktons and the mutual interaction are very fast. We always
assume € > 0 is small in this paper.

A one-dimensional problem has a traveling wave solution. Let ¢ be the veloc-
ity. Putting 1 = 21 + ct, we see that a one-dimensional traveling wave solution
(uo(x1),vo(x1)) satisfies

2
g2 dd;‘%" — 57’62%‘1’ + f(up(z1),v0(x1)) =0

2, " —o0 < xp < 00, (13)
”fiﬁo — cg—z‘i + g(uo(z1),v0(z1)) =0

subject to
uo(£00) =Ty, vo(£oo) =Ty . (1.4)
Equation (1.3)—(1.4) has at least one traveling wave solution, and the stability
condition is explicitly given by [11] and [7]. See [6] for existence and construction.
Let (uo(x1;€),v0(x1;€)) be one of stable traveling wave solutions of (1.3)—(1.4), and
let ¢ denote its velocity.
For (1.1), we use a coordinate as

def
xT < t(l‘l,l‘g,...,.TN) :t(21+0t722,-~-7ZN),

where the superscript ? stands for the transpose. We put
ug(z;€) = up(z1;€), To(z;€) = vo(1;€) z € R x . (1.5)
Then (ug(z;€),Do(x;€)) has a flat thin transition layer, which we call a planar
traveling wave. From now on, we denote (T (), To(z)) simply by (uo(x;€), vo(x;€))
since no confusion may occur. This solution satisfies
e2A ug — ETCEg—Qﬁ + f(uo(x;€),vo(w;€)) =0

Agvo — & 52 + g(ug(w; ), vo(w5€)) = 0 T e R

Here A, is the Laplacian with respect to the variable x, that is, ij:l(ﬁ/axj)Q.
We study the stability of the planar traveling wave solution (ug,v). We show
that it is unstable in some conditions, and show that a characteristic wavelength
is selectively amplified as time goes on if an unstable planar traveling wave is
perturbed randomly. Our purpose is to show that such selective amplification of
random external perturbation occurs in the traveling waves in chemical or biological
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models stated above, and determine the characteristic wavelength precisely. One
may refer to [16] for stationary planar fronts in a bounded domain for this problem.
This selective amplification reminds us of pattern selection mechanism of dendritic
solidification ([8]).

For this purpose, we set u(z,t) = ug(x;e) + u(x,t), v(z,t) = vo(x;e) + v(x, t).
By a general theory for semilinear parabolic equations, (u(x,t),v(x,t)) is well ap-
proximated, if it is small enough, by

el = €2 AU — ercsg—gz + fulug(z;e),vo(x;€))u + fo(uo(x;e),vo(x;€))0

By = Ag¥ — & Z + gu(uo(z; ), v0(5.€))0 + go (o (w3 €), vo(w;€))0

in R x €, and

(1.6)

ou v

— =0, —=0 R x 0.

on 7 On on e
See [5] for instance. Putting @(z,t) = e*w(z) and ¥(z,t) = e*z(z), we obtain the
linearized eigenvalue problem

/\(f) e (Z’) in R x Q (1.7)

with the Neumann boundary conditions on R x 0f). Here L° is given by

( é(ezAx + fuluo(z;e),vo(x;€))) — ° 621 E—ifv(uo(x;s),vo(x;s)) )
gu(uo(z;€),vo(x;€)) Ay + go(uo(z;e),vo(x;€)) — 05%

The location of the spectrum set of L% determines the stability. We consider
the stability in the space X, where X = WF2(RY) x ... x WF2(RYN). We
take k > 0 and 71 € (0,1) so that k/2 < (k + 2)y1 — N/2 is satisfied. Then the
continuous embedding X < C*1 (RN) x - - x C** (R") is valid for some vy > k/2.
From this embedding the nonlinear stability in X follows from the location of the
eigenvalues. From now on, we abbreviate f,(ug(z1;¢),vo(x1;€)) to fO(x1;€). The
following is the result for the essential spectrum of L°.

LEMMA 1.1. Assume € > 0 is small enough. The operator L has only isolated
eigenvalues in the domain {\ € C | Re X > —Xg/2}. The essential spectrum of L°
lies in {\ € C | Re A < —Xo/2}. Here X\g is a positive number independent of e.

Thus it suffices to consider only eigenvalues of £° in {\ € C|Re A > 0}. Define

dof 2 2
o = oz, en) and A (G2 ) ot (52 ) Lt {(m, on@))in =12}
be the pairs of eigenvalues and the associated eigenfunction of —A’ with

_A/@n = Kn¥n in Q, aaﬂ =0 on ON.
n

Without loss of generality we assume 0 = kg < k1 < ko < -+ <k < Kpgp1 < - -
We set

w(z) = an(ml)cpn(m')7 2(x) = Z 2 (1) Pn(2).
n=0 n=0

If
/
(w@)z(wwm%@>> (1.8)
z(x) 2n (1) on (2)
is an eigenfunction of £° with the associated eigenvalue A, then we have

s )= (me)) we 09
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Here we put

2
oo [ F (i a0 - L foarie)
o 2
! gulai;e) %ﬁ—nn—kgg(xl;s)—cfd%l

with fO(z1;¢) = fu(uo(x1;€),v0(21;€)), and so on. On the contrary, if (wy, z,) sat-
isfies (1.9), then (1.8) satisfies (1.7). For every (w(z), z(x)) that are not identically
zero, there exists n such that (wy, (1), zn(21)) Z (0,0) with (1.9). Thus it suffices
to study (1.9) for all n.

In general, the most prevalent way to study a linearized eigenvalue problem
is to construct the Evans function and seek for eigenvalues as the zero points of
this function. Another way is the Lyapunov-Schmidt method. Nishiura, Mimura,
Tkeda and Fujii [11] studied (1.9) when n = 0 by this method using the spectral
gap condition of an Allen-Cahn operator L(e, c®) given by (2.11), and derived a
scalar equation for eigenvalues called the SLEP equation. Ikeda, Nishiura and
Suzuki [7] proved the equivalence of these two methods. The Lyapunov-Schmidt
method needs less calculation compared with that of the Evans function. This
might be because (ug(x;¢€),vo(x;€)) has a thin transition layer and is constructed
by singularly perturbation methods.

For Lyapunov-Schmidt method for (1.9), the uniform convergence of L(e, ¢*) ~1Q¢
as € goes to zero is essentially important. Here Q¢ is the projection associated
with a spectral set of L(e,c®). See §2 for the precise definition. The convergence
should be uniform in some function space because the eigenfunctions always de-
pend on e. A strong convergence theorem of L(g,c®)™1Q° and an exponentially
weighted normed space have been used so far. However, the author cannot follow
the Lyapunov-Schmidt reduction by a strong convergence theorem when the given
interval is unbounded. Recently the author proved in [15] a uniform convergence
theorem of L(e,c®)7'Q° in L(L*(R), H *(R)) for any s € (0, 3). Using this con-
vergence result, we derive the SLEP equation mathematically rigorously for every
n. Then using the method of [16], we can study the distribution of the eigenvalues
precisely. Because L(e, c®) is not self-adjoint and the given interval is unbounded,
we need careful analysis.

The following is the main assertion in this paper.

THEOREM 1.1. Assume € > 0 is small enough. The set of eigenvalues of (1.7) in
{A € C|Re) >0} is expressed by {A(k,)| 0 <k, <o(e)e™, n=0,1,---}. Here
A(-) is a real-valued function that has a unique mazimizer r(c) € (0,0(c)e™!)
with A"(k(g)) < 0. It holds that A'(k) > 0 for k € [0,k(g)) and A (k) < 0 for
k € (k(e),0(e)e™t]. The following asymptotic estimates

~

lim 5%5(5) = (47"k3)* >0, lim A(k(e)) =77'¢(0)

e—0 e—0

2
3

o~ ~

hold true. The value o(g) satisfies lim._,go(e) = ¢(0) > 0. Here ((0) is as in
Lemma 2.3, and k3 are positive constants as in (2.14).
Using this theorem, we obtain the stability criterion.

THEOREM 1.2. Assume ¢ > 0 is small enough. If o(e)e™! < k1 , a planar traveling
wave (ug(z;€),vo(x;€)) is asymptotically stable. If k1 < o(e)e™?, it is unstable.
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If k1 = o(g)e™ !, the linearized eigenvalue problem (1.7) has double zero eigen-
value. The stability of (ug(z;€),vo(z;€)) is yet to be studied in this exceptional
case.

THEOREM 1.3. Let Amax(g) be the largest eigenvalue for the linearized problem
(1.7). Then lim._,g Amax(€) = A(O)/T > 0 holds true. The associated eigenspace
is a linear hull of one or two eigenfunctions, each of which can be expressed as
(w(x), z(x)) = (Wn(z1)on(2"), 2n(x1)Pn(x’)), where n is a positive integer with
bn—1 < k(&) < kn  or kn < k(&) < Kny1. Here functions wy, z, are given by

(3.9).

Theorem 1.3 implies that selective amplification of random external perturbation
can occur for unstable planar traveling waves in general activator-inhibitor systems.

Example 1. Suppose Q@ = (0,¢) with £ > 0 and N = 2. If 0 < ¢ < {c(e),
a planar traveling wave is asymptotically stable. If {c(e) < £, it is unstable.
Here fc(g) is a function of ¢ with fe(e) = 2w((0)~Y/2e1/2 + o(e1/2) as e — 0.
Let € go to zero, then the eigenfunctions associated with Apax(g) is given by
(wn (1) cos(t™Inms), 2, (1) cos(¢~Inmas)) with n that satisfies |[¢~1nr — k()1/?| <
(=17, Thus there exists wavelength associated with Apax(€), which is called the
fastest growing wavelength. This wavelength is 27 (41{:3_1)1/3 /3 4 o(e'/?) as ¢
tends to zero.

Example 2. Assume Q is a rectangle Q = (0, p) x (0, ¢) in R?, and hence RxQ is a

prismatic domain. From Theorem 1.2, a planar traveling wave is stable if o(¢)e ™! <

w2 min{p~2,¢~2}, and is unstable if 72> min{p~2,¢ 2} < o(e)e~!. It holds that

limy, oo n "1k, = 47(pg)~L. Let € — 0, then (ug(w;e),v(x;€)) becomes unstable.
From Theorem 1.3, it follows that the eigenspace associated with Ayax(€) is a linear
hull of (wy,(z1)en(x'), 20 (21)en(z")), where
on(2') = 2(pq)_% cos (p~"ma) cos (¢~ 'mmas)
and £, m are some positive integers with
|7r2 (p*2€2 + q*2m2) — /@(5)| <dp~lq7'm +0.(c).

Here 6 (¢) is a positive number with lim._, 61 (¢) = 0.

Now we state the standing assumptions on f and g throughout this paper.
(A1) There exist constants vmin, Umax With Umin < Umax and three functions h_(v),
ho(v), hy(v) with
h_(v) < ho(v) < hy(v) for Umin < ¥ < Umax,
h_ (Umin) = ho (vmin)v ho (vmax) = h+ (Umax)
such that {(u,v)| f(u,v) = 0} equals
{(h—(v),v) [vmin < v} U{(ho(v),v) | tmin < v < Vimax} U {(he (v), 0) [V < Vmax}-
(A2) Functions f, g are smooth functions of u, v in & = [h_ (Vmax), by (Vmin)] ¥
[Umina vmax]~
(A3) There exist constants T_, Tg, U, with vmin < T_ < g < T4 < Unmax such that
{(u,v)| f = 0,9 = 0} consists of (u,v) = (u_,v_), (Uo,00), (Uy,v,), where
U =h_(v_), W = ho(vo), Uy = h (V).
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(A4) The following inequalities

fulhL(v),v) <0, gu(hse(v),v) >0, g,(hs(v),v) <0,
g(h_(v),v) S 0< g(h+(v),v)

hold true for any v € [v_,7,]. Moreover f,(u,v) < 0 is valid for every (u,v)
with . <v <v,, h_(v) <u < hy(v).

2. One-dimensional traveling waves. In this section, we state on one-dimensional
traveling waves. We denote z1, z; simply by z, z in this section. The equation is
written as
ETUL = 52“22 + f(u(z,t)v U(Za t))
vy = Uz + g(u(z,t),v(z, 1))
We seek for a traveling wave solution (ug(z + ct),vo(z + ct)) that satisfies (1.3)—
(1.4). For simplicity, we denote ug(z), vo(z) by u(z), v(z). Separating R into two
subintervals R_ = (—00,0) and R, = (0,+00), we consider (1.3)-(1.4) on each
subintervals:
e (u*)ae — eTe(uF)e + fu* (2), 0% (7)) =
(05)za — c(vF)a + g(u™(x),v*(x)) = 0

subject to the following conditions: u*(+o0) = s, u*(0) = «, v¥(+o0) = V..
Here o € (u_,u..) is any fixed constant. Moreover we impose a condition v*(0) = 8
in addition with a constant 3 that will be fixed later. Putting formally ¢ = 0, we
obtain

z€ R, t>0. (2.1)

S Ri, (22)

fu*(z), 05 (x)) =0
(V5)az — c(vF)e + g(uF(x),v™(2)) =
We solve the first relation as u®(z) = hy(v*(z)). Using this, we introduce the
following equations
(VFH)az — c(VF)e + G2 (VE(2))
VE(£oo) =1y, VE0) = 4.

S Ri. (23)

(2.4)

Here we put G4 (v)d:efg(hi(v), v). We have G/, (v) < 0 for v € (U_,7, ), respectively.
In the following we use a functional space

X2 (D) = {u(@) | lullxs 1) < +o0 (2.5)
with
lullscy, 1y = > sup [ (0D.)" u(a)
k—0 xel
for o > 0, v > 0, a non-negative integer n and a subinterval I C R. Here we put
D, =d/dx.

LEMMA 2.1 ([6]). For any fixzed c € R and 8 € (V_,7,), there exist unique strictly
monotone increasing solutions Vi=(x; ¢, 3) of (2.4) with

|V0ﬁt(sc;c7 B) —v4| € Xii,l(Ri)
There exists a unique B(C) with (Vo’)aC (05 ¢, E(c)) = (VOJr)x (05 ¢, B\(c)) for each c.

This value B(c) is a strictly monotone decreasing function in ¢ with B(—oo) =T,
and B(+00) =T_. Here vy, and vy_ are positive constants.
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We put Ui (w;¢,8) = he (Vi (z;¢,3)), and introduce a new variable y = z/e.
For any fixed 3 € [v_,7.], we consider the following problem

(00)yy — c(¢0)y + f(do(y),B) =0 y € R, (2.6)
Po(£00) = h+(B), ¢0(0) = a. :

LEMMA 2.2 ([4], [11]). There ezists ¢ = ¢() such that (2.6) has a unique strictly
monotone increasing solution ¢o(y; 5). This solution satisfies

‘¢0(y7ﬂ) - hi(ﬁ)' € Xfri,l(R:t)v

where o, and o_ are positive constants. For any fized 8 € [v_,7.], ¢(8) is a

monotone decreasing continuous function with Eﬁ(ﬁ)d:efd’c\/dﬁ < 0 for every B €
(T_,7,).

Now we solve § = E(c) and ¢ = ¢(f) simultaneously. We find 8 € (v_,7,)

with (ﬁ)_l(ﬁ) = 7 Y¢(B), that is, § = B(T‘l’c\(ﬁ)). Note that functions B(c) and
¢(p) are independent of 7. Because (E)’1 : (U_,7,) — (—00,00) continuous, and
771¢ : [o_,v4] — [re(vy), 77 1¢(v_)] is continuous and bounded, there exists at
least one 3* € (v_,v,) with (8)~1(8) = r~'&(B). Putting ¢* = 7-1¢(8*), we
define

Vo (:) { Ug (wic",B) + do(a/s:6) = h-(8") @€ R
PR UJ(%‘;C*,@*)-F(bo(J?/E;ﬁ*)—th(ﬂ*) $€R+, (2 7)
V. _ ) Vo (zer,B) zeR. .
orlr) = { Vo (z;¢*,8%) a2 € Ry.

Assume [* satisfies f* = 5(7*16(6*)) and
7> Bu(rE(B7)Es (87). (2.8)
Then (8*,c*) is a transversal intersection point of 3 = ﬁ(c) and cr = ¢(f).

THEOREM 2.1 ([6]). Suppose (A1)-(A4) and (2.8). For sufficiently small ¢ > 0,
there exists a solution (ug(z;€),vo(x;€)) of (1.3), (1.4) with

[uo (25 €) = Uapp(@; &)l x1 . (m) + llvo(7; ) = Vapp(@)l|x1 , (r) = 0

ase — 0, where Uypp(x;€) and Vapp () are given by (2.7). Furthermore ¢ converges
to c* as e — 0. Here v is a positive constant.

We state the properties of the traveling wave solution (ug(z;€),vo(z;€)) given
by Theorem 2.1. We define

| Vo(x;e,8%) zeR_ | Uy (x;er,8*) z€R_
i ={ e s sem, e ={ e s JER

We introduce two Sturm-Liouville problems

~L(e,E)o=Co iR, (29)
—L(e, =) = v in R (2.10)

where
L(e, c)d:Cf —e?Dyy +e1cDy — f2(z58). (2.11)

Here D, = d/dx, D, = d?/dz? and f2(x;¢) = fu(uo(w;e),vo(x;¢)).
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LEMMA 2.3 ([11]). The operators —L(e, c®) and —L(e, —c®) have a common alge-
braically simple eigenvalue ((g) = E(E)s, where 6(5) is a continuous function up to
e =0 with E(O) = —¢3(8*)(Vo)z(0) > 0. All other spectrum sets of (2.9) or (2.10)
lie in {\ € C|Re X < —po} with a positive constant pg that is independent of €.

Let ¢(x,€) be the eigenfunction of —L(e, ¢®) associated with ((¢), and let ¥ (z, €)
be that of —L(g, —c®). We assume ¢(z,€) and ¢(x, €) are normalized in L?(R). We
put Y = L?(R) with usual norm and usual inner product, which we denote by || - ||y
and (-, - ), respectively. Let P and Q¢ be the projections in Y = L?(R) associated
with spectral sets {¢(¢)} and oo(—L(e, )\ {¢(¢)}, respectively. Here o, stands for
the extended spectrum. Let Y; = P°Y, Y5 = Q°Y. Then Y = Y1®Y>, and each Y; is
invariant under —L(g, c°). The spectrum set of —L(e, c®)ly, liesin {A € C' [ Re A <
—po}. See [17] for instance. From *N(L(e, —c®) + ((¢)) = R(L(e, ) + ((e)),
Yo = R(L(e,c®) +¢(¢)) is orthogonal to ¢ (z,e) € N(L(e, —c?)+((¢)). Here N and
R represent the kernel and the range, respectively. The projections P¢ and Q¢ are
expressed by

P* = (¢(x,e),0(x,€)) " (- 0(x,e)) fla,e), QF =1- P~ (2.12)
Define
oy, e)Ee 2 p(ey,e),  Dly.e)Ee P(ey.e),  (2.13)
hy(2,6)Ee™ V2 (= f(ws o)), e),  holz,e)Ee™ 200 (x5€)¢(x, ),

fi(z, E)d:Cfexp(Q_lcEx)hl (z;¢€), falz, s)d:Cfexp(—2_lcEx)h2(x; €).

Here fO(z;e) = fo(uo(z;€),v0(z;¢)) and ¢2(z;¢) = gu(uo(z;€),vo(x;€)). Let X =
H'(R) and let || - ||x denote the usual norm of H!(R). Let X’ denote the dual
space of X with norm ||-||x/. Let § = §(x) be the Dirac delta function concentrated
on z = 0. From the continuous embedding H*(R) ¢ C2(R), d(z) belongs to
X" = H™Y(R). We define ¢ (y) = (¢0)y(y) exp(—7c*y) and

p1=1(0)y W3 >0, p2= Yoy >0. ps = ((¢0)y:0),
where ¢o(y) is given by (2.6). We put pg = p1p2ps > 0 and

ki = —papscs(B*) >0, ko =p1[g(hy(B7),8%) — g(h_(B%),3")] > 0,
ks = kika/ (p1paps) = —¢5(B%) [g(h(8%), B%) — g(h_(B%),57)] > 0. (2.14)

The functions stated above have the following properties.

LEMMA 2.4 ([11]). There exist positive constants by, oy that are independent of €
with

6(:9)| < brexp(-aaly)), [y 2)| < brexp(-arly)  yeR.
For any fixed compact interval I in R,
lim &(y.€) = pi(o)y(y),  lim d(y,€) = pavoo(y)
hold uniformly in y € I. Moreover limg_,g hq(x,€) = k16(z) and limg_q ho(z,e) =

kad(z) hold true in X'.

From this lemma and the definitions of f;(z,¢) and fa(z,¢e), we immediately
obtain
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LEMMA 2.5. There exist constants by > 0, aa € (0, 1) such that
max {|f1(2)|, | f2(z)]} < boeLexp (—asglz|/e) z€R (2.15)

is valid for every e € (0,e9). Functions fi1 and fo are bounded in X' uniformly
ine € (0,e1). The following relations lim._,¢ f1(z,€) = k10(z), lim. ¢ fa(z,€) =
k26 (x) hold true in X'.

Proof of Lemma 2.5. This lemma follows from Lemma 2.4, the fact that ¢® remains
bounded as ¢ — 0, and the definitions of f;(z;¢), fa(x;e). O

Define C; = {\ € C|Re X > 0}. We study the inverse operator of f()\,c)d:ef -

Dyr+c¢Dy+a(z)+ A forany c € Rand A € Cy. We put D, = % and D, = %.
Here a(z) is given by

a(z) = (fu(Uo, V0)gu(Uo, Vo) = fu(Uo, Vo) gu(Uo, Vo)) / (= fu(Uo, Vo)) -

From (A4) and the definitions of Vy and Uy, a(z) satisfies mingeg a(z) > 0. For

21, 22 € X, consider a sesquilinear form

Bg‘(zl, 2%) = (zalt, zi) + (czi + (a(z) + N2t z2)

for any c € R and A € C,. Since
RoB2(e,2) = ol + (miga(o)) 1217

the Lax-Milgram theorem implies that the following inverse operator

K\ ) (=Dyy + eDy + a(z) + A) 7 (2.16)

belongs to £(X’, X) for any ¢ € R and A € C. K (), c) is uniformly bounded in
L(X',X) for all ce R and A € C;. We put

2(x; A ¢) = K(\, )4, (2.17)

that is, Z(z; A, ¢) € X = H*(R) is uniquely determined by

—Zez(T3 N ) + 2 (25X, ¢) + (a(z) + N)Z(2;M,¢) = 0 in R\ {0},
Bz Xl = 1L

Define p*(¢(w, ), 1(, 2)). From Lemma 2.4, (¢(x, ¢), v(x,)) = [°2, ¢y, )i(y, <) dy
goes to pg = p1pap3 > 0 as € — 0. Thus lim._.g p® = pg holds true.
The stability of (ug(z + ct;e),vo(z + ct;€)) as a solution of (2.1) is as follows.

THEOREM 2.2 ([11],[7]). Assume (A1)-(A4) and (2.8). For sufficiently smalle > 0,
(u(z,t),v(z,t)) = (uo(z + ct;€),v0(z + ct;€)) of (2.1) is asymptotically stable. The
condition (2.8) is equivalent to

por > kiks ||Z(z5471(¢*)2,0)|[3, - (2.18)

In this paper, the stability condition (2.18) is our standing assumption.
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3. Equations for the eigenvalues. We study the stability of a planar traveling
wave solution (1.5) by the linearized eigenvalue problem (1.9). Eigenvalues that
concern with stability are those in Cy = {\ € C'|Re\ > 0}. Thus it suffices to
assume A € C without loss of generality. Note that e2k,, +e7A € C is valid. We
obtain a scalar equation for the eigenvalues in this section. Denoting z; simply by
x and (wp, z,) by (w, 2), we write (1.9) as

(L(g, ) + €%k + et N w(z) = fO(z;6)2(x) (3.1)
—Zpa (x) + 25 () + (—gg(x; )+ kn + A) 2(z) — 2(z;e)w(z) =0 (3.2)
for x € R. We put
(L(2,¢%) + A) 1 Q° = (—fu(Uo, Vo) + X)) +75(N).

As in §2, L(e,c®)71Q° satisfies necessary conditions of [15]. Then the following
uniform convergence is valid.

LEMMA 3.1 ([15]). Fiz a constant s € (0, 3) arbitrarily. For sufficiently small e > 0
and all X € C, (L(g,c®) + \)71Q° is uniformly bounded in L(Y). The following

convergence
gi_{%(l + ANl ey, -+ (ry) =0
holds true, where the convergence is uniform in A € C .

Define bounded linear operators in Y as
Sn(e, £, A% — g0 (z;¢) [(Le, ) + 2 +emN) Q)" (fo(w32) )
forn € N, and define R(e, k, )\)d:ef—gg(x; £)+51(g, k, A). Immediately from Lemma 3.1,
there exists a constant By > 0 with
||R(€7 R, )‘)”E(Y) < BO (33)

for every e € (0,20), k > 0and A € C. From Lemma 3.1, the following convergence

1inr(1) go(z;e)rf (e +etA) (fo(z;e)-) =0  in £(X,X) (3.4)

E—

holds true, where the convergence is uniform in x € [0,00) and A € C;. From (3.4)
and the definition of R(e, x,\), we have

R(e, Kk, N) = —g,(Uo, Vo)
— 90 (U0, Vo) (= fu(Uo, Vo) + €26 4+ e A) 7 (fo (Uo, Vo) - ) + m®(e%k + 7). (3.5)

Here the residual term m®(\) satisfies lim. ¢ ||m*(\)||z(x,x7) = 0, where the con-
vergence is uniform in A € C.
Define a quasilinear form on X = H'(R) by

B (21, 2%) = (25, 25) + ¢ (25, 2%) + ((R(e, 5, ) + 5+ A)2, 2%) (3.6)

for 2!, 2% € X.
Define
K(e,k, )\)d:ef(—Dm + Dy + Re, ko N) + 5+ A7,
if it exists. Using (3.5) and the assumption (A4), we obtain

Re Bsﬂiv)‘(z’ Z) Z (K/ + )\R + OZO)HZH%{
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for z € X, e € (0,60), 0 <k <ooand A = A\g +i\; € C,. Here ag > 0 is a
constant that is independent of €, k and A. Thus we get

1K (e, 6, M)l 2xr,x) < (k+Ag+ag) " (3.7)
from the Lax-Milgram theorem.

LEMMA 3.2 ([15]). For every e € (0,£9) and k € [0,00), A € Cy is an eigenvalue
of (8.1)-(3.2) if and only if
F(e,kn,A) =0, (3.8)

where F(e,k,\) = pE(Z(s) —ek —TA) — (K(g, Kk, Nha(z,€), h1(x,€)). In this case,
the eigenfunctions are given by

z(x) = Kl(g,kn, \ha(z,€),
w(r) = 5’%5(;5,5) + (L(e, ") — 2k, — 67‘)\)_1 Q°(—f2(x;)2).

REMARK 3.1. From this lemma, (wp (1), zn(21)) in Theorem 1.3 is given by

Zn(21) = K(&, fin, Amax(€))ha (21, €), X
wn(xl) = 87%¢($1,€) + (L(Ea CE) - 52”71 - 57—)\max(5))7 QE(_fz?(ml;E)Zn)(' )
3.9

The following is a priori bound for A € C.

LEMMA 3.3. If A € C is an eigenvalue of (3.1)—(5.2), then |A| is bounded uni-
formly in € and k.

Proof. From (3.8) we have
A< 7H(e) = () (K (e Mo, €), ()

and thus |\ < 1) + (p°7) Y| K (e, Ky A)ha(x, €)||x||h1(z,€)||x/- Note that the
right-hand side remains bounded uniformly in ¢, x and A from (3.7) and Lemma 2.4.
This completes the proof. O

From Lemma 3.3, there exists By > 0 so that |[A] < Bj holds true if A € C
satisfies (3.1)—(3.2) with any ¢ € (0,2¢), k € [0,00). Using Lemma 3.3 and (3.5),
we have

~

lir%K(e,/f, A)=K(k+\c) in £L(X', X), (3.10)

where the convergence is uniform in « € [0, 00). Here I?(n + A, ¢*) is as in (2.16).
Define
P(r,0) % (—Dyy + ¢Dy +5) ™" in L(X', X)
for any c € R. We put = K2,

LEMMA 3.4. For every u > 1 and c € R, inequalities

1

1PG2. )y <17 P20y < 7

hold true.
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Proof. Assume —z,; + czp + 2z = h for 2 € X and h € X’. Multiplying both
hands by Zz and integrating the real parts, we have

laalfy + e = [

oo

hz dx.
o0

Using this relation and

+oo
‘/ hz dx

we obtain (pu? — 1) [|z]|3 < i[|h|%/,. Using this and p > 1, we obtain the first
inequality. If h € Y, then we have the Schwarz inequality |(h, )| < |||y [ 2]y, and
p?]1z]13 < ||h|ly ||z]|y- Thus we obtain the second inequality. O

1 1
< lhllxllzlix < 5llal% + 5 l20%

LEMMA 3.5. Put u= k2. There exists Bs > 0 such that, if w> Ba, K(e,k,\) can
be written as

K(g,k,\) = P(p?,¢°) + P(u?, ¢°)Q(e, ky ) P(1?, ¢°)
for all > By and all A € C4 with |A\| < By. Here

def

Qe i N — (R(e, 1, 0) + 0) Y [~P(2, &) (Re,m,0) + 1] e L(Y),

k=1

satisfies |Q(e, K, A)|| c(yy < B3, where Bz a constant independent of €, k, X and p.

Proof.  'We denote R(e,k, ), P(u,c) simply by R, P. If |[P(R + \)|lzy) <
1, then we have K = [[+ P(R+\)] " P = 3272, [-P(R + \)]* P. By virtue of
Lemma 3.4, we have ||[P(R + \)||zyv) < 1, if p is large enough, say, > Bo. This
completes the proof. O

Combining Lemmas 3.4 and 3.5 we obtain
1K (e, 6, Mlexryy < w '+ Bsp™?, (3.11)
|K (e, 6, Mleyy < w2+Bsu™, (3.12)
if p > By. We write K(e,k, ), Sn(e, K, A) simply as K, S, respectively.

LEMMA 3.6. K(e,k,\) is real-analytic for k > 0 and is analytic for A = Ag + iA;
with Ag > 0 in the space L(X', X) with

Ky = —K(I+¢e7S8)K,

K., = —-K(I+¢’8)K,
Ky = 2K(I+¢e7Sy)K (I +e7S2)K —2(e7)*KS3K,
Koy = 2K(I4*So)K(I +e752)K — 237K S3K,
Kew = 2K(I+e*So)K(I+&%9)K — 2e*KS3K.

Note the right-hand sides belong to L(X', X). Moreover IA(()\,C) is analytic for A
with Ag > 0 in L(X', X) and satisfies (IA((/\,C))A = —K()\c)?, (I?(/\,C)))\)\ =
2K (A, ¢)3 in L(X',X). Here ¢ € R is any fized number.
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Proof. The proof can be done by the same argument as in Lemma 3.1 in [10]. We
omit it. 0

Using this lemma, we can differentiate F'(¢, x, A) and obtain

Fi(e,k,A) = —p 7+ (KT +erS2)Khg, h), (3.13)
Fu(e,5,A) = —ep® + (K(I+€2S3)Kha, hy) . (3.14)
Foo(e ks, A) = —2(K(I+e°S)K(I+¢e>S2)Kha, )

+2¢* (K S3Kha, hy) (3.15)
Foa(e,k,A) = —2(K(I+e°S2)K(I +¢e1S2)Kha, hy)

+2637 (K S3K ha, hy) (3.16)

for k > 0 and A = Az +iA; with Az > 0. Here we denote hy(x,¢), ha(x,€) simply
by hi, he. From Lemma 3.5, we have

|(K(I +v0S2)Kha, hy)

(1 + QP(p, c®))(I + v0S2) Kha, P(p, —c*)h1)|

11+ QP (1, )l I + voSallcory 1K | c(x7 vy [ hall x/

X[ P (s, =)l eexr vy lhall x s (3.17)

where vy represents €2 or e7. The right-hand side of (3.17) is of order O(u=2) as
i — 400 uniformly in (g, k). From (3.7), we obtain

(K (. 5,0)ha, h)| < (5 +0) ™ (17| xe[lhellx -
We fix o € (%E(O),Z(O)) arbitrarily. Then for every A € C; with |A| < B; we have
Re Fi(e,k,\) = —p°7 + Re (K(I +e7S2)Kha, h1) <0, (3.18)

o~

p((e) — (K (g, k,0)ha, h1) > p°og > 0, (3.19)

IN

if k = p? is large enough, say, if k > M;.
The Green function of —(d/dx)?+v? is given by H (x,&;v) = (2v) " Lexp (—v|z — £])
for every v > 0.

LEMMA 3.7. For sufficiently small e > 0, all k € [0,00) and A € C+ with |\| < By,
Re Fy(e,k,A) < =b <0 (3.20)

holds true. Here b is a positive constant independent of €, k and .

Proof. Tt suffices to prove the lemma assuming 0 < x < M;. From (3.13) and
(3.10), the following convergence

lir% Fx(e,k,A) = —poT + k1ka (K (k4 A, ¢*)3, 8)

is valid uniformly in x € [0, M;] and A € C with |A] < B;. The bracket (-, -)
denotes the scalar product between X and X’. Note that (K(k -+ A,c*)s,6) is
nothing but z(0; k + A, ¢*). It suffices to prove the real part of the right-hand side
is negative. Define

G(Ar, A1) = Re (K (), ¢*)%6,6).
Then, by virtue of (2.18), it suffices to prove
G()\R,)\I) S G(0,0) for all )\R +'L)\[ S C+. (321)
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Using
I/(\'()\, ) = exp(Q*lc*m)I/(\'()\ +471(c")?,0) (- exp(27'c*z)) for A€ Cy.
we obtain R R
(KX, c*)?6,8) = (K(A+471(c*)?,0)%5,6).
Define
A(Ar, A1) =
(~Das +a(@) + 471)? + Ap —iA1) " (=D +alz) +471()? + Ap +iN)
Then A(Ag, A7) belongs to £(X’, X) and satisfies

0 ~
aTA()\R,A[) = —2A()\R,)\])T(471(C*)2 +)\R,O)A()\R,)\[)
R
iA()\){,A]) = —2)\1A()\R,)\[)2
OAr

in £(X’, X). Using
KE(\0) = TA\0)AMNg, A1) — 200 A(Ng, Ar)

K(X\0)2 = A(Ar Ar) — 20 K (Mg, 0)A(Ag, A;)?
we obtain
G()\R7 AI) = <A(AR + 4_1(6*)25 /\1)57 5>
and thus
9 A
WRG(AR,A[) = 72B0 (A(K/+)\R7>\I)57A(K:+AR’)\1)67)|)\:4_1(C*)2+R+)\R S 0
0
MgeGOm A = —20\)2 |A(% + Ar), M]3 < 0.
I
Now we get (3.21) and complete the proof. O

LEMMA 3.8. For every v > 1, ||P(V2,O)||£(Y7L00(R)) < %l/_% holds true.

Proof. Let z = P(v2,0)h for h € Y. Then we obtain z(z) = fj;: H(x,&v)h(€) dE,
and thus |z(z)| < [|H(z, -;v)|ly [|k|ly. Direct verification yields

+oo ) % 1 3
|H(x, -sv)|ly = ( H(z,&v) d§> = 51/_5.
We obtain ||z =gy < %V’% [IR|ly- This completes the proof. O

LEMMA 3.9. For sufficiently small € > 0, there exists a real-valued function A(k)
defined for k € [0,0(c)e™ ] with A(0) =0, A(o(e)e™!) =0 and A(k) > 0 for every
k € (0,0()e™t). If ky € [0,0()e™ Y], (1.9) has a unique eigenvalue A(ky,) in C 4.
If ki, & [0,0(e)e™Y], (1.9) has no eigenvalues in C 4.

Proof. First we show F(g,k,0) > 0 for every 0 < x < M;. Differentiating (1.3)

by x1, we see that (1.9) has zero eigenvalue associated with (g—g?(xl), g—;‘;(azl))

Combining this fact and Lemma 3.2, we have F'(¢,0,0) = 0. Using (3.14), we
obtain

liH(l] Fu(e, 1,0) = kyko (K (k,¢*)8,6) > 0.
£—
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Therefore F(e,k,0) > 0 if k € (0, M1). By the definition of F(e, x, ), we have
F(e, Kk, +00) = —o0. Since Fy(e, k,\) < 0 holds, there exists a unique A, which we
denote by A(k), that satisfies F'(e, k, ) = 0 for A € [0, My).

Next we search for k € [M7, +00) with

Fl(e, k,0) = p* (E(g) - sn) — (K (2, k,0)ha, hy) = 0. (3.22)
Then from (3.19) it is necessary that ex > o¢ holds true. For any ¢ > 0, we have
F(e,071,0) = p°(((e) — 0) — (K(e, 0671, 0)ha, ) .
For € > 0 that is small enough, we have

—1 -1
F(€, o€ 7O)|a:26(0) <0< F(g’ o 70)}02%2(0) ’

Hence there exists at least one o(¢e) € [%E(O)7 2¢(0)] with F(e,0(c)e™t,0) = 0. We
will show that o(e) is unique. For this purpose, we show

Re F,. (e, k,\) = —ep® + Re (K(I 4+ €>S2)Kha, hy) <0 (3.23)

with every xk > %5(0)571 and A € C; with |A\| < By if € is small enough. Indeed,
we have
(K(I+¢e*S2)Khy,h) = (P(k,c)(I+QP(k,c))(I+¢e*S3)Kha, hy)
= (P(k,c)(I + QP(k,c))Kha,h1)
+ &2 (P(k,e)(I + QP(k,c))SaKhy, hy).

The second term of the right-hand side is of order O(¢2), and the first term equals

(P(k,c)(I+QP(k,c))Kha,h1) = (I + QP(k,c))Kha, P(k,—c)h1)

= (P(k,c)ha, P(k,—c)h1)

+ (QP(k,¢)*(I + QP(k,c))ha + P(k, c)QP(k, c)ha, P(k, —c)h1) .
The second term is of order O(k™2) as k — +00, and is of order O(g?) as ¢ — 0
when £ > 3((0)e~*. As for the first term, we have

(P(k,c)ha, P(k,—c)hy) = (P(Z/Q,O)fg,P(l/z,O)fl) = (P(V2,0)2f2, fl) . (3.24)
with v = (k + (05)2/4)%. From Lemmas 3.4 and 3.8, we obtain

HP(VQ’O)QfQHLw(R) = HP(VQ’O)Hﬁ(Y,L‘X’(R)) ||P(V270)HL(X’,Y) Il f2| x

1 _s
< L ipl

Combining this inequality and (2.15), we have
by _s
|(P(1?,0)% f2, f1)] < a—zV 2| fal| x-

Using v = (k+ (05)2/4)% and kK > %Z(O)sfl, we obtain |(P(v?,0)%fa, f1)| is at
most of order O(e7) as e — 0. Thus we get (3.23). Therefore o(e) is uniquely
determined and it satisfies lim._o o(g) = (0).

From (3.23), we have F(g,k,0) > 0 if x € (0,0(g)e™t). If ) is real, we obtain
limy_ 400 F(g,5,\) = —00 for every k > 0 by virtue of (3.7) and (3.8). Thus
there exists a real value A(k) > 0 such that F(e,x,A(x)) = 0 holds for every
k € (0,0(e)e™t). We put A(0) = 0, A(o(e)e™t) = 0, and then A(k) becomes a
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continuous function for x € [0,0()e™!]. If A € C; satisfies (3.8), then A = A(k).
Indeed, using
0 = F(ek, A =Fle,r N —Fl(e,k,A(k))
= F\(g,K, 00\ + (1 — 0p)A(K)) (A — A(K)) (0< by <1)
and Lemma 3.7, we obtain A = A(k).

Finally we show that, if kK > o(e)e™!, then there exists no A € C4 with
(3.8). Otherwise there exists A\ € C; with (3.8). Then from (3.23), we have
Re F(g,0(g)e™,\) > 0, which contradicts F(g,0(e)e™1,0) = 0 and (3.18). We
complete the proof of Lemma 3.9. U

-1

4. The distribution of the eigenvalues and the proof of main theorems.
In this section, we will show A(-) has a unique maximizer x(¢) in (0,0 (g)e ), and
we study the asymptotic behavior of k(¢) as € — 0. From Lemma 3.9, there exists
at least one relative maximizer of A(-) in (0,0(g)e™t) for each fixed small & > 0.
Let x(g) be any one of them. Later we will show that x(e) is uniquely determined.
Fix § € (3,1) arbitrarily We put R = I(e) U J(e) with I(¢) = (—€?,¢%) and
J(e) = R\ I(g). We put k;( fI fj(z,e)dx for j = 1,2. From Lemmas 2.4

and 2.5, we have
ill% k‘j(E) = k’j for ] =1,2. (41)

We show that k;H (z,0;v) is the principal term of P(v?,0)f;.

LEMMA 4.1. Fiz o1 > 0 and o2 > 0 arbitrarily. There exists My > 0 such that the
following equalities

P(v?,0)f; = kj(e)H (z,0;v) +rj(x,e,v) (5 =1,2)
hold true for sufficiently small & > 0 and v € (0, 0267 2) with
rj(x, e, k)| < Mac? exp(—v|z]).

Thus rj(x,e,v) satisfies ||rj(-;e,v)|y < Mye®v=3%. Here My is independent of €
and v.
Proof. We have

POAOS = [ H@&nHE

I(=)uJ(e)

For z € R, ¢ € I(g), we have ||z — ¢| — |z|| < |¢] < €? and
exp(vfe] —vie —€)) —1 = w(la| - | — &) explwn(la] — | — &]))
< vel exp(wre?)
with 0 < w < 1. Thus we have
|y (exp(v|a| —viz = ¢]) - 1)| < % exp(wre?).

0=1/2 = 0, we get

Using 0 < limsup,_,, v < lim._,09e
|H(x,&v) — H(z,0;v)| < Mse? exp(—v|z|)

forz € R, £ € I(e). Here M5 > 0 is a positive constant independent of ¢, v, z and

&. Integrating

H(z,0;v) — Msele el < H(z,&v) < H(z,0;v) + MselevIel
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by & over I(eg), we obtain
k() (H (2, 0;v) = Myl < [ H(z,&v)f;(6) d¢
I(e)
< kj(e)(H(x,0;v) + Mae?e 7). (4.2)
For x € R, £ € J(g), we have

| Hegnn©e = [ @) el - d
J(e) J(e)
— [ oy exp(-vlo — )z
T(e)
where T'(g) = (—o0, —e71) U (6?71, +00). Using Lemma 2.5, we have

H(x, & v)f5(§) dS

J(e)

§/ (2V)_1exp(—u|x—5y|)b2 exp(—asly|) dy. (4.3)
T(e)

Using |x — ey| > |z| — e|y| and lim._¢(ev) = 0, we get

exp(—v|z — ey|) exp(—azly])
< exp(—v|a]) exp(—(az —ev)ly|) < exp(—vlz]) exp (-2 azly])
for small € > 0. Thus the right-hand side of (4.3) is less than

2b
/ (2v) " exp(—v|z|) exp (—27  as|y|) ba dy = == exp(—v|z|) exp (—2_1a269_1) .
T(e) Qv
Combining this fact, (4.2) and (4.3), we complete the proof. O
LEMMA 4.2. Under the same assumption of Lemma 4.1, the following inequality
|(P(12,0) fo, P(?,0) f1) — 4 k1 (€)ka (€)™ < M3e®v=t + 27 Moe®y 2

holds true for sufficiently small e > 0 and v € (oq, 026_%).

Proof. We begin with
(P(V*,0)f2)(2)(P(+,0) f1)(2)
= ky(e)ko(e)(H(x,0,v) + 7r1(x,e,v))(H(z,0,v) 4+ ro(z, &, 1)),
and thus
(P(1?,0) f2, P(v*,0) f1) = k1(€)ka(e) (g1(e, v) + ga2(e,v) + g3(e, ),

where
91(3’ V) = HH(va;V)HQY :4_1V_37
g2(e,v) = / H(z,0;v)(r(z,e,v) + ro(z,e,v)) d,
gs3(e,v) = / ri(z,e,v)ra(z, e, v) de.

Using Lemma 4.1, we obtain

o0
1 _ _
lg2(e,v)] < / 5exp(—V|:L‘|)M259exp(—u\x|)dw:2 LMoy =2,

— 00

lgs(e,v)] < / M2 exp(—2v|z|) doe < M2y,



38 MASAHARU TANIGUCHI

This completes the proof. O

Because F'(g, k, \) is real-analytic in x > 0 and is analytic in A\, Lemma 3.7 and
the implicit function theorem imply that A(k) is real-analytic in k£ with

N (k) = —Fx(e, 5, A(rk)) ' Fr(e, k, A(R))
for k € (Ma,o(e)e™!). A relative maximizer x(e) satisfies A’(k(g)) = 0, which is
equivalent to Fy (g, k(g), A(k(g))) = 0.
LEMMA 4.3. For k > My and v = (n + (05)2/4)%, the following inequality
|F,.i(€, Ky \) + p°e — (P(V%,0) fa, P(1V2, O)fl)‘ < My(k—2+¢€%)
holds true.

Proof of Lemma 4.3. From the proof of Lemma 3.9, we have
F,{(E,I<L,)\)+€p€7(P(l/2,0)f2,P(VQ,O)fl) = (QP(I{,C)Q(I+ QP(H,C))hQ,P(KZ,*C)hl)
+ (P(k, €)QP(k, c)ha, P(k, —c)h1) + % (P(k,c)(I + QP(k,c))S2Kha, hy) .
From Lemmas 3.4 and 3.5, the first and the second terms of the right-hand side
are of order O(k~2) as k — +00, while the third terms is of order O(g?) as € — 0.
This completes the proof. O

Now we prove theorems in Section 1.

Proof of Theorem 1.1.  From Fy (e, k(e),A(k(g))) = 0 and Lemmas 4.2, 4.3, (e)
should satisfy

©F — 4 mE@k(E)]| < Mi(s(e)? +€2“<5>)
+M2e? k(e )% () + 27 Maen(e)

2u(e) 2,

where v(e) = (k(e ( ‘) /4)% We see that the right-hand side goes to 0 as e — 0,
because /<a( ) < ( )e~1. Therefore we obtain lim,_qer(e)? = kiks/(4po), that is,

k(e) = ((4100)_1/€1/€2)§ e 5 40(c8) ase—0. (4.4)

We will prove that there exists only one relative maximizer for A(x). Recall that
k(e) is any one of the relative maximizers. We will show A”(x(g)) > 0, which will
prove that there exist no other relative maximizers except the unique maximizer.

Because A’(k(g)) = 0, we have

A"(k(€)) = —F(e, £(e), Ae)) ™ Fx(e, 5(€), A(e)),
where A(g) = A(k(¢g)). First we calculate

(P(1?,¢#)°ha, hy) = (P(1?, %) ?ha, P(®, —c)hy) .

Using
P, ®) = exp(27'c"z) P(v°,0) (exp( 27 cfx) )
P, c*)’hy = exp(27'c°x) P(I/2,0
P, —cf)hy = exp(—27"cz) P(1? 0)f1
we obtain

(P(®,*)*ha, hy) = (P(V?,0)2 f2, P(V?,0) f1) .
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From Lemma 4.1, we have
PW?,0)fi = ki(e)H(z,0;v) 411,
P(W?,0)%f, = ko(e)P(v? 0)H(x,0;v) + P(v?,0)ry
Hence

(P(v*,0)%f2, P(1*,0) f1)

= ki(e)ka(e) (P(VQ,())H(:L",(); v),H(x,0; V))
+ko(e) (P(v?,0)H(z,0;v),71)
+ki1(e) (P(V?,0)re, H(z,0;v)) + (P(v*,0)ra, 1)

Direct calculation yields
P(W?,0)H (z,0;v) =47 w2 (v + |z|) exp(—v|z]),
and

(P(v*,0)H (z,0;v), H(z,0;v)) = %Vﬂr’.

We put v(e) = (k(e) + (05)2/4)%, then we have

v(e) = ((4170)_1]?17452)% e75 4o(e3) ase— 0. (4.5)
We have
[(P(?,0)H (z,0;v),r5)| < [IP@2,0)]l o) H (2, 0,0) |y [lrslly
< v 2;1/ 2M280 = ;MQ»SGV’%

and

|(P(v?,0)ra,71)| 1P, 0)|l covylirelly 171 Iy

<
< UTPM2E0? = M2t

Recalling § < # < 1 and (4.5), we obtain

3
(PP A0 fa PP, 0) = (5 +00)) (o) ase =0 (46)
We study the right-hand side of (3.15). We have
Frx = —2(KKKhy, hy) + O(£%).
We show that —2(PP fo, Pf1) is the principal term of the right-hand side. We get

(KK Kho, i) = ((P(r2, ) + P2, )QP (1, ) hay b )
= ((I+QP(,U'27CE))(P(M2’CE) +P(:U’QaCE)QP(M27C€))2h25P(N2’_cs)hl)

(KK Kha, hy) — (P(1?, ¢%)?ha, P(1®, —c®)hy)
= (P 5)2h2,P(u2,—c€)h1)
+ (P2, ¢°)?QP(1V2, ) + P(1v2,c%)QP(v%, ¢%)?) ha, P(v?, —c*) )
+ (P2, ¢ QP V2, ¢°)2PQP (12, ¢ )ha, P(V?, —c*) )
+(QP(W?, &%) (P2, ¢f) + P(v?, ¢)QP (12, ¢°)?ha, P(V?, —c%) 1)
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The right-hand side is of order O(r=%) as v — +o00. Hence we obtain

Fou(e,k(e),\)) = ( )

as € — 0. Therefore A”(k(e)) < 0 for arbitrarily x(e) with A’(k(e)) = 0. From
(4.4), (3.7) and (3.8), we obtain lim. .o A(x(g)) = 771¢(0). This completes the
proof of Theorem 1.1. O

Proof of Theorem 1.2. Note that there exists zero eigenvalue 0 = A(0) for the
linearized eigenvalue problem (1.7), which is associated with the phase shift. If
o(e)e”! < K1 , then k1 < K, holds true for every n = 1,2,---. Thus there
exist no eigenvalues in {\|Re A > 0} except the zero eigenvalue. Thus (ug,vo) is
asymptotically stable. If k1 < o(¢)e™!, (1.7) has a positive eigenvalue A(r1) > 0,
and thus (ug,vo) is unstable. This completes the proof. O

Proof of Theorem 1.3. The maximizer of A(k) is given by x = k(g). Thus
Amax(€) = max{A(k,)|n=0,1,...} is given by &, with k,—1 < k(e) < Kk, or
kn < K(g) < Kny1. Using (3.8), (3.7) and (4.4), we obtain lim. o Amax(€) =

71¢(0). O

5. Proof of Lemma 1.1. In this section we will prove Lemma 1.1. For the loca-
tion of the essential spectrum, one can refer to [18]. See also [5] with exponential
dichotomies given by [14].

We set
( Ju(Ue,02)  fo(Us,vz) ) _ ( —ax —by )
9u(Ux,0x)  go(Us, V) cy  —dy )’
respectively. Then a., by, cy, di are positive constants. Let € be so small that
€ < 7 holds, and let A\g be an arbitrary number with

0 <2\ <min{a;,a_,d;,d_,(e7) ay, (e7) ta, (1 —er Ndy, (1 —er)d_}.

First we substitute

( g ) — exp(M + inay) ( Z((;C;g; )

into (1.6). We write (w(z';n),2(z';n)) simply as (w, z) in this section. Then we
have

eTAw = —&2n?w + 2 A'w + fO(x1;e)w — ercinw + fO(x1;€)2 (5.1)
Az = ¢%z1;e)w — 0?2 + Az + ¢0(x158)2 — cinz ’
in , and
ow 0z
oo, SZo0 Q.
on " On on
We put
p=A+icn.
Let x1 — oo respectively in (5.1). Then we have
(2N 22 _
eTpw = (e°A’ —e*n® —ax)w —biz i Q (5.2)

pz =ciw+ (A —n? —dy)z

with 0“’ =0, 59;1, = 0 on 9. Consider the union of the spectrum sets of (5.2) with

all 6 R then it consists of only eigenvalues because €2 is bounded. Let pg be an
eigenvalues with the largest real part in this union.
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By [18, chap 4], there exist no more than a finite number of eigenvalues of £ in
{A€e C|Re)>Repo+ p1} Here py is any positive number. We will prove

Repo S *)\0. (53)

Then Lemma 1.1 follows with p; = Ag/2. Thus it suffices to prove (5.3). We use A
instead of A’ for simplicity in what follows. Consider (5.2) with any n € R, that
is,

(2A — 2% —etp — ap)w = byz

cow + (A =% — p—do)z =0 in Q. (5.4)

Here n € R, and (ag, by, co, dp) represents either (ay,b,c,d;) or (a_,b_,c_,d_).
It suffices to prove that Rep > —A¢ implies (w, z) = (0,0). From (5.4), we have
(2A —®n? —etp—ag)(A —n — p —do)z + bocoz = 0.
‘We put
(e2A —e*n? —etp —ap)(A —n* — p—do) +boco = (A —t ) (A —t_).

The eigenvalue of A in Q with the Neumann boundary condition lies in (—oo, 0] in
the complex plane. It suffices to prove the following assertion to obtain Lemma 1.1.

LEMMA 5.1. If Rep > —Xg in (5.4), then tL € C\(—0o0,0].
From this lemma there exist no eigenvalues in (5.2) with Rep > —X\g. This
implies (5.3), and thus gives the proof of Lemma 1.1.
The numbers ¢, are the solutions of t> — At + B = 0 with
A = e %(ag+e%dy + 2% +eTp +€%p)
B = e {(* +emp+ao)n’ +p+do)+boco}
Thus t; = (A + D%) /2 is valid respectively. Here D = A? — 4B. After simple
calculations, we obtain
e'D = (ag+edy+ emp)? — 4% (apdy + boco)
—2e2(ag + 2edoT — £2dg)p — (27 — €)p?
Hence we have
25%t, = mo(e, p) + 26°0° + €% p £ mo(e, p)(1 — eMo(e, p))'/?, (5.5)
where
mo(e, p) def ao + 2dy + e7p,
My(e, p) def mo(e, p) 2 (4e(aodo + boco) + 2(ag + 2edoT — e2dy)(ep) + (27 — 5)(5p)2) .
LEMMA 5.2. My(e, p) is independent of n, and is bounded uniformly in e € (0,e1)
and p with Rep > —X¢.
Proof of Lemma 5.2. We have
Remo(e, p) = Re (ag + %do + Tep) > ag — TeXo > ao/2,
and hence |mg(e, p)| > ap/2. By the triangle inequality we have

lag + e2do + Tep| > lao + e2dy — Telpl| .
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Using these inequalities, we obtain

aogdo + boCo) + 2(&0 + 2edoT — 52d0)|€p| + (27’ — 8)‘€p|2

4e(
M, <
| O(E?p)| = max{ag/4, (a0+52d0 7T|5p|)2}

)

and thus

4e(aodo + boco) + 2(ag + 2edot — e2dg)y + (27 — €)y?
M, < . 5.6
| 0(57p)‘ = 2;13 max{a%/él, (ao +€2d0 — Ty)2} ( )

The right-hand side of (5.6) is bounded uniformly in € € (0,¢1) and p. This
completes the proof of Lemma 5.2. O
Proof of Lemma 5.1 From (5.5) and Lemma 5.2, we have

2e%t, = 2mo(e, p){1 + e(mp +imp)} + 2e%n* +&%p (5.7)

with real numbers mgz = mg(e, p,n), mr = m;(g, p,n). From Lemma 5.2, |mg(e, p,n)|
and |m;(e, p,n)| are bounded uniformly in (e, p,n). Taking the real part and the
imaginary part, we have

2e?Ret, = 2(ag +e%dy +etpr)(1 4+ emp)
—2e%rmypr + 2620 + % pr, (5.8)
2¢’Imt_ = e{(27 + 2eTmg + )pr + 2(ag + do + eTpr)ms} . (5.9)

First we will show that ¢, € C\(—00,0]. Indeed, if Im¢, = 0, then

pr = 2(ag + €%do + eTpr) (21 + 2eTmp + 5)_1 )

Substituting this into (5.8), we have

2e°Ret
2% + e%pr + 2(ag + 2dg +etpr) (1 +¢ 2"y
= a T mp— ——0
n PR 0 0 PR R DR p———
2e2rmy;
> &2\ 2 2dg — eTA 1 -
> e“Xo + 2(ap +e°dy — et 0)< +emp 2T+€TmR+E>

because n2 > 0 and pr > —Aq are valid. Hence 2¢2Re t, > ag > 0 for sufficiently
small € > 0. This argument implies t, € C\(—o0,0].
Using Lemma 5.2, we have

1
(1—eMo(e,p)/? =1~ %EMO(&P) - gEQMO(&P)Q +0(e%).

Here the convergence of O(g?) are uniform in (p,n). We will use My instead of
My(e, p) in what follows. From this relation and (5.5), we obtain

1 1
26t = 2e"n? +%p + mole, p) (§5M0 + ngMg + 0(53)> ) (5.10)
From (5.10) and after simple calculation, we have
CLodo + boCo + do(T — €)€p
mO(Ev p)2

t_=n?+p+mole,p) < +5(nR+in1)> . (5.11)

Here ng = ng(e,p), ny = ns(e, p) are real numbers with |ng(e, p)| and |n; (e, p)|
uniformly bounded in (e, p), and are independent of 7. Using (5.11), we write the
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real and imaginary parts as
Ret. = n’+pr+ (1—er!)do
N (boco —&2dy + et tdy(ap + Ezdo)) (ag + €2do + Tepr)
Imo (e, p)|?
+e{(ao + €*do + Tepr)nR — TEPINR} (5.12)

and

TE
Imt_ = p; P E +e{(ag + %do + Tepr)n; + TEping)}-

~ Imo(e.p)
We will show that, Im¢_ = 0 implies Ret_ > 0. This leads to t_ € C\(—o0,0].
Assume Imt¢_ = 0. Then

~ e(ao + e2dy + Tepr)n;
1 —erimo(e, p)| =2 + 7e2ng

pPr =
Substituting this relation into (5.12), we obtain

Ret_ =n?+ (1 — 87'_1) do

won e Te{boco — e2dy + e rdo(ag + €2do)} a4 Te2ngTe?n,;
Imo(e, p)|? 1 —erimo(e, p)|=2 + Te2ng
N {boco — e2dy + e Ydo(ag + €2do) }(ag + £2dp)
Imo(e, p)[?

E(ao +€2d0)n1
1 —er|mo(e, p)| =2 + 7e%ng

+e(ag + %do)n; + Te%np

The right-hand side equals
aoboco + O(E)
Imol(e, p)|?

Here the convergence of each O(g) is uniform in (p,n). Since pr > —271dy, we
obtain

7?4+ (1+ 0(€))pr + do + O(e) +

Ret_ >27'dy + O(e) > 0.

This argument shows t_ € C\(—o0,0]. Combining t, € C\(—o0, 0], we complete
the proof of Lemma 5.1. O
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