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Abstract: This paper proposes a method suggesting the relationship between critical state parameter, M and coefficient of earth pressure
at rest, K, derived from the Sekiguchi-Ohta model (1977). Based on the fact that K, condition existed on the discontinuous corner of
the yield surface between active and passive yield loci, the slight interruption is undertaken upon numerically perturbing the state of
stress at the K, condition by small amount of balanced active and passive load increments. The resulting successive stress condition is,
therefore, kept tracing and fluctuating along the K,-consolidation axis whilst increasing a consolidated volume. The lateral strain in-
crements obtained is expected to be zero if the K, value suitable to the model is employed. Under this criterion, the theoretical K, ex-
pression can be evaluated analytically as the expression solely related to M. It is found that the derived expression agrees well with the

available published experimental data and empirical relations.

1 INTRODUCTION

1.1 K, Expression

Many studies have derived the theoretical relation between K,
and critical state parameter, M based on critical state models
(Roscoe et al., 1963, Schofield & Wroth, 1968, Roscoe & Bur-
land, 1968). However, the derived K, expression tends to over-
estimate the empirical relationship (Wood, 1990). As a result, K,
which specifies the starting state of stress of soil mass, still re-
mains theoretically unaddressed in the great extent though it can
favorably contribute to the quality of analyses in geotechnical
engineering problems.

The Sekiguchi-Ohta model (Sekiguchi & Ohta, 1977) is the
most popular anisotropic soil model used in Japan. It is recog-
nized that the model possesses the singular corner on the yield
surface where the state of virgin K,-consolidation is placed. Un-
like the corner of the original Cam clay which is located on the
isotropic consolidation axis, the corner of the Sekiguchi-Ohta
model is positioned on the K,-consolidation axis. Nevertheless,
there is no difficulty to handle these kinds of non-smooth yield
surfaces. Recent research has provided the mathematical proce-
dure to solve this obstacle (Pipatpongsa et al., 2002).

The authors have proposed a method to derive K, expression
based on a purely frictional dissipation function regarded in both
the original Cam clay model and the Sekiguchi-Ohta models (Pi-
patpongsa et al. 2001, Pipatpongsa et al., in prep.). By this con-
text, we can associate the non-zero plastic dissipation at the state
on the apex yield surface with an averaged plastic flow of active
and passive states. As a consequence, the theoretical K,-value is
formulated by energy-balanced equation. The derived expression

of K, agreed well with a number of compiled experiment results
and widely-used empirical relations. However, it is not clear what
would suffer in analyses if the theoretically derived K, is not pre-
cisely employed when K, of subsoil data is required to input for
FEM software package especially devised for the Sekiguchi-Ohta
model.

Therefore, this paper aims to investigate the derived relation-
ship of K, expression for the Sekiguchi-Ohta model while pro-
viding a comprehensible illustration of the matter concerned. The
study may settle the dilemma on whether K, value should be
treated as an independent parameter or as a dependent parameter
for the model.

2 THEORETICAL APPROACH

2.1 K, Condition

Under uni-axial loading condition, rate of strain in lateral direc-
tion is zero while rate of strain in axial direction is only appeared
in strain rate tensor as shown by Eq. (1). To reduce the complexi-
ty due to tensor notation, terms of volumetric and deviatoric rate
of strain expressed by Eq. (2) are mainly considered. Eq. (3) as-
certains that the resulting strain rate ratio of deviatoric to volume-
tric part is 2/3 for this particular case:
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Since K, condition is defined in axi-symmetric condition
where lateral stress is identical in radial direction, stress tensor
and stress rate tensor can be expressed by Egs. (4) and (5). Ac-
cordingly, state of stress and its rate form can be taken in form of

mean and deviatoric parts expressed by Eqgs. (6) and (7) where o,
is referred to an axial stress.
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Usually, K, is defined in terms of stress ratio between hori-
zontal to vertical stress. The mean stress p and deviatoric stress q
can be used to define K, by referring the stress ratio 1, given in
Eq. (8). For elastic part, the volumetric and deviatoric rate of
strains are determined by Egs. (9) and (10).
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where K is bulk modulus and G is shear modulus which are con-
veniently expressed in terms of critical state parameter M, coeffi-
cient of dilatancy D, compression index A, swelling index «, irre-

versibility ratio A, Poisson’s ratio v in expressions shown by Egs.

(11) to (15).
According to Egs. (9) to (15), the ratio between elastic devia-

toric strain rate to elastic volumetric stain rate is given in Eq. (16).

By virtue of elastic response under K, condition, the appropriate
Poisson’s ratio can be derived by equating Eq. (16) to 2/3, then
G/K ratio expressed by u can be reduced to the particular relation
given by Eq. (17) which is equivalent to a Poisson’s ratio func-
tion given by Eq. (18) by means of Eq. (15).

p A _

KePaie)- A o G=uK 11),(12
K A-K 3(1-2v

A-1_X po_A=x 3 13),(14),(15
7 (tre)m 2(14—1/} (13),(14).(15)

£ _4K _m (16)

& p3G 3u

o, K 17),(18

H=Zv K, (17),(18)

2.2 Constitutive Model

The Ohta-Hata model (Ohta & Hata, 1971) is an original form of
the Sekiguchi-Ohta model under axi-symmetric stress condition
particularly. The mathematical point of discontinuity is found due
to a turning sign given by an absolute function existed in the ex-
pression. The expression for Ohta-Hata yield function and time
derivative are presented in Egs.(19) and (20). The evolution law
of hardening stress is given by Eq.(21). The consistency parame-
ter y shown by Eq.(23) is determined via flow rule Egs.(22).
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Eq. (19) can be dissociated into the active yield locus and pas-
sive yield locus shown by Egs. (24) and (25) and plotted in Fig. 1.
The subscript A and P denote active (g/p>n,) state and passive
state (g/p<n,) respectively.
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Fig. 1 Combination of active and passive loadings to succeed K,
state in which lateral strain is zero.

Stress derivatives of the yield loci respective to mean stress p,
deviatoric stress q and hardening stress p. are provided by
Egs.(26) and (27) while time derivatives are shown in Egs. (30)
and (31) which are equated to zero to satisfy consistency condi-
tion.
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Let’s activate the active and passive yield loci one by one to
avoid involving with the intersection corner. Referring to flow
rule, plastic volumetric and deviatoric strain rates emanated from
the prescribed active stress are formulated into Eq. (32). Substitu-
tion of Egs. (21), (26), (27) and (32) into Eq. (30) recasts the cor-
responding consistency parameters y, to Eq. (34).
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Using a relation of elastic and plastic strain decomposition
shown in Eg. (36) and adopting stress relation under K,-
condition given by Eq.(8), the activated volumetric and deviator-
ic rate of strain under active stress condition driven by the pre-
scribed rate of mean stress, can be achieved thru Eq. (37). By the
similar way, those for passive stress condition also specified in
Egs.(31), (33), (35) and (38).
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2.3 Determination of K,

Based on the fact that K, condition existed on the discontinuous
corner of the yield surface between active and passive yield loci,
the combination of active and passive states can alternatively
succeed K, condition as illustrated by Fig. 1. The resulting strain
rate successively developed by trespassing active and passive
states is obtained in Eq. (39) as the sum of Egs. (37) and (38).
The ratio of deviatoric strain component to volumetric compo-
nent of the combined strain rate is determined by Eq. (40) which
is expected to be 2/3 if the K, value suitable to the model is em-
ployed.
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Substituting the relation derived in Eq. (17) into Eg. (40) and
replacing the strain ratio on the left-hand side of Eq.(40) to 2/3,
under this criterion, Eq. (40) can be reduced to Eq. (41) for solv-
ing the unknown n,. The theoretical K, expression can be eva-
luated analytically as the expression solely related to M shown by
Eq. (42) which can be further converted to K, using the relation
shown in Eq. (8). In Fig. 2, the comparison of the derived expres-
sion with the famous semi-empirical relationship proposed by
Jaky (1948) using a relation between M and the internal frictional

angle ¢ given in Eq. (44)shows a good agreement. Besides, In Fig.

3, the empirical correlation between K, and plasticity index I,
proposed by Massarsch (1979) in Eq.(45) can be related to the in-
ternal friction angle using the empirical relation proposed by
Kenny (1959) as indicated Eq.(46). The derived expression is ac-
ceptably supported by the available published experimental data
of various kinds of soils by summarizing Figs. 2 and 3 to Fig. 4.
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Fig. 4 Theoretical and experimental values of K, compiled from
published sources

3 NUMERICAL ILLUSTRATION

The slight interruption is undertaken upon numerically perturbing
the state of stress at the K, condition by small amount of ba-
lanced horizontal stress increments can activate active and pas-
sive states. The resulting successive stress condition is, therefore,
kept tracing and fluctuating along the K,-consolidation axis
whilst increasing a consolidated volume. Thus, the numerical il-
lustration can be carried out simply by FEM. The continuum tan-
gent modulus in generalized stress employed in FEM is explained
in Appendix.

3.1 Loading and Boundary Conditions

A single rectangular element under fully-drained axi-symmetric
condition with material properties listed in Table 1 is subject to a
series of applying passive and active loadings in corresponding to
a constant incremental vertical stress. The incremental horizontal
stress at K, state is obtained by a multiplication of K, value to an

incremental vertical stress. A disturbance & in proportional to K,
value (herein applying 8=1/2) is added to K, value to initiate pas-
sive load exerting to the element. In the other hand, to vanish
passive state for the next loading step, a similar amount of distur-
bance is subtracted to K, value to initiate active load. It is clear
that the sum of horizontal stresses for both passive and active
loads can finally balance the horizontal stress back to K, state as
envisaged in Fig. 5.

7 cases of the selected K, values ranging from 0.50 to 0.80 are
employed along with other common values of material parame-
ters. Poisson’s ratio is associated to each input K, value by the
relation given in Eq.(18). Boundary condition is defined in the
way to allow horizontal displacement and vertical displacement
in accordance with horizontal loadings and vertical loadings re-
spectively. The FEM program used in this study is DACSAR (li-
zuka & Ohta, 1987) which has been developed for geotechnical
engineering practices in Japan more than 20 years. To refine the
quality of computation, the respective loading steps are divided
into 100 sub-steps.

Ao, Ao, 2Ac,
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Fig. 5 Diagram of loading conditions (in case of 2 steps).

Table 1 Material parameters

Parameter  Description Value

D Coefficient of dilatancy 0.1128

A Irreversibility ratio 0.825

M Critical state parameter 1.00

Ko Coefficient of earth pressure (NC) 0.50~0.80
Ki Coefficient of earth pressure (in-situ)  0.50~0.80
v Poisson’s ratio Ko/(1+ K,)
A Compression index 0.342

€o Void ratio at ¢’ 1.50

G’vo Preconsolidation pressure (kN/m?) 100

Gvi Overburden pressure (kN/m?) 75

3.2 Computational Results

Fig. 6 shows the resulting stress paths in p-q stress space for each
case of input K, values. Owing to the initial OCR = 4/3, it is evi-
dent that the stress path of all cases start inside elastic region and
fluctuate between active and passive states while progressing
across Yyield surface to elasto-plastic region thoroughly by the av-
eraged slope governed by the input values of K,. During elastic
state, despite of zigzagging appearance, averaged strain ratio
AegAg, of all cases remains constant at 2/3, signifying zero later-
al strain. However, under process of normal consolidation, it
tends to divert from 2/3 as observed in Fig. 7, pointing out that
K, condition is violated. However, the ratio is likely to remains at
2/3 if the suitable input value of K, is chosen. To investigate the
suitable input value of K,, the chart plotted between n, against
average of strain ratio Aej/Ag, obtained from Fig.7 by lineariza-
tion is described in Fig.8.

There is a definite value of n, which can maintain the aver-
aged strain ratio at 2/3, hence, agreeing with K, condition either



loading/unloading on both elastic and elasto-plastic regions. Here,
it reveals that this unique value is n,=0.50 (or K, =0.625), con-
forming with Eq.(42) (or Eq.(43)) for M=1. Moreover, it is ob-
vious that the equation of curve in Fig.8 follows Eq.(40). The re-
lation at 1, =0.75 seems to distract from the equation because the
strain ratio is likely to be a curved line rather than a linear line as
observed in Fig. 7.

To verify the FEM result, the e-log(p) curve is drawn in Fig.
9 to confirm swelling and compression index obtained from the
computation with the input parameters. It is interested to find out
that without considering Koiter’s flow rule (Koiter, 1953) to the
corner of the Sekiguchi-Ohta model, the FEM result of virgin K-
consolidation cannot achieve a correct compression index, how-
ever, the calculation done by combination of active and passive
loadings can achieve stress-strain responses correctly.
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Fig. 7 Strain paths obtained from calculation for each K, value.

Fig. 8 Determination of suitable n, on the curve at Aes/Ae,=2/3

4 CONCLUSION

The theoretical K, for normally consolidated soils expressed as
the function of critical state parameter M was derived for the Se-
kiguchi-Ohta model. Though the proposed method is not per-
formed by applying the actual K,-consolidation loading, it can
suggest that the stress-strain responses regulated by the Sekigu-
chi-Ohta model can be more or less inaccurate if incorrect K, is
used in some specific problem like the illustration demonstrated
in this paper. The benefit gained from this study is that the ma-
terial parameter for the model can be reduced by one. However,
this paper has not yet systematically investigated the qualitative
effect of K, value involving in the predicted performance of nu-
merical simulations, thus, this topic is still opened for further ex-
amination.
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Fig. 9 Verification of consolidation process by e-log(p) curve.
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APPENDIX

The inviscid form of the Sekiguchi-Ohta model for generalized
stresses are shown in Eq.(47). The continuum tangent modulus
employed by FEM can be derived as follows:
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Time derivatives of the yield function is expressed by,
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Incremental stress-strain relation is described below,
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