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- ABSTRACT

Ambiguity and subjectivity have been unwieldy problems
especially in human-oriented fields such as decision making and
patterh recognition in a broad sense. The purpose of the preéent
thesis is to investigate these problems from all approaches and
to open a new path in the research of human-oriented problems.

The main theory is summarized as a concept of probabilistic
sets, where the fundamental ideé is lying iﬁ probability theory
with an appropriate usé of fuzzy theory. Two mutually equivalent
expressions of probabilistic éets are proposed; one is called
probabilistic expression and another is extended fuzzy expres-
sion. By investigating these expressions, the equality between
probability and (éxtended) fuzzy is confirmed theoretically.vThe
concept of Shannon's entropy is also dealt with in terms. of
probabilistic sets, and it is shown that entropy is an imporﬁant
measure of ambiguity, but that there also exist other kind of
ambiguity such as the notion of vagueness. Topological structure
of probabilistic sets is mentioned by several different methods.
Lastly four applications afe dealt with in order to élarify the
description such as appraisement of recognition4pefformance of
character readers and multiple-similarity method of OCR ASPET/71

in terms of probabilistic sets.
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CHAPTER. 1

INTRODUCTION.



Le£ us begin the story by discussing something rather gen-
eral. Rapid and great develbpment followed the invention of elec-
tric digital—computef in the field of information science. How-
ever, not all studies in this field are necessarily complete. On
the contrary, the experiences of the old techniques, i.e. high-
speed processing by using computers based on a‘définite algor-
ithm, are at a standstill in a lot.of human-oriented problemé
such as decision making and pattern recognition. Although ambi-
guitj of objects and subjectivity of obéervers are closely con-
nected with such problems, they have:been neglected by most re-
searchers since such a type of research is inefficient, labori-
ous, tedious, expensive and probably’ unscuccessful: On the
other hand, several researchers have been insisting that we
should investigate these problems sincerelyiin order to realize
human-oriented systems. |

Realizing these points early, the present author commenced
a study of this subject and recently successful results, cailed
a theory of "probabilistic sets", have been thained. It is the
purpése of the present thesis to introduce mainly theoretical
studies of them with a few applications.

As we stated above, there exist a few feal problems re-
maining unsolved, i.e. ambiguiﬁy of objects and subjectivity of
observers, in human-oriented fields such as decision-making,
pattern recognition and artificial intelligence. Lately these
problems have become of rather general interests, and they have
been studied by many researchers from various viewpoints such

as probability theory, statistics, entropy~-theory, subjective



probability, fuzzy theory, many-valued logic,'modal—logicvand
gquantum logic. Ambng these vafious, general studies, it should
be noted that extremely many studies have been done since L.A.
zadeh proposed a concept of fuzzy sets (1965) . However, there afe
comparatively few carefully thdught~out‘investigations by paying
attention to the inherent and special characteristics of decision
making or.pattern recognition. Realizing this point, the present
author commenced é study of this subject and finally the study
has been summarized as a theory of probabilistic sets. The sﬁand—
point is'epitomized as follows: All the things we can interfere
are expressed by concepts of probability, and the cases we can
not intervene are unified by using fuzzy'concepts. By comparing
»this idea with other general'theories, we may conclude theoreti-
cally that the concépt of probabilistic sets includes abovestated
various concepts and that it will lead to a new way in human-
oriented problemé. To clarify the.description, several fundamental
applications are also given such as appraisement of recognition-
performance of character readers and multiple-similarity ﬁethod’
of OCR ASPET/71.
Contents Qf each chapter are summarized as folloWs:‘
Chapter 1 | Introduction.
Chapter 2 Engineering approach to ambiguity and subjectivity.
The central problems of this thesis are proposed with
an example of decision making model. The problems are l)am¥
biguity of objects, 2)variety of ambiguity, 3)subjecti§ity
of observers and.4)evolution of knowledge of observers.

Fundamental ideas of probabilistic sets are introduced by



paying attention to these unwiéldy problems. However, there
exist several mathematically imperfect descriptions because
. the purpose of this chaptér is to make clear the motive of
the present thesis. Mathematically:detailed discﬁssion is
found later.

Chaptef 3 | Cdncepts of probabilistic sets.

Details of probabilistic set‘theory are dealt with
from a mathematical point of view. A probabilistic set on
a total space is defined by a pointwise measurable [0,1]-
valued function which is called a defining function of the
probabilistic set.'Several operations are introduced to a
family of prdbabilistic sets. Ordinal analysis shows that
the family of probabilistic sets constitutes a.complete
pseudo-Boolean algebra and that it includes the notion of
ordinary sets and classical fuzzy setsl Other useful notions
are also mentioned such as moment analysis, expected cardi-
nal numbers and probabilistic mappings.

Chapter 4 Extended fuzzy.expression of probabilistic sets.
Chapter 3 dealt with probabilistic sets from a viewpoint of
"probabilistic expression". It is also possible to introduce
another mutually équiValent expression of probabilistic sets
called "extended fuzzy expression". The extended fuzzy ex-
pression of a probabilistic set is_given by a countably in-
finite éet of functions called monitors. Moment analysis
shows that the main information is concentrated on lower
monitors such as membership function and Vagueness‘function.

We can also draw an interesting conclusion to the "fuzzy vs



prebabilityﬁ controversy: The equality between the ﬁotioh
of (extended) fuzzy and that of probability is confirmed
theoretically. v |

Chapter 5 - Ambiguity based on subjective entropy.

| There exists another important approach to the prob-

lem of ambiguity, i.e. the concept of Shannon's entropy.
Probabiiistic sets are investigated from a viewpoint of
Shannon's entropy, and a notion of subjective entropy is
introduced to probabilistic sets. The mutual relationships
are also mede clear among probability, fuzzy and entropy.

Chapter 6 Theory of subjective topology. |

The purpose of the present chapter is to'study'fuﬁda—
mentals of topological structure of prebabilistic sets.
Sﬁbjective topology of probabilietic sets is introduced by
five different methods. These five definitiohs of subjec-
tive topology are shown to be mutually equivalent by giving
a concrete way to induce one concept from another. |

Chapter 7 ‘Applications.

Four appiications are given to clarify the theoretical
vexplanations done so far; 1) appraisement of recognition-
performance of character readers, 2) multiple siﬁilarity
method of OCR ASPET/71 in terms of probabilistic sets, 3)
estimation of Gaussian'noiée—patterns, 4) Detection of
directionalitytof picture-patterns.

Chapter 8 Conclusions.



Fig. 1-1. A relation-diagram of chapters in the present thesis.



CHAPTER. 2

ENGINEERING APPROACH TO AMBIGUITY AND SUBJECTIVITY.

+



2-1.INTRODUCTION.

In decision making theory and in pattern recognition, there
are a few real problems remaining unsolved, i.e. ambiguity of ob-
' jects and subjectivity of observers. Lately these problems have
become of general interests, and they have been studied by many
researchers among whom the fuzzy concépt by L.A.Zadeh [1] is es-
pecially excellent. However, there are few carefully fhought—out
investigations by paying attention to the inherent and special
characteristics of decision ﬁaking and pattern recognition. Real-
izing this point early, we have commenced a study of this subject
and recently successful results have been obtained. In this chap-
ter, we shall deal with ambiguity and subjectivity in decision
making, and shall propose.a method of an engineering approach to

them. |

The central problem of this study is proposed first. A de-
cision making model is mentioned and an analytical expression is
given on the problems of ambiguity and subjectivity in the deci-
sion méking model. The standpoint is summarized as foliows: All
the things we can interfere are expfessed by.conéepts of'proba—
bility, and the cases we can not intervene are unified by using
so-called fuzzy concepts. In order to make clear the standpoint,
several comments are mentioned both from a probabiiistic view-
point and a fuzzy viewpoint. It is shown that the (classical)
fuzzy concept can be derived from the notion of probability, but
the converse is not true, i.e. it is impossible to derive the

concept of probability only from a membership function of fuzzy



sets. However, if we consider a.certain kind of countable family
of functions, then it becomes possible to derive the notion of
probability. As a result an equality between (extendea) fuzzy
concepts and probability is theoretically_pfbved.'A resﬁlt ié
‘aléo reported on a guestionnaire about a decipherment of haﬁd-
~ written characters. It bécomes cleaf from the result of this ex-
periment that 1) importance of lower moments is confirmed, 2)
structures of our subjectivity‘and ambiguity can be expressédito
some extent by our studies. |

I+ should be noted lastly that there might exist several
mathematically imperfect descriptions. Since the purpose of this
chapter is to make clear the motive of the present paper, the

“mathematically detailed discussion is found later.



2-2. A DECISION MAKING MODEL.

As stated in the introduction the central problem of thlS
study is to investigate ambiguity and subjectivity in de0151on'
making theory. In order to make problems clear, a decision making
mnodel discussed here will be explained first.

A set of objects, denoted by

x= {x}, | | (2-1)

will be called a total space. Each object x is observed by'ob—

servers and each observer is supposed to make a decision accord-

ing to his standards of judgement. To clarlfy the descrlptlon,

an example is given. If we regard all handwrltten characters as
objects observers , the total space,

then we observers

o —————— -+ are supoosed to

i

11 f i

:‘( Z l# E decide which cat-—
i

____________ egory each charac-

et decision ter belongs to.
Hence, the deci-

Fig. 2-1. A decision making model. sion making model

is shown as in
Fig. 2-1. If each character is written clearly, the decision
made by each observer will be a definite one. On the other hand,
if it is written ambiguously, the observers may make various,
different decisions. Several other problems will also arise
along with it.

Let us pick up several points which are problems in deci-

10



sion making.

1) There exists ambiguity of property of objects.

2) The ambiguity is in general so complicated that it seems next
to impossible to explain it by using classical two-valued logic
alone. | | |

3) There exists subjectivity (or personality) of observers. It

~also has a complicated'structure,.and there is a little change
of the structure with observers.

4) There_exists an_evolution'of knowledgé ofvobserveré.(i;e.
learning and oblivion) . |

Although all of these points are unwieldy problems and

this type of research is inefficient, laboriodus, tedious and may-

be unsuccessful, they are all’essential and unavoidable. With
regard to each.problem, various generai'studies have been made
using probability theory, fuzzy set'theory.and so.on, but more
detailed investigation is required from a synthetic or practicél
viewpoint considering inherent and special characteristics of the
decision making model. Realizing these points early, we have sug-
gested a concept of probabiiistic sets [2], and a new path has
béen opened in the study of decision making theory. In the fcllow-

ing sections, we wish to introduce main ideas of our studies.

11



2-3, ANALYTICAL EXPRESSION'OF'AMBIGUITY AND SUBJECTIVITY

IN A SINGLE PHENOMENON.

2-3-1. SINGLE OBJECT AND SINGLE OBSERVER.

Let us consider the simplest example, i.e. a case df single
object, single observer and single phenomenon. For instance,
consider the following situatidn in Fig. 2~1: An observer is
supposed to decide whethef the given character helongs te a cat-
egory A or not. |

In such a case {0,l}-two-valued quantization is normally
chosen, i.e. if the given object satisfies (or doesn't satisfy)
the phenomenon, then 1 (or 0) will be assigned by the observer
(or the decision-maker). In general, however, we can make the
following statement. This two-valued guantization is not always
correct and a new approach is necessary. Other decisions differ-
ent from 0 and 1 may be possible because there exists ambigui-
ty. Considering ambiguity and variety of character of objects,
we shall adoptv[O,l]—infinite—valued quantization which is just

the same as the fuzzy concept [1].

This quantizatioh is apparently a good idea, but the prob-.

lem is so complicated that all the points described in section
2 2 are not completely solved by this [0,1]-idea alone. The
evaluation given by the observer might not be determlned unique-
ly in [0,1]-interval. (If the given handwritten character is
turned out to be a character A definitely, then a value 1 w1ll
be a551gned without hesitation. And a value 0 will be a551gned

exactly in the converse situation. In ambiguous cases, however,

12
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" these definiﬁe answers might be impossible. When we examine a
guestionnaire, it is sometimes obser?ed that the answervgiven byb
- the same testee changes from 0.75 ﬁo 0.25 after one—month?interval
' (eee section 2-6).) Hence; it might be natural to consider the
evaluation ( or the decision ) to be changed according to the
observer's situation rather than to be a definite one. It wili

be easy to consider this unwieldy facﬁ as follows: Here we woﬁld

like to define the term "parameter space" Q={w}. Each element w

of Q corresponds to a stahdard,of judgement of the observer, and
it will be selected accordingvto a probabilistic law p(w),

Jop(w) +dw= 1, p(w)z 0, | (2-2)
where p(w) follows the observer's subjectivity. Hence the ob-

server's decision is expressed by a mapping u(w) (called a defin-

ing function) from the_parametervspacej(Q,p(w)) to [0,1]-interval,
w(-):¢ -———>1[0,1], |
w w , : (2-3)
w F————— p(w)
where the value u(w) expresses the evaluation,of;thegabject”abaut
the phenomenon from the observer's viewpoint w.

Since the definiﬁg function u(+) can also.be considered a
random variable on a probability space (i.e. the parameter space
), several statistics ‘are defined such as meanvalue E[u] and
veriance viul, .'

Elnl= fgn(w) -plw) -dw, | . (2-4)

Vipl= [y (i) -ED?pw) -do. o (2-5)
The mean value E[plprovides the first information of the observer's

judgement, whereas the variance V[u] offers the second information

which indicates how definitely the decision is made by the observ-

13



er. Although we must know a structure of the parameter space (S,
p(@)) in order to calculate E[Q} and Vvin] directly, a discussion
about the structure of (Q,p(w)) is not necessary here, because.
the values of Etu] and VIu] can be estimated by several sampling
values of u(w). Since the parameter space (R,p(w)) exists in the
observer's subconscious, its structure is usually unknown and it
is next to impossible to estimate it. The most important'point,
however, is that 1} all we can get is sampling values of u(m),

2) how to use them in a practical analysis.

2-3-2. SINGLE OBJECT AND PLURAL OBSERVERS.

In this section we shall deal with a parameter space {I in
a case of "single object and plural opservers". To clarify the
situation, consider the following example in Fig.2-1: Many ob--
servers observe a character and all of them are supposed to in-
fer if it is é character A.

In this case the parameter space § is expressed by a direct
product of @ and A, |

Q= OxA, o S (2-6)
where 0={8} stands for a set of standards of judgemenﬁ and A={al
stands for a set of observers. Each observer a has a set of
standards of judjement © and the evaluation given by the observer
a from a viewpoint of 6 is expressed by a defining -function p(9,al,

p: Q= OxA >[{0,11,

w w ‘ | (2-7)
(eya) i—-————'—"“‘ﬁl(eya) ' :

instead of (2-3). A standard of judgement 6 is selected by the

observer a according to a probability density function (p.d.f.)

p(ela):

14
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Iop(8]a)-d8= 1, p(la)z 0. - (2-8)

- In the set of observers A, the selection rule of an obsexrver a

obeys a p.d.f. p(a),
Jap(a) -da= 1, p(a)z 0. : (2-9)
The joint distribution of 6 and a is given by |

p(6,a)= p(ela)-pa) (200, -  (2-10)

7 and this function offers a p.d.f. of @,

fqp(0,a) a8 -da= pr(a).(pr(ela)-de)-da= 1. - (2-11)
A standard of judgement‘e is selected by a set of observers A
acéording to ‘ |

p(6)= /,p(8,a) -da= f,p(8]a) -p(a)-da, | o (2-12)
where p(e) is also a p.d.f. of O, |

fep(é)-de= 1, p(8)z 0. | ' (2-13)

Based on the Bayes' theorem, the distribution of observers a's

who select a fixed standard 6 obeys a conditional p.d.f. plale),

where |
p(al8)= p(6,a)/ p(8), : (2-14)
pr(ale)da= 1, plaje)= 0. (2-15)
In the abovementioned discussion of probability measures,

it must be noted that the known function is only the selection

rule p(a); and that all the others are imaginary ones.fbr discus-

sing convenience.

2-3-3. MOMENT ANALYSIS.

In this section, we shall mention moment analysis when the
parameter space is the same one given in a previous section 2-3-2.
Mean value E[p(.,a)] and variance VIiu(-,a)] of each observ-

er a are given by

i5



Bl (-,a)]= Jgu(6,a)-p(8la).ad, . (2-16)
Vin (- a)l= fou(8,a)- ~Elu(-,a)1)*.p(8]a)-a%, (2-17)
respectively. Total mean value E[u] and total variance VI[u] are

also given by

Elul= fAfeu(G,a)-p(G,a)-deda ‘ | (2-18)
= [ Elu(-,a)lp(a)da, (2-19)
Ylul= fyfo 0 (8,2)-ETu]) *p(0,2)d0da | © (2-20)

= [ V[u( ,a)lpla)da + [ E[u( ,a)l’p(a)da - E[u] , (2-21)

respectively. Since we are able to know both a p.d.f. p(a) and
sampling values of u(6,a), we can estimate Eful (2-19) (no£ (2-
18)) and V[ul (2-21) (not (2-20)) by using p(a) and estimated
values of E[u(-,a)] and VIu(: ,a)] from sampling values.

Of course, these concepts can be generalized. FoOr example,

n-th moment Mn[u] and n-th moment'around mean value Mo[u] are .

given by
MPlul= [, Sou(8,a) " -p(0,a) .d0da, . (2-22)
wBlul= f,/y (u(0,a)-Elu])"-p(08,a) dbda, | (2-23)

respectively. However, the more n increases, the less the accu-

racy and the concrete meaning of their estimations become. |

Since the value of u(6,a) exists in [0,1]l-interval, we have

1 @iz M ulz 0 (nz m. | (2-24)
similarly, we have

1p M2 plz M8P(ulz 0 (nz ), (2-25)

| M Vet ST P M3™ (u]. | (2-26)

Moreover, we can conclude that

1im MS[ul= 0. o (2-27)

n-+w

16
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If can be said from (2-25),(2-26) and (2;27) fhat 1) the more n
, ihcreases,»the less fhe'absolute value of moments decreases,'Z)
finally the value reaches the limit 0 as n tends to infinity;
‘Héncé it is confirmed theoretically that.main information'is
'vconcentrated on lower moments such as mean.value and variance.
In fact, from a practical viewpoint, since the ratio-of first
moment to third is almost less than lO_2 (cf._section 2-6), mést
informations are expressed only by mean value and variance.

We have already given an ahswer to first three problems
mentioned in section 2-2. For the last problem,-i.e. "evolution
of knowledge", we must considér another factor, i.e. time T, and
regard a parameter space as {(=0xAXT. However, we do not discuss

this complicated problem in detail here.

2-3-4, PLURAL OBJECTS.

In abovementioned .discussion, we considered a case of sin-
gle'object.'We shall deal with a case of plural objects here. Ré—
call that a set of objects was cailed a total space and was de-
noted by X={x} (see (2-1)).

Since an evaluation is given for each object x<andfeéch
parameter w in such a case, a defining function will be expfessed
by

u: XXQ » >[0,11,

w w R - (2-28)
(%,0) H————>p(x,w)

instead of (2-3), (2-7). This defining function is shown as in
Fig.2-2(a), and this idea can be developed into a theory of prob-
abilistic sets (cf. chapter'3). For each object x, abovestated

moment analysis can be carried out. Mean value and variance

17



are given as a function of object x (Fig;2~2 (b),(c)).

p(x,w) Elu(x,)] Let's compare

| @ | | this idea with clas-
11 sical two-valued

logic. Consider, for

0 j > X exampie, the follow-

ing case,

(b) mean value

X={x,y,z}.

(a) evaluation value , :
Vin(x, )] (2-29)

4 In such a case, a

, 1+ : family of all sub-

Fig.2-2, Evaluation sets in two-valued

of a single phenom- 0'¢»”“~\;,/”““‘%~;; X logic is composed
enon. _ "of 8(=23) elements,

(c) variance .
i.e.

o, {x},{y}, {z},{x,y}, {y, 2}, {z,x}, {x,y,2}=X. (2-30)

Each of these elementsAcanfbe expressed by a two valued mapping
y from X to {0,1}, | | |

x: X ——>{0,1}. - | | (2-31)
(e.g. {x,y} is expressed by

x(x)=1, x(9)=1, x(2)=0. R ¢ B ¢ I
I1f we compare (2-31) with (2-28), it can be said that'the‘differ—
ences between classical two-valued lbgic and our idea.aréfl)~ad—
dition of a parameter space Q (subjectivity of observers) and 2)
from {0,1} to [0,1] (ambiguity and variety of objects). As a
result of these differences, the number of cases we must qqnsider

increases from 8=23 to infinity.

18



Hence, in practice, it can be conclﬁded that if we take
“ambiguity and subjectivity into consideration we must carry out
~ a systematical analysis considering topological, algebraic and
 ordered structure of the total space X, among whichthetopological
. structure is very important. (From fhis viewpoint a creative study

 has been made by Iijima in the field of pattern recognition [31.)
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2-4. PROBABILISTIC EXPRESSION AND FUZZY CONCEPTS.

In ordef to make clear the sténdpoint ana significancebof
our idea, we shall discuss several comments from both probabili-
stic viewpoints and fuzzy concepts.

L.A.Zadeh introduced a concept of fuzzy sets [l], and he
tried to understand én ambiguoué state positively. The fuzzy con-

cept is expréssed_by a [0,1]-valued mapping called a membership

function. In our idea, it may be easy to understand that the notion
of membership function corresponds to a mean—vaiue—function asvin
Fig.2-2 (b). It is sometimes pointed out that a concrete meaning
of ambiguity is not always expressed completely only by a member-
ship function of fuzzy sets, since the membership function assumes
only one definite value in [0,l]-interval. It might be impossible
to express a degree of ambiguity unless we cosidered a certain
kind of ramdomness such as, for example, "mean value is 0.8 where;
as there is a little uncertainty of variance 0.1".

On the other hand, there are many anti-fuzzy scientists
who insist that ambiguity can be expressed bonnly classical two-
valued logic with an appropriaﬁe use of probability. For‘instance,
they insist that the degree of ambiguity (i.e.'the value of a
membership funétion) "0.8", for example, is a result of "trué=l
with probability 0.8 and false=0 with probability o;>2_". Also in
our study, if we devide each standard of judgement (or equivalent-
ly each parameter) w into further basic elements, a discussion
might be possible by using only {0,1}-two-values and probability.

The most important point, however, is not a {0,1}-two~-valued

judgement with probability ( such as "value 1 with probability 0.8

- 20
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and value 0 with probability 0.2“)»but a [0,1]-ambiguous value
iﬁself given by observers (such as 0.8,0.75 and 0.85). The above-
menticned devision of each paramefer W is useless and next to im-
possible because we must intervene in the observer's subconscious
(even if we could do it, only unnecessarily complicated results
would be obtained). Hence, a stafting point of our inVestigaticn
was settled on a [0,1l]-valued function 1 and a probability measure
p of the parameter Space ., This way‘of thinking makes it pcssible
not only not to bring in an unnecessaryAcomplexity but also to
develop a systematical approach by using ccmprehensible'quantity
elone. It also seems to provide a new methodology which makes it
possible to escape from a narrow-minded world of probability alone.
Basiclideas of ﬁhis paper are, as were already mentioned, a
defining function p(x,w) and a probability measure p on . An

ordered pair (u(x,m),p(w)) is called a probabilistic expression

of'ambiguity and subjecti?ity. It is also possible to make another
mutuelly equivalent eXpression which will be mentioned in the
following.

For convenience, an object x is arbitrarily fixed and x is omitted
to be written down for a while. If we consider that an importanﬁ
point is not who is the decision-maker nor which standard of
judgement he uses, but that the evaluation-value itself such as
0.7 or 0.8, and if we do not take interest in a structure of the
pafameter space 2, then we can identify the parameter space (Q,
p(m))witheaprobability space on [0,l]~intervai ([O,l],f(a)f by
using a defining function p (cf. Fig{ 2-3). The p.d.f. p(w) cn Q.

is transformed into a p.d.f. f(u) on [0,1] as follows,
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£(a)da= fyp(w)dw, where D= {w]|agp(w) < at+dal, (2-33)

fzf(a)du= pr(w)dw= 1, f£(a)z 0. ‘ (2-34)
b () ' £ () From‘this point of
A ‘ view, it will be evi-
" dent that all infor- .
= ‘ - . mation about (u(w),

p(w)) is expressed

completely by the

= :
0 o atdo 1 p.d.f. £(a), and that

Fig.2-3. [0,1]-expression of the all moments are also

. parameter space { by using a

defining function u. 'pfeserved,'
| foan-f(a)da=
= Ju () "p () -dog MO [u]. | © o (2-35)
If we define a transformation from f to ¢ by
v (V)3 I:exp(ita)-f(a)-da, | (2-36)
then we have an inverse transformation,
£(a)= (1/2m) -1 exp(-ita) - (t) -dt. (2-37)

Hence, the transformation from f to ¢ becomes an one to one cor-

respondence. On the other hand, a relation

n
d () = iy, ' (2-38)
at™ |e=0

holds (by using (2-35)). Moreover a Taylor expansion of ¢(t) is
always possible, |

o(t)= % (i/nf) -MP[u]-t". ' (2-39)
n=0

If we consider the first three terms, we have an approximate ex-
pression,

$(0)= 1 + i-Elul-t - 2l ul-t? + o(t?)
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- L ariEmin? + (1-vIn1t2) b + o(t?). o (2-40)

f”éince (2-39) holds, all moments give the same information as ¢ (t).
Heﬁce we have the following equivalence relations

(n(w) ,p(w)) == £(a) <= ¢(t)
== (Eh M e Mt g, L)

= (B, Vi, Bl M, .. ). - (2-41)
This discussion is valid for each object x(eX), so:we_have
(H(x,0),p(0) =D f£lx,0) <=> §(x,t)

= B, )1, e 1,0 ik, )T, |

& Elule, )1, Vinie, ) 1,M30n(x, ), ... 3. (2-42)

~Since each moment function is a function of x, we use the follow-

“ing notations, ' | ' .
m(x)z Elu(x,%)], - | (2-43)
vix)g VIiu(x,-)1, . ' (2-44)
n(x) 5 MO H(x, ) ] | (2-45)

Hence it can be said that the probabilistic expression (u(x,w),
[o¢]

p(w)) is equivalent to a moment expression‘{mn(x)}n=l.

In the above discussions, we derived a countable set of

"functions {mn(x)}nz from a notion of probability. The converse

1
procedure is also possible under several conditions (cf. chapter 4
theorem 4-1). But details of proofs are omitted here. In this

converse situation, the function m(x) is called a membership

function, v(x) is called a vagueness function, and in general

m"(x) is called a n-th monitor. A set of monitors {mn(x)}n:l is

called an extended fuzzy expression, which provides the same in-

formation as the probabilistic expression (u(x,w),p{(w)). In the

extended fuzzy expression, it can be shown theoretically that
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main information is concentrated on lower monitors such as the
membership function and the vaguene$s function. The membership
function m(x) indicates the first information about the decisibn
making, and it is the same notion as a membership function of
(classical) fuzzy sets in Zadeh's sense [1]. The vagueness func-
tion v(x) provides an information of second importance, and the
value indicates the disordered degreé of the decision. Although
the (classical) fuzzy concept, i.e. the notion of membership
function alone,is not sufficient compared with the probabilistic
‘expression, it can be said empirically that the vagueness func-
tion provides almost all insufficient informations in most
applications. Hence, we can cqnclude theoretically that there
are two mutually equivalent approaches to the problem of ambi-
guity and subjectivity; i.e. one is the probabilisitc expression
and another is the extended fuzzy expression. Moreover,'by using
membership functions, vagueness functions and higher monitors
successively, we can expect to obtain useful results which are

different from the results given by probabilistic.approaches.
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: (To clarify the description let us consider the following situa-

f%%ibn, for instance, in the abovementioned example of Fig.2—l:'0b—
iTservers ére supposed to answer whether the presented character is
;ﬁeither A or B".) |
e But, in general, our judgément turns into an intricated one
fcompared with a'{0,1}—two~valued_judgement, as the considered |
phendmenon becomes complicated; e.g. an incompatible judgement
”(the presented character seems to be A from one viewpoint, and it
also seems to be B from another viewpoint), a failure of transi-
tivity (the character seems to be B rather than to be A, and it
Vseems to be C rather than to be B, but it is more likely to be A
than to be C), and so on.
In this paper, we shall clarify this compiexityAby intro-

ducing a notion of parameter space . Here, each parameter w of Q

corresponds to a standard of judgements. Hence Various judgements
becomeipossible by using various parameters. There may exist |
abovestated contradictions among judgements by using various
" parameters, but the stability_is.retained by éonsidering a proba-
bility density function p(w). We shall deal with variety of judge-~
ments in the next place. | |
In probabilistic or statistical approaches, a criterion of
leést squafes is commonly used.'Whereas a criterion of "min-max"

is regarded as of major importance in Fuzzy operations.
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Let us take an example of character reCognition. Here we
assume that each character is represented as a two-variable func-
tion such as f(x,y) or gfx,y). One of the largest problems in
character recognition is a selection of a suitable distance-meas-
ure. For example, the‘distance measures

ai (£,9)x S/ E(x,¥)- ~g(x,y) |axdy, (2-46)

6 (5,907 (S (E(x,¥) -glx,y) *axay} /% | (2-47)
are widely used as integral-measures (cf. multiplemsimilarity
method based on dz-distance by Iijima [4]), and a measure

d,(f,9)x max. | £(x,y)-g(x,¥y) |, (2-48)
: X, Y

is also used as a uniform—distance—measure. However,veach of these
measures has special characteristics. 1f there is a little differ-
ence € (>0) between the value of f(x,y) and that of g(x,y) ﬁniform—v
ly, then the distance of f and g by d_-distance is very small,
i.e. dw(f,g)=e, but the distance in terms of d; or d2 becomes very
large. On the‘other hand, if the value of f(x,y) and that of g(x,
y) ~are the same except in a few points ( in such a few exceptlonal
points, it is assumed_that there are great differences between the
two) , then the distance d_(£f,9) becomes very large, but there
exist no differences between £ and g from a viewpoint of a distance
measure of d; or da.

In general, the integral-criterion corresponds to a majority
decision in which overall opinions are accepted, whereas a min-max
criterion corresponds to an esteem of excellent minority opinions.
A principle of the majority decision is related to a judgement by
'grobal features, and the esteem of an excellent minority opinion

is concerned with an acceptance of various local features. In
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“ character recognition, it is necessary for us to attach’importance
,:to'global features with an appropriate acceptance of excellent
*local features. This principle agrees with the fundamental idea

“"of our approach based mainlyvon probability theory with an appro-

T priate use of fuzzy concepts. In the following, we shall develop

”;thé study by taking this guiding principle into consideration.

 2-5-2. FUNDAMENTAL OPERATIONS OF PLURAL PHENOMENA.

In (classical) {0,1l}-two-valued logic, it is possible to
~make l6=24 different kinds of binary operations, among which "AND"

and "OR" operatlons are the most fundamental and the most 1mportant

(Consider a Venn-diagram as shown in (" X ‘w
Fig.2-4. The total space X is devided
into 4=22 regions by two phenomena A 41 e

4

and B. Hence, we can obtain 16=2
' ’ ' . J

Fig.2-4. A Venn-diagram

different figures, each of which cor-
responds to a binary operation of A of two phenomena A and
“and B. For example, the regions of 2, B.
3 and 4 make an "OR" operation, and the single region 3.corre-
sponds to an"AND" operation.)

The "AND" and "OR" operations play an important role in
switching circuit-theory, and they also characterize the classical
two-valued logic as a complete Boolean algebrd. Hence, it becomes
an important problem to expand these operations into the case of
plural phenomena with ambiguity and subjectivity .

Let X be a total space, and‘Q be a parameter space. Two

phenomena A and B are expressed by mappings

; 27



Hpt X x @——> 10,11, o ' - (2-49)
pg: X x @———>100,11, | (2-50)

respectively in the same manner as (2-28) . A triplet (uA(x,w),,

pB(x,w),p(w)) is called a ?fobabilistic‘exPréssiOn of A and B.
By conéidering a fact that each parameter w of Q is regarded as
a basis of decision making, the "AND" operation ANB is defined by
uAnB(x,w)= min{uA(x,w),uB(x;w)}, - (2-51)
and the "OR" operation'AUB is defined by
uAUB(x,m)= max{uA(x,w),uB(x,w)}‘ (2-52)
In these definitions, the.value of each operation is de-
fined.locally, i.e. it is defined for each parameter w, but the
result is globally stable (cf. 2-5-3 example 2-1). It must be
noted that these definitions are the most suitable from a lattice
theoretical viewpoint, i.e. they become fundamental operations

which characterize our idea as a complete pseudo-Boolean algebra

(cf. chapter 3 theorem 3-1).

2-5-3. EXTENDED FUZZY EXPRESSION OF PLURAL PHENOMENA.

Two phenomena A and B were expressed by a triplet (uA(x,w),

!
It is the purpose of this section to introduce another mutually

(x,0) ,p(w)), called a probabilistic expression of A and B.

equivalent expression called an extended fuzzy expression of A

and B. From the same standpoint as section 2-4, the information
of (pA(x,w),uB(X,w),p(w)) is ekpressed completely by the follow-
ing probability density function f(x;a,B8) on [O,l]2 for each xeX,

f(x;a,B8)dadB= fDxp(m)dw, ‘ (2-53)

D= {w|ag u, (x,0)< a+da, BS up(x,w)< B+dBl, (2-54)
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11 ' '
S J flxia,8)dedb= Jop(w)du= 1, £(x;a,B)2 O. -+ (2-55)
(It should be noted that x is arbitrarily fixed in the following
discussion.) Moment relations are also preserved,

1 1 . _ .
fofoansmf(X;a,B)dadB= fQuA(x,w)nuB(x,w)mp(w)dw

_ em _
F My g (%) . (2-56)

The p.d.f. f(x;a,B8) can be transformed into a function ¢ (x;s,t)
¢(x;s,t)= f:f;exp(i(sa+t8))-f(x;a,s)dads. (2-57)
Here, this transformation has an inverse
f(x;0,B)= (l/2ﬂ)2f f LEXP (- -i(so+tR)) - (x;s,t) -dsdt. (2-58)
. The function ¢(x;s,t) has a partial derivative of arbitrary order

with respect to s and t, and a relation

n+m .
¢(x s, t) - in+m,M2,g(x), . (2-59)
3s™ 3t™ |s=t=0 !

holds. Moreover, it can be expanded in a Taylor series,

o]

o(x;s,t)= I = 3 ( MM r n Tx).s¥eF, (2-60)
n/
n=0" r=0
Hence it is concluded that the moment matrix'{M (x)} has

n, m”O

‘the same information as (uA(x,w).UB(X,w),p(w)).
Conversely, we can constitute a probability density functior

on [0,1]1% from a function matrlx {mn m(x)} under several

n, m-O

conditions (cf. chapter 4 theorem 4—2). Here, the function m (x)
is called a (n,m)-th monitor of A and B, and it is regarded as

" the same as M2/™(x). It is also concluded that the important in-

A,B

formation is concentrated on lower monitors such as membership

- functions Ty (%)= (XL (x)= (x), vagueness functions
tARCLIonS A A B mB Iy A B

2 _ 0,2 (0,1 2 X _
vpa(xlg m A B(X) (my (X)) r Vg x)F my ' 5(x) (mA p(x))*, and a co-,
vagueness function v (x)~ m1 l(x) ml 0(x) m0 l(x). An expressior

A,B A A,B A,B



by {mg’g(x)}n ;20 is called an extended fuzzy expression of A and

B.
Binary operatiohs are also defined in terms of the extended

fuzzy expression. We shall introduce only one example of union

>0}

" " . R . _n,m
"AUB" . We can constitute a p.d.f. f(x;a,B) from {mA,B(x)}n,m=0'

By using this p.d.f. f(x;a,8), a p.d.f. of AUB, denoted by f(xiY),
is obtained as follows, ,

f(x,Y$= fzf(x;Y,B)dB + J’Zf(x;a,v)da . - (2-61)
And the n~th monitor of AUB is given by

nt _(x)= flynf(x,y)dy. (2-62)

AuB 0 : :

In applications, it is important to consider only lower
monitors such as membership'functions, vagueness functions and
the co-vagueness funétion. An example'is givén to help the ex-
planation done so far. |
[Example 2-1]:

Let the total space X be a set of real numbers, A be "
numbers nearly egual to 1" on X and B be "numbers nearly equal
to -1" on X. Here the probabiliétic expression of A and B are
given , for example, by |

w= (E,m) € & = [0,11%, | , (2-63)

p(¢,n)=1 (uniform aistribution on [0,11%), (2-64)

b G, (B, = min(L, (1) %) €+ max (L, 2= (x=1) %) /2]

/{1+(x-1)%1, . (2-65)

by (e, (E,m)) = Imin(1, (x#1)®) on + max (1,2~ (x+1)2) /2}

/{1+(x+1) %},  (2-66)
(cf. Fig. 2-5 (a)). Ih the extended fuzzy expression of A and B,

membership functions are given by (cf. Fig. 2-5 (b)),
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up (%, (6,m) g (%, (£,m)

1A . e X=1 , $x=—l) '
: EEEEEEEQ.x=O.5,l.5 x=-1.5,-0.5)
x=0,2 (x=-2,0)
msg;jﬁjjjjj _
/ =_l’3 (X="'3,l) .
0f { X=—w, 40 . (x=-o,+0)

o

0.5

—

g (n)

omman' 0 A
-3 =-2=1 01 2 3

X

(b) membership functions of A and B. (Extended Fuzzy Expression)

myup (%)

0

e T
(c) the membership function of AUB.

(x)

VauB
)

-3 -2 -1

(d) the vagueness function of AUB.

Fig.2-5. A numerical example; A="numbers nearly equal to i,
B="numbers nearly equal to -1", AUB=" numbers nearly equal
to 1 or -1". ’ '
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m ()= L/{1+(x-1) 1, (2-67)
mg (%)= 1/{1+(x+1)°},  (2-68)

vagueness functions are given by,

v, (x)= [min{m, (x), (l-m, (x))}17/12, (2-69)
vy (x) = [min{mg(x), (1-my(x))}1°/12, (2-70)
VAB(X)= 0, ’ ‘ . , (2__71)

and so on. The membership funbtién of AUB, i.e. "numbers nearly
equal to 1 or ~-1", and the vagueness function of AL}B are given
as in Fig.2-5 (c) and (4d) respectivély; where [ is a result by
using only membership functions (2-67) and (2-68), [ is a re—‘
sult by using both membership functions (2-67) (2—68) and vague-
ness functions (2-69) (2-70) (2-71), and @@ is a re§u1t by using
all monitors (or equivalently by using the probabilistic expres-—
sion (2-63) (2-64) (2-65) (2-66). To summari%e our interpretation
of the results, we can explain that
1) The membership function mAUB(x) in Fig.2-5 (c) provides the.
first approximation of probabilistic set AUB. The result 1}
(which is the same result as a classical fuzzy operation) has a
continuous but non-smooth (i.é. non-differentiable) point (see
x=0) . It will be ﬁatufal to expect a smooth curve like as
the first approximation of "numbers nearly equal to 1 or -1".
The result provides a good approximation of G .
2) From a viewpoint of the vagueness function VAUB(X) in Fig.2-5
(da), the result [ of classical fuzzy operation has no "vague—'

ness" (v

AUB(x)= 0) but it seems unnatural. Since the vague-

ness function provides the second information and since it

indicates a disordered degree of judgements, we would like to
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‘expect a curve like . and B also gives a fairiy good ap-
proximation of

3) Although, the information given by thé memberéhip.functidn
aloné (see [ in Fig.2-5 (c) (4)) ‘,is not sufficient, almost all
 insufficient information can be expressed by‘the Vagueness fﬁnc—

tion (compare [2] with f3).
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2-6. QUESTIONNAIRE ON DECIPHERMENT OF HANDWRITTEN CHARACTERS.

As a concrete application of our idea, we put a quention-
naire into practide on decipherment of handwritten characters.
Wé will introduce a part of the result here. |

We considered 12 characters shown in Fig.2-6 and made 12%=

144 cards, each of which consisted of two characters as shown in

Fig.2-6.

L R 1

]
1 At “
144
2 12

3 11

4 10

et

Fig. 2-6. 12 ambiguous characters and 144 cards used in a |

questionnaire.
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Each card was

presented to
20 testees (

10 menvand 10

women) . Each

1-st : testee was

(a) testee No.l (man) .
121 supposed to

make a five-
level-answer
whether the

presented two

1-st : 2-nd

: characters are
 (b) testee No.l4 (wom@n) .

identical ones

Fig.2-7. A typical result of the questionnaire. or not. (There

was about one-month-~interval between two inquiries.) A typical re-

sult is shown in Fig.2-7. The result of moment analysis is also
tabulated in Table 2-1 and is shéwn in Fig.2-8. |

What is evident from this result is summafized as follows.

1) It is clearly seen from Table 2-1 (a) and (b) that both réflex—
ivity and symmetricity are saﬁisfied,but that transitivity is not
always satisfied (i.e. we can infer nothing about a value p((i,k),
w) from both p((i,j),w) and u((j,k),w) ). Henée, a categorical
classificétion of total space X (i.e. a set of all objects) is im-
possible base@ on a concept of mathematical»equivalencé—relation;
It might be natﬁral to identify a class of objects (e.g. a set of
character "b") with our idea (i.e. a probabilistic set B) rather

than with a category (or an equivalence class) in the classical

sense.
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0-. lp . N N 4} 2 ‘>
CdcweeccCQaGR
123456738 91011 12

X

(a) sampling value (testee No.l man)

U (x,w;y y)
1.0

(b) sampling value (testee No.l4 woman)

EIU(XI')]
1.0.1 e

0.5 1

0.0

(tet@gecec ciG
1234567 89101112
(c) mean value

viu(x, )]

0.10

0.05 -

0.00 - b X
cotelflceccaad
12 34567 8 9101112

(d) variance

Fig.2-8. Characters which belong to

category "b".
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2) As is evident from
Fig.2—8-(c) and (4),
mean value (c¢) indi-
cates an épprbximate
evaluation-value of

 ambiguity (which

'correSpOnds to a
concept of membef-
ship function in
Zadeh's’éehse),
whereas variance (d)
clearly illustrateé
the degree of un-
certainty (which
corresponds to a
notion of vagueness
function of our
idea) . This example.
indicatesvthe equal-
ity of probabilistic
expression and (ex-
tended) fuzzy ex-
pfession; and»aiéo
assures the validiﬁy‘

of our  idea.




2l 1 2 3 4 5 6 7.8 9 10 11 12
L . , o
1 1.00[0.65 0.24 0.00[0.00]0.11 0.02 0.02]0.01][0.43 0.82 0.86
2 0.53{0.9510.42 0.05[0.02{0.12 0.10 0.13]0.14{0.76 0.79 0.87
3 0.19/0.35[0.9810.54(0.27{0.71 0.15 0.10 0,04 0.18 0.24 0.29
4 0.01/0.05 0.60[0.96]0.87|0.84 0.07 0.01/0.02{0.02 0.03 0.01°
5" 0.00]0.01 0.29 0.87[1.00]0.64 0,02 0.02]0.00[0.00 0.00 0.00
6 0.09/0.20 0.77 0.75(0.63{0.93]0.25 0.12]0.04{0.10 0.10 0.10
7 0.02{0.11 0.18 0.13/0.04{0.35[0.98]0.83[0.70(0.30 0.12 0.12
8 0.02{0.16 0.10 0.05/0.00{0.14 0.90[0.99/0.82/0.36 0.06 0.08
9 0.01/0.19 0.03 0.00/0.00[0.05 0.75 0.88[0.98[0.48 0.06 0.06
10 0.37/0.78 0.27 0.05{0.00{0.09 0.22 0.21/0.38[0.9610.91 0.84
11 0.82]0.83 0.25 0.02{0.01{0.11.0.08 0.05/0.05{0.85[1.00]0.97
12 0.85/0.85 0.25 0.00/0.05/0.15 0.11 0.06/0.05/0.85 0.96 [0.98 |
(a) total mean value (membership function).
ol 1 2 3 4 5 6 7 8 9 10 11 12
1 .
1 0.00{0.10 0.09 0.00/0.00[{0.05 0.00 0.01]0.01]0.14 0.05.0.04
2 0.13|0.03]0.11 0.01/0.01/0.04 0.03 0.03{0.05/0.07 0.04;0.03
3 0.08{0.090.00]0.12/0.10/0.08 0.04 0.03{0.00/0.07 0.07 0.13
4 0.01{0.01 0.12[0.03]0.05/0.05 0.03 0.00{0.01/0.00 0.02,0.00
5 0.00/0.00 0.11 0.04[0.00]/0.11 0.01 0.00{0.00[0.00 0.00 0.00
6 0.05/0.07 0.06 0.07/0.12{0.04}0.07 0.03/0.00[0.02 0.04.0.02
7 0.00{0.02 0.04 0.03{0.01{0.09[0.01]0.05/0.09[0.08 0.02:0.03
8 0.00[{0.04 0.02 0.02}0.00{0.04 0.03[0.00]0.08]0.12 0.01,0.02
9 0.01]/0.05 0.01 0.00]0.00]/0.01 0.07 0.03[0.00[0.11 0.01 0.02
10 0.16/0.05 0.11 0.02{0.00[/0.02 0.06 0.07|0.13[0.07210.02,0.04
11 0.05{0.03 0.06 0.00{0.00{0.03 0.0L 0.01{0.03}0.04[G20070.00
12 10.03]/0.04 0.07 0.00]0.04[0.06 0.05 0.02[0.02 0.03 0.02]0.00

(b) total variance (vagueness function).

Table 2-1. Total mean value and variance (membership function

and vagueness function).
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A baéic idea has been described on "ambigﬁity and subjec-
tivity in a decision making model". The summary of the idea is
és follows: All the things we can interfere are expressed by
concepts of probability and the éases we can not intexrvene are
unified by using fuzzy concepts. The significancé’of this idea
is described both theoretically and experimentally. Equality
between a concept of probébility and a notionIOf fuzzy theory is
also aésured. However, theoretical details of probabilistic sets,
vagueness function, monitor and so on will be mentioned at later

chapters (cf. chapter 3 and chapter 4y .
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CHAPTER. 3

CONCEPTSVOF.PROBABILISTIC SETS.



3-1. INTRODUCTION

Analytical expression of ambiguity and subjectivity in pat-
tern récognition was‘discuésed in a previous chapter. The study
was based on the following way of thinking: All the things we can
interfere are expressed by concepts of probability, and the cases
we can not intervene are unified by ﬁsinq so-called "fuzzy con-
cepts". This chapter is concerned with an investigation of this
approach from a viewpoint of proﬂability theory and lattice theo-
ry. v

Fundamental concepts of probabilistic séts are introduced
first. An ordinal analysis shows that a family of probabilisﬁic
gsets constitutes a pseudo-Boolean algebra. Some useful notions
are also mentioned such as moment analysis, expected cardinal
numbers and probabilistic mappings. By making a comparison be-
tween probabilistic sets and other general approaches, including
various modified fuzzy theories, it is concluded that the notion
of probabilistic sets provides a new systematical approach to the

‘problems of ambiguity and subjectivity.
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3-2. THEORY'OF PROBABILITY MEASURE

To continue this thesis, it is necessary to understand sev-
eral terminations and several symbols in probability theory [1],
[21,13]. | |
. Let Q be an arbitrary space. An element ® of Qv will be call-

ed a (probability) parameter, and the space 2 will be called a

parameter space.

[Def. 3-1]
A sub-family B of all subsets of @ is called a ¢g=field if
the following three conditions hold,

1) ¢ B, _ ) - (3-1)

2) AeB —» ACe B, - (3-2)
3) A,eB (n=1,2,...) — U, A eB. (3-3)

A pair (Q,B) is called a measurable space.

[Prop. 3-1]
Let (9;,B1),(22,B2) be measurable spaées, and Y be a mapping
from ©; to Q2. Then u_i(BZ) is a o~field of Q., where
7 (B2)= {{w|u(w)er}| AeBa}. (3-4)
proof
1) Q1= u" (22) e (B2) . | | (3-5)
2) u7h@a) en” (B2) —
2N @) %= {x|ux)en 1% {x|u(x)ert= u7 (%) e n”  (By).
| | (3-6)
3 @) eu N (B)  (n=1,2,...) =

o« -1 =
Uy W)= U {x| p(x)s A Y=
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{x | u(x) €A for some n}

xlure O al=w (O ade u (2. (3-7)

(Q.E.D.)
[Prop. 3-2]

Let (91,B1),92,1{:91 >Q2be a measurable space, a parameter
space, a mapping, respectively, then Bz, defined by
-1 ;
B2 {a2] R2cQ2,u " (A2)EB1}, (3-8)

is a o-field of Q2.

proof
1) 7 (R2)=01€B1, N R2€Ba2. '. . (3-9)
2) If A2 €B2,i.e. w~(a2)e By, then we have
@ %) = 1" (2 e By, i.e. Azcesz. (3-10)
3) If AneBz (n=1,2,...), then we.have -’
p’i(gga )=\ p”l(An)s:BI, i.e. A A €Bz.  (3-11)
' (Q.E.D.)
[Def. 3-2]

A 0-field B2, defined in Prop 3-2, is called an induced O-

field from Bi by H.
[Def. 3-3]
Let (£1,B1),(R2,B2) be measurable spaces. A mapping U,

Q2 , : (3-12)

H:fl

X -1
is said to be (B1,B2)-measurable, if u (B2)&B;.

[Def. 3-4]
A (B:,B:2)-measurable mapping u is also called an (Q2,B2)-

valued random variable on (:,B1).

Remark: We sometimes consider ([0,1],Borel sets) as (Q2,B2)

in this thesis. In such a case, i.e. the case that the set
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Q> is a subset of real numbers and the o-field is a family
of Borel sets; a random variable W is called just a measur-

able mapping. It is well—known that a necessary and suffi-

cient condition of § to be a measurable mapping is that
o] ()< ale Bi  for each a €[0,1]. C(3-13)
[Def. 3-5]
| Let (2,B) be a meésurable space, and a correspondehoe P,
defined by

P: B 510,11, 1 | | O (3-14)

be a set function. A set function P is said to be a probability
measure, if the following tﬁo axioms hold, -
1) p(Q)= 1, (3-15)
2) a= O A (Ae B, ADA_,=0 nfn')
— p)= % P@). o (3-16)
(i.e. P is completely additive.) |
If P is a probability measure on (2,B), then a triplet (@,

B,P) is said to be a probability spaoe.

[Def. 3-6]
Two probability spaces (9:,B;,P1) and (QQ,BZ,PZ) are said

to be isomorphic if there exist measurable subsets Q:'e B;,0.' ¢

B2, and a mapping Y such that

1) Py(R:1")= Pa(R2")= 1, | (3-17)
2) $:0;'—>0,"' 1 to 1 onto mappiﬁg, ' - (3-18)
3) v"'(BNR2")=BNQLY, | ' (3-19)
4) P1(¢—1(A))= P, (A) for each AeBNN2". (3—20l

The maping ¢ is said to be an isomorphism. .

If 2) and 3) in above four conditions are exchanged by 2')
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and 3'),

2') Y04 > 0,' onto mapping, (3-21)

31) 7 (BaNR2 ") = BiNSL Y, | (3-22)

then (Q;,B:,P1) is said to be homomorphic to (f2,B2,P2) by a

homomorphism ¥.
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3-3. THE BACKGROUND IDEA OF PROBABILISTIC SETS

Let X={x} be a total space, i.e. a set of all objects we

want to discuss. An ordinary (sub)set A of X, as is well-known,

can be defined by a characteristic function lA,
1,0 x——{0,1.
; F—~——>f;(x)i{ 1. XEA ’ . _ (3-23)
0 x¢A -
Considering ambiguity; L.A.Zadeh presented a notion of fuzzy

sets [4]. A fuzzy set A on X is expressed by a membership function

mA,

mA: X

For example, let all real numbers be the total space X. Consider "

>[0,11. " (3-24)

all numbers nearly equal to one" and "all numbers nearly‘equai to
minus one”. In fuzzy set theory, their ﬁembership functions are

shown as in Fig.3-1.

(a) (b) (c)
Fig.3-1l. Fuzzy sets; (a) numbers near one, (b) numbers near minus

one, (c) the union (numbers near one or minus one).

In this situation, however, several questibns arise. One of
them is that if membership functions like Fig.3-1 can be definite-~

ly determined. If the degree of ambiguity were accurately given,
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it would no longerbbe ambiguous. Although mean value or variance
may be determined and a rough tendency may be given, it is impos-
sible in general to assign definite [0,1]-values. And, to make
.the matters worse, the tendéncy varies according to observers'
subjectivity, situations and so on. Hence we shall introduce a

probability space (2,B,P), called a parameter space, whose ele-

ment represents a standard of judgements. It is assumed that if
a standard w(ef) is fixed, the degree of ambiguity of considered
objects (i.e. elements of the total space X) can be definitely
determined. A set of all degrees of ambiguity will be called a
characteristic space (QC,BC). We usually adopt ([0,1],Borel sets)
" as the characteristic space, because it is an infinite totally
ordered set with a maximum element 1 and a minimum element 0 and
because it is in harmony with characteristic fundtions of orxdina-

ry sets and membership functions of fuzzy sets. A probabilistic

set on a total space X is defined by giving a (QC,BC)—valﬁed ran-—
dom variable on (9,B,P) for each object x(eX), and this corre-

spondence will be called a defining function of the probabilistic

set. The corresponding probabilistic sets of Fig.3-1 are shown

in Fig.3-2 (a=1), (b-1), (c=1) . The parameter space (Q,B,P) is ex-
pected to be adopted suitably according to each situation, hence
in general no restrictions are added to the parameter space ex-
cept that it's a probability space. For example, in the' case of Fig.'
3-2, the parameter space might exist in observers' subconscious
ahd might be changed according to the situation. Hence we cannot
know its exact probabilistic structure, but we can estiﬁate it by

a statistical method. One of the most important facts in proba-
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-1 0 1 X -1 0 1 X
(a-2) (a-3)
17 1

) \[

-1 0 1 X -1 0 1 X

1
i | 1 X {
-10 1 -1 0 1
(c-1) (c-2) (c-3)
defining function mean value " variance

Fig.3-2. Probabilistic sets; (a) numbers near one, (b) numbers
near minus one, (c) the union (numbers near one or minus

one) .

bilistic set theory is a possibility of moment analysis by using
é probability ﬁeasure P of the parameter spacé. For instance, in
Fig.3-2, meanvalues aﬁd variances are shown in (a-2), (b-2), (c-2),
and (a-3),(b-3),(c-3), respectively. The'mean value indicates the
first approximation of probabilistic sets and might be considered
to be the same one as a membership function of corresponding’fuzzy

sets. In fuzzy set theory, however, a membership function of_"un—
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ion" generally has a continuous but non-smooth (i.e. non-differen-
.tiable) point as shown in Fig.3-1 (c) (at a point of x=0). It will
be natural to expect a smooth curve like Fig.3—2 (c-2) as the first
.approximation of "numbers nearly equal to one or minus one". The
variance provides the second inforﬁation and it indicates a dis-
ordered degree of judgements. Higher moments can be considered in
the same way. Moreover, it can be shown theoretically that the n-
th mohent around mean value tends to zero as n tends to infinity.
Hence, from a practical viewpoint;'it is sufficient to consider
only the lower moments, i.e, mean value and variance. If we con-
sider a probabilistic set with Variance zéro, it could be identi-
fied with a fuzzy set. In this sensé, it can be concluded that the

concepts of probabilistic sets include classical fuzz§ concepts.
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3-4. DEFINITIONS OF PROBABILISTIC SETS.

The abovestated discussion is a very roughly one from a
mathematical viewpoint. The strict definitions are shown in this
section. The mathematical foundation of this theory is probabili-
ty theory.

First, we would like to define the following three terms.
(The meanings‘were discussed in a previous section.)

‘[Def.3-7]

(2,B,P): a parameter space,

'(QC,BC)=([0;l],Borel sets) : a characteristic space,

M= {u] TE3Y) >Q, (B,Bc)-measurable function }:

: a family of characteristic variables.

It follows that M satisfies the following properties.
[Prop.3-3]
For arbitrary pi's (uis M, i=1,2,... at most countably in-

finite), the following.properties are satisfied.

min(uy,u2)e M, ' _ _ ~ (3-25)
max(y; ,u2)e M, (3-26)
u= c £ M where ceQC=[O,l] (us conétant fn.), (3-27)
lur-uzle M, o . (3-28)
AU +(1-A)u2 € M where 05 AS 1, ' (3-29)
u® € M where a2 0, | : - (3-30)
HiMze M, - | (3-31)
igf uy e, _ : (3-‘32)
sg u;eM, | | | (3-33)



proof

lim .= sup inf H. € M, A (3-34)
e toi2l 321 7

1im p.= inf sup u. € M. (3-35)
i-»o0 i21 j

The remark described after Déf.3f4 will be used in the fol-

lowing statements:i.e. a necessary and sufficient condition of

p(w)

being an element of M is that the following relation holds*

for each a ¢ [0,11,

{w|u(w)s a} €B. ‘ (3-36)

1) {w|min (u1 (@) 1z () $ al= {w|u(w) g alUlw|ua(w) S a} € B, (3-37)

Somin (Wi ,u2) € M. (3-38)

2) {w|max (u1 (W) 1z ()< al= {wfww)s alo]u2(w)S al € B, (3-39)

& max (py,u2) € M. S (3~40)
N{wju(@) s alt= {w|cs al= ¢ 0L ax ¢ .-
e B, v (3-41)
Q cg as 1 ¢ ,
s uw)= c e M. | (3-42)

4) {w] Ju1 (@) -p2 (0) | al={w] ~al yy (w)-p2 (W) s a '}

5)If

Il

{oluz (@) 1 (@) +a}M{o|us (@) 2 (w) +al

U {wlw s £ S mw)+alf U {wlul(w)é r S w2 (w)+al

1l

rnsQ rneQ
= U ol @2 rn}ﬂ{w'lui(w); r_-ah)
rneQ . .
N U el m@s e 3Nefuz @z r -al ) € B, (3-43)
rneQ _

where Q is a (countable) set of rational numbers which
belong to [0,1].

A=0 or 1, then it is trivial. Hence, we may assume, without
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loss of generality, that 0< A< 1.

{w] App (@ +(1-NDp2(w)lal= LJ {w]hyy (w) S ir = a—(l—A)ué(w)}

r_ eQ
. n i
- rLgQ({wlul(w);rn/X}ﬂ{w!u;(w)é(a—rn)/(lfx)}) e B. (3-45)
n . ‘
SOAR H(L-A)pae M. ' _ (3-46)
6) {wju; (w)® fa}= {wlul(w)< l/a} e B. o : (3-47)
S e M. - |  (3-48)

7)) {w]u (@) 2 (w) Sak=s {w] ((1/2)uy (@) +(1/2) pa (0)) 2=
| —((1/2)u1(w)~(l/2)uz(w))2<a} e B. (3-49)

: Con51der1ng (3-29) (A=1/2), (3-30),(3-28), we have (3- 31)

- 8) {w|inf u, (w)Sa}= ) {w]u; (w)2a} e B. (3-50)
| i1 - '
. inf u; € M. _ (3-51)
izl
9) {w]|sup 1, (w) fal= f% hn[ui(w)éa} e B. (3-52)
i=1
.SUp u; € M. (3-53)
izl

10) Applying (3-32) and (3-33), we have (3-34).
11) Applying (3-33) and (3-32), we have (3-35).
| (Q.E.D.)

The fundamental definition of probabilistic sets will be
given as follows. Here a total space X={x}, which represents a
set of all objects discussed in each situation, is arbitrarily
fixed. |
[Def. 3-8]

A probabilistic set A on X is defined by a definingvfunc-

~tion Ua s
U, XXQ —————>Q ' ‘
AT T, TS - (3-54)
(x,w) l——»uA(x,w)
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where UA(x,-) is the (B,Bc)—measurable function for
each fixed x(€X). |
For arbitrary two probabilistic sets A and B, whose defing func-
tions are uA(x,w) and uB(x,w), respectively, A.is said to be in-

cluded in B (ACB) if for each x(€X) there exixts E(€B) which

satisfies
P(E)= 1, (3-55)
M (%,0) S ug(x,0)  for all weE. | (3-56)

In this situation we shall sometimes use a brief notation as
follows, |

uA(x,w)é uB(x,w) for all x€X and P a.e. WeQ. (3-57)
If both ACB and BCA are satisfied,.A and B are said to be equiv-
alent (AZB). (Indeed this relation = satisfies an equivalence re-
lation; i.e. reflexivity, symmetficity, and transitivity.) All

| equivalent probabilistic sets are considered to be the same one

and are notvdistinguished. All probabilistic séts on X is said

to be a family of probabilistic sets and is denoted by P(X).

Remark: An element of P(X) represents an equivalence class
of M by the equivalence relation = for each x(eX).
The inclusion relatioh in P(X) satisfies reflexivity, anti-
symmetricity, and transitivity, heﬁce (P(X) ,Q) constitutes
a poset (partially grdered'§gg).

In the following, several operations in P (X) Wili be defin-

ed. A fundamental operation in P(X) is "union", however, it is a
little complicated. Let AY'(YSP,F: possibly infinite) be probabi-
listié sets on X whose defining functions are M, (x,w) respective-

- Y
ly. The union of {AY}Y€T' which is denoted by UAY' is defined by
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a definihg function UUAY(x,w) which will be given by the following
~procedure. For the time being, consider a case that each x(eX) is
atbitrarily fixed. Thep uA (x,-) may be regarded as a function of
weQ1(i.e. an element of M)T-Sihce “AY(X’.)'iS a QC=[O,1]—valued

measurable function, and since the total measure is finite'(i.e.

P(R)=1), U (x,+) is always P-integrable,

0 f, (x,0) -aP(w)s 1. -  (3-58)

u
A
Y

For arbitrarily fixed n indeces Y1,Y2:--orYn(€F), a function max

,{UAY_(x,')|l§i§n} is also an element of M (see [Prop.3-3] (3-26)).
, i »
Hence it is also P-integrable,
o< meax{uA_ (x,0) |1Sisn}-dP(w)< 1. (3-59)
Y4
The selection of Yl,Yz,...,Yn from I' being varied, the least upper

bound, denoted by a(x), can be calculated,

a(x)= sup{fQ max{ Hp (x,w) | 12isn} -aP () |
Yi
| neN (natural numbers),yief},- (3-60)

0% a(x)< 1. - - (3-61)
Since a(x) is a "least upper bound", there exists a countably in-

finite subsequence {max{p (2,0) | 18isn.}n.eN,y.eT}.". such that
AYi | i j=1
lim / (x,w)llgiénj}odp(m)= a(x). , (3-62)

j+oo

Qmax{uAYi
Although an element x(eX) was arbitrarily fixed in these discus-
sions, this procedure could be done for each x(eX). We shall de-
fine'the defiﬁing function uUAY(x,w) by

(x,0)= sup{max{uA '(X,w)lliiinj}|l:j<m}. (3-63)

u
UAY Yi

~The justification of this definition will be ensured by the fol-

lowing proposition 3-4.



[Prop. 3-4]
l) The union UA is determlned unlquely by the equatlon (3~
63), i.e. if there exists another countably infinite subsequence
which satisfies (3-62), the result given by the same equatlon as
(3-63) also belongs to the same ééﬁivalenée class of M(for each
xeX)‘in the sense of Def. 3;8. |
2) For.all vel', we have
AcUR . | | (3-64)
3) If there exists A which satlsfles AYCZA for all vel,
then we have
UAYCZ A. (3-65)
proof |
2) Firstgrwe shall give a proof of 2) by using a re&Uctio_ad ab-
surdum. If (3-64) does not hold, then we havé a v(el') and a x
(eX) such that
Iq max{uUAY(x,w),11Ay(x,w)}dP(w)> fQuuAy(x,w)dP(w). (3-66)
We have (by using the Lebesgue's dominated convergence theo-

rem [5]),

the left side of (3-66)=

= fQ max{lim max max - U (X,w),LlA (x,w) }.-dP (w)
m>e 129%m léiénj Yi Y
= f lim max{max S S (%,0) ; Hp (x,w) }*dP(w)
L vos 15%3sm l<15n:| Yi Y : .
= 1lim meax{max max U, (x, w),uA (x,w)}- ar(w), (3-68)
m> 1558m 13isn, ©Yi Y |
the right side of (3-66)=
= lelm max max H (x,w) -dP (w)
mre 1595m l<3_<_nj yi
= lim IQ max max L (x,w) -dP(w) . (3-69)
m>o 1<j5m lgiénj Yi ’
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Whereas we have, by (3-60), (3-62),

a(x)Z lim [o max  max Ha o (x,0) .dP(w)
m>» " 1<9<m léiénj Yi ,
2 lim fo max  w,  (x,0)dP(0)= a(x). (3-70)
m-> 1§i§nm Yi o , o :

Hence we have, by (3—69’,(3-70),

the right side of (3-66)= a(x). ‘ (3-71)
By (3-66),(3-68),(3-71), there exists a natural number m such
that |

IQ max{max max ﬁ (x,w) (x,w)}’dP(m)>é(x).(3-72)

U
1$35m 18isn, Byy By

This contradicts the definition of a(x) (3-60).
3) A proof of 3) will also be given by a reductio ad absurdum.
If (3-65) does not hold in spite of AYCZA for all y(el'), then

we have,

fﬂﬁuAY(x,w)dP(w)>IQ.min{uUA (X,w),uA(k,m)}dp(w)z c(x).

Y
(3-73)
Since Ayc':_UAY (3-64) and Ayc:A for all y(el'), we have
c(x)2/g max y,  (x,w)dP(w), o (3-74)
12isn “Yi : ‘
for all n and all Yi(sP).vBy (3-70), we have
fQuUAY(x,w)dP(w)='a(X). . , (3—75)
Hence we have
a(x)-(a(x)-c(x))= c(x)=>._fg2 max i, (x,w)dP(w), (3-76)
' 1£isn Y1 -

for all n and all Yi(er). Since a(x)-c(x)>0, this relation
(3-76) contradicts the definition of a(x) (3~60).
‘l) We denote another subsequence which satisfies (3-62) by

{T§§<n{ pA. .(x,w)}lnleN,yk'eF}lzl, ) | (3-77)
==L Yk



Iim fQ max { u A (x,0) }dP (w) = a(xi‘ (3-78)
1o lékénl Yk? ' .

If we use the following notation,

U ,(x,w), (3-79)

'(x,0)5 sup max
k

Uhy 1510 1£kSn,)

u
By
then all we have to show is

u (x,0)= uUAY‘(x,w) for ail xeX and P a.e.we(3-80)

UAy
In the fdllowing statements x(eX) is arbitrarily fixed. The
same relations as 2),3) are also valid for this new subse-

quence, we have

uAY-(x,w)é uUAY'(x,w) for all YisF and P a.e. weR,
i ‘
and (3-81)
?3g< u AY.(x,w)_ﬁ_ uuAY'(x,w) for P a.e. WER. (3-82)
<isn, i
- 73]
Hence we have
UUAY(x;w)é Hupy ' (Xr0) | (3-83)

The converse relation

uUAy'(x;w)é “UAY(X'“)' | | (3-84)
follows in much the same way.

(Q.E.D.)

Although the abovestated procedure of union is rather com-
~plicated, it can be simplified.in a case that the index set T is
at most countably infinite. For example, the union of A and B (
whose defining functions are uA(x,w) and uB(x,w), respectively)

may be defined by

uAUB(X’w)z maX{UA(er) IUB(XIU)) }I . _ : ‘ (3"'85)
for each xeX and each wef , and the union of {An}n:l may be de-
fined by
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uoo (x,w)= sup { u, (x,0)|15n<=}, (3-86)

UAp Ap
for each x€X and each wefl, The complexity in a general case a-
rises from the fact that M is not always closed by more than

countably,infinite operations (cf.[Prop.3-3]).

The "intersection" of‘{AY}Yer, which is denoted by nAY' is
“a dual concept of "union® UAY’ and it is defined as follows. Put

(x,w) |12isn} dP(w)lnsN,YiSF}, (3-87)

b(x)= inf {/,min{u
| _ Byi

0% b(x)< 1, | | (3-88)

and choose a countably infinite subsequence {min{u -(x,w)|l§i§‘
: Avyj
" _

n%ﬁnjeN,YiEF}j=l such that
lim f, min{ u (x,w) |15in.}dP (w)= b(x), (3-89)
. . Y ij_ - -]
00 ‘
and define ‘

~ . << <3 - |

unAy(x,w) inf{min{ uAYi(x,m)]lzlznj}[l=3<w} . (3-90)
The justification of this definition will also be ensured by the
same proposition as Prop.3-4. (Change simbols U,C to ,D, re-
spectively in Prop.3-4.)

Some other useful concepts or operations in P(X) could be
defined. They will be summarized as follows. The justification of
these definitions is also ensured by Prop.3-3.

[Def.3-9]
total set X
ux(x,w)= 1 for all XaX and a.e. wef, (3-91)
(this notation will be omitted till (3-98).)
void set (or null set) ¢
u¢(X,w)= 0, : - (3-92)

complement of A AS




UAC(XIQ)z 1 - UA(XIw)I . (3—93)

‘difference A-B

‘QA_B(x,w)=‘max{O,ﬁA(x,w)*ﬂB(x,w)}, . ' ’ (3-94)

symmetric difference AAB
Mang (kr0)= U (x,0) -ug (x,0) r . (3-95)

algebraic sum AG®B

uA@B(Xlw)z UA(X,®)+UB(X}N)“UA(X,N)UB(XJN)' ’ (3—96)

A sum AKB (where 03XS1)

o power A"  (where 02o)
' o
Mo (x,0)= QA(x,w) ' | (3-98)
- i3 13 w .

superior limit of {A } _,
TimA= 0 U Ao ; (3-99)
n>® n=1 k=n "

. * . 3 . ) w

inferior llmlt of {An}n=l
. _ 0 © .
lim A =y N By (3-100)
n-+o n=1 k=n

An ordered pair (uA(x,w),uB(x,w)) is said to be a direct product

of A and B, and is denoted by AXB.

Ay is said to be an one point probabilistic setiat yexX, if its

defining function Up (x,w) satisfies
_ Y
fo ¥a (x,w) +dP (w) = 0 xFy
Y (3-101)
> 0 X=y.

Ay is said to be a full one point probabilistic set at yeX, if

its defining function Ha (x,w) satisfies
' y
fo ¥a (x,w) -dP ()= 0 x¥y
Yy (3-102)

1 X=Y .

58



3-5. SOME PROPERTIES OF PROBABILISTIC SETS.

Some properties of probabilistic seﬁs can be characterized-
- from a lattice theoretical viewpoint [6].
A family of probabilistic sets (P(X),C) constitutes a poset
_(cf. the remark of [Def. 3-8]). For arbitraiy A,B (eP (X)), thére
exist.a supremum AUB and an infimum ANB with respect to this par—
tial order C(see [Prop.3-4] 2) and 3)). Hence the poset (P(X),)
- forms a lattice and the foliowing propoéition holds. (Npte that a
set of the following properties is a necessary and sufficient

condition of being a lattice.)

'1[Prop.3—5]
' For atbitrary A,B,C(gP (X)), we have .
commutativity |
AUB= BUa, - (3—103)‘ aAllB= BA, | (3-104)
associativity _

(aAUuB)UC= Al (BYC),(3-105) (anNB)Nc=an@Nc), (3-106)
""" absorption law ‘
AU(ANB)= A, ~ (3-107) AN(AUB)= A. (3-108)
It is also possible.to show that there exist pseudo comple-.
ments in P(X). Let A and B be arbitrarily fi#ed two probabiliétic
isets whose defining functions are uA(x,w) and uB(x,w),respective—
ly. Consider the‘following equation,
uA.(x,w)= 1 if uA(x,w)é uB(x,w) (3-109)
Hp (x,w0) 1f uy (x,w)> upix,0) .
For each X(EX), UA,(X,') is a (B,Bc)—measurable function and is

an element of M, since a set {wluB(x,m)—uA(x,w); 0} belongs to B
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(i.e. this set is measurable). Hence it is possible to define a

probabilistic set A’ by the equation (3-109). It is also clear

that A' is the largest Poset (Eartially ordered set)
Lattice

probabilistic set of

those C's which satis-— Modular lattice

Distributive lattice

fy ANCCB (CE€ P(X)). Pseudo-Boolean algebra

. Al 1
In this sense, 1ls Boolean algebra

said to be a Eseudo

complement of A rela-

tive to B. Hence (P(X),

) constitutes a séudo— . . T .
) pee Fig.3-3. An inclusion diagram of

Boolean algebra (cf.Fig. various lattices.

3-3 and [7]). (A pseudo- Boolean algebra is a relative complenent-
ed lattice with a minimum element. In this case the minimum ele-
ment is ¢.)

Moreover, for arbitrary {AY}YEF(C:P(X)) (T: possibly infi-
nite), the existence of UAY and ﬂAY was shown in a previous sec-
tion and they played a role of a supremum and an infimum with re-
spect to the order . Hence it is concluded that the lattice (P
(X) ,c) is complete, and so we can obtain the following theorem
3-1 from a lattice theoretical viewpoint.

[Theorem 3-1]
A family of probabilistic sets ( P(X),C) constitutes a
complete pseudo-Boolean algebra.
Remark: In ordinary set theory, a family of all subsets con-
stiiutes a complete Boolean algebra. The difference between

the two is lack of complemented law (i.e. AUACEX, AﬂAc+ $) .
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In probabiiistic set theory, it is essential to consider
ambiguous states, so we can not get ahy definite informa-
tions if we know that the considered object is not in one
state. In ordinary set theory, thever, we can definitely
conclude that the considered object is in énother state
from the information that it is not in dne state. (Note
that ordinary set theory can be considered to be a two-
valued logic.) Hence the lack of complemehted law is un-
avoidable in probabilistic set theory. |
Since a notion of pseudo-Boolean algebra is included in
that of distributive lattice (cf. Fig.3—3f, a distributive law
holds in (P(X),Z) . Moreover, in connection with its completeness,
we can generalize commutative law, associative.law}«distributive
law, and de-Morgan's law as follows. |
[Prop.3-6] '

For arbitrary subfamilies of probabilistic sets ﬁ&;Ygr and

{BA}AEA , we have
generalized associative law _
( U A Yyt U B, )= U (&,B,)), } (3-110)
vel ¥ Aeh A YA Y A o _
(N a H)Ne N B, )= N - ® N8, (3-111)
vyel Y Al YA Y -

generalized distributive law

(U a ) )»Ne Uy B, )=U &as,), (3-112)
yeT Y Ael A YA Y(] A

( N a Yyt N B, =N (& UB,), (3-113)
yel Y rel A YA Y _k : .

generalized de-Morgan's law

( Ua =N a° | (3-114)
YeT Y yeT ¥
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(N a)=U a°  (3-115)
yel Y yer 7

proof
generalized associative law (3-110)

It is sufficient to show, for each fixed xeX,

max { sup max ﬁA (%x,w), sup max Hp (x,w)} =
159<e 15isn Y1 121<» 12kSn, Ak
= sup max {ﬂA (x,w),-uB (x,w)} for P a.e. wef.
155" <o léilf__n.' Yit >‘f|'\_' v
153 <A, (3-116)

J _
By applying Prop.3-4, we hav

U, (x,w)S the right side of (3-116) for P a.e.umﬁlallYiSR

Ay
(3-117)
, max M (x,w)$ the right side of (3-116)
15isn7Yi .
J for P a.e. wef, all njeN, - (3-118)
£ sup max Ha (x,w)S the right side of (3-116)
T 189<e 12isn, Yi
J for P a.e. wel. - (3-119)
In the same manner, we have
sup  max g, (x,0)S the right side of (3-116)
181<w 15kSn, Tk
for P a.e. well. ' (3-120)
Hence we can conclude by (3-119),(3-120) that
the left side of (3-116)% the right side of (3-116)
for P a.e. wefl. (3-121)
Contrary to this, since we have
My (x,0)S the left side of (3-116)
Yi
for P a.e. wefl, all Yi,sF, (3-122)
Mgy o (x,w)S the left side of (3-116)
i’ :
-for P a.e. wefl, all Ai.eA, (3-123)
therefore
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max {UA (x,w),UB o (=, w)}S the left side of (3-116)
1si'Sn. Yy Ag
121'<h g ~ for P a.e. weQ, all j'eN. - (3-124)

Taking the upper limit of the left side of (3-124) with

respect to j', we have

.the rlght side of (3- 116)< the left side of (3- ll6)v'

for P a.e. we, E _ (3—125)

Hence the desired result (3—116) can be ebtained.
generalized associative law (3-111)

It will be easily confirmed in much the same way as (3-116).

Exchange "sup" and "max" for "1nf" and "mln , respectively.
generalized distributive law (3-112)

All we have to show is that, under the restriction of xeX

being arbitrarily fixed, :
min {sup max Hao (%x,0), sup ‘max ‘ g,  (x,0)}=
18j<=1<isn Yi 1Sk<wlgign, M ‘

= sup max min{uA' (x,w),ﬁB (x,0)} for P a.e. wef.
181<o 1Sisn i Aj
(3-126)

Since for each y.eF,

Up (x w)$ sup max Mp (X,w) for P a.e. weQ, (3#127)
Yi l<j<ool<15nJ i :

and since for each A.EA,

Hp (x,w)S sup max 1IN (x,0) for P a.e. wef, "(3-128)
Aj 1<k<w1<£isn n, Al

we can conclude that

min {u (x w)}< the left side of (3-126)

(x,w)
Ayp Ty
for P a.e. wel, - (3-129)
max min{uA_ (x,w),uBk (x,0) }< the left side of (3—126)
i

lgignl Yi _ _
for P a.e. weQ, (3-130)



’. the right side of (3-126)S the left side of (3-126)
for P a.e. Wel, (3-131)
On the other hand wé have

the left side of (3-126)= sup min{ﬂAY'(x,w),uBX_(x,w)},
i i
(3-132)

where the least ﬁpper bound is taken in the region of all
indeces Yi's and Xi'svappeared in the left side of (3-126).
Whereas we have
min{uAYi(x,Q);uBXi(x,w)}i the right side of (3-126)
for P a.e. wef, (3-133)
therefore
the left side of (3-126)S the right side of (3-126)
for P a.e. weR, (3-134)
and the desired result (3-126) can be confirmed.
generalized distributive law (3-113)
It will be obtained in the same manner as (3-126).
generalized de-Morgan's law
In order to prove (3-114), it is sﬁfficient to show, for

each xeX,

1 - suyp max u (x,w)= inf min { 1 - M (x,w) 1}
15g<e léiénj Yi 1Sk<o 181%n, Y1
for P a.e. WeR. ' (3-135)

We shall omit to give a proof of (3-135), since it can be
obtéined in much the same manner as abovemenfioned discus-
sions. Another de-Morgan's law (3-115) can be obtained in
the same way.

(0.E.D.)
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Some other importanf properties in P(X) will be mentioned
in the folldwing without proofs. (all the following statements
will be easily confirmed by an investigationvin terms of defining
functions of probabilistic sets.)

[Prop.3-7]
For arbitrary A,B,C(eP(X)), we have
idempotent law
AUA=n, (3-136) ANA= A, o - (3-137)
involution law A
- a%=a, | (3-138)
elimination law |

aAUB= aUC ,
} —— B= C, . (3-139)
anB= aflc -

identity law

alx= X, (3-140) ANX= A, - (3-141)
AU¢= A, | (3-142) A Nd= ¢, (3-143)
[Prop.3—8]

For arbitrary {An}n:l(Cj%X)), we have

lim AnCZIim An’ (3-144)
N ->c0 n s : .

Iim A °= (lim A )%, | (3-145)
n - n ->w :

If A,CA 2C... CA C..., then we have

lim An= llm<An= U n* S (3-146)
n e n -+ n=1 : :

If A ;DA 223..._—_>An:>. .., then we have,

lim A = Tim A = (N A_. (3-147)
n > N >0 n n(—)l n ’

If A2n+1= A and A2n= B, then we have
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[Prop.

lim Ah= AMNB and lim An= AUB. (3-148)

n->o n+oo
3-9]

Each of (P(X),U), (P(X),N),(P(X),+), and (P(X),®) constitutes

‘a commutative monoid (i.e. a commutative semigroup with a unit)

and, for atbitrary A,B,C(eP(X)), we have
AAB= (A-B)U (B-3), | v ©(3-149)
aeB= (A°8%)°, | (3-150)
A-BCA(\BCA*BCAUBCA@B.« (3-151)
Remark : In ordinary set theory, it is possible to define six-
teen different kinds of binary operations. (Because the to-
tal space X can be devided in four regions for arbitrary
subsets A and B, there exist 2"=16 combinations,) Among'
these sixteen binary operations, symmet;ic différencé AAB
haé a very good property from an algebraic viewpoint, name-
ly, it constitutes an Abelian group. In probabilistic set
theory, however, (P(X),A) doesn't satisfy such a good prop-
erty. On the contrary, it doesn't satisfy associative'iaw.
[Prop.3-10]
Let.XY(YeP) be prural total spaces (possibly infinite), then
we have
U rPxN)CP (UX), (3-152)
yel v yel ¥
N rpaxo=2( N x). (3-153)
veT Y yel Y
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-3-6. INDUCED IMAGES OF PROBABILISTIC SETS

AND PROBABILISTIC MAPPINGS.

A probabilistic set A on a total space X was defined by a
defining function HA(x,w). In this section, we shall cohsider-two
total spaces xX={x}, y={y} and a mapping f from X'to Y. We shall |
~discuss induced'images of probabilistic sets by the mapping f.:

Let £ be a mapping‘from X to Y, |

f: oo — Y.

w w , _ (3-154)
X > f (x) ' '
An image f(A) of an (ordinary) subset A of X by f is defined by

£(a)={£f(x)| xeA} (V). | - " (3-155)

Conversely, an inverse image f—l(B) of an (ordinary) subset B of
Y by £ is defined by, |
£l (B)=1{x | f(x)=y, yeB}
= Yy lye B (=x). o o (3-156) -
In the case that A and B are probabilistic sets, the same notions
can be defined as follows. o
[Def.3-10]
We assume that f:X—-Y is a mapping and that Be:P(Y) (the

defining function is u,(y,w) for yve¥Y, we ). An induced inverse
B v

image f—l(B) of the probabilistic set B by f is defined as a
probabilistic set on X by the following defining function,
uf_l(B)(x,w)é uB(f(x),w) fqr all xeX and P a.e. wef.(3-157)

Let A be a probabilistic set on X whose defining function is “A(

X,w), then an induced image f£(A) of A by f is defined as a proba-

bilistic set on X by the following defining function,
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uf(A)(y,w)= sup{uA(x,w)Ixef—l(y)} for all yeY and P a.e.weQ.
| (3-158)
~ Remark : In the equaﬁion (3-158), if £ 1(y)= ¢ then the value
of the right side is, of course, the minimum-value 0.
[Prop.3-117 |

In the situation of Def 3-10, we have the following proper-

ties; ’
1) BieB o> slehes e, (3-159)
2y £ U= £ B U e B, - (3-160)
3y e rene= @ net e, | -~ (3-16D)
5 £1e%9=1m°, - (3-162)
5) a A = £(A)<f(A), (3-163)
6)  E(AUA)= £(A) U £(Ry), | E (3-164)
7y E(ANA)C £(A) (| E(R), | L (3-165)
8) acel(em), ? (3-166)
9) B OE(£I(B)). |  (3-167)
proof

1) Hg-1p,y ()= ug (E0X),0)8 pg (£00),0)= ue-1 (g, ) (X/0)
for all xeX and P a.e. wef. (3-168)

s leee . ‘ (3-169)
2) Uf—l(BIUBZ)(X,w}= uBIUBZ(f(X),w)=

= maX{uBl(f(x),w),uBz(f(X),w)}=

= max{uf-—l (Bl) (X,LU) ’ ]Jf-l (BZ) (Xlw)}
“f-l(Bl)Uf—l(Bz)(x’w) for all xeX and P a.e. wef.(3-170)
e (BUB ) = £ BOUE (B, - | (3-171)

3) (£(x) ,0)

uf—l(B1ﬂBz)(X'w)= UBlnBz
= min{uBl(f(x),w), uBz(f(X),w)}
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4)

5)

6)

7)

8)

-“-1:‘(A1nA.o_)(Y'“’)= Sub_y

= min{ Uf_l(Bl)(Xlw)t uf—l(Bz)(x'w) }=

= pf—l(Bl)nf—l(Bz)(x,w) for all xeX and P a.e. weQ. (3-172)
e hEine) = £ e N, (3-173)
be=1(p%) (4/0)= pe (£(x) ,0)= 1= i (£0x) )

= 1- uf-l(B)(x,w)= uf-l(B)c(x,m) for all xeX apd P a.e. WeQ

(3-174)

-1

o f 1

(8S)= £+ (B)C. (3-175)

s <
uAl(x,w) = sup_,

Y (y,w)= sup_
£(Ay) 1 xef “(y

-(x,w)=
xef ~(y) 2

u
) A

= uf(Az)(Y,w) for all yey and P a.e. weR. (3-176)

o F(A)CE(A2) . | (3-177)

uA1UA2(x’w) =

u \ (y,w)= sup_
f(A1UA2) e f l(y)

= sup_ max{p, (x,w),n . (x,0)}=
<ef l(y) Aq A2

= max { sﬁp_ M, (x,w), sup_ ., (x,w)} =
xef L(y) M xef L(y) P2 -

= max'{uf(Al)(Y,w),11f(A2)(er)} =
= uf(Al)Uf(Az)(y’w) for all yeY and P a.e. wef. (3-178)
& E(AUA2)= £(A1) U £(A2). (3-179)

{u (x,w) }=
xEf v(y) AlnA2 .

= sup_. min{ p, (x,w),u, (x,w)} £
xef ~ (y) A Az

A

min {sup_l uAl(x,w), sup_; M

(x,0)} =
xef “(y) xef “(y) '

A2

= min{ﬂf(Al)(Y,w),ﬁf(Az)(Y,w)} =

uf(A1)ﬂf(A2)(y'w) for all yeY and P a.e. wel. (3-180)

S E(AINA) S E(A;) N £(A2). (3-181)

Memlig(a)) (Xr0)= Mg (p) (£(x) ,0)= sup_; Uy (2,0) 2

zef “(f(x))



2 uA(x,w) for all xeX and P a.e. wefl,

‘ f—l(f(A)):JA.

¢ 3

9) For each yeY such that f—l(y)+¢, we have

Vet (py) (Yo 0)= ig?-l(y) Heml(p) (xo9)= ig?—l(y)
= ﬁB(y,w) . for P a.e. wefl,

For each yeY such that f_l(y)=¢, we have
- = 0% :
uf(f l(B))(y,w) 0= uB(y,w) for P a.e. WeR,
Hence we have

(£ 1 (®)) = B.

A mapping £ from X to Y is usually defined as a

ence from an element x(eX) to an element y(eY). There

(3-182)

(3-183)

ng (£(x) ,0)=

(3-184)

(3-185)

(3-186)
(Q.E.D.)
correspond-

also exist

some variations such as a set function (a correspondence from a

subset A(CX) to an element y(eY)) and a multivalued mapping ( a

correspondenceéfrom an element x(eX) to a subset B(CY)). The con-

cept of set functions and multivalued mappings play an important

role in the fields of measure theory [8] and functional analysis

[9], respectively. In the field of pattern recognition or learn-

ing theory, it is essential to consider an ambiguous correspond-

ence (i.e. a probabilistic mapping) [10][11] which will be defined

as follows.

[Def.3-11]

A probabilistic mapping f from X to ¥ on a parameter space

(Qm,Bm,Pm) is defined by
£: XxQ ——> Y.

w w
(x,wm) — f(x,wm)
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Some extended concepts can be defined in connection with
probabilistic mappings, such as induced images and induced in-
verse images of probabilistic sets by a probabilistic mapping,
and some properties can also be investigated.v
[Def.3-12] |

Let £:XxQ >Y be a probabilistic mapping, and B be a

m

probabilistic set on Y whose defining function is'uB(y,w) (v

€Y, we®). An induced inverse image £ (B) of B by f is defined
by the following defining function,
uf—l(B)(x,(w,wm))= uB(f(x,wm),w) for all xexf
P a.e. weq, Pm a.e.wmeﬂm.(3—1$8)
If A is a probabilistic set on X whose defining function is Up

(x,w) (xeX,wef), then an induced image f(A) of A by f is de-

fined by the following defining function,

H (v, (w,w_))= sup ' . {(x,w)
f(A) m {le(x’wm)=y} A

for all yeY, P a.e. wey, Pm a.e. wmsﬂm. (3-189)
The same proposition as Prop.3-11 is also valid in this

case except (3-166) and (3-167), but it is omitted here.
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3-7. MOMENT ANALYSIS OF PROBABILISTIC SETS.

The parametervspace (2,B,P) is a (probability) measure space
and plays an essential role in applications of probabilistic sét
theory. By using the measure P of this parameter space, we can
carry out moment analysis. The possibility of moment analysis is
one of the most important features in probabilistic set theory
and can not be found out in other general theories such as fuzzy
set theory. |
[Def.3-12]

Let A be a probabilistic set'on X whose defining function
is ﬁA(x,w). For each fixed x(€X), mean value E(UA)(X), variance
V(pA)(x), standard deviation O(ﬁA)(x), n-th moment MP(QA)(X),
n-th moment around mean value Mg(ﬁA)(x), nfth absolute moﬁent
around mean value Mg(uA)(x) are defined as follows..

E(ny) (x)= Sghp (x,0) P () (5 M (up) (x)) (3-190)

V(ﬁA)(x)=-fQ(uA(x,w)—E(uA)(x))zdp(m) ( M2(u) (), (3-191)

o (uy) (x)= VW) (%, (3-192)
™ (uy) ()= Souy (x,0) 7P () (neN), | (3-193)
MR () ()= S (i (36,0) =E () (x)) P -dR (0, (3-194)
WD () ()= Toluy (x,0) =B (1) (o) |Prap @) (3-195)

The justification of abovestated definitions is ensured by
Prop.3-3, and the following properties follow from these defini-
tions.

[Prop.3-12]
In the situation of Def.3-12, we have

02 E(uA)(x)é 1 for all xeX, ~ (3-196)
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proof

0% ot M () () M (uy) (S M (1) (x) 2 E(M,) (0

S0 ) 03P e ) 033 L1 for all xex,

Vi,) (x)= M2 (1) (x)- (E(nA)(X))2 for all xeX, (3-198)

nzm (2 1) > o< Mg(pA)(x); MO(u)) (x)S 1 for all xeX,
' | (3-199)

. n — s =h _ ' -
lim Mo(uA)(x)— lim MO(uA)(x)— 0 for all xeX. (3-200)
n->o » n--o .

In the following statements, x(eX) is arbitrarily fixed.

Since uA(x,-) is (B,Bc)—measurable and

Oé UA(XI' é l, » (3"201)

therefore we have

= - < | . S . = » —

0 IQO dP(w) < fQuA(x,@) dP(w) < le dP(w)_ 1. ,(3‘202)
If n2 m, then |

< ; n¢ Mg (3

02 u, (2,w) 72 Mp (%,w)7s 1. ) (3-203)

Integrating each term, we have

0% M7 (1p) (x)E M7 (np) ()E 1. | (3-204)

If we consider the well-known HOlder's inequality [12],

folEw)g) [ -ap s (7, | £(w) |5 ap(w)) /s,
f(fgl g(w)|t~dP(w))l/t,

v(l/é)+(l/t)= 1, s,t> 1, : ' (3-205)

and if we put

f(w)K uA(x,w)m, g(@)z 1, s% n/m, tK n/(n-m), (3-206)
then we have

fgua (0 MaR (WS (7 uy (0 PaR @)™, (3-207)
therefore

0" () G0 MM ) o 3R L (3-208)
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By (3-204) and (3-208), we have (3-197) . A direct calculation
shows (3-198). We can easily verify (3-199) in much the same
way as (3-197). At last we shall give a proof of (3-200) by

using the Lebesgue's dominated convergence theorem [5].

. Sy n '
iig IQ(UA(x,w)—E(uA)(X)) «dP (w)
=7, iig (UA(x,w)—E(ﬁA)(x))n-dP(w)= [o0-dP(w)= 0.  (3-209)
’ ' (Q.E.D.)
[Def.3-13]

Let A and B be probabilistic sets on X. For each fixed xeX,

covariance C(uA,UB)(x) and correlation coefficient r(uA,pB)(x)

are defined by
Cluy,ug) (X)= {Q(uA(x,w)-E<uA)(x))-(uB(x.w)—E(uB)(x))-dp(w),
(3-210)

r(uy g) (X)= Cliy,up) (0)/ JTTR) (R Vgl (3 (3-211)
(If V(uA)(x)-V(uB)(x)=-0, r(uA,uB)(x)‘is not defined.)
[Prop.3-13]

In the situation of Def.3-13, we have

Clup,up) (x)= V() (X)), (3-212)
Cluy mg) ()= E(uy,up) (x)= E(iy) (x) "Elug) (x), - (3-213)
0% [ C 1y ug) (30 | Viny) (0 Ving) (0 1, (3-214)
0% |r(uy,ug) (0[S 1, (3-215)

+ . ‘
r(uy,ng) (x)= 21 ) there exist real numbers a and b
such that uA(x,w)= a-uB(x,w)+b for P a.e.wef .(3-216)
[Def.3~-14]
Let A1,Az,...,An be probabilistic sets on X whose defining
functions are uAl(x,w), qu(x,w),...,uAn(x,w), respectively.

For arbitrary x,y(eX), moment matrix M(x,y) and variance-covar-
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iance matrix V(x,y) of Al,Az,...,An-are defined by

MG, y)= Img 51 1<i,4¢n

where m .= fQﬁAi(x,w)-ij(x,w)-dp(@), (3-217)
Viy= Ivy 51 121,950
where v; = IQ(uAi(x,w)—E(nAi)(X))-(uAj(x,w)-E(uA_)(X))-

-dP(wi(3—218)
[Prop.3-14]

| Both M(x,x) and V(x,x) are positive-definite, symmetric
matrices.

proof

We shall mention only the positiveness of M(x,x).
n
325 fQuA_(x,w)uA_(x,w)dP(w)=
1 J
(x,0) -dP (w) =

Q2
J

n
X a.u, (x,w)-a.p
ig=1 AL A

n
fﬂ[-i aiuAi(x,w)lzdp(w); 0, (3-219)

i=1
for all aiec(complex numbers) .

(Q.E.D.)

75



3-8. EXPECTED CARDINAL NUMBER.

In ordinary set theory, a notion of the cardinal number of a

finite set is defined as the number of elements of the set [13].
This conce?t can be extended to probabilistic set theory as fol-
lows.

[Def.3-15]

Let A be a probabilistic set on X whose defining function

is ﬂA(X:N)- The expected support of A is defined as the follow-
ing (ordinary) subset of X,
supp A= {x| xeX, E(1,) (x)= Soup (x,0)dP (0) > 0}, (3-220)

and the expected cardinal number of A, denoted by #A, is defined

by
$A= T (fq uA(x,w)dP(w)) if #supp AS Yo
X g SUppA (3-221)
$ suppA if #supp A> X,.
where #supp A stands for the cardinal number of supp;A;and
X, stands for the cardinal number of N(all natural numbers).
[Prop.3-15] |
g p0= (4 w3 tE, (3-222)
proof
T+ is clear from the definition of probabilistic sets and
P(X). o
(Q.E.D.)
Remark : In ordinary set theory, the cardinal number of all
subsets of X is equal to Z#X. However, in probabilistic set

theory, the cardinal number of P(X) is given by (3-222),

which is much larger than Z#X.
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3~9. RELATIONS

There was no restriction about the fotal space X in the de-
finition of probabilistic seﬁs;_except that it was a set.rHence,
we may regard the total épace as a direct product of two sets.
Such a subétitution makes it possible to expahd a notion of ( or-
dinary) binary relations [14]. | |
[Def.3-16] |

Let a direct product Xx¥={ (x,y)| xeX,yeY} be the total .
.space. A probabilistic set R on XxY is called a relation on XxY,
(XxY) % ———~———~9[0,l].‘

o o | (3-223)
((x,¥),0) —>u  ((x,7) ,w) '

MRt

A relation on XxX is called a binary relation on X.

Remark : To clarify the description, the concrete meaning is
given: If UR((X1,X2),N)= 1 for P a.e. wel, then there exists
the relation R between x; and x,. Conversely, if UR((X1,X2),
w)= 0 for P a.e. wefl, then there is no éonnection between x;
and x, from a viewpoint of the relation R. All other cases
indicate that the relation R between'él and x; is ambiguous.
For arbitrary relatibns R; and R,, several composite notions
can be defined in terms of operations of probabilistic sets,
“such as inclusion R;=R;, equality R;=Rj, union R,UR,, inter-
section R,\R,, and complement R;C.

[Def.3~17]

| | Let R be a binary relation on X. For arbitrary x;,X;eX, X,

and x, are said to have a relation R with gradé ale [0,1]) if
uR((xl,xz),w)g a for P a.e. wef. . (3~224)
These notions can be successfully applied to, for example,

clﬁstering analysis [15][16].
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3-10.CHARACTERIZATION OF PROBABILISTIC SETS AS A NON-CLASSICAL

LOGIC.

A foundation of ordinary set theory is {0,1} two-valued log-
ic. Two valued logic can be characterized as a complete Boolean

algebra, and it is called a classical logic. The concept of proba-

bilistic sets was characterized as a complete pseudo~Boolean al-

gebra (Theorem 3-1), hence it can be regarded as a non-classical

logic. There exist so many non-classical logics such as modal log-

ig[l?],.many-valued logic [181, gquantum logic [19], and fuzzy log-
ic{20]. Among these various non-classical logics, fuzzy logic is
very semilar to the concept of probacilistic sets, because 1) fuzzy
loglc also constitutes a complete pseudo-Boolean algebra, 2)fuzzy
logic has been developed as a mathematical method to deal w1th am=
biguity and subjectivity. We shall compare the concept of proba-
bilistic sets with other non-classical lcgics, especially with
various fuzzy concepts.

A (classical) fuzzy set A on a total space X is:defined by
a [0,1]?valued mapping on X, called the memberéhip function of A
[21]. If we restrict the notion of the family of characteristic
variables M (Def. 3-7) to the (proper) sub class of all constant
functions, then defining functions of probabilistic sets beconé [0,
1]-valued functions of single variable x(ex), andvthey can be i-
dentified with membership functions of fuzzy seté. Hence we can
conclude that the notion of probabilistic setsiinclude classical
fuzzy concepts.

There is also an investigation of probabilistic measure of
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fuzzy eventsv[22]. A distinction between the total space X and
the parameter space (Q,B,P) is very important in probabilistic
set theory. The concept of probabilistic sets>differs intrinsical-
;1Y from Zadeh's way of thinking [22] in this point.
| A notion of fuzzy set of type 2 [23] is introduced in order
to dissdlve the difficulty of settling a definité ambiguous de-
‘gree. Fuzzy set of type n is also characterized by n step recur-
. sively defined ambiguity. However the number of steps (i.e. n)
has no upper bound and, to make matters worse, realistic meanings
“decline as n increases; In probabilistic sets, the‘ambiguity is
“arranged on the parameter space and fealistic meanings are made
:Clear in connection with subjectivity and ?ersonality of bbservers.
A family of probabilistic sets constituteé a complete pseudo-
Boolean élgebra (Theorem 3~1). A pseudo-Boolean algebra is a sub-
class of distributive latticés (cf. Figl3—3). Hence, from a lat-
~tice theoretical viewpoint [24], prbbabilistic set theory takes
 its position between L-fuzzy set theory [25] and Boolean algebra
ivalued‘set theory [26].
: In probabilistic set theory, the parameter space (2,B,P)
:plays an important role, but it has ho restriction except that it'sa
‘probabilistic measure spéce. The most important task in applica-
tioné is a suitable choice of the parameter space, especially is an
-establishment of probability measure P. At last, we woﬁld like to
'add that there is no need to recollect probabilistic randomness

like casting a dice in spite of a diction "probabilistic" sets.
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CHAPTER. 4

EXTENDED FUZZY EXPRESSION

OF PROBABILISTIC SETS.
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4-1, INTRODUCTION.

The information about a probabilistic set A is expressed
completely by a pair (uA(x,w),P(w)), where ﬂA(x,w) is the defining
function of A, and P(w) is the probability measure of the paramé—
ter space . The pair (uA(x,w),P(w)) will be dalled a "probabili-
‘stic expression" of the probabilistic set A. |

The main purpose of the present chapter is to introduce an-
other mutually equivalent expression of probabilistic sets, called
an "extended fuzzy expreséion". The extended fuzzy expression of
A is givenvby a countably infinite set of functions (called "méni—
“tors")‘{mAn(x)}n:l. The moment analysis shows that the main infor-
mation is concentrated on lower monifors such as mAl(x) (called a
"membership function" of A) and VA(X)K mAz(x)—-(mAl(x))2 (called a
‘"vagueness function" of A). It is sufficient practically to consid-
er both the membership function and the vagueness function. From
the possibility of two mutually equivalént expressions of probabil-
istic sets, we can draw an intefesting conclusion to the "fuzzy vs
jprobability" contrbversy: The classical fuzzy.concept, i.e. the
’notion of membershib functions alone introduced by L.A.Zadeﬁ ('65),
is not sufficient. However, if other concepts such as vaguenéss
functions are taken into consideration in addition to‘the notion
of membership functions, then the modified fuizy concepts, called
extended fuzzy expression,'prbvide the same information as the
hotion of probability. Hence the equality between the nbtionrof
"(modified) fuzzy" and that of "prébability" is confirmed thebret~
ically. Moreover, by using membership functions, vagueness fﬁnc— |

tions and higher monitiors successively, we can expect to obtain
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useful results which are differént from the results given by prob-

abilistic approaches.
"We shall also mention about the extended fuzzy expression

of plural probabilistic sets and the fundamental operations of

probabilistic sets in terms of the extended fuzzy expression.
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4-2.EXTENDED FUZZY EXPRESSION OF A SINGLE

PROBABILISTIC SET.

A probabilistic set A on the total Space X was defined by
a defining function UA(x,w) from Xx{ to Qc=[0,l] (Def.3—8); whefe
';pA(x;-) was the (B,Bc)—measurable function for each fixed xeX,
and the probability spade (2,B,P) was called the parameter space.
._Heﬁce the probabilistic set A can be expressed completely by both
uA(x,w) and P(w) (exactly speaking, by both uA(x,w) and (Q,B,P)).-‘

A pair (uA(x,w),P(w)) will be called a probabilistic expression

of the probabilistic set A. It is also possible to express the
probabilistic set A by another expression, called an extended

fuzzy expression which will be given in the following.

Consider the following induced probability measure @Atx;r)
on (9¢,B¢) (=([0,1],Borel sets)) for each fixed x(eX),

9, (x,E) 5 P({wluA(x,w)eE })‘ for all EeB_. (4-1)
If we do not consider the structure of Q(since the important
point is not each parameter we, but the evaluation value uA(x,w)
in_Qc), then we may consider that @A(x,-) has the same informa-
tion as (uA(x,w),P(m)). We can consider the following transforma-
;Htion from @A(x,') to ¢A(x,t) (where teR(real numbers)) for each
fixed xeX, |

0, (x,E)5 Slexp(ita)-do, (x,q) . | (4-2)
This transformation has an inverse (cf. Levy-Haviland inversion
formula in probability theory [1]) . Hence it can be concluded
b that ¢A(x,t) has the same informatiqn as @A(x,-). Moreover, the

following propositions hold.
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[Prop. 4-1]

n .
A .
—A = i Iy (2, ) 1 | (4-3)
2t t=0 :
proof
First, we shall give the proof in the case of n=l.
¢A(X,t+h)"‘¢A(X,t)
lim 0
h->0
_ linlflexp(i(t+h)a)~exp(ita) as. (x,0)
h-0 ° h AT
1 : - '
= 1lim S eXP‘l'got) L exp(ite) a0, (x,a)
h-0 ©° '
. ) _ .
= [ lim exp(lﬁu) 1 exp(ito) d@A(x,a)
0h0
(cf. Lebesgue's dominated convergence theorem [21)
1 . _
= foia-exp(ita)-déA(x,a). . (4—4)'
3¢A(xlt) ] 1 , H
’ - = 1f0aoexp(1ta).d®A(x,a). (4-5)
1
Lim 2022 507 qin g.exp(ita) -d0, (x,0) .
t-+0 3t  t-0
(cf. Lebesgue's theorem [2])
1
= i foa déA(X,a)
=1 IQUA(X,w)°dP(w) | v
= i'E[uA(X,')]. (4-6)
& |t=0" TElp(xe) 1 . (4-7)
The desired result (4-3) will be obtained in almost the
same manner.
(Q.E.D.)
[Prop.4-2]
? i n n
o (x,8)= o o7 M lua(x, 01t (4-8)
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proof

[Prop.

From a previous proposition 4-1 and Taylor's formula [3];

we have
N
Al T P e, ) 1€ Ry, oF (4-9)

where RN(x,t) is the remalnder,

Ry b, 8)= (N+i)' (N+1)¢A(X'S) £ ML) (g<<1) (4-10)
o S(N+l) S:Gt ' ]
. (N+1)
= ﬁéii)! foa(N+l)'eXP(ieta)~d®A(x,a). (4-11)

It can be shown that RN(x,t) uniformly tends to zero as N

tends to infinity:

(N+1)
IRN(X t)|< J(—I\T_!:I—)T—— J a (N+1) dq) (X o)

ltl (N+1) 1
W fod@A(X,OL)

(N+1)

(N+1)7
C(N+l)

w™WFLy

1N

~ for all te(-C,C)

i

N>

—_—3 0 uniformly. | (4-12)
Hence we can conc;ude that ¢A(x,t) is an analytic function
of t for each xeX and that (4-8) is valid.
(Q.E.D.)
1-3] |

" Since each n-th moment Mn[uA(x,-)} is a function of xeX, we

shall use the following notations,
n . o} . -
o (k) g M T (%, 0) ] | (4-13)
¢A(x t)= £, (1"/n1) .m,"(x) - £" (4-14)
Then we have

1) nzme=y 1= m° (02 m," (02 m,"(x)2 0. (4-15)
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2) For each fixed x€X, ¢A(x,t) (4-14) 1is a.pdsitive definite

function of teR in Bochner's sense [4], i.e. for each

neN, tl,tz,...,tneR, 21,zz,...,zn€c(complex numbers) ,

we have : . .
n ‘ o v IS
' §~ zi¢A(x,ti—tj)zj = (..zi..) ..¢A(x,ti~tj).. zj
i, =1 . : .
2 0. | - (4-16)
3) If we consider the folloWing function wA(x,t),
wA(X,t)K ¢A(Xl—it) r . g (4"17)

then wA(x,t) is a monotone non-deéreasing function of t
for each fixed xeX. (wA(x,t) is called a moment genexr-—

ating function [5].)

proof
1) It was already shown (cf. Prop.3—12.(3~197)).
2) Since we have
1 : .
¢A(x,t)= foexp(ita)«dQA(x,u), o (4-18)
a direct calculation shows the desired result (4-16) ,i.e.
T oz.0, (x,t.~t.)z. =
i,5 i'A i 3]
1 . o _
= fﬂ _Z.vziexp(l(ti—tj)a)zj d@A(x,a)
1,3] »
1 : :
- : 2 > : -
= f0|§ zi.exp(ltiu)l d@A(x,a) z 0. (4 19)
3) It is clear because we have
1 . . .
wA(x,t)= foexp(ta)-dQA(x,a). : (4-20)
(0.E.D.)
[Prop.4-4]

[es]
Let {mAn(x)}n=l be a countable set of functions which sat-

isfy three conditions 1) 2) 3) mentioned in Prop.4-3. Then
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proof

1)

2

we can construct uniquely a probability measure @A(x,a) on

(QC,BC)(=([O,l],Borel'sets)).

For the time being, x(eX) is arbitrarily fixed. Since, by

a condition 2), ¢A(x,t) is continuous at t=0 and is a poéi-
tive definite function of t fbr each fixed xeX, there ex-
ists a measure @A(X,d) on R (not necessariiy on [0,1]) and
we have |

¢A(x,t)= re exp(ita)-d@A(x,a), (4-21)

O
(by using Bochner's theorem in Fourier transformation theo-

ry [6]). Moreover @A(x,a)'becomes a probability measure,

because we have

¢ (x,0)= My

Ox)= 1= s° ae, (x,0), C (4-22)
by using (4-14), (4-15), (4-21). |

=00
The uniqueness of the probability measure @A(x,a) will be
shown in the following. It is sufficient to show that from
the premise of

¢A(x,t)= fcnexp(ita)-déAgx,u)

-—C0

= f“’exp(ita)-d®A(x,a),” » v (4-23)

=00

we can conclude @A(x,a)= @A‘(x,a). Here we can define a prob-

ability measure ¥(a) by

2
Let D be a set of all atoms with respect to the probability

Y()= 3 (9, (x,0) + 2,'(x,0)).  4-20)
measure Y,

D= {a_| ¥({a })> 0, n=1,2,...}. ; o (4-25)

(It must be noted that the set D is at most countably infi-
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3)

nite.) Hence we have
®A(x,{a = @A'(x,{a})= 0, - - (4-24)

for each element a that doesn't beiong to D. (Note that

¥ ({a})= 0 for such an element a.) Let's consider an interval

I=(a,b]. Then we have in general,
i a '
3, (x,I7)S o, (x, 1) 2, (x,I7), . (4-25)
i

@A'(X,I‘)é 2" (x,1)2 @A'(X,Ia). | o (4-26)

If we choose the end-points a,b from Dc, then we haVe'by

(4-24) ,(4-23) and Levy-Haviland inversion formula (11,

i a iy _

9, (x,1)= 2, (x,I7)= 0, (x,I7)= 2,' (x,I7) = @A-(g,za)= @, " (x,1)
(4-27)

Let IO=(—w,a0] be an arbitrarily fixed interval. We can

choose a countably infinite interval-sequence {In=(an,bn]}

o]

c
n=1 (where an,bnsD ) such that
I, 7 Iy , (4-28)
because the set D¢ is dense in R(all real numbers). Since
we have by (4-27)
@A(X,In)= @A'(X,Ih) for all n=1,2,... - (4-29)
and since probability measures are monotone, we have
— t . -

@A(X,Io)— @A (x,IO). : | (4-30)
Hence we can obtain

—_ ] ) : - :
@A(x,u)— @A (x,0). . | - (4-31)
Finally we shall give a proof of @A(x,a) being a probabil-
ity measure on [0,1l]= Qc. Here all we have to show is
For an arbitrary number a(>1), consider the following setv

Ua'
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U= (==,-a) U (a,+) | | (4-33)

Considering the condition (4-15), we have

12 £ (x) \y 20, o - (4-34)
where

o 2
£ (0 [, 07t (x,0). | - (4-35)
Since ‘

2n 2n
> . > 4ot .

an(x)= fUaa d@A(x,a)= a @A(x,qa), (4-36)
we have
o, (x,U )= 0 for all a>l. ' (4~37)

(If @A(X,Ua)>-0, then (4-36) and (4—34)-cause a contradic-

tion.) Considering that @A(x,a) is'monotone and that.a(>1).

can be arbitrarily chosen, we have |

@A(x,Ul)= 0. , (4-38)

Hence we have ' |

¢, (%, [-1,1])= 1. | (4-39)
Let a be an arbitrary,negative number. We shall prove

that

0, (%, (~=,a))= 0. | | (4-40)

In fact, since we have |

1
\PA(Xrt)': f_..l

N
I3

exp(ta)d@A(x}u)

v

exp(ta)-d@A(x,a)

2 exp(ta) o, (x,(-=,a))  for t< 0,  (4-41)
we can conclude (4-40). (If @A(x,(—w,a))> 0, then the right
side of (4-41) (hence WA(x,t)) tends to 4+« as t tends to

e This contradicts the third assumption, i.e. WA(x,t) is
a‘monotone non-decreasing function of t.) Since @A(x,a) is

monotone, we have
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®, (x, (==,0))= 0. (4-42)
Considering (4-39) and (4-42), we can obtain the desired
result (4-32).
(Q.E.D.)
The noteworthy point from above propositions is summarized
as the following theorem 4-1.
[Theorem 4-1]
The probabilistic expression (pA(x,w),P(m))Aof the proba-

bilistic set A has another.equivalént_expression {mAn(x)}

©

_~ Where
n=0
_ 0 m n -
1) nz m 1= my o (x)Z m, (x)2 my (x)z 0, (4 43)
2) For each fixed xeX,
0, (x, 005 3 (i7/n1) om " (x) - t” | ~ (4-44)

n=0 .
is a positive definite function of teER.

3) For each fixed xeX,
' . @ n n
Vo (x, )5 ¢, (x,-it) = rlEo(l/rn,/) my (%) -t | (4-45)
is a monotone non-decreasing function of t.
[Def.4-1]
A set of countably infinite functions {mAn(x)}n:o with

three conditions 1) 2) 3) in theorem 4-1 is called an ex-

tended fuzzy expression of the probabilistic set A. The

function mAn(x) is called a n-th monitor of A; especially

mAl(X) is called a membership function of A, and a function

VA(X)K mAz(x)—(mAl(x))2 is called a vagueness function of

A.

Many discussions have been done on fuzzy concepts since L.

A. Zadeh presented his paper [7]. Some anti-fuzzy scientists
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é have been persisting that the fuzziness is not a new concept and

. that so-called fuzzy concepts can be derived by probability and

- two-valued logic. Whereas other fuzzy scientists have been insist-

-ihg that the fuzziness is one thing and the (probabilistic) ran-

; domness is another. From the facts described above, we may con-

ficlude that,

)

2)

E

There are two possible approaches to the'problemiof ambigﬁity
and subjectivity, i.e. avprobabilistic expression and an ex-
tended fuzzy expression.

The two approaches are mutualiy equivalent frem a theoretical
viewpoint. The most important point, however, is that there
may exist several differences between the;tw? approachee in
applications. In probabilistic expression, the basic idea is

to give a probability distribution, whereas, in extended fuzzy

expression, it is to provide a membership function, a vagueness

function and so on. Hence it may be possible to obtain differ-
ent kinds of useful results according to each approach.

It wae shown that although the notion of membership funetion

(by L.A.Zadeh) provided an important information, it was not
sufficient; We must consider a vagueness funetion and other
higher monitors in order to get a good epproximation. However,
it was also shown that the important information was concentrat-
ed on lower monitors such as a membership function and a vague-

ness function.



" 4-3.EXTENDED FUZZY EXPRESSION OF PLURAL PROBABILISTIC SETS.

At first we shall deal with a case of two probabilistic
sets. Let A and B be two probabilistic sets on X whose defining
functions are uA(x,w) and UB(X,w)irespectively. A triplet (UA(X,

w),pB(x,m),P(w)) is called a probabilistic expresgsion of A and B.

We shall derive another expression, called an extended'fuzzy ex-

pression of A and B, in the following.
We can introduce a probability measure o, B(x,-) on (2.xQ_,
. ,B* c e
BcXBe) (=([0,11%,Borel sets)) by
" w— 1
@A’B(X,EXE )Z P({mluA(x,w)sE}n{wlpB(x,w)eE 1)
' for all E,E'€B_. . (4-46)

This probability measure ¢ (x,*) provides the same information

A,B
as the probabilistic expression. (The reason has already mention-
ed in the case of a single probabilistic set.) It is‘easy to see
that moment relations are preserved,
n,m o n_ m,
fofoa B ~d®A,B(x,(u,8))— Joup (x,0) g (x,0) - AP ()
— - n . m —
7 Bluy (%) Mg (x,0) 7] (4-47)

We can consider a transformation from ¢ (x,*) to ¢ ‘(x,(s,t))
A,B A,B

by .
v 11
¢A,B(X,(S,t))z fofo exp(l(sa+t8))-d@A’B(x,(u,B)). (4~-48)
[Prop.4~5]
The transformation (4-48) has an inverse,'i.e;
1 1
I 4 xtazag,ay) X (Biby b)) ~d0, p(x, (a,8))

—iazs_e—ials e—ibzt_e—iblt

. 1,2, T T e
Tos+oo 27 -7 - -18 it A,B »
.dsdt,  (4-49)
where
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‘proof

'f X (a; al,az) «d%(a)= lim

0 a.< a, 21, 05 b,<b.S 1-

1 2 1 2
x(a;al,a2)= 1 a;< o< a,
1/2 o= a, or a, (4-50)

0 - otherwise.

It will be sufficient to show a one dimensional case, i.e.
p o~lazs_, -iays
EF 4 -is
T+ -T

¢ (s)ds. (4-51)

(Here we use simplified notations.)

By applying the Fubini's theorem [8], we have
-iagzs_ e—lals

F(T)= fo ¢ (s)ds

-1s

T(faz e—lXS 148

1
dx)(foe dd (a))ds

1 a T .
2. is(o-x)
IOdQ(a)faldx J g€ ds

il

1 a .
2 de(a)f, 251“ T(x-a) 4,

it

x=a _
= 2f d@(a)fggz ) ednw au
= 2f0 {G(T(ay-2))-G(T(aj-a))} d@(a),v 3 (4—52)
where  G(x)= /., SiD Y gy, - O (4-53)

Since G(x) 1is continuous and since lim G(x)= (m/2) ; lim G(x)
R0 3 =00

= -(1/2), G(x) is bounded and the right hand side of (4-52)

is also bounded. Hence we can apply the Lebesgue's dominated

convergence theorem [2], -and we have

1
lim F(T)= 2/ 1lim {G(T(a -a)) G(T(a -a))}-de (o)
T>+oo -0 e
= ans‘ X (a;a;,a,) -d% (a) . '».‘(4554)

(Q.E.D.)
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We shali give several comments. Let FA B(x,(G,B)), defined by
. 14
B(X,(G,B))EIQA’B(x,(-w,Q]X(~“,S]), (4-55)

be a cumulative distribution function. Then we have

1) A B(x (,B)) 7/ with respect to o and B, . (4-56)

2) lim (x,(0,B))= 0, 1lim F (x,(a,B))= 1, (4-57)
Oc'B__)_mAB o Brie ArB

3) lim A B(x (o+h,B+k) )= F B(x,(oc,B)) (right continuous).(4-58)
h,k>+0 By

Conversely, it is well-known [9] that a probability measure @A B
. 7

(x,+) can be unigquely constructed by Fa B(x,(a,B)) which satisfies
: 7
(4—56),(4—57),(4—58). Therefore there exists an one to one corres-

pondence between @A,B(x,a) and FA’B(X,(Q,B)). 1f @A,B(x,-) is abe

solutely continuous and can be expressed by

B(x E)=

A E A B

where fA B(x,(a,B)) is a non-negative, Baire function of o and B
7 .

(x, (a,B)) .dodB for all EeBCXBc, (4-59)

with an integral value 1, then fA B(X,(a,B)) is said to be a prob-
14

ability density function (p.d.f.) of @A B(x,'). If there exists
_ : ,

~ the p.d.f. fA'B(x,(u,B)) of @A’B(x,-), then we have

- O B

g(x,(a,B))= S o fA’B(X.(a,B))-dadB. (4-60)
[Prop. 4-6]
If ¢, p(x,(s,t)) belongs to LY(R?) as a function of (s,t),
14

then @A,B(x,f) has a continuous p.d.f. fA,B(x,(a,B)) and the
following relation holds,

'(ocs+‘[5t).¢A

B(X,(d,B))= ( ) f f B(x,(s,t))-dsdt.

(4-61)
Eroof
We have in general

(X (a1,az)X(b1,bz))< f ol X(a al,az) X(B by ,b2) -
(x (a,8))
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£ 09 A, B(X laj,a2]1x[by,b21). _ : 4 ' (4-62)
The sign of equality in (4-62) is wvalid, if FA'B(X,(Q,B)) is
continuous on the boundary of {(a,B)]ali‘aé az, b12 BSL by}. If
we take a limit h,k++0, where positive numbefs h and k are chosen
such that FA'B(x,(u,B)) is continuous on tﬁe boundary‘of {(a,6)|
co-hS af ag+h, Bo-kS BS Bo+k} (this pfocedure is possible because

of (4-56),(4-57),(4-58)), then we have
B(X,(aorﬁo))

(%, (ao+h Botk)) “Fp (do‘h130+k))—
= lim A B ;
" h, k40 (2h) (2k)

A B(X (agth, By k))+F (ao*hrﬁo—k))

o 1 e4i(uo+h)s_e-i(am—h)s
= am JARE T2m Y [T 1S .
I’ N
o1 (Botk)t_ ~i(Bo-k)t
. — 3% - -¢A’B(x,(s,t))-dsdt
e © o —iggs sin sh -~iBpt sin tk ' ,
Tam EnE el e "—sh ¢ Ttk %a,px/(s.8))
' -dsdt
o . -1 +Bot) sin sh sin tk
= 2 5° 1im e tlaestBot) x0 (x,(s,t))
(2m) 2 = e b0 sh tk BB 3sde
_ 1 o e —i(agstBot) - _
Tz —wod ® ¢p,p(Xs(s,8)) dsdt. (4-63)

(Here we used the Lebesgue's dominated convergence theorem
[2] and the fact that ¢A B(x (s,t)) was 1ntegrable )
The continuity of fA B(x (o, B)) (i.e. A,B(x‘,(cc+h,8+k))—> fA,B(X
(0,8)) (h,k»0)) is also confirmed by using the Lébesgue’s domi—’
nated convergence theorem.
(Q.E.D.)
[Pro§.4—7]
There exists a partial derivafive of ¢A’th,(s,t)) of arbi-

trary order with respect to s and t, and we have



p Dt (x, (s,t))

] - ‘
2,8 = i E, (%, Mg (x, )L (4-69)
as™ Bt s=t=0
proof ,
205,50 (8:8)) a0 (sthE)) - Gy p(x, (S, E)
os = o h
h>0
oi((s+h)a+td) i (so+tB)
= lim ff § de (X,~(0L,B))
o h A,B
iho .
= lin JFl— e1(8“+t3)d¢A'B(x,<a;B))
iho
= 57 1im S (SUTER) ge L (x, (0, 8))
h+0

(cf. Lebesgue's dominated covergence theorem [2])

= isf aet S5 Blae (x, (,8)). (4-65)

Lim  9%a (% (s,8))
s,t>0 9s

= if/1lim o ei(S“+tB)d¢A B(x,(a;s))
s, t>0 '

= iff<xd®A'B(x,(u,B))= i~E[uA(x,-)]. (4-66)

We can obtain (4-64) almost in the same manner.

(Q.E;D.)
[Prop.4-8]
© n .
0p gl (s,8)= 3 o T AMIED, () g e, ) TTISTERT
n=0 r=0
proof ' (4-67)

By applying the Taylor's theorem of a function of two vari-

ables [10], we have

N n
: _ 1 .n /n I E .\ n-r, r n-r
n=0 r=0 v .
Ry, p (X0 (s,8)),  (4-68)
where the remainder R (x,(s,t)) 1is given by
N SR w1l s WLy (%, (s,t))
(x,(s,t))= ==+~ L ( ) A,B'r YR/ T N+1l-r
A B (N+1)/ r=0 r N+1l-r t
s~ ot s~es
t=6t
. 0< 6¢<1
1 Ml o1 N#l., r, N+l-r i0(sat+tB) .. |
=-(m by (r)l JI o™ B e d@AB(X:(Of-rB))'
¢ =0 : :
ST (4-69)
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N i < N+1 . .
R s L8,t I 1 N+1 r N+l-r
|Ry (s (5,8)) |2 wor O ) Il T8 . |
M r= : . i
r N+l-xr
| 'Q®A,B(x,(u,8))|s| ltj
N+1
| 1 N+1, . N+1- +1-
=Dy 2 Cr VB G T ug e ) T ] e N
. r= . .
< 1 'Ngl(N+l”S|r|th+l-—r
(N+1)/ =0 T
(2C)N+l . '
= W07 for all (s,t)e{(s,t)|s?®+t?< Cc?}
ﬁjif__q; 0 uniformly. } , , (4-70)

Therefore, we haﬁe (4-67) .
(Q.E.D.)
[Prop. 4-9]
We shall use the following notations in the éame manner as

the case of a single probabilistic set,

my B ) F By (x, ugT (x, ) 1, - (4-7n
_ > 1 2o n r,n-r r ,n-r
¢A B(X'(S’t))K X 57 Loi -(r)- ' {(x).8" .t . (4-72)
! n=0 r=0 !
Then we have,
1) 1= my’ D (x)2 my T (x) 2 mz'ém'(x); 0 (n'Zn, m'2 m), (4-73)
14 ' 4 14 . .
2) wA,B(x,(s,t))K ¢A,B(x,(-is,~it)), : (4-74)

is a monotone non-decreasing function of (s,t) for each x(eX).

3) For each fixed x, ¢A-B(x,(s,t)) is a positive definite func-
4

‘tion of (s,t); i.e. for neN, (sl,tl),...,(sn,tn)eR v ZlreeesZ

eC, we have
n ———
L Z.,+¢ (x,(s.~s.,t.-t.)) 2.
i,3=1 i *A,B i 737 7i |

se L}

v
o

(x,(si—sj,ti-tj))...

:i. LN ’¢A'B

|

(4-75)

pProof
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1) ,2) It is clear from the followingbequations,

my g ()= S gup () ?;nu5<x mtapw), (4-76)
¢A B(x (s,t))= f v exp(sa+t8)d® (x,(a,B)). (4-77)
3) Since |

. - _

¢A,B(X(s’t))= fofoexp(i(sa+t8))d@A’B(x,(a,B))j (4-78)
we have

Z Z . x,(s.-s.,t.-t.))z.
i i%a g (%, (s sJ,tl J))zJ

1t

Ir i%jzieXp(i((Si'sj)“+(ti"tj)B)'Zj d®A’B(x,(a,B))

I/ I oz, -exp(l(s a+t, B)) exp (- 1(s a+t B))- zj ®A B(x,(a,B))

i,3
= rf |§ zi.exp(i(sia+ti8))l2 d@A’B(x,(a,B)); 0. (4-79)
(Q.E.D.)

[Prop.4-10]

(o]

Let {m (x)} be a countably infinite function matrix

n,m=0

with three propertles 1),2),3) described in Prop.4-11. Then we

can constitute uniquely a probability measure ¢ (x,-) on (ch

A,B
QC,BCXBC) (=([0,11%,Borel sets)).

proof
1) Since ¢A B(x (s,t)) defined by (4-72) is continuous at (s, t)=
(0,0) for each x and is a positive definite functlon, we can
define a measure QA,B( . ) oan (cf. the Bochner's theorem

[6]) and we have

bp s (5, 00)= S50 0t 50 an, e, (a,8)) . (4-80)

Moreover, the measure &, B(x,') becomes a probability measure
14

on R?, since we have

65 5% (0,0)= PG = 1= ST 17a8, 5(x, (a,B)) - (4-81)

2) We shall prove the uniqueness of & (x,-). It is sufficient

A,B

98



\J
to show @A'B(x,-)= ®A,B

¢A,B(x,(s,t))= Ir exp(i(sa+t8))-dQA’B(X,(a,B))

(x,°) from the assumption of

= ff'exp(i(sa+t8))'d®i B(x,(a,B)). (4-82)
r
Consider the following probability measure ¥(-) on R?,
~ 1 . T . _
¥(.)= §{®A,B(x,-)+¢AlB(x, )}, (4-83)

and the following hyperplanes on R?(i.e. lines)

Hi(a)= {(a,B)| Be(—>,=) }, - |  (4-84)

Hz (a)= {(a,a)| ag(-=,») }. -.(4—85)
Since a set of a's such that

W(Hi(a))> 0 i=1l,or 2, ' (4-86)
is at most countable, we shall write it by |

D {ai'n] i=1,2, n=1,2,.... }. ‘ (4-87)
Then we have
| @A,B(x,Hi(a))= QA,B(Xin(a))= 0 i=1,2, aeD®. (4-88) -
If wé choose an interval I,

1= {(a,B)] ai< af az, bi< BS b2}, (4-89)
such that a1,az,b1,bz€DC, then we have, by (4-82) and the
Levy—Haviland‘inversion formula [11,

0p, 500 = 0 H 06, TN = 0y L0, T = o) L0k, 1= o) (k1)

=0 p(x,D .. . (4-90)

Leﬁ an interval Io be

Tog (==,00]%{(-=,B0], | . (4-91)
where (uo,Bo)(eRz) is arbitrarily fixed. Then we have

25,5 (¥rTo)= 24 p(x,To). (4-92)
(Since D€ is dense, we can select a countable sequence of

intervalS'ﬁn}n: such that

1 :
_ 1 2 1 .2 1 2 .1 .2 c _
I= (an,an]x(sn,en] where apsa B ,8 €D, - (4-93)
I/ To. (4-94)



Here,

A B(x I ) ,B(X'In) n=1,2,.... , (4-95)

is valid by (4-90). Considering the monotone-property of prob-
ability measures, we have (4-92).)
Therefore, we have QA,B( )— ¢!

tioned remark that there exists an one to one correspondence

A, B( ,*). (Note the abovemen-
between the cumulative distribution function and the probabil—
ity measure.)

3) Finally, we shall prove that & (x,+) is a probability meas-

’ A,B
ure on [0,11%, i.e.
B(x,[O,l]X[O,l])= 1. (4-96)

Let a be an arbitrary, positive number which is greater than

1, and put
UaK (—oo,—a)x(_oo,oo) U (a'oo)x(—oo’oo)_ (4_97)
Since the following equations hold,
' 20,0 L @ @ 2D
My B (x)=f__J_ d<1>A g (%, (a,B))
2 /1y o®td, L(x,(a,B))
a
> _2 v
2 a0, p(x,U D (4-98)
2n,0
> ’ : -
1z my 4 (x) '\ 2 0, | (4-99)
we have
A B(x U )-~ 0 for all a>1. _ ' (4—100)

Considering the fact that @A B(x,-) is monotone, we have
' ’

¢y, p (%)= 0. : . (4-101)

We can also verify that

A (%, V)= ' ’ , (4-102)
where
V= (mey@)x (=, =1) U (-e,@)x(1,), N (4-103)
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in almost the same manner as (4-101). Heﬁce, from (4-101) and
(4-102), we have

¢ 506 [=1,10x[-1,1)= 1, | (4-104)
i.e. @A,B(x,-) becomes a probability measure on [-1,1]2.

In the next place, put

U= {(a,B)]| a< a, Be (= ,»)} where ac[-1,0). . (4-105)
If we substitute t=0 in (4-74) and (4-80), then we have

(x,(s,0))= (x,(-is,0))

IpA,B ¢A,B

= f_ifil exp(soc) 'dq)'A'B(Xr (OLIB))

2 f_iffi exp(sa) -d9, o(x,(a,B))

v

exp(su)-@A,B(x,Ua) for s< 0. - (4-106)

1f QA B(x,Ua)> 0, then the right hand side of (4-106) tends to
r .
+© as s tends to -». This contradicts the monotone-assumption

of wA,B(x,(s,t)). Hence we have

@A’B(X,Ua)= 0 for all ae[-1,0). (4-107)
Since the measure @A B(x,') is monotone, we have
14
@A'B(X,U0)= 0. o | - (4-108)

We can also conclude that

on g(X/V)= 0, | (4-109)
where
Vo= {(a,B) | o e(~=,»), B< 0} . : , (4-110)

Considering (4-108) and (4-109), we can obtain the desired

result
9y, p(x,10,11x[0,1])= 1, _ - (4-111)
i.e. N B(x,') is a probability measure on [0,1]2.
, .

(Q.E.D.)
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With these propositions, the following theorem is demon=-

strated.
[Theorem 4-2]
The probabilistic expression (pA(x,w),uB(x,w),P(w))vof two

probabilistic sets A and B has another equivalent expression

{ (x)}  where
n,n=0 ‘
1) 1= 2 g(x)> mz M%)z m X ém}(x); 0 (n’;n,‘m*;m), (4-112)

2) For each fixed xeX,

. |
by g (s, tF 5 2 B i" (Dl BT TN, (4-113)
’ n ! = . .

is a positive definite function of (s,t).
3) For each fixed xe&X,
is a monotone non-decreasing function of (s,t).
[Def.4-2]
P . ;| .
A countably infinite function-matrix {mA B(x)}n m=o With
three conditions 1)2)3) in theorem 4-2 is called an extended

fuzzy expression of the probabilistic sets A and B. The function

mz'g(x) is called a (n,m)-th monitor of A and B;'especially,

m (x)A i B(x) is called a mempership function of A, mB(X)E

g é(x) is called a membership function of B, Vv (X)E m ’B(x)—
0 2

~(m B(x))2 is called a vagueness function of A, Vv (x)A O B(X)—

_(mo'l(x))2 is called a vagueness function of B, vA B(X)K
14

l’l(x)—ml'o(x)-mo’l(x) is called a co-vagueness function of A

In the extended fuzzy expression of A and B, the important
information is concentrated on lower monitors. In most applica-

~tions, it will be sufficient practically to.give the l-st and the
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2-nd monitors, i.e.

/1/,/ m, (x) VA(’E),
mB(x) VA,B(fll' X : : : (4-111)
vg(x) 7% X .

We have been discussing about the extended fuzzy expressioh
of two probabilistic sets. It will be eaéily'verified to expand
~this notion into the case of more than‘two (in general, n) proba-
i bilistic sets. Moreover.it is possible to develop this extended
fuzzy expression to the case of iﬁfinite (possibly non-countably

infinite) probabilistic sets: Let {AY}YET be a family of proba-

bilistic sets (possibly infinite), whose probabilistic expression

P(w)). Then its extended fuzzy expres-

is given by ({UAY(X,w)}YSF,

sion is given as follows. Let I={Yr/ﬁ:---er} be an arbitrary,

‘finite subset of T. An extended fuzzy expression of {AY}YEI is
_ given by a set of monitors {mh!rB2r---s/0n (x)} ®
. A A ,a-c,A

ni,N2,¢..,n_=0°
.er Yo Ym_ 1y ’ "m |

Consider a class of such sets of monitors for all finite subsets

~I's of T. Then the class is called an extended fuzzy expression

of {AY}YET'
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4.4 OPERATIONS OF PROBABILISTIC SETS

IN TERMS OF EXTENDED FUZZY EXPRESSION.

We.defined several operations of prQbabilistic'sets such as
union (3-63), intersection (3-90) aﬁd_k—sum [Def.3-9]. However,
all of these operétions were defined in terms of defining func-
tions. It is also possible to define these operations in terms of
monitors. | |

Let {mg'g(x)} be a set of monitors of two probabilistic
2 .

n,m=0

sets A and B. Then, for each x€X, we can constitute uniquely a

probability measure ¢ (x,+) on [0,1] by Prop 4-10. By using

A,B
this probability measure, we can define monitors of various bina-

ry operations of A and B as follows:
1) the union of A and B (AUB)
For each fixed x€X, we can constitute a probability measure

QAUB(X,-) on ([0,1], Borel sets ) by

S(x,(a,b))= & (B, | (4-112)

A A B
where E= {(a,s)l a< max(a,B)< b, a,B efo0,11} ;_ (4-113)

Then the n-th monitor is given by

n, . ,'on 4
my g (0= £hado, n(x,0) . | (4-114)

2) the intersection of A and B (AMB)

¢pnp (%s (@/0)) 5 9y g (x,E), | (4-115)
where E—'{(a,s)l a< min(e,B)< b, o,8 €[0,11} . (4-116)
Mang (X)= flo"de, o (x,a). (4-117)

3) the A-sum of A and B (A;‘-B)
A{B(x (a b))% o5 p(X/E), (4-118)

where E= {(a,B)| ac Aa+(L-A)B< b, a,B €10, 1]} . (4-119)

P (x)= foan o, o (x,0). (4-120)

m
A{B F
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4) the algebraic sum of A and B (A9 B)
QAQB(X'(a’b))Z QA’B(XIE)l
where E= {(a,B)| a< a+B-aB< b, a,Be[0,1]1}
1
n _ n,
Mpon (x)= foa d®A$B(x,a).
~5) the algebraic product of A and B (A.B)

@A.B(Xl(alb))z ®A,B(X'E)(
where E= {(a,B)| a< aB< b, a,Becl[0,11 } .

1
n, .\ _ n_
My .5 (X)= foa do, pix,a).

Other operations can be defined in almost the same manner.
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Youth 1lives on hope, old age on rememdrance.
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CHAPTER. 5

AMBIGUITY BASED ON SUBJECTIVE ENTROPY.
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5-1. INTRODUCTION.

The problems of ambiguity and subjectivity were visualized
in chapter 2; and a new approach, called probabilistic set theory,
was also proposed. There are two mutually equivalent expressions
of probabilistic sets, i.e. probabilistic expression and extended
fuzzy expression.

However, there exists another general approach to ambiguity,
i.e. the eoncept of Shannon's entropy. In this chapter, probabil-
istic sete are investigated from a viewpoint of Shannon's entropy.
It is summarized as a notion of subjective entropy; and the
mutual relationship of probability, fuzzy theory and entropy is
also investigated.

The important points are summarized as follows:

1) the subjective entropy can be expressed by using both member-
ship function of fuzzy sets and probability,

2) the notion of subjective entropy is superior to classical
fuzzy theory,

3) the concept of subjective entropy and that of vagueness func-
tion (of extended fuzzy expression) are independent each other,
hence the notion of subjective entropy is properly included in
that of probabilistic sets. |

In the first place, we shall deal with subjective entropy
of a single probabilistic set, and after that a case of plural
probabilistic sets is mentioned. Lastly, a result is reported on

a questionnaire about a decipherment of handwritten characters.
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5-2. THE SIMPLEST STRUCTURE OF PROBABILISTIC SETS.

Let X={x} be a total space, i.e. a set of objects we want
to discuss. A probabilistic set’A on X is defined by a defining
function'uA, | |
Mad X% ————>1[0,1], '
W W ' (5-1)
(x,0) b——u, (x,w)

where (2,B,P) is a probability space, called a parameter space
“(cf. Def. 3-8). The pair (uA(x,w),P(w)) is called a probabilistic
eXpression of A. There also exists another muﬁually eéuivalent
‘definition of probabilistic sets, i.e. an extended fuzzy expres-
sion. It consists of a éountable family of monitors {mAn(x)}n:l
(cf. chap. 4).

To clarify the deécription, an example is given. Let X={$1,

X2 ,X3} be a set of handwritten characters as shown in Fig.5-1,

~and A be a probabilistic set of

"characters which look like an
~alphabetical character A". Here,
the parameter space Q is a set

of eight testees w;,W2,...,Ws,

and a uniform probability meas-
X1 X2 ' X3
ure is assumed;
Q= {wy,w2,...,08} , (5=2) Fig.5-1. Ambiguous characters. .
P({wi})= 1/8. (5-3) (an example of a total
~Consider the case that each ’ - space X.)
. character X, is presented to all

testees, and that each testee is supposed to make a five level

answer whether the presented character looks like A or not. The
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- defining function UA(xi,wj) is characterized as wj's answer to
the question whether X is A, (The value range from 0(="no") to

1(="yes") with 0.25 in between.) The result is shown, for exam-

Hp (X ,02) '

A 1] mA(Xi) vA(xi) H(xi,A)
. (VR ] (V) w3 Wy . Wsg We w7 Ws o
X . A
x,/lo.  lo.5 |0.5 |0.25|0.5 |0.75]0.5 1. || 0.5 0.08 [{2.70
xo{{1. |O0. |1. 0. {1. 1. (0. 0. || 0.5 0.25 1.
xs|[0.5 [0.5 [0.5 |0.5 0.5 [0.5 0.5 0.5 0.5 0. 1.

Table 5-1. A numerical example of a probabilistic set A.

ple, as in Table 5-1. From a viewpoint of the extended fuzzy ex-
pression of A, lower monifors are also shown in Table 5-1; i.e.
the membership function mA(xi) and the vagueness function'vA(xi).
(Note that the membership function and the vagueness function
correspond to a mean-value and a variance in probabilistic ex-
pression, respectively.)
Since we have,

my(x1)= My (x2)= my(xs)= 0.5, o (5-4)
there are no differencesvamong three characters from a viewpoint
of the membershipfunction. Whereas the vagueness function VA(Xi)
has>a maximum 0.25 at x». But the evaluation value uA(x?,mj) is
either 0 (by four testees) or 1 (by also four testees), so the
structure of x, from a viewpoint of the probabilistic set A is
simple compared with that of x;. (Note that uA(xl,wj) attains
five different values from 0 to 1 with 0.25 in between.) It will
be natural to consider that x; has a very complicated structure,

since five different standards of judgements are taken part in
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" the answers given by testees. But we cannot guess this interest-
ing fact directly by using'a membership function nor a vagueness
function. Hence we would like.to introduce a new measure which
indicated.a degree of complexity of probabilistic sets.

With regards to‘this point, it is necessary for us to make
clear the notion of "complexity" (or conversély "simplicity"):of
’probabilistic sets. We have already defined a binary operatioh of
A-sum A{B of two probabilistic sets A and B by

(x,0)= Nty (6,0) + (I-Dugle,e)  (0SAE 1),  (5-5)

A

"agB
(cf. (3-97)). The operation A-sum was defined by introducing in-
bformation of A and B in the ratio A:(1l-A). If we reconsider this
operation and we assume that an arbitrarily given probabilistic
set is decomposed into two probabilistic sets as in the right
side of (5-5), then the two probabilistic sets generated by.the
‘decomposition may be considered to have a simpler structure than
“the original, given probabilistic set. We would like to define,
‘as might be suspected, the simplest structure of probabilistic
" sets as the structure of probabilistic sets that could not be de-
composed into more simplified one. We shall define this fact as
a "pure state" as follows.
[Def. 5-1]

An object x(eX) is said to be in a pure state with respect

to a probabilistic set A (on X), if there exists a (O,l)Fpositive
number A and the following statement is satisfied; From the asF
sumption of

uA(x,w)= AﬂB(X,w)+(1—A)uC(x,w) for P a.e. wef,: ' (Sf6)

we can conclude that,
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uA(x,w)= uB(g,@)= uc(x,w) for P a.e. wefd. (5-7)

The pure state is exactly characterized és'a limiting state that
can not be decomposed into more detailed one. Another represen-
tation in the following theorem allows the facts to be read easi-
ly.

[Theorem 5—1]

A necessary and sufficient condition of k(ex) being in a
pure state with réSpect to A is that the value bf the‘definihg
function is either 0 or 1, i.e.

Hp (x,0) e{0,1} for P a.e. wef. ' (5-8)

proof | |
1) First we show (5—8) from (5-6) and (5-7) by a contrapositive.
If (5-8) is invalid, then we have

Tova
Qo= {wluA(x,w)é m}, P(Qe)> 0. (5-10)

(x,w)dP(w)=m where 0< m< 1, (5-9)

Consider the case ofmz (1/2) and put
ug (x,0)= lro(w)~uA(X,w)+(l/m)-lQ°(w)-uA(x,w), (5-11)
ne(xyw)= 1o clw) -ty (x,0) +(2-(1/m)) - 1o (w) “up (x,0), (5-12)
where ls(m) is a characteristic function of an ordinary set S

of Q, i.e.

ls(w)= 1 | we S
(5-13)
0 w e s°.
Then we have
up (x,0) F 1o (x,0) on o, (5-14)
Wy (5,00 = (1/2) ~ug (%,0)+ (1= (1/2)) g (x,0) - (5-15)

Hence we can conclude that x is not in a pure state with re-

spect to A. It will also be easily verified in the case of
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m<(1/2).
>2) In the next place, we derive (5-7) under assumptions 6f (5-8)
and (5-6). Put |
2 QoUy = {w]uA(x,w):O} L}{wluA(x,w)=l}; | (5-16)
Hp (%,0)= Aug (,0) +(1-Dug(x,0)  (0< A< 1). o (5-17)
Then we have, for each element w of o,
| 0= g (x,0) + (1= pg (x,0) , - (5-18)
S0= 1y (x,0)= ug(x,0) = uc(x,w) . | : (5-19)
For each element w of ;, we have also
1= up (%,0) = up(x,0)= uc(x,w)v, " (5-20)
in almost the same manner. | o |
(Q.E.D.)
Let us refer to the first example of Tabl; 5-1. It will‘be
{—easily confirmed that the character x» is in a pure state with re-
;;spect to A. In Ehe case of x;, the answér uA(xl,-) varies in value
v from 0 to 1 with 0;25 in bétweén. Here the value UA(X1;wu)= 0.25,
~ for example, may be expressed by both {Oyl}—two values and a notion
T}of probability, if we make a decomposition of (5-6) by meddling in
}wq's state of mind. But the discussion of meddling in a state of
. mind is practically impossible and it does not mean anything. The
;iﬁportant point is not a state of mind but an evalﬁation value of
 uA(xi,wj) itself. This way of thinking has developed into-the the-

~ory of probabilistic sets.
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5-3. SUBJECTIVE ENTROPY OF PROBABILISTIC SETS IN FINITE STATES.

' In this section, we introduce a measure which expresses.the
complexity of probabilistic sets based on a concept of entropy by
C.E.Shannon [(11.

Before going into the main argument, the necessafy funda-
mentals will be explained first. Let p be an incidence probabili-
ty of a certain phenomenon. Then the entropy of the phenomenoh,
as is well known, is defined by Shannon as follows,

h(p)= -{p-logz2p + (1-p)-logz(1-p)}. (5-21)

Fig. 5-2 shows the Shannon's entropy p h(p)
1.0 1 '

function h(p). What is evident from
Fig.5-2 is that

1) h(p) is a smooth, convex func-

0.5 4
tion of p.
2) h(p) has a minimum value 0 at p=
0 or p=1, i.e. if the phenomenon > p

is completely known then the en-
tropy is zero. Fig.5-2. Shannon's entropy
3) h(p) has a maximum 1 at p=0.5, function

i.e. the entropy attains a maximum 1 (bit) if the possibility

of the phenomenon is fifty-fifty.

With these preliminaries, a theory of subjective entropy .
can be developéd. In the beginning, we consider the simplest
case, i.e. we assume that an object xeX is in a pure state with
respect to a probabilistic set A on X. Then all informations aré

expressed by

2 (%) 5 {wluA(x,w)=l}, (5-22)
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Qo(x)z {wluA(x,w)=0}, | (5-23)

Q= Q1 (x) U Qo (x), | (5~24)

P(x)= P21 (x)), 1-p(x)= P (R0 (x)). (5-25)
Hence, the ambiguity in Shannon's sense is given by h(p(x)).

Since the partition (5-24) of the parameter space @ depends upon

:‘observers' subjectivity, we call the value h(p(x)) a subjective
~entropy of x with respect to A, and‘denote it by H(x,A), i.e.
H(x,A)= -{p(x) -log,p(x) + (1-p(x))-logz (l-p(x))}. (5-26)
In general, however, there exist ambiguous evéluations
  othér than 0 and 1. (For example, see x; in Table 5-1.) We inter-
:.pret these various, ambiéuous evaluations as follows; Each of

i them is obtained as a result of partially averaging operations

of fundamental parameters, where fundamental parameters are as-
j”sumecil to output evaluations of either 1(= "yes") or 0(= "no").
’4It will be necessary to explain this in detail. Suppose that

~ there exist n different evaluations,

Oé 01< 02<,..< uné 1, : ' (5-27)
and that each evaluation a; occures with frequency pi(x). (In the
example of Table 5-1, o:;= 0, az= 0.25, ... , as= 1.) This result
is considered to be given by the following 2n-partition of the

;~parameter space  (cf. Fig.5-3),

Q= Qo (x) 1Y 21(x), (5~28)
n i n i .
Qo (x)= ;U as(x), 2= Y o7x). | - (5-29)
jFor each i, a sub-unification of , denoted by
R (x)= S ye(x), (5-30)
. is performed, and the evaluation
a;= P(R7(x))/ P(a'(x)), - (5-31)
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P(R](x))_
| P(0! (x))

Gy

uA(x,w)
0 Ql(x)
. ol (x) 28 (x)
. PLOT () o,
, P, (x)= P (2% (x)) P(Q%(x))
0 > 0 , ' = |
Qi(x)  Qo(x) n .
. = .U Ql(x)

— 1 . - 0
—igiﬂl(x) i=1 0 .>_Qz(x)

pure state 0% (x) QfF (x)

- — e e ——

(two-valued evaluation)

n
p (x)= P i R
1 P(R7(x))
Fig.5-3. Various evaluations
generated by a partition , 0 r;,'Qn(x)
of parameter space . Q?(x) o (%)

actual state

(various evaluations)

is obtained with frequency

p; (x)= P2 (x)),  (5-32)
as a result of an averagihg operation in Qi(x). Here, a noteworthy
point is that the value of membership function mA(x) is preserved
in the averaging operation, i.e. |

mA(X)= P(Q1(x)) | (5-33)

n . n .
= I P(@1(x))= I o .p,(x), (5-34)
i=1 i=1

whereas the value of vagueness function VA(X)'is not preserved

but in general decreases.

Since n different kinds of criteria are required in order

to‘make n different evaluations (5-27), the structure of the
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probabilistic set becomes complicated compared with the structure
in a pure state. If we consider that the complexity depends on
the 2n-partition (5-28),(5-29) of Q, then the complexity is ex-

-pressed by the entropy of the‘2n—partition of Q. We call the

value a subjective entropy of x With respect to'A; and denote it
by H(XIA) ’

(P (25 (x)) -10g22 (2 (x)) + P(ad (%)) -10g:p (2] (x))}.

n
H(x,A)= - . %
=1

i
(5~35)

‘Although we can not calculate this quantity directly (since the
2n-partition (5-28),(5-29) depends on observers subjectivity and
fhe exact structure is in genéral unknown),.we can estimate it
by using the following equations, - | ‘ |

C o P@T)= ayep (0, P@TG0)= (L-ay) -p, (x) - (5-36)
Note that both ui's and pi(x)'s are known. The result may be
summarized as the following theorem.

[Theorem 5-2]

Under an assumption of (5-27) (where each evaluation o

occurs with frequency pi(x)), the subjective entropy H(x,A) of

x(eX) with respect to A is given by

“H(x,A)= - % {ai°pi(x)-log2uipi(x)-+
i=1
= - Ip;(x)-log,p;(x) + I p;(x)-h(a;). (5-38)
i= :

1 i=1 )

: Several examples will be given to help the explanaﬁion done
So far. Consider the siﬁplest case first, i.e. n=1 in (5-27). In
such a case, the evaluation is_al-cdnstant and pl(x)= 1. Hence
we have

H(x,2)= -{a;-1logza; + (1-0;) 109 (1-a,)}
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= h(a1)= h(P(21 (x))), | (5-39)
and this value is the same as that in a pure state (5—26); A
point to which special attention should be paid is that the
vagueness functidn has a minimum 0 since all values of the eval-
uation are uniformly equalized‘to’ul, where as it has a maximum
in a pure state. Hence we can make the following statement, i.e.
the concept of subjective entropy and that of vaguenessvfunction

are mutually independent. We call this state a stationary state,

since the evaluation is kept unchanged. In Table 5-1, for exam-
ple, X3 is in the stationary state with respect to A.

In the next>place, consider the second simplest case, i.e.

n=2 and .
el (x)= ¢, o} (x)= Ro(x),  ai1=0, ’ ~ (5-40)

e ()= 1 (x), Q5(x)=¢ , ar= 1. (5-41)
Then we have '
H(x,8)= - { p(Qo(x))-1og2P (00 (x)) + P(Q1 (x)) -log2P (01 (x))}
= h(P (21 (x))), | (5-42)
and this is the same as Shannon's entropy itself (5-21) . Hence,
we can conclude that the notion of subjective entropy is an ex-
pansion of that of Shannon's entropy which is defined by both
{0,1}-two values and probability. '
| If the number of states n becomes large and the structure
becomes complicated, then the value of H(X;A) also increases.
For example,‘in Table 541, the subjeétive entropy of X, (in pure
.state) and that of X3 (in stationary state) are the same
H(x,,A)= H(xyA)= 1, | (5-43)

whereas that of X4 (n=5) is larger than 1, i.e.
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H(xl,A)= 2.70. (5-45)
The outiine of the discussion is as follows; A’notion of
~subjective entropy H(x,A) is iﬁtroduced as an expansion of

Shannon's entropy. It is a measure which indicafes the degreé

of complexity of probabilistic sets, and is an independent mea-

sure of the vagueness function.
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5-4. AN AXIOMATIC DEFINITION OF SUBJECTIVE ENTROPY.

Although a pﬁre state plays an important role in the defi-
nition of subjective entropy, it is a fictious, éxtreme state. In
practice there are deviations from the pure state due to variOué
reasones, in general [0,1]-ambiguous evaluations are observed.
Hence it is worth investigating the subjective entropy based on
general ambiguous states not on pure states.

Let an object x(eX) and a probabilistic set A (on X) be
arbitrarily fixed for convenience. Dénote_pi(x5 by just Py Thén
the value of H(x,A) is determined by both ai's and pi's (i=l,...,
n).‘Hence, we can regard H(x,A) as a function of these 2n-vari-

ables, and we denote it by fn(al,pl;...;un,pn), i.e.

n

£.:00,117 x A >10,%),
w w
(ulr--runrplr'-rpn) *‘"“"‘>fn((xlrp1?-~7@nlpn)

n
= ={ § pia;-logspio; +

i=1
+ pi(l-ai)-logzpi(l—ai)},
where ' (5-46)
n
An= {(pl 'pZ'-.o'pn) ' pi; 0, ‘lei-——' l}- (5—47)
' . 1= .

We shall investigate fundamental properties of a set of

[e0]

. Since
n - n=1

fﬁnctions {f
fl(a1,1)= ~{a;-logzo; + (l-a1)-+logz(l-01)} = h(ai), (5-48)

holds in the case of n=1l, we obtain the following property. '

Ax.l).fl(a,l) is a continuous‘function of d, and we have |
fl(l/2,l)= 1. | (5-49)

It is very natural that f. is a continuous measure of the vari-

1

able a. The condition (5-49) offers a normarizarion of this mea-
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sure, i.e. the unit of the measure is chosen so that a uniformly
ambiguous state (a;= 0.5 constant) takes a value 1. Since the
value of fn doesn't change by the change of the indices i's of
di's and p;'s , we have;

Ax.2) For an arbitrary permutation (il,iz,...,in) of (1,2,...,n),

a relation

), (5~50)

fn(al Ipl;"-;anlpn)= fn(o"il ’pil HE P Ip'n

ln 1

holds.
" This property also seems to be a naturalvrequirement, since thé
- complexity of probabilistic séts should not depend upon the
numerical order of the states ai's. If a state aﬁ is replaced by
one of extremes {0,1}, then we obtain the following from (5-46);
Ax.3) fn(ui,pl;...;an_l,pn_l;an,pn) ]
- fn(al,pl;...;un_l,pnfl;l,pn) +fpn.fl(an,1)
= fn(u1,p1;-..;an_1,pn_l;0,pn) +‘pn'f1(an,l). (5-51)
From this eguation, we can infer that the wvalue of states ai's
has symmetry with respect to a value 0.5, i.e. a value 0 (.in
general a) is on a level with a value 1 ( in géneral l;a ) from
a'viewpoinf of subjective entropy. In addition to this prdpérty,
we have the following recurrence fromula of fn+1 and fn from
(5-46),
| Ax.4) fn+l(a1,pl;-..}&n_l,pn_l;an,pn;dn+l,pn+l)
= £ (o prseecio 40P _1iLP YR )
+ (pn+pn%l)'fz(an’pn/(pn+pn+l);an+l’pn+l/(pn+pn+l))'
(5-52)
We have derived four properties Ax.l)%Ax.4) froﬁ thé.defi—'

nition of subjective entropy (5-46) . Moreover, we can verify the

validity of a converse procedure.
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[Theorem 5-3]

The.functién (5-46) satisfies the abovementioned four pr6p~
erties Ax.1l)VAx.4). Conversely, the function which satisfieé
Ax.1l)VAkx.4) must have the form of (5-46).

proof
All we have to show is a converse part, i.e. we shall
derive (5-46) from Ax.l)nAx.4). If we put
p1,pP22 O, P3>0, P1+p2+ps= 1, 01= 02= 03= 1, (5-53)
and apply Ax.4), then we have
£5(1,p151,p2:1,p3)= £2(1,p1;1,1-p1) +
+ (l-p1) - £2(1,p2/(1-p1) ;1,p3/(1-p1)), (5-54)
£3(1,p2:1,p1:1l,ps3)= £2(1,p2;1,1-p2) +
+ (1-p2) *£2(1,p1/(1-p2);1,ps/(1-p2)) . (5-55)
Note that left sides of (5-54) and (5-55) are equal (from Ax.2)).
If we adopt thé following notation,
£2 (1,p;1,(1-p)) % g(pP), (5-56)
for convenience, then we have from (5-54) and (5-55),

g(p1) + (1-p1) +g(pz/(1-p1))

= g(p2) + (1-p2)-g(p1/(1-p2)). | (5-57)
Substitute p;=0 in (5-57) and note the fact £hat p2 can be arbi-
trarilyvchanged. Then we obtain |

g(0)= 0. | |  (5-58)
Integrate both members of (5-57) with respect tb p2 from 0 to
1-p; ( this integration is possible by Ax.l)), then we have

(1-p1) -g(py) + (1-p1) /27 g(pa/ (1-p1)) -dp2
= /' "Pig(p2)dpy + /1 P1(1-p2) g (p1/(1-p2)) -dpe2, (5-59)

therefore
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(1—p1)-g(p1) + (1—p1)2-f:q(t)dt =
= flgp g(pz2)dpz + plz»fglgkt)/t?-dt. | . (5-60)
All terms in (5-60) except‘the first one in thevleft side are
~differentiable with respect to p:. Hence the first term, espe-
cially g(p1), élso becomes differentiable, and we obfain,
(1-p1)-9'(p1) - g(p1) - 2(l-p1)-f:g(t)dt =
= -g(l-p1) + 20/, g(t)/€2-dt - g(p1) /1. (5-61)
s (1=p1) =g’ (p1)= 2(1-p1) .S g(£)at +
| +2p1S ] g(e) /€0 -dt - glp)/pr.  (5-62)
The right side of (5-62) is differentiable with respect to pi, .
so g'(p1) in the left side has also a derivativé.q"(Pl), and
we obtain |
=g'(p1) + (1-p1)-g'"(p1) =
= ~2/lg(v)at + 2 fglg(ﬁ)/t3-dt - 2g(p1) /p1? -
= (g'(p1)p1 - g(p1))/p1’%- (5-63)
From (5-62) and (5-63), we have
g''(p1)= (—2/p1(l-p1)‘)-f:g(t)dt, | | (5-64)
s, 9(p1)= -2/ g(£)dt-[prlogp + (1-p1)log (1-p1)] + cipy + Ca
(5-65)
Since g(p1)= g(l-p:), we obtain ¢;= 0, and we also have cz= 0
from (5-58). Hence, we obtain
g(p)= f2(1,p;1, (1-p)) ,
= -ZI:g(t)dt-[p-log£>+ (1-p) -log (1-p)]. ~ (5-66)
- This is equal to f;(p,1l) (by Ax.l),Ax.2),Ax.3)). If we apply the
normalization-condition of Ax.1l), we have ,
—2f2g(t)dt= -1/10g 2. - : (5}67)

‘Hence we can obtain
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fl (pll)= f2 (1:P7l; (1"P))
= ~[p log: p+. (1-p) *logz (1-p)]. (5-68)
From the facts described above, and by using a mathematical in-

duction, we can conclude that

-fn(QLI‘.;IPl?OLZ,Pz;...;ocn.,pn) = |
= - 3 (piai-loggpiai + p; (1-0;) -logap, (1-a;)), (5-69)
i=1 ' ,

as desired. (In thé case of n=2, apply Ax.3),Ax.2),Ax.3) and
(5-68) successively. And apply Ax.4) in the induction from n= k

to n= k+1.)

(Q.E.D.)

It is well-known that the ndtion of Shannon's entropy can
be derived from seyeral axioms. For example, the Faddeev's axiom
is widely known [2]. We can regard abovementioned foﬁr properties
Ax.l)nv Ax.4) as an extension of the Faddeev's axiom from a case
of {0,1}-two values into that of-&xh...,un}—ﬁany values. Hence,
an axiomatic definition of subjéctive entropy 1s established by
theorem 5-3 in the case of finitely many-valued probabilistic

sets.
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5-5.S5UBJECTIVE ENTROPY IN INFINITE STATES.

In section 5-3, we defined a subjective entropy in finite
states. Here, we shall also study it in infinite states. ( Con-
sider the case, for example, that the value of uA(x,w) ranges

~ the whole.interval of [0,11.)

Let A be an arbitrary e-partition of [0,1], Where

oy < o= 1, . (5-70)

0< i n-1}% e. | . (5-71)

As 0=}ao<q1§..<
8= max{ai+;~ai| |
We can induce the following partition of the parameter space Q

by this e-partition,

Q= Ql(x)LJ...LJQn(x), ' (5—72)

;0 Mas=0 (it 3), | (5-73)
Q. (x)= {w]a, £ u (x,0)< a,} (i= 1,2,...,n-1),
1 1-1 A 1 (5-74)
Qn(x)= {wlan_lé uA(x,w)i a =1 }.
n-1

Choose n points {Ei}

i=0 in [0,1] such that they are arranged in

[0,1]-interval alternatively with {ai}igo, and define

AE: 0% 0os E¢f a:f £,5...5 Otn_1§ En_lé 0£n= 1. (5-75)
- Put
pi(X)E P(Qi(x))r | v (5-76)
- and consider the following quantity,
n-1 . '
- iio {pi(x)ii-loggpi(x)ii + pi(x)(l~ii)flogzpi(x)(l—Ei)}.

(5-77)
on refferring to (5-37). This quantity will be changed according
to an arrangement of ai's and Ei's. We denote its infimum by
H_(x,1),

Hg(x,A)K inf {-2 (pi(x)gi-logzpi(x)ii + pi(X)(l—Ei)'
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’109291(X5(1‘€i))!A£f A is an e-partition} ,
(5-78)

and call it an e~subjective entropy of x with respect to A. An

approximation of subjective entropy may be given by He(x;A) in
the sense that two evaluations in [0,l]-interval must be identi-
cal if the difference between the two is at most €.

Under these considerations, we define subjective entropy

H(x,A) of x with respect to A as a limit of HE(X;A), i.e.

H(x,A)= lim HE(X,A). (5-79)
-0

The existence of this limit in [0,+x]-interval wiil be proved in
a later section, i.e. the proof is included in that of theorem
5-5, ( it will be confirmed by using (5-100) and (5-101)). If the
value.of uA(x,w) ranges the whole interval of [0/1],‘H(X,A) may
be +x. In such a case, we attach importance to HS(X'A) for a
suitably choseh e (>0). (Note that HE(X,A) always takes a finitely
positive value.) There is no restriction on the probabilistic set
A in the general definition (5-79) of subjective entropy. Hence,
the subjective entropy can be defined for all probabilistic sets
by (5-79). It will be easily verified that subjective entropy by
the genefal definition (5=79) provides the same resﬁlt as that’in
finite states (5-37), if the range of uA(X,w) is {al,az,...,an}.
(It mainly depends on the continuity of Shannon's entropy func-
tion h(+).) The validity of the general definition (5-79) is also

confirmed in this point.
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5-6. A MAXIMIZATION AND MINIMIZATION PROBLEM

- OF SUBJECTIVE ENTROPY.

We shall investigate the complexity and the simplicity of -
probabilisticvsets by solving avmaximization and minimization
problem of subjective entropy.

.As we have already mentioned in.a previous section, the:
maximum value of H(x,A) can reach any large number when X is in
an infinite state with respect to A, and the structure of proba-
bilistic sets also becomes infinitely complicated. Therefore, we
sometimes consider e-subjective entropy instead of subjective
entropy. In such a case, however, an approximation by finite
states becomes very important. ’ .
| For arbitrary two probabilistic set A and B, ﬁe denote the
mean-value of a symmetric difference AAB (cf. (3-95)) by dX(A,B),

A (A,B)g Eluy,p(x,-)] | ‘

= Jolup (x,0) —ug(x,0) [P (w) .  (5-80)
‘Then dx(-,-) provides a pseudo-metric in P(X), since it satisfieé
non-negativeness, symmetricity and transitivity. (Note the fact
that P(X) constitutes a strongly closed, convex set on L!(Q).)
We can approximate uA(x;w) by finite states as closely as possi-
ble in the sehse of dx(-,-), i.e. for arbitrary e€>0, there exist

positive numbers Qrs02ees,0 and a partition of the parameter

“space 2, 7 ,
0= 0 (U ..U, (0, 2 0MNe =0 (if 3), - (5-81)
‘such that
n
Foluy (x,0) - iilui-lgi(x) (w) | -dP(w)f_- e , | (5-82)

127



where

lQi(X)(w)z { 1 w € Qi(x) (5-83)

0 w ¢ Qi(x).
In fact, if we put
n= [l/¢] Jf 1, o= (,i-l)/n,' 2, (x)= {wlaiguA(x’,w)<ai+1},(,5—84)

then we have

™

0L uA(x,w) (w)s €, ' (5-85)

a.1
i=1 1 Qi(X)
and obtain (5-82).

Based on the abovementioned arguments, we consider a maxi-
mization problem of H(x,A) under an assumption that the value of
uA(x,w) is restricted to

0 £ 01< 02<..< an§ 1, : (5-86)

where u, (x,0)= o, occurs with probability p. (X). For convenience,
A 1 1 .

denote pi(x) by just Py and H(x,A) by f(pl,pz;...,pﬁ),i.e.
. n :
f(perZIHj-lpn)= - iil{piai.lOgZPiai + |
+ pi(l—ui).logzpi(l—qi)}. (5-87)

We consider the following maximization problem; Maximize E(pP1yeees

pn) subject to

n : v
'Z pi(x)= 1, pi; 0. . (5-88)
i=1 v

We shall use the Lagrange's method of indeterminate coefficients.
‘ n
E(P1yeeesPy)= - igl{piai'lngp%ai + pi(l-ui)-loqui(l—ai)}

+A( I p. -1). : (5-89)
_ j=1 1t

AE/dp. = -{logze - logzp; * h(ai)} + A =0, ' (5-90)

We. obtain the maximum of f(pl,...,pn) by determining A from (5-91)

and (5-88). The result is summarized in the following theorem.
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[Theorem 5-4]
If the value of uA(x,w) is restricted to (5-86), the sub-

jective entropy H(x,A) has a maximum H(x,A)ma

xl
n
H(x,2) = log, 1 2"(%), (5-92)
, i=1
when :
' ha.) D hia.)
pi(x)= 2 i /,'212 i’ (5-93)
l:

In the next place, we debate a minimization prbblem of.
H(x,A). We can infer from the definition of subjective entropy
and the example of table 5-1 that H(x,A) attains a minimum in a

pure state or a stationary state. In fact, we have the following
; theorem.
[Theorém 5-51

Under the condition of

E[UA(x,-)]= fﬂuA(x,w)dP(w)bs m, ' (5-94)
H(x,A) has a minimum H(x,A)min,

H(x,A)min= ~{m-logom + (1-m)-logz(1l-m)} = h(m), (5-95)
when x is in a pure state or in a stationary state with respect
to A.

- proof

| . Since we have already mentioned that H(x,A) is equal to
h(m) in a pure state or inla stationary state (cf. the last paft
‘of section 5-3), we shall prove that ,

H(x,A) 2 h(m) - €, - (5-96)
for an arbitrary positive number € and an arbitrary probabilif
stic set A which satisfies H(x,A)< +¥.

Consider a partition AE in (5-75) and denote the quantity

of (5-77) by f(AE)' i.e.
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n-1 n-1
f(Ag)— - iio pi(x)'logzpi(x) + iio pi(x)-h(ai). (5-97)

Since h{(-) in the second term is a continuous function on [0,1]-
interval, there exist a minimum and a maximum of f(AE) by chang-

-ing {E }n é (here, A is fixed). We denote {E_}p:l which offers

the minimum and the maximum by {Emln}?;é and {Emax}?;é respec=-
tively. (Of course, _
0 s g@ax,gmln ‘ay,, for all i._' (5-98) )
Then we obtain |
0% max { £(A )l £} - min { £(A )l £}
= I.lgipi‘X) (h(g5°7) - h(Emln)} (5-99)
i=

The right side of (5-99) tends to 0 asbéA(5—7l) tends to 0, i.e.

02 maX‘(f(AE)l £} - min { f(AE)l £}

— 0 (s > 0). - (5-100)
(Note that h(-) is uniformly.continuous,)
Next, we prove that

min<{f(AE)|€} < min { f(EE)la}, - (5-101)

where A is a refinement of A (AL A). If we take the function-

form of f(AE) into the consideration, it is sufficient to show
n : '
min[- iil{pi(X)ni-logzpi(X)ni + pg(x) (1-ny) -
. -logzp, (x) (1-n-)}| By nii Biiqd
- min[- I p;(x)n-log. Z p; (x)n + I p; (%) (1-n) -
i=1 n i=1 i=1 ’
-log I p;(x) (1-m}| B85 ns B .41 2 0,(5-102)
i=1
where
< <
(O:_ ) Bl< BZ< eas < Bn+l ( = l)l | v
< < < < -
Bi: ﬂi= Bi"l’l' Blz n= Bn+l' (5 103)

The inequality (5-102) will be easily obtained}by a direct cal-

culation.
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If we put.
. » n—-1 ’ n-1
f(A)= - I p.(x)-logzp.(x) + I
b i=o TH 1 i=0
then we have ,from (5-100),

p; (%) -h(a.), (5-104)

0 £(A) —'min{f(Ag)IE}i /2, _ (5-105)
for the ¢ of (5-96) and a sufficiently small partition A. On the

other hand, since (5-101) holds and since

H(x,A)2 min{£(a.)|E}, | ~ (5-106)
vholdé (cf. the definition of H(x,A)_(5-79)),'we obtain
H(x,A)2 £(A) - (e/2). | (5-107)
A direct calculation shows |
n-1
fF(A) - h( I p.(x)a.)Z 0. , : ’ (5-108)
. i i
: ~i=0 _
Hence we have, from (5-107) and (5-108),
n"'l - »
H(x,A)Z h( I p, (x)a;) - (e/2). ' (5-109)
i=0 ' ,

If the partition A is sufficiently small, then we can make the
following quantity, |
m - ziz a; Py () (z 0), ‘ (5-110)
sufficiehtly small. (Apply an approximation by a simple functioﬁ
to the condition (5194).) Hence, we may assume that
ne v

[h(m) - h( T a,-p;x))]| 2e/2, - (5-111)
i=0 v |

for a sufficiently small partition A. (Note the uniformly conti-
nuity of h(-).) If we substitute (5-111) to (5-109), we can ob-
tain the desired result (5-96), i.e.

"H(x,A)2 (h(m) - (e/2)) - (e/2)

= h(m) - €. _ ‘ (5~-112)

Since the positive number e is arbitrarily chosen, we can con-
clude that

H(x,A) 2 h(m). | | (5-113)

(Q.E.D.)
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j
i
: |
| |
> Q : >Q

0
pure state actual state stationary state
({0,1}-two-valued ' (zadeh's (classi-

logic + probability) cal) fuzzy con-
cept)

Fig. 5-4. Fuzzy Vs probability from viewpoints of a subjective

entropy H(x,A) and a vagueness function VA(X).

The noteworthy points from the above theorem are summarized
as follows (cf. Fig.5-4): As we have already mentioned, a station-
ary state corresponds to a (classical) fuzzy concept by Zadeh,
‘whereas a pure state corresponds to a notion of probability and
{0,1}-two-valued logic. From a viewpoint of subjectiVé entrdpyv
H(x,A), both states are the same and they attain a minimum h(m)
under the assumption of E[uA(x,')]= m. On the other hand, from a
viewpoint of a vagueness function VA(X), the stationary state

attains a minimum 0, whereas the pure state attains a maximum.
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Hence it becomes clear that the notion of (subjective) entropy
: is an important measure of ambiguity, but that there exists an-
other kind of ambiguity such as the notion of vagueness function

..and so on.
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'~ 5-7. SUBJECTIVE ENTROPY OF PLURAI PHENOMENA.

Tt is the main purpose of this section to ihvestigate sub-
jective entropy of plural phenomena.

Let (uA(x,w),uB(x,m),P(w)) be a probabilistic expression
of two probabilistic sets A and B on X (cf. section 4—3). We have
charactérizéd a pure state as the simplest structure of a single
probabilistic set (cf. Def.5-1,Theorem 5-1). It is also possible
to consider a pure state in plural probabilistic sets. If an

object x(eX) belongs to a pure state with respect to both A and

B, then the value of uA(x,m) and uB(x,w) has 2%2=4 combimations
and we have the following partition of the parameter space { in

almost the same manner as theorem 5-1 (cf. Fig.5-5)..

= 211 () U010 () U 201 (x) U Qoo (%), © (5-114)
where | |
Qij(x)= {wiuA(x,w)= i, ué(x,m)= j} (i,5= 0 or 1), (5-115)
oy (X)F BR300 - | . (5-116)
| We may consider the actual,
t Q various evaluations as being ob—
no Qyo (%) - {Reolx) tained by an averaging operation

- of the abovestated pure state.
yes | Q11 (x)  |Qo1(x)

Let the number of states be 1

.:,A

yes no with respect to A) and m (with
Fig.5-5. A partition of Q respect to B),
in the case that x belongs 0% a1< G2<... < @ <1, (5-117)

l=
0% Bi1< Ba2<... < Bmé 1. (5-118)

to a pure state with respect
to both A and B.
Then the parameter space Q is

divided into l-m regions as follows,
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I om . , .
o= U U 2%, (5-119)
i=1 3 .

J=1
where
et (x)= {v] UA<an==ai,nB<an; 85 1, (51200
2w = ij : . _ _
p(ai,Bj ’X)E P (Q | (x)). : (5-121)

Each Qij(x) consists of the followihg four parts in the'séme.
manner és (5—114) and (5-115), , _
etd = i U eid (0 Uedl x U edd 0, (5-122)
Qi (0C 2, (%), 2td (%) C 010 (x), '

54 - 14 (5-123)
Q207 (TR0 (x), Q07 (x) T Qoo (x) . .
Hence, we have
o= {P@17(x)+ PQ@II(x} / P (), (5-124)
By= {P@id(x)+ P@ad(x))} / Pl (x)). (5-125)
For convenience, we introduce the following noéatiohs (cf. Fig.
‘5“6)1
m : .
p(ai;x)= L pla,,B.:x) (i=1,...,1), (5-126)
j=1 i ] . '
1
P(B PX)= z P(OL-IB-IX) (j=11°-°rm)r ) (5-127)
J i=1 N | v ,
1 m 1 m ,
X b p(oci,B.;x)= z p(OLi;x)= L p(B.;x)= 1. (5~-128)
i=1 §=1 ] i=1 =1 J
8 .
\ If we regard the
1 pla,;x) .
=y _ ' - various evaluations (5-
B [~ fi;;::::%-—~m—p(ai,8j;x)‘ 117) (5-118) as a result
! 1L I ]
Bj "_{%~ _____ := ————— %DP(Bjix) obtained by 41lm-parti-
' .
By [T + tion of  (5-119) (5-
1 \L/ 1 ' ' : '
| } ! > o 122), then its complex-
0 | | -
oy oy 0y 1 ‘1?y is measured by a
Fig.5-6. A relation between evaluation notion of Shannon's

“values and their probability distribution.
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entropy, and we denote it by H(x;A,B),
1 m . : _
H(x;A,B)= - I 5 {P(QL7 (x)) -1og2P (277 (x)) +
i=1 j=1
+peide - 1og2P(910(x))+ p (033 (%)) -10g.p (28] (x))
+ paii(x)) -10g.p (23 (x)) 1. (5-129)

We call H(x;A,B) a Subjective entropy of x with respect to A and

B. It should be noted that we could not calculate H(x;A,B) (5~
129) directly, because the 41m—part1tlon of Q (5-119) (5~122) ex-
isted in observers' subconscious and in general its structure
was unknown. But we can estimate it by using evaluation values
o.'s, Bj's'and their probability, both of which are known.

i

[Theorem 5-6]
1
H(x;A,B)= - 121 jZl{u ij(a ,B x)'logzaiij(ai,Bj;x) +

+ @i(l_Bj)p(ailBj;x)'lOgZQi(l-Bj)p(ailBj;X) +

+ (l-a‘i) ij(uirej;x) ‘1092 (l—ai) ij(ailBj;x) +

+ (1"ai) (l"Bj)P(ai,Bjﬂ() '1092 (l—ai) (l"Bj)P(Oﬁerj;
;x)}  (5-130)

1 m
= - X )3 p(u,,B.;x)-logzp(a.,B.;x) +
i=1 j=1 * o
1 m
+ ¥ pla,;x)-h(a;) + I p(B.;x)-h(B.). (5-131)
. i i - j 3 :
i=1l , j=1

proof
Firstly, it should be noted that the parameter space (Q,

B, P) was a probablllty space. We can consider a condltlonal
probability measure by & j(x) (5-122), and regard Q J(x) as a
sub-probability space, where its probability measure is defined

as the following PQl](x)( ).

Poij(x) ()= PO Ne*d (x))/ P(Qlj(x)) (5-132)

Since the partition of Q J_(x) (5-122) is a partition of funda-
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mental parameters, we may consider it an independent partition
with respect to PQij(x)(')' Then we obtain, for examplg,
. ij _ o i.' . i. ) .
o) i3 |
“Poig ) (1T 0IUQ0E (). (5-133)

Since we have, from (5-132),(5-124) and (5-125),

(il )/ P )= a8, | (5-134)
we can conclude | |

pil(0)= oy -8 oplay, B . (5-135)
In much the same way as (5-135), we obtain

P(Q%é(x))= 05 (1-83)p(a ,B5%), (5-136)

pga??(x))= (L-a;)Bsplay, By, ~ (5-137)

P33 (x))= (1-0;) (1-B,)p (o, B,:%) . (5-138)

Rearranging (5-129) by substituting (5-135)~n (5-138) into, we
have (5-131) and (5-132). |
(Q.E.D.)
The validity of the definition of H(x;A,B) is confifmed in
much the same way as the case of a single probabilistic set (cf.
the last part of section 5-3). And an argument of H(x;A,B) in in-
finite statés (1w , m>w» ) is also possible. Howevér, all of

‘them are omitted here.
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5-8, MUTUAL SUBJECTIVE ENTROPY.

We investigate the interaction of two evaluations from a
viewpoint of probability theory and entropy theory. Let p(ai,Bj;
%) be a probability of x being evaluated oy from a viewpoint of

A and Bj from that of B (cf. (5-120),(5-121)). If a relation,

plog,Bi%)= pla;ix) -p(Byix), | (5-139)

holds, then two evaluations are given independently and there is

no interaction between the two.'Taking the characteristic of our
sensorium into consideration, we express the degree of interac-
tion of two phenomena on the following log scale,
logZp(uilBj7X)/(p(ai;x).p(B‘j;X))- (5—140)
(If this value equals zero, then the evaluations are given inde-
pendently.) We denote the average value of this quantity by I(x;
AIB)I
: ; 1 m
I(X7A1B)= Z X p(o"irB-7X)']-OgZP(OL-rB'7X)/
i Al | i3
i=1l j=1
/(p(ai;X)-p(Bj;x)), (5-141)

and call it a mutual subjective entropy of x with respect to A

and B.

The symmetricity is easily confirmed,

I(x;A,B)= I(x;B,A). ' - (5-142)
Moreover, if we apply the well-known inequality of probability

vectors [3], i.e.

ZPj_: Zqi= 1, pirqi; 0

=7 q;lo92(1/p;)2 rq;logs (1/q;) | (5-143)
(the equality holds iff p;= 9 for all i),
then we have |

I(x:A,B)2 0, " (5-144)
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(the equality is valid iff (5-139) holds for all i aﬁd 3.
- Hence, we can conclude that as the value of I(X;A,B) increases,
- the degree of interaction also‘inéreases further.

We have already intfoduded four quantities, i.e. H(X;A),
H(x;B) ,H(x;A,B) and I(x;A,B). Fig.5-7 . H(x;A,B)
 shows a mutual relationship of them.

A direct calculation shows

H(x;A) + H(x;B)=

, - Fig.5-7. A Venn diagram of
= H(x;A,B) + I(x;A,B). (5-145)

various subjective entropy
What 1is evident from_(5—145) is that of two phenomena.'
- 1) the.sﬁm of two subjective entropy of a single.phenomenon (i.e.
the left side) is greater than the subjective entropy of two
- phenomena H(x;A,B). | )
2) the difference is given by I(x;A,B) and it indicates the

degree of interaction of two phenomena.
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5-9. ANALYSIS OF INTERACTION BASED ON VARIQUS SUBJECTIVE

ENTROPY.

As we have shown in Fig.5-7, we defined four various no-
tions of subjective entropy. As is evident from Fig.5-7, other
four different combinations are possible, since the total area

is divided into three parts and there exist 2%=8 combinations.
(x;A,B) |

' Fig.5-7 shows all of these 8 no-
tions.
We shall give a definition

about them in the folloWing.

conditional subjective

Fig.5-7. A Hasse diagram of 8

different subjective entropy. entropy

H(x;A|B)= H(x;A,B)- H(x;B)

(5-146)
m ( 1
= I .3 - Z | B.s . . .33
j=lp(f3j x) izlp(@ll . x) logzp(allsj x) +
1
+ iilp(aimj;x)-h(ai) (2 0), (5-147)
where ‘
P(@iIBj;X)K p(ui,Bj;X)/ p(Bj:X). (5-148)
dispersion
d(x;A,B)= H(x;A|B) + H(x;B|a) (5-149)
= 2-H(x;A,B) - H(x;A) -~ H(x;B) (5-150)
1 m
= ~ iil jilp(ai,Bj;x)-logzp(uilBj;x)p(leui;x) +
1 m
+ % pla,;x)-h(a,) + T p(B.;x)-h(B.) (2 0). (5-151)
i=1 i i =1 j j
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Several mathematical properties are summarized in the following

'proposition.

[Prop.5-1]
. 1. , _
1) H(x;Ala)= I p(og;x)-h(a,), - (5-152)
‘ i=1 * : '
- 2) d(x;A,A)= 2-H(x;A|lna) = 2 % p(a,;;x)-h(ay), (5=153)
i=1 : :
3) I(x;A,B)= H(x;A) - H(x;AIB)= H(x;B) ; H(x;B]A), (5-154)
~4) H(x;A) + H(x;B) 2 H(x;A,B), | - (5-155)
5) H(x;A,B)2 H(x;A), - | (5-156)
6) H(x;A)> H(x;A|B), | | (5-157)
7) I(x;A,A)= H(x;A) - H(x;A|R) |
l .
= - 2 pla;ix)-logsplo,;x), - (5-158)
i=1 |
8) d(forB)= d(X;B.IA)I ‘, (5-159)
9) d(x;A,B) + d(x;B,C)2 d(x;A,C), |  (5-160)
10) d(x;A,B)= 3{d(x;A,A) + d(A;B,B)}. (5-160)

~proof

They are easily verified from each definition. Hence, all
of fhem are omitted.
(Q.E.D.)
The important points from the above proposition aré‘summa—
rized as follows; | |
1) Although all of these notions are an expansion of Shannon's
theory, there are several differences bétween the two. For ex-
ample, H(x;A|A) and d(x;A,A) are not necessaiiy zero. Since we '
consider ambiguous evaluétions,oﬁher than 0 énd 1, the value

itself has ambiguity and abovementioned effects arise.
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2} In Shannon's theory, a cqrresponding notion to dispersion
provides a distance measure [4], i.e. it satisfies positivity,
symmetricity and trigonometric law. However, dispersion d(x;-,*)
is not a distance measure, since it doesn't satisfies positivity

(cf. (5-153)). The value d(x;A,A), which is not always 2ero,
provides the dispersiveness of x from a viewpoint of A.

An example will be given to clarify the explanation done

SO far. Let an object x be an ambiguous chér-
acter as shown in Fig.5-8. Consider the
following three probabilistic sets : A= | X =
"characters which look 4like a character

a", B= "characters which look like a

character b", R= " characters which look : :
~ Fig.5-8. An ambigu-
like neither a nor b ( or rejected chara-

‘ - ous character.
cters)". Let a parameter space {i be the samevone mentioned in
(5-2) (5-3). Then defining functions uA(x,wi), uB(x,wi), uR(x,wi)
are given, for example, as tabulated in Table 5-~2. We have
defined various operatiohs in P(X) such as union and intersection.
Several results are also tabulated in Table 5-2.

As seen from this table, the example is made up very skill-
fully, and we can not find any differenées among three probabil-
istic sets A,B and R from viewpoints of probabiiistic eXpression,
extended fuzzy expression and subjective entropy. However, a
different circumstance comes up, if we take mutual:interaction
into consideration. Various subjective entropy of plural probabil-

istic sets are shown in Table 5-3 and Fig.5-9. It can be seen

from Table 5-3 and Fig.5-9 that
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1) the interaction between A and R is the same as that between B

and R,

2) the interaction between A and B is different from abovestated

ones.
! member- vague- |subjective
\\\\J defining function us(x,wi) ;iggiiongsiiijxnxentropy
S \xif 1 2 3 4 5 6 7 8 mS(x)‘ VS(X) " H(x,8)
ANBNR: 0. 0.5 0.25/0.25/ 0.5 | 0.25/ 0. 0 0.21875]0.02014{2.11551
ANB g 0.510.510.25/0.510.25/0.5 |0 0.3125 |0.04297]2.2028
ANR ; 0.5 ]0.250.25/ 0.5 { 0.5 | 0. |0.5 0.3125 {0.04297{2.2028
B NOR f 0.5]0.5]0.250.5|0.5}0.25 0. 0 0.3125 |0.04297[2.2028 -
A é 0. 0.5]0.5]0.25 0.5 0.75 0.5 | 1 0.5 0.078132.7028
B %»l. 0.5,0.5]0.75 0.5]0.25 0.5 | 0. 0.5 0.07813|2.7028
R E 0.5]0.75/0.25/ 0.5 | 1. 0.5 0. 0.5 10.5 0.07813(2.7028
AUB é 1. 0.5]0.5[0.750.5[0.75 0.5 |1 0.6875 {0.04297 ?.2028
AUR § 0.510.75/ 0.5 (0.5 1. 0.75/ 0.5 | 1, 0.6875 [0.04297 &.2028
BUR .| 1. 0.75 0.5 ] 0.75 1. 0.510.5{0.51]0.6875 {0.04297 5.2028
AUBUR 1, 0.75/ 0.5 10,75/ 1. 0.751 0.5 i 1. 0.7812510.0201412.11551

Table 5-2. Another numerical example of probabilistic sets.

\\T\\i A B R \\*\\iJ A B R
A | 3.4056 3.4056 4.4056 A |2, 2 1
B |3.4056 3.4056 4.4056 B |2. 2. 1.
R |4.4056 4.4056 3.4056 R 1. 1 2

(a) H(x;-,:)

\\T\\i' A B R ~] A B R
A [0.7028 0.7028 1.7028 A |1.4056 1.4056 3.4056
B |0.7028 0.7028 1.7028 B [1.4056 1.4056 3.4056
R |1.7028 1.7028 0.7028 R 13.4056 3.4056 1.4056

(c) H(x;-]:) (d) d(x;-,:)

Table 5-3. Various subjective entropy of the example given in
Table 5-2.
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Fig. 5-9. Dispersion of the object x
in Fig.5-8.
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5-10. A RESULT OF A QUESTIONNAIRE.

We shall reconsider the questionnaire mentioned in section

2-6 from a viewpoint of subjective entropy. Several results are

shown in Table 5-4, Fig.5-10, Fig.5-11 and Fig.5-12.

\\\\\f\ 1 2 3 4 5 6 7 8 9 10 11 12
LN a4 6 &6 ¢ ¢ & € € ¢ 6 ¢ G
1 @ 0.000 2.640 2.275 0.136 0.000 1.329 0.550 0.258 0.122 2.637 1.566 1.601
2 (a[2.706 0.615 2.766 0.930 0.547 1.866 1.532 1.209 1.717 2.308 2.107 1.508.
3 82.020 2.659 0.607 2.741 2.410 2.454 1.881 1.436 0.285 1.978 2.363 2.285
4 €10.122 0.968 2.632 0.346 1.562 1.264 1.131 0.402 0.258 0.465 0.528 0.327
5 ‘@'0.000 0.276 2.448 1,525 0.000 2.768 0.569 0.550 0.000 0.000 0.000 0.000
{6 €11.085 2.082 2.168 2.120 2.502 0.610 2.273 1.651 0.785 1.456 1.412 1.508
7 £10.465 1.492 2.057 1.678 0.819 2.598 0.122 1.738 2.380 2.573 1.590 1.651
8 £ ]0.681 1.904 1.509 0.921 0.238 1.286 1.349 0.139 1.213 2.639 1.014 1.318
9 € ]0.122 2,092 0.750 0.000 0.136 0.920 2.358 1.427 0.136 2,864 1.106 1.099
110§ ]2.332 2.189 2.319 0.806 0.136 1.366 2.258 2.150 2.471 0.494 1.325 1.641
11 {,|2.035 1.876 2.367 0.465 0.326 1.534 1.318 0.383 0.802 1.749 0.000 0.550
12 {3 |1.709 1.762 2.410 0.238 0.421 1.761 1.326 1.051 0.836 1.803 0.528 0.327

Table 5-4. Subjective entropy of the questionnaire.
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Fig.5-11. Subjective '
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H= 2.741

entropy H(x;B).

Fig.5-10. Ambiguous
characters whose
subjective entropy is
greater than 2.7. ( a
maximum= 2,91 by Th.5-4)
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A,B.0.136 0.027; 386
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c 0-021 0.135 1,863 O
B c

others are 0.00

Fig.5-12. Dispersion d(x;e,°).
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CHAPTER. 6

THEORY OF SUBJECTIVE TOPOLOGY.
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6—1.INTRODUCTION.

We have been investigating a concept of probabilistic sets,
which is an extension of ordinary set thebry and classical fuzzy
set theory.

In ordinary set theory, various studies have been déveloped
based on it such as theory of general topology [1], theory of
algebra [2] and measure‘thedry [3]1. As applications of fuzzy
set theory, a lot of analogous.studies have also been done [4]
[5]11[6]1[7]. Among these various applications, it is_very important
to consider topological structure especially in the field of
pattern recognition. The purpose of the present chapter is to
study fundamentals of topological structure of probabilistic sets.
It is summarized as a concept of subjective topology.

Subjective topology of probabilistic sets is introduced
by five different methods; neighbourhood system of one point
probabilistic sets, system of open sets, system of closed éets,
closure operator, and interior operator. These five different
definitions of subjective topology are shown to be mutually
equivalent by giving a concrete way to induce one concept from
another. Two other things are also mentioned; cléssificatibn_of
pfobabilistic sets from a viewpoint of.subjective topology, and

ordinal structure of subjective topology.
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6-2. INTRODUCTION TO SUBJECTIVE TOPOLOGY.

We introduce a notion of subjective tOpology in P(X) (a
famlly of probablllstlc sets on a total space X) by flve differ-
ent methods, and investigate their mutual relationships.
tDef.6~l].(neighbourhood system)

Suppose a sub-family of probébilistic sets V(AX) (CP(x))

is defined for each one point probabilistic set Ax (cf.(3-101)),

where V(Ax) satisfies;

(NB.1) X e Vi), . - | ‘ (6-1)
(NB.2) Ue V(a) = a Cu, | | (6-2)
(NB.3) U e V(a) = "‘Ax'c: A, Ue Van, | (6-3)
(NB.4) U,VeV(a ) => UNV « V), | (6-4)
~(NB.S) Ue V(a), Uy = v e V), , - (6-5)

(NB.6) U e V(a) = Av(C v)e V(a,) such that
V 3 1 ’ ] —
AyCV, AY CAy, UEV(AY ). | (6-6)

Each element of V(AX) is called a neighbourhood of Ax' and a

family {V(Ax)}A cx is called a neighbourhood system. A space X
x

is called a subjective topological space (or briefly, topologi-

cal space) if a neighbourhood system {V(AX)}A is given.

LX
[Def.6-2] (system of open sets)

Suppose a sub-family (J(CCP(X)) is given, where () satisfies

(0.1) ¢, X e (, | (6-7)

(0.2) Ol,OZEOQO]_nOzEO ’ : (6-8) '

(0.3 0¢0 (xer) = o0 : (6-9)
vel' '

Then () is called a system of opensets and each element of 0 is

called an open set. A pair (X,()) is called a subjective topo-

logical space.
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[Def. 6-3] (system of closed sets)

Suppose a sub-family C(C P(X)) is given, where C satisfies

(c.1) x,¢ € (C, : | (6-10)

(c.2) Ci,C2e( =>C1UC: € C. | | (6-11)

(c.3) c.e C (yeT ) = Y c_ e C . (6-12)
Y yer Y

Then ( is called a system of closed sets and each element of C

is called a closed set. A pair (X,() is called a subjective

topological space.

[Def. 6-4] (closure operator)
Suppose the following correspondence 8 is given on P(X),

3, P(X) ———— P(X),

X 5 Xa (6-13)
(co.1) ¢%= ¢, | o (6-14)
(CO.2) A C:Aa, - ' | . (6-15)
(co.3) (auUB)@= a®UB?, | (6-16)
(co.4) a%%= a%. (6-17)

Then X is called a subjective topological space based on a

- closure operator 2. A probabilistic set 2% is called a closure

(abgeshlossene Hulle, in German) of A.

[Def. 6-5] (interior operator)

Suppose the following correspondence tois given on P (X),

i

Ao px) —mm—— P(X), |
W w. ‘ (6-18)
A4 s> at
(10.1) xi= X, ' ' ' - (6-19)
(10.2) ATCa, (6-20)
(10.3) (aNe)t= a*Ns?, - | © (6-21)
(10.4) atiz al, - . (6-22)
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Then X is called a subjective topological space based on an

interior operator -i. A probabilistic set Ai is called an inte-
5593 of A.

We defined subjective topology by five different notioﬁs.
However, wé'can infer that there exists dﬁality'between bpen
sets and closed sets, and between the closure operator ahd the
interior operator. Moreover, we één verify that each of these
five notions can be derived from others, i.e. five notions are
mutually equivalent.

[Prop.6-1]
Suppose that the subjective topology on X is defined by é
neighbourhood system as in def.6-1. If we put |
".OK {o| OEZP(X), A <O =#3AX'CZAX such that O€V(Ax‘)},
| (6~23)

then O satisfies the axiom of open sets in def.6~2.
proof
(0.1) Since ¢ €P(X) and since there exists no one point probabil-

istic set A which is included in ¢, we have ¢ € J. Since

X € P(X) and XSV(AX) for all A}; by (NB.1), we have Xef).
(0.2) Suppose'ol,OzeO. Then 0:1N02eP(X). For all'AxC:OiﬂOé, we.
| have an A '(CA,) such that O:¢ V(AX') (note A CO0;). Since

Ax'c:AxczolﬂOZC:OZ,_there exists anvAX"(c:Ax') such that

0; € V(AX"). By (N.B.3), we obtain Ole:V(AX"); Hence we
also obtain 01002€3V(AX") by (N.B.4). And we conclude
01 NOze O.

(0.3) Suppose 0, ¢ (J(yeT). Then {J O_eP(X). For all A clJ o,
' Y . Yel Y X vel Y
N . | . —
there exists a vel' such that A" Axﬂoy+ o. (If AxﬂoY ¢ 
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for all vy, then YLejI‘(A ﬂO ) A ﬂyel“ = ¢ and we have a contra-
diction.) Hence we obtain A C:O e (), and there ex1sts an A '

CA,' such that O V(A 11) ., By considering (NB.5) and O CU o)

yeT Y
e (.

we obtain (JO e V(A ''). We conclude U o

yel Y vel Y

(Q.E.D.)
[Prop.6-21 o
Suppose that a subjective topology is defined by a system
of open sets as in def.6-2. If we put
Via)z {u] F0e) s.t. A COCU € PN}, - (6-24)
for each one point probabilistic set A, then V(Ax) satisfies
the axiom of neighbourhood system mentioned in def.6-1.
proof |
(NB.1) Since X & ((by (0.1)), we have A cCX(e O)CX Hence,
xeV (a,) . |
(NB.2) If UEV(AX) , then there exists Ot() such that A COCUE P(X).
Hence, A_ cU.
(NB.3) Suppose UE V(A ) and A_'cA , then there exists 0€ () such
that AX' (CAX)COCU.e P(X). Therefore we have Ue V(A ).
(NB.4) Suppose U,VEV(AX) , then there exist 0:,0:2¢€( such that
ACOICUE 7(X) and A_CO0,CVe P(X). Whereas 0:n026( (by
(0.2)) and AXC.‘.OanzCUﬂV eP(X). Hence we have UﬂVeV(Ax) .
'(NB.S) If U eV(AX) and UCV, then we have 0e{) such that AXCOC
U. Therefore A COCV. And we conclude Ve V(Ax) .
(NB.6) Suppose U¢€ V(Ax) , then we have O¢ () such that A CO&UE
P(X). If we put‘ V—-A= 0, then we obtain AXC 0= VeP(X), and
therefore V¢ V(Ax) . On the other hand, we have AyC': V-—- 0

UeP(X) for each Ayc:V. Hence we conclude Uce€ V(Ay) .

(0.E.D.)
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[Prop.6-3]
- Suppose that a subjective topology is defined by a system
of open :sets as in def.6-2, and define

C

Then ( satisfies the axiom inclosed sets in def.6-3.

{clceP(x), CCeO}. (6-25)

B>

proof
(C.l)rWe have ¢,%Xe() by (O.l); Hence, ¢= XC, X= ¢C£:O,i.e. X,¢e
VC. i

(C.2) Suppose C;,C.e(, i.e. ¢15,c2% ¢ Q. Then C;°nc,%e ) by
(0.2) . On the other hand ClcﬂC2c= (C1UC2)C. Hencé, (C1UC2)c
e and we conclude C;yc.e(. | -

(C.3) Suppose CyeC'(yeP ) i.e. CYCE 0. From (0.3), we have
) Cyce 0. Whereas \J CYC= A

YeT YeT yel
e} and we obtain JZECYEC.

c . ' C
CY) . Herice we have (JQ%CY)

(Q.E.D.)
[Prop.6-4]

Suppose that a subjective topology is defined by a system
of closed sets as in def.6~3. Put

OK {o] oeprP(x), 0% C}. (6-26)

" Then () satisfies the axiom of open sets defined in def.6-2.

proof
It will be easily verified in almost the same manner as
Prop.6-3.
(Q.E.D.)
[Prop.6-5]

- Suppose that a subjective topology is introduced by the

closure operator in def.6-4. If we define

C

{c | ceP(x), C®=cC 1}, ‘ C (6-27)

sl
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then ([ satisfies the axiom of closed sets in def.6-3.

proof

(C.1) From (CO.2) we have xcx?. Since X is a maximum element
in P (X), we obtain ¥ X. Hence we have X= x?*, and xe (.

(C.2) Suppose C:,C2e( i.e. C1a= Ci, c2%= Ca. By applying‘(CO.3),
we obtain (C1UC2)3= c;%uc,®= CiUC2eP (X), and CwC2¢e(.

(c.3) Suppose'CYEC(YST), i.e. CYa= c, for all yel'. In general,

we have AaC:.Ba from'an.assumption of ACB. (Since B= BUA,

we have, by (CO0.3), B®= N C%:CY,

a_ ,a a a .
(BUA)“= B"UA" D2A".) Since yeT

for all Y. Hence, we obtain ((\ CY)a

N a a_
we have ( c.) c:CY = C YET

yel'™Y Y
: a
C:,{QPCY. On the other hand we have J:% CY(:KJQ% CY) by

(C0.2) . Therefore (JE%CY)a= {DFCYSP(X)’ and we concludev.
N
yerCy e C-
(Q.E.D.)
[Prop.6-6]

Suppose that a subjective topology is defined by a system
of closed sets as in def.6-3. Define a mapping a8 by

.25 p(X)——P (X) .

w W (6-28)
A +—>2% N{c | acce(} |
(Aa is defined as the smallest closed set that contains,A.)‘
Then .2 satisfies the axiom of a closure operator in def.6—4.
proof
(CO.1)
Since we have ¢e( by (C.1), we obtain ¢°= ¢.
(co.2) |
By a definition of (6-28), we have ACA® for all AeP(X).
(CO.3)

(2 NB) 3= Ni{c| (auB)cce(l= N{c|acc,Bec,ceC)
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il

DI Nic| acce ()} = a2
({c| B=ce (} = BZ.

Hence we have (AUB)a

I

Da%UB?. on the other hand we'have 2%e(
for each AeP(X) by the definition (6-28) and (C.3). By using
(CO0.2) which has already proved, we have AcA®ca®ys® and BcB®
cr®B?. Hence AUBCAaUBae C. Reconsidvering (6~28), We obtain
(AUB) ?c=a%UB2. ve cdnclude'(ALJB)a= a%ynd. |

(CO.4) From (CO.2), we have aAca®ca®? for each A€ P (X). Hence

22=2%2, since AaE:C, we have (Aa)aCZAa (by the definition (6-

28)). Therefore we conclude A%3= a2 |

(Q.E.D.)
[Prop.6-7]

If a subjective topology is introduced by an interior

operator -1 as in def.6-5, and if we pht

0

then () satisfies the axiom of open sets in def.6-2.

{fo]oer(x), ot= 0 1, (6-29)

]

proof

It will be easily proved in much the same way as prop.6-5.
In the proof of (O. 3), we use the follow1ng property,

ACB L:)A cst

(Q.E.D.)
[Prop.6-8]
Define a mapping J by
i .
T e P(X)——~n—~—$ P(X) ‘
9 W’ . . (6-30)

Lt —s AlE u{o| ano ¢ (Q}

under an assumption that a subjective topology is introduced by

the system of open sets in def.2-2. Then - satisfies the axiom

“of an interior operator. (In (6-30), A' is defined as the largest
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open set that is included in AJ)

proof

In much the same way as prop.6-6.
(Q.E.D.)

{Prop.6-9]
Suppose that a subjective topology is introduced by a
closure operator 2 as in def.6-4. If we define a mapping -t by
A P(X) —— P(X),
w w, cac (6-31)
A p—> A K A

then .- satisfies the axiom of an interior operator in def.2-5,

proof
(10.1)

(IO.Z)‘
For each A £ P(X), aC ¢ P(X) and ACcat? by (CO.2). Hence,
we have A= aASCoac3c Ai.
(10.3) _
By applying the de Morgan's law (cf. Prop.3-6) and (CO.3),
we have (A(\B)i= (AnB)cac= (ACLJBC)ac= (AcatJBca)cz Acacn
5°2°. ainpl. Hence we have (anB)i= alnst.

(1I0.4)

For eéch A€ P(X), we have, by (C0.4), Aii: pfaccac, pcaac,
= aCac_ Ai. '
(Q.E.D.)
[Prop.6~10]
Define a mapping .2 by
.2: p(X) ————>P(X),  (6-32)

w ©a cic
A P—f———‘;AzA
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under an assumption that a subjective topology is defined by
an interior operator in def.6-5. Then -2 satisfies an axiom
of the closure operator in def.6-4.

proof

In almost the same manner as Prop.6-9.

(Q.E.D.)

Abovementioned propositions are summarized in the follow-

ing theorem.

[Theorem 6-1]

There exist five mutually eéuivalent definitioné of sub-
jective topology;'neighbourhood'system (def.6-1), system of
open sets (def.6-2), syétem of closed sets (def.6-3), élosure
operator (def.6-4), interior operator (def.6-5).

proof

The relation is shown in Fig.6-1.

Def.6-1 | Prop.6-1 Def.6-2 Prop.6-8 Def.6-5
neighbourhood {J={0]AxC0O¢ System of open A1=LJ{OIA=O€O? Interior oper-
system | P(X)=>9A.' sets ’ ator .

(NB.1) v (NB.6)| <Ax,0cY (A} (0.1)~ (0.3) (10.1) v (10.4)
Ve | Prop.6-2 . _ Prop.6-7 i
¥ AxCXN(AX)={U|f—IOs L 0 ={0[01=0¢
,Ax=0=Ue / P(x)}
B(x)} Prop.6-4 Prop.6-3 Prop.6-9 Prop.6—
0 ={oloeP(X)| |C={C|ceP(x), 10
c
OCSC} Cte O} i=cac a= cic
Def.6-3 Prop.6-6 Def.6-4
| System of Aa=[({C|A=Ce(T Closure oper-
closed sets ator _
(C.1) v (C.3) _ Prop.6-5 (CO.l)?é(CO.4)
C ={C|Ca=Ce
P(X)}

Fig.6-1. The relation among various definitions of subjective
topology.
(Q.E.D.)
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If a subjective topology is introduced in X by one of

the five methods, we call the total space X a subjéctive topo-

logical space, and denote it by (X,T) where T indicates the

subjective topology.

One thing which we would like to mentibn at this stage is
that we may introduce a subjective topology by other methods
which are different from abovestated five definitions. However,
it is not necessary to explain from a viewpoint of engineering

aspect.

158




6-3. CLASSIFICATION OF PROBABILISTIC SETS BASED ON

SUBJECTIVE TOPOLOGY.

Let (X,T) be a subjective topological space. Then we can
consider three monomial o?erators.on P(X), i.e. closure'operatbr
a, interior operator i, and complement opefator c._Based on
these operators, we shall classify probabilistic éets in thé
following.

[Prop.6~11]
Three monomial operators
a,i,c: P(X,1) ——P(X,T),

w i e _ (6~33)
A +—————s A" /A" ,A o

satisfy the following properties. _ .

1) aoa= a, L ' X o (6-34)
2) iei= i, o : (6-35)
3) coc= iy (identity operator), (6-36)
4) coaoc= i, » | (6-37)
5) coioc= a | (6-38)
6) aoicaci= aoi, . ‘ (6-39)

= 7) ioaocieca= ioa, ' : (6-40)
8) aoc= coi, -(6—41)
9) ioc= cea, : _ _ (6-42)

oroos _ _

1) v 5) clear. ‘

6) Fof each AEP(X,T’, wé have Aa%:Aa. Hence, we obtain Aai%:Aaa
= Aa and AaiaiC:Aai. On the other hand, we havevAaic:Aaia,
and Aai: AaiiC:Aaiai. Therefore we conclude Aaiai= Aai.
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7) For each AeP (X,T), We have AiCZAia, Aii: AiC:Aiai and Aiac:
C_._Aiaia‘ Whereas, AiaiC:Aia AiaiaC:Aiaa= Aia and AiaiaC:Aia.
Hence, we obtain Alala A

8) For each AeP (X,T1), we have A eP(X T) and (Ac)cac— (AC)i

4) . Hence, A%C= ACl

9) For each AcP (X,t), we have AceP(X,T) We obtain (Ac)ClC

%@ by 5), and A*C= a2,
(Q.E.D.)
[Theorem 6~2]

For each AeP(X,T), we can generate 14 probabilistic sets

by operations of a, i, and c¢. And they are shown as in Fig.6-2.

ic ca
AT = A
iaic —cala
A/:\ \
i aic cia c

iac cal
A =

\\\ﬁ\\\///f/% . ; \\\\\\\\\\

»

\
ai

i
>

alac clal
A =

Aac__

>

\/\/

Fig.6-2. Hasse diagram of probabilistic sets induced by oper-

ators a,i and c.

proof |
It will be verified by the following derivation tree that
there is a possibility of being generated 14 probabilistic seﬁs
from A by operators a,i and c.
All we have to show is to give an example of a probabil-
istic set A which induces 14 different probabilistic sets in
Fig.6-2. Let a total space X be a set of real numbers, and a

- parameter space (Q,B,P) be the Wiener's probability spce,
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'“"'“Aa'r—*Aaa= a?
__Aa' Aaia_*%%Aaiaa= Aaia
Aaiaiz'Aai
Aaiac_ Aaiaca=
Aaia§i=
Aaiacc=
_X_Aall Aai
__AaichX,Aalca Aaiic= A
t_*_Aaici= Aaiac
| HaeAaicc='Aai
A_{;Fif' M paca_ Aaic
96Aaci= a3ac_ 3¢
Q%Aacc= G
'—'Ai Aia /(Alaa Aia
Aiai__*_Aiaia='Aia
Aiaii= Aiai
Aiaic_%*Alalca
A1a1c1
Aiaicc=
__Aiac“_%%Aiaca_ A1aic
A1a01 A1aac=
Aiacc_ Aia
x-atis al
mﬂAic AJ:.ca= Aiic= Aic_
ici_ Aiac
Aicc= Ai
1 CL XAca___ Aic
‘*ﬂAciz A8c
K*a%%= a 161

.

> >

alaac

e

aia

g

aic

iaiac

iai

Lac
Al

aiaic_

iaiic_

aic

A

A

= A

aiac

= A"

iaic

iac



(2,B,P)= ((0,1],Borel sets, Lebesgue measure). - (6-43)
Let the subjective topology on X be a trivial extension of the
"ordinary topology of real numbefs. Consider a probabilistic
set A whose defining function is given by,

uA(x,w)= f(x)°w x € X=R, QéQ=(O,l]. (6~44)
where

f(x)= {1 xe (-2,-1U-1,0U{ (0,1)o U 2}
v ) _ (6-45)

o otherwise . '
Then we can induce 14 different probabilistic sets from A as

shown in Fig.6-3.

[
ca a
A ] w A © = ,
-2 -1 ¢ 1 5> X Sl RS ) h—> X
A f
pcata—y ® p2ia W
. o
g/ S T 77X =7 =T 5> X
. A -—-—-———-—QLA
cai S al e
A P f R
T i 5=% V| 5> x
c R e o84
S T | AN SRR |
— =1 0 2""”/ X =+ =7 i X
i
cia ] w ia /r
A . A .
—ZTITTTG =2 > % =7 3> X
P . w 3
pClal—o ?L——~——~— pat i w
1 i i 1
A X 2> % =7 =T > x
—0 Wk Oy —— W
Act ! . 4 : AL : ?’*"ﬂ’w.
—Z7 -1 0 T2 X =TI 1 > X

Fig.6-3. Defining functions of 14 probabilistic sets
induced by A.

(Q.E.D.)
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Based on this theorem, we propose several notions.
[Def.6-6] (regular open,.regular closed)
Let (X,7) be a subjective topological space. A probabili-

stic set A(eP(X,1)) is called a regular open set if

a= a%%, o , 5 | (6-46)

and a probabilistic set A(eP(X,t)) is called a regular closed
set if
a= a2, (6-47)

A set of regular open sets and a set of regular closed sets are

denoted by
Opeq™ {Al2eP(X,1), A= A%ty | (6-48)
Creg= {AlacP(x,1), 2= aAt?y, (6-49)
respectively.
Remark:
1) ae(,., < 2a=a'= 2% % (6-50)
9 n.ss. , |
2) ae(,,, <> A=A a%% '8 (6-51)
9 n.ss. |
3) (<P x,t), — ( c=P(X,1). (6-52)

reg reg

[Def.6~7] (pre-open, pre-closed)

Let (X,7) be a subjective topological space. A probabili= .

stic set A(e P(X,t)) is called a pre-open set if

A= a'%, | | (6-53)

and a probabilistic set A(e:P(X,T)) is called a pre—ciosed set
if |

a= 3%, - | . (6-54)
A set of pre-open sets and a set of pre-closed sets are denoted

by
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0pre™ {a] aepr(x,1), %= 2*%, (6-55)
Cpre= {a| aeP(X,1), at= %'y, (6-56)
respectively.
Remark:
1 2 el ﬁzg_za% | (6=57)
2) A eCpe ﬁ.A:": atat= A%, | | (6-58)
3) Oregc: OC:OpreCP (x,1), (6-59)
Creg‘: C C:Cregcp (X,T). | (6~60)
[Def.6-8]
Let A,BeP(X,T) and ACB. A is said to be dense in B if a2
DB. | |

" A(eP(X,t)) is said to be nowhere dense if a%t= $.

[Prop.6-12]

1 ¢, Xe (g (6-61)

2) 0,,02¢€ Oregr.-:.::'; 0:MO02 € Oreg’ _ (6-62)

3) A Opy= N Creg’ (6~63)
4) X, 0 ¢ Creg, (6-64)

5) C;,Cz € Creg =3 C1JCz € Creg, (6-65)

c .

6) AE:CregC::$‘A Szoreg' | (6-66)

proof

1) (bai':: (bl: ¢, Xaiz Xl= X.

2) It is sufficient to show (01002)a1= 0:N0: under an assumption
of 0,**= 0, (3= 1,2). |
01 ﬂOzC01aﬂ02a. N (0:Mo02) % (01 anOz )%= o, a'noz a,
(0:M02) 3L (0,2M0,%) = 0,22M0.*= 0,00, . o
(0.1102)2 D0, N0s & (0:M02)2F T(0,M02) = 0,7 Mo

01002 -, (0:102)2 50, N0,. Hence we have (0:102)%"= 0:N0; .

i_
g T=

l6s



3) Since A%t= A, we have (Ac)1a= aca atc ¢

4) 5) 6) They are verified almost in the same manner as 1) 2)

3).
| (Q.E.Df)
Remark: ‘
Oreg and Creg are not always_ciosed by Uand ), respec-
tiveiy. |
[Prop.6—l3]
1 6, Xely 0 (6-67)
2) 01,02 €0, =002 0, s | (6-68)
3) ael,, = aASe Core - - (6-69)
4) ¢, Xely o . | (6-70)
5) C;,C2 € Cpre:::};clncz € CPre' | C . . (6-71)
6) Ae Core™ 2S¢ Opre- ' | (6-72)

proof |
1) o= ¢a='¢ia' x= x2= Xia_
2) It is sufficient to show (01U0;) 3= (O?UOz)ia under an assump-
tion of 0,%= ojia (5= 1,2).
0,U0:3(0;U0) T 1 (01U02)% D010 R

0:U 02 3011U021, (01U02)lD(011U021)1= 011U021.
(01002) ¥ D(0:*U 0.1 %= 0; % U0, %= 0,2U0:%= (0,u002) 2.

5 (01002) 2 = (01U 02) 2. Hence we have (01U02)%= (0,U02) 2.

ci

la - Aac= A ,

3) Since Aa= A C)al= cai_ AlCl= AlaC

ie. (293 (a9t

, we have (A A

-4) 5) 6) They are verified almost in the same way as 1)2)3).

(Q.E.D.)
Remark:
Opre and Cpre are not always closed by ) and U, respec-
tively.
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6-4 .ORDINAL STRUCTURE OF SUBJECTIVE TOPOLOGY.

We defined several definitions of subjective topplogy.
Subjective topology of X is not always uniquely determined. On
the contrary, we can consider various subjective topologies on
the same total space X. We investigate their relationships from
a viewpoint of ordinal structures.

[Example 6-1]

Let X be a total space. We can always défine the following

two subjective topologies on X. One is called a trivial topology

Tor where Tolis defined by the following sustem of open sets,

0= {6,x}. - (6=73)
Another is called a discrete topology TI,’whereTI is defined by

0= P(X). (6-74)
Here, T, is the weakest topology and T1 is the strongenst topol-

ogy in the following sense.
[Prop.6~14]
Suppose that two subjective topologies are defined on X

and denote them by (X,7:) and (X,T2), where 171 and T2 are

defined by

topology | n.b.d. system open sets closed sets
T1 {V(AX) }AXCX 01 Cl
T2 V)T, o 0 - Ce

closure operator interior operator

ai il
ax i, .

Then we have the following mutually equivalent five propositions.
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1) Vl(AX)c:Vz(AX) for all A _cX, | (6—75)

2) 01 =02, o  (6-76)
3) € =(2, | - - (6=77)
“4) aA%'Doa%® for all AeP(X), | | (6-78)
5) alleal?  for all aeP(x). (6-79)
proof |
1) > 2)

For each Axcx)h where 0;e ()1 is arbitrarily fixed, we have
0, ¢ Vl(Ax) (by prop.6-2). Hence we have Olé:Vz(Ax) by 1) and
O1¢ (02 by prop.6-1. Therefore we conclude (:<0>.
2) > 1) |
| Let Ue V1(Ax) be arbitrarily fixed. Then there exists 0e {);
such that A 0 &U by prop.6-2. The assumption 2) shows Ot Oz;
Hence Us Vz(AX) aﬁd we can conclude VI(AX)CZVz(AX). Others are
easily verified ih almostvthe same manner.as a case of ordinary
theory of general topology [8].
- (Q.E.D.)
[Def.6-9]
Let 1, and 12 be two subjective topologies on X. The sule

jective topology T2 is said to be stronger than 1, and T: is

¢
said to be weaker than T2, if one of 1)n 5) in prop.6-14 (hence
all of them) holds. We denote it by |
1S 1. | : o (6-80)
A set of all subjectivé topologies on X is denoted by
TxX)= {1t | is a sﬁbjective topology on X }. (6-81)

Remark:

It will be easily confirmed that (‘T(X), 2 ) constitutes a
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poset, i.e. for arbitrary T, T2, T3 € T(xX), we have

1) Tlé Ti, ) . ‘ i : (6“82)
2) 1;2 12 and T25 Ty T1= T1i,s - (6-83)
3) 7:% T, and 125 T3 > TiS Tg. | | (6-84)

Moreover, it can be shown that  ( T(x), £ ) constitutes a

complete lattice [9].

From a mathematical viewpoint, other useful, higher notions
can be inﬁroduced such as "continuity", "compactness" and "sepa-
ration axiom". However, they are omitted here, Since the purpose
of the present chapter is to introduce fundamentals of subjective

topology.
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CHAPTER. "7 .

APPLICATIONS.
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7-1. INTRODUCTION.

We have been inveétigating the problems of "ambiguity and
subjectivity" from mainly a theoretical point of view. In this
chapter, we visualize the problem ffom a different angle, i.e.
from a viewpoint of applications. Examples in the foliowing will
be given to help the‘explanation done éo far. However, because
we do not have enough spacevto describe every thing about our
studies, we will introduce the following four examples.

Section 7-2 deals with an appraisement of recognition-
performance of character readers. As an example of practical
optical character readers, we refer to ASPET/71, especially its
guiding‘principle "multiple similarity method" in terms of the
concept of probabilistic sets (in section 7-3). In section 7-4,
estimation of independent Gaussian noise patterns is investigated.
A new statistic called B.V.Q. (bounded variation guantity) is
also proposed for. the purpose of estimation of standard deviation.
Lastly, a method is mentioned on detecting the directionality of
picture patterns. A result is also reported about texture analysis
of electron-microscopic photographs of metals by using the B.V.Q.

based on probabilistic set theory.
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7-2. APPRAISEMENT OF RECOGNITION~PERFORMANCE OF

.CHARACTER READERS.

7-2-1. FUNDAMENTAL IDEAS OF APPRAISEMENT.

Many investigationé have been made about the method of
character recognition. Basic and applied researches have been
done, and recently comparatively many character readers were put
into practice [1]. However, their recognition—performance is not
necessarily appraised correctly. Reports of this type of research
have apparently not been published to date.

It is sometimes seen in demonstrations that participants
are requested to f£ill out test-sheets. The written characters in
test-sheets are put into the character reader. Then participants
are informed whether the characters are recognized just the same
as what they wrote or not. And each of them evaluates the recog-
nition-performance of the character reader based on the output-
result, |

However, this type of evaluation isvnot always peftinent,
sinée character readers should respond to, if possible, generally
many people (not to specially selected individuals). The impor-
tant.point is not_which.way the given character is written by
each individual, but how it is recognized by many pedple in the
society. Therefore further investigation is néceséary on analysis
of ambiguity of handwritten characters..Based on the investiga-
tion, we shall deal with appraisement of recognition-performance
of charactér readers.

Let a total space X,

x= {x}, v (7-1)
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be a set of all handwritten characters, and let a parameter space

o= {v}, o (7-2)
be a set of members of the society. Here, it is assumed that the
evaluation of each member w is accepted with a weight p(w),

Jo P(w)-dw=1, pwZ 0. | (7-3)
It is also assumed that there exist concepts of characters in the
society (e.g. the alphabet A,B,...,%, "reject" and so on), where
each concept is called a category and they are dendted by

CosC1sCarensiCrn | | ' O (7-4)
Then an evaluation may be given for each member w to the question
whether the character x belongs to a category Cj or notf.The
evaluation is'denoted by uj;(x,w), where ui(x,w) takes its value
in [0,1]-interval. The value 0 corresponds to fno"; and contrary
to this the value 1 corresponds to “"yes". If ‘the value uj(x,w)
is not 1 or 0, then the evaluation becomes aﬁ ambiguous one.
However, it should be noted that such an ambiguous evaluation was
more important in appraisement of character.readers.

Each category C; is expressed as a probabilistic set on X
whose defining function is

iz XxQ —[0,11].

w ' w (7-5)
(x,0) F——>u; (x,w) : '

A pair (u;(x,0),p(w)) is called a probabilistic'expressioﬁ of C;
(cf. section 4-2). There exists another mutually eqﬁivalent ex-
pression called an extended fuzzj expression (c¢f.chapter 4). The
extended fuzzy expression of Cj consists of a countable'family of
monitors. It is shown that important information is concentratéd

on lower monitors such as a membership function mj

(—J
~d
[X)



X —> [0,1],
w W (7-6)
X > mj (X) : '
and a vagueness function vj

vi: X —> [0,1]. . _

w W _ - (7-7)
X — v (x) '

The value mj (x) indicates the average evaluation of the.socieﬁy
to the question whether the character x belongs to the categofy
Cj or not. Whereas the value v;(x) indicates a disordered degree
(or "vagueness") of the‘avefage evaluatioﬁ; There élSo exist the
following relationships between the probabilistié expression and
the extended fuzzy expression,

mi (x)= fQui(x,w)-p(w)-dw, , (7-8)

vi(x)= So(u; (x,0)-m (%)) *p(w) -dw. A (7-9)
Hence we can estimate the value of membérship function and vague-
ness function by a statistical method (éffsection 2-6). Strictly
épeaking, it is necessary to know the value of monitors whose
degree is more than 2 for the purpose of a complete expression-
of Cj. But it is impossible in general to estimate them accurate-
ly. It is empirically sufficient to use both membership'function
and végueness function.

A set of input characters X={x} is ciassified by the con;
‘cept of category Cj which is empirically established by the soci=-
ety. Howevér it will be natural to expéct that each character x
(eX) does not always correspond to one definite category. Espe-
cially characters which belong to the border of categoriés will
be evaluated in various Ways, i.e. their vagueness function has

a non-zero, positive value. The function of each character reader

is considered to give an "{0,l}-definite" output for each input
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character x, even if the character is an ambiguous one. Since we
can expect, in general, N different outputs for N different
character'readers, we would lide to know from the outputs which

character reader was the best one for our society (Fig.7-1).

CR1 - \@ |
' I ouT

: 1
| - " OUT2

’ i . |

i |

| |

{

Character readers OUTN

' consolidati4£L
Fig.7-1. A function-diagram of

N character readers.

It will be natural to consider

that if a character reader outputs the

same result as that Qf categorical classification in X, then it
is the best one. Of course it is impossible to expect such a
character reader, because each output of character readers is'a
{0,1}~-definite one, whereas a set of inpuﬁ characters X contains
‘a lot of [O,lléambiguous ones. However, we should deal with the

"goodness" of character readers by comparing inputs "IN" with
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outputé "0UT"; where IN is established by the society and OUT is
given by character readers. Thérefore the point is to introduce
a reasonable criterion d(IN,OUT) which indicates the difference
between IN and OUT.

| Let us reconsider the ambiguity of written characters. For
each member (or indiwviduall) wef, the evaluation may be é {0,1}-
definite one even if the presented character is written ambigu-
ously. But such an ambiguous character will be evaluated in
various ways according to members of the society. As a fesult of
various evaluations, a [0,l]-ambiguous value of membership‘func—
tions and a non-zero "vagueness" arise. The same situation can
be seen in a set of character readers. For each character reader,
the answer may be a {0,1}-definite one but the anSwer will be
changed according to character readers. If.we consolidate the
outputs given by character readers, then we have the same kind of
ambiguous evaluations as ones given by members of the society.
Therefore we can compare two quantities, i.e. IN and OUT, both of
which have the same kind of ambiguous structure.

Howevef, what we would like to know is not the Qalue of a
criterion d(IN,OUT), but the value of the difference between IN
énd the‘output OUT4 of j-th character reader. It is convenient
if the difference between IN and OUT4 is given in the same form
as d(IN,OUT). In order to derive a function—fbrm of the criterion
vd(IN,OUT), we must také the consolidation-operation into consid-
eration. We denote the operation by E, for example (cf.Fig.7-1)
OUT is written byv

our= e{oUT,,0UT2,...,0UTy}. (7-10)
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Based on the_abovestated arguments, we require the’follbw—
ing relation of invariance between the consolidation-operation
E énd the difference measure d(~,o);

(d(IN,oUT)= ) d4(IN,E{OUT;,0UT2,...,0UTy})=

= E{d(IN,OUT;),d(IN,OUT,),...,d(IN,0UTy) }. - (7-11)
It will also be convenient if the measure d(-,+) consists of
lower monitors such as membership functions and vagueness func-
tions. We shall intréduce a measure d(.,) which satisfies above-

stated requirements in the following section.
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7-2-2. A CRITERION OF RECOGNITION-PERFORMANCE.

Before going into the main argument, wé make preparation
several fundamentals about relationships between the consélida—
tion—operation and lower_monitors. Let u(x,@),m(x) and v(x) be
a defining function, a membetship function and a vagueness func-
tion respectively. Then we have

m(x)= Jou(x,w)p(w)-dw, V' ‘ (7-12)

v(x)= o (n(x,0)-n(x))2p(w) -dv, | | (7-13)
(cf. (7-8) and (7-9)). |

In the next place, consider the case of two pa;ameter
spaces §}; and Q3. Suppoée that the membership function and the
vagueness function are given by {ml(x),vi(x)} in ©; and {m. (x),
v2(x)} 1in @, and that two parameter spaces are consolidated
with weight p; and p:2,

p1 + p2 =1, p1,p22 0. ' (7-14)
We obtain the membership function m(x) and the vagueness function
v(x) in the cosolidated parameter spaceAQ= Qlqu asifollows;

m(x)= leUQZ H(x,w)p(w) -dw

p1-my (x) + pzemz2(x), | , (7-15)
vix)= Io q, (u(X.wY—(plmz(x)+pzmz(X)»2p(w)-dw - |
= p1evi(x) + p2-v2(x) + pipz(my (x)-m (x))2. (7-16)
It should be noted that m(x)_was given by_a weighted sum but that
v(x) was larger than that.
Consider the case of n parameter spaces,
2= Q1 U Q2. U, | - - (7-17)
1= p1+ pz+...+ by, | p;2 0. | (7-18)
It is clear that the membership function is given by a weighted

sum,



m(x)="

i~

pj *mi (%) . | (7-19)
i=1 T

Then the vagueness function is calculated as follows;
vix)= Solulx,0)- % p;m; (x)) ?p(w)dw

= Jqt 2 p; (u(x,0)-mj (x)) )P (w)dw

> pipj{[Qu(x,w)zp(w)dw - (mi(X)+mj(X))fQu(x,w)p(w)dw':

i,]
. +‘mi(x)mj(x)}
o+ Lot (m, (x) -m, (x)) 2. (7-20)
= I p.,v.(x) + & p:p.(m, (x)y-m, (x . ' -
i=1 1% 23,91 0301 ]

The result is shown in Fig.7-2.

mp (x) ,v1(x) m2(x),va(x) mp (x) , vy (X)

o

{HMX)=‘¥ pimiKX)

1

oy 1 - 2
V(x)~x§ pivi(X) + 5 i%jpipj(mi(x) mj(x)).

Fig.7-2. Consolidation of n parameter spaces.

IL,et us reconsider the main problem. As we have already men-

tioned, the fundamental idea is a comparison of IN with OUT (cf.
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section 7-2-1), where IN and OUT is expressed by M (

(x,w), Mo

in

(x),v UT(x), respectively. The

ouT 0

difference between IN and OUT is represented by an operation

x), VIN(X) and UOUT(Xfw)’ m

"symmetric defference" INAOUT (cf.(3-95)),

(x,0)= (x,0) - (x,0)|. | (7-21)

Y NAOQUT . Hour

In order to emphasize the difference, we take its 2-power (cf.

(3-98)) (INAOUT)?,
M naour) 2 (Xrw)= My (x,w) = OUT(x w))? (7-22)
Then its membership function becomes,
) _ ) , o i
M rnaout) 2 (B = T (Mg (%,0) = Hpn (%,0)) “p(0) dw (7-23)
—— — 2 —
= Vg () F Ve (X)) (mp (%)= mon (%)) 5,(7-24)
where it is assumed that the parameter spaces QIN and QOUT are
independent, i.e.
Q= Q QOUT' | (7-25)
P(m)= Pry (@) -Poyp (W) - , (7-26)

This membership function satisfies the abovementioned invariance
(7-11) : Suppose that there exist N character readers whose lower
monitors are expressed by {mj(x),vj(x)}jﬁl, and that the weight

is given by {p. } —1+ Then we have, by (7-19) and (7-20),

j 3=
N .
= I .m, R (7-27
T(x) ]_lpj ](x) | )
N 1 N 2 :
v (x)= I p.v.(x) +5 I p. (m (x)—m (x)) (7-28)
ouT =1 3 3 2 i,9=1 iP | 3 ‘
On the other hand, since we have
= ' 2 -

m(INAj)z(x)— Vg (¥) + vj(X) t (e () +.mj(X)) , (7 29)

in the same way as (7-24), we obtain
’ N
D> p ‘m

52173 (INag) 2 (¥)=
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N - N
X

=VVIN(X) + pjvj(x) + mIN(x)2 = 2empe(x) 2 pjmj(x) +
j=1 i=1
N
+ I p.m.(x)2
j=1
= v () v () (mp () mmn (x0) 7 (7-30)

The right side of (7-30) provides the same quahtity as (7-24),
aﬁd the assertion is confirmed.

It is clear from (7-23) that this quantity provides the
square of L?-distance measure. This is also a convenient.property.
We adopt this quantity (7-29) as a basis of the criterion and
denote it by D(IN,j) (x), i.é.

D(IN,j)(X)= Vi (%) + va(x) + (mIN(x)—mj(X))2

' 3=1,2,...,N.(7-31)
Tt should be noted that in most cases the output of character
" readers is a definite one, i.e. Qj(x)=0 and ﬁj(x) is either 1
or 0, so We obtain the following inequality,‘

02 vy (x)s D(IN,j)(x)é‘l;v : ‘ (7-32)
Of course it is desirable that D(IN,j) (x) takes a small value,
put its lower bound is given by.vIN(x) ("the vagueness of the

character x"). This lower bound v N(x) doesn't depend on character

I
readers, but on the society. Therefore it will be natﬁral for
the purpose of appraisement of character readers ﬁo take away
the vagueness from D(IN,]j) (x), and we designate it. by d(IN,j)(x),
i.e.

A(IN,§) ()= (mpe(x) - m G2 | (7-33)
It should be noted that da(IN,Jj) (x) also satisfied the invariance-

relation (7-11). This guantity is a criterion for each character

%. The criterion for X={x} is given by its average,
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4 (IN,j)= fx d(IN,j) (x) -p(x) -dx
= fx(mm(x}"mj (x)) *p(x) -dx, ' : (7-32)
where each character x is supposed to appear with frequency p(x),
Sgp(x)dx= 1, p(x)2 0. (7-35)
Based on the concept'éf probabilistic sets, we showed bound
(7-32) of recognition-performance and proposedia criterioﬁ (7-34)
of appraisement. However, further experiments like ones mentioned
in section 2-6 and 5-~10 will be necessary in érder to establish
the technical system. 1t will also be pbssible and be interesting
to discuss the criterion from a viewpoint of subjective entropy.

We would like to leave this for one of further studies.
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7-3. MULTIPLE SIMILARITY METHOD OF OCR "ASPET/71".

In applications of probabilistic set theory, one of the
most 1mportant p01nts 1s to choose a suitable parameter space
according to. each 81tuat10n. No restrlctlons are 1mposed on the
parameter space (Q,B,P) except that it is a probablllty space,
but we have been mentioning enly the:case ef 2 beiﬁg a set of
people. We shali give other examples in the preseﬁt and the
following sections.

' AsAwe have mentiened in a previous section, character re-
cognition is a categorizing process of eaeh of unﬁnown input
character patterns into one of known finite number of character
categories. Various practical methods of realizing this process
has been devised. Among them,‘pattern matchiné method is one of
the most commonly used techniques in which the eimilarity of
input pattern is tested with reference patterne of each cetegory.
Multiple similerity method has been developed as an advanced,
vpractical teehnique of the pattern matching method by T.Iijima,
who is an advisor of the present author [2]. A practical optical
character reader ASPET/71 (analogue spatial processor developed
by g}ectro—technical laboratory and’ Toshiba) capable of reading
printed characters with very poer'print guality has beeh success-
fully designed and put into practice beSed<x1mainl§ the theory
of the multipie similarity method [3]. The multiple similarity
method is also possible to interpret by using the concept of
probabilistic sets. We shall deal with it in the following.

L.et each character pattern be expressed by a light energy

distribution function of an element of L?(R?). Let an input
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pattern be g and a reference pattern

¢
A 9 be ¢. Then simple similarity is
5 | . defined by the following‘s¢(g),
54(9)= cos™0 so(5 (0,914l |
0 = cos?9, | (7-36)
Fig.7~3. An illustration where |
of simple similarity in 0 s¢(g)§ 1, (7-37)

) 2,2 .
function space L~ (R%). (c£.Fig.7-3) . Based on the concept of

simple similarity, multiple similarity s(g) is defined as follows,

N .
s(qg)= nio pn-s¢n(g), | »(7~38)
N N
Ppo= 2/ T A, (20 ( Ip=1), (7-39)
m=0 n= :

where An is n-th eigen value which corresponds to the mode func-
tion ¢n [3].

As is evident from (7-38) and (7-39), the multiple similar-
ity method can be interpreted in terms of probabilistic sets; We
can regard each mode function ¢n and the ratiov;%r as a parameter

and its probability,respectively,

4= {“nK ¢n}n§0' (7-40)
N ’ .

p(wn)= An/ X xm. . (7-41)
m=0 :

Then S¢n(g) can be interpreted as a defining fgnction of a proba-
bilistic set, .>

wlg o )x s¢n(g). ,. (7-42)
The multiple similarity s(g) becomes the "expectation of the
defining function" or the membership function of the probabilistic
set, | |

s(g)= Jou(g,w)dpP(w)= m(g). ' (7-43)
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Fig.7-4 allow the points to be read easily.

59, (9= H(g,00) N
//g///,//’/// T we=

| s, (@)= ulg,01) e I

0 s(g)=

= fgu(g,w)dP(m)

e

x= g} Soy (9)= 1(g,0y) Py

= m(g)

o= Oy
Q= {mo,wl,...,wN}

| Fig.7-4. Multiple similarity method from a viewpoint.of

probabilistic sets.

]

In the case of OCR "ASPET/71", three pa:ameters are chosen,
i.e. N=2, and ¢¢,¢; and ¢, are made by ¢,0¢/9x and 3¢/3y by

taking the translation of characters in sheets into consideration.
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7-4. ESTIMATION OF GAUSSIAN NOISE-PATTERNS.

Let's consider a discrete time series,

N SV S 9% S SR " N (7-44)
where |
X, v N(m,02) for all i= 0,%1,... , - (7-45)
and each of them is independent. (N(m,oz) stands for a normal
distribution with mean m and standard deviation 0.) This pattern,
as is well-known, is called an independent Gaussian process, and
often appears in noise analysis. This pattern is charécterized
completely by only two parameters, i.e. the mean value m and the
standard deviation o, |

= {w;=m, wa= o}, . (7-46)
These noise patterns are expressed as probabilistic séts, and the
problem is how to estimate m and o from observed data.

In the abovementioned situation (7-44) and (7-45), consider

the following two statistics,

1 n-1 ,
E(n,i)= = % X, ., (7-47)
j=0 *7J
n-1
var(n,i)= =t % (x;_5- E(m,i)?%, o (7-48)
_ iZo |

where i stands for the present time and n stands for the number
of observed data. Then, as is well-known, the expectation and the

error-variance of these two statistics are given as follows;

FIE(n,i)]=m, . (7-49)
VIE(n,i)]= o%/n, (7-50)
Evar(n,i)l= o?, (7-51)
VIvar(n,i)1= 20*/(n-1). R (7-52)

Hence the mean value m and the standard deviation o can be esti-
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mated by (7-47) and (7-48), and the estimation error tends to
zero as n tends to infinity. However, the convergenéé—ratio is a
little bit different, i.e. in the case of mean value m the order
of the convergence-ratio is 1/n, whereas it is 1/vn iﬁ the céée
of standard deviation. But it can be improved.by using a concept
of B.V.Q. (bounded variation gquantity), which was propqsed‘by the
4present auther [4]. And we shall propoée'a new statistic V(n,i)
in the following. |

By using‘the staﬁisﬁic based on the B.V.Q., the standard
deviation ¢ can be estimated with 1/n as the order of the con- -
vergence-ratio. In the same situation as (7-44) and (7-45), the

bounded variation quantity is given by

(7-53)
j=0

With regard to the expectation and the error-variance of this

statistic, we have the following proposition.

[Prop.7-1]
Elv(n,i)1= o, | | C (7-50)
Vivin,i)1= (m-2)c%/(2n). (7-55)
proof

: 2 s . ’ .
Since Xi-j v N(m,0°) for all j, and since Xi—j and.Xi_(j+l)

are independent, we obtain

X v N(0, (V20 ) 7). e (7-56)

i3 %5-(3+1)

If we calculate moments, we will have

1% 7% (541y 117 20777, - 7=

EOIX; =% 541y [P0= 202. " (7-58)

Hence, we obtain
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/T B
E[V(n,})]— 5 jiﬁ E[IXi_j Xi-(j+l)‘]
= L1 g 3% = 0, | (7-59)

. 2n Jn
VIvi(n,i)]= FIV(n,i)?]- E[V(n,i)]2
= (n/4n?){n2¢? +2(n(n~1)/2)(2o//ﬁ)2}— o2
= (n-2)o?/2n. | | (7-60)
| ~ (Q.E.D.)
Comparing (7—51)(7—52).with (7-54) (7-55), we can summarize
he advantage of'bounded variatidn estimation as follows.
) The order of convergence—ratio: islimproved frbm 1//n to 1l/n.
) The coefficient is improved from /35%= 1.41402 to (m-2)c?/2=
0.571¢%.
) In the calculation of V(n,i), the main operatibn is a differ-
ence (see (7-53)), so the reductioh of bits is possible. (In (7
- -48), because the main operation is a squa}e—multiplication of
Xi—j' the ngcessafy bits are doubled.) Moreover, the computation-
speed of difference is, in general, faster than that of multi—
plication. Hence the bounded variation estimation is very cén-
venient, especially in the case of real—time—processing'with a
microcomputer. |
An example of a simulation experiment is shown in Fig.7—5. The
abovestated advantages 1) and 2) can be seen in thls example.
Based on abovestated result defining functlons u({X } wy)
and u({Xi},mz) are estimated from (7- -47) and (7- 53), respectively.
Since the complexity of calculation and the convergence speed are

almost the same in- both cases, we can estimate them by a realé

time—parallel~micro—processing system (cf. Photo.7-1) . A result
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Photo. 7-1. A parallel-micro-processing system.

of a simulation experiment is also shown in Fig.7—6 (a) and (b).
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7-5. TEXTURE ANALYSIS BASED ON DIRECTIONALITY.

Texture analysis is a classifying process of each picture-
pattern into several regions each of which has the same'"texture",
The texture of picture-patterns is characterized by several fea-
tures such as coarseness, cohtrast énd directioﬁality. Among
them,’directionélity can be easily detected by uéing”BVQ and the
concept of probabilistic‘séts. The_outliné will be described
- below. N

Firstly, we shall mention BVQ in the case of single varia-
ble function. Let f(x) be a real-valued function on [a,bl], and
'A be an'argitrary finite partition of [a,b], |

A: a= X< X1< X2< ...< Xp= b. o (7-61)
We define the variation of f with respect to A as follows,

ViE )= B £k -F(xiop) |- (7-62)

i=1 ' ‘
If the partition A' is a refinement of A(A'>A),'then we have

0§ V(£,A)S V(E,0")< +, (7-63)
Considering this property, we define the variation of f as fol-
lows,

V(£)= sup {V(£,d) |A:finite partition of [a,bl}. (7-64)
This‘quantiﬁy V(f) is nonnegative but may be infinite for some

functions. A function £ is said to be a bounded wvariation func-

tioﬁ if
V(£)< +o - (7-65)

and the value V(f) is called the bounded variation quantity BVQO

of f. Another representation of V(f) is also possible, i.e.

[o0]

vie)= S0 1E (%) |ax, | : (7-66)

ool

where the derivative is taken in the sense of distribution [4]. -
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In the next place, consider the case of picture—patterns.>
Let each picture-pattern be expressed by a real-valued function
of two-variables f(x,y). Let us consider a straight line of direc-
hY ax+by= ¢ tjon 6(0< 6< T), | |

=& ax+by= c, _ ' (7-67)

on a x-y plane as shown in Fig.7-7. If we

> x define a coordinate transformation from
0 : '

Fig.7-7. A straight (er)VtQ (€,n) by,

line ax+by= c. LB cos 6 sin 0, ,x, PP
- (n )= ( _gin 6 cos 9)(y)’ (7-68)

and if we restrict a domain of f(x,y) to the straight line ax%by=
¢, then the function .

f(x,y)= £(£-cos & -n-sin 6,E-sin 6.+n-cos 8) (7-69)
will be regarded as a function of one variable £. Under an as-
sumption that £ is a bounded Variatioﬁ function of &, the varia-
tion V(f,ax+by= c) of £ on the straight line ax+by=c will be given
_by

V(f,ax+tby=c)= [ |9£/3E|-dE, (7-70)
" (cf. (7-66)). Since this quantity V(f,ax+by= c) is a function of
n, an integration ’

V(£,0)= S V(f,ax+by=c)dn | | (7-71)

= 1757 |9£/3E|dedn, | (7-72)

may be calculated. This quantity will be called the variation of

f in the 6-direction. The bounded variation quantity (B.V.Q.)

V(f) of f will be characterized as the mean value of V(f,0)

V()= & MV (£,0)as8 |
= 2 "2 5185 08| aganas,  9-73)

and it will also be written symbolically
T : ,
V()= J_J_,, L(/mJ |af (x,y) /d6 |detdxdy, (7-74)
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where :

df (x,y) /d®= cos 0 (3f(x,y)/9x) + sin 6 (3f(x,y)/dy). (7-75)
The BVQ V(f) is defined by (7-73) based on a concept of distri-
bution, but (7-73) is also valid in,an ordinary sense if the
function f belongs to-Cl-class. Moreover, in this case, the equa-

tion (7-74) is also valid and provides the same quantity as (7-

73). Yy
| » X .
The BVQ V(f) can be used as a n axyby= ¢
comparatively excellent feature for > A~ TE
. e
the purpose of detecting the direc- 1{ax a ¢ A)
tionality of pictures. Let f be a o
- — > x

picture-pattern and A be an obseved
Fig.7-8. Obgerved area A.
area (an open bounded domain, cf.
Fig.7-8) . The directionality of £ in the area A can be detected
as follows; Let the x-axis be 6= 0, and letkthe countérclockwise
direction be the positive direction of 6(02 6< m). A quantity
V(6) is defined for each direction 6, by using the concept of
BVQ. Consider a straight line ax+by= c of direction 6. And
calculate the average variation of.f in A along ax+by=c,

1(ax+by=cNAa) "t s [o£/5E|dE.  {(7-76)

ax+by=chA
This quantity wiil be’chénged<when ax+by=c_is:moVved_parallel. We _
denote V(8) for the average value of them in A. The quantity .
V(8) provides the average variation of £ in the S;Airection,}and
it has the following property. If the picture f has a direction-
ality in the 8,-direction (i.e. if the value of f doesn't change
in the 6y-direction), then we have,

Min {V(6)]|6}= V(6¢)= O, : - (7-77)

Max {v(8)]|6}= v((eo+(w/25)

mod a) - _ (7 -78) »
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Hence we can find the direétionality of £ by the fluctuation of
the value V(8). We can also guess the contrast and the coarse-
ness of £ in the 6-direction ffom‘the magnitude>of‘the,value |
V(0). Moreover, it should be noted that the computation of V(o)
is very easy compared with methods such as the power spectruh
method of Fourier—t:ansformation [5]. This property of V(0) will
be understood by the example shown in Fig.7—9.'Each picture has
32x32 pixels and each pixel has 256 gfay~leVeis. V(Gi) is calcuf
lated in 8 directions (i= 1~ 8). |

Of course, the BVQ itself is not a perfect feature of
picture—patterns; and it is rathér a local feature. In oxrder to
compensate this insufficiency, the integral quagtiﬁy is useful.
Textures of picture-patterns can be expressed aé probabilistic
- sets to some extent by using.avovemehtiéned features for para-
meters. A simulation experiment of texture analysis is performed
on electron-microscopic photographs of metals (Fig.7-10) . Each
picture is divided into 8%8 blocks and each block is coﬁstructed
by 32x32 pixels and 256 gray-levels. In each block, the BVQ~
{V(ei)}iil' and the average density (the integral quantity) are
calculated. Each of these Quantities corresponds to a‘parameter
of the parameter space Q,

Q= {w1,Wz2,...,05,09}

w; = V(8,), plw)=1/12, for i= 1v8, (7-79)

Wao « the average density, plwe)= 1/3.
Each block is considered to be a probabilistic set, and 64 blocks
(64 probabilistic sets) are dlassified into severél regiohs (cf.

Fig.7-10). It should be noted that since all operations in the
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calculation were very simple, the processing time was rather

short (about 1 minute for each picture using a mini-computer and

a FORTRAN_program).

i v(ei) of (a) v(ei) of (b)
1 24793 30597
2 24673 . 29933
3 24438 29687
4 16229 20500
5 8590 11843
6 16454 22986
7 24487 L 29687
8 24524 1 32469

F

i

g.7~9. Ditection

of directioﬁality of
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(a)
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(b)
Fig.7-10. Texture analysis of electron-microscopic

photographs of metals.
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We have been'invéstigating ambiguity and subjectivity in
cognitive and ‘decision processes mainly from a theoretical view-
point. The outline of the results will be described below.

" Firstly we attempted to obtain a new interpretation about
the problem of ambigﬁity and subjectivity in human-oriented
fields. And it was summarized as a concept of probabilistic sets.
The fundamental idea was as follows: All the thinqs we can inter-
fere are expressed by concepts of probability, and the casés we
can not intervene are unified by using fuzzy concepts. The theo-
ry was characterized as a complete péeUdo-Booleah algebra from.

a lattice theoretical point of view. We also proposed two mutual-
ly equivalent expressions of probabilistic sets, i.e. probabili-
stic expressiqn and extended fuzzy expression. As a result of
these expressions, we could draw an interésting conclusion to
the "fuzzy vs probability" controversy, i.e. the eQuality be-
tween the two was confirmed. From a viewpoint of information
theory, the concept of Shannon's entropy was investigated in
terms of probabilistic sets. It was shown that entropy was an
important measure of ambiguity, but that there also exiéted_
other kind of ambiguity such as the notion of vagueness. Topo-
logical étructure of probabilistic sets was also dealt with by
several different methods. To clarify the descrip;ion, four ex-
amples are giVen'such as appraisement of recognition—performanée
of character readers. | N

Va:ious unwieldy problems which arise despite one's pleas-
ure have been visualized by our studies. Investigations from all

approaches were being carried out and a new path has opend in
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the research of human-oriented problems such as decision making
and pattern recognition in a broad sense. However this type of
research has just been started and the careful;examinaﬁion of
the results will lead to a néw way in research. The following
points are left as future problems: As we ha&e already mentioned,
OCR ASPET/71 is a good example of practicalvapplications..Other'
concrete applications are now in the improvement stage, where
multiple-parallel processing will play an important role by
using plural micro—computers. But some time is necessary until
these plans are put into praétical use. There is nd alternati&e
but to wait for future research and development. The present
auther will be very glad if his study is any help to the peoplé

concerned.
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