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Chapter 1

Introduction

The development of computer communication networks is bearing massive

transfer of various kinds of data over networks, and many data processing

applications require storage of a large volume of data. To reduce the con-

sumption of expensive resources, such as transmission bandwidth or disk

space, various kinds of techniques of data compression have been proposed.

Further, the practical requirement of data compression has yielded a large

volume of research on source coding problems.

Claude Shannon initiated the theory of lossless source coding problem

(along with other subjects in the information theory) in the ground-breaking

paper [23]. Shannon formulated the concept of entropy, and gave it opera-

tional significance by proving the source coding theorem. His theorem states

that the entropy rate of a stationary ergodic Markov source with finite alpha-

bet is the optimum rate at which the source can be encoded losslessly. Later,

extensions and generalizations of Shannon’s theorem were obtained. Today,

it is known that the source coding theorem holds for extremely generalized

sources which do not satisfy stationarity nor compatibility [7].

While a lossless code encodes the data so that the original data can be

reconstructed, lower compression rate can be achieved if some distortion be-

tween the original data and reconstructed data is admitted. In 1948, Shan-

non [23] defined the concept of rate-distortion function and then sketched

the proof of a lossy source coding theorem. Later, Shannon [24] formulated

the rate-distortion theory, where the optimal trade-off between the distortion

and the coding rate is investigated. Shannon’s lossy coding theorem states

that the rate-distortion function for a discrete memoryless source gives the

optimum compression rate at which the source can be encoded so that the

1



CHAPTER 1. INTRODUCTION 2

resulting distortion in the recovery of the source output is less than the

given distortion level. A large number of papers has been devoted to the

rate-distortion theory [13]. Three kinds of lossy coding problems were for-

mulated, namely, fixed-rate, fixed-distortion, and fixed-slope lossy coding

problems. In the fixed-rate (resp. fixed-distortion) coding problem, one min-

imizes the distortion (resp. coding rate) subject to a constraint on the coding

rate (resp. distortion). In addition to the fixed-rate and fixed-distortion cod-

ing, the fixed-slope lossy coding problem of stationary ergodic sources was

first proposed by Yang, Zhang, and Berger [33]. In the fixed-slope coding

problem, neither the rate nor the distortion needs to be fixed, and instead,

one minimizes the cost defined by the rate and the distortion.

It has been recognized that the theories of lossless and lossy source coding

provide a theoretical basis for many practically important data compression

problems. On the other hand, in order to design an optimal code, in the

source coding theorems, it is necessary to know the stochastic properties of

the source. In other words, the statistical properties of the source should be

fully investigated in advance of constructing the code. However, in a real

situation, estimating the statistical properties of the source may be either

impossible or unreliable. Moreover the stochastic properties of source may

vary with time in an unpredictable way.

One way to treat the uncertainty on stochastic properties of a source is

to consider a class of sources rather than a particular source. A code is said

to be universal for a class of sources if, for any source in the class, there is no

asymptotic loss of performance when we use the code instead of an optimal

code for the source. For some classes of sources, various kinds of universal

lossless code have been proposed [37, 4, 10, 30]. Moreover, even in lossy

coding problems, there are various kinds of universal codes for some classes

of sources [38, 10, 21].

Another way to treat the uncertainty on stochastic properties of a source

is to regard the data as an individual sequence rather than an output from

a stochastic source. Nonprobablistic measure of the compressibility of indi-

vidual data can be defined as the smallest compression rate achievable by

a given class of codes. Kolmogorov [15], Chaitin [1], and Solomonoff [26]

considered the class of codes that output a binary program which causes the

original input data when run on a Turing machine. The resulting measure

is called Kolmogorov complexity. Ziv and Lempel [36] considered the class

of codes which are modeled by finite-state machines. They revealed that,
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in the theory of coding problem of individual sequences, the compressibility

of sequences plays a role analogous to that of entropy in Shannon’s source

coding theorem. In addition, their study yielded a universal lossless code

which is as known as Lempel-Ziv 78 (LZ78) code. On the other hand, the

framework of lossless coding of individual sequences was also extended to the

lossy coding problem of individual sequences. Ziv [34] considered the lossy

coding problem of individual sequences, and proposed a fixed-rate universal

lossy code. Yang and Kieffer [31] extended Ziv’s result, and investigated the

fixed-rate and fixed-distortion lossy coding problems of individual sequences.

They also showed that LZ78 code can be applied to universal lossy coding.

In this thesis, we adopt the framework of coding problems of individual

sequences. The aim of this thesis is to reveal relations among various kinds

of complexities of sequences and investigate coding problems of individual

sequences in a unified way.

First, we consider the lossless coding problem of individual sequences

over countably infinite alphabet. We investigate relations among two kinds

of empirical entropies, the self-entropy rate, and the Lempel-Ziv complexity

of individual sequences over countably infinite alphabet. Using these com-

plexities, we characterize the compressibility of individual sequences via the

class of blockwise encoders. Moreover, as an application of this result, we

show that a variation of LZ78 code can attain a better compression rate than

any blockwise encoder, even if the alphabet is countably infinite.

Next, we investigate the fixed-rate and fixed-distortion lossy coding prob-

lems of individual sequences. We deal with more general distortion measures

than the additive distortion measure considered in [31]. For each problem,

we characterize the optimal performance theoretically attainable via block-

wise lossy encoders by using empirical distributions of individual sequences.

In addition, we propose the fixed-rate and fixed-distortion universal lossy

encoders based on the complexity of sequences. This result reveals that not

only LZ78 code, but various universal lossless codes such as grammar based

codes can also be applied to universal lossy coding.

Finally, we investigate the fixed-slope lossy coding problem of individual

sequences. We show that the optimal cost attainable via blockwise lossy

encoders can be characterized by using two kinds of empirical distributions

of sequences. Moreover, we apply this result to the fixed-slope lossy coding

problem of nonstationary sources.

Our results show that optimal performances attained in lossless and lossy
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coding problems are characterized by complexities of individual sequences.

Coding theorems clarify that the empirical entropy (resp. distortion-rate

function, rate-distortion function, cost function) of the sequence gives the

optimal compression rate (resp. distortion, coding rate, cost) attainable by

blockwise encoders. This fact means that when we consider coding problems

of individual sequences, these complexities play important roles analogous

to that of quantities defined for probabilistic sources. Though we cannot

obtain exact values of complexities in general, these complexities have an

advantage that they are defined for each individual sequence independently

of probabilistic sources. Especially, some complexities are defined by us-

ing the overlapping empirical distribution of the sequence. By combining

the ergodic theorem, our results on the coding problems of individual se-

quences can be applied to the universal coding problems of stationary ergodic

sources. It can be shown that for almost all sequence emitted from a sta-

tionary ergodic source, the empirical entropy (resp. distortion-rate function,

rate-distortion function, cost function) of the sequence is equal to the entropy

rate (resp. distortion-rate function, rate-distortion function, cost function) of

the source.

This thesis is organized as follows. In Chapter 2, we define the nota-

tion and terminology used in this thesis, and then, investigate the lossless

coding problem of individual sequences. In Chapter 3 and Chapter 4, we

investigate the fixed-rate and fixed-distortion lossy coding problem of indi-

vidual sequences respectively. In Chapter 5, we investigate the fixed-slope

lossy coding problem of individual sequences and nonstationary sources. In

Chapter 6, we summarize the result of this thesis.



Chapter 2

Lossless Coding Problem

2.1 Introduction

Data compression has important applications in the areas of data trans-

mission and data storage. The development of computer communication

networks is bearing massive transfer of data over networks, and many data

processing applications require storage of a large volume of data. It is inap-

propriate to transmit or store a large amount of data in its original form. If

we analyze and remove the redundancy contained in the original data, the

amount of data to be transmitted or stored becomes small, and thus, the

cost for transmission or storage can be reduced.

In the lossless coding problem of individual sequences, we consider the

following mathematical model of a data compression system. When we wish

to transmit or store a given data sequence, we use an encoder to convert the

sequence into the binary form called the codeword. From the codeword, the

decoder reproduces the original data. Since it is necessary to guarantee that

the original data sequence can be reproduced from the codeword, we cannot

assign short codewords to all sequences. In this chapter, we investigate how

well we can losslessly compress a given individual sequence.

Historically, the lossless coding problem of individual sequences was for-

mulated by Ziv and Lempel [19, 35, 36, 39]. Lempel and Ziv [19] investigated

the complexity of finite sequences, and then later, they applied their result

to a universal algorithm for sequential data compression [35]. Moreover, Ziv

and Lempel [36] revealed the compressibility of individual sequences by the

class of finite-state information-lossless encoders. Ziv [39] also established

the coding theorems for fixed-rate lossless coding of individual sequences. In

5
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Section 2.3, we review the Ziv and Lempel’s result [36] on the lossless coding

of individual sequences via finite-state encoders.

While Ziv and Lempel considered the lossless coding problem of sequences

over finite alphabet, only little is known about the lossless coding problem

of sequences over countably infinite alphabet. In Section 2.4, we consider

the lossless coding problem of individual sequences over countably infinite

alphabet, and characterize the compressibility of an individual sequence via

blockwise lossless encoders. Our main theorem shows that, for a given se-

quence, the optimal performance attainable by blockwise coding is equal to

the self-entropy rate and the empirical entropies. Moreover, it is also shown

that the Lempel-Ziv complexity, which is defined by the minimum number

of phrases in arbitrary distinct parsing of the sequence, gives a lower bound

of the compression rate. As an application of this result, in Section 2.6, we

reveal that a variation of LZ78 code can attain a better compression rate

than any block encoder. Further, we clarify a relation between our result

and Kieffer’s result [10] on the universal coding of the stationary ergodic

sources.

2.2 Notation and Terminology

Throughout this thesis, we use the following notation and terminology.

Let A be a set. We denote by |A| the cardinality of A. We denote by

An the set of all strings formed from n symbols in A, and by A∞ the set of

all infinite sequences over A. The set A∗ �
=

⋃∞
n=0 An denotes the set of all

strings of finite length. For each infinite sequence a = a1a2 · · · ∈ A∞ (ai ∈ A

for each i = 1, 2, · · ·) and two positive integers n and m (n ≤ m), am
n denotes

the subsequence anan+1 · · ·am of a. For two strings u ∈ A∗ and v ∈ A∗, uv

denotes the concatenation of strings.

Let N be the set of positive integers {1, 2, 3, · · ·} and B �
= {0, 1} be the

binary set. The function � : B∗ → N denotes the length of the binary string,

that is, �(bn
1 ) = n for each binary sequence bn

1 = b1b2 · · · bn ∈ Bn.

For any nonnegative number τ ≥ 0, �τ� denotes the smallest integer

greater than or equal to τ , and �τ� denotes the largest integer smaller than

or equal to τ .

Throughout this thesis, we take all logarithms to the base 2. We adopt the

convention that 0 log 0 = 0, which is justified by continuity since τ log τ → 0

as τ → 0.
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2.3 Lossless Coding of Sequences over Finite

Alphabet

In this section, we review the Ziv and Lempel’s result on the lossless cod-

ing problem of individual sequences over finite alphabet. Throughout this

section, we assume that X is a set of finite symbols. X is called the source

alphabet. Ziv and Lempel [36] investigated the compressibility of individual

sequences with respect to codes that can be modeled by finite-state automata.

In their model, an encoder ψ is defined by a quintuple (S,X , B, g, f) where

S is a finite set of states, B ⊂ B∗ is a finite set of binary words including

null-word, g : S × X → S is the next-state function, and f : S × X → B∗

is the output function. When an infinite sequence x = x1x2 · · · (xi ∈ X )

is fed into the encoder ψ = (S,X , B, g, f), the encoder ψ emits an infinite

sequence u = u1u2 · · · (ui ∈ B) while going through an infinite sequence of

states s = s1s2 · · · (si ∈ S), according to

ui = f(si, xi)

si+1 = g(si, xi) i ∈ N ,

where si is the state of ψ when it processes the input sequence xi. An encoder

ψ is said to be information lossless (IL) if for all s1 ∈ S and all xn
1 ∈ X n

(n ∈ N ), the triple {s1, u
n
1 , sn+1} uniquely determines xn

1 . In the following

discussion, we assume that the initial state s1 is a prescribed fixed member

of the state-set S.

Given an encoder ψ = (S,X , B, g, f) and an input string xn
1 ∈ X n, the

compression rate for xn
1 with respect to ψ is

�(ψ(xn
1 ))

n
,

where ψ(xn
1 ) ≡ f(s1, x1)f(s2, x2) · · ·f(sn, xn) is the output binary string

when xn
1 is encoded by ψ. Then, for each individual sequence x ∈ X∞,

the finite-state compressibility of x is defined as the optimal performance

theoretically attainable (OPTA) in lossless compression via finite-state IL

encoders.

Definition 2.1 (finite-state compressibility [36]) For a given sequence

x ∈ X∞, let

ρ(x)
�
= lim

S→∞
lim sup

n→∞
min

ψ∈E(S)

�(ψ(xn
1 ))

n
,



CHAPTER 2. LOSSLESS CODING PROBLEM 8

where minψ∈E(S) is taken over all finite-state IL encoders with |S| ≤ S.

The real-valued function x �→ ρ(x) is referred as the OPTA function

in lossless coding. To characterize the finite-state compressibility ρ(x), we

introduce two kinds of quantities which indicate complexities of a sequence.

Definition 2.2 (Overlapping empirical entropy [36]) The overlapping

empirical distribution pk(·|xn
1 ) of x is defined as

pk(a
k
1|xn

1 )
�
=

|{i : 0 ≤ i ≤ n − k, xi+k
i+1 = ak

1}|
n − k + 1

∀ak
1 ∈ X k. (2.1)

Let

Ĥk(x
n
1 )

�
= −1

k

∑
ak
1∈Xk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 ),

and

Ĥk(x)
�
= lim sup

n→∞
Ĥk(x

n
1 ).

Then, the overlapping empirical entropy Ĥ(x) of x ∈ X∞ is defined as

Ĥ(x)
�
= inf

k
Ĥk(x).

Definition 2.3 (Lempel-Ziv complexity [36]) For all x ∈ X∞, let

C(x)
�
= lim sup

n→∞
log n

n
c(xn

1 ),

where c(xn
1 ) denotes the maximum number of phrases in arbitrary distinct

parsing of xn
1 .

Ziv and Lempel showed that the finite-state compressibility ρ(x) is equal

to H̃(x) and is lower bounded by C(x).

Theorem 2.1 ([36]) If X is finite then for any individual sequence x ∈ X∞,

C(x) ≤ H̃(x) = ρ(x).
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2.4 Lossless Coding of Sequences over Count-

ably Infinite Alphabet

In the remaining part of this chapter, we assume that the source alphabet X
is countably infinite set. It is clear that any finite-state encoder does not have

enough memory to deal with infinite alphabet. Let ψ = (S,X , B, g, f) be a

finite-state encoder. Since S and B are finite, there exists a ∈ X and a′ ∈ X
such that f(a, s) = f(a′, s) and g(a, s) = g(a′, s) for any s ∈ S, and thus,

any triple {s, f(a, s), g(a, s)} cannot determine a uniquely. To formulate the

problem properly, we adopt blockwise lossless encoders instead of finite-state

encoders.

In the blockwise coding scheme, a given sequence x ∈ X∞ is encoded in

the following manner. At first, x is parsed into non-overlapping blocks x
(t+1)k
tk+1

(t = 0, 1, · · ·) of size k. Then, each block x
(t+1)k
tk+1 is encoded by ψk : X k → B∗,

where ψk is called a block encoder of block size k, and the binary string ψk(a
k
1)

is called the codeword assigned to ak
1 for each ak

1 ∈ X k. A block encoder ψk

is uniquely decodable if

ψk(a
k
1)ψk(a

2k
k+1) · · ·ψk(a

nk
(n−1)k+1) 
= ψk(â

k
1)ψk(â

2k
k+1) · · ·ψk(â

mk
(m−1)k+1)

for any ank
1 ∈ X nk and âmk

1 ∈ Xmk such that ank
1 
= âmk

1 (n, m ∈ N ). It

is clear that if ψk is uniquely decodable then there exists a corresponding

decoder ψ−1
k satisfying

ak
1 = ψ−1

k

(
ψk(a

k
1)

)
∀ak

1 ∈ X k.

Moreover, a block encoder ψk is called a prefix-free or instantaneous if no

codeword is a prefix of any other codeword. If ψk is prefix-free then ψk is

uniquely decodable.

Now, we describe the well-known correspondence between a prefix-free

encoder and a set of lengths of codewords.

Definition 2.4 (length function) Let A be a finite or countably infinite

set. A function σ : A → N is called a length function on A if σ satisfies the

Kraft inequality: ∑
a∈A

2−σ(a) ≤ 1. (2.2)
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Lemma 2.1 ([2]) For any uniquely decodable block encoder ψk, the func-

tion σ(ak
1) ≡ �(ψk(a

k
1)) (ak

1 ∈ X k) is a length function on X k. On the other

hand, if σ is a length function on X k, there exists a prefix-free block encoder

ψk satisfying

�(ψk(a
k
1)) = σ(ak

1) ∀ak
1 ∈ X k.

Lemma 2.1 guarantees that we can regard a uniquely decodable block

encoder as a length function without loss of generality. We will say “encode

ak
1 ∈ X k by a length function σk on X k” meaning that “encode ak

1 by a

prefix-free encoder which encodes ak
1 using σk(a

k
1) bits”.

In this section, we investigate the optimal compression ratio attainable

by blockwise encoders:

ρbl(x)
�
= inf

k
lim sup

T→∞
inf
σk

1

Tk

T−1∑
t=0

σk

(
x

(t+1)k
tk+1

)
,

where infσk
is taken over all length functions on X k. To characterize ρbl(x),

we introduce four kinds of quantities. The first two quantities are the overlap-

ping empirical entropy Ĥ(x) and the Lempel-Ziv complexity C(x). It should

be noted that the definitions of Ĥ(x) and C(x) of x ∈ X∞ (Definition 2.2

and Definition 2.3) are valid even if the source alphabet X is countably infi-

nite. In addition to these two quantities, we introduce the non-overlapping

empirical entropy H̃(x) and the self-entropy rate h(x).

The non-overlapping empirical entropy H̃(x) is a variation of the over-

lapping empirical entropy Ĥ(x).

Definition 2.5 (Non-overlapping empirical entropy) For each sequence

x ∈ X∞, the non-overlapping empirical distribution qk(·|xn
1 ) is defined as

qk(a
k
1|xn

1 )
�
=

|{t : 0 ≤ t ≤ �n/k� − 1, x
(t+1)k
tk+1 = ak

1}|
�n/k� ∀ak

1 ∈ X k. (2.3)

Let

H̃k(x
n
1 )

�
= −1

k

∑
ak
1∈Xk

qk(a
k
1|xn

1 ) log qk(a
k
1|xn

1 ),

and

H̃k(x)
�
= lim sup

n→∞
H̃k(x

n
1 ).

Then, the non-overlapping empirical entropy H̃(x) of x ∈ X∞ is defined as

H̃(x)
�
= inf

k
H̃k(x).
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Next, we introduce the self-entropy rate h(x) of a sequence x ∈ X∞. For

a source X = {Xi}∞i=1 with alphabet X and a given string xn
1 ∈ X n, the

quantity

−1

n
log PXn

1
(xn

1 )

is called the self-entropy of xn
1 with respect to X. The self-entropy rate of a

sequence x ∈ X∞ is defined as the asymptotic value of the infimum of the

self-entropy over all the finite-state Markov sources.

Definition 2.6 (Self-entropy rate) For all x ∈ X∞, define the self-entropy

rate of x as

h(x)
�
= lim

k→∞
lim sup

n→∞
inf
�∈Pk

−1

n
log PXn

1
(xn

1 ),

where Pk denotes the set of all k-th order Markov sources with alphabet X ,

and the initial state x0
1−k ∈ X k of the source is a part of the specification of

the source X = {Xi}∞i=1 ∈ Pk.

Remark 2.1 Uyematsu and Kanaya [27] considered the quantity

hUK(x)
�
= lim

k→∞
inf
�∈Pk

lim sup
n→∞

−1

n
log PXn

1
(xn

1 ),

for a sequence x over finite alphabet. According to the definitions of h and

hUK , it is apparent that h(x) ≤ hUK(x) for all x ∈ X∞.

Before stating our main result, we define the finitely encodable sequences.

Definition 2.7 A sequence x ∈ X∞ is finitely encodable (f.e.) if there exists

a length function σ on X satisfying

lim
u→∞ lim sup

n→∞

∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) = 0. (2.4)

Likewise, let X∞(σ) be the subset of X∞ defined as

X∞(σ)
�
= {x ∈ X∞ : x and σ satisfy (2.4)}.

Now, we state our main result.

Theorem 2.2 For any f.e. sequence x ∈ X∞, we have

Ĥ(x) = lim
k→∞

Ĥk(x), H̃(x) = lim
k→∞

H̃k(x), (2.5)

and

C(x) ≤ h(x) = Ĥ(x) = H̃(x) = ρbl(x). (2.6)
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Remark 2.2 Since every sequence x over a finite alphabet X is f.e., Theorem

2.2 contains finite alphabet case as a special case. In finite alphabet case,

C(x) ≤ Ĥ(x) and C(x) ≤ h(x) have been known ([36], [22]). Ĥ(x) =

limk→∞ Ĥk(x) has been shown in [36, Lemma 1]. Moreover, for any stationary

ergodic source with finite alphabet, Ĥ(x) = H̃(x) holds for almost all x [25,

Remark II.3.6].

2.5 Proof of Theorem 2.2

In this section, we prove Theorem 2.2. Before proving the theorem, we

prepare some lemmas.

At first, we show a relation between a length function and a probability

distribution.

Lemma 2.2 Let µ and µ̂ be non-negative real-valued functions on A. If∑
a∈A µ(a) = 1 and

∑
a∈A µ̂(a) ≤ 1 then

− ∑
a∈A

µ(a) log µ(a) ≤ − ∑
a∈A

µ(a) log µ̂(a). (2.7)

Especially, for any length function σ on A,

− ∑
a∈A

µ(a) log µ(a) ≤ ∑
a∈A

µ(a)σ(a). (2.8)

Proof: The inequality (2.7) is well known as the non-negativity of the

divergence (see [2, 9, 7]). Letting µ̂(a) = 2−σ(a), we have (2.8).

Next, we state some properties of f.e. sequences. The following lemma

shows that if x ∈ X∞(σ) then σ encodes x with finite rate.

Lemma 2.3 For any length function σ on X and any sequence x ∈ X∞(σ),

we have

lim sup
n→∞

1

n

n∑
i=1

σ(xi) < ∞. (2.9)

Proof: If x ∈ X∞(σ), then for any γ > 0 and for sufficiently large u and n,

we have

1

n

n∑
i=1

σ(xi) ≤ 1

n

n∑
i=1

u +
∑

a:σ(a)≥u

p1(a|xn
1 )σ(a) ≤ u + γ

and thus, we have (2.9).
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The following lemma shows that if x ∈ X∞(σ) then sufficiently small

fraction of symbols in x does not affect the rate.

Lemma 2.4 Let σ be a length function on X and assume that x ∈ X∞(σ).

For any γ > 0, there exists ε > 0 and n0 ∈ N such that for any n ≥ n0 and

any set B ⊂ {1, 2, · · · , n} satisfying |B|/n < ε,

1

n

∑
j∈B

σ(xj) ≤ γ.

Proof: Since x ∈ X∞(σ), for any γ > 0, we can choose u and ε so that

lim sup
n→∞

∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) ≤ γ/4.

Fix ε > 0 so that εu ≤ γ/2. Then, for any B ⊂ {1, 2, · · · , n} satisfying

|B| ≤ εn, we have

1

n

∑
j∈B

σ(xj) =
1

n

∑
j∈B:

σ(xj)<u

σ(xj) +
1

n

∑
j∈B:

σ(xj)≥u

σ(xj)

≤ εu + (γ/4 + γ/4)

≤ γ,

for sufficiently large n. Hence, the lemma is proved.

It should be noted that the combination of (2.8) and (2.9) indicates that

Ĥ1(x) < ∞ and H̃1(x) < ∞ for any f.e. sequence x. Thus, if x is f.e., we

have Ĥ(x) = infk Ĥk(x) < ∞, and H̃(x) = infk H̃k(x) < ∞.

Next, we show an inequality which provides a connection between a pars-

ing of a string and the self-entropy.

Lemma 2.5 Let x ∈ X∞ be an f.e. sequence and X = {Xi}∞i=1 be a k-th

order Markov source with the initial state x0
1−k ∈ X k. For any n ∈ N and

arbitrary parsing xn
1 = w1w2 · · ·wt of xn

1 (wi ∈ ⋃
l X l), we have

1

n

t∑
i=1

log
t

η(wi)
≤ −1

n
log PXn

1
(xn

1 ) + ε(t/n), (2.10)

where η(w)
�
= |{j : 1 ≤ j ≤ t, wj = w}|, and ε(t/n) is a constant which does

not depend on X and satisfies that ε(t/n) → 0 as n → ∞ and t/n → 0.
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Proof: For any parsing w1, w2, · · · , wt, let ni be the index of the beginning

of the i-th phrase, i.e., wi = xni+1−1
ni

. For each i = 1, · · · , t, let si be the k

symbols of x preceding wi, that is, si = xni−1
ni−k. Especially, s1 = x0

1−k. For

each i = 1, · · · , t, let li be the length of wi, that is, li = ni+1−ni. For w ∈ X ∗,
s ∈ X k and integer l, define

η(w, s)
�
= |{j : 1 ≤ j ≤ t, wj = w and sj = s}|,

η(l, s)
�
= |{j : 1 ≤ j ≤ t, sj = s and lj = l}|,

η(l)
�
= |{j : 1 ≤ j ≤ t, lj = l}|.

Using η, define random variables W , S, L as

Pr{W = w, S = s, L = l} =

{
η(w, s)/t, if l equals to the length of w

0, otherwise.

Since the source X = {Xi}∞i=1 is a k-th order Markov source with the initial

state x0
1−k ∈ X k, we have

− log PXn
1
(xn

1 ) = −
t∑

i=1

log PXk+1|Xk
1
(wi|si)

= −∑
l,s

∑
i:li=l,si=s

log PXk+1|Xk
1
(wi|si)

= −t
∑
l,s

η(l, s)

t

∑
w∈X l

η(w, s)

η(l, s)
log PXk+1|Xk

1
(w|s)

= −t
∑
l,s

Pr{S = s, L = l}

× ∑
w∈X l

Pr{W = w|S = s, L = l} log PXk+1|Xk
1
(w|s)

(a)
≥ −t

∑
l,s

Pr{S = s, L = l}

×
{ ∑

w∈X l

Pr{W = w|S = s, L = l}

× log Pr{W = w|S = s, L = l}
}

= tH(W |S, L)

≥ tH(W ) − tH(L) − tH(S)

= t
∑

w∈X ∗

η(w)

t
log

t

η(w)
− tH(L) − tH(S)



CHAPTER 2. LOSSLESS CODING PROBLEM 15

=
t∑

i=1

log
t

η(wi)
− tH(L) − tH(S),

where the inequality (a) is due to Lemma 2.2. Hence, we have

1

n

t∑
i=1

log
t

η(wi)
≤ −1

n
log PXn

1
(xn

1 ) +
t

n
H(L) +

t

n
H(S). (2.11)

Now, we bound the second term (t/n)H(L) of the right-hand side of (2.11).

Since the expectation EL of L satisfies EL = n/t, according to [9, corollary

2.4], we have

t

n
H(L) ≤ t

n
[log(EL) + log e] =

t

n
log(n/t) +

t

n
log e.

So, (t/n)H(L) → 0 as t/n → 0. Next, we upper bound the third term

(t/n)H(S) of the right-hand side of (2.11). Let σ be the length function

satisfying (2.4). By using σ and the initial state x0
1−k ∈ X k, we consider

the following encoder. If the symbol a ∈ X appeared in the initial state

x1−k · · ·x0, we encode the symbol a into its index i (0 ≤ i ≤ k− 1) such that

a = x−i. Otherwise, we encode a ∈ X by using a code corresponding to the

length function σ. This implies the length function σ̃ defined by

σ̃(a) =

{
1 + �log k� if a = x−i for some i = 0, · · · , k − 1

1 + σ(a) otherwise.

Let B be the set of index defined by

B
�
=

⋃
i:ni>k

{ni − k, ni − k + 1, · · · , ni − 1}.

Then, considering the encoding of the sequence xni−1
ni−k into a codeword of

length
∑k

j=1 σ̃(xni−j) for i = 1, 2, · · · , t, we have

tH(S) ≤ k

⎧⎨
⎩

∑
−(k−1)≤i≤0

σ̃(xi) +
∑
i∈B

σ̃(xi)

⎫⎬
⎭

≤ k2(1 + �log k�) + k
∑
i∈B

{1 + �log k� + σ(xi)} .

Since |B|/n ≤ kt/n → 0 as t/n → 0, according to Lemma 2.4,

t

n
H(S) ≤ k2(log k + 2)

n
+

k|B|(log k + 2)

n
+

k

n

∑
i∈B

σ(xi) → 0,
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as n → ∞ and t/n → 0. According to the above discussion, we have

1

n

t∑
i=1

log
t

η(wi)
≤ −1

n
log PXn

1
(xn

1 ) + ε(t/n),

where ε(t/n) → 0 as t/n → 0.

The following lemma shows that the maximum number c(xn
1 ) of phrases

in arbitrary distinct parsing of xn
1 divided by n tends to zero if x is f.e.

Lemma 2.6 For any f.e. sequence x ∈ X∞, we have

lim
n→∞

c(xn
1 )

n
= 0. (2.12)

Proof: Since x is f.e., there exists a length function σ on X which satisfies

(2.9), and thus, there exists a prefix-free encoder ψ : X → B∗ satisfying

�(ψ(a)) = σ(a) (a ∈ X ). Let

xn
1 = xn1

n0+1x
n2
n1+1x

n3
n2+1 · · ·xnc

nc−1+1

be a parsing of xn
1 into c = c(xn

1 ) distinct phrases, where n0 = 0 and nc = n.

For each i = 1, 2, · · · , c, let

ui = ψ(xni−1+1)ψ(xni−1+2) · · ·ψ(xni
).

Since ψ if prefix-free and phrases xni
ni−1+1 (i = 1, · · · , c) are distinct, all

u1, u2, · · · , uc are also distinct, and thus,

|{i : �(ui) = l}| ≤ 2l.

Let k and q be integers such that

c =
k∑

l=0

2l + q = 2k+1 − 1 + q, (2.13)

and

0 ≤ q < 2k+1. (2.14)

Then, we can underestimate
∑n

i=1 σ(xi) as

n∑
i=1

σ(xi) =
c∑

i=1

�(ui)

≥
k∑

l=0

l2l + (k + 1)q

= (k − 1)2k+1 + 2 + (k + 1)q

= (k − 1)(c + 1) + 2(q + 1). (2.15)
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From (2.13), we have

k − 1 = log(c − q + 1) − 2,

which together with (2.15) yields

n∑
i=1

σ(xi) ≥ {log(c − q + 1) − 2}(c + 1) + 2(q + 1)

= (c + 1)

{
log

c + 1

4
+

2(q + 1)

c + 1
− log

(
1 +

q

c − q + 1

)}

= (c + 1)
{
log

c + 1

4
+

2

c + 1
+

2τ

1 + τ
− log (1 + τ)

}
, (2.16)

where

τ =
q

c − q + 1
.

From (2.13) and (2.14), 0 ≤ τ < 1, and thus, 2τ/(1 + τ) − log(1 + τ) > 0.

Hence, (2.16) yields

n∑
i=1

σ(xi) ≥ (c + 1) log
c + 1

4
+ 2,

and thus,
c

n
≤ (1/n)

∑n
i=1 σ(xi)

log(c/4)
.

From (2.9), we have lim supn→∞(1/n)
∑n

i=1 σ(xi) < ∞, while log(c/4) → ∞
as n → ∞. Hence, we have the lemma.

The following two lemmas imply that C(x) ≤ h(x) and H̃(x) ≤ h(x) if x

is f.e.

Lemma 2.7 For any f.e. sequence x ∈ X∞, we have

C(x) ≤ h(x).

Proof: Fix ε > 0 arbitrary. Choose k ∈ N , sufficiently large n ∈ N and

X = {Xi}∞i=1 ∈ Pk so that,

−1

n
log PXn

1
(xn

1 ) ≤ h(x) + ε/2. (2.17)

On the other hand, for any distinct parsing xn
1 = w1 · · ·wc (c ≡ c(xn

1 )) of xn
1 ,

we have η(wi) = 1 (i = 1, · · · , c). Thus, we have

c∑
i=1

log
c

η(wi)
= c log c = c log n − c log(n/c).
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By Lemma 2.5, (2.17) and (2.12), we have

1

n
c log n ≤ −1

n
log PXn

1
(xn

1 ) + ε/2,

≤ h(x) + ε,

for sufficiently large n. Since ε can be chosen arbitrarily small, we have

lim sup
n→∞

c(xn
1 ) log n

n
≤ h(x).

Hence, we have the lemma.

Lemma 2.8 Let x ∈ X∞ be an f.e. sequence. For any l ∈ N and any γ > 0,

there exists an integer k0 = k0(x, l, γ) such that for any k ≥ k0,

H̃k(x) ≤ lim sup
n→∞

inf
�∈Pl

−1

n
log PXn

1
(xn

1 ) + γ.

Proof: Fix m ∈ N . Parse xmk
1 into blocks of block size k, that is,

xmk
1 = xk

1x
2k
k+1 · · ·xtk

(t−k)k+1 = w1w2 · · ·wt,

where wi = xik
(i−1)k+1 for each i = 1, · · · , t. Apply Lemma 2.5 to this parsing

xmk
1 = w1 · · ·wt, then, for any X = {Xi}∞i=1 ∈ Pl, we have

H̃(xmk
1 ) ≤ − 1

mk
log PXmk

1
(xmk

1 ) + ε(1/k).

Thus, we have

H̃k(x) = lim sup
n→∞

H̃k(x
n
1 )

= lim sup
m→∞

H̃k(x
mk
1 )

≤ lim sup
m→∞

inf
�∈Pl

− 1

mk
log PXmk

1
(xmk

1 ) + ε(1/k) + γ/2

≤ lim sup
n→∞

inf
�∈Pl

−1

n
log PXmk

1
(xn

1 ) + ε(1/k) + γ/2.

Since ε(1/k) < γ/2 for sufficiently large k, we obtain the lemma.

Now, we introduce the cyclic version of the overlapping empirical entropy:

H◦
k(xn

1 )
�
= −1

k

∑
ak
1∈Xk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 ),
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where

p◦k(a
k
1|xn

1 )
�
=

|{i : 0 ≤ i < n, x̆i+k
i+1 = ak

1}|
n

,

and x̆n
1 ∈ X n+k−1 is defined as x̆n

1 = xn
1 and x̆n+k−1

n+1 = xk−1
1 . Next lemma

shows that H◦
k(xn

1 ) is asymptotically equal to Ĥk(x
n
1 ).

Lemma 2.9 For any f.e. sequence x ∈ X∞, we have

∣∣∣H◦
k(xn

1 ) − Ĥk(x
n
1 )

∣∣∣ → 0 (n → ∞). (2.18)

Proof: Let Bk ⊂ X k be the set defined as

Bk
�
= {x̆i+k−1

i : i = n − k + 2, n − k + 3, · · · , n}.

Then, we have

∣∣∣H◦
k(xn

1 ) − Ĥk(x
n
1 )

∣∣∣ =
∣∣∣∣−1

k

∑
ak
1∈Xk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 )

+
1

k

∑
ak
1∈Xk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

∣∣∣∣
≤

∣∣∣∣−1

k

∑
ak
1∈Bk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 )

+
1

k

∑
ak
1∈Bk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

∣∣∣∣
+

∣∣∣∣−1

k

∑
ak
1 /∈Bk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 )

+
1

k

∑
ak
1 /∈Bk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

∣∣∣∣. (2.19)

The first term of (2.19) is upper-bounded as follows. The function f(t)
�
=

−t log t satisfies

|f(t) − f(t + τ)| ≤ −τ log τ,

for 0 ≤ τ ≤ 1/2 and 0 ≤ t ≤ 1 − τ (see [3, the proof of Lemma 2.7]). Since

|p◦k(ak
1|xn

1 ) − pk(a
k
1|xn

1 )| ≤ 2k

n − k + 1
, ∀ak

1 ∈ Bk,
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we can choose sufficiently large n such that τ ≡ |p◦k(ak
1|xn

1 ) − pk(a
k
1|xn

1 )| sat-

isfies 0 ≤ τ ≤ 1/2 and t ≡ min{p◦k(ak
1|xn

1 ), pk(a
k
1|xn

1 )} satisfies 0 ≤ t ≤ 1 − τ

for each ak
1 ∈ Bk. Hence, we have∣∣∣∣∣∣∣−

1

k

∑
ak
1∈Bk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 ) +
1

k

∑
ak
1∈Bk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

∣∣∣∣∣∣∣
≤ 1

k

∑
ak
1∈Bk

∣∣∣f (
p◦k(a

k
1|xn

1 )
)
− f

(
pk(a

k
1|xn

1 )
)∣∣∣

≤ −1

k

∑
ak
1∈Bk

2k

n − k + 1
log

2k

n − k + 1

≤ − 2k

n − k + 1
log

2k

n − k + 1
→ 0 (n → ∞),

where the last inequality follows from |Bk| ≤ k.

On the other hand, the second term of (2.19) is upper-bounded as follows.

By the definition of p◦k,

p◦k(a
k
1|xn

1 ) =
n − k + 1

n
pk(a

k
1|xn

1 ), ∀ak
1 /∈ Bk,

and thus

− ∑
ak
1 /∈Bk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 ) = −n − k + 1

n

∑
ak
1 /∈Bk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

−n − k + 1

n

∑
ak
1 /∈Bk

pk(a
k
1|xn

1 ) log
n − k + 1

n
.

Hence, we have∣∣∣∣∣∣∣−
1

k

∑
ak
1 /∈Bk

p◦k(a
k
1|xn

1 ) log p◦k(a
k
1|xn

1 ) +
1

k

∑
ak
1 /∈Bk

pk(a
k
1|xn

1 ) log pk(a
k
1|xn

1 )

∣∣∣∣∣∣∣
≤ k − 1

n
Ĥk(x

n
1 ) − n − k + 1

nk
log

n − k + 1

n
.

Since x is f.e., Ĥk(x) < ∞, and thus the second term of (2.19) tends to 0 as

n → ∞. This completes the proof of (2.18).

Lemma 2.10 For any f.e. sequence x ∈ X∞ and any integer k ≥ 1, we have

lim sup
n→∞

inf
�∈Pk−1

−1

n
log PXn

1
(xn

1 ) ≤ Ĥk(x).
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Proof: Fix n ∈ N . From p◦k(·|xn
1), we can define a set of random variables

X1, X2, · · · , Xk such that (i) the distribution of Xk
1 satisfies

Pr{Xk
1 = ak

1} �
= p◦k(a

k
1|xn

1 ) ∀ak
1 ∈ X k,

and (ii) Xk
1 is shift-invariant, that is, for all i, l ∈ N (i + l − 1 ≤ k),

Pr{X l
1 = al

1} = Pr{X i+l−1
i = al

1} ∀ak
1 ∈ X k. (2.20)

Then, we have

H◦
k(xn

1 ) =
1

k

∑
ak
1∈Xk

p◦k(a
k
1|xn

1 ) log
1

p◦k(a
k
1|xn

1 )

=
1

k
H(Xk

1 )

=
1

k

k∑
i=1

H(Xi|X1, · · · , Xi−1) (2.21)

=
1

k

k∑
i=1

H(Xk|Xk−i+1, · · · , Xk−1) (2.22)

≥ 1

k

k∑
i=1

H(Xk|X1, · · · , Xk−1) (2.23)

= H(Xk|X1, · · · , Xk−1) (2.24)

where (2.21) follows from the chain rule [2], (2.22) from (2.20), and (2.23)

from the fact that conditioning reduces entropy [2].

On the other hand, let X̂ = {X̂i}∞i=1 be a (k− 1)-th order Markov source

such that

PX̂k|X̂k−1
1

(ak|ak−1
1 )

�
=

p◦k(a
k
1|xn

1 )∑
a∈X p◦k(a

k−1
1 a|xn

1 )
∀ak

1 ∈ X k,

with the initial state xn
n−k. Then, by the definitions, we have

inf
�∈Pk−1

−1

n
log PXn

1
(xn

1 ) ≤ −1

n
log PX̂n

1
(xn

1 )

= H(Xk|Xk−1
1 )

≤ H◦
k(xn

1 ),

where the last inequality follows from (2.24). By using (2.18), we have

lim sup
n→∞

inf
�∈Pk−1

−1

n
log PXn

1
(xn

1 ) ≤ Ĥk(x).

Hence, we have the lemma.
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Lemma 2.11 Let x ∈ X∞ be an f.e. sequence. For any integer k and any

ε > 0, there exists an integer m0 = m0(x, k, ε) such that for all m ≥ m0,

Ĥm(x) ≤ H̃k(x) + ε.

Proof: Let n0 be an integer such that

H̃k(x
n
1 ) ≤ H̃k(x) + ε/2, ∀n ≥ n0.

Choose integers n and m satisfying n ≥ n0 and n ≥ m ≥ k. Let ψk be a

function on X k defined as

ψk(a
k
1)

�
= − log qk(a

k
1|xn

1 ), ∀ak
1 ∈ X k,

and σ be a length function on X which satisfies (2.4). Using ψk and σ, define

a function φm,j (j = 0, 1, · · · , k − 1) over Xm by

φm,j(a
m
1 )

�
=

j∑
i=1

σ(ai) +
∑

i≡j mod k
0≤i≤m−k

ψk(a
i+k
i+1) +

m∑
i=r+1

σ(ai),

where r = max{i : i ≡ j mod k, 1 ≤ i ≤ m}. Figure 2.1 shows how to

construct φm,j from ψk and σ. Moreover, using φm,j (j = 0, · · · , k−1), define

a function φ∗
m on Xm by

φ∗
m(am

1 )
�
= min

j:0≤j≤k−1
φm,j(a

m
1 ) + �log k�. (2.25)

Then, we have

(n − m + 1)mĤm(xn
1 )

= −(n − m + 1)
∑

am
1 ∈Xm

pm(am
1 |xn

1 ) log pm(am
1 |xn

1 ),

≤
n−m+1∑

i=1

φ∗
m(xi+m−1

i ), (2.26)

where the inequality is due to Lemma 2.2. According to (2.25), we have

n−m+1∑
i=1

φ∗
m(xi+m−1

i ) ≤
n−m+1∑

i=1

φm,ji
(xi+m−1

i ) + (n − m + 1)�log k�

≤
n−m+1∑

i=1

φm,ji
(xi+m−1

i ) + n(log k + 1), (2.27)
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m

k

· · ·· · ·
σσσσ ψk ψkψk

r

First j symbols are
processed by σ

Last m − r symbols
are processed by σ

Each block is processed by ψk

Figure 2.1: The construction of φm,j

where ji denotes the integer satisfying 0 ≤ ji ≤ k−1 and i+ji ≡ 1 mod k. To

evaluate the first term of the right-hand side of (2.27), recall how each block

xi+m−1
i is processed by φm,ji

(see Figure 2.1). By the construction of φm,ji
,

(i) the first ji symbols of xi+m−1
i and the last m−r (r = max{r′ : r′ ≡ ji mod

k, 1 ≤ r′ ≤ m}) symbols of xi+m−1
i are processed by σ, and (ii) each blocks

x
i+ji+(t+1)k
i+ji+tk (t = 0, 1, · · ·) of the length k in xi+m

i+1 are processed by ψk. Put

them all together, each non-overlapping block x
(t+1)k
tk+1 (t = 0, 1, · · · �n/k�− 1)

of block size k in xn
1 is processed by ψk at most m−k times, and each symbol

in xn
1 is processed by σ at most k − 1 times (see Fig. 2.2). Hence, (2.27) can

be upper-bounded by

n−m+1∑
i=1

φm,ji
(xi+m−1

i ) + n(log k + 1)

≤ (m − k)

n/k�−1∑

t=0

ψk

(
x

(t+1)k
tk+1

)
+ k

n∑
i=1

σ(xi) + n(log k + 1)

≤ m
⌊
n

k

⌋ ⎛
⎜⎝− ∑

ak
1∈Xk

qk(a
k
1|xn

1 ) log qk(a
k
1|xn

1 ),

⎞
⎟⎠ + mnε
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m

m

n

k

. . .

j

This block is processed
by φm,0

This block is processed
by φm,j

This block is
processed m − k times by ψk

each symbol is processed by σ at most
k − 1 times

Figure 2.2: Calculating
∑n−m+1

i=1 φm,ji
(xi+m−1

i )
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≤ mnH̃k(x
n
1 ) + mnε, (2.28)

where ε is defined as

ε
�
=

log k + 1

m
+

k

m

(
1

n

n∑
i=1

σ(xi)

)
.

Combination of (2.26), (2.27), and (2.28) yields

Ĥm(x) ≤ n

n − m + 1

{
H̃k(x) + ε

}
.

Since x is f.e., (1/n)
∑

i σ(xi) < ∞ and thus, ε < ε/2 if m � k. Hence, if n

and m are sufficiently large, we have

Ĥm(x) ≤ H̃k(x) + ε,

and thus, lemma is proved.

Now, we prove our main result.

Proof of Theorem 2.2: According to Lemma 2.8–2.11, it can be shown that

for any k and any ε > 0, there exists an integer M such that for any m ≥ M ,

H̃m(x) ≤ H̃k(x) + ε. Thus, for any k,

H̃(x) ≤ lim inf
m→∞ H̃m(x) ≤ lim sup

m→∞
H̃m(x) ≤ H̃k(x).

Since, for any ε > 0, we can choose k such that H̃k(x) ≤ H̃(x) + ε, we have

H̃(x) = limk→∞ H̃k(x). Similarly, it can be shown that Ĥ(x) = limk→∞ Ĥk(x).

Hence, (2.5) is proved.

Next, we prove (2.6). Lemma 2.7 shows that

C(x) ≤ h(x),

and thus, the leftmost inequality in (2.6) is proved. Moreover, by Lemma

2.8, Lemma 2.10, and Lemma 2.11, we have

H̃(x) ≤ h(x) ≤ Ĥ(x) ≤ H̃(x),

and thus,

H̃(x) = h(x) = Ĥ(x).

Lastly, we prove H̃(x) = ρbl(x). We can construct the Shannon code [2, 7]

σ̄k for the probability distribution qk(·|xTk
1 ) which satisfies that

Eqk

[
σ̄k(X

k
1 )

]
≤ kH̃(xTk

1 ) + 2,
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where Eqk
denotes the expectation with respect to qk(·|xTk

1 ). Hence, we have

1

Tk

T−1∑
t=0

σ̄k

(
x

(t+1)k
tk+1

)
≤ H̃(xTk

1 ) + (2/k),

and thus,

ρbl(x) ≤ H̃(x).

On the other hand, by Lemma 2.2, we have

H̃(xTk
1 ) ≤ inf

σk

1

Tk

T−1∑
t=0

σk

(
x

(t+1)k
tk+1

)
,

and thus

H̃(x) ≤ ρbl(x).

Hence, we have H̃(x) = ρbl(x), and thus, (2.6) is proved.

2.6 Applications to Coding Theorems

Theorem 2.2 shows that the optimal performance ρbl(x) attainable by block-

wise coding is equal to h(x), Ĥ(x), and H̃(x). Moreover, it is also shown

that ρbl(x) is lower bounded by C(x) = lim supn→∞(1/n)c(xn
1 ) log n. As an

application of Theorem 2.2, we will investigate a property of the encoder

based on a distinct parsing of sequences.

Theorem 2.3 Let σ be a length function on X . There exits a sequence

{σLZ
n }∞n=1 (σLZ

n : X n → N ) of length functions satisfying

lim sup
n→∞

σLZ
n (xn

1 )

n
≤ h(x) = Ĥ(x) = H̃(x) = ρbl(x) ∀x ∈ X∞(σ).

Proof: To prove the theorem, we will construct a variation of the LZ78 code

[36]. At first, a given sequence x ∈ X∞ is parsed into phrases w1w2w3 · · ·
inductively according to the following rules:

1. The first word w1 consists of the single letter x1.

2. Suppose w1 · · ·wj = x
nj

1 .

(a) If xnj+1 /∈ {w1, · · · , wj} then wj+1 consists of the single letter

xnj+1.
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(b) Otherwise, wj+1 = xm+1
nj+1, where m is the least integer larger than

nj such that xm
nj+1 ∈ {w1, · · · , wj} and xm+1

nj+1 /∈ {w1, · · · , wj}.
Note that the parsing is sequential, that is, later words have no effect on

earlier words. Therefore, an initial segment xn
1 of x can be expressed as

xn
1 = w1w2 · · ·wtv, (2.29)

where the final block v is either empty or v = wj for some j ≤ t. Let

ψ : X → B∗ be a prefix-free encoder such that

�(ψ(a)) = σ(a) ∀a ∈ X .

Let f : {0, 1, · · · , n} → B�log n
 be a fixed one-to-one function. If xn
1 is parsed

as in (2.29), an encoder ψLZ
n : X n → B∗ maps it into the concatenation

ψLZ
n (xn

1 ) = u1u2 · · ·utut+1

of binary words uj ∈ B∗ (j = 1, 2, · · · , t+1), defined according to the following

rules:

1. If j ≤ t and �(wj) = 1 then uj = 0ψ(wj).

2. If j ≤ t and i < j is the least integer for which wj = wia, a ∈ X , then

uj = 1f(i)0ψ(a).

3. If v is empty, then ut+1 is empty, otherwise ut+1 = 1f(i), where i is the

least integer such that v = wi.

For each j = 1, · · · , t, let xnj
be the last symbol of wj. For each j, 0ψ(xnj

)

is appeared in the output binary sequence ψLZ
n (xn

1 ), and requires 1 + σ(xnj
)

bits. Moreover, the word 1f(i) requires 1 + �log n� bits and appeared in the

output binary sequence ψLZ
n (xn

1 ) at most t + 1 times. Thus, total codeword

length �
(
ψLZ

n (xn
1 )

)
is upper bounded by

�
(
ψLZ

n (xn
1 )

)
≤

t∑
j=1

{
1 + σ(xnj

)
}

+ (t + 1)(1 + �log n�)

≤ t log n +
t∑

j=1

σ(xnj
) + 2t + log n + 2 (2.30)
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By the definition of the parsing (2.29), t ≤ c(xn
1 )+1. Let Bn = {nj1 , nj2, · · · , njt}.

By Lemma 2.6, we have c(xn
1 )/n → 0, and thus, |Bn|/n → 0. Hence, by com-

bining Lemma 2.7, Lemma 2.4, and (2.30), we have

lim sup
n→∞

1

n
�

(
ψLZ

n (xn
1 )

)
≤ h(x) ∀x ∈ X∞(σ).

Letting σLZ
n (xn

1 ) = �
(
ψLZ

n (xn
1 )

)
for each n ∈ N , we have the theorem.

As a corollary of Theorem 2.3, we show a sufficient condition for the

existence of a sequence {σ∗
n}∞n=1 of length functions which is universal for a

set A ⊂ X∞ in the sense that lim supn→∞(1/n)σ∗
n(xn

1 ) ≤ ρbl(x) for all x ∈ A.

Corollary 2.1 Let A be a set of sequences (A ⊂ X∞). If there exists a set Σ

of countable length functions satisfying A ⊂ ⋃
σ∈Σ X∞(σ), then there exists

a sequence {σ∗
n}∞n=1 (σ∗

n : X n → N ) of length functions such that

lim sup
n→∞

σ∗
n(xn

1 )

n
≤ h(x) = Ĥ(x) = H̃(x) = ρbl(x) ∀x ∈ A.

Proof: We use the technique used in [28] to merge the encoders. Without

loss of the generality, we can assume that Σ = {σ(1), σ(2), · · ·}. For each

i = 1, 2, · · ·, let {σ(i)
n }∞n=1 be the sequence of length function constructed

from σ(i) in Theorem 2.3. Then, we can construct a merged length function

{σ∗
n}∞n=1 such that

σ∗
n(xn

1 ) = �log n� + min
1≤i≤n

σ(i)
n (xn

1 ).

By Theorem 2.3, we have

lim sup
n→∞

σ∗
n(xn

1 )

n
≤ h(x) ∀x ∈

∞⋃
i=1

X∞(σ(i)).

Since A ⊂ ⋃
σ∈Σ X∞(σ) =

⋃∞
i=1 X∞(σ(i)), we have the corollary.

In the following, we investigate a relation between the condition shown

by Corollary 2.1 and the Kieffer’s condition for the existence of a universal

encoder for a set of stationary ergodic sources.

Let Ω be a set of stationary ergodic sources. A sequence {σn}∞n=1 (σn :

X n → N ) of length functions is said to be weakly universal for Ω, if

lim sup
n→∞

E [σn(Xn
1 )] = H(X) ∀X = {Xi}∞i=1 ∈ Ω.
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Kieffer [10] showed the necessary and sufficient condition for the existence of

sequence of length functions which is weakly universal for a set Ω of stationary

ergodic sources.

Theorem 2.4 (Kieffer’s condition [10]) Let Ω be a set of stationary er-

godic sources. There exists a sequence {σn}∞n=1 of length functions which is

weakly universal for Ω, if and only if there exits a set P of countable prob-

ability distributions on X such that for any X ∈ Ω with H(X) < ∞, there

exists p ∈ P satisfying

E [− log p(X1)] < ∞.

Suppose that there exists a universal encoder for a set Ω of stationary

ergodic sources. Then, the next theorem shows that there exists a universal

encoder for a set of individual sequences defined by Ω.

Theorem 2.5 Let Ω be a set of stationary ergodic sources. Suppose there

exists a universal source code σ∗ for Ω. Then there exist a set A∗ ⊂ X∞ and

a sequence of length functions {σ∗
n}∞n=1 (σ∗

n : X n → N ) satisfying that

PX∞
1

(A∗) = 1,

for any X = {Xi}∞i=1 ∈ Ω with H(X) < ∞, and that

lim sup
n→∞

σ∗
n(xn

1 )

n
≤ h(x) = Ĥ(x) = H̃(x) = ρbl(x) ∀x ∈ A∗.

Before proving the theorem, we state a key lemma.

Lemma 2.12 Let X = {Xi}∞i=1 be a stationary ergodic source. If there

exists a length function σ on X satisfying

E[σ(X1)] < ∞, (2.31)

then, for almost all x ∈ X∞, we have

lim
u→∞ lim

n→∞
∑

a:σ(a)≥u

p1(a|xn
1 )σ(a) = 0.

Proof: To prove the lemma, we show that there exists a set A(σ) ⊂ X∞

satisfying the following two properties: (i) PX∞
1

(A(σ)) = 1 and (ii) for any
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x ∈ A(σ) and any γ > 0, there exists u0 = u0(x, γ) and n0 = n0(x, γ) such

that ∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) < γ ∀u ≥ u0 and ∀n ≥ n0.

Fix γ > 0. Since the condition (2.31) implies

lim
u→∞

∑
a:σ(a)≥u

PX1(a)σ(a) = 0,

we can choose u1 = u1(X, γ) so that∑
a:σ(a)≥u

PX1(a)σ(a) < γ/2 ∀u ≥ u1.

Define the function fu on X by

fu(a)
�
=

{
σ(a) : if σ(a) ≥ u,

0 : otherwise.

By the ergodic theorem [5], we have

lim
n→∞

1

n

n∑
i=1

fu(xi) = E[fu(X1)] a.s.

that is,

lim
n→∞

∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) =

∑
a:σ(a)≥u

PX1(a)σ(a) a.s.

Hence, for almost all x ∈ X∞, we can choose n1 = n1(x, γ) so that∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) < γ ∀u ≥ u1 and ∀n ≥ n1.

This implies that for any γ > 0, there exists Aγ ⊂ X∞ satisfying PX∞
1

(Aγ) =

1 and

lim
u→∞ lim

n→∞
∑

a:σ(a)≥u

p1(a|xn
1 )σ(a) < γ ∀x ∈ Aγ .

Let A(σ) = ∩∞
m=1A1/m. Then, A1/1 ⊃ A1/2 ⊃ · · · and thus,

PX∞
1

(A(σ)) = PX∞
1

(∩∞
m=1A1/m) = lim

m→∞ PX∞
1

(A1/m) = 1.

Note that for any γ > 0, there exists m ∈ N such that 1/m < γ. Hence,

for all x ∈ A(σ) and any γ > 0, there exists u0 = u0(x, γ) = u1(X, 1/m) and

n0 = n0(x, γ) = n1(x, 1/m) such that∑
a:σ(a)≥u

p1(a|xn
1 )σ(a) < 1/m < γ ∀u ≥ n0 and ∀n ≥ n0.

Hence, we have the lemma.
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Proof of Theorem 2.5: Since there exists a sequence of length functions

which is universal for Ω, there exits a set P of countable probability distri-

butions on X such that for any X ∈ Ω with H(X) < ∞, there exists p ∈ P
satisfying

E [− log p(X1)] < ∞.

For each p ∈ P, we can construct a length function σp on X such that

− log p(a) + 1 ≤ σp(a) < − log p(a) + 2 ∀a ∈ {a′ : p(a′) > 0}.

The above discussion implies that for each X ∈ Ω with H(X) < ∞, there

exists a p ∈ P such that E [− log p(X1)] < ∞, and thus,

E [σp(X1)] ≤ E [− log p(X1) + 2] < ∞.

Hence, by Lemma 2.12, there exits a set A(σp) such that PX∞
1

(A(σp)) = 1

and A(σp) ⊂ X∞(σp). By Corollary 2.1, we can show that A∗ �
=

⋃
p∈P A(σp)

satisfies the theorem.

Now, we give a corollary of Theorem 2.5. Let X = {Xi}∞i=1 be a stationary

ergodic source such that H(X) < ∞. By the ergodic theorem, for almost all

x ∈ X∞,

Ĥ(x) = H(X).

Further, assume that X satisfies the assumption of Lemma 2.12. Then, by

Lemma 2.12, we have

h(x) = Ĥ(x) = H̃(x) = ρbl(x) = H(X),

for almost all x ∈ X∞. The above discussion gives the following corollary.

Corollary 2.2 Let Ω be a set of stationary ergodic sources appeared in

Theorem 2.5. Then, for any X ∈ Ω with H(X) < ∞, we have

h(x) = Ĥ(x) = H̃(x) = ρbl(x) = H(X),

for almost all x ∈ X∞.



Chapter 3

Fixed-Rate Lossy Coding

Problem

3.1 Introduction

In Chapter 2, we considered the lossless coding problem of individual se-

quences over countably infinite source alphabet, and investigated the optimal

performance theoretically attainable by blockwise lossless coding schemes.

However, when the source alphabet is not finite or countable, the framework

of lossless coding is not valid. For example, the description of an arbitrary

real number requires an infinite number of bits, so a finite representation

of a continuous random variable cannot be perfect. As an alternative ap-

proach, we need to permit finite distortion between a input data and the

reproduced data within some acceptable level. Clearly, a smaller distortion

can be achieved if we are allowed to use a higher coding rate. In this and

the following chapters (Chapter 3–5), we investigate the asymptotic optimal

trade-off between the distortion and the coding rate for a given individual

sequence attainable by blockwise coding schemes.

Historically, the lossy coding problem of individual sequences was for-

mulated by Ziv [34]. He studied the fixed-rate lossy coding problem of

individual sequences with finite alphabet, and presented a universal lossy

coding at fixed-rate. Following the same line as in [34], Yang and Kieffer

[31] studied the fixed-rate and fixed-distortion lossy coding problems, and

proposed two universal lossy coding schemes based on LZ78 code. Their

result shows that the optimal distortion attainable by fixed-rate encoders

32
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is equal to the smallest topological entropy among reproduction sequences

satisfying the distortion criterion, and that the optimal rate attainable by

fixed-distortion encoders is equal to the optimal average rate with respect to

the non-overlapping empirical distribution of the given sequence.

In this chapter, we investigate the fixed-rate lossy coding problem of

individual sequences subject to the subadditive distortion measure. We

formulate the fixed-rate lossy coding problem of individual sequences as

the problem of optimizing the distortion over all the blockwise fixed-rate

lossy encoders. Then, we characterize the optimal performance theoretically

achievable (OPTA) function for the given individual sequence by using the

empirical distribution of the sequence. Our result clarifies that the optimal

distortion achievable by fixed-rate lossy coding schemes is equal to the opti-

mal average distortion with respect to the overlapping empirical distribution

of the given sequence. It is also proved that, instead of overlapping empiri-

cal distribution, we can adopt the non-overlapping empirical distribution to

characterize the OPTA function. Corollary of main result reveals that the

optimal distortion is equal to the distortion-rate function derived by Yang

and Kieffer. To prove the coding theorem, we propose the fixed-rate lossy

coding scheme based on the complexity of the sequence, and show that the

scheme is universal, that is, achieves OPTA for any sequence under some

mild conditions. This result reveals that not only LZ78 code, but various

universal lossless codes such as grammar based codes can also be applied to

universal lossy coding.

As an application of main result, in Section 3.5, we investigate the fixed-

rate lossy coding problem of stationary ergodic sources, and reveal that the

blockwise coding schemes can attain the optimal distortion for the source.

3.2 Fixed-Rate Lossy Coding of Individual

Sequences

In this chapter, unless stated otherwise, the source alphabet X is assumed to

be arbitrary set. We introduce another set Y called the reproduction alphabet.

The size of Y is assumed to be finite throughout this chapter.

For each n ∈ N , dn(xn
1 , y

n
1 ) is called the distortion between xn

1 ∈ X n and

yn
1 ∈ Yn, where dn is any mapping from X n × Yn into [0, +∞) and is called
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the distortion measure. The distortion per symbol is given by

1

n
dn(xn

1 , y
n
1 ) ≥ 0.

In this chapter, unless otherwise specified, we assume that the distortion

measure dn is subadditive, that is, for any m ∈ N , n ∈ N , xm+n
1 ∈ Xm+n,

and ym+n
1 ∈ Ym+n,

dm+n(xm+n
1 , ym+n

1 ) ≤ dm(xm
1 , ym

1 ) + dn(xm+n
m+1 , y

m+n
m+1 ). (3.1)

A fixed-rate lossy encoder of block size k is defined by a quantizer πk :

X k → Yk. By a fixed-rate lossy block encoder, a given sequence x ∈
X∞ is encoded in the following manner. At first, x is parsed into blocks

x
(t+1)k
tk+1 (t = 0, 1, · · ·) of size k. Next, each block x

(t+1)k
tk+1 is quantized into

y
(t+1)k
tk+1 = πk(x

(t+1)k
tk+1 ) by the quantizer πk. Then, each y

(t+1)k
tk+1 is represented

with �log ‖πk‖� bits, where ‖πk‖ �
= |{πk(a

k
1) : ak

1 ∈ X k}|. The rate rate(πk)

of the quantizer πk is defined as

rate(πk)
�
=

1

k
�log ‖πk‖�.

For each sequence x ∈ X∞, the asymptotic distortion attained by the quan-

tizer πk is defined as

δ(x, πk)
�
= lim sup

T→∞

1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
.

Then, the optimal distortion δ(R|x) attainable by blockwise lossy coding at

the fixed-rate R > 0 is defined as

δ(R|x)
�
= inf

k
inf
πk

rate(πk)≤R

δ(x, πk),

where inf πk
rate(πk)≤R

is taken over all the πk satisfying rate(πk) ≤ R.

In order to clarify the optimal distortion δ(R|x), we introduce the distortion-

rate function. Let pk(·|xn
1 ) be the overlapping empirical distribution of xn

1

defined in (2.1). Then, D̂k(R|xn
1 ) is defined as the optimal average distortion

with respect to pk(·|xn
1 ):

D̂k(R|xn
1 )

�
= inf

πk
rate(πk)≤R

Ep

[
1

k
dk

(
Xk

1 , πk(X
k
1 )

)]

= inf
πk

rate(πk)≤R

1

n − k + 1

n−k+1∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)
,
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where inf is taken over the all πk satisfying rate(πk) ≤ R. Lastly, the

distortion-rate function D̂(R|x) of the sequence x ∈ X∞ is defined as

D̂(R|x)
�
= lim inf

k→∞
lim sup

n→∞
D̂k(R|xn

1 ).

The following theorem gives a lower bound on the distortion attainable

by the fixed-rate block encoders.

Theorem 3.1 (Converse coding theorem) Assume that for a given se-

quence x ∈ X∞, there exists a reference letter r ∈ Y satisfying that

lim
d→∞

lim sup
n→∞

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) = 0. (3.2)

Then, for any R > 0 and any block encoder πk of the block size k satisfying

rate(πk) < R, we have

δ(x, πk) ≥ D̂(R|x). (3.3)

Remark 3.1 The assumption of existence of the reference letter r ∈ Y sat-

isfying (3.2) corresponds to the commonly required assumption in a theory

of lossy coding of probabilistic sources, that is, for a source X = {Xi}∞i=1,

there exists a reference letter r ∈ Y satisfying E[d(X1, r)] < ∞. As shown

in Lemma 3.5, if X is a stationary ergodic source for which E[d(X1, r)] < ∞
holds, then r satisfies (3.2) for almost all x ∈ X∞.

Next, we show the coding theorem by constructing a universal fixed-rate

lossy encoder. To define the universal lossy block encoder, we introduce the

complexity function.

Definition 3.1 (Complexity function) A complexity function L : Y∗ →
N is a function which satisfies the following two properties:

1. For any n ∈ N , ∑
yn
1 ∈Yn

2−L(yn
1 ) ≤ 1. (3.4)

2. For any K and any γ > 0, there exists an integer n0 = n0(γ, K,Y , L)

such that for any n ≥ n0 and any finite-state IL encoder ψ with state

set S of K states,

L(yn
1 ) ≤ � (ψ(yn

1 )) + nγ ∀yn
1 ∈ Yn, (3.5)
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where ψ(yn
1 ) ≡ f(s1, y1)f(s2, y2) · · · f(sn, yn) denotes the output binary

sequence when yn
1 is encoded by ψ.

Remark 3.2 Muramatsu and Kanaya [20] defined the complexity function

as a function satisfying the condition 1 in Definition 3.1 and

lim sup
n→∞

1

n
L(Y n

1 ) ≤ H(Y ) a.s.,

for any stationary ergodic source Y = {Yi}∞i=1 with alphabet Y . However,

in this thesis, we adopt an alternative definition in which stationary ergodic

sources are not involved. This allows us to deal with any individual sequence

which may not be an output sequence from an stationary ergodic source.

Example 3.1 The length function of the LZ78 code [36] satisfies both con-

ditions in Definition 3.1, and thus is a complexity function. Moreover, the

length function of any grammar based code G [14] also satisfies (3.5) [29],

and is a complexity function.

Let L be an arbitrary complexity function. For each k ∈ N and R > 0,

let πR
k be the quantizer defined as

πR
k (ak

1)
�
= arg min

bk
1
∈Yk

L(bk
1
)≤kR

dk(a
k
1, b

k
1) ∀ak

1 ∈ X k. (3.6)

By the definition of πR
k and the property (3.4) of the complexity function, it

is clear that rate(πR
k ) ≤ R. The next theorem shows that the quantizer πR

k

is optimum.

Theorem 3.2 (Coding theorem) For any x ∈ X∞ and any R > 0, the

sequence {πR
k }∞k=1 of quantizers satisfies that

lim sup
k→∞

δ(x, πR
k ) ≤ lim

ζ↓0
D̂(R − ζ |x), (3.7)

provided that there exists a reference letter r satisfying (3.2).

Theorem 3.1 and Theorem 3.2 will be proved in Section 3.4. According

to Theorem 3.1 and Theorem 3.2, we have the following corollary.
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Corollary 3.1 For any x ∈ X∞, we have

lim
k→∞

δ(x, πR
k ) = δ(R|x) = D̂(R|x),

provided that D̂(R|x) is continuous at the point R, and there exists a refer-

ence letter r satisfying (3.2).

3.3 Relations among Distortion-Rate Func-

tions of Individual Sequence

The distortion-rate function may be defined by using the non-overlapping

empirical distribution qk(·|xn
1 ) defined in (2.3) instead of the overlapping em-

pirical distribution pk(·|xn
1). Let D̃k(R|xTk

1 ) be the optimal average distortion

with respect to qk(·|xTk
1 ):

D̃k(R|xTk
1 )

�
= inf

πk
rate(πk)≤R

Eq

[
1

k
dk

(
Xk

1 , πk(X
k
1 )

)]

= inf
πk

rate(πk)≤R

1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
.

Then, the non-overlapping version D̃(R|x) of the distortion-rate function of

the sequence x ∈ X∞ is defined as

D̃(R|x)
�
= lim inf

k→∞
lim sup

T→∞
D̃k(R|xTk

1 ).

The next theorem corresponds to Corollary 3.1.

Theorem 3.3 For any x ∈ X∞, we have

lim
k→∞

δ(x, πR
k ) = δ(R|x) = D̃(R|x),

provided that D̃(R|x) is continuous at the point R, and there exists a refer-

ence letter r satisfying (3.2).

Theorem 3.3 will be proved in Section 3.4.

Yang and Kieffer [31] investigated the fixed-rate lossy block coding of

individual sequences under the assumption that the distortion measure is

additive, that is, for any m ∈ N , n ∈ N , xm+n
1 ∈ Xm+n, and ym+n

1 ∈ Ym+n,

dm+n(xm+n
1 , ym+n

1 ) = dm(xm
1 , ym

1 ) + dn(xm+n
m+1 , ym+n

m+1 ).
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They defined the distortion-rate function DY K(R|x) as the infimum of D

such that there exists y ∈ Y∞ satisfying the distortion constraint

lim sup
n→∞

1

n
dn(xn

1 , y
n
1 ) ≤ D,

and the rate constraint

h(y) ≤ R,

where h(y) is the topological entropy of y [39] defined by

h(y)
�
= lim

m→∞
1

m
log |Bm(y)|,

and

Bm(y)
�
=

{
bm
1 ∈ Ym : ∃i s.t. yi+m−1

i = bm
1

}
.

Moreover, Yang and Kieffer [31] proposed the universal quantizer πLZ
k based

on the length function LLZ of the LZ78 code, and showed

lim
k→∞

δ(x, πLZ
k ) = DY K(R|x),

provided that DY K(·|x) is continuous at the point R.

Since LLZ is a complexity function, Yang and Kieffer’s quantizer πLZ
k is

a special case of our quantizer πR
k . Combining their result and Corollary

3.1, we have the following corollary. The following corollary shows that

the distortion-rate function D̂(R|x) is equal to the distortion-rate function

DY K(R|x) defined by Yang and Kieffer.

Corollary 3.2 Assume that the distortion measure dn is additive. For any

x ∈ X∞, we have

D̂(R|x) = DY K(R|x),

provided that both of D̂(·|x) and DY K(·|x) are continuous at the point R,

and there exists a reference letter r satisfying (3.2).

3.4 Proofs of Theorems

In this section, we shall prove Theorem 3.1, Theorem 3.2, and Theorem 3.3.

Before proving the theorems, we introduce some lemmas.

At first, we show an important property of the complexity function. The

following lemma shows that any complexity function can be characterized as

a lower bound on the codeword length of the blockwise lossless encoder.
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Lemma 3.1 Let L be a complexity function. For any m ∈ N , any length

function σm on Ym, and any ε > 0, there exists an integer n0 = n0(ε, m,Y , L)

such that for any n ≥ n0 and yn
1 ∈ Yn,

L(yn
1 ) ≤ min

0≤j≤m−1

∑
0≤i≤n−m
i≡j mod m

σm(yi+m
i+1 ) + nε.

Proof: This lemma can be proved by a similar manner as the proof of [31,

Lemma 1].

For each j, let τj be the length function such that τj(b
j
1) = �j log |Y|� for

any bj
1 ∈ Yj. We can construct the finite-state IL encoder ψj which encode

a given sequence y ∈ Y∞ in the following manner: y is parsed into blocks

of length j, m, m, · · · , and the first block is encoded with τj(y
j
1) bits and

remaining blocks yi+m
i+1 (i = j, j + m, j + 2m, · · ·) is encoded with σm(yi+m

i+1 )

bits. Hence, we have

�(ψj(y
n
1 )) ≤ τj(y

j
1) +

∑
0≤i≤n−m+1
i≡j mod m

σm(yi+m
i+1 ). (3.8)

Fix γ > 0. The condition (3.5) of the complexity function and (3.8) implies

that there exits n1 ∈ N such that for any n ≥ n1 and yn
1 ∈ Yn,

L(yn
1 ) ≤ τj(y

j
1) +

∑
0≤i≤n−m
i≡j mod m

σm(yi+m
i+1 ) + M + nγ

=
∑

0≤i≤n−m
i≡j mod m

σm(yi+m
i+1 ) + n

(
τj(y

j
1)

n
+

M

n
+ γ

)
,

where M = maxbm
1 ∈Ym σm(bm

1 ). Hence, we have the lemma.

Next, we show some properties of reference letter.

Lemma 3.2 For any x ∈ X∞ and r ∈ Y satisfying (3.2), we have

lim sup
n→∞

1

n

n∑
i=1

d1(xi, r) < ∞.

Proof: Since (3.2) holds, for any γ > 0 and sufficiently large d and n, we

have

1

n

n∑
i=1

d1(xi, r) ≤ 1

n

n∑
i=1

d +
1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r)

≤ d + γ,
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and thus,

lim sup
n→∞

1

n

n∑
i=1

d1(xi, r) < ∞.

Hence, we have the lemma.

Lemma 3.3 Assume that x ∈ X∞ and r ∈ Y satisfies (3.2). Then, for any

γ > 0, there exists ε > 0 and n0 ∈ N such that for any n ≥ n0 and any set

B ⊂ {1, · · · , n} satisfying |B|/n < ε,

1

n

∑
i∈B

d1(xi, r) ≤ γ.

Proof: Since (3.2) holds, for any γ′ > 0 and sufficiently large d and n, we

have
1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) ≤ γ′.

Choose γ′ > 0 and ε > 0 so that εd + γ′ < γ. Then, we have,

1

n

∑
i∈B

d1(xi, r) ≤ 1

n

∑
i∈B

d1(xi,r)≤d

d1(xi, r) +
1

n

∑
i∈B

d1(xi,r)≥d

d1(xi, r)

≤ 1

n

∑
i∈B

d +
1

n

∑
d1(xi,r)≥d

d1(xi, r)

≤ εd + γ′

≤ γ,

and thus, the lemma is proved.

Now, we show a lemma which plays an important role in the proofs. For

each m ∈ N , k ∈ N , am
1 ∈ Xm, and r ∈ Y , define ∆k(a

m
1 , r) as

∆k(a
m
1 , r)

�
=

k−1∑
i=1

d1(ai, r) +
m∑

i=m−k+2

d1(ai, r). (3.9)

Then, we have the following lemma.

Lemma 3.4 Let L be a complexity function and fix r ∈ Y . For any R > 0,

ε > 0, and any integer k satisfying k > 1/ε, there exists m0 = m0(ε, k,Y , L)

such that for any πk satisfying rate(πk) ≤ R − ε and any m ≥ m0, the

quantizer πR
m defined in (3.6) satisfies that

dm

(
am

1 , πR
m(am

1 )
)
≤ min

0≤j≤k−1

∑
i≡j mod k
0≤i≤m−k

dk

(
ai+k

i+1, πk(a
i+k
i+1)

)
+∆k(a

m
1 , r) ∀am

1 ∈ Xm,
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a1 · · · aj aj+k
j+1︸ ︷︷ ︸ · · · aj̄

j̄−k+1︸ ︷︷ ︸ aj̄+1· · · am

↓ ↓ ↓ ↓ ↓ ↓
π∗

1 π∗
1 πk πk π∗

1 π∗
1

↓ ↓ ↓ ↓ ↓ ↓

Figure 3.1: Construction of π
(j)
k,m

and thus,

dm

(
am

1 , πR
m(am

1 )
)
≤

m−k∑
i=0

1

k
dk

(
ai+k

i+1, πk(a
i+k
i+1)

)
+ ∆k(a

m
1 , r) ∀am

1 ∈ Xm.

Proof: For a given quantizer πk and each j (0 ≤ j ≤ k − 1), let π
(j)
k,m be

the quantizer which quantizes a block am
1 ∈ Xm by the following manner. At

first, the first j symbols a1, · · · , aj of am
1 are quantized by the quantizer π∗

1

such that π∗
1(a) = r for all a ∈ X . Then, the following am

j+1 is partitioned

into blocks of size k and each block is quantized by πk. Lastly, the remaining

symbols aj̄+1, · · · , am (m − j̄ < k) of am
1 are quantized by π∗

1 (see Fig. 3.1).

Since dk is subadditive, it is apparent that for any πk and j, π
(j)
k,m satisfies

that

dm

(
am

1 , π
(j)
k,m(am

1 )
)

≤
j∑

i=1

d1(ai, π
∗
1(ai))

+
∑

i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1))

+
m∑

i=j̄+1

d1(ai, π
∗
1(ai))

≤ ∑
i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1)) + ∆k(a

m
1 , r) (3.10)

Fix γ so that 0 < γ ≤ ε− 1/k. Let σ̄k be a length function on Yk defined

as

σ̄k(b
k
1) =

{ �log ‖πk‖� + 1 : if bk
1 ∈ {πk(a

k
1) : ak

1 ∈ X k}
�log |Yk|� + 1 : otherwise.

Then, by Lemma 3.1, there exists m1 = m1(γ, k,Y , L) such that for any
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m ≥ m1 and any j = 0, · · · , k − 1,

L(bm
1 ) ≤ ∑

0≤i≤m−k
i≡j mod k

σ̄k(b
i+k
i+1) + mγ ∀bm

1 ∈ Ym.

Thus, if m ≥ m1, for any am
1 ∈ Xm,

L
(
π

(j)
k,m(am

1 )
)

≤ m

k
(�log ‖πk‖� + 1) + mγ

≤ mR + m
(

1

k
− ε + γ

)
≤ mR.

Hence, for all j = 0, · · · , k − 1, we have

L
(
π

(j)
k,m(am

1 )
)
≤ mR ∀am

1 ∈ Xm. (3.11)

According to (3.11), the definition of πR
k and (3.10) yields

dm

(
am

1 , πR
m(am

1 )
)

≤ min
0≤j≤k−1

dm

(
am

1 , π
(j)
k,m(am

1 )
)

≤ min
0≤j≤k−1

∑
i≡j mod k
0≤i≤m−k

dk

(
ai+k

i+1, πk(a
i+k
i+1)

)
+ ∆k(a

m
1 , r).

This completes the proof of the lemma.

Proof of Theorem 3.1: Notice that

D̂(R|x)

= lim inf
m→∞ lim sup

n→∞
inf
πm

rate(πm)≤R

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πm(xi+m−1
i )

)

≤ lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)
.

Hence, to show the theorem, it is sufficient to show that

δ(x, πk′)

≥ lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)
,(3.12)

for any quantizer πk′ such that rate(πk′) < R.
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Fix a quantizer πk′ and ε > 0 such that rate(πk′) ≤ R−ε < R. Let w ∈ N
be sufficiently large so that k ≡ wk′ satisfies k > 1/ε. We can construct the

quantizer πk of block size k = wk′ which quantizes a block ak
1 ∈ X k by the

following manner. At first, ak
1 is partitioned into w blocks of size k′, and then,

each block is quantized by πk′ . By the definition, rate(πk) ≤ rate(πk′) ≤ R−ε

and δ(x, πk) ≤ δ(x, πk′).

Fix γ > 0, and choose T0 such that for any T ≥ T0,

1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
≤ δ(x, πk) + γ. (3.13)

By Lemma 3.4, there exists m0 = m0(ε, k,Y , L) such that for any m ≥ m0,

we have

dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)

≤ min
0≤j≤k−1

∑
l≡j mod k
0≤l≤m−k

dk

(
xl+k+i−1

l+i , πk(x
l+k+i−1
l+i )

)
+ ∆k(x

i+m−1
i , r)

for any i ∈ N . Especially, we have

dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)

≤ ∑
l≡ji mod k
0≤l≤m−k

dk

(
xl+k+i−1

l+i , πk(x
l+k+i−1
l+i )

)
+ ∆k(x

i+m−1
i , r)

=
∑

t
i≤(tk+1)≤i+m−k

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+ ∆k(x

i+m−1
i , r)

where ji is chosen so that i + ji ≡ 1 mod k. Hence, we have

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)

≤ 1

m

n−m+1∑
i=1

∑
t

i≤(tk+1)≤i+m−k

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+

1

m

n−m+1∑
i=1

∆k(x
i+m−1
i , r)

≤

n/k�−1∑

t=0

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+

k

m

n∑
i=1

d1(xi, r), (3.14)

where the last inequality follows from that each k-blocks is encoded by πk at

most m times. Since (3.14) holds for any n and T (n ≥ T ), letting T = �n/k�,
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we have

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)

≤ 1

n − m + 1

T−1∑
t=0

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)

+
k

m(n − m + 1)

n∑
i=1

d1(xi, r). (3.15)

Since (3.13) holds for T ≥ T0, the first term of the right-hand side of (3.15)

is bounded by

1

n − m + 1

T−1∑
t=0

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
≤

(
1 +

m

Tk − m

)
(δ(x, πk) + γ) .

(3.16)

On the other hand, the second term of the right-hand side of (3.15) is bounded

as follows. By Lemma 3.2, we have

lim sup
n→∞

1

n − m + 1

n∑
i=1

d1(xi, r) = lim sup
n→∞

1

n

n∑
i=1

d1(xi, r) < ∞.

Hence, for sufficiently large n and m,

k

m(n − m + 1)

n∑
i=1

d1(xi, r) ≤ γ. (3.17)

Thus, if n is so large that T ≥ T0, then, combining (3.15), (3.16), and (3.17),

we have

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)

≤
(
1 +

m

Tk − m

)
(δ(x, πk) + γ) + γ.

Since m/(Tk − m) → 0 as T → ∞, we have

1

n − m + 1

n−m+1∑
i=1

1

m
dm

(
xi+m−1

i , πR
m(xi+m−1

i )
)
≤ δ(x, πk) + 3γ.

Since δ(x, πk) ≤ δ(x, πk′) and γ > 0 can be chosen arbitrarily small, we have

(3.12).
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Proof of Theorem 3.2: Fix γ > 0, and choose ε > 0 such that

D̂(R − ε|x) ≤ lim
ζ↓0

D̂(R − ζ |x) + γ.

Then, choose sufficiently large k and n0 such that k > 1/ε. Then, for any

n ≥ n0,

D̂k(R − ε|xn
1 ) = inf

πk
rate(πk)≤R−ε

1

n − k + 1

n−k+1∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)

≤ D̂(R − ε|x) + γ

≤ lim
ζ↓0

D̂(R − ζ |x) + 2γ.

For each n ≥ n0, we can choose a quantizer πk such that rate(πk) ≤ R − ε

and

1

n − k + 1

n−k+1∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)

≤ lim
ζ↓0

D̂(R − ζ |x) + 3γ, (3.18)

where πk may depend on n. By Lemma 3.4, there exists m0 = m0(ε, k,Y , L)

such that for any m ≥ m0, we have

dm

(
x

(t+1)m
tm+1 , πR

m(x
(t+1)m
tm+1 )

)

≤
(t+1)m−k+1∑

i=tm+1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)
+ ∆k(x

(t+1)m
tm+1 , r),

for any n and t ((t + 1)m ≤ n). It should be noted that m0 depends on

neither πk nor n. Hence, we have

1

T

T−1∑
t=0

1

m
dm

(
x

(t+1)m
tm+1 , πR

m(x
(t+1)m
tm+1 )

)

≤ 1

Tm

T−1∑
t=0

(t+1)m−k+1∑
i=tm+1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)
+

1

Tm

T−1∑
i=0

∆k(x
(t+1)m
tm+1 , r)

=
1

Tm

Tm−k+1∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)
+

1

Tm

T−1∑
i=0

∆k(x
(t+1)m
tm+1 , r)

≤ 1

Tm − k + 1

Tm−k+1∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)

+
1

Tm

T−1∑
i=0

∆k(x
(t+1)m
tm+1 , r). (3.19)
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Now, we bound the second term of right-hand side of (3.19). By the definition

of ∆k, we have

1

Tm

T−1∑
i=0

∆k(x
(t+1)m
tm+1 , r) =

1

Tm

∑
i∈B

d1(xi, r),

where

B
�
=

⎧⎪⎪⎨
⎪⎪⎩i :

tm + 1 ≤ i ≤ tm + k − 1 or

(t + 1)m − k + 2 ≤ i ≤ (t + 1)m,

t = 0, 1, · · · , T − 1

⎫⎪⎪⎬
⎪⎪⎭ .

Since |B| ≤ 2(k − 1)T , we can choose m so that |B|/Tm ≤ ε. Thus, by

Lemma 3.3, for sufficiently large T and m, we have

1

Tm

T−1∑
i=0

∆k(x
(t+1)m
tm+1 , r) ≤ γ. (3.20)

Combining (3.18), (3.19), and (3.20), for sufficiently large T , we have

1

T

T−1∑
t=0

1

m
dm

(
x

(t+1)m
tm+1 , πR

m(x
(t+1)m
tm+1 )

)
≤ lim

ζ↓0
D̂(R − ζ |x) + 4γ.

Since γ > 0 can be chosen arbitrarily small, we have

lim sup
m→∞

lim sup
T→∞

1

T

T−1∑
t=0

1

m
dm

(
x

(t+1)m
tm+1 , πR

m(x
(t+1)m
tm+1 )

)
≤ lim

ζ↓0
D̂(R − ζ |x).

This completes the proof of the lemma.

Proof of Theorem 3.3: Since

D̃(R|x) ≤ inf
k

inf
πk

rate(πk)≤R

δ(x, πk) ≤ lim inf
k→∞

δ(x, πR
k )

holds by the definitions, we shall show

lim sup
k→∞

δ(x, πR
k ) ≤ lim

ζ↓0
D̃(R − ζ |x). (3.21)

Fix γ > 0, and then, choose ε > 0, sufficiently large k (k > 1/ε), and T0 such

that for any T ≥ T0,

inf
πk

rate(πk)≤R−ε

1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
≤ lim

ζ↓0
D̃(R − ζ |x) + γ.
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For each T ≥ T0, we can choose a quantizer πk such that rate(πk) ≤ R − ε

and

1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
≤ lim

ζ↓0
D̃(R − ζ |x) + 2γ, (3.22)

where πk may depend on T . By Lemma 3.4, there exists m0 = m0(ε, k,Y , L)

such that for any m ≥ m0 and any w ∈ N , we have

dm

(
x

(w+1)m
wm+1 , πR

m(x
(w+1)m
wm+1 )

)
≤ ∑

t
wm≤tk≤(w+1)m−k

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+ ∆k(x

(w+1)m
wm+1 , r).

Hence, letting T = �Wm/k�, we have

1

W

W−1∑
w=0

1

m
dm

(
x

(w+1)m
wm+1 , πR

m(x
(w+1)m
wm+1 )

)

≤ 1

Wm

W−1∑
w=0

∑
t

wm≤tk≤(w+1)m−k

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+

1

Wm

W−1∑
w=0

∆k(x
(w+1)m
wm+1 , r)

=
1

Wm


Wm/k�−1∑
t=0

dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+

1

Wm

W−1∑
w=0

∆k(x
(w+1)m
wm+1 , r)

≤ 1

T

T−1∑
t=0

1

k
dk

(
x

(t+1)k
tk+1 , πk(x

(t+1)k
tk+1 )

)
+

1

Wm

W−1∑
w=0

∆k(x
(w+1)m
wm+1 , r). (3.23)

If W is sufficiently large, the second term of the right hand side of (3.23) is

negligible (see (3.20)), and thus, combining (3.22) and (3.23), we have

1

W

W−1∑
w=0

1

m
dm

(
x

(w+1)m
wm+1 , πR

m(x
(w+1)m
wm+1 )

)
≤ lim

ζ↓0
D̃(R − ζ |x) + 3γ.

Since γ > 0 can be chosen arbitrarily small, we have (3.21).

3.5 Fixed-Rate Lossy Coding of Ergodic Sources

In this section, we assume that X is a standard alphabet and that the dis-

tortion measure dn : X n × Yn → [0,∞) is a measurable function. For a

stationary ergodic source X = {Xi}∞i=1, let D(R|X) be the distortion-rate

function of X defined as

D(R|X)
�
= lim sup

n→∞
inf

Y n
1 : 1

n
I(Xn

1 ;Y n
1 )≤R

1

n
Edn(Xn

1 ; Y n
1 ),



CHAPTER 3. FIXED-RATE LOSSY CODING PROBLEM 48

where

I(Xn
1 ; Y n

1 )
�
= E

[
PY n

1 |Xn
1
(Y n

1 |Xn
1 )

PY n
1
(Y n

1 )

]
.

It is known that, if X = {Xi}∞i=1 is a stationary ergodic source then the

optimal distortion level attainable by fixed-rate lossy encoders is equal to

D(R|X).

Theorem 3.4 (Proposition 2 of [12]) Let X = {Xi}∞i=1 be a stationary

ergodic source for which there exists r ∈ Y such that E[d1(X1, r)] < ∞.

Then, for any R > 0, the following two statements hold.

1. (converse part)

For any sequence {πn}∞n=1 of quantizers satisfying rate(πn) ≤ R (n ∈
N ), we have

lim inf
n→∞

1

n
dn (xn

1 , πn(xn
1 )) ≥ D(R|X),

for almost all x ∈ X∞.

2. (direct part)

There exits a sequence {πn}∞n=1 of quantizers satisfying rate(πn) ≤ R

(n ∈ N ) and

lim sup
n→∞

1

n
dn (xn

1 , πn(xn
1 )) ≤ D(R|X),

for almost all x ∈ X∞.

In the following, we consider the blockwise lossy coding of the sequence

emitted from the stationary ergodic source. It is important to note that

ergodicity of X = {Xi}∞i=1 with respect to the shift transformation does

not imply ergodicity with respect to k-shift transformation. Therefore, we

cannot directly apply the ergodic theorem for successive blocks X
(t+1)k
tk+1 (t =

0, 1, · · ·). However, using Theorem 3.2, we can show that the sample average

of the block distortion achieved by the quantizer πR
k based on the complexity

function L tends to D(R|X).

Theorem 3.5 Let X = {Xi}∞i=1 be a stationary ergodic source for which

there exists r ∈ Y such that E[d1(X1, r)] < ∞. Then, for any R > 0, we

have

lim
k→∞

δ(x, πR
k ) = D(R|X), (3.24)

for almost all x ∈ X∞.
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The difference between Theorem 3.4 and Theorem 3.5 should be pointed

out here. In the coding scheme appeared in Theorem 3.4, the quantizer

quantizes the given whole sequence at one time. On the other hand, in

the coding scheme appeared in (3.24), the given sequence is partitioned into

blocks of size k, and then, each block is quantized by πR
k . Theorem 3.5

ensures that the increment of the distortion is negligibly small when we fix

the block size k of the quantizer and quantize each block separately, if the

block size k is sufficiently large.

Remark 3.3 Yang and Kieffer [31] proved that (3.24) holds when the dis-

tortion measure dn is additive and the complexity function L is the length

function LLZ of the LZ78 code.

Before proving Theorem 3.5, we show that if r ∈ Y satisfies E[d1(X1, r)] <

∞, then r satisfies (3.2) for almost all x ∈ X∞.

Lemma 3.5 Let X = {Xi}∞i=1 be a stationary ergodic source for which there

exists r ∈ Y such that

E[d1(X1, r)] < ∞. (3.25)

Then, for almost all x ∈ X∞, we have

lim
d→∞

lim sup
n→∞

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) = 0.

Proof: To prove the lemma, we show that there exists a set A ⊂ X∞

satisfying the following two properties: (i) PX∞
1

(A) = 1 and (ii) for any

x ∈ A and any γ > 0, there exists D0 = D0(x, γ) and n0 = n0(x, γ) such that

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) < γ ∀d ≥ D0 and ∀n ≥ n0.

Fix γ > 0. Since r satisfies (3.25), we can choose D1 = D1(X, γ) so that

∫
{a:d1(a,r)≥d}

d1(a, r)PX1(a) < γ/2 ∀d ≥ D1.

Define the function fd on X by

fd(a)
�
=

{
d1(a, r) : if d1(a, r) ≥ d,

0 : otherwise.
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By the ergodic theorem [5], we have

lim
n→∞

1

n

n∑
i=1

fd(xi) = E[fd(X1)] a.s.

that is,

lim
n→∞

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) =
∫
{a:d1(a,r)≥d}

d1(a, r)PX1(a) a.s.

Hence, for almost all x ∈ X∞, we can choose n1 = n1(x, γ) so that

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) < γ ∀d ≥ D1 and ∀n ≥ n1.

This implies that for any γ > 0, there exists Aγ ⊂ X∞ satisfying PX∞
1

(Aγ) =

1 and

lim
d→∞

lim
n→∞

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) < γ ∀x ∈ Aγ .

Let A = ∩∞
m=1A1/m. Then, A1/1 ⊃ A1/2 ⊃ · · · and thus,

PX∞
1

(A) = PX∞
1

(∩∞
m=1A1/m)

= lim
m→∞PX∞

1
(A1/m)

= 1.

Note that for any γ > 0, there exists m ∈ N such that 1/m < γ. Hence,

for all x ∈ A and any γ > 0, there exists D0 = D0(x, γ) = D1(X, 1/m) and

n0 = n0(x, γ) = n1(x, 1/m) such that

1

n

∑
1≤i≤n

d1(xi,r)≥d

d1(xi, r) < γ ∀d ≥ D0 and ∀n ≥ n0.

Hence, we have the lemma.

Proof of Theorem 3.5: The converse part of Theorem 3.4 implies that

lim inf
k→∞

δ(x, πR
k ) ≥ D(R|X),

for almost all x ∈ X∞. Hence, to show the theorem, it is sufficient to show

that for almost all x ∈ X∞,

lim sup
k→∞

δ(x, πR
k ) ≤ D(R|X). (3.26)
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Since if D(R|X) = ∞ then (3.26) holds, we assume that D(R|X) < ∞.

Then, for almost all x ∈ X∞, we have

D̂(R|x)

≤ lim inf
k→∞

inf
πk

rate(πk)≤R

lim sup
n→∞

1

n

n∑
i=1

1

k
dk

(
xi+k−1

i , πk(x
i+k−1
i )

)
(3.27)

= lim inf
k→∞

inf
πk

rate(πk)≤R

E
[
1

k
dk

(
Xk

1 , πk(X
k
1 )

)]
(3.28)

= D(R|X) (3.29)

where (3.27) follows from the definition, (3.28) follows from the ergodic the-

orem [5], and (3.29) follows from the direct part of Theorem 3.4.

On the other hand, Lemma 3.5 implies that we can apply Theorem 3.2

for almost all x ∈ X∞. Thus, by Theorem 3.2 and (3.29), for almost all

x ∈ X∞, we have

lim sup
k→∞

δ(x, πR
k ) ≤ lim

ζ↓0
D̂(R − ζ |x)

≤ lim
ζ↓0

D(R − ζ |X).

Since D(·|X) is continuous [6], we have (3.26).



Chapter 4

Fixed-Distortion Lossy Coding

Problem

4.1 Introduction

In Chapter 3, we considered the fixed-rate lossy coding problem of individual

sequences. In this chapter, we consider the variable-rate lossy coding of

individual sequences, and investigate the optimal compression rate at the

fixed-distortion level.

In a similar manner as the fixed-rate coding problem, we formulate the

fixed-distortion lossy coding problem of individual sequences as the problem

of optimizing the coding rate over all the blockwise lossy encoders. Then,

we characterize the OPTA function of the given individual sequence by using

the empirical distribution of the sequence. Our result clarifies that the opti-

mal coding rate achievable by fixed-distortion lossy coding schemes is equal

to the optimal average coding rate with respect to the overlapping empirical

distribution of the given sequence. We also investigate relations between the

OPTA function and the rate-distortion function derived by Yang and Kief-

fer [31]. In addition, we propose the fixed-distortion universal lossy coding

scheme based on the complexity of the sequence.

52
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4.2 Fixed-Distortion Lossy Coding of Indi-

vidual Sequences

Before stating our result, we introduce some assumptions. In this chapter,

we assume that we can choose a distortion level D satisfying

D > sup
a∈X

min
b∈Y

d1(a, b). (4.1)

In addition, unless otherwise specified, we assume that the distortion measure

satisfies that

1

m + n
dm+n(xm+n

1 , ym+n
1 ) ≤ max

{
1

m
dm(xm

1 , ym
1 ),

1

n
dn(xm+n

m+1 , y
m+n
m+1 )

}
. (4.2)

As shown in the following lemma, if the distortion measure is subadditive

then (4.2) holds. On the other hand, there exists a distortion measure satis-

fying (4.2) that are not subadditive, for example,

dn(xn
1 , y

n
1 ) = n max

1≤i≤n
d1(xi, yi),

where d1 : X × Y → [0,∞).

Lemma 4.1 If the distortion measure dn is subadditive, then (4.2) holds.

Proof: Without loss of generality, we can assume that

1

m
dm(xm

1 , ym
1 ) ≥ 1

n
dn(xm+n

m+1 , y
m+n
m+1 ).

This implies that

dm(xm
1 , ym

1 ) + dn(xm+n
m+1 , ym+n

m+1 ) ≤ m + n

m
dm(xm

1 , yn
1 ). (4.3)

Combining (3.1) and (4.3), we have

1

m + n
dm+n(xm+n

1 , ym+n
1 ) ≤ 1

m
dm(xm

1 , ym
1 ).

Now, we formulate the fixed-distortion lossy coding problem of individ-

ual sequences. A variable-rate lossy encoder of block size k is defined by a

quantizer πk : X k → Yk and a length function σk on Yk. By a given encoder
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xk
1︸︷︷︸ x2k

k+1︸ ︷︷ ︸ · · · xtk
(t−1)k+1︸ ︷︷ ︸↓ ↓ ↓

πk πk · · · πk

↓ ↓ ↓
yk

1︸︷︷︸ y2k
k+1︸ ︷︷ ︸ · · · ytk

(t−1)k+1︸ ︷︷ ︸↓ ↓ ↓
σk σk · · · σk

↓ ↓ ↓

Figure 4.1: The blockwise lossy encoder (πk, σk)

(πk, σk), a sequence x ∈ X∞ is encoded in the following manner. At first, x is

partitioned into blocks of size k, and then, each block x
(t+1)k
tk+1 (t = 0, 1, 2, · · ·)

is quantized into y
(t+1)k
tk+1 = πk(x

tk
(t−1)k+1) by πk. Then, each y

(t+1)k
tk+1 is encoded

by σk (see Fig. 4.1). The asymptotic compression rate ρ(x, πk, σk) attained

by the variable-rate lossy encoder (πk, σk) is defined as

ρ(x, πk, σk)
�
= lim sup

T→∞

1

T

T−1∑
t=0

1

k
σk

(
πk(x

(t+1)k
tk+1 )

)
.

To simplify the notation, we write dist(πk) ≤ D meaning that the quantizer

πk satisfies that dk(a
k
1, πk(a

k
1)) ≤ kD for all ak

1 ∈ X k. Then, the optimal com-

pression rate ρ(D|x) attainable by blockwise lossy coding at the distortion

level D is defined as

ρ(D|x)
�
= inf

k
inf

(πk,σk)

dist(πk)≤D

ρ(x, πk, σk),

where inf (πk,σk)

dist(πk)≤D

is taken over all (πk, σk) satisfying dist(πk) ≤ D (Since (4.1)

and (4.2) hold, there exists at least one quantizer πk such that dist(πk) ≤ D).

In order to clarify the optimal compression rate ρ(D|x), we introduce

the rate-distortion function for each individual sequence. Let pk(·|xn
1) be the

overlapping empirical distribution of xn
1 defined in (2.1). Then, let R̂k(D|xn

1)

be the optimal average compression rate with respect to pk(·|xn
1 ):

R̂k(D|xn
1)

�
= inf

(πk,σk)

dist(πk)≤D

Ep

[
1

k
σk

(
πk(X

k
1 )

)]
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= inf
(πk,σk)

dist(πk)≤D

1

n − k + 1

n−k+1∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
.

Lastly, the rate-distortion function R̂(D|x) of the sequence x ∈ X∞ is defined

as

R̂(D|x)
�
= lim inf

k→∞
lim sup

n→∞
R̂k(D|xn

1 ).

The following theorem gives a lower bound on the compression rate at-

tainable by variable-rate block encoders.

Theorem 4.1 (Converse coding theorem) Assume that D satisfies (4.1).

For any variable-rate lossy encoder (πk, σk) of the block size k satisfying

dist(πk) ≤ D, we have

ρ(x, πk, σk) ≥ R̂(D|x) ∀x ∈ X∞. (4.4)

Next, we show the coding theorem by constructing a universal fixed-

rate lossy block encoder. To describe the universal lossy block encoder, we

first define the quantizer based on the complexity function L. For each

k = 1, 2, · · ·, let πD
k be the quantizer defined as

πD
k (ak

1)
�
= arg min

bk
1
∈Yk

dk(ak
1

,bk
1
)≤kD

L(bk
1) ∀ak

1 ∈ X k. (4.5)

Since L satisfies the Kraft inequality (3.4), the pair (πD
k , L) defines the

variable-rate lossy encoder of block size k.

Now, we state the coding theorem.

Theorem 4.2 (Coding theorem) Assume that D satisfies (4.1). The se-

quence {(πD
k , L)}∞k=1 of lossy block encoders satisfies that

lim sup
k→∞

ρ(x, πD
k , L) ≤ R̂(D|x) ∀x ∈ X∞. (4.6)

Theorem 4.1 and Theorem 4.2 will be proved in Section 4.4. According

to Theorem 4.1 and Theorem 4.2, we have the following corollary.

Corollary 4.1 For any x ∈ X∞ and D satisfying (4.1), we have

lim
k→∞

ρ(x, πD
k , L) = ρ(D|x) = R̂(D|x).
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4.3 Relations among Rate-Distortion Func-

tions of Individual Sequence

As in the case of the distortion-rate function, the rate-distortion function may

be defined by using the non-overlapping empirical distribution instead of the

overlapping empirical distribution. Let R̃k(D|xTk
1 ) be the optimal average

compression rate with respect to qk(·|xTk
1 ),

R̃k(D|xTk
1 )

�
= inf

(πk,σk)

dist(πk)≤D

Eq

[
1

k
σk

(
πk(X

k
1 )

)]

= inf
(πk,σk)

dist(πk)≤D

1

T

T−1∑
t=0

1

k
σk

(
πk(x

(t+1)k
tk+1 )

)
,

and R̃(D|x) be

R̃(D|x)
�
= lim inf

k→∞
lim sup

T→∞
R̃k(D|xTk

1 ).

Now, we show that R̃(D|x) is identical with the rate-distortion func-

tion RY K(D|x) introduced by Yang and Kieffer [31]. For xTk
1 and πk, let

qk(·|xTk
1 , πk) be the non-overlapping empirical distribution defined as

qk(b
k
1|xTk

1 , πk)
�
=

|{t : 0 ≤ t ≤ T − 1, πk(x
(t+1)k
tk+1 ) = bk

1}|
T

,

and H̃Tk
k (xTk

1 , πk) be the entropy of qk(·|xTk
1 , πk) defined by

H̃n
k (xn

1 , πk)
�
=

1

k

∑
bk
1∈Yk

−qk(b
k
1|xn

1 , πk) log qk(b
k
1|xn

1 , πk).

For a fixed quantizer πk, let σk be the length function of Huffman code (see,

for example, [2]) for qk(·|xTk
1 , πk). Then, we have

H̃Tk
k (xTk, πk) ≤ inf

σk

1

T

T−1∑
t=0

1

k
σk

(
πk(x

(t+1)k
tk+1 )

)

≤ H̃Tk
k (xTk, πk) +

1

Tk
.

Hence, we have

R̃(D|x) = lim inf
k→∞

lim sup
T→∞

inf
πk

dist(πk)≤D

H̃Tk
k (xTk

1 , πk), (4.7)
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and the right hand side is identical with the definition of RY K(D|x) [31].

On the other hand, Yang and Kieffer [31] proposed a lossy encoder (πLZ
k , LLZ)

based on the length function LLZ of LZ78 code, and showed that

lim
k→∞

ρ(x, πLZ
k , LLZ) = RY K(D|x), (4.8)

under the condition that the distortion measure is additive. Since LLZ is a

complexity function, combining Corollary 4.1, (4.7), and (4.8), we have the

following corollary. This corollary shows that RY K(D|x) is equal to R̂(D|x)

and R̃(D|x) if the distortion measure is additive.

Corollary 4.2 Assume that the distortion measure dn is additive. Then,

for any x ∈ X∞, we have

R̂(D|x) = R̃(D|x) = RY K(D|x).

In [17], the rate-distortion function R∗
vm(D|x) of x was defined as the in-

fimum of R such that there exists y ∈ Y∞ satisfying the distortion constraint

lim sup
k→∞

sup
i

1

k
dk(x

i+k−1
i , yi+k−1

i ) ≤ D, (4.9)

and the rate constraint

Ĥ(y) ≤ R,

where Ĥ(y) is the overlapping empirical entropy of y. As shown in Theorem

2.1, Ĥ(y) is the finite-state compressibility ρ(y), that is, the optimal compres-

sion rate of y attainable by finite-state lossless encoders. We can interpret the

meaning of R∗
vm(D|x) as the infimum of the optimal lossless compression rate

Ĥ(y) of the reproduction sequence y satisfying the distortion constraint (4.9).

The following theorem shows that R∗
vm(D|x) is equal to the rate-distortion

function R̂(D|x) if the distortion measure is non-decreasing.

Theorem 4.3 Assume that the distortion measure dn satisfies (4.2) and is

non-decreasing, that is, for any n ∈ N , xn
1 ∈ X n, and yn

1 ∈ Yn,

dk(x
i+k−1
i , yi+k−1

i ) ≤ dn(xn
1 , y

n
1 ) ∀k, i (1 ≤ i ≤ n − k + 1).

Then, we have

lim sup
k→∞

ρ(x, πD
k , L) = R̂(D|x) = R∗

vm(D|x) x ∈ X∞,

provided that R∗
vm(·|x) is continuous at the point D.

Theorem 4.3 will be proved in Section 4.4.
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4.4 Proofs of Theorems

In this section, we prove Theorem 4.1, Theorem 4.2, and Theorem 4.3.

At first, we prove a key lemma. Using this lemma, Theorem 4.1 (resp.

Theorem 4.2) can be proved by a similar manner as the proof of Theorem

3.1 (resp. Theorem 3.2).

Lemma 4.2 Let L be a complexity function, and assume that D satisfies

(4.1). For any k ∈ N and any γ > 0, there exists m0 = m0(γ, k,Y , L) such

that for any (πk, σk) satisfying dist(πk) ≤ D and any m ≥ m0, the quantizer

πD
m defined in (4.5) satisfies that

L
(
πD

m(am
1 )

)
≤ min

0≤j≤k−1

∑
i≡j mod k
0≤i≤m−k

σk

(
πk(a

i+k
i+1)

)
+ mγ ∀am

1 ∈ Xm, (4.10)

and thus,

L
(
πD

m(am
1 )

)
≤

m−k∑
i=0

1

k
σk

(
πk(a

i+k
i+1)

)
+ mγ ∀am

1 ∈ Xm. (4.11)

Proof: Let π�
1 be the quantizer defined as

π�
1(a)

�
= arg min

b∈Y
d1(a, b).

Fix j (0 ≤ j ≤ k − 1) and let j̄
�
= max{l : l ≡ j mod k, 1 ≤ l ≤ m}. Further,

let b(j)m
1 be the block of length m defined as

b(j)i
�
= π�

1(ai) 1 ≤ i ≤ j or j̄ + 1 ≤ i ≤ m,

and

b(j)i+k
i+1 = πk(a

i+k
i+1) i ≡ j mod k and 0 ≤ i ≤ m − k

(see Fig. 4.2). According to (4.1), π�
1 satisfies

d1(a, π�
1(a)) < D ∀a ∈ X .

Moreover, since dist(πk) ≤ D and (4.2) holds, we have

dm(am
1 , b(j′)m

1 ) ≤ mD ∀j′ = 0, · · · , k − 1. (4.12)
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a1 · · · aj aj+k
j+1︸ ︷︷ ︸ · · · aj̄

j̄−k+1︸ ︷︷ ︸ aj̄+1 · · · am

↓ ↓ ↓ ↓ ↓ ↓
π�

1 π�
1 πk πk π�

1 π�
1

↓ ↓ ↓ ↓ ↓ ↓
b(j)1· · ·b(j)j b(j)j+k

j+1 · · · b(j)j̄
j̄−k+1 b(j)j̄+1· · ·b(j)m

Figure 4.2: Definition of b(j)m
1

Thus, for sufficiently large m, we have

L
(
πD

m(am
1 )

)
≤ min

0≤j′≤k−1
L(b(j′)m

1 ) (4.13)

≤ min
0≤j′≤k−1

min
0≤j≤k−1

∑
0≤i≤m−k
i≡j mod k

σk

(
b(j′)i+k

i+1

)
+ mγ (4.14)

≤ min
0≤j′≤k−1

∑
0≤i≤m−k
i≡j′ mod k

σk

(
b(j′)i+k

i+1

)
+ mγ

= min
0≤j≤k−1

∑
0≤i≤m−k
i≡j mod k

σk

(
πk(a

i+k
i+1)

)
+ mγ,

where (4.13) follows from (4.12) and the definition of πD
m, and (4.14) from

Lemma 3.1. Hence, we have the lemma.

Proof of Theorem 4.1: Notice that

R̂(D|x)

= lim inf
m→∞ lim sup

n→∞
inf

(πm,σm)
dist(πm)≤D

1

n − m + 1

n−m+1∑
i=1

1

m
σm

(
πm(xi+m−1

i )
)

≤ lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)
.

Hence, to show the theorem, it is sufficient to show that

lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)
≤ ρ(x, πk, σk) (4.15)

for any (πk, σk) such that dist(πk) ≤ D.
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Fix γ > 0 and choose T0 such that for any T ≥ T0,

1

T

T−1∑
t=0

1

k
σk

(
πk(x

(t+1)k
tk+1 )

)
≤ ρ(x, πk, σk) + γ. (4.16)

By Lemma 4.2, there exists m0 = m0(γ, k,Y , L) such that for any m ≥ m0,

L
(
πD

m(xi+m−1
i )

)
≤ min

0≤j≤k−1

∑
l≡j mod k
0≤l≤m−k

σk

(
πk(x

i+l+k−1
i+l )

)
+ mγ,

for any i ∈ N . This implies that

L
(
πD

m(xi+m−1
i )

)
≤ ∑

l≡ji mod k
0≤l≤m−k

σk

(
πk(x

i+l+k−1
i+l )

)
+ mγ,

=
∑

t
i≤(tk+1)≤i+m−k

σk

(
πk(x

(t+1)k
tk+1 )

)
+ mγ,

where ji is chosen so that i + ji ≡ 1 mod k. Hence, we have

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)

≤ 1

m

n−m+1∑
i=1

∑
t

i≤(tk+1)≤i+m−k

σk

(
πk(x

(t+1)k
tk+1 )

)
+ (n − m + 1)γ

≤
�n/k	−1∑

t=0

σk

(
πk(x

(t+1)k
tk+1 )

)
+ (n − m + 1)γ, (4.17)

where (4.17) follows from the fact that each k-blocks is encoded by (πk, σk)

at most m times. Since (4.17) holds for any n and T , letting T = 	n/k
, we

have

1

n − m + 1

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)
≤ 1

n − m + 1

T−1∑
t=0

σk

(
πk(x

(t+1)k
tk+1 )

)
+ γ.

Since (4.16) holds for T ≥ T0, we have

1

n − m + 1

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)
≤

(
1 +

m

Tk − m

)
(ρ(x, πk, σk) + γ) + γ,

for T ≥ T0. Since m/(Tk − m) → 0 as T → ∞, we have

1

n − m + 1

n−m+1∑
i=1

1

m
L

(
πD

m(xi+m−1
i )

)
≤ ρ(x, πk, σk) + 3γ.

Since we can choose γ > 0 arbitrarily small, we have (4.15).
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Proof of Theorem 4.2: Fix γ > 0, and choose k and n0 such that for any

n ≥ n0,

inf
(πk,σk)

dist(πk)≤D

1

n

n∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
≤ R̂(D|x) + γ.

For each n ≥ n0, we can choose an encoder (πk, σk) such that dist(πk) ≤ D

and
1

n

n∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
≤ R̂(D|x) + 2γ, (4.18)

where (πk, σk) may depend on n. By Lemma 4.2, there exists m0 = m0(γ, k,Y , L)

such that for any m ≥ m0, we have

L
(
πD

m(x
(t+1)m
tm+1 )

)
≤

(t+1)m−k+1∑
i=tm+1

1

k
σk

(
πk(x

i+k−1
i )

)
+ mγ,

for any n and t ((t + 1)m ≤ n). It should be noted that m0 depends on

neither (πk, σk) nor n. Further, we have

1

T

T−1∑
t=0

1

m
L

(
πD

m(x
(t+1)m
tm+1 )

)
≤ 1

Tm

T−1∑
t=0

(t+1)m−k+1∑
i=tm+1

1

k
σk

(
πk(x

i+k−1
i )

)
+ γ

=
1

Tm

Tm−k+1∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
+ γ

≤ 1

Tm − k + 1

Tm−k+1∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
+ γ.

Since (4.18) holds for n ≥ n0, and γ(> 0) can be chosen arbitrarily small, we

have

lim sup
m→∞

lim sup
T→∞

1

T

T−1∑
t=0

1

m
L

(
πD

m(x
(t+1)m
tm+1 )

)
≤ R̂(D|x).

Proof of Theorem 4.3: By Corollary 4.1, to show the theorem, it is sufficient

to show that

lim sup
k→∞

ρ(x, πD
k , L) = R∗

vm(D|x) (4.19)

provided that R∗
vm(·|x) is continuous at the point D.

Let ȳ = πD
k (x) ≡ πD

k (xk
1)π

D
k (x2k

k+1) · · ·, and fix ε > 0 arbitrarily. For any

integer m and i such that m = l1k + j1 (1 ≤ j1 ≤ k) and i = l2k + j2
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(1 ≤ j2 ≤ k), we have

dm(xi+m−1
i , ȳi+m−1

i ) = dl1k+j1(x
(l1+l2)k+(j1+j2)−1
l2k+j2

, ȳ
(l1+l2)k+(j1+j2)−1
l2k+j2

)

≤ d(l1+2)k(x
(l1+l2+2)k
l2k+1 , ȳ

(l1+l2+2)k
l2k+1 ) (4.20)

≤ (l1 + 2)kD (4.21)

= m

(
D +

2k − j1

l1k + j1
D

)
,

where (4.20) follows from the fact that dm is non-decreasing, and (4.21) from

dist(πD
k ) ≤ D. Thus, if m = l1k + j1 is sufficiently large,

dm(xi+m−1
i , ȳi+m−1

i ) ≤ m(D + ε) ∀i ∈ N .

Since ε can be chosen arbitrarily small, we have

lim sup
m→∞

sup
i

1

m
dm(xi+m−1

i , ȳi+m−1
i ) ≤ D. (4.22)

Further, by Theorem 2.2, we have

Ĥ(ȳ) = ρbl(ȳ) ≤ lim sup
T→∞

1

T

T∑
t=1

1

k
L

(
ȳtk

(t−1)k+1

)
. (4.23)

By the definition of R∗
vm, (4.22) and (4.23), we have

R∗
vm(D|x) ≤ lim sup

k→∞
ρ(x, πD

k , L). (4.24)

Next, we show that if R∗
vm(·|x) is continuous then

lim sup
k→∞

ρ(x, πD
k , L) ≤ R∗

vm(D|x). (4.25)

Fix ε > 0 and γ > 0 arbitrarily. By the definition of R∗
vm(D − γ|x), there

exists a sequence y ∈ Y∞ and an integer k0 such that

Ĥ(y) ≤ R∗
vm(D − γ|x) + ε, (4.26)

and for all k ≥ k0 and ∀i ∈ N ,
1

k
dk(x

i+k−1
i , yi+k−1

i ) ≤ (D − γ) + γ = D. (4.27)

On the other hand, by Theorem 2.2, for sufficiently large m and T , there

exists a length function σT
m on Ym such that

1

T

T−1∑
i=0

1

m
σT

m(y
(i+1)m
im+1 ) ≤ Ĥ(y) + ε/2.
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By Lemma 3.1, for sufficiently large k (k ≥ m), we have for all t = 0, 1, 2, · · · , T ,

L(y
(t+1)k
tk+1 ) ≤ ∑

i:

tk≤im≤(t+1)k−m

σT
m(y

(i+1)m
im+1 ) + kε/2,

and thus, for sufficiently large k and T , we have

1

T

T−1∑
t=0

1

k
L(y

(t+1)k
tk+1 ) ≤ Ĥ(y) + ε. (4.28)

Moreover, according to the definition of πD
k and (4.27), for sufficiently large

k (k ≥ k0), we have

L(πD
k (x

(t+1)k
tk+1 )) ≤ L(y

(t+1)k
tk+1 ). (4.29)

Combining (4.26), (4.28) and (4.29), for sufficiently large k and T , we have

1

T

T−1∑
t=0

1

k
L

(
πD

k (x
(t+1)k
tk+1 )

)
≤ R∗

vm(D − γ|x) + 2ε

≤ R∗
vm(D|x) + 3ε, (4.30)

where the last inequality (4.30) follows from the assumption that R∗
vm(·|x) is

continuous at the point D. Since ε > 0 can be chosen arbitrarily small, we

have (4.25).

Combining (4.24) and (4.25), we have (4.19)

4.5 Fixed-Distortion Coding of Ergodic Sources

In this section, we assume that X is a standard alphabet and that the dis-

tortion measure dn : X n × Yn → [0,∞) is a measurable function. For a

stationary ergodic source X = {Xi}∞i=1, let D(R|X) be the rate-distortion

function of X defined as

R(D|X)
�
= inf

n
inf

Y n
1 :Pr{dn(Xn

1 ,Y n
1 )≤nD}=1

1

n
I(Xn

1 ; Y n
1 ).

It is known that, if X = {Xi}∞i=1 is a stationary ergodic source then the

optimal compression rate attainable by the fixed-distortion lossy encoders is

equal to D(R|X).

Theorem 4.4 (Proposition 4 of [12]) Let X = {Xi}∞i=1 be a stationary

ergodic source, and assume that D satisfies (4.1). Then, the following two

statements hold.
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1. (converse part)

For any sequence {(πn, σn)}∞n=1 of variable-rate encoders satisfying dist(πn) ≤
D (n ∈ N ), we have

lim inf
n→∞

1

n
σn (πn(xn

1 )) ≥ R(D|X),

for almost all x ∈ X∞.

2. (direct part)

There exits a sequence {(πn, σn)}∞n=1 of variable-rate encoders satisfying

rate(πn) ≤ D (n ∈ N ) and

lim sup
n→∞

1

n
σn (πn(xn

1 )) ≤ R(D|X),

for almost all x ∈ X∞.

In the coding scheme appeared in Theorem 4.4, the given whole sequence

is encoded at one time. On the other hand, in the following, we consider the

blockwise lossy coding of the sequence emitted from the stationary ergodic

source. Next theorem shows that the optimal performance can be attained

even if we encode each block separately.

Theorem 4.5 Let X = {Xi}∞i=1 be a stationary ergodic source, and assume

that D satisfies (4.1). Then, we have

lim
k→∞

ρ(x, πD
k , L) = R(D|X), (4.31)

for almost all x ∈ X∞.

Proof: The converse part of Theorem 4.4 implies that for almost all x ∈ X∞,

lim inf
k→∞

ρ(x, πD
k , L) ≥ R(D|X).

Moreover, we have, for almost all x ∈ X∞,

lim
k→∞

ρ(x, πD
k , L)

= R̂(D|x) (4.32)

= lim inf
k→∞

lim sup
n→∞

inf
(πk,σk)

dist(πk)≤D

1

n − k + 1

n−k+1∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)
(4.33)
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≤ lim inf
k→∞

inf
(πk,σk)

dist(πk)≤D

lim sup
n→∞

1

n − k + 1

n−k+1∑
i=1

1

k
σk

(
πk(x

i+k−1
i )

)

= lim inf
k→∞

inf
(πk,σk)

dist(πk)≤D

E
[
1

k
σk

(
πk(X

k
1 )

)]
(4.34)

= R(D|X), (4.35)

where (4.32) follows from Corollary 4.1, (4.33) from the definition of R̂, (4.34)

from the ergodic theorem [5], and (4.35) from the direct part of Theorem 4.4.

Hence, we have the theorem.



Chapter 5

Fixed-Slope Lossy Coding

Problem

5.1 Introduction

In Chapter 3 and Chapter 4, we considered the fixed-rate and fixed-distortion

lossy coding problems of individual sequences, and proposed two kinds of uni-

versal lossy encoders based on the complexity function. While these universal

coding schemes are conceptually simple, it is not easy to implement them be-

cause they need a search over a set of reproduction sequences (see (3.6) and

(4.5)).

Seeking a universal lossy encoder with low coding complexity, Yang,

Zhang, and Berger [33] considered the coding problem called the fixed-slope

coding problem. The fixed-slope coding problem considers the minimization

of the cost defined as

σn(yn
1 ) + λdn(xn

1 , yn
1 ),

for some fixed λ > 0. In this lossy coding problem, neither rate nor distortion

needs to be fixed, and thus, to minimize the cost, we can use some sequential

search algorithms such as trellis search [33, 32]. Yang et al. [33] clarified

the optimal cost attainable by fixed-slope lossy encoders and proposed the

fixed-slope universal lossy encoder for stationary ergodic sources.

In this chapter, we study the blockwise fixed-slope lossy coding of indi-

vidual sequences, and formulate the optimal cost ξ(x) for a given sequence

x ∈ X∞ attainable by blockwise lossy encoders. Let Ŝ(x) (resp. S̃(x)) be

the optimal cost with respect to the overlapping (resp. non-overlapping) em-

66
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pirical distribution of the given sequence x. Our main result clarifies that

three quantities ξ(x), Ŝ(x), and S̃(x) are equivalent. Moreover, we propose

a fixed-slope universal lossy encoder based on the complexity function, and

show that the optimal cost can be attained by this universal lossy encoder.

As an application of the result, we show that the blockwise fixed-slope

lossy encoder based on the complexity function can attain asymptotically

the optimal cost for any stationary ergodic source. We also investigate the

blockwise fixed-slope lossy coding of nonstationary sources.

5.2 Fixed-Slope Lossy Coding of Individual

Sequences

We consider the blockwise variable-rate lossy coding of individual sequences.

Following the same line as in [33], we investigate the cost function associated

with the variable-rate lossy block encoders. Fix a positive real number λ. For

the lossy encoder (πk, σk) of block size k (k ∈ N ), define the cost sk(a
k
1, πk, σk)

of each block ak
1 ∈ X as

sk(a
k
1, πk, σk)

�
= σk

(
πk(a

k
1)

)
+ λdk

(
ak

1, πk(a
k
1)

)
. (5.1)

The multiplier λ is used to control the trade-off between the distortion and

the compression rate. −λ is interpreted as the slope of the line R = −λD+S

in the D-R plain created by the various encoders (πk, σk) such that

(D, R) =
(

1

k
dk(a

k
1, πk(a

k
1)),

1

k
σk(πk(a

k
1))

)

and S = s(ak
1, σk, πk).

For each sequence x ∈ X∞, the asymptotic cost ξ(x, πk, σk) attained by

the lossy encoder (πk, σk) is defined as

ξ(x, πk, σk)
�
= lim sup

T→∞

1

T

T−1∑
t=0

1

k
sk(x

(t+1)k
tk+1 , πk, σk). (5.2)

Furthermore, let ξ(x) be the optimal cost for x ∈ X∞ attainable by lossy

block encoders defined as

ξ(x)
�
= inf

k
inf

(πk,σk)
ξ(x, πk, σk),
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where inf(πk,σk) is taken over all the lossy block encoders of block size k.

In order to clarify the optimal cost ξ(x), we introduce two quantities

S̃(x) and Ŝ(x). Let qk(·|xTk
1 ) be the non-overlapping empirical distribution

of xTk
1 ∈ X Tk defined in (2.3). Then, S̃k(x

Tk
1 ) is defined as the optimal

average cost with respect to qk(·|xTk
1 ):

S̃k(x
Tk
1 )

�
= inf

(πk,σk)
Eq

[
1

k
sk

(
Xk

1 , πk, σk

)]

= inf
(πk,σk)

1

T

T−1∑
t=0

1

k
sk(x

(t+1)k
tk+1 , πk, σk),

where inf is taken over all lossy encoders of block size k. Letting T → ∞
and optimizing the block size k of the encoder, we define S̃(x) as

S̃(x)
�
= inf

k
lim sup

T→∞
S̃k(x

Tk
1 ).

By the definitions, it is apparent that ξ(x) ≥ S̃(x) for any x ∈ X∞.

Along with S̃(x), we define Ŝ(x) using the overlapping empirical distri-

bution pk(·|xn
1) defined in (2.1). Let Ŝk(x

n
1 ) be the optimal average cost with

respect to pk(·|xn
1 ):

Ŝk(x
n
1 )

�
= inf

(πk,σk)
Ep

[
1

k
sk

(
Xk

1 , πk, σk

)]

= inf
(πk,σk)

1

n − k + 1

n−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk).

Then, Ŝ(x) is defined as

Ŝ(x)
�
= inf

k
lim sup

n→∞
Ŝk(x

n
1 ).

Though one may suspect that the quantity Ŝ(x) has no implication, Ŝ(x)

plays quite important roles in our discussions. As shown in Section 5.4, the

overlapping version Ŝ(x) is a useful quantity for investigating the coding

problem of the stochastic sources.

The next theorem shows that Ŝ(x) is equal to S̃(x) and represents the

optimal cost ξ(x) attainable by lossy block encoders.

Theorem 5.1 For any x ∈ X∞,

ξ(x) = S̃(x) = Ŝ(x), (5.3)

provided that there exists a reference letter r satisfying (3.2).
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Next, we show that there exists a universal lossy block encoder which

attains the optimal cost (5.3).

Fix the positive number λ and let L be an arbitrary complexity function.

For each k ∈ N , let πL
k be the quantizer of block size k defined as

πL
k (ak

1)
�
= arg min

bk
1∈Yk

[
L(bk

1) + λdk(a
k
1, b

k
1)

]
. (5.4)

Since L satisfies the Kraft inequality (3.4), the pair (πL
k , L) defines the lossy

block encoder of block size k.

The next theorem shows that the lossy encoder (πL
k , L) based on the

complexity function L can attain the optimal cost.

Theorem 5.2 Let L be a complexity function. The sequence {(πL
k , L)}∞k=1

of the lossy block encoders satisfies that

lim
k→∞

ξ(x, πL
k , L) = S̃(x) = Ŝ(x) ∀x ∈ X∞, (5.5)

provided that there exists a reference letter r satisfying (3.2).

Theorem 5.1 and Theorem 5.2 will be proved in the next section.

5.3 Proof of Theorems

In the proof of Theorem 5.1 and Theorem 5.2, we use the techniques devel-

oped in previous chapters. Recall that for am
1 ∈ Xm and r ∈ Y , ∆k(a

m
1 , r) is

defined in (3.9) as

∆k(a
m
1 , r)

�
=

k−1∑
i=1

d1(ai, r) +
m∑

i=m−k+2

d1(ai, r).

The following lemma plays an important role in the proofs.

Lemma 5.1 Let L be a complexity function and fix r ∈ Y . For any k ∈ N
and any γ > 0, there exists m0 = m0(γ, k,Y , L) such that for any (πk, σk)

and any m ≥ m0, the encoder (πL
m, L) satisfies that

sm(am
1 , πL

m, L) ≤ min
0≤j≤k−1

∑
i≡j mod k
0≤i≤m−k

sk(a
i+k
i+1, πk, σk)+mγ+λ∆k(a

m
1 , r) ∀am

1 ∈ Xm,
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a1 · · · aj aj+k
j+1︸ ︷︷ ︸ · · · aj̄

j̄−k+1︸ ︷︷ ︸ aj̄+1· · · am

↓ ↓ ↓ ↓ ↓ ↓
π∗

1 π∗
1 πk πk π∗

1 π∗
1

↓ ↓ ↓ ↓ ↓ ↓

Figure 5.1: Construction of π
(j)
k,m

and thus,

sm(am
1 , πL

m, L) ≤
m−k∑
i=0

1

k
sk(a

i+k
i+1, πk, σk) + mγ + λ∆k(a

m
1 , r) ∀am

1 ∈ Xm.

Proof: For a given quantizer πk and each j (0 ≤ j ≤ k − 1), let π
(j)
k,m be

the quantizer which quantizes a block am
1 ∈ Xm in the following manner. At

first, the first j symbols a1, · · · , aj of am
1 are quantized by the quantizer π∗

1

such that π∗
1(a) = r for all a ∈ X . Then, the following am

j+1 is partitioned

into blocks of size k and each block is quantized by πk. Lastly, the remaining

symbols aj̄+1, · · · , am (m − j̄ < k) of am
1 are quantized by π∗

1 (see Fig. 5.1).

Since dk is subadditive, it is apparent that for any πk and j, π
(j)
k,m satisfies

that

dm

(
am

1 , π
(j)
k,m(am

1 )
)

≤
j∑

i=1

d1(ai, π
∗
1(ai))

+
∑

i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1))

+
m∑

i=j̄+1

d1(ai, π
∗
1(ai))

≤ ∑
i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1)) + ∆k(a

m
1 , r). (5.6)

On the other hand, by Lemma 3.1, for any γ > 0, there exists m0 =

m0(γ, k,Y , L) such that for any m ≥ m0 and bm
1 ≡ π

(j)
k,m(am

1 ) (0 ≤ j ≤ k−1),

L(bm
1 ) ≤ ∑

i≡j mod k
0≤i≤m−k

σk

(
bi+k
i+1

)
+ mγ

=
∑

i≡j mod k
0≤i≤m−k

σk

(
πk(a

i+k
i+1)

)
+ mγ. (5.7)
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Thus, for any k, any (πk, σk), any j (0 ≤ j ≤ k − 1), and any am
1 ∈ Xm, we

have

sm(am
1 , πL

m, L) ≤ sm(am
1 , π

(j)
k,m, L) (5.8)

= L
(
π

(j)
k (am

1 )
)

+ λdm

(
am

1 , π
(j)
k,m(am

1 )
)

≤ L
(
π

(j)
k (am

1 )
)

+λ

⎡
⎢⎣ ∑

i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1)) + ∆k(a

m
1 , r)

⎤
⎥⎦ (5.9)

≤
⎡
⎢⎣ ∑

i≡j mod k
0≤i≤m−k

σk

(
πk(a

i+k
i+1)

)
+ mγ

⎤
⎥⎦

+λ

⎡
⎢⎣ ∑

i≡j mod k
0≤i≤m−k

dk(a
i+k
i+1, πk(a

i+k
i+1)) + ∆k(a

m
1 , r)

⎤
⎥⎦ (5.10)

=
∑

i≡j mod k
0≤i≤m−k

sk(a
i+k
i+1, πk, σk) + mγ + λ∆k(a

m
1 , r), (5.11)

where the inequality (5.8) follows from (5.4), the inequality (5.9) from (5.6),

and the inequality (5.10) from (5.7).

Lemma 5.2 If x ∈ X∞ and r ∈ Y satisfy (3.2) then

lim sup
k→∞

ξ(x, πL
k , L) ≤ Ŝ(x).

Proof: Fix γ > 0, and choose k and n0 such that for any n ≥ n0,

inf
(πk,σk)

1

n − k + 1

n−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk) ≤ Ŝ(x) + γ.

For each n ≥ n0, we can choose an encoder (πk, σk) such that

1

n − k + 1

n−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk) ≤ Ŝ(x) + 2γ, (5.12)

where (πk, σk) may depend on n. Since (3.2) holds, by Lemma 5.1, there

exists m0 = m0(γ, k,Y , L) such that for any m ≥ m0, n ≥ n0, and t ((t +

1)m ≤ n), we have

sm(x
(t+1)m
tm+1 , πL

m, L)
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≤
m−k∑
i=0

1

k
sk(x

tm+i+k
tm+i+1, πk, σk) + mγ + λ∆k(x

(t+1)m
tm+1 , r),

=
(t+1)m−k+1∑

i=tm+1

1

k
sk(x

i+k−1
i , πk, σk) + mγ + λ∆k(x

(t+1)m
tm+1 , r).

It should be noted that m0 depends on neither (πk, σk) nor n. Hence, we

have

1

T

T−1∑
t=0

1

m
sm(x

(t+1)m
tm+1 , πL

m, L)

≤ 1

Tm

T−1∑
t=0

(t+1)m−k+1∑
i=tm+1

1

k
sk(x

i+k−1
i , πk, σk) + γ +

λ

Tm

T−1∑
t=0

∆k(x
(t+1)m
tm+1 , r)

≤ 1

Tm

Tm−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk) + γ +

λ

Tm

T−1∑
t=0

∆k(x
(t+1)m
tm+1 , r)

≤ 1

Tm − k + 1

Tm−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk)

+γ +
λ

Tm

T−1∑
t=0

∆k(x
(t+1)m
tm+1 , r). (5.13)

As a same manner as (3.20), we can show that for sufficiently large T and

m,
λ

Tm

T−1∑
t=0

∆k(x
(t+1)m
tm+1 , r) ≤ γ. (5.14)

Combining (5.12), (5.13), and (5.14), for sufficiently large T and m,

1

T

T−1∑
t=0

1

m
sm(x

(t+1)m
tm+1 , πL

m, L) ≤ Ŝ(x) + 4γ.

Since γ > 0 can be chosen arbitrarily small, we have

lim sup
m→∞

lim sup
T→∞

1

T

T−1∑
t=0

1

m
sm(x

(t+1)m
tm+1 , πL

m, L) ≤ Ŝ(x).

Lemma 5.3 If x ∈ X∞ and r ∈ Y satisfy (3.2) then

Ŝ(x) ≤ S̃(x).
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Proof: Notice that

Ŝ(x)

= inf
m

lim sup
n→∞

inf
(πm,σm)

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πm, σm)

≤ inf
m

inf
(πm,σm)

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πm, σm)

≤ lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L).

Hence, to show the theorem, it is sufficient to show that

lim sup
m→∞

lim sup
n→∞

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L) ≤ S̃(x). (5.15)

Fix γ > 0, and choose k and T0 such that for any T ≥ T0,

inf
(πk,σk)

1

T

T−1∑
t=0

1

k
sk(x

(t+1)k
tk+1 , πk, σk) ≤ S̃(x) + γ.

For each T (T ≥ T0), we can choose the encoder (πk, σk) such that

1

T

T−1∑
t=0

1

k
sk(x

(t+1)k
tk+1 , πk, σk) ≤ S̃(x) + 2γ, (5.16)

where (πk, σk) may depend on T . By Lemma 5.1, there exists m0 = m0(γ, k,Y , L)

such that for any m ≥ m0, T ≥ T0, and i (i ≤ Tk − m + 1), we have

sm(xi+m−1
i , πL

m, L) ≤ min
0≤j≤k−1

∑
l≡j mod k
0≤l≤m−k

sk(x
l+k+i−1
l+i , πk, σk)+mγ+λ∆k(x

i+m−1
i , r).

Especially, we have

sm(xi+m−1
i , πL

m, L) ≤ ∑
l≡ji mod k
0≤l≤m−k

sk(x
l+k+i−1
l+i , πk, σk) + mγ + λ∆k(x

i+m−1
i , r),

=
∑

t
i≤(tk+1)≤i+m−k

sk(x
(t+1)k
tk+1 , πk, σk) + mγ + λ∆k(x

i+m−1
i , r),

where ji is chosen so that i + ji ≡ 1 mod k. Hence, we have

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L)
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≤ 1

m

n−m+1∑
i=1

∑
t

i≤(tk+1)≤i+m−k

sk(x
(t+1)k
tk+1 , πk, σk) + (n − m + 1)γ

+
λ

m

n−m+1∑
i=1

∆k(x
i+m−1
i , r)

≤
�n/k�−1∑

t=0

sk(x
(t+1)k
tk+1 , πk, σk) + (n − m + 1)γ +

2λk

m

n∑
i=1

d1(xi, r),(5.17)

where (5.17) follows from that each k-block is encoded by (πk, σk) at most

m times, and each symbol is quantized by π∗
1 at most 2k times. Since (5.17)

holds for any n and T (n ≥ T ), letting T = 	n/k
, we have

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L)

≤ 1

n − m + 1

T−1∑
t=0

sk(x
(t+1)k
tk+1 , πk, σk)

+γ +
2λk

m(n − m + 1)

n∑
i=1

d1(xi, r). (5.18)

Since (5.16) holds for T ≥ T0, the first term of the right hand side of

(5.18) is bounded by

1

n − m + 1

T−1∑
t=0

1

m
sm(xi+m−1

i , πL
m, L) ≤

(
1 +

m

Tk − m

) (
S̃(x) + 2γ

)
. (5.19)

On the other hand, as a same manner as (3.17), we can show that for suffi-

ciently large n and m,

2λk

m(n − m + 1)

n∑
i=1

d1(xi, r) ≤ γ. (5.20)

Thus, if n is so large that T ≥ T0, then, combining (5.18), (5.19), and (5.20),

we have

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L)

≤
(
1 +

m

Tk − m

) (
S̃(x) + 2γ

)
+ 2γ

≤
(
1 +

m

n − k − m

) (
S̃(x) + 2γ

)
+ 2γ.
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Since m/(n − k − m) → 0 as n → ∞, we have, for sufficiently large n,

1

n − m + 1

n−m+1∑
i=1

1

m
sm(xi+m−1

i , πL
m, L) ≤ S̃(x) + 5γ.

Since γ > 0 can be chosen arbitrarily small, we have (5.15).

Proof of Theorem 5.1 and Theorem 5.2: By the definitions, it is apparent

that

S̃(x) ≤ ξ(x) ≤ lim inf
k→∞

ξ(x, πL
k , L),

for any x ∈ X∞. Moreover, by Lemma 5.2 and Lemma 5.3, we have

lim sup
k→∞

ξ(x, πL
k , L) ≤ Ŝ(x) ≤ S̃(x) ∀x ∈ X∞,

provided that there exists a reference letter r satisfying (3.2). Hence, we

have

lim
k→∞

ξ(x, πL
k , L) = ξ(x) = S̃(x) = Ŝ(x) ∀x ∈ X∞,

provided that there exists a reference letter r satisfying (3.2).

5.4 Fixed-Slope Lossy Coding of Nonstation-

ary Sources

In this section, we apply our result on the fixed-slope lossy coding of in-

dividual sequences to investigate the fixed-slope lossy coding of stochastic

sources.

In Subsection 5.4.1, we study the blockwise fixed-slope lossy coding of

stationary ergodic sources. While Yang et al. [33] showed a similar result,

their coding scheme requires that the given whole sequence xn
1 is quantized

into yn
1 to attain the optimal cost. On the other hand, our result ensures that

we can attain the optimal cost even if we fix the block size k of the encoder

and encode each blocks x
(t+1)k
tk+1 (t = 0, 1, · · ·) separately, provided that the

block size k of the encoder is sufficiently large.

In Subsection 5.4.2, we consider the fixed-slope lossy coding of nonsta-

tionary sources. We generalize the result of Yang et al. [33] and clarify the

optimal cost for nonstationary sources with finite alphabet.
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5.4.1 Fixed-Slope Lossy Coding of Ergodic Sources

In this subsection, we assume that X is a standard alphabet and that the

distortion measure dn : X n × Yn → [0,∞) is a measurable function. In

addition, we introduce some assumptions appeared in [33]. We assume that

the distortion measure is additive, and that there exists a reference letter

r ∈ Y satisfying (3.25). Moreover, we assume that

sup
a∈X

min
b∈Y

d1(a, b) = 0, (5.21)

otherwise, we may replace d1 by

d′
1(a, b) ≡ d1(a, b) − min

b∈Y
d1(a, b).

Let X = {Xi}∞i=1 be a stationary ergodic source. Under conditions (3.25)

and (5.21), the argument D in the rate-distortion function R(D|X) and the

argument R in the distortion-rate function D(R|X) can vary from 0 to +∞,

respectively. Since the rate-distortion function R(D|X) is a convex function

of D, R(D|X) is continuous and the right-hand derivative R′
+(D|X) at D

exists for D ∈ (0, Dmax), where Dmax
�
= inf{D : R(D|X) = 0}. For any

λ > 0, define Dλ(X)
�
= inf{D : D ≥ 0, R′

+(D|X) > −λ} and Rλ(X)
�
=

R(Dλ(X)|X). Then, define S(X) as S(X)
�
= Rλ(X) + λDλ(X).

Yang et al. established the following results.

Theorem 5.3 ([33]) For any stationary ergodic source X = {Xi}∞i=1, the

following two statements hold.

1. (converse part)

For any sequence {(πn, σn)}∞n=1 of variable-rate lossy encoders,

lim inf
n→∞

1

n
sn(xn

1 , πn, σn) ≥ S(X), (5.22)

for almost all x ∈ X∞.

2. (direct part)

There exists a sequence {(πn, σn)}∞n=1 of variable-rate encoders such

that

lim sup
n→∞

1

n
sn(xn

1 , πn, σn) ≤ S(X), (5.23)

for almost all x ∈ X∞.
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Moreover, they showed that a universal lossless encoder can be used to con-

struct a fixed-slope universal lossy encoder.

Theorem 5.4 ([33]) Suppose that {(π∗
n, σ∗

n)}∞n=1 be a sequence of variable-

rate lossy encoders satisfying that

sn(ak
1, π

∗
n, σ∗

n) = min
bn
1∈Yn

[σ∗
n(bn

1 ) + λdn(an
1 , b

n
1 )] , ∀n ∈ N , ∀an

1 ∈ X n. (5.24)

Further, assume that for any stationary ergodic source Y = {Yi}∞i=1 with

alphabet Y ,

lim sup
n→∞

1

n
σ∗

n(yn
1 ) ≤ H(Y ), (5.25)

for almost all y ∈ Y∞. Then, {(π∗
n, σ∗

n)}∞n=1 satisfies that for any stationary

ergodic source X = {Xi}∞i=1,

lim sup
n→∞

1

n
sn(xn

1 , π
∗
n, σ∗

n) ≤ S(X),

for almost all x ∈ X∞.

Now, we show that the blockwise lossy encoder (πL
k , L) based on the

complexity function L is optimal for stationary ergodic sources.

Lemma 5.4 Let L be arbitrary complexity function and πL
k be the quan-

tizer defined in (5.4). Then, the sequence {(πL
k , L)}∞i=1 of variable-rate lossy

encoders satisfies that for any stationary ergodic source X = {Xi}∞i=1,

lim sup
n→∞

1

n
sn(xn

1 , πL
n , L) ≤ S(X),

for almost all x ∈ X∞.

Proof: Since (5.4) implies (5.24), to show the lemma, it is sufficient to show

that

lim sup
n→∞

1

n
L(yn

1 ) ≤ H(Y ), (5.26)

for almost all y ∈ Y∞.

Fix ε > 0. By Theorem 2.2, for sufficiently large m and T , there exists a

length function σT
m on Ym such that

1

T

T−1∑
i=0

1

m
σT

m(y
(i+1)m
im+1 ) ≤ Ĥ(y) + ε/2.
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Moreover, by Lemma 3.1, for sufficiently large n, letting T = 	n/m
, we have

L(yn
1 ) ≤ ∑

0≤i≤n−m
i≡0 mod m

σT
m(yi+m

i+1 ) + nε/2,

and thus, for sufficiently large n,

1

n
L(yn

1 ) ≤ Ĥ(y) + ε.

Since we can take ε > 0 arbitrarily small, we have

lim sup
n→∞

1

n
L(yn

1 ) ≤ Ĥ(y) ∀y ∈ Y∞.

On the other hand, it is known that H(y) = H(Y ) for almost all y ∈ Y∞

[36]. Hence, we have (5.26).

Next, we show that the optimal cost can be attained even if we encode

each blocks x
(t+1)k
tk+1 (t = 0, 1, · · ·) separately.

Theorem 5.5 Let L be a complexity function. Then, for any stationary

ergodic source X = {Xi}∞i=1, we have

lim
k→∞

ξ(x, πL
k , L) = S(X), (5.27)

for almost all x ∈ X∞.

Proof: The converse part of Theorem 5.3 implies that

lim
k→∞

ξ(X, πL
k , L) ≥ S(X),

for almost all x ∈ X∞. Thus, to show the theorem, it is sufficient to show

that for almost all x ∈ X∞,

lim
k→∞

ξ(X, πL
k , L) ≤ S(X).

By the assumption (3.25) and Lemma 3.5, r satisfies (3.2) for almost all

x ∈ X∞, and thus, we can apply Theorem 5.2 to almost all x. Hence, we

have

lim
k→∞

ξ(x, πL
k , L)

= Ŝ(X) (5.28)
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= inf
k

lim sup
n→∞

inf
(πk,σk)

1

n − k + 1

n−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk) (5.29)

≤ inf
k

inf
(πk,σk)

lim sup
n→∞

1

n − k + 1

n−k+1∑
i=1

1

k
sk(x

i+k−1
i , πk, σk)

= inf
k

inf
(πk,σk)

E
[
1

k
sk(X

k
1 , πk, σk)

]
(5.30)

= S(X), (5.31)

where (5.28) follows from Theorem 5.2, (5.29) from the definition of Ŝ, (5.30)

from the ergodic theorem [5], and (5.31) from the direct part of Theorem 5.3.

5.4.2 Fixed-Slope Lossy Coding of Nonstationary Sources

In this subsection, we assume that X is finite, and that the distortion measure

is additive and satisfies (5.21).

At first, we consider the fixed-slope lossy coding problem of stationary

sources. Let X = {Xi}∞i=1 be a stationary source. By the ergodic decompo-

sition theorem [5], there exists a measure φ� on the sources such that

φ�

(
{V : V = {Vi}∞i=1 is stationary ergodic}

)
= 1,

and

PX∞
1

(A) =
∫

PV ∞
1

(A)dφ�(V ),

for all measurable set A ⊂ X∞. For a stationary source X, let S̄(X) be the

average of the optimal cost S(V ) of the ergodic component V of X, that is,

S̄(X)
�
=

∫
S(V )dφ�(V ).

The next theorem clarifies that the optimal average cost for a stationary

source X equals to S̄(X).

Theorem 5.6 The following two statements hold.

1. (converse part)

For any stationary source X = {Xi}∞i=1 and any sequence {(πn, σn)}∞n=1

of encoders,

lim inf
n→∞

1

n
E [sn(Xn

1 , πn, σn)] ≥ S̄(X). (5.32)
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2. (direct part)

Let L be arbitrary complexity function and πL
k be the quantizer defined

in (5.4). Then, for any stationary source X = {Xi}∞i=1,

lim sup
n→∞

1

n
E

[
sn(Xn

1 , πL
n , L)

]
≤ S̄(X). (5.33)

Before proving Theorem 5.6, we show that the cost associated with the

encoder (πL
k , L) is bounded.

Lemma 5.5 For the encoders {(πL
k , L)} based on the complexity function

L, there exists M = M(L) < ∞ such that

sk(a
k
1, π

L
k , L) ≤ kM ∀k ∈ N , ak

1 ∈ X k. (5.34)

Proof: Let M0 = �log |Y|
 and fix b̄ ∈ Y arbitrarily. For each k ∈ N , let

b̄k
1 ∈ Yk be the sequence such that b̄i = b̄ (i = 1, · · · , k). It is not hard to see

that there exists k0 such that for any k ≥ k0,

L(b̄k
1) ≤ kM0.

For each k = 1, · · · , k0 − 1, let Mk
�
= (1/k)L(b̄k

1), and then, let M be

M = max
0≤k≤k0−1

Mk + λdmax,

where dmax
�
= maxa∈X maxb∈Y d1(a, b) < ∞. By the definitions, for each

k ∈ N , b̄k
1 ∈ Yk satisfies that

L(b̄k
1) + λdk(a

k
1, b̄

k
1) ≤ kM ∀ak

1 ∈ X k.

Thus, by the definition of πL
k , we have (5.34).

Proof of Theorem 5.6: At first, we prove (5.32). Fix ε > 0 and {(πn, σn)}∞n=1.

By (5.22), for any stationary and ergodic source V = {Vi}∞i=1 with the al-

phabet X ,

lim inf
n→∞

1

n
sn(V n

1 , πn, σn) ≥ S(V ) a.s.

Thus, there exists n0 = n0(ε, X) and a set Γ1 of ergodic components of X

such that

φ�(Γ1) ≥ 1 − ε, (5.35)
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and for any V ∈ Γ1 and any n ≥ n0,

Pr
{

1

n
sn(V n

1 , πn, σn) ≥ S(V ) − ε
}
≥ 1 − ε.

For any V ∈ Γ1 and any n ≥ n0,

E
[
1

n
sn(V n

1 , πn, σn)
]
≥ (1 − ε) (S(V ) − ε) . (5.36)

By the ergodic decomposition theorem [5] combined with (5.35) and (5.36),

we have for any n ≥ n0,

E
[
1

n
sk(X

n
1 , πn, σn)

]
=

∫
E

[
1

n
sn(V n

1 , πn, σn)
]
dφ�(V )

≥ (1 − ε)(S̄(X) − ε) − ε

[
sup
�

S(V )

]
.

Since S(V ) ≤ �log |Y|
 + λdmax < ∞ for any V , and ε > 0 can be chosen

arbitrarily small, we have, for any ε′ > 0 and sufficiently large n,

E
[
1

n
sn(Xn

1 , πn, σn)
]
≥ S̄(X) − ε′.

Thus, we have (5.32).

Next, we prove (5.33). Fix ε > 0. Lemma 5.4 and Lemma 5.4 guarantees

that {(πL
n , L)}∞n=1 satisfies that for any stationary ergodic source V = {Vi}∞i=1

with alphabet X ,

lim sup
n→∞

1

n
sn(vn

1 , πL
n , L) ≤ S(V ),

for almost all v ∈ X∞. Hence, for any stationary source X = {Xi}∞i=1 , there

exists n0 = n0(ε, X) and a set Γ2 of ergodic components of X such that

φ�(Γ2) ≥ 1 − ε, (5.37)

and for any V ∈ Γ2 and any n ≥ n0,

Pr
{

1

n
sn(V n

1 , πL
n , L) ≤ S(V ) + ε

}
≥ 1 − ε. (5.38)

By (5.34) and (5.38), for any V ∈ Γ2 and any n ≥ n0,

E
[
1

n
sn(V n

1 , πL
n , L)

]
≤ S(V ) + ε + εM. (5.39)
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By the ergodic decomposition theorem combined with (5.34), (5.37), and

(5.39), we have for any n ≥ n0,

E
[
1

n
sn(Xn

1 , πL
n , L)

]
=

∫
E

[
1

n
sn(V n

1 , πL
n , L)

]
dφ�(V )

≤ S̄(X) + ε + εM + ε sup
�

E
[
1

n
sn(V n

1 , πL
n , L)

]

≤ S̄(X) + ε + εM + εM.

Since we can choose ε > 0 arbitrarily small, we have (5.33).

Next, we consider the blockwise lossy coding of nonstationary sources.

To clarify the optimal cost, we introduce the stationary hull Λ(X) of the

source X = {Xi}∞i=1 [11]. The stationary hull Λ(X) of X is defined as the

set of all sources Z = {Zi}∞i=1 with alphabet X such that for some sequence

of integers n1 < n2 < · · ·,

lim
j→∞

1

nj

nj∑
i=1

E [f(Xi, Xi+1, · · ·)] = E [f(Z1, Z2, · · ·)] ,

for every real-valued function f defined for sequences from X which depends

on only finitely many coordinates. It is known that every Z = {Zi}∞i=1 in

Λ(X) is stationary [11]. Let

S∗(X)
�
= sup
�∈Λ(�)

S̄(Z).

The next theorem clarify that the optimal average cost for a source X =

{Xi}∞i=1 attainable by blockwise encoders is equal to S∗(X).

Theorem 5.7 The following two statements hold.

1. (converse part)

For any source X = {Xi}∞i=1 and any lossy block encoder (πk, σk),

lim sup
T→∞

1

Tk

T−1∑
t=0

E
[
sk(X

(t+1)k
tk+1 , πk, σk)

]
≥ S∗(X). (5.40)

2. (direct part)

Let L be arbitrary complexity function and πL
k be the quantizer defined

in (5.4). Then, for any source X = {Xi}∞i=1,

lim
k→∞

lim sup
T→∞

1

Tk

T−1∑
t=0

E
[
sk(X

(t+1)k
tk+1 , πL

k , L)
]
≤ S∗(X). (5.41)
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Before proving Theorem 5.7, we state some lemmas.

Lemma 5.6 For any stationary source Z = {Zi}∞i=1,

inf
k

inf
(πk,σk)

E
[
1

k
sk(Z

k
1 , πk, σk)

]
= lim inf

k→∞
inf

(πk,σk)
E

[
1

k
sk(Z

k
1 , πk, σk)

]
.

Proof: For any k1, k2, k3 (k1 = k2 +k3) and any σk2 and σk3 , there exists σk1

such that

σk1(b
k1
1 ) = σk2(b

k2
1 ) + σk3(b

k2+k3
k2+1 ) ∀bk1

1 ∈ Yk1.

Since dk is additive and Z is stationary, we have,

inf
(πk1

,σk1
)
E

[
sk1(Z

k1
1 , πk1 , σk1)

]

≤ inf
(πk2

,σk2
)
E

[
sk2(Z

k2
1 , πk2, σk2)

]
+ inf

(πk3
,σk3

)
E

[
sk3(Z

k3
1 , πk3 , σk3)

]
.

Thus, we have the lemma.

Lemma 5.7 For any k ∈ N and any γ > 0, there exists n0 = n0(γ, k,Y)

such that for any n ≥ n0 and any stationary source Z = {Zi}∞i=1,

E
[
1

n
sn(Zn

1 , πL
n , L)

]
≤ E

[
1

k
sk(Z

k
1 , πL

k , L)
]

+ γ.

Proof: By Lemma 5.1, for any k ∈ N and γ > 0, there exists n0 = n0(γ, k,Y)

such that for any n ≥ n0 and any an
1 ∈ X n,

sn(an
1 , π

L
n , L) ≤ ∑

i≡0 mod k
0≤i≤n−k

sk(a
i+k
i+1, π

L
k , L) + nγ.

Since Z is stationary, taking the expectation of both sides of the inequality,

we have the lemma.

For any source Z = {Zi}∞i=1 and Ẑ = {Ẑi}∞i=1, let ν(Z, Ẑ) be the distance

between Z and Ẑ defined as

ν(Z, Ẑ)
�
=

∞∑
k=1

2−k

⎛
⎜⎝ ∑

ak
1∈Xk

|PZk
1
(ak

1) − PẐk
1
(ak

1)|
⎞
⎟⎠ .

The next theorem shows the average cost associated with (πL
k , L) is contin-

uous.
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Lemma 5.8 For any k ∈ N and any γ > 0, there exists ζ = ζ(k, γ) > 0

such that if ν(Z, Ẑ) < ζ then

∣∣∣∣E
[
1

k
sk(Z

k
1 , πL

k , L)
]
− E

[
1

k
sk(Ẑ

k
1 , πL

k , L)
]∣∣∣∣ ≤ γ.

Proof: Let M be the number satisfying (5.34), and fix ε > 0 such that

εM ≤ γ. Choose ζ so that ζ ≤ ε/2k. Then, if ν(Z, Ẑ) < ζ then

∑
ak
1∈Xk

|PZk
1
(ak

1) − PẐk
1
(ak

1)| ≤ ε.

Thus,

∣∣∣∣E
[
1

k
sk(Z

k
1 , πL

k , L)
]
− E

[
1

k
sk(Ẑ

k
1 , πL

k , L)
]∣∣∣∣

=

∣∣∣∣∣∣∣
∑

ak
1∈Xk

1

k
sk(a

k
1, π

L
k , L)[PZk

1
(ak

1) − PẐk
1
(ak

1)]

∣∣∣∣∣∣∣
≤ M

∑
ak
1∈Xk

|PZk
1
(ak

1) − PẐk
1
(ak

1)|

≤ εM

≤ γ.

Hence, we have the lemma.

Lemma 5.9 For any γ > 0, there exists n0 such that for any n ≥ n0,

E
[
1

n
sn(Zn

1 , πL
n , L)

]
≤ S∗(X) + γ ∀Z ∈ Λ(X).

Proof: By (5.33), we can choose k� for each Z ∈ Λ(X) such that for any

k ≥ k� ,

E
[
1

k
sk(Z

k
1 , πL

k , L)
]

≤ S̄(Z) + γ/3

≤ S∗(X) + γ/3.

By Lemma 5.8, there exists ζ = ζ(k�, γ/3) and an open neighborhood U� =

{Ẑ : ν(Z, Ẑ) < ζ} such that for any Ẑ ∈ U� ,

E
[

1

k�
sk� (Ẑk�

1 , πL
k�

, L)
]
≤ S∗(X) + 2γ/3.
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Moreover, Lemma 5.7 implies that there exists n� = n�(γ/3, k�,Y) such

that for any n ≥ n� and any Ẑ ∈ U� ,

E
[
1

n
sn(Ẑn

1 , πL
n , L)

]
≤ S∗(X) + γ.

Since the open sets U� (Z ∈ Λ(X)) cover Λ(X) and Λ(X) is compact (see

[11] and references there in), we can choose finitely many Z(1), · · · , Z(t) such

that the sets U�(1), · · · , U�(t) also cover Λ(X). Thus, n0 = max1≤i≤t n�(i)

satisfies the lemma.

Proof of Theorem 5.7: First, we prove (5.40). For any (πk, σk),

lim sup
T→∞

1

T

T−1∑
t=0

1

k
E

[
sk(X

(t+1)k
tk+1 , πk, σk)

]

≥ lim sup
k→∞

lim sup
T→∞

1

T

T−1∑
t=0

E
[
1

k
sk(X

(t+1)k
tk+1 , πL

k , L)
]

(5.42)

= lim sup
k→∞

lim sup
n→∞

1

n

n∑
i=1

E
[
1

k
sk(X

i+k−1
i , πL

k , L)
]

(5.43)

≥ inf
k

inf
(π′

k
,σ′

k
)
lim sup

n→∞
1

n

n∑
i=1

E
[
1

k
sk(X

i+k−1
i , π′

k, σ
′
k)

]

= inf
k

inf
(π′

k
,σ′

k
)

sup
Z∈Λ(X)

E
[
1

k
sk(Z

k
1 , π′

k, σ
′
k)

]
(5.44)

≥ sup
�∈Λ(�)

inf
k

inf
(π′

k
,σ′

k
)
E

[
1

k
sk(Z

k
1 , π′

k, σ
′
k)

]

= sup
�∈Λ(�)

lim inf
k→∞

inf
(π′

k
,σ′

k
)
E

[
1

k
sk(Z

k
1 , π′

k, σ
′
k)

]
(5.45)

= sup
�∈Λ(�)

S̄(Z) (5.46)

= S∗(X),

where the equality (5.42) follows from Theorem 3.2, (5.43) from (5.15), (5.44)

from the definition of the stationary hull Λ(X), (5.45) from Lemma 5.6, and

(5.46) from Theorem 5.6. Thus, we have (5.40).

Next, we prove (5.41). The encoders {(πL
k , L)}∞k=1 satisfy that

lim
k→∞

lim sup
T→∞

1

T

T−1∑
t=0

1

k
E

[
sk(X

(t+1)k
tk+1 , πL

k , L)
]

= inf
k

lim sup
n→∞

inf
(π′

k
,σ′

k
)

1

n

n∑
i=1

E
[
1

k
sk(X

i+k−1
i , π′

k, σ
′
k)

]
(5.47)
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≤ inf
k

inf
(π′

k
,σ′

k
)
lim sup

n→∞
1

n

n∑
i=1

E
[
1

k
sk(X

i+k−1
i , π′

k, σ
′
k)

]

= inf
k

inf
(π′

k
,σ′

k
)

sup
�∈Λ(�)

E
[
1

k
sk(Z

k
1 , π′

k, σ
′
k)

]

≤ lim sup
n→∞

sup
�∈Λ(�)

E
[
1

n
sn(Zn

1 , πL
n , L)

]

≤ S∗(X), (5.48)

where the equality (5.47) follows from Theorem 5.2 and (5.48) from Lemma

5.9. Hence, we have (5.41).



Chapter 6

Conclusions

In this thesis, we investigated the lossless and lossy coding problems of in-

dividual sequences. In the lossless coding problem, we clarified the relations

among two kinds of empirical entropies, the self entropy rate, the Lempel-Ziv

complexity, and the compressibility of individual sequences. In the fixed-rate,

fixed-distortion, and fixed-slope lossy coding problems, we clarified that, for

each problem, the optimal performance attainable via blockwise lossy en-

coders is characterized by using empirical distributions of sequences. The

results are summarized as follows:

C(x) ≤ ρbl(x) = Ĥ(x) = H̃(x) = h(x),

δ(R|x) = D̂(R|x) = D̃(R|x),

ρ(D|x) = R̂(D|x) = R̃(D|x),

ξ(x) = Ŝ(x) = S̃(x).

The complexity Ĥ(x) (resp. D̂(R|x), R̂(D|x), Ŝ(x)) gives the optimal perfor-

mance ρbl(x) (resp. δ(R|x), ρ(D|x), ξ(x) ) attainable by blockwise encoders.

These results shows that when we consider coding problems of individual

sequences, Ĥ(x) (resp. D̂(R|x), R̂(D|x), Ŝ(x)) plays an important role anal-

ogous to the entropy rate H(X) (resp. the distortion-rate function D(R|X),

the rate-distortion function R(D|X), the optimal cost S(X)) of a station-

ary ergodic source. It should be pointed out that these complexities Ĥ(x),

D̂(R|x), R̂(D|x), and Ŝ(x) are defined by using the empirical distribution

pk(·|xn
1 ) of the sequence x. This fact indicates that each coding problem of

an individual sequence x can be regarded as the coding problem of the source

which is defined by the empirical distribution of the sequence. Hence, the
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ergodic theorem allows us to apply our results on the coding problems of

individual sequences to the coding problems of stationary ergodic sources.

In this thesis, it was shown that for almost all sequence x emitted from a

stationary ergodic source X, Ĥ(x) (resp. D̂(R|x), R̂(D|x), Ŝ(x)) is equal to

H(X) (D(R|X), R(D|X), S(X)).

As an application of the above results, it was shown that a variation of

LZ78 code is universal for a set A for which there exists countable length

functions Σ such that A ⊂ ⋃
σ∈Σ X∞(σ). Moreover, we proposed the fixed-

rate, fixed-distortion, and fixed-slope universal lossy encoders based on the

complexity of sequences. For each coding problem, the relation between the

coding theorem of individual sequences and that of stationary ergodic sources

was investigated.

There are some important problems to be solved in the further research:

1. While Corollary 2.1 shows a sufficient condition for the existence of a

universal lossless encoder for a set of individual sequences, we should

clarify a necessary condition. It should be also clarified that the as-

sumptions introduced in lossy coding problems (for example, the exis-

tence of a reference letter) are necessary or not.

2. While we investigated the asymptotic performance of blockwise en-

coders, it is also important to evaluate the performance of block en-

coders when the block size k is fixed.



Appendix A

Source and Entropy

In this appendix, we summarize the quantities defined for random variables,

and introduce some kinds of stochastic sources.

Let U be a random variable taking values in a finite or countably infinite

alphabet U with the probabilistic distribution PU(u) = Pr{U = u} (u ∈ U).

Then, the entropy of U is defined as

H(U)
�
=

∑
u∈U

PU(u) log
1

PU(u)
.

Let (U, V ) be a pair of random variables U and V such that U (resp. V )

takes values in a finite or countably infinite alphabet U (resp. V). Then, the

conditional entropy is defined as

H(U |V )
�
=

∑
(u,v)∈U×V

PUV (uv) log
1

PU |V (u|v)
.

Let X be arbitrary set. A sequence X = {Xi}∞i=1 of random variables on

a set X is called a source with the alphabet X . If X = {Xi}∞i=1 satisfies

PXn
1
(xn

1 ) = PXi+n−1
i

(xn
1 ) ∀xn

1 , ∀i ∈ N ,

then, X is called a stationary source. Moreover, a source X = {Xi}∞i=1 is

called an ergodic source if X satisfies that

G = {x̂ : x̂i = xi+1, x ∈ G} ⇒ Pr{X∞
1 ∈ G} = 1 or Pr{X∞

1 ∈ G} = 0,

for any G ⊂ X∞. A source which is stationary and ergodic is called a

stationary ergodic source. For a stationary ergodic source X = {Xi}∞i=1 with
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finite or countably infinite alphabet X , the entropy rate of X is given by

H(X)
�
= lim

n→∞
1

n
H(Xn

1 ),

where it is known that the limit exists [2, 7].

A source X = {Xi}∞i=1 is called a k-th order Markov source with the

initial state x0
1−k ∈ X k if

PXn
1
(xn

1 ) =
n−k+1∏

i=1

PXk+1|Xk
1
(xi|xi−1

i−k),

holds for any xn
1 ∈ X n and n ∈ N . In other words, a k-th order Markov

source is defined by the transition probability PXk+1|Xk
1
(·|·) and the initial

state x0
1−k ∈ X k.
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