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Chapter 1

Introduction

The development of computer communication networks is bearing massive
transfer of various kinds of data over networks, and many data processing
applications require storage of a large volume of data. To reduce the con-
sumption of expensive resources, such as transmission bandwidth or disk
space, various kinds of techniques of data compression have been proposed.
Further, the practical requirement of data compression has yielded a large
volume of research on source coding problems.

Claude Shannon initiated the theory of lossless source coding problem
(along with other subjects in the information theory) in the ground-breaking
paper [23]. Shannon formulated the concept of entropy, and gave it opera-
tional significance by proving the source coding theorem. His theorem states
that the entropy rate of a stationary ergodic Markov source with finite alpha-
bet is the optimum rate at which the source can be encoded losslessly. Later,
extensions and generalizations of Shannon’s theorem were obtained. Today,
it is known that the source coding theorem holds for extremely generalized
sources which do not satisfy stationarity nor compatibility [7].

While a lossless code encodes the data so that the original data can be
reconstructed, lower compression rate can be achieved if some distortion be-
tween the original data and reconstructed data is admitted. In 1948, Shan-
non [23] defined the concept of rate-distortion function and then sketched
the proof of a lossy source coding theorem. Later, Shannon [24] formulated
the rate-distortion theory, where the optimal trade-off between the distortion
and the coding rate is investigated. Shannon’s lossy coding theorem states
that the rate-distortion function for a discrete memoryless source gives the
optimum compression rate at which the source can be encoded so that the
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resulting distortion in the recovery of the source output is less than the
given distortion level. A large number of papers has been devoted to the
rate-distortion theory [13]. Three kinds of lossy coding problems were for-
mulated, namely, fixed-rate, fixed-distortion, and fixed-slope lossy coding
problems. In the fixed-rate (resp. fixed-distortion) coding problem, one min-
imizes the distortion (resp. coding rate) subject to a constraint on the coding
rate (resp. distortion). In addition to the fixed-rate and fixed-distortion cod-
ing, the fixed-slope lossy coding problem of stationary ergodic sources was
first proposed by Yang, Zhang, and Berger [33]. In the fixed-slope coding
problem, neither the rate nor the distortion needs to be fixed, and instead,
one minimizes the cost defined by the rate and the distortion.

It has been recognized that the theories of lossless and lossy source coding
provide a theoretical basis for many practically important data compression
problems. On the other hand, in order to design an optimal code, in the
source coding theorems, it is necessary to know the stochastic properties of
the source. In other words, the statistical properties of the source should be
fully investigated in advance of constructing the code. However, in a real
situation, estimating the statistical properties of the source may be either
impossible or unreliable. Moreover the stochastic properties of source may
vary with time in an unpredictable way.

One way to treat the uncertainty on stochastic properties of a source is
to consider a class of sources rather than a particular source. A code is said
to be universal for a class of sources if, for any source in the class, there is no
asymptotic loss of performance when we use the code instead of an optimal
code for the source. For some classes of sources, various kinds of universal
lossless code have been proposed [37, 4, 10, 30]. Moreover, even in lossy
coding problems, there are various kinds of universal codes for some classes
of sources [38, 10, 21].

Another way to treat the uncertainty on stochastic properties of a source
is to regard the data as an individual sequence rather than an output from
a stochastic source. Nonprobablistic measure of the compressibility of indi-
vidual data can be defined as the smallest compression rate achievable by
a given class of codes. Kolmogorov [15], Chaitin [1], and Solomonoff [26]
considered the class of codes that output a binary program which causes the
original input data when run on a Turing machine. The resulting measure
is called Kolmogorov complexity. Ziv and Lempel [36] considered the class
of codes which are modeled by finite-state machines. They revealed that,
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in the theory of coding problem of individual sequences, the compressibility
of sequences plays a role analogous to that of entropy in Shannon’s source
coding theorem. In addition, their study yielded a universal lossless code
which is as known as Lempel-Ziv 78 (LZ78) code. On the other hand, the
framework of lossless coding of individual sequences was also extended to the
lossy coding problem of individual sequences. Ziv [34] considered the lossy
coding problem of individual sequences, and proposed a fixed-rate universal
lossy code. Yang and Kieffer [31] extended Ziv’s result, and investigated the
fixed-rate and fixed-distortion lossy coding problems of individual sequences.
They also showed that LZ78 code can be applied to universal lossy coding.

In this thesis, we adopt the framework of coding problems of individual
sequences. The aim of this thesis is to reveal relations among various kinds
of complexities of sequences and investigate coding problems of individual
sequences in a unified way.

First, we consider the lossless coding problem of individual sequences
over countably infinite alphabet. We investigate relations among two kinds
of empirical entropies, the self-entropy rate, and the Lempel-Ziv complexity
of individual sequences over countably infinite alphabet. Using these com-
plexities, we characterize the compressibility of individual sequences via the
class of blockwise encoders. Moreover, as an application of this result, we
show that a variation of LZ78 code can attain a better compression rate than
any blockwise encoder, even if the alphabet is countably infinite.

Next, we investigate the fixed-rate and fixed-distortion lossy coding prob-
lems of individual sequences. We deal with more general distortion measures
than the additive distortion measure considered in [31]. For each problem,
we characterize the optimal performance theoretically attainable via block-
wise lossy encoders by using empirical distributions of individual sequences.
In addition, we propose the fixed-rate and fixed-distortion universal lossy
encoders based on the complexity of sequences. This result reveals that not
only LZ78 code, but various universal lossless codes such as grammar based
codes can also be applied to universal lossy coding.

Finally, we investigate the fixed-slope lossy coding problem of individual
sequences. We show that the optimal cost attainable via blockwise lossy
encoders can be characterized by using two kinds of empirical distributions
of sequences. Moreover, we apply this result to the fixed-slope lossy coding
problem of nonstationary sources.

Our results show that optimal performances attained in lossless and lossy
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coding problems are characterized by complexities of individual sequences.
Coding theorems clarify that the empirical entropy (resp. distortion-rate
function, rate-distortion function, cost function) of the sequence gives the
optimal compression rate (resp. distortion, coding rate, cost) attainable by
blockwise encoders. This fact means that when we consider coding problems
of individual sequences, these complexities play important roles analogous
to that of quantities defined for probabilistic sources. Though we cannot
obtain exact values of complexities in general, these complexities have an
advantage that they are defined for each individual sequence independently
of probabilistic sources. Especially, some complexities are defined by us-
ing the overlapping empirical distribution of the sequence. By combining
the ergodic theorem, our results on the coding problems of individual se-
quences can be applied to the universal coding problems of stationary ergodic
sources. It can be shown that for almost all sequence emitted from a sta-
tionary ergodic source, the empirical entropy (resp. distortion-rate function,
rate-distortion function, cost function) of the sequence is equal to the entropy
rate (resp. distortion-rate function, rate-distortion function, cost function) of
the source.

This thesis is organized as follows. In Chapter 2, we define the nota-
tion and terminology used in this thesis, and then, investigate the lossless
coding problem of individual sequences. In Chapter 3 and Chapter 4, we
investigate the fixed-rate and fixed-distortion lossy coding problem of indi-
vidual sequences respectively. In Chapter 5, we investigate the fixed-slope
lossy coding problem of individual sequences and nonstationary sources. In
Chapter 6, we summarize the result of this thesis.



Chapter 2

Lossless Coding Problem

2.1 Introduction

Data compression has important applications in the areas of data trans-
mission and data storage. The development of computer communication
networks is bearing massive transfer of data over networks, and many data
processing applications require storage of a large volume of data. It is inap-
propriate to transmit or store a large amount of data in its original form. If
we analyze and remove the redundancy contained in the original data, the
amount of data to be transmitted or stored becomes small, and thus, the
cost for transmission or storage can be reduced.

In the lossless coding problem of individual sequences, we consider the
following mathematical model of a data compression system. When we wish
to transmit or store a given data sequence, we use an encoder to convert the
sequence into the binary form called the codeword. From the codeword, the
decoder reproduces the original data. Since it is necessary to guarantee that
the original data sequence can be reproduced from the codeword, we cannot
assign short codewords to all sequences. In this chapter, we investigate how
well we can losslessly compress a given individual sequence.

Historically, the lossless coding problem of individual sequences was for-
mulated by Ziv and Lempel [19, 35, 36, 39]. Lempel and Ziv [19] investigated
the complexity of finite sequences, and then later, they applied their result
to a universal algorithm for sequential data compression [35]. Moreover, Ziv
and Lempel [36] revealed the compressibility of individual sequences by the
class of finite-state information-lossless encoders. Ziv [39] also established
the coding theorems for fixed-rate lossless coding of individual sequences. In
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Section 2.3, we review the Ziv and Lempel’s result [36] on the lossless coding
of individual sequences via finite-state encoders.

While Ziv and Lempel considered the lossless coding problem of sequences
over finite alphabet, only little is known about the lossless coding problem
of sequences over countably infinite alphabet. In Section 2.4, we consider
the lossless coding problem of individual sequences over countably infinite
alphabet, and characterize the compressibility of an individual sequence via
blockwise lossless encoders. Our main theorem shows that, for a given se-
quence, the optimal performance attainable by blockwise coding is equal to
the self-entropy rate and the empirical entropies. Moreover, it is also shown
that the Lempel-Ziv complexity, which is defined by the minimum number
of phrases in arbitrary distinct parsing of the sequence, gives a lower bound
of the compression rate. As an application of this result, in Section 2.6, we
reveal that a variation of LZ78 code can attain a better compression rate
than any block encoder. Further, we clarify a relation between our result
and Kieffer’s result [10] on the universal coding of the stationary ergodic
sources.

2.2 Notation and Terminology

Throughout this thesis, we use the following notation and terminology.

Let A be a set. We denote by |A| the cardinality of A. We denote by
A" the set of all strings formed from n symbols in A, and by A the set of
all infinite sequences over A. The set A* 2 o o A" denotes the set of all
strings of finite length. For each infinite sequence a = ajay--- € A® (a; € A
for each i = 1,2, -) and two positive integers n and m (n < m), a* denotes
the subsequence a,a,11 - - a,, of a. For two strings u € A* and v € A*, wv
denotes the concatenation of strings.

Let A be the set of positive integers {1,2,3,---} and B = {0,1} be the
binary set. The function £ : B* — N denotes the length of the binary string,
that is, £(b}) = n for each binary sequence b} = b1by - - -b, € B".

For any nonnegative number 7 > 0, [7] denotes the smallest integer
greater than or equal to 7, and |7 denotes the largest integer smaller than
or equal to 7.

Throughout this thesis, we take all logarithms to the base 2. We adopt the
convention that 0log 0 = 0, which is justified by continuity since 7log7T — 0
as 7 — 0.
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2.3 Lossless Coding of Sequences over Finite
Alphabet

In this section, we review the Ziv and Lempel’s result on the lossless cod-
ing problem of individual sequences over finite alphabet. Throughout this
section, we assume that X’ is a set of finite symbols. X is called the source
alphabet. Ziv and Lempel [36] investigated the compressibility of individual
sequences with respect to codes that can be modeled by finite-state automata.
In their model, an encoder v is defined by a quintuple (S, X, B, g, f) where
S is a finite set of states, B C B* is a finite set of binary words including
null-word, g : § x X — § is the next-state function, and f : § x X — B*
is the output function. When an infinite sequence x = z129--- (2; € &)
is fed into the encoder ¢ = (S, X, B, g, f), the encoder ¢ emits an infinite
sequence u = ujus - -+ (u; € B) while going through an infinite sequence of
states s = 5189+ -+ (8; € S), according to

u; = f(8i,75)
Siv1 = g(sim) 1€N,

where s; is the state of ¢ when it processes the input sequence x;. An encoder
Y is said to be information lossless (IL) if for all s; € S and all a2} € &A™
(n € N), the triple {s1,u}, s,+1} uniquely determines z7. In the following
discussion, we assume that the initial state s; is a prescribed fixed member
of the state-set S.

Given an encoder ¥ = (S, X, B, g, f) and an input string z} € X™, the
compression rate for x7 with respect to v is

{w@t)
n
where ¥(2}) = f(s1,21)f(s2,22) - f(Sn, x,) is the output binary string
when z7 is encoded by . Then, for each individual sequence x € A,
the finite-state compressibility of x is defined as the optimal performance
theoretically attainable (OPTA) in lossless compression via finite-state 1L
encoders.

Definition 2.1 (finite-state compressibility [36]) For a given sequence

r € X let
A . . L(P(2h))
=1 1 —~r, 2/
plz) = Jim limsup min —— ==,
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where minyeg(s) is taken over all finite-state IL encoders with |S| < S.

The real-valued function z +— p(x) is referred as the OPTA function
in lossless coding. To characterize the finite-state compressibility p(z), we
introduce two kinds of quantities which indicate complexities of a sequence.

Definition 2.2 (Overlapping empirical entropy [36]) The overlapping
empirical distribution py(-|xY) of x is defined as

o [{i:0<i<n—kafl} = af}]

Let
A n
H («7) I Z pr(af]at) log p(af]at),
ak kexk
and

Hy(x) 2 Jim sup Hy (7).

n—oo

Then, the overlapping empirical entropy FI(:E) of x € X* is defined as

H(z) £ inf Hy(x).

Definition 2.3 (Lempel-Ziv complexity [36]) For all x € X, let

n
c(at),

1
C(x) 2 lim sup ©

n—~o0

where c(z7]) denotes the maximum number of phrases in arbitrary distinct
parsing of z7.

Ziv and Lempel showed that the finite-state compressibility p(x) is equal
to H(z) and is lower bounded by C(z).

Theorem 2.1 ([36]) If X is finite then for any individual sequence = € X'*,
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2.4 Lossless Coding of Sequences over Count-
ably Infinite Alphabet

In the remaining part of this chapter, we assume that the source alphabet X
is countably infinite set. It is clear that any finite-state encoder does not have
enough memory to deal with infinite alphabet. Let ¢ = (S, X, B, g, f) be a
finite-state encoder. Since S and B are finite, there exists a € X and o’ € X
such that f(a,s) = f(d’,s) and g(a,s) = g(d,s) for any s € S, and thus,
any triple {s, f(a, s), g(a, s)} cannot determine a uniquely. To formulate the
problem properly, we adopt blockwise lossless encoders instead of finite-state
encoders.

In the blockwise coding scheme, a given sequence x € X*° is encoded in
the following manner. At first, = is parsed into non-overlapping blocks xi?fl)k
(t=0,1,---) of size k. Then, each block m,(f?jrll)k is encoded by v, : X* — B*,
where vy, is called a block encoder of block size k, and the binary string ¢ (a¥)
is called the codeword assigned to a¥ for each a} € X*. A block encoder 1y,
is uniquely decodable if

%Uk(alf)@bk(a?iﬂ @Uk:( (n—1 k+1) # ¢k(a1)¢k(ak+1) ¢k:( k+1)

for any a* € X™ and a7 € X™* such that ai* # a7 (n,m € N). Tt
is clear that if ¢, is uniquely decodable then there ex1sts a corresponding
decoder 1 ! satisfying

af =it (¢uld}))  Vaf € X%,

Moreover, a block encoder v is called a prefiz-free or instantaneous if no
codeword is a prefix of any other codeword. If ¢, is prefix-free then 1, is
uniquely decodable.

Now, we describe the well-known correspondence between a prefix-free
encoder and a set of lengths of codewords.

Definition 2.4 (length function) Let A be a finite or countably infinite
set. A function o : A — N is called a length function on A if o satisfies the
Kraft inequality:

S 2@ <, (2.2)

a€A
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Lemma 2.1 ([2]) For any uniquely decodable block encoder 1, the func-
tion o(a¥) = ((yp(al)) (a¥ € X*) is a length function on X*. On the other
hand, if o is a length function on X*, there exists a prefix-free block encoder
Wy, satisfying

((p(a))) = o(ay) Vai € X*.

Lemma 2.1 guarantees that we can regard a uniquely decodable block
encoder as a length function without loss of generality. We will say “encode
a¥ € X% by a length function o}, on X*” meaning that “encode a¥ by a
prefix-free encoder which encodes a¥ using o, (a¥) bits”.

In this section, we investigate the optimal compression ratio attainable

by blockwise encoders:

A 1 & k
lx) = mf lim sup inf if > oy (mi,iill) ) ,
T—o0 t=0

where inf,, is taken over all length functions on X*. To characterize p”(z),
we introduce four kinds of quantities. The first two quantities are the overlap-
ping empirical entropy H(z) and the Lempel-Ziv complexity C/(x). It should
be noted that the definitions of H(z) and C(z) of 2 € X (Definition 2.2
and Definition 2.3) are valid even if the source alphabet X" is countably infi-
nite. In addition to these two quantities, we introduce the non-overlapping
empirical entropy H(z) and the self-entropy rate h(x).

The non-overlapping empirical entropy H(z) is a variation of the over-
lapping empirical entropy H (x).

Definition 2.5 (Non-overlapping empirical entropy) For each sequence
xr € X, the non-overlapping empirical distribution qg(-|x}) is defined as

Dk
A {t:0<t < [n/k) — 1,258 = ab}|

k] Vaj € X", (2.3)

ar(af]a}) =

Let
A

H («7) i Z gr (]} log gy (af|2T),

akexk
and
Hy(x) 2 lim sup Hy(x}).

n—oo

Then, the non-overlapping empirical entropy ]:I(:z:) of x € X* is defined as
H(z) 2 inf Hy(x).
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Next, we introduce the self-entropy rate h(x) of a sequence x € X*°. For
a source X = {X;}2, with alphabet X and a given string 27 € X", the
quantity
1 n
_ﬁ lOgPX?(Zﬁl)
is called the self-entropy of 7 with respect to X. The self-entropy rate of a

sequence x € X*° is defined as the asymptotic value of the infimum of the
self-entropy over all the finite-state Markov sources.

Definition 2.6 (Self-entropy rate) For all z € X', define the self-entropy
rate of x as ]
h(x) 2 lim lim sup inf ——log Pxn(zY),

k—oo n—oo X€Pr N
where P}, denotes the set of all k-th order Markov sources with alphabet X,
and the initial state 29 _, € X* of the source is a part of the specification of
the source X = {X;}2, € Px.

Remark 2.1 Uyematsu and Kanaya [27] considered the quantity

1
RYE () 2 klim Xn&f) lim sup ——log Pxr (z7),
—00 k. m—00 n

for a sequence x over finite alphabet. According to the definitions of h and
hUE it is apparent that h(z) < hYE(z) for all x € X°°.

Before stating our main result, we define the finitely encodable sequences.

Definition 2.7 A sequence x € X* is finitely encodable (f.e.) if there exists
a length function o on & satisfying

lim limsup Y pi(alz})o(a) = 0. (2.4)

U—00
70 gio(a)>u

Likewise, let X*°(0) be the subset of X*° defined as
X>(0) = {z € X*°: x and o satisfy (2.4)}.
Now, we state our main result.
Theorem 2.2 For any f.e. sequence x € X*°, we have
H(z) = lim Hy(z), H(z)= lim Hy(z), (2.5)

and

~ ~

C(x) < Mz) = H(z) = H(z) = p"(x). (2.6)
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Remark 2.2 Since every sequence x over a finite alphabet X is f.e., Theorem
2.2 contains finite alphabet case as a special case. In finite alphabet case,
C(z) < H(z) and C(z) < h(x) have been known ([36], [22]). H(z) =
limy,_.o Hy(z) has been shown in [36, Lemma 1]. Moreover, for any stationary
ergodic source with finite alphabet, H(z) = H(z) holds for almost all = [25,
Remark I1.3.6].

2.5 Proof of Theorem 2.2

In this section, we prove Theorem 2.2. Before proving the theorem, we
prepare some lemmas.

At first, we show a relation between a length function and a probability
distribution.

Lemma 2.2 Let x4 and 4 be non-negative real-valued functions on A. If
Saca(a) =1 and Y ,c4fi(a) <1 then

— > wla)logp(a) < = p(a)logifa (2.7)

a€A acA

Especially, for any length function o on A,

— > wla)logp(a) <> pla (2.8)
a€A acA

Proof: ~ The inequality (2.7) is well known as the non-negativity of the
divergence (see [2, 9, 7]). Letting ji(a) = 277%, we have (2.8). O

Next, we state some properties of f.e. sequences. The following lemma
shows that if x € X*°(0) then o encodes x with finite rate.

Lemma 2.3 For any length function ¢ on X and any sequence x € X*°(0),
we have

lim sup — Z (2.9)

n—oo nz 1

Proof: If x € X*°(0), then for any v > 0 and for sufficiently large u and n,
we have

n

> o) <

i=1

SRS
BIH

i + Z pi(alz?)o(a) <u+7y

a:o(a)>u

and thus, we have (2.9). O
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The following lemma shows that if x € X*(0) then sufficiently small
fraction of symbols in = does not affect the rate.

Lemma 2.4 Let o be a length function on X and assume that z € X*°(0).
For any v > 0, there exists € > 0 and nyg € N such that for any n > ny and
any set B C {1,2,---,n} satisfying |B|/n < e,

1
- > o(z;) <.
JjEB

Proof: Since z € X*°(0), for any v > 0, we can choose u and € so that

limsup 3 pi(alat)o(a) < 1/4.

O gio(a)>u

Fix € > 0 so that eu < /2. Then, for any B C {1,2,---,n} satisfying
|B| < en, we have

1 1 1
- Yoolzy) = — > olw)+— Y olzy)
jEB jEB: JEB:
o'(zj)<u a(zj)zu
< eut(y/4+7/4)
<7
for sufficiently large n. Hence, the lemma is proved. O

It should be noted that the combination of (2.8) and (2.9) indicates that
Hy(z) < oo and Hy(z) < oo for any f.e. sequence x. Thus, if = is f.e., we
have H(z) = infy Hy(x) < oo, and H(x) = inf;, Hy(z) < co.

Next, we show an inequality which provides a connection between a pars-
ing of a string and the self-entropy.

Lemma 2.5 Let x € X* be an f.e. sequence and X = {X;}2, be a k-th
order Markov source with the initial state 29 , € X*. For any n € A and
arbitrary parsing % = wyws - - - w; of 27 (w; € U, X!), we have

1 d t 1 .
Eglog o (wn) < —ElogPX{L(xl) +e(t/n), (2.10)
A

=|

where n(w) = [{j: 1 < j <t,w; = w}|, and £(t/n) is a constant which does

not depend on X and satisfies that ¢(t/n) — 0 as n — oo and t/n — 0.
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Proof: For any parsing wy, ws, - - -, wy, let n; be the index of the beginning
of the i-th phrase, i.e., w; = xﬁﬁl_l. For each ¢ = 1,---,t, let s; be the k
symbols of x preceding w;, that is, s; = xZ:,lg Especially, s; = 2 _,. For
each7=1,--- .t let [; be the length of w;, that is, l; = n;;1 —n;. Forw € X,

s € X* and integer [, define
{j:1<j<tw;=wands; =s},
Hj:1<j<ts;=sandl; =1},
Hj:1<j<tl =1}

n(w, s)
n(l, s)
n(l)

Using 7, define random variables W, S, L as

> > e

n(w, s)/t, if [ equals to the length of w
PriW=w 5= L=1} = { O( / otherwise.

Since the source X = {X;}°, is a k-th order Markov source with the initial
state 29_, € X%, we have
t
—log Pxp(xy) = —) log Py, xt(wils)

=1
= —Z Z logPXk+1|X{“<wi|5i)

l,s i:l;=l,8;,=s

n(l, s) n(w, s)
— —tlzz ; Zl o05) log Py, ,x#(wls)
58 weX ’

— Y P{S=sL=1}
l,s

x Y Pr{W=w|S=sL= [}log Py, xt(wls)

weX!

—
Q0
Na?

> —tY Pr{S=sL=1}
Ls
x{ S Pr{W=w|lS=sL=1}
weX!
X logPr{lWW =w|S =s,L = l}}
= tH(W|S,L)
> tH(W)—tH(L) —tH(S)

ty @bgniw _tH(L) — tH(S)

wWEX* ( )
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t
= Zlog
i=1
where the inequality (a) is due to Lemma 2.2. Hence, we have
1 t
— > log
=

Now, we bound the second term (¢/n)H (L) of the right-hand side of (2.11).
Since the expectation EL of L satisfies EL = n/t, according to [9, corollary
2.4], we have

ol tH(L) — tH(S),

s € —rloe Pyl + SH) + LH(S). (211

zH(L) < —[log(EL) + loge] = ! log(n/t) + E loge.
n n n

t
n
So, (t/n)H(L) — 0 as t/n — 0. Next, we upper bound the third term
(t/n)H(S) of the right-hand side of (2.11). Let o be the length function
satisfying (2.4). By using o and the initial state 29 , € X* we consider
the following encoder. If the symbol a € X appeared in the initial state
T1_k - - - To, we encode the symbol a into its index ¢ (0 < i < k — 1) such that
a = x_;. Otherwise, we encode a € X by using a code corresponding to the

length function o. This implies the length function ¢ defined by

5(a) = 1+ [logk] ifa=xz_; forsomei=0,---,k—1
| 14+0(a)  otherwise.

Let B be the set of index defined by

in; >k
Then, considering the encoding of the sequence xﬁi,lc into a codeword of
length Y%, &(xn, ;) for i =1,2,-- ¢, we have

tH(S) < k{ > 5($¢)+Z5(Ii)}
~

k—1)<i<0 i€B
< K*(1+4[logk])+ k> {1+ [logk] +o(z;)}.
i€B
Since |B|/n < kt/n — 0 as t/n — 0, according to Lemma 2.4,
k*(logk + 2 k|B|(logk + 2 k
H(s) < FUosk+2) | MBlllosh +2) \ ksn () g

t
n n n nih
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as n — oo and t/n — 0. According to the above discussion, we have
! zt: log !
ni= 7 n(w)

where (t/n) — 0 as t/n — 0. O

1
< — IOgPX{L('%Tf) +e(t/n),

The following lemma shows that the maximum number c(x}) of phrases
in arbitrary distinct parsing of 27 divided by n tends to zero if z is f.e.

Lemma 2.6 For any f.e. sequence x € X'*°, we have

lim 1) g, (2.12)

n—oo n
Proof: Since z is f.e., there exists a length function ¢ on X which satisfies
(2.9), and thus, there exists a prefix-free encoder ¢ : X — B* satisfying
l(Y(a)) =o(a) (a € X). Let

n __ .mn1 no n3 .. e
L1 = Tng+1Tn)+1Tng+1 Lne 141

be a parsing of 2 into ¢ = ¢(x}) distinct phrases, where ng = 0 and n, = n.
Foreachi=1,2,---.¢, let

U; = w(xni71+1)1/1(3€n¢71+2) o w(l’m)

Since ® if prefix-free and phrases z,’ ., (i = 1,---,¢) are distinct, all
U1, Ug, - - -, U, are also distinct, and thus,

i« 0(w;) = 1}] < 2.
Let k and ¢ be integers such that

k
c=)Y 24 qg=2F" -1+, (2.13)
=0

and
0<q< 28t (2.14)

Then, we can underestimate Y7 | o(x;) as

n C

o(z;) = Z (u;)

=1

=1
k

> Y 12"+ (k+1)q
=0

= (k=12 + 2+ (k+1)q
(

1
D(c+1) +2(g+ 1). (2.15)
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From (2.13), we have
k—1=log(c—q+1)—2,
which together with (2.15) yields

o(z;) > {loglc—g+1)=2}(c+1)+2(q+1)

= (c+1){logc+1+2(q+1> —10g<1+¢>}

1

4 c+1 c—q+1
c+1 2 27
_ {1 “log (1 } 2.16
(C+>{Og rtor Ty lelltn)y, (216)
where
__q
c—q+1

From (2.13) and (2.14), 0 < 7 < 1, and thus, 27/(1 4+ 7) — log(1 + 7) > 0.
Hence, (2.16) yields

n 1
o(x;) > (c+1)log et
-1

+ 2,

1

and thus,
(1/n) it o)
log(c/4)
From (2.9), we have limsup,,_, . (1/n) > o(x;) < oo, while log(c/4) — oo

<

C
n

as n — 00. Hence, we have the lemma. O

The following two lemmas imply that C(z) < h(z) and H(z) < h(z) if x
is f.e.

Lemma 2.7 For any f.e. sequence x € X'*°, we have
C(z) < h(x).

Proof: Fix € > 0 arbitrary. Choose k € N, sufficiently large n € A and
X = {X;}2, € Py so that,

1

On the other hand, for any distinct parsing ] = wy - - - w. (¢ = ¢(a})) of xf,
we have n(w;) =1 (i = 1,---,¢). Thus, we have

[

c
log —— = clogc = clogn — clog(n/c).
210 ) /)

i=1 (
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By Lemma 2.5, (2.17) and (2.12), we have

1 1

—cl < ——log Pxn(x} 2

—clogn < ——log xr(27) +¢€/2,
< h(z) +e,

for sufficiently large n. Since € can be chosen arbitrarily small, we have

c(zh)logn

lim sup < h(z).

n—0oo

Hence, we have the lemma. O]

Lemma 2.8 Let x € X* be an f.e. sequence. For any [ € A and any v > 0,
there exists an integer kg = ko(z,(,7) such that for any k& > ky,

- 1
< f —=log Pxr .
Hy(x) < limsup inf ——log Pxy(z7) +7

Proof: Fix m € N. Parse :U’lnk into blocks of block size k, that is,

ﬂfgnk = xkinL xzf—k)k—i-l = W1W2 - - - Wy,
where w; = 33'?;71)1“1 for each 1 = 1,---,t. Apply Lemma 2.5 to this parsing

7 = wy - - - wy, then, for any X = {X;}°, € P;, we have
FI(7*) < ——log Py (1) + 2(1/K)
L) =T & Lxmk Ly :

Thus, we have

Hy(z) = limsup Hy(a?)
= limsup Hy(27*)

m—0o0

1
< hglsolip)yelg)l—%logpxmk(xl MY+ e(1/k) + /2

1
< limsup inf ——log Pymx(27) +e(1/k) + /2.

n—oo X€E€P N
Since e(1/k) < /2 for sufficiently large k, we obtain the lemma. O
Now, we introduce the cyclic version of the overlapping empirical entropy:

A n
Hp (o)) = — Z prla |5U1 log p(a ]f|5”1)>
akexk
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where i
P (a ) A {7 O<z<n,i‘§il—a1}]
PACARES -
and 77 € X1 is defined as ¥} = 27 and xZI’f ' = 281 Next lemma

shows that Hg(z?) is asymptotically equal to Hy (™).
Lemma 2.9 For any f.e. sequence x € X'*°, we have
|Hy () = Hi(a)| = 0 (n — o). (2.18)
Proof: Let B, C X* be the set defined as
A peitk-1 .
By, = {z; ci=n—k+2n—k+3,---,n}.

Then, we have

) — Felap)| = -3 3 piletled) loga(ablad)

akexk

+ > pe(af|at) log pr(af]at)
abexk

IN

‘—— Z prla ’551 log py.(a lfo)

ay EBk

1 X mlatlaf) logpulatia)
a EBk

‘—— Z prla ’131 log py.(a lﬂx?)

a¥ ¢ By
1 n n
+— Z pk(a’ﬂxl)logpk(a’ﬂxl). (2.19)
ka}fﬁéBk

The first term of (2.19) is upper-bounded as follows. The function f(t) =

—tlogt satisfies
[f(@) = f(t+7)| < —7logT,

for 0 <7<1/2and 0 <t <1-—7 (see [3, the proof of Lemma 2.7]). Since

2k

——  Vd'e B,
n—k+1 N k

|p2(alf|$1) pk(% 27)] <
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we can choose sufficiently large n such that 7 = |pS(a¥|z?}) — pr(ak|2})| sat-
isfies 0 < 7 < 1/2 and ¢t = min{p;(a}|z}), pr(af|at)} satisfies 0 <t < 1—171
for each a¥ € By,. Hence, we have

1 n 1 n n
% Z prla |5E1 log py.(a ]f|$1)+% Z pk(alﬂxl)logpk(alﬂxl)
aleBk aleBk

< - z £ (pr(ablaD)) = f (pe(at]a}))]

aléBk

1 2k 2k
< —= 1
- k%n—k—l—l()gn—k—i-l

ay k
2k 2k

< _
- n—k—l—llOgn—k—i-l_)O (n = o0),

where the last inequality follows from |By| < k.
On the other hand, the second term of (2.19) is upper-bounded as follows.
By the definition of py,

n—k+1

phlaklat) = S py(ablat), Vel ¢ B
and thus
- Z pk |x1 log py.(a ’f|x1) = o Z pk |x1 )log pi.(a If|x1)
n—k—i—l n—k+1
Z pr(a |:E1 logi.
n oy n

Hence, we have

n 1 n n
Z pa(at|at) log pp(a ’f\x1)+g > p(al]a}) log pr(af]a?)

a¥ ¢ By aj @By

k—1 - n—k+1 n—k+1

— Hi(2}) — | .
> n k(7)) ik 0g o

Since x is f.e., Hy(x) < oo, and thus the second term of (2.19) tends to 0 as
n — oo. This completes the proof of (2.18). O

Lemma 2.10 For any f.e. sequence x € X*° and any integer k£ > 1, we have

1 A
limsup _inf ——log Pxn(zy) < Hy(x).
n

n—oo X€Pg_1
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Proof: Fix n € N. From pj}(-|x]), we can define a set of random variables
X1, Xo, -+, X}, such that (i) the distribution of XT satisfies

Pr{X} =af} 2 pi(afla]) Vaf € X,
and (ii) XT is shift-invariant, that is, for all 4,1 € N (i +1 — 1 < k),
Pr{X! =d'} =Pr{XT 1 =4} Vab e x* (2.20)

Then, we have

1
Hp(z}) = — o1 ak|a:”)log07n
HE) = g, PR
1
- TH(XD)
1 k
= EZH(XZ-|X1,---,XZ~_1) (2.21)
=1
L
= EZH(Xk‘Xk—i—&-la"'an—l) (2.22)
i—1
1 k
> Y H(XXu, e X (2.23)
i=1
= H(Xk|X1,"',Xk,1) (224)

where (2.21) follows from the chain rule [2], (2.22) from (2.20), and (2.23)
from the fact that conditioning reduces entropy [2].

On the other hand, let X = {X;}2°, be a (k — 1)-th order Markov source
such that

o( k|,n
k—1y & pelailat) k k
o wr-1(aglaiT) = — Vai € X
e Yacx Pi(ar al?) |
with the initial state z],_,. Then, by the definitions, we have

Xé%ﬁil—glogpxy(%) < —ﬁlogp”;(%)

= H(Xi/X7™)
< Hp(x),

where the last inequality follows from (2.24). By using (2.18), we have

1 A
limsup _inf ——log Pxn(zy) < Hy(x).
n

n—oo X€Pr_1

Hence, we have the lemma. O]
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Lemma 2.11 Let z € X'* be an f.e. sequence. For any integer k and any

e > 0, there exists an integer mo = mg(z, k, €) such that for all m > my,
H,,(x) < Hy(z) + e

Proof: Let ny be an integer such that

Hy(27) < Hy(z) +€/2, ¥n > ny.

Choose integers n and m satisfying n > ng and n > m > k. Let ¢, be a
function on X* defined as

W(%) = —logq(atlzl), Val € X

and o be a length function on X which satisfies (2.4). Using ¢;, and o, define
a function ¢,,; (=0,1,---,k —1) over X™ by

J m
A
Om(al") =D ol@)+ D () + Y ofa),
=1 i=7 mod k i=r-+1

0<i<m—k

where r = max{i : i = jmod k,1 < i < m}. Figure 2.1 shows how to
construct ¢y, ; from ¢, and 0. Moreover, using ¢,, ; (j =0,---,k—1), define
a function ¢}, on X™ by

2

o5, (al) min ¢y, ;(al") + [log k]. (2.25)

J:0<j<k—1
Then, we have

(n —m + 1)mH,,(z7)

= —(n—m+1) Z pm(ai’|2}) log pm(ay’|at),

n—m+1

S Z ¢ H—m 1 (226)

where the inequality is due to Lemma 2.2. According to (2.25), we have

n—m+1 n—m+1
Yo @) < Y (@) + (n—m 4 Dflogk]
=1 =1
n—m+1

< Y b @) +n(logh +1),  (2.27)

i=1



CHAPTER 2. LOSSLESS CODING PROBLEM 23

T

N N
| | |
| | |
| 1
I Last m — r symbols

First 7 symbols are
are processed by o

processed by o

Each block is processed by 1%

Figure 2.1: The construction of ¢,,

where j; denotes the integer satisfying 0 < j; < k—1and ¢+j; = 1 mod k. To
evaluate the first term of the right-hand side of (2.27), recall how each block

™1 g processed by ¢y, j: (see Figure 2.1). By the construction of ¢y, j,,
(i ) the first j; symbols of z:7™! and the last m —r (r = max{r’ : ' = j; mod
k,1 <7 < m}) symbols of 277! are processed by o, and (ii) each blocks
:cﬁjigfl)k (t =0,1,---) of the length k in 2I]" are processed by ;. Put
them all together, each non-overlapping block xtkﬂ) (t=0,1,---|n/k] —1)
of block size k in x7 is processed by 1, at most m — k times, and each symbol
in 27 is processed by o at most k — 1 times (see Fig. 2.2). Hence, (2.27) can

be upper-bounded by

n—m-+1
> G g, (™) + n(logk + 1)
i_1
Ln/kJ 1 (D
< Z ¢k<xtk—:_1))+kz o(x;) + n(loghk + 1)
= L J( >~ ax(ailz?) log gi(a 'fﬂ«"’f),) + mne

a¥ kexk
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n
- : : This block is processed
N a by o

| |—> This block is processed
C Y Pm.;

This block is
processed m — k times by g

each symbol is processed by o at most

k — 1 times

7

Figure 2.2: Calculating Y71 Cbm,ji(x”m_l )

24
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< mnHy(z}) + mne, (2.28)

where ¢ is defined as

logk+1 k(1
55&4_%(_20(‘%1))

m

Combination of (2.26), (2.27), and (2.28) yields
: " {f[k(x) + 5} .

Hy(r) < ———

(v) < n—m+1

Since z is f.e., (1/n)>; 0(x;) < oo and thus, € < ¢/2 if m > k. Hence, if n
and m are sufficiently large, we have

H,(x) < ]:Ik(:v) + €,

and thus, lemma is proved. O]

Now, we prove our main result.

Proof of Theorem 2.2:  According to Lemma 2.8-2.11, it can be shown that
for any k£ and any € > 0, there exists an integer M such that for any m > M,
H,.(z) < Hi(z) + e. Thus, for any k,

H(z) < liminf H,,(z) < limsup H,,(z) < Hy(z).
Since, for any € > 0, we can choose k such that Hy(z) < H(z) + €, we have
H(z) = limy_o Hy(z). Similarly, it can be shown that H(z) = li
Hence, (2.5) is proved.

Mr_ 0o ]:Ik(l')

Next, we prove (2.6). Lemma 2.7 shows that
C(z) < h(x),

and thus, the leftmost inequality in (2.6) is proved. Moreover, by Lemma
2.8, Lemma 2.10, and Lemma 2.11, we have

H(z) < h(z) < H(z) < H(z),

and thus,

H(z) = h(z) = H(z).

Lastly, we prove H(z) = p"(z). We can construct the Shannon code [2, 7]
o for the probability distribution g (-|27*) which satisfies that

Ey, [ow(XD)] < kH(*) + 2,
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where E,, denotes the expectation with respect to qx(-|27*). Hence, we have

and thus,
H(x) < ().

On the other hand, by Lemma 2.2, we have

T-1

~ o1 Dk
fm%sgﬁgﬂwwy
and thus
() < P(2).
Hence, we have H(z) = p"(z), and thus, (2.6) is proved. O

2.6 Applications to Coding Theorems

Theorem 2.2 shows that the optimal performance p” () attainable by block-
wise coding is equal to h(x), H(x), and H(z). Moreover, it is also shown
that p”(z) is lower bounded by C(z) = limsup,,_,..(1/n)c(x})logn. As an
application of Theorem 2.2, we will investigate a property of the encoder
based on a distinct parsing of sequences.

Theorem 2.3 Let o be a length function on X. There exits a sequence
{olZ3oc | (okZ : X — N) of length functions satisfying

LZ (.1 B
%) ) = Bi) = A(2) = Pa) Vo e X%(0).

lim sup

n—0oo

Proof: To prove the theorem, we will construct a variation of the LZ78 code
[36]. At first, a given sequence x € X' is parsed into phrases wjwows - - -
inductively according to the following rules:

1. The first word w; consists of the single letter x;.
2. Suppose wy - - -w; = z}”.

a) If x,. 11 wy, -+, w;} then w;,; consists of the single letter
J J J

anj_H.
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(b) Otherwise, wj1 = xnmjﬁll, where m is the least integer larger than
n; such that =77, € {wi, -+, w;} and :Unmjfl ¢ {wy, -, w,}.

Note that the parsing is sequential, that is, later words have no effect on
earlier words. Therefore, an initial segment x7 of x can be expressed as

T} = wiwsg -+ Wy, (2.29)

where the final block v is either empty or v = w; for some j < ¢. Let
Y : X — B* be a prefix-free encoder such that

l(Y(a)) =0c(a) VaeX.

Let f:{0,1,---,n} — BM'°e"l be a fixed one-to-one function. If z7 is parsed

as in (2.29), an encoder L% : X™ — B* maps it into the concatenation
Y2 (@) = wiug - ugttn

of binary words u; € B* (j = 1,2, - -,t+1), defined according to the following
rules:

1. If j <t and ¢(w;) =1 then u; = 0¢(w;).

2. If 7 <t and i < j is the least integer for which w; = w;a, a € X, then

w; = Lf()00(a).

3. If v is empty, then u,yq is empty, otherwise w11 = 1f(7), where i is the
least integer such that v = w;.

For each j = 1,---,t, let ,,, be the last symbol of w;. For each j, 0v(zy,)
is appeared in the output binary sequence ¥2?(z"), and requires 1+ o(x,,)
bits. Moreover, the word 1f(i) requires 1 + [logn| bits and appeared in the
output binary sequence 2% (27) at most ¢ + 1 times. Thus, total codeword
length ¢ (1/152 (x?)) is upper bounded by

14 (wﬁz(x’f)) < ; {1 +a(xnj)} + (t+1)(1+ [logn))

t
< tlogn+ Y o(x,,)+ 2t +logn + 2 (2.30)
j=1
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By the definition of the parsing (2.29),t < ¢(27)+1. Let B,, = {n;,,nj,,---,n;,}.
By Lemma 2.6, we have ¢(x7)/n — 0, and thus, |B,|/n — 0. Hence, by com-
bining Lemma 2.7, Lemma 2.4, and (2.30), we have

lim sup %5 (¢£Z(I?)> < h(z) Ve X>(o).

n—oo

Letting o4 (27) = ¢ (@/Jﬁz(x?)) for each n € N, we have the theorem. O

As a corollary of Theorem 2.3, we show a sufficient condition for the
existence of a sequence {0:}22 ;| of length functions which is universal for a
set A C X* in the sense that limsup, . (1/n)o’(27) < p?(x) for all z € A.

Corollary 2.1 Let A be a set of sequences (A C X*°). If there exists a set 3
of countable length functions satisfying A C Uyex; X>°(0), then there exists

a sequence {0:}°°, (oF : X" — N) of length functions such that

timsup 200 < p) = f(e) = A(r) = M) Vo€ A,

n—oo n

Proof: We use the technique used in [28] to merge the encoders. Without
loss of the generality, we can assume that ¥ = {o® ¢® ...}, For each
i =1,2,--+ let {o0}, be the sequence of length function constructed
from ¢ in Theorem 2.3. Then, we can construct a merged length function
{o*}>2 | such that

72(4) = Nlogn] + min o(a).

By Theorem 2.3, we have

lim sup 7n(27) < h(z) VrelJr=(c?).
n—00 n i—1
Since A C Uyex X*(0) = U2, X% (@), we have the corollary. O

In the following, we investigate a relation between the condition shown
by Corollary 2.1 and the Kieffer’s condition for the existence of a universal
encoder for a set of stationary ergodic sources.

Let Q be a set of stationary ergodic sources. A sequence {0,}>°, (0, :
X™ — N) of length functions is said to be weakly universal for Q, if

limsup F [0, (X]")] = H(X) VX ={X;}2, € .

n—oo
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Kieffer [10] showed the necessary and sufficient condition for the existence of
sequence of length functions which is weakly universal for a set €2 of stationary
ergodic sources.

Theorem 2.4 (Kieffer’s condition [10]) Let € be a set of stationary er-
godic sources. There exists a sequence {0, }2, of length functions which is
weakly universal for €2, if and only if there exits a set P of countable prob-
ability distributions on X such that for any X € 2 with H(X) < oo, there
exists p € P satisfying

E[—logp(X;)] < 0.

Suppose that there exists a universal encoder for a set {2 of stationary
ergodic sources. Then, the next theorem shows that there exists a universal
encoder for a set of individual sequences defined by ).

Theorem 2.5 Let € be a set of stationary ergodic sources. Suppose there
exists a universal source code ¢* for {2. Then there exist a set A* C X'*> and
a sequence of length functions {o*}22, (0% : X — N) satisfying that

Py (A%) =1,

for any X = {X;}°, € Q with H(X) < oo, and that

lim sup 7u(27) < h(x) = H(z) = H(z) = p"(x) V& e A"

n—00 n
Before proving the theorem, we state a key lemma.

Lemma 2.12 Let X = {X;}2, be a stationary ergodic source. If there
exists a length function o on X satisfying

Elo(X1)] < o0, (2.31)
then, for almost all x € X'*>°, we have

i Ji S plalaf)ota) =0
a:o(a)>u

Proof: To prove the lemma, we show that there exists a set A0 C x>
satisfying the following two properties: (i) Pxx(A@)) =1 and (i) for any
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x € A and any 7 > 0, there exists ug = uo(z,7) and ng = ng(x, ) such

that

> pilala)o(a) <y Yu > ug and Vn > ng.
a:o(a)>u

Fix «v > 0. Since the condition (2.31) implies

lim Y Py (a)o(a) =0,

U—00
a:o(a)>u

we can choose u; = uq(X,y) so that
Z Px,(a)o(a) <~v/2 Yu > u.
:o(a)>u
Define the function fu on X by
A | ola) :ifo(a) >,
) & { (@) :itola)

0 : otherwise.

By the ergodic theorem [5] we have

lim — qu xz = fu(Xl)] a.s.

n—oon ¢

that is,

lim > pilajaf)o(a) = > Px,(a)o(a) as.

n—o00
a:o(a)>u a:o(a)>u

Hence, for almost all z € X, we can choose n; = ny(z, ) so that

> pilala)o(a) <y Yu>wup and Vn > ny.
a:o(a)>u

This implies that for any v > 0, there exists A, C A'> satisfying Py (A,)

1 and
lim lim > pi(aa})o(a) <y Vze A,

U—00 N—00
a:o(a)>u

Let A = M1 A1jm. Then, A1 D Aj/p D -+ and thus,
PXfo (A(J)) = PXf0<m$nO:1A1/m) = r%llréo PXfo (Al/m) =1.

Note that for any v > 0, there exists m € AN such that 1/m < ~. Hence,
for all x € A and any v > 0, there exists ug = uo(x,7) = uy (X, 1/m) and

no = no(z,7y) = ni(x,1/m) such that

> pilalat)o(a) < 1/m <~y Vu>ngand Vn > ny.
a:o(a)>u

Hence, we have the lemma.
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Proof of Theorem 2.5:  Since there exists a sequence of length functions
which is universal for €2, there exits a set P of countable probability distri-
butions on X’ such that for any X € Q with H(X) < oo, there exists p € P
satisfying

E[—logp(X1)] < 0.

For each p € P, we can construct a length function o, on X such that
—logp(a) +1 < o,(a) < —logp(a) +2 Va e {da :p(d) > 0}.

The above discussion implies that for each X € Q with H(X) < oo, there
exists a p € P such that E [—logp(X;)] < oo, and thus,

Eo,(X1)] < E]—logp(X1) + 2] < 0.

Hence, by Lemma 2.12, there exits a set A©?) such that PXfo(A(UP)) =1
and A») C X*(0,). By Corollary 2.1, we can show that A* = Upep AP

satisfies the theorem. 0

Now, we give a corollary of Theorem 2.5. Let X = {X;}3°, be a stationary
ergodic source such that H(X) < co. By the ergodic theorem, for almost all
r e X,

H(z) = H(X).
Further, assume that X satisfies the assumption of Lemma 2.12. Then, by
Lemma 2.12, we have

for almost all v € X*°. The above discussion gives the following corollary.

Corollary 2.2 Let ) be a set of stationary ergodic sources appeared in
Theorem 2.5. Then, for any X € Q with H(X) < oo, we have

for almost all x € A*°.



Chapter 3

Fixed-Rate Lossy Coding
Problem

3.1 Introduction

In Chapter 2, we considered the lossless coding problem of individual se-
quences over countably infinite source alphabet, and investigated the optimal
performance theoretically attainable by blockwise lossless coding schemes.
However, when the source alphabet is not finite or countable, the framework
of lossless coding is not valid. For example, the description of an arbitrary
real number requires an infinite number of bits, so a finite representation
of a continuous random variable cannot be perfect. As an alternative ap-
proach, we need to permit finite distortion between a input data and the
reproduced data within some acceptable level. Clearly, a smaller distortion
can be achieved if we are allowed to use a higher coding rate. In this and
the following chapters (Chapter 3-5), we investigate the asymptotic optimal
trade-off between the distortion and the coding rate for a given individual
sequence attainable by blockwise coding schemes.

Historically, the lossy coding problem of individual sequences was for-
mulated by Ziv [34]. He studied the fixed-rate lossy coding problem of
individual sequences with finite alphabet, and presented a universal lossy
coding at fixed-rate. Following the same line as in [34], Yang and Kieffer
[31] studied the fixed-rate and fixed-distortion lossy coding problems, and
proposed two universal lossy coding schemes based on LZ78 code. Their
result shows that the optimal distortion attainable by fixed-rate encoders

32
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is equal to the smallest topological entropy among reproduction sequences
satisfying the distortion criterion, and that the optimal rate attainable by
fixed-distortion encoders is equal to the optimal average rate with respect to
the non-overlapping empirical distribution of the given sequence.

In this chapter, we investigate the fixed-rate lossy coding problem of
individual sequences subject to the subadditive distortion measure. We
formulate the fixed-rate lossy coding problem of individual sequences as
the problem of optimizing the distortion over all the blockwise fixed-rate
lossy encoders. Then, we characterize the optimal performance theoretically
achievable (OPTA) function for the given individual sequence by using the
empirical distribution of the sequence. Our result clarifies that the optimal
distortion achievable by fixed-rate lossy coding schemes is equal to the opti-
mal average distortion with respect to the overlapping empirical distribution
of the given sequence. It is also proved that, instead of overlapping empiri-
cal distribution, we can adopt the non-overlapping empirical distribution to
characterize the OPTA function. Corollary of main result reveals that the
optimal distortion is equal to the distortion-rate function derived by Yang
and Kieffer. To prove the coding theorem, we propose the fixed-rate lossy
coding scheme based on the complexity of the sequence, and show that the
scheme is universal, that is, achieves OPTA for any sequence under some
mild conditions. This result reveals that not only LZ78 code, but various
universal lossless codes such as grammar based codes can also be applied to
universal lossy coding.

As an application of main result, in Section 3.5, we investigate the fixed-
rate lossy coding problem of stationary ergodic sources, and reveal that the
blockwise coding schemes can attain the optimal distortion for the source.

3.2 Fixed-Rate Lossy Coding of Individual

Sequences

In this chapter, unless stated otherwise, the source alphabet & is assumed to
be arbitrary set. We introduce another set ) called the reproduction alphabet.
The size of Y is assumed to be finite throughout this chapter.

For each n € N, d,,(z7,y}) is called the distortion between z} € X™ and
yp € Y", where d, is any mapping from X™ x V" into [0, +00) and is called
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the distortion measure. The distortion per symbol is given by

1
—d, (", y7) > 0.
0 (=7, y7) >

In this chapter, unless otherwise specified, we assume that the distortion
measure d,, is subadditive, that is, for any m € N, n € N, 27"t" € xm+,
and y7"t" € ymtn

g (77 Y1) < i (2, y1") A+ do (T y ) (3.1)

A fixed-rate lossy encoder of block size k is defined by a quantizer m, :

k' — Yk By a fixed-rate lossy block encoder, a given sequence z €
X is encoded in the following manner. At first, = is parsed into blocks
:L’S;ll)k (t = 0,1,---) of size k. Next, each block xiiill)k is quantized into

yt(,iill)k = ﬂk(wgﬁl) ) by the quantizer 7. Then, each y,;, +1)

with [log ||mg||] bits, where ||my]| 2 {mp(ak) : a¥ € X*}|. The rate rate(my)
of the quantizer 7, is defined as

is represented

4

rate(my) [log || 7k ||

| =

For each sequence z € X*°, the asymptotic distortion attained by the quan-
tizer 7 is defined as
T-1 1 1
O, mi) 2 i sup o Z ~dy, (Y m (i)
Then, the optimal distortion §(R|z) attainable by blockwise lossy coding at
the fixed-rate R > 0 is defined as

d(R|x) = 1%f inf oz, ),

rate(ng)<R

where inf T is taken over all the 7y satisfying rate(m;) < R.
rate(mg )<

In order to clarify the optimal distortion 0 (R|x), we introduce the distortion-
rate function. Let pg(-|z}) be the overlapping empirical distribution of x7
defined in (2.1). Then, Dy (R|z7}) is defined as the optimal average distortion
with respect to pi(-|z7):

~ A . 1
Di(Rlzy) & wf B, {Edk (Xf,wk(Xf))}
rate(ng ) <R
T —k+1 k v ’ ’

rate(m ) <R n i=1
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where inf is taken over the all m satisfying rate(my) < R. Lastly, the
distortion-rate function D(R|x) of the sequence x € X'* is defined as

D(R|x) 2 h}gn inf lim sup Dy (R|2}).

The following theorem gives a lower bound on the distortion attainable
by the fixed-rate block encoders.

Theorem 3.1 (Converse coding theorem) Assume that for a given se-
quence x € X*°, there exists a reference letter r € ) satisfying that

1
lim limsup —  »_  di(z;, ) =0. (3.2)
d—0o0 n—oo T 1<i<n
dy(zg,r)2d

Then, for any R > 0 and any block encoder 7, of the block size k satisfying
rate(m) < R, we have
d(z,m) > D(R|z). (3.3)

Remark 3.1 The assumption of existence of the reference letter r € ) sat-
isfying (3.2) corresponds to the commonly required assumption in a theory
of lossy coding of probabilistic sources, that is, for a source X = {X;}°,,
there exists a reference letter r € Y satisfying E[d(Xy,r)] < co. As shown
in Lemma 3.5, if X is a stationary ergodic source for which F[d(Xy,7)] < oo
holds, then r satisfies (3.2) for almost all z € X°.

Next, we show the coding theorem by constructing a universal fixed-rate
lossy encoder. To define the universal lossy block encoder, we introduce the
complexity function.

Definition 3.1 (Complexity function) A complezity function L : Y* —
N is a function which satisfies the following two properties:

1. For any n € \V,
ST oott) <. (3.4)

yreyn

2. For any K and any v > 0, there exists an integer ng = ng(vy, K, Y, L)
such that for any n > ng and any finite-state IL encoder ¢ with state
set S of K states,

L(yy) < (@(yy)) +ny Yy € V", (3.5)
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where ¥(y7) = f(s1,y1)f(s2,y2) - - - f(Sn, yn) denotes the output binary
sequence when y}' is encoded by ).

Remark 3.2 Muramatsu and Kanaya [20] defined the complexity function
as a function satisfying the condition 1 in Definition 3.1 and

lim sup lL(Yln) <HY) as.,
n—oo M
for any stationary ergodic source Y = {Y;}22, with alphabet ). However,
in this thesis, we adopt an alternative definition in which stationary ergodic
sources are not involved. This allows us to deal with any individual sequence
which may not be an output sequence from an stationary ergodic source.

Example 3.1 The length function of the LZ78 code [36] satisfies both con-
ditions in Definition 3.1, and thus is a complexity function. Moreover, the
length function of any grammar based code G [14] also satisfies (3.5) [29],
and is a complexity function.

Let L be an arbitrary complexity function. For each k € N and R > 0,
let 7}t be the quantizer defined as

i (ak) 2 arg  min dp(a¥, bF)  Vab € &*F. (3.6)
by EY
L(bllf)gkR

By the definition of 72 and the property (3.4) of the complexity function, it
is clear that rate(mff) < R. The next theorem shows that the quantizer 7f

is optimum.

Theorem 3.2 (Coding theorem) For any x € X and any R > 0, the
sequence {7} | of quantizers satisfies that

lim sup §(z, 7h') < lgiﬂ)l D(R - (|z), (3.7)

k—o0

provided that there exists a reference letter r satisfying (3.2).

Theorem 3.1 and Theorem 3.2 will be proved in Section 3.4. According
to Theorem 3.1 and Theorem 3.2, we have the following corollary.
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Corollary 3.1 For any z € X*°, we have

Jim 6z, xf') = 8(Rlx) = D(RJz).

provided that D(R|z) is continuous at the point R, and there exists a refer-
ence letter r satisfying (3.2).

3.3 Relations among Distortion-Rate Func-
tions of Individual Sequence

The distortion-rate function may be defined by using the non-overlapping
empirical distribution g(-|27) defined in (2.3) instead of the overlapping em-
pirical distribution py(-|27). Let Dy (R|2T*) be the optimal average distortion
with respect to g (-|2T*):

- ) 1
Du(Rial®) & inf B, |pdi (XEm(XD)]

k
rate(m ) <R
1 =11 (t
. +1)k
= inf E dk: (xtk+1 , T (Tgger 1 ))'
rate(‘/rk)SR

Then, the non-overlapping version D(R|x) of the distortion-rate function of
the sequence x € X'* is defined as

D(R|z )—hlgnlnfhmsupDk(Ru .

T—o00

The next theorem corresponds to Corollary 3.1.

Theorem 3.3 For any x € X'*°, we have
Jim o) = 0(Rfa) = D(Rla),

provided that D(R|z) is continuous at the point R, and there exists a refer-
ence letter r satisfying (3.2).

Theorem 3.3 will be proved in Section 3.4.

Yang and Kieffer [31] investigated the fixed-rate lossy block coding of
individual sequences under the assumption that the distortion measure is
additive, that is, for any m € N', n € N, 2"t" € X™+" and y"™" € Yy,

i (@7 77) = di (27,97 + (207 Y 1)
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They defined the distortion-rate function DY®(R|z) as the infimum of D
such that there exists y € Y*° satisfying the distortion constraint

1
lim sup —d,, (27, y) < D,
n

n—oo

and the rate constraint
h(y) < R,

where h(y) is the topological entropy of y [39] defined by

and
A

Bu(y) = {b7 € Y™ i sty = b7}
Moreover, Yang and Kieffer [31] proposed the universal quantizer 72 based
on the length function LYZ of the LZ78 code, and showed
lim 0(x, mf?) = DYX(R|2),

k—o0

provided that DY®(.|z) is continuous at the point R.

Since LYZ is a complexity function, Yang and Kieffer’s quantizer 727 is

a special case of our quantizer 7. Combining their result and Corollary
3.1, we have the following corollary. The following corollary shows that
the distortion-rate function D(R|z) is equal to the distortion-rate function

DYX(R|z) defined by Yang and Kieffer.

Corollary 3.2 Assume that the distortion measure d,, is additive. For any
r € X*°, we have
D(Rl|z) = D" (R]x),

provided that both of D(-|z) and DY¥(-|z) are continuous at the point R,
and there exists a reference letter r satisfying (3.2).

3.4 Proofs of Theorems

In this section, we shall prove Theorem 3.1, Theorem 3.2, and Theorem 3.3.
Before proving the theorems, we introduce some lemmas.

At first, we show an important property of the complexity function. The
following lemma shows that any complexity function can be characterized as
a lower bound on the codeword length of the blockwise lossless encoder.
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Lemma 3.1 Let L be a complexity function. For any m € N, any length
function o, on Y™, and any € > 0, there exists an integer ng = ng(e, m, Y, L)
such that for any n > ngy and yj € V",

L(y}) < min > om(YT) + ne.

~ 0<jsm—1 0<i<n—m
i=j mod m
Proof: This lemma can be proved by a similar manner as the proof of [31,
Lemma 1].

For each j, let 7; be the length function such that 7;(b]) = [jlog |Y|] for
any b} € 7. We can construct the finite-state IL encoder v; which encode
a given sequence y € Y in the following manner: y is parsed into blocks
of length j,m,m,---, and the first block is encoded with 7;(y]) bits and
remaining blocks y:¥1* (i = j,j 4+ m,j + 2m,---) is encoded with a,,(y:17")
bits. Hence, we have

() <7D+ > omyid). (3.8)

0<i<n—m+1
1=j mod m

Fix v > 0. The condition (3.5) of the complexity function and (3.8) implies
that there exits n; € N such that for any n > n; and y" € J",
Liyt) < 7D+ Y om(yidi) + M +ny

0<i<n—m
i=j mod m

J
itm Ti(y M
= % it (2 2
0<i<n—m n n
i=j mod m

where M = maxymcym 0,,(07"). Hence, we have the lemma. O
mey 1

Next, we show some properties of reference letter.

Lemma 3.2 For any xz € X* and r € Y satisfying (3.2), we have

1 n
limsup — Y di(z;, 1) < o0.
n—oo T i—1
Proof:  Since (3.2) holds, for any v > 0 and sufficiently large d and n, we
have

> d+ 1 > di(w,r)

n =1 n 1<i<n
dy(z;,r)>d

1 n
- d 73 S
- ; (x4, 1)

IA

SH
+
=
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and thus,
1 n
limsup = Y dy(z;, 1) < oo.
n—oo T i—1
Hence, we have the lemma. O

Lemma 3.3 Assume that z € X* and r € ) satisfies (3.2). Then, for any
~v > 0, there exists € > 0 and ng € N such that for any n > ny and any set
B C {1, --,n} satisfying ]B\/n <€,
- Z dl wza
zGB

Proof:  Since (3.2) holds, for any 4 > 0 and sufficiently large d and n, we

have
Z dl(l‘ia 7") S ’Y,

1<i<n
dy(z;,r)>d

1

Choose v/ > 0 and € > 0 so that ed + v < 7. Then, we have,

1 1
_Zdl X, T S - Z dl(mivr)_F_ Z dl(ZEZ’,T)
zeB n i€B n i€B
dy (z;,m)<d dy (z;,r)>d
1
S —Zd"—— Z d1<£ll'i,7'>
N icB d1 (z4,r)>d
< ed++
<7
and thus, the lemma is proved. O

Now, we show a lemma which plays an important role in the proofs. For

eachmeN, ke N, a"e X", and r € Y, define Ay(al",r) as

g(al,r Zdl a;,r) + i di(a;,r). (3.9)

i=m—k—+2

Then, we have the following lemma.

Lemma 3.4 Let L be a complexity function and fix » € Y. For any R > 0,

e > 0, and any integer k satisfying k > 1/e, there exists mg = my(¢, k, Y, L)
such that for any m satisfying rate(m;) < R — ¢ and any m > my, the
quantizer 2 defined in (3.6) satisfies that

dy, (a’f,wﬁ(a?)) < min > dk( aith m(a ii]f)>+Ak(a1 ,r) Ya' € XM,

OS]Sk_l i=j mod k
0<i<m—k
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i+
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Figure 3.1: Construction of 7r,(jm

and thus,

dy, (i, m(alih)) + Ax(al, ) Vap € a™.

wl*—‘

dpm (al, mal) mz
i=0

Proof:  For a given quantizer 7, and each j (0 < j < k — 1), let ﬂ,(cj?n be
the quantizer which quantizes a block a}* € X by the following manner. At
first, the first j symbols ay,---,a; of a* are quantized by the quantizer 7}
such that 7i(a) = r for all @ € X. Then, the following a7}, is partitioned
into blocks of size k and each block is quantized by 7. Lastly, the remaining
symbols aj 1, -+, an (m —j < k) of af* are quantized by m} (see Fig. 3.1).
Since dj, is subadditive, it is apparent that for any 7, and j, ﬂ,ijzn satisfies

that

) J
Ao (a7, M () <Y da(a, 7 (a:))
i=1

+ > di(aify, me(aify))

i=7 mod k
0<i<m—k

+ Z dl(ai,ﬂ(ai))
i=j+1
< > dilafy, m(aith)) + Al r) (3.10)

1=j mod k
0<i<m—k

Fix v so that 0 < v < e —1/k. Let &5, be a length function on Y* defined

as
oty = [ TRl 41+ 00k € ra(ah) s of € 2
[log |V*|]+1 : otherwise.

Then, by Lemma 3.1, there exists m; = mq(v,k,), L) such that for any
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m>mq and any 3 =0,---,k — 1,

L < > au(bE) +my W e Y™

Thus, if m > my, for any af* € X™,

. m m
L(mim(af)) < - (Mogllm]] +1) +my
1
< mR—irm(E —e—l—v)
< mR.
Hence, for all j =0,---,k — 1, we have
L (W,(j,)n(a;”)) <mR Va'€ X™. (3.11)

According to (3.11), the definition of 7 and (3.10) yields

d,, (a’ln,ﬂR(aT)) < min d,, (a{”,ﬂ(j) (a’ln))

m 0<j<k—1 k,m
< ; d ( itk itk ) Ao (a™ 7).
< ogrgnglilq FJ%(M k(@i me(aiy) ) + Axlal’,r)
0<i<m—k
This completes the proof of the lemma. O]

Proof of Theorem 3.1:  Notice that

D(R|z)
1 n—m-+1 1 ” ) .t 1
= liminflimsup inf ———— — oy, (2" T (2TT)
m—0oo n—0oo rate(::;)ﬁR n—m + 1 7; m ( )
1 n—m+1 1 . 1 R i 1

=1

Hence, to show the theorem, it is sufficient to show that

5(.%, 7Tk/)
1 n—m+1 1 ) )
> ligljogp liglqs;}p pe—— > adm (x?m_l, Wﬁ(xfm_l)) (3.12)

i=1

for any quantizer m such that rate(my) < R.
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Fix a quantizer 7 and € > 0 such that rate(my) < R—e < R. Let w € N
be sufficiently large so that k = wk’ satisfies & > 1/e. We can construct the
quantizer m, of block size k = wk’ which quantizes a block a¥ € X* by the
following manner. At first, a¥ is partitioned into w blocks of size k', and then,
each block is quantized by 7. By the definition, rate(m;) < rate(my) < R—e
and 6(x, m) < 0(x, mpr).

Fix v > 0, and choose Tj such that for any 1" > Ty,

di, (20" m (i) < 6w m) + . (3.13)

By Lemma 3.4, there exists mg = my(¢, k, ), L) such that for any m > my,
we have

dm, (mHm_l Tl (gitmt ))

) » 'm
l+k+i—1 l+k+i—1 i+m—1
min > de (2T m e T) + A )
0<j<k—-1,_
l=j mod k
0<i<m—k

for any i € V. Especially, we have

i+m—1 R/, i+m—1
A (xz T (25 ))

< > di (2l mal )+ Ar(ad )
P By

t+1)k i+m—
= Y A (e m@) + Al )
ig(tk+1)t§i+m—k
where j; is chosen so that ¢ + j; = 1 mod k. Hence, we have
n— m+1 1

z+m 1 z+m 1))

zl
1nm+1

1 vt
< Z Y (el ) 3 A
i=1 z<(tk+1)<z+m k
et (t+1)k (t+1)k
S Z i (xtkﬂ 77Tk(xtk+1 ) Zdl i, 1), (3.14)

where the last inequality follows from that each k-blocks is encoded by 7 at
most m times. Since (3.14) holds for any n and 7' (n > T'), letting T' = |n/k],
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we have

+m 1 H—m 1))

T-1
Dk o (D
n—m+1t > ds (mthrl A G ))
k
ey 2 @), 3.15
+m(n—m+1); (@i m) (3.15)

Since (3.13) holds for T' > Ty, the first term of the right-hand side of (3.15)
is bounded by

1 Dk t+1)k m
T—Fl Z dy, (:L‘tk+1) ) k( §k+1 )) < <1 + Th— m> (5(1»77%) + 7).

(3.16)
On the other hand, the second term of the right-hand side of (3.15) is bounded
as follows. By Lemma 3.2, we have

1

ligl_igp ﬁzdl Ti,T) = hin_)solip Zdl T, 1) < 00.
Hence, for sufficiently large n and m,
LS di(mr) < (317
T, T) 7. .
m(n —m+1) = ! 7

Thus, if n is so large that T' > Tj, then, combining (3.15), (3.16), and (3.17),
we have

1 n—m-+1 1

> L (ar mf )

=1

< (1 + Tk”i m) (6(z,m) +79) +7.

n—m-+1

Since m/(Tk —m) — 0 as T'— oo, we have

n—m-4+1 Z Edm (xz:-l-m—l’ﬂﬁ(x;—&-m—l)) < 5($,7Tk> + 3’)/.

Since §(x, ) < 0(x, mr) and v > 0 can be chosen arbitrarily small, we have
(3.12). O
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Proof of Theorem 3.2: Fix v > 0, and choose € > 0 such that

D(R —¢e|z) < IHBI D(R = C|z) + .

Then, choose sufficiently large k& and ng such that & > 1/e. Then, for any
n Z No,

R 1 n—k+1 1 ) ]

DuR—dat) = nf S L (a T m ()
rate(ﬂ'k?SR—e n-— k + 1 =1 k ( )
D(R — e|z) + v

IA A

lim D(R — 2.
im (R —(|x) + 2y

For each n > ng, we can choose a quantizer 7 such that rate(m) < R — €

and
1 n—k+1 1 ] )
- i+k—1 i+k—1
n—k+1 ; A CAREAC )
< 1(1{161 D(R — ¢|z) + 3, (3.18)

where 7, may depend on n. By Lemma 3.4, there exists mg = mg(€, k, Y, L)
such that for any m > mg, we have

t+1)m t+1)m
oy (2t " TR (™))
(H1)m—k+1 ‘ ' -
< X gl (@ m et ) + Al ),
i=tm+1
for any n and ¢ ((t + 1)m < n). It should be noted that mgy depends on
neither 7, nor n. Hence, we have

Z don (21" T (21 "))
O

1 T- 1 (t+1)m— k+1 4 1 T-1

S TP R G <Z+’“)+—2Ak (Thar™7)
t=0 i=tm+1
_ 1 TmZkJrl ld (ka 1 (@ ith— 1 ) + ZA (t+1)m r)
Tm gt L k 7 k tm+1 )
1 Tm—k+1 1 k1 o
S Tmohel 2 k% (a7 me ™)

i=1
1 T—1

+—ZAk (Thmi1" 7). (3.19)
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Now, we bound the second term of right-hand side of (3.19). By the definition
of Ay, we have

—ZAk< l(filji)lm? ) —Zdl(xlyr)v
T'm =0 T i€B
where
tm+1<i<tm+k—1or

BEli: (t+1)m—k+2<i<(t+1)m
t=0,1,---,T—1

Since |B| < 2(k — 1)T, we can choose m so that |B|/T'm < e. Thus, by
Lemma 3.3, for sufficiently large 7" and m, we have

1 1=

——ZAk£WJ§% (3.20)

Combining (3.18), (3.19), and (3.20), for sufficiently large T', we have

- 1)m . ~

Z ( t:r—zil ,Wﬁ($g:+)1 )) < 13{51 D(R — ¢|z) + 4.
—o ™M

Since v > 0 can be chosen arbitrarily small, we have

Tll

i i 1 2 (Hm (DM < i DR — '
im sup lim sup - ;) - ( Timi1 s T (Tims1 )) < lim (R —(¢lx)
This completes the proof of the lemma. O

Proof of Theorem 3.3:  Since

D(R|z) < ir]%f inf Oz, m) < lilgninf §(z, )

rate(m )< R

holds by the definitions, we shall show

lim sup 6(z, ) < hm D(R — (|x). (3.21)

k—oo

Fix v > 0, and then, choose € > 0, sufficiently large k (k > 1/¢), and Tj such
that for any T > Tj,

: —1 (t+1) t+
inf Z— (2 w2t Y)) <lim D(R — ¢|z) +
rate(ﬂkl§§R € t=0 k Clo
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For each T' > Ty, we can choose a quantizer 7 such that rate(m;) < R — ¢
and

—Z dk( et () <1C%1D(R C|x) + 27, (3.22)

where 7, may depend on T. By Lemma 3.4, there exists mg = mq(€, k, Y, L)
such that for any m > mg and any w € N, we have

A (Tt T (@1 ™))

wm—+1 »"m
t+1)k (t+1)k (w+1)m
S Z dk (Itk+1 77Tk(xtk+1 ) +A ( wm+l 7T)
t
wm<tk<(w+1)m—k

Hence, letting "= |Wm/k], we have

1 (w+l)m R/ (w+l)m
L Lt
1 = (t+1)k (t+1)k +1)m
< Wm Z Z dk (‘rtk—i-l 77Tk(xtk+1 )+— Z Ak wm+1 ) )
w=0
wmgtkg(w-‘—l)m—k
1 WAl (t+1)k (t1)k) RIS (w1)
~ Wm > (xtk+1  Th (441 ) ZAk Twmil >T)
t=0
1= t+1)k (t+1)k 1 S (w+1)m
< _Z 7k (xtk:-i-l T (g1 ) Z Ap(Toypmin 7)- (3.23)

If W is sufficiently large, the second term of the right hand side of (3.23) is
negligible (see (3.20)), and thus, combining (3.22) and (3.23), we have

L _dm (w+l)m R, (w+1)m < li D R +3
W wz::() m (‘rwm-‘rl 77Tm<'rwm+1 )) gfg ( C’l‘) -
Since v > 0 can be chosen arbitrarily small, we have (3.21). O

3.5 Fixed-Rate Lossy Coding of Ergodic Sources

In this section, we assume that X is a standard alphabet and that the dis-
tortion measure d, : X™ x Y" — [0,00) is a measurable function. For a
stationary ergodic source X = {X;}°,, let D(R|X) be the distortion-rate
function of X defined as
1
D(R|X) £ lim sup inf ~Bd, (XY,

n—oo  YP:LII[(XMYM)<R T



CHAPTER 3. FIXED-RATE LOSSY CODING PROBLEM 48

where

Pynpr (V7 X7
I(X?;Yf‘)éE[ vy (7] 1)]

Pyp (Y1)
It is known that, if X = {X;}°, is a stationary ergodic source then the

optimal distortion level attainable by fixed-rate lossy encoders is equal to
D(R|X).

Theorem 3.4 (Proposition 2 of [12]) Let X = {X;}2, be a stationary
ergodic source for which there exists 7 € ) such that E[d;(Xy,7)] < oo.
Then, for any R > 0, the following two statements hold.

1. (converse part)

For any sequence {m,}>°, of quantizers satisfying rate(m,) < R (n €
N), we have

1
liminf —d,, (=7, 7,(27)) > D(R|X),

n—oo 1

for almost all x € X'*°.

2. (direct part)

There exits a sequence {m,}°, of quantizers satisfying rate(m,) < R

(n € N) and

1
lim sup _dn (LE?, Wn(xrll)) S D(R|X>:
n

n—0oo

for almost all x € X'*°.

In the following, we consider the blockwise lossy coding of the sequence
emitted from the stationary ergodic source. It is important to note that
ergodicity of X = {X;}°, with respect to the shift transformation does
not imply ergodicity with respect to k-shift transformation. Therefore, we
cannot directly apply the ergodic theorem for successive blocks Xt(,iﬂ)k (t =
0,1,---). However, using Theorem 3.2, we can show that the sample average
of the block distortion achieved by the quantizer ¥ based on the complexity
function L tends to D(R|X).

Theorem 3.5 Let X = {X;}°, be a stationary ergodic source for which
there exists r € ) such that E[d;(X;,7)] < oo. Then, for any R > 0, we
have

lim §(z, 7)) = D(R|X), (3.24)

k—o0

for almost all x € A'°°.
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The difference between Theorem 3.4 and Theorem 3.5 should be pointed
out here. In the coding scheme appeared in Theorem 3.4, the quantizer
quantizes the given whole sequence at one time. On the other hand, in
the coding scheme appeared in (3.24), the given sequence is partitioned into
blocks of size k, and then, each block is quantized by 7. Theorem 3.5
ensures that the increment of the distortion is negligibly small when we fix
the block size k of the quantizer and quantize each block separately, if the
block size k is sufficiently large.

Remark 3.3 Yang and Kieffer [31] proved that (3.24) holds when the dis-
tortion measure d, is additive and the complexity function L is the length
function LY? of the LZ78 code.

Before proving Theorem 3.5, we show that if r € Y satisfies E[dy(X1,7)] <
00, then r satisfies (3.2) for almost all z € X'*.

Lemma 3.5 Let X = {X;}32, be astationary ergodic source for which there
exists r € ) such that
E[dl(Xl,T)] < Q. (325)

Then, for almost all x € X'*°, we have

1
lim limsup— Y di(x,7) =0.
d=00 n—oo N 52,
dy (z4,r)>d
Proof: ~ To prove the lemma, we show that there exists a set A C A
satisfying the following two properties: (i) Pxe=(A) = 1 and (ii) for any
x € Aand any v > 0, there exists Dy = Dy(z,y) and ng = no(z, ) such that

1
— Z di(x;,r) <y Vd> Dy and Yn > ny.
n 1<i<n

dy (xg,r)>d

Fix v > 0. Since r satisfies (3.25), we can choose D; = D;(X,~y) so that

di(a,r)Px, (a) <~/2 ¥d> D.
/{aidww} \(a,7) Py, (a) < 7/ 1

Define the function f; on X by

£a(a) AN { di(a,r) :ifdy(a,r) >d,

0 : otherwise.
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By the ergodic theorem [5], we have

nhj{)loand zi) = E[fa(X1)]  as.
that is,
i TS i) = [ i (0.7)Px, (o)
im — TiyT) = a,r a) a.s.
n—00 1, 1<i<n ! {a:d1(a,r)>d} ! X
dy(z;,r)>d

Hence, for almost all z € X*°, we can choose n; = ny(z, ) so that

1
— Z dy(z;,m) <y Vd > Djand Vn > ny.
n  Zi<n

dy (xzg,r)>d

This implies that for any v > 0, there exists A, C X'* satisfying Px=(A,) =
1 and 1

lim lim — > di(z,r) <y VoA,

d—oon—oon 2,

dy(zq,r)>d

Let A = ﬂ;’leAl/m- Then, Al/l D A1/2 D ---and thUS,

PXfo(A) = PXoo( N1 At/m)
= lim Pxe(Ay/m)

= 1.

Note that for any v > 0, there exists m € A such that 1/m < ~. Hence,
for all x € A and any v > 0, there exists Dy = Dy(z,v) = D1(X,1/m) and
no = no(z,7y) = ni(x,1/m) such that
1
— Z di(x;,r) <y VYd> Dy and Yn > ny.

1<i<n
dy (xy,r)>d

Hence, we have the lemma. O]

Proof of Theorem 3.5:  The converse part of Theorem 3.4 implies that

liminf §(z, 7') > D(R|X),

k—oo

for almost all x € X*°. Hence, to show the theorem, it is sufficient to show
that for almost all x € X'*°,

limsup 6(z, 7)) < D(R|X). (3.26)

k—o0
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Since if D(R|X) = oo then (3.26) holds, we assume that D(R|X) < oo.
Then, for almost all x € X*°, we have

D(R)x)
141 . .
< liminf inf limsup = Y Zdy (a1 malY)) (3.27)
—00 "k n—oo N —k
rate(mg ) <R =1
1
— liminf inf E[—dk (Xf,wk(Xf))} (3.28)
k—oo Tk k
rate(ny ) <R
— D(R|X) (3.29)

where (3.27) follows from the definition, (3.28) follows from the ergodic the-
orem [5], and (3.29) follows from the direct part of Theorem 3.4.

On the other hand, Lemma 3.5 implies that we can apply Theorem 3.2
for almost all x € X*. Thus, by Theorem 3.2 and (3.29), for almost all
r € X, we have

limsup §(z, 75) < lciﬂ)lf?(R—dx)

k—o00

< lim D(R — (| X).
im D(R — ¢|X)

Since D(-|X) is continuous [6], we have (3.26). O



Chapter 4

Fixed-Distortion Lossy Coding
Problem

4.1 Introduction

In Chapter 3, we considered the fixed-rate lossy coding problem of individual
sequences. In this chapter, we consider the variable-rate lossy coding of
individual sequences, and investigate the optimal compression rate at the
fixed-distortion level.

In a similar manner as the fixed-rate coding problem, we formulate the
fixed-distortion lossy coding problem of individual sequences as the problem
of optimizing the coding rate over all the blockwise lossy encoders. Then,
we characterize the OPTA function of the given individual sequence by using
the empirical distribution of the sequence. Our result clarifies that the opti-
mal coding rate achievable by fixed-distortion lossy coding schemes is equal
to the optimal average coding rate with respect to the overlapping empirical
distribution of the given sequence. We also investigate relations between the
OPTA function and the rate-distortion function derived by Yang and Kief-
fer [31]. In addition, we propose the fixed-distortion universal lossy coding
scheme based on the complexity of the sequence.

52
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4.2 Fixed-Distortion Lossy Coding of Indi-
vidual Sequences

Before stating our result, we introduce some assumptions. In this chapter,
we assume that we can choose a distortion level D satisfying

D > ind;(a,b). 4.1
sup min d (a, b) (4.1)

In addition, unless otherwise specified, we assume that the distortion measure
satisfies that

1
m+n

s g7H7) < max { (@ y7), (a2 i) | (12)

As shown in the following lemma, if the distortion measure is subadditive
then (4.2) holds. On the other hand, there exists a distortion measure satis-
fying (4.2) that are not subadditive, for example,

dn (27, y7) = nlrgiagldl(:vi, i),

where dy : X x Y — [0, 00).

Lemma 4.1 If the distortion measure d,, is subadditive, then (4.2) holds.

m Y — n xm+ r I m—+ *

This implies that

dm(% » Y1 ) + dn<mmilvymil) <

(27", Y1')- (4.3)
Combining (3.1) and (4.3), we have

1 m+n , m+n
e (2" ) <

1
—d, (27", y").
mLn m (191)

[

Now, we formulate the fixed-distortion lossy coding problem of individ-
ual sequences. A variable-rate lossy encoder of block size k is defined by a
quantizer m, : X¥ — Y* and a length function o}, on Y*. By a given encoder
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Figure 4.1: The blockwise lossy encoder (7, oy,)

(7k, 0k), a sequence x € X' is encoded in the following manner. At first,  is
partitioned into blocks of size k, and then, each block x,ﬁ,ifl)’“ (t=0,1,2,--)
is quantized into yt(,iill)k = mi(2{{_1r11) DY T Then, each yt(,ifl)k is encoded
by o (see Fig. 4.1). The asymptotic compression rate p(x, 7, o) attained

by the variable-rate lossy encoder (g, oy ) is defined as

T—-1
A 1 (t+1)k
p(z, M, 0x) = limsup 7 ;) 0% (e (2 i) -

To simplify the notation, we write dist(m;) < D meaning that the quantizer
m satisfies that dy,(a¥, mp.(a¥)) < kD for all af € X*. Then, the optimal com-
pression rate p(D|z) attainable by blockwise lossy coding at the distortion
level D is defined as

A . .
p(Dls) 2t inf  plr, 7y, 00,
k (7o)
dist(7g)<D

where inf (-0, istaken over all (7, o) satisfying dist(m) < D (Since (4.1)

dist(7g) <D

and (4.2) hold, there exists at least one quantizer 7 such that dist(m) < D).

In order to clarify the optimal compression rate p(D|z), we introduce
the rate-distortion function for each individual sequence. Let py(-|z7) be the
overlapping empirical distribution of 7 defined in (2.1). Then, let Ry(D|z?)
be the optimal average compression rate with respect to py(-|z}):

- N . 1
Fe(Dleh) & inf By | Lon (me(XD)]
dist(mg,) <D
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row) n—k—+1 —t k ’
dist (7 ) <D =

Lastly, the rate-distortion function R(D|x) of the sequence z € X™ is defined

as
R(D|z) 2 111?1 inf lim sup Ry, (D|z7).

n—oo
The following theorem gives a lower bound on the compression rate at-
tainable by variable-rate block encoders.

Theorem 4.1 (Converse coding theorem) Assume that D satisfies (4.1).
For any variable-rate lossy encoder (mg, o)) of the block size k satisfying
dist(m) < D, we have

p(z, 7y, 0) > R(D|z) Ve X™. (4.4)

Next, we show the coding theorem by constructing a universal fixed-
rate lossy block encoder. To describe the universal lossy block encoder, we
first define the quantizer based on the complexity function L. For each
k=1,2,--- let 72 be the quantizer defined as

72 (ah) 2 arg min L(Y) Vat e &% (4.5)
brEeyY
dk(a%,b}f)ng

Since L satisfies the Kraft inequality (3.4), the pair (7}, L) defines the
variable-rate lossy encoder of block size k.
Now, we state the coding theorem.

Theorem 4.2 (Coding theorem) Assume that D satisfies (4.1). The se-
quence { (72, L)}, of lossy block encoders satisfies that

limsup p(z, 72, L) < R(D|z) V& e X™. (4.6)

k—oo

Theorem 4.1 and Theorem 4.2 will be proved in Section 4.4. According
to Theorem 4.1 and Theorem 4.2, we have the following corollary.

Corollary 4.1 For any x € X* and D satisfying (4.1), we have

lim p(z, 7P, L) = p(Dlz) = R(Dlz).

—
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4.3 Relations among Rate-Distortion Func-
tions of Individual Sequence

As in the case of the distortion-rate function, the rate-distortion function may
be defined by using the non-overlapping empirical distribution instead of the
overlapping empirical distribution. Let Ry(D|zT*) be the optimal average
compression rate with respect to g (-|z7%),

N A 1
Ry(D|xT®) = inf E,|-o% (Wk(Xf))
(ks )) k
dist(7g,)<D
11
t+1
= E , O (7714 mgkﬂ) )) )
(ﬂ'k Uk) =0 k
dlbt(ﬂ'k)<D -

and R(D|z) be
(D|x) = hmlnfhmsup Ri(D|zT*).

T—o00

Now, we show that R(D|z) is identical with the rate-distortion func-
tion RYX(D|x) introduced by Yang and Kieffer [31]. For x7* and 7, let
q(-]2T* 7,) be the non-overlapping empirical distribution defined as

L 0<t<T—1 (kY — bk
T my & WO ST 2Ll 14

and HT*(zT* m,) be the entropy of g (-|2T*, m) defined by

1

rrn /. .n A n n
Hy («f, m) = P § , —Qk(blﬂfpﬁk)IOgC]k(b]ﬂ%ﬂTk)-
bheyk

For a fixed quantizer 7y, let o) be the length function of Huffman code (see,
for example, [2]) for g (-|zT*, 7). Then, we have

1=

7 Dk
HIF @™ 1) < 1%f? g 7k (Wk(xﬁil) ))
. 1
< Hi"(a™m) + T
Hence, we have
R(D|z) = lilgn inf lim sup i%f HF* (2T ), (4.7)
— T—oo

dist(mg,) <D
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and the right hand side is identical with the definition of R *(D|z) [31].
On the other hand, Yang and Kieffer [31] proposed a lossy encoder (7£4, L1%)
based on the length function L*Z of LZ78 code, and showed that

Jim p(x, wf?, LH) = R (D]a), (48)

under the condition that the distortion measure is additive. Since L is a
complexity function, combining Corollary 4.1, (4.7), and (4.8), we have the
following corollary. This corollary shows that RY X (D|z) is equal to R(D|z)
and R(D|z) if the distortion measure is additive.

Corollary 4.2 Assume that the distortion measure d, is additive. Then,
for any x € X'*°, we have

R(D|z) = R(D|z) = RY¥(D|x).

In [17], the rate-distortion function R}, (D|x) of x was defined as the in-
fimum of R such that there exists y € ) satisfying the distortion constraint
1 . )

lim sup sup Edk(xfk_l, Yty < D, (4.9)
k—o0 %

and the rate constraint

A

H(y) <R,

where H (y) is the overlapping empirical entropy of y. As shown in Theorem
2.1, H (y) is the finite-state compressibility p(y), that is, the optimal compres-
sion rate of y attainable by finite-state lossless encoders. We can interpret the
meaning of R} (D|x) as the infimum of the optimal lossless compression rate
H (y) of the reproduction sequence y satisfying the distortion constraint (4.9).
The following theorem shows that R (D|z) is equal to the rate-distortion
function R(D|z) if the distortion measure is non-decreasing.

Theorem 4.3 Assume that the distortion measure d,, satisfies (4.2) and is
non-decreasing, that is, for any n € N, 2} € X", and y} € J",

di (a7 g ) < d(atyy) Yk (U <i<n—k+1).

(3

Then, we have

limsup p(z, 72, L) = R(D|z) = R*,, (D|z) =€ X*,

k—o0

provided that R, (-|z) is continuous at the point D.

Theorem 4.3 will be proved in Section 4.4.
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4.4 Proofs of Theorems

In this section, we prove Theorem 4.1, Theorem 4.2, and Theorem 4.3.

At first, we prove a key lemma. Using this lemma, Theorem 4.1 (resp.
Theorem 4.2) can be proved by a similar manner as the proof of Theorem
3.1 (resp. Theorem 3.2).

Lemma 4.2 Let L be a complexity function, and assume that D satisfies
(4.1). For any k € N and any v > 0, there exists mg = mq(v, k, Y, L) such
that for any (my, o) satisfying dist(7,) < D and any m > my, the quantizer
7P defined in (4.5) satisfies that

L (Wﬁ(@{”)) < min Y Uk( k(a fo)) +my Vai' € X™,  (4.10)

OSJSk_l i=j mod k
0<i<m—k
and thus,
mz 1

=0

Proof: Let 77 be the quantizer defined as

mi(a) £ argmindi(a.b).

Fixj (0<j<k-—1) andletjémax{l:lzjmodk,l <1 < m}. Further,
let b(j)7* be the block of length m defined as

b(j)z’éﬂf(ai) 1<i<jorj+1<i<m,

and
b(j)h =m(aly) i=jmodkand 0 <i<m—k

(see Fig. 4.2). According to (4.1), ] satisfies
di(a,m7(a)) <D Vae X,
Moreover, since dist(m) < D and (4.2) holds, we have

dp (a7, 0(j)7) <mD Vj' =0,---,k—1. (4.12)
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Figure 4.2: Definition of b(j)}"

Thus, for sufficiently large m, we have

D/ . m < : \M .
L(ma(al) < min L(GT) (4.13)
< i )itk :
< Jminomin 0<§n_k or (b)) +my  (4.14)
i=j mod k
: 1\i+k
= 0<)/<h-1 0<i<zm% Tk (b(J )i+1> +my
zz_j’_mod k
— : i+k
= Jun 0<i<2m7k Ok (Wk(au-l)) +my,
i=j mod k

where (4.13) follows from (4.12) and the definition of 72 and (4.14) from

m?

Lemma 3.1. Hence, we have the lemma. O

Proof of Theorem 4.1: Notice that

R(D|x)
1 n—m+1 1 " :
= liminfli inf ——— o, (7, (™
minflimsup inf Sl 2 e (o (&™)
dist(mm ) <D 1=
< limsup lim sup - n_fzﬂ iL <7TD (x.l:-i-m—l))
o m— oo n—oo n—m.{.]_ m m\“"g .

=1

Hence, to show the theorem, it is sufficient to show that

: : 1 o 1 D, i+m—1
h;njo%phinj;pm ; EL (7rm(acZ )) < p(z,m,06) (4.15)

for any (my, o)) such that dist(mg) < D.
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Fix v > 0 and choose Ty such that for any T' > Ty,

11
7 2 o (ml@ill) < ol ) 4+ (4.16)

By Lemma 4.2, there exists mo = mgo(7, k, Y, L) such that for any m > my,

L(np@™ )< min > op (me(al ™) +mo,
J

0<j<k-1,_ " Sak
0<I<m—k

for any + € N. This implies that

L(r2Ermh) < 3 o (m(lHh) + my,

l=j; mod k
0<I<m—k

= Y o (mplh) +m,

t
i< (th+1)<itm—k

where j; is chosen so that ¢ + j; = 1 mod k. Hence, we have

n—m-+1 1
iy D¢ i+m—1
Y L(mmE™)
1 n—m-+1 L
< — Z > o (m(xiiil) )) +(n—m+1)y
=1 ig(tk+1)t§i+m7k
ln/k| -1
< Y o (mEi) + (n—m+ 1), (4.17)
t=0

where (4.17) follows from the fact that each k-blocks is encoded by (g, o)
at most m times. Since (4.17) holds for any n and 7', letting " = |n/k|, we
have

1 n—m-+1 1 T-1

n—m+1 ; EL( m(@ 1))_n—m_|_1tzoo-k(wkxtfc—:-ll)k))"_%

Since (4.16) holds for T' > Ty, we have

1 n—m+1 1 ) m
S L (xR ) < (14 ) (ol m o) +7) +

=1

n—m+1
for T'> Ty. Since m/(Tk —m) — 0 as T — oo, we have

1 nm+11 N )
- —L me)) < 37.
Tl &l () < pleme0) + 39

Since we can choose v > 0 arbitrarily small, we have (4.15). O
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Proof of Theorem 4.2: Fix v > 0, and choose k and ng such that for any

n Z Ny,
11 . .
_<w1;f,1ofk> - ;:1 el (mi(ait*1)) < R(DJx) +
dist(7g)<D

For each n > ng, we can choose an encoder (7, 0y) such that dist(m,) < D
and

—Z<%< i) < R(Dlz) + 27, (4.18)

where (7, 01 ) may depend on n. By Lemma 4.2, there exists mg = mg(7y, k, Y, L)
such that for any m > mg, we have

Dy (t+1)m ekt ith—1
L (ﬂ-m(xtm-‘rl )) S Z Egk (Wk(flj‘ )) + mY,
i=tm—+1

for any n and ¢ ((¢t + 1)m < n). It should be noted that my depends on
neither (my, ox) nor n. Further, we have

T = m e T Tmm e gt
1 Tm—k+1 1 i
= T X o (™)) 4
< 1 TmZkH 1 ( ( i+k—l)) +
e T R —oy (T (] .
= Tm—k+1 & pOE\TEE !
Since (4.18) holds for n > ng, and (> 0) can be chosen arbitrarily small, we
have
: : 1 &1 D/ (t+1)m ~
h;njo%p hrTnasip T ; EL (7r (Tt )) < R(D|x).

[

Proof of Theorem 4.3: By Corollary 4.1, to show the theorem, it is sufficient
to show that

limsup p(z, 7, L) = R, (D|x) (4.19)
k—o0
provided that R, (-|z) is continuous at the point D.
Let y = 7f(z) = 7P (af)wf (235 ) - - -, and fix € > 0 arbitrarily. For any

integer m and ¢ such that m = Lk +j; (1 < 51 < k) and i = bk + jp
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(1 <j3 < k), we have

+m— +m— l l2)k j j2)—1 (I l2)k j jo)—1
dm(xi+ 17yz+ 1) = dl1k+j1( Z(QII:HQQ) U ) l(g}cijz) ot
11+l k —(l1+1 k
S d(ll+2)k(xl(21kj—f+2) ) y§2}€if+2) ) (420)
< (b +2)kD (4.21)

of _ i
m(D+2X=0p)

Ik + WAl
where (4.20) follows from the fact that d,, is non-decreasing, and (4.21) from
dist(rf) < D. Thus, if m = [,k + j; is sufficiently large,

(L gy <m(D +€) Vie N.

Since € can be chosen arbitrarily small, we have

1
lim sup sup —d,,, (z:7" 1 gt < D. (4.22)
m

m— o0 '3

Further, by Theorem 2.2, we have

A

() = ) < lmsp 13 1L (5 ). (4.23)

T—o0

By the definition of R}, (4.22) and (4.23), we have

vm?

R:,.(D|r) < limsup p(z, 7y, L). (4.24)

k—o0
Next, we show that if R’ (-|x) is continuous then
limsup p(z, 7p, L) < R:, (D|z). (4.25)
k—o0

Fix € > 0 and v > 0 arbitrarily. By the definition of R (D — ~|z), there
exists a sequence y € Y* and an integer ko such that

H(y) < R}, (D —7lx) + ¢, (4.26)
and for all & > kg and Vie N,
L ) < (D =) 44 = D. (4.27)

On the other hand, by Theorem 2.2, for sufficiently large m and T, there
exists a length function O’Z; on Y™ such that

Y

=0

1 i ~
ot (") < H(y) + €/2
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By Lemma 3.1, for sufficiently large k (k > m), we have forallt = 0,1,2,---, T,
1k i+1)m
Lyii) < X onlumi™) +ke/2,
th<im< (t-+1)k—m
and thus, for sufficiently large k and T', we have

11 t+1)k ~
— Z Lyt ) < H(y) +e (4.28)

Moreover, according to the definition of 7 and (4.27), for sufficiently large
k (k > ko), we have
1
L(m (") < L) (4.29)

Combining (4.26), (4.28) and (4.29), for sufficiently large k& and T, we have
151 (70 (@it )) < Riu(D—7lw) + 2€
T par k thk+ — vm

< R} (D|z) + 3¢, (4.30)

where the last inequality (4.30) follows from the assumption that R}, (-|x) is
continuous at the point D. Since ¢ > 0 can be chosen arbitrarily small, we
have (4.25).

Combining (4.24) and (4.25), we have (4.19) O

4.5 Fixed-Distortion Coding of Ergodic Sources

In this section, we assume that X is a standard alphabet and that the dis-
tortion measure d,, : X" x Y" — [0,00) is a measurable function. For a
stationary ergodic source X = {X;}°,, let D(R|X) be the rate-distortion
function of X defined as
R(D|X) = 2 inf inf —I(Xf,Y”)
nYPPr{dy (X],Y)<nD}=1 N
It is known that, if X = {X;}°, is a stationary ergodic source then the

optimal compression rate attainable by the fixed-distortion lossy encoders is
equal to D(R|X).

Theorem 4.4 (Proposition 4 of [12]) Let X = {X;}2, be a stationary
ergodic source, and assume that D satisfies (4.1). Then, the following two
statements hold.
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1. (converse part)

For any sequence {(m,, 0,,)}5°; of variable-rate encoders satisfying dist (7, ) <
D (n € N), we have

lim inf ~a, (mn(27)) > R(D|X),

n—oo 1
for almost all x € X*°.
2. (direct part)
There exits a sequence {(m,, 0,)}2, of variable-rate encoders satisfying

rate(m,) < D (n € N) and

1
limsup —o, (m,(2})) < R(D|X),

n—oo T

for almost all x € X*°.

In the coding scheme appeared in Theorem 4.4, the given whole sequence
is encoded at one time. On the other hand, in the following, we consider the
blockwise lossy coding of the sequence emitted from the stationary ergodic
source. Next theorem shows that the optimal performance can be attained
even if we encode each block separately.

Theorem 4.5 Let X = {X;}2, be a stationary ergodic source, and assume
that D satisfies (4.1). Then, we have
lim p(x, 7, L) = R(D|X), (4.31)

k—oo

for almost all x € X'*°.

Proof: 'The converse part of Theorem 4.4 implies that for almost all z € X'>°,
lign inf p(z, 7, L) > R(D|X).
Moreover, we have, for almost all x € X,

lim p(z, 7P, L)

k—o0
= R(D|z) (4.32)
1 n—k—l—ll '

dist(m),) <D i=1
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1 n—k+1 1

< h,?iiﬁlf '(wikr’lafk) liinﬁs;}pm ; Eak (Wk(x?rk—l))
dist(7g, ) <D 1=
o 1 .
= diminf inf B | o (me(x))] (1.34)
dist(my,) <D
= R(D|X), (4.35)

where (4.32) follows from Corollary 4.1, (4.33) from the definition of R, (4.34)
from the ergodic theorem [5], and (4.35) from the direct part of Theorem 4.4.
Hence, we have the theorem. O]



Chapter 5

Fixed-Slope Lossy Coding
Problem

5.1 Introduction

In Chapter 3 and Chapter 4, we considered the fixed-rate and fixed-distortion
lossy coding problems of individual sequences, and proposed two kinds of uni-
versal lossy encoders based on the complexity function. While these universal
coding schemes are conceptually simple, it is not easy to implement them be-
cause they need a search over a set of reproduction sequences (see (3.6) and
(4.5)).

Seeking a universal lossy encoder with low coding complexity, Yang,
Zhang, and Berger [33] considered the coding problem called the fixed-slope
coding problem. The fixed-slope coding problem considers the minimization
of the cost defined as

on (Y1) + Adn (27, y7),

for some fixed A > 0. In this lossy coding problem, neither rate nor distortion
needs to be fixed, and thus, to minimize the cost, we can use some sequential
search algorithms such as trellis search [33, 32]. Yang et al. [33] clarified
the optimal cost attainable by fixed-slope lossy encoders and proposed the
fixed-slope universal lossy encoder for stationary ergodic sources.

In this chapter, we study the blockwise fixed-slope lossy coding of indi-
vidual sequences, and formulate the optimal cost {(z) for a given sequence
z € X attainable by blockwise lossy encoders. Let S(z) (resp. S(x)) be
the optimal cost with respect to the overlapping (resp. non-overlapping) em-

66
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pirical distribution of the given sequence z. Our main result clarifies that
three quantities &(x), S (z), and S(z) are equivalent. Moreover, we propose
a fixed-slope universal lossy encoder based on the complexity function, and
show that the optimal cost can be attained by this universal lossy encoder.

As an application of the result, we show that the blockwise fixed-slope
lossy encoder based on the complexity function can attain asymptotically
the optimal cost for any stationary ergodic source. We also investigate the
blockwise fixed-slope lossy coding of nonstationary sources.

5.2 Fixed-Slope Lossy Coding of Individual
Sequences

We consider the blockwise variable-rate lossy coding of individual sequences.
Following the same line as in [33], we investigate the cost function associated
with the variable-rate lossy block encoders. Fix a positive real number \. For
the lossy encoder (7, 0y ) of block size k (k € N), define the cost s (a}, Ty, o%)
of each block a} € X as

sk(a/f,ﬂk,ak) é O (Tk(alf)) + )\dk (Cllf,ﬂ'k(ak)) . (51)

The multiplier A is used to control the trade-off between the distortion and
the compression rate. —\ is interpreted as the slope of the line R = —AD+ S
in the D-R plain created by the various encoders (7, 0%) such that

(D, ) = (delal, mu(al), zox(m(ad))

and S = s(af, oy, 7).
For each sequence x € X, the asymptotic cost &(x, 7y, o) attained by
the lossy encoder (7, o) is defined as

1T*11 (t41

A
{(x, T, 01) = limsup T > ESk@tkL)kﬂTk,Uk)- (5.2)
T—o0 t=0

Furthermore, let £(z) be the optimal cost for z € X*° attainable by lossy
block encoders defined as

é(x)éinf inf &(z, Tk, o),

(Trk 30k
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where inf ;, ,,) is taken over all the lossy block encoders of block size k.

In order to clarify the optimal cost {(z), we introduce two quantities
S(z) and S(z). Let gi(-|zT%) be the non-overlapping empirical distribution
of zT% € XTF defined in (2.3). Then, Si(zT*) is defined as the optimal
average cost with respect to g (-|zT%):

- 1
Sk(xipk) = inf E, {—sk (Xf,wk,akﬂ

(Trkna.k) k
= inf lTillsk(x(tH)k Ty Ok)
(o) T g k70 T TR

where inf is taken over all lossy encoders of block size k. Letting T" — oo
and optimizing the block size k of the encoder, we define S(z) as
S(x) = i%f lim sup Sy (27%).
T—o0

By the definitions, it is apparent that &(x) > S(z) for any = € X™.

Along with S(z), we define S(z) using the overlapping empirical distri-
bution p(-|27) defined in (2.1). Let Sk(x]) be the optimal average cost with
respect to py(-|z}):

. 1
Si(z}) = inf E, {—sk (Xf,ﬂk,ak)

(Th,0%) k
1 nfk‘+11 k1
= inf ——— —Sp(xT T T, o).
(o) 10— K + 1 2 gl 0

=1

Then, S(z) is defined as

S(z) 2 inflim sup Sy (7).
k  n—oco

Though one may suspect that the quantity S () has no implication, S (x)
plays quite important roles in our discussions. As shown in Section 5.4, the
overlapping version S(z) is a useful quantity for investigating the coding
problem of the stochastic sources.

The next theorem shows that S(z) is equal to S(x) and represents the
optimal cost £(z) attainable by lossy block encoders.

Theorem 5.1 For any x € X°°,

E(w) = S(x) = S(x), (5-3)

provided that there exists a reference letter r satisfying (3.2).
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Next, we show that there exists a universal lossy block encoder which
attains the optimal cost (5.3).

Fix the positive number A\ and let L be an arbitrary complexity function.
For each k € N, let & be the quantizer of block size k defined as

e (ak) 2 arg min [L(blf) + Ady(a, b]f)} : (5.4)
bheyk
Since L satisfies the Kraft inequality (3.4), the pair (7£, L) defines the lossy
block encoder of block size k.
The next theorem shows that the lossy encoder (7%, L) based on the
complexity function L can attain the optimal cost.

Theorem 5.2 Let L be a complexity function. The sequence {(7%, L)},
of the lossy block encoders satisfies that

lim &(z,ml, L) = S(z) = S(z) Vo e X™, (5.5)

k—oo

provided that there exists a reference letter r satisfying (3.2).

Theorem 5.1 and Theorem 5.2 will be proved in the next section.

5.3 Proof of Theorems

In the proof of Theorem 5.1 and Theorem 5.2, we use the techniques devel-
oped in previous chapters. Recall that for a* € X™ and r € Y, Ag(al,r) is
defined in (3.9) as

k—1 m
Ap(a 1) 2 di(ar)+ S dai, 7).
=1

i=m—k—+2

The following lemma plays an important role in the proofs.

Lemma 5.1 Let L be a complexity function and fix r € ). For any k € N
and any v > 0, there exists my = mg(7, k, Y, L) such that for any (my, o)
and any m > my, the encoder (7% L) satisfies that

m L : i+k m m m
sm(ay, ), L) < oin > si(alty, T ok)+my+AA(al, T)  Valt € X

i=j mod k
0<i<m—k
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j+k
a1 aj @iy - a% k+1 4G+1 7 Am
! L7 ! !
I I Y T Y O A I
l ! !

Figure 5.1: Construction of W]gjm

and thus,

m—
S (al 77T Z
=0

jff, Tk, k) + my + AAg(a],r) Va* € X™.

wl»—‘

Proof:  For a given quantizer m, and each j (0 < j < k — 1), let W,(ﬁjgn be
the quantizer which quantizes a block a* € X™ in the following manner. At
first, the first j symbols aq,---,a; of al* are quantized by the quantizer 7}
such that 7ji(a) = r for all @ € X. Then, the following aJ ; is partitioned
into blocks of size k£ and each block is quantized by 7. Lastly, the remaining
symbols aj1,- -+, an (m —j < k) of af* are quantized by nf (see Fig. 5.1).
Since dj, is subadditive, it is apparent that for any 7, and j, 7r,(f7)n satisfies

that
d (a7 7 (@) < D" dilai i (a)

| Yo di(alfh m(ailt))

< Y dilalfy m(alth)) + Ar(al’ ). (5.6)

i=7 mod k
0<i<m—k

On the other hand, by Lemma 3.1, for any ~ > 0, there exists my =
mo (7, k, Y, L) such that for any m > mg and bj* = 77,(6]72”(@’1”) (0<j<k-1),
L) < Y on (W) +my

i1=j mod k
0<i<m—k

= Y o (mlaifh) +mn. (5.7)

i=j mod k
0<i<m—k



CHAPTER 5. FIXED-SLOPE LOSSY CODING PROBLEM 71

Thus, for any k, any (7, 0x), any j (0 < j < k — 1), and any a}* € X™, we
have
sm(af, T, L)

V) L) (5.8)
(@) + Ay (a7, ()

IA I IA
~ &8
/N N o~
= 3 o
TS TG &
2y i)
= 3

A Y di(alfy me(alt) + Aw(al r)| (5.9)

IN

> ox (melallf)) +my

ALY dilay mail)) + Aglat,r) | (5.10)
ot
= > splalf, me, on) +my + AAg(al, ), (5.11)

i=j mod k
0<i<m—k

where the inequality (5.8) follows from (5.4), the inequality (5.9) from (5.6),
and the inequality (5.10) from (5.7). O

Lemma 5.2 If € X’* and r € ) satisfy (3.2) then

limsup &(x, 7, L) < S(x).

k—o0

Proof: Fix v > 0, and choose k and ng such that for any n > ny,

inf ——— — rHR— <S5 .
(legl,lak) n—=k +1 12::1 k?Sk(xz Tk Jk) o (I> * 7

For each n > ng, we can choose an encoder (7, o) such that

1 n—k+1 1 ) R
—h 1 > ESk($:~+k_177Tk70k) < S(z) + 27, (5.12)

i=1
where (g, 0y) may depend on n. Since (3.2) holds, by Lemma 5.1, there
exists mg = mq(7, k,Y, L) such that for any m > mg, n > ng, and ¢ ((¢t +
1)m < n), we have

(t+1)m L
Sm(xthrl ) 7Tm7 L)
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tm+i+k (t+1)m
Sk(xtm+z+1a Tk, O ) + My + )‘Ak('rtm—I—I .7,

IN

= > —sp (2 e, on) + my + AAk(xgqﬁ)l 7).

It should be noted that mq depends on neither (7, o) nor n. Hence, we

have
1 Ti L n(@m L L)
m tm+1 b)) m)
t=
1 T—1 (t+1)m—k+1 1 . NE= t+1)
< ﬁ; i:%_ﬂ ESk( Lt m,ak)%—v%—ﬁtzoAk rhm
LIS L e A (t+1)m
< ﬁ 2 ESk(xi+ 7Tk,0k) + v+ ﬁ g Ak Timal 77")
1 Tm—k+1 1 -
< Lo itk
- Tm_k+1 ; k’s ('Tz 77Tk70k)
A

Tm

As a same manner as (3.20), we can show that for sufficiently large 7" and
m’

/\ T-1
T 2 Aelai™ ) < 7. (5.14)
Combining (5.12), (5.13), and (5.14), for sufficiently large 7" and m,
— 1 (t+1)m A
ZE tm+1 ) mv ) S()+4’7

Since v > 0 can be chosen arbitrarily small, we have

1= 1 (t+1)m A
li li —om ) ) <S5
imsup limsup - tZ(:) —s (Timi1 s T L) < S().

Lemma 5.3 If € X’ and r € ) satisfy (3.2) then

A

S(x) < S(x).
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Proof: Notice that

S(x)
= inflimsup inf #n—iﬂ ism(az:“m_l Tms Om,)
M nooo (tmom)n—m+1 = m ’ T
< inf inf lim supén_fjﬂism(xwrm*l Tms Om,)
M (tnom) n—ooce N—m+1 = m ' N
. . 1 bl o
< limsuplimsup——— Y —s, (2™ 7k, L).

m—o0 n— o0 n—m—l—l m

i=1
Hence, to show the theorem, it is sufficient to show that
1 n—m+1 1 ) 5
limsuplimsup ———— > —s, (i7" 7k, L) < S(z). (5.15)

3 )
m— 00 n—oo T — 1M + 1 i—1 m ' m

Fix v > 0, and choose k and T} such that for any 7' > Tj),

. 1 N
inf = _Sk(IEZi)kﬂTk,Uk) < S(z) + 7.
(o) T =5 K

For each T (T > Tj), we can choose the encoder (g, o)) such that

S
-

1

72 poulait) moon) < S() + 2, (5.16)
t

x| =

Il
=)

where (7, 01 ) may depend on T'. By Lemma 5.1, there exists mg = mq(~v, k, Y, L)
such that for any m > mg, T > Ty, and i (i < Tk —m + 1), we have
Sz 7l L) < min > sk(:cﬁif”’l, Ty O ) FMAYFAA (2™ ),

0§j§k—1 =7 mod k

0<i<m—k

Especially, we have

IA

i+m—1 _ L L)

Sm(xz » s Z Sk('réif—i_i_l? Tk Uk) + mry + >\Ak(l‘§+m_17 T)v

l=j; mod k
0<I<m—k

k i+m—
- Z Sk(%(:Zi) )y Thes Uk) +my + /\Ak<mz+ 1’ T’),

t
i< (th+1)<itm—k
where j; is chosen so that ¢ + j; = 1 mod k. Hence, we have
n—m+1 1

> snat kL)

i=1
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1 n—m-+
-~ Z > sl m o) £ (- m+ 1)y

t
i< (tk+1)<i+m—k

)\n m+1

_|__ Z A H—m 1 )

Lkl =1 (t+1)k 20k
< > sp(wyy TReok) + (n—m A+ 1)y + - > " di(25,7),(5.17)
t=0 i=1

where (5.17) follows from that each k-block is encoded by (my, o) at most
m times, and each symbol is quantized by 7] at most 2k times. Since (5.17)
holds for any n and T (n > T), letting T' = |n/k|, we have

1 n—m-+ )
o 1 Z Sm(IfZi—i_m 17 é?L>
1

n—m+1 &

'
m
1 = (t+1)k
n_mai1 Z Sk(Tos1 + Thy Ok)
=0
20k -

+7+m(n—m+1) et

Since (5.16) holds for T' > Ty, the first term of the right hand side of
(5.18) is bounded by

sm(xfrm L 7%,L) (1+

i m) (3)+27). (519

On the other hand, as a same manner as (3.17), we can show that for suffi-

ciently large n and m,

Zch (zi,7) < 7. (5.20)

m(n—m~|—1

Thus, if n is so large that T' > Tj, then, combining (5.18), (5.19), and (5.20),
we have

1 (RN 1 i+m—1 L
Z _Sm(xz’ » T L)
n—m+1 = m
m ~
< (1 + m) (S(x) +27) + 27

< (1 + ﬁ) (g(x) + 27) + 27.
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Since m/(n — k —m) — 0 as n — 0o, we have, for sufficiently large n,

1 n—m-+1 1

S —sm(@t T wh, L) < S(z) + 5.

n—m+1 = m

Since v > 0 can be chosen arbitrarily small, we have (5.15). O

Proof of Theorem 5.1 and Theorem 5.2: By the definitions, it is apparent
that
S(x) < &(x) < liminf €(z, mf, L),

for any x € X'*°. Moreover, by Lemma 5.2 and Lemma 5.3, we have

limsup &(z, 78, L) < S(z) < S(z) Vo e X™,
k—o0
provided that there exists a reference letter r satisfying (3.2). Hence, we

have
lim &(z, 7, L) = £(2) = S(a) = S(x) Vo e X,

—

provided that there exists a reference letter r satisfying (3.2). O

5.4 Fixed-Slope Lossy Coding of Nonstation-
ary Sources

In this section, we apply our result on the fixed-slope lossy coding of in-
dividual sequences to investigate the fixed-slope lossy coding of stochastic
sources.

In Subsection 5.4.1, we study the blockwise fixed-slope lossy coding of
stationary ergodic sources. While Yang et al. [33] showed a similar result,
their coding scheme requires that the given whole sequence z7 is quantized
into Y7 to attain the optimal cost. On the other hand, our result ensures that
we can attain the optimal cost even if we fix the block size k of the encoder
and encode each blocks xiiill)k (t =0,1,---) separately, provided that the
block size k of the encoder is sufficiently large.

In Subsection 5.4.2, we consider the fixed-slope lossy coding of nonsta-
tionary sources. We generalize the result of Yang et al. [33] and clarify the
optimal cost for nonstationary sources with finite alphabet.
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5.4.1 Fixed-Slope Lossy Coding of Ergodic Sources

In this subsection, we assume that X is a standard alphabet and that the
distortion measure d,, : X" x Y" — [0,00) is a measurable function. In
addition, we introduce some assumptions appeared in [33]. We assume that
the distortion measure is additive, and that there exists a reference letter
r € Y satisfying (3.25). Moreover, we assume that

supmin d; (a,b) = 0, (5.21)

acx b€y

otherwise, we may replace d; by
di(a,b) = dy(a,b) — ]22131}1 di(a,b).

Let X = {X;}2, be a stationary ergodic source. Under conditions (3.25)
and (5.21), the argument D in the rate-distortion function R(D|X) and the
argument R in the distortion-rate function D(R|X) can vary from 0 to +oo,
respectively. Since the rate-distortion function R(D|X) is a convex function
of D, R(D|X) is continuous and the right-hand derivative R/ (D|X) at D
exists for D € (0, Dpax), where Dipax 2 inf{D : R(D|X) = 0}. For any
A > 0, define Dy(X) £ inf{D : D > 0,R,(D|X) > —\} and Ry\(X) =
R(Dy(X)|X). Then, define S(X) as S(X) 2 R\(X) + ADx(X).
Yang et al. established the following results.

Theorem 5.3 ([33]) For any stationary ergodic source X = {X;}°,, the
following two statements hold.
1. (converse part)
For any sequence {(m,,0,)}22, of variable-rate lossy encoders,

1
liminf —s, (2}, m,, 0,) > S(X), (5.22)

n—oeo n,

for almost all x € X*°.

2. (direct part)

There exists a sequence {(m,,0,)}52, of variable-rate encoders such
that 1
lim sup 8,(a7, 7, 0) < S(X), (5.23)

n—oo 1

for almost all x € X*°.
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Moreover, they showed that a universal lossless encoder can be used to con-

struct a fixed-slope universal lossy encoder.

Theorem 5.4 ([33]) Suppose that {(7
rate lossy encoders satisfying that

oo
75, 05)}122 | be a sequence of variable-

sp(a¥, 7, 0%) = ITél)I}ln (o2 (0F) + Ady(at, b)), VneN,Val € X" (5.24)

n»Yn )
by

Further, assume that for any stationary ergodic source Y = {Y;}°, with
alphabet ),

1
lim 1sup —U;’;(y’f) < H(Y), (5.25)

for almost all y € Y. Then, {(«;
ergodic source X = {X;}2,,

o)} | satisfies that for any stationary

< S(X),

1
limsup —s, (x}, 7, 00)

n—oo T

for almost all x € A'°°.

Now, we show that the blockwise lossy encoder (mf, L) based on the
complexity function L is optimal for stationary ergodic sources.

Lemma 5.4 Let L be arbitrary complexity function and 7& be the quan-
tizer defined in (5.4). Then, the sequence {(7L, L)}, of variable-rate lossy
encoders satisfies that for any stationary ergodic source X = {X;}°,,

1
lim sup Esn(:cl,ﬂ L) <S(X),

for almost all x € A*°.

Proof: Since (5.4) implies (5.24), to show the lemma, it is sufficient to show
that ]
lim sup L(yl) <H(Y), (5.26)

for almost all y € Y*°.
Fix € > 0. By Theorem 2.2, for sufficiently large m and 7T, there exists a
length function 0'777; on Y™ such that

11 i ~
ot (") < H(y) + €/2
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Moreover, by Lemma 3.1, for sufficiently large n, letting T" = |n/m|, we have

L(yt) < T (Yiti") + ne/2,
0<i<n—m
i=0 mod m

and thus, for sufficiently large n,

| . .

EL<y1) < H(y) +e.
Since we can take € > 0 arbitrarily small, we have

1 .
limsup —L(yy') < H(y) Vye Y.

n—oo T

On the other hand, it is known that H(y) = H(Y') for almost all y € Y
[36]. Hence, we have (5.26). O

Next, we show that the optimal cost can be attained even if we encode

each blocks xgtkfl)k (t=0,1,---) separately.

Theorem 5.5 Let L be a complexity function. Then, for any stationary
ergodic source X = {X;}22,, we have

lim &(x, 7, L) = S(X), (5.27)

k—oo
for almost all x € A*°.

Proof: 'The converse part of Theorem 5.3 implies that
lim &(X, i}, L) > 5(X),

for almost all z € X*°. Thus, to show the theorem, it is sufficient to show
that for almost all z € X,

Jim (X, 7, L) < S(X).

By the assumption (3.25) and Lemma 3.5, r satisfies (3.2) for almost all
xr € X%, and thus, we can apply Theorem 5.2 to almost all . Hence, we
have

Jlim &(z, w7, L)

= S(X) (5.28)
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1 n—k+1 1

= ipflimsup inf T 3 ps@ i meo) (5.29)
1 n—k+11 )
s bl s ; PRACHINLEED
1
= inf inf E —Sk(Xf,ﬂ'k,O’k)} (5.30)
ko (7,0%) k
= S(X), (5.31)

where (5.28) follows from Theorem 5.2, (5.29) from the definition of S, (5.30)
from the ergodic theorem [5], and (5.31) from the direct part of Theorem 5.3.
L]

5.4.2 Fixed-Slope Lossy Coding of Nonstationary Sources

In this subsection, we assume that X is finite, and that the distortion measure
is additive and satisfies (5.21).

At first, we consider the fixed-slope lossy coding problem of stationary
sources. Let X = {X;}2, be a stationary source. By the ergodic decompo-
sition theorem [5], there exists a measure ¢x on the sources such that

Ox ({V .V = {V;}:2, is stationary ergodic}> =1,
and
Pxs=(4) = [ Pr=(A)dox (V).

for all measurable set A C X>. For a stationary source X, let S(X) be the
average of the optimal cost S(V') of the ergodic component V' of X that is,

S(X) 2 [ S(V)dox(V).

The next theorem clarifies that the optimal average cost for a stationary
source X equals to S(X).

Theorem 5.6 The following two statements hold.

1. (converse part)
For any stationary source X = {X;}°, and any sequence {(m,, 0,)}52,
of encoders,
1 _
liminf —F [s,, (X, 7, 0,)] > S(X). (5.32)

n—oo 1
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2. (direct part)

Let L be arbitrary complexity function and 7£ be the quantizer defined
in (5.4). Then, for any stationary source X = {X;}2,,

1 )
limsup —F |5, (X7, 7}, L)] < §(X). (5.33)

n—oo 1

Before proving Theorem 5.6, we show that the cost associated with the
encoder (mf, L) is bounded.

Lemma 5.5 For the encoders {(n%, L)} based on the complexity function
L, there exists M = M (L) < oo such that

sp(a¥ b L) < kM Vk € N, ab € X* (5.34)

Proof: Let My = [log|Y|] and fix b € ) arbitrarily. For each k € N, let
bF € V¥ be the sequence such that b; = b (i = 1,---, k). It is not hard to see
that there exists ko such that for any & > ko,

L(B) < kM.
For each k=1, ko — 1, let M, 2 (1/k)L(b¥), and then, let M be

M = max M + Adpyax,

0<k<ko—1

where dpax 2 max,cy maxpey di(a,b) < oo. By the definitions, for each
k€ N, bf € V¥ satisfies that

L(BY) 4+ Mdp.(ah, b¥) < kM Va¥ € X"

Thus, by the definition of 7f, we have (5.34). O

Proof of Theorem 5.6: At first, we prove (5.32). Fix e > 0 and {(m,,, 0,,) }22;.
By (5.22), for any stationary and ergodic source V- = {V;}°, with the al-
phabet X,

1
liminf —s,(V}", m,,0,) > S(V) as.
n—oo n,

Thus, there exists ng = ng(e, X) and a set I'; of ergodic components of X
such that
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and for any V' € I'y and any n > ny,
1
Pr {—sn(‘/l”,wman) > S(V) — 6} >1—e
n

For any V € I'; and any n > ny,

E Esn(vl”,m,an)} > (1—6)(S(V) - ). (5.36)

By the ergodic decomposition theorem [5] combined with (5.35) and (5.36),
we have for any n > ng,

E Esk(x;m,an)] - [B Esnm”,wn, 7)| dox (V)

> (1= 95X) -0 — ¢ [swps(V)]

Since S(V') < [log|YV|] + Admax < o0 for any V', and € > 0 can be chosen
arbitrarily small, we have, for any ¢ > 0 and sufficiently large n,

1
E | =s, (X7, Tny00)| > S(X) — €.
n

Thus, we have (5.32).

Next, we prove (5.33). Fix e > 0. Lemma 5.4 and Lemma 5.4 guarantees
that {(m%, L)}, satisfies that for any stationary ergodic source V' = {V;}22,
with alphabet X,

1
limsup ~s, (o}, 74, L) < S(V),
n

n—oo
for almost all v € X*°. Hence, for any stationary source X = {X;}°, , there
exists ng = no(e, X ) and a set I'y of ergodic components of X such that

¢x(I'2) > 1 —¢, (5.37)

and for any V € I'; and any n > ny,
1
Pr {—sn(vl”,wg, L)< S(V)+ e} >1—e (5.38)
n
By (5.34) and (5.38), for any V' € I'y and any n > ny,

1
E bsn(vl”,wg,m} < S(V)+e+eM. (5.39)
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By the ergodic decomposition theorem combined with (5.34), (5.37), and
(5.39), we have for any n > ny,
1 1
Bl s(Xpmi )] = [E|ss(VakL)] dox(V)
n

n

1
S(X)+e+eM+esupE [—sn(Vl”ﬂrﬁ,L)
% n

IN

< S(X)+e+eM+eM.

Since we can choose € > 0 arbitrarily small, we have (5.33). O

Next, we consider the blockwise lossy coding of nonstationary sources.
To clarify the optimal cost, we introduce the stationary hull A(X) of the
source X = {X;}2, [11]. The stationary hull A(X) of X is defined as the
set of all sources Z = {Z,;}°, with alphabet X such that for some sequence
of integers n; < mng < -+,

5

lim — "B (X0, Xon, )] = E[f(Z1, Zo, )]

for every real-valued function f defined for sequences from X which depends
on only finitely many coordinates. It is known that every Z = {Z;}°, in
A(X) is stationary [11]. Let

2

S*(X) sup S(Z).

ZeA(X)
The next theorem clarify that the optimal average cost for a source X =

{X;}$2, attainable by blockwise encoders is equal to S*(X).

Theorem 5.7 The following two statements hold.

1. (converse part)
For any source X = {X;}°, and any lossy block encoder (7, o%),

1 T-1
lim sup Tk > E [sk(Xt(,iﬁ)k,wk, ak)} > S*(X). (5.40)
=0

T—o00

2. (direct part)

Let L be arbitrary complexity function and 7% be the quantizer defined
in (5.4). Then, for any source X = {X;}2,,

1 T-1
lim lim sup T Y E [sk(Xf,iﬂ)k,mf, L)} < S*(X). (5.41)
=0

k—oo 700
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Before proving Theorem 5.7, we state some lemmas.

Lemma 5.6 For any stationary source Z = {Z;}°,,

1 1
inf inf F %Sk(ZfﬂTk,Uk) —hmlnf inf F ksk(Zf,wk,ak) .

(ko) k—oco  (my,01)

Proof: For any ki, ks, k3 (k1 = ko + k3) and any oy, and oy, there exists oy,
such that
Ok, (blfl) = Ok, (bIIQ) + Oks (blkc;;i]l%) Vblfl € ykl'

Since dy, is additive and Z is stationary, we have,

inf FE [Skl (Z{ﬂa k1> Oky ):|

(7rk:1 Uktl)
ks k3
< inf F {SkQ(Z1 ,7Tk2,0'k2)} + inf F [sk3(Zl ,7Tk3,0'k3)} :
(7rk2 ng) (7Tk3 ng)
Thus, we have the lemma. O

Lemma 5.7 For any & € N and any v > 0, there exists ng = ng(7v, k,))
such that for any n > ny and any stationary source Z = {Z;}°,,

17> %n>

1 1
E|=s,(27, 7k L)} <E [Esk(Zf,ﬂk,L) 5.
n

Proof: By Lemma 5.1, for any k € N and vy > 0, there exists ng = ng(7y, k, V)
such that for any n > ngy and any af € X",

(alv n?L>< Z 11’;771"“[/)4»”7

1=0 mod k
0<i<n—k

Since Z is stationary, taking the expectation of both sides of the inequality,

we have the lemma. 0

For any source Z = {Z;}°, and Z = {Z;}2,, let v(Z, Z) be the distance
between Z and Z defined as

A oo
25 2| X IPplal) - Pyt
k=1 akexk

The next theorem shows the average cost associated with (7f, L) is contin-
uous.



CHAPTER 5. FIXED-SLOPE LOSSY CODING PROBLEM 84

Lemma 5.8 For any k € A and any v > 0, there exists ( = ((k,y) > 0
such that if v(Z, Z) < ¢ then
1 1 N
’E |:%8k(Z{€77rl€l7 L)] —F [Esk(zf7 ﬂ-lfa L):l ’ <7.

Proof:  Let M be the number satisfying (5.34), and fix ¢ > 0 such that
eM < . Choose ( so that ¢ < e/2*. Then, if v(Z, Z) < ( then

> [Pzr(ay) — Pylah)] < e

a’fEXk

Thus,

'E Esk(Zf,ﬂ,f,L)] - F [%sk(ZAf,W;f,L)H

> sulak nh, D) [Pye(af) — P (af)]

akexk

M Y |Pg(ay) — Pyela)]

akexk

eM
v.

IA

IN A

Hence, we have the lemma. O]

Lemma 5.9 For any v > 0, there exists ng such that for any n > ny,

19 %n>

1
E [—sn(Z" nk L)] < SN (X)+vy VZ e AX).
n
Proof: By (5.33), we can choose kz for each Z € A(X) such that for any
k Z kZ?

E Fsk(zf, L, L)] < 5(Z)++/3

k
< S*(X)+~/3.

By Lemma 5.8, there exists ( = ((kz,7/3) and an open neighborhood Uz =
{Z :v(Z,Z) < ¢} such that for any Z € Uy,

1 N
E EskZ(ZfZ,mfZ,L) < S*(X) +27/3.
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Moreover, Lemma 5.7 implies that there exists ngz = nz(v/3,kz,Y) such
that for any n > nz and any Z € Ug,

1
E 8 (Z{l, ., L) < SY(X) + 7.

Since the open sets Uz (Z € A(X)) cover A(X) and A(X) is compact (see

[11] and references there in), we can choose finitely many Z(1),---, Z(t) such
that the sets Uz, -+, Uz also cover A(X). Thus, ng = maxi<;<; Nz
satisfies the lemma. O

Proof of Theorem 5.7:  First, we prove (5.40). For any (my, o),

11
lim sup T Z EE {sk(Xt(,iﬁ)k,ﬂk, ak)}
T—o0 t=0
: : 11 (HDk L
> limsuplimsup — > F |—s, (X1, 7, L) (5.42)

k—o0 T—o0 =0 k

1

= limsup lim sup — ZE[/{:

k—o00 n—00 nz 1

WX 1) (543

1 .
> 1rklf (ﬂl:lfk) hglﬁsogp - Zz; E [k (XL J;C)}

1
= mf inf  sup E{ sk(Zf,W;,U,'C)} (5.44)
k- (my, Uk)ZGA( X) k

1
> sup mf inf F [ sk(Zy, U;)}
ZeA(x) b (mop) Lk

1
= sup liminf inf E[—Sk(Zf,ﬂ,’g,a,;)} (5.45)
Zea(x) koo (mho) LK
= sup S(Z) (5.46)
ZeA(X)
= S*(X)a

where the equality (5.42) follows from Theorem 3.2, (5.43) from (5.15), (5.44)
from the definition of the stationary hull A(X), (5.45) from Lemma 5.6, and
(5.46) from Theorem 5.6. Thus, we have (5.40).

Next, we prove (5.41). The encoders {(mf, L)}2, satisfy that

1= (t+1)k
Jim imsup 7 3 2B [su(Xiy" wi L)

n

= mfhmsup inf 1ZE{ (Xht Wk,Uk)} (5.47)

n—oo 7rk O‘k n
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IN

1 )
111%f inf lim sup — ZE{ (Xf“k_l,ﬁ;c,a,;)}

ﬂ’ Uk) n—oo T k’

1
inf inf  sup E[ Sk(Zf77T;970-;€):|
k (m,01) ZeA(X) k

IN

1
limsup sup F { (27, n,L)]
n—00  ZcA(X) n

< S (X), (5.48)

where the equality (5.47) follows from Theorem 5.2 and (5.48) from Lemma
5.9. Hence, we have (5.41). O



Chapter 6

Conclusions

In this thesis, we investigated the lossless and lossy coding problems of in-
dividual sequences. In the lossless coding problem, we clarified the relations
among two kinds of empirical entropies, the self entropy rate, the Lempel-Ziv
complexity, and the compressibility of individual sequences. In the fixed-rate,
fixed-distortion, and fixed-slope lossy coding problems, we clarified that, for
each problem, the optimal performance attainable via blockwise lossy en-
coders is characterized by using empirical distributions of sequences. The
results are summarized as follows:

Clx) < p'z) = H(z) = H(z) = h(z),
6(Rlz) = D(R|z) = D(R|z),
p(D|r) = R(Dlx) = R(Dlx),

The complexity H(x) (resp. D(R|z), R(D|z), S(z)) gives the optimal perfor-
mance p”(z) (resp. d(R|z), p(D]x), £(z) ) attainable by blockwise encoders.
These results shows that when we consider coding problems of individual
sequences, H(z) (resp. D(R|xz), R(D|z), S(z)) plays an important role anal-
ogous to the entropy rate H(X) (resp. the distortion-rate function D(R|X),
the rate-distortion function R(D|X), the optimal cost S(X)) of a station-
ary ergodic source. It should be pointed out that these complexities H (x),
D(R|z), R(D|z), and S(x) are defined by using the empirical distribution
pr(-|xY]) of the sequence x. This fact indicates that each coding problem of
an individual sequence = can be regarded as the coding problem of the source
which is defined by the empirical distribution of the sequence. Hence, the
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ergodic theorem allows us to apply our results on the coding problems of
individual sequences to the coding problems of stationary ergodic sources.
In this thesis, it was shown that for almost all sequence x emitted from a
stationary ergodic source X, H(z) (resp. D(R|z), R(D|z), S(x)) is equal to
H(X) (D(R|X), R(D|X), S(X)).

As an application of the above results, it was shown that a variation of
LZ78 code is universal for a set A for which there exists countable length
functions ¥ such that A C U,ex X*°(0). Moreover, we proposed the fixed-
rate, fixed-distortion, and fixed-slope universal lossy encoders based on the
complexity of sequences. For each coding problem, the relation between the
coding theorem of individual sequences and that of stationary ergodic sources
was investigated.

There are some important problems to be solved in the further research:

1. While Corollary 2.1 shows a sufficient condition for the existence of a
universal lossless encoder for a set of individual sequences, we should
clarify a necessary condition. It should be also clarified that the as-
sumptions introduced in lossy coding problems (for example, the exis-
tence of a reference letter) are necessary or not.

2. While we investigated the asymptotic performance of blockwise en-
coders, it is also important to evaluate the performance of block en-
coders when the block size k is fixed.



Appendix A

Source and Entropy

In this appendix, we summarize the quantities defined for random variables,
and introduce some kinds of stochastic sources.

Let U be a random variable taking values in a finite or countably infinite
alphabet U with the probabilistic distribution Py(u) = Pr{U = u} (u € U).
Then, the entropy of U is defined as

H(U) £ ZZ;PU(u) log %(u)

Let (U,V) be a pair of random variables U and V such that U (resp. V)
takes values in a finite or countably infinite alphabet U (resp. V). Then, the
conditional entropy is defined as

A
H{U|V) = Pyy (uv)log ————.
(U,U)EZMW wv Py (ulv)

Let X be arbitrary set. A sequence X = {X;}°, of random variables on
a set X is called a source with the alphabet X. If X = {X,}°, satisfies

Pxn(a}) = Pyitn(z)) Vaf,Vie N,

then, X is called a stationary source. Moreover, a source X = {X;}3°, is
called an ergodic source if X satisfies that

G={t:%;=w1,2 € G} = Pr{X° € G} =1or Pr{X{° € G} =0,

for any G C X*. A source which is stationary and ergodic is called a
stationary ergodic source. For a stationary ergodic source X = {X;}°, with
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finite or countably infinite alphabet X', the entropy rate of X is given by

1
H(X) 2 lim —H(XD),
n—oo 1,
where it is known that the limit exists [2, 7].
A source X = {X;}°, is called a k-th order Markov source with the

initial state z9_, € X* if

n—k+1
Pxp(zy) = H PXk+1|Xf(xi|$;:11~c)u
i=1
holds for any z} € X™ and n € N. In other words, a k-th order Markov
source is defined by the transition probability Py, x+(-|-) and the initial
state §_, € x*.
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