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Translation of first-class environments to records

Shin-ya Nishizaki * Yohji Akama f

Abstract

We have studied a calculus with first-class environments which originates from the Ao-calculus.
We give a translation of the calculus to a record calculus and show fundamental properties by using
the translation. First we give a translation of simply typed calculus Agpy into simply-typed record
calculus A7 .., which is used for proving strong normalization of Aghy. Second we introduce a
translation of untyped calculus Aeny into untyped A-calculus and investigate extensional conversion

of Aeny-calculus with the translation.

1 Introduction

First-class environments

We treat various kinds of object in programming languages. Most of objects; e.g. integers or boolean
values can be passed and returned between procedures. However, we cannot always use all of them in
such a way. For example, procedures themselves are passed and returned between procedures in Lisp.
In contrast, it is impossible to do so in BASIC. Objects which can be passed and returned between
procedures, are said to be first-class.

Many implementations ([MIT], [Lau90]) of programming language Scheme enable us to utilize en-
vironments as first-class objects by the following two primitives!:

e (the-environment) which returns the current environment, and

o (eval { list) { environment )) which returns the result of evaluation of the expression repre-
sented by ( list ) under { environment ).

By these primitives, we can export an environment to anywhere independently of the textual structure
of a program:

((lambda (env) (eval ’(+ x 1) env))
(let ((x 1)) (the-environment))).

The expression (+ x 1) is not evaluated under the environment where it appears, but under the
one where (the-environment) appears. Therefore, the result is 2.

This construct will support packaging of procedures (see [AS85]) or object-oriented programming
[Jag94]

Moreover we expect that first-class environment mechanism gives us insight for integrating pro-
gramming languages in other paradigms into a functional language, since the notion of environment is
common among many programming languages. For example, since statements in imperative languages
can be regarded as functions between environments, we therefore describe them in our calculus, which
shows us a direction of integration of functional languages and imperative languages.

The purpose of our research is that we establish a theoretical framework for computing mechanism
of first-class environment.

*Department of Mathematics and Informatics, Chiba University. (shinya@math.s.chiba-u.ac.jp)
tDepartment of Information Science, the University of Tokyo. (akama@is.s.u-tokyo.ac.jp)
Tthis facility is not defined in its standardization ([RC86])
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Calculus with explicit substitutions. The Ao-calculus]ACCL91] enables us to study A-calculus
more finely by manipulate substitutions explicitly. Environment mechanism is formalized as substi-
tution manipulation in the Ac-calculus. The syntactic class of terms and that of substitutions are
separated in Ao-calculus, and consequently environments are not treated as first-class environments in
the calculus. For example, in the Ao-calculus we cannot represent a function which takes a substitution
as an argument. For example the following is not a valid term:

(As.a[s])((b/x) - (¢/y) - ud)

Hence if it is allowed to use substitutions as terms, in other words, we merge terms and substitutions,
then we can obtain a calculus with first-class environments.

Reflection and reification between environments and records. In reflective programming,
retfication 1s a computation mechanism that transforms execution-time status into a data object, and
reflection is its opposite direction counterpart. We therefore may say that the-environment allows
reification of environment and eval reflection of environment. Data objects that environments are
reified to are essentially represented as records, in other words, labelled products or association list.
From viewpoint of reflective programming, we may say that first-class environment mechanism allows
to reify and reflect environments. In many cases techniques in studies of record can applied also to
those of first-class environment. In this paper we investigate the calculus with first-class environments
by using a translation of calculus with first-class environment into the A-calculus with records.

Sato-Burstall environment calculus Ae. In [SB], Sato and Burstall introduced Ae, a simply typed
calculus with environments as first class values. The treatment of environment in their calculus derives
from let declaration (SML, LISP). Their calculus lacks a mechanism for the-environment, while our
Aeny has. They defined appropriate notion of free variables in their calculus with the help of their
environment types. In their calculus, substitution can distribute over A-binder, unlike our calculus.
Their calculus satisfies not only confluence but also the conservativity over the simply typed A-calculus.

Yoshida’s weak A-calculus A f with shared environments. In [Yos93], Yoshida formulated func-
tional execution with shared environments. Although the calculus does not treat the environments as
first-class objects, it incorporates the notion of name passing into the functional regime, treating vari-
ables 1n environments as channels of communication. This enables simple formulation of reduction
rules under sequence of shared environments, resulting in a functional calculus whose weak reduction
enjoys confluence and normalizability. And the leftmost reduction strategy of the calculus is shown to
be optimal. However, the calculus is weak in a sense that no redex inside an abstraction is not allowed
to be contracted.

2 Untyped environment calculus Aeny

We assume that a set of variables is given in advance of the definition of terms.

Definition 2.1 (terms) Terms of Aeny are defined inductively by the following grammar:

M = = (variable)
| A M (A-abstraction)
| (MN) (function application)
| (identity environment)
|  (M/z)-N (environment extension)
| (MoN) (environment composition)

where x is a metavariable on variables and M, N on terms. The set of terms of Aepy 1s called Aepy
and the set of term of the usual A-calculus is written A. We will regard A as a subset of A¢py later.

(=/=) - (=) has higher precedence than (=)o (—=): Lo (M/z)- N should be read as Lo ((M/x)- N).

Similarly in the A-calculus, the first three constructs, z, Ae.M and (MN), are called a variable, a
lambda abstraction, and a function application respectively. These intended meanings are same as the
ones of the A-calculus. The other three constructs are newly introduced in the environment calculus.
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1d 18 called the tdentity environment, which returns the current environment when it is evaluated. A
construct (Mo N) is called an environment composition: if the term N is evaluated to an environment
value, then (M o N) evaluates to a value of the term M under the environment represented by N.
The identity environment corresponds to Scheme’s primitive (the-environment) and an environment
composition (M o N) to (eval ’M N). A construct ((M/z) - N) is a value of an environment value
of N appended a binding from a variable x to a value of N. For example a term (Az.z/f) - id is an
environment where a variable f is bound to an identity function Axz.x.

Definition 2.2 (reduction) Reduction of Aeny is defined inductively by the following rules:
o-rules:

Ass (LoM)oN~+Lo(MoN)

IdL ido M ~ M

IdR M oid~ M

DExtn ((L/x) - M)o N~ ((LoN)/x) - (MoN)

VarRef  xo((M/z) - N)~ M
VarSkip yo (M/z) - N)~yoN where z £y
DApp (MyMs3)o N~ (MyoN)MyoN)

G-rules:

Betal ((Az.M)o L)YN~» M o ((N/z)-L) Beta2 (Ax. M)N ~ M o ((N/x) - id)

The reduction relation determined by o-rules is denoted by ~»,, and the reduction relation determined
by B-rules 1s denoted by ~»,.
The reflexive-transitive closure of ~+ is written ~.

We show how the above reduction works in the following examples:

Example (reduction) A term Az.Ay.id is a function which takes two arguments and returns the
environment where  is bound to the first argument, y to the second, and the other variables are bound
similarly to the environment when the term Ax.Ay.id is evaluated.

(A Ay id)MN ~ ((Ay.id) o (M/z)-id)N ~ id o (N/y)-(M/z)-id ~ (N/y) - (M/z)-1d.

The next is more complicated example. A term (Ae.x o €) represents a function that takes an environ-
ment value and returns an value of variable # under the environment. The term above is applied to it
in the following example:

(Aexoe)(Ax Ay dd)MN) ~ (zoe)o (((AxAy.id)MN)/e) - id)
~ zo(eo(((Ax. Ay dd)MN)/e)-id)) ~ wo ((Az.Ay.id)MN)
L oxo((Ny)- (M/x)-id) &~ M

Proposition 2.1 (strong normalization of o-reduction) The o-reduction enjoys strong normal-
ization and confluence.

Proof The strong normalization is clear since each reduction decreases the following measure:

it = 1 =

|| 1 |ud] 1

IMN| = [M]+[N[+1 (Mo N| = |M|x(IN]+1)
De.M| = |M|x2 (M/x) - N| = |M|+|N|+1

The confluence follows by Newman’s Lemman.
Theorem 2.1 ~- is confluent.

Proof Our proof is adapted from the confluence proof of weak Ag-calculus of [Cur86]. We use inter-
pretation method of Curien-Hardin-Lévy [CHL96]. For it, we have proved the following:

1. If M ~sp M', then o(M) (~p ~to)* o(M').
Here wia 1s a o-reduction to a normal form.

! .
2. ~+3 ~+, 1is confluent on a set of o-normal terms.

The proof is by a parallel reduction method.
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3 Simply-typed calculus Agpy

In this section we show a simply-typed calculus with first-class environments, written Agy,y.
We assume that a set TypeVar of type variables, which has countably infinite elements, are given.
We next define a set of types of our calculus and its subset which called environment types.

Definition 3.1 (types and environment types) Environment types® and types are defined induc-
tively by the following grammar:

E {1 A1} {on : An}  (environment type)
A = a| A-B | E (type) ,

where F 1s a metavariable on environment types and A and B on types. We impose the following
conditions on the environment types and types: (i) We do not distinguish environment types by order
of {a; : A;}-bindings, in other words, an environment type is a pair of a finite set of {z; : A;}-bindings.
(ii) The variables z; in an environment type are distinct, i.e. x; # «; for any i # j. EnvType is the
set of all environment types and Type is the set of all types.

It is trivially true that EnvType is a subset of Type.

The condition (i) enables us to identify environments which have distinet orders of bindings: for
example, we do not distinguish {z : aH{y : 8} and {y : f}H{z : a}. Of course, we can define the
calculus without the condition (i). In that case, however, an environment cannot be regarded as a
correspondence between variable identifiers and their values.

Typability of Agjy is defined by the following typing judgements:

{x:A}EI—x:Avar
{e: AJEFM:B lam EFM:A—B BEN:A ,
{(x:CIEF e M:A—B EF MN :B PP
Frid.E
EEN-E FEFM:A E-M:A EFN:{z:C}E
: == Comp Extn

EFMoN:A EF(M/x)-N:{z:A}F'

Intuitively # = M : A means that if we evaluate M under an environment of type E then we get a
value of type A. The six rules described above are easily understood except two rules Lam and Extn.
The typing rule of A-abstraction in the classical A-calculus is

{e: AYF+-M: B
ErXeM:A—B

Lam’

If we adopt this rule instead of the former one, then the typability given by Lam' becomes strictly
weaker than that given by Lam: for example, consider typing of a term Az.Az.z. This term cannot be
typed by Lam’ but can be typed by Lam:

{x:ﬁ}{x:a}l—xzﬁvar’ {x:ﬁ}l—x:ﬁvar

{e:atbFdex:3—0 am’ {e:a}F Ao f—0 Lam

I—/\x./\x.x:a—>6—>6|'am {x:'y}l—/\x./\x.x:a—>6—>ﬁl_am
Type derivation tree (1) Type derivation tree (2)

The tree (1) is not valid since it it is inevitable that an environment type not satisfied the conditions
(i) and (ii) appears.
We finish this section with an example of typing:

Example The term Az.Ay.id is typed as

FAxAy.id) : o — §—{y: fH{z: a}.

?Environment type given in the previous works [Nis95a] are extensible by using a type variable for environment types.
We omit such notion for simplicity.
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4 Translation of typed calculus

In this section we give a translation of the simply-typed calculus Agj, into a simply-typed A-calculus

with records, and by using this translation, we can show strong normalization of Agj,,. We introduce
a translation of Agyy in the first part of this section and show strong normalization in the second part.

4.1 Record calculus )\

record

We here introduce a simply-typed A-calculus A, ., with records. Its type system is given as explicit
typing, 1.e. Church’s style.

We assume that two sets of identifiers are given: one is a set of variables and another a set of labels.
We first define types of A7, inductively as follows:

A= a|A=B|{l: A, ..l Ay}
The raw terms of A7, ., are defined by the following grammar:
M o=a? | A AM | (MN) | ()| ({=M|N)|M.d| M\

These seven kinds of terms are called a wvariable, a A-abstraction, a function application, an empty
record, a record extenston, a record reference, and a record restriction, respectively.

A type assignment is a function whose domain is a finite set of variables and whose codomain is
a (finite) set of types. A type assignment that maps x1,...,2, to Ay,..., A, respectively, is written
x1: A1z, Ay

The next seven rules are typing rules of A

—

record-
l<i<n 2:ATFM:B TFM:A—B TFN:A
2o Ag-rxn A bt A THAAM :A— B I'-MN:B

FFM:A TEN:{ly: A, L Ay
TEOY:A{}Y THA=M|N):{{:AlL: A, ... Ay}
TEM:{l: A, ... L, Ay} TEM:{li:A, ... L, Ay}
L' AM. A TEMN\G:{l Ay lioy s iy iy Ay, ol A

A typed term, say M, is a raw term which satisfies typing judgement I' = M : A for some I' and A
defined above.

Reduction of A7 given by the following rules:

record
Jé; (Aw:AM)N — [N\z]M,
RefHit (1= M | N).I_— M, RefSkip (I = M | N).I_— N.I,
RestHit (1= M | N)\I_— N, RestSkip (I’ = M [ N)\l_— (' = M | N\l)

—

record €NJOYS strong normalization.

Theorem 4.1 (strong normalization of A/, ..) A

This theorem is proved with reducibility method [GTL89]: the detailed proof can be found in the
previous paper [Nis95a).

We next give a translation of the simply-typed calculus Agj,y in the record calculus A7, ;; we will
define a translation of types and a translation of terms. For simplicity we will use a notation [—] for
these translations, since we have no danger of confusion. We assume that a one-to-one mapping [—]
from variables (in Agp,) to labels (in A7, .. ;). We then define a translation mapping [—] from types of
Aeny to types of A

— R
record’

%{9]6]‘1 pAy - Awn AL = Al ] [ALLL - e ] [ARDY
[A— B] = [A] — [B]-

Actually the translation of terms is not given as a mapping from types but as a mapping from type

derivation tree of a typed term. This will cause no problem since each typed term of A7} ,; has a type
derivation tree uniquely.
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The translation of terms is defined inductively as a function that maps a pair of a type derivation
tree of Agyy and a A, term to a A, ,,-term, as follows:

[{z: AYEF 2 AJ(L) = L.[z]

[{z:CYEF Xe.M: A— B)(L) = A:[A].[{z : A}E = M : B]({[+] = +[41 | L))
[EFMN:B|(L)=[F+M:A—B]J(L)[F+ N:AJ(L)

[Evid: E)L)=1L

[EFMoN:A|(L)=[HFM:A|([E+ N :H|(L))

[EF(M/z) N :{e : A}YENL)={[z]=[FFM:Al(D) |[E+F N :{z: C}YE|(L))

where L is a term of A, ;. When there is no danger of confusion, we will abbreviate [E'F M : A](L)

as [M](L).

Typing of a term is preserved during the translation:

Proposition 4.1 (typing preservation of translation) The translation [-](—) preserves typing:

forany E- M : Aand T'F L: [E], then aterm [EF M : A](L) is well-typed as T [E+ M : AJ(L) :
[AD-

The proposition is proved by induction on the structure of the translation, which is checked easily.

Lemma 4.1 Let L be a A-term. If M ~ N then either [M](L) — [N](L) or [M](L) = [N](L)

record

holds. Especially if M is reduced to N with Betal or Beta2, then [M](L) is reduced to [N](L) with

SR
B-reduction in A7, .

We should notice that the above lemma says implicitly that the translation [—](—) never deletes any
redexes of Betal or Beta2. The proof is in Appendix A.

Theorem 4.2 (strong normalization of Ag),,) The simply-typed lambda calculus Agy, with first-
class environments enjoys strong normalization of the reduction ~-.

Proof Suppose that there exists an infinite reduction sequence:
Ml’\ﬁMz’\ﬁMg’\ﬁ“m

By Proposition 2.1, this sequence has to include infinite steps of Betal or Beta2. On the other hand,
the sequence is translated as follows:

[Mi]e 2 [Mo]e < [Ma]e S - - -

bl

for a variable e. By Proposition 4.1, the translated reduction sequence has to include infinite steps of
3, which contradicts to Proposition 4.1.

5 Translation of untyped calculus

In this section we show that the translation of environments in records can be also applied to untyped
calculus in order to investigate properties of untyped calculus Aepy. We use the classical untyped
A-calculus instead of A-calculus with records: record labels are represented by Church numerals and
records by A-terms.

It is assumed that each variable corresponds uniquely to a Church numeral, i.e. there exists a
one-to-one correspondence [—] from each variable to a Church numeral is given.

The translation given in this section uses classical A-terms for representing records, instead of
A-calculus with records: a record extension ([z] = M | N} is represented by (update N [z] M)
and a record reference M.[z] by (lookup M [z]), where update and lookup are A-terms which
appropriately given:

Proposition 5.1 (update and lookup) There exist closed A-terms update and lookup satisfying
the following equations:

(lookup(update M [z] N) [#]) N

5
(lookup(update M [z] N) [y]) ? (lookup M [y]).

where z # y.
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A translation of untyped terms of Aeny is defined similarly as follows:

Definition 5.1 (Translation [-](—) for untyped calculus) An translation [-](—) is a function
which maps a Aepy-term M and a A-term p to a A-term [M](p) defined inductively as follows:

[«]p = (lookup p [+]) lidp = »
oMy = o[Ml(update p 2] v)  [(M/2)-Nlp = update (IN]p) [#] ([M]p)
(MM = ([MIp)(INTp) [MoNlp = [MNINp)

where the variable v does not appear in M and p.

We know that the combinatory logic CL,, with weak equality is strictly weaker than g-equality of
A-calculus, however, if we incorporate the extensionality axiom
VZ. (M Z)=(N Z)
M=7

ert

into the equivalence, then the equivalence recovers the same power as gn-equivalence. The fact arouses
our interest in an equivalence that includes both ~» and an extensionality axiom; such an equivalence
includes the [-equivalence of the classical A-calculus, even though we do not have any a-equivalence.

o~

Definition 5.2 (extensional equivalence) An extensional equivalence & is the least equivalence

relation which includes the reduction relation ~» and satisfies the extensional ariom:
VZ € Aenv. (MZ) = (NZ)
M=~N

ext

ext

o~

Another equivalence relation ~ is defined similarly with the following axiom instead of the axiom
ext:

VZ e A (MZ)~ (NZ)
M A N

w

where AC is the set of all closed A-terms.

The following property is trivial by the definitions of these equivalences:

Proposition 5.2 Let M and N be Aepy-terms. If M gtN, then M s N.

Distribution of a substitution into a A-abstraction without a-equivalence

We cannot derive equivalence between (Az.Ay.z)y and Ay’.y under the equality generated by the reduc-
tion ~, since we have no distributivity axiom of environment composition into A-abstraction. However
if we have the extensionality axiom, then the extensionality axiom makes such distribution possible;
for example, it is derived from the extensionality axiom that two terms are equivalent:

Az Ay.x)y = Ay'y

ext
= V7 € Aepu((AxAye)y)Z ~ Ny .y)Z (by rule ext)
< VZ e Aenvro((y/z) (Z]y) - 1d) ~oyo ((Z/y") - 1d)
p= VZ S Aenv.y e%:cty'

Since first-class environment mechanism makes a-conversion difficult, we developed our calculus without
it. So we cannot introduce distribution axiom of environment composition into A-abstraction without
renaming, which makes the reduction weak one, consequently. Though not quite satisfactorily, we
can use extensionality axiom as a substitute. This is another motivation of investigation about the
extensional equivalence.

In the rest of this section we show consistency of extensional equivalence of Aeny and comparison
of strength between the equivalence of Aegny and the equivalence of the classical A-calculus, as another
application of the translation of environments given previously.
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Lemma 5.1 Let M and p be A-terms such that (lookup p [2]) 5 r for any free variable = in the
A-term M. Then [M]p 5 M. In particular, for any closed A-term M, [M]p 5 M.

The proof i1s given in Appendix B.
By using this lemma we obtain the following property:

Proposition 5.3 (Soundness of the extensional equivalence) Let M and N be Agyy-terms such
that M ~ N. For any A-term p, [[M]]pﬁ) [N]p holds. In particular, if M & N. then [[M]]pﬁ) [Np holds.

The following theorem is derived from the proposition proved above.

Theorem 5.1 (consistency of the extensional equivalence) There are two different terms under

the extensional conversion, i.e.
AM, N € Aepp.—(M gtN).

Proof Suppose that the conclusion is false, 1.e. for any Aepy-term M and N, M gtN.
Consider the case that M = Af.Az.z and N = Af.Az.fz. By the assumption above, Af Az.z &

Af.Adx.fx. By Proposition 5.3, we then obtain that /\f./\x.xﬁ) Af.Azx.fx. However this contradicts the

consistency of Sw-conversion.
qed.

In addition to the above theorem we also obtain the following proposition:
Proposition 5.4 For M, N € A, if M gtN then M E N.

Proof If we take a A-term p satisfying that

(lookup p [z]) ==

8
for any variables occurring in either M or in N, this is derived from Proposition 5.3 by using Lemma

5.1.

The property in the opposite direction of the above proposition also holds:

Theorem 5.2 For A-terms M and N, if M 5o N then M ~ N.

This theorem is proved by showing that each axiom of b is derived over . The proof is in Appendix

D.

6 Concluding remarks

We introduced an untyped calculus with first-class environments and its simply typed version and
showed a method with translations of environments into records. The method is originally introduced
in order to prove strong normalization of simply typed calculus with first-class environments in [Nis95a].
The type system there is different to the one in this paper (and in the paper [Nis95b]): we could not
type a term with shadowing among bindings, e.g. Az.Az.z. Actually the method works well also in the
type system in this paper. Moreover, we tried to use the translation in order to investigate relationship
between the untyped calculus with first-class environments and the classical A-calculus.
In the rest of this section we comment on several points in related topics and a future direction.
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Translation for strong calculus

It is shown that the typed Ao-calculus does not enjoy strong normalization as Melliés showed in [Mel95],
and therefore, our method fails to be applied to strong calculus.

Although we presented only the weak calculus, we can extend 1t to strong one by introducing shift
operator | # with a name in the calculus, similarly to the Ao-calculus:

(term) M= - | 1
(reduction rule for shift) {; o(M/z) - N~ N

lo o(M/y) - N~ (M[y) - 12 oN
(translation for shift) [1:1(L) = L\[z]

The distributivity axiom of environment composition into A-abstraction i1s formulated as
Az M)o N~ dx(Mo((x/x) (NoTy)))

If we translate these two terms, then we find that the result from the right-hand side is reduced to the
one from the left-hand side; therefore we fails to prove strong normalization of the strong calculus.

Translation for the other weak calculi

The method with the translation from environments to records can be also applied to the weak calculus
Aoy, with explicit substitutions [CHL96] and the weak calculus W3 of categorical combinators [Har87].
The translation of the former is obtained similarly, if we read a closure a[s] as an environment com-
position a o s. The translation of the latter is defined, if we use a A-calculus with pairs instead of the
record calculus A7 We can obtain strong normalization for these calculi by using such translations.

record”

Future direction

Until now, we have not studied the nameless calculus with first-class environments. There seems be
an essential gap between the calculus with names and the nameless calculus: de Bruijn-transformation
from terms with names to nameless terms fails to be defined in the calculus with first-class environ-
ments. Nevertheless, the nameless calculus with first-class environments itself is interesting to be worth
studying. We investigated extensional equivalence of Aegpy in this paper; if the nameless calculus is
developed, the works in the substitution calculi (e.g. [Kes96]) will be helpful for our study.

We are planing to prove the standardization theorem for Aepy. Then we will investigate efficient
evaluation strategies of Aeny, in order to design abstract machines (e.g. SECD machines). Then, we
will prove the usefulness of our calculus by developing the programming (transformation) techniques.
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A Proof of Lemma 4.1

Proposition A.1 Let M[ ] be a context (i.e. a Aepp-term with a hole), and p a A-term. For a
Aepy-term N there exists a A-term p’ such that [M[N]]p has [N]p" as a subterm.

By this proposition, it is sufficient that we check the cases that a redex appears at the root.

If M is reduced to N with one of the rules Ass, IdL, IdR, DExtn, and Dapp, then [M]p = [N]p.

If M is reduced to N with the rule VarRef, then [M]p is reduced to [N]p in A7 ,,; with the rule
RefHit. Similarly VarSkip corresponds to RefSkip.

If M is reduced to N with either Betal or Beta2, then [AM]p is reduced to [N]p with 3.
qed.

B Proof of Lemma 5.1

We need the following lemma in order to prove Lemma 5.1:

Lemma B.1 Let M an Aegpy-term. For any A-terms p and N and any variable z,

([M]p)[z:=N] = [M](plz:=N])
holds, where [v:=N] is a substitution of N for variable v, which is defined in the A-calculus.

Variables in ([M]p) are come from p only; the variablesin M are translated into terms like (lookupp[z]).
The proof i1s done straight-forwardly by induction on the structure of the term M.
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Proof The proof is by induction on M: the case M = x: by the assumption itself.
The case M = Ax.M’:

[Ae.M'p
= Mv.([M'](update p [z] v))
= M.(([M'](update p [z] v))[v:i=z][z:=v])
= M.(([M'](update p [z] z))[z:=v])
= M.(M'[z:=v])
by the induction hypothesis for M,
= dz.M'
= M
The case M = (M M,):
[My M) p
= [Mi]p[M:]p
= (MiM>)

by the induction hypothesis for M; and that for M.

C Proof of Proposition 5.3

Proof The proof of the first part is by induction on the structure of .

The cases of the reflexivity axiom, of the symmetricity axiom, and of the transitivity axiom are
trivial.

In the cases of Ass,IdL,IdR,DExtn,and DApp, It is easily shown that M ~+ N implies [M]p = [N]p-

The cases of VarRef: let M ~+ N be an instance of VarRef, i.e. M =z o ((My/x) - M2) and N = M.
Then for arbitrary A-term p,

[ o (Mi/x) - Ma]p

[e)(update [Map [+] [Mi]o)

(lookup (update [M]p [] [Mi]p) [])
[Mi]p.

The case of VarSkip: this case is proved similarly to the previous case.
The case of Betal: let M ~» N be an instance of Betal, i.e.

M = ((Az.My)o My)Ms;

N = Mlo((Mg/l‘)Mz)

Then for arbitrary A-term p,

[((Az.My) o M) Ms]p

(Av.[Mi](update [M:]p [x] v)) [Ms]p
[, J(update [Ms]p [¢] o)[e:=[Ms])
[Mi](update [Ma]p [x] [Ms]p)

(by Lemma B.1)

= [Mio((Ms/x)- Ma)]p

=l

Notice that the variable v does not appear in A-terms update, [Mz]p, and [xz]. The case of Beta2:
similarly proved to the case of Betal.
The case of the axiom w: let M and N be Agpy-terms and p a A-term such that

VZ e A% ¥peA. [MZ)p 57, [N Z]p-

91



Then
¥Z e A0 Wp e A (IMIp)(IZ10) = (INT) (1))
= VZeA’ VpeA. ([[M]]p)ZEU([[N]]p)Z (by Lemma 5.1)

(:1>) Vp €A [[M]]pﬁ) [Np (by w-rule)

The second part is derived from the fact that if M ~ N then M 5o N, which is trivial by the

definitions of & and ~. qed.
ext w

You may with to prove that

f M~ Nthen M = N,i.e. M = N.
ext Bext 8n

However this statement cannot be proved by the above method: If we want to use the extensionality
axiom like the step (1), ([Z]p) must take enough arbitrary value. p is not a function on variables,
but a value in the semantic domain, which is a result from introducing first-class environments into
the calculus. We know that ([Z]p) covers all over closed A-terms if we take closed A-terms for 7, by
Lemma 5.1. At the moment we do not know the range of ([Z]p) for arbitrary Aepey-term Z; if it covers
all over A-terms, then the statement above-mentioned will hold.

D Proof of Theorem 5.2

We need the following properties as preparation for proving Theorem 5.2.

Proposition D.1 If z; Z 2,41,

Mo (Nyfay)- - (Nifw;) - (Nigr/@ig1) - (Na/2n) - L
Mo (Nifar)- - (Niga/@igr) - (Nifai) - - (Nofan) - L.

o~
~
€

xt
If Tj =2j41,

Mo (Nyfwy)---(Nj/wj) - (Njpr/wjpa) - - (Nn /) - L
&, Mo(Ny/wy) - (Nj/wj) (Njy2/wjt2) -+ (Nnfwn) - L.
Proposition D.2 If # does not occur freely in a A-term M, we know that

Mo (N/x)-id & M.

Lemma D.1 Substitution operation in the A-calculus can be simulated by the conversion , 1e. for

any A-terms M and N and any variable x,

Mo (N/x) id~ M[z:=N].

Proof (Proposition 5.2) The proof is done by induction on the structure of derivation tree of Mﬁ)

N.

The key parts of the proof are in the case that M ﬁ: N i1s derived from B-rule and the case that
n
M ﬁ: N is derived from n-rule.
n
The case of the g-rule: assume that M is (Ax.M1)Ms and N M;[z:=Ms]. Then the following

equations hold:

M My o (My/x) - id

N by Lemma D.1

ERER

The case of the axiom w: let M and N be A-terms and p a A-term such that V.7 € A°. MZE) NZ.
By the induction hypothesis, we have VZ € A%, MZ ~ NZ. Then from the axiom w of s, it is derived
that M ~ N. qed.
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