[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

oo /00000
Article / Book Information
Title Minimal Forbidden Minors for the Family of Graphs with Proper-Path-
Width at Most Two
Authors Atsushi Takahashi, Shuichi Ueno, Yoji Kajitani
Citation IEICE Trans. Fundamentals, Vol. E78-A, No. 12, pp. 1828-1839
Pub. date 1995, 12
URL http://search.ieice.org/
Copyright (c) 1995 Institute of Electronics, Information and Communication
Engineers

Powered by T2R2 (Science Tokyo Research Repository)


http://search.ieice.org/
http://t2r2.star.titech.ac.jp/

1828

IEICE TRANS. FUNDAMENTALS, VOL. E78-A, NO. 12 DECEMBER 1995

[PAPER

|

Minimal Forbidden Minors for the Family of Graphs with
Proper-Path-Width at Most Two

Atsushi TAKAHASHI', Shuichi UENO', and Yoji KAJITANI', Members

SUMMARY  The family P, of graphs with proper-path-width
at most k is minor-closed. It is known that the number of min-
imal forbidden minors for a minor-closed family of graphs is
finite, but we have few such families for which all the minimal
forbidden minors are listed. Although the minimal acyclic for-
bidden minors are characterized for Py, all the minimal forbid-
den minors are known only for P;. This paper lists 36 minimal
forbidden minors for P5, and shows that there exist no other
minimal forbidden minors for Ps.

key words: proper-path-width, path-width, minor-closed family,
minimal forbidden minor, VLSI layout

1. Introduction

A graph H is a minor of a graph G if H is isomorphic
to a graph obtained from a subgraph of G by contract-
ing edges. A family F of graphs is said to be minor-
closed if the following condition holds: If G € F and
H is a minor of G then H € F. A graph G is a min-
imal forbidden minor for a minor-closed family F of
graphs if G ¢ F and any proper minor of G is in F.
JF is characterized by the minimal forbidden minors for
F. It is proved by Robertson and Seymour[14] that
every minor-closed family of graphs has a finite num-
ber of minimal forbidden minors. They also proved
that the problem of deciding if a fixed graph is a mi-
nor of an input graph can be solved in polynomial
time[13]. It follows that the problem of testing mem-
bership for any minor-closed family F of graphs can
be solved in polynomial time provided that we know
all the minimal forbidden minors for . As many im-
portant problems can be reduced to the problem, it is
important to find all the minimal forbidden minors for
minor-closed families of graphs. Although it is known
that there is no general method to find all the mini-
mal forbidden minors for any minor-closed family of
graphs[5],[6], a special method could be applied to
each minor-closed family of graphs. In fact, the mini-
mal forbidden minors are known for some minor-closed
families of graphs[1],[2],[4],[7],[8],[20],[21]. This
paper lists the minimal forbidden minors for the family
of graphs with proper-path-width at most two.

The family Fj, (Px) of graphs with (proper-)path-
width at most k£ is minor-closed. 7 and P, are known
to have applications to VLSI layout, linguistics, and
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games on graphs[9],[11],[17]. Thus, it is important to
list the minimal forbidden minors for F;, and Px. In
[16] the authors characterize the minimal acyclic for-
bidden minors for 7 and Py, (k = 1). (Partial results
can be found in [9],[15].) Although Kinnersley and
Langston [8] list all 110 minimal forbidden minors for
Fa, it is open to list all minimal forbidden minors for
Fr (k= 3) and Py, (k = 2). In this paper, we list all 36
minimal forbidden minors for P5. Our proof contains
many general methods that would be useful to charac-
terize minimal forbidden minors for Py (k = 3).

Robertson and Seymour [ 13] proved that there ex-
ists an O(n?®) time algorithm to decide if a given n-vertex
graph is in a minor-closed family of graphs. The time
complexity is reduced to O(nlog”n) if the family does
not contain all planar graphs. This is obtained by com-
bining the results in [13] and [10]. Moreover, the time
complexity is reduced to O(n) if the family avoids a
2 x k grid graph and a circus-graph [3]. It follows from -
our results that we have an O(nlog?n) time member-
ship test algorithm for Ps, since we have listed all the
minimal forbidden minors for Py and Py does not con-
tain all planar graphs. Notice that Py contains a 2 x k
grid graph for any k. It should be noticed that our algo-
rithm is the first explicit membership test algorithm for
P2, although we believe that there exists a more efficient
and practical algorithm for P> which does not rely on
a minor test algorithm.

The paper is organized as follows. In Sect.2, we
give the definition of the proper-path-width of graphs,
and show a necessary condition for a graph to be a min-
imal forbidden minor for P, (k = 1). We introduce two
equivalence relations on graphs in Sect. 3. Using these
equivalence relations we show, in Sect.4, 36 minimal
forbidden minors for P,. In Sect. 5, we show some nec-
essary conditions for minimal forbidden minors with
cut-vertices or bridges for Py (k = 2). In Sect.6, we
show that the 36 graphs characterize P3. Sect.7 con-
cludes the paper.

2. Preliminaries and a General Result

Graphs we consider are finite undirected, but may have
loops and multiple edges unless otherwise specified. Let
G be a graph, and V(G) and E(G) denote the vertex set
and edge set of G, respectively. The proper-path-width
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is defined as follows. .
Definition 1: Let X' = (X3, X5,..., X} be a sequence
of subsets of V(G'). The width of X is maxy<;<, | X;|—1.
X is called a proper-path-decomposition of G if the fol-
lowing conditions are satisfied:

(i) For any distinct 7 and 7, X; gX';
(i) Ui_, X; = V(G);

(iii) For any edge (u,v) € E(G), there exists an 7 such
that u,v € X;;

@iv) For all a,b, and ¢ with 1 < a £ b < ¢ < 7,
Xa N X C Xy

(v) For all a,b, and ¢ with 1 < a < b < ¢ £ 71,
(XoNX.| < | Xs| —2.

The proper-path-width of G, denoted by ppw(G), is the
minimum width over all proper-path-decompositions of
G.

For any positive integer k, the family of graphs
with proper-path-width at most k, denoted by Py, is
minor-closed [16]. Let ©2(Py,) be the set of all minimal
forbidden minors for Py.

A sequence X of subsets of V(G) is called a path-
decomposition of G if X satisfies (i), (ii), (iii), and (iv).
The path-width of G, denoted by pw(G), is the mini-
mum width over all path-decompositions of G. For any
positive integer k, the family of graphs with path-width
at most k, denoted by Fy, is minor-closed [12]. The re-
lations between proper-path-width and path-width are
mentioned in [[6]-[19].

A graph obtained from graphs Hy, Hy, and Hs by
the following construction is called a star-composition
of Hy, Ha, and Hs: (i) choose a vertex v; € V(H;)
for i = 1,2, and 3; (ii) let v be a new vertex not in
V(Hy),V(Hs), or V(H3); (iii) connect v to v; by an
edge (v,v;) fori = 1,2, and 3. A delta-composition of
graphs Hy, Hs, and Hs is a graph obtained from H,
Hy, and Hs by the following construction: (i) choose a
vertex v; € V(H;) fori = 1,2, and 3; (ii) connect v; to
vg, U2 10 v, and vs to vy by edges (v1,vg), (v, v3), and
(vs,v1), respectively. The following three theorems are
proved by the authors.

Theorem 1 (Takahashi et al.[16]): For any positive
integer k, if Hy, Hy, and H3 are (not necessarily dis-
tinct) graphs in Q(Py) then any star-composition of Hy,
H2, and H3 is in Q(Pk—i-l)

Theorem 2 (Takahashi et al.[16]): For any positive
integer k, if Hy, Hy, and Hz are (not necessarily dis-
tinct) graphs in Q(P) then any delta-composition of
Hl, Hz, and H3 is in Q(Pk+1)

Theorem 3 (Takahashi et al.[16]): For any positive
integer k, a tree T' is in Q(Pyy1) if and only if 7' is a
star-composition of three (not necessarily distinct) trees
in Q(Pg).
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By these theorems, we can prove that the maximum
number of vertices of a graph in Q(P:) is at least
(351 —1}/2, and |2(Py)] is at least (k!)2. We counted
the number of minimal acyclic forbidden minors for Py
(k £ 4). For example, the number of minimal acyclic
forbidden minors for Py is 2875919312080.

The sequence of subsets of V(G) obtained by
concatenating sequences X; and X, of subsets of
V(G) is denoted by (X;,Xs). For a sequence X =
(X1,X2,...,X,) of subsets of V(@) and aset S C V(G),
we denote (X; US, XoUS,...,X,US) by XY US, and
(X1in&,XnS,...,X,.N8) by XN S for simplicity.

In the rest of this section, we show that a necessary
condition for a graph to be a minimal forbidden minor
for Pg.

Lemma 1: Let G be a graph and G’ be an underlying
simple graph of G. Then ppw(G) = ppw(G’).

Proof: Since G’ is a minor of G and a proper-
path-decomposition of G’ is also a proper-path-
decomposition of G, ppw(G) = ppw(G’). I

A proper-path-decomposition with width %k is
called a k-proper-path-decomposition. A k-proper-
path-decomposition (X, Xo,...,X,.) is said to be full
1f|XZ’ =k+4+1 (1 § 7 g ’I‘) and [ijXj-i—ll =k
(1<j<r—1) |
Lemma 2 (Takahashi et al.[17]): For any graph G
with ppw(G) = k, there exists a full k-proper-path-
decomposition of G.

For any vertex v € V(G), dg(v) is the number of
vertices adjacent to. v. If an edge (u,v) is contracted
from a graph, the vertex obtained by identifying v and
v is denoted by u or v.

Lemma 3: Let G be a graph satisfying the following:
there exist vertices u, v € V(G) such that (u,v) € E(G),
da(u) = 2, and dg(v) = 1. (See Fig.1) If G' is a
graph obtained from ¢ by contracting edge (u,v), then
ppw(G) = ppw(G’).

Proof: Since G’ is a minor of G, ppw(G) = ppw(G’).
We will show that ppw(G) £ ppw(G’). Assume that
pow(G') = k. Let X = (X,X5,...,X,) be a k-
proper-path-decomposition of G', and w be a unique
vertex adjacent to w in G'. By Lemma 2, we assume
that & is full. By Definition 1(iii), there exists an
integer o such that {u,w}CX,. If {u,w}C X;, then

Fig. 1 An example of graph G such that (u,v) € E(G),
de(u) =2, and dg(v) = 1.
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Fig. 2 An example of graph G such that (u,v) € E(G) and
de(u) = dg(v) = 2.

((Xy —{w})U{v}, X) is a k-proper-path-decomposition
of G, and ppw(G) £ k. Notice that (X, X, 1,..., X7)
is also a k-proper-path-decomposition of G. Thus, we
assume that {u,w}C X, (1 < a < r). Suppose that
uw & X, 1 UX,p1. Since X is full, X, 1 N X, =
X, N Xop1 = X, — {u}. However, we have |X,| =
| Xo—1 N Xgp1| +2 = k + 2 by Definition 1(v), con-
tradicting to the assumption that the width of X is
k. Thus we assume, without loss of generality, that
u € Xg41. For any integer ¢ (¢ +1 < ¢ < 1), let
X[ = (X; —{u}) U{v} ifu € X;, X] = X, otherwise.
Then (Xi,...,Xq, (XaNXop)U{v}, X ,..., X)) is
a k-proper-path-decomposition of G. Thus ppw(G) <
ppw(G’). O

Lemma 4: Let G be a graph satisfying the following:
there exist vertices u,v € V(@) such that (u,v) € E(G),
da(u) = dg(v) = 2, and v and v have no common adja-
cent vertex. (See Fig.2.) If G’ is a graph obtained from
G by contracting edge (u,v), then ppw(G) = ppw(G').

Proof: Since G’ is a minor of G, ppw(G) = ppw(G’).
We will show that ppw(G) < ppw(G’). Assume that
ppw(G) = k. Let X = (X1,X5,...,X,) be a full
k-proper-path-decomposition of G’, and = and y be
vertices adjacent to uw in G'. If {u,z,y} C X;, then
(X1 —{z})u{v}, &) is a k-proper-path-decomposition
of G, and ppw(G) < k. If {u,z,y} CX; (1 <i <)
then we can assume that {u,y} C X, 1 since X is full.
Thus we assume that there exist distinct integers ¢ and
b such that {u,z} C X, {u,y} C X} by Definition 1(iii)
(1<a<b<r). Forany integer 7 (a+1 < ¢ < r), let
X! = (X; — {u}) U{v} ifu € X, X] = X, otherwise.
Then (X,...,Xo, (Xo N X)) U{v}, X0, .-, X)) s
a k-proper-path-decomposition of G. Thus ppw(G) <
ppw(@). O

Notice that a minimal forbidden minor for Py is

connected, since the proper-path-width of a graph G
is the maximum proper-path-width over all connected
components of G. From Lemmas 1, 3, and 4, we have
the following theorem.
Theorem 4: If a graph G is in Q(Pg) then G is con-
nected and simple, and there are no adjacent vertices u
and v such that dg(v) < 2, dg(u) £ 2, and they have
no common adjacent vertex.
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3. Equivalence Relations and Some General Results

In this section, we introduce two equivalence relations.
These equivalence relations are very useful for listing
minimal forbidden minors for P, (k = 1).

Lemma 5: If there exists a sequence X = (Xq, Xo,
..., X,) of subsets of V(@) with width k satisfying Defi-
nition 1(ii), (iii), and (iv), and | X,NXNX,| < k—1 for
any X,, X, and X, such that each one is not a subset
of the others (1 £ a < b < ¢ < r), then ppw(G) < k.
We omit the proof of this lemma since a similar lemma
is proved in [17].

Lemma 6: Let X = (X, X5,...,X,) be a proper-
path-decomposition of G, and H be a subgraph of &G
with proper-path-width k. Let X/ = X; N V(H). Then
there exists an integer ¢ (1 <4 < r) such that either (a)
|Xi{|= k+1,0r(b) |X{|=Fkand |X] NX] |=k-1
Proof: For otherwise, X N V(H) is a sequence with
width k& — 1 satisfying the condition of Lemma 3, con-
tradicting to the assumption that ppw(H) = k. O

Lemma 7: Let X = (Xi,X5,...,X,) be a proper-
path-decomposition of G and H be a connected sub-
graph of G. Let X] = X, NnV(H) 1 £i < r). If
X, #0and X; #0 (1 <a<b<7), then X/ +# 0 for
any ¢ (a < i £ b). Moreover, if |X/| = 1 for some ¢
(@ <i<b), then X] =X/ ;NX/ .
Proof: Suppose that X, = @ for some ¢ (a < ¢ < b).
Each vertex of H appears in consecutive X;’s. Thus, if
P=UZ X/ and Q = Uj_,,, X/, then PN Q = 0.
Since V(H) is partitioned into P and Q, and H is
connected, there exist w € P and v € @ such that
(w,v) € E(H). However, {u,v} € X; for any i
(1 £i < r), contradicting to Definition 1(iii).

Assume that | X/| = 1 for some ¢ (@ < ¢ < b). Let
v e X, fvdg X, then V(H) is partitioned into
USZy X} and |J;_, X{. This is contradicting to Defini-

tion 1(iii). Thus v-¢ X_;. Similarly, v € X/, . O

G\S is the graph obtained from G by deleting
SCV(QG).
Lemma 8: Let G be a connected graph and v be a ver-
tex of G. Let H; be a connected graph and u; be a vertex
of H; (1 <1 < 2). Define that G; be the graph obtained
from G and H; by identifying v and u; (1 <1< 2). If
Hy, Hy € Q(Py) then ppw(Gy) = ppw(Ga).
Proof: Assume that ppw(G;) = h. Let X =
(X1, Xa,...,X,) be a h-proper-path-decomposition of
G1. Let a and b be integers such that v € X, N X,
and v ¢ Xa,1 U Xb+1 (CL é b) Let XZH = Xi n V(Hl)
and X& = X; — V(H;) for any i (1 <4 < r). From
Lemma 6, there exists an integer ¢ such that either (a)
IXF| 2 k+2 (1 <i <), or (b) | XH| = k+1
and [ X7, nXH,| >k (1 <i < r). Letc be such
an integer. Let X = X U {v} if min{a,c} < i <
max{b,c}, X| = X otherwise. Since H; is con-
nected, | X/| £ h+1 by Lemma 7 (1 <4 < r). Since
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Hy € Q(Pr), ppw(Ho\{uz}) = k. Let X* be a k-proper-
path-decomposition of Hy\{uz}.

If I XA =2 k + 2 then (X},...,X. ,,X, U
A*, X!.1,...,X]) is a sequence with width h satisfy-
ing the conditions of Lemma 5, and ppw(Ga) £ h.
Notice that |X.| = |X.| — |XH| +1 £ h— k. Thus
we assume that |[X7| = k+ 1 and |XG| < h — k. If
XS NXE| = | XENXE,| = h—k then XG  NXE,, =
X&. We have that |Xc_y N Xeyq1] = |XE, N XS] +
I XH, nXE,| = (h— k) + k. However, we have
|X:| = h + 2 by Definition 1(v), contradicting to the
assumption that the width of X' is h. Thus, we assume,
without loss of generality, [ XSNX& ;| < h—k—1. Then,
(Xiv te 7Xé7 (Xé N Xé—l—l) U {U} U X*aXé+1= s 7X;) is
a sequence with width A satisfying the conditions of
Lemma 5, and ppw(G2) < h.

Therefore, we have ppw(Gq) < h = ppw(Gy). Sim-
ilarly, we can prove that ppw(G1) < ppw(Gs), and we
have ppw(G1) = ppw(G2). 0

The following definition plays an important role to
characterize Q(Py).
Definition 2: Let H be a graph and x be a vertex
of H. R}(H,z) is the graph obtained from H by
adding vertices u, v, and w and edges (z,u), (z,v), and
(z,w). R3(H,z) is the graph obtained from R}(H,z)
by adding edge (u,w) and deleting v. RY(H,z) is the
graph obtained from Ri(H,z) by adding edges (u,v)
and (v, w) and deleting edges (z,u) and (z,w). Graphs
Gy and G are said to be semi-l-equivalent, denoted

by G é G, if there exist a graph H and a vertex
v € V(H) such that G; = R} (H,z) (1 < i < 3) and
G2 = R}(H,z) (1< j <3). Graphs G; and G; are said
to be I-equivalent if there exists a sequence of graphs

G1,Ga,...,G; (i 2 1) such that G, éGg é éGi.
It is easy to see that the l-equivalence is an equiv-

alence relation on the graphs. An example of 1-

equivalent graphs is shown in Fig. 3.

Theorem 5: If G € Q(P;,) then a graph l-equivalent to

G is in Q(Py,).

Proof: Let H be a graph and =z € V(H). Let R; =

R}(H,z) (1 £ 4 < 3). Assume that R, € Q(P;) for

some a (1 £ o < 3). To prove the lemma, it is sufficient

to show that R; € Q(P%) for any 7 (1 <4 < 3).

R3(H,%)

Ri(H,x) R3(H,x)

Fig. 3  l-equivalent graphs.
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Let H; = R)\(V(H) — {z}) (1 £4 < 3). Since Hy,
Hy, Hs € Q(P1), ppw(R1) = ppw(Ra) = ppw(Rs) =
k+ 1 by Lemma 8. Thus it is sufficient to show that
R; is minimal for any 1, that is, the proper-path-width
of a graph obtained from R; by deleting or contracting
an edge is at most k. Let G, be a graph obtained from
R; by deleting or contracting an edge e € E(H). We
have ppw(G,) = ppw(G;) = k for any ¢ (1 < ¢ £ 3)
by Lemma 8. Let G be a graph obtained from R; by
deleting or contracting an edge e ¢ E(H). Proper-path-
widths of connected components of G/ not containing
z are at most one (£ k). A connected component of
G containing z is isomorphic to either graphs G¥, G%,
G%, or G obtained from Ry by deleting edge (z,u),
contracting edge (z, u), deleting edge (u,w), or deleting
vertices v and w, respectively (See Fig.4). Since both
G5 and G are proper minors of R, ppw(G3) £ k and
ppw(G}) £ k. Since the underlying simple graph of G}
is a proper minor of G%, ppw(G3) < ppw(G3) < k by
Lemma 1. By Lemma 3, we have ppw(G3) = ppw(G3).
Thus ppw(G}) < k for any ¢ (1 £ ¢ < 3). Hence we
have R; € Q(Pr) (1 £1<L3). |

The following definition also plays an important
role to characterize Q(Py).
Definition 3: Let H be a graph, and =z and y be non-
adjacent vertices of H. 'R?(H, x,y) is the graph obtained
from H by adding vertices u and » and edges (z,u),
(y,w), and (u,v). R3(H,z,y) is the graph obtained
from R?(H,z,y) by adding edge (z,y) and deleting v.
Graphs G; and G, are said to be semi-2-equivalent, de-

noted by G4 é’ G, if there exist a graph H and non-
adjacent vertices z € V(H) and y € V(H) such that
Gy = R2(H,z,y) (i = 1,2), Gy = R?(H,x,y) (j =
1,2). Graphs Gy and G; are said to be 2-equivalent if
there exists a sequence of graphs G1,Gs,...,G; (i = 1)

such that G1 é G2 é e é Gl

It is easy to see that the 2-equivalence is an equiv-
alence relation on the graphs. An example of 2-
equivalent graphs is shown in Fig. 5.
Lemma 9: If a graph G is 2-equivalent to G’ then
ppw(G) = ppw(G'). ‘
Proof: Let H be a graph and z,y € V(H) be non-
adjacent vertices. Let R; = R?(H,z,y) (1 <i < 2). To
prove the lemma, it is sufficient to show that ppw(R,) =

Fig. 4 Connected components of G containing z.
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Ri(H,xy) RiHxy)
Fig. 5 2-equivalent graphs.
ppw(Rz).
First, assume that ppw(R;) = k. Let & =
(X1, Xa,...,X,) be a full k-proper-path-decomposition

of Ry. Let X! = X; — {u,v}. If {u,z,y} C X, for
somed (1 <4< r), X is a k-proper-path-decomposition
of a graph @ obtained from R; by adding edge (z,y).
Since Ry is a minor of @, ppw(Ry) < k. Thus we
assume that {u,z,y} € X; for any ¢ (1 <7 < r). Sup-
pose that {u,z} € X, 1 N X, and {u,y} € X, for
some a and b (a < b). Notice that | X! ; N X.| <
k—1. Since (X1,..., X\ (X, inXHYU{y,u}, X, U
{y},..., X{ 1 U{y}, X{,..., X)) is a sequence satisfy-
ing the conditions of Lemma 5, ppw(Ry) < k. Thus
we assume that {u,z} C X,, {u,y} CXp, z ¢ Xyi1,
y & Xp_1, and v ¢ X1 U X4y for some a and b
(1 £ a < b < r). There exists an integer ¢ such
that {u,v} C X, (¢ £ ¢ £ b). Moreover, since X is
full, we assume that {u,v}C X, N X4 for some ¢
(a < ¢ < b). Notice that | X, N X[,,| < k— 2. Since
(X1, X0, X Ude), ., X U {a}, (XIN X)) U
{xayau}aXé—I-l U {y}7 v 7Xt,;—1 U {y}aXl/ﬂ e 7X7l") iS
a sequence satisfying the conditions of Lemma 5,
ppw(Ry) < k. Thus we have that ppw(Rs2) < ppw(Ry).

Next, assume that ppw(Rs) = k and let X =
(X1, Xa,...,X,) be afull k-proper-path-decomposition
of Ry. There exists an integer a such that {u,z,y} C X,.
If {u,z,y} C Xy, then ((X; — {z}) U {v},X) is a k-
proper-path-decomposition of Ry, and ppw(R;) £ k.
If {u,z,y} CX, (1 < a < r) then we assume with-
out loss of generality that {u,z} C X 41 since & is
full. For any integer ¢ (a +1 < i < 7), let X! =
(X; — {u}) U{v} ifu e X;, X] = X, otherwise. Then
(Xl, .. .7Xa, (Xa N Xa+1) U {v}7X(Iz+l5 - 7X,’/ﬂ) is a k-
proper-path-decomposition of R;. Thus ppw(R;) <
ppw(Ry).

Therefore we have ppw(R;) = ppw(Ra). a

Theorem 6: If G € Q(Py) then a graph 2-equivalent to
G is in QUPy).
Proof: Let H be a graph and z,y € V(H) be non-
adjacent vertices. Let R; = RZ(H,z,y) (1 < i < 2).
It is sufficient to show that Ry € Q(Py) if and only if
Ry € Q(Pk)

First, assume that By € Q(Py).
we have ppw(Ry) = ppw(R1) = k + L

By Lemma 9,
It is suffi-
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Fig. 6 Connected components of G containing .

cient to show that Rs is minimal, that is, the proper-
path-width of a graph obtained from R, by deleting
or contracting an edge is at most k. Let G; and G}
be graphs obtained from R; and R, by deleting or
contracting an edge e € E(H), respectively. We have
ppw(GYy) = ppw(G)) = k by Lemma 9. Let G5 be a
graph obtained from Ry by deleting or contracting an
edge e € {(z,u), (y,u),(z,y)}. Since either GY or the
underlying simple graph of G is a proper minor of Ry,
ppw(GY) < k. Thus we have Ry € Q(Py).

Next, assume that Ry € Q(Pg). Similar to argu-
ment above, we have ppw(R,) = ppw(R3) = k + 1, and
the proper-path-width of a graph obtained from E; by
deleting or contracting an edge e € E(H) is k. Let GY
be a graph obtained from R; by deleting or contracting
an edge e € {(z,u), (y,u), (u,v)}. Proper-path-widths
of connected components of GY not containing z is at
most one. A connected component of GY containing
z 18 isomorphic to either of graphs G7, G35, or G ob-
tained from R, by contracting (x, ), deleting (z,u), or
contracting (u,v), respectively (See Fig.6). Let G be
a graph obtained from G} by contracting edge (u,v).
We have ppw(G5) = ppw(G;) by Lemma 3. Since
both G, G5, and G are proper minors of Ra, proper-
path-widths of these graphs are at most k. Then the
proper-path-width of G is at most k. Thus we have
R, € Q(Pk> O

4. Minimal Forbidden Minors for P

In this section, we enumerate minimal forbidden minors
for Ps.

Lemma 10: Let X = (X3, Xs,...,X,) be a proper-
path-decomposition of a graph G, and G1, Ga, ..., G,
H be disjoint connected subgraphs of G. Let X! =
X:NV(H) (1 £i<r). Let a be an integer such that ei-
ther (X | = k+1 or |[X}| = kand |X/,_NX] | = k—1.
If [ Xoo1 NV(G;)| # 0 and | X110 N V(G)| # 0 for any
i (1 £14 < s), then the width of X is at least k + s.
Proof: By Lemma 7, there exists at least one vertex in
X, NV(G) (1 £4 < s). If either |[X)| > k+1 or
| X, NV(G;)| 2 2 for some i, then | X,| = | X/| + X, N
V(G| +-+ +|XoNV(Gs)| 2 k+s+1, and the width
of X is at least k + s. Thus we assume that | X| = &
and | X, N V(G;)| = 1 for any i. Let v; be a vertex in
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Fig. 7 Minimal forbidden minors for Ps.

X.NV(G)(1£i<s). ByLemma7,v; € X 1NXg 1.
Since Xa—l N Xa+1 2 (thm—l n X(IZ+1) U {’U]_,UQ7 . ,’US},
we have that [ X | = [ X, 1 N Xgqpy| +2 = (X 1N
X+ Hvi,ve, .-, vs}+2 = k+ s+ 1 by Defini-
tion 1(v). Thus the width of X is at least k + s. a

Let P(ag,a1,...,an—1) be the graph obtained
from a cycle with vertices {vo,v1,...,v,—1} and edges
{(vi, Y64 1)modn)0 £ 4 < n — 1} by adding a; ver-
tices and connecting them with v, by edges for all 1
(0<i<n—1).

Theorem 7: A graph isomorphic to either P(333),
P(3202), P(2221), P(22010), P(11111), P(101010), K4,
or Ky 3 (see Fig.7) is a minimal forbidden minor for
Ps.

Proof: Let G be a graph isomorphic to P(11111).
Let wo,u1,...,uq be vertices of G such that (u,,
Ulit1)mods) € E(G), and v, v1,...,vs be vertices of
G such that (v;,4;) € E(G) (0 £4 < 4). Let X =
(X1,X3,...,X;) be a proper-path-decomposition of G.
Let s; be an integer such that v;,u; € X5 (0 <7 < 4).
Let £9,t1,...,t4 be a permutation of 0, 1, 2, 3, and 4

such that sy, < s¢; < -+ < s, Without loss of general-
ity, we assume that ¢, = 0 and (¢o,%;) is a combination
of either (1,2), (1,3), or (1,4). Assume first that (¢, ;)
is a combination of (1,2). Let H, G; and G» be in-
duced subgraphs of G on {vo}, {v1,vs, ug,u1,us} and
{vz, 3, u2, us}, respectively. Notice that H, Gy and Gy
are disjoint connected subgraphs of G. If 57 < sg < 84
and s» < s < s3, then | Xs,| =2 4 by Lemma 10, and
the width of X is at least 3. Otherwise 5o = s; for
some i (1 < ¢ < 4) and {vo,ug,vi,u; } C Xs,, again,
| Xs,| = 4 and the width of X is at least 3. Assume next
that (to,t;) is a combination of either (1,3) or (1,4).
Let H, Gy and G be induced subgraphs of G on {ws},
{v1,v2,u1,us} and {vs, vy, us,us}, respectively. Simi-
larly we have the width of X" is at least 3. Thus the width
of X is at least 3 and we have ppw(G) = 3. It is easy to
see that there exists a 3-proper-path-decomposition of
G, and there exists a 2-proper-path-decomposition for
each proper minor of G. Thus G is a minimal forbidden
minor for Ps.

Although we can prove all the other cases similarly,
we omit the proof for the sake of space. o
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Let P(ag,a1,-..,an—1) be a graph such that a; <
30 £ 4 £ n—1). A graph l-equivalent to
P(ao, Alyeee, an_l) is denoted by P(Zo, Zlyeens Zn—l)
where z; 18 a,, b, or ¢ if a; = 3, z; = a; otherwise (1 <
i <n—1). A graph 2-equivalent to P(ag,a1,...,8n_1)
is denoted by P(zg, 21,...,2,_1) Where z; i8 a; or z if
a; =1, z; = a; otherwise (1 <7< n—1).

Corollary 1: 36 Graphs shown in Fig.7 are minimal
forbidden minors for Ps.

Proof: The eight graphs stated in Theorem 7 are min-
imal forbidden minors for P,. There exist new eleven
(seven) graphs l-equivalent (2-equivalent) to the graphs
stated in Theorem 7. These graphs are minimal forbid-
den minors for Py by Theorems 5 and 6. Finally, ten
graphs are minimal forbidden minors for P, by Theo-
rem 1. O

Notice that any minimal forbidden minor for P,
stated in Theorem 2 is isomorphic to a graph I-
equivalent to P(333).

5. Properties of Graphs with Cut-Vertices or
Bridges

In this section, we show necessary conditions for a graph
obtained from two disjoint graphs with proper-path-
width k by either identifying some vertex or adding an
edge to be a minimal forbidden minor for P, (k > 1).
A vertex v is called a cut-vertex of a connected graph
G if G\{v} has at least two connected components. An
edge (u,v) is called a bridge of a connected graph G
if the graph obtained from G by deleting (u,v) has at
least two connected components.

Lemma 11: Let G be a connected graph with a cut-
vertex v. Let H be a union of connected compo-
nents of G\{v}, H; be the induced subgraph of G on
V(H) U {v}, and H, be the induced subgraph of G on
V(G) = V(H). If ppw(G) = ppw(H1) = ppw(H2) = k
and there exists at most one connected component of H
with proper-path-width k, then there exists a k-proper-
path-decomposition (X1, Xs,...,X,) of H; such that
RS Xl.

Proof: Assume that the proper-path-width of each
connected component of I is at most £ — 1. Since
ppw(H) = k — 1, there exists a (k — 1)-proper-path-
decomposition X of H. Then (X U {v}) is a k-proper-
path-decomposition of Hy satisfying the condition of
this lemma. Thus we assume that there exists a con-
nected component of H with proper-path-width k.

Let H be a connected component of H with
proper-path-width k and G’ be the induced subgraph
of G on V(H')UV(H,). Since Hs is a minor of G’ and
G’ is a minor of G, we have ppw(G’) = k. Let X =
(X1,X2,...,X,) be a k-proper-path-decomposition of
G'. From Lemma 6, there exists an integer ¢ such that
either (a) | X. NV (Hy)| 2 k+1 (1 <c <), or (b)
|XC N V(Hz)l =k and |Xc—1 n Xc+1 N V(Hz)‘ g k—1

IEICE TRANS. FUNDAMENTALS, VOL. E78-A, NO. 12 DECEMBER 1995

(1 < ¢ < 7). Suppose that there exist integers a
and b such that X, NV (H') # 0, X, " V(H') # 0
(a < ¢ <b). Since H' is connected, | X, NV(H')| > 1
by Lemma 7. If |X. N V(Hz)| =2 k -+ 1 then |X.| =
|[Xe NV(Hy)| + | X. N V(H)| = k + 2, contradicting
to that the width of X is k. Thus we suppose that
|X. NV (Hy)| =k and | X. NV (H')| = 1. However, we
have | X._1NXcp1]| 2 ksince | X1 NX e NV(HD| 21
by Lemma 7 and |X._1NXs41 NV (Hz)| 2 k—1. Again
this is contradicting to that the width of X is k since
| Xe|l 2 | Xeo1NXey1| +2 2 k+2. Thus, without loss of
generality, we assume that | ) X; N V(H') = 0. Let d
be the integer such that v € X4 and v ¢ Xg4.1. Notice
that ¢ < d since there exists a vertex v’ € V(H') such
that (v,v") € E(G"). Let X! = (X; NV (H")) U {v} for
any integer ¢ (¢ £ ¢ < d), and X] = X; N V(H') for any
integer i (d < 7). Notice that |X]| < k + 1 since Hy is
connected.

Let H* be the induced subgraph of H; on V(H')U
{v}. Then &’ = (X, X/, ,,...,X]) is a sequence of
subsets of V(H*) with width k satisfying the conditions
of Lemma 5. Since the proper-path-width of H;\V(H™*)
is at most k£ — 1, there exists a (k — 1)-proper-path-
decomposition X" of H;\V(H7). Then (X" U {v}, X")
is a sequence of subsets of V(H;) with width k satis-
fying the conditions of Lemma 5. It is not difficult to
see that we can obtain a k-proper-path-decomposition
of H; satisfying the condition of this lemma from the
sequence (X" U {v}, X7). O

Theorem 8: Let G be a connected graph with a cut-
vertex v. Let /1 be a union of connected components of
G\{v}, Hy be the induced subgraph of G on V(H)U{v},
and H; be the induced subgraph of G on V(G) -V (H).
If ppw(Hy) = ppw(Hz) = k and G € Q(Py), then ei-
ther G is a star-composition of (not necessarily distinct)
graphs in Q(Py_1), or Hy € Q(Py_1), or Hy € 2(Pr—_1).
Proof: Assume contrary that G is not a star-
composition of three graphs in Q(Py_1), H1 & Q(Pr_1),
and Hy ¢ Q(Pr_1). Notice that G\{v} has at most
two connected components with proper-path-width %,
for otherwise, G is not minimal.

Assume first that H1\{v} and Hz\{v} have at most
one connected component with proper-path-width k,
respectively. Let H’ be a proper minor of Hs with
proper-path-width k. Let G’ be the minor of G such
that V(G') = V(H,) UV(H') and E(G') = E(H,) U
E(H'). Since G € Q(Pi), we have ppw(G’) = k. By
Lemma 11, there exists a k-proper-path-decomposition
Xt = (X{,X3,...,X}) of Hy such that v € X[ .
Similarly, there exists a k-proper-path-decomposition
X? = (X}, X7,...,X2) of Hy such that v € X{. Then
(X, x?) is a k-proper-path-decomposition of G, con-
tradicting to that ppw(G) = k + 1.

Assume next that Hi\{v} has exactly two con-
nected components with proper-path-width k. Let
R, and R, be connected components of H;\{v} with
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proper-path-width k, H, = H1\V(Rz), and H, be the
induced subgraph of G on V(H2) UV (Ry). Note that
H, and H, are connected, V(H,) NV (H,) = {v}, and
E(H,) U E(Hy) = E(G). Since H,\{v} and Hy\{v}
have exactly one connected components with proper-
path-width &, respectively, ppw(H,) = ppw(Hy) =
k, and H, and H, are not contained in (Pk_1).
Thus, by similar argument, there exists a k-proper-path-
decomposition of G, contradicting to that ppw(G) =
E—+1. O

Theorem 9: Let G be a connected graph with a bridge
(u,v). Let H; be the connected component containing
u of the graph obtained from G by deleting (u,v), Ha
be the other component. If ppw(H;) = ppw(Hs) = k
and G € Q(Py), then G is a star-composition of (not
necessarily distinct) graphs in Q(Pr_1).

Proof: Assume contrary that (G is not a star-
composition . of three graphs in Q(P;_1). Since G is
minimal, A1\{u} and Ho\{v} have at most one con-
nected component with proper-path-width at most £,
respectively. Let G’ be the graph obtained from G by
contracting edge (u,v). Then ppw(G’) = k, and graphs
@', Hy, and H, satisfy the condition of Lemma 11.
Thus there exist k-proper-path-decompositions X! =
(X}, X3,...,X}) of Hy and X? = (X7,X3,...,X2)
of Hy such that v € X} and v € X7. Then
(X, {u,v}, X?) is a k-proper-path-decomposition of G,
contradicting to that ppw(G) = k + 1. |

6. Only 36 Graphs

In this section, we show that a graph G is a minimal
forbidden minor for P, if and only if G is isomorphic
to one of 36 graphs shown in Fig.7.

A block of a graph G is a nontrivial connected sub-
graph of G, which contains no cut-vertices and which
is maximal with respect to that property. A block with
at least three vertices is called a cyclic block. Let G be
a graph with a cyclic block B. For any vertex v of
a cyclic block B in a graph G, L(v) is the connected
component of G — E(B) containing v and N(v) is the
number of vertices of L(v)\{v} if L(v)\{v} consists of
isolate vertices, infinite otherwise.

Lemma 12: If a graph G is in Q(Ps), then G is con-
nected and simple, and satisfys one of the following con-
ditions: (1) G is a star-composition of (not necessarily
distinct) three graphs in Q(Py); or (2) G has exactly one
cyclic block B, and N(v) < 3 for any vertex v € V(B);
or (3) G is isomorphic to a graph l-equivalent to a
graph satisfying (2).
Proof: By Theorem 4, a minimal forbidden minor for
Py is connected and simple.

Let G be a graph in Q(P;). Assume that G is
not a star-composition of (not necessarily distinct) three
graphs in Q(P;). If G has no cyclic block then G is
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acyclic, contradicting to Theorem 3. Thus we assume
that G has at least one cyclic block.

Assume that there exist distinct cyclic blocks B
and By of G. Note that ppw(B,) = ppw(B2) = 2. If
V(B1)NV(Bsz) = 0 then there exists a bridge (u,v) of G
such that the graph obtained from G by deleting (u, v)
has two connected components H; and Hs,, and B; and
By are subgraphs of H; and Hs, respectively. Notice
also that ppw(H1) = ppw(H,) = 2. However, this is
contradicting to Theorem 9. Thus V(By) NV (Bz) # 0.
Let v € V(By) N V(Bz2). Let Hy be the connected
component of G\(V(Bz) — {v}) such that B, is a sub-
graph of Hj, and Hy = G\(V(H1) — {v}). Notice that
V(Hy) NV(Hy) = {v}, E(H1) U E(Hs) = E(G), and
ppw(Hy) = ppw(Hz) = 2. By Theorem 8, H; € Q(P)
or Hy € Q(P1). Without loss of generality, we assume
that H; € Q(Py). Since H; has a cyclic block, H; is
isomorphic to a complete graph K5 € Q(P;). Then G is
isomorphic to a graph l-equivalent to the minimal for-
bidden minor for Ps such that the number of connected
components is one less than that of G.

Thus we assume, without loss of generality, G has
exactly one cyclic block. Let B be the cyclic block
of G and w be a vertex in V(B). If ppw(L(w)) = 2
then either G\(V (L(w)) — {w}) or L{w) is in Q(P1) by
Theorem 8. If G\(V(L(w)) — {w}) € Q(P1) then G is
l-equivalent to a tree. Thus G is a star-composition of
three graphs in Q(P;), a contradiction. Thus L{w) €
Q(Py). Hence N(w) = 3 or G is 1-equivalent to a graph
with N(w) = 3. If ppw(L(w)) = 1, then de(u) < 2 for
any vertex v € L{w). Since dg(u) = 1 for any ver-
tex u € L{w) — {w} by Theorem 4, N(w) £ 2. Thus
N(v) £ 3 for any vertex v € V(B), or ¢ is isomorphic
to a graph l-equivalent to a graph with N{v) < 3 for
any vertex v € V(B). O

Since it is easy to characterize the graphs in Q(P3)
obtained by star-compositions of (not necessarily dis-
tinct) three graphs in Q(P; ), we consider, in the follow-
ing, graphs with exactly one cyclic block. A graph is
said to be outer planar if it can be embedded in the
plane so that its edges intersect only at their ends and
its vertices lie on the boundary on the exterior region.
In the following, we call inner region of outer planar
graph, simply, region.

Lemma 13: For any minimal forbidden minor G for
Pa, G is not outer planar if and only if G is isomorphic
to either Ky or Ky 3.

Proof: It is well-known that the class of all outer pla-
nar graphs is minor-closed, and Ky and Kj 3 are the
minimal forbidden minors for the class. Thus any non-
outer planar graph G in Q(P;) is either K or K3 3 by
Corollary 1. a

To show that a graph G € Q(Ps) is isomorphic
to one of 36 graphs shown in Fig.7, it is sufficient to
consider graphs with one outer planar cyclic block. Let
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P(310000) be the graph shown in Fig. 8.

Lemma 14: For any minor G of P(310000), there ex-
ists a 2-proper-path-decomposition (X7, Xs,..., X, ) of
G such that 0,1 € X;.

Proof: ({0,1,2}, {1,2,3}, {2,3,4}, {3,4,5}, {4,5,6},
{5,6,7}, {5,7,8}, {5,8,9}) is a 2-proper-path-
decomposition of P(310000), and satisfys the condition
of this lemma. Thus there exists such a proper-path-
decomposition for any minor of P(310000). O

Corollary 2: The proper-path-widths of P(310310),
P(310130), P(33101), P(31310), P(31130), P(3311),
P(3230), P(3131) (shown in Fig.9) are two.

First, we consider the case that there exists exactly
one region in outer planar cyclic block.
Lemma 15: Let G be a simple connected outer planar
graph such that G has an outer planar cyclic block B
with one region and N(v) < 3 for any vertex v € V(B).
If G € Q(P;) then G is isomorphic to either P(333),
P(3202), P(2221), P(22010), P(11111), or P(101010).
Proof: Assume that G is not isomorphic to either
P(333), P(3202), P(2221), P(22010), P(11111), or
P(101010). We show that G ¢ Q(P,). To complete
the proof, it is sufficient to show that either ppw(G) = 2
or there exists a proper minor of G that contained in
Q(Py).

In the following, we consider several cases accord-
ing to the number of vertices in B.

1. [V(B)| = 3.

Since G is a proper minor of P(333) € Q(P2),
ppw(G) = 2.

2. |V(B)| = 4.
Assume that a vertex v; € V/(B) such that N(vy) =
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3 is adjacent to a vertex vy € V(B) such that
N(vz) = 3. If there exists a vertex v € V(B) —
{1, v2} such that N(v) = 2, then P(3202) € Q(Ps)
is a proper minor of G, otherwise ppw(G) = 2 since
G is a minor of P(3311). Thus vy is not adjacent
to vy if N(v1) = N(ve) = 3. If there exists a vertex
v € V(B) such that N(v) = 0, then ppw(G) = 2
since G is either a minor of P(3230) or a proper
minor of P(3202) € Q(P,). Thus there exists no
vertex v € V(B) such that N(v) = 0. If there exist
at least three vertices v such that N(v) = 2, then
P(2221) € Q(P,) is a proper minor of G, otherwise
ppw(G) = 2 since G is a minor of either P(3311)
or P(3131).

|V(B)| = 5.

Assume that a vertex v; € V(B) such that N(vy) >
2 is adjacent to a vertex vy € V(B) such that
N(vg) = 2. Let v be a vertex in V(B) such that v
is adjacent to neither v; nor ve. If N(v) = 1, then
P(22010) € Q(P2) is a proper minor of G. Thus
N(v) =0, and N(s) > 1 and N(t) = 1 for the other
two vertices s and ¢ of B by Theorem 4. However,
if N(s) = N(¢t) = 1 then ppw(G) = 2 since G is
a minor of P(33101), otherwise P(2221) € Q(Py)
is a proper minor of G. Thus v; is not adjacent
to vp if N(vy) 2 2 and N(vy) 2 2. If N(v) > 1
for any vertex v € V(B), P(11111) € Q(P,) is a
proper minor of G, otherwise ppw(G) = 2 since G
is a minor of either P(31310) or P(31130).

|V(B)| = 6.

If there exists at most one vertex v in V(B) such
that N(v) = 0, then P(11111) € Q(Ps) is a proper
minor of G. Thus we assume that there exist at least
two vertices v such that N(v) = 0. Let v; and vy
be vertices in V(B) such that N(v;) = N(vg) = 0.
Notice that v is not adjacent to v by Theorem 4.
If there exists a vertex adjacent to both vy and vs,
then P(101010) € Q(P2) is a proper minor of G by
Theorem 4. Thus there exists no vertex adjacent to
both v; and v,. Hence N(v) = 1 for each vertex
in V(B) — {v1,v2}. If a vertex vs € V(B) such
that N(vs) = 2 is adjacent to a vertex vy € V(B)
such that N(vs) = 2, then P(22010) € Q(P3) is a
proper minor of G, otherwise ppw(G) = 2 since G
is a minor of either P(310310) or P(310130).

. |V(B)| > 6.

Assume that |V(B)| = n (n = 7). There exists at
least [n/2] vertices v such that N(v) > 1 by The-
orem 4. If there exist at least five vertices v such
that N(v) > 1, then P(11111) € Q(P,) is a minor
of G. Thus n < 9. In case when n = 7,8, there
exist at least four vertices v such that N(v) = 1 and
P(101010) € Q(P2) is a proper minor of G.
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Thus G ¢ Q(P;) and we complete the proof. O

Next, we consider the case that there exist more
than one region in outer planar cyclic block.

Lemma 16: Let G be a simple connected outer planar
graph such that G has an outer planar cyclic block B
with more than one region and N (v) < 3 for any vertex
v € V(B). If G € Q(P,) then G is isomorphic to either
P(222z), P(22020), P(z1111), P(z1z11), P(z01010),
P(202010), or P(z0z0z0).

Proof: Assume that G is not isomorphic to either
P(222x), P(22050), P(z1111), P(zlz11), P(£01010),
P(202010), or P(z0x0x0). ‘

Distinct regions F' and F” are said to be adjacent
if there exists an edge e € E(F) N E(F'). Suppose
that some region in G is adjacent to more than two
regions in G. Since P(z0z0z0) € Q(P,) is a proper
minor of G, G' ¢ ©(P;). Thus we assume that each re-
gion in G is adjacent to at most two regions in G. Let
Fi,Fy,...,F; (f = 2) be regions in G such that F; and
Fi1y are adjacent to each other (1 < i < f—1). Notice
that |E(F;) N E(Fiq)| =1 foranyi (1 <i < f—1)
since G is outer planar. Let (u,u’) € E(Fy) N B(Fy),
and © = ug, U1, Ug, ..., U, Umy1 = U be vertices in
F1 such that (ui,qu) S E(B) (0 g 7 é m,m g 1)
Stmilarly, let (v,v") € E(Fy_1) N E(F}), and v =
V0, V1, V2, - - -, U/, Umyy1 = ¥’ be vertices in F'y such that
(vs,vi41) € BE(B) (0<i<m/,m’ > 1).

Let Vi = V(F) if o # o/, Vi = V(R) — {o}
otherwise. Let G be the induced subgraph of G on
V(E) UUyer, V(L(w)).

Claim 1: If v # v or N(u) = 0 then Gy is a minor of
P(310000).

Proof: Let o = 1 if N(u) = 0, a = 0 otherwise. Let
b=m+1 ifu’ # v/, b = m otherwise. Notice that (; is
the induced subgraph of G on V (F1)U, .., V (L(u;)).

Assume that N (u;) > 1 and N(u;4;) = 1 for some+
and j (6 <i<b—2,2<j<b—1i). Then P(201010) €
Q(Py) is a proper minor of G such that (v,v’) corre-
sponds to an inner edge of P(x01010). If N(u;) = 2
and N(u;) 2 2 for some i and j (a < i < § < b) then
P(22020) € Q(P5) is a proper minor of G. Thus G4 is a
minor of P(310000), since no vertices w with N(w) =0
are adjacent to each other by Theorem 4. o

Let Vo, = V(Ff) if u £ v, Vo = V(Ff) — {7]}
otherwise. Let G5 be the induced subgraph of G on
V(Ff) UUuey, V(L(w)). By a similar argument a$
above, if v’ # v’ or N(v') = 0 then G5 is a minor
of P(310000). |

Let Vzg = V(FQ) U V(F3) Uy V(Fffl) If
there exists a vertex w € V3 — {u,u/,v,v'} such that
N(w) 2 1, then G ¢ Q(P,) since P(z02010) € Q(P,) is
a proper minor of G. Thus we assume that N(w) = 0
for each vertex w € V3 — {u,v/,v,v'}. Let G5 be the
induced subgraph of G on V;. Notice that V(@) =
V(G1) UV(Ge) UV (G3). We claim the following.

1837

Claim 2: If both G; and G5 are minors of P(310000),
then G ¢ Q(Ps).

Proof: Since G; is a minor of P(310000), there exists a
2-proper-path-decomposition &y = (X{,X3,...,X})
of G1 such that w,w' € X! by Lemma 14. Simi-
larly, there exists a 2-proper-path-decomposition X, =
(X7, X3,...,X2) such thatv,v' € X2. Since N(w) =0
for each vertex w € V3 — {u,v/,v,v'}, it is not difficult
to see that there exists a 2-proper-path-decomposition
A = (X7,X3,...,X2) of G5 such that u,v’ € X3
and v,v" € X3 . Then (X1, X3, A) is a 2-proper-path-
decomposition of G, and G ¢ Q(P3). O

Thus by Claims 1 and 2, without loss of generality,
we assume that v = v and N(u) > 0. In the following,
we consider two cases. ‘

Case 1. Assume that v/ # v or N(v/) = 0. If
N(w;) 2 1 and N(v;) =2 1 for some 5 and j (2 < i <
m+1,2 < j <m'+ 1) then either P(z1zll) € Q(Py)
or P(101010) € Q(P) is a proper minor of G. Thus,
we have either N(u;) = 0 for any i (2 <1 < m +1)
or N(vj) = 0 for any j (2 < j < m/ +1). Without
loss of generality, we assume that N(u;) = 0 for any
i (2 <4< m+1). Assume that N(v;) = 1 for some
j(2=j<m +1). If Nu) 22 and N(uy) = 2,
P(22010) € Q(P,) is a proper minor of (. Thus, ei-
ther N(u) = 1 or N(u;) < 1, and Gy is a minor
of P(310000). Since G5 is a minor of P(310000) by
Claim 1, G € Q(P2) by Claim 2. Thus, N(v;) = 0
for any j (2 < j < m/+ 1). There exist at most three
vertices w such that N(w) > 01in 1 U V5.

Assume that N(u) = 3. If N(u;) = 2 and
N(v-) = 2 then P(3202) € Q(P,) is a proper minor
of G. Thus, without loss of generality, we assume that
N(ui) £ 1 and G is a minor of P(310000). Since
Gz is a minor of P(310000) by Claim 1, G ¢ Q(P,)
by Claim 2. Assume that N(u) < 2. Let z and y be
the vertices in L(u)\{u}. Let G, be the induced sub-
graph of G on V(F1) U {z}, and G} be the induced
subgraph of G on V/(F¢) U {y}. Since both G, and G,
are minors of P(310000), there exist a 2-proper-path-
decomposition X, = (X, X§,...,X2) of G, such
that u,u’ € X2, and a 2-proper-path-decomposition

Xy = (X7,X5,...,Xt) of Gy such that v,v/ € X?P.
Then (X,, X3, A&}) is a 2-proper-path-decomposition of
G, and G ¢ Q(Ps).

Case 2: Assume that ' = v/ and N(u') > 0. If
there exist at least two vertices u; (1 < ¢ < m) such that
N(u;) 2 1, then P(z1111) € Q(P,) is a proper minor
of G. Thus there exists at most one vertex u; such that
N(u;) 2 1 for some i (1 <4 < m). We have m < 3 by
Theorem 4. However, if m = 3 then P(101010) € Q(Py)
is a proper minor of G since N(uz) = 1. Thus we have
m < 2. Similarly, there exists at most one vertex v; such
that N(v;) 2 1 for some ¢ (1 £ ¢ < m/), and m/ < 2.
Without loss of generality, we assume that m’ < m < 2.

Assume that m = 2. Without loss of generality, we
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assume that N(up) = 1. If N(u) = 2 and N(u;) = 2,
then P(22010) € §2(P2) is a proper minor of G. Thus,
G4 is a minor of P(310000). If m’ = 2 and N(v) = 1
then P(101010) € Q(P2) is a proper minor of G. Thus,
we have either m’ = 2 and N(vg) 2 1, or m/ = 1. If
N(v') 22 and N (v, ) 2 2 then P(22010) € Q(P,) is a
proper minor of G. Thus Gs is a minor of P(310000)
and G ¢ Q(Pz) by Claim 2.

Assume that m = m/ = 1. Without loss of gen-
erality, we assume that N(u) = N(v/). If N(u) =1
then both (7 and G, are minors of P(310000), since
N(u') = 1. Thus we assume that N(u) = 2. If
N(up) = 2 and N(vy) 2 2 then P(2221) € Q(Ps) is
a proper minor of G. Thus, without loss of gener-
~ality, we assume that N(u;) < 1. Then G; is a mi-
nor of P(310000). If N(uv') = 2 and N(v;) = 2 then
P(222z) € Q(P,) is a proper minor of G. Thus G is a
minor of P(310000) and G ¢ Q(P5) by Claim 2.

Thus G € Q(P2) and we complete the proof. O

Theorem 10: A graph G is contained in Q(P.) if and
only if G is isomorphic to one of 36 graphs shown in
Fig.7.

Proof: Since Q(P1) = {K3, K 3}, the number of graphs
in Q(P2) obtained by star-compositions of (not neces-
sarily distinct) three graphs in Q(P;) is ten. A graph
in Q(Ps) with a cyclic block B and N(v) < 3 for any
vertex v € V(B) is isomorphic to one of the fifteen
graphs shown in Lemmas 13, 15, and 16. The number
of graphs 1-equivalent to these graphs are eleven. Thus
by Lemma 12, the number of graphs in Q(P,) is 36, and
the graphs shown in Fig.7 are the minimal forbidden
minors for Ps. U

7. Concluding Remarks

In this paper, we characterize P, by the minimal for-
bidden minors for Pz. For applications in linguistics,
it would be of definite interest to know the structure
of graphs with path-width at most 6 as mentioned by
Kornai and Tuza in [9]. Although it is known that the
number of minimal forbidden minors for Py (k = 3)
is stupendous, we might be able to characterize all the
minimal forbidden minors by simple compositions like
as the minimal acyclic forbidden minors. In this sense,
some general properties of minimal forbidden minors
for P, shown in this paper give us a clue to character-
ize not only the minimal forbidden minors for P but
also the minimal forbidden minors for Fy (k = 3).
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