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Chapter 1

Introduction



A Riemann surface is a connected 1-dimensional complex manifold, that
is, it is a real 2-dimensional oriented differentiable manifold with a complex
structure on it. A type of a Riemann surface is determined by its genus
and the number of punctures. There exists an orientation preserving dif-
feomorphism between two Riemann surfaces of the same type, however it is
not always biholomorphic. If there exists a biholomorphic mapping between
them, we say that they are biholomorphically equivalent. Therefore, for any
fixed type, to consider how many biholomorphically equivalence classes of
Riemann surfaces exist is important. The set of all such classes is called the
moduli space of the Riemann surfaces. For closed surfaces of genus g > 2,
in 1857, Riemann concluded that the moduli space has 3g — 3 complex pa-
rameters. To analyze moduli spaces, we treat Teichmiiller spaces which are
universal covering spaces of moduli spaces. Teichmiiller spaces were induced
by Teichmiiller in 1930s.

We consider the Teichmiiller space T'(X) of an analytically finite Riemann
surface X which has genus g with n punctures such that 3¢ — 3 4+ n > 0.
In fact,if g =0and 0 <n <3, orif g =1 and n = 0, T(X) is trivial or
well-known. There is a representation of 7'(X') which is used quasiconformal
mappings on X. The concept of quasiconformal mappings appeared for the
first time in Grotzsch’s paper in 1928. He considered mappings of a square
onto a rectangle such that vertexes of the square are mapped to vertexes
of the rectangle. He found the extremal mapping which is the closest to
conformal in such mappings, it is an affine mapping. In general, a quasi-
conformal mapping f of a planer domain D to another D’ is an oriented
preserving homeomorphism which is absolutely continuous on lines on D,
and there exists 0 < k < 1 such that the inequality |f;/f.] < k holds almost
everywhere on D. In particular, if f is a diffeomorphism and satisfies the
inequality of partial derivatives, then f is a quasiconformal mapping. The
number k& means an estimation of a gap between biholomorphic (conformal)
mappings. The mapping f is biholomorphic if and only if k is attained as 0.
The definition of quasiconformal mappings is extended naturally on Riemann
surfaces. The Teichmiiller space T'(X) is the set of equivalence classes of pairs
(Y, f) where Y is a Riemann surface and f is a quasiconformal mapping of
X onto Y. Here, the pairs (Y, f) and (Y, f') are equivalent if there exists a
biholomorphic mapping h of Y onto Y such that h is homotopic to f'o f~1.
A topology of T'(X) is induced by the complete distance on T(X) which is
called the Teichmiiller distance. Its definition also uses quasiconformal map-
pings. By the Teichmiiller distance, T'(X) is homeomorphic to C3973t", In
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1940s, Teichmiiller generalized the Grotzsch’s statement, that is, for a given
quasiconformal mapping f of X onto Y, he found the unique extremal qua-
siconformal mapping which is homotopic to f. Furthermore, the extremal
mapping is represented by an affine mapping by using natural coordinates
on X, Y which are determined by holomorphic quadratic differentials on
X, Y respectively. We call this mapping the Teichmiiller mapping. In each
homotopy class, the Teichmiiller mapping has the smallest quasiconformal
dilatation, it is an essence of the Teichmiiller distance. In 1960s, Ahlfors and
Bers showed that 7'(X) is embedded in the space of holomorphic quadratic
differentials on X as a bounded domain. This space is a complex (3g—3+n)-
dimensional vector space by the Riemann-Roch theorem, then 7'(X) has the
same dimensional complex structure. The mapping class group of X is the
covering transformation group of 7'(X) and acts properly discontinuity on
T(X). It is also a discrete group of biholomorphic automorphisms of 7'(X).
Moreover, in 1971, Royden, and in 1974, Earle and Kra showed that the
mapping class group of X and the group of biholomorphic automorphisms of
T(X) are group homomorphic in almost all cases. Then the corresponding
moduli space is a (3¢ — 3 + n)-dimensional normal complex analytic space.
We also consider some boundaries of T'(X). Since T'(X) is not compact,
to consider compactifications of T'(X) has a meaning. Teichmiiller intro-
duced a compactification of T'(X) if X is compact. He considered all images
of Teichmiiller mappings on X with any dilatation 0 < k£ < 1 having any
holomorphic quadratic differential with unit norm on X. Since the space of
holomorphic quadratic differentials on X is (3g — 3)-dimensional, the above
correspondence induces a mapping of a complex (3g — 3)-dimensional open
unit ball onto T'(X). He showed that the mapping is a homeomorphism, and
the compactification of T'(X) comes from the extended homeomorphism on
the closed unit ball. The closure of T'(X) is compact, however the action of
the mapping class group cannot be extended continuously to the boundary.
Abikoff considered the augmented Teichmiiller space 7'(X) which consists of
the Teichmiiller space together with the set of equivalence classes of pairs of
a Riemann surface with nodes of the same type as X and a deformation of
X onto it. This original concept came from the theory of Kleinian groups,
and Bers gave the above representation. The boundary of T(X ) consists of
end points of all Teichmiiller geodesic rays determined by Jenkins-Strebel
differentials on X. In this time, the mapping class group can be extended
continuously to the boundary of T(X ). The augmented Teichmiiller space
T(X ) is not compact, however the quotient space of T (X) is compact, i.e.,
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it is a compactification of the moduli space. It coincides to the Deligne-
Mumford compactification of the moduli space. Since X is a hyperbolic
Riemann surface, there exist hyperbolic metrics on Riemann surfaces corre-
sponding to points on T'(X). Thurston gave the embedding of T'(X) into
the projective space of hyperbolic lengths of simple closed curves on Rie-
mann surfaces corresponding to points on T'(X) ([FLP79]). He proved that
the image of the embedding is relatively compact. The closure of the image
is called the Thurston compactification of T'(X). The boundary is home-
omorphic to the space of the projective measured foliations PMF(X) of
X. The action of the mapping class group can be extended continuously to
the boundary. However, Lenzhen found the Teichmiiller geodesic ray which
does not converges to the boundary ([Len06]). In 1991, Gardiner and Masur
considered the compactification of 7'(X') which is constructed by the similar
way as in the case of Thurston, but they used extremal lengths instead of
hyperbolic lengths ([GM91]). This is called the Gardiner-Masur compacti-
fication of T(X). The action of the mapping class group can be extended
continuously, and all Teichmiiller geodesic rays converge to this boundary.

Let T(X) be the Teichmiiller space of an analytically finite Riemann
surface X which has genus g with n punctures such that 3g — 3 +n > 0.
In this thesis, we consider Teichmiiller geodesic rays and their geometric
properties. A Teichmiiller geodesic ray on 7'(X) is determined by a holomor-
phic quadratic differential on an initial point. More precisely, each point of
the Teichmiiller geodesic ray is constructed by the image of the Teichmiiller
mapping from the initial Riemann surface with natural coordinates deter-
mined by the holomorphic quadratic differential. Then, we can say that holo-
morphic quadratic differentials determine directions of Teichmiiller geodesic
rays. There is a one-to-one correspondence between the space of holomor-
phic quadratic differentials on a Riemann surface and the space of measured
foliations with singularities on a same surface. We use both representation
depending on the situation. We are interested in the behavior of two geodesic
rays near the boundary of the Teichmiiller space.

An interesting question is when the Teichmiiller distance between the
given two Teichmiiller geodesic rays are bounded, or diverge. This ques-
tion is answered completely by Ivanov [Iva0l], Lenzhen and Masur [LM10]
and Masur [Mas75], [Mas80]. The details are the following. First, Masur
showed that if the measured foliations of the given rays are determined by
Jenkins-Strebel differentials and topologically equivalent, then the rays are
bounded ([Mas75]). Masur also showed that if the measured foliations are



uniquely ergodic and topologically equivalent with the condition that they
have no simple closed curves consist of saddle connections, then the rays are
asymptotic (and so bounded) ([Mas80]). Ivanov showed that if the measured
foliations are absolutely continuous, then the rays are bounded, and if the
measured foliations have non-zero intersection number, then the rays are di-
vergent ([Iva0l]). Finally, Lenzhen and Masur showed that if the measured
foliations are not absolutely continuous, or the measured foliations are not
topologically equivalent and have zero intersection number, then the rays are
divergent ([LM10]).

On the other hand, Farb and Masur [FM10] considered two Teichmiiller
geodesic rays in the moduli space given by modularly equivalent Jenkins-
Strebel differentials. They showed that under some conditions of initial points
of two rays, the limit value of the distance between the rays in the moduli
space is the distance between the end points of the rays in the boundary
of the moduli space. If in addition, the end points coincide, then they are
asymptotic.

In Chapter 3, we obtain the explicit limit value of the Teichmiiller distance
between two Teichmiiller geodesic rays which are determined by Jenkins-
Strebel differentials having a common end point in the augmented Teichmiiller
space (Theorem 3.1.1). Furthermore, we also obtain a condition under which
these two rays are asymptotic (Corollary 3.1.2). This is similar to a result of
Farb and Masur.

In Chapter 4, we obtain the limit value of the distance between any
two Teichmiiller geodesic rays determined by Jenkins-Strebel differentials
(Theorem 4.1.1). This is the generalization of Theorem 3.1.1 in Chapter 3.
We also consider the infimum of the limit value in shifting base points of
the rays along the geodesics (Corollary 4.1.2). We show that the infimum
is represented by two quantities. One is the detour metric between the end
points of the rays on the Gardiner-Masur boundary of the Teichmiiller space,
and the other is the Teichmiiller distance between the end points of the rays
on the augmented Teichmiiller space.
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Chapter 2

Preliminaries



2.1 Teichmiiller spaces

Let X be a Riemann surface of type (g,n) with 3¢ —3 +n > 0. The
Teichmiiller space T(X) of X is the set of all equivalence classes [Y, f] of
pairs of a Riemann surface Y and a quasiconformal mapping f : X — Y.
Two pairs (Y7, f1) and (Ys, fo) are equivalent if there is a conformal mapping
h :Y: — Y5 such that h o f; is homotopic to f,. The Teichmiiller space
T(X) has a complete distance, called the Teichmiiller distance dr(xy. For
any p1 = [Y1, fi], pa = [Ya, fo] € T(X), the distance is defined by

1.
drx)(p1,p2) = 3 Hgf log K (h),

where h ranges over all quasiconformal mappings h : Y7 — Y5 such that ho f;
is homotopic to fo, and K (h) means the maximal quasiconformal dilatation
of h.

2.2 Holomorphic quadratic differentials

In this section, we refer to [Str84] for details.

A holomorphic quadratic differential ¢ on X is a tensor which is rep-
resented locally by ¢ = ¢(z)dz? where ¢(z) is a holomorphic function of
the local coordinate z = x + iy on X. We allow holomorphic quadratic
differentials to have simple poles at the punctures of X. For each holomor-
phic quadratic differential ¢ = q(2)dz?, |q| is defined locally by the differ-
ential 2-form |q(z)|dzdy on each coordinate z. The norm of ¢ is defined by
lall = [[x la(z)|dzdy. We treat holomorphic quadratic differentials whose
norm are finite. A holomorphic quadratic differential ¢ is called of unit norm
if it satisfies ||q|| = 1. A critical point of g is a zero of ¢ or a puncture of
X. Each non-zero holomorphic quadratic differential has finitely many crit-
ical points. In a neighborhood of any non-critical point of ¢, there exists a
local coordinate ¢ on X such that ¢ = d¢2. Indeed, let py be a non-critical
point, then q% = q(z)%dz has a single valued holomorphic branch in some
neighborhood U around py. The new coordinate

((p) = /q

is defined for any p € U, and this coordinate satisfies ¢ = d¢2. We call
the coordinate ( a q-coordinate on X. For any two ¢-coordinates (i, (2 in

10



a common neighborhood U, the equation (; = £(; + ¢ holds where ¢ € C,
because ¢ = d(} = d(3. A smooth path z = y(t) on X is called a horizontal
trajectory of ¢ if it is a maximal path which satisfies q(v(t))5(t)? > 0. We
notice that any horizontal trajectory of ¢ consists of non-critical points of
¢, and it is represented by a Euclidean horizontal segment in ¢-coordinates.
All horizontal trajectories of ¢ are classified by the following three types. A
horizontal trajectory of ¢ is critical if it joins critical points of ¢, closed if it
is a closed path, recurrent otherwise. The recurrent trajectory is dense on a
subsurface of X whose boundary consists of critical trajectories of ¢. Let I',
be the set of all critical points and critical trajectories of g. Any component
of X —TI'; is an annulus which is swept out by closed trajectories of ¢ such
that they are homotopic to each other, or a minimal domain which consists
of infinitely many recurrent trajectories of ¢. If all components of X —I'; are
annuli, we call ¢ a Jenkins-Strebel differential.

2.3 Measured foliations

In this section, we refer to [FLP79] for details.

A foliation F' = {(Uj, z;) }; with singularities on X is an atlas of X, and
is given by the pair of an open covering {U;}; of X — {finite distinguished
points} and each local coordinate z; = x;+iy; on U; such that the equations
zr = fi(z), yv» = Ly; + ¢ holds where ¢ € C if U; N Uy # 0. These
distinguished points and punctures of X are called singularities of F'. They
are p-pronged singularities for p > 1, but the case of p = 1, 2 is attained only
at the punctures of X. A maximal horizontal segment with respect to {z;};
is called a leaf of F'. A transverse measure p of F' is given by a measure on
the set of all transversal arcs of leaves of F' such that if transversal arcs «,
[ are moved to each other by a homotopy along leaves of the foliation F,
then p(a) = p(B). The pair (F, p) is called a measured foliation on X. Let
S be the set of all homotopy classes of non-trivial and non-peripheral simple
closed curves on X. For any measured foliation (F,u) and any o € S, we
can define the intersection number

i((Fop),a) = inf [ dp,

where o ranges over all simple closed curves in a. Two measured foliations
(F1, p1) and (Fy, ps) are equivalent if the equation
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Z‘((Flv :ul)v Oz) = i((F27/L2)7 a)

holds for any o € §. We denote by MF(X) the set of all equivalence classes
of measured foliations on X. The set MF(X) has the week-topology which
is induced by intersection number functions in RS,. We denote by [F,
the equivalence class of (F, ). We consider the space of measured foliations
MF(Y) on any other Riemann surface Y of the same type as X. For any
homeomorphism f : X — Y, there exists a homeomorphism f, : MF(X) —
MF(Y) which is defined by f.([F,u]) = [f(F),uo f71] € MF(Y) for any
[F,p] € MF(X). After this, we denote by u as the equivalence class of a
measured foliation [F, u] € MF(X). We can see that R>g x S € MF(X).
For any b > 0 and any v € S, the measured foliation by consists of closed
leaves which are homotopic to v and leaves tend to singular points. These
closed leaves produce an annulus of height b, and other leaves are the bound-
ary of it. This measured foliation satisfies i(by, a) = bi(y, a) for any o € S.
The right side of this equation is a geometric intersection number of simple
closed curves. Thurston showed that Ry x & = MF(X). (For instance,
we refer to [FLP79].) Then, we can see that intersection number functions
are defined on MF(X) x MF(X). (We refer to [Ree81] for details.) We
notice that for any homeomorphism f : X — Y and any u,v € MF(X), the
equation ¢(f.(u), f«(v)) = i(p, v) holds.

Remark. The set MF(X) contains the zero-measured foliation, denoted by
0, that is, it has the zero intersection number with all measured foliations.
Of course, for any u € MF(X), we regard the measured foliation Oy as 0.

2.4 Measured foliations and holomorphic
quadratic differentials

For any non-zero holomorphic quadratic differential ¢ on X, we can define
the measured foliation H(q) € MF(X) consists of all horizontal trajectories
of ¢ as leaves and |dy| as a transverse measure where z = x + iy is the
g-coordinate. The singularities of H(q) are the critical points of g.

Remark. There is a one-to-one correspondence between the set of all holo-
morphic quadratic differentials of finite norm on X and MF(X), we refer to
[HM79].

If ¢ has an annulus A in X —TI',, then the restriction to A of the measured
foliation H(q) can be written as H(q)|a = by where v € S corresponds to
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closed trajectories which sweep out in A, and b > 0 is the height of A with
respect to the metric |dy|. If ¢ has a minimal domain M in X —T'y, then the
restriction to M of the measured foliation H(q) can be written as H(q)|y =

P bip; where p > 0 is bounded by the number which is determined by the
topology of M, b; > 0 for any ¢ = 1,--- ,p and {u;}}_, is the set of ergodic
transverse measures which are projectively-distinct and pairwise having zero
intersection number (that is, for any 7 # i’ and any &k > 0, py # ku; and
i(pi, ) = 0). A transverse measure p is called an ergodic transverse measure
if it is non-zero and cannot be written as a sum of projectively-distinct and
non-zero measured foliations. (For ergodicity, we refer to [KH95] for more
informations.) Any non-zero holomorphic quadratic differential ¢ has finitely
many critical points, so the measured foliation H(q) has finitely many annuli
or minimal domains. Therefore, the measured foliation H(q) can be written
as

k
H(q) =) b;G;,
j=1

where G; is (a homotopy class of ) a simple closed curve or an ergodic measure
for any 5 = 1,--- ,k such that these are projectively-distinct and pairwise
having zero intersection number, and b; > 0 if G; € S, b; > 0 if G; is an
ergodic measure. (About this notation, we refer the reader to [Iva92] for
more details.) In particular, if ¢ is a Jenkins-Strebel differential, then we can
write

k
j=1

where by, - - - , b, are positive real numbers and ~, - - - , v, are distinct simple
closed curves such that i(v;,~v;/) = 0 for any j # j/, and in this situation, we
also call that H(q) is Jenkins-Strebel. If X —T', has only one minimal domain
and the measured foliation H(q) is represented by by where b > 0 and p is an
ergodic measure, and any other topologically equivalent measured foliation
v on X is represented by v = b’y where b’ > 0, then ¢ and H(q) are called
uniquely ergodic. We come back to the general case and see that

k k
7 (Z bjGj,Oé) = iji(Gj,Oé)
j=1 j=1
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for any o € S.

Remark. If G; = pu; is ergodic, we regard G; as [G, uj] € MF(X) where
G is an unmeasured foliation which is H(g) without the transverse measure.
(p; is supported on a minimal domain.) Then, G, is a measured foliation on
the whole surface X.

For any j =1,--- , k, we set
_ b
i(ijV(Q))’

m;

where the measured foliation V' (q) is defined by H(—q). If G; is a simple
closed curve v; € S, then a; := i(7;,V(q)) means the infimum of the hor-
izontal lengths of the simple closed curves in 7; with respect to the metric
|dz|, and m; = Z—J means a modulus of the annulus which is generated by ~;,
that is, the ratio of the height and the circumference of the annulus.

Let ¢, ¢’ be unit norm holomorphic quadratic differentials on X and H(q),
H(q') be measured foliations in MF(X) constructed by ¢, ¢’ respectively.

Definition 2.4.1. The pair of holomorphic quadratic differentials ¢, ¢ on X
or measured foliations H(q), H(¢') € MF(X) is called topologically equiva-
lent if there is a homeomorphism o : X —I', — X —I'y which is homotopic to
the identity such that the leaves of H(q) are mapped to the leaves of H(q).
In this situation, we can write the measured foliations as H(q) = 25:1 b;Gj,

H(¢) = 2521 V;G; where G is a simple closed curve or an ergodic measure
for any 7 = 1,--- ,k such that these are projectively-distinct and pairwise
having zero intersection number, and b;, b7 > 0 if G; € S, b;, b; > 0 if
G is an ergodic measure. The pair of holomorphic quadratic differentials g,
¢ or measured foliations H(q), H(q') is called absolutely continuous if q, ¢’
are topologically equivalent and for the representations H(q) = Z?:l b; Gy,

H({) = Z?Zl b;Gj, the set of subscripts of non-zero coefficients b; of H(q)

and the one of H(q') coincide. In this situation, we can set b;, b > 0 for any
j=1,--- k.

Remark. If two holomorphic quadratic differentials ¢, ¢’ are Jenkins-Strebel
and topologically equivalent, then they are absolutely continuous.
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2.5 Teichmiiller geodesic rays

Let ¢ be a unit norm holomorphic quadratic differential on X. A quasicon-
formal mapping f on X is called a Teichmuller mapping for ¢ if f has the
Beltrami coefficient — gg;;: %. The existence and uniqueness for Teichmiiller
mappings are the followings.

Theorem 2.5.1. (Teichmiiller’s existence theorem) For any quasiconformal
mapping g : X — Y, there is a Teichmailler mapping f which is homotopic
to g.

Theorem 2.5.2. (Teichmiiller’s uniqueness theorem) For any quasiconfor-
mal mapping g : X — Y which is homotopic to the Teichmiiller mapping f,
the inequality K(f) < K(g) holds and the equality holds if and only if f = g.

These facts are called Teichmiiller’s theorem. (We refer to [IT92] for
details.) Therefore, a Teichmiiller mapping is attained the infimum of the
definition of the Teichmiiller distance, i.e., for any p; = [Y1, fi], po = [Ya, fo] €
T(X), there is the Teichmiiller mapping h : Y7 — Y5 which is homotopic to
foo fi! such that dr(x)(p1,p2) = 4 log K(h).

For any p = [Y, f] € T(X), let ¢ be a unit norm holomorphic quadratic
differential on Y and z = x + iy be any g-coordinate. For any t > 0, let Y}
be a Riemann surface determined by each local coordinate z, = e tz + iely
and ¢; : Y — Y, be a Teichmiiller mapping which is determined by z +— z;.
We assume that Yy = Y, g9 = idy. We set r(t) = [Y;,g; o f], then by
Teichmiiller’s theorem, this mapping 7 : R>og — 7'(X) is an isometry and
is called the Teichmiiller geodesic ray on T'(X) starting at p and having the
initial holomorphic quadratic differential ¢. If the holomorphic quadratic
differential ¢ is of Jenkins-Strebel, the ray r is called a Jenkins-Strebel ray.

Definition 2.5.3. Let r, ' be Teichmiiller geodesic rays on T'(X) start-
ing at r(0) = [Y, f], ’(0) = [Y’',f] and having initial unit norm holo-
morphic quadratic differentials ¢, ¢ on Y, Y’ respectively. We denote by
H(q) e MF(Y), H(¢') € MF(Y') the measured foliations corresponding to
q, ¢ respectively. We suppose that f,'(H(q)), f.'(H(¢)) € MF(X) are ab-
solutely continuous, then the measured foliations are written as f;'(H(q)) =
i1 Gy STNH() = Y5 UGy, Hig) = 325, b,f-(Gy) and H(¢) =
Z?Zl Vi fi(Gy) where by, - -+ by, by, -+ b, are positive real numbers and G/
is a simple closed curve or an ergodic measure for any j = 1,--- , k such that

15



these are projectively-distinct and pairwise having zero intersection number.
/

R N -
= TGwv@r ™ = T vy or any j = 1.,k In this
situation, the given rays r, r’ are called modularly equivalent if there is A > 0

such that m’ = Am; for any j =1,--- | k.

We set m;

Definition 2.5.4. The pair of Teichmiiller geodesic rays r, v’ on T'(X) are
called bounded if there is M > 0 such that dpx)(r(t),7'(t)) < M for any
t > 0, divergent if dpx)(r(t),r'(t)) — +oo as t — oo, and asymptotic if
there is a choice of initial points 7(0), /(0) such that dpx)(r(t),r'(t)) — 0
as t — 0o, in other words, for the given rays r(t), r/(t), there is @ € R such
that dpx)(r(t),r'(t +a)) — 0 as t — oo.

2.6 The end point of a Jenkins-Strebel ray

In this section, we refer to [Abi77], [HS07] and [IT92].

Definition 2.6.1. (Riemann surfaces with nodes) A connected Hausdorff
space R is called a Riemann surface of type (g,n) with nodes if R satisfies
the following conditions:

1. Any p € R has a neighborhood which is homeomorphic to the unit disk
D or the set {(z1,20) € C? | |21] < 1, |22] < 1,229 = 0}. (In the latter
case, p is called a node of R. We allow R to have finitely many nodes.)

2. Let p1,--- ,pr be nodes of R. We denote by Ry,--- , R, the connected
components of R — {py,--- ,pr}. For any ¢ = 1,--- r, each R; is of

type (¢, n;) which satisfies 2¢; — 2 +n; > 0, n = > |, n; — 2k and
9= ,9 —r+k+1

Remark. The condition (2) means that we get a Riemann surface of type
(g,n) without nodes by opening each node of R. All Riemann surfaces of
type (g,n) without nodes are included to this definition.

Definition 2.6.2. (Augmented Teichmiiller spaces) Let X be a Riemann
surface of type (g,n) without nodes which satisfies 3¢ — 3 +n > 0. The
augmented Teichmiller space T(X ) of X is the set of all equivalence classes
(R, f] of pairs of a Riemann surface R of type (g,n) with nodes and a defor-
mation f : X — R which is a mapping such that it contracts some disjoint
loops on X to points (the nodes of R) and is a homeomorphism except on
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the loops. Two pairs (Ry, f1) and (R, f2) are equivalent if there is a biholo-
morphic mapping h : Ry — Ry such that f5 is homotopic to ho f;. Here, for
Riemann surfaces with nodes R and S, a homeomorphism f : R — S is called
biholomorphic if each restricted mapping of f which maps a component of
R — {nodes of R} onto a component of S — {nodes of S} is biholomorphic. A
topology on T(X ) is defined by the following neighborhoods. For any com-
pact neighborhood V' of the set of nodes in R and any € > 0, a neighborhood
Uy, of a point [R, f] is defined by

Uy = {[S,g] € T(X) | there is a deformation h : S — R which is
(1 + €)-quasiconformal on A~'(R — V') such that f is homotopic to ko g}.

Let r be the Jenkins-Strebel ray on T(X) starting at r(0) = [Y, f] and
having an initial unit norm Jenkins-Strebel differential ¢ on Y. We set
r(t) = [Yi, gt 0 f] for any t > 0. We consider the end point of r in T(X).
We denote by H(q) = Zle b;jy; the measured foliation constructed by g¢.
The surface ¥ — I'y consists of annuli corresponding to 7, -+, v, and let
my, -+ ,my be moduli of these annuli respectively. By ¢g-coordinates, the an-
nuli are represented by Euclidean cylinders. For each cylinder, we use polar
coordinates and describe it as two round annuli:

Al(0) = A3(0) = {w € C | exp(—mym) < |w| < 1}.

We glue A7(0) and A%(0) at the line of these inner boundary |w| = exp(—m;)
by the mapping w +— e’(p(_wﬂ and denote by A;(0) the resulting surface.

We obtain the base surface Y after gluing A;(0),--- , Ax(0) by the gluing
mappings which are determined by ¢. The Teichmiiller mapping ¢, : ¥ — Y}
is represented by w = re? — roPCe? for any t > 0. We fix any ¢t > 0 and
define

Al(t) = A2(t) ={w € C | exp(—e*mym) < |w| < 1}.

exp(—2e2m;m)

The gluing mapping of Aj(t) onto A3(t) is w — - in their inner
boundary |w| = exp(—e?m;n), and we denote by A;(t) the resulting surface.
The surface Y; is obtained by A;(t), - - , Ax(t) with the same gluing mappings

as in the case of t = 0.

Remark. We notice that the modulus of A;(t) is equal to e**m; for any ¢ > 0
and any j =1,--- k.
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We consider the limit of A;(t) as ¢ — oo for any j = 1,--- k. We set
Aj(00) = A3(00) = {w € C | 0 < |w| < 1}, and denote by {pt} the set which
consists of an arbitrary point. The disjoint union A;(oco) = A;j(co0)UA3(oco0)U
{pt} becomes a complex cone by the following chart:

P : Aj(00) — {(w',w?) € C* | |[w'] < 1,]w? < 1,w"-w® =0},

q)‘A;(m)(w) = (w70>7 (I)|A§(oo)<w) = (07w)> @(pt) = (an)

for any 7 = 1,--- k. We denote by Y, the surface constructed by A;(oc0),
-+, Ag(oc0) with the same gluing mappings as in the case of t = 0. The map-
ping goo : ¥ — Y is constructed by the mapping of A%(0) onto A (co)U{pt}
by w = re? — h(r)e? where h; : [exp(—m;m),1) — [0,1) is an arbi-
trary monotonously increasing diffeomorphism for any 7 = 1,--- ,k and
[l = 1,2. The homotopy class of g is independent of the choices of h;
for any j =1,--- , k. Then, we obtain [V, goo © f] in T(X) and denote it by
r(o0). From the definition of a neighborhood of [V, go © f], the following

proposition holds.

Proposition 2.6.3. ([HS07]) The Jenkins-Strebel ray r(t) = [Yi, g: o f] on
T(X) starting at r(0) = [Y, f] and having the initial unit norm Jenkins-
Strebel differential ¢ on'Y converges to a point r(00) = [Yao, goo 0 f] in T(X).

Remark. We can reconstruct the surface Y; from Y, for any t > 0. First,
for any j = 1,--- )k and [ = 1,2, we remove the punctured disk {w €
C |0 < |w| < exp(—e*m m)} from A}(co) of Yoo. Then, the interior of each
resulting annulus is biholomorphic to the interior of A%(t). We obtain Y; by

gluing {Aé (1) }222112 & With the suitable gluing mappings.

2.7 Extremal lengths

Let p be a locally L'-measurable conformal metric on a Riemann surface
Y, i.e., it is represented by the form p = p(z)|dz| on any local coordinate
z of Y where p(z) is a non-negative measurable function of z such that
the equation p(z)|dz| = p(w)|dw| holds for any local coordinates z,w on a
common neighborhood of Y. For any v € S, we define the p-length of v on
Y and the p-area of Y by
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) = int [ o),

Ve

A, = //Y p(z)*dxdy

respectively. The extremal length Exty () of v on Y is defined by the follow-
ing:

l 2
Exty (y) = sup _p(’Y)

p Ay
where p ranges over all locally L'-measurable conformal metrics on Y such
that 0 < A, < oo.
For any p =[Y, f] € T(X) and any a € S on X, we define

Ext,(a) = Exty (f.(a)).

Theorem 2.7.1. ([Ker80]) For any Riemann surface Y, each extremal length
on'Y extends continuously on MF(Y') such that the equation Exty (tv) =
t* Exty (v) holds for any t > 0 and any v € MF(Y).

Hence, for any p = [V, f] € T(X) and any u € MF(X), we define
Ext, (1) = Exty (f.(1)) and the equation Ext,(tu) = t* Ext,(u) holds for any
t > 0. We notice that for any p € T'(X) and any u € MF(X) — {0}, the
extremal length Ext,(p) is positive. We set MF(X)* = MF(X) — {0}.

Theorem 2.7.2. (Kerckhoff’s formula for the Teichmiiller distance [Ker80])
For any p1,ps € T(X), the Teichmiiller distance between p; and py is repre-
sented by

1 Ext,, (1)
d — _1 L.
T(X)(plap2) 5 OgHEAS/lquzX)* Exty, (1)

Kerckhoft’s formula is useful for finding lower bounds of the Teichmiiller
distance.

19



Chapter 3

On behavior of pairs of
Teichmiiller geodesic rays
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3.1 Introduction

In this chapter, we consider two Teichmiiller geodesic rays r, 7" : R>g — T'(X)
on the Teichmiiller space T'(X) starting at r(0) = [Y, f], 7/(0) = [Y', f]
and having initial unit norm Jenkins-Strebel differentials ¢, ¢ on Y, Y’ re-
spectively. Let r(oc0), r'(c0) be the end points of r, 7’ in the augmented
Teichmiiller space respectively. Let H(q), H(q') be measured foliations cor-
responding to ¢, ¢’ respectively, and we suppose that the measured folia-
tions f71(H(q)), f."'(H(q')) are topologically equivalent. We denote by
my, -+ ,mg, my, -+ ,m; the moduli of annuli on Y, Y’ determined by H(q),
H(q") respectively. Under the above assumption, we determine the limit
value of the Teichmiiller distance between two points (), 7/(t).

Theorem 3.1.1. If r(o0) = r'(00), then

/
1 m; m;

lim dpx)(r(t),7'(t)) = élog ‘max {_j, _/}

t—o00 j=1,-k m; mj

Furthermore, we obtain the following condition which is equivalent to the
asymptoticity of two Jenkins-Strebel rays. This is similar to a theorem of
Farb and Masur [FM10].

Corollary 3.1.2. For any two Jenkins-Strebel rays r, v’, they are asymptotic
if and only if r, v’ are modularly equivalent and r(o0) = r'(00).

In Theorem 3.1.1, the limit value depends on the modulus of each annulus
which is determined by the initial holomorphic quadratic differentials on the
initial points 7(0), r'(0) of the given rays. Therefore, this value depends on
the choice of the initial points 7(0), 7/(0). We consider the minimum of the
limit value of the Teichmiiller distance between two rays when we shift the
initial points of the rays. We show that the minimum is represented by the
detour metric 0 between the end points of the rays in the Gardiner-Masur
boundary of T'(X).

Proposition 3.1.3. Under the assumption of Theorem 3.1.1, the minimum
of the limit value of the distance between the given rays r(t), r'(t) when we
shift the initial points r(0), r'(0) is given by %5(5,{’) where &, £ are the end
points of the rays r, r' in the Gardiner-Masur boundary of T'(X) respectively.
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3.2 Proof of Theorem

In this section, we prove Theorem 3.1.1 which is our main theorem. Let
r, v’ be Jenkins-Strebel rays on T'(X) starting at r(0) = [Y, f], r(0) =
Y’ f'] and having initial unit norm Jenkins-Strebel differentials ¢, ¢’ on
Y, Y’ respectively. Let r(c0), 7'(00) be the end points of r, v’ in the aug-
mented Teichmiiller space T'(X) respectively. We denote by H(q) € MF(Y),
H(¢') € MF(Y') the corresponding measured foliations and suppose that
the measured foliations f '(H(q)), fI'(H(¢')) € MF(X) are topologi-
cally equivalent. In this situation, we can write f;1(H(q)) = Zle bivj,
7Y H(G)) = Z] L 5y where by, -+, by, by, -+, b, are positive real num-
bers and vy, - - -, are distinct and pairwise havmg zero intersection number.
v,
We denote by m; = m, m; = W
of H(q), H(¢') corresponding to f, (fyj), fi(v;) forany j=1,--- k.

the moduli of the annuli

Theorem 3.1.1. If r(o0) = r'(00), then
m. .
tlim drx)(r(t),7'(t)) = = log max {—], ﬁf}

We represent the Jenkins-Strebel rays by r(t) = [Y;,9¢ 0 f], 7(t) =
Y/, g, o f'] for any ¢ > 0, and their end points by r(c0) = [Y- Oo,goo o fl,
r'(00) = [V, gl o f'] respectively. Since the measured foliations f,'(H(q)),
7Y (H(q)) are topologically equivalent, there is a homeomorphism a : X —
Uity = X — T'p=104(yy) which is homotopic to the identity such that
the leaves of f'(H(q)) are mapped to the leaves of f/"1(H(q")). Then, the
mapping f'oao f~! which is homotopic to f’o f~! maps the leaves of H(q) to
the leaves of H(q'). We denote by A;(0), A%(0) the annuli corresponding to
fe(5), fi(v;) respectively, for any j = 1,--- , k. They are the same as in §2.6.
Then, the equations f/oa, o f;(f.(1)) = f1(7), f'oao f~(4,(0)) = 4,(0)
hold for any 7 = 1,--- k. For any t > 0 and any j = 1,--- , k, the annuli
Aj(t), AL(t) can be determined the same as in §2.6, and we can see that
(910 f)oao(gof) (A1) = Aj(t).

In order to prove the equation of Theorem 3.1.1, we consider the upper
and lower estimates of the limit supremum and limit infimum of the distance
between the rays respectively.
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3.2.1 Upper estimate

First, we show that

) 1 m/, .
lim sup dpx)(r(t), 7' (t)) < = log maxk{_J _,}

t—o0 5 Jj=1,
The idea of the following lemma comes from [Gupl1].

Lemma 3.2.1. Let us choose 0 < € < 1 arbitrary. Then, for any sufficiently
large t, there is a quasiconformal mapping F; : Yy — Y/ which is homotopic to

m’;
(giof")o(giof)™" such that the inequality hm K(Ft) < max {—j @}—1—5
] ]., k‘ m] m]

holds.

Proof. We set M; = ;nTJ forany j = 1,--- , k. By the equation r(oc0) = r'(c0),
J

there exists a biholomorphic mapping h : Yo, — Y. such that ho g, o f is

homotopic to ¢/ o f’. From §2.6 we can write

UA1 ) U A%(c0),

UAl ) U A%(c0),

where A(oc0), A;-l(oo) are the punctured disks D* = {z eC | 0<|z] <1}
forany j=1,--- ;k and [ = 1,2. Now, we fix any j = ykand [ =1,2.
We set, kY = hl At (o0) * : Al(00) — h(A%(c0)) C YL, Since h is a biholomorphic
mapping, we can set h’(0) = 0 and 2 () _o # 0. We describe hi(z) = cé-z+
03’222—1—- ce= céz—i—wé(z) where cé #0, —m < arg c1 <mand -7 < argc < .
For any t > 0, we set §;(t) = exp(—e*m;n), 0 2

() = exp(—e*mjn), then
05(t) = 0;(t)™ . After this, we assume that Al]() = D" - Ds;py = {2 €
C | 6;(t) < |zl <1} and Ajl( ) =D" =Dy ={z € C[d(t) < |z <1} for
any t > 0. For Sufﬁciently large ¢, we construct a quasiconformal mapping
Fj, : D" =Dy, — hf(D*) — Dy ). We consider the following three cases (1),
(2) and (3).

(1) In the case of M; > 1, we take X, as

X. < log Mj+e—1

J IOg MJ

< 0.
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This is equivalent to

. e
MY 1
J Mj‘|‘€—1
and
M—MX
—<M e
1—MJ

X5

We take sufficiently large ¢ such that the inequality d0;(¢)M < ]cé]éj(t)MJ
holds. We set A;(t) = 6;(t)™ ", We construct F!, by the following:

Pi(z) (6;(8) < |2 < A;() (1)

Fl(2) = ¢ Qu(2) (A(8) < [2] < 244(t)) (i)
W A <l<n) ()
(i) In 0,(¢) < |2 < A(t), we set
1—Mj 1 n log | z| _ 1—]\/Ij
Pl (Z) _ A](t) 1—M;{j . Cé‘ 17MJ,XJ' log A (t)—log §;(t) . |Z| 1—M]‘,Xj .

which satisfies let( z) = 6;(t)M -z on |z = 6;(t), P} ,(2) = ¢z on |z] =
A;(t). The mapping P + 1s conjugate to a one-to-one affine mapping by log z.
Then, P! i ls a quasmonformal mapping, and its dilatation is the following:

logcé. logc + aj;
1 | 2(logAj(t)—logd;(t) 2(log A (t)— 10g5j(t)) 2
K(Pjat) - logcé. 1 logc. o ’
s, —togg, ) T2 T ‘ g A, 0 Tog ;@) T 3
where
__1-M
Y- v

J

We see that log A;(t) — log d;(t) = (M]XJ —1)logd;(t) — +o00 and
L M- MY
K(Pl)—» —L— < M;+e
M
as t — oo.

(i) In A;(t) < |z| < 2A,(t), we set
50(2) = &z + 0,0 (121)¢5(2),
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where ¢a; )+ [A;(t), 24;(t)] — [0, 1] is defined by

|

On;0(12]) = A 1

This function satisfies Q% ,(2) = iz on |z| = A;(t), Q%,(z) = Ri(z) on
|z| = 2A;(t). We consider the partial derivatives of Q'

j?t’
1
_ l —
0 2A(t)

1 1_1 dwl(Z)
o 1211 j
0.Q;, =¢; + 2Aj(t)z 222¢j(2)+¢A(t)(|Z|> o
These partial derivatives are continuous in A;(t) < |z| < 2A;(¢). There is
C > 0 such that |¢!(z)] < CA;(t)? for sufficiently large t. We see that

!
1 Zé?éwl-(z)‘ _ ’ 1 _ WJ(Z)‘ < OAj(t)
2A0(t) I 2A(1) 2A(1) 2
as t — oco. Then, [9:Q%,| — 0, [0.Q%,| — |c}] # 0 as t — oo. For suf-
ficiently large t, JacQ', = [0.Q%,[* — 9:Q",]° > 0. Hence, @}, is a lo-
cal C'-diffeomorphism. We denote by D the closed set whose boundary
consists of two components Q%,({|z| = A;(t)}) = {Jw| = ||A;(t)} and
LIzl = 245(0)}) = hi({|z] = 2A,(t)}), and its fundamental group is
m (D) = Z. The equation Q},({A;(t) < |z| < 2A;(t)}) = D holds because
;t is a local C''-diffeomorphism with the above boundary conditions. We
regard the mapping Q% : {A;(t) < |z| < 2A;(t)} — D as a covering. Let
Q% p + m({A;(t) < |2| < 2A4(t)}) — mi(D) be the group homomorphism
induced by Q%,. We see that Q% (m1({A;(t) < |2] < 24;(t)})) = Z<am(D)
because Q%,(z) = ¢z on |z] = Aj(t). Then, the covering Q, is a regular
covering, and its covering transformation group is Z/Z = 1. Therefore, Qé»’t is
a C''-diffeomorphism. By the partial derivatives of Qé-vt, for sufficiently large
t, it is a quasiconformal mapping such that its dilatation holds K ( ét) — 1
as t — oo.
(iii) In 2A;(t) < |z| <1, F},(z) = hli(z) and K(h}) = 1.
Therefore, for sufficiently large ¢, we obtain the quasiconformal mapping
F}, such that

2222y (2),

~

— 0

22zl (2)

l 1 l Mj —Mij
K(Fj,t) = maX{K(Pj,t)>K( )} - X, < Mj +e€

gt
1 — M,
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as t — o0.
(2) In the case of M; < 1, we take X; as

Mje
X; > o ﬁjjl% > 2
J log Mj )
This is equivalent to
. M;
MY <M
i 1+4+¢
and
1- MY 1
< — + €.

M;— MY M,

Xj
We take sufficiently large ¢ such that the inequality &;(¢)™i < ]c§-|(5j(t)Mf
X
holds. We also set A;(t) = 6,()" " and also construct F}, by the following:

l Pri(z) (0;(1) < |2] < A4(1))
Fjy(2) = ¢ Q(2) (4;(1) < |2] < 24,(1))
i(z) - (24;() < 2| < 1)
The functions P]{t, §-¢ have the same notations as in the case of (1). The
difference is only the dilatation of P]lt In this case, we see that
K(P.) Lo <L

. _ N £

My MM,
as t — oo. Similarly as in the case of (1), for sufficiently large ¢, we obtain

the quasiconformal mapping F ;t such that
! l ! 1- MJX ’ 1
K(Fj,) = max{K(P},), K(Qj,)} —

y ——I = < —+¢
! M;— MM,

as t — oo.
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(3) In the case of M; = 1, we take sufficiently large ¢ such that the
inequality d;(¢) < |c}]d; (t)z holds and set A(t) = (5j(t)%. We set

log |2|

)= 0B ) < 121 < A0

P,
Fal2) =1 @l 2) (A,(6) < |21 < 24,(1))
hé-(z) (28,() < |2l < 1)

The functions P!

1 @, are constructed similarly as in the case of (1). On P!

Jit?
the above notation is obtamed by changing M;, M; Y to 1, respectlvely, in
(i) of the case of (1). In this time,

. log cé- + log clj
K(Pl ) _ log 6;(t) log d;(t)
Jit log cé log cé
 logdi() | |logd;(0)

and then, K(P},) — 1 ast — oo. The function Q' also satisfying K(Q},) —
1 as t — oo. Therefore, for sufficiently large ¢, the quasiconformal mapping
F}, satisfies

K(Fj,) = max{K(P;,), K(Q},)} — 1
as t — oo.

Thus, by (1), (2) and (3), for sufficiently large ¢, we construct the quasi-
conformal mapping F; : Y; — Y, by gluing {F t}l 12 . For any case of (1),
(2) and (3), each R} is homotopic to (g; o f’) o (g o f)_l. Each QY satisfies
K(Q%,) — 1 as t — oo and the domain {A;(t) < |z] < 2A;(t)} has the con-
stant modulus for any t. Fach Plt produces the twist of angle argc in the
domain {0;(t) < |z| < A;(t)} and satisfies | arg cj + arg 3| < 27. Therefore
for sufficiently large t, the mapping F} is homotopic to (gt ofo(giof)!
We conclude that

lim K(F}) = lim  max K(F!,) < max {M L} +e.

=00 1500 =1, el =1,2 2 G=1 ek 7 M

Therefore, by this lemma, for any sufficiently large ¢, the inequality

1 1 m
lim sup dT(X)(?"(t> r'(t)) < lim §log K(F) < glog ( maxk {_J m]} +8>

t—o00 t—o0 Jj=1 m] m]

holds. Since ¢ is arbitrary, we are done.
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3.2.2 Lower estimate

Next, we show that

1 m/. m
! Z —J 3
hgglf drxy(r(t),r'(t)) > 5 logjg?xk {mj’ ! } . (3.1)

We use the following theorems. Let r be a Teichmiiller geodesic ray on
T(X) starting at r(0) = [Y, f] and having an initial unit norm holomor-
phic quadratic differential ¢ on Y with the corresponding measured foliation
H(q) = Z?Zl b f(G;) € MF(Y) where by, - - -, by, are positive real numbers
and G; is a simple closed curve or an ergodic measure for any j = 1,--- ,k
such that these are projectively-distinct and pairwise having zero intersection
number. We set m; = -—+——=+—— forany j =1,--- , k.
77 i(f(G5),V (9)

Theorem 3.2.2. ([Wall2]) If we set

k 3
= {Z mﬂ(GjaM)Q}

for any p € MF(X), then, the equation

t—o0

k
lim ™2 Exct, ) () = iji( F(G), fo()? = E0(1)?

holds.

Furthermore, let 7 be a Teichmiiller geodesic ray on T'(X) starting at
r’'(0) = [Y’, f'] and having an initial unit norm holomorphic quadratic dif-
ferential ¢' on Y’, and H(¢') € MF(Y') be the corresponding measured
foliation. We set Z = {pn € MF(X)*| & (n) = &+ (p) = 0}.

Theorem 3.2.3. ([Wall2]) If we can write H(¢') = Z] Vi fi(Gy) where

b/
b; >0, and set m;-

W forany j=1,--- k, then, the equation

Ev (1)’ m)
sup 5 = max —=
HEMF(X)*—Z 5r(u) J=1 .k my

holds. Otherwise, the supremum is +00.
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Remark. If f71(H(q)), f"*(H(¢')) are absolutely continuous, then sup % G

e
5:/((’; ))22 are both finite.

We notice that the desired inequality (3.1) holds for the rays r, v which
satisfy that f71(H(q)), f."'(H(q')) are absolutely continuous. So, we do
not require the conditions that the rays are Jenkins-Strebel and r(o0) =
r'(00). The general case is used on Proposition 3.3.15. We write H(q) =

2521 bif.(G,), H(q) = S5 0, f(G;) where b;, Vi > 0 and set m; =

= Y Vil
b I — —b9 - 3
Tevey M T e V@) for any 5 = 1,--- , k. Therefore, in our case,

and sup

by Kerckhoft’s formula and the above two theorems,

. . . . 1 EXtr’(t) (/L)
liminf dpx)(r(t),r(t)) = liminf=log sup —-—
t—o0 (X) t—oo 2 HEMF(X)* EXtT(t) (M)

1 e ?E T
> —log sup lim inf —5 Kt (1)
2 pEMF(X)—z 170 € EXtr(t)(M)
m'
_ = _J
N 2 log]gll,ax,k m; .

This inequality comes from the fact that the limit of the supremum is greater
than or equal to the supremum of the limit. Because of the symmetry of the
distance, the inequality (3.1) holds.

Remark. If f71(H(q)), f"'(H(q')) are not absolutely continuous, then
litm inf dr(x)(r(t), 7' (t)) = +oo.

Proof of Theorem 3.1.1. Because of the upper and lower estimates, we obtain
the desired equation. O

Corollary 3.1.2. For any two Jenkins-Strebel rays r, v’, they are asymptotic
if and only if r, ' are modularly equivalent and r(cc) = 1'(0).

Proof. Under the assumption of Theorem 3.1.1, if in addition the given rays
r, " are modularly equivalent, there is A > 0 such that m/ = Am; for any
j=1,--- k. Then, for a = —%log/\,

1 eerm)  m; 1
. / o j j _ _
thjglo dreo(r(®),r(t +a)) = 2 logjg%?fk { m; eQam;} T2 log1 =10.
This means that the rays are asymptotic. Conversely, if two Jenkins-Strebel

rays r, r’ are asymptotic, we can set
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Hm dpox (r(t), 7' (t)) = 0

without loss of generality. From the above remark, f,'(H(q)), f."*(H(q'))
are absolutely continuous. By the inequality (3.1), m; = m/ for any j =
1,--- , k. Therefore, the rays are modularly equivalent. Next, we show that
the correspondence between the end points r(c0), 7/(c0). The proof is similar
to Proposition 2.6.3 ([HS07]). For any € > 0 and any compact neighborhood
V' of the set of nodes in Y, we recall the neighborhood Uy, (r(00)) of r(c0):

Uy(r(o0)) = {[S, g] € T(X) | there is a deformation h : S — Y, which is
(1 + €)-quasiconformal on h~(Y,, — V') such that g, o f is homotopic to
hog}.

We set V. = V4 U--- UV, where V; = VI UVP U {pt}, V] = {0 < || <
L} C Aé-(oo), 0 <¢ <1lforany j=1,---,kand [ = 1,2. There exists
T > 0 such that for any ¢t > T and any j = 1,--- ,k, 0;(t) < ¢; and
drix)(r(t),r'(t)) < 3log(l + €), i.e., there exists a (1 + ¢)-quasiconformal
mapping «; : Y/ — Y, such that g, o f is homotopic to a; o g, o f'. For
any t > T, we want to show that /() € Uy(r(c0)). We construct the

deformation h : Y, — Y., as follows. For any j =1,--- ,kand [ =1, 2,
oy (w) ' (w e a;i({aj <lz| < 1}))

h|a;1(,4§(t))(w) = hj’t(|04t(w)|)ezargoat(w) (w e Oz{l({(sj(t) < |zl < Lj}))
pt (w e a; " ({lz] = 0;(1)}))

where hj, : (0;(t),¢;) — (0,¢;) is an arbitrary monotonously increasing dif-
feomorphism. The mapping h|a;1( ALy 18 equal to the (1+€)-quasiconformal
J
mapping o on A1 4 (t))_l(Aé»(oo)—le). Since h is homotopic to gs.0g; ‘oay,
J
we obtain that h o g; o f’ is homotopic to g © f. This means that 7/(t) €

Uye(r(c0)) for any t > T. Since € and V' are arbitrary, we conclude that
r(o0) = 1'(00). O

3.3 The detour metric

In this section, we obtain the minimum value of the equation of Theorem
3.1.1 when we shift the initial points of the given two rays. This value is
represented by the detour metric between the end points of the rays in the
Gardiner-Masur boundary of T'(X).
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3.3.1 The horofunction boundary of metric spaces and
the detour metric

We recall the definition of the detour metric in the case of a general metric
space, and refer the reader to [Walll] for more details. First, we consider the
horofunction compactification of a metric space. This was given by Gromov
[Gro81]. Let (X, d) be a metric space, b be a base point of X. The distance
d on X is called proper if any closed ball with respect to d is compact and
geodesic if for any two points in X, there exists a geodesic which joins them.
Suppose that the distance d is proper and geodesic. It is well known that
any Teichmiiller distance has these properties. We denote by C'(X) the set
of all continuous functions of X into R which is equipped with the topology
of the uniform convergence on any compact set of X. We define a mapping

%D X — C(X) by Z = {¢z(w) = d(:L’,Z) - d(b’ Z)}xEX~

Theorem 3.3.1. ([Gro81]) The mapping 1 is an embedding and the set (X)
is relatively compact on C(X).

By this theorem, the space X is identified with ¢(X). The closure ¥ (X
is called the horofunction compactification of X. The boundary X (co) =
(X) —(X) is called the horofunction boundary of X. We call £ € X(o0) a

horofunction. We can denote by X UX (00) the horofunction compactification
of X.

Remark. The topological space X U X (co) satisfies the first countability
axiom.

Definition 3.3.2. For any &, & € X(00), we define the detour cost
no__ . /

where W ranges over all neighborhoods of £ in X U X (c0).
There is another definition of the detour cost.

Definition 3.3.3. For any &, £ € X(o0),
H(E.€) = flimnf(d(b, 4(1) + € (4(1)),

where v ranges over all paths v : R>y — X which converge to .
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Definition 3.3.4. Let A C Ry be an unbounded set which contains 0. A
mapping 7 : A — X is called a almost geodesic on X if for any € > 0, there
exists T' > 0 such that for any s,t € A with T' < s <'t,

|d(r(0),r(s)) +d(r(s),r(t)) —t] <e.

Any geodesic is an almost geodesic. Rieffel proved that any almost
geodesic on X converges to a point in X (0o) ([Rie02]). Let Xp(o0) C X(o0)
be the set of end points of all almost geodesics. Any £ € Xp(00) is called a
Busemann point.

Proposition 3.3.5. ([Walll]) For any £,¢,{" € X(00) and x € X, the
detour cost H satisfies the following properties:

1. ¢ (x) < H(S, ) +&(2)
2. H(&,&) =0 if and only if £ € Xp(0),
8. H(£,&') >0,

4. H(,€") < H(E ) + H(E,£).

By this proposition, for any &, & € Xp(00), the symmetrization H (&, &)+
H(&',€) satisfies the axiom of the distance.

Definition 3.3.6. For any &, £ € Xp(00),

0(&, &) = H(, &)+ H(E,€)

is a (possibly +oo-valued) distance on Xp(0o). This ¢ is called the detour
metric for (X, d) and the base point b € X.

3.3.2 The Gardiner-Masur boundary of Teichmiiller
spaces

The Gardiner-Masur compactification and the Gardiner-Masur boundary of
a Teichmiiller space were induced by Gardiner and Masur [GM91]. Liu and
Su [LS12] showed that the horofunction compactification of the Teichmiiller
space with the Teichmiiller distance is the same as the Gardiner-Masur com-
pactification. Let T'(X) be a Teichmiiller space of X. We define a mapping
¢:T(X)— RS, byp— {Exté (7)}4es, and denote by 7 : RS, —{0} — PRS
a natural projection. - -
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Theorem 3.3.7. ([GMI1]) The composition ¢ = wo ¢ : T(X) — PRS, is
an embedding and the closure ¢(T(X)) is a compact set.

This closure is called the Gardiner-Masur compactification of T'(X) and
we denote by T(X) " = (T(X)). The boundary denT(X) = p(T(X)) —
o(T(X)) is called the Gardiner-Masur boundary of T'(X).

We set the base point b = [X,id] € T(X). For any p € T(X) and any

w e MF(X), we define
_ Bty ()
gp(l”') - { Kp Y

where K, = e2¢r0(P) By the definition of the Gardiner-Masur compactifi-
cation, the function 7({&,(7)},es) corresponds to p € T'(X).

Proposition 3.3.8. ([Miy08]) For any & € OamT(X), there exists a contin-
uous function & : MF(X) — Rs which satisfies the following properties:

1. E(tp) = t&(p) for any t >0 and any pp € MF(X),
2. m({&€y(7) }es) corresponds to & € OauT(X),

3. If a sequence {x,} C T(X) converges to & € JagmT(X), then there
exists a subsequence {xn,} C {x,} and ty > 0 which does not depend
on MF(X) such that anj converges to to&e uniformly on any compact
set of MF(X).

For any p € T'(X) M, we define

0w = sup -2

VEMF(X)" Bxct] (1)

and for any u € MF(X),

Proposition 3.3.9. ([LS12]) For any {p.} C T(X)GM and anyp € T(X)
P converges to p as n — o0 if and only if L, converges to L, uniformly on
any compact set of MF(X) as n — oo.

33



For any p € T(X)GM, we define a function ¢, : T(X) — R by
L
¥p(zr) =log  sup ﬂ
REMF(X)* Ext2 (1)

for any = € T'(X).
Remark. By the definition and Kerckhoff’s formula, if p € T'(X), then

Yp(x) = log sup (l,u) — log sup Lﬂ)
HEMF(X)" Extz (1) HEMFX)" Exty (1)

1 1

t2 t§
= log sup Ii(m log sup i(u)

5 (

HEMF(X %(M) MEMF(X)* Ext M)
= drx (T, ) drx)(b,p)

for any x € X. Thus, we can consider the horofunction compactification of
T'(X) by the function ¢, for any p € T'(X).

The following is deduced from Proposition 3.3.9.

Theorem 3.3.10. ([LS12]) We define a mapping v : T(X)GM — C(T(X))

——GM
by p— ,. Then 1) is injective and continuous. In particular, T(X) and

¢(T(X)GM) are homeomorphic. Furthermore, ¢(T(X)GM) = Y(T(X)).

Therefore, the horofunction compactification ¥ (7T (X)) of T(X) can be

identified with the Gardiner-Masur compactification 7'(X )GM. We denote
by T'(X) U T(X)(c0) the horofunction compactification of 7'(X). Then, we
can assume that 7'(X)(o0) = denT(X).

3.3.3 The detour metric for the Teichmiiller distance

We consider the detour metric in the case of the Teichmiiller space with
the Teichmiiller distance. Its representation is given by Walsh [Wall2]. We
notice that there exist non-Busemann points on dgn7T'(X) if 3g —3+n > 1.
This result is proved by Miyachi [Miy11].

Theorem 3.3.11. ([Wall2]) For any point p in T(X) and any Busemann
point &, there exists a unique Teichmiiller geodesic ray on T(X) starting at
p and converging to &.
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By this theorem, we can assume that the set of all Busemann points
consists of end points of all Teichmiiller geodesic rays.

Theorem 3.3.12. ([Wall2]) Let r, ' be Teichmiiller geodesic rays on T(X)
converging to Busemann points &, & respectively. Then, the rays v, r' are
modularly equivalent if and only if £ = &'.

Let &, ¢ be Busemann points and 7, 7" be Teichmiiller geodesic rays on
T(X) starting at b = [ X, id] and converging to &, £ respectively. We denote
by ¢, ¢’ the unit norm holomorphic quadratic differentials on X corresponding
to the given rays r, 1’ respectively. If the measured foliations H(q), H(q¢') €
MUF(X) are absolutely continuous, then we can write H(q) = Z?Zl b;G,

H(d) = Z] ;G5 where by, bl > 0 and G; is a simple closed curve or
an ergodic measure for any j = ,k such that these are prOJectlvely—

distinct and pairwise having zero 1ntersect10n number. We set m; = m
VAl

/

b]
i(G,V(¢)

Theorem 3.3.13. ([Wall2]) If H(q), H(q') are absolutely continuous, then
the detour metric § between & and &' is represented by

my = forany j=1,--- k.

m; 1 m;
L) M4 mj
6(¢,¢') = ylog max, - + 5 log max, m
If H(q), H(¢') are not absolutely continuous, then 6(&,&') = +oc.

In Theorem 3.3.13, for any given Busemann points, Walsh showed the rep-
resentation of the detour metric between them. Now, for any given rays, we
obtain the representation of the detour metric between the end points of the
rays. Let r, 7’ be Teichmiiller geodesic rays on T'(X) starting at r(0) = [Y f],
r(0) = [Y’', f'] and having initial unit norm holomorphic quadratic dif-
ferentials ¢, ¢ on Y, Y’ and converging to Busemann points £, £ respec-
tively. If the measured foliations f1(H(q)), f"Y(H(¢')) € MF(X) are ab-
solutely continuous, then we can write f, ' (H(q)) = Z§:1 b;Gy, [l (H(q)) =

Z i1 b;G where b;, I, > 0, G is a simple closed curve or an ergodic measure

Jr Vg
for any j = 1,--- ,k such that these are projectively-distinct and pairwise
. . bj , b
having zero intersection number. We set m; = m, m; = m

for any j =1,--- , k. We combine Theorems 3.3.113 3.3.12 and 3.3.13 to ob-
tain the following.
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Proposition 3.3.14. If f7'(H(q)), [ (H(¢')) are absolutely continuous,
then the detour metric between & and &' is also represented by
1 m' 1 m;

N =21 S 7,
96,8 = 3 log max, o+ g log max, o

If f7Y(H(q)), fYH(q)) are not absolutely continuous, then 6(&,€') = +oo.

Proof. By Theorem 3.3.11, there exist two Teichmiiller geodesic rays s, &'
starting at b = [X,id] and having initial unit norm holomorphic quadratic
differentials ¢, ¢’ on X and converging to Busemann points &, &' respec-
tively. By Theorem 3.3.12, the two pairs r, s and 7/, s’ are both modu-
larly equivalent. If the measured foliations f;'(H(q)), f."'(H(q')) are ab-
solutely continuous, then the measured foliations H(y), H(¢') € MF(X)
are also absolutely continuous, and can be written as H(¢) = > 7, ¢;Gj,

H(¢') = Z;?:l ;G where ¢j, ¢ > O forany j=1,--- k. Let n; =

j=1

j G, V)

L= W for any j = 1,---,k, then there are \,\" > 0 such that
VA

n; = Amy, n; = N'm’; respectively. Therefore, by Theorem 3.3.13,

/

n

!

1 1
A 2]
O68) = glog max, o g log max o

!/

i

J m;
= —log max — + -log max —.
2 j=Lk My 2 =1,k m;

If the measured foliations f;'(H(q)), f."'(H(q')) are not absolutely contin-
uous, then H(p), H(y') are not also absolutely continuous, and we conclude

that 6(&, &) = +o0. O

We suppose that two rays r, v’ show that f'(H(q)), f'(H(q')) are
absolutely continuous. Let £, & be Busemann points corresponding to the
end points of r, 1’ respectively. By the lower estimate of Theorem 3.1.1, and

36



Proposition 3.3.14,

liminf e (r(1), 7' (1)) > =1 m; m (3.2)
et TTOOTER TR = 5 8 S Uy !
1 m'
> —log| max {/—- max mj
2 .7_17 o 7k m] .]_17 7k m‘lj
= — | =log max — + —log max —-
2\ 2 gjzl,m kmy 2 gj:17--~ & m;

1 /

Now, we consider the minimum value of the equation of Theorem 3.1.1 when
we shift the initial points of the given rays r, r'.

Proposition 3.1.3. Under the assumption of Theorem 3.1.1, the minimum
of the limit value of the distance between the given rays r(t), r'(t) when we
shift the initial points r(0), 7' (0) is given by %(5(5‘,5’) where &, £ are the end
points of the rays r, v’ in the Gardiner-Masur boundary of T'(X) respectively.

Proof. By Theorem 3.1.1 and the inequality (3.2), we see that

. 1 m/' m;
Jim droo(r(t),r'(8)) = 5log max, {Ej Ej}
1

We notice that the detour metric is invariant when we shift the initial points
of the rays r, . The equality holds if we set

mj

max —

3 11 J=1 5k M
= — 10 _—
4 & m;
max —

and consider the rays r(t), 7'(t + ). In this situation, we compute that

mj ’
‘max — mj
e28m/. J=1 5k M m;- mj
‘max = max = max —=- max —r
j=1lk  my =1,k m; J=1,- .k My J=1 kM
max —-= -m;
J=1, 0k m]



and similarly,

max —_--— = max —= - max —.
j=1k e /ij j=1, .k My =1,k m

Therefore, we conclude that

1 e2Pm! m,
] / — J J
tliI?odT(X)(T(t)aT(t‘Fﬁ)) = élogjnll?}'{,k{m—j762ﬁ—ﬂl9

= - (=log max — + —log max —
2\2 gj:L---,k m; 2 gj:l,---,k m’
1

= =0 N.
5 (€,.¢)

]

We can also obtain the following. In Proposition 3.3.15, we do not require
the conditions that the given rays are Jenkins-Strebel.

Proposition 3.3.15. If two rays r, r’ are asymptotic, then the end points
satisfy that & = &' and the rays are modularly equivalent.

Proof. From the remark in the previous section, the measured foliations
fYH(Q), fI7Y(H(¢)) are absolutely continuous. Then, the conclusion fol-
lows from Theorem 3.3.12 and the inequality (3.2). O

3.4 The tables of the classification about the
behavior of two Teichmiiller rays

In this section, we give the tables of the classification of the conditions under
which given two Teichmiiller geodesic rays are bounded, diverge, or asymp-
totic.

Let 7, 7" be two Teichmiiller geodesic rays on 7'(X) starting at (0) =
Y, f], 7 (0) = [Y’, f/] and having initial unit norm holomorphic quadratic
differentials ¢, ¢ on Y, Y’, and H(q), H(q') be measured foliations corre-
sponding to ¢, ¢’ respectively. We set H = f7'(H(q)), H = f."'(H(¢')). In
the following tables, the notation “top.equi.” means topologically equivalent,
“abs.conti.” means absolutely continuous, “J-S.” means Jenkins-Strebel,
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“u.e.” means uniquely ergodic, and “mod.equi.” means modularly equiv-

alent.

H H':

\

By the above table,

abs.conti. = bounded [Iva0l]

top.equi. and

not abs.conti. = diverge [LM10]

# 0 = diverge [Iva0l]

not top.equi. and i(H, H')

= 0 = diverge [LM10]

r, r’: bounded <= H, H': abs.conti.

If H, H' are absolutely continuous and Jenkins-Strebel, we denote by r(c0),
7’'(00) the end points of the rays r, v in the augmented Teichmiiller space

A

T(X) respectively.

H, H' : abs.conti. and

\

r,r’ : mod.equi. and r(oco) = 1'(00)
= asymptotic (Cor.3.1.2)

J-5. and otherwise
= bounded but not asymptotic
\ (Cor.3.1.2)
u.e., and I';, 'y have no simple
not 1-S. and closed curves = asymptotic

[Mas80]
otherwise = unknown

Let £, £ be the end points of the rays r, r’ in the Gardiner-Masur boundary

Oam T (X) respectively.

r,r’ . asymptotic

= £E=¢ < r.r:mod.equi.

(Prop.3.3.15) [Wall2]
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Chapter 4

The limit value of the
Teichmuller distance between
Jenkins-Strebel rays
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4.1 Introduction

In this chapter, we obtain the limit value of the distance between two Jenkins-
Strebel rays. This is the generalization of Theorem 3.1.1 in the previous
chapter. Let r, 7’ be Jenkins-Strebel rays on T'(X) starting at r(0) = [Y] f],
r(0) = [Y”, f'] and having initial unit norm Jenkins-Strebel differentials ¢, ¢’
on Y, Y’ respectively. Let r(c0), r’(00) be the end points of 7, 7" in the aug-
mented Teichmiiller space T'(X) respectively. We denote by H(q) € MF(Y),
H(¢') € MF(Y") the corresponding measured foliations. As we have seen
the previous chapter, if the measured foliations f,*(H(q)), f. ' (H({)) €
MF(X) are topologically equivalent, we denote by m;, m’; the moduli of the
annuli on Y, Y’ determined by H(q), H'(q) respectively, for any j = 1,--- | k.
In this situation, we can define the Teichmiiller distance djx(r(c0),'(c0))
between the end points 7(00), 1'(00). We describe this definition later.
Our main result is the following;:

Theorem 4.1.1. For any two Jenkins-Strebel rays r, r’,
S dro) (r(t), 7'(1)) =
1 m;
max{élog max {—,ﬁ} ,dix) r’(oo))}
‘7_

m; m
(if f7Y(H ( ) ), [IH(H(q')) are topologically equivalent)
+00o (otherwise)

(4.1)

Corollary 4.1.2. The minimum value of the equation (4.1) when we shift
the starting points of r, r' is given by

mosc { 3006,y (r (000,100 |

4.2 Definitions

4.2.1 The local coordinates at critical points of ¢

Let X be a Riemann surface of type (g,n) with 3¢ —3+mn > 0 and ¢ be a
holomorphic quadratic differential of finite norm on X. Suppose that pg is
a critical point of ¢, and its order is n > —1. In a small neighborhood of
po which does not contain any other critical points of ¢, there exists a local
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coordinate z on X such that z(py) = 0 and g = 2"dz%. For instance, we refer
to [Str84]. For any non-critical point in the neighborhood of pg, there exists

a g-coordinate (. By d(¢? = z"dz?, the transformation ( = %HZHTH holds.
For any £k = 0,--- ,n + 1, the set {%’; < argz < %} on the z-plane

is mapped to the half plane {0 < arg( < 7} or {m < arg( < 27} on the
(-plane. We can see the trajectory flow in the neighborhood of py as the
n + 2 copies of the half plane with the gluing along each horizontal edge of
the planes (Figure 4.1).

(-plane

n=>0

Figure 4.1: The trajectory flow in the neighborhood of py in the case of
n=10 -1

4.2.2 The distance between end points of Jenkins-
Strebel rays

Suppose that 7, r" are the Jenkins-Strebel rays on 7'(X) in §4.1, and the mea-
sured foliations f7'(H(q)), f."'(H(¢')) € MF(X) are topologically equiv-
alent. We recall that there is a homeomorphism o« @ X — T'j-1,)) —
X — I'p=1(p(yy) which is homotopic to the identity such that the leaves
of f71(H(q)) are mapped to the leaves of f/"'(H(q')). We consider the
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distance between the end points of r, r'. We set r(co) = [Yao, goo © fl,
'(00) = [V, 9% o f'] and let {Yiox}a=1,-.a; {Yatr=1,..ao be the compo-
nents of Y,, — {nodes of Y}, Y. — {nodes of Y.} respectively, such that
(gho o f)oao(geo f) (Yoor) = YL, for any A =1,--- , A. We define the
distance between r(00), r'(c0) by

1.
A x) (r(00),7'(00)) = Jmax o lﬁf log K (hy),

where hy ranges over all quasiconformal mappings hy : Yoo — Y, such
that hy is homotopic to (¢, o f')oao (g o ) .

Remark. In fact, If X and Y have same genus and punctures, for any
orientation preserving homeomorphism g : X — Y, there exists a Teichmiiller
mapping f : X — Y which is homotopic to g (Theorem 1 in §1.5 of Chapter
IT of [ADbi80)).

This definition means that the distance between end points of Jenkins-
Strebel rays is the maximum of the distance between the corresponding points
of the Teichmiiller space of each component of the end points of the rays.

4.3 Proof of Theorem

Proof of Theorem 4.1.1. If f7Y(H(q)), f.Y(H(q")) are not topologically equi-
valent, the result is already known in §3. Then, we suppose that f;1(H(q)),
7Y (H(q")) are topologically equivalent. First, we consider the upper esti-
mate. Let hy : Yo — Y, \ be the Teichmiiller mapping which is homotopic
to (g' o f")oao(guo f)™!, and we set the mapping h : Y,, — Y. constructed
by {hxfazt,.. .a. We set K = exp(2dsx(r(o0),7'(00))) = maxyi,.. o K (hy).
We also use the representations of Y, Y. as the unions of closed unit disks

{Aé(oo)}ézzlfk, {A;l(oo)}éjZk respectively. For any j = 1,---,k and

I = 1,2, there is A such that h} = R[4 o) is equal to hy|s (o). We use the
J J

following lemma.

Lemma 4.3.1. Let R, R' be Riemann surfaces with nodes and f : R —
R’ be a K-quasiconformal Teichmiiller mapping. This means that [ is a
homeomorphism, each restricted mapping of f which maps a component of
R — {nodes of R} onto a component of R’ — {nodes of R'} is a Teichmiiller
mapping, and the mazimum of mazimal dilatations of such mappings is
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K. Then, for any sufficiently small ¢ > 0, there exists the (K + O(g))-
quasiconformal mapping g : R — R’ such that g is conformal on a neighbor-
hood of the set of nodes of R, and is homotopic to f.

The lemma is proved in the paper of [FM10], however we give a new proof
of the latter part of their proof.

Proof of Lemma 4.3.1. Let pu be the Beltrami coefficient of f. For any € > 0,
we consider a new Beltrami coefficient

ug={0(0<|z|<€)

i (otherwise)

on R, where z is each local coordinate near nodes of R and the domain {|z| <
e} represents a neighborhood of nodes z = 0. Then, there exist a Riemann
surface with nodes R. and a K-quasiconformal mapping f. : R — R. such
that f. is conformal on the neighborhood of nodes of R. For sufficiently small
g, f- is close to f and R. is close to R’. The mapping fo f-!: R. — R is
K-quasiconformal in a small neighborhood of nodes of R. and is conformal
on the outside of the neighborhood. We use local coordinates such that nodes
of R. and R’ correspond to 0, and fo f-1(0) = 0. Let py,-- -, pr be all nodes
of R.. For any j = 1,--- , k, we take small disks Nj = N? = {|z] < 6} about
p; in R, where fo f-!is K-quasiconformal in F;UFJQ Forany j=1,--- k
and [ = 1,2, the image fo f'(N}) in R is mapped to the disk {|z| < §} by
a conformal mapping f}_ such that f}_(0) = 0 and f}_(§) = 6. We denote
simply by F. := jl.£ o fo fo!. The family of K-quasiconformal mappings
{F.} is normal, then we can assume that F; converges to a K-quasiconformal
mapping Fy uniformly on any compact set of {|z| < d} as ¢ — 0. However,
any point of {0 < |z| < 0} is a holomorphic point of F. for sufficiently small
g, then Fj is holomorphic in {0 < |z| < 0}. Since Fj fixes 0 and 0, we can
see that Fj is an automorphism on {|z| < ¢} and then it is the identity.

Now, we rescale {|z| < d} to D, and assume that {F.} as mappings
of D onto itself. We set a conformal mapping ¢(z) := (z —7)/(z + i) of
H = {z € C| Imz > 0} onto D. We consider mappings f. := ¢! o F. o ¢ of
H onto itself.

Lemma 4.3.2. We have

_ fo(z+1) — f(z)
fimy "ot fo@) — fo(w —t)

=1,
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where the supremum ranges over all x,t € R such that t # 0.

Proof of Lemma 4.5.2. We notice that W is positive, and its recip-

rocal is the case of —t. Then, it suffice to show that for any ¢ > 0. Let
Rl — 22 k3 24

(21,22,2«’3,24) =
21 — 23 22— 24

be a cross ratio for any z1, 2o, 23,24 € C. We write d(x) = ¥ p(x +1t) =
0% and ¢(x —t) = %) where 0 < 0 < 27 and ¢, > 0. Since all
Mobius transformation preserve cross ratios,

felz +1t) — fe(2)
fe(z) = fe(z = 1)

= —(fe(@), fel@ +1), fo(x — 1), 00)

= —(F.op(x),F.og(x+1),F.op(x—t),1)

B Fa(ei(e—&-cp)) _ Fa(eié) Fg(ei(O—q/;)) -1 (4 2)
- Fg(ew) _ Fa<ei(9—1/))) Fa(ei(G—&-go)) —1! ’

We set z = €. By log F.(e?) = i(arg F.(e") + 2nr), we have

darg F.(e™) _ dF;Z( 2)
dy - F(2)

Since F.(z) and dFE dFe(z) converge to z and 1 uniformly on JID respectively, then

dF.(z)

darg F.(e™) ‘
su ——————~= —1| = suplz —F.(z
OSygﬂ' dy P dz ( )
dF.
< sup( d(Z> '+]2—Fs(z)|> — 0
z

as € — 0. For any 0 < E < 1, we take sufficiently small £ such that
darg F.(e™)

—1
dy

< F
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holds for any 0 < y < 27. Now, we calculate and estimate each term of (4.2).

) ] Fz—: i(0+)) _ Fs 0
‘Fa(ez(ﬁ-&-cp))_Fa(ez@” — 924in arg (6 ) arg (e )

0+¢ darg Fe(e®)
0 dy dy

2
(1+E)p
2
(1+ E)(argp(z +t) — arg ()
2

(1 + E) f;+t darg;ﬁ(y)dy

2
do(y)

T+t y
(14 B) [ Gy

2

T+t 2
(L+E) [, mmdy

2
= 2sin{(1 + E)(arctan(z + t) — arctan )},

= 2sin

< 2sin

= 2sin

= 2sin

= 2sin

= 2sin

and similarly,
|F. (09 — FL(e?)| > 2sin{(1 — F)(arctan(z + t) — arctanz)}.
For any 0 < a < 7/2,

sin{(1 + E)a} 1| sina cos(Ea) £ cosasin(Ea) 1
sin «v B sin o

in(F

= |cos(Fa) =+ cos asm.( @) _ 1‘
sin «v
in(F

< Jcos(Ea) — 1| + sm'( a)

sin «v

sin(Ea)| | «

_ Fa) -1 B

| cos(Ea) I+ Eo sin av

< Ea—l—%Egﬂ'E—NJ

as E — 0. This means that we can write sin{(1 + E)a} = (1 + O(F))sina.
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Therefore,

2sin{(1 £ F)(arctan(x 4 t) — arctan )}
= 2(1+ O(F))sin(arctan(z + t) — arctan x).
We conclude that
|FL(e!0+9)) — F.(e)] < 2(1 + O(E)) sin(arctan(z + t) — arctan x)
and
|FL(e'0+9)) — F.(e%)| > 2(1 + O(E)) sin(arctan(x + t) — arctan z).
Also we have similar estimates for
|[Fe(e) = Fo(e @), [ Fe(e®%)) — 1], and [F(e'+9) — 1.
Finally, we can see that
e +) ~ f.(a)
fe(@) = felz = 1)

sin(arctan(x + t) — arctan x) sin(3 — arctan(z — t))

< (1+0(F 2
(1+0(2)) sin(arctan x — arctan(z — t)) sin(§ — arctan(z +t))
t 1
V1+(@+)2VTH2Z /14 (z—t)?
= (1+0(E)) i T
1+ (—1)2VT+22 \/1+(a+1)?
= 14+0(E).
The lower estimate is similar. ]

Lemma 4.3.2 implies that the mapping f}_ o fo f-!is (14 O(e))-quasi-
symmetric on the circle N} = {[z] = 6} for sufficiently small . We apply
Lemma 5.1 in [Gupll]. Then, there exists a mapping n}_ : N} — {|z| < ¢}
which is (14 O(e))-quasiconformal, n‘é’slaN} = fl. ofofgl|6NJz_, and 7’ _ is the
identity in a sufficiently small neighborhood of 0. The mapping ( Jl-?s)_1 077;,5 :
N — fofZ(N])is (1+0(e))-quasiconformal and satisfies ( },5)’10n§,elamg =
fo f;l\aN]z_ and (ff.)"'on} (0) = 0. We consider the mapping of R. onto R’
which is ( ;,5)_10775',8 in N]l- forany j=1,--- ,kand [ =1,2, and is fof=! on

R. — Uézlf » IVj. This mapping is (1 + O(¢))-quasiconformal and is clearly
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homotopic to f o f=!. Therefore, we conclude that there exists a (1+ O(e))-
quasiconformal Teichmiiller mapping h. : R. — R’ which is homotopic to
f % f5_1 °

We deform h. to a (14 O(g))-quasiconformal mapping which is conformal
on a neighborhood of nodes of R.. We use ¢ < 1 instead of O(g). Let ¢
be the holomorphic quadratic differential on R. — {nodes of R.} which is
corresponding to the Teichmiiller mapping h.. Let z = x + iy be any ¢-
coordinate, then h. is represented by z — x +i(1+¢€")y. We consider the set
D.={—¢ <2< 0<y<e}—{0} where 0 corresponds to a node of R..
Let H. be a mapping on the half set {0 < z,y < &'} — {0} which is defined
the following;:

B (0<zy<e?z#0)

() - T+ /l:i1+j5,;3€/€/2 (O,ZS x < 5’2; ? <y< i)
o+t ey (Psrse0syse)
o+ Z.(1—5’2—s’(:r+1(—1i’;§;2))y+6’2(fL“—E’) (e? <mzy<¢)

An easy calculation shows that H. is (1 4+ O(¢g))-quasiconformal. We
extend H. symmetrically to D.. We assume that z = 0 is a critical point
of q of order n > —1. We consider the n + 2 copies of D, around 0 whose
horizontal segments of the boundary of D, lie on the horizontal trajectories
of ¢ which tend to 0, and vertical segments of the boundary of D, are joined
adjacent to other D. (Figure 4.2).

Figure 4.2: The gluing of D, in the case of n =1

Finally, we extend the mapping H. as the original mapping h. on the
outside of all D., i.e., it is of the form z — x +i(1+¢")y. Then the mapping
H. is defined on the whole surface R.. The quasiconformal mapping H.oh_ " :
R’ — R’ tends to the identity as ¢ — 0. Hence, for sufficiently small ¢, the
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quasiconformal mapping H. o h_! is homotopic to the identity because each
mapping class group on components of R — {nodes of R’} is discrete. We
conclude that the composition H. o f. is homotopic to f, and it is our desired
mapping g. O

We apply Lemma 4.3.1 to the mapping h : Y, — Y.. Hence, for any
j=1,---,kand [ = 1,2, we assume that A} is (K 4+ O(e))-quasiconformal
such that it is conformal in a neighborhood of 0 in A%(c0) and is homotopic
to (g., o f') oao (g © f)~'. In this neighborhood, hé- is represented by
a power series. Since for sufficiently large ¢ and for any j = 1,--- |k and
I = 1,2, the domain {d;(t) < [z] < 2A;(t)} of AL(t) on Y}, defined in the
proof of Theorem 3.1.1, is in the neighborhood, then we can use the same
argument as in the case of Theorem 3.1.1. For sufficiently large ¢, there exists
a mapping F; : Y; — Y/ which is homotopic to (g, o f) o (g: o f)~! such that

m/. m
lim K(F}) < max{ max {—], —f} ,K} +O(e)
t—o0 Jj=1,k m] m]

and we have

lim sup dpx)(r(t), 7' (1))

t—o00

1 4 .
< max {§1og max {&, ﬁf} ,dT(X)(T(OO)>T/(OO))} -

For the lower estimate, we can use the inequality (3.1),

/

1

We recall that this estimation do not require the condition r(co) = r'(00).
Furthermore, we use the following fact.

Proposition 4.3.3. [Mas75] We have
i it dr ) (r(6), 1)) 2 i (r(00). (00)).

Combine the above two inequalities, we obtain the inequality

lim inf ) (r (1), /(1))

1 m'. .
> max{ﬁlog ‘max {#, #} ,dT(X)(T(OO),T’(oo))} .

]:17"' ’k



O

Proof of Corollary 4.1.2. This is similar as in the case of Proposition 3.1.3.
O
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