[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

oo /00000
Article / Book Information
oo@a) OO00000000DOO0DOO0ODoDOooOoooooooon
Title(English) Feature Extraction and Classification Methods for Multi-way Data
Analysis
oo@a) oood
Author(English) Tatsuya Yokota
oo@a) O0:00@0),
oOooooo:0oo0ooa,
O000:0094660,
O0000:20140 30 260,
ooooo:0o0o0a,
Oo00:0000o0,00000,00000,00000,0000
,Andrzej Cichocki

Citation(English) Degree:Doctor (Engineering),

Conferring organization: Tokyo Institute of Technology,
Report number:[J [0 946601 ,

Conferred date:2014/3/26,

Degree Type:Course doctor,

Examiner:,,,,,
goog@mao) ooong
Type(English) Doctoral Thesis

Powered by T2R2 (Science Tokyo Research Repository)


http://t2r2.star.titech.ac.jp/

Feature Extraction
and Classification Methods
for Multi-way Data Analysis

Tatsuya YOKOTA

Department of International Development Engineering

Graduate School of Science and Engineering
Tokyo Institute of Technology

Feburuary 2014



Abstract

The world is filled with data which have various types such as numeric data, non-numeric data,
continuous valued data, discrete valued data, scalar data, vector data, matrix data, and higher-
dimensional array data. Continuous valued and multi-dimensional array data is denoted by the “multi-
way data” which can be processed by the computers. Thus, the multi-way data includes a scalar, a
matrix, and a higher-dimensional array of continuous values. Techniques of multi-way data analysis
play important roles in wide research fields such as audio processing, image processing, bioinformatics,
chemometrics, and brain science.

In this thesis, after the techniques of feature extraction and classification methods for multi-way
data analysis are summarized; new criteria and solving algorithms are proposed for them, and their
advantages are demonstrated by experiments. Matrix/tensor decomposition has been widely used
for visualization, clustering, blind source separation, and dimensionality reduction of multi-way data.
We often impose some constraints such as orthogonality, sparsity, and nonnegativity based on the
characteristics of target data. Techniques for the constraints such as singular value decomposition
(SVD), penalized matrix decomposition (PMD), and nonnegative matrix factorization (NMF) have
been well studied.

Function approximation in NMF is a technique to represent nonnegative feature vectors by linear
combinations of basis functions. For example, if we choose smooth basis functions, then smooth feature
vectors can be obtained. Zdunek proposed this technique as the GRBF-NMF method which uses the
Gaussian radial basis functions for function approximation. However, its algorithm, in which the QP
optimization and the active-set algorithm run alternately and iteratively, is so slow that it can not be
applied to large-scale problems. Then, I propose a new fast algorithm for the function approximation
by NMF, and choose more effective basis functions for function approximation. Furthermore, I extend
this method to the nonnegative Tucker decomposition and the nonnegative canonical polyadic (CP)
decomposition.

The common and individual feature extraction is a very important concept for data analysis because
real world data always have some common and individual features. For examples all human faces have
two eyes, two ears, a nose, and a mouse (common feature); but, their positions and shapes are different
as individual personalities (individual feature). However, existing techniques for it are not efficient
very well, and their techniques have been developed only for matrices. Then, I propose a tensor based

common and individual feature extraction method in CP and Tucker model, and impose orthogonality,



sparsity, and nonnegativity constraints to both models.

Classification techniques are used for various objectives such as brain computer interface (BCI),
fingerprinting identification, hand-written character recognition, and face recognition. In recent years,
the support vector machine (SVM) has been the most popular classifier; however, SVM does not
always provide the best performance. The criterion of SVM consists of the hinge-loss minimization
and a regularization. In this research, I propose two novel weighted regularization methods for a
variety of applications. Furthermore, I apply these regularization methods to the conventional SVM.

The Fisher discriminant analysis (FDA) is another famous method for classification. However, FDA
does give an optimal projection only for Gaussian distributions with equal covariance matrices. In
other words, FDA is not optimal in the case of heteroscedastic Gaussian distributions. In this research,
I propose a novel criterion for FDA including a correction term based on the Bhattacharyya distance
which is closely related to classification rate. Furthermore, the Chernoff distance based criterion and
its kernelized version are proposed as its extensions.

The final proposition of this thesis is a new criterion of classifier based on the maximum a poste-
riori (MAP) estimation for a binary problem without estimating the posterior probability, called the
quadratically constrained maximum a posteriori (QCMAP) estimation. The QCMAP consists of the
maximization of the expectation of a cost function, which is derived from the maximum a posteriori
probability, and a quadratic constraint. This criterion is highly general since its forms include least
squares regressions (LSRs) and a SVM. I propose several efficient classifiers from the criterion by
selecting various weight functions.

Finally, I show the experimental results of all proposed methods to demonstrate their advantages
for the feature extraction and the pattern classification. In the experiments, the proposed smooth
NMF/NTF algorithms using function approximation are applied to reconstruction of two and three
dimensional array data, blind source separation, part-based representation to compare with other
NMF methods (unconstrained, sparse and smooth NMF algorithms); the proposed common and in-
dividual feature extraction algorithms based on Tucker and CP decomposition models are applied to
reconstruction and multi-way blind source separation; the proposed regularized SVM, Chernoff based
FDA, and QCMAP classifiers are applied to several toy well-known benchmarks and real-world brain

computer interface (BCI) problems to compare with other classification methods.
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Chapter 1

Introduction

1.1 Background

The world is filled with data which have various types such as numeric data, non-numeric data,
continuous valued data, discrete valued data, scalar data, vector data, matrix data, and higher-
dimensional array data. Continuous valued and multi-dimensional array data are denoted by the
“multi-way data” which can be processed by the computers. Thus, the multi-way data include a
scalar, a matrix, and a higher-dimensional array of continuous values.

Techniques of multi-way data analysis play important roles in science and engineering such as
chemometric data analysis, economic data analysis, psychological data analysis, audio processing,
image processing, text mining, spectrometry analysis, bioinformatics, and brain signal analysis. In
a more mathematical point of view, the multi-way data stand for N-dimensional arrays including
a scalar (N = 0), a vector (N = 1), a matrix (N = 2), and a higher-dimensional array (N > 3).
We call also an N-way array the “Nd-tensor”. For example, an image data is a 2d-tensor and a
video data is a 3d-tensor. These data are obtained from various measurement devices such as a
camera for images/videos, a microphone for audio signals, a scanner for fingerprintings, and a MRI
(magnetic resonance imaging) device for 3d-images of a brain. When we treat such multi-way data, it
is undesirable to unfold a higher-dimensional array to a vector because it destroys the data structure.

One of purposes of multi-way data analysis is to visualize to show extracted key information to
the analyst, and main research objective is to provide analysis methods and algorithms which are
accurate, robust, and computationally efficient. Since such general analysis methods can be applied
to various types of data, the social impacts of data analysis are very wide.

There are many applications of data analysis because there are many kinds of needs for individual
subjects such as the brain signal analysis, image/video data analysis, and financial data analysis. In
recent years, the multi-way data analysis is closely-watched and critically-needed for the “BIG DATA”
analysis in the world. Firstly, I discuss the brain signal analysis. Improvements of brain computer
interface (BCI) systems contribute to the nursing care and the rehabilitation. If we come to be able

to diagnose Alzheimer disease in an early phase, we can suppress the symptoms to the minimum.
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Figure 1.1: Flowchart for visualization

Improvements of brain fingerprinting systems contribute to the identification of the criminals. Sec-
ondly, I discuss the image analysis and recognition. Improvements of artificial intelligence for robots
contribute to the industrial robots, the cleaning robots, the nursing-care robots, the rescue robots,
and so on. Furthermore, improvements of artificial intelligence for security cameras contribute to the
fire detection, the human tracking, the identification of criminals, and so on. Thirdly, I discuss the
financial data analysis. If we can plan efficient economic strategies by data analysis, it contributes to
the economic growth in the society. Precise prediction of stock prices will stabilize stock market. In
other subjects, improvements of audio recognition contribute to the audio input systems of car navi-
gation devices, mobile phones, computers, and so on; improvements of techniques of web data mining
contribute to companies so that they can know customer’s needs; improvements of weather predic-
tion contribute to agriculture and preventing disaster; improvements of psychological data analysis
contribute to curing mental disorders.

In this thesis, we focus on the tensor based feature extraction and classification methods.

1.1.1 Motivation for tensor based feature extraction

In this section, I introduce the motivation for tensor based feature extraction by focusing on time-series
signals of EEG/MEG. Fig. 1.1 shows a flowchart for visualization of EEG/MEG signals. Temporal,

spatial, and frequency features are often focused for this visualization. In this figure, several feature
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Figure 1.2: Flowchart for BCI

extraction methods are introduced. I explain frequency analysis, time-frequency analysis, and linear
transform in Section 2.1, 2.2, 2.3 and 2.4. Matrix and tensor factorizations are explained in Chapter 3,
and I discuss these techniques in this thesis, mainly.

From here, I mention about only EEG for simplicity; however almost all methods can be applied to
also MEG. An EEG data is given as a (ch X time)-matrix, where ch is the number of channels and time
is the number of sample points in time domain. An EEG data stands for a set of sampled voltages of
the multiple electronodes on a head while a subject carries out some tasks for a fixed time interval.
In order to find some important factor from the EEG data, we need a large number of such samples.
Thus the EEG dataset is given as a (ch X time x samples)-tensor, where I call a multi dimensional
(N-way) array as a ‘tensor’ (Nd-tensor). If we apply some time-frequency analysis technique to this
tensor data, the 3d-tensor is transformed to a (ch X time X fr x samples)-tensor (4d-tensor). The
problem is how to process such a tensor data. One of the methods is to unfold a sample of tensor
(e.g., (ch x time x fr)-tensor) to a vector (e.g., [(ch) - (time) - (fr)]-dimensional vector); however
the unfolding destroys the data structure. Thus, tensor (including matrix) based feature extraction
techniques are necessary for the brain signal processing, and also other multi-way data analysis such
as video and fMRI image.

In general, matrix/tensor based feature extraction techniques have been widely studied to analyze
various time-series signals, images, videos, physical spectra, and so on. The key-point of the matrix
and tensor factorizations is to impose constraints such as orthogonality, sparsity, smoothness, and
nonnegativity of factors. For example, EEGs are generally smooth, and frequency power spectrum,
images, videos are always nonnegative. Therefore, the researches on algorithms and methods for
matrix/tensor based feature extraction are very important. I introduce the details of matrix and

tensor factorizations in Chapter 3.
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1.1.2 Motivation for pattern classification

In this section, I introduce the motivation for pattern classification by focusing on EEG/MEG signal
recognition as a subject. The pattern classification is a technique to assign some patterns into indi-
vidual appropriate categories, automatically. For example, the EEG/MEG signal recognition is an
important technique for BCI and the auto-diagnosis of the brain disease. BCI achieves to control a
computer or a machine by using a brain signal without four limbs, for example typing text, inputting
number, and controlling a wheel chair. These applications have possibilities of nursing care and welfare.
Fig. 1.2 shows a flowchart for the EEG/MEG based BCI. Note that this flowchart is applied not only
to BCI, but also to other objectives such as image recognition and text categorization. Preprocessing
includes cutout, normalization, filtering, and so on. Feature extraction is to transform a EEG/MEG
signal matrix (or other types of data) to a feature vector which includes important information for
classification. Finally, classification is to assign a feature vector into a class which implies a command
to control devices for BCI. In this thesis, we discuss the techniques of classification, mainly. Please
note that the techniques of classification are not only for the brain signals, but also for other various
types of patterns such as the handwritten characters, the fingerprintings, and the face images. Thus,
the researches of classification are very important. I introduce the details of classification in Chapter
4.

1.1.3 Social impacts

The social impacts of multi-way data analysis are very wide and great. For example, if sufficient accu-
racy of pattern recognition which includes feature extraction and classification is achieved, the world
would be significantly changed. Most of the works which persons have been done would be provided
by machines, and persons have come to be dedicated to some more creative works. This technique
has many possibilities such as the automated driving of car, the automated cleaning of building, the
automated speech inputting, and the automated translation to different languages. Furthermore, if
the auto-diagnosis of diseases becomes sufficiently accurate, people in regions where the number of
medical doctors is not sufficient would be rescued by such systems.

On the other hand, there would be negative impacts caused by the world changes. Automation of
works has a possibility to increase the jobless rate. For example, the automated driving system does
away with the need to employ taxi drivers. There are risks that those systems are used for crimes
such as the kidnapping, the smuggling, and the terror.

When the researchers publish their researches or new technologies, they should consider not only
positive impacts but also negative impacts because their research might change the world significantly.
Technology of nuclear energy provided new energy resources; however it threatened the world by the

nuclear war. I hope that technologies complete the happiness of humankind.
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1.2 Problems of existing methods and proposed methods

In this thesis, I discuss methods and algorithms for the matrix/tensor based feature extraction and
the classification. The goal of this thesis is to contribute the progress of the feature extraction and
the classification. In this section, I introduce existing methods of the matrix/tensor based feature
extraction and classification, point out their problems, and propose new methods and algorithms to

solve their problems, briefly.

1.2.1 FastGRBF

Function approximation by NMF is a technique to represent nonnegative feature vectors by linear
combinations of basis functions. For example, if we choose smooth basis functions, then smooth fea-
ture vectors can be obtained. Zdunek proposed this technique as the GRBF-NMF method which uses
the Gaussian radial basis functions for function approximation. However, its algorithm, in which the
QP optimization and the active-set algorithm run alternately and iteratively, is so slow that it can
not be applied to large-scale problems. Then, I propose a new fast algorithm for the function approx-
imation by NMF, and choose more effective basis functions for function approximation. It is called
the fastGRBF-NMF. Furthermore, I extend this method to the nonnegative Tucker decomposition
(NTD) and the nonnegative canonical polyadic (CP) decomposition (NCPD), and they are called the
fastGRBF-NTD and the fastGRBF-NCPD, respectively.

1.2.2 LCPTD/LTD

The common and individual feature analysis (CIFA) is a very important method for data analysis
because real world data always have some common and individual features. For example all human
faces have two eyes, two ears, a nose, and a mouse (common feature); but, their positions and shapes
are different as individual personalities (individual feature). However, existing techniques for it are
not very efficient, and their techniques have been developed only for matrix. Then, I propose a
tensor based common and individual feature extraction method in CP and Tucker models, and impose
orthogonality, sparsity, and nonnegativity constraints to both models. They are called the linked CP
tensor decomposition (LCPTD) and the linked Tucker decomposition (LTD), respectively.

1.2.3 WRSVM

Support vector machine (SVM) has been the most popular classifier; however, SVM does not always
provide the best performance. The criterion of SVM consists of the hinge-loss minimization and a
regularization. In this research, I propose two novel weighted regularization methods for a variety of
applications. Furthermore, I apply these regularization methods to the conventional SVM. It is called
the SVM with weighted regularization (WRSVM)
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Figure 1.3: Flow of chapters in this thesis

1.2.4 CFDA/KCFDA

Fisher discriminant analysis (FDA) is another famous method for classification. However, FDA does
give an optimal projection only for Gaussian distributions with equal covariance matrices. In other
words, FDA is not optimal in the case of heteroscedastic Gaussian distributions. In this research, I
propose a novel criterion for FDA including a correction term based on the Bhattacharyya distance
which is closely related to classification rate. Furthermore, the Chernoff distance based criterion and
its kernelized version are proposed as its extensions. They are called the Chernoff FDA (CFDA) and
kernel CFDA (KCFDA), respectively.

1.2.5 QCMAP estimation

Final proposition of this thesis is a new criterion of classifier based on the maximum a posteriori (MAP)
estimation for a binary problem without estimating the posterior probability, called the quadratically
constrained maximum a posteriori (QCMAP) estimation. The QCMAP consists of the maximization
of the expectation of a cost function, which is derived from the maximum a posteriori probability and
a quadratic constraint. This criterion is highly general since its forms include least squares regressions
(LSRs) and a SVM. I propose several efficient classifiers from the criterion by selecting various weight

functions.
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1.3 Organization

This thesis is organized as follows. The flowchart of chapters is depicted in Fig. 1.3.

In Chapter 2, I introduce several existing methods for data analysis: the discrete Fourier transform
(DFT), the discrete wavelet transform (DWT), the principal component analysis (PCA), the sparse
principal component analysis (SPCA), and the independent component analysis (ICA).

In Chapter 3, I introduce matrix and tensor decomposition techniques. The most basic matrix
decomposition is the singular value decomposition (SVD). SVD provides a full-rank complete decom-
position which consists of orthonormal left and right singular matrices and a diagonal rectangular
matrix. Truncated SVD (tSVD) is a low-rank approximation model of SVD. tSVD provides the min-
imum mean squared error between an original data and a decomposition model. The SVD and the
tSVD features are obtained based on the orthogonality constraint; however, the orthogonality is not
always efficient. We have to use also the sparsity, the smoothness and the nonnegativity constraints
as the situation demands. The penalized matrix factorization (PMD) is a technique to impose the
sparsity or the smoothness constraint to the matrix decomposition model, and the nonnegative matrix
factorization (NMF) is a technique to impose the nonnegativity constraint to the matrix decompo-
sition model. Furthermore, the sparse NMF, the smooth NMF methods are introduced. The tensor
decomposition is an extended technique of the matrix decomposition to analyze multi-dimensional
array (tensor) data. There are two models in the tensor decomposition: CP model and Tucker model.
The CP model is a direct extension of the matrix decomposition, and the Tucker model is a more gen-
eral extension. I introduce methods that impose the orthogonality, the sparsity and the nonnegativity
constraints to both models. Furthermore, I introduce the common and individual feature analysis
(CIFA), and several solution algorithms. The common and individual feature extraction is a very
important technique for data analysis since its model is well fitted into real problems.

In Chapter 5, I propose new methods for the matrix and tensor based feature extractions including
new fast algorithms for smooth nonnegative matrix and tensor factorizations, and tensor extensions
of the CIFA.

In Chapter 4, I introduce a supervised-future extraction and several basic classification methods:
the common spatial pattern (CSP) filter, the kernel method, the least squares regression (LSR), the
Fisher discriminant analysis (FDA), and the support vector machine (SVM).

In Chapter 6, I propose new classification methods such as the quadratically constrained maximum
a posteriori estimation, SVM with weighted regularization, and the Chernoff FDA and its extension
by the kernel method.

In Chapter 7, experiments are conducted to evaluate the proposed methods and their results are

described. Finally, I conclude the research and provide future works in Chapter 8.
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Table 1.1: Notations

RN N-dimensional Euclidean space
(f,g) inner product of two vectors f and g
| £l Euclidean norm of f

f@@) i-th component of f

Iy (N x N) identity matrix

AT transposition of a matrix A

vec(A) vectorization of A

[Alij, A(4,7),ai; (i,7) element of A

tr[A] trace of A

rank(A) rank of A

1.4 Notations

Table 1.1 describes a list of notations in this thesis. I denote individual variables by the following

rules:
e Scalars are denoted by lowercase letters, e.g., a € R.
e Vectors are denoted by boldface lowercase letters, e.g., a € RL.
e Matrices are denoted by boldface capital letters, e.g., A € RI*7/,
e Higher order tensors are denoted by underlined and boldface capital letter, e.g., A.

Vectorization of a matrix is the transformation from the matrix to a vector. The vectorization of a

matrix A = [a1,...,a;] € R*/ is given by

ai

a
vec(A):= | | eRY. (1.1)

aj

Next, I introduce four product rules of matrices. The Hadamard product (element-wise multiplication)

is defined as

ai1bir  ai2bi2
A® B := | aabar agbxn ---|. (1.2)
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In similar way, the element wise division is defined as
| g1 a2
AoB:=|3&

Simply, we have

Qg4
(A® B)ij = aijbij, (Ao B);; = bfj
ij

Let A € Re*Je and B € R?*7 the Kronecker product is defined by

a1B a;2B
AR B:=|anB a»xB --- ERI“IbXJ“‘]b,

We have

(A® B)T = AT @ BT,
(A® B)(A® B)T = (A® B)(AT @ BT)
=AAT @ BBT.

The Khatri-Rao product is defined by
A@B::<a1®b1 a2®b2 >7
= <vec(b1a1T) vec(bzal) ) .
We have

(afa1)(b{b1) (afaz)(bfby)
(A®B)" (A0 B) = | (a5a1)(b3b1) (ajas)(byby)

= (ATA)® (B"B).

(1.3)

(1.4)

(1.5)

(1.11)

(1.12)



Chapter 2

Existing methods and algorithms for

Data Analysis

In this Chapter, I introduce existing methods and algorithms for multi-channel signal analysis including

frequency analysis, time-frequency analysis, dimensionality reduction, and blind source separation.

2.1 Frequency Analysis

In this section, I introduce the Fourier transform as one of the techniques for frequency analysis. It is
given by
)
Flw) = / 2(t)e“ldr, (2.1)
—o0
In general, F(w) becomes a complex function, and we often focus on |F(w)|? as a frequency power
spectrum. Frequency is a very important factor for the brain signal analysis. Frequency bands of brain
signals are called by various names. For example, a brain signal of which frequency components are in
8-13 Hz is called the alpha-wave. Furthermore, when we focus on the area of brain, the alpha-waves
of the motor cortex, the temporal lobe, and the secondary somatosensory cortex are called the mu
rhythm, the tau rhythm, and the sigma rhythm, respectively. Furthermore, the delta wave (0.1-4 Hz),
the theta wave (4-7 Hz), the beta wave (12-30 Hz), and the gamma wave (25-100 Hz) are used in
the brain signal analysis. In this way, it is very important to find out individual waves by frequency

analysis.

2.2 Time-Frequency Analysis

Time-frequency analysis is a more important technique for the brain signal analysis than frequency
analysis since we want to find out the temporal behavior for each frequency band. In this section, I

introduce the wavelet transform (WT) as one of the techniques for time-frequency analysis. It is given

10
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Figure 2.1: Wavelet transform

W (a,b) f/ (t_b>dt (2.2)

where z(t) is a signal, ¥(t) is a wavelet function. a and b stand for respectively variables of frequency
domain and time domain. There are many kind of wavelets such as Haar wavelet, Meyer wavelet,
Mexican Hat wavelet and Morlet wavelet. Fig. 2.1 shows an example of wavelet transform with the
complex Morlet (CMOR) wavelet which is defined by

1 2 _ (42
pgelt) = e 2rfet= (/1) (2.3)

where f;, and f. are respectively a band width parameter and a frequency parameter. In this case, W

becomes complex matrix and we often focus on |[W|? as a wavelet power spectrum matrix.

2.3 Dimensionality Reduction

When the dimension of data is very large, for example we analyze EEG signals which are recorded from
118 electronode channels to see an overall aspect of the brain without spatial information (e.g., P300),
the dimensionality reduction techniques are quite useful. Furthermore, improvement of computational
efficiency and noise reduction are also merits of the dimensionality reduction.

Its model is given by

b, = ATz, (2.4)
B=ATX, (2.5)

where X = [z, 22, ..., zx] € RM*N i5 a set of original signals, A € RM*® ig a transformation matrix,
and B = [by, by, ...,bNn] € REXN g a set of transformed signals. Basically, we set R to be smaller
than M because we want to reduce the dimensionality of the signals and extract only the important
components. The goal of this method is to obtain the transformation matrix A which provides the

meaningful feature b,.
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Figure 2.2: Concept of objective function of the PCA: black points stand for individual «,,, red line
stands for the transformed space, and green arrows stand for the difference between the original signals

x, and projected signals b,,. The PCA minimize the sum of length of green arrows.

2.3.1 Principal Component Analysis

Principal Component Analysis (PCA) [52] is a very typical method for feature extraction and dimen-

sionality reduction. It is defined by

N
minimize Y ||z, — AA Tz, |]> = | X — AATX||}
n=1
subject to AT A = Ip, (2.6)
where || - || stands for the Frobenius norm and Ip € R®*® is an identity matrix. The objective

function minimizes the Euclidean distance between the original signals x,, and projected signals of b,
(Fig. 2.2), and the constraint part imposes the orthogonality of the transformation matrix A. This

means that the PCA can be regarded as the minimization of the transformation loss.
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On the other hand, the objective function can be transformed as

N
> llAATz, — 2| = [|AATX - X||}

n=1
=tr[(AATX — X)(AATX — X)T]
=tr(AATX XTAAT) - 2tr(AATX XT) + tr( X XT)
= —tr(ATXXTA) +tr( X XT), (2.7)

where tr(-) describes ‘trace’. Since tr(X X7T) is a constant term, we can rewrite the PCA criterion as

maximize tr(ATXXTA),
subject to AT A = Ij. (2.8)

Please note that this objective function is the same as tr(BT B). Thus, the PCA can be also regarded

as the maximization of the auto-correlations of the transformed signals b,,.

Solution of PCA

In this section, I provide a solution of the PCA criterion (2.8). First, its Lagrangian function is given
by

L(A,A) =tr(ATXXTA) — tr[(AT A — Ip)A], (2.9)

where A € Rf*% is a Lagrangian multiplier. Lagrange’s conditions are given by

oL
—— —2XXTA-24A = 2.1
oL o

The solution must satisfy the conditions and maximizes the PCA objective function. Let Ay > ... > Ays
and @1, ..., ¢ar be respectively the eigenvalues and eigenvectors of (X X7T), then the solution of the

PCA criterion is given by

Apca = [¢1, .., OR]. (2.12)

In other word, the solution is given as the eigenvectors of (X X7) corresponding to the largest R

eigenvalues.

2.3.2 Sparse Principal Component Analysis

Sparseness is an important property to analyze large scale data by sparse representations. Further-
more, sparseness often provides robust analysis for noisy data. From this reasons, sparse extensions of
data analysis methods have been studied very well such as the sparse nonnegative matrix factorization

(NMF) [48, 49, 57], the sparse canonical correlation analysis (CCA) [79, 105], and the sparse partial
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least squares (SPLS) [15]. The sparse principal component analysis (SPCA) [53, 121, 105] can be
regarded as the most basic method among them.

Jolliffe et al. proposed the SCoTLASS (Simplified Component Technique-LASSO) method [53] by
adding the LASSO (least absolute shrinkage and selection operator) constraint [95] to the PCA. The
SCoTLASS criterion is given by

maximize tr(al X XTa,),
subject to ala, =1, ala, =0 (for r > 2 and h < r), (2.13)

lall <,

where ||al|; = Z%:l lam| is a 11-norm, and 1 < t < v/M is a tuning parameter. The smaller ¢, the
solution becomes more sparse. For example, when ¢ = 1, we must have one nonzero a,,, and when
t > /M, we get the PCA. Please note that the problem (2.13) have many local optima, thus it needs
numerical optimization to estimate parameters. Jolliffe et al. proposed to use the projected gradient
approach [14, 46] as a solution method for the SCoTLASS.

However, Zou et al. [121] noted that the SCoTLASS fails to achieve sufficient sparsity and there is a
possibility that orthogonality and sparsity constraints of the PC vectors are not fully compatible, thus
they proposed an alternate method for the sparse PCA by extending it to the elastic net regression
[120]. The SPCA criterion is given by

R
minimize || X — AATX [+ AAlJ: 4+ YA lla o,
r=1

subject to AT A = Iy, (2.14)

GRMXR ERMXR

is a target sparse component, A= [ai,...,aR] is regarded as
a relaxing principal component, A and )\Y) are nonnegative tuning parameters for penalty terms. Let

where A = [ay, ..., aR]

consider A, € RMX(M=R) e an orthonomal matrix which satisfies that [A, A ] is orthogonal, thus
note that the first term of objective function (2.14) can be transformed as
IX — AATX )% = tr(X XT) — 2tr( X XTAAT) + tr(AATX XTAAT)
—tr(ATXXTA) +tr(ATXXTA) — 2tr(ATX XTA) + tr(AT X XT A)
= tr(ATXXTA )+ || XTA - XTA|2. (2.15)

Since the first term of (2.15) can be ignored for optimization, the first term of SPCA objective function

can be replaced by the second term of (2.15).

Solution algorithm for SPCA

The problem (2.14) can be solved by an alternating algorithm of two sub-optimizations. The first
optimization updates A with fixed AV, and the second optimization updates A with fixed A. Both
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Algorithm 1 SPCA algorithm
1: Input: X, A, /\Y) forr=1,...R
. Initialize: A as the PCA result

2
3: repeat

4:  Update a, to solve the problem (2.16) for all r;
5. Update A to solve the problem (2.19);

6: until convergence

7: Normalize A by a, < a,/||a,|| for all r;

8: Output: A, A

optimizations run alternately until the SPCA criterion is minimized. The first optimization problem

is given by

minimize || X7@, — X a,||> + A|ar|? + \7jar |1 (2.16)

Its problem is also called the elastic net problem [120], thus the solution is given by
snlop(m)] - [2[o,(m)] = A)]
21+ ) ’

a,(m) = (2.17)

where v, = X X7a,, 2], := max(z,¢) with a very small nonnegative parameter ¢ (e.g., ¢ = 10716),

and sgn(-) function is defined by

1 2>0
sgn(z)=¢ 0 z=0 . (2.18)
-1 2<0

The second optimization problem is given by
min%nize IIX — AATX |2,
subject to AT A = I. (2.19)
Its solution is given as
A=UVT, (2.20)

where U € RM*E and V' € REXE are respectively left and right factor matrices of singular value
decomposition (SVD) of X X7 A = UDV?. The details of SVD is described in Section 3.1.1. Finally,
the SPCA algorithm can be summarized as Algorithm 1.

2.3.3 Example of Dimensionality Reduction

In this section, I introduce an example of application of dimensionality reduction. I used EEG signals

from [8] of which sampling rate is 240 Hz and the number of channels is 64. This experiment was based
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Figure 2.4: Results of ERP averages with target stimuli and other stimuli

on oddball paradigm, then I aimed to compare the event related potential (ERP) of target stimulus
with ERP of other stimulus. Fig. 2.3 shows (a) the dataset of EEG signals, (b) reduced data by PCA,
(c) reduced data by SPCA, and (d) correlation map between PC and SPC components. Their vertical
and horizontal axis mean the signal amplitude and time [s], respectively. Seemingly, the results of PCA
and SPCA are the almost same; however, we can see that only around 20-30 channels are important
(correlated) from the correlation map. Fig. 2.4 shows ERPs of target and other stimuli compared
by (a) average of 64 channels, (b) PCA, and (¢) SPCA. Their vertical and horizontal axis mean
the signal amplitude and time [s], respectively. In PCA and SPCA, the dimensionality was reduced
from 64 into 1; however, results were very similar to original. Sigmal amplitudes of PCA/SPCA are
significantly larger than original one because it is the first component including the largest eigenvalue

for 64 eigenvalues. We can see that PCA and SPCA did not cut the important information.

2.4 Blind Source Separation

Blind Source Separation (BSS) is a method to estimate original signals from observed signals which
consist of mixed original signals and noise. The cocktail party problem is a typical example of BSS.
In case of the EEG signals, one electronode picks up signals from the surrounding numerous neurons,
thus it can be considered that the regions covered by individual channels are overlapped each other
(see Fig. 2.5).

Its model is given by

X = BS, (2.21)

where X = [x1,...,xy]" € RM*N and § = [s1,...,s5]7 € RF*N are respectively a observed signal
matrix and a source signal matrix, and B € RM*® ig a mixing matrix. When we regard a,,, and s,

as functions x,,(n) and s,(n) with respect to n, this model can be rewritten by

(n) = Bs(n), (2.22)
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Figure 2.5: Blind Source Separation

where

x(n) = : , s(n)=1 + |. (2.23)

zar(n) sr(n)
The goal of BSS is to estimate B and S from X. There are many methods for BSS such as the
independent component analysis (ICA) [50], the sparse component analysis, and the nonnegative
matrix factorization (NMF). In this section, I introduce ICA as the most typical approach for BSS,

and the other methods are introduced in Chapter 3 since they are based on the matrix decomposition

approach.
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2.4.1 Independent Component Analysis

First, I introduce the hypothesis of ICA as follows:
e Hypothesis of ICA ~N

1. {s,} are statistically independent of each other,
p(s1,82,...,5r) = p(s1)p(s2) - - p(sr).- (2.24)

2. {s,;} follow non-Gaussian distributions.

If more than one of {s,} follow the Gaussian distribution, then ICA is impossible.

3. B € RM*E ig a regular matrix (i.e., M = R).

Therefore, we can rewrite the model as

s(n) = ATz (n), (2.25)

where AT = B!, It is only necessary to estimate A.

J
Before explaining the detail of ICA, it is helpful to show the overall procedures of ICA. ICA consists

of two phases, mainly: the first phase is a whitening, and the second phase is a maximization of some
non-Gaussianity measure. The reason why whitening is necessary is that the solution of A can be
limited to an orthogonal matrix after whitening. The non-Gaussianity measure is very important for
ICA because it expresses the statistical independence of s,. Figure 2.6 shows an example of original
independent signals and observed signals with M = R = 2, and its whitening and ICA results. The
blue lines of Fig. 2.6(d) show the directions of new axes, thus original sources are almost completely

estimated excluding the scale and the order of them.
Whitening
White signals are defined as any z which satisfy the following conditions
E[z] =0, E[zzT]=1. (2.26)
First, we modify X as the zero average signal by

1
Xo=X <IN - N1N><N> ; (2.27)

where 1y is an (N x N)-matrix of which all elements are 1. We denote the zero average signal as
xo(n). Second, the whitening result is given by Z = UDY2UT X, € REXN of eigenvalue decomposi-
tion of [+ X X{] = UDUT. The whitening results are also denoted as z(n), and they are also given
by

z(n) = UD Y2U 24 (n). (2.28)
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Figure 2.6: Individual phases of ICA

Thus, the model is givne by
s(n) = WTz(n) = WIUDV2U x(n) = ATao(n), (2.29)

where W € R*® is an orthogonal transform matrix. Therefore, it is only necessary to estimate W

after whitening.

Non-Gaussianity

In order to separate the observed signals x(n) into statistically independent sources s(n), some measure
of statistical independence is necessary. Non-Gaussianity can be regarded as a measure of statistical
independence according to the central limit theorem (CLT). From the CLT, we can know that a
distribution which consists of several independent and identically distributions approaches a Gaussian
distribution. Thus, if we assume that {s,} are identically distributed, then x,, = Zle by Sy are
closer to Gaussian distributions than {s,}. In other words, the non-Gaussianity of {s,} are higher
than {x,,}.
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Figure 2.7: Kurtosis

Therefore, if some non-Gaussianity measure is given, we can estimate the parameter vector a, by

maximizing the non-Gaussianity of alx(n). The criterion is given by

maximize ~Non-Gaussianity(a. z(n)). (2.30)
[o 7%

However, we can estimate only the first parameter vector from this criterion. In practice, we can limit

the parameter vectors in orthogonal vectors after whitening, thus the criterion is given by

R
maxvivmize Z Non-Gaussianity (w! z(n)),
r=1

subject to  WIW = Ij. (2.31)

There are several measures of non-Gaussianity such as Kurtosis and Neg-entropy. I introduce the
kurtosis based ICA in Section 2.4.2 and the neg-entropy based ICA in Section 2.4.3.
2.4.2 Kurtosis based ICA

In this section, I introduce an algorithm for ICA based on Kurtosis. When the average of y is zero,

the Kurtosis can be given by
kurt(y) = E[y"] - 3(E[y°])*. (2.32)
Furthermore, we assume that y is white (i.e. E[y] = 0, E[y?] = 1), then it is given by
kurt(y) = E[y?!] — 3. (2.33)

When y is distributed normally, kurt(y) becomes zero. On the other hand, y follows a non-Gaussian
distribution, the kurtosis becomes some positive or negative value. Thus, the kurtosis can be used as
a non-Gaussianity measure for ICA. When the kurt(y) is positive, its distribution is called the super-
gaussian, and when the kurt(y) is negative, its distribution is called the sub-gaussian. Figure 2.7 show

examples of histograms and their kurtoses.
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The kurtosis based ICA criterion is given by
R
maximize Y [kurt(w] z(n))],
r=1
subject to WIW = Ij. (2.34)
I denote z(n) as z for simplicity, and firstly focus to estimate one parameter vector w, as
maximize [kurt(w! z)|, s.t. wlw, = 1. (2.35)

Differential of [kurt(w! z)| is given by

Olkurt(w! z)|
ow,

_ 8180 - [B{(w] 2)") — 3B{(w] =)’

air |E{(w;pz)4} - 3{erH2}2‘ (because E(zz1) = 1)

= 4sign[kurt(w; 2)] [E{z(w] 2)*} — 3w, ||w,||*] (2.36)

According to the gradient method, we can obtain following update rule:

wy — w, + Aw,; (2.37)
Wy
w, : (2.38)
" ]

where Aw, o sign[kurt(w! 2)] [E{z(w] 2)3} — 3w,]. Its algorithm converges when w, o« Aw,, thus

we can obtain another update rule as

w, + B{z(w!'2)3} - 3w,, (2.39)
w
Wy — (2.40)
||, ]

It is well known as a fast fixed point algorithm for ICA.

Next, I introduce the algorithm to estimate orthogonal parameter vectors W. This algorithm
consists of two steps: the first step is to update {w,} individually, the second step is to project W
onto the orthogonal matrix. There are several orthogonalization methods, and they can be separated
into the sequential approach and the symmetrical approach. The Gram-Schmidt orthogonalization is

a very typical method for the sequential approach. It is given by

r—1

Wy — W, — Z(w?wk)wk, (2.41)
k=1

for r =1,..., R. On the other hand, a symmetrical orthogonalization is given by
W+ (WWTh)~12w (2.42)

When we want to treat individual vector fairly, the symmetrical approach is useful.

Finally, the kurtosis based ICA algorithm can be summarized as Algorithm 2.
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Algorithm 2 Kurtosis based ICA algorithm
1: Input: X € REXN

2. Initialize: orthogonal matrix W € REXFE

3 X + X(In — %1nxn) ;

4 Z + UD Y2UT X with eigenvector U and eigenvalue D of %XXT ;
5: repeat

6:  w, + B{z(w!l'2)3} — 3w, forr=1,...,R;

7: wr<—”waorr—1 , R

8:  Orthogonalize W by (2.41) or (2.42) ;

9: until convergence

10: S« WTz
11: Output: S

R T R N SR S

(a) subgaussian (b) supergaussian (c) subgaussian with outliers (20:1000)

Figure 2.8: Example of kurtosis based ICA

Example

Figure 2.8 shows the results of the kurtosis based ICA. Subgaussain distribution is generated by
the uniform distribution, and supergaussian distribution is generated by the Laplacian distribution.
In both distributions, the kurtosis based ICA worked well; however, it did not work with outliers.
Actually, the kurtosis is a very sensitive measure since it is the fourth order function. The rate of

outliers in Figure 2.8(c) is only 2% ; however it is enough to show the invalidity of the criterion.

2.4.3 Neg-entropy based ICA

The neg-entropy is often used for ICA since it is a robust measure of non-Gaussianity for outliers.
Strictly, the approximation of neg-entropy is often used because it is more robust for outliers.

The neg-entropy is defined by

J(y) = H(ycaus) — H(y), (2.43)

where H(y) = — [py(n)logpy(n)dn is a entropy and ygauss follows a Gaussian distribution with
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p = Efy] and 0% = E[(y — p)?]. Thus, if y follows Gaussian distribution, then J(y) = 0, and if not,
then J(y) > 0.
In this method, we approximate the neg-entropy by

J(y) = k1(B{G1(y)})* + k2(E{Ga2(y)} — E{G2(v)})?, (2.44)

where G1(-) is a non-quadratically odd function, G(-) is a non-quadratically even function, k; and ks
are positive constants, v follows the standard Gaussian distribution, and we assume that y is white.
This approximation is not strict, but it has the same properties of the neg-entropy. For example,
this measure takes zero when y follows the Gaussian distribution, and positive when y does not
follow the Gaussian distribution. Furthermore, this approximation can be robust measure by selecting
appropriate functions for G (-) and Ga(-). The following functions are well known as a useful selection:

Gi(y) = alllog coshayy, (2.45)

Ga(y) = —exp(—y*/2), (2.46)

where 1 < a; <2 (e.g., a1 =1 is often used).

If we use a single non-quadratic function, this approximation can be given by

J(y) o [E{G(y)} — E{G()}]*. (2.47)

This approximation has also the same properties of the neg-entropy, and it is simpler than the two
functions version. Thus, we introduce the neg-entropy based ICA algorithm from this approximation.

The objective function can be transformed as

J(y) o [E{G(y)} - E{G()}]*
oc [B{G(y)})* — 2E{G()}E{G()} + [E{G()}]*. (2.48)

Furthermore, its differential function by w can be given by

0L oIRGBl zg(w” 2)) — (GO BLzg(w )}

o [E{G(w" 2)} — E{G(v) }E{zg(w" 2)}, (2.49)

where ¢(-) is the derivative of G(-). Thus, we can obtain the following updating rule based on a fixed

point algorithm:

w +— E{zg(w’2)}, (2.50)
w +— w/||lwll, (2.51)

where we can ignore [E{G(w” 2)} — E{G(v)}] since w is normalized later. However, this algorithm do

not converge well, because its approximation does not have a algebraic property that a true cumulant
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Algorithm 3 Neg-entropy based ICA algorithm
1: Input: X € REXN

2. Initialize: orthogonal matrix W € REXFE

3 X + X(In — %1nxn) ;

4 Z + UD Y2UT X with eigenvector U and eigenvalue D of %XXT] ;
5: repeat

6:  w, + BE{zg(w!z)} — E{¢'(wlz)}w, forr=1,...R;

7: wrenqw”—:Hforrzl,...,R;

8:  Orthogonalize W by (2.41) or (2.42) ;

9: until convergence

10: S« WTz
11: Output: S

has. Thus, we provide an improvement method for it by using a approximated newton’s method.

When we use (2.50) and (2.51), the convergence condition is given by
F(w) = E{zg(w’2)} + pw =0, (2.52)

where [ is a parameter. We apply the approximated newton’s method to the condition (2.52). Thus,
the gradient of F'(w) is given by

gf; = B{zzT ¢/ (wT 2)} + IR, (2.53)

where ¢(+) is the derivative of g(-). Since z is white, we apply the following approximation,
E{zzT¢ (w!2)} = E{z2T}E{¢ (wT 2)} = E{¢ (w’ 2)} Ip. (2.54)

Then, g—g becomes a diagonal matrix and its inverse matrix can be obtained easily. We can derive the

following approximated newton’s method

_[Elzgw'2)} +pw] il y
wew = e g~ Bl (' 2)} 8]~ [Blzg(w2)) + fu]

= wB{g'(w2)} - E{zg(w"2)} (2.55)

Finally, the fast fixed point update rule for neg-entropy based ICA is given by

w +— E{zg(w’2)} — E{¢'(w? 2)}w; (2.56)
w < w/[[wl]; (2.57)

and its algorithm can be summarized as Algorithm 3. g(-) and ¢/(-) in the Table 2.1 are often used.

Please note that (g3, g5) is equivalent to Kurtosis based ICA.
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Table 2.1: Approximation functions for neg-entropy based ICA

label | g(y) J'(y)

1 g1(y) = tanh(a1y) 91(y) = a1(1 — tanh*(a1y))
2 g2(y) = yexp( ¥2/2) | g5(y) = ( y?) exp(—y?/2)
3 93(y) = 95(y) =

Example

Figure 2.9 shows the results of the neg-entropy based ICA (using ¢g;). We can see that the neg-entropy
based ICA is robust for outliers and works well for real data.

Fig. 2.10 shows an example of (a,b) original images, (c¢,d) mixed observed images, and (e,f) estimated
sources. These images were separated clearly; however, black and white are reversed in the estimated

signal 2. In this way, ICA can not estimate either the correct or not for the opposite sign.
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(a) subgaussian with outliers (20:1000) (b) real data : subgaussian (c) real data : supergaussian

Figure 2.9: Neg-entropy based ICA (using g1)

(d) mixed observed image 2 (e) estimated source signal 1 (f) estimated source signal 2

Figure 2.10: Example of real image separation



Chapter 3

Matrix/Tensor based Feature

Extraction

In this Chapter, I introduce matrix and tensor based feature extraction methods and point out their
problems. Key-points of this chapter are decomposition models and imposed constraints. The de-
composition models are separated into the matrix decomposition model and the tensor decomposition
models. There are several constraints such as the orthogonality, the sparsity, the smoothness, and the
nonnegativity. Properties of the method depend on the combination of the model and the constraint,

and the models and the constraints are selected based on the situation demands.

3.1 Matrix decomposition model

In this section, I treat the feature extraction methods to analyze a matrix data. As an assumption,
we have J observed signals {y; € RI}EJ:l which can be given as a matrix Y = [y1,...,ys] € R/*/,
The goal of feature extraction is to extract the latent important features included in the data. Matrix

decomposition model is given by
Y ~AX, (3.1)

where A = [ay, ...,ag] € RI*F and X = [z,;] € R*/. This model can be also expressed as

R
Y~ Y Tjan, (3.2)
r=1

for j =1,...,J. Eq. (3.2) means that the matrix decomposition approximates y; by a linear combi-
nation of bases [a,]. On the other hand, let B = [by,...,bg] := XT € R/*% then the model can be

given by

R
Y ~AB" =) a,b. (3.3)
r=1

28
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Thus, the matrix decomposition approximates Y by a linear combination of one-rank matrices [a,b!].
The matrix decomposition model has a high-potential to apply to various real world problems such as
clustering task, parts learning, denoising, and blind source separation.

When we try to extract the feature, it is important to make a criterion in concert with the target.
For this reason, orthogonality, sparsity, smoothness, and nonnegativity are important factors to obtain
such features. Actually, almost all methods consist of the minimization of some distance measure and
some additional constraints. For example, a singular value decomposition (SVD) consists of the
minimization of the Frobenius norm and the orthogonality constraint. In this way, we can say that

the properties of methods are decided by the constraints.

3.1.1 Singular Value Decomposition

Singular value decomposition (SVD) is a basic matrix decomposition method. Its model is given by
Y =UDV7T, (3.4)

where U = [u1, ug, ...,us] € R\ V = [vy,v9,...,v5] € R7*7 are unitary matrices, and D = [d;;] €
RIX7 is a diagonal matrix that its diagonal elements are nonnegative values. Each w,, v,, and d,,
are called respectively a left-singular vector, a right-singular vector, and a singular value, thus they

satisfy

ul'Y =vld,,, (3.5)
drrty, = Y0, (3.6)

for r = 1,...,min(Z,J). Please note that the SVD model (3.4) is defined as an equation since this

model can completely provide the original data matrix Y. The criterion of SVD is given by

minimize ||[Y —UDVT|[%,
subject to UTU =UUT =17, Vv =vVvT =1, (3.7)

where It € RI*! and I; € R7*7 are identity matrices. The objective function can be transformed as

Y —UDVT|%2 =tr(YTY) — 20 (YTUDVT) + tr(VDTUTUDVT)
=tr(YTY) - 2tr(YTUDVT) + tr(DT D). (3.8)

Its Lagrange’s condition with respect to D is given by
0
apllY ~ UDVT|3 = 2UTYV 42D = 0. (3.9)
Thus, the solution of D can be given by

D=U"YV. (3.10)
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We can see that eq. (3.10) satisfies the conditions (3.5) and (3.6). By using (3.8) and (3.10), the

Lagrange’s function can be given by

LU,V A, Ay) =—tr(UTYVVIYTU)
+ tr[(UTU — IP) AL + tr[(VIV — I;)Ay), (3.11)

where A1 and As are Lagrange’s coefficients. Its Lagrange’s conditions with respect to U and V are

given by
oL
—— =2YYDU +2UA, =0 3.12
oU ¥Y)U +2UA, =0, (3.12)
L
gv = 2(YTY)V +2VA; =0. (3.13)

Eq. (3.12) is an eigenvalue problem, thus the solution of U can be given as a set of eigenvectors of
(YYT). Let [¢1, ¢2, ..., ¢r] and A\ > \g > ... > \; be respectively eigenvectors and eigenvalues of
(YY), then U is given by

U = [¢1, P, ..., P1]. (3.14)

In the same way, the solution of V' can be given as a set of eigenvectors of (YTY). Let [11, 1o,
.oy Yyl and n; > ne > ... > ny be respectively eigenvectors and their corresponding eigenvalues of
(YTY), then V is given by

V = [4p1, 2, ... ] (3.15)

Let R =min(I,J), Dy = /A = /i)y for r =1, ..., R.

Truncated SVD

Truncated singular value decomposition (tSVD) is a method to obtain a low-rank approximation of

original data matrix Y. Its model is given by
Y ~UDVT, (3.16)

where U = [uy, ..., up] € RIXF V = [vy,...,vg] € R/*F are orthonormal matrices, and D € RF*® is a
diagonal matrix which its diagonal elements are singular values. In general, R < rank(Y") < min(Z, J).

The criterion of tSVD is given by

minimize ||Y —UDVT|%, (3.17)
subject to UTU = I, VIV = I, (3.18)

where Ip € RE*F is an identity matrix. As its name suggests, the solution of tSVD is given by

truncating the solution of SVD. Let Uy = [u1, ug, ...,ur|, Vo = [v1, v2, ..., v, and Dy = [d;;] be the
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solution of SVD, then each factor matrices are given by

U= [ul,ug,...,uR], (319)
V = [vl,vg,...,vR], (320)
D = [Dyl1:r,1:R- (3.21)

The tSVD gives an R-rank approximation of Y which minimizes the mean squared error.

Deflation based algorithm for tSVD

The above mentioned algorithm for tSVD is consequential and wasteful since it must obtain a full-rank
decomposition. In this section, I introduce a deflation based algorithm to obtain the solution of tSVD,

directly. First we consider one-rank approximation criterion as follow:
L. 1 T2
minimize §||Y —duv” ||F,
subject to ||u|®> =1, |jv]|* = 1. (3.22)
The objective function of (3.22) can be transformed as
1 T2 1 T T 1 2
§HY—duv |]F:§tr(YY ) — du Yv—|—5d . (3.23)

Focusing on this objective function with respect to only u and v, a criterion (3.22) can be transformed

to

maximize UTY’U,

subject to ||u|* =1, |jv]|* = 1. (3.24)

We solve this criterion by updating w and v, alternately and iteratively until convergence. Update

rules for w and v are derived by the following criteria:
u < argmax u! Yv, s.t. ||ul| =1, (3.25)
u
v < argmax u! Yv, s.t. |[v|| = 1. (3.26)
v
Thus, the update rule for u is given by

u <+ Yo, (3.27)
u < u/||ull]. (3.28)

In a similar way, the update rule for v is given by

v YTu, (3.29)
v+ v/||v]]. (3.30)
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Algorithm 4 One-rank tSVD by power method
1: Input: Y

[\V]

: Initialize: v by randomly

repeat

u <+ Y

w < u/||ull;

v+ YTu;

CRaEICIE
until convergence
d—ul'Yw;

10: Output: d, u, and v

Algorithm 5 R-rank tSVD
1: Input: Y, R

. Initialize: Zy =Y
3: forr=1,...,Rdo
4:  Obtain (d,, u,,v,) by Algorithm 4 inputting Z,_q;

\V]

5 Ly Lp_q1 — drurvTT;
6: end for
7. OQutput: [d,.,u,, v, ]E

Its singular value is given by d = uw” Yv. Finally, the solution algorithm for one-rank approximation of
tSVD can be summarized as Algorithm 4. This iterative algorithm is often called the power method.

Next we consider R-rank approximation of tSVD. We can construct the algorithm for R-rank version
of tSVD by using one-rank approximation of tSVD. Let d,., u,, and v, be the r-th singular value and
left- and right-singular vectors, and define the r-tSVD model Y, = Y req dkuk'va and the deflated

matrix Z, =Y — f’}, then we have

rank(Y') = rank(Y}) + rank(Z;) = rank(Y3) + rank(Z;) = - - -
= rank(Y;) + rank(Z,) = - - - = rank(Yg) + rank(Zp), (3.31)
since Z, and Y, are orthogonal (i.e., ZTT}/}r = 0 and ZTIA’T,T = 0). Thus we can say that the r-th
singular value and left- and right-singular vectors of Y can be given as the first singular value and

left- and right-singular vectors of Z,._;. Therefore, the algorithm for R-rank approximation of tSVD

can be summarized as Algorithm 5.

3.1.2 Penalized Matrix Decomposition

Penalized matrix decomposition [105] can be regarded as a penalized tSVD. It was proposed to add

several constraints into the tSVD criterion and solve the criterion based on a deflation based algorithm.
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Algorithm 6 One-rank PMD by power method
: Input: Y, P ¢1, P> and ¢

[y

. Initialize: v by randomly
: repeat

u + argmax, u'Yw, st. ||ul| =1, Pi(u) <ci;

: until convergence
cd+—u'Yv;

2
3
4
5 v <+ argmax, ulYwv, st. ||v]| =1, P(v) < ez;
6
7
8: Output: d, u, and v

First we consider one-rank approximation of PMD as follow:
1

minimize §HY — duv®||%,

subject to  [|[u||?> =1, [[v||> =1, Pi(u) < c1, Pa(v) < co, (3.32)
where P;(u) and P»(v) are convex penalty functions. In [105], two penalty functions are proposed,
mainly: 1l-norm penalty and fused lasso (FL) penalty. When we choose the 11-norm penalty, then
PMD provides a sparse representation. When we choose the FL penalty, then PMD provides a sparse
and smooth representation. Focusing on this objective function with respect to only uw and v, a
criterion (3.32) can be transformed to

maximize u’Yw,

subject to  |[u|®> =1, |[v||> =1, Pi(u) < c1, Py(v) < co. (3.33)
In a similar way of (3.25) and (3.26), the update rules for u and v are derived by the following criteria:
w < argmax u! Ywv, s.t. ||ul]| =1, Pi(u) <, (3.34)
u
v < argmax ul Yv, st. |[v]| =1, P(v) < co. (3.35)
v

Therefore, the algorithms for one- and R-rank PMD are very similar to one- and R-rank tSVD, and

they are summarized as Algorithms 6 and 7.

I1-norm penalty

In this section, we consider to choose the 11-norm penalty function as P (u) := ||ull; = ZZ‘I:1 ;]

Let a = Y, the problem (3.34) can be rewritten by

u + argmax u’la, s.t. |[ul| =1, ||ull; < e (3.36)
u

a_

If H”%”H < ¢1, this solution is given by u = Tal]’ otherwise this solution
1

B s(a, A)
= el (3.37)
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Algorithm 7 R-rank PMD
1: Input: Y, R

. Initialize: Zy =Y
:forr=1,...,Rdo
Obtain (d,, u,,v,) by Algorithm 6 inputting Z, _1;

T.
Z, — Z,_1 — dyu,v;

[\V]

AN R

. end for

~N O

: Output: [d,, u,, v, ]E

is obtained by a line-search algorithm for a scalar parameter A so that it satisfy ||u||, = ¢1, where
s(a,A) is calculated by s;(a,A) = sign(a;)[|a;| — A]+. The function s(a,A) is called the soft-
thresholding operator. The PMD with 11-norm penalty can be regarded as a sparse representation of
tSVD; however, sparse constraint and orthogonal constraint are incompatible, thus the PMD can not

provide completely orthogonal factor matrices.

Fused lasso penalty

In this section, we consider to choose an FL penalty function as Ppr(u) := 330 |ui| + AL, ui —
u;—1|. In case of FL penalty, we solve a slightly modified Lagrange form, for simplicity, which is given
by
1 I
u - argmin Sl = al||% + M lJull + Ao Z; g — wiq, (3.38)
=
where A1 and Ay are trade-off parameters. This problem can be solved by the fused lasso regression
[36, 96, 47]. The PMD with the FL penalty can be regarded as a sparse and smooth representation of
tSVD. Although it can not provide completely orthogonal factor matrices, the smooth representations
are focused in wide research area. In brain signal processing, temporal or spatial smoothness is

considered as an important feature.

3.1.3 Nonnegative Matrix Factorization

Nonnegative matrix factorization (NMF) is a technique to decompose a nonnegative matrix into two

nonnegative matrices. The standard NMF model is given by

Y ~ AX e RYY, (3.39)
where A € RiXR, X € fo‘]. Y = [y1, Y2, ..., Y| is an observation matrix consisting of .J
observations. A = [aj, a2, ..., ag| is a feature matrix including feature vector bases, and R is

the number of feature vectors. X is a mixing matrix to reproduce the observation matrix Y by
Yj ~ Zle a,z,;. The goal of NMF is to obtain A and X from the observation matrix Y with a
given parameter R. For example, we let R < J < [ in BSS problems [18]. In this case, we want
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to find R latent source signals from J mixed observations. The NMF gives A as an estimator of the
latent source signals. In case of extracting parts of face images [62], I and J are respectively the
number of pixels and images, then the NMF represents each face image by the linear combination of
R nonnegative parts. In case of clustering tasks [106], A expresses the set of centroids of cluster, and
X represents the weight parameters of clusters. In this way, the NMF is a high-potential technique
and it can be applied in a wide area of a real world data analysis.

NMF has a long history from 1971 in chemometrics under the name of “self modeling curve resolu-
tion” [61]. In early works, it had been researched under the name of “positive matrix factorization”
[78] in the middle of 1990s. It becomes more widely known as “nonnegative matrix factorization” after
the publication on the journal of Nature in 1999 [62].

In this section I introduce several basic algorithms for NMF. The standard NMF criterion can be

given by
. 1 2
minimize §HY — AX||%,
subject to A >0, X >0. (3.40)

Its criterion is very simple; however, this problem is not convex and its solution is not unique. Thus,
many algorithms have been studied and the researches of solution algorithm of NMF are still going

now. In this section, I introduce several standard algorithms to solve the NMF problem.

ALS algorithm

In this section, I introduce the most standard algorithm for NMF which is called the alternating least
squares (ALS) algorithm [26]. First we separate the NMF problem (3.40) into two sub-problems as

follows:
1
A <+ argmin 5HY — AX|% st. A>0, (3.41)
A
1
X < argmin §\|Y — AX||% st X >0. (3.42)
X

Each problem is convex and have a unique solution. The procedure to solve the sub-problem for A

consists of only two steps as follow:
1
A + argmin §||Y —AX|%; (3.43)
A
A+ [Al4; (3.44)

This procedure does not provide strict solution of (3.41); however, it provides an approximated solution

of (3.41) and performs fast calculation. In a similar way, we can solve the sub-problem for X as follow:
1
X ¢ argmin §HY — AX||%; (3.45)
X

X « [X]4; (3.46)
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Algorithm 8 ALS-NMF algorithm

1: Input: Y, R

: Initialize: X randomly

[\V]

3: repeat

4 A+ (XX Ixy?T,
b A Al

6: X+ (ATA)1ATY ;
X < [ X

8: until convergence

9: Output: A, X

The update procedures for A and X include standard least squares problems (3.43) and (3.45). Both

problems can be solved by the same calculation method in principle. First the objective function can

be transformed as
1 2
L:= |l - AX|}
1
— IV - XT AT
1
= Sul(Y - AX)T (Y — AX))]

= %tr(YTY) —tr(XTATY) + %tr(XTATAX).

Thus the stationary points of X can be founded by equating the gradient to 0:

(%L( =-A"y + ATAX =0.
Thus, the solution is given by
X =(ATA)tATY.
In a same way, the solution of A is given by
A=[(xxT)xyTT,

Finally, the ALS algorithm is summarized as Algorithm 8.

Multiplicative update rule

(3.47)

(3.48)

(3.49)

(3.50)

The ALS-NMF algorithm includes an inverse problem and thresholding for nonnegativity which are not

stable. In practice, ALS algorithm do not converge, sometimes. The multiplicative-NMF algorithm

[62] is proposed to update them by multiplying each element of A or X by some nonnegative value.

This update rule is appropriate for NMF since it does not need any thresholding. The multiplicative-

NMEF algorithm is summarized as Algorithm 9.
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Algorithm 9 Multiplicative-NMF algorithm
1: Input: Y, R

: Initialize: X randomly

[\V]

3: repeat

4. A+ A®(YXToAXXT),
X+ X®(ATY)o (ATAX) ;

until convergence

: Output: A, X

e«

HALS algorithm

Finally, I introduce the hierarchical alternating least squares (HALS) algorithm [24] for NMF. The
HALS is related to ALS; however it does not include an inverse problem and is stable. The NMF

model can be rewritten by
R
Y ~AB" =) a,b], (3.51)
r=1
where B = [by,...,bg] € RiXR is equivalent to X 7. In HALS algorithm, we consider a local-problem
for a, and b, as follow:
minimize ||Y; — a,b! ||%, s.t. a, >0, b, >0, ||a.|| =1, (3.52)

where Y, : =Y — > kst akbf. We iterate to solve this local-problem for r = 1, ..., R until convergence.
Thus, we need update rules for a, and b,. Since this local-problem (3.52) can be regarded as a
nonnegativity constrained version of one-rank tSVD problem (3.22), then the update rules are given
by

ay < [K“br]-i-; (353)
a, < a,/||la.|[; (3.54)
by + [V a,] (3.55)

Finally, the HALS-NMF algorithm is summarized as Algorithm 10. The HALS algorithm is similar to
the deflation based algorithm for tSVD/PMD. The deflation based algorithm strictly solve one-rank
approximation problem to repeat the updates inside the for-loop, one by one. On the other hand, the
HALS algorithm has the repeat outside the for-loop. Thus, HALS can obtain more global solution
than the deflation based algorithm. In fact, orthogonality is necessary to use deflation based algorithm
properly. From this reason, the deflation based algorithm of PMD can not solve overall problem, but
it solves just local-problem one by one using the matrix deflation technique. The HALS algorithm

may have a possibility of improvement of PMD.
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Algorithm 10 HALS-NMF algorithm
1: Input: Y, R

. Initialize: [a,,b,] | randomly
E«Y " abl;
repeat
forr=1,....,R do
Y, «+ E +a,bl ;
a, — [Y;b,]; ;

[\V]

= W

a, < a;/||a;|| ;
b, < [YrTar]Jr ;
10: E<+ Y, —abl;

11: end for

12: until convergence

13: Output: [a,,b,|?

r=1

OAO > (oo} + + H a OAO > OAO

v/ v/ N/ v/

- - N =z >~ — — —— - N
°|° > o0 + + +H °|° > OAO A oa +H .
-~ -~ ~~ A4 S -~~~
%% 3|°°| . + + o % [%° .| a [+ o
~~ ~~ ~ S S/ ~

(a) Only nonnegative (b) Including negative

Figure 3.1: Comparison between only nonnegative factors and including negative factors

3.1.4 Why is NMF important and well-researched?

In this section, I discuss the importance of nonnegativity constraint. In the NMF, an observation
is expressed by y; ~ 25:1 Zrjar, where x,; > 0 and a, > 0. We can not cancel out any wasted
components because any subtraction is not allowed in the NMF. As a result, the NMF provides local
independent features {a,}. Figure 3.1 shows two examples of the facial-parts representation. If the
subtraction is allowed, these faces would be separated into meaningless parts (Fig. 3.1 (b)). On the
other hand, NMF can separate faces into the meaningful facial parts (Fig. 3.1 (a)).

Furthermore, nonnegativity constraint is important to get nonnegative component because almost
all components of nonnegative data should be nonnegative. For example, image, video, probability
and stock value do not include any negative values, so their parts souled be also nonnegative.

However, an optimization criterion of the NMF (3.40) is not convex and its solution is not unique.
Thus, many algorithms have been studied and the researches of solution algorithm of NMF are still

going now. The criterion is often based on the minimization of Frobenius norm; however, the uses of
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many divergence measures have been proposed such as KL divergence [62], Csiszar’s divergence [23],

a- and [-divergences [25], Itakura-Saito divergence [34], and AB-divergence [20].

3.1.5 Combined methods of several constraints

In this section, I introduce several approaches to combine two or more constraints for matrix decom-

position such as a combination of sparsity and nonnegativity.

Sparse NMF

A combination of sparsity and nonnegativity has been firstly proposed by Hoyer et al. [48] in 2002.
After that, the algorithms for sparse NMF have been studied by many researchers [49, 94, 22, 55, 57,
40, 39]. In this section, I introduce two methods for the sparse NMF.

The first method is the regularized alternating least squares (RALS) algorithm [22]. The RALS
algorithm prevents instability of the ALS algorithm to add some constraint terms for regularization
and sparsity. These terms work to improve the uniqueness of NMF. The criterion of the RALS

algorithm is given by

i a (N
minimize D (Y[|AX) := Z[|W ™2 (Y = AX)|[} + o || All + ax,|IX ]

ax,

2
subject to A >0, X >0, (3.56)

I1Lx X%,

+ W AL +

where W € R’*! is a symmetric positive definite weighting matrix, a4, and ay, are trade-off param-
eters to tune sparsity level, a4, and ax, are trade-off parameters for regularization, and L4 and Lx
are regularization matrices to enforce a certain application-dependent characteristics of the solution.

The first term of the objective function can be transformed as
IW=2(Y — AX)|)2 = tr[(Y — AX)TW LY — AX)). (3.57)

If we set W to be covariance matrix of Y, then it can be regarded as the Mahalanobis distance. In

the RALS algorithm, problem (3.56) is solved by the following update rules:

A (YXT —ay WSA +aa, ALLLY)(XXT + s, LaLY)T, (3.58)
X« (ATWAT 4 ax LY Lx) (ATW™Y —ax, Sx + ax, LY Lx X), (3.59)

where S, :=sign(A) and Sy := sign(X).
The second method is the Kim&Park’s sparse NMF (KP-NMF) algorithm [55, 57]. Since the KP-
NMF algorithm was proposed to apply to clustering task, the left-factor matrix is regularized as

centroids and the right-factor matrix is constrained to be sparse for the weighting parameter vectors.



CHAPTER 3. MATRIX/TENSOR BASED FEATURE EXTRACTION 40

Then the criterion is given by

J
. 1
minimize §HY — AXH%: +77HAH%“ ‘f'ﬁz Hx]H%

j=1
subject to A >0, X >0. (3.60)
This problem can be separated into two sub-problems as follow:
2
. A Y
X < argmin X , st. X >0, (3.61)
X VBl 05 /1,
X7 Y7 \||
A < argmin . AT — . , st. A>0, (3.62)
A Vilg Okxr/ |l 5

where 1g is the R-dimensional vector of which all elements are 1, 0; is the J-dimensional vector
of which all elements are 0, and Ogx; is an (R x J)-matrix of which all elements are 0. Both sub-
problems can be characterized as the nonnegative least squares (NLS) problem. Solution methods for
NLS problem are studied by many researches [10, 100, 56, 114]. The KP-NMF algorithm employs the

active-set algorithm from [56].

Smooth NMF

Temporal and spatial smoothness is focused in wide area of data analysis such as visual-audio data
and brain signal processing [13, 116, 117, 32, 33]. Although real world data is often noisy, if we
treat temporally or spatially smooth signals (e.g., natural image data, alpha brain wave, and financial
data), smooth NMF [13, 116, 117, 32, 33, 115] is useful and effective. There are many methods for
the smooth NMF and they can be separated into two approaches, mainly. The first one is to add
some smooth constraint term into the NMF criterion. Chen et al. [13] proposed to add a temporal
smoothness constraint and a spatial decorrelation constraint terms into the Frobenius norm and the
Kullback-Leibler (KL) divergence based NMF for EEG analysis. Zdunek et al. [116, 117] proposed to
add the Gibbs regularization term for smooth NMF. Drakakis et al. [32] proposed to add a sparsenss
constraint for mixing matrix and a smoothness constraint for feature matrix into the Frobenius norm
and the KL divergence based NMF for analysis of financial data. Essid et al. [33] applied the KL
divergence based smooth NMF to audiovisual document structuring. In this section, I introduce two
methods for the smooth NMF.

The first method is the Gibbs regularized NMF [116, 117]. The Gibbs regularization is proposed

for robustness to Gaussian noise, and its cost function can be expressed as
U= Y - AX||F + 2aU(X), (3.63)

where U (X)) is a total energy function that measures the total roughness of X, and « is a regularization

parameter. The stationary points of ¥ can be derived from the gradients of ¥ with respect to X and
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A. Its conditions are given by

Vx¥ =24T(AX - Y) +2aVxU(X) = 0, (3.64)
Val = (AX -Y)XT =0. (3.65)

From (3.64) and (3.65), we have

ATY — U(X)]rj YXT);,
[ OVxUX)y _y Y X (3.66)
[ATAX],; [AX XT];,
Using multiplicative update rules, we obtain the Gibbs regularized multiplicative NMF algorithm as
follows:
X + X ®[ATY —aVxU(X)], 0 [ATAX], (3.67)
A+~ A [YXT|olAXXT), (3.68)
a, < a,/|la||1, (3.69)

Another important point is how to decide the function U(X). Many candidates can be considered in

[45, 42, 38, 6]. In [117], the green function is employed. Thus, U(X) is given by

Z Z > wjiolog {cosh ( w”) } : (3.70)

r=1j=1 |leS;

where wj; is a weight parameter, and o is a scaling parameter. Furthermore, VxU(X) is given by

VxU(X)lry =Y wj tanh < x”) (3.71)

lesS;

The second method is the Essid’s smooth NMF [33]. Let Y := AX, its criterion is given by
minimize Dgp(Y]|Y) + 85(X), st. A>0, |la;]| =1, X >0, (3.72)

where [ is a trade-off parameter for smoothness, DKL(YHXA’) is the KL-divergence defined as

Dgr(Y||Y): ZZ <yw log 24 A” — Tij +yij> ; (3.73)

i=1 j=1

and the smoothness constraint function S(X) is defined by

1 R J
522 Tpj — T, 2. (3.74)

We define L € R/X(/=1) a9

0 otherwise
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then S(X) can be expressed by

If J =5, L can be given by

o O O =
[a]
—
|
—

Update rule for X can be given by

1
X 3 [\/Xb®Xb+4Xa - Xx,| D3,
where

X, := ¥D;,
Xy = 1pes + XDS,
v=XaA' (YY),

Dﬁ = dlag(,@,Qﬁ, 72ﬁ75) S RJXJv

(DS = goitim=nl=1"_ g
0 otherwise
If J =5, Dg) is given by
0 6 0 0 0
g 0 B 0 0
DY =10 8 0 B 0|eR™.
00 8 0 pB
0 00 5 0

Update rule for A can be given by

s

1
Ay [\/Ab®Ab+4Aa _ A,,] D!

a, < a;/|la|l,

42

(3.76)

(3.77)

(3.78)

(3.84)

(3.85)

(3.86)
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where

A, — 3®D.,, (3.87)

Ab = ﬂ(l[xl - II)ADs + 1I><RDma (3'88)

d=Ae{(YoY)X"}, (3.89)
XTLTLX )y ifm =

Dy =1 | A= R (3.90)
0 otherwise

J : _

Dyl 1= | 210 Em=n o pran, (3.91)

0 otherwise

In summary, a standard approach of smooth NMF can be given by a combination of some divergence
measure between Y and AX, and some smooth constraint. In Section 3.1.6, I introduce a different

approach for smooth NMF.

3.1.6 Function approximation based model

In this section, I review the smooth NMF using function approximation proposed in [115]. Please note
that we impose a smoothness constraint to A. This method is to approximate a feature vector a, by

the following model:

N
ar =" Gt (3.92)
n=1
where {w,,,} are real-valued coefficients, and {¢,} are smooth basis functions (e.g., the Gaussian
function). Let ® = [¢1, ..., ¢n] € RN and W = [wy,] € RV*E, then we have the following model
for NMF:
Y ~®dWX, st. PW >0, and X > 0. (3.93)

In this model, the feature matrix A is approximated by ®W. Instead the degree of freedom of
estimation is decreased by function approximation ®W', we can obtain a smooth estimator. When the
observed data Y includes some noise, this model can reduce affections of the noise. For optimization,

we estimate two parameter matrices W and X since @ is fixed.

How to Choose ®

In [115] it was proposed to use the Gaussian radial basis functions (GRBF) for ® with a standard
deviation o as

(i — nAt)T |

®(i,n) = exp [— 52

(3.94)

where At is an interval which satisfies N = |[(I — 1)/At] + 1 (see Fig. 3.2). When o is large, the

degree of freedom of representation will decrease but it is expected that the NMF becomes robust for
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0 nAt (n+1)At I

Figure 3.2: Basis function ¢,

noisy data at the same time. On the other hand, when o is small, ¢,, will reach orthogonal bases and
the degree of freedom of representation will increase but it is expected that the NMF becomes weak

for noisy data. Thus, ¢ can be regarded as a trade-off parameter.
Algorithm
To estimate W and X, the most popular criterion minimizes the Frobenius norm as
1
minimize Z[[V — PWX|%, s.t. W >0, X > 0. (3.95)

Since this is not convex, we separate this criterion into the following two sub-problems and solve them,

alternately and iteratively:

1

minimize [[Y" PWX||%, st. X >0, (3.96)
1

minimize Z[[¥ — PWX||%, s.t. ®W > 0. (3.97)

To solve (3.96), we can apply basic NMF approach such as the right-side update rule of ALS [26]. The
regularized fast combinatorial nonnegative least squares (FC-NNLS) algorithm [100] is used. This is

based on the active-set algorithm. To solve (3.97), we transform the objective function to the following
vectorized form (defined by (3.104)):

1 1, _ _
SIY — SWX|fF = g — (X7 & ®)w|

1
=-g'yg-yg (X" @ ®)w +

5 wl (XXT @ ®T®)w, (3.98)

N |

where w = vec(W) € REN and g = vec(Y) € R!/ are vectorized forms of the matrices W and
Y, respectively, and ® stands for the Kronecker product. Finally, we solve the following quadratic

programming (QP) problem:
1
minimize i’lIJTQ’lIJ +clw, st. (Ir® ®)w > 0, (3.99)
w

where Q = X X7 @ ®7® ¢ RENXEN ¢ = (X @ ®T)y ¢ REN and I € R®*R is the identity
matrix. This method is called the GRBF-NMF'.
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Computational Issue

According to [115], the GRBF-NMF is robust in respect to noisy data. This optimization algorithm
consists of the active set algorithm for X and the QP optimization for W. Each algorithm is excellent
as a strict single optimization method; however, it is not so effective to use as a step of alternating
optimization algorithm. The reason is that the dimension of parameter space of the QP optimization
would be large (i.e., it is RN) and the active-set method has to solve iteratively the least squares
problem for evaluation of the optimality of current active-set. Thus, its computational cost becomes
very high. The use of strict optimization methods is not indispensable for a step of iterative algorithm.
A low cost step is better in many cases even though it does not give a strict solution but an approx-
imated solution. Based on this philosophy, a new fast algorithm for the GRBF-NMF is proposed in
Chapter 5.

3.2 Tensor algebra

We call a multi-dimensional array of numerical values as a tensor. An Nd-tensor (i.e., N-way array)

has N indexes, for example,

e N =0 — Scalar, e.g., =

N =1 — Vector, e.g., x;
e N =2 — Matrix, e.g., z;;

e N =3 — like a “Cube”, e.g., z;;i

Decompositions of higher-order tensors (i.e., N-way arrays with N > 3) have many applications [59] in
psychometrics, chemometrics, signal processing, numerical linear algebra, computer vision, numerical
analysis, data mining, neuroscience, graph analysis, and elsewhere. Higher-order (i.e., N > 3 ) tensors

are denoted by underlined and boldface capital letters, e.g.,

Y e Rivfxoxing (3.100)
G ¢ R R xBy (3.101)
We denote these element-wise value by
Yivig-in s (3.102)
Grirg-ry- (3.103)

Fig. 3.3 shows visualization of various orders of tensor data.
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1d-tensor 2d-tensor 3d-tensor

T
7

4d-tensor 5d-tensor 6d-tensor

|

SVEVEEREL

Figure 3.3: Tensors for various orders

Vectorization is the transformation from a tensor to a vector. To begin with, I introduce a vector-

ization of matrix. Vectorization of matrix Y = [y, ..., ys] € R’/ is expressed by

Y1
vee(Y) = | 7| e m. (3.104)

YyJ

Fig. 3.4 shows a visualization of each-mode vectorization of a 3d-tensor. In regularly, the vectorization
means the upper first-mode vectorization in Fig. 3.4. By using a notation of slice of tensor [Z..,] € RT*/

which is k-th slice of tensor Z € RI*X/*K the vectorization of tensor Z is difined by

VGC(Z) = Vec([z::laz::% 7ZK]) € RIJK' (3105)
We have
|Y||% = nyj = tr(Y1Y) = vec(Y ) vec(Y) = ||vec(Y)]?, (3.106)
2%
1Z|[3 = 21 = vee(Z)vec(Z) = ||vec(Z)]|*. (3.107)

i?j’k
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I Ve Y Y Y

a7 ) a7Vt Y

(IxJ %K)

Figure 3.4: Vectorization of 3d-tensor
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Matricization is transformation of a tensor into a matrix. The first-, second- and third-mode

matricization of tensor Y € RIX/*K can be expressed by Yy € RIXJK, Yo € RI*IK “and Y3 €

RKXIJ

, respectively. Fig. 3.5 shows a visualization of each-mode matricization of a 3d-tensor. Notation

of a slice of tensor is often used, e.g., [Y.,] € R?*/ is k-th slice of tensor Y. Using this notation,

each-mode matricization can be defined as

Yr(l) = [VGC(ZL:), VeC(XQ::)a ) VeC(XI::)]T € RIXJK’

}/(2) = [VeC(le:)v Vec(£:2:)7 ) VeC(X:J:)]T < RJXKI’
}I(S) = [Vec(zzzl)a VeC(X::Q)a ey VeC(X::K)]T € RKXIJ‘

In this way, three-order tensor has three ways of matricization. We have

1Y |5 = tr(Y) YD) = Y|l

I
-+

T(Y(2)Y(§)) = ||Y9)lI%

tr(Y(5)Y(z) = [[Ya)l[7-

n-mode product of a tensor Z € RI1*[2X*IN and a matrix V € Rf*I» is defined by

L
1Z %5 Viiigwin srinsrin 7= D (Urin) (Zigizin yiningrin)-

in=1

(3.108)
(3.109)
(3.110)

(3.111)
(3.112)
(3.113)

(3.114)
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Figure 3.5: Matricization of each mode

For example, when we consider a 3d-tensor G € RF1*E2xEs an( the first-mode product of G and a

matrix A € R/*F1 is denoted by G x; A € RI*F2xBs Ttg element-wise value is given by

Ry
[Q X1 A]irzrg = Z Qir1 Grirors - (3115)

r1=1

Fig. 3.6 shows a visualization of first-mode tensor product. In a matricized form, we have
[Q X1 A](l) = AG(l), (3.116)
and

G x1 A} = tr(AG ()G AT). (3.117)

All mode product of a tensor G € RF1*F2XFs and a set of matrices {A € RI*F1 B ¢ R/*F2 C ¢
RE*R3} is denoted by G x1 A x9 B x3 C € RI*/XK_ We have

(G x1 Ax3 Bx3C)4) =AGy(C" @ BY), (3.118)
(G x1 A x3 B x3C) g = BG)(CT @ AT), (3.119)
(Q X1 A X9 B X3 C)(g) :CG(3)(BT®AT) (3120)
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G X, A

(R1 x Rz x Ra) (I x Ry) (I x Rz x Rs)

Figure 3.6: First mode tensor product

Figs. 3.7 and 3.8 show visualizations of all mode product in tensor and matricized forms. Moreover

we have
IG x1 A x3 B x3 C|[} = tr(AG(1)(C"C ® B" B)G[}) A"), (3.121)
= tr(BG5)(C"C ® AT A)G[, B"), (3.122)
= tr(CG(3(B"B® AT A)G(; CT). (3.123)

If each matrices are orthonormal (i.e., ATA = Ip,, BT B = Ig,, CI'C = Ig,), thus we have

IG x1 A x3 B x5 C|[% = ||G[% (3.124)

3.3 CP decomposition
In this section, I introduce a practical tensor decomposition technique. First, we define a one-rank
tensor that it can be written as the outer product of N vectors, i.e.,

U=uYou®o...ocu®™, (3.125)

The CP (canonical polyadic) decomposition factorizes a tensor into a sum of one-rank tensors. The

CP model with N = 3 (i.e., three way tensor decomposition) is given by

R
Y ~>Y a,ob.oc =[A, B,C], (3.126)
r=1
where A := [a1,a9,...,aRr|, B := [b1,by,...,bg|, and C := [c1,¢,...,cr]. Fig. 3.9 shows a vi-

sualization of the CP model. The CP model is also called PARAFAC (parallel factor analysis) [43]
or CANDECOMP (canonical decomposition) [11]. The CP model can be considered as the low rank
approximation of tensor Y, when R is smaller than the rank of tensor Y. Thus, the CP decomposition

can be considered as an extension of tSVD. We can denote the matricized forms of CP model as
Y, ~ A(C® B)", (3.127)
Y ~ B(Co AT, (3.128)
Y3 ~C(Bo A (3.129)
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Figure 3.7: All mode product

C'® BT

G(l)

(R2 x J)

A

(I x Ra1)

(R1 x R2R3)

. BT

. BT -

Cx1 BT

Crak B T

(R2R3 x JK)

Figure 3.8: Matricization of all mode product
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Figure 3.9: The CP decomposition

Criterion for the CP decomposition is given by
minimize ||Y — [A, B, C]||%. (3.130)

When N > 3, the CP decomposition with R = rank(Y") has an unique solution without any constraints
unlike the SVD. But, when R < rank(Y), the CP decomposition can be considered as low-rank

approximation of Y. It is considered that the best R-rank approximation does not exist, uniquely.

3.3.1 ALS algorithm

The ALS algorithm for CP decomposition is originally proposed in [43, 11]. In this method, we impose
the normalization condition to factor matrices and add scalar parameters g,, thus the criterion is given
by

2

9

F
subject to ||a,|| = ||br|| = ||| = 1. (3.131)

R
minimize ||Y — E gra, o b, oc,
r=1

gr can be regarded as a singular value and a,, b,, and ¢, can be regarded as singular vectors. Let

D, := diag(g1, ..., gr), the cost function of (3.131) can be transformed as

L:=|[Yy) ~ AD,(C © B)" |}

= tr(Yy) Y1) — 2tr(AD,(C © B)"Y(})) + tr(AD,(C"C ® B" B)D,A"). (3.132)
The stationary point of L with respect to A is given by
% =2AD,(C"C ® B"B)D, — 2Y;,(C ® B)D, = 0. (3.133)
From (3.133), the update rules for A can be given by
A+ Y,)(CoB)(C'CeB"B); (3.134)
a, < a,/|la||; (3.135)

for r = 1,..., R, where T stands for the Moore-Penrose pseudo-inverse. Finally, ALS-CP algorithm is

summarized as Algorithm 11.
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Algorithm 11 ALS-CP algorithm
1: Input: Y, R

: Initialize: B, C randomly

[\V]

3: repeat

4 A<Yy(Co B)(CTC ® BTB)' ;
a, < a./||a;|| forr=1,..,R;
B+ Yy (CoA)(CTC o ATA)T ;
b, < b, /||by|| for r=1,..,R;
C+Y3(BoAB'BeATA);

¢ — ¢ flley]| forr=1,....,R;

10: until convergence
11: g+ Y x1al xobl x3¢cl forr=1,..,R;
12: Output: g,, A, B, C

3.3.2 Deflation based algorithm

In this section, I introduce a greedy deflation based algorithm for the CP decomposition. This is a
straight-forward extension of the deflation based algorithm for tSVD. First, we consider the following
one-rank approximation problem:

minimize ||Y —gaoboc|%,

subject to ||a|| = ||b]| = ||¢|| = 1. (3.136)
The cost function L can be transformed as
L= ¥ — gale s )73
— (Y Y1) — 2tr(ag(e b)Y + g2l (3.137)

The stationary point of L with respect to a, is given by
oL

— 9,2 —
e 2g"a — 2gY(1y(c® b) = 0. (3.138)
From (3.138), the update rules for a can be given by
a Y x3b" x5’ (3.139)
a < a/l|all; (3.140)

Finally, the power method for one-rank approximation and the deflation based algorithm for CP
decomposition are summarized as Algorithms 12 and 13, respectively.
3.3.3 HALS algorithm

HALS algorithm for CP decomposition is also a straight-forward extension of the HALS-NMF algo-
rithm. In fact, the HALS algorithm provides a better approximation than the greedy deflation based
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Algorithm 12 one-rank-CP decomposition by power method
1: Input: Y

[\V]

: Initialize: b, ¢ randomly
3: repeat

4 a+Y xobl x3¢”
a < afllall ;
b—Y x1a” x5 ;
b b/[[bl| ;

C%XxlaTbeT;

cc/lld| ;
10: until convergence
11: g+ Y x1a” xob! x3¢” ;

12: Output: g, a, b, c

Algorithm 13 Deflation-based-CP algorithm
1: Input: Y, R

:forr=1,...,Rdo
Obtain (g, @, by, ¢,;) by the power method (Algorithm 12) inputting Y ;

[\V]

Y<«<Y-ga,ob.oc;

end for

> @

: Output: [er Qy, b?”? CT]TRZI

algorithm. Its criterion is given by
minimize ||Y, — gra, o b, o c.||%,
subject to ||la,|| = ||br]| = |ler]| =1, (3.141)

where Y, :=Y — 37, . grar o b, oc,. Problems of (3.136) and (3.141) are basically equivalent. Thus

the same update rules are given. Finally, we can get Algorithm 14.

3.3.4 Sparse/Nonnegative CP decomposition

Sparse CP decomposition can be available by imposing some sparsity constraint (e.g., 11-norm) into
the CP criterion. In this case, techniques for the sparse PCA and the penalized matrix decomposition
(PMD) are useful. For example, update rules (3.139) and (3.37) can be combined as
Y, xo bl x3¢l', A
a,,. <_ s(ir 2 ; 3 C;, )
HS(XT X2 br X3 C; 7A)H

(3.142)

to obtain a sparse solution for the CP decomposition. The details are studied by [2].
In a similar way, a nonnegative version of the CP decomposition can be also available by imposing

nonnegativity constraint into the CP criterion. In this case, techniques for the NMF are useful. Thus,
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Algorithm 14 HALS-CP algorithm
1: Input: Y, R

2: Initialize: ¢g,, A, B, C randomly
3 EFX_Zlegrarobrocr ;

4: repeat

5 Y.< E+gra,ob.oc;
6 a, <+ Y, x2bl x3cl;

T ay < a/llar];

8 b« Y, xjal xzcl;
o by by/|lb]l

10: CT%XT Xla?j XQbZ;

11: ¢ < ¢fller]

122 g, < Y, x1al x2b! x3el;
13: until convergence

14: Output: g, a, b, c

the update rule for the nonnegative CP decomposition can be given by

a, + [Y, xa bl x3cl],. (3.143)

Note that the greedy deflation based algorithm is not applicable for the nonnegative CP since the
orthogonality of nonnegative factor matrices is too low. The HALS algorithm can be only applied to
the nonnegative CP decomposition, directly. In the ALS algorithm for the nonnegative CP decompo-
sition, the multiplicative update rule is stable. Since the matricized form of the CP criterion can be

characterized as the standard NMF criterion, then the update rule can be given by

A+ A®[Y;)(CoB)o[A(CTC ® B"B)]; (3.144)

3.4 Tucker decomposition

The Tucker decomposition factorizes a tensor into some of factor matrices and a core tensor. The
Tucker model with NV = 3 (i.e., Tucker3 model [98]) is given by

Ry Rz R3

Y o) >3 grirars@r 0 by 0 cy, (3.145)

ri=1ro=17r3=1
=G x1 Ax2Bx3C, (3.146)
=[G;A,B,C]. (3.147)

Fig. 3.10 shows a visualization of Tucker3 model. The Tucker model can be considered as an generalized

model of the CP decomposition since if a core tensor is diagonal tensor, then it is equivalent to the
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Figure 3.10: The Tucker3 decomposition

CP model (i.e., the CP model is a special case of the Tucker model). We can denote the matricized

forms of the Tucker model as

Y ~ AG;)(C® B)", (3.148)
Yo ~ BG5)(C® A)", (3.149)
Y3 ~ CG3)(B® A)T. (3.150)

Objective for the Tucker decomposition is given by
minimize ||Y — [G; A, B, C]||%. (3.151)

However, this solution is not unique and meaningless because the degree of freedom of the Tucker
model is too high. In order to have a more meaningful decomposition, we need to impose appropriate

constraints on factor matrices, e.g., orthogonality, sparsity, and nonnegativity.

3.4.1 HOQOI algorithm for orthogonal Tucker decomposition

Degree of freedom of Tucker decomposition is too high to extract significant features since its solution
is not unique. As the most basic approach, use of orthogonality constraint for each factor matrix has
been introduced, thus the criterion for the three mode orthogonal Tucker decomposition can be given

by

minimize ||Y — G x1 A x2 B x3 C||%,

subject to  ATA =1Ig,, B'B = Ig,, C"C = Ip,, G(yG[,, = Ar,, (3.152)
for n = 1,2, 3. Using vectorized form, the cost function can be transformed as

L :=|lvec(Y) — (C ® B ® A)vec(G)|]
=||vec(Y)||% — 2vec(Y)T(C @ B ® A)vec(G) + ||vec(G)||%. (3.153)
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Thus the stationary point with respect to vec(G) can be given by
oL
Ovec(G)

Finally, we can get the solution of G as

= 2(C®B® A) vec(Y) + 2vec(G) = 0. (3.154)

G=Y x; AT x, BT x5C7. (3.155)
By using (3.155), the cost function can be transformed as
L =[[Y||} - 2vec(Y)"(C ® B ® A)vec(G) + ||G|[%
= |IYII% - 2lGII% + lIGI%
= 1Y% - 1G]]
=Y ][ 1Y x1 AT x2 BT x3 CT||%, (3.156)

thus the minimization of cost function is equivalent to the maximization of ||Y x; AT xo BT x3CT||%.

This term can be transformed to
tr[ATY;)(CCT @ BBT)Y[] A]
=tr[B"Y(5)(CC" ® AAT)Y; B]
=tr[C"Y(5(BB" ® AAT)Y}C]. (3.157)

N N

Thus, the criterion with respect to each factor matrix is equivalence to the PCA criterion. For example,
solution of A can be given as R; eigenvectors of Y(l)(CC’T ® BBT)Y(% or Ry left-singular vectors of
Y)(C ® B).

The first algorithm for the Tucker decomposition is proposed as “Tucker’s method I” in [99]. Today,
this method is better-known as the “higher-order SVD” (HOSVD) from [28]. The HOSVD does not
minimize the cost function, however it can be used as an initialization algorithm (see Algorithm 15).
Thus, the first algorithm in a real sense could be proposed as “three-mode PCA” by using ALS
approach in [60]. After that its N-way extension is proposed in [54]. Finally, its algorithm is well-
known as the higher order orthogonal iteration (HOOI) algorithm from [29]. The HOOI algorithm

can be summarized as Algorithm 15.

3.4.2 Sparse Tucker decomposition

Sparse Tucker decomposition is a method to impose some sparsity constraint into each factor matrix
of the Tucker decomposition. As above mentioned, the criterion for each factor matrix can be char-
acterized as PCA criterion. Thus, we can apply the techniques of the sparse PCA or the penalized
matrix decomposition to the method. For example, let V := Y xo BT x5 C7, the SPCA like criterion

for A of the Tucker decomposition can be given by
~ Rl
minimize ||Viy) — AA"Viyl|+ A|AlIF+ ) llan s,

ri=1

subject to AT A = I, . (3.158)
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Algorithm 15 HOOI algorithm for orthogonal Tucker decomposition
1: Input: Y, R, Ro, R3

2: [Initialization by HOSVD algorithm]

A < Ry left-singular vectors of Y(y) ;

B < Ry left-singular vectors of Y(y) ;
C < Rj3 left-singular vectors of Y(3) ;
G+Y x; AT x4 BT x5C7T
[Optimization step]
repeat

A < Ry left-singular vectors of Y{;)(C ® B) ;
10: B <+ Ry left-singular vectors of Y(4)(C ® A) ;
11:  C « Ry left-singular vectors of Y(3)(B ® A) ;
12 G« Y x1 AT x9 BT x3C7T
13: until convergence
14: Output: G, A, B, C

Furthermore, the left factor matrix of PMD of V{;) can be also used to update A. Note that the
update rule (3.155) can not be used for the sparse tucker decomposition since it has no orthogonality.

In this case, we must use

G =Y x; Al xo Bf x5 C". (3.159)

3.4.3 Nonnegative Tucker decomposition

In this section, we consider to impose the nonnegativity constraint to all factors of Tucker decomposi-
tion. In a similar way to CP decomposition, its update rules can be given by applying the multiplicative
update rule for NMF to the matricized form of Tucker decomposition. Thus, let V :=Y x5BT x3CT,
the update rule for A is given by

A A® YVl oAV V); (3.160)

The update rule for the core tensor G can be given by the vectorized form of Tucker decomposition,

and expressed as
G+ G® (Y x1 AT xo BT x3CT) 0 (G x; AAT xo BBT x3CC7); (3.161)

Finally, the algorithm for the nonnegative Tucker decomposition (NTD) [58] can be summarized as
Algorithm 16. The algorithms for NTD are well studied in [83, 85, 84].
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Algorithm 16 ALS-NTD algorithm
1: Input Y Rl, RQ, R3

2: [Initialization step]

A < left-factor matrix of NMF of Yy ;

B « left-factor matrix of NMF of Yy ;

C < left-factor matrix of NMF of Y3 ;

G+ G® (Y x1 AT xo BT x3CT) 0 (Y x1 ATA x9 BTB x3CTC);
[Optimization step]

repeat
K < X X9 B X3 C ;
10: A— A® [Y(l)v({)] @ [AVv(l)Vv({)] ;
11: K<—X><1AX3C;
122 B+ B®[YyVj]o[BVyVi];
13: K%XxlAXQB;
14: C+—Cw® [ (3)‘/(3)] [C‘/(g)‘/(g)] ;
15: Q%Q@(leAT XQBT chT)®(Q><1AAT XQBBT chCT);
16: until convergence
17: Output: G, A, B, C

3.5 Common and Individual Feature Extraction

In this section, I introduce common and individual feature extraction methods. When a group of data
is given from multiple sources in a same situation, data have common features for all sources and
individual features depending on individual sources. For example, when we record voices of the same
sentence “this is a pen” from several persons. The audio data have a common feature as a content
“this is a pen” and individual features depend on a personal differences which might be including
intonations, accents, vocal sounds and so on. In this case, common feature is important for speech
recognition, and individual feature is important for speaker recognition. Thus, it is very important
to analyze common and individual features for group data. However, this research is quite primitive

now.
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Algorithm 17 JIVE algorithm
: Input: {Yk,Rk}szl,R
2: Initialize: J = [J1, Jo, ..., JK]

—_

3: repeat
4:  Hjy < tSVD(Yy — Ji, Ry) for all k;
5: J tSVD([}beva 7YK] - [H17H27 "'7HK]7 R>7

6: until convergence

7. Output: J, {H}K

3.5.1 JIVE

The joint and individual variation explained (JIVE) method [66] can be regarded as the most basic

model for common and individual feature analysis. JIVE model is given by

— AcBPT 4 AW BIRIT (3.163)
= [Ac, APBL, BYIT, (3.164)
= AR BWT (3.165)

where {Yk}f:1 is a group of given data, J, and Hj are joint and individual structure, respectively.

Both structure matrices can be decomposed by

Jie = AcBYT, (3.166)
H,=APBMT, (3.167)

We put J = [Jq, Jo, ..., Jk|, then J can be factorized by
J = AcBYT, BT, .., BT, (3.168)

In the JIVE method, we consider an R-rank decomposition of J and Rj-rank decompositions of Hj,.

The cost function of this decomposition is defined by

K
L=>"|IYy— Jp — Hyl[} (3.169)

k=1
In this method, we update iteratively and alternately J and { H, k}le to minimize L until convergence.
Thus, when J is given, we find {Agk), B}k)}szl to minimize S5, |’E€—Jk—A§k)B§k)T\ |. This solution
can be given by Rj-rank tSVD of (Y; — Jj) for each Hy. When {Hk}szl is given, we find an optimal
J to minimize the cost function. We put Y = [Y1,Y5,...,Yx] and H = [Hy, Hs, ..., Hk], then the
solution of J can be given by the R-rank tSVD of (Y — H). Finally, the JIVE algorithm can be

summarized as Algorithm 17.
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3.5.2 Group NMF

The group NMF [63] is a technique of common and individual feature extraction for a group of
nonnegative data. Its framework includes a nonnegative extension and a more generalized model of
the JIVE method; however, it had been proposed before JIVE. The decomposition model of the group
NMF is given by

Y~ AR X0 — 1AW 4P x ), (3.170)

where the basis matrix A®) e RiXR is composed of two types of bases, where A(clf ) e RiXRC consists
of common bases for all sources, and Agk) € RiXR’ (R = Rc + Ry) consists of bases which are depend
on individual characteristics. When we impose a constraint Ag) = A(Cg) =... = A(CK) =: A, this
model is equivalent to the model of JIVE. This model is called the “FFX-NMF”. Furthermore, we
consider a group of data has no individual factor (i.e., Ry = 0). In this case, its decomposition model

can be given by
[YV1,Ys, ... Y]~ Ac[XD, x®) | xE)], (3.171)

This model is called the “One-NMFEF”.

Algorithm for One-NMF

One-NMF model is equivalent to the standard NMF model. We put Y = [Y¥1,Y5,...,Yx]| and X =
(XM X . XE)] then it becomes Y ~ AcX which can be solved by standard NMF algorithms
such as multiplicative algorithm, ALS algorithm, and HALS algorithm. In addition, we can apply
sparse NMF and smooth NMF algorithms to this model, directly.

Algorithm for FFX-NMF
Introducing X ) = [X gc ), X}k)], the objective function of FFX-NMF is given by
= k k) - (k o k
Jrex = Y| — AcX() — AP XPE 44 {KHACH% +> 114§ Hr%} . (3.172)
k=1 k=1

We find optimal A¢, Agk), and X *) to minimize Jppy. Individual update rules are given by

Ac — Ac ® (Z Yng’f)T> %) (Z AW x &) x BT nyAc) : (3.173)
k k

AP« AP o (vx (") o (AW XPXPIT 454, (3.174)

x® o x0 g (A(k)TYg) 2 (A(k)TA(’“)X(’“)) . (3.175)

The solution can be obtained by the iteration to update individual parameter matrices until conver-

gence.
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Algorithm for GNMF

One-NMF and FFX-NMF are special cases of group NMF (GNMF). In this section, I introduce an
algorithm for GNMF. We consider the following objective function:

K K
Janur =AY _|[Vi — ABXE|Z 443 )1 a®))
k=1

+ 521140 - AZ | - 5711 - AP, (3.176)
i#j i£j

where A, 7, «, and § are adjusting parameters. When a« = § = 0 and A¢ = Agc) for all k, then
its objective function is equivalent to Jprx. The key point here is the third and the fourth terms in
the objective function. The third term minimizes the squared error between individual A(k) and the
fourth term maximizes the squared difference between individual Ag ). We find optimal Agf ), Agk),
and X *) to minimize Jonarp. Update rule of X*) is the same as (3.175). Update rule of A( ) and

A§k) are given by

A¥ AW @ H, (3.177)
AW AW @ H, (3.178)

where

Ho= (%XPT+ 33 4% ) 0 (APxOxET 1+ (1 - 14l + 248), (3.179)
j#k
H; = <Y,J(§’“>T + §(L - 1)A§’“)> o[ AW x® x0T B I AT+ 7) 7A( . (3.180)

J#k

The solution can be obtained by the iteration to update individual parameter matrices until conver-

gence.



Chapter 4

Supervised Feature Extraction and
Classification methods for Pattern

Recognition

In this Chapter, I introduce supervised signal processing methods for pattern recognition and point
out their problems. Pattern recognition is a technique to recognize some patterns, automatically. For
example, pattern recognition includes the face recognition, the handwritten character recognition, the

fingerprinting identification, and the brain signal recognition.

4.1 Pattern Recognition

Flow of pattern recognition consists of pre-processing, feature extraction, and classification. The
pre-processing includes cutout, normalization, filtering, and so on, and the feature extraction is to
transform various types of data (tensor) to vector data. As an example, I introduce several super-
vised feature extraction techniques for the EEG based brain signal recognition in Sections 4.2. The
classification is to assign an unknown pattern z into a category y. Fig 4.1 depicts the basic concept
of pattern classification. Almost any data is allowed as a pattern x such as a discrete vector, a matrix
of continuous values and a non-numeric data. The category y is a discrete value. I introduce several
typical techniques of classification in Section 4.3. In this thesis, I focus on the classification methods,

mainly.

4.1.1 Heuristic Approach vs. Statistical Approach

There are two major approaches to find the rules for recognition, heuristic approach and statistical
approach. In the heuristic approach, we find rules from a human subjective idea. For example, we
know that apple and lemon can be classified by color, thus we implement a program so that the

computer output ‘apple’ and ‘lemon’ if it is red and yellow, respectively. When computers did not

62
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Pattern » Category 1

—» Category 2

—» Category L

Figure 4.1: Basic concept of pattern classification

have a high computational capacity, the heuristic approach has been studied as a mainstream.

On the other hand, statistical approach finds the rules from observed pattern samples. In this
case, pattern samples are very important since the classifier strongly depends on them. When we have
enough number of samples, its classifier shows the excellent performance. With progress of computers,
the statistical approach comes to be studied actively, and it became a mainstream. Statistical pattern

recognition methods are based on supervised learning.

4.1.2 Supervised Learning

In this section, I explain the basic concept of supervised learning. We consider three components in

supervised learning as follows [103].
e The generator of the data.
e The target operator (supervisor).
e The learning machine (classifier).

Fig 4.2 depicts the relation of three components. The generator outputs a random pattern vector « that
is independent and identically distributed (i.i.d.). The supervisor inputs & and outputs its category
y. But the supervisor can not realized in a computer. The learning machine has two functions. The
first function inputs the training samples {(,,y,)}"_, that are given from the generator and the
supervisor. And a classifier is constructed to imitate or identify the supervisor by using the training
samples. The second function inputs an unknown pattern = and outputs its estimated category g.
In the EEG based BCI system, we do not consider directly an EEG data as « since the data size
of an EEG matrix E is very large which consists of many channels and many sampling points at
every time. We consider the feature vector of an EEG matrix as . Thus, we first need a feature
extraction method to transform EEG signal matrices to feature vectors. Fig 4.3 shows a standard

feature extraction scheme for motor imagery based BCI from an EEG signal E to a feature vector «.
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Generator > Supervisor
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» Learning Machine [ ,
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Figure 4.2: Basic concept of supervised learning

After the feature extraction, we shift to a classification procedure. Fig 4.4 shows a classification
scheme. In order to classify a feature vector  to a command y, a classification rule (i.e., classifier) is
necessary. A classifier has to learn the classification rule from a training set [Xrain, Ytrain]. Thus, a

BCI system can be constructed.

4.2 Supervised Feature Extraction methods

In this section, I introduce a typical spatial filter and its extension methods for the EEG motor
imagery classification. The proper spatial filter provides signals that are easily classified. The goal of
this research is to design spatial filters that lead to better recognition rates.

EEG signals are formalized as

{En N c Rchxtime’ (4‘1)

n=1

where ch, time, and N are the number of channels, the number of sampling points of time, and the
number of trials, respectively. To apply the EEG signals to classification, we have to transform the
each EEG signal to a feature vector. Thus, some transformation from the EEG signal to the feature

vector
E, € Rehxtime g e RY (4.2)

is necessary. Thus, we obtain a set of feature vectors X = [z, X2, ..., xy] € RV,
The problem is how to extract important features for the best classification. The key-points here

are
e EEG signals are very noisy (noise reduction),
e There exists the best frequency band for classification (frequency band selection),

e There exists important channels and un-important channels for classification (channel selection

or spatial filters).



CHAPTER 4. SUPERVISED FEATURE EXTRACTION AND CLASSIFICATION

E

i v | Band-pass
AR LA A filter
Ex:
7-30 Hz
10-40 Hz
etc

Figure 4.3: Standard feature extraction scheme
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4.2.1 CSP filter

The “Common Spatial Pattern” (CSP) filter [75] is a typical spatial filter for motor imagery classifi-
cation by using many channels of EEG signals. We denote the CSP filter by

[Supervised Learning]
Classifier

A

/

— Results —
yresult

Normalize

— Answer —

ytest EE B

Classification rate

Figure 4.4: Classification scheme

S=WTE or s(t)=WTe(t),

where W € R¥" is the spatial filter matrix, S € R4**™¢ is the filtered signal matrix.

The criterion of CSP is given by

maximize

subject to

Wi, w,

WT(S + Zy)W =1,
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where
E,ET
= B NE.ET 46
E,€e{class 1} trEnE,f ( )
E,ET
2= Ixp B (4.7)

E,{class 2} tI‘EnE?; .

This problem can be solved by the generalized eigenvalue problem. However, we can also solve it by
solving two standard eigenvalue problems.

First we decompose 31 4+ 35 as
¥+ 3, =UDUT, (4.8)

where U is a set of eigenvectors, and D is a diagonal matrix of eigenvalues.
Next, let P := v D-1UT, and calculate
s, = Py, PT, (4.9)
s, = Py, PT. (4.10)
Please note that we have 3, + 3o = T , here. Thus, any orthonormal matrices V' satisfy VT(fll +

S)V =1

Finally, we decompose f]l as
3 =VAVT, (4.11)

where V is a set of eigenvectors, and A is a diagonal matrix of eigenvalues.

A set of CSP filters is obtained as

w =PTV. (4.12)
We have
A
WIsS\W=A= , (4.13)
)‘ch
1— X\
WISyW =T-A= , (4.14)
1- )‘ch

where \;1 > Ay > -+ > A.,. Therefore, first CSP filter w; provides maximum variance for class 1, and
last CSP filter w,;, provides the maximum variance for class 2.

We select first and last m filters and construct a matrix W as

Wesp = ('wl o W, Weh—m+1l 'wch) € RQmXCh’ (4‘15)
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and the filtered signal matrix s(t) is given by

s(t)zwgpe(t):(sl(t) sd(t))T, (4.16)

where d = 2m.

Finally, the feature vector & = (x1,2,...,24)" is calculated by

var[s;(t)]
z; = lo _ = ]. 4.17
g (2?1 var[sxt)]) (17

Example

As an example, I show feature vectors for the motor imagery EEG dataset [8]. The motor imagery
EEG is closely related to primary motor cortex in brain (see Fig 4.5). Fig. 4.6 shows topographs of
CSP weight at right hand and foot imagery. We can see that CSP filter provides optimal weightings so
that left area is weighted for right hand imagery and central area is weighted for foot imagery. Right
hand imagery pattern and foot imagery pattern of EEG signals can be easily separated by using CSP
filter unlike PCA (see Fig. 4.7).

4.2.2 CSSP filter

The Common Spatio-Spectral Pattern (CSSP) filter is an extension of the CSP filter [64]. The CSSP
can be regarded as a CSP method with the time delay embedding.
The algorithm is similar to that of the standard CSP. In CSP, we consider the following transfor-

mation
S=WTE or s(t)=WTe(t). (4.18)

However, the CSSP’s transform is given by

[ E
S=WT'E+W'E, =WT7 (E > , (4.19)

or s(t)=Wle(t)+Wle(t+71)= w7 ( e(t) ) , (4.20)
e(t+7)
where E; is a 7-time delayed signal matrix of E, and WT = (WT, W] is a CSSP matrix. It can be
also regarded that the number of channels increases to double. The deference between CSP and CSSP
is only this point, and then we can apply this method easily in a same way as the CSP algorithm.
However, 7 is a hyper-parameter.
The key-point here is this method can be interpreted into a spatial and a spectral filters. Therefore

let w denote the i-th column of the CSSP matrix ﬁ\/, then the projected signal s(t) can be expressed
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(a) Brodmann’s brain area (b) Penfield’s motor homunculus

Figure 4.5: Primary motor cortex

(a) Right Hand (al) (b) Foot (al)

Figure 4.6: Topographies of CSP filter: BCI competition III(IVa)
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Figure 4.7: 2D-plot of CSP feature: classes 1 and 2 stand for right hand and foot imageries, respec-

tively. Horizontal and vertical axes in CSP feature space are first and last components, respectively.
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Figure 4.8: System Flowchart of SBCSP: for example frequency bands of individual filters are 4-8Hz,
8-12Hz, ... , 36-40Hz.

s(t) = wle(t) +wle(t+7) (4.21)
ch
= wje;(t) + (wr)je;(t+ 1) (4.22)
j=1
ch ) w-)
= Z'yj (:l)j'ej(t) + ( 7;)j ej(t + ’7')) ) (4'23)
j=1
where

e 7, can be regarded as a pure spatial filter,

° [%, 0,...,0, %] can be regarded as a finite impulse response (FIR) filter for each channel.

Since the CSSP filter includes a temporal filter, it can be considered that the CSSP becomes robust

for noise or outliers.

4.2.3 SBCSP filter

Here, I introduce an alternative method based on Sub-band CSP (SBCSP) and score fusion [77].
Fig. 4.8 shows a flowchart of feature extraction by using the SBCSP filter. How to decide a frequency
band of band-pass filter is a difficult problem of CSP/CSSP filter; however, the SBSCP can automati-
cally decide the frequency band of the band-pass filter. First, we make candidates of frequency bands,
for example 4-8 Hz, 8-12 Hz, 12-16 Hz, ..., 36-40 Hz. Next we use all candidates of frequency bands
for band-pass filter, and obtain CSP features from each filtered signals. Thus, we have individual CSP
feature data matrices {F(l), FO® F(K)}. Next, the process of LDA score is given by follow:

e Calculate the LDA projection vector @®) for each data matrices F*).
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e LDA score vector is given by

e 721)
()T T(L2)

s, — | _ (4.24)

g

BT 7(1K )

There are two approaches of score fusion method.
e Recursive Band Elimination (RBE)
e Meta-Classifier (MC)
In this way, we do not need to select frequency bands in the SBCSP by hand, thus it can be regarded
as an automatically selection of the frequency band.
Recursive Band Elimination

In RBE, first we set a RBE-order that is an integer number r € [1, K]. The first data set is X =
(51, ..., sn] € REXN_ In this method, we remove (K — r) rows from X by support vector machine

(SVM) feature selection (SVM is explained in Section 4.3.5). The algorithm is as follow
1. Train the parameter w in linear model (w,x) by SVM
2. Remove the row of X with the smallest w?
3. If number of rows of X becomes r, this algorithm is finished, else back to 1.

The survival data X can be used as a training data matrix.

Meta-Classifier

In MC, we use a Bayesian classifier for score fusion. We assume that each band score s € {class 1}
and s € {class 2} are distributed normally. And we can estimate individual parameters of normal

distributions (i.e., { ugk), Jgk)} and {ugk), aék)}). We calculate the training data matrix by

(k) (k)
Thn = log {p(Skn|M1 01 )} 7 (425)

p(skn |M§k)7 Uék))

where z, is the (k,n)-element of X.

4.3 Classification methods

In this section, I introduce practical classification methods.
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4.3.1 Generative Model vs Discriminant Model

For classification, it is very important to decide the model of classifier. Models of classifier can be
divided into either generative model or discriminant model.

Generative model is based on probability such that we can classify any patterns « into the category
y based on a posterior probability P(y|x) as

y = argmax P(y|x). (4.26)
y

It is called maximum a posteriori (MAP) estimation. In terms of recognition rate, the MAP estimation
is the best estimator. For these reasons, it is very famous and extensively studied. A key point of
MAP estimation is how to estimate the posterior probabilities accurately.

The discriminant model is based on some discriminant functions Dy(x) as

D,:RY—R (4.27)
g = argmax Dy (). (4.28)
y

If we assume that Dy(x) := P(y|x), we can see that the discriminant model includes the generative
model. However, their approaches are different. Generally, we define some non-negative-valued func-
tion R(D(x),y) named error function, where D(x) is a vector-valued function of which element is

Dy(x). The discriminant functions are estimated by minimizing the expectation of error function as

follows:
minimize Z/ P(x,y)R(D(x),y)dx. (4.29)
D
y
When we have training samples, it can be approximated by replacing ensemble mean by sample mean
as
N
1
> [ PanRD@). e~ 1 3" AD(@.) ) (130)
Y n=1

Then we can obtain the discriminant functions by minimizing this formula if the definition of error

function and the model of discriminant functions are given.

Generative models

In this section, I introduce the generative model based classification methods. In general, its approach
based on Bayes theorem:

P)P(aly)

Plyf) = =5

(4.31)

If we estimate each probabilities of right side, then any @ can be classified by the MAP rule. Since
P(ylz) oc P(y)P(x|y), we can assign any x into § by argmax, P(y)fy(x|py, Xy). P(y) can be es-
timated as the appearance ratio of individual y. Thus, the key-point here is to estimate P(x|y) by
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some generative model function. There are three approaches to estimate the generative model: the
parametric model, the non-parametric model, and the semi-parametric model.
The parametric model is generally given by f,(x; ©,), where O, is a set of parameters. For example,

when we assume f, follows the Gaussian distribution, then it is given by

m exp |~ 2 (@ — 11y) TS5 @ - )| | (4.32)
Yy

fy(@|py, By) = B
where O, = {p,,3,}. In this case, we only need to estimate a mean parameter vector p, and a
covariance parameter matrix 3, for each y. Maximum likelihood estimation is often used to estimate
these parameters.
The non-parametric model does not have any parameter to estimate; but it has some hyper-
parameters. Kernel density estimation is often used for non-parametric estimation.
The semi-parametric model can be considered as an intermediate model between parametric and

non-parametric models. Gaussian mixture model is often used, and it is often obtained by EM-

algorithm.

Discriminant models

There are several discriminant models. Most basic model is a linear model which is given by
D(x) = (w,z) + 0, (4.33)

where w and 6 are the model parameters, and (-, -) stands for the inner-product. It can be expanded

by using basis functions ¢(x) as
D(z) = (w, p(x)) + 6. (4.34)

Note that, the dimensions of parameter vectors w in Eq.(4.33) and in Eq.(4.34) are different. The
linear model is often used for theoretical study of classifier. For example, perceptron learning [88],
optimal hyperplane classifier (OHC) [103] and Fisher discriminant analysis (FDA) [72] are using the
linear model.

Next I introduce the quadratic model as
D(x) = (x, Az) + (b, x) + 0, (4.35)

where A, b and 6 are parameters. Its typical example is given by the class-featuring information
compression (CLAFIC) method [104].

In general, if the order of the model or the number of parameters is higher, we can construct a
more complex classifier. However, if it is too high, the classifier over-fits to the training samples
and its generalization capability is decreased. Model selection and regularization techniques are very
important for classification to prevent the over-fitting. Especially, the cross validation method is very

famous and useful for model selection. I explain its details in section 4.3.3.
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Figure 4.9: Example of training samples

4.3.2 Kernel Method

There are many cases such that training samples can not be separated linearly. In such cases, it is very
efficient to map pattern vectors to a higher dimensional space. For example, we consider a mapping
¢ as follows:
¢ : R*=R’
(t1, t2)T = (83, 13, 2t1t2)7, (4.36)

where ()T denotes the transposition. This mapping is based on correlations of each element. We

assume that there are four training samples {(,,y,)}+_; with categories y € {4, B} as follow:
Ty = (]-a 1)T’ Y1 = A7 (437)
xy = (—1,-1)7, Y2 = A, (4.38)
x3 = (1,-1)7, y3 = B, (4.39)
xy = (1,17, ys = B. (4.40)

Fig 4.9(a) depicts the training samples in a 2-dimensional original Euclid space. In this case, we can
not separate the training samples into 2 categories linearly. However, if we consider the mapping

(4.36), it can be separated linearly. Feature vectors as mapped samples are given as

p(z1) = (1,1,2)7, y1 = A, (4.41)
d(xs) = (1,1,2)7, Yo = A, (4.42)
o(as) = (1,1,-2)", ys = B, (4.43)
p(zs) = (1,1, -2)", y1=B. (4.44)
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Fig 4.9(b) depicts the training samples in the 3-dimensional feature space. In this space, we can
separate the training samples linearly.

It often happens that the performance of classifier is improved by mapping data into the high
dimensional feature space. In this way, classification capability can be improved by using a high-
dimensional feature mapping ¢; however, ¢(x) has a very large dimension and its computational cost
is also very high. Fortunately, we can solve this problem by using the kernel method.

In the kernel method, instead of calculating the high-dimensional feature vector, we calculate the

inner-product between vectors in feature space by using a kernel function:

k(z,y) = (d(x), d(y)) - (4.45)

In such case, we have to show that a mapping ¢ that satisfies Eq.(4.45) exists. If the kernel function
k(x,y) satisfies Mercer’s theorem, the existence of ¢ is guaranteed. Mercer’s theorem is described as

follows:

Theorem 1 (Mercer [103]). Let X be a pattern space, x,y € X, and L2(X) be a set of all quadratically
integrable functions, to guarantee that a continuous symmetric function k(x,y) in Lo(X) has an

expansion
k(z,y) =) aidi(®)di(y) (4.46)
i=1

with positive coefficients a; > 0 (i.e., k(x,y) describes an inner product in some feature space), it is

necessary and sufficient that the condition

| [ Mewr@iiady = 0 (1.47)
xJx
be valid for all f € Lo2(X)O

Now, we define the kernel discriminant function by using sample patterns {ccn},lyzl as

N
D(@) =) ank(za, ). (4.48)
n=1

This discriminant function model is called the kernel model. We can handle classification problems
in a high dimensional feature space without the calculation of mapping by using the kernel model.
This technique is called “kernel trick”. For examples, the following kernel functions satisfy Mercer’s

theorem.

k(x,y) = (x,y) : Linear kernel
k(z,y) = ((z,y) +1)? : Polynomial kernel (4.49)
k(z,y) = eXp(—’wa — yH2> : Gaussian kernel
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Since k(xn, x) = (¢(xy), ¢(x)), the discriminant function is given by

N
D(@) =) an(¢(®n), p(x)) (4.50)
n=1
N
- <Z (), ¢<w>> . (4.51)
n=1
Then, this classifier in the feature space is expressed as
D(z) = (w, ¢(x)) (4.52)
N
w=>" ane(zy). (4.53)
n=1

From Eq.(4.53), the parameter vector w is confined in a subspace [¢(x,)]Y_; that is spanned by

feature vectors {¢(x,)}_,. It is an basic property of kernel models that ||w||? is expressed as

N N
||wl|* = <Zan¢<mn>, > am¢<mm)> (4.54)

N N
=S Y k(@ @) (4.55)

n=1  m=1
=d'Ka, (4.56)
where
o (al ay e aN)T, (4.57)
k(x1,x1) k(xi1,22) -+ k(xy,zN)
Ko | MEE) Mo Hezen) | (4.58)
k(xn,x1) k(xn,xz2) -+ klxzy,zN)

4.3.3 Least Square Regression

In this section, I explain the least square regression (LSR). LSR is not a classification method but a
regression method for general purposes, however we use LSR as a classifier here. And we also assume

that the discriminant function is given by
D(z) = (w,x) . (4.59)

Furthermore, the training samples are given by {(z,, y.)}_,, and we consider a binary classification

n=1»
problem as y € {+1, —1}.
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Figure 4.10: Squared error

The basic idea of LSR is to minimize the expectation of the squared error (y — (w,z))?. Since
y? = 1, the error function is given by
R(D(z),y) = (y — (w,z))* (4.60)
=y =2y (w, @) + (w, )’
=1 -2y (w,z) +y* (w, )’
=(1—y(w,x))> (4.61)

Fig 4.10 depicts the squared error function based on Eq.(4.61). Note that the squared error is a convex

function. The expectation of the squared error is given by

Bl — (w.))) = Y [ Pla.y)ly— (w.a)dz. (462
Yy
It can be approximated by replacing ensemble mean by sample mean as
N
El(y — (w,xz))] =~ N Z(yn — (w,x,))? = J. (4.63)
n=1
It can be transformed as
1
J = N(y — Xw)! (y — Xw) (4.64)
1
= N(yTy 2w XTy + w' X7 Xw), (4.65)
where
T
Y= (yl Yo v yN) ; (4.66)
T
X = (931 xry - :1:N> . (4.67)
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The goal of LSR is to calculate the optimal w that minimizes Eq.(4.65). Then, its solution w, ¢, can

be calculated analytically as follow:

oJ 1
pvie N(—QXTy +2XTXw) =0, (4.68)
Wy = (XTX) X Ty. (4.69)

We can classify an unlearned pattern  based on the following rule:

i { +1 %f (W, g, ) > 0 (70)

Kernelized LSR

In this section, I explain LSR with the kernel model. We can adapt the kernel model to LSR easily
by replacing Xw by Ka. Then, J is given by
1

J = N(y—Ka)T(y—Ka) (4.71)
1
= N( Ty — 20" Ky + o’ K?a). (4.72)
Its solution @ ¢, can be calculated analytically as follow:

oJ 1
= = —(-2Ky+2K’a) = 4.
oo = (-2Ky + 2K%a) =0, (473)
Qg = K'y. (4.74)

Regularization

Fig 4.11 is depicts the discriminant functions trained by LSR and kernelized LSR. In LSR, model
function is too simple to fit to training samples. On the other hand, function with kernel model is too
free, and fits to training samples too precisely. Its problem is called “over-fitting”. Regularization can
prevent the over-fitting.

Adding A||w]|? to J is often used for regularization, where A > 0 is called the regularization param-

eter. Since ||w||?> = a” Ko and 3 can be abbreviated, J is given by

J=(y—-Ka)'(y— Ka)+ ' Ka (4.75)
= (y'y — 22" Ky + o’ K(K + \)a), (4.76)

where I is the identity matrix. Then its solution is given by

a7 1
oo = 3 (~2Ky +2K(K + ADw) =0, (4.77)

Fig 4.12 depicts the discriminant function trained by LSR with this regularization method. We can

see that the over-fitting is prevented.
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Figure 4.12: Regularization

Model Selection

Many kernel functions have kernel parameters such as d of the polynomial kernel and ~ of the Gaussian
kernel. Such a parameter is called the model parameter too. If the model parameter is chosen im-
properly, it degrades the classifiers. The task of the model is to estimate the optimal model parameter
such that the best classifier is obtained. Here, I introduce the cross validation method [7] that is very
famous and effective.

For the cross validation, we separate training samples into a training set and a test set, and to
select the optimal parameter based on its accuracy. For example, we divide samples into 4 parts and
there are 4 combinations to separate them into 3 parts of training set and 1 part of test set. Fig 4.13
depicts the 4-fold cross validation method. This method is generalized as the k-fold cross validation.
Especially, when we assume that the number of samples is N, a method that separates them into
(N — 1) samples in training set and 1 samples in test set is called the leave-one-out cross validation.

These methods are useful to select not only the model parameter, but also the regularization pa-
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[ ]:TestSamples

Figure 4.13: 4-fold cross validation

rameter. But the computational complexity becomes much higher.

4.3.4 Fisher Linear Discriminant Analysis

I introduce the Fisher’s linear discriminant analysis (FDA). The FDA is a very famous binary clas-
sification method. It is based on mean vectors and covariance matrices of patterns for individual
classes. We consider the linear model as z = w’ «. The FDA gives an optimal projection w so that
the distribution of z is easily discriminated. Fig. 4.14 shows the concept of FDA, and there are two
projection vectors w and w*. We can see that w* is clearly easier to discriminate patterns than w.

This concept can be provided by the following FDA criterion

(m1 — my)?

maximize J(w) = (4.79)
S1+ S2
where
e m; and my denote averages for z, € { class 1 } and z, € { class 2 }, respectively,
e 51 and s2 denote variances for z, € { class 1 } and z, € { class 2 }, respectively.
We have
T
(m1 —ma)® = (w py — w’ pa) (W' py — w py)
=w” (1 — p2) (11 — p2)" w = w” Spw, (4.80)
and
S1+ 89 = wT21w + wTEQw
=w! (B + o) w = w! Syyw, (4.81)
where

e 11 and po denote mean vectors for @, € { class 1 } and x,, € {class 2 }, respectively,
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Figure 4.14: Fisher’s Linear Discriminant Analysis
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e ¥; and X5 denote covariance matrices for @, € { class 1 } and x,, € { class 2 }, respectively.

The cost function J(w) in original space can be written as

w! Spw
T) = oTSww

and then this solution is given by
W Sv_vl(lil — M2).
Finally, we choose an optimal threshold zp, then we can classify any « by
wlx > 29 — x € {class 1},
wlx < 29 — x € {class 2}.

For example, z9 = (m1 + m2)/2 could be usable.

Problem of FDA

(4.82)

In this section, I explain that FDA does not provide the best optimal hyper-plane in heteroscedastic

Gaussian case. We denote the probability density functions of y which belongs to class 1 and 2 by
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Figure 4.15: Example of which FDA does not work well

fi(y) and fa(y), and the prior probabilities of class 1 and 2 by p; and pa, respectively. We assume
fi(y) and fa(y) follows the Gaussian distributions. Then, the Bayes decision rule for the minimum

error is given by

Q1 if prfilw, z)) > p2fo((w, z))
Qo if prfilw, @) < p2fo((w, )

Fig. 4.15 shows a simple example of which FDA does not work well. Red and blue ellipses show

x is assigned to { (4.86)

individual Gaussian distributions in this figure. We consider two projection vectors w, and wy. The
FDA evaluation function of w, becomes J(w,) = 0 which is the lowest value; then, FDA has to select
wy, preferentially. However, the classification rate by w, is better than w; under the classification
rule (4.86). In this way, the improvement of evaluation function is necessary for the heteroscedastic

Gaussian case.

4.3.5 Support Vector Machine

Support vector machine (SVM) is a typical kernel classifier and it is an extension of the optimal hyper
plane classifier (OHC) by the kernel method. [102, 101] OHC and SVM are trained by quadratic
programming. In this section, I explain the OHC at first. After that, I explain the SVM as an
extension of OHC.

Optimal Hyperplane classifier

We assume a binary classification problem as y € {+1,—1}. The discriminant function of OHC is

given by
D(x) = (w,x) + 6. (4.87)

Fig. 4.16 depicts an example of OHC in 2-dimensional space. The boundary of two categories is given

by a (d — 1)-dimensional hyperplane described as D(x) = 0, where d is the dimension of x. In this
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Figure 4.16: Basic concept of optimal hyperplane classifier

figure, M stands for “margin” that is the minimum distance between the boundary and its nearest
samples. Basic concept of OHC is to maximize “margin” that is described by “M” in Fig. 4.16. The

margin is given by
M= min ———. (4.88)

Furthermore, we normalize the numerator of Eq. (4.88) as

_nllin ynD(xp) =1, (4.89)
then the margin is given by
1
=—. (4.90)
[|w]]

From Eqs.(4.89) and (4.90), OHC is trained by the following quadratic programming problem,

1
minimize §HwH2 (4.91)

subject to  y,((w,x,) +60) >1, n=1,...,N. (4.92)
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We can solve it directly, however it can be simplified by transforming to a dual problem [68]. We

define Lagrange’s function L as

N
L(w,0,7) = llwll* — 3 ulyn((aw, ) + ) ~ 1), (193)

n=1

where -, > 0 are Lagrange coefficients. Lagrange primal and dual problems are expressed as

minsup L(w, 0,7), (4.94)
w,0 >0

fL 4.
max inf (w,0,7), (4.95)

respectively. The two problems are equivalent. From the Karuch-Kuhn-Tucker (KKT) conditions we

have
‘% —w- XY~y =0, % =~Ty =0, (4.96)
Yo (Yn((w, ) +60) — 1) =0, (4.97)
yn({w,xp) +6)—1>0, v, >0 n=1,...,N, (4.98)
where
Y = diag (y) . (4.99)
Then, the dual problem is given by
minimize  — %FYTYXXTY’)/ +17~ (4.100)
subject to y’y=0, 7% >0, n=1,...,N, (4.101)

where 1 is an N-dimensional vector of which all elements are one. Its solution 4 is almost always

sparse. Then, let S be the set of indexes of non-zero 7,, as
S={n|m#0, n=1,...,N}. (4.102)

The solution of the original problem is described as

Z yn'}’nwn = Z ys')’sm& (4.103)

ses

Z wlxy, —ys). (4.104)

SES

Egs. (4.103) and (4.104) imply the optimal parameters depend only on the support vectors.
This method is also called the hard margin method. In this method, training samples that can
not be separated linearly are not allowed. It is a serious issue, so that the soft margin method was

proposed.
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Soft margin

For the soft margin, we introduce slack variables &, > 0 to relent the constraints Eq. (4.92) as follow:
yn((w, ) +60)>1-&, n=1,... N. (4.105)

The variable &, expresses how much condition (4.92) is not satisfied. &, are called the hinge loss and

it should be minimized as well as ||w]||. &, is also given by
&n = max(1 — yp,D(xy),0). (4.106)

Fig. 4.17 depicts the comparison between the hinge loss function and the squared loss function. The
hinge loss is a piecewise linear function, and note that the hinge loss is a convex function. Since the
hinge loss is evaluated linearly, then it is more robust for outlier than the squared error.

The OHC with soft margin is trained by the following quadratic programming:

o A -
minimize §||'w|]2 + Zlfl (4.107)
1=
subject to  y,((w,x,)+60)>1-&, n=1,...,N, (4.108)

where ) is a constant parameter to adjust weights between the hinge loss term and the margin because
both terms have to be minimized. The margin term [|w||> and A are regarded as a regularization term
and a regularization parameter.

Its dual problem is given by
1
minimize  — ﬁ7TYXXTY7 + 17y (4.109)

subject to 0<~, <1, yly=0, n=1,...,N, (4.110)
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where ~ is a dual parameter vector. Then, the solution is calculated by

= Zy575$5a (4111)
sES
\S\ Z wlxs — ys). (4.112)
seS

Support Vector Machine

Support Vector Machine (SVM) is a kernelized version of OHC. That is the OHC defined in high
dimensional feature space.
Since D(x) = 27]1\[:1 ank(xn, ) + 0 and ||w|| = T Ka, SVM is trained by the following quadratic

programming;:
minimize 2ol Ko + zn: & (4.113)
2 L >t '
N
subject to  yp, <Z amk(Xm, Tn) + 0) >1-& n=1,...,N. (4.114)
m=1

And its dual problem is given by

1
minimize  — ﬁ'yTK’yT +17~ (4.115)

subject to 0<~, <1, y'v=0, n=1,...,N, (4.116)

where ~ is a dual parameter vector. Its solution is calculated by

a- %Y?y, (4.117)

~ 1 N

0= S > (Z k(X ) — y5> . (4.118)
seS \n=1



Chapter 5
Proposed Feature Extraction methods

In this Chapter, I propose several new methods for matrix and tensor based feature extractions.
This chapter consists of three parts, mainly. The first part is a proposition of new methods and
algorithms for smooth nonnegative matrix and tensor factorizations. I propose a new fast algorithm
for the GRBF-NMF, several extension methods, and its tensor versions with the CP and the Tucker
models. The second part is a proposition of new model and algorithms for the common and individual
feature analysis (CIFA) for the multi-block CP decomposition. I call this method as the “linked CP
tensor decomposition” (LCPTD). Furthermore, I propose the sparse LCPTD and the nonnegative
LCPTD. The third part is a proposition of new model and algorithms for the common and individual
feature analysis (CIFA) for the multi-block Tucker decomposition. I call this method as the “linked
Tucker decomposition” (LTD). Furthermore, I propose the orthogonal LTD, the sparse LTD, and the
nonnegative LTD.

5.1 Improvements of NMF with function approximation

In this section, I propose an improved algorithm for function approximation based smooth NMF
(GRBF-NMF) introduced in Section 3.1.6. Furthermore, I propose some extended methods and tensor

versions.
5.1.1 Fast algorithm for GRBF-NMF
First, I modify the GRBF-NMF optimization problem (3.95) as
minimize ||Y — ®W X||%,
W, X
st. W>0, X >0, ||z.]?=1forr=1,.., R, (5.1)

where x! is the r-th row vector of X = [x1,...,2g]T. In this problem, the constraint ®W > 0 is
replaced by W > 0. Since ® > 0, W > 0 is a sufficient condition for W > 0. Under this constraint,

the flexibility of model will be decreased; however it is not necessarily bad. In many regression models,

86
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Figure 5.1: Decomposition of GRBF-NMF model

a highly flexible model without any regularization has a problem of over-fitting. When the data is
noisy, such a highly flexible model often represents not only the main feature but also noise and
outliers. In order to prevent the over-fitting, one of the solutions is to use a simpler model, and the
proposed model is simpler than the original model since I do not allow negative value for W. Thus,
the proposed model can be considered as more robust for noise and outliers than the original model.
In addition, I impose a constraint ||x,||> = 1 which does not change the flexibility. This constraint
becomes a key-point for the new fast algorithm.

In order to obtain the solution of (5.1), I consider to separate (5.1) into sub-problems based on the
HALS method [24]. Since the GRBF-NMF model can be decomposed as @W X = dw x] + Pwozd +
oo+ Pw RJ% (See Fig 5.1), the problem (5.1) can be separated as the following sub-problems:

minimize ||Y; — ®w,x! ||%, st. . >0, ||z ||* = 1. (5.2)
Ly

minimize ||Y, — ®w,x! ||%, s.t. w, >0, (5.3)
wr

where Y, ==Y — Zk# @wkwf.
First I consider the problem (5.2). Since ®w, is currently fixed and it is equivalent to a simple
least squares problem with a nonnegativity constraint. Thus, its problem has been already studied in

many papers such as [19, 24, 26]. Then, the update rule is given by

2, [V Bw,];., (5.4)

x, < x/||2r ], (5.5)

where [z]; := max(z,¢), and ¢ is a very small positive value (e.g., ¢ = 10716).

Next, I consider the problem (5.3). The objective function can be transformed as

Y, — (I)wrivﬂ@

= tr(Y,1Y,) — 2tr(Y,T @w,zl) + tr(w! &7 dw,) (5.6)

since ¢! x, = 1. By computing the gradient of the objective function, the condition for a solution is
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given by
0

5o |[Yr - dw,x!||% = 20T Pw, — 287 Y,x, = 0. (5.7)
.

This direct solution will be w, = [(®7®)"1®TY,x,],; however, the inverse problem is unstable and

high-cost. Thus, I do not employ this update rule, but propose a more effective iterative update rule.

Note that the following problem is equivalent to (5.3) via the same differential since ||z, || = 1:
minimize ||Y;x, — ‘I’wTHQ, s.t. w, > 0. (5.8)
wy

This problem can be assigned to NNLS (nonnegative least squares). Finally, I employ the following

multiplicative update rule:
w, — [w, ® (®TY,xz,) 0 (2T dw,)|,, (5.9)

where ® and © are respectively element-wise multiplication and element-wise division.

The algorithm is summarized in Algorithm 18. T call this method the fastGRBF-NMF. The com-
putational cost for each iteration of the fastGRBF-NMF is very low because it consists of only four
operations and a thresholding without any complex optimization procedure. If we assume that N =1
and I > J > R, the computational complexity of one update for W in the fastGRBF-NMF algorithm
is O(I?R). On the other hand, if we assume the QP optimization in the GRBF-NMF algorithm in-
cludes the Cholesky decomposition, its computational complexity is O(I2R?) because the number of
parameters are I R.

The computational efficiency is often considered as a more important factor than the strictness of
solution, especially for a large-scale problem. Since the NMF solution is not unique, the most important
viewpoint is a balance between computational efficiency and a meaningful solution. In Section 7.1, we
can confirm that the proposed method provides not only the improvement of computational efficiency

but also meaningful results.

5.1.2 Extensive Bases for the fastGRBF-NMF

In this section, I discuss how to choose ® more efficiently. I propose to use various bases ¢ to make

&, for example multiple bases with various ¢ can be mixed. Thus, I propose to construct ® by
®=[®,,,®,,,..,8,,] c RV (5.10)

where U is the number of ¢, and ®,, stands for the basis matrix with a standard deviation o,. For

example, if we set
o1 =0, 09 =20, 03 =40, ..., oy =2V 10, (5.11)
Aty = 6t, Aty = 26t, Aty =46, ..., Aty =2V 16, (5.12)
then N < 2I/6t holds for any U. Let us put the horizontal size of ®,, as Ny, then the horizontal

size of ® is roughly bounded as N = Ny + %Ng + %No + -4+ ﬁ < 2Ny for any U. Thus, the
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Algorithm 18 FastGRBF-HALS algorithm
1: Input: Y, R, and ®
Initialize: W and X
E=Y -®WX ;
repeat
forr=1,...,R do

Y, + E + (®dw,)x! ;

x, — [V, (®w,)]; ;

T < xr/||z|]

w, < [w, ® {7 (Y;z,)} 0 {27 (Bw,) 4 ;

E Y, — (dw,)z!
11:  end for

,_.
e

12: until ||E||% converges
13: Output: W and X

increase of complexity (which is double at the maximum) is not a large problem since the proposed
algorithm is well improved to be faster by the HALS based method. Furthermore, I propose to add

an additional DC component, then @ is given by
®=[®,,,P,,,.., Py, 1] (5.13)

Finally, we have N = SV [|(I — 1)/(2%7'6t)| 4+ 1] + 1. By this extension we can express the data

with various resolutions.

2D-basis

I propose another kind of the Gaussian basis function for smooth image signals. I assume that the
observed signal y; € R’ is an unfolded vector of an (I; x I)-matrix Y; € RIX2  where T = I 1s.
In this case, if we use ¢, in (3.94), it represents only vertical smoothness. However, natural images

usually have vertical and horizontal smoothnesses. Thus I consider the following 2D-basis:
2

@) (iy,iz) = exp % (Z) - (Z:) € RIxP2, (5.14)

where
ny = {(nAt — 1) mod I} + 1, (5.15)
ng = [(nAt —1)/I] + 1. (5.16)

Thus, we have nAt = (ng — 1)I1 +n1, 1 <ny; < I, and 1 < ng < I,. In practice, I unfold the matrix

(1)22) into a vector as q&ﬁf) = Vec(<I>£,,2)) e R! , and construct the basis matrix ®?) a5

@ = [p{?, ¢, ... 07 e RV, (5.17)
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Its multi-o version can be also applied in the same way as

d= [0 o2

o1 o2 )"

.82 1) (5.18)

oy’

5.1.3 Reduction of the size of Basis Matrix

The function approximation method occupies a lot of memory when the size of basis matrix ® is very
large. It will be 812 bytes in double-precision floating-point with U = 1 and 6t = 1. For example,
when we factorize several (256 x 256)-images by NMF, each image must be often unfolded to a 65536-
dimensional vector. Then the size of basis matrix ® becomes (65536 x 65536) which needs about
34.36 Gbytes. This is a critical issue of the GRBF and the fastGRBF methods. In this section, I
propose a method to reduce the size of basis matrix ®. We fold a observed signal y; to matrix Y ),
for example a 1000-dimensional-vector is folded to a (100 x 10)-matrix. Next, we replace the observed
matrix by Y/ = [Y (U, . Y ())]. In the previous example we fold the 1000-dimensional-vectors to (100
x 10)-matrices, then we can reduce the matrix size of ® by almost 99 % of the conventional method.

For image data, it is effective to split an image into several blocks and vectorize these blocks. 1

assume the image Y is given by

Yy - DY
Y= @ .. 1 | eRl*z (5.19)

Then its folded data is given by Y7) = [Vec(Dg)), Vec(Dg)), s Vec(Dz(,é))] e RI2/(Pa)xpa  Tn this
case, 2D-basis can be applicable and useful. I call this method the fastGRBF-block-NMF'.

Please note that it is related to the block transform by 2D discrete cosine transform (2D-DCT)
[1] for image compression because it often splits an image into (8 x 8)-blocks and factorizes each
block by 64 2D-cosine bases. If we apply the 2D-cosine bases to ®, it becomes similar to the block
transform. However, it is different from the block transform because we estimate constrained (e.g.,
low-rank approximation) and the most correlated R bases modeled with the 2D-cosine bases by a
function approximation.

A problem is how to fold the large-scale vector when the dimension is a prime number. In this
case, there are two approaches: to reduce the dimension or to expand the dimension. Although the
reduction approach has a possibility to lose some information, its computational cost will be decreased.
On the other hand, the expand approach does not lose any information; however, computational
cost and wasted information will be added. I propose a repeat type and a symmetry type as the
methods of the expansion approach. Let us consider to expand y € RY to z € RN*M, When y
has a cyclic feature, it might be proper to use the repeat type which is given as the expansion from
Yy = [y1, 92, .., yn|T to z = [y1, Y2, -, YN, Y1, Y2, -, yar] . The symmetry type is given as the expansion
from y = [y1, Y2, -, yN]T 0 2 = [Y1, Y2, s UN, UNs UN—1, -, UN—M+1)© , and it could be well worked to

prevent the influence of additional information for any y.
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5.1.4 Tensor Extension

Nonnegative tensor decompositions found applications in positron emission tomography (PET), elec-
troencephalography (EEG), spectroscopy, chemometrics and environmental science [26, 9, 82]. There
are two models in tensor decompositions, mainly.

The first model is Tucker model [98]. The three-mode version of the Tucker (Tucker-3) model can

be expressed as

XﬁgxlAXQBX;gC
Ry R2 R3

- Z Z Z 9ri,re,r3Qry © br2 O Cpy, (5'20)

ri=1lro=17r3=1

where Y € ]RiXJXK is a observed tensor signal, G € RleRQXR:“ is a core tensor, A € RiXRl,
B € RiXRQ, C € ]RfXR?’ are factor matrices, X is the k-th way tensor and matrix product, and o
means outer product. Its nonnegativity constrained decomposition is called the nonnegative Tucker
decomposition (NTD). The Tucker model can be rewritten by the following matricized and vectorized

forms as

Y ~ AG ) (CT ® BT), (5.21)
Y(2) ~ BG(5)(C" ® AT), (5.22)
Y3 ~ CG3(B" ® A”), (5.23)

y~(Ce®B®A)g, (5.24)

where Y(1) € Rf‘] K and G € RleR2R3 are the first-way matricized form of tensor Y and G,
respectively, others are their second-way and third-way versions. If we put B := G(l)(CT ® BT), it
can be regarded as NMF Y{;) ~ AE. Thus, A can be updated by NMF based update rules. In similar
way, B, C, and G can be also updated by NMF based update rules (e.g., by applying ALS).

The second model is the Canonical Polyadic (CP) model which is also called PARAFAC [43] or
CANDECOMP [11]. The CP model is a special case of the Tucker model that Ry = Ry = R3 = R

and G=A € REXRXR is a diagonal tensor with entries g, on the main diagonal as

R
Y ~ Zg’"a’” ob,oc,. (5.25)
r=1

The CP model can be regarded as a straightforward tensor extension of NMF since NMF can be
rewritten by Y ~ 2521 gra,ob,.. Thus, the CP model gives an R-rank approximation of the observed
tensor signal.

In this section, I consider how to extend the fastGRBF-NMF into tensor decompositions. For
example, if we assume a,, b, and/or ¢, are smooth, then these are approximated by ®,w,, ®yv,,
and/or ® h,, respectively. The update rule for w, can be applied to v, and h,, hence I provide an

update rule for only w, in Sections 5.1.4 and 5.1.5.
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Tucker model

In this section, I extend the fastGRBF-NMF into the nonnegative Tucker decomposition (NTD) to
obtain A by the function approximation of ®W . The criterion is given by

minimize ||Y — G x1 ®W x4y B x3 C||%,
G,W B,C

st. G>0, W>0, B>0, C>0. (5.26)

I call this method the fastGRBF-NTD. The key point of this problem is how to update W. This
is because the other factors (B, C,G) can be updated by the ALS (alternating least square) based
algorithm for the nonnegative Tucker decomposition [84, 85, 83, 58]. Focusing on only W and using

a matricized form, the problem can be rewritten as
minimize ||¥(1) - PWG(CT @ BT)||%, st. W >0. (5.27)

Putting Z, := Y(1) — >, Pwp€l and E = [£1,..,€r,]" = G1y(CT @ BT) € RF5 T consider

the problem for w, as

minimize ||Z, — ®w, £l ||%, s.t. w, > 0. (5.28)

wy

(5.28) is essentially equivalent to (5.3). Since the condition of ||&.|| = 1 must be satisfied, then an

update rule for w, is given by

& [Z] w4 (5.29)
& < & /11&]; (5.30)
w, «— [w, ® (8T Z,.£,) 0 (T dw,)|; (5.31)

Note that the update rules (5.29) and (5.30) are important steps to update w, accurately.
The algorithm for fastGRBF-NTD can be summarized as Algorithm 19. The 5-13th lines are update
procedures for W. If we apply the function approximation to factor matrices B and/or C|, the 14th

and/or 15th lines must be modified in a similar way to W.

5.1.5 CP model

In this section, I extend the fastGRBF-NMF into the nonnegative CP decomposition (NCPD) to

obtain A by function approximation ®W . The criterion is given by
R
minimize [|Y — ZgT(i)wT) ob, o c,ﬂ%,
gr,wr:br,cr —

st. ¢g->0, w,>0, b. >0, ¢, >0,

|Rw,|| = |[br|| = [ler|] = 1, (5.32)
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Algorithm 19 FastGRBF-NTD algorithm
1: Input: Y, Ri, R, R3, and ®

2: Initialize: W by randomly, and B, C, G by some initialization method for NTD
33 E+Y —Gx1PW x9 B x3C ;

4: repeat

5. E 4 G(l)(CT ® BT) ;

6: forr=1,...,R do

7: Z, < Eq)+ (Pw, el ;

8: & [Z] (®w,)]y ;

o & e /6l

10: w, — [w, ® {®7(Z,€,)} 0 {7 (Pw,)}]+ ;
11: Eq) « Z, — (®w,)E] ;

12:  end for

13: A+ ®W ;

14: B+ B® (Y5(A®C)G},

15:  C+ C®(Y3(A® B)G,

(3)) %) (C’G(3)(ATA ® BTB)G@)) ;

16: G+ G® (Y x1 AT xo BT x3CT) 0 (G x1 AAT xo BBT x3CC7) ;
17 E<+Y —Gx1PW x9 B x3C ;

18: until ||E||% converges

19: Output: W, B, C, and G

for r =1, 2, ..., R. I call this method the fastGRBF-NCPD. We apply the HALS based algorithm
to the problem (5.32). Putting Y, :=Y — 3, , ¢,(®wy) o b, o ¢, and using the first-way matricized

form, the sub-problem for w, can be rewritten by

Hlin’imize HY;ﬂ(l) - gr(‘I”wr)(CfT ® bz>’|%v

s.t. ||®w,|| =1, w, > 0. (5.33)
In the similar relation between (5.3) and (5.8), problem (5.33) can be transformed to

minliumize 1Y,y (cr ® by) — gr®w,| |7,

s.t. ||®Pw,|| =1, w, >0, (5.34)

where we have (¢! ® bl)(c, ® b,) = (cl'c, @ bl'b,) = 1. Since there is a constraint ||®w,|| = 1 in

(5.34), its solution is not dependent on g,. Thus, the update rule for w, is given by

w, + [w, ® {®TY,(1)(c, @ by)} 0 {27 Bw, Y], (5.35)
w, < w,/||Pw,||. (5.36)
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Algorithm 20 FastGRBF-NCPD algorithm
1: Input: Y, R, and ®

2: Initialize: W by randomly, and B, C, G by some initialization method for nonnegative CP

decomposition
3: E+Y —Gx1PW x9B x3C ;
4: repeat
5. forr=1,...,R do
6: Y < E+ g (Pw,)ob,oc, ;
T w;  [w, ® {27 (Y, x2b] x3¢])} 0 {27 ®w, }]+;
8: w, < w,/||Pw,|| ;
9: b,  [Y, x1 (®w,)" x3¢f]4 ;
10: br < by /||br| ;
11: c — [Y, x1 (®w,)T x9 b1, ;
12: ¢ ¢ /llel s
13: gr +— Y, x1 (®w,)T x3 bl x3¢cl], ;
14: E«Y, —g(®Pw,)ob,oc, ;

15:  end for
16: until ||E||% converge
17: Output: W, B, C, and G

The fastGRBF-NCPD method can be summarized as Algorithm 20. The 7-8th lines are update
procedures for w,. If we apply the function approximation to also b, and/or ¢,, the 9-10th and/or

11-12th lines must be modified in a similar way to w,.

5.2 Linked CP Tensor Decomposition

In Section 3.5, I introduced the matrix based common and individual feature extraction methods;
however, their methods can not be applied to multiway-array data. In this section, I extend this
common and individual feature extraction model to the CP tensor decomposition model, called the
linked CP tensor decomposition (LCPTD) [107]. Furthermore, I impose the sparsity and nonnegativity
constraints to this model.

LCPTD model is given by

J
Z0) ~ Z(S) = [GE. Ut UM = Zg](-s)ug-l’s) 0...0 u§N’S), (5.37)
j=1

where each factor matrix U(*) = [Uén),UI(n’s)] € R»*/ is composed of two set of bases: Uén) €
RInxIn (with 0 < L, < J), which is a common factor matrix for all blocks and corresponds to the

same or maximally correlated components, and U [(n’s) € RI»*J=Lnhich corresponds to different
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individual characteristics.

The LCPTD can be considered as a generalized model of the simultaneous decomposition. When
we let L,, = J, its decomposition is equivalent to the simultaneous common factor decomposition [82].
On the other hand, when L, = 0, its decomposition of each subject is equivalent to the standard
tensor decomposition. Then the LTD is an intermediate decomposition between the simultaneous and

the ordinary tensor decompositions.

5.2.1 LCPTD-HALS algorithm

In this section, I introduce a new HALS algorithm for LCPTD. Optimization criterion for LCPTD is

given by
3 (9,09 (V9] 2
minimize ;HZ(S)—;% u; Vo.ou = (5.38)
subject to ugn’l) == ugn’s) for j < Ly, ||u§"s)|] =1, (5.39)

for all n, s, and j. Furthermore, I add ||u( S)H < wor u( ) > 0, g( 9 >0 Vi, j,m, s into (5.39) if we
want to obtain sparse or nonnegative components.

The hierarchical ALS (HALS) algorithm was first proposed for the NMF and NTF in [24]. The
HALS algorithm was applied to the CP model and it achieved a high performance in [19]. In this
algorithm, I consider J local-problems and solve them sequentially and iteratively instead of solving
(5.38) and (5.39), directly. Let Y\ := Z&) — 3 g ul™) o ... o u{™), the j-th local problem is

given by

minimize ZH (s) 15)o...o (NSHF, (5.40)

subject to u(n’l) == ug ) if j < Ly, ||lu

(nes) ) _
¢ =1, (5.41)

J

for all n and s. The LTD-HALS algorithm can be summarized as Algorithm 21; note that it does not
require matrix inversion and is solved by only simple calculations.

If we want to obtain sparse components, I implement the following updates after (5.42) in Algo-
rithm 21:

u™ ¢ sign(ul™) ® [abs(u{") — &,1]; for all s; (5.44)

where &, is a positive parameter deciding on their sparsity.
If we want to obtain nonnegative components, I implement the following updates after (5.42) and
(5.43) in Algorithm 21:

) |+ for all s, (5.45)

) [w
()1, for all s. (5.46)

(
J
S)}

8
+

l9;
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Algorithm 21 LTD-HALS algorithm
Input: {Z®}S | J and {L,}Y_,
Initialize: {g(®), {U™*)}N_ 19 .

E® =2® — 57 gD o 0wl for all s;

repeat
for j=1,...,J do
ng) — E(S) + g§8)u§175) 0O:.-+0 fu,g,N’s) for all S;
forn=1,...,N do

Updating ug.n’s):
u§n,s) <_ g](S)X§S) %1 ’U/;LS) X1 ugn—l,s)
X a1 u§n+1’5) XN ugN’S) for all s; (5.42)

if j < Lot X5 ul™; ul™) « ¢ for all s; end if

. (n,s) (n,s) (n,s) .
Normalize w; ™ « w; " /[|u; || for all s;
end for

Update gj(.s):

g7 Yl oy ul™) for all s (5.43)
E(S) — ng) _ g§3)u§1,5) 0-+--0 'u,g.N’s) for all s;
end for

until Zle |E®)||% converge
Output: {g(*), {U(n’s)}r]y:1}§:1

5.3 Linked Tucker Decomposition

In this section, I extend the LCPTD model to the Tucker model, called the linked Tucker decomposition
(LTD). Since Tucker model is very general and does not have a unique solution, non-constraint is not
suitable. I consider orthogonality, sparsity, and nonnegativity constraints for LTD model.

The LTD model is given by

Z(S) ~ Z(S) _ Q(S) % {U(S)}
= Q(S) X1 U(17S) e XN U(N,S)’ (547)

where each factor matrix U™ = [Uén), Ul(n’s)] € R*Jn is composed of two set of bases: Uén) €
RinxIn (with 0 < L, < Jy), which is common factor matrices for all blocks and corresponds to
the same or maximally correlated components, and UI(n’s) € RInxfin (ie. L, + R, = J,), which
corresponds to different individual characteristics. Fig. 5.2 depicts a three-modes case of LTD model.

This model was first briefly introduced as an idea for the linked multiway blind source separation in
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Figure 5.2: Linked Tucker Decomposition (LTD): in special case, we obtain STD for L, = J, and
ITD for L, = 0.

[17], but its algorithms and applications have not been proposed yet. In this paper, I propose a new
approach and its application.

The LTD can be considered as a generalized model of the STD. When we put L, = J,, its decom-
position is equivalent to the simultaneous common factor decomposition (i.e. the STD model) [82].
On the other hand, when L,, = 0, its decomposition of each subject is equivalent to the standard
tensor decomposition (i.e. the ITD model). Then the LTD is an intermediate decomposition between

the simultaneous and the individual tensor/Tucker decompositions.

5.3.1 Orthogonal LTD method

In this section, I propose a novel method called the “linked multi-way principal component analysis”
(LMPCA) and associated algorithm called the LTD-ALS algorithm. The LMPCA can be considered
as a prototype of all linked group tensor analysis methods, just as PCA is a prototype of single
block data analysis methods. We could derive many extensions for examples the linked multiway
sparse component analysis (LMSCA), the linked nonnegative Tucker decomposition (LNTD), the
linked multiway independent component analysis (LMICA) and so on. The ALS algorithm was first
proposed for the three-way PCA in [60]. The LTD-ALS can be derived in a similar way. Optimization
criterion for the LMPCA is given by

S
minimize C(0©) := Z 125 — G x {UW}]|%,
s=1
subject to U™)TU®™) = I; for all n and s, (5.48)

where C(0) is the cost function and © represents a set of parameters (i.e., {{U™*)}N_ G®}5 ).

Substituting one of the KKT conditions G**) = Z) x {U{8)T} into (5.48) and transforming this, then
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Algorithm 22 Local algorithm to update n-mode factor matrices for orthogonal LTD
1: Input: {¥;", U"S_ Ul L, and R,
2: repeat
3 Y« ) -yt Ty M v @ - gyt Ty )
LY g STy 9
UgL) + left singular matrix of tSVD(Y,,, L,,) ;
fors=1,...,5do
X <Y -vPuTy
U [(n’s) + left singular matrix of tSVD(X, R,,);

9: end for

10: until C(©) converge
11: Output: Uén),{UI(n’S) 5

we can obtain a simplified optimization problem with respect to n-mode factor matrices as

S
minimize Z Y, — g Ty ()2,
s=1
subject to  U™)TU™) = I; for all s, (5.49)

where Y;\*) := (ZC) x_, {U(S)T}](n) € RI"Ilizn i Problem (5.49) can be considered as the PCA
problem with respect to U(%). Please note that the solutions of PCA and the left factor matrix
of truncated SVD (tSVD) are the same. Thus I consider to factorize Yn(s) by the common and the
individual left factor matrices in a similar way to JIVE algorithm. To update U((jn), I run the tSVD

as
[},n(l)_IJI(n,l)IJI(n,l)T},n(l)7 Yn(z) . I(n,Q) U}H’Q)TYn@),
Y —urmOymTy ©) ~ UeDVE (5.50)

To update Ul(n’s), I run the tSVD one by one, individually, which is given by
Y, —UULY,®) ~ U D VT, (5.51)

In order to obtain optimal parameters, I iterate the common and the individual steps alternately until
convergence. Thus, the algorithm for local problem (5.49) can be summarized as Algorithm 22.

In the orthogonal LTD algorithm, I solve the local problems (5.49), sequentially and iteratively. To
solve (5.49) I consider two steps: the first and the second steps are for common and individual factors,

respectively. The orthogonal LTD algorithm can be summarized as Algorithm 23.

5.3.2 Sparse LTD

In this section, I consider to impose the sparse constraint to each factor matrices U ™*). Sparsity is

a very important property for some special sparse data analysis such as text-mining data. The one of
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Algorithm 23 Orthogonal LTD algorithm

1: Input: {Z(s) S and {Ly, Ry},

2: Initialize: orthonormal matrices {U(n), {Ul(n’s) SN
3: repeat

4 forn=1,...,N do

5 A Z®) x_, {U(S)T}](n) for all s;

6: Update Uén) and {Ul(n’s) 5 | by Algorithm 22;

7. end for

8. GO = Z0) x {UGT} for all s;

9: until C(©) converge

10: Output: {G), {U ™) NRR

most popular approaches to give a sparse representation is the 11-norm regularization. For example,
there are the sparse PCA [121] and the penalized matrix decomposition (PMD) [105] as the methods
of sparse analysis. Since the PMD can be regarded as a sparse extension of tSVD, we can apply the

PMD method to LTD. The local problem with respect to n-mode factor matrices can be given by

S
minimize Y ||V, — UIU™y 93,
s=1
subject to Hugzs)Hl < ¢y, for all s, (5.52)
where T describes the Moore-Penrose’s pseudo inverse (i.e., U™t = (U )Ty ) =1y s)T) || .||

is the 11-norm, and ¢, is a trade-off parameter for 11-norm regularization. I set this parameter in
1 < ¢, < v/J,. This solution can be obtained by a similar way to Algorithm 22. The differences
are that the transposition 7 becomes the pseudo inverse ' in the matrix deflation formula, and tSVD
becomes PMD for update. Thus the local and global algorithm for sparse LTD can be summarized as
Algorithms 24 and 25.

5.3.3 Nonnegative LTD

In this section, I impose the nonnegative constraint to the LTD method. I call this method the
nonnegative linked Tucker decomposition (NLTD). In order to give an algorithm for NLTD, techniques
of nonnegative Tucker decomposition [58, 83, 84, 85] and group NMF [63] can be used. In the same
manner as that the algorithm for NMF is quite different from the algorithm for tSVD, the algorithm
for NLTD is also different from the OLTD algorithm. Optimization criterion is given by

S
minimize C(O) := Z HZ(S) -G x {U(S)}HQR
s=1

subject to U s >0, Q(S) > (0 for all n and s. (5.53)
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Algorithm 24 Local algorithm to update n-mode factor matrices for sparse LTD

1:
2:
3:

9:
10:

11:

Input: {Yn U(n s)}s 15 UC ), L,, R,, and ¢,

repeat

Y, « [Yn(l) . (][(n,l)l][(n,l)'flfn(l)7 Yn(Q) . U[(n,Q)UI(n,Q)TYn(Q)7

Y gty )
UgL) + left factor matrix of PMD(Y,,, Ly, ¢y) ;
fors=1,...,5do
X <Y -vPuMy
U[(n’s) < left factor matrix of PMD(X, Ry, ¢y );
end for
until C(©) converge
Output: UC) {U ™) 5

Algorithm 25 Sparse LTD algorithm

—

,_.
e

Input: {Z®}5_| and {L,, Ry, e},

Initialize: orthonormal matrices {Uén), {UI( SO

repeat
forn=1,...,N do
Y, (20 x_, {UETY],, for all s;
Update U and {U™}5_| by Algorithm 24;
end for
G = Z0) x {UGY for all s;
until C'(©) converge
Output: {G®), {UM™)}N_15

Please note that nonnegative constraints are imposed to not only factor matrices U™*) but also core

tensors G®). Thus, we can not obtain G, analytically, unlike OLTD and SLTD. From this reason,

the algorithm for NLTD becomes quite complex. Let us use the following notations

(s)
U

() _ ) T
Yoy = GyUln)

Yc(?l) := first L;,, row vectors of Y((S)

Y}((‘jz) := last R,, row vectors of Y(Ef)),

= U(st) R ® U(n+175) X U(nflvs) ®

n)’

5.54)
5)
)
)

o o
ot oo

(
(
(5.56
(

5.57
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where ® describes Kronecker product, then the cost function can be rewritten as

Mm

c©) =112y - umIcL Ul

(n)

@
I
—_

[
E

120 -~ Uy S|

(s
(n

@
Il
-

I
E

126) - 0¥, = Ul (5.58)

Il
—

s

Therefore, the update rules of common and individual factor matrices are given by

() . ) o[£y ey Dy T
U U g [z(n)Yj(n) } % [U Yoy } (5.60)

for all s, where ® and @ are element-wise multiplication and division, respectively. Finally, a tech-

nique in NTD [58] can be applied to the update rule of core tensors G as follow:
GB) — G @ 2 x (UG} 0 G¥) x {UBTU®)}Y (5.61)

for all s. Furthermore, we have to be careful for the rotations of updates. In this algorithm, I separate
the updates of all common factor matrices and the updates of all individual factor matrices, completely.
In the common step, I update all common factor matrices and individual core tensors while individual
factor matrices are fixed. In the individual step, I update all individual factor matrices and individual
core tensors while common factor matrices are fixed. I iterate both steps until convergence.

Thus, the algorithms for nonnegative LTD can be summarized as Algorithm 26. In this algorithm,
I iterate K times to update by each step. When K is very small, convergence becomes very slow;

however, when K is too large, calculation time of one cycle becomes very long. For example, I set
K =50 or 100.
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Algorithm 26 Nonnegative LTD algorithm
1: Input: {Z®}5 | {L,,R,}Y_,, and K

s=1> n=1>

)

2: Initialize: nonnegative matrices {Uén), {Ul(n’S S 3NV, and core tensors {G*)}5_,
3: repeat

4: % common step

5. fork=1,...,K do

6: forn=1,...,N do

7: Update U((Jn) by calculation (5.59) ;
8: end for

9: fors=1,...,5 do

10 Update G®) by calculation (5.61);
11: end for

12:  end for
13: % individual step
14: fors=1,...,5do

15: for k=1,...,K do

16: forn=1,...,N do

17: Update {Ul(n’s) 5, by calculation (5.60) ;
18: end for

19: Update G by calculation (5.61);

20: end for

21: end for

22: until C(©) converge
23: Output: {G*), {UMI}N 19|




Chapter 6
Proposed Classifiers

In this Chapter, I propose new three classification methods: the QCMAP estimation in Section 6.1,
SVM with weighted regularization in Section 6.2, and the Chernoff FDA in Section 6.3.

6.1 QCMAP

6.1.1 QCMAP estimation
Let Q(x) be a weight function that satisfies

/ Q(x)de =1, Q(z)>0forall z€ D, (6.1)
D

where D is the data domain (e.g., RY).
The quadratically constrained MAP (QCMAP) classifier [113, 109, 111] is then defined as follows:

maximize Z / P(z,y) min(yW'(x),1)dz, (6.2)
ye{+1,-1} 7P
subject to / Q(x)|W'(x)|?dx < 1. (6.3)
D
Then the solution of the QCMAP problem is given by
(>1  if P(4+1|z) > P(~1]z) =0
= if P(+1|x) > P(—1|x) #0
W'(x){ =((z) if P(+1]z) = P(—1|x) , (6.4)
=-1 if P(—1|z) > P(+1|x) #0
< -1 if P(-1|z) > P(+1|xz) =0

where ((x) is an arbitrary number (—1 < ((z) < 1). In addition, if the measure of {z|P(+1|z) =
P(—1|z)} is zero (a condition that is satisfied in almost all classification problems), then W'(x) is

given by

W'(x) =

{ 1 if P(+1|z) > P(—1|z) (6.5)

—1 if P(+1]z) < P(—1|x)

103
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In both cases, W'(x) yields the same results as the MAP classifier.

Furthermore, we can interpret that the objective and constraint functions (6.2) and (6.3) play
fitting and regularization roles, respectively. Classification criteria typically have a tradeoff parameter
between fitting and regularization functions; however our criterion does not need such a tradeoff

parameter. This lack of tradeoff is an interesting and important point in using our classifier.

6.1.2 Theoretical Interpretation of QCMAP estimation

As previously stated, the QCMAP estimation yields the same results as the MAP classifier. In this
section, I discuss a theoretical interpretation of the QCMAP classifier.

Consider the following problem:

maximize Z P(z,y)yW'(x)de, (6.6)
ye{+1,-1} 7P

subject to / P(x)|W'(z)|*dx < 1. (6.7)
D

Here, the min(-) function is removed from the QCMAP estimation and P(x) is substituted for Q(x).

This can be transformed to
max/D P(x) [W'(x) {P(+1|z) — P(—1|z)}] de, (6.8)
s.t. /D P(x)|W'(x)|*dz < 1. (6.9)
From the Cauchy-Schwarz inequality, the solution is given by
W'(z) < P(+1|x) — P(—1|x). (6.10)

This is a direct estimation of a difference of posterior probabilities up to a constant factor, so W' (x)
yields the same result as the MAP classifier.
If Q(x) # P(x), the problem can be written as

') 22) x) — P(—1lx x
max [ Q(a) | W/@) 2 (P(+1le) - P(-1le)) ] do (6.11)
sit. /Q(w)]W’(w)]de<1. (6.12)
D
In this case, the solution is given by
it P@)
W(-’B)O<Q(w) {P(+1|z) — P(-1]z)}, (6.13)

and W'(x) too yields the same result as the MAP classifier. I call this the direct difference estimation
of the posterior probabilities (DDEP).

Standard MAP estimation provides P(+1|x) and P(—1|z), individually. After estimation U com-
pare these values, but their difference is sufficient for classification. A direct estimation of the differ-
ence (i.e., DDEP) may improve the accuracy of estimation as compared with the difference between

individual estimations (the standard MAP estimation).
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If yW'(x) > 1, then it could be clearly discriminative. Because the important region is that where
yW'(x) is small, it is not smart to include large values of yW’'(x) in the evaluation, as large values
of yW'(x) affect the evaluation of the important region. In the QCMAP estimation, I clip the larger
parts of yW/'(x) using the cost function min(yW’(x),1). Therefore we can consider the QCMAP
estimation as a clipped DDEP.

6.1.3 Derivation of Mathematical Programming Problem

I define a discriminant model D(x) as an approximation of W’(x) that can be expressed as a linear

combination of the components of the basis functions ¢;(«) and their parameters wj:

M
W'(z) ~ D(zx) := Z widi(x) = (w, p(x)) (6.14)

where w and ¢(x) are a parameter vector and a basis function vector, respectively. Also assume that
{#i(2)}M, is a set of linear independent functions.

Now, I describe QCMAP learning from training samples {(,,,y,)}2_;. Since the QCMAP method
includes integration with P(x,y) and Q(x), finding the optimal value of estimates is nontrivial. The
objective part of QCMAP (6.2) can be considered as the maximization of the expected value of a cost
function min(yW’(x),1) with respect to (x,y). Since expectation can be approximated by a sample
mean, the method can be simplified through an approximation by replacing the expectation with the

sample mean and by substituting Eq. (6.14) into the QCMAP estimation such that

> P(z,y) min(yD(x), 1)dz = Eg y[min(y (w, p(x)) , 1)]
y€{+17_1} b
1 N
~ > " min (y, (w, ¢p(zn)) , 1) (6.15)
n=1

The left part of Eq. (6.3) can be written as

M 2
Z wigi(x)| de
i=1

M M
=3 vy [ Q@)i(e)s @iz = w' Ho, (6.16)

i=1 j=1

AQWW@WM=A@@

where the (4, j) element of matrix H is given by
Hi.j) = [ Q@)ou(e)o,(@)da. (6.17)

We must calculate the integral in (6.17) to obtain H. One way to do this is to apply a numerical
integration method such as the Monte Carlo method [71], but this approach is computationally ex-

pensive. In Sec. 6.1.9 I provide an alternative approach that allows analytical calculation in a special
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case. Finally, the QCMAP estimation criterion can be summarized as

N

maximize Z min (y, (w, ¢(xz,)), 1), (6.18)
n=1

subject to w! Hw < 1. (6.19)

Here, the objective function is a convex piecewise linear function because of the presence of the min
function. If w? Hw = 0, we have D(z) = 0 for all « in D because Q(z) > 0 for all € D and we have
w = 0 or ¢(x) are linearly dependent. Therefore H is a positive definite matrix and the constraint
function is convex. QCMAP problems are convex and can be solved (trained) by the primal-dual

interior point method [122] described in Section 6.1.7.

6.1.4 Relation to Hinge Loss Minimization

Hinge loss is defined as

N
J(w) =) max(1 - yn (w, ¢(x,)) ,0). (6.20)
n=1

In fact, maximization of the QCMAP cost function and minimization of the hinge loss function are

equivalent, since we have
max(l —r,,0) =1 — min(ry, 1), (6.21)

where r,, 1= y, (w, ¢(x,,)). Fig. 6.1 show s a single term of the QCMAP cost function and the hinge
loss function. The vertical axis expresses the evaluation value and horizontal axis expresses the value
of r,. The QCMAP estimation maximizes the evaluation value, so r, seeks to be at least 1. On the
other hand, the hinge loss minimization expects the evaluation value to be as small as possible, so

again 7, seeks to be at least 1. The results of both approaches are therefore equal.

6.1.5 Relation to the Tikhonov Regularization

The constraint (6.19) on the QCMAP problem can be considered as a special case of the generalized
Tikhonov regularization (TR) [97]. As described above, the matrix H is a positive definite matrix,
and so can be decomposed as H = I''T, where I is called the Tikhonov matrix. Moreover, the TR
constraint can be written as ||[Tw||? < o, where o is a regularization (tradeoff) parameter. The key
point of TR is choosing the Tikhonov matrix I and o, but this selection is nontrivial due to the large
number of degrees of freedom.

On the other hand, the key point of the QCMAP approach is to select the weight function Q(x).
Unfortunately, unlike I" we cannot arbitrarily select Q(x). For some I', there may not exist a Q(x)
that satisfies condition (6.1). However, we can select Q(x) instead of I' in the TR method because

the existence of a I' is ensured for any Q(x) satisfying Eq. (6.1).
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Figure 6.1: The QCMAP cost function and the hinge loss function

We can therefore say that the quadratic constraint of QCMAP is a special case of the TR method.
The contribution of our method is that if H is obtained by a Q(x) that satisfies condition (6.1), and

if we let o = 1, then it is sufficient to provide a MAP-based classification.

6.1.6 Uniqueness of QCMAP Solutions

I next examine whether a QCMAP problem has a unique solution. In fact, we cannot strictly say
that QCMAP problems always have a unique solution. However, the QCMAP problems have unique
solutions in many cases.

Fig. 6.2 illustrates two potential solutions to a QCMAP problem. If the hinge loss function cannot
be optimized to zero because H is a positive definite matrix then the QCMAP problem has a unique
solution (Fig. 6.2(a)). On the other hand, if the hinge loss function can be easily optimized to zero,
then the solution to the QCMAP problem permits some range within {w| J(w) =0 N w? Hw < 1}
(Fig. 6.2(b)). An empirical risk (including hinge loss) of zero implies over-fitting and that the degree
of freedom of the model is too high, or that the problem is overly simplistic. In such cases, we might
have to reduce the degree of freedom of the model to have a unique solution.

I propose using an approximation function as the hinge loss function in Sec. 6.1.7. In this case, the

empirical risk cannot be optimized to zero, and a unique solution is always given.

6.1.7 Solution Method for QCMAP and Approximation of Cost Function

To solve the QCMAP problem, I use the primal-dual interior point algorithm [122]. Let w € RM be

a primal parameter vector and f(w) be a convex function, and consider the following problem:

minimize f(w), (6.22)
subject to  w! Hw < 1, (6.23)
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Figure 6.2: Two solution areas for the QCMAP problem: solid and dotted lines depict the contour

lines of J(w) and w? Hw = 1, respectively

where H is an (M, M)-positive semidefinite matrix. A solution to this problem requires that the
function f(w) is differentiable, yet (6.18) and (6.20) are not differentiable. Therefore, I define f(w)

as an approximation function of (6.20) given by

N
J(w) & f(w) =Y h(ra|t), (6.24)
n=1
where
h(ralt) = %log(l 4 et-ra)y, (6.25)

and t is a parameter [87]. As t — oo, the objective function f(w) approaches the hinge loss function.
If r, > 1 (ie., t(1 — ry) is zero or negative), then limy_ oo h(ry[t) = 0. If r, < 1 (ie., t(1 —7y) is
positive) and ¢ is very large, then e®*(1=72)) >> 1 and log(1 4 ¢*(1=72)) x log(e®1 =) = ¢(1 — r,,).

Therefore, we can derive

: — lim & t(1—rp)
Jm hlrnlt) = A t log(1 +¢ )

_{0 mzl (6.26)

1—r, r <1

This is equivalent to the hinge loss, i.e., max(1 — r,,0).

Smaller values of ¢ yield smoother approximations of the hinge loss. For example, Fig. 6.3 shows
h(ry|t) for t = 1,2, and 3. Smoothness of the objective function is an important factor for smooth
convergence in optimization methods. However, smoothness and sharpness are tradeoffs: sharpness
yields a better approximation of the hinge loss but complicates the optimization procedure.

In this experiment, I fixed ¢ = 2 (see Sec. 7.4.4) because empirical investigation showed that this

value led to good, smooth optimizations. Methods of selecting the value of ¢t remains an open problem.



CHAPTER 6. PROPOSED CLASSIFIERS 109

35

— —+ —+
(I
WNF-

2.5

h(r[t)

Figure 6.3: Approximation Function h(ry|t) for changing ¢

Primal-Dual Interior Point Algorithm for QCMAP
First, I consider the Lagrange function of this problem:
L(w, z) = f(w) — 2(1 — w! Hw), (6.27)

where z is a dual parameter. From the Karush-Kuhn-Tucker (KKT) conditions, we have

of

2(1 —wl Hw) =0, (6.29)
2>0, 1—w/ Hw >0. (6.30)

A pair (w, z) that satisfies condition (6.30) is called a “primal-dual interior point.” Furthermore, if
(w, z) satisfies Eqs. (6.28) and (6.29), then the pair is the optimal solution of the primal dual problem
of QCMAP.

Thus, I define the residual function as

9f 4 92 Hw
r(w,z) = w .
(w, 2) <z<1_wTHw>>’ (6.31)

and the goal of the solution algorithm is to optimize (w, z) such that

||lr(w, 2)[| = 0, (6.32)



CHAPTER 6. PROPOSED CLASSIFIERS 110

Algorithm 27 Primal-dual interior point (PDIP) algorithm
Input: training samples, H, T, I 1.x and apin;

Initialize: wg =0, z9g =1, a =1 and k = 0;

while 7002l S 7 & kb < [0 & @ > i do
Update (wg41, 2k+1) by (6.36), (6.37), and Algorithm 28;
k=k+1;

end while

Output: wyg;

while satisfying Eq. (6.30). In the actual algorithm, I use a tolerance T (e.g., T = 10~°) as a threshold
for convergence of the residual function. Specifically, the convergence condition is given by

|| (w, 2)||

T. 6.33
M+1 < ( )

The basic concept of the primal-dual interior point algorithm is as follows: First, I set the values of
an initial pair (wy, zo) such that the pair is an interior point, for example, wg = 0 and zp = 1. Next,

I iteratively update (wyg, z) through

W1 = Wi — cAw, (6.34)

21 = 2k — @Az, (6.35)

Here, (Aw,Az) is the direction for the update and « is the step size. Once the residual function
r(wg, z;) converges, the algorithm is completed. An outline of the primal-dual interior point (PDIP)
algorithm is described in Algorithm 27.

In this regard, I set the maximum number of iterations I ax and the minimum step size amin (e.g.,
Imax = 500 and api, = 1079).

The key point in executing this algorithm is correctly determining (Aw, Az) and a. Many methods
and algorithms have been proposed and developed for doing so. In this paper, I introduce an interior

path-following method to decide (Aw, Az) and a back-tracking search algorithm to decide «.

Path-Following Method

The interior path-following method provides a (Aw, Az) that approaches the optimal solution follow-

ing the analytic center path [41]. In this method, (Aw, Az) is given by

Aw=(4+ @bbT)_1 (9+

C

%b) , (6.36)

Az =z, — % + z?kaA'wk, (6.37)
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Algorithm 28 Back tracking search algorithm
Input: 0 < @pin < Omax, 0 < 8 < 1, (w, z) and (Aw, Az);

Initialize: o = amax;
(w',2') = (w, 2) — a(Aw, Az);
repeat
a <+ Pa;
(w',2") = (w, 2) — a(Aw, Az);
until (w’,2’) satisfies conditions (6.30) and (6.42), or & < Qin

Output: a, (w',2');

where
A =V%f(wy) + 22 H, b=2Huwy, (6.38)
c=1-wlHwy, g= 52” (wy), (6.39)
p=2,(1 — wi Hwy), (6.40)
~ = min ( W,o.5> , (6.41)

and p is a barrier parameter to prevent (w, z) from falling outside the region of interior points.

Backtracking Search Algorithm

In the backtracking search algorithm, I iteratively decrease the value of amin < a < amax until it

satisfies condition (6.30) and

Irp(w’, )| < (1 = a(l = n))||ru(w, 2)|l, (6.42)
where
9 4 2:Hw
r,(w,z) = Ow .
n(w, 2) (z(l—wTHw)—,u,>7 (6.43)
5 = min (W 0.25> . (6.44)

Algorithm 28 gives pseudocode for this search method, where values for amin, amax, and 3 are selected

a priori, for example, amin = 1078, apmax = 0.995, 8 = 0.75.

6.1.8 Equivalence of QCMAP to LSR and SVM

In this section, I briefly discuss the equivalence of the QCMAP estimation with LSR and the linear
SVM. The QCMAP estimation has a weight function @(«), and an LSR or the linear SVM can be
derived from the QCMAP estimation by selecting appropriate functions for Q(x).
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Equivalence to LSR
I first present the equivalence to LSR. The solution of an LSR problem, w, g, is given by

W, o = (BT @) 10Ty, (6.45)
where
T
® = () dlas) - dlan)) | (6.46)
T
Yy = <y1 Y2 yN) . (6.47)
If we choose Qa(x) = P(x) and the expectation is approximated by the sample mean, then the
constraint matrix is given by
HA(1) = [ Pl@)é(@)g(@)de = Exlo@)p(a)]
1 & 1
~ T_ Lot
o = ; CALCHEES S 2 (6.48)
The constraint is then written in the form
w! ®Tdw < N. (6.49)
Therefore, the QCMAP problem with @ 4(x) is given by
N
maximize Z min (y, (w, ¢(x,)), 1), (6.50)
n=1
subject to w! ®T@w < N. (6.51)
Theorem 2. The solution of a QCMAP problem with Q a(x) is equivalent to W, .
Proof of Theorem 2
I prove that @ = (®7®)~'®”y is the solution of the following optimization problem:
N
maximize Z min (y, (w, ¢(x,)), 1), (6.52)
n=1
subject to  w! ®T®w < N, (6.53)
where
T
&= (@) dlx) - dlay) (6.54)
(6.55)

T
yi:(l/l Y2 - yN) .
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Proof. First, this objective can be rewritten using slack variables &:

N
minimize g én,

n=1

SUbjeCt to yn (w, ¢(mn)> >1- Sm
& >0, n=1,...,N,

w! ®Tdw < 1.

Next I derive its dual problem in terms of a Lagrange function with KKT conditions.

The corresponding Lagrangian of this problem is then
N N
L(ana/ﬁa’\/an) = Zgn - Zﬁngn
n=1 n=1

- Z ’Yn(gn -1+ yan¢($n)) — g(N — qu)T(I'w),

where 8, 7n, and n are Lagrange coefficients. From the KKT conditions we have

oL

Tgn:l—ﬁn—%zo,

oL & .

ow; - E ¢z($n)(nw d)(xn) - yn')’n) =0,

ﬁngn =0, 'Vn(gn -1+ yan¢($n)) =0,
g(N — wT®TPw) =0,

6n>0, v >0, 7>0,n=1, ..., N.

Thus, the dual problem can be expressed as

N
maximizeF'(y,n) 2i Z + Z Yn — 5N,

subject to 0< v, <1, >0, n=1,...,N.
The solution of this problem is given by
OF 1
Fo=—wAl=0 = y=n.
Tn n

The optimal parameter vector w from Eq. (6.62) is then

> d(@n) (mw” d(xn) — yan) = 0 (since 7, = n)

N N
n Z D(xn) () w =1 Z & (xn)yn
n=1 n=1

Tdpw = oy
= w=(dT®) eTy.
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(6.56)

(6.57)
(6.58)
(6.59)

(6.66)

(6.67)
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Equivalence to SVM

Here, I show the relation between the QCMAP estimation and the linear SVM. To describe the key
points first, the QCMAPs with uniform weight function are equivalent to a special case of SVM in a
linear discriminant model D(x) = (w, ). Similarly, if we use some orthonormal basis functions and
a uniform weight function for the QCMAP, it is equivalent to a special case of SVM. Unfortunately,
the QCMARP is not equivalent to SVM in general, non-linear models. For example, we cannot claim
equivalence to SVM when we use a Gaussian kernel model. However, we can show that the QCMAP

is similar to the SVM when a weighting function reaches a uniform function.

Theorem 3. Assume that ||x|| = 1 and the data domain D is equal to the unit (d — 1)-dimensional
hyperspherical surface S9! (i.e., S¥1 = {x € RY: ||z|| = 1}). Choose Qp(x) =1/S;_1, where Sq_1

is the surface area of S%~'. Then condition (6.1) and

[ @st@)ltw.2) Paw = 5 wl? (6.65)
D

are satisfied.

Proof of Theorem 3

I prove that if we assume & € S, Qp(z) := ﬁ, where S9! presents the unit (d — 1)-dimensional
hyper-spherical surface (i.e., S9! = {x € R?: ||z|| = 1}), and Sy_; is the surface area of S%~! then
it is satisfied that

Qp(x)de =1, Qp(z)>0forall z €D, (6.69)

Sd—1

1

Qp(@)| (w, ) [*dz = ~[[wl]*. (6.70)

Sd—1

Proof. First, we can derive
1
Qp(x)de = / dVi_i1(x) =1, (6.71)
Sd—1 Sd_l Sd—1

where dV;_;(z) is the volume element of S?~! and is given by

dVy—1 = SiHM_Q(wl) SinM_?’(wQ)

cesin(Ws_o)debydds . .. A1 (6.72)

Then, Qp(x) satisfies eq. (6.69).

Furthermore, we have

1 2 ||w||? 2
3 | (w, ) |*de = 5 cos” 0dVy_1(x), (6.73)
§d—1.9d—1 d—1 Jga-1
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where 6 is the angle between w and . We can assume ¢; = 6 because the integral is isometrically

defined. Thus, Eq. (6.73) is rewritten as

2 21
‘ngH / / / cos? 0dV,_4
-1
2 27
|S“’|| / / / cos? 0 sin?2(0)d0dV,_,
-1

~jw HQSZ_j/o cos? fsin(8)d6 = || (6.74)

O]

From Theorem 3, the constraint of QCMAP with Qp(x) is given by ||w||? < d, and the constraint
matrix becomes Hg = éId, where I; € R%*? is an identity matrix. In this case, the criterion of

QCMAP estimation with Qp(x) is given by
minimize J(w), (6.75)
subject to  ||w||? < d. (6.76)
On the other hand, the criterion of SVM estimation is given by
minimize J(w) + %ku?, (6.77)

where ) is a regularization parameter. The differences between the two criteria are only whether ||w||?
is in the objective or the constraint part of the criterion, and whether a regularization parameter exists.
Because the QCMAP estimation does not have a regularization parameter, we are unable to state that
the two criteria are strictly equivalent. However, the resulting effects of the two criteria are equivalent:
they both minimize J(z) and regularize ||w||?.

Here, I prove that QCMAP and SVM estimators are equivalent under the condition ||w||* = d.
First, we have that the solution of QCMAP is always included in an area where ||w]||? = d is satisfied.
Next, I assume that |Jw||? = d is satisfied in the SVM estimation. Since %||w||? is now constant, it
can be disregarded. In this case, the criterion of SVM estimation can be expressed by minimization
of J(w), s.t. ||w||? = d. Therefore, the QCMAP estimation with Qpg(x) is realized by an SVM when
its solution satisfies ||w||? = d. If we choose A such that ||w||?> = d in SVM, then SVM and QCMAP
estimators are equivalent. Specifically, an SVM with ||w|| = d can be regarded as a MAP-based
classifier.

Next, I consider a set of orthonormal basis functions {¢;(z)}M, as

g [ 1=
/qux )65(2)d {0 fig (6.78)

If we assume that Q is the volume of D, which is bounded, and uniform weight function Q(x) = é

exists, then we have

{O \

M M
ZZ wiy [ ou(e)oy@)ta = g ul (6.79)
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Similar to the previous description, this is equivalent to a special case of SVM.

Next, I consider a Gaussian kernel model as

N

D(x) =) ank(za, ), (6.80)

n=1

where k(x,y) = exp(—7||z —y||?) and «,, are parameters. In the kernel method, the criterion of SVM

is given by

A
minimize J(a) + §aTKa, (6.81)

where K (i,j) = k(x;, x;). Assume that a uniform weight function Q(x) = & can be defined, then the

constraint matrix is given by

H(i, j) = é/pk(mi,m)k(mj,a:)dm (6.82)
= é (;)2 k(xi, x;). (6.83)

In SVM with a Gaussian kernel, the regularization term depends on k(x;, ;). On the other hand, the
constraint of QCMAP depends on \/k:(T,m]) . The two approaches are different, but they are similar.
This is indicating that a QCMAP with Gaussian kernel model and the uniform weight function is
similar to the kernel SVM.

6.1.9 Gaussian QCM Classifier

I next introduce the Gaussian QCM (GQCM) classifier. The key points are that we choose a pdf with
a normal distribution for @ (), then fit a Gaussian kernel model to D(x). Many applications using
the Gaussian kernel model are studied and developed for various research topics [76, 81]. As a result,

we can analytically calculate the integral to obtain H in (6.3).

Construction of GQCM Classifiers

In this section I consider a concrete definition of the discriminant function, given by

N

D(@) =Y ank(zn,x) + B, (6.84)

n=1

where k(z,y) = exp(—||z — y||?) and, o, and § are parameters. We can regard this definition (6.84)

as the inner product between a parameter vector and a basis function vector, redefining it as

w = (al o an 5)T, (6.85)

T
(]5(:1:) = (k(mhw) k(m]\“m) 1> . (6.86)
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Therefore, we have

N
(w, ¢(x)) = Y ank(@n, ) + 5. (6.87)
n=1
Moreover, if we use the following weight function

Q($|H7 2) ::N(w|“’ 2)

__ b tewTs e

= , (6.88)
(V2m i3]
then the constraint matrix H is given by
H.J) = [ 6(@)e;(@)N (el Z)de. (6.89)

QCMAP estimation using Eq. (6.89) thus provides the GQCM classifiers. To calculate H, we must
compute the integral given in Eq. (6.89). However, if Gaussian kernels are employed as basis functions
and Q(x) is still a normal distribution in the original space, we can analytically calculate H.

Analytical Calculation of Constraint Matrix

Since the basis functions are either Gaussian kernels or 1, H is given by

H-= <U; "> , (6.90)

where, U, u, and u are an (N x N)-matrix, an N-dimensional vector, and a value, respectively:

U(i,j):/DN(mm, =)k (s, @)k(@;, 2)da, (6.91)
u(z’):/DN(a:|u, X)k(x;, x)dex, (6.92)
u:/ N(x|p, X)dx = 1. (6.93)

D

By using the general equation of a Gaussian integral [92, 16],

/eéwTAwawdw — (’2.Z~)’de%sz41b7 (694)

we can analytically calculate Egs. (6.91) and (6.92) as follows. From Eq. (6.91)

1 1
U(i,j) = —————exp | =bLA7'b;; + c) , 6.95
(0.9) = g e (547 b+, (6:95
where
A=dyI;+ X7 (6.96)
bij = 2y(xi + ) + ' p, (6.97)

1 _
cij = =y([lill* + llos|*) = Sp =7 . (6.98)
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The N-dimensional vector u is given by

1 1
u(i) = —————==exp <2b§TA’_1b;- + c;) ,

VI2vE + 14

where

A =2+
b; =2vx; + 2_1/“"’
-1

1
==zl = '3 n.

6.1.10 Extended GQCM Classifiers
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(6.99)

(6.100)
(6.101)

(6.102)

The weight functions used thus far are a pdf of @, a uniform distribution, and a normal distribution.

However, we do not know what constitutes a good weight function. To ascertain the ideal weight

function, experiments involving various new weight functions are necessary.

Mixture of Gaussians Model

First, I propose to use the mixture of Gaussians model for Q(x) given by

L

Q(|pr, p1, T, pry e, i) = Y N (@], ),

=1

where p; are weight parameters that satisfy

L
0<p<1, szzl-
=1

From the equality in (6.89), H can be calculated analytically, and
L
H(i,j) = /D¢i(x)¢j(w)ZPZN(:B’N’Z?EZ)dw
=1

L
:;mé@w@mmw%mm

I
™=

lel(i7j)7

~

1

where

Hi(i.7) = [ ou(@)s,()N(al B)da.

(6.103)

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

QCMAP estimation with (6.107) therefore provides a novel classifier, which I term the “mixture of
Gaussians QCMAP” (MOGQCM) classifier. The problem in using this method is then how to select

values for parameters L, p;, p;, and 5.
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I propose to choose parameters L, p;, p;, and 3; based on the strategy of the kernel density

estimation. Using the kernel density function as the weight function gives

1 N
Qz) = > N(x|an, sIy). (6.109)

n=1

In other words, I choose L := N, p; := %, pu =z, and 3y =sly, fori=1,..., N.

This classifier is similar to an LSR for very small s, since we can prove that if s — 0, then

N
Fliaw(i,§) — 3 O i)y (an). (6.110)
n=1

Conversely, this classifier is similar to an SVM for very large s, because Q(x) then approximates a
uniform distribution.

I call this the “KDEQCM?” classifier.

Difference of Gaussians Function

In general, a mixture of Gaussian distributions must satisfy condition (6.104). However, we can break
condition (6.104) when condition (6.1) would still hold. As a result, I define the difference of Gaussians
(DOG) function as

vd —1

Qx) == (1 + )N(a:m, V°Y) — I/dﬁ— N (|, 3), (6.111)

where 0 < kK < 1 and v > 1. In general, the DOG function is often used as a window function for an
edge extraction filter [27]; however, here I use the DOG function in a very different way (as a weight
function).

If we assume that ¥ is a diagonal matrix, then this weight function always satisfies (6.1). Fig. 6.4
shows examples of such weight functions, and we see that if v is increased, the weight function has a
smoother and wider distribution. It is effective to set the value of x to be near 1 (e.g., kK = 0.9), and if
k is small, the function becomes similar to a Gaussian distribution. The associated constraint matrix

H is given by

H(i,j) = (1 + Vdﬁ_ 1) Hy(i,j) — Vd“_ TH (i, 7), (6.112)

where,
H(i,j) = /Dqsi(:c)gﬁj(m)N(mm,u?E)dm, (6.113)
Hyi.§) = | ou@)o,@)N (aln. D)z, (6.114)

Hence, MAP estimation with (6.112) also provides a novel classifier, which I term the “difference of
Gaussians QCMAP” (DOGQCM) classifier.
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Figure 6.4: Difference of Gaussian function: Here, £ = 0.9 is fixed and v varies.

Regularization is not so important in the central area of distribution if the samples are normally dis-
tributed because we have a sufficient number of samples. Conversely, regularization is very important
in the peripheral area of the distribution because we have only a small number of samples. Therefore,
the DOG weight function is effective in such a case.

Weight Function Combinations

I have introduced and proposed a number of weight functions, and calculated their constraint matrices.
Thus far we have treated these weight functions individually; however, they can also be used in
combination. For example, if we consider two constraints wlHiw < 1 and w  How < 1, we can

make a new constraint by combining H; and Hs:
wl Hw' = pw" Hiw + (1 - p)w Hyw <1, 0 < p < 1. (6.115)
In general, when we consider L constraints:
w Hw<l, l=1,...,L, (6.116)

I unite the constraints as

L L
> pw'Hw<land Y p =1 (6.117)
=1 =1
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I therefore propose a combination DOGQCM + KDEQCM with the strategies combined equally
(i.e., p=0.5).

6.2 Weighted regularization SVM (WRSVM)

In this section, I propose a novel regularization criterion for robust classifiers [110]. The criterion
can produce many types of regularization terms by selecting an appropriate weighting function. L2
regularization terms, which are used for support vector machines (SVMs), can be realized by this
criterion when the norm of patterns is normalized. In this regard, I propose two novel regularization
terms based on the new criterion for a variety of applications. Furthermore, I propose new classifiers
by applying these regularization terms to conventional SVMs.

Let a weighting function Q(x) satisfy
Q(z) >0 (6.118)
for all z € D, where D is our data domain. The new regularization criterion is given by
R:= /D Q(x)| (w, =) |*da. (6.119)

This regularization term can be rewritten as
/ Q(z)| (w, z) |*dx = wl Hw. (6.120)
D

where H(i,j) := [, Q(x)x;xjdx and H(i,j) denotes element (4,7) of the regularization matrix H.
Note that H becomes a positive definite matrix from condition (6.118).
Combining our regularization approach with the hinge loss function, I propose a classification cri-

terion whereby

N
minimize w! Hw + ¢ Z &n, (6.121)
n=1
subject to  y, ((w,x,) +0) > 1 —&,, (6.122)
£, >0, n=1,... N, (6.123)

where &, are slack variables. The proposed criterion can produce not only a basic SVM, but also
various new classifiers. I demonstrate this relation in the following sections 6.2.1 and 6.2.2. In this
regard, I refer to the proposed classifier as “Weighted Regularization SVM” (WR-SVM).

6.2.1 Basic Support Vector Machines

In this section, I demonstrate that our regularization criterion includes the basic regularization term
|w||?. In other words, WR-SVM includes basic SVM.
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Let us assume that ||z|| =1, and {x;,z;}(¢ # j) are orthogonal. The following assumption holds in

the Gaussian kernel model:
lé(2)|]* = k(z, ) = exp(—l|z — =|*) = 1, (6.124)

where k(zx,y) = exp(—||x —y||?) is the Gaussian kernel function. We let Q(z) be a constant function:

Qi(x) := %, where S is the volume of D. Then, the constraint matrix is given by

1 1, i=j
H(i,j) = / vizjdz I (6.125)
S Jp 0, i#]
We can see that the regularization matrix is defined as Hy := Iy, as well as that it is equivalent

to ||w||?. Thus, we can regard our regularization method as an extension of the basic regularization
term. Also, we can infer that the weighted regularization becomes basic if Q(x) is constant (i.e., no

weight).

6.2.2 Novel Weighted Regularization

Next, I search for an appropriate weighting function. There are two approaches to this purpose. One

is to make Q(x) large in a mixed area of categories. Therefore, I define Q2(x) as a normal distribution:

= N(x|p,s :—1 ex —iaz— e —
Qo) = Nlalp9) = (i s p(gemwsteow). 1)

where

(6.127)

2 0 i

and Zy1 and £_; denote the mean vectors of patterns labeled by +1 and —1, respectively. The

TatToa g { N S ((0) — 2 (1) 0=

classifier becomes robust if patterns of different categories are mixed in the central area of the pattern
distribution. Furthermore, if we let the parameter s is sufficiently large, this function is similar to a
uniform function. Hence, its classifier becomes to the standard SVM.

The other approach is to make Q(«) small in dense areas and large in sparse areas. Then, this
classifier becomes robust for outliers. Thus, I define a weighting function as the difference between

two types of normal distributions:

Quta) = (14 " ) Nalurs) - " Vel 3) (6.128)

where 0 < kK < 1 and v > 1. If we assume that ¥ is a diagonal matrix, then this weighting function
always satisfies Eq. (6.118). If v increases, the weighting function becomes smoother and wider.
Essentially, x should be near 1 (e.g., k = 0.9), and if  is small, Q3(x) is similar to Q2(x).

The calculation of these regularization matrices includes integration; however, if we use the Gaussian
kernel as a basis function, then we can calculate H analytically since Q(«) consists of the Gaussian

functions. I present the details of this approach in Section 6.2.3.
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6.2.3 Analytical Calculation of Regularization Matrices

I define the regularization matrices Hy and Hs as

+(1,7) /Qt k(x;, x)k(x;j, x)de, t=2,3. (6.129)

Note that it is only necessary to integrate the product of the normal distribution and two Gaussian

kernel functions analytically. Then, I consider only the following integration:

U(i,j) /N x|p, X)k(x;, x)k(x;, x)dx. (6.130)

Using the general formula for a Gaussian integral;

/e_;mTAm+bmdm _ (2|72|Me;bTA—lb’ (6.131)

we can calculate Eqgs. (6.130) analytically as follows.

Ui, j) = meXP (;bg’A—lbi]’ + Cij) ) (6.132)
A=dyIy+37, (6.133)
bij = 2v(x; +x;) + X 'y, (6.134)
Cyj = = (il + 125 - 5675 (6.135)

Hs and Hs can also be calculated in a similar manner.
In practice, the regularization matrix Hy is normalized by (N Hy)/tr(H;) so that the constant factor

of U(i,j) is independent of multiplication factor.

6.2.4 Novel Classifiers

In this section, I propose novel classifiers by using weighted regularization terms.

I assume that the discriminant function is given by
D(z|a,b) Zan (T, ) + b (6.136)

Then, the training problem is given by

N

o1
mlnlmlzeﬁaTHta +c Z &n, (6.137)
n=1
N
subject to  yj, (Z a;k(xi, xn) + b) >1-&,, (6.138)
i=1

€, >0, n=1,...,N. (6.139)
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I solve this problem by two steps. First, I solve its dual problem:

N
1
maximize — iﬁTYKHt_lKYB +> B (6.140)
n=1
N
subject to 0 < 3, <c¢, Z,Bnyn:(), n=1,..., N, (6.141)
n=1

where Y := diag(y), B is a dual parameter vector, and its solution 5‘ can be obtained by quadratic
programming [73]. For the problem, a number of quadratic programming solvers have been developed
thus far, such as LOQO [5]. Second, the estimated parameters & and b are given by
17y —kTa

~ .

Substituting Hs or Hs into Eq.(6.140), we can construct two novel classifiers. I denote these classifiers

a=H'KYB, b= (6.142)

as “SVMg” and “SVMp”, respectively (based on the initials of Gaussian and Difference).

6.3 Chernoff FDA

Fisher discriminant analysis (FDA) is a popular supervised feature extractor. FDA has many appli-
cations in machine learning and pattern recognition [7, 37]. However, FDA does not give an optimal
projection when two covariance matrices do not have the same shape even if we assume each category
follows a Gaussian distribution (i.e., heteroscedastic case).

In order to handle a heteroscedastic case, it is a key-point how to evaluate a distance between two
heteroscedastic Gaussian distributions, and various methods have been studied [30, 93, 118, 67, 89, 70,
69]. Decell et al. [30] proposed to evaluate the distance of distributions by the Kullback-Leibler (KL)
divergence, and Tao et al. [93] generalized the KL divergence based FDA by using Bregman divergence
and generalized average. Bhattacharyya and Chernoff distances have been also used to evaluate the
distance of distributions for a heteroscedastic case in many studies [118, 67, 89, 70]. Zhang et al.
[118] proposed to maximize Fisher and Bhattacharyya criteria for binary- and multi-class problems
via a Fukunaga-Koontz transform. Loog et al. [67] proposed to use an approximated criterion for
the Chernoff distance and Rueda et al. [89] developed a gradient-based algorithm to maximize the
Chernoff distance. The Matusita separability measure [70] and a sufficient statistic [69] also have been
used.

On the other hand, there are several approaches to extend the objects of the FDA to non-Gaussian
distributions. These approaches include non-linear methods using a quadratic polynomial model [91]
and a kernel trick [3, 72, 12], Gaussian mixture model based methods [44, 119], and an extended FDA
based on auto-correlation matrices [90].

In this section, I propose a new algorithm to maximize the Bhattacharyya distance as an exten-
sion of FDA [112, 108]. The Bhattacharyya distance provides a new criterion which consists of the
conventional FDA criterion and an additional term. This additional term can be regarded as a cor-

rection term for the heteroscedastic Gaussian case since the Bhattacharyya distance is closely related
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to misclassification rate via the Hellinger distance. Moreover, the Bhattacharyya distance is a spe-
cial case of the Chernoff distance. Hence, I propose to use the Chernoff distance as an extension
of the Bhattacharyya distance. I call these methods by “Bhattacharyya FDA” (BFDA) and “Cher-
noff FDA” (CFDA). BFDA is applicable to heteroscedastic Gauss distributions, and CFDA is robust
against unbalanced training sample size. Furthermore, I propose their kernelized versions and conduct
experiments to evaluate their abilities as binary classifiers. These kernelized classifiers work well even
when given samples follow non-Gaussian distributions.

Our approach is related to the prior works [67, 89] because they also tried to maximize the Chernoff
distance. However, the former did not provide the strict solution for maximizing the Chernoff distance.
Although the latter proposed a strict solution algorithm for maximizing the Chernoff distance, the
gradient-based algorithm was not stable. Furthermore, both works did not discuss a hyper-parameter
selection for the Chernoff distance carefully just by substituting a prior probability for the hyper-
parameter. The contributions and advantages of our research are to propose a new stable algorithm
for maximizing the Chernoff distance, to propose several methods of hyper-parameter estimation, and

to provide their kernelized versions as applied to the non-Gaussian case.

6.3.1 Bhattacharyya and Chernoff Distances

In this section, I show the theoretical relationships between misclassification rate and the Bhat-
tacharyya distance, when the class distributions are heteroscedastic Gaussian.

First, I describe the definition of misclassification rate. Suppose we classify x according to the
rule of (4.86) and the prior probabilities of class 1 and 2 are the same (i.e., p1 = p2 = 0.5), the

misclassification rate is defined by

1 1
3 / fly)dy + 5 / f2(y)dy (6.143)
ylf1(y)<f2(y) ylf1(y)>f2(y)

The minimization of (6.143) is closely related to the maximization of the Hellinger distance [65] that

is a measure of distance between two probability density functions:
1 [ 2
not) =g [ (VAW - VAEG)
=1- / fi(y) fa(y)dy. (6.144)

Figure 6.5 illustrates the conceptual sketch of relationship between misclassification rate and the

Hellinger distance. We have

_ 2 ) Aly) Al) > fly)
(\/fl(y) \/fa(y)> _{ ) o) < faly) (6.145)

Although the maximization of the Hellinger distance and the minimization of misclassification rate

are not equivalent, we can know from (6.145) that the former can be used as an approximation of the

latter.
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Figure 6.5: Misclassification rate and Hellinger distance

The second term of (6.144) is called the Bhattacharyya coefficient. The Bhattacharyya distance is
also defined by

Bu(fi. f2) = —log / " VARG, (6.146)

The maximization of the Bhattacharyya distance and that of the Hellinger distance are clearly equiv-
alent. Therefore, it is effective to use the Bhattacharyya distance as a criterion of supervised feature
extraction for classification.

In addition, I introduce the Chernoff distance by

Chlfr f2) == —log / 1) faly)Pdy, (6.147)

where p; and py are positive weighting parameters, and p; + p2 = 1. The Chernoff distance is an
extension of the Bhattacharyya distance since the Chernoff distance with p; = p2 = 0.5 equals to
the Bhattacharyya distance. It should be noted that when p; < p2 the weight of fi(y) is larger
than that of f2(y); the smaller value of p yields the higher weight. This fact can be reconfirmed by
experiments. Loog et al. suggested that p; and po are estimated by prior probabilities of class 2 and
class 1, respectively (i.e. p1 < p2 and pa < p1) [67].

Next, I define the probability density function f.(y) for category ¢ by

o 1 (y - mc)2 _
fely) = \/Wexp [—%‘g} (c=1,2). (6.148)

Substituting (6.148) into (6.146), I can obtain the following explicit form:

(m1 — m2)2 1 20102

Bu(f1:f2) = v — 5108

4o +02) 2 “ol+o02

2\/<w,21w>\/<w,22w).

(w, Syw)

_ (w, SBUJ>
4 (w, Syw)

1
B log (6.149)

The first term of (6.149) is equivalent to the FDA criterion. If 31 = $35 for any positive (3, the second
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term of (6.149) is given by

2\/<w, BEw) \/<'w, Yow)
(w, (832 + X2)w)
o 2v/B (w, Xow) o 2/
=BT B) o, Sy BT+ 5) (6:150)

Because this is constant, the criterion does not depend on the second term in such a case. Since most

log

of classification problems will violate the assumption, I must say that the FDA criterion is not enough
for general-purpose classification.

Substituting (6.148) into (6.147), the Chernoff version is obtained as

2 2p2 _2p1
_ pipa(my — ma) 1 01" a05"

C 7 _ — -log —5———=
w(f1, f2) 2(p202 + p1od) | 2 g p20? + p103
_ pp2 (w, Spw)

2 (w, Scw)

(w, Tgw)”? (w, Bow)™

(w, Scw)

1
~3 log , (6.151)

where S¢ := paX1 + p1X9. Note that (6.151) is equal to (6.149) at p; = p2 = 0.5.

6.3.2 Chernoff FDA

According to the discussion in Section 6.3.1, I propose to maximize (6.149) and (6.151) as new criteria.
The second term will play an important role in many actual classification problems as a correction
term of FDA. Since the Chernoff distance includes the Bhattacharyya distance, I discuss only CFDA.
As an important property, (6.151) is invariant with respect to the scale of w. Then, I can introduce

a constraint that (w, Scw) = 1, and a new criterion for CFDA is given by

maxy, Cp(f1, f2) = p1p2 (w, Spw) — log (w, Xyw)"
- IOg <wa 22w>p1 )
s.t. (w, Scw) = 1. (6.152)

When p; = pa = 0.5, (6.152) is the criterion of BFDA.

Optimization Algorithm

In this section, I explain an optimization algorithm for the CFDA criterion. From the CFDA criterion

(6.152), its Lagrangian is given by

L(w) =p1p2 (w, Spw) — p2 log (w, X1w)
— p1log (w, Zyw) — A({w, Scw) — 1), (6.153)

where X is a Lagrangian multiplier. Then, Lagrange’s conditions are given by

> pIPY
Sp — — w = AScw, 6.154
B P1 ('w, 21w> P2 <’LU, 22w> ¢ ( )

(w, Scw) = 1. (6.155)
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Since it is difficult to solve (6.154) directly, I propose an updating and iterating approach. For the

k-th iteration, I solve

3 bIPY
Sp — — v; = )\iS v; 6.156
B P1 <wk, Elwk> P2 ('wk, ngk> ¢ ( )

as a generalized eigenvalue problem. Then, I obtain a set of eigenvectors {vi}le. Next I normalize

individual eigenvectors by

v —— fori=1,...,d. (6.157)
V <’Ui, SC'UZ'>
Finally, I update
wyy1 + argmax Cp,(f1, f2) with v;, (6.158)
v;
ke ki, (6.159)

In this way, w1 always satisfies equations (6.156) and (6.155), and maximizes the Chernoff distance.
When ||wy1 —wg|| < €, w41 satisfies both Lagrange’s conditions (6.154) and (6.155), the algorithm
is finished and output w41 as a solution of CFDA criterion, where ¢ is a very small positive tolerance
parameter (e.g., ¢ = 107% ). I summarize this algorithm in Algorithm 29.

Sometimes, numerical calculation of the generalized eigenvalue problem provides a strange solution
so that the solution includes a complex number. In this case, it is effective to add some regularization

term. For example, 3, <— 3.+ nlI where I is the identity matrix, and 7 is a regularization parameter.

Algorithm 29 CFDA-algorithm
Input: 3, 3o, S, Sc, p1, p2 and tolerance € > 0.

Initialize: k£ = 0, and w; so that it satisfies (6.155).

repeat
k+—k+1,
Obtain the set of eigenvectors {v;}¢_; by (6.156),
Normalize {v;}%; by (6.157),
Update wg1 < argmax,, Cp(f1, f2) with v;
until ||wy — wy1|]? < e.

Output: wy.

Hyper-parameter Estimation

In this section, I discuss how to estimate p; and py of CFDA. There are two parameters, although
I need to estimate only one parameter p; since po is decided as 1 — p;. I propose two methods to

estimate these hyper-parameters.
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In the first method, I estimate the parameters based on prior probabilities. Thus, p; < p2 and
p2 < p1. I denote this method by ‘CFDA-p’. From the view point of weighting parameter, it is
expected as good estimators.

In the second method, I estimate the parameters based on the Chernoff distance by

(p1, p3) = argmax Cr(f1, f2), s.t. pr +p2 = 1. (6.160)
P1:P2

However, this optimization problem is not convex. Therefore, I use a simple one dimensional search.
First I consider a set of candidates of parameters. The number of candidates can be selected to few
or much. Note that too few or much number of candidates are not so effective in this method. 1
propose to use P = {0.1, 0.2, ..., 0.8, 0.9} as the set of candidates. Thus, I estimate the weighting

parameters from these candidates by

(p1, p3) = argmax Cr(f1, f2), s.t. pr +p2 = 1. (6.161)
p1,p2€P

This solution can be obtained by nine iterations of CFDA-algorithm. I denote this method by ‘CFDA-
m’. T summarize the CFDA-m-algorithm in Algorithm 30.

Algorithm 30 CFDA-m-algorithm
Input: 3, 35, Sp, S¢, and tolerance € > 0.
for k=1,2,---,9do
p1 %,
p2 < 1—p1,
wy, is obtained by CFDA-algorithm with (p1, p2),

Ji < Cr(f1, f2) with (wy, p1, p2).

end for

k* < argmax;, Ji.

Output: wysx.

6.3.3 Kernel Extension of CFDA

In this section, I kernelize the CFDA criterion. Kernel method is to map from an original space
to a high dimensional feature space by ¢(x), and perform some linear analysis method in the high
dimensional feature space. In this regard, I do not calculate ¢(x) directly, but I need to calculate only
an inner product k(x,y) = (¢(x), ¢(y)). In this paper, I use the Gaussian RBF kernel function as
k(z,y) := exp(—7||z — y|[?). In a similar way of the kernel FDA [72, 3], CFDA can be also extended

to a kernel classifier.
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In this method, w is given by

N
w = Zand)(:cn) = ®aq, (6.162)
n=1
where ® := [p(x1) - d(xn)], @ := [, -- ,an]T, and N is the number of samples. Then, I define
k(xy, )
k(z) := : = &7 p(x), (6.163)
k(xzn,x)
1
ke = > k(). (6.164)
Tn €0
1
R := (k(zn) — ko) (k(n) — k)7, (6.165)
¢ e

where N, is the number of samples belonging to class c¢. Projected one-dimensional vector is given by

N
Y=Y onk(®n,z) = k(). (6.166)
n=1
Average and variance in the projected space are given by

me = o’ ke, (6.167)
o2 =a’R.a. (6.168)

Finally, the criterion of the ‘kernel CFDA’ (KCFDA) is given by

max p1p2 (o, Kpa) — p2log (o, Ricr) — p1log (a, Racx)

s.t. (w, Kow) =1, (6.169)

where
Kp = (ki — ko) (k1 — k2)7, (6.170)
Ko =p2Ry + p1 Rs. (6.171)

When p; = pa = 0.5, I call it the ‘kernel BFDA’ (KBFDA). In this regard, I do not calculate the
feature mapping ¢(x) directly, but I need to calculate only the kernel function.

The numerical calculation of KCFDA is given by just replacing « by k(x), and applying the CFDA
algorithm to obtain «. I also propose KCFDA-p and KCFDA-m by applying the hyper-parameter

estimation methods.



Chapter 7
Experiments

In this Chapter, I show the experimental results of new feature extraction and classification methods.
To evaluate proposed feature extraction methods, I conduct experiments for the low-rank approx-
imation, the face reconstruction, the blind source separation (BSS), the denoising, the parts-based
representation, and the compression in Sections 7.1, 7.2, and 7.3. To evaluate proposed classification

methods, I conduct experiments of classification with UCI datasets and BCI dataset in Section 7.4.

7.1 fastGRBF based methods

7.1.1 Low-rank approximation
The Yale Face Database

In this experiment, I examine the robustness for the salt-and-pepper noise and computational times
of our algorithms. First, I use 10 face images of a subject in the Yale Face Database [4] for denoising
experiment. Its images are down-sampled and unfolded to 99 dimensional vectors. Then, an image is
converted to a (99 x 10)—matrix. The reason why one image is so small is that the original GRBF
algorithm is slow even if I try such a small matrix factorization, and I conduct this experiment to
compare the proposed fastGRBF-NMF with the original GRBF. Salt-and-pepper noise was added to
the dataset so that PSNRs of datasets are 10, 15, and 20 dB, where PSNR (Peak Signal to Noise
Ratio) of Y, Y’ € R'*/ is defined by

2552)1.J
PSNR(Y,Y") := 10log [(} . (7.1)
Py =Y
For tensors Y, Y/ € RI*/XK it is also defined by
255%) 1 J K
PSNR(Y,Y”) := 101log [(} . (7.2)
LY - Y

I tried to run the HALS-NMF [24], the multiplicative NMF [62], the GRBF-NMF, fastGRBF-NMF,
the fastGRBF-NMF-2Dbasis for all PSNRs. Table 7.1 shows the parameter settings for the GRBF

131
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Figure 7.1: PSNR of NMF results on 10 faces for various ranks

and the fastGRBF methods. The degree of freedom of the function approximation in the GRBF is
higher than in the fastGRBF since the constraints ®W > 0 for the GRBF is weaker than W > 0
for the fastGRBF. Therefore, I set the standard deviation parameters of the GRBF to a little larger
value than those of the fastGRBF.

Figure 7.1 shows PSNRs and log 10-scale computational times for various rank decompositions. The
HALS and the multiplicative algorithms decreased the PSNRs for large R; however, the GRBF and
the fastGRBF algorithms kept PSNRs for large R. The fastGRBF performed almost always the best
PSNRs in case of 10 dB. The constraint of W > 0 would work well for noisy data used in the fastGRBF
based methods. In Figure 7.1(d), the computational time of the GRBF exponentially increased for
large R. On the other hand, the fastGRBF spent a much less to obtain its solution. Table 7.2 describes
the average computational times of one decomposition by four algorithms. The fastGRBF is about
300 times faster than the GRBF.

Next, I try to compare the values of W and A between by the proposed fastGRBF-NMF and by
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Table 7.1: Parameter setting
PSNR GRBF FastGRBF

10 At=1,0=12|U=4,0t=1,0=1.0
15 At=1,0=08 | U=4,0t=1,0=0.7
20 At=1,0=05|U=4,0t=1,0=05

Table 7.2: Computational times for various algorithms

Algorithms Multiplicative | HALS | GRBF | FastGRBF

Ave. of times [s] 0.499 0.759 | 720.0 2.23
0.5 T T T T T T T 04 T T T T T T T
1st column of W of fastGRBF-NMF —— 1st column of A of fastGRBF-NMF ——
0.4 2nd column of W of GRBF-NMF —— 1 0.35 2nd column of A of GRBF-NMF ——— ]
03+ 1 i 1
= <
g 02 5
g 0.1 H g
© 0t V“\“““ | H‘v‘\\‘v»\'\‘ ‘ v‘w“ ©
Z 01t RN wJ ! >
0.2
-0.3 I L L L L L L L L -0.05 L L L L L L L L L
0O 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
(a) Correlated components of W (cor. =0.73) (b) Correlated components of A (cor. = 0.98)
05 " 2nd column of W of fastGRBF-NMF —— 04 [ " 2nd column of A of fastGRBF-NMF —— |
0.4 1st column of W of GRBF-NMF —— | 035 ¢ Ist column of A of GRBF-NMF ——— |
= I 1 <
5 5
g g
K g
10 20 30 40 50 60 70 80 90
(c) Correlated components of W (cor. = 0.75) (d) Correlated components of A (cor. = 0.99)

Figure 7.2: Values of W and A obtained by the fastGRBF-NMF and the GRBF-NMF

the original GRBF-NMF. I set the parameters as follows: U =1, §t =1, 0 = 0.8, and R = 2 for the
fastGRBF-NMF, At = 1, 0 = 0.8, and R = 2 for the GRBF-NMF. Fig. 7.2 shows the values of W
and A obtained by the fastGRBF-NMF and the GRBF-NMF. In spite of the difference between the
constraints W > 0 and ®W > 0, the results of A are highly correlated. Furthermore, the fastGRBF-
NMF provides smoother components than the original GRBF-NMF. Many spikes in the result by
the GRBF-NMF are smoothed by the fastGRBF-NMF method. Thus, it can be considered that the
modification from ®W > 0 to W > 0 gives smoother features.

Next, I used also the Yale Faces Database including 165 face images of 15 subjects for experiments
on NMF and NTF. One face image can be expressed as an 858 dimensional vector. The data matrix
is an (858 x 165)—matrix Y. The data tensor is an (858 x 11 x 15)-tensor Y. The salt-and-pepper
noise was added to the dataset so that PSNRs of datasets are 10, 15, and 20 dB. I run NMF and NTF
with the HALS, the Multiplicative, the fastGRBF, the fastGRBF-2Dbasis, the ALS-NTD [58], the
HALS-NCPD [24], the fastGRBF-NTD, the fastGRBF-NCPD, the fastGRBF-NTD-2Dbasis, and the
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Figure 7.3: PSNR of NMF results on 165 faces for various ranks

fast GRBF-NCPD-2Dbasis algorithms for all PSNRs. The rank of NMF and CP models was changed
from 5 to 150. R; was changed from 5 to 150, and Ry = Rs = 10 were fixed in Tucker model. I set
U=4,0t=1,0=2.0for PSNR=10 dB, o = 1.0 for PSNR=15 dB, and ¢ = 0.5 for PSNR=20 dB in

all fastGRBF based methods.

Figures 7.3 and 7.4 show the PSNRs and the log 10-scale computational times for various rank
decompositions. The fastGRBF-NMF, the fastGRBF-NTD, and the fastGRBF-NCPD were almost
better than traditional algorithms. Furthermore, the fastGRBF-NMF-2Dbasis, the fastGRBF-NTD-
2Dbasis, and the fastGRBF-NCPD-2Dbasis were almost better than the fast GRBF-NMF, the fast GRBF-
NTD, and the fastGRBF-NCPD algorithms. The computational times of the proposed methods were

not shorter than those of the traditional algorithms since the sizes of parameter spaces for the proposed

methods are larger. However, they are promising since we can obtain better performances.
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Figure 7.4: PSNR of NTF results on 165 (11x15) faces for various ranks

CBCL faces

In this experiment, I examined the robustness of the proposed methods for Gaussian noise and applied
to the two-way function approximation for the tensor decomposition using 100 images of the CBCL
face dataset?. A face image is a 361-dimensional vector or a (19 x 19)-matrix, and its data matrix is a
(361 x 100)-matrix Y or a (19 x 19 x 100)-tensor Y. The Gaussian noise (PSNR=16.2 dB, Fig. 7.5(c))
is added to all images in the dataset. I try to run the NMF with multiplicative updates, the Gibbs
Regularized NMF [116, 117], the Essid’s Smooth NMF [33], the fastGRBF and the fastGRBF-2Dbasis
with ¢ = 1.0 and ¢ = 2.0 for decompositions of various ranks. To tensor data, I applied the function
approximation by two ways as A = ®,W and B = ®,V. I denote the methods by fastGRBF-
NTD-2way and fastGRBF-NCPD-2way, respectively. The size of the core tensor is changed from

2CBCL Face Database #1, MIT Center For Biological and Computation Learning, http://www.ai.mit.edu/
projects/cbcl
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Figure 7.5: Denoising and face reconstruction experiments on CBCL faces database: noise level

(PSNR) is 16.2 dB.
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Ri=Ry=R3=R=1to R = Ry = R3 = R =100. Iset U =4, 6t =1 for the fastGRBF-based
methods.

Figure 7.5 shows the results of this experiment. We can see that the proposed method provided
better results than the traditional and state-of-the-art methods. The fastGRBFs with ¢ = 2.0 kept
higher PSNRs than with ¢ = 1.0 for large R. The two-way function approximation worked well in
NTF. Figure 7.5 (d) shows the result by the moving average filter with 3x3 window for reference.
Figures 7.5 (e)-(j) show the reconstructed results by the individual methods with R = 10 for NMF,
and with R = 20 for NTF. We can see that the fastGRBF based methods provided smoother images
than the traditional methods because the proposed methods are constructed by smooth bases.

In practical cases, we can not measure PSNR between a reconstructed image and an original image
since the original image is unknown. Thus, it is difficult to estimate optimal R. However, we can
expect that the fastGRBF-based approach gives better results than traditional approaches in a very
wide range of R if we assume the images are smooth. This fact is remarkable for practical use in signal

processing.

3D-Tensor Data Reconstruction

In this experiment, I applied the fastGRBF-NTD/NCPD-3way to the reconstruction of a noisy 3D-
tensor data (Fig. 7.6(c)). The size of the tensor is (50 x 50 x 50), and its original data (Fig. 7.6(b))
is generated by a mixture of several 3D-Gaussian functions. Figure 7.6(a) shows the results of SIR
(signal to inference ratio) of each estimator for various R. The fastGRBF-NCPD and the fastGRBF-
NTD kept high SIRs for large R and Figures 7.6(d)-(g) show the robustness of the two methods for

noisy data.

7.1.2 Blind source separation

In this experiment, I applied the fastGRBF to the BSS problem by using artificial and real-world

datasets. The generative model is given by
Y = [SXo+ Eol+, (7.3)

where S € ]RerR is an original source signal matrix, X € ]R_IEXJ is a mixing matrix, Ey € R’/ is a
Gaussian noise matrix, and Y € RiXJ is an observed signal matrix. The SNR (Signal to Noise Ratio)
is defined by

(7.4)

SXol[2
SNR:leloglo{ 15 XoIF }

1SX0 - Y7

I use the SIR (Signal to Inference Ratio) measure to evaluate the results AX obtained by NMF. The
SIR is defined by

(7.5)

SXol[2
SIR:leloglO[ 1S X0l }

15X — AX|[3
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Figure 7.6: Experimental result shown by iso-surfaces at R = 30
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By comparing the SIR with the SNR, I can obtain information with respect to the reduction of the
noise level. Furthermore, I evaluated the estimated source A = ®W by SIR ), which is calculated by
Algorithm 31. First, the normalization of each signal is necessary because the NMF problem does not
have a unique solution. Next, the SIR combination matrix is calculated by M (r1,r2) = SIR(s,,, @y, ).

For example, assume that M is given as

3.02 0.74 4.13
M =537 238 3.30]|. (7.6)
3.51 3.54 5.58

The maximum element of this matrix is M (3,3) = 5.58. Then I set —oo on the third row and the

third column of M:

3.02 0.74 —oo
M=|537 238 —co]. (7.7)

-0 0 —&0

In similar way, the next maximum element is M (2,1) = 5.37. Then I set —oco on the second row and

the first column of M:

-0 0.74 —o0
M=|-0 -0 —-oco]. (7.8)

-0 =00 —00

Finally, SIR s is given by (5.58 +5.37 + 0.74) /3 = 3.90. Actually the maximum combination is given
by (5.37+4.13+3.54)/3 = 4.35, however we need to calculate R! combinations to obtain this solution.
SIR s gives a useful approximated solution of the combinatorial maximization problem of the mean
of SIR for A.

First, I use the X_5smooth’ benchmark from NMFLAB [21]. Figs. 7.7(a) and 7.7(b) show the original
sources S = [s1,...,SR] € ]RerR and the observed signals Y where R =5, I = 200, and J = 20. Each
element of mixing matrix X is generated by the absolute value of the Gaussian distribution, randomly.
I try to run the traditional and state-of-the-art NMF methods of the multiplicative NMF [62], the
Kim & Park’s Sparse NMF [57], the Regularized ALS Sparse NMF [22], the Gibbs Regularized NMF
[116, 117], the Essid’s Smooth NMF [33], and the fastGRBF-NMF to separate blind source signals
for various noise levels. The parameters of the fastGRBF were used as U = 4, §t = 1, and ¢ = 1.0.
Figs. 7.7(c) and 7.7(d) show the result of Fig. 7.7(b) by the multiplicative NMF and the fastGRBF,
respectively. Figs. 7.7(e) and 7.7(f) show the result of SIR and SIR), of all the methods. We can see
that the fastGRBF is the robustest to noise in both measures, significantly.

Next, I applied the fastGRBF-NMF to BSS of real world data, far-infrared (FIR) spectra from the
database of California Institute of Technology! in the same conditions, excluding o = 4.0. Fig. 7.8(a)

shows FIR spectra of ‘Phosgenite’, ‘Rhodocrosite’, and ‘Cancrinite’. Fig. 7.8(b) shows observed mixed

"Mttp://minerals.gps.caltech.edu/FILES/Infrared_Far/Index.html
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Algorithm 31 Calculation algorithm of SIR s
1: Input: S, A € RI*E

2: Initialize: v =0

3. 8p < 8 /||sy|| forr=1,...,R;

4: ay < a,/|lay|| forr=1,..,R;

5: Calculate M (r1,r2) = 10log;, [%} for all r1,79;
6: forr=1,...,R do

7 [r] 3] < argmax, ., M(ry,72) ;

8 v« v+ M(ri,r3)/R;

90 M(ry,:) < —o0 ;

100 M(:,15) + —o0;
11: end for
12: Output: v

signals with additive Gaussian noise. Fig. 7.8(c) and Fig. 7.8(d) show the results of estimated sources
obtained by the multiplicative NMF and the fastGRBF, respectively. The fastGRBF gave smooth
representations of signals, and SIR and SIRj; were better than those by the multiplicative NMF.
Fig. 7.8(e) and Fig. 7.8(f) show SIR and SIRj; for various noise levels with various state-of-the-art
methods. We can see that the fastGRBF almost always achieved the best performance in comparison

with all the methods and for all noise levels.

7.1.3 Block-based part representation
Block-wise Image Factorization

In this section, I apply the fastGRBF-block-NMF to the decomposition of several noise-free (64 x
64)-image data. I try to run the fastGRBF methods with the parameters settings shown in Table 7.3.
Please note that the parameter in the first line implies a block for an image so that the fastGRBF-
NMF and the fastGRBF-block-NMF are equivalent. Other parameters are given as U = 1, §t = 1,
and o = 1. Fig. 7.9 shows the results of this experiment. We can see that the methods with smaller
block size gave high PSNRs in a short time, however they did not give a smooth representation. On
the other hand, the methods with a larger block size gave smooth representations, however they are
very slow. Thus, the block size can be regarded as a trade-off parameter. Furthermore, the block

distortion occurs in this method along with the DCT.

Large-scale image analysis

Next I apply the fastGRBF-block-NMF to large-scale image analysis: denoising and local-parts anal-
ysis. A noisy (3456 x 4608)-image of which noise level is 10 dB is used. Image can be transformed
as (1024 x 15552)-nonnegative matrix data by the unfolding of individual (32 x 32)-blocks. The
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Table 7.3: Individual parameters of fast GRBF-block-NMF
block size # of blocks # of I # of R # of J # of param.

64 x 64 1x1 4096 4 4 16640
32 x 32 2x2 1024 4 16 4160
16 x 16 4 x4 256 4 64 1280
8% 8 8§ x 8 64 4 256 1280
4 x4 16 x 16 16 4 1024 4160
2x2 32 x 32 4 4 4096 16400

(a) 64x64 (24.4 dB, 5632 sec)

e 5"

i

(d) 8x8 (20.3 dB, 11.5 sec) (e) 4x4 (22.4 dB, 11.7 sec) (f) 2x2 (28.4 dB, 3.1 sec)

Figure 7.9: Results of fastGRBF-block-NMF
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fast GRBF-NMF-2Dbasis is applied to this data, and finally its reconstructed matrix is transformed
to a (3456 x 4608)-image.

Fig. 7.10 shows the reconstruction result. I tried to compare it with results by the moving average
filter, the low-pass (butter worth) filter, and the wavelet shrinkage denoising [31]. Individual top and
bottom images are zoomed (801 x 1001)- and (201 x 401)-images, respectively. Wavelet shrinkage
denoising seems to reduce the many noise visually; however, image is blurred and small noise is still
remained. In the proposed method, the block distortion can be recognized, clearly. According to
the value of PSNR, the low-pass filter is the best method and the stripe pattern of the roof was not
destroyed. In this way, the denoising result of the proposed method is not the best; nontheless, the
proposed method provided the second best PSNR, and it can be improved by a deblocking filter.

Next I apply the fastGRBF-block-NMF to the local parts analysis of a noisy large-scale image which
is the same as the above one. The (1024 x 15552)-matrix data is generated by the same unfolding
method as above one. I extract R = 20 parts by the fast GRBF-block-NMF method. Fig. 7.11 shows
the result of local parts (reverse image). I tried to compare it with the standard multiplicative NMF
[62], the non-smooth NMF (nsNMF) [80], the Chen’s smooth NMF [13] and the Gibbs regularized
smooth NMF [116, 117]. Only (a) is learned from the original noise free image, and the others (b-f)
are learned only from the noisy image (10 dB). We can see that almost all parts includes a lot of noise
excluding the nsNMF and the fastGRBF-NMF of which parts are clear. SIRs between the result of
the multiplicative NMF from the noise free image and the results of the other methods are (b) 14.36
dB, (c) 16.65 dB, (d) 13.68 dB, (e) 14.42 dB, and (f) 16.99 dB, then the fastGRBF provides the best
result among these methods. In fact, a little noise is still remained in the parts of nsNMF. As is
well-known, the sparseness is efficiently worked for parts-based representation. The fastGRBF does
not imposed any sparse constraint but smoothness by the function approximation, it provide the best
result. Thus, the fastGRBF-NMF is promising to combine the smoothness with the sparseness for

parts-based representation.

7.2 LCPTD

7.2.1 Low rank approximation

In this part, the LCPTD was applied to face reconstruction problems and the performances were
compared with other models. The Yale face database consists of 165 gray-scale images of 15 individuals.
There are 11 images per subject with different facial expressions or configurations. In this experiment,
I used 15 full-face images; I took an image from each subject. The size of an image is 215 x 171 pixels,
then we considered that Iy = 215, I, = 171, and S = 15. Furthermore, I prepared salt-and-pepper
noised data sets: SNR € {5, 10, 20} [dB].

I applied our new LCPTD model, the sparse LCPTD, and the nonnegative LCPTD with various
numbers of common components for the noise free and the noisy data sets; the number of bases was

fixed as J = 40, and the number of common components was changed as L,, € {0, 5, 10, ..., 40}. 1



CHAPTER 7. EXPERIMENTS 145

4,“114.

L Thn,
“,,.mtllllm;m__'"‘l ;

(a) Origind

P g;;;-q;',:_ :

..m!/fﬂf 1 .mlgg(f: L

(d) Low-pass filter (18.53dB) (e) Wavelet Shrinkage Denoising  (f) fastGRBF 32x32 block
(17.78 dB) (18.21 dB)

Figure 7.10: Denoising result
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Figure 7.12: Face images corrupted by additive noise and the reconstructed images (PSNR= 15 dB,

J = 40):

1st column: original images, 2nd column: noisy images, 3rd column: ICPTD model, 4th
column: LCPTD (L, = 35), 5th column: LCPTD with sparse constraint (L, = 35), 6th column:
LCPTD with nonnegative constraint (L,, = 35), 7th column: SCPTD model.
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computed the PSNRs between the original faces and the reconstructed faces.

Fig. 7.12 depicts the results of face reconstruction. We can see that the ICPTD model couldn’t
reduce noise well, and the SCPTD model was robust with respect to noise but reconstructed faces were
too fuzzy (distorted). However, the LCPTD based methods gave the appropriate and intermediate
reconstructions comparing to the two models.

Fig. 7.13 depicts the graphs of PSNRs with various number of common components. We can see
that if the noise level is larger, the maximum points of PSNR is obtained by a larger R. In noise
free data set Fig. 7.13 (a), the maximum PSNR was obtained at L, = 0 for all methods; so the
ICPTD model is the best in this case. On the other hand, the maximum PSNRs were obtained by
the LCPTD based methods in Fig. 7.13 (b,c,d,e). It is also interesting that the nonnegative LCPTD
kept a high PSNR for smaller number of common components in comparison with the other methods
in high noise level (see Fig. 7.13 (d,e,f)). Thus, we can say that the nonnegative constraint is useful
for this problem.

In general, because real data often includes some noise, the proposed method could be very useful
and practical for the real tensor data analysis. The higher noise level requires a large number of
common components, but the multitude of common components is often only harmful for fitting.
Then, we have to select the best parameter of L, and its selection method is an open problem. We

may be able to select L,, depending on PSNR if it is known as prior information.

7.2.2 Linked Blind Source Separation

In this part, I applied the LCPTD to the blind source separation of a simple data for the linked
multi-block tensor factorization. I generated two block data tensors consisting of a one common basis
factor and two individual basis factors with noise (see Fig. 7.14(a)). And I decompose them by our
LCPTD model with nonnegative constraints for various number of common bases L,, € {2,1,0} for
n =1,2. Figs. 7.14 (b,c,d) depict the results of this experiment. It is obvious that the result of L,, = 2
couldn’t represent the original data tensors since its degree of freedom of model is not sufficient. On
the other hand, the result of L, = 0 could represent the original data tensors, but each basis is not
matched, completely. The result of L, = 1 could represent not only the original data tensors, but also
each basis; besides, the additive noise were reduced.

We can see that the LCPTD model can be very useful assuming that some components are common
in generating model. The blind source separation can separate into two original sources from two
observed signals. It is very interesting that the LCPTD can separate three bases (i.e., a common and
two individual bases) from only two observed tensors. We should note that the selection of L,, could
be a very important deciding factor to obtain proper decomposition for the LCPTD method from this

experiment.
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Figure 7.15: Experiments for LTD

7.3 LTD

7.3.1 Feature extraction for classification

In this experiment, I applied the LTD to the feature extraction for the motor imagery BCI. Figure 7.15
shows a flow of this experiment. At first, I used three frequency power tensors which were taken from
three persons. Each tensor is constructed by 21 channels, 25 frequency bands, and 280 trials. I
decomposed these three tensors by the orthogonal LTD with Ly = Lo = R; = Re = 4 without
the third-mode factorization. As the result of LTD, we can obtain three core tensors. After that
I vectorize each trial matrix, and try to classify by the FDA. In this regard, I iterate to calculate
classification rates for 100 times. In each iteration, I randomly separate the dataset into two parts for
train (80%) and test (20%), respectively. I compared the LTD with the untouched data, the PCA,
the JIVE, the HOOI, and the STD. Figure 7.15 (a,b,c) show the results of statistics of classification
rates by individual feature extraction methods. We can see that the LTD outperform the other feature

extraction methods.



CHAPTER 7. EXPERIMENTS 150

5cy0 95(%]

reject region%»F Accepot region
—t4

Figure 7.16: t-distribution and reject/accept region with significant level 5%

7.4 Classification

7.4.1 One-tailed t-test

Before showing the experimental results, I introduce the one-tailed t-test that a method to compare
a result of proposed method with a result of existing method. The one-tailed t-test plays important
roles in statistical data analysis. The classifiers are evaluated by misclassification rates. The lower
misclassification rate, the better. The population means of the misclassification rates with some
dataset by the proposed method and the existing method are denoted as p; and pe, respectively. We
test that u; is significantly smaller than ps. Thus, the null hypothesis Hg is given by u1 = ueo, and the
alternative hypothesis H; is given by p1 < pa. If the null hypothesis is rejected and the alternative
hypothesis is accepted with some significant level o = g, then we can say that p; is significantly
smaller than ps with significant level ay.

In order to test Ho and H;, samples of misclassification rates by individual methods, that are denoted
by {acgl),x?), ... ,a:gNl)} and {wél),xg), .. ,xé%)}, are necessary, where N1 and Ny are numbers of

samples. Sample means {71, Z2} and sample variances {s?, s3} are given by

1 Ny )
_ (n
L , 7.9
TN, nz_:lxl ’ (79)
N;
2o 1 > (@i —3:)’ (7.10)
N -1 — ’

for ¢ = 1,2. In the one-tailed t-test, we consider the value of ¢ which is given by

(@ — @) — (1 — p2) (7.11)

B S\/I/Nl—Fl/NQ 7

where

82 — (Nl B 1)‘9% + (N2 — 1)85 (7 12)
Ni+ Ny —2 ’ '

and assume that ¢ follows the t-distribution with the degree of freedom is N1 4+ Ny — 2. Fig. 7.16 shows

the image of t-distribution and its reject/accept region with significant level 5%. In this figure, —t,
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is a boundary between reject and accept regions. Assuming that Hg is true, then ¢ is given by

N G )
=SNG TN,

Under this assumption, if 9 < —t,, then Hg is rejected, and if tyg > —to, then Hp is accepted.

(7.13)

Therefore, we can test that the proposed classifier is significantly better than the existing classifier by

the one-tailed t-test with some significant level.

7.4.2 WRSVM
UCI database

In this experiment, I used thirteen UCI data sets for binary problems to compare the two novel
classifiers SVMg and SVMp with SVM and L1-norm regularized SVM (L1-SVM).

These data sets are summarized in Table 7.4, which lists the data set name, the respective numbers
of training samples, test samples, realizations, and dimensions.

Several hyper parameters must be optimized, namely, the kernel parameter v, the adjusting parame-
ter ¢, and the weighting parameters A of Q2(x) and v of Q3(x), but p = 0.9 is fixed. These parameters
are optimized on the first five realizations of each data set. The best values of each parameter are
obtained by using each realization. Finally, the median of the five values is selected. After that, the
classifiers are trained and tested for all of the remaining realizations (i.e., 95 or 15 realizations) by
using the same parameters.

Table 7.5 contains the results of this experiment. The values in the classifier name column show
“average + standard deviation” of the error rates for all of the remaining realizations, and the minimum
values among all classifiers are marked with bold font. The values in the columns for A and v show
the value selected through model selection for each data set. The signs in columns L2 and L1 show
the results of a significance test (t-test with o = 5%) for the differences between the SVM¢g/SVMp
and the SVM/L1-SVM, respectively. “+” indicates that the error obtained with the novel classifier is
significantly smaller, while “—” indicates that this error is significantly larger. The penultimate line
for “Mean %”, is computed by using the average values for all data sets as follows. First, I normalize

the error rates by taking

(particular value)
(minimum value)

- 1} % 100[%] (7.14)

for each data set. Next, the “average” values are computed for each classifier. This evaluation method
is taken from [86]. The last line shows the average of the p-value between “particular” and “minimum”
(i.e., the minimum p-value is 50 %).

SVMg provides the best results for two data sets. Compared to the SVM, the SVMg is significantly
better for four data sets and significantly worse for five data sets. Compared to the L1-SVM, the
SVMg is significantly better for five data sets and significantly worse for three data sets.
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Table 7.4: UCI Data sets

No Name # of training | # of test # of Dimensions
samples samples | realizations
1 | Banana 400 4900 100 2
2 | Breast Cancer 200 7 100 9
3 | Diabetes 468 300 100 8
4 | Flare-Solar 666 400 100 9
5 | German 700 300 100 20
6 | Heart 170 100 100 13
7 | Image 1300 1010 20 18
8 | Ringnorm 400 7000 100 20
9 | Splice 1000 2175 20 60
10 | Thyroid 140 75 100 5
11 | Titanic 150 2051 100 3
12 | Twonorm 400 700 100 20
13 | Waveform 400 4600 100 21
Table 7.5: Experimental results
A SVM¢g L2 | L1 v SVMp L2 | L1 SVM L1-SVM
Banana 10.6 + 0.4 + 8 10.4 + 0.4 + 11.5 + 0.7 10.5 £ 0.4
B.Cancer .01 26.3 £ 5.2 4 26.0 £ 4.4 26.0 £ 4.7 25.4 + 4.5
Diabetes 100 24.1 +£ 2.0 — — 8 24.0 £+ 2.0 — — 23.5 £ 1.7 23.4 + 1.7
F.Solar 10 36.7 £ 5.2 - — 2 | 324 £ 1.8 —+ 32.4 + 1.8 | 329+ 2.7
German 10 24.0 £ 2.4 16 24.7 +£ 2.3 23.6 + 2.1 24.0 £ 2.3
Heart 10 | 15.3 £ 3.2 2 15.6 + 3.2 16.0 £+ 3.3 154 + 3.4
Image 100 4.3+ 0.9 - 16 4.1+ 0.8 - + 3.0 = 0.6 4.8+ 1.3
Ringnorm 100 1.5 £ 0.1 + + 8 1.5 £ 0.1 + + 1.7 £ 0.1 1.6 £ 0.1
Splice 10 11.3 + 0.7 - + 8 11.0 = 0.5 + 10.9 £+ 0.7 124 +£ 0.9
Thyroid 1 7.3 +29 — — 2 4.1 + 2.0 + + 4.8 &+ 2.2 544+ 24
Titanic .01 224 £+ 1.0 + 2 22.5 £ 0.5 + 22.4 + 1.0 23.0 £ 2.1
Twonorm 10 2.4 +£0.1 + + 4 2.3 + 0.1 + + 3.0£0.2 2.7 £ 0.2
Waveform 1 9.7 £ 04 + + 2 9.6 + 0.5 + + 9.9 +£04 10.1 £ 0.5
Mean % 12.0 4.2 6.1 10.7
P-value % 87.2 71.5 79.2 87.5

152

Furthermore, the SVMp provides the best results for six data sets. Compared to the SVM, the

SVMp is significantly better for five data sets and significantly worse for two data sets. Compared to

the L1-SVM, the SVMp is significantly better for eight data sets and significantly worse for one data

sets.

According to the results for both “mean” and “p-value”, the SVMp classifier is the best among the

four classifiers considered.
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7.4.3 CFDA
Toy Simulation I

In this simulation, I show the classification error with respect to the difference of two covariance
matrices. I assume that there are two normal distributions in the original feature space characterized
by

The two prior probabilities are equal (i.e., p1 = p2 = 0.5), and I let the weighting parameters as
p1 = p2 = 0.5. T evaluate classification errors of the FDA, the Loog’s approximated Chernoff FDA
(aCFDA) [67], the BFDA, and the CFDA-m by changing the value of ¢q. Figure 7.17 shows the result
of this simulation. When ¢ = 1, all criteria gave the same result since the two covariance matrices
have the same shape. The BFDA and the CFDA-m gave almost the same results. When the value
of g increase, the difference of errors between the FDA and the BEDA/CFDA-m increase. Note that
classification errors of the BFDA and the CFDA-m were dramatically decrease from ¢ = 8. The BFDA
and the CFDA-m are very effective when covariance matrices are very different. The aCFDA error
was larger than the FDA from g = 5 to ¢ = 7 although it almost reached to the BFDA /CFDA-m from
q=_8.

Toy Simulation II

In this simulation, I show the classification error with respect to the difference of prior probabilities of
two classes. 1 assume that there are two classes of samples in a two dimensional space. The number of
samples of class 1 is fixed as N1 = 100, and that of class 2 is changed as Ny € {100, 150, 200, 300}. I
assumed the samples of each class are distributed normally, and generated samples by Matlab/Octave
function 'normrnd’. Mean vectors and covariance matrices are calculated from samples.

Fig. 7.18 shows the result of the classification errors with respect to the difference of prior probabili-
ties. The FDA and the aCFDA gave the same result at No/N; = 1. The aCFDA and the CFDA-p gave
similar results. When Ny/N; increases, the aCFDA and the CFDA-p almost reached the CFDA-m.
Note that the CFDA-m always gave the best results.

Fig. 7.19 shows the samples and the projected space of the FDA, the aCFDA, the CFDA-p, and the
CFDA-m at Ny = 150. Class 1 and 2 are denoted by ’x’ and ’o’, respectively. The obtained projected
one-dimensional spaces were different among the methods. They can be ranked in the order of the
CFDA-m, the CFDA-p, the aCFDA, and the FDA.

Fig. 7.20 shows two distributions in the projected one-dimensional space of individual methods at

Ny = 150. They are approximations by normal distribution with the sample mean and the sample
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Figure 7.17: Error rates with difference of covariance matrices

variance. Results of the kernel based methods are calculated by (6.167) and (6.168) with v = 1071,
Note that one distribution is very narrow and the another distribution is wide in the Chernoff based
methods. These can be ranked in the order of the CFDA-m, the CFDA-p, and the aCFDA. The
KCFDA-p worked well in the feature space. Note that the KCFDA-m gave an impressive result that

the variance of one distribution extremely approached to zero.

UCI database

In this section, I show the results for actual classification datasets. I used nine datasets from the UCI
machine learning repository [35]. Table 7.6 describes their properties. Since most of datasets are not
for binary classification, I separated them into two classes or focused on two classes. Two datasets of
“MNIST” and “Poker hand” have too many instances to apply the kernel method. Therefore, I trained
a kernel classifier by using randomly selected 500 instances for training of their datasets. I calculate
the 5-fold cross validation (5-CV) errors for all datasets and all methods. In kernel methods, I selected
the best kernel parameter v by hand tuning from candidates of {10719 1079, ..., 102, 103}.

Table 7.7 describes the averages of maximized values of the Chernoff distance obtained by the
CFDA-algorithm and the Rueda’s gradient-based algorithm [89]. The Rueda’s algorithm can not
maximize the Chernoff distance, sometimes. On the other hand, our algorithm provided larger or
equal value of the Chernoff distance to the Rueda’s algorithm for all datasets.

Table 7.8 describes the number of iterations for main updates in these methods. The values show
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Table 7.6: Properties of UCI datasets

label name attributes | instance | class binalize P1 P2

1 Breast cancer wisconsin 9 569 2 1vs2 0.65 | 0.35
2 Pima indians diabetes 8 768 2 1vs2 0.35 | 0.65
3 SPECTF heart 44 267 2 1vs2 0.79 | 0.21
4 Thyroid gland 5 215 2 1vs2 0.30 | 0.70
5 Iris plants 4 150 3 1,3 vs 2 0.67 | 0.33
6 Wine 13 178 3 1,2vs3 | 0.73 | 0.27
7 Glass identification 9 163 7 1,2 vs 3,4 | 0.90 | 0.10
8 MNIST digit-recognition 256 1000 10 4vs 9 0.50 | 0.50
9 Poker hand 10 25010 10 1vs2 0.46 | 0.54

“average + standard deviation” of number of iterations. Almost all results of the CFDA-algorithm
converged by several iterations. The numbers of iterations of the CFDA-m-algorithm are about nine
times of those of the CFDA-algorithm, respectively. These results show that the convergence of
the CFDA-algorithm does not depend on the number of attributes and instances. However, we can
see more iterations are necessary for the kernel extensions. The Rueda’s gradient-based algorithm
[89] needed several iterations to converge for almost all data set, however it could not maximize the
Chernoff distance for several datasets signed by ‘*’.

Table 7.9 describes the results of misclassification rates for nine UCI datasets. I described “average
=+ standard deviation” of 20 realizations of classification errors, which are calculated by using two-third
instances for training and one-third instances for test, and the average of estimated values of p; in the
CFDA-p, the CFDA-m, the KCFDA-p, and the KCFDA-m. The Rueda’s method is not included since
it provides the same result of the CFDA-p when it reached to the maxima of Chernoff distance. The
minimum errors are signed by ‘o’ and significantly better results than existing methods are described
by bold font. They were calculated by 5 % significant test. In strictly, it is the one-tailed t-test.

Proposed methods provided minimum error results for five datasets. In linear methods, the proposed
methods provided significant improvements for “SPECTF”, “Iris”, and “Poker hand”. In kernel meth-
ods, the proposed methods provided significant improvements for “SPECTF”, “Glass”, and “Poker
hand”. On the other hand, the linear Bhattacharyya/Chernoff FDA provided clearly wrong results
for “Thyroid” and “Glass”. These results might be derived from over-fittings or non-Gaussianity.
The linear aCFDA provided a significant result for “Thyroid” because of proper fit to heteroscedastic
Gaussians. For “Glass”, extending a linear discriminant to a non-linear discriminant provided dra-
matically improvements, and this dataset is made from a complex combination of heteroscedastic and
non-Gaussian distributions.

The difference among the BFDA, the CFDA-p and the CFDA-m is only in values of the hyper-
parameters p; and ps. The estimation of the best value of p; is still a open problem for the Chernoff

approaches.
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Table 7.7: Maximized values of Chernoff distance by each algorithm

label 1 2 3 4 5 6 7 8 9
CFDA-p || 5.71 | 0.437 | 4.50 | 3.09 | 1.02 | 7.33 | 0.851 | 15.0 | 0.0342
Gradient || 5.71 | 0.436 | 1.37 | 3.09 | 1.00 | 0.905 | 0.340 | 15.0 | 0.00424

Table 7.8: Number of iterations for main updates in each method

label Gradient BFDA CFDA-p | CFDA-m KBFDA KCFDA-p | KCFDA-m
1 4.0 £ 0.0 24+£05|244+£06 | 23.3+£21 5.5 £ 20 6.7 £ 2.5 | 584 + 17.8
2 2.6 £0.7 28£09 | 31£10|276+£29 | 11.84+44 | 129 £ 3.8 | 89.5 & 25.8
3 *111.8 £ 1026 || 44+ 06 | 45+ 0.5 | 41.2+49 | 6.2+ 0.6 6.5 £ 0.6 56.5 £ 2.8
4 17.7 £ 2.7 6.0+ 0.6 | 5.8 0.5 | 52.2£4.0 | 5.7+£25 6.5 £ 2.5 | 57.7 £ 184
5 21.1+£5.3 59+08 | 6.7+15 | 547+£83 | 9.1 %38 10.7 £ 3.7 | 87.2 £ 35.4
6 *656.5 4504 || 29 +04 | 29+0.5 | 280+ 1.5 | 4.4+ 0.6 8.0+£13 46.0 £ 2.9
7 *20.5 £ 16.0 51+06 | 51+06 |47.0£56 | 55+09 5.2 £ 0.7 55.5 £ 4.2
8 2.0 £ 0.0 59+£09 | 62+£09 | 582+54 | 40+0.5 4.0 £ 0.5 47.6 £ 4.8
9 *24+1.3 35+£05 | 35+05 | 31630 | 7.0=£1.7 69+12 | 60.6 £ 11.2

(*: could not reach to the maxima of Chernoff distance)

7.4.4 QCMAP
UCI database: Optimization

In this section, I discuss the computational cost of the QCMAP estimation in comparison with other
methods. T implemented an optimizer based on the primal-dual interior point (PDIP) algorithm for
the QCMAP problem in the programming language C. The PDIP algorithm was explained in Section
6.1.7.

T used the PR_LOQO optimizer for the SVM problem for comparison. The PR_LOQO is an optimizer
for convex quadratic programming, created by A. Smola in 1997 and implemented in the programming
language C. It is based on the PDIP algorithm including a path-following method.

In both implementations, individual calculation procedures (e.g., matrix and vector multiplication,
and Cholesky decomposition) are almost equivalent. Therefore, the two optimizers operate under
nearly equal conditions.

For reference, I also tested the IBM ILOG CPLEX Optimizer [51] for the SVM problem.

I tested their optimizers for each problem using the UCI data sets [35] (see Table 7.4), and measured
computational times [sec| for each realization when running on a computer with an Intel Core i7 3.33
GHz CPU and 12 GBytes of RAM. Table 7.10 gives average times + standard deviations for all

realizations.
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Table 7.9: Classification errors for UCI dataset
label FDA aCFDA BFDA CFDA-p p1 ave. CFDA-m p1 ave.
1 2.6 +0.9 2.4+ 0.8 2.6 £0.9 2.4+ 0.9 0.35 24 +0.9 0.32
2 237+ 19 23.5 £ 2.0 23.6 £ 2.1 23.5 £ 1.8 0.65 23.5 £ 2.1 0.50
3 31.7 £ 3.9 34.8 £ 3.7 019.4 4+ 3.5 | 019.4 + 3.5 0.21 019.4 + 3.5 0.90
4 13.1 £ 4.1 8.4 + 3.0 18.2 + 4.3 18.2 + 4.3 0.69 18.2 + 4.3 0.80
5 26.6 £ 5.0 274 + 4.6 6.6 + 2.7 6.6 + 2.7 0.33 6.6 +£ 2.7 0.80
6 1.0+ 14 1.9+19 1.0+ 14 1.9+ 1.9 0.28 009+ 1.2 0.70
7 17.2 + 5.6 21.3 £ 7.3 27.0 £ 149 27.0 + 14.9 0.11 27.0 £ 149 0.83
8 3.8+ 1.2 3.8+ 1.2 3.8+ 1.2 3.8 +1.2 0.50 394+ 14 0.55
9 50.4 +£ 0.9 50.3 £ 1.0 041.1 +- 0.4 | 041.1 +- 04 0.54 041.1 + 0.4 0.50
label KFDA Kernel aCFDA KBFDA KCFDA-p p1 ave. KCFDA-m p1 ave.
1 022+0.7 022407 022+0.8 022+0.7 0.35 022+0.8 0.51
2 234+ 1.6 0229+ 1.8 23.5 £ 1.8 234+ 2.0 0.65 237+ 19 0.52
3 25.7 £ 4.2 28.5 £ 34 019.4 £+ 3.1 | 019.4 £+ 3.1 0.21 019.4 + 3.1 0.90
4 6.2 4+ 24 05.3+20 6.2 + 2.5 5.5 4+ 2.0 0.69 6.5 + 2.3 0.73
5 028+ 22 3.1+ 2.6 3.1+ 24 3.3+ 25 0.33 3.4+ 24 0.66
6 3.7+ 26 3.6 + 3.1 6.9 £ 3.6 3.7 £ 3.3 0.28 6.6 £ 3.6 0.58
7 18.3 + 3.7 26.8 £ 5.2 9.5 + 3.0 20.2 £ 5.8 0.11 09.4 + 3.3 0.89
8 0.7+ 04 0.7 £ 0.3 0.7+ 04 00.6 £04 0.50 0.8 £0.4 0.51
9 44.6 £ 1.0 44.7 + 1.2 41.9 + 0.8 42.2 + 0.9 0.54 41.8 £ 1.0 0.56
UCI database: Classification
I tested four classifiers provided by individual and combined novel weight function strategies. These
classifiers and their parameter settings are listed in Table 7.11, where & and 3 are given by
1N
= ; T, (7.15)
o wE Eaam) — @) i=j
3 — (7.16)

0

it

I also have to select the parameter s in the KDEQCM method, and if we want to make the constraints

strong, then s must be small. However, if s is too small in KDEQCM, then the classifier is almost the

same as LSR and its results are meaningless. Therefore, I selected s = 0.01 in KDEQCM. Nevertheless,

we cannot guarantee these parameter settings are optimal.

Conversely, the kernel parameter v is optimized as follows:

e Repeat the five-fold cross validation five times using different realizations, and record their

optimal parameters: {71, ... )1

e Select a median value from their values:

v* = Median [y, ... ,7(5)] .

(7.17)



CHAPTER 7. EXPERIMENTS 159

Table 7.10: Computational time of optimizers

Optimizer PR_LOQO in C for SVM | CPLEX in C for SVM || PDIP in C for QCMAP
Banana 5.93 £ 0.05 0.26 £ 0.10 5.09 £ 1.22
Breast Cancer 0.76 £+ 0.01 0.08 £ 0.01 1.13 £0.30
Diabetes 9.24 £+ 0.06 0.37 + 0.03 18.60 £ 3.33
Flare-Solar 27.29 £ 0.16 0.09 £+ 0.00 93.13 £ 45.12
German 30.45 + 0.15 0.89 £ 0.02 211.20 + 39.16
Heart 0.53 £+ 0.03 0.04 £+ 0.00 0.65 £+ 0.29
Image 207.28 + 1.17 5.86 £ 0.19 346.48 £ 63.91
Ringnorm 6.44 £ 0.03 0.36 £ 0.01 5.67 £ 1.11
Splice 86.51 + 0.36 2.36 + 0.04 318.77 £ 87.80
Thyroid 0.33 £ 0.02 0.03 £ 0.00 0.22 £+ 0.06
Titanic 0.35 £ 0.01 0.02 £+ 0.00 0.30 £ 0.20
Twonorm 5.55 + 0.03 0.35 £+ 0.02 6.83 £+ 3.14
Waveform 6.08 £ 0.04 0.30 £ 0.07 7.15 £ 1.44

This cross-validation procedure is taken from [86, 74] and following that study. I selected the kernel

parameters from among:
{1076.0’ 10*5.75’ 10*5.50’ el 100.507 100.75’ 101.00}.

For QCMAP estimation, we have only one hyper-parameter for model selection. This is an important
property of the QCMAP method since computation time of cross-validation increases exponentially
with the number of hyper-parameters.

The classifiers were trained by using the PDIP algorithm described in Section 6.1.7. In this regard,
I set the approximation parameter ¢ = 2. Although this value does not result in highly accurate
approximations of min(ry,, 1), it maintains smooth progression of the algorithm.

The k-nearest neighbor (kNN) method, the regularized AdaBoost (ABr) method and SVM were
used for comparison with the proposed classifiers. In the KNN method, I select the optimal value of k
from {1, 3, 5, ..., 61}. Results of ABr and SVM are referenced from [86, 74]. The RBF Gaussian
kernel was used in SVM. Regularization parameters of the ABr and the tradeoff (regularization)
parameter and kernel parameter of SVM were selected in the same way (the five-fold cross-validation
method). Table 7.12 shows the results of this experiment.

The values listed in this table show the mean value + standard deviation of the error rates for all
realizations, and the minimum error rate for each data set is denoted by a bold font. Symbols ‘e’, ‘o’,
and ‘x’ indicate that the error of QCMAP is significantly smaller than the errors of kNN, ABg, and
SVM, respectively, by one tailed t-test with significance level of 5%.
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Table 7.11: Proposed Classifiers tested in the experiment

Number Classifier(s) Parameter Setting (First Classifier) Parameter Setting (Second Classifier) Mixing Rate
1 | aQcM p==a =3
2 | poGQCcM p==a =3 v=4k=0.9
3 | KDEQCM fn = @n, s=0.0l,n=1,...,N
4 | DOGQCM + KDEQCM | p=@, S =35, v =4, k = 0.9 fn =@n, s=0.0l,n=1,...,N p=0.5

Table 7.12: Experimental results of UCI data sets

kNN ABpg SVM GQCM DOGQCM KDEQCM DOG+KDE
Banana 11.3 £ 0.6 10.9 £+ 0.4 11.5 £ 0.7 0o 10.5 + 0.4 ®0x% 10.5 + 0.4 00 10.5 + 0.5 0o 10.5 + 0.4
Breast Cancer 25.3 + 4.0 26.5 £ 4.5 26.0 £ 4.5 26.0 £ 4.4 o 25.4 + 4.3 26.0 £ 4.5 25.5 £ 4.5
Diabetes 25.4 + 1.8 23.8 £ 1.8 23.5 £ 1.7 [ 1o} 23.2 + 2.0 [ 1) 23.2 + 1.7 [ Je} 23.2 + 2.0 [ 1o} 23.2 + 1.8
Flare-Solar 34.8 £ 1.9 34.2 + 2.2 32.4 + 1.8 [ 1o} 33.3 £ 1.8 e0 33.3 £ 1.7 [ 1o} 33.3 £ 1.8 [ 1o} 33.3 £ 1.7
German 25.2 + 2.3 24.3 £ 2.1 23.6 + 2.1 (1o} 23.7 £ 2.2 LX) 23.7 £ 2.2 [1e} 23.7 £ 2.2 . 23.8 £ 2.3
Heart 15.7 + 3.4 16.5 + 3.5 16.0 + 3.3 o 15.6 + 3.2 o 15.6 + 3.3 15.7 + 3.4 15.7 + 3.4
Image 3.4+ 0.5 2.7 + 0.6 3.0 + 0.6 3.6 &+ 0.6 o 2.7+ 0.6 3.1 £ 0.7 o 2.6 + 0.5
Ringnorm 35.0 £ 1.4 1.6 + 0.1 1.7 £ 0.1 . 1.9 £ 0.1 . 1.8 £ 0.1 . 4.6 + 0.8 . 2.0+ 04
Splice 26.1 + 2.2 9.5 + 0.7 10.9 + 0.7 . 10.8 + 0.6 . 10.7 + 0.7 . 10.9 + 0.7 . 10.8 + 0.8
Thyroid 4.4 + 2.2 4.6 £ 2.2 4.8 £ 2.2 * 4.1 £ 2.7 ®0% 3.8 £ 2.1 6.9 + 3.0 ®0x 3.7 £ 2.1
Titanic 228 £ 1.1 22.6 £ 1.2 224 £+ 1.0 (1o} 222 £ 1.0 LX) 222 4+ 1.0 00 21.9 + 1.0 [1e} 223 £ 1.1
Twonorm 2.6 + 0.2 2.7 + 0.2 3.0 + 0.2 00 2.4 + 0.1 LYoEY 2.3 + 0.1 00 2.4+ 0.1 00 2.3 +£ 0.1
‘Waveform 10.7 £ 1.0 9.8 + 0.8 9.9 + 0.4 . 10.2 £+ 0.6 3 9.8 + 0.5 . 10.1 £+ 0.5 . 9.9 + 0.5

e: Superior to kNN solution by t-test with significance level 5%.
o: Superior to ABR solution by t-test with significance level 5%.
*: Superior to SVM solution by t-test with significance level 5%.

Weight function selection

In this section, I try to select a good weight function for a data set by using the results of previous
experiments. From the results, I found that similar weight functions performed in similar accu-
racy, DOGQCM was superior to GQCM for all data sets, and DOG+KDE was partially superior to
DOGQCM. Therefore, the number of candidates of weighting functions can be reduced. In this ex-
periment, I employed DOGQCM and DOG+KDE as the candidates, and propose a method to select
either of the weight functions. DOG+KDE is suitable for an easy data set and DOGQCM is suitable
for a difficult data set because DOG+KDE would be more similar to LSR than DOGQCM. Fig. 7.21
shows the 2d-plot of NN and LDA error rates for 13 UCI data sets. NN error rates are calculated
as the rate of samples of which the nearest neighbor belongs to the other class. LDA error rates are
calculated by using the same samples for training and testing. From the previous results, DOG+KDE
was almost always better for ‘Image’, ‘Thyroid’, and ‘Twonorm’, and DOG+KDE was almost always
better for the other data sets. Then I decided the boundary line between the two weight functions by
LDA. When another data set is given, we can select either of the weight functions by calculating NN
and LDA error rates and separating it with the boundary line. Since the computational costs of NN
and LDA are much smaller than kernelized methods, we can select a weight function effectively. I call
it the weight function selection QCMAP (WS-QCM).
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Application to Brain Signal

I conducted an experiment by using the challenging brain computer interface (BCI) data set [8]. This
is for motor imagery classification to assign EEG signals into either ‘foot’ imagery or ‘right hand’
imagery. It consists of 280 EEG signals for 5 subjects. I extracted features from EEG signals into
six dimensional feature vectors by the common spacial pattern (CSP) filter [75]. And I calculated
generalization errors by 5-fold cross validation (CV) for each subject. Table 7.13 describes the result
of this experiment. I compared the proposed method to SVM with two types of hyper parameter
selection approaches. SVM has two hyper parameters: a kernel parameter v and a tradeoff parameter
A. I selected an optimal combination from grid-like candidates by the 5-fold CV. The number of
candidates of v and A are 29 and 13, then the number of all combinations is 377 in this method. The
first approach is to optimize two parameters from all 377 combinations of grid-like candidates by the
5-fold CV. I denoted this method as “SVM-1" in the table. The other approach consists of two phases.
In the first phase, I obtain a combination of values from rough grid-like candidates by the 5-fold CV.
In the second phase, I optimize two parameters from fine grid-like candidates around the combination
by the 5-fold CV. I denoted this method as “SVM-2" in the table. From the result, SVM-2 (two phase
CV) was better than SVM-1 (all search CV) for three subjects. The fact implies that the CV based
hyperparameter selection is very difficult.

Furthermore, I applied the SVM¢g, the SVMp, and the KCFDA-m to this experiment. Hyperpa-
rameters of the SVM¢g and the SVMp were optimized by the two phase CV. Kernel paramter y of the
KCFDA-m was optimized by the 5-fold CV.

QCMAP approach has one hyper parameter as a kernel parameter v and two candidates of weight
functions. I first selected either of the weight functions by the boundary line in the NN and LDA error
rate space. After that, I optimized its kernel parameter v by the 5-fold CV. I denoted this method
as “WS-QCM” in the table. The column of “DOG:D&K” shows numbers of times that DOGQCM
and DOG+KDE were selected, respectively. The columns of “only DOG” and “only D&K” show the
error rates of individual weight functions. From the results, weight function selection worked well for
three out of five subjects. The data of Subjects 2 and 4 are easy for classification, and DOG+KDE
provided better performances. The data of Subjects 3 is difficult, and DOGQCM provided a better
performance. The data of Subjects 1 and 5 are intermediate, and we could not select the proper weight
function. However, the differences between error rates of DOGQCM and DOG+KDE are small for
the two subjects. The experimental result shows the proposed selection method can be applied to
practical problems. Another notable result is that QCMAP approaches provided better performances
than SVM for almost all subjects. Furthermore, I have to recall that one hyper parameter is more

easily optimized than two hyper parameters, and we can use QCMAP more easily than SVM.
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Table 7.13: Experimental results of a BCI data set by the weight function selection

SVM-1(all search) | SVM-2(two phase) SVM¢g SVMp KCFDA-m
Subject 1 28.2 £ 5.8 28.6 = 5.9 23.6 £ 6.1 243 +74 | 239+ 45
Subject 2 21+15 29+ 20 21+£15 14+ 15 1.8 +1.3
Subject 3 37.1 £10.8 35.7 £ 7.7 36.4 £ 11.1 | 38.6 £6.0 | 47.9 £ 8.8
Subject 4 8.6 £ 2.0 8.2 £ 3.0 8.2 £ 3.0 8.6 £ 2.9 6.4 + 3.0
Subject 5 15.0 £ 4.8 13.6 £ 3.9 15.7 £ 5.0 15.7 £ 2.0 13.2 £ 6.3

WS-QCM DOG:D&K only DOG only D&K

23.9 £ 4.8 5:0 23.9 £ 4.8 23.2 £ 4.6

1.1 + 1.6 0:5 14+15 1.1 +£1.6

33.6 £ 6.5 5:0 33.6 £ 6.5 35.7 £ 6.1

7.9 £ 20 0:5 9.3 £ 29 7.9 £20

13.6 £ 5.0 1:4 12.9 + 5.8 13.6 £ 5.0
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Chapter 8

Conclusions

8.1 Summary

In this thesis, I have explained the matrix and tensor based feature extraction and the classification
methods, and proposed several new methods for them.

In Chapter 2, I have introduced several existing methods for data analysis: the discrete Fourier
transform (DFT), the discrete wavelet transform (DWT), the principal component analysis (PCA),
the sparse principal component analysis (SPCA), and the independent component analysis (ICA).

In Chapter 3, I have introduced matrix and tensor decomposition techniques. The most basic matrix
decomposition is the singular value decomposition (SVD). The SVD provides a full-rank complete de-
composition which consists of orthonormal left and right singular matrices and a diagonal rectangular
matrix. The truncated SVD (tSVD) is a low-rank approximation model of SVD. The tSVD provides
the minimum mean squared error between an original data and a decomposition model. The SVD
and the tSVD features are obtained based on orthogonality constraint; however, orthogonality is not
always efficient. I have to use also sparsity, smoothness and nonnegativity constraints as the situation
demands. The penalized matrix factorization (PMD) is a technique to impose a sparsity or a smooth-
ness constraint to the matrix decomposition model, and the nonnegative matrix factorization (NMF)
is a technique to impose a nonnegativity constraint to the matrix decomposition model. Furthermore,
the sparse NMF, the smooth NMF methods have been introduced.

The tensor decomposition is an extension technique of the matrix decomposition to analyze multi-
dimensional array (tensor) data. There are two models in the tensor decomposition: CP model and
Tucker model. The CP model is a direct extension of the matrix decomposition, and the Tucker
model is more general extension. I have introduced to impose the orthogonality, the sparsity and the
nonnegativity constraints to both models.

Furthermore, I have introduced the common and individual feature extraction, and several solution
algorithms. The common and individual feature extraction is a very important technique for data
analysis; however, this is technically complex.

In Chapter 4, I have introduced a supervised-future extraction and several basic classification meth-
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ods: the common spatial pattern (CSP) filter, the kernel method, the least squares regression (LSR),
the Fisher discriminant analysis (FDA), and the support vector machine (SVM).
In Chapter 5, I have proposed the following new algorithms for matrix and tensor based feature

extraction:
e Fast algorithm and extension methods for Smooth NMF with function approximation

— HALS based fast improvement algorithm

— Extensive basis function

— Reduction method of the size of basis matrix
— CP tensor extension

— Tucker tensor extension
e Linked (common and individual) CP tensor decomposition (LCPTD)

— Nonconstrained LCPTD
— Sparse LCPTD
— Nonnegative LCPTD

e linked (common and individual) Tucker decomposition (LTD)

— Orthogonal LTD
— Sparse LTD

— Nonnegative LTD
In Chapter 6, I have proposed the following new classification methods:
e QCMAP classifiers

— QCMAP classifier with the Gaussian weight function (GQCM)

— QCMAP classifier with the difference of the Gaussian weight functions (DoGQCM)
— QCMAP classifier with the kernel density estimated weight function (KDEQCM)
— QCMAP classifier with the DoG and the KDE weight functions (Dog+KDE-QCM)

e Support vector machine with weighted regularizations (WRSVM)

— WRSVM with the Gaussian weight function (SVMg)
— WRSVM with the difference of the Gaussian weight functions (SVMp)

e Chernoff Fisher discriminant analysis (CFDA) classifiers and their kernel extensions

— Bhattacharyya FDA (BFDA)
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— Chernoff FDA with prior based parameter (CFDA-p)
— Chernoff FDA with error minimization (CFDA-m)
— their kernel extensions (KBFDA, KCFDA-p, KCFDA-m)

In Chapter 7, I have shown the experimental results of new feature extraction and classification
methods. To evaluate proposed feature extraction methods, I conducted experiments for the low-
rank approximation, the face reconstruction, the blind source separation (BSS), the denoising, the
parts-based representation, and the compression. I showed the advantages of a new fast algorithm for
smooth NMF/NTF and new linked tensor decomposition models. To evaluate proposed classification
methods, I conducted experiments of classification with UCI datasets and BCI dataset. I showed the

advantages of the proposed classifiers.

8.2 Open problems

In this section, I mention about open problems for individual methods.

8.2.1 Feature Extraction

In almost all cases, matrix/tensor decomposition is used as a low-rank approximation; however, the
best rank is usually unknown. For example, it is difficult to know the number of original sources in
BSS problem. It should be careful to decide the amount of reduction of the information of data in
dimensionality reduction. Another problem is how to apply our new methods to big data. In order to
process the big data, it is necessary to reduce computation time and online algorithm is also important.

Furthermore, researches to apply the proposed method to various types of brain data is necessary.

8.2.2 Classification

Hyper parameter selection methods can be considered as an open problem in classification methods.
In recent research, most of efficient classifiers are based on kernel method such as SVM. Furthermore,
most of robust approaches are based on regularization techniques. Therefore, most of recent classifiers
have at least two hyper parameters: a kernel parameter and a regularization parameter. For two hyper
parameters, their parameter domain is a 2-dimensional hyper plane. In this case, there are too many
candidates of parameter combinations to select. WRSVM has this problem. CFDA based classifiers
have only the kernel parameter; however, they still have a possibility of over-fitting. Furthermore, I
have proposed only one-dimensional feature model, then the research for multi-dimensional feature
model is necessary. The QCMAP classifiers have only a kernel parameter and it is robust for outliers.
How to select kernel parameter is an open problem. It can be considered to apply the multiple
kernel learning (MKL) methods to the QCMAP estimation. This will provide parameter-less efficient
classifiers. Reduction of computational time (especially, learning time) is sometimes considered less

serious; however, it is also very important from the view point of online learning. Difficult and complex
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criteria and optimization algorithms are not efficient for online learning. It is necessary to apply the

proposed methods to various types of brain data (especially multi-categorical data).
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