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Abstract

The present thesis investigates phase transitions and critical phenomena in the random
transverse-field Ising models by means of a real-space renormalization-group method.
The analysis is intended to examine the presence of infinite-randomness fixed points in
the models in a renormalization-group picture.

Infinite-randomness fixed points are concerned with peculiar critical phenomena,
which have been established in a study of the one-dimensional random transverse-field
Ising model. Subsequent studies have conjectured the presence of the fixed point in
some cases. The thesis mainly examines such two cases: the two- and three-dimensional
Ising spin glasses in a transverse field and the one-dimensional Ising spin glass with the
power-law interaction in a transverse field. The latter is not directly tackled. Instead,
we introduce and analyze the hierarchical model which is expected to show similar
critical phenomena.

A real-space renormalization-group method is exploited in the thesis. We develop
the method in a model without randomness first. The method reproduces some previ-
ously known results of transition points and critical exponents in pure and disordered
cases. The spin-glass models mentioned above are investigated with the method. We
find evidence of the presence of infinite-randomness fixed points in these cases as a
result, which supports the conjectures.
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I would like to thank Prof. Ferenc Iglói for giving me an explanation of the strong-
disorder renormalization group. Many thanks to all colleagues who have shared the
room 343 in the main building at Tokyo Institute of Technology for cheerful mood and
good coffee. I acknowledge the financial support from the Global Center of Excellence
Program by MEXT, Japan through the“Nanoscience and Quantum Physics”Project of
Tokyo Institute of Technology and the financial support provided through the Research
Fellowship of the Japan Society for the Promotion of Science. Finally, I would like to
thank my family for continuing support.

ii



List of publications

Publications on which this thesis is built

1. R. Miyazaki and H. Nishimori, “Real-space renormalization-group approach to
the random transverse-field Ising model in finite dimensions,” Phys. Rev. E 87,
032154 (2013).

2. R. Miyazaki, H. Nishimori, and G. Ortiz, “Real-space renormalization group for
the transverse-field Ising model in two and three dimensions,” Phys. Rev. E 83,
051103 (2011).

Other publications

1. R. Miyazaki, “Frustration and Transition Point of Ising Spin Glasses,” Inter-
disciplinary Information Sciences 19, 43 (2013). Proceedings of The 4th Young
Scientist Meeting on Statistical Physics and Information Processing in Sendai.

2. R. Miyazaki, “Frustration in Vicinity of Transition Point of Ising Spin Glasses,”
J. Phys. Soc. Jpn. 82, 094001 (2013).

iii



Contents

1 Introduction 1

1.1 Phase transitions, critical phenomena, and renormalization group . . . 1

1.2 Effects of randomness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Classification of critical phenomena in random systems . . . . . 4

1.2.2 Rare regions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Random transverse-field Ising chain . . . . . . . . . . . . . . . . . . . . 9

1.3.1 Pure model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.2 Random model and material . . . . . . . . . . . . . . . . . . . . 11

1.3.3 Scaling relations . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 Other systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.1 Random quantum spin chains with discrete symmetry . . . . . . 14

1.4.2 Random antiferromagnetic XXZ spin chains . . . . . . . . . . . 15

1.4.3 Higher-dimensional systems . . . . . . . . . . . . . . . . . . . . 16

1.4.4 Quantum spin glasses . . . . . . . . . . . . . . . . . . . . . . . . 16

1.5 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Renormalization group 20

2.1 Framework of renormalization group . . . . . . . . . . . . . . . . . . . 20

2.1.1 Renormalization-group transformations . . . . . . . . . . . . . . 20

2.1.2 Scaling law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Momentum-space renormalization group and the Gaussian model . . . 24

2.2.1 Classical Ising model . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2.2 Transverse-field Ising model . . . . . . . . . . . . . . . . . . . . 27

2.3 Strong-disorder renormalization group . . . . . . . . . . . . . . . . . . 29

2.3.1 General rules of the strong-disorder renormalization group . . . 29

2.3.2 Relationship between energy and length . . . . . . . . . . . . . 31

2.4 Our renormalization-group scheme . . . . . . . . . . . . . . . . . . . . 33

2.4.1 Principle of our scheme . . . . . . . . . . . . . . . . . . . . . . . 33

2.4.2 Basic properties of our scheme . . . . . . . . . . . . . . . . . . . 35

3 Real-space renormalization group for the transverse-field Ising mod-
els 37

3.1 Renormalization group for the transverse-field Ising chain . . . . . . . . 37

3.1.1 Renormalization-group transformation . . . . . . . . . . . . . . 38

3.1.2 Transition point and critical exponents . . . . . . . . . . . . . . 41

3.1.3 Other block partitions . . . . . . . . . . . . . . . . . . . . . . . 43

iv



CONTENTS v

3.1.4 Our block partition . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2 Generalization to higher-dimensional models . . . . . . . . . . . . . . . 46

3.2.1 Two dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.2 Three dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Real-space renormalization-group analysis of the random transverse-
field Ising models 54
4.1 One dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1.1 Random transverse-field Ising chain . . . . . . . . . . . . . . . . 55
4.1.2 Real-space renormalization group in one dimension . . . . . . . 56

4.2 Two dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2.1 Generalization to the two-dimensional models . . . . . . . . . . 60
4.2.2 Random ferromagnet in two dimensions . . . . . . . . . . . . . 63
4.2.3 Spin glass in two dimensions . . . . . . . . . . . . . . . . . . . . 65

4.3 Three dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.3.1 Generalization to the three-dimensional models . . . . . . . . . 68
4.3.2 Random ferromagnet in three dimensions . . . . . . . . . . . . . 69
4.3.3 Spin glass in three dimensions . . . . . . . . . . . . . . . . . . . 71

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5 Real-space renormalization-group analysis of the transverse-field Ising
model with the hierarchical interaction 74
5.1 Power-law interactions and hierarchical interactions . . . . . . . . . . . 74

5.1.1 Power-law interactions . . . . . . . . . . . . . . . . . . . . . . . 75
5.1.2 Transverse-field Ising model with the power-law interaction . . . 75
5.1.3 Ising spin glass in a transverse field with the power-law interaction 77
5.1.4 Dyson’s hierarchical model . . . . . . . . . . . . . . . . . . . . . 80

5.2 Transverse-field Ising chain with the hierarchical interaction . . . . . . 82
5.2.1 Renormalization-group analysis . . . . . . . . . . . . . . . . . . 82
5.2.2 Constraint on the exponent of power-law . . . . . . . . . . . . . 85

5.3 Random transverse-field Ising model with the hierarchical interaction . 86
5.3.1 Renormalization-group equations . . . . . . . . . . . . . . . . . 87
5.3.2 Numerical implementation . . . . . . . . . . . . . . . . . . . . . 89
5.3.3 Spin glass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6 Conclusion 96





Chapter 1

Introduction

This thesis presents an analysis of phase transitions and critical phenomena in quantum
spin systems with randomness by means of a real-space renormalization-group method.
We start with a review of random quantum spin systems. The first section outlines
elementary concepts for the subsequent discussion. The next section discusses effects
of randomness on critical phenomena. We classify the effects into three types. One
of the classes contains systems exhibiting critical phenomena governed by an infinite-
randomness fixed point, which is the main subject in the present thesis. Effects of rare
regions on critical phenomena, which is one of the features in random systems, are also
described. Section 1.3 introduces the random transverse-field Ising model, which has an
infinite-randomness fixed point and is hence the basic model in the thesis. We review
the properties of this model. In addition, Sec. 1.4 gives short surveys of understandings
of other systems in this field. This chapter is closed with the overview of the present
thesis.

1.1 Phase transitions, critical phenomena, and renor-

malization group

We all surely have seen popular examples of phase transitions that ice melts or water
evaporates. The phase transition of water is an everyday phenomenon. We have no
question about it in our daily life. In a theoretical viewpoint, nevertheless, phase
transitions are difficult issues. A lot of physicists have been attracted to this topic.
Let us explore this exciting field.

We first introduce some terms for subsequent theoretical arguments. The most
fundamental concept in this thesis is phase. When we determine some parameters
characterizing a system, for example, temperature, volume, and fields, the system
lies in some phase. Phases are distinguished by their macroscopic properties. For
example, spatial symmetries of systems distinguish the gas, liquid, and solid phases.
The macroscopic properties suddenly change in phase transitions. This sudden change
is described as a singularity in the free energy of the system.

A phase transition often accompanies another fascinating phenomenon, namely a
critical phenomenon. This phenomenon makes phases indistinguishable and causes
interesting singularities in physical quantities. Typical examples of the singularities
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in magnetic materials are found in specific heat C, magnetization m, susceptibility
χ, correlation function G(r) with two spins separated by distance r, and correlation
length ξ. In case that the critical phenomenon is driven by the change of temperature
T or an external field h, they are represented with critical exponents α, β, . . . as [1]

C ∼|t|−α (T > Tc), |t|−α′
(T < Tc), (1.1)

m ∼|t|β (T < Tc), (1.2)

χ ∼|t|−γ (T > Tc), |t|−γ′ (T < Tc), (1.3)

m ∼|h|1/δ (T = Tc), (1.4)

G(r) ∼e−r/ξ (T ̸= Tc), (1.5)

ξ ∼|t|−ν (T > Tc), |t|−ν′ (T < Tc), (1.6)

G(r) ∼r−d+2−η (T = Tc), (1.7)

where t = (T−Tc)/Tc with the critical temperature Tc, and d is for the spatial dimension
of the system. The symbol “∼” expresses the most singular contribution of the left
hand side near the critical point.

Critical exponents show a strong universality. Systems have the same set of critical
exponents if they share only three things in common: the symmetry of the Hamiltonian,
the dimensionality, and the type of interactions [2]. Systems with the same set of critical
exponents constitute a universality class. The universality in critical phenomena has
been one of the central themes in statistical physics.

A system at a critical point has another significant feature that fluctuations of all
length scales exist. In a magnetic material, a system at a critical point has various sizes
of domains which consist of parallel spins. This property leads to the scale invariance
of a system at the critical point, and the invariance is a clue to investigate critical
phenomena with renormalization group.

It is an apparently impracticable attempt to explore macroscopic phenomena such
as phase transitions and critical phenomena, with microscopic Hamiltonians. Renor-
malization group [3] is one of the powerful tools (or concepts) to tackle the problem.
In the framework of renormalization group, we first focus on the smallest scale in a
system and calculate the influence of the scale on the objective physical quantities
such as the free energy or the partition function. For concreteness, let us consider the
one-dimensional Ising model with the Hamiltonian

H = −J
∑
i

SiSi+1, (1.8)

where i denotes a site of the chain and Si = ±1. We first take the partial trace, for
example, calculations of only spins on even number sites, of the partition function.
Taking the effect into the larger scales, we reconstruct the system without the smallest
scale. We then rescale the system to have the same scale as the original one. The
resulting function has the renormalized parameters shifted through this transforma-
tion. This process is illustrated in Fig. 1.1. In the Ising model, the parameter is the
product of coupling constant and inverse temperature, and it is shifted through this
transformation. Moreover, new parameters are also produced in general. Iterating this
transformations, we ought to reach a macroscopic scale.
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Figure 1.1: Renormalization-group procedure in a one-dimensional system. In the
example, the spin degrees of freedom depicted as circles on alternate sites are traced out.
The systems is then rescaled as the distance between neighboring sites takes the original
value. The symbolK denotes the product of coupling constant and temperature, which
is shifted to K̃ through the transformation.
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Figure 1.2: An example of renormalization-group flow in the parameter space (K1–K2

plane). This flow has two stable fixed points denoted by P and F, and an unstable
fixed point denoted by C.

We trace the change of parameters, and then draw the flow of renormalization
group in the parameter space as in Fig. 1.2. The flow has fixed points, which represent
the coarse-grained macroscopic states. In general, stable ones correspond to phases,
whereas unstable ones to critical points or transition points. The correspondence of
unstable fixed points with critical points is due to the scale invariance at the critical
points. To estimate critical exponents, we observe the flow in the vicinity of the critical
point. With the scaling theory for free energy and other observables, we deduce the
critical exponents from the flow. This framework of renormalization group will be
elaborated in Sec. 2.1.

Although the concept of renormalization group is clear, we have no general pre-
scription to execute calculations in specific problems. The generation of additional pa-
rameters through the transformations leads to an especially awkward problem. To get
over or get around the hurdle, various approximate methods have been developed [1,2].
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Our strategy in this thesis will be explained in Sec. 2.4.

1.2 Effects of randomness

As a consequence of long studies, phase transitions and critical phenomena in uniform
systems have been substantially understood. Unfortunately, our world is not so clean
as the ideal models employed in the studies. Usually, systems include uncontrollable
impurities which distribute randomly. The impurities and the resulting randomness
can change the nature of systems and trigger new problems. Fortunately, they also
give a glimpse of elegant universalities. Systems with randomness, which we refer to as
random systems hereafter, show unique critical phenomena. This section reviews the
relationship between randomness and critical phenomena.

1.2.1 Classification of critical phenomena in random systems

One of the elementary problems on random systems is whether the presence of impu-
rities or randomness changes macroscopic properties of the systems. In particular, we
are interested in the influence on critical phenomena. The criterion on this issue has
been derived [4]. To suppress the effects of randomness on critical phenomena, a pure
system, which has no randomness, needs to satisfy the inequality about the critical
exponent ν, which is called the Harris criterion,

dν > 2, (1.9)

with the spatial dimension d of the system.

The Harris criterion is intuitively understood as follows [1]. Let us consider a
magnet, where spins interact each other with a coupling constant J . Randomness is
introduced as the perturbation in the interactions as J → J + δJ(r). We can interpret
this perturbation as the change of local temperature, since coupling constants appear
as the product with inverse temperature in statistical mechanical calculations. Thus,
we should examine how the system responds to the change of temperature. Specific
heat then plays an important role. If the critical exponent α is positive, the specific
heat diverges at the critical point. The perturbation in local temperatures, or in
interactions, induces a sudden change in local energies accordingly. Consequently,
randomness destabilizes the system if α > 0. This argument results in the Harris
criterion with an equation of hyperscaling, α = 2 − dν, which is derived from the
scaling theory of the correlation function [1]. We should note that the Harris criterion
is a necessary condition, and is not a sufficient condition, to suppress the effects of
randomness.

If dν ≤ 2, the randomness influences critical phenomena. We can find two types of
the influence [5,6], which are described below. Thus, with the case that the randomness
is suppressed, critical phenomena of random systems are categorized into three types [5,
6]. The classification is based on the behavior of disorder strength through coarse-
graining processes. We classify random systems according to critical phenomena in a
renormalization-group picture:
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1. Systems whose critical phenomena are not influenced by randomness

2. Systems which keep their inhomogeneities at all length scales with finite strength
of randomness

3. Systems where the magnitude of randomness is unlimitedly amplified under
coarse-graining processes.

In the first class, critical exponents of the systems satisfy the Harris criterion dν > 2.
The strength of randomness decreases through the coarse-graining processes. In other
words, the width or the variance of the distribution of physical quantities or parameters
in the system vanishes. Hence, the randomness is irrelevant in a renormalization-group
picture. The width of distributions of macroscopic observables vanishes as a result [7,8].
The critical fixed point is the same as in the corresponding pure system. An example
in this class is the three-dimensional classical Heisenberg model, where ν ≃ 0.698 [9].
We can find the inequality dν > 2 in this case.

In the second class, inhomogeneities in the systems do not vanish through coarse-
graining processes. They affect critical phenomena, and critical exponents are shifted
from those in the pure system. The width of distributions of macroscopic observ-
ables approaches a finite size-independent value [7, 8]. This class includes the three-
dimensional classical Ising model. The pure system shows ν ≃ 0.627 [10], which
does not fulfill the Harris criterion, and the diluted model has the different value
ν ≃ 0.684 [11].

In the third class, the magnitude of randomness is infinitely amplified through
renormalization, which means that the width of distributions of observables grows
indefinitely (in the logarithmic scale). The fixed point is referred to as an infinite-
randomness fixed point [12], and it represents broad distributions of physical quantities.
As a consequence, rare regions in the system, which are usually expected not to affect
macroscopic properties, strongly influence some of the behavior of the system. The
effects of rare regions in random systems are elaborated in the next subsection. In
addition, at the critical point, the scaling-law is not the conventional power-law scaling
but an exponential scaling, which is often called the activated scaling. The first example
in this class is the McCoy-Wu model [13–16]. This model is a descendant of the two-
dimensional classical Ising model and will be explained in the next subsection.

The third class is our main objective in this thesis. This class is the most fascinating.
In this class, the randomness infinitely grows through renormalization, and extremely
affects the system as a result. The strong randomness seems to spoil the universal
aspects of critical phenomena. Contrary to the intuition, systems in this class share
peculiar scaling relations. We can find in this class the universality generated by the
randomness, which is one of the goals of studies on random systems. The characteristic
features of the third class are considered to originate from the influence of rare regions,
the mechanism of which is discussed in the next subsection.

1.2.2 Rare regions

As mentioned in the last subsection, rare regions in a random system can influence
macroscopic properties. This phenomenon is the feature not only in the third class,
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Figure 1.3: Two-dimensional site-diluted Ising system and a cluster. Spins depicted
as arrows sit on vertexes of a lattice drawn by solid lines. Some sites are vacant. The
dashed line encloses a region. The spins in the region do not interact with spins outside
of the dashed line and build a cluster.

where the randomness is infinitely amplified through a coarse-graining process. We
can find the effects of rare regions in the systems in the second class, although the
effects are very weak. The rare regions, thus, play an important role which produces
differences from pure systems and interesting behavior of random systems. We review
studies on effects of rare regions.

Let us consider a system with parameters randomly taken from some distribution.
Imagine random variable interactions Jij between spins i and j. The parameters take
various values, but parameters in most regions have values in the vicinity of the average
of the distribution, and the regions with parameters of large deviated values are rare.
Thus, it is natural to expect that the nature of the system is mainly governed by
the typical values of the parameters. In some cases, however, rare regions affect the
macroscopic properties. Their effects cause singularities in physical quantities. These
singularities have been explicitly pointed out by Griffiths [17] and McCoy and Wu [13–
16], and called the Griffiths singularity or the Griffiths-McCoy singularity.

Griffiths investigated the site-diluted Ising ferromagnet [17]. This is a model for
a magnetic material with partial substitution of nonmagnetic impurities for magnetic
ions. The system consists of spins residing on a regular two- or three-dimensional
lattice and their nearest-neighbor ferromagnetic interactions. The difference from the
standard Ising ferromagnet is that only a fraction p of sites on the lattice are occupied by
spins and the rest sites are vacant or occupied by nonmagnetic impurities, as depicted
in Fig. 1.3. When p = 1, this system reproduces the standard Ising ferromagnet and
has spontaneous magnetization at lower temperatures than the critical temperature
Tc(p = 1). With p < 1, the critical temperature Tc(p) is lower than Tc(1). With the
concentration below a particular boundary pc, the system has no finite spontaneous
magnetization at any finite temperatures. The phase diagram is shown in Fig. 1.4.

The singular behavior is found in the magnetization (or susceptibility) for p < 1
at any lower temperatures than Tc(1). This is an essential singularity, that is, the
magnetization at low temperatures is infinitely differentiable but non-analytic. This
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O

Figure 1.4: Phase diagram of the two-dimensional site-diluted Ising ferromagnet. The
symbols p and T denote fraction of sites occupied by spins and temperature, respec-
tively. The phase boundary between the ferromagnetic (F) and paramagnetic (P)
phases is drawn as a solid curved line. The critical temperature of the pure Ising fer-
romagnet and the critical fraction at zero temperature are denoted by Tc(1) and pc,
respectively. A dashed line represents T = Tc(1).

surprising feature results from effects of rare regions as follows. When p < 1, the sys-
tem has vacant sites. Interactions are lost accordingly. Consequently, clusters which
are isolated from other parts are generated as illustrated in Fig. 1.3. The concentration
of a cluster of volume V is pV = exp(−p̃V ) with p̃ = − log p (> 0). As the volume of
a cluster grows, the probability for finding the cluster exponentially decreases, which
shows the fact that large clusters are rare. Clusters behave as rather small Ising ferro-
magnetic systems. Hence, at low temperatures, some clusters have local magnetization
and show properties which are seen in the ferromagnetic phase of the pure Ising model,
while the whole system lies in the paramagnetic phase. These small Ising systems
cause the essential singularities in a range of low temperatures, which is known as the
Griffiths region or the Griffiths phase. The singularities, however, are very weak so
that an experimental verification is difficult [18].

McCoy and Wu studied a random system produced by modification of the two-
dimensional Ising model [13–16], which we refer to as the MW model hereafter. The
MW model was proposed as a prototype to study the effects of randomness in the Ising
model. The randomness is introduced in interactions indicated in Fig. 1.5. Interactions
between neighboring spins in a direction, say, the horizontal direction, are uniform.
On the other hand, interactions in the vertical direction take different random values
from column to column. These interactions seem artificial. However, this model is
analytically accessible due to the artificial symmetry in the vertical direction, although
disordered models are regarded as an awkward subject usually. Note that the MW
model is the first model with an infinite-randomness fixed point as mentioned in the
last subsection, although the concept of the infinite-randomness fixed point has been
established [12,19,20] a quarter of a century after this work.

McCoy and Wu revealed the presence of singularities in physical observables such as
the specific heat. This singularity is also a kind of the Griffiths type explained above.
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J  (1)
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2

J  (2)2

1

J 1

J 1

J 1

J  (3)2
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Figure 1.5: Interactions in the MW model. Interactions in the horizontal direction are
denoted by J1, and interactions in the vertical direction in jth column are denoted by
J2(j).

The specific heat is an infinitely differentiable function of temperature, but diverges at
a critical point. Although the MW model shows the Griffiths singularity, the model has
no isolated cluster, which plays an important role as small Ising models in the diluted
model. What plays the role of the cluster is the perfectly correlated randomness. In
the MW model, the randomness in the vertical interactions perfectly correlates with
each other in the vertical direction.

The singularities in the two examples belong to the Griffiths-McCoy singularity,
but the latter example shows stronger effects on critical phenomena. The difference is
considered to be qualitatively derived from the size of rare regions [21]. The diluted
model with small p below pc has only finite-size clusters, or finite-size rare regions. On
the other hand, the MW model has one-dimensional infinite-size rare regions which
infinitely extend to the vertical direction. Both the models are based on the Ising
models, where the lower critical dimension is one. Hence, the rare regions in the
MW model are regarded as systems in the lower critical dimension, whereas those in
the diluted model are only zero-dimensional systems. Physical quantities in systems
exactly at the lower critical dimension usually shows exponential divergence [1] as the
distance from a critical point in a renormalization-group picture decreases. The inverse
of system size is expected to be the distance. The exponentially strong effect of rare
regions is comparable with the exponentially small concentration of a rare region. The
stronger effects on critical phenomena are found in the MW model as a result.

The occurrence of the strong Griffiths singularity is considered to be a consequence
of the presence of an infinite-randomness fixed point [6], which is a fixed point in
a renormalization-group picture and controls the characteristic scaling instead of the
conventional power-law scaling [12]. Indeed, the MW model has the fixed point, which
has been established in the equivalent quantum spin model to the MWmodel [12,19,20].
As this phenomenon, infinite-randomness fixed points signal the strong effects of rare
regions. Physics originated from the fixed points is one of the examples that rare events
extremely affect the whole system.
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1.3 Random transverse-field Ising chain

The characteristic critical behavior of infinite-randomness fixed points is produced by
strong effects of the peculiar randomness as seen in the MW model. The fixed point,
hence, seems an artificial or pathological consequence of the artificial randomness. How-
ever, a change of the viewpoint yields a natural random system. After a mapping of the
MW model onto the one-dimensional quantum spin model [22], we obtain an equivalent
quantum spin chain with natural randomness, namely the random transverse-field Ising
chain. This fact suggests that the presence of an infinite-randomness fixed point is a
natural consequence in quantum spin systems with randomness. This section reviews
the random transverse-field Ising models, whose critical phenomena we investigate in
this thesis.

1.3.1 Pure model

Before discussion on the random transverse-field Ising model, we should gain intuition
about the transverse-field Ising model without randomness

H = −J
∑
⟨i,j⟩

σzi σ
z
j − Γ

∑
i

σxi , (1.10)

where {σαi } are the Pauli matrices. We assume J > 0. This model has ferromagnetic
interactions only between z-component of the nearest-neighbor spins, and a transverse-
field is applied. The term “transverse” expresses that the direction of the field, x
direction, transverses the direction of the interactions, z direction. The transverse field
generates quantum effects.

We first consider the one-dimensional case. The transverse-field Ising chain has the
ferromagnetic phase and the paramagnetic phase as illustrated in Fig. 1.6 (a). The
former exists only at zero temperature. The chain exhibits a quantum phase transition
and critical phenomenon. The word “quantum” highlights that they are induced by
the transverse field, namely the origin of quantum effects. If the strength of the field
Γ is larger than the strength of the interaction J , the expectation value of σz vanishes.
That means the system lies in the paramagnetic phase. If Γ becomes smaller than
J , the system has a finite expectation value of σz, and then the system enters the
ferromagnetic phase. The phase boundary is located at Γ = J [23–25]. The reason
why we focus on the expectation value of σz rather than σx is that the phase transition
accompanies a spontaneous symmetry breaking concerning the Z2 symmetry in the
Hamiltonian [Eq. (1.10)] under the transformation σz → −σz.

The phase boundary in the one-dimensional model can be deduced from the self-
duality of this model [26]. A transformation on spin variables from σ to new Pauli
matrices τ ,

τxi = σzi σ
z
i+1, τ zi =

∏
j≤i

σxi (1.11)

yields a transverse-field Ising chain

H = −J
∑
i

τxi − Γ
∑
i

τ zi τ
z
i+1, (1.12)
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Figure 1.6: Phase diagrams of the transverse-field Ising models (a) in one dimension and
(b) in higher dimensions. The models have the ferromagnetic (F) and paramagnetic
(P) phases. The ferromagnetic phase is shown in low transverse fields, Γ < Γc, in
general. In the one-dimensional model, the phase exists only at zero temperature,
T = 0, whereas the phase extends to finite temperatures in the higher-dimensional
models. The phase transition in one dimension occurs at Γ = J , where the magnitude
of the transverse field is equal to the coupling constant.

with the role of J ’s and Γ’s interchanged. To be precise, the resulting Hamiltonian
depends on the boundary condition, which is ignored here. Note that this transfor-
mation preserves the form of the model only in one dimension. The invariance of the
form of the Hamiltonian, namely self-duality, is used to deduce the transition point.
In general, parameters in the Hamiltonian take particular values on transition points,
where the physical quantities can have singularities. If the system has the unique
transition point, the parameters, for example the coupling constant, in the original
and transformed Hamiltonians take the same values on the transition point. Hence,
the transition point of the transverse-field Ising chain is determined as Γ = J . The
self-duality will be exploited in our renormalization-group scheme in Chap. 3.

A quantum critical phenomenon occurs around the transition point [24, 25]. Phys-
ical quantities show singularities or divergence as functions of Γ, represented by the
same expression as the relations (1.1)–(1.7) but the temperature T is replaced by the
transverse field Γ. The quantum critical phenomenon has another critical exponent z,
which expresses the singularity of the energy gap ∆ between the ground state and the
first excited state as [24, 25]

∆ ∼ (Γ− Γc)
νz. (1.13)

The energy gap represents a characteristic energy scale, and the zero gap is a signal
of quantum phase transition. The two relations (1.6) and (1.13) lead to the relation
between energy and length,

∆ ∼ ξ−z. (1.14)

Values of critical exponents are listed in Table. 1.1. The exponents except for z take the
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Table 1.1: Critical exponents α, β, γ, δ, ν, η, and z of the transverse-field Ising
chain [1, 24]. The exponents except for z take the same values as those of the two-
dimensional Ising model. The exponent z is defined for quantum systems with an
energy gap.

Exponents α β γ δ ν η z

Values 0 1
8

7
4

15 1 1
4

1

same values as those of the two-dimensional Ising model. This fact is a consequence of
the equivalence [22] between the thermodynamic (static) properties in the two models.
This equivalence is generalized to the equivalence between the MW model and the
random transverse-field Ising chain.

In higher dimensions [24,25,27], the ferromagnetic phase extends to finite temper-
atures. The phase transitions at finite temperatures accompany critical phenomena,
but these are classical ones.

1.3.2 Random model and material

The random transverse-field Ising model is governed by the Hamiltonian

H = −
∑
⟨i,j⟩

Jijσ
z
i σ

z
j −

∑
i

Γiσ
x
i . (1.15)

Interactions Jij and transverse fields Γi are random variables taken from identical
independent distributions, respectively. Specifically, interactions are distributed ac-
cording to PJ(Ji) and transverse fields according to PΓ(Γi). Although a uniform field
is natural in experiments, we consider the random transverse fields. This is because
the uniform-field model belongs to the same universality class as the random-field
model, which means that the randomness in interactions makes the field random af-
ter renormalization-group transformations. This model is the simplest quantum spin
model with randomness.

The one-dimensional model at zero temperature has ferromagnetic and paramag-
netic phases as in the pure case. The phase boundary is determined by the equation [28]∑

i

log Ji =
∑
i

log Γi. (1.16)

In short, the interactions and fields share the same average in the logarithmic scale
at the phase-transition point in one dimension. This condition includes the pure case.
The system exhibits critical phenomena, which will be reviewed in the next subsection.

The equivalence between the MW model and the random transverse-field Ising
chain is based on a particular mapping [22]. The horizontal interactions in the MW
model are mapped onto the interactions in the chain, and the vertical interactions onto
the transverse fields. Intuitively, the mapping vertically presses the two-dimensional
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model into the horizontal chain. This mapping can be performed only when the two-
dimensional system has the (discrete) translational symmetry in the vertical direction.
Hence, the symmetry in the MW model, illustrated in Fig. 1.5, is essential to the
equivalence. The MW model seems to be a little artificial because of the symmetry.
Accordingly, the peculiar features in the MW model appear to be pathological features
in the artificial model. With the mapping, the pathological features are interpreted as
interesting features in the quantum system with natural randomness.

The random transverse-field Ising model is related to a compound LiHoxY1−xF4 [29–
32]. This compound has a body-centered tetragonal unit cell, and the dipolar-coupled
Ising interactions between magnetic Ho3+ ions are dominant at low temperatures [33–
36]. The dipolar couplings are described as

Hij =
1− 3(cos θij)

2

r3ij
JSiSj, (1.17)

where Si is the Ising variable (Si = ±1) on site i, θij denotes the angle formed by the
Ising axis and the line connecting sites i and j, and rij is the distance between the two
spins. The nearest-neighbor dipolar interaction in this system is ferromagnetic, and
the second-nearest-neighbor interactions are antiferromagnetic. Pure LiHoF4 without
yttrium is a ferromagnet at low temperatures [33–36]. However, sufficient dilution by
nonmagnetic Y3+ ion substituted for Ho3+ induces the mixture of ferromagnetic and
antiferromagnetic interactions and then destroys the long-range order. Consequently,
the compound LiHoxY1−xF4 with small x shows behavior like random spin systems at
low temperatures [29]. The compound has a ground-state doublet as Ising systems.
The magnetic field Ht transversing the Ising axis splits the doublet, which corresponds
to an effective field Γ ∝ H2

t in Eq. (1.15). Thus, LiHoxY1−xF4 placed in the transverse
field appears the random transverse-field Ising model [30–32].

Nevertheless, experiments on LiHoxY1−xF4 [31] have not found quantum criticality.
The origin of this unexpected result has been inferred in a theoretical study [37]. It has
been concluded that the transverse field applied to LiHoxY1−xF4 also induces random
longitudinal fields, which smear out the quantum criticality. This statement suggests
imperfect correspondence between LiHoxY1−xF4 and the random transverse-field Ising
model. Thus, the correspondence is controversial, and it is an open question to create
magnetic materials which clearly show the quantum criticality predicted in the random
transverse-field Ising model.

1.3.3 Scaling relations

Peculiar properties of the random transverse-field Ising chain has been revealed by
Fisher [19, 20]. To analyze the model, he used a renormalization-group method origi-
nally proposed by Ma, Dasgupta, and Hu [38, 39]. The method is now known as the
strong-disorder renormalization group [40]. By the method, we trace the change of the
distributions of Ji and Γi. The distributions are expressed as functions of the value Ω
of the strongest parameter such as PJ(J,Ω) and PΓ(Γ,Ω). We deduce differential equa-
tions about the distributions under renormalization processes, which will be described
in Sec. 2.3. We then observe how physical quantities are changed as the energy scale
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Ω changes. Scaling laws are obtained as a result. One of the representative examples
is the scaling relation between energy Ω and length LΩ,

log
Ω0

Ω
∼ LψΩ, (1.18)

with the basic energy scale Ω0 and an exponent ψ. This scaling is a peculiar one, com-
pared with the conventional scaling where energy scales as Ω ∼ L−z

Ω with the dynamical
exponent z. The derivation of the above relation will be elaborated in Sec. 2.3.2. This
subsection surveys other scaling relations [12, 19, 20, 41] between physical quantities
without detailed derivations.

At the critical point, the average correlation function Cav(r) = [⟨σzi σzi+r⟩], where
⟨·⟩ denotes the standard thermal average and [·] the average of the distribution of
randomness, between widely separated spins at the critical point is expressed as

Cav(r) ∼ r−2+ϕ. (1.19)

with an exponent ϕ = (
√
5 + 1)/2. Although this form is similar to the conventional

style, this is not a trivial result, since the typical, not average, correlation function is

− logC(r) ∼ rψ (1.20)

in contrast. The difference between these scalings is considered to arise from the effect
of rare regions. Typically, the observable is not affected by the rare regions, but the
effect is found in the average.

If the system lies slightly off the critical point by δ, the correlation length ξ yields

ξ ∼ |δ|−ν (1.21)

with an exponent ν = 2. Here δ indicates the difference between the distributions of
interactions Ji and fields Γi, and is approximately equal to ∆, introduced in Sec. 2.3.2,
in the vicinity of the critical point. The correlation length appears in the correlation
function

Cav(r) ∼ e−r/ξ. (1.22)

in the paramagnetic phase near the critical point, namely the weakly disordered phase.
As in the case at the critical point, the average correlation function is not identical to
the typical one. The form of the function is shared, but the correlation length has a
difference

ξtyp ∼ |δ|−(1−ψ)ν . (1.23)

It is natural to introduce another exponent νtyp = (1− ψ)ν.
In the weakly disordered phase, the scaling between energy and length is given by

Ω ∼ L−z
Ω , (1.24)

which appears as a conventional one. The corresponding exponent z in the conventional
critical phenomena takes a constant value, for example, 1 in the pure transverse-field
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Ising model, while the above exponent z is a continuous variable which diverges as
δ → 0 as z ∼ δ−1. This exponent is found in the scaling of the magnetization m as

m ∼ h1/z (1.25)

with a longitudinal field h, and in the susceptibility χ at a low temperature T as

χ ∼ T−1+1/z. (1.26)

Despite the disordered phase where the system lies, singularities as the function of field
and temperature occur. These relations manifest the Griffiths-McCoy singularities. In
the ordered phase, similar scaling relations are found, but some logarithmic correction
terms are needed. The above relations (1.25) and (1.26) are remarkable for their power-
law scaling. The standard Griffiths singularities, which are found in the site-diluted
Ising model, exhibit weaker singularities, for instance, as m ∼ exp(−1/h).

1.4 Other systems

Fisher’s work [19,20], which has derived the relations explained in the last subsection,
made an epoch in the study of critical phenomena in random quantum spin systems.
His work has been numerically confirmed [42–45]. His approach, the strong-disorder
renormalization group [40], is then regarded to yield the asymptotically exact result
when the randomness in the system is strong. This section reviews several studies
on random quantum systems mainly with the strong-disorder renormalization group,
which have been developed after Fisher’s work.

1.4.1 Random quantum spin chains with discrete symmetry

Random quantum spin chains with discrete symmetry, which are descendants of the
random transverse-field Ising chain, have been examined. The random quantum Potts
chain and the random quantum clock chain are examples of such objectives. The
classical version of these models are given by

HPotts = −
q∑
i=1

JiδSi,Si+1
, (1.27)

where δx,y = 1 only if x = y, otherwise δx,y = 0, and

Hclock = −
q∑
i=1

Ji cos

[
2π

q
(Si − Si+1)

]
. (1.28)

These models have q-state spin variables, Si = 1, 2, . . . , q, which also describe states
as |Si⟩. The two models are identical for q = 2, 3, and are also equivalent for q = 2
to the Ising model. In the limit as q → ∞, the clock model becomes the XY model.
The two models are standard testing grounds in the studies of phase transitions and
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critical phenomena [46]. The corresponding quantum models are produced by adding
transverse-field terms

HPotts,t.f. = −
∑
i

Γi
q

q−1∑
k=1

Mk
i , (1.29)

Hclock,t.f. = −
∑
i

Γi
2
(Mi +M−1

i ), (1.30)

where operators Mi are defined as Mi|Si⟩ = |Si + 1,modq⟩.
The above quantum spin models have been investigated by means of the strong-

disorder renormalization group [47,48] and the density matrix renormalization group [48,
49]. The latter is a powerful numerical technique to mainly analyze quantum spin sys-
tems, based on the variational method. Their analyses conclude that if randomness in
original systems is stronger than a certain degree, critical properties of these models
at zero temperature are controlled by an infinite-randomness fixed point. The critical
properties are independent of the number of states q, whereas classical critical phenom-
ena depend on the value of q [46]. Further, the fixed point is the same fixed point as in
the random transverse-field Ising chain. As a consequence, the set of critical exponents
of the random quantum Potts and clock models are identical to that of the random
transverse-field Ising chain. This is an instance that randomness creates a new strong
universality.

1.4.2 Random antiferromagnetic XXZ spin chains

The Heisenberg model

H = J
∑
i,j

Si · Sj (1.31)

is a standard model to describe interacting magnetic moments. This model in one
dimension is generalized to the random antiferromagnetic XXZ spin chain

H =
∑
i

J⊥
i (S

x
i S

x
i+1 + Syi S

y
i+1) + Jzi S

z
i S

z
i+1 (1.32)

with anisotropy and random exchange couplings.
Let us consider at first the spin-1/2 model. The properties of this model at

low temperatures have been revealed by means of the strong-disorder renormalization
group [38, 39, 50–52]. The point where the averages of J⊥ and Jz take the same value
corresponds to the random antiferromagnetic Heisenberg model and is also referred to
as the random antiferromagnetic XXX model. This point is an unstable fixed point in
the renormalization-group picture. Renormalization-group flows are drawn from this
point to the points Jz = 0 (the random antiferromagnetic XX model) and J⊥ = 0 (the
random antiferromagnetic Ising model). The ground states of the random antiferro-
magnetic XX and XXX models have been dubbed the random-singlet phase [38,39,50],
where pairs of spins form singlets over arbitrarily long distances as shown in Fig. 1.7.



16

Figure 1.7: Random-singlet ground state. Pairs of spins connected by dashed lines
form singlets over arbitrarily long distances.

The properties of this phase (or the corresponding fixed points) are characterized by
infinite-randomness fixed points [50].

In the pure antiferromagnetic Heisenberg chain, there are drastic differences be-
tween the half-integer and integer spin chains [53]. Thus, there have been a lot of
interests in investigating the random spin-1 model. One of the main interests have lain
on whether the ground state is characterized by the random-singlet phase as in the
spin-1/2 case. The analyses based on the strong-disorder renormalization group [54–56]
have found the random-singlet phase. On the other hand, contrary results have been
obtained in some direct numerical studies via exact diagonalization [57], the quantum
Monte-Carlo method [58], and the density-matrix renormalization group [59]. However,
a study in a larger system via the stochastic series expansion quantum Monte-Carlo
has found the random-singlet phase [60]. These discrepancies are considered to result
from strong finite-size effects. The random-singlet phase has been identified also in the
spin-3/2 model [61,62]

1.4.3 Higher-dimensional systems

It is a natural question whether the nature of critical phenomena found in the ran-
dom transverse-field Ising chain is the peculiar feature of the one-dimensional systems.
To settle this issue, higher-dimensional systems have been investigated. The strong-
disorder renormalization group [40] has been numerically applied to the two- and three-
dimensional random ferromagnetic Ising model in a transverse field [5, 63–69] and the
same properties as in the one-dimensional case have been found. There is, however,
another report with a conflicting result [70] in higher dimensions, and hence further in-
vestigations are necessary to resolve the controversy. In particular, the strong-disorder
renormalization group cannot keep the lattice structure in dimension d > 1. To avoid
this problem, other modified methods have been proposed [71–75].

1.4.4 Quantum spin glasses

Spin glasses [76, 77] have been one of the challenging themes in statistical physics.
Spin-glass models have been introduced to theoretically explore spin-glass materials,
for example, CuMn, where spins are randomly frozen at low temperatures. One of
the representative mechanisms in spin glasses is the Ruderman-Kittel-Kasuya-Yosida
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(RKKY) interaction [78–80], which is expressed as

Jij ∝
cos(2kFrij)

r3ij
, (1.33)

where kF denotes the Fermi wave number. In CuMn, the RKKY interactions work
between the magnetic impurities Mn. The sign of the coupling depends on distance rij
between the two interacting magnetic moments. Random locations of the impurities,
thus, lead to ferromagnetic and antiferromagnetic interactions randomly.

To investigate such systems, the Ising spin-glass model,

H = −
∑
i,j

JijSiSj, (1.34)

has been proposed [81]. The couplings Jij are random variables, which can take both
positive and negative values. The system has frustration as a result. If the product
of coupling constants on a plaquette, which is a minimal loop on a lattice, is negative,
there is no spin configuration, permitting all bonds to be in the lowest-energy state,
and the palaquette is then regarded to be frustrated or have frustration. Further,
the locations of frustrated plaquettes are randomly distributed. The frustration causes
extreme degeneracy of the ground states of the whole system. Thus, it is one of the most
difficult problems to unveil properties of the spin-glass models at low temperatures.

Also in the context of the studies of critical phenomena in random quantum spin
systems, quantum spin-glass models are particularly important issues. There are sev-
eral ways to add quantum effects to the classical spin-glass models. We here consider
the Ising spin glass in a transverse field to be compared with the random ferromagnetic
Ising model in a transverse field. The quantum spin-glass model has been presumed to
have an infinite-randomness fixed point based on an analogy with the random ferromag-
net model [5]. In this conjecture, frustration is considered not to play any important
role in the system. However, the method of the strong-disorder renormalization group
has not successfully settled the issue so far, since the method is not effective in the
spin-glass models as explained in Sec. 2.3.1. In contrast, other (rather old) numerical
estimates [82,83] have indicated results against the conjecture, but the system size used
in these studies might be too small.

Furthermore, a spin-glass model with the power-law interaction in a transverse-field
has been investigated with a field-theoretical approach [84]. The interaction shows the

power-law decay, that is, Jij ∝ r
−α/2
ij with distance of an interacting pair rij. It

is important to investigate this model, since as mentioned in Sec. 1.3.2, the random
transverse-field Ising model is realized in LiHoxY1−xF4 to a good approximation [29–32],
where the dipolar interaction written in Eq. (1.17) dominates [33–36]. In addition, the
RKKY interaction is a kind of the power-law interaction as seen in Eq. (1.33). The
study [84] has been done only in the case of the long-range interaction, that is, small α
in the above expression. Concerning the large α region, a conjecture has been stated
that critical phenomena are governed by an infinite-randomness fixed point [84]. This
issue will be reviewed in Chap. 5.
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1.5 Overview

This thesis explores critical phenomena in random quantum spin systems. We espe-
cially focus on the critical phenomena governed by infinite-randomness fixed points.
In a system with the fixed point, the magnitude of randomness is infinitely ampli-
fied through coarse-graining processes. As a consequence, rare regions in the system
strongly influence some macroscopic properties of the system. This fact illustrates an
unusual property of the systems with infinite-randomness fixed points. Usually, we
expect rare regions or rare events not to affect the behavior of the whole system. How-
ever, the cases where we cannot ignore them because of their strong effects are often
found. Critical phenomena controlled by an infinite-randomness fixed point is one of
such examples in physical systems. Our study in the thesis is intended to understand
the unusual strong effects of rare regions to the macroscopic properties.

Specifically, we investigate the random transverse-field Ising models. As reviewed in
this chapter, critical phenomena in these models are known to be controlled by infinite-
randomness fixed points. However, the presence of the fixed points is controversial in
some cases. In particular, the spin-glass cases with the nearest-neighbor interaction and
with the power-law (rather short-range) interaction are still not analyzed. A compound
LiHoxY1−xF4 is expected to realize the random transverse-field Ising model [29–32], and
is dominated by the dipolar couplings, which is a kind of the power-law interaction.
Hence, the power-law interacting model should be especially examined. We tackle these
cases with a renormalization-group method. The study in this thesis is not intended
to further investigate the intrinsic properties of infinite-randomness fixed points. We
focus on whether the models have an infinite-randomness fixed point or not.

Let us overview the present thesis. Chapter 2 reviews the renormalization-group
theory. We first describe the framework of renormalization group. After that, we
present an example of renormalization-group calculations and the Gaussian model,
which gives an intuition about the relation between the classical Ising model and
the transverse-field Ising model. We next review the strong-disorder renormalization
group [40], which has been developed to reveal the properties of the random quan-
tum spin systems. However, this method is not effective to spin-glass models. We
then employ in this thesis another real-space renormalization-group method, whose
prescription is outlined in the end of this chapter.

Chapter 3 applies our real-space renormalization-group method to the pure transverse-
field Ising model, which is the basic model in the thesis. In the calculation of the one-
dimensional model, we find the reason why we exploit the method that our method
yields the results which agree with the exact solutions in the transition point and some
critical exponents. We also generalize the method to higher-dimensional models. This
generalization acts as the preparation to examine random systems in the next chapter.

Chapter 4 is one of the main parts in the thesis. We investigate the random
transverse-field Ising models with our renormalization-group method generalized to
random systems. We first examine the one-dimensional model, where asymptotically
exact results [19, 20, 28] are well known. We next tackle the higher-dimensional mod-
els, where the presence of infinite-randomness fixed points is controversial. Specifi-
cally, we examine the random ferromagnetic Ising models and the Ising spin glasses
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in a transverse field in two and three dimensions. The spin-glass case is especially
important, since this case has not been explicitly analyzed, and the presence of an
infinite-randomness fixed point remains a conjecture inferred from the ferromagnetic
case [5].

Chapter 5 is the other main part of the thesis, where the long-range interacting
systems are explored. This chapter is intended to examine the spin glass in a trans-
verse field with the power-law interaction. Avoiding the direct analysis of the model,
we employ an alternative model with the hierarchical interaction, which has the sim-
ilar structure to the power-law interacting model. The power-law interaction and the
hierarchical interaction are reviewed at first in this chapter. After that, we perform
the renormalization-group calculations in the hierarchical model without randomness
and confirm the compatibility of our scheme and the hierarchical model. We move to
the spin-glass case, and examine the presence of an infinite-randomness fixed point.

We summarize our findings and conclude the thesis in Chap. 6.

Author’s original works constitute some parts of the thesis. Chapter 3, in particular
the generalization of the method to higher dimensions, and Chap. 4 are based on the
author’s works [85, 86] with Hidetoshi Nishimori (Chaps. 3 and 4) and Gerardo Ortiz
(Chap. 3). The material in Chap. 5 except for the review part (Sec. 5.1) is also author’s
original work.



Chapter 2

Renormalization group

This chapter reviews the renormalization-group theory, which our analyses in the sub-
sequent chapters are based on. We first describe the framework of renormalization
group in Sec. 2.1. Section 2.2 gives an example of renormalization-group calculations,
which demonstrates that a transverse field in the transverse-field Ising model at zero
temperature plays the role of temperature in the classical Ising model. Thus, the scaling
relations of classical systems without randomness explained in Sec. 2.1 are found also
in the transverse-field Ising model, but with temperature replaced by a transverse field.
Random systems, however, are not so simple. We see this fact via the strong-disorder
renormalization group [40] in Sec. 2.3. This method is one of the standard tools to
examine the critical properties of a system with an infinite-randomness fixed point.
However, the method is not effective to investigate spin-glass models. We then utilize
another approach, a kind of real-space renormalization-group, whose basic prescription
is outlined in Sec. 2.4.

2.1 Framework of renormalization group

In the renormalization-group theory, macroscopic properties of a system are deduced
from changes of parameters of the system through coarse-graining processes. The
renormalization-group transformation, which is the pillar of the theory, is explained
in Sec. 2.1.1. Section 2.1.2 finds how this transformation illuminates the feature of
singularities in physical quantities.

2.1.1 Renormalization-group transformations

Let us consider some coarse-graining process, for example, partial trace of the partition
function or truncation of the Hilbert space. The change of parameters is governed by
the renormalization-group equation

ũ = Rb(u), (2.1)

where u denotes a vector representing the set of all possible parameters and ũ is the
renormalized one. An example of parameters is the nearest-neighbor couplings. The
function Rb(·) expresses the renormalization-group transformation with the scaling

20



2.1 Framework of renormalization group 21
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Figure 2.1: An example of renormalization-group flow concerning two parameters u1
and u2 in the vicinity of a fixed point C(uc,1, uc,2).

factor b. It is natural that a set of two successive transformations with the scaling
factors b1 and b2 is equivalent to the single transformation with the scaling factor b1b2,

Rb1 (Rb2(u)) = Rb1b2(u). (2.2)

On iterating the renormalization group transformations, the system traces a trajectory
in the parameter space. The set of all such trajectories generates a renormalization-
group flow in the parameter space as illustrated in Fig. 2.1, where the flow is projected
onto the u1–u2 plane. The flow has fixed points u∗ of the transformation,

u∗ = Rb(u
∗), (2.3)

which represent the coarse-grained macroscopic states.
We focus our attention on the local behavior of the renormalization-group flow in

the vicinity of a fixed point. The renormalization-group transformation is expanded
around the fixed point as

ũ = Rb(u
∗ + δu) = Rb(u

∗) +
∂Rb

∂u

∣∣∣∣
u∗
δu+ · · · . (2.4)

The linearized renormalization-group equation is

δũ = Tb(u
∗)δu, (2.5)

where
δũ = ũ− u∗ = ũ−Rb(u

∗), (2.6)

T (u∗) =
∂Rb

∂u

∣∣∣∣
u∗
. (2.7)

Components of the matrix Tb(u
∗) are given by

(Tb(u
∗))ij =

∂ũi
∂uj

∣∣∣∣
u∗
. (2.8)
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Although the matrix Tb is not necessarily diagonalizable, we assume that Tb is diago-
nalizable with real eigenvalues, which is the case in practice.

An eigenvalue of Tb is represented as a power of b,

λi(b) = byi . (2.9)

This is derived from Eq. (2.2). Eigenvalues of both sides of Eq. (2.2) are

λi(b1)λi(b2) = λi(b1b2). (2.10)

Differentiating this equation with respect to b2, setting b2 = 1,

λi(b1)
dλi(b2)

db2

∣∣∣∣
b2=1

=
dλi(b1b2)

db2

∣∣∣∣
b2=1

=b1
dλi(b1)

db1
,

(2.11)

we obtain the differential equation for λi(b1),

dλi(b1)

db1
=
dλi(b2)

db2

∣∣∣∣
b2=1

λi(b1)

b1
. (2.12)

Note that λi(1) = 1 given by Eq. (2.2) setting b2 = 1. Hence, the solution of Eq. (2.12)
is the right hand side of Eq. (2.9).

The exponent yi plays an important role. This fact is found in the expansion of δu
and δũ with eigenvectors {ϕi} of Tb,

δu =
∑
i

giϕi, δũ =
∑
i

g̃iϕi. (2.13)

The coefficient gi is called a scaling field, and gi and g̃i have a relation as g̃i = byigi.
When gi = 0 for all i, the system lies at the fixed point. If yi < 0, the value of gi
becomes smaller at every renormalization and finally converges to 0. On the other
hand, if yi > 0, the value of gi grows and then diverges. For analysis of a fixed point, gi
for yi > 0 needs to be already 0 before the renormalization-group transformation. The
scaling field with positive yi crucially influences the behavior of the system near fixed
points. It is called, thus, relevant variables. The scaling field with a negative exponent
is called an irrelevant variable and with yi = 0 a marginal variable.

We next consider the global properties of a renormalization-group flow, which de-
termine the phase diagram of the system. For a standard magnetic material, relevant
variables for the fixed point corresponding to the critical point composed of the tem-
perature T and magnetic field h. If we consider a quantum phase transition in the
transverse-field Ising model, a transverse field should be treated as a relevant variable
instead of temperature, as seen in Sec. 2.2.2. In the absence of a magnetic field, when
the temperature does not take the critical value Tc, the system rapidly goes away from
the fixed point through the renormalization-group transformations. All points on the
line T < Tc flow to the fixed point T = 0. There is another fixed point T = ∞ which
attracts the flow on the line T > Tc. These two fixed points represent phases or the
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points where the features of phases are illustrated most clearly. The fixed point T = 0
is the ferromagnetic phase and T = ∞ is the paramagnetic phase. These two fixed
points are unstable for a magnetic field, and even the infinitesimal external field is
enough to make flows leave for the fixed points h = ±∞. While the fixed points which
have only one or no relevant variable correspond to phases, the fixed point where both
two parameters are relevant usually represents a critical point.

2.1.2 Scaling law

Analyzing physical quantities under the renormalization-group transformations, we
derive the relationship between critical exponents and the exponents of scaling fields.
Since the partition function is kept constant by a renormalization-group transforma-
tion, the free energy density per a spin is transformed as

f(t, h) = b−df(bytt, byhh), (2.14)

where t = (T − Tc)/Tc, and d is the spatial dimension, and yt and yh represent the
exponents of the scaling fields of temperature and a magnetic field, respectively. We
have to note a few remarks on this equation. Although the eigenvectors of the linearized
renormalization-group transformation in this case would be linear combinations of t and
h, we nevertheless assume that t and h are not mixed. We identify the scaling fields of
temperature and a magnetic field with t and h, respectively. Non-singular terms which
can be included in the equation are left out, because those terms do not contribute to
the singularities at the critical point which we are going to study. Irrelevant variables
are also not written.

After iterating the transformation n times, Eq. (2.14) becomes

f(t, h) = b−ndf(bnytt, bnyhh). (2.15)

Choosing the number n such that bnytt = 1 or bnyhh = 1, we have the scaling law,

f(t, h) = td/ytf(1, ht−yh/yt), (2.16)

or

f(t, h) = hd/yhf(th−yt/yh , 1). (2.17)

The relations between critical exponents and yt and yh are extracted from the derivative
of the free energy,

C(t, 0) ∝ ∂2f(t, 0)

∂t2
∝ td/yt−2, (2.18)

m(t, 0) ∝ ∂f(t, h)

∂h

∣∣∣∣
h=0

∝ t(d−yh)/yt , (2.19)

χ(t, 0) ∝ ∂2f(t, h)

∂h2

∣∣∣∣
h=0

∝ t(d−2yh)/yt , (2.20)

m(0, h) ∝ ∂f(0, h)

∂h
∝ hd/yh−1. (2.21)
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Compared with the relations (1.1)–(1.4), these lead to the following relations,

α = 2− d

yt
, β =

d− yh
yt

, γ =
2yh − d

yt
, δ =

yh
d− yh

. (2.22)

We next consider the scaling law of the correlation length,

ξ(t, h) = b ξ(bytt, byhh). (2.23)

Setting h = 0 and n to be bnytt = 1, we have

ξ(t, 0) ∝ t−1/yt . (2.24)

This gives

ν =
1

yt
. (2.25)

Finally, the scaling law of the correlation function G(r, t) = ⟨S(0)S(r)⟩ − ⟨S(0)⟩⟨S(r)⟩
is represented as

G(r, t) = b−2d+2yhG(b−1r, bytt). (2.26)

The coefficient b−2d+2yh is derived from the scaling law of the magnetization m,

m(t, 0) = b−d+yhm(bytt, 0). (2.27)

This is the derivative of Eq. (2.14) with respect to h. For t = 0 and b = r, we obtain

G(r, 0) ∝ r−2d+2yh , (2.28)

from which the following relation is extracted,

η = d− 2yh + 2. (2.29)

2.2 Momentum-space renormalization group and the

Gaussian model

This section reviews an example of renormalization-group calculations which is per-
formed in the momentum-space representation [3, 87]. This review is intended to con-
sider critical phenomena and scaling relations in quantum spin systems, in particular
the transverse-field Ising model, through the common description, the Gaussian model,
to classical and quantum systems. Moreover, this section is also intended to prepare for
the review part in Chap. 5. The expression explained in this section has been used in
previous studies [84,88] related to our study in Chap 5. The first subsection considers
the classical Ising model, and the next, the transverse-field Ising model.
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2.2.1 Classical Ising model

Let us imagine the d-dimensional Ising model

H = −1

2

∑
i,j

J(Ri −Rj)SiSj. (2.30)

Although spin variables Si should take ±1, we here adopt the continuous spin model [3,
87] where the spin length is allowed to vary continuously. The continuous spins are
interpreted as coarse-grained spins of neighboring Ising spins. To avoid S being too
large, a sum of functions

∑
iw(Si), where

w(S) =
1

2
S2 + uS4 + . . . (2.31)

is introduced into the partition function

Z =

∫ (∏
i

dSi

)
exp(H̄), (2.32)

H̄ = −βH +W ({S}), (2.33)

where β denotes inverse temperature T−1. We use a unit where kB = 1.
We next introduce a momentum-space representation

H̄ = −1

2

(
a

2π

)d ∫
ddqV2(q)ŜqŜ−q + . . . , (2.34)

where

V2(q) =
1

c2
[
1− βĴ(q)

]
. (2.35)

We have used Fourier transformed functions Ŝq and Ĵ(q), and a denotes the lattice
spacing. The coefficient c will be determined below. Although the terms of the higher
orders in the spins Ŝ exist in H̄ because of the corresponding higher-order terms in
w(S), we here kept only the terms bilinear in the spins Ŝ. The Gaussian model is then
obtained. If the terms of S4 are considered, the model corresponds to the so-called ϕ4

model.
The function Ĵ(q) is expanded in powers of q apart from terms Jn.a.(q) which are

non-analytic in q, and then we have

V2(q) = r + q2 − 1

j
Ĵn.a.(q) +O(q4), (2.36)

where

r =
1

j

[
T − J(0)

]
. (2.37)

with some constant j. We have determined c as c2 = βj to normalize the coefficient of
q2 in Eq. (2.36) to be unity.
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The partition function is now written as

Z =

∫ ( ∏
|q|<Λ

dŜq

)
exp

(
H̄[Ŝq]

)
(2.38)

with H̄[Ŝq] given by Eq. (2.34). The range of q is restricted by |q| < Λ ∝ 1/a. The
renormalization-group calculation of this model is to perform the integral in steps. We
first integrate over Ŝq with Λ/b < |q| < Λ and b > 1. Then, we have

Z =

∫ ( ∏
|q|<Λ/b

dŜq

)
exp

(
H̄1[Ŝq]

)
(2.39)

with

exp(H̄1[Ŝq]) =

∫ ( ∏
Λ/b<|q|<Λ

dŜq

)
exp

(
H̄[Ŝq]

)
. (2.40)

We next bring the right hand side of Eq. (2.39) to the original form, namely the
right hand side of Eq. (2.38). To this end, momentum vectors and spin variables are
rescaled as

q′ = bq, Ŝ ′
q′ = bxS Ŝq, (2.41)

where xS will be determined below. By introducing these new variables, the terms
bilinear in the spins Ŝ in H̄1 become∫

|q|<Λ/b

ddqV2(q)ŜqŜ−q =

∫
|q′|<Λ

b−dddq′V2(b
−1q′)b−xS Ŝ ′

q′b−xS Ŝ ′
−q′ (2.42)

=

∫
|q′|<Λ

ddq′V2
′(q′)Ŝ ′

q′Ŝ ′
−q′ , (2.43)

where V2 is rescaled as

V2
′(q′) = b−d−2xSV2(b

−1q′). (2.44)

To retrieve the original form represented in Eq. (2.36), the coefficient of q2 in Eq. (2.44),
b−d−2xS−2, is normalized to be unity. We then find

xS = −d+ 2

2
. (2.45)

Accordingly, we obtain

r′ = b2r, (2.46)

Ĵ ′
n.a.(q

′) = b2Ĵn.a.(b
−1q′). (2.47)

The above process represents the renormalization-group transformation which gener-
ates a new effective Hamiltonian H̄ ′[Ŝq′ ′] (= H̄1[Ŝq]).
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In the short-range-interaction case, there is no non-analytic term Ĵn.a.(q), and then
the single parameter r represents temperature T − J(0). By using the scaling law,
Eq. (2.46) identifies yt = 2. Similar deduction for yh is found by including a magnetic
field in the Hamiltonian,

H̄h = −
∑
i

h(Ri)Si = −
(
a

2π

)d ∫
ddqĥqŜ−q. (2.48)

The right hand side of this equation gives the scaling relation of the magnetic field,

h′q = b−d−xshb−1q = b−(d−2)/2hb−1q. (2.49)

Hence, we find

h′(R) = b(d+2)/2h(bR), (2.50)

and yh = (d + 2)/2 as a result. The values of yt and yh obtained from the Gaussian
model, (yt, yh) = (2, (d+2)/2), correspond to the well known mean-field values. Thus,
the Gaussian model is regarded to yield the mean-field theory.

In the case of the power-law interaction, J(R) ∝ R−α, Ĵn.a.(q) does not vanish.
The critical exponents of the Gaussian model accordingly change from those obtained
above. We will revisit this case in Chap. 5, where we study the transverse-field Ising
models with the power-law interaction.

2.2.2 Transverse-field Ising model

We move to the description of quantum systems in the renormalization-group pic-
ture [89,90]. In particular, the transverse-field Ising model

H = −1

2

∑
i,j

Jijσ
z
i σ

z
j − Γ

∑
i

σxi , (2.51)

is considered, where σ denotes the Pauli matrix. To handle non-commuting spin oper-
ators, we use this expression,

exp(−βH) = T exp(Hx) exp(Hz), (2.52)

where T is a τ -ordering prescription and

Hx = Γ

∫ β

0

dτ
∑
i

σxi (τ), Hz =
1

2

∫ β

0

dτ
∑
i,j

Jijσ
z
i (τ)σ

z
j (τ). (2.53)

Note that τ of an operator σ(τ) is only a label of the position of the operator in a
product of operators, and we do not use the interaction representation.

Using a formula,

exp

(
1

2

∑
i,j

σi(A
2)ijσj

)
=

∫ ∞

−∞

(∏
i

dsi√
2π

)
exp

(
− 1

2

∑
i

s2i +
∑
i,j

siAijσj

)
(2.54)
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we obtain the partition function of the Hamiltonian Eq. (2.51)

Z = Tr exp(−βH) ∝ [Tr exp(Hx)]

∫ ∞

∞

(∏
i,τ

dsi(τ)

)
exp

{
− 1

2

∫ β

0

dτ
∑
i

[si(τ)]
2

+
∞∑
n=1

1

n!

⟨[∫ β

0

dτ
∑
i,j

si(τ)Aijσ
z
j (τ)

]n⟩
x,c

}
(2.55)

where ⟨·⟩x = Tr[T exp(Hx) · ]/Tr exp(Hx) and the subscript c denotes cumulant av-
erages. In addition, we have used (A2)ij = Jij. Some calculations, where we use
exp(βΓσx) = cosh(βΓ) + σx sinh(βΓ), lead to

⟨σzi (τ)⟩x,c = 0, (2.56)

⟨σzi (τ1)σzj (τ2)⟩x,c = δi,j
cosh[(β − 2τ1 − 2τ2)Γ]

cosh(βΓ)
, (2.57)

where we assume τ1 > τ2. The partition function is then written as

Z ∝
∫ ∞

∞

(∏
i,τ

dsi(τ)

)
exp

(
− 1

2

∫ β

0

dτ1dτ2
∑
i,j

{
δi,jδ(τ1 − τ2)

− Jij
cosh[(β − 2τ1 − 2τ2)Γ]

cosh(βΓ)

}
si(τ1)sj(τ2) + · · ·

)
.

(2.58)

After Fourier transforming, the coefficient u2(q,m) of the terms bilinear in ŝq,m, where
m labels a frequency ωm = 2πm/β, is represented as

u2(q,m) =
1

j

[
4Γ2 + ω2

m

4Γ tanh(βΓ)
− Ĵ(0)

]
+ q2 + Ĵn.a.(q) +O(q4) (2.59)

→ 1

4Γj
ω2 +

1

j
[Γ− Ĵ(0)] + q2 + Ĵn.a.(q) +O(q4), (2.60)

where we normalize the coefficient of q2 to be unity, and the zero-temperature limit has
been taken. This expression is the same form as the coefficient of the corresponding
bilinear terms of the classical Ising model, Eqs. (2.36) and (2.37), apart from the term
of ω2, but with T replaced by Γ.

In the renormalization-group calculations, ω is also rescaled as

ω′ = bzω. (2.61)

We have the corresponding calculation to Eq. (2.43)∫ β−1b−z

0

dω

∫
|q|<Λ/b

ddq u2(ω, q)ŝω,qŝω,−q (2.62)

=

∫ β−1

0

dω′
∫
|q|<Λ

ddq′
(

1

4Γj
b−d

′−2z−2xsω′2 +
1

j
b−d

′−2xsr + b−d
′−2−xsq′2

+ Ĵ ′
n.a.(q

′)

)
ŝ′ω′,q′ ŝω′,−q′ ,

(2.63)
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where d′ = d + z and r = Γ − Ĵ(0). Normalizing the coefficient of ω′2 and q′2 in
Eq. (2.63), b−d

′−2z−2xs and b−d
′−2−xs , to be unity, we find

xs = −d
′ + 2

2
, (2.64)

z = 1. (2.65)

Accordingly, we obtain

r′ = b2r, (2.66)

Ĵ ′
n.a.(q

′) = b2Ĵn.a.(q). (2.67)

This result demonstrates that static critical phenomena of the d-dimensional transverse-
field Ising model at zero temperature are described in the same form as in the (d+ z)-
dimensional classical Ising model with z = 1. Moreover, the transverse field in the
quantum system plays the role of temperature in the classical system. Thus, the scal-
ing relations Eqs. (2.22), (2.25), and (2.29) are satisfied also in the transverse-field Ising
model, but with T replaced by Γ. We will use these relations in Chap. 3. A different
character of the quantum critical phenomena from the classical ones is shown in the
dynamical exponent z, which is associated with the scaling of ω.

2.3 Strong-disorder renormalization group

This section gives a short review of the strong-disorder renormalization group [40],
which has been originally proposed by Ma, Dasgupta, and Wu [38] and has been
developed by Fisher [19,20] to study the random transverse-field Ising chain

H = −
∑
i

Jiσ
z
i σ

z
i+1 −

∑
i

Γiσ
x
i (2.68)

with random positive couplings Ji > 0 and random positive transverse fields Γi > 0.
We have found in the last section that the static critical phenomena of the transverse-
field Ising model at zero temperature are described in the same form as in the classical
Ising model at finite temperatures. However, the random transverse-field Ising chain
does not belong to the same category. Randomness can drastically change the nature
of critical phenomena as reviewed in Chap. 1. Indeed, the parameter log Γ rather than
Γ is appropriate to describe the system. The strong-disorder renormalization group
grasps the peculiar scalings, in particular lying between length and energy, which this
section aims to explicitly show.

2.3.1 General rules of the strong-disorder renormalization group

This subsection explains the general rules of the strong-disorder renormalization group.
This method treats the highest-energy part in a random system and then renormal-
izes the part into the lower-energy system. This rule follows the general strategy of
renormalization group that to deduce the property in the objective scale, which is
now the lowest-energy scale, we first treat the distant scale, namely the highest-energy
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scale. Specifically, the strongest parameter among bonds Ji and transverse fields Γi are
focused on at first.

If the strongest term is a bond, say, J2, the fields Γ2 and Γ3 which are applied to
the two spins linked by the bond are typically much smaller than J2, that is, J2 ≫ Γ2,
Γ3. Thus, the two spins 2 and 3 are almost always parallel and behave a composite
spin with double momentum. In the terms in the Hamiltonian, Eq. (2.68), associated
only with the two spins,

H2,3 = −J2σz2σz3 − Γ2σ
x
2 − Γ3σ

x
3 , (2.69)

the field terms −Γ2σ
x
2 − Γ3σ

x
3 are taken into account as a perturbation to −J2σz2σz3.

Then, an effective transverse field which the composite spin feels is calculated as

Γ̃2,3 ≃
Γ2Γ3

J2
(2.70)

with the second order perturbation. As a consequence, H2,3 is transformed into a
composite spin in a field

H̃2,3 = −Γ̃2,3σ̃
x
2,3. (2.71)

In the above process, the two highest-energy states of H2,3 in the second order pertur-
bation is ignored. The validity of this ignorance is given by a large energy gap about
2J2 between the ignored states and the kept states.

On the other hand, if the strongest term is a field, say, Γ2, the bonds J1 and J2
which are connected with spin 2 represented as

H1,2,3 = −J1σz1σz2 − Γ2σ
x
2 − J2σ

z
2σ

z
3, (2.72)

are much smaller than Γ2, that is, Γ2 ≫ J1, J2. Thus, the spin is isolated from the
other spins, and is regarded as a dead spin. In contrast, remaining spins are active,
which concerns critical phenomena with the activated scaling. Two spins 1 and 3 are
then coupled with a new coupling constant

J̃1,2 ≃
J1J2
Γ2

, (2.73)

calculated with the second order perturbation. Hence, H1,2,3 is transformed into

H̃1,2,3 = −J̃1,2σz1σz3. (2.74)

Also in this case, the four highest-energy states of H1,2,3 are ignored.
We trace the change of the distributions of Ji and Γi. The distributions are ex-

pressed as functions of the value Ω of the strongest parameter such as PJ(J,Ω) and
PΓ(Γ,Ω). We deduce differential equations about the distributions under the renormal-
ization process described above. We then observe how physical quantities are changed
as the energy scale Ω changes.

The new parameters such as Γ̃2,3 and J̃1,2 are smaller than the original parameters.
For instance, if J2 ≫ Γ2, Γ3, we have Γ2Γ3/J2 < J2,Γ2, and Γ3. Hence, these two
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processes reduce the highest-energy scale Ω = max{Ji,Γi} in the system. During an
infinitesimal decrease of the highest-energy scale as Ω → Ω − dΩ, the distribution of
bonds changes as

PJ(J,Ω− dΩ) =

{
PJ(J,Ω) + dΩPΓ(Ω,Ω)

∫ Ω

0

dJ1

∫ Ω

0

dJ2PJ(J1,Ω)PJ(J2,Ω)

×
[
δ

(
J − J1J2

Ω

)
− δ(J − J1)− δ(J − J2)

]}
× {1− dΩ[PJ(Ω,Ω) + PΓ(Ω,Ω)]}−1,

(2.75)

by the bond decimation, where the strongest parameter is a field Γ2. The coefficient
PΓ(Ω,Ω) of the integral means that the strongest parameter is a field. The three
delta functions represent the generation of a bond and the decimation of two bonds in
the transformation. The last factor {1 − dΩ[PJ(Ω,Ω) + PΓ(Ω,Ω)]}−1 normalizes the

distribution as
∫ Ω−dΩ
0

dJPJ(J,Ω− dΩ) = 1. Equation (2.75) leads to

∂PJ(J,Ω)

∂Ω
= PJ(J,Ω)[PΓ(Ω,Ω)− PJ(Ω,Ω)]

− PΓ(Ω,Ω)

∫ Ω

J

dJ ′PJ(J
′,Ω)PJ

(
J

J ′Ω,Ω

)
Ω

J ′ .

(2.76)

Similarly, the differential equation for the distribution of the fields is obtained as

∂PΓ(Γ,Ω)

∂Ω
= PΓ(Γ,Ω)[PJ(Ω,Ω)− PΓ(Ω,Ω)]

− PJ(Ω,Ω)

∫ Ω

Γ

dΓ′PΓ(Γ
′,Ω)PΓ

(
Γ

Γ′Ω,Ω

)
Ω

Γ′ .

(2.77)

It is essential in this scheme that the interactions are positive, namely the ferro-
magnetic interactions. When the strongest parameter is a ferromagnetic bond, we can
interpret the two spins linked by the bond as a composite spin. The renormalized
system is also a spin system. We can iterate the procedure as a result. However, if the
strongest one is an antiferromagnetic bond, the interpretation would not be permit-
ted. The two spins would be antiparallel represented as | ↑↓⟩ or | ↓↑⟩, which are not
expressed as a single spin. Thus, the scheme stops at this step. In the one-dimensional
model, this issue is not crucial, since the antiferromagnetic interactions are mapped
onto the ferromagnetic interactions by the gauge transformation: σx → σx, σy → −σy,
and σz → −σz, which preserves the commutation relation of a spin, [σx, σy] = 2iσz.
This transformation, however, cannot remove the problem in some higher-dimensional
models, for example, the spin-glass models, which have both ferromagnetic and anti-
ferromagnetic interactions randomly. Hence, the method of the strong-disorder renor-
malization group is not effective in the spin-glass models. To investigate the spin-glass
models, we employ another procedure in this thesis.

2.3.2 Relationship between energy and length

We try to extract a relation between the energy scale and the length scale at the
critical point from the renormalization-group flow. The relation represents a peculiar
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feature of the critical phenomena of this model. We first carry out an intuitive argu-
ment [12]. After that, concrete calculations [20,40,91] based on Eqs. (2.76) and (2.77)
are described.

We consider the system at the critical point. The correlation length is a character-
istic length of the system, and it is the length of a cluster where all spins are correlated.
The cluster results in a compound spin after the renormalization-group steps. In the
renormalization-group scheme, such a cluster or compound spin is produced and grows
in each step of the scheme when the strongest term is a bond. When the length of
a cluster extends by a unit length, namely the distance of the neighboring spins, the
effective field is the product of fields divided by a bond as shown in Eq. (2.70). Hence,
an effective field Γ̃i is a product of some number, say, fi, of original fields divided by
fi−1 original bonds, and typical diameter LΩ of a cluster scales as a power of fi. Since
the number fi is similar to log Ω rather than Ω, we write the scaling relation between
energy and length as

log
Ω0

Ω
∼ LψΩ, (2.78)

with the basic energy scale Ω0, for example the initial value of Ω, and with an exponent
ψ.

This scaling is a peculiar one, compared with the conventional scaling at critical
points where energy scales as Ω ∼ L−z

Ω with the dynamical exponent z. The unconven-
tional scaling is regarded as the divergence of z and shows an extremely slow dynamics.
The key point yielding this scaling is that in a single step of renormalization-group pro-
cess, the lengths of clusters are added while the couplings and fields are multiplied.

As mentioned above, an effective field is expressed as a product of fi fields divided
by fi−1 bonds and an effective bond is also similarly expressed. Hence, the logarithm of
an effective field or bond is a sum of logarithm of several original random parameters.
This fact implies that the width of the distributions of log Γ and log J diverges as
renormalization-group calculations are iterated and Ω → 0. In short, the nature of
infinite-randomness fixed point is suggested.

We move to an overview of the derivation [20,40,91] of the scaling relation between
energy and length. A solution of Eqs. (2.76) and (2.77) is given by

PJ(J,Ω) =
r(Ω)

Ω

(
Ω

J

)1−r(Ω)

, (2.79)

PΓ(Γ,Ω) =
p(Ω)

Ω

(
Ω

Γ

)1−p(Ω)

, (2.80)

where the two functions r(Ω) and p(Ω) satisfy

− dy(Ω)

d log Ω
+ y(Ω)2 = ∆ (2.81)

with y(Ω) = p(Ω)−∆ = r(Ω)+∆. Note that d∆/dΩ = 0, and hence ∆ is independent
of Ω. The difference of the distributions is controlled by ∆. The critical point is
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represented as ∆ = 0, since the two distributions should coincide with each other to
produce the relation at the critical point in Eq. (1.16). However, ∆ does not denote
the energy gap, and we should not confuse them.

We are now interested in the critical point, ∆ = 0, where the two functions p(Ω)
and r(Ω) have the same form as the solution to Eq. (2.81) with ∆ = 0,

y(Ω) = p(Ω) = r(Ω) =
1

log(Ω0/Ω)
. (2.82)

A characteristic length scale of the system is the typical distance between remaining
spins, namely not decimated spins. At the critical point, the distance corresponds
to the length of a cluster or the size of a composite spin focused on in the above
intuitive argument, and also to the number of consecutive isolated spins. The distance
is estimated as LΩ ∼ n−1

Ω , where nΩ denotes the fraction of remaining spins at scale Ω.
With the decrease of the energy scale by an amount of dΩ, a fraction of spins which
are decimated out is nΩ[PJ(Ω,Ω) + PΓ(Ω,Ω)]. We then have

dnΩ

dΩ
= nΩ[PJ(Ω,Ω) + PΓ(Ω,Ω)]. (2.83)

With Eqs. (2.79), (2.80), and (2.82), this is solved as

nΩ =

(
log

Ω0

Ω

)−2

. (2.84)

We therefore obtain the scaling relation

log
Ω0

Ω
∼ L

1/2
Ω , (2.85)

which gives the exponent ψ = 1/2.

2.4 Our renormalization-group scheme

This section develops the basic idea of the real-space renormalization-group scheme
for quantum spin systems which will be used in the remainder of this thesis. We
confine our analysis to the description of phase transitions and critical phenomena
at zero temperature. Systems are not disturbed by thermal fluctuation accordingly.
Consequently, quantum effects dominantly influence the nature of systems.

Principle of our scheme is explained at first, and then its properties are discussed.
Concrete calculations based on the scheme will be demonstrated in the next chapter.

2.4.1 Principle of our scheme

Our scheme starts with the division of a system into blocks. Holding only the lowest-
energy states of blocks, we carry out a coarse-graining process. The present method is
a conventional approach on the basis of the block-spin transformation [92] for quantum
systems [93–99].
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I I+1 I I+1

Figure 2.2: Construction of blocks and coarse-graining process in one dimension.

To illustrate the scheme, let us consider the Hamiltonian H of a quantum spin
system. For example, imagine the Hamiltonian of the transverse-field Ising chain in-
troduced in Sec. 1.3.1,

H = −J
∑
i

σzi σ
z
i+1 − Γ

∑
i

σxi , (2.86)

which is the simplest quantum spin model exhibiting a phase transition and critical
phenomenon.

We start our scheme by dividing the lattice into blocks of spins, as shown in Fig. 2.2.
We assume a block contains n spins. In general, the number of spins in a block is not
limited to be the same as that in other blocks. In a uniform model, however, it is
natural to divide the system uniformly. According to the division of the system, the
Hamiltonian is also split into the intrablock part H intra

I for couplings between spins in
a block I and the interblock part H inter

I,J for couplings between spins in different blocks
I and J ,

H =
∑
I

H intra
I +

∑
I,J

H inter
I,J . (2.87)

The partition of the Hamiltonian is not unique. Indeed, H intra and H inter can have
terms associated with the transverse field applied to spins on the edges of blocks, as
shown in the next section for the transverse-field Ising chain. Results of the following
calculations depend on the choice of the block partition.

The next step is a coarse-graining procedure carried out by using eigenstates of
H intra. In the spin-s system, H intra

I has (2s + 1)n eigenstates. Note that n is the
number of spins in a block. For example, if we use blocks of two spins in analyzing the
transverse-field Ising chain, H intra has four eigenstates. To truncate the Hilbert space,
we focus only on the 2s+1 lowest-lying eigenstates represented as |1⟩, |2⟩, . . . , |2s+1⟩.
We define the projector onto a truncated system as

P =
⊗
I

PI , (2.88)

where PI is the projector,

PI =

(
2s+1∑
m=1

|m⟩⟨m|

)
I

. (2.89)

The projected Hamiltonian is PHP , which consists of PH intraP and PH interP . Note
that PH intraP is a diagonal matrix in the basis |1⟩, |2⟩, . . . , |2s + 1⟩. This projection
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realizes a coarse-graining process, since the dimension of the state space of a block
reduces to the dimension of an original spin, 2s + 1. Moreover, these 2s + 1 vectors
have properties of the original blocks effectively. Furthermore, we consider situations
where the coarse-grained Hamiltonian can be expressed with the new spin operators
defined as Sz|m⟩ = m|m⟩ and S±|m⟩ =

√
s(s+ 1)−m(m± 1)|m± 1⟩. If s = 1/2, the

Hamiltonian is necessarily so. The blocks are then transformed into spins as shown in
Fig. 2.2, and the length scale grows. This is just a block-spin transformation.

According to the real-space renormalization-group framework, spatial length in the
system is rescaled. More specifically, we normalize the distance between new spins to
the original value. We then obtain the renormalized system.

The process described above constitutes a step of our renormalization-group trans-
formation. The transformations change the values of parameters in the Hamiltonian
and generate additional couplings. The change is drawn as a renormalization-group
flow in the space of parameters, accordingly. Following the prescription of renormaliza-
tion group, our scheme finishes by extracting the nature of phases, phase transitions,
and critical phenomena of the system from the flow .

2.4.2 Basic properties of our scheme

The coarse-graining procedure in our scheme is expected to be effective for the study
of the ground state, since we keep only the lowest-energy states of blocks and drop
the others. The process, nevertheless, does not lead to the ground state of the whole
system in general. If we can obtain the ground state |ψ⟩gs by iterating the coarse-
graining procedure, |ψ⟩gs satisfies the following relation:

gs⟨ψ|PHP |ψ⟩gs = gs⟨ψ|H|ψ⟩gs. (2.90)

Possible degeneracies of the ground states apart, this equation leads to

P |ψ⟩gs = |ψ⟩gs. (2.91)

This means that |ψ⟩gs is a superposition of states such as |m1⟩1 ⊗ |m2⟩2 ⊗ · · · , namely

|ψ⟩gs =
∑

m1,m2,...

cm1,m2,...

⊗
I

|mI⟩I , (2.92)

where cm1,m2,... is an amplitude. Unfortunately, the actual ground state is not necessar-
ily such a state. States |m⟩ are the lowest-energy states of blocks but derived without
considerations of effects of couplings between blocks. The effects play an essential role
in the determination of the ground state. Hence, we cannot always write the ground
state in the form of Eq. (2.92). Our coarse-graining procedure thus does not produce
the exact ground state in general.

The argument discussed above yields an intuition that blocks of bigger size are ap-
propriate to study the ground state. This is because effects of edges of blocks reduces
as the size of blocks becomes large. The effects are the origin of disagreement between
states produced by our procedure and the true ground state. Indeed, we can obtain the
exact ground state by using a block of infinite size though it is impossible in practice.
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Of course, bigger blocks cause hard calculations in diagonalizing the intrablock Hamil-
tonians. We should adopt an appropriate size of blocks which allows us to execute
practical calculations.

On the other hand, from a viewpoint of renormalization group, the block size should
be small. We evaluate critical exponents by observing infinitesimal changes of param-
eters in a system through renormalization-group transformations. With a large scaling
factor, the changes are not so small in general. We cannot accurately estimate the
exponents as a result. Hence, small blocks are appropriate to investigate critical phe-
nomena. Since our main interest lies on critical phenomena, we will employ small
blocks in the remainder of this thesis.



Chapter 3

Real-space renormalization group
for the transverse-field Ising models

This chapter performs our renormalization-group method in the transverse-field Ising
models. The principle of our scheme was explained in Sec. 2.4. The first example of
explicit calculations is demonstrated in the transverse-field Ising chain, which is the
basic model in the present thesis, in Sec. 3.1. This example shows effectiveness of our
method in analyzing phase transitions and critical phenomena in the transverse-field
Ising model. The method is generalized to higher dimensions in Sec 3.2. This chapter
is summarized in Sec. 3.3. The generalization in Sec. 3.2 is author’s original work
published in [85].

3.1 Renormalization group for the transverse-field

Ising chain

This section illustrates an example of renormalization-group calculations according to
our prescription in the transverse-field Ising chain [85,99]. Since this chain is the basic
model in the present thesis, we tackle it at first. We write its Hamiltonian again,

H = −J
N∑
i=1

σzi σ
z
i+1 − Γ

N∑
i=1

σxi , (3.1)

where N is the number of sites and is assumed to be an even number. We impose
the periodic boundary condition σN+1 = σ1. In addition, we assume Γ are positive.
This assumption does not lose generality, since even if Γ is negative, the Hamiltonian
with positive Γ is retrieved by the following transformation: σx → sgn(Γ)σx, σy →
sgn(J)sgn(Γ)σy, and σz → sgn(J)σz, and for spins on odd sites, σx → sgn(Γ)σx,
σy → sgn(Γ)σy, and σz → σz. This transformation preserves the commutation relation
of a spin, [σx, σy] = 2iσz. We consider the ferromagnet model (J > 0) hereafter, but
it is connected to the antiferromagnetic model (J < 0) by the above transformation.
The validity of this mapping is due to the fact that the chain with even sites is one of
the bipartite lattices.

Section 3.1.1 gives our renormalization-group transformation, which is deduced from
a particular block partition. A transition point and critical exponents are extracted

37
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2i2i-1

i

2i+1 2i+2

i+1

Figure 3.1: Blocks for Eqs. (3.2) and (3.3).

from the transformation in Sec. 3.1.2. The resulting values of the transtion point and
critical exponents ν and α agree with the exact solutions. Section 3.1.3 examines other
block partitions. Section 3.1.4 discusses our block partition employed in Sec. 3.1.1.

3.1.1 Renormalization-group transformation

We divide the system governed by Eq. (3.1) into blocks of two spins. The two-spin
blocks enable us to analytically diagonalize block Hamiltonians. The next procedure is
to split the Hamiltonian into intrablock and interblock Hamiltonians. We here adopt
the following block Hamiltonians:

H intra
i = −Jσz2i−1σ

z
2i − Γσx2i−1, (3.2)

H inter
i,i+1 = −Jσz2iσz2i+1 − Γσx2i, (3.3)

where spins 2i − 1 and 2i belong to block i, and spin 2i + 1 belongs to block i + 1 as
depicted in Fig 3.1. The label of block i runs from 1 to N/2. Most importantly, this
particular block partition is suited to preserve the form of the Hamiltonian under the
renormalization-group transformations and is the key for the success of our calculations.
Other block partitions will be examined in Sec. 3.1.3, and the effectiveness of our block
partition will be discussed in Sec. 3.1.4.

The eigenvalues of H intra
i are degenerate,

ε(1) = ε(2) = −
√
J2 + Γ2, (3.4)

ε(3) = ε(4) =
√
J2 + Γ2. (3.5)

The corresponding eigenvectors are

|1⟩ = a+| ↑↑⟩+ a−| ↓↑⟩, |2⟩ = a+| ↓↓⟩+ a−| ↑↓⟩, (3.6)

|3⟩ = a−| ↓↓⟩ − a+| ↑↓⟩, |4⟩ = a−| ↑↑⟩ − a+| ↓↑⟩, (3.7)

where

a± =

√
1

2

(
1± J√

J2 + Γ2

)
, (3.8)
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and {| ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩} is the orthonormal basis in the σz basis, i.e., σz| ↑⟩ = | ↑⟩,
σz| ↓⟩ = −| ↓⟩.

We next keep the two lowest-lying energy eigenstates |1⟩ and |2⟩, and drop the
others, |3⟩ and |4⟩, to perform a coarse-graining. We then replace each block with a
single spin representing the |1⟩ and |2⟩ states as

σ̃x = |1⟩⟨2|+ |2⟩⟨1|, σ̃y = −i|1⟩⟨2|+ i|2⟩⟨1|, σ̃z = |1⟩⟨1| − |2⟩⟨2|. (3.9)

To this end, we define the projector onto the coarse-grained system as

P =

N/2⊗
i=1

Pi, (3.10)

where Pi is the projector,

Pi = (|1⟩⟨1|+ |2⟩⟨2|)i . (3.11)

The resulting coarse-grained Hamiltonian is

PHP =

N/2∑
i=1

PiH
intra
i Pi +

N/2∑
i=1

(Pi ⊗ Pi+1)H
inter
i,i+1(Pi ⊗ Pi+1), (3.12)

where N/2 + 1 means 1 in the periodic condition we assumed. The renormalized
intrablock Hamiltonian is trivially represented by the identity operator 1i on block i
as

PiH
intra
i Pi = ε(1)1i. (3.13)

Deriving the corresponding projection of the interblock Hamiltonian, we recall that
spin 2i belongs to block i, and spin 2i + 1 belongs to block i + 1. Explicitly writing
this fact,

H inter
i,i+1 = −J(12i−1 ⊗ σz2i)⊗ (σz2i+1 ⊗ 12i+2)− Γ(12i−1 ⊗ σx2i). (3.14)

Let us calculate the projections of the terms in this equation. First, 12i−1⊗σz2i has the
following property:

(12i−1 ⊗ σz2i) |1⟩ = (12i−1 ⊗ σz2i)
(
a+| ↑↑⟩+ a−| ↓↑⟩

)
(3.15)

= |1⟩, (3.16)

(12i−1 ⊗ σz2i) |2⟩ = (12i−1 ⊗ σz2i)
(
a+| ↓↓⟩+ a−| ↑↓⟩

)
(3.17)

= −|2⟩. (3.18)

Using these relations, we obtain

Pi (12i−1 ⊗ σz2i)Pi = (|1⟩⟨1|+ |2⟩⟨2|)i
(
12i+1 ⊗ σz2i+2

)
(|1⟩⟨1|+ |2⟩⟨2|)i (3.19)

= (|1⟩⟨1| − |2⟩⟨2|)i (3.20)

= σ̃zi . (3.21)
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The corresponding calculations of σz2i+1 ⊗ 12i+2 are(
σz2i+1 ⊗ 12i+2

)
|1⟩ =

(
σz2i+1 ⊗ 12i+2

) (
a+| ↑↑⟩+ a−| ↓↑⟩

)
(3.22)

= a+| ↑↑⟩ − a−| ↓↑⟩, (3.23)

(
σz2i+1 ⊗ 12i+2

)
|2⟩ =

(
σz2i+1 ⊗ 12i+2

) (
a+| ↓↓⟩+ a−| ↑↓⟩

)
(3.24)

= −a+| ↓↓⟩+ a−| ↑↓⟩, (3.25)

Pi+1(σ
z
2i+1 ⊗ 12i+2)Pi+1 = [(a+)2 − (a−)2](|1⟩⟨1| − |2⟩⟨2|)i+1 (3.26)

=
J√

J2 + Γ2
σ̃zi+1. (3.27)

Similarly, we have

(12i−1 ⊗ σx2i) |1⟩ = (12i−1 ⊗ σx2i)
(
a+| ↑↑⟩+ a−| ↓↑⟩

)
(3.28)

= a+| ↑↓⟩+ a−| ↓↓⟩, (3.29)

(12i−1 ⊗ σx2i) |2⟩ = (12i−1 ⊗ σx2i)
(
a+| ↓↓⟩+ a−| ↑↓⟩

)
(3.30)

= a+| ↓↑⟩+ a−| ↑↑⟩, (3.31)

Pi (12i−1 ⊗ σx2i)Pi =
(
a+a− + a+a−

)
(|1⟩⟨2|+ |2⟩⟨1|)i (3.32)

=
Γ√

J2 + Γ2
σ̃xi . (3.33)

Consequently, the interblock Hamiltonian is projected as

(Pi ⊗ Pi+1)H
inter
i,i+1(Pi ⊗ Pi+1) = − J2

√
J2 + Γ2

σ̃zi σ̃
z
i+1 −

Γ2

√
J2 + Γ2

σ̃xi . (3.34)

Using Eqs. (3.13) and (3.34), we express the renormalized Hamiltonian, Eq. (3.12),
as

PHP = ε(1)
N/2∑
i=1

1i − J̃

N/2∑
i=1

σ̃zi σ̃
z
i+1 − Γ̃

N/2∑
i=1

σ̃xi (3.35)

with renormalized couplings

J̃ =
J2

√
J2 + Γ2

, (3.36)

Γ̃ =
Γ2

√
J2 + Γ2

. (3.37)

These equations constitute our renormalization-group transformation. Note that the
renormalized Hamiltonian is the Hamiltonian of the transverse-field Ising chain. In
other words, our transformation preserves the form of the Hamiltonian and does not
generate additional couplings under renormalization.
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3.1.2 Transition point and critical exponents

To analyze phase transitions and critical phenomena in the transverse-field Ising chain,
we observe the change of the transverse field normalized with the exchange coupling
through the renormalization-group transformation. The transverse field is the origin of
quantum effects in this model and causes a quantum phase transition. Thus, we should
focus on the change of the transverse field. More specifically, we should calculate the
change of the transverse field normalized by the exchange coupling, namely Γ/J , since
the coupling J represents the scale of energy in this model. We then generate the
renormalization-group equation from Eqs (3.35)–(3.37) with the parameter kΓ = Γ/J ,

k̃Γ = k2Γ. (3.38)

This equation has three fixed points: kΓ = 0, 1,∞. The fixed points kΓ = 0,∞
are stable ones. Indeed, kΓ smaller than 1 is driven to 0 by the recursion of the
transformation. Similarly, kΓ larger than 1 goes to∞. These two fixed points kΓ = 0,∞
represent the ferromagnetic phase and the paramagnetic phase, respectively. The other
fixed point kΓ = 1 is an unstable one and corresponds to a critical point kc,Γ. In
other words, the point kΓ = 1 is the location of the transition point resulting from our
renormalization-group scheme. Although our scheme includes a non-rigorous treatment
of the ground state, which is ignoring the states |3⟩ and |4⟩ in the coarse-graining
process, the resulting value kc,Γ = 1 is equal to the exact transition point of the
model [23].

We extract critical exponents from a renormalization-group flow around the critical
fixed point kc,Γ = 1. To this end, we expand the renormalization-group transformation
[Eq. (3.38)],

k̃Γ − kc,Γ = 2(kΓ − kc,Γ) +O
(
(kΓ − kc,Γ)

2
)
. (3.39)

We derive an eigenvalue 2yΓ , where 2 is the scaling factor of this renormalization, from
the coefficient 2 of the linear term. We thus have yΓ = 1. This value determines the
critical exponent ν for the correlation length, ξ ∼ (kΓ − kc,Γ)

−ν , with the equation,
ν = 1/yΓ, explained in Secs. 2.1.2 and 2.2.2. Hence, the value of critical exponent ν
derived from our renormalization-group scheme is 1. This is a remarkable result since
this value agrees with the exact one similarly to the case of the transition point.

Since critical exponents other than ν involve the renormalization-group flow caused
by a longitudinal field, we need to carry out our renormalization-group scheme with
additional longitudinal-field terms. The Hamiltonian of the transverse-field Ising chain
written in Eq. (3.1) is extended as

H = −J
N∑
i=1

σzi σ
z
i+1 − Γ

N∑
i=1

σxi − h
N∑
i=1

σzi . (3.40)

with a longitudinal field h. For this model, we use

H intra
i = −Jσz2i−1σ

z
2i − Γσx2i−1 − hσz2i−1, H inter

i,i+1 = −Jσz2iσz2i+1 − Γσx2i − hσz2i, (3.41)
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Table 3.1: Transition point kc,Γ, exponents yΓ and yh of the linearized renormalization-group

transformations in Eqs. (3.38) and (3.48), and critical exponents for the transverse-field Ising

chain.

kc,Γ yΓ yh α β γ δ ν η

exact solution 1 1 1.875 0 1.125 1.75 15 1 0.25
our result 1 1 1.543 0 0.457 1.086 3.377 1 0.914

where a longitudinal field is applied only to the same spin with a transverse field
applied. Through our transformations, the Hamiltonian is renormalized as

PHP =

N/2∑
i=1

ε(1) + ε(2)

2
1i − J̃

N/2∑
i=1

σ̃zi σ̃
z
i+1 − Γ̃

N/2∑
i=1

σ̃xi − h̃

N/2∑
i=1

σ̃zi , (3.42)

where parameters are modified as

ε(1) = −
√
(J + h)2 + Γ2, ε(2) = −

√
(J − h)2 + Γ2, (3.43)

J̃ =
J

2

(
a21,1 + a21,−1 − a2−1,1 − a2−1,−1

)
, (3.44)

Γ̃ = Γ (a1,1a−1,−1 + a1,−1a−1,1) , (3.45)

h̃ = −1

2

(
ε(1) − ε(2)

)
+
J

2

(
a21,1 − a21,−1 − a2−1,1 + a2−1,−1

)
+ hz, (3.46)

with

ax,y =

√√√√√1

2

1 + x
J + y h√

(J + y h)2 + Γ2

. (3.47)

This is the generalization of the result without the longitudinal field. Of course, the
previous result is reproduced by the condition h = 0. The form of the Hamiltonian is
preserved through the transformation also with the longitudinal field.

A renormalization-group flow is described by the change of parameters kΓ = Γ/J
and kh = h/J following Eqs. (3.43)–(3.47). The flow has stable fixed points (kΓ, kh) =
(0, 0), (∞, 0), and (kΓ,±∞), and the critical fixed point discussed above (kΓ, kh) =
(1, 0). Linearizing k̃h(= h̃/J̃) around the critical fixed point (kΓ, kh) = (1, 0), we
obtain

k̃h =

(
3

2
+
√
2

)
kh +O[k2h, (kΓ − 1)kh]. (3.48)

This equation yields an eigenvalue 2yh with yh = log2(
3
2
+
√
2) ≃ 1.543. Consequently,

critical exponents are estimated as listed in Table 3.1, with the relations explained in
Secs. 2.1.2 and 2.2.2.

It is remarkable that the critical point and critical exponents α and ν are exact,
since real-space renormalization group calculations seldom yield exact results. Other
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exponents related to the longitudinal field, however, are not exact. The longitudinal
field does disturb the symmetry of the block Hamiltonian which seems essential to
obtain the exact values. This point will be discussed in Sec. 3.1.4.

3.1.3 Other block partitions

We examine other block partitions than a partition in Eqs. (3.2) and (3.3). The block
partition in the previous section seems natural for the transverse-field Ising model,
since both of the block Hamiltonians [Eqs. (3.2) and (3.3)] have an interaction term
and a transverse-field term. We consider another partition,

H intra
i = −Jσz2i−1σ

z
2i − Γσx2i−1 − Γσx2i, H inter

i,i+1 = −Jσz2iσz2i+1. (3.49)

The eigenvalues of H intra
i are

ε(1) = −
√
J + 4Γ2, ε(2) = −J, ε(3) = J, ε(4) =

√
J + 4Γ2. (3.50)

The corresponding eigenvectors are

|1⟩ = b+| ↑↑⟩+ b−| ↑↓⟩+ b−| ↓↑⟩+ b+| ↓↓⟩, |2⟩ = 1√
2
| ↑↑⟩ − 1√

2
| ↓↓⟩, (3.51)

|3⟩ = 1√
2
| ↑↓⟩ − 1√

2
| ↓↑⟩, |4⟩ = b−| ↑↑⟩+ b+| ↑↓⟩+ b+| ↓↑⟩+ b−| ↓↓⟩ (3.52)

with

b± =
1

2

√
1± J√

J2 + 4Γ2
. (3.53)

Eigenvalues are not degenerate in this case. This fact causes a problem. When we
renormalize the system with a projector P =

⊗
i Pi =

⊗
i(|1⟩⟨1|+ |2⟩⟨2|)i composed of

the two lowest-lying eigenstates, the intrablock Hamiltonian produces a longitudinal-
field term, that is,

PiH
intra
i Pi = ε(1)|1⟩⟨1|+ ε(2)|2⟩⟨2| (3.54)

=
ε(1) + ε(2)

2
1i +

ε(1) − ε(2)

2
σ̃zi . (3.55)

The renormalized terms from the interblock Hamiltonian do not compensate this
longitudinal-field term. Hence, the transformation for the whole system produces the
longitudinal field, even if no longitudinal field is applied to the original system. This
consequence is contrary to the truth that the system without a longitudinal field does
not flow to the system with finite longitudinal field in a renormalization-group picture.

To resolve this problem, we redefine a projector as

Pi
′ = |1′⟩⟨1′|+ |2′⟩⟨2′| (3.56)
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with

|1′⟩ = 1√
2
|1⟩+ 1√

2
|2⟩, (3.57)

|2′⟩ = 1√
2
|1⟩ − 1√

2
|2⟩. (3.58)

The intrablock Hamiltonian is projected by the new projector as

Pi
′H intra

i Pi
′ =

ε(1) + ε(2)

2
1i +

ε(1) − ε(2)

2
σ̃xi . (3.59)

This projector does not produce a longitudinal-field term. A transverse-field term is
produced instead, that is a consequence of the rotation of states in the space spanned
by |1⟩ and |2⟩. The interblock Hamiltonian is projected as

(Pi
′ ⊗ P ′

i+1)H
inter
i,i+1(Pi

′ ⊗ P ′
i+1) =

J

2

(
J√

J + 4Γ2
+ 1

)
σ̃zi σ̃

z
i+1. (3.60)

Consequently, the whole Hamiltonian is renormalized as

P ′HP ′ =

N/2∑
i=1

ε(1) + ε(2)

2
1i − J̃

N/2∑
i=1

σ̃zi σ̃
z
i+1 − Γ̃

N/2∑
i=1

σ̃xi (3.61)

with

J̃ =
J

2

(
J√

J2 + 4Γ2
+ 1

)
, (3.62)

Γ̃ =

√
J2 + 4Γ2 − J

2
. (3.63)

The form of the Hamiltonian is preserved also in the block partition written in Eq. (3.49).
We next consider fixed points of kΓ = Γ/J . The renormalization-group equation

for this case is

k̃Γ =

√
1 + 4k2Γ

(√
1 + 4k2Γ − 1

)√
1 + 4k2Γ + 1

. (3.64)

This equation has two trivial fixed points kΓ = 0,∞ and a non-trivial fixed point
kΓ ≃ 1.27674. The non-trivial fixed point deviates from the true critical point kc,Γ = 1,
which is reproduced by the previous block partition. The linearized renormalization-
group equation around the non-trivial fixed point yields a critical exponent ν ≃ 1.482.
This value also has a difference from the true solution ν = 1.

With the modification of the projector, the block partition in Eq. (3.49) preserves
the form of the Hamiltonian through the renormalization-group transformation, but
the method does not yield the exact transition point and the exact critical exponent
ν, which is obtained with the previous block partition defined as Eqs. (3.2) and (3.3).
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Let us consider another natural block partition,

H intra
i = −Jσz2i−1σ

z
2i −

Γ

2
σx2i−1 −

Γ

2
σx2i, H inter

i,i+1 = −Jσz2iσz2i+1 −
Γ

2
σx2i −

Γ

2
σx2i+1.

(3.65)

This partition also does not yield a good result. Indeed, the renormalization-group
equation for this case is

k̃Γ =

√
1 + k2Γ − 1√
1 + k2Γ + 1

, (3.66)

which has only a trivial fixed point kΓ = 0.
These examples show that our block partition defined as Eqs. (3.2) and (3.3) is an

exceptional one. We move to discussion on our block partition.

3.1.4 Our block partition

The reason why the block partition in Eqs. (3.2) and (3.3) gives the exact transition
point is intuitively understood as follows. One of the key points is the preservation
of the form of the Hamiltonian under our renormalization-group transformation. Due
to this property, we have no need of extra approximations. Another key point is the
self-duality in the block Hamiltonians without the longitudinal field, which preserves
the form of the Hamiltonian apart from the interchange of magnitude of the coupling
constant and transverse field under the transformation on spin variables from σ to
new Pauli matrices τ : τxi = σzi σ

z
i+1 and τ zi =

∏
j≤i σ

x
i . Although the transformation

changes the site which the transverse field is applied to, this change does not affect
the subsequent results. The self-duality is an intrinsic property of the transverse-field
Ising chain as explained in Sec. 1.3.1. The block Hamiltonians in Eqs. (3.2) and (3.3)
inherit this nature. We consider below influence of the self-duality on the results of
our renormalization-group calculations.

Under our renormalization-group scheme, the block Hamiltonians determine the
resulting Hamiltonian. Thus, by using the dual block Hamiltonians substantially gen-
erated by the interchange of J and Γ in the original block Hamiltonians, we obtain
the renormalized Hamiltonian with the role of J ’s and Γ’s in renormalized parame-
ters, Eqs. (3.36) and (3.37), interchanged. Note that the interchange of J and Γ in
Eqs. (3.36) and (3.37) bring the interchange of J̃ and Γ̃ themselves. In other words, the
duality transformation in the original Hamiltonian is equivalent to that in the renor-
malized Hamiltonian. Accordingly, when we derive the renormalized dual Hamiltonian
or the dual renormalized Hamiltonian, the resulting Hamiltonian is independent of the
order of the duality transformation and our coarse-graining procedure in the derivation.
This is a nontrivial and outstanding feature of the block partition defined as Eqs. (3.2)
and (3.3). We found a counter-example, Eqs. (3.62) and (3.63), resulted from another
block partition defined as Eq. (3.49).

This feature leads to the exact correspondence between the fixed points of the du-
ality transformations in the original and renormalized systems. The fixed point of
the duality transformation in the transverse-field Ising chain is the phase-transition
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point. Hence, the original system on the transition point is mapped onto the renor-
malized system on its transition point through the coarse-graining procedure. Conse-
quently, the transition point of the original system agrees with the fixed point of our
renormalization-group transformation. Our renormalization-group scheme thus yields
the exact transition point of the transverse-field Ising chain.

To summarize, our success in the calculation of the transition point is a consequence
of the two exceptional features of the transformation: the preservation of the form
of the Hamiltonian and the commutativity of the coarse-graining procedure and the
duality transformation. On the other hand, the above argument gives no reason why
our scheme yields the exact values of critical exponents α and ν. It might be a clue to
clarify the reason that the resulting values of the other critical exponents associated
with the exponent yh for the longitudinal field deviate from the exact solutions, for
instance, β and γ. Our scheme thus yields the exact critical exponents only when the
system has no longitudinal field. Similarly, the self-duality is found in the transverse-
field Ising chain only when no longitudinal field is applied. Hence, it is natural to expect
the self-duality to be a key also for the calculation of the exact critical exponents.

However, we will find in the next section that our method yields accurate values of
critical exponents α and ν also in two and three dimensions, where the system has no
self-duality. This result shows that the self-duality is not essential to obtain accurate
critical exponents with our method at least in higher dimensions. Hence, additional
factors should contribute to the success, and they should lead to the self-duality only
in one dimension. We can still expect the importance of the self-duality in the one-
dimensional case.

3.2 Generalization to higher-dimensional models

We generalize the renormalization-group method discussed in the previous section to
the higher-dimensional transverse-field Ising models. Section 3.2.1 explains a strategy
of the generalization, and applies the method to the two-dimensional model. The
three-dimensional model is examined in Sec. 3.2.2.

3.2.1 Two dimensions

We consider the two-dimensional transverse-field Ising model on a square lattice. The
Hamiltonian is

H = −J
∑
⟨i,j⟩

σzi σ
z
j − Γ

∑
i

σxi , (3.67)

where spins interact with their nearest neighbors ⟨i, j⟩. We assume the couplings are
positive as in the one-dimensional case. For simplicity, we do not consider a longitu-
dinal field at first. The key idea consists of performing renormalization-group trans-
formations that preserve the form of the Hamiltonian by a projective isometry that
preserves the bond algebra (i.e. the algebra realized by the operators σzi σ

z
j and σxi ).

Exploiting our experience in one dimension, we divide the lattice into blocks just as in
one dimension (Fig. 3.2). The two-spin blocks enable us to analytically perform the
renormalization-group calculations. We combine the one-dimensional block method in
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Figure 3.2: Construction of one-dimensional blocks and two steps of the single
renormalization-group transformation for a two-dimensional model on a square lattice.

horizontal and vertical directions to restore the symmetry of the lattice. Specifically,
we iterate the renormalization in two directions: first in the horizontal direction and
then in the vertical direction (Fig. 3.2). We redefine the coupling constants for the
horizontal direction Jh and the vertical direction Jv to distinguish these two quantities
in this scheme.

In the first step of the renormalization (in the horizontal direction) we can replace
each block with a single spin using the same procedure as in the one-dimensional case.
The equations corresponding to Eqs. (3.21), (3.27) and (3.33) are

Pi (12i−1 ⊗ σz2i)Pi = σzi , (3.68)

Pi+1

(
σz2i+1 ⊗ 12i+2

)
Pi+1 =

Jh√
J2
h + Γ2

σzi+1, (3.69)

Pi (12i−1 ⊗ σx2i)Pi =
Γ√

J2
h + Γ2

σxi . (3.70)

The renormalized coupling constants and transverse field are written as,

J̃h =
J2
h√

J2
h + Γ2

, (3.71)

J̃v = Jv

(
J2
h

J2
h + Γ2

+ 1

)
, (3.72)

Γ̃ =
Γ2√
J2
h + Γ2

. (3.73)

In Eq. (3.72), JvJ
2
h/(J

2
h +Γ2) is derived from the coupling of two spins on the left spot

in each block, and the rest is derived from the one on the right spot in the blocks. This
coarse-graining process for the horizontal direction is illustrated in Fig. 3.3

Next the system is renormalized in the vertical direction in the same way as the hor-
izontal direction to retrieve the symmetry. The coupling constants and the transverse
field are now

˜̃Jh = J̃h

(
J̃2
v

J̃2
v + Γ̃2

+ 1

)
, (3.74)
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Figure 3.3: Coarse-graining process for the horizontal direction in the transverse-field
Ising model on a square lattice.

˜̃Jv =
J̃2
v√

J̃2
v + Γ̃2

, (3.75)

˜̃Γ =
Γ̃2√
J̃2
v + Γ̃2

. (3.76)

From these equations, the following renormalization-group equations are generated,

˜̃kh =
k3hkv

√
(1 + k2h) {(2 + k2h)

2
+ k2hk

2
v (1 + k2h)}

2 (2 + k2h)
2
+ k2hk

2
v (1 + k2h)

, (3.77)

˜̃kv =
k2hk

2
v (1 + k2h)

(2 + k2h)
2 , (3.78)

where kh = Γ/Jh, kv = Γ/Jv. These equations can be represented as

˜̃k2h = f
(
k2h,

˜̃kv

)
, (3.79)

˜̃kv = f
(
kv, k

2
h

)
, (3.80)

f (x, y) = x2
y(1 + y)

(2 + y)2
. (3.81)

These renormalization-group equations are still asymmetric in kh and kv. To render
the renormalization symmetric we renormalize the system in the reverse order, vertical
and then horizontal. We define the order of the renormalization in the horizontal
direction and then in the vertical direction as the order A, and the reverse order as
B (Fig. 3.4). Hence, the new step is represented as AB. The renormalization-group
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A

B

Figure 3.4: The order of the renormalization in the horizontal and vertical directions.
With A, we renormalize the system in the horizontal direction and then in the vertical
direction. The reverse order is denoted by B.

transformation with order A is established by Eqs. (3.79) and (3.80) while with order
B is

˜̃k2v = f
(
k2v ,

˜̃kh

)
, (3.82)

˜̃kh = f
(
kh, k

2
v

)
. (3.83)

The transformation with order AB is obtained from the substitution of ˜̃kh, Eq. (3.79),

for kh in Eq. (3.83) and ˜̃kv, Eq. (3.80), for kv in Eqs. (3.82) and (3.83). Although B
relaxes the asymmetry in A, the renormalization group equations with AB is still asym-
metric. The symmetrization procedure is thus repeated as ABBA and ABBABAAB.

If we regard the renormalization map in the order ABBABAAB of scaling factor
28 as a single transformation, the eigenvalues of the linearized renormalization group
transformation are 7731.18 (= (28)1.61456) and 8.477 (= (28)0.385441). One of the eigen-
values is much larger than the other, and hence we may be justified to ignore the smaller
eigenvalue. The value of the critical exponent ν derived from the larger eigenvalue is
0.61936, which is very close to the reliable numerical result 0.6301 [100].

The effectiveness of the symmetrization scheme is clearly seen in Table 3.2. With
only A, kc,h and kc,v are very different, and both eigenvalues of the linearized renormalization-
group transformation are relevant. The introduction of reverse order relaxes the asym-
metry of the fixed point. In addition, in the space of kh and kv, the slope of the
dominant flow approaches 1, and the other flow becomes perpendicular to the domi-
nant one (Fig. 3.5). These changes suggest that the larger eigenvalue is the reliable one
and we may ignore the other. The latter seems to be an artifact of the approximation.

We can also study the case with a longitudinal field, h ̸= 0. With the same scheme
as for h = 0, we obtain the eigenvalues of the linearized renormalization-group trans-
formation and critical exponents as listed in Table 3.3. The exponent yh, or the critical
exponent η, is not very close to the numerical result of the classical Ising model in three
dimensions [100], a situation similar to the one-dimensional case. Moreover, this value
is not improved by the symmetrization process. This property may give an important
clue for the study of the relation between the symmetry of a model and the symmetry
of a method.
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Table 3.2: The critical point kc, eigenvalues of the renormalization-group transforma-
tion λ, critical exponent ν, the slope of the dominant eigenvector ϕ1, and the scalar
product of two eigenvectors ϕ1 · ϕ2 from real-space renormalization group with sym-
metrization on the square lattice.

A AB ABBA ABBABAAB three-dimensional classical
kc,h 1.544 1.793 1.828 1.835 3.4351 [101]
kc,v 2.383 1.897 1.855 1.848
λ1 3.083 9.377 87.901 7731.18
λ2 1.297 1.706 2.912 8.477
ν1 0.61555 0.61935 0.61941 0.61936 0.6301(4) [100]
ν2 2.66356 2.59466 2.59372 2.59443

slope of ϕ1 1.758 1.059 1.026 1.002
ϕ1 · ϕ2 0.644 0.140 0.071 0.050

k c,h

k c,v

k h

k v

k c,h

k c,v

k h

k v

symmetrization

Figure 3.5: The schematic renormalization-group flow near the fixed point in the space
of kh and kv. With the symmetrization procedure kc,h and kc,v become close to each
other, and the slope of the dominant flow (the thicker line) approaches 1, and the
subdominant direction becomes perpendicular.

Table 3.3: The exponents yΓ and yh for the linearized renormalization group transfor-
mation and the critical exponents ν and η for the square lattice, derived from sym-
metrization.

A AB ABBA ABBABAAB three-dimensional classical [100]
yx 1.62456 1.61459 1.61445 1.61456
yz 2.39774 2.38895 - -
ν 0.61555 0.61935 0.61941 0.61936 0.6301(4)
η 0.20452 0.22209 - - 0.0364(5)
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A

B

Figure 3.6: The order of renormalization in three dimensions. With A, we renormalize
the system in the horizontal, then vertical, and finally in the third direction. The order
B is the reverse of A.

3.2.2 Three dimensions

Next, we generalize the scheme to a cubic lattice in three dimensions. Let us again
restrict ourselves to the system without longitudinal field for simplicity. We have to
renormalize the three-dimensional system in three directions. The order A is defined
as horizontal, then vertical and finally along the third direction. The order B is the
reverse of A (Fig. 3.6). We now define the coupling constant for the third direction as
Jt in addition to Jh and Jv for the horizontal and vertical directions.

In the first step of order A, which is the renormalization in the horizontal direction,
the parameters change as

J̃h =
J2
h√

J2
h + Γ2

, (3.84)

J̃v = Jv

(
J2
h

J2
h + Γ2

+ 1

)
, (3.85)

J̃t = Jt

(
J2
h

J2
h + Γ2

+ 1

)
, (3.86)

Γ̃ =
Γ2√
J2
h + Γ2

. (3.87)

Note that the coupling constants of vertical and third directions are changed under the
same rule. In general, when the system is renormalized in the direction α and another
direction is represented as β, the parameters are transformed as

J̃α =
J2
α√

J2
α + Γ2

, (3.88)

J̃β = Jβ

(
J2
α

J2
α + Γ2

+ 1

)
, (3.89)
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Table 3.4: The exponents yΓ and yh for the linearized renormalization-group trans-
formation and the critical exponents ν and η for the cubic lattice, derived from sym-
metrization.

A AB classical mean-field
yΓ 2.0213 2.0092 2
yh 3.1507 3.1428 3
ν 0.49474 0.49772 1/2
η −0.30145 −0.28553 0

Γ̃ =
Γ2√
J2
α + Γ2

. (3.90)

Carrying out the three steps of the scheme with these relations, we can obtain the
parameters of the system renormalized in the three directions.

The symmetrization with the combinations of A and B as in the two-dimensional
system improves the result (Table 3.4). The value of ν with A is 0.49474 and with
AB is 0.49772. In the classical mean-field Ising model, which corresponds to the three-
dimensional transverse-field Ising model, the value of ν is 1/2. Our procedure yields
almost the exact value of ν, and the symmetrization is an effective way to improve the
results just as in the two-dimensional case.

The result of the exponent related to a longitudinal field in three dimensions is also
shown in Table 3.4. The value of η is not as good as the result for ν, a situation similar
to the one- and two-dimensional cases.

3.3 Summary

In this chapter, we have performed our renormalization-group scheme in the transverse-
field Ising models. Our method is a kind of block-spin transformations. We divide
systems into blocks and define block Hamiltonians. Dropping the highest-lying energy
eigenstates of the block Hamiltonians, the system is projected onto the coarse-grained
system. The changes of parameters through the transformation draw a renormalization-
group flow. This scheme is intuitively reasonable, since the lower-lying energy states,
which we exploit in the scheme, seem to strongly influence properties of the ground
state.

Our method is appropriate to analyze a phase transition and critical phenomena
in the transverse-field Ising model in finite dimensions. Our scheme preserves the
form of the Hamiltonian under the transformation. In addition, the block Hamiltonian
adopted in our analysis has an outstanding property associated with the self-duality.
These are expected to be essential to successfully extract the critical point and the
critical exponents. A remarkable feature of the method is that it yields exact results
in one dimension.

We have generalized this idea to higher dimensions. The one-dimensional block
method is also effective in higher dimensions, and we have combined the method in
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horizontal, vertical and the third directions to restore the symmetry of the lattice. Our
results demonstrate the utility of the block Hamiltonian we have adopted. Although
the results fall short of the exact solutions as in the one-dimensional case, they still
represent important steps because the real-space renormalization group rarely gives
accurate estimates of critical exponents in two and three dimensions. Since the critical
exponent ν has been estimated to good accuracy in two and three dimensions where
there is no self-duality, additional factors should have contributed such as the preser-
vation of the bond algebra embedded in our construction of the block Hamiltonian.



Chapter 4

Real-space renormalization-group
analysis of the random
transverse-field Ising models

This chapter studies the nature of critical phenomena in the random transverse-field
Ising models, more specifically, the random ferromagnetic Ising models and the Ising
spin glasses in transverse fields in one, two, and three dimensions, with the real-space
renormalization-group method explained in Chaps. 2 and 3. The one-dimensional
model with randomness was studied with the same strategy as our scheme [102]. The
present study covers higher-dimensional cases, spin-glass models in particular. A spe-
cial emphasis is placed to resolve the problem of whether or not the infinite-randomness
fixed point exists in these models. The critical exponent ν for the correlation length
will be calculated. It is to be noted that ν is a representative exponent of infinite-
randomness fixed points.

We do not calculate critical exponents other than ν in this chapter, since our method
has not yielded accurate values of the other exponents, for example η, in non-random
systems [85] in Chap. 3. Accordingly, we do not consider a longitudinal field. Also,
there are exponents peculiar to the random systems, for example ψ [12], for which we
have not established a method to calculate in our framework. We thus concentrate
ourselves on the presence of infinite-randomness fixed points and the exponent ν.

In Sec. 4.1, we generalize the real-space renormalization-group scheme to the ran-
dom transverse-field Ising chain after a short review of the model. Some previous
results are correctly reproduced under the scheme. In particular, the presence of the
infinite-randomness fixed point is verified. Our method is generalized to higher spa-
tial dimensions in Secs. 4.2 and 4.3, where the random ferromagnetic Ising models in
transverse fields and Ising spin glasses in transverse fields are investigated. We devote
Sec. 4.4 to summarize the study in this chapter. This chapter is built on author’s
original work, which has been published in [86].

54
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4.1 One dimension

This section investigates the one-dimensional random transverse-field Ising model,

H = −
N∑
i=1

Jiσ
z
i σ

z
i+1 −

N∑
i=1

Γiσ
x
i , (4.1)

where σαi denotes the α-component of the Pauli matrix on site i. The boundary con-
dition is periodic σi = σi+N , where N is the number of spins assumed to be even. The
couplings Ji and transverse fields Γi are random variables independently distributed.
Without loss of generality, we restrict random variables to be positive since the system
is a chain with even sites as in Sec. 3.1. For simplicity, we do not consider a longitudinal
field. As seen in

This model has already been analyzed in detail [19,20,28], and then peculiar features
have been revealed as reviewed in Chap. 1. In Sec. 4.1.1, we review the model again,
in particular the transition point and critical exponents related to our study in this
chapter. Our renormalization-group analysis is performed in Sec. 4.1.2.

4.1.1 Random transverse-field Ising chain

Let us recall a few previous results [19, 20, 28] related to the random transverse-field
Ising chain, Eq. (4.1).

When the average of transverse fields is much larger than that of couplings, the
system lies in the paramagnetic phase, that is, the expectation value of σz is zero. A
phase transition to the ferromagnetic phase takes place at some point as we reduce the
average value of fields. The system, as a result, obtains a finite expectation value of
σz. The para-ferro transition point has been analytically obtained [28],

N∑
i=1

log Ji =
N∑
i=1

log Γi, (4.2)

which includes the non-random case [23–25].

The model has an infinite-randomness fixed point [12,19,20]. One of the character-
istic features appears in the behavior of correlation length near the fixed point. There
are two kinds of critical exponent ν about the divergence of correlation length, and the
two critical exponents take different values in the random transverse-field Ising chain,
ν = 2 [19, 20] and νtyp = 1 [41]. The first one ν is for the (average) correlation length
ξ, and it correctly takes into account the effects of randomness. The other exponent
νtyp is for the typical correlation length ξtyp, which describes the typical behavior of
the system and does not reflect the influence of rare events on macroscopic properties.
The correlation length ξ properly describing the effect of rare events in the random
system is defined as the largest length L, where the probability that all the spins in
the block of length L are correlated, exceeds some finite value [19,20,103,104].

In the random transverse-field Ising model, average and variance of (log Γ− log J)
plays an important role in the determination of the correlation-length exponent [19,20].
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We now express the average as ∆,

∆ =
1

N

N∑
i=1

log
Γi
Ji
. (4.3)

According to Eq. (4.2), the phase transition in one dimension occurs when this average
is equal to zero. The system lies in the paramagnetic phase if ∆ > 0 , and the system
in the ferromagnetic phase has a negative ∆. The average per block having a length
of L is L∆. Roughly speaking, in the Gaussian distribution for example, the variance
of (log Γ− log J) per block is LV , where V expresses the variance per spin,

V =
1

N

N∑
i=1

(
log

Γi
Ji

−∆

)2

. (4.4)

If L∆ >
√
LV , most blocks show paramagnetic behavior, and there are few blocks

containing perfectly correlated spins. Otherwise, there is a significant probability that
all spins are correlated in a block. The relation ξ∆ ∼

√
ξV is thus a good estimate for

the correlation length. Hence, we have

ξ ∼
(

∆√
V

)−2

. (4.5)

The correlation length diverges around the transition point ∆ = 0, and we find ∆/
√
V

to be a proper parameter measuring the “distance” from the critical point. In general,
including the case ∆c ̸= 0, we expect the relation between the correlation length ξ and
the critical exponent ν to be represented as

ξ ∼
(
∆−∆c√

V

)−ν

. (4.6)

The above-mentioned crude estimate suggests ν = 2.
If we measure the distance without variance, which reflects the effect of rare events,

we can associate the typical correlation length ξtyp with the critical exponent νtyp,

ξtyp ∼ (∆−∆c)
−νtyp . (4.7)

This expression of the exponent νtyp is due to [19, 20], a leading study on the one-
dimensional model. Nevertheless, this is not a common definition of νtyp. Usually,
νtyp is expressed as ν(1 − ψ) with another exponent ψ describing the relationship
between the length scale and the energy scale [12]. Since we do not have a method
to estimate ψ, we do not calculate in the present study νtyp other than the simple
one-dimensional model. In higher-dimensional cases, we mention only whether the two
exponents defined in Eqs. (4.6) and (4.7) may have differences.

4.1.2 Real-space renormalization group in one dimension

We develop a real-space renormalization-group procedure for the random transverse-
field Ising model in one dimension of Eq. (4.1) at zero temperature [86, 102]. This
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is a natural generalization of our previous method for the pure transverse-field Ising
model [85,99] in Sec. 3.1.

We start by dividing the chain into blocks of two spins as in the pure case in Chap. 3.
The Hamiltonian is also split into intra-block and inter-block parts,

H intra
i = −J2i−1σ

z
2i−1σ

z
2i − Γ2i−1σ

x
2i−1, (4.8)

H inter
i,i+1 = −J2iσz2iσz2i+1 − Γ2iσ

x
2i, (4.9)

where spins 2i− 1 and 2i belong to block i, and spin 2i+1 belongs to block i+1. The
label of block i runs from 1 to N/2. Most importantly, this particular block partition
is suited to preserve the form of the Hamiltonian under the renormalization-group
transformations [85] and is the key for the success of our calculations.

The eigenvalues of H intra
i are degenerate,

ε
(1)
i = ε

(2)
i = −

√
(J2i−1)2 + (Γ2i−1)2, (4.10)

ε
(3)
i = ε

(4)
i =

√
(J2i−1)2 + (Γ2i−1)2. (4.11)

The corresponding eigenvectors are

|1⟩i = a+i | ↑↑⟩+ a−i | ↓↑⟩, |2⟩i = a+i | ↓↓⟩+ a−i | ↑↓⟩, (4.12)

|3⟩i = a−i | ↓↓⟩ − a+i | ↑↓⟩, |4⟩i = a−i | ↑↑⟩ − a+i | ↓↑⟩, (4.13)

where

a±i =

√√√√1

2

(
1± J2i−1√

(J2i−1)2 + (Γ2i−1)2

)
, (4.14)

and {| ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩} is the orthonormal basis in the σz-basis, i.e. σz| ↑⟩ = | ↑⟩,
σz| ↓⟩ = −| ↓⟩.

We next keep the two lowest lying energy eigenstates |1⟩ and |2⟩, and drop the
others, |3⟩ and |4⟩, to perform a coarse-graining. We then replace each block with
a single spin representing the |1⟩ and |2⟩ states as in Sec. 3.1.1. Using the projector
defined as Eqs. (3.10) and (3.11) with |1⟩i and |2⟩i in Eq. (4.12), the coarse-grained
Hamiltonian is written as PHP . The renormalized intra-block Hamiltonian is trivially
represented with the identity operator 1i on block i as

PiH
intra
i Pi = ε

(1)
i 1i. (4.15)

Terms in the inter-block Hamiltonian are projected as

Pi (12i−1 ⊗ σz2i)Pi = σ̃zi , (4.16)

Pi+1

(
σz2i+1 ⊗ 12i+2

)
Pi+1 =

J2i+1√
(J2i+1)2 + (Γ2i+1)2

σ̃zi+1, (4.17)

Pi (12i−1 ⊗ σx2i)Pi =
Γ2i−1√

(J2i−1)2 + (Γ2i−1)2
σ̃xi , (4.18)

where σ̃αi is the α-component of the Pauli matrix on block i, or new site i in the
coarse-grained system.
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The renormalized Hamiltonian is consequently expressed as

PHP =

N/2∑
i=1

ε
(1)
i 1i −

N/2∑
i=1

J̃iσ̃
z
i σ̃

z
i+1 −

N/2∑
i=1

Γ̃iσ̃
x
i (4.19)

with renormalized couplings

J̃i =
J2iJ2i+1√

(J2i+1)2 + (Γ2i+1)2
, (4.20)

Γ̃i =
Γ2i−1Γ2i√

(J2i−1)2 + (Γ2i−1)2
. (4.21)

Note that our transformation preserves the form of the Hamiltonian. In other words,
our method does not generate additional couplings under renormalization. Other
choices of the intra- and inter-block Hamiltonians lead to more inconvenient trans-
formations as discussed in Sec. 3.1.3.

Let us calculate renormalized ∆ to generate the renormalization-group equation,

∆̃ =
1

N/2

N/2∑
i=1

log
Γ̃i

J̃i

= 2∆,

(4.22)

where we have used a property of the periodic boundary condition Γ̃N/2+1 = Γ̃1. The
renormalization-group equation ∆̃ = 2∆ has a fixed point

∆c = 0. (4.23)

This agrees with the exact transition point [28]. Combining the change of ∆ with that
of the typical correlation length ξ̃typ = ξtyp/2 through the scale transformation with
the scaling factor 2, we obtain the critical exponent

νtyp = 1 (4.24)

under Eq. (4.7). This is also the exact value [41].
To take atypical effects into account, we have to explore the change of variance of

(log Γ− log J) through renormalization. However, it is difficult to analytically investi-
gate it. We hence study the change of variance by numerical methods.

In numerical calculations, we first prepare a pool containing N couplings and N

transverse fields to construct a chain having N sites, where N has been chosen to be
106. The parameters obey the uniform distributions

PJ(Ji) = θ(Ji)θ(1− Ji), (4.25)

PΓ(Γi) =
1

Γu
θ(Γi)θ(Γu − Γi), (4.26)

where if x > 0, θ(x) = 1, and θ(x) = 0 otherwise. If the upper bound Γu of the values
of transverse fields is equal to 1, the distributions of J and Γ coincide, and the system
lies at the critical point.
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Figure 4.1: Ratio of the square root of the variance of (log Γ− log J) after a renormal-
ization to that before the renormalization in the random transverse-field Ising model
in one dimension.

We next perform the renormalization according to Eqs. (4.20) and (4.21) with the
periodic boundary condition, and the pool is renewed by generating the renormalized
couplings and fields. Then the size of the system becomes a half of that of the orig-
inal system. To repeat the renormalization on a large system, we add a copy of all
couplings and fields in the renormalized system to the pool. Consequently, the num-
ber of couplings and fields in the pool is recovered, and the couplings and fields obey
the identical distribution with that of the pool before the copies are added. We then
reconstruct a chain with the renormalized parameters in the pool. In other words, we
relabel the parameters to mix originals and copies. It is noted that, since J̃i and Γ̃i+1 in
the renormalized system share J2i+1 and Γ2i+1 [Eqs. (4.20) and (4.21)], if J̃i is relabeled
as J̃j, Γ̃i+1 has to be relabeled as Γ̃j+1.

Repeating this scheme, we observe the change of the variance of (log Γ− log J). To
reduce statistical errors, we run up to 100 samples. We set the system very close to
the critical point ∆c = 0 when the calculation is carried out. More precisely, the upper
bound of fields Γu in the initial condition is set to be 1, where the distributions of
couplings and fields coincide. Nevertheless these distributions in practice have a small
difference owing to the finiteness of the number of couplings and fields.

A result of the numerical estimate is shown in Fig. 4.1, where the ratio of the square
root of the variance of (log Γ− log J) after a renormalization to that before the renor-
malization is plotted. The ratio is always larger than 1, that is, the distributions of
the logarithms of parameters keep broadening. This fact demonstrates the existence
of an infinite-randomness fixed point in the random transverse-field Ising spin chain.
Furthermore, the ratio reaches a stationary state after several steps of renormalization.
The value of critical exponent ν calculated from Eq. (4.6) also becomes stable accord-
ingly, because the ratio of ∆ after a renormalization to that before the renormalization
is constant, 2. Since randomness is strong when the stationary behavior appears, we
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expect to extract the nature of the system near the infinite-randomness fixed point
from this stationary behavior. We therefore estimate the critical exponent ν with the
values in the stationary region as

ν = 2.00(7), (4.27)

where we have assumed that a renormalized correlation length is a half of the original
correlation length through the renormalization of scaling factor 2. This value is in good
agreement with the exact one ν = 2 [19,20].

Although our real-space renormalization group procedure includes approximations,
it reproduces the exact critical point, and the exact values of the critical exponents
νtyp and ν. Our simple scheme correctly reflects the physics of the infinite-randomness
behavior, which is one of the most peculiar features in the random transverse-field Ising
spin chain.

4.2 Two dimensions

We generalize the renormalization-group method to the two-dimensional transverse-
field Ising model with randomness on the square lattice. This is also a generalization
of the previous study on the pure model in two dimensions discussed in Sec. 3.2 [85]
to the random model. The Hamiltonian of the two-dimensional model is

H = −
∑
⟨i,j⟩

Jijσ
z
i σ

z
j − Γ

∑
i

σxi , (4.28)

where spins interact with their nearest neighbors ⟨i, j⟩. Couplings Jij are random
variables and are independently identically distributed. In Sec. 4.2.2, the couplings are
uniformly distributed as PJ(Jij) = θ(Jij)θ(1 − Jij), whereas Sec. 4.2.3 examines the
spin-glass case with the Gaussian distribution, PJ(Jij) = exp[−(Jij − J0)

2/2]/
√
2π.

4.2.1 Generalization to the two-dimensional models

We generalize our method in two dimensions. As in the pure case, we iterate the
renormalization in two directions: first in the horizontal direction and then in the
vertical direction (Fig. 3.2). Now, we redefine the coupling constants for the horizontal
direction and the vertical direction to distinguish these two quantities in this scheme.
The coupling constants between the spin at (i, j) and the neighboring spin to the right
side is Jh(i,j) and that between the spin at (i, j) and the neighboring spin to the upper
side is Jv(i,j), where (i, j) denotes the location of a single site on the two dimensional
lattice.

In the first step of the renormalization (in the horizontal direction) we replace each
block with a single spin using the same procedure as in the one-dimensional case. We
have the relation corresponding to Eqs. (4.16)–(4.18),

P̃(i,j)

(
1(2i−1,j) ⊗ σz(2i,j)

)
P̃(i,j) = σ̃z(i,j), (4.29)
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P̃(i+1,j)

(
σz(2i+1,j) ⊗ 1(2i+2,j)

)
P̃(i+1,j) =

Jh(2i+1,j)√
J2
h(2i+1,j) + Γ2

(2i+1,j)

σ̃z(i+1,j), (4.30)

P̃(i,j)

(
1(2i−1,j) ⊗ σx(2i,j)

)
P̃(i,j) =

Γ(2i−1,j)√
J2
h(2i−1,j) + Γ2

(2i−1,j)

σ̃x(i,j), (4.31)

where P̃(i,j) denotes the projector onto the state space of the block spin, namely the
spin at (i, j) in the renormalized system. We find that the z-component of the spin
on the right spot in a block becomes the z-component of the block spin, but the z-
component of the spin on the left spot in a block becomes the z-component of the
block spin multiplied by Jh/

√
J2
h + Γ2. The renormalized couplings and fields are then

written as,

J̃h(i,j) =
Jh(2i,j)Jh(2i+1,j)√
J2
h(2i+1,j) + Γ2

(2i+1,j)

, (4.32)

J̃v(i,j) =
Jh(2i−1,j)√

J2
h(2i−1,j) + Γ2

(2i−1,j)

Jh(2i−1,j+1)√
J2
h(2i−1,j+1) + Γ2

(2i−1,j+1)

Jv(2i−1,j) + Jv(2i,j), (4.33)

Γ̃(i,j) =
Γ(2i−1,j)Γ(2i,j)√

J2
h(2i−1,j) + Γ2

(2i−1,j)

. (4.34)

In Eq. (4.33), Jv(2i,j) is derived from the coupling of two spins on the right spot in each
block, and the rest is derived from the one on the left spot in the blocks.

Next the system is renormalized in the vertical direction in the same way as the
horizontal direction. The coupling constants and the transverse fields are now

˜̃Jh(i,j) =
J̃v(i,2j−1)√

J̃2
v(i,2j−1) + Γ̃2

(i,2j−1)

J̃v(i+1,2j−1)√
J̃2
v(i+1,2j−1) + Γ̃2

(i+1,2j−1)

J̃h(i,2j−1) + J̃h(i,2j), (4.35)

˜̃Jv(i,j) =
J̃v(i,2j)J̃v(i,2j+1)√
J̃2
v(i,2j+1) + Γ̃2

(i,2j+1)

, (4.36)

˜̃Γ(i,j) =
Γ̃(i,2j−1)Γ̃(i,2j)√

J̃2
v(i,2j−1) + Γ̃2

(i,2j−1)

. (4.37)

It is important that our transformations in two dimensions also do not generate extra
terms as the one-dimensional case, and the form of the Hamiltonian is preserved. In
addition, the lattice structure is preserved.

Note that our transformations are not local. After the first step of the renormal-
ization, J̃h(i,j), J̃v(i+1,j), and Γ̃(i+1,j) share Jh(2i+1,j) and Γ(2i+1,j). Hence, J̃h(i,j), J̃v(i+1,j),
and Γ̃(i+1,j) are correlated with each other. Similarly, J̃h(i,j+1), J̃v(i+1,j), and Γ̃(i+1,j+1)

share Jh(2i+1,j+1) and Γ(2i+1,j+1). Thus, J̃h(i,j), J̃h(i,j+1), J̃v(i+1,j), Γ̃(i+1,j), and Γ̃(i+1,j+1)

are correlated with each other. In a column, couplings in the vertical direction, cou-
plings to the left-hand spin, and fields are mutually correlated after the horizontal
renormalization. The vertical renormalization accordingly makes couplings in the hori-
zontal direction, couplings to the lower-side spin, and fields in a row mutually correlate.
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L=2

L=2

Figure 4.2: Construction of a cluster (left) for the renormalized cluster of size L =
2 (right) in two dimensions and two steps of renormalization of the cluster in the
horizontal and vertical directions.

After two steps of the procedure, no set of couplings and fields are independent from
others, consequently.

The renormalization-group transformations are numerically performed as follows.
We prepare a pool of couplings J and fields Γ. The pool contains N couplings in the
horizontal and vertical directions, respectively, as well as N fields. In our calculation N
is 106. We build a two-dimensional partial lattice, which we call a “cluster” hereafter,
of couplings and fields randomly taken from the pool. The cluster is renormalized
according to Eqs. (4.32)–(4.37), and we put the renormalized cluster in a new pool.
We prepare the shape of the cluster before renormalization to obtain a renormalized
square cluster of size L×L. For example, a renormalization process for a cluster in the
case of L = 2 is depicted in Fig. 4.2. The scheme, from building a cluster to putting
the renormalized cluster in the new pool, for a square cluster of size L×L is executed
N/(L × L) times. The new pool is filled by N/(L × L) renormalized clusters of size
L × L as a result, and a single renormalization-group transformation for the whole
system is completed. In the next renormalization step, we construct new clusters of
the clusters in the pool and repeat the process. In our calculation L is set equal to 20.
The renormalization for the whole system is repeated 15 times, and we run up to 100
samples. The procedure is partially based on the calculation method by Nobre [105]
in which one randomly takes couplings and fields from the pool as often as one makes
a cluster.

The reason why we use the clusters in our calculation lies on the nonlocal property
of our renormalization-group transformations. Although in one dimension we have
rearranged the labels of couplings and fields to repeat the renormalization calculations
on the large system, we cannot freely do so in two dimensions because the renormalized
parameters are mutually correlated. It is difficult to fully keep the correlation in the
calculation, but the cluster procedure takes it into account to a certain extent. We
correctly deal with the correlation in clusters. Although this procedure still ignores the
correlation between the clusters on interfaces, the effect of the surfaces is expected to
be small if L is large.
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Figure 4.3: Ratio of the square root of the variance of (log Γ− log J) after a renormal-
ization to that before the renormalization in the random ferromagnetic Ising model in
a transverse field in two dimensions. The initial transverse field is set equal to 0.920.

4.2.2 Random ferromagnet in two dimensions

We apply the renormalization-group method to the random ferromagnetic Ising model
in a transverse field in two dimensions. The couplings J in the pool are uniformly
distributed:

P (J) = θ(J)θ(1− J), (4.38)

and the initial value of the field Γ is fixed to a constant at all sites.

We determine the critical point in terms of the parameter (log Γ − log J) as in
the one-dimensional case. If the average of (log Γ − log J), which is denoted by ∆,
after 15 times of the renormalization-group transformation is larger than the initial
value of ∆, we conclude the system to be in the paramagnetic phase. Otherwise, the
system is regarded to be in the ferromagnetic phase. We obtain the critical value of
the transverse field Γc = 0.9115(5) as a result. This value is to be compared with
another estimate 0.84338(2) [67], which is fairly close to our result in consideration of
the simplicity of our idea. Note that the two-dimensional system does not have the
duality which plays an important role in producing the exact transition point via our
method in one dimension as discussed in Sec. 3.1.4.

We next observe the change of the variance V of (log Γ − log J). The ratio of√
V after a renormalization to that before the renormalization is plotted in Fig. 4.3.

Although the result shows a difference form the result in one dimension in that the
ratio in the first renormalization is smaller than 1, the ratio is always larger than 1
after that. We conclude that the two-dimensional random ferromagnetic Ising model
in transverse fields has an infinite-randomness fixed point. This result is the same as
in the strong-disorder renormalization group [5] and Monte Carlo simulation [63].

To estimate the critical exponent ν for the average correlation length, we use the
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Figure 4.4: Running exponent νr calculated with Eq. (4.39) in the random ferromagnet
Ising model in transverse fields in two dimensions. The result in the case Γ = 0.920,
where the system is close to the critical point, has a plateau.

relation
∆i+1 −∆i+1

c√
V i+1

= 21/νr
∆i −∆i

c√
V i

. (4.39)

We call νr the running exponent, which is expected to correspond to the critical ex-
ponent ν if the system is sufficiently close to the infinite-randomness fixed point. We
have assumed that the renormalized correlation length ought to be a half of the original
correlation length through the renormalization with scaling factor 2. The symbols ∆i

and V i denote ∆ and V renormalized i times, respectively, and ∆i
c means ∆ at the

transition point after i times of the renormalization-group transformation. We regard
the average of the values of ∆i for the initial transverse fields Γ = 0.911 and 0.912 as
∆i
c owing to the uncertainty of our estimation of the transition point.

The value of ∆ at the transition point depends on the distribution of couplings J .
In general the distribution changes through the renormalization-group transformations
even if the system lies just on the transition point. Hence, the value of ∆ at the tran-
sition point after i times of transformations can be different from the one in the initial
distribution. Moreover, note that the running exponent νr calculated with Eq. (4.39)
can vary with the number i of transformations.

Since we estimate the critical exponent ν from the running exponent νr near an
infinite-randomness fixed point, νr should be calculated near the transition point. How-
ever, instabilities occur if we try to evaluate it by starting too closely to the transition
point due to statistical uncertainties. We thus evaluate νr with the initial transverse
field Γ = 0.920. The results are shown in Fig. 4.4. For comparison, the result of the
case of the initial transverse field Γ = 1.000 is also plotted there.

We can find a plateau around 4 to 7 for the result of Γ = 0.920, whereas it does
not exist in the case of Γ = 1.000. This plateau is comparable with the stable be-
havior in the one dimensional case. We interpret it as a sign of the appearance of a
critical phenomenon in our renormalization-group scheme. The stable behavior in two
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dimensions does not continue long owing to the difficulty to keep the system close to
the critical point due to randomness, whereas we can easily do so in one dimension
because the fixed point in one dimension is fortunately determined only by the aver-
age of (log Γ− log J) and is independent of the distribution of J . This means that in
one dimension we have to control only the initial value of the average to prevent the
system from migrating away from the fixed point. Estimating ν from values of νr on
the plateau (from 4 to 7 in the horizontal axis), we obtain

ν = 1.20(6), (4.40)

which is consistent with a previous study from a different approach, namely strong-
disorder renormalization group, ν = 1.24(2) [67].

Although we do not explicitly estimate the value of νtyp defined in Eq. (4.7), which is
slightly different from the conventional definition for the reason mentioned in Sec. 4.1.1,
we recognize a difference between the values of ν and νtyp. Since the variance V of
(log Γ − log J) keeps growing through the renormalization-group transformations, the
change of (∆−∆c)/

√
V disagrees with that of ∆−∆c. This fact, which is one of the

characteristics of the infinite-randomness fixed point, leads to a difference between the
two exponents.

4.2.3 Spin glass in two dimensions

We next investigate the Ising spin glass in a transverse field, where the sign of couplings
Jij can take both positive and negative values. In our calculations, Jij is independently
governed by the Gaussian distribution

P (Jij) =
1√
2π

exp

[
− (Jij − J0)

2

2

]
, (4.41)

where the variance is set equl to 1. We control the average J0 of the distribution and
a uniform transverse field Γ.

Let us draw the phase boundaries. Which phase the system lies on is determined
as follows. The paramagnetic phase and the ordered phases, namely the ferromagnetic
phase and the spin-glass phase, are distinguished as in the case of the random ferro-
magnet. Specifically, if the average of (log Γ− log J) after 15 times of renormalization-
group transformations is larger than its initial value, the system is regarded to be in
the paramagnetic phase. Otherwise, the ferromagnetic or spin-glass phase is realized.
The boundary between the ferromagnetic phase and the spin-glass phase is drawn by
the following rule concerning the value of [J ]2/VJ , where [J ] denotes the average of
Jij and VJ expresses the variance of Jij. We determine that the system is in the fer-
romagnetic phase if [J ]2/VJ is larger than 1 after 15 times of renormalization-group
transformations. Otherwise, it is in the spin-glass phase. We take 30 samples in this
calculation.

The resulting phase boundaries are depicted in Fig. 4.5. The result is not quanti-
tatively in precise agreement with a previous study [83] on the transition point along
the line J0 = 0, or more specifically, Γc = 1.183(3) in our result and Γc = 0.608(4)
in [83]. It is nevertheless important that a definite phase diagram has been obtained,
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Figure 4.5: Phase diagram of the two-dimensional spin glass in transverse fields. The
horizontal axis J0 expresses the average of the Gaussian distribution of couplings Jij,
and the vertical axis is for the magnitude of the transverse field Γ. The symbols, P, SG,
and F, denote the paramagnetic, spin glass, and ferromagnetic phases, respectively.

especially with a spin-glass phase, by the present simple renormalization group with
block-spin transformations. This result implies that our method properly reflects the
effect of frustration, which is one of the most essential features of spin glasses.

The ratio of
√
V after a renormalization to that before the renormalization is ob-

served also in this spin-glass model in the vicinity of the transition point for J0 = 0 and
is plotted in Fig. 4.6, which shows the existence of an infinite-randomness fixed point
in the present system. This result supports a conjecture on the possible existence of an
infinite-randomness fixed point in spin glasses inferred indirectly (i.e. without explicit
calculations) from the strong-disorder renormalization-group approach to the random
ferromagnetic system [5]. Moreover, our result leads to a difference between the two
exponents ν and νtyp in the definition [Eq. (4.7)], as in the random ferromagnetic case.

We next calculate the critical exponent ν for the average correlation length. We
focus ourselves on the transition point for J0 = 0. As in the case of random ferromagnet,
the estimation is executed slightly away from the actual transition point Γ = 1.183(3)
to avoid instabilities. Specifically, the initial transverse field is set to be Γ = 1.195.
The running exponent νr calculated in the same way as in the random ferromagnet
is shown in Fig. 4.7. To compare the critical region with another case away from
criticality, results with the initial transverse field Γ = 1.300 is also plotted there. We
find a difference between the two cases that the value of νr for Γ = 1.195 reaches
a plateau after four times of transformations, and the value increases again after ten
times of transformations. Since this behavior corresponds to the plateau in the random
ferromagnet, we accordingly evaluate ν with values in this region (from 4 to 9 in the
horizontal axis),

ν = 1.21(9). (4.42)

For comparison, if we use the values in the same region as in the case of the random
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Figure 4.6: Ratio of the square root of variance of (log Γ−log J) after a renormalization
to that before the renormalization in the two-dimensional spin glass in the transverse
field Γ = 1.195.
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Figure 4.7: Running exponent νr calculated from Eq. (4.39) in the two-dimensional
spin glass in transverse fields. The result in the case of Γ = 1.195, where the system is
close to the critical point, has a plateau.
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ferromagnet (from 4 to 7 in the horizontal axis), we have ν = 1.19(8).

In addition to having an infinite-randomness fixed point, the value of ν estimated
by our method for the spin glass is in good agreement with that for the random fer-
romagnet [Eq. (4.40)]. Although the quantitative reliability of our method in spin
glasses may not be perfect as suggested in the determination of phase boundaries, the
above-mentioned agreement may possibly suggest that the random ferromagnetic Ising
model in a transverse field and the Ising spin glass in a transverse field would belong
to the same universality class. This is a surprising suggestion, since we have observed
different phase transitions in the two cases, namely the transitions between the para-
magnetic and ferromagnetic phases in the ferromagnet and between the paramagnetic
and the spin-glass phases in the spin glass.

4.3 Three dimensions

This section investigates the random transverse-field Ising models on the three-dimensional
cubic lattice. After the generalization of our renormalization-group method to three
dimensions in Sec. 4.3.1, we apply the method to the random-ferromagnet model in
Sec. 4.3.2 and to the spin-glass model in Sec. 4.3.3.

4.3.1 Generalization to the three-dimensional models

Let us generalize our renormalization-group scheme to three dimensions. The trans-
formations are iterated in the horizontal, vertical, and third directions consecutively
(Fig. 3.6). We define the coupling constants between spin (i, j, k) and the neighboring
spin along the third direction (i, j, k+1) as Jt(i,j,k), and similarly for Jh(i,j,k) and Jv(i,j,k)
for the horizontal and vertical directions, respectively.

In the first step of renormalization (in the horizontal direction) the parameters
change as

J̃h(i,j,k) =
Jh(2i+1,j,k)Jh(2i+2,j,k)√
J2
h(2i+2,j,k) + Γ2

(2i+2,j,k)

, (4.43)

J̃v(i,j,k) =
Jh(2i,j,k)√

J2
h(2i,j,k) + Γ2

(2i,j,k)

Jh(2i,j+1,k)√
J2
h(2i,j+1,k) + Γ2

(2i,j+1,k)

Jv(2i,j,k) + Jv(2i+1,j,k), (4.44)

J̃t(i,j,k) =
Jh(2i,j,k)√

J2
h(2i,j,k) + Γ2

(2i,j,k)

Jh(2i,j,k+1)√
J2
h(2i,j,k+1) + Γ2

(2i,j,k+1)

Jt(2i,j,k) + Jt(2i+1,j,k), (4.45)

Γ̃(i,j,k) =
Γ(2i,j,k)Γ(2i+1,j,k)√
J2
h(2i,j,k) + Γ2

(2i,j,k)

. (4.46)

Note that the coupling constants of the vertical and third directions are changed under
the same rule. Carrying out analogous transformations in the vertical direction and
then in the third direction after this first step, we obtain the parameters of the system
renormalized in the three directions.
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This scheme, however, yields anomalous results due to the imbalanced treatment of
three directions. As the transformations for three directions are iterated, the magnitude
of coupling constants of the third direction Jt rapidly becomes small in comparison
with those of the other two directions despite the fact that the original system has no
anisotropy. The scheme thus needs some corrections.

To resolve the anisotropy problem, we further renormalize the system in the reverse
order, along the third, vertical, and then horizontal directions after the regular order
described above (Fig. 3.6). This set of the six steps, the regular order and then the
reverse order, is regarded as a single transformation of scaling factor 4. This modified
procedure succeeds in rendering virtually isotropic results. This is the same process as
introduced in the previous study for the non-random system [85] in Sec. 3.2.2.

Numerical calculations are implemented in the same way as in the two-dimensional
case. We generate a pool containing N couplings in the horizontal, vertical, and third
directions, respectively, and N fields, where N is 106. The cluster method is used also
in three dimensions with the cluster of size L × L × L, and L is set equal to 5. We
repeat the (six-step) renormalization-group transformations 5 times, and 100 samples
have been run.

4.3.2 Random ferromagnet in three dimensions

We first examine the random ferromagnetic Ising model in transverse fields on a cubic
lattice. The initial distribution of couplings J in the pool is

P (J) = θ(J)θ(1− J) (4.47)

identical to the two-dimensional case. We control the magnitude of the uniform field
Γ as the initial condition.

We estimate the transition point by comparison of the initial value of ∆ and the
final value of ∆ after 5 times of transformations. The result is Γ = 1.266(2).

The ratio of the square root of the variance V of (log Γ − log J) after a renormal-
ization to that before the renormalization is plotted in Fig. 4.8. The stability of the
ratio through renormalization is not obvious, but at least the result demonstrates the
existence of an infinite-randomness fixed point.

The critical exponent ν for the average correlation length is also estimated from
the values of the running exponent νr computed from the relation

∆i+1 −∆i+1
c√

V i+1
= 41/νr

∆i −∆i
c√

V i
, (4.48)

where we regard the average of ∆i for the initial transverse fields Γ = 1.266 and 1.267
as ∆i

c. We can find a plateau in the result of Γ = 1.269 most clearly near the critical
point (Fig. 4.9). Evaluating ν from the values of νr on the plateau (from 2 to 4 in the
horizontal axis), we have

ν = 0.92(4), (4.49)

which is rather close to 0.97(5) of the corresponding result by the strong-disorder
renormalization group [68,69].
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Figure 4.8: Ratio of the square root of variance of (log Γ− log J) after a renormaliza-
tion to that before the renormalization in the random ferromagnetic Ising model in a
transverse field in three dimensions. The initial transverse field is 1.269.
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Figure 4.9: Running exponent νr calculated by Eq. (4.48) in the random ferromagnetic
Ising model in a transverse field in three dimensions.
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Figure 4.10: Phase diagram of the three-dimensional spin glass in a transverse field.
The horizontal axis J0 expresses the average of the Gaussian distribution of couplings
Jij, and the vertical axis expresses the magnitude of the transverse field Γ. The sym-
bols, P, SG, and F, denote the paramagnetic, spin glass, and ferromagnetic phases,
respectively.

4.3.3 Spin glass in three dimensions

Let us apply our renormalization-group scheme to the Ising spin glass in a transverse
field on a cubic lattice. As in the case of the square lattice, we use the Gaussian
distribution

P (Jij) =
1√
2π

exp

[
− (Jij − J0)

2

2

]
, (4.50)

and control the average J0 of the distribution and the uniform transverse field Γ.

We first draw phase boundaries under the same rule as in two dimensions, but
phases are determined after five transformations in three dimensions. The resulting
boundaries are depicted in Fig. 4.10. It is remarkable that our simple renormalization-
group method verifies the existence of the spin glass phase.

Next, critical properties are investigated. Specifically, we treat the critical point
for J0 = 0. The existence of an infinite-randomness fixed point is confirmed by the
observation of the change of

√
V through the renormalization-group transformations

(Fig. 4.11). The running exponent νr is also calculated to obtain the critical exponent
ν. We use the average of ∆i for the initial transverse fields Γ = 1.613 and 1.612 as ∆i

c.
A plateau is clearly recognized in the result of Γ = 1.619 (Fig. 4.12), and we determine
ν by the values of νr on the plateau (from 2 to 4 in the horizontal axis),

ν = 0.94(3). (4.51)

This value is close to that of the random ferromagnetic model in three dimensions
[Eq. (4.49)].
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Figure 4.11: Ratio of the square root of variance of (log Γ−log J) after a renormalization
to that before the renormalization in the three-dimensional spin glass in a transverse
field with Γ = 1.619.
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Figure 4.12: Running exponent νr calculated from Eq. (4.48) in the three-dimensional
spin glass in a transverse field with Γ = 1.619.
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4.4 Summary

We have studied the random transverse-field Ising models in finite dimensions by the
real-space renormalization-group method introduced in Chaps. 2 and 3. Our method
reproduces exact results for the transition point and critical exponent ν in one dimen-
sion in spite of the existence of randomness. Moreover, our generalization of the method
to higher dimensions has been shown to be effective not only in the pure model but
also in the random model. In fact, we have obtained the values of the critical exponent
ν in the two- and three-dimensional random ferromagnetic Ising models in a transverse
field close to those from the strong-disorder renormalization-group approach [67–69].

Most remarkable results in our study concern two- and three-dimensional spin
glasses in transverse fields. It should be emphasized that this is the first study, to the
best of our knowledge, the phase diagrams have been drawn, if qualitatively, for the
finite-dimensional spin glasses in transverse fields by analytical methods. In particular,
the existence of a spin-glass phase has been confirmed. Also, we have established the
existence of infinite-randomness fixed points from indefinite amplifications of the distri-
bution of parameters in a logarithmic scale. This observation supports the conjecture
inferred from the case of random ferromagnet under strong-disorder renormalization
group [5] but is in conflict with a relatively old numerical study [83]. Furthermore,
the estimated exponent ν in spin glasses in transverse fields is very close to that of the
corresponding random ferromagnet. Thus, one may expect that these models belong to
the same universality class. This is also a highly non-trivial result, since the two inves-
tigations in the random ferromagnet and the spin glass have been done on the different
phase transitions, namely the transitions between the paramagnetic and ferromagnetic
phase in the random ferromagnet and between the paramagnetic and spin-glass phases
in the spin glass. However, further investigations are needed to settle this issue because
we have to establish the quantitative reliability of the method developed here.



Chapter 5

Real-space renormalization-group
analysis of the transverse-field Ising
model with the hierarchical
interaction

This chapter studies the transverse-field Ising chains with hierarchical interactions.
This study is intended to research the systems with interactions showing the power-
law decay, that is, Jij ∝ r−αij with distance of an interacting pair rij. The power-
law interaction is found in a compound LiHoxY1−xF4 [33–36], which is related to the
transverse-field Ising model [29–32]. In addition to this fact, the study in this chapter
is motivated by the conjecture [84] that Ising spin glass in a transverse field with the
power-law interaction has an infinite-randomness fixed point.

The relationship between the power-law interaction and hierarchical interaction is
explained in Sec. 5.1. This section surveys previously known results [84, 88] of the
transverse-field Ising models with the power-law interaction, after giving motivation to
tackle this topic. In Sec. 5.2 we analyze the transverse-field Ising chain with the hierar-
chical interaction by means of the real-space renormalization-group method developed
in previous chapters. The corresponding hierarchical spin-glass model is analyzed in
Sec. 5.3. We summarize our findings in Sec. 5.4. The two sections 5.2 and 5.3 are built
on the author’s original works, which have not been published yet.

5.1 Power-law interactions and hierarchical inter-

actions

This section outlines the background of the subsequent studies. Section 5.1.1 dis-
cusses the relation between the power-law interaction and our interest. This subsec-
tion also remarks on the range of interaction where we study. Section 5.1.2 reviews
the transverse-field Ising model with the power-law interaction. The corresponding
spin-glass model is reviewed in Sec. 5.1.3, and we mention the conjecture which is one
of the goals in this chapter. Section 5.1.4 introduces the hierarchical interaction.

74
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5.1.1 Power-law interactions

Power-law interactions, which behave like r−α for spatial distance r of an interacting
pair, are ubiquitous: gravitational systems, charged systems, dipolar systems, two-
dimensional elasticity, etc. For our interest, it is quite significant that electrons are
governed by a power-law interaction. Since the exchange interaction of spins, one of
the origins of magnetism, is derived from Coulomb’s law (and the antisymmetry in
fermions) [106], it is natural to include the power-law interaction in our subject. How-
ever, usually, only the nearest-neighbor interactions are considered. We have studied
them in the previous chapters accordingly. Screening effects by other electrons give
the validity of this rough treatment. We nevertheless cannot ignore the power-law
interaction, since it is especially related to our studies. As mentioned in Sec. 1.3.2, the
random transverse-field Ising model is realized in LiHoxY1−xF4 to a good approxima-
tion [29–32], where the dipolar interaction written in Eq. (1.17) dominates [33–36]. In
addition, the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction [78–80], which is
one of the representative mechanisms in spin glasses [76,77], is a kind of the power-law
interaction as seen in Eq. (1.33). Consideration of the power-law interaction is thus an
essential issue in the field of random quantum spin systems.

We would remark on the term long range. One of the definitions of this term is
used for the case α ≤ d [107] with the exponent of the power law α and the spatial
dimensionality d. The exponent α should not be confused with the critical exponent α
for specific heat. The reason for the definition is that the system is not extensive in the
region. Imagine a particle interacting with other particles homogeneously distributed.
If interactions are given via a potential V (r) = r−α, the contribution to the energy ε
of this particle from other particles in radius R is

ε =

∫ R

δ

ddr
1

rα
∝

{
Rd−α − δd−α, if α ̸= d,

log R
δ
, if α = d,

(5.1)

where the contribution from neighborhoods of radius δ is excluded, since it is not con-
cerned with the long-range nature. If α ≤ d, the energy of one particle diverges in the
infinite-volume limit, which implies the violation of extensivity. A lot of interesting
(or pathological) problems in long-range interacting systems have been extensively dis-
cussed [107]. For example, negative specific heat [108] and ensemble inequivalence [109]
have been found. We do not go into this region hereafter. We use the term long range
not in the context explained above.

5.1.2 Transverse-field Ising model with the power-law inter-
action

We have investigated the transverse-field Ising models in the previous chapters. Let us
accordingly consider the transverse-field Ising models with the power-law interaction.
First, we look at the pure model,

H = −
∑
i,j

J

rαij
σzi σ

z
j − Γ

∑
i

σxi . (5.2)
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This model has been studied by using the ϕ4 model [88]. In particular, the mean-field
theory, which is yielded by the Gaussian model, has been developed. The Gaussian
model is obtained by ignoring the terms ϕ4 in the ϕ4 model. In the manner in Sec. 2.2,
where we reviewed the Gaussian model derived from the transverse-field Ising model,
only the terms bilinear in ŝω,q in effective Hamiltonian are kept in the Gaussian model.
We review some previously known results [88] below.

As reviewed in Sec.2.2, critical exponents of the mean-field theory are extracted
from the coefficients of the bilinear terms, namely u2(ω, q) written in Eq. (2.60) in the
case of the transverse-field Ising model. If the system has the power-law interaction
represented as J(R) = R−d−α′

, where R denotes a spatial vector in d dimensions and
α′ = α− d, we have

Ĵ(q) = Ĵ(0)− jq2 + Aqα
′
+O(q4). (5.3)

and

u2(ω, q) =
1

4Γj
ω2 +

1

j
[Γ− Ĵ(0)] + q2 + Aqα

′
+O(q4) (5.4)

at zero temperature. These equations show Ĵn.a.(q) = Aqα
′
with some coefficient A,

whereas the term Ĵn.a.(q) vanishes in the case of the short-range interaction. The
rescaling performed in Sec. 2.2 leads to

A′ = b−d
′−2xs−α′

A, (5.5)

Where d′ = d + z with ω′ = bzω. If we normalize the coefficient of q2 to be unity, we
have xs = −(d′ + 2)/2 given by Eq. (2.64), and then,

A′ = b2−α
′
A. (5.6)

Hence, in the mean-field picture, the long-range interaction is relevant in the sense of
renormalization group only in α′ < 2. This statement means that if α′ < 2, we can
find the characteristic behavior of the power-law interaction in critical phenomena. If
α′ > 2, critical phenomena appear in the standard short-range fashion. The boundary
α′ = 2 is a special point, where the Kosterlitz-Thouless (KT) transition [110] occurs.
We do not further mention the KT type behavior.

If we normalize the coefficient of qα
′
to be unity instead of q2, we have xs = −(d′ +

α′)/2, and then, in the rescaling process, the coefficient of q2 becomes bα
′−2, which

shows that the short-range interaction is irrelevant if α′ < 2. Hence, the normalization
of the coefficient of qα

′
is appropriate for the case α′ < 2. We then have

r′ = bα
′
r, h′ = b(α

′+d′)/2h, (5.7)

where r here denotes a transverse field and h is a longitudinal field. These relations
lead to yΓ = α′ and yh = (α′ + d′)/2. Thus, the mean-field values of critical exponents
in the long-range regime (α′ < 2) are given as

γ = 1, ν =
1

α′ , η = 2− α′, z =
α′

2
, (5.8)
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where z is determined by the normalization of the coefficient of ω′2 to be unity as in
Sec. 2.2.2. These exponents depend on α′. The limit α′ → 2 yields the mean-field
values in the short-range regime.

The upper critical dimension du has also been deduced. The mean-field values (cal-
culated with the Gaussian model) of critical exponents are valid in larger-dimensional
systems than du. At or below du the hyperscaling relation 2− α = νd′ is found. With
the mean-field values, the relation is expressed as

2− α =
1

α′

(
d+

α′

2

)
, (5.9)

where we should not confuse the critical exponent α with the exponent of the power-law
α′. Demanding α = 0 at du, we obtain

du =
3α′

2
, (5.10)

which is rewritten for the upper critical range of interaction α′
u in a given dimension

as

α′
u =

2d

3
. (5.11)

The schematic diagram of the critical behavior in the α′–d plane is shown in Fig. 5.1 (a).
The boundary of short-range behavior α′ = 2 provides du = 3. This value reproduces
the well known upper critical dimension of the classical Ising system [1] with the fact
that the d dimensional transverse-field Ising system is mapped onto the d + 1 dimen-
sional classical Ising system.

The mean-field values of critical exponents in the long-range regime (α′ < 2) are
valid in the spatial dimension d > du = 3α′/2. The nontrivial exponents below du
have been evaluated with a perturbative expansion. For example, the exponent for the
correlation length is

ν =
1

α′ +
ϵ

3
=

1

α′ +
∆α′

2
, (5.12)

where ϵ = du−d for fixed α′ and ∆α′ = α′−α′
u for fixed d are perturbative parameters.

We will also evaluate the exponent ν later with our real-space renormalization-group
method.

5.1.3 Ising spin glass in a transverse field with the power-law
interaction

We next review Ising spin glass in a transverse field with the power-law interaction [84]
written as

H = −
∑
i,j

Jij

r
α/2
ij

σzi σ
z
j − Γ

∑
i

σxi , (5.13)
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Figure 5.1: Schematic diagram of the critical behavior in the α′–d plane of (a) the
transverse-field Ising model with the power-law interaction and (b) the Ising spin glass
in a transverse field with the power-law interaction. (a) Critical phenomena in the pure
model exhibit the long-range mean-field fashion in the region I, and the short-range
mean-field fashion in the region II. The term “mean-field” implies the fixed point of the
Gaussian model. Nontrivial critical phenomena occur in the region III. (b) Similarly,
in the spin-glass model, ISG and IISG denote the regions for the long-range mean-field
fashion and the short-range mean-field fashion, respectively. Critical phenomena in the
region IIISG are considered to be governed by an infinite-randomness fixed point [84].

where random variables Jij are assumed to be taken from the Gaussian distribution
P (Jij) = exp(−J2

ij/2)/
√
2π with zero mean and standard deviation unity. The model

without the transverse field has also received wide attention [111–114].
The power of interaction is defined as α/2 instead of α, which makes the variance of

interaction
∫
dJijP (Jij)[Jij/r

−α/2]2 fall off as r−α. The extensivity of the system is kept
in α > d. This fact is explicitly seen in the free energy via the replica method [115],
which is one of the standard analytical tools in spin glasses. The main goal of in-
vestigations of spin glasses is to calculate the average of free energy with the random
interactions Jij. Since the form of the free energy logZ with the partition function Z
is awkward to estimate its average, we deal with Zn instead. The two functions logZ
and Zn are connected by a simple formula,

logZ = lim
n→0

Zn − 1

n
. (5.14)

This strategy is called the replica method [77], where we deal with the n replicated
systems. With inverse temperature β, we have

[Z(β)]n =

[
Tr exp

(
β
∑
i,j

Jij

r
α/2
ij

σzi σ
z
j + βΓ

∑
i

σxi

)]n
(5.15)

= Tr exp

(
β
∑
i,j

Jij

r
α/2
ij

n∑
a=1

σa,zi σa,zj + βΓ
∑
i

n∑
a=1

σa,xi

)
, (5.16)
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where σa,zi denotes the z component of a spin on site i in a replica system a. The
average of [Z(β)]n is calculated as∫ ∏

i,j

dJijP (Jij)[Z(β)]
n

=

∫ ∏
i,j

dJij
1√
2π

exp

(
−
J2
ij

2

)
Tr exp

(
β
∑
i,j

Jij

r
α/2
ij

n∑
a=1

σa,zi σa,zj + βΓ
∑
i

n∑
a=1

σa,xi

)
(5.17)

= Tr

∫ ∏
i,j

dJij
1√
2π

exp

{∑
i,j

[
− 1

2

(
Jij −

β

rα/2

n∑
a=1

σa,zi σa,zj

)2

+
1

2

(
β

rα/2

n∑
a=1

σa,zi σa,zj

)2]
+ βΓ

∑
i

n∑
a=1

σa,xi

} (5.18)

= Tr exp

(
β2

2rα

∑
i,j,a,b

σa,zi σa,zj σb,zi σb,zj + βΓ
∑
i,a

σa,xi

)
. (5.19)

The original spin-glass model thus corresponds to the above nonrandom system with
the power-law interactions proportional to r−α, the extensivity of which is kept in
α > d.

The boundary of the range of interaction in the model in Eq. (5.13) locates on the
same point as in the pure case, α′ (= α − d) = 2. More specifically, the power-law
interaction is relevant only for α′ < 2. However, the upper critical dimension dSGu shows
a difference,

dSGu = 4α′. (5.20)

The upper critical range of interaction α
′SG
u is equivalently written as

α
′SG
u =

d

4
. (5.21)

The mean-field values of critical exponents, which are derived from the Gaussian model,
of the long-range regime (α′ < 2) are

ν =
1

2α′ , η = 2− α′, z = α′. (5.22)

These relations have been derived in the same spirit as in the pure case, with more
complicated calculations [84].

Below the upper critical dimension (d < dSGu or α′ > α
′SG
u ), no stable fixed point has

been found with a perturbative analysis. The simplest conjecture [84] has been stated
that the critical fixed point in this region is an infinite-randomness fixed point. We find
the schematic diagram of the critical behavior including the conjecture in Fig. 5.1 (b).
Although the statement is only a guess, it appears reasonable because of the actual
result that the presence of the infinite-randomness fixed point has been reported in
several low-dimensional random quantum spin systems with short-range (the nearest-
neighbor) interactions [5, 19, 20, 38, 39, 47–52, 54–56, 60–62, 64–69]. Our study in this
chapter is intended to examine this conjecture.
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5.1.4 Dyson’s hierarchical model

Let us focus on a study on magnetism with the power-law interaction done by Dyson [116],
where the hierarchical interaction was introduced. He has studied a one-dimensional
Ising ferromagnet with a Hamiltonian H = −

∑
i>j J(i − j)SiSj, where J(i − j) de-

notes a coupling constant between spins i and j. Concerning the case J(r) = r−α, he
has rigorously proved that the model has a phase transition at a finite temperature if
1 < α < 2. This is one of the examples that shows a difference in macroscopic proper-
ties, generated by long-range interactions. The model only with the nearest-neighbor
interaction has no phase transition at any finite temperature [1].

To prove the occurrence of a phase transition, he has introduced a model with
hierarchical interactions represented as

H =− J(σz1σ
z
2 + σz3σ

z
4 + · · ·+ σz2N−1σ

z
2N )

− Jδ[(σz1 + σz2)(σ
z
3 + σz4) + (σz5 + σz6)(σ

z
7 + σz8) + · · · ]

− Jδ2[(σz1 + σz2 + σz3 + σz4)(σ
z
5 + σz6 + σz7 + σz8) + · · · ]

· · ·

(5.23)

=− J

N∑
n=1

δn−1

2N−n∑
m=1

Sn,2m−1Sn,2m, (5.24)

Sn,m =
m2n−1∑

i=(m−1)2n−1+1

σzi , (5.25)

where σzi is the Ising variable on site i. To be precise, the definition of the hierarchical
model in Eq. (5.24) is not exactly the same as Dyson’s model [116]. However, the same
hierarchical structure in couplings, which is the main feature of this model, is correctly
shared. The hierarchical structure is depicted in Fig. 5.2. As written in Eq. (5.25),
Sn,m is a set of 2n−1 consecutive spins. Index n indicates the size of a block and m
is for the label of a block. Interactions between these blocks constitute the model.
Ferromagnetic interactions J > 0 are assumed and the number of spins is 2N .

The parameter δ is introduced so that the strength of a coupling Jδn−1 decays as
the size of interacting blocks 2n−1 grows. The value of δ is smaller than 1 accordingly.
Roughly speaking, the decay corresponds to the power-law dependence of the strength
on the distance of an interacting pair, as depicted in Fig. 5.2. Let us consider a spin,
say, spin 1, on the left end in Fig. 5.2, which is a spin on the left end of a block S4,m in
general. We assume the distance between this spin and a spin on a right site to be r,
where the unit of the distance is defined by the neighboring site. When the strength
of couplings of the two spins is denoted by J(r), we have J(r) = Jδn−1 with integer n
satisfying 2n−1 ≤ r < 2n, that is,

J(r) = Jδ[log2 r], (5.26)

where [x] is the largest integer less than or equal to x. This equation leads to a relation

δ−1Jrlog2 δ < J(r) ≤ Jrlog2 δ. (5.27)
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Figure 5.2: Dyson’s hierarchical interaction. The dashed lines which links spins
(spheres) together express the hierarchical structure, while the solid lines are drawn to
emphasize the spatial structure of the model. This example has three layers, that is,
N = 3. The graph below the spins shows the decay of strength of the interactions. A
dot denotes the strengh of interaction between the spin on the left end in the illustra-
tion and a spin placed above the dot. The dots are limited to two curves Jrlog2 δ and
δ−1Jrlog2 δ.

With α = − log2 δ, we have

δ−1Jr−α < J(r) ≤ Jr−α. (5.28)

Recall δ < 1, then α > 0. Equation (5.28) clearly shows that the interactions in the
hierarchical model is close to the power-law interaction.

It is natural to expect the resemblance in interactions leads to similarities in macro-
scopic properties. Indeed, a phase transition occurs in the hierarchical model if and
only if 1 < α < 2 [116] and the power-law model also exhibits a phase transition if
1 < α < 2 [116]. This has resulted from the analysis of the hierarchical model and the
fact that in any Ising ferromagnet the spontaneous magnetization can only decrease
when any coupling is decreased [117]. Moreover, similar critical behavior has been
confirmed in the power-law system [118,119] and the hierarchical system, which shows
the close similarity between them especially in the vicinity of a critical point.

Descendants of Dyson’s hierarchical model have been utilized also in the analyses of
random systems [120–128]. The hierarchical structure is suitable to perform iterative
calculations based on renormalization group, which is one of the reasons of the high
utility. In subsequent sections, we will use Dyson’s hierarchical model in a transverse
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field to inspect the conjecture [84] on Ising spin glass in a transverse field with the
power-law interaction, that is, the presence of an infinite-randomness fixed point.

5.2 Transverse-field Ising chain with the hierarchi-

cal interaction

We consider one-dimensional Dyson’s hierarchical models [116] in a transverse field.
Our target is the spin glass model, but we first explore the pure model to gain intuition
and check the validity of the scheme in the hierarchical structure of interactions. The
Hamiltonian of the pure model is written as

H = −J
N∑
n=1

δn−1

2N−n∑
m=1

Sn,2m−1Sn,2m − Γ
2N∑
i=1

σxi , (5.29)

where Sn,m is defined as Eq. (5.25), and σi is the Pauli matrix on site i. A transverse
field Γ is applied. This hierarchical model parallels the power-law interacting model
written in Eq. (5.2) with α = − log2 δ. We investigate this model only for δ < 1/2,
namely α′ (= α − 1) > 0, since we do not study the region in which the system
violates the extensivity as discussed in Sec. 5.1.1. Renormalization-group equations
are generated in Sec. 5.2.1. A transition point and the critical exponent ν are then
obtained as a function of δ. Section 5.2.2 discusses the relation between our method
and the extensivity of the system.

5.2.1 Renormalization-group analysis

We apply the renormalization-group scheme [85,99] developed in previous chapters to
the model at zero temperature. We start by dividing the lattice into blocks of two
spins as shown in Fig. 5.3. The same intrablock Hamiltonian as in the previous cases
is adopted

H intra
i = −Jσz2i−1σ

z
2i − Γσx2i−1. (5.30)

With this Hamiltonian, we can express the original Hamiltonian as

H =
2N−1∑
i=1

H intra
i +H inter, (5.31)

Figure 5.3: Construction of block spins and coarse-grining process in our renormalization-

group transformation in the hierarchical model.
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H inter = −J
N∑
n=2

δn−1

2N−n∑
m=1

Sn,2m−1Sn,2m − Γ
2N−1∑
i=1

σx2i. (5.32)

Most importantly, this particular block partition, which was also used in the analysis of
the transverse-field Ising model with short-range interactions in previous chapters [85,
86, 99], is suited to preserve the form of the Hamiltonian under the renormalization-
group transformations.

Since we have adopted the same intrablock Hamiltonian as in the previous cases,

the same projector P =
⊗2N−1

i=1 Pi onto the coarse-grained system is generated. Ac-
cordingly, renormalized spin operators result in the same form as Eqs. (3.21), (3.27),
and (3.33), that is,

Pi (12i−1 ⊗ σz2i)Pi = σ̃zi , (5.33)

Pi
(
σz2i−1 ⊗ 12i

)
Pi =

J√
J2 + Γ2

σ̃zi , (5.34)

Pi (12i−1 ⊗ σx2i)Pi =
Γ√

J2 + Γ2
σ̃xi , (5.35)

where σ̃αi is the α-component of the Pauli matrix on block i, or new site i in the
coarse-grained system. With these relations, Sn,m in Eq. (5.32) becomes

PSn,mP =P

[
m2n−2∑

i=(m−1)2n−2+1

(σz2i−1 + σz2i)

]
P (5.36)

=
m2n−2∑

i=(m−1)2n−2+1

(
J√

J2 + Γ2
+ 1

)
σ̃zi (5.37)

=

(
J√

J2 + Γ2
+ 1

)
S̃n−1,m. (5.38)

Note that the change of Sn,m depends on neither n nor m. As a consequence, H inter is
renormalized as,

PH interP =− J
N∑
n=2

δn−1

2N−n∑
m=1

(
J√

J2 + Γ2
+ 1

)2

S̃n−1,2m−1S̃n−1,2m − Γ
2N−1∑
i=1

Γ√
J2 + Γ2

σ̃xi

(5.39)

=− J

N−1∑
n=1

δn
2N−1−n∑
m=1

(
J√

J2 + Γ2
+ 1

)2

S̃n,2m−1S̃n,2m − Γ2

√
J2 + Γ2

2N−1∑
i=1

σ̃xi

(5.40)

=− J̃
N−1∑
n=1

δn−1

2N−1−n∑
m=1

S̃n,2m−1S̃n,2m − Γ̃
2N−1∑
i=1

σ̃xi (5.41)

with

J̃ = Jδ

(
J√

J2 + Γ2
+ 1

)2

, (5.42)
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Figure 5.4: Non-trivial fixed point kc of the renormalization-group equation [Eq. (5.46)].
Note that α′ = − log2 δ − 1.

Γ̃ =
Γ2

√
J2 + Γ2

. (5.43)

Hence, the renormalized Hamiltonian is

PHP =
2N−1∑
i=1

ε(1)1i − J̃
N−1∑
n=1

δn−1

2N−1−n∑
m=1

S̃n,2m−1S̃n,2m − Γ̃
2N−1∑
i=1

σ̃xi , (5.44)

with the lowest eigenvalue of the intrablock Hamiltonian

ε(1) = −
√
J2 + Γ2. (5.45)

Our transformation keeps the form of the Hamiltonian. In particular, it is remarkable
that the hierarchical structure in interactions is preserved as depicted in Fig. 5.3.

The renormalization-group equation for a parameter k = Γ/J is generated from
Eqs. (5.42) and (5.43) as

k̃ =
k2
√
1 + k2

δ
(
1 +

√
1 + k2

)2 . (5.46)

This equation has non-trivial fixed points, which correspond to the solutions of a cubic
equation,

(1− δ2)k3 − 4δk2 + k − 4δ = 0. (5.47)

Two solutions can be real. When one of the solutions is real, the other is not real. The
real solution kc exists for all values of δ in the range 0 < δ < 1/2, shown in Fig. 5.4.
The value of kc grows as δ increases, that is, as the range of interaction extends. This
result is reasonable since the longer-range interactions strongly link spins together,
and the stronger transverse field (quantum fluctuation) is needed to destroy the order.
In addition, our scheme correctly produces a natural consequence that the transition
vanishes in the limit δ → 0, where the whole system consists of isolate two-spin systems.

An eigenvalue y of a linearized renormalization-group transformation close to the
non-trivial fixed point kc is obtained from

k̃ − kc = 2yΓ(k − kc) +O
(
(k − kc)

2
)
, (5.48)
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Figure 5.5: Critical exponent ν of the transverse-field Ising chain with the hierarchical
interaction (blue) and the power-law interaction (red) [88]. The blue line is derived
from Eq. (5.48). The red line expresses ν = 1/α′ if α′ > 2/3 and ν = 1/α′ + ∆α′/2
with ∆α′ = α′ − 2/3 if α′ < 2/3. The red line is drawn in α′ < 4/3, since the simple
expression ν = 1/α′ +∆α′/2 is reliable only if ∆α′ is small.

where 2 is the scaling factor of this renormalization. This eigenvalue determines the
critical exponent ν = 1/yΓ. Resulting values are shown in Fig. 5.5. When α′ is small,
our values of ν have a large difference from values derived from another approach [88],
where the mean-field values of critical exponents in systems with power-law interactions
(not Dyson’s hierarchical interactions) are obtained by using the Gaussian model. This
is an unavoidable deviation because our renormalization-group procedure does not
perfectly treat interactions between blocks and hence it is natural that the accuracy of
our result deteriorates as long-range interactions become stronger, that is, α′ becomes
smaller. Our result is expected to produce accurate values when α′ is not small. Indeed,
for α′ > 2, our value of ν approaches unity, which is the exact value in the transverse-
field Ising chain with the nearest-neighbor interactions.

5.2.2 Constraint on the exponent of power-law

We now estimate the ground-state energy with our renormalization-group procedure.
Since the procedure ignores some states of the block Hamiltonians, it cannot exactly
calculate the ground-state energy. However, even our rough estimation is useful to the
constraint on the range of δ. Our calculation necessarily yields a higher value ERG than
the true ground-state energy E, and the values are negative. Hence, when the absolute
value of our estimation of the energy per spin diverges, the true energy also diverges,
and the range of δ which causes this situation is not suited for a physical situation.

Let us calculate the ground-state energy with our renormalization-group procedure.
We first define J (m) and Γ(m) as J and Γ renormalized m times, and then

J (m) = J (m−1)δ

(
J (m−1)√

(J (m−1))2 + (Γ(m−1))2
+ 1

)2

, (5.49)
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Γ(m) =
(Γ(m−1))2√

(J (m−1))2 + (Γ(m−1))2
. (5.50)

The energy calculated at the first step of renormalization is the terms of identity
operators on the right hand side of Eq. (5.44). iterating the renormalization, we obtain
the ground-state energy per spin ERG,

ERG = − 1

2N

N∑
n=1

2N−n
√

(J (n−1))2 + (Γ(n−1))2. (5.51)

For any value of Γ, ERG should not diverge. Let us consider a case easy to analyze,
Γ = 0. Then J (n−1) is

J (n−1) =J (n−2)δ 22 (5.52)

=Jδn−122(n−1). (5.53)

Accordingly, ERG becomes

ERG =− 1

2N

N∑
n=1

2N−nJδn−1 22(n−1) (5.54)

=− J

4δ

N∑
n=1

(2δ)n. (5.55)

To prevent ERG from diverging, we need a condition

δ <
1

2
. (5.56)

This constraint already has been imposed to keep the extensivity of the system.

5.3 Random transverse-field Ising model with the

hierarchical interaction

We dope randomness into interactions in Dyson’s hierarchical model in a transverse
field represented in Eq. (5.29). We then have a Hamiltonian

H = −
N∑
n=1

δn−1

2N−n∑
m=1

(2m−1)2n−1∑
i=(2m−2)2n−1+1

2m2n−1∑
j=(2m−1)2n−1+1

Jijσ
z
i σ

z
j − Γ

2N∑
i=1

σxi . (5.57)

This Hamiltonian is complicated, but is simply generated by substituting random vari-
ables Jij of couplings between spins i and j for J in the Hamiltonian of the pure model.
This hierarchical model parallels the power-law interacting model written in Eq. (5.13)
with α/2 = − log2 δ. We investigate this model only for δ < 1/

√
2 ≃ 0.707, namely

α′ (= α − 1) > 0, where the system keeps extensivity. We deduce renormalization-
group equations in Sec. 5.3.1 and numerically iterate the transformations in Sec. 5.3.2.
Section 5.3.3 discusses results of the spin glass model.
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5.3.1 Renormalization-group equations

We apply the renormalization-group method [85, 86] to the random transverse-field
Ising model with the hierarchical interactions. We employ the same block partition as
for the pure model, and the intrablock and interblock Hamiltonians are thus

H intra
i = −J2i−1,2iσ

z
2i−1σ

z
2i − Γ2i−1σ

x
2i−1, (5.58)

H inter = −
N∑
n=2

δn−1

2N−n∑
m=1

(2m−1)2n−1∑
i=(2m−2)2n−1+1

2m2n−1∑
j=(2m−1)2n−1+1

Jijσ
z
i σ

z
j −

2N−1∑
i=1

Γ2iσ
x
2i. (5.59)

The transverse fields are labeled, because their changes through the renormalization-
group transformations depend on J2i−1,2i. Since the intrablock Hamiltonian is the
same one as in the random model only with the nearest-neighbor interactions studied
in Chap. 4, we obtain the same renormalized spins with the same projector onto the
coarse-grained system,

Pi (12i−1 ⊗ σz2i)Pi = σ̃zi , (5.60)

Pi
(
σz2i−1 ⊗ 12i

)
Pi =

J2i−1,2i√
(J2i−1,2i)2 + (Γ2i−1)2

σ̃zi , (5.61)

Pi (12i−1 ⊗ σx2i)Pi =
Γ2i−1√

(J2i−1,2i)2 + (Γ2i−1)2
σ̃xi , (5.62)

where σ̃αi is the α-component of the Pauli matrix on block i, or new site i in the
coarse-grained system.

Four couplings σz2i−1σ
z
2j−1, σ

z
2i−1σ

z
2j, σ

z
2iσ

z
2j−1, and σ

z
2iσ

z
2j in the original Hamiltonian

[Eq. (5.57)] turn into a renormalized coupling σ̃zi σ̃
z
j . This fact is found also in the pure

case, and leads to the simple expression written in Eq. (5.38). However, the random
case needs more complicated calculations. We should mind which spot a spin sits on
in a block. For example, σz2i−1 sits on the left spot in a block, and is then renormalized
as Eq. (5.61), whereas σz2i on the right spot is as Eq. (5.60). Hence, the four couplings
are renormalized as

Pσz2i−1σ
z
2j−1P =

J2i−1,2i√
(J2i−1,2i)2 + (Γ2i−1)2

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

σ̃zi σ̃
z
j , (5.63)

Pσz2i−1σ
z
2jP =

J2i−1,2i√
(J2i−1,2i)2 + (Γ2i−1)2

σ̃zi σ̃
z
j , (5.64)

Pσz2iσ
z
2j−1P =

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

σ̃zi σ̃
z
j , (5.65)

Pσz2iσ
z
2jP = σ̃zi σ̃

z
j . (5.66)
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Consequently, we have

P (J2i−1,2j−1σ
z
2i−1σ

z
2j−1 + J2i−1,2jσ

z
2i−1σ

z
2j + J2i,2j−1σ

z
2iσ

z
2j−1 + J2i,2jσ

z
2iσ

z
2j)P

=

[
J2i−1,2j−1

J2i−1,2i√
(J2i−1,2i)2 + (Γ2i−1)2

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

+ J2i−1,2j
J2i−1,2i√

(J2i−1,2i)2 + (Γ2i−1)2
+ J2i,2j−1

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

+ J2i,2j

]
σ̃zi σ̃

z
j .

(5.67)

=: δ−1J̃ijσ̃
z
i σ̃

z
j . (5.68)

We have defined J̃ij here, and δ−1 has been multiplied for convenience in the next
calculation.

Hence, the renormalized interblock Hamiltonian is calculated as

PH interP

= −
N∑
n=2

δn−1

2N−n∑
m=1

(2m−1)2n−1∑
i=(2m−2)2n−1+1

2m2n−1∑
j=(2m−1)2n−1+1

PJijσ
z
i σ

z
jP −

2N−1∑
i=1

Γ2iPσ
x
2iP

(5.69)

= −
N∑
n=2

δn−1

2N−n∑
m=1

(2m−1)2n−2∑
i=(2m−2)2n−2+1

2m2n−2∑
j=(2m−1)2n−2+1

P (J2i−1,2j−1σ
z
2i−1σ

z
2j−1

+ J2i−1,2jσ
z
2i−1σ

z
2j + J2i,2j−1σ

z
2iσ

z
2j−1 + J2i,2jσ

z
2iσ

z
2j)P

−
2N−1∑
i=1

Γ2iPσ
x
2iP

(5.70)

= −
N∑
n=2

δn−1

2N−n∑
m=1

(2m−1)2n−2∑
i=(2m−2)2n−2+1

2m2n−2∑
j=(2m−1)2n−2+1

δ−1J̃ijσ̃
z
i σ̃

z
j −

2N−1∑
i=1

Γ̃iσ̃
x
i (5.71)

= −
N−1∑
n=1

δn−1

2N−n∑
m=1

(2m−1)2n−1∑
i=(2m−2)2n−1+1

2m2n−1∑
j=(2m−1)2n−1+1

J̃ijσ̃
z
i σ̃

z
j −

2N−1∑
i=1

Γ̃iσ̃
x
i , (5.72)

where

J̃ij = δ

[
J2i−1,2j−1

J2i−1,2i√
(J2i−1,2i)2 + (Γ2i−1)2

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

+ J2i−1,2j
J2i−1,2i√

(J2i−1,2i)2 + (Γ2i−1)2
+ J2i,2j−1

J2j−1,2j√
(J2j−1,2j)2 + (Γ2j−1)2

+ J2i,2j

]
,

(5.73)

Γ̃i =
Γ2i−1Γ2i√

(J2i−1,2i)2 + (Γ2i−1)2
. (5.74)

Since the renormalization process changes the intrablock Hamiltonian into an identity
operator, the resulting interblock Hamiltonian in Eq. (5.72) shows that the form of the
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whole Hamiltonian is preserved through our renormalization-group transformations as
in previous cases. Equations (5.73) and (5.74) form renormalization-group equations.
When interactions and fields take constant values J and Γ, the above relations repro-
duce the results in the pure case [Eqs. (5.41)–(5.43)].

5.3.2 Numerical implementation

We extract the nature of phase transitions and critical phenomena in the model from
Eqs. (5.73) and (5.74). Since it is too difficult to analytically investigate the two
equations, we numerically iterate them. Simply performing the renormalization-group
iteration, size of the system becomes smaller and smaller. Thus, after several steps of
the process, we cannot obtain statistics of the parameters in the large system. This fact
causes a serious problem in our investigation, since to search for an infinite-randomness
fixed point, we need to examine the variance of the logarithm of parameters.

To get around the difficulty, let us make use of a similar method to one introduced
in Chap. 4. We arrange parameters Jij and Γi of a hierarchical system of 2N spins
described as Eq. (5.57). Although Eq. (5.57) indicates a uniform field, we here assume
nonuniform fields, which are necessarily generated after the first renormalization. In
addition, we prepare Jii, which do not exist in the real system. This imaginary interac-
tions are defined for convenience in subsequent calculations discussed in the next para-
graph. Executing the renormalization-group transformation according to Eqs. (5.73)
and (5.74), we obtain renormalized interactions and fields. Note that imaginary in-
teractions Jii yield imaginary renormalized interactions J̃ii. This process reduces the
system size, or the number of parameters, by half. Specifically, the number of spins is
2N−1 at the present. To retain the size, we replenish interactions and fields with the
copy of the renormalized parameters.

First, we produce a copy of the renormalized system and combine it with the original
renormalized system by connecting the tops of the trees of the hierarchical structure of
interactions as depicted in Fig. 5.6. We now label copied spins as 2N−1 + 1, 2N−2 + 2,
. . . , 2N . The combining procedure generates new couplings between spins separated
by the root node. We determine values of the new couplings as J̃i,2N−1+j := J̃i,j. The
imaginary interactions have been defined to determine J̃i,2N−1+i under this rule. The
copy and the new interactions do not disturb distributions of interactions J̃ij and fields
Γ̃i, since they have the same distributions as the original ones.

Next, we shuffle the positions of spins only in the copy, namely spins 2N−1 + 1,

×2

Figure 5.6: Connection of the original renormalized system and its copy. The thick
dashed line links the root node (dot) of the original system to that of its copy.
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1 12 3 4 2 3 4 1 12 3 4 3 2 4

Figure 5.7: Shuffling procedure in the numerical implementation of the renormalization-
group transformations in the hierarchical model. For simplicity, we label spins in a copy
as 1, 2, . . . , while they are redefine 2N−1 + 1, 2N−1 + 2, . . . in the text. This example
interchanges spin 2 and spin 3 in a copy. The solid lines denote the interaction between
spin 1 and spin 2. The interaction before the shuffling procedure is J̃1,2 and after is
δJ̃1,2.

2N−2+2, . . . , 2N illustrated in Fig. 5.7. In the shuffling procedure, we preserve couplings
J̃ij between spins i and j as well as fields Γi. Even if spins i and j move onto other
sites, their coupling remains J̃ij. This treatment takes into account the following
fact. As seen in Eqs. (5.73) and (5.74), renormalized parameters are correlated with
other renormalized parameters. Furthermore, the correlations are not local, which
results from the all-connected structure of interactions. We preserve the relationship
accordingly even in the shuffling procedure. This procedure, however, changes distances
between spins. For example, if spin 2N−1 + 2 moves onto site 2N−1 + 3 whereas spin
2N−1 + 1 remains on site 2N−1 + 1 after the shuffling, the interaction between the two
spins including the spatial dependence changes as J̃2N−1+1,2N−1+2 → δJ̃2N−1+1,2N−1+2.
One of the merits of the shuffling procedure is that this change does not violate our
coarse-graining rule. In other words, the system provided by the shuffling procedure can
be created by our renormalization-group transformation with an appropriate setting
of original parameters. Concretely speaking, the system provided by the shuffling
procedure after the renormalization-group transformation is equivalent to the system
provided by the renormalization-group transformation after the corresponding shuffling
procedure. This relationship is illustrated in Fig. 5.8. The shuffling procedure builds
another possible system without another renormalization-group calculation.

The above two steps restore the system size without disturbing distributions of
interactions Jij and fields Γi. Although we use just a copy of the original renormalized
system, the shuffling procedure provides a different system. This fact affects the next
renormalization-group transformation. The shuffled positions of spins in a half of the
system lead to different intrablock Hamiltonians and different resulting projectors onto
the renormalized system.

5.3.3 Spin glass

We analyze a spin glass in a transverse field with hierarchical couplings by means of
the renormalization-group method. We focus on whether the system has an infinite-
randomness fixed point. In particular, the system with short-range interactions (small
δ) is an important subject, since the system with short-range power-law interactions
has been conjectured to have an infinite-randomness fixed point. Thus, we especially
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1a 3a1b 2a 2b 3b 4a 4b 1 2 3 4

1a 2a1b 3a 3b 2b 4a 4b 1 3 2 4

Figure 5.8: Equivalence between two schemes. We leave the system depicted at the
upper left for the system at the lower right. Arrows pointing to the right express the
renormalization-group transformation, and to the down, the shuffling procedure. We
have two routes to the goal. The two schemes can provide the same system accordingly.

pay attention to how the critical phenomenon changes as we control δ.
The original interactions Jij have been taken from the Gaussian distribution

P (Jij) =
1

2π
exp

(
−
J2
ij

2

)
(5.75)

with zero mean and standard deviation unity. The original field is assumed to be
uniform and set to be a constant value Γ. Repeating the scheme developed above, we
observe the change of parameters. In our numerical calculations, the original system
size has been set equal to 512, or N = 9, and 1000 samples are run.

We determine the critical point in terms of the parameter (log Γ − log J) as in
the previous cases. If the average of (log Γ − log J), which is denoted by ∆, after 20
times of the renormalization-group transformation is larger than the initial value of
∆, we conclude the system to be in the paramagnetic phase. Otherwise, the system
is regarded to be in an ordered phase. The ordered phase is expected to be the spin-
glass phase, since the initial distribution of couplings has no finite average. We are
now interested in the transition and do not further investigate the phase itself. The
estimations are implemented in the systems with δ = 0.1, 0.2, . . . , 0.7 and with δ = 0.01
as infinitesimal-range interactions. The resulting critical values of the transverse field
Γc are plotted in Fig. 5.9. The figure shows a feature of the result that the system
has longer-range interactions, critical transverse field becomes larger. This feature is
shared with the pure case [Fig. 5.4].

We next observe the change of the variance V of (log Γ − log J). The ratio of√
V after a renormalization to that before the renormalization is plotted in Fig. 5.10.

To show the variation of behavior by changes of δ, the data for some values of δ are
contained in the figure. Transverse fields are set to be a little smaller than the critical
transverse fields, that is, we have examined the ordered side of the vicinity of the
transition point.
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Figure 5.9: Critical transverse fields Γc of Ising spin glass in a transverse field with the
hierarchical interaction resulting from our renormalization-group calculations.
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malization to that before the renormalization in Ising spin glass in a transverse field
with the hierarchical interaction. The data are obtained from the ordered-phase side
of the vicinity of the critical point.
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In the result of δ = 0.01, the ratio increases at first several steps of the renormalization-
group transformation and is always larger than unity, which means that the width of
the distribution of parameters keeps growing. This result demonstrates the presence of
an infinite-randomness fixed point. After that growth, a stable behavior appears, and
the ratio stays around 2. This sequence of behavior has been found also in the result
of the system with nearest-neighbor interactions as studied in Chap. 4. Hence, our
analysis of the hierarchical model with the short-range limit reproduces the result for
the nearest-neighbor interactions. This agreement is reasonable but not self-evident.

As the value of δ rises, the growth of the ratio slows down. In δ = 0.7, the ratio
remains almost unity through several times of the renormalization. The ratio, however,
grows after 7 steps. This growth is seen also in other δ. The argument mentioned later
convinces us that the growth after 7 steps is not concerned with critical phenomena.
In the system with δ = 0.7, thus, critical phenomena are not controlled by an infinite-
randomness fixed point. This consequence agrees with the previous report [84] that the
fixed point for α′ > 1/4, where δ = 2−(α′+1)/2 > 0.648, is not an infinite-randomness
fixed point. For δ = 0.6, it is obscure whether the ratio shows a flow to an infinite-
randomness fixed point. It is difficult to definitely determine the boundary from our
results, since the data have rather large error bars. We can conclude at least that
critical phenomena in systems with short-range interactions are governed by infinite-
randomness fixed points. This statement has been inferred in the analysis of the
mean-field region [84].

It is remarkable that our single scheme yields both the infinite-randomness criti-
cality for small δ and the conventional criticality for large δ. Our analyses of random
systems with nearest-neighbor interactions had resulted only in the infinite-randomness
criticality, which seems to imply that our method always concludes the presence of an
infinite-randomness fixed point regardless of the actual nature. The result of large δ
denies this suspicion and supports the validity of our other results in Chap. 4 as well
as the result of small δ.

We discuss the growth of the ratio after 7 times of the renormalization. To this
end, Fig. 5.11 is provided. The value of δ is 0.7 in this figure. The ratios estimated
on both sides of the ordered and disordered phases, of the vicinity of the critical point
are plotted in this figure, whereas we have considered the ratio only in the ordered
side in Fig. 5.10. Figure 5.11, in addition, includes the plots of |∆ − ∆c|/

√
V . This

quantity expresses the distance from a critical point as discussed in Sec. 4.1.1. We
interpret a value of (∆ − ∆c)/

√
V larger than 1 (smaller than −1) as a signal that

almost all subsystems exhibit behavior in the disordered (ordered) phase. Further, we
can conclude that the system definitely belongs to some phase away from a critical
fixed point, when a value of |∆−∆c|/

√
V is larger than 1.

Figure 5.11 shows strange results in the region after 7 times of the renormalization.
While the ratio of the ordered side rises, the ratio of the disordered side remains
around unity. The difference between the two sides appears around the point where
|∆ − ∆c|/

√
V exceeds unity. Hence, the difference in the ratios may originate from

the difference in phases. In particular, the growth of the ratio in the ordered side is
derived from the properties of the ordered (spin-glass) phase. The growth therefore
is not concerned with critical phenomena. As mentioned earlier, this fact leads to
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Figure 5.11: Ratio of the square root of the variance of (log Γ − log J) after a renor-
malization to that before the renormalization in Ising spin glass in a transverse field
with the hierarchical interaction. The parameter δ is set equal to 0.7. Black is data for
the ordered-phase side and orange is for the disordered-phase side. Blue is for distance
from a transition point.

that the system with δ = 0.7 has no infinite-randomness fixed point. The difference
between the two sides in the ratios is unexpected. No similar difference has been found
in systems with the nearest-neighbor interactions. The difference in the hierarchical
system is thus a special result and might characterize properties of the phases.

The next objective is critical exponents. As in the previous cases, exponent ν for
the correlation length is accessible with our method and important to estimate the
properties of the fixed point. Reliable values of ν, however, have not been evaluated,
since results in this model have unignorable errors as seen in the ratios. This subject
is left to future works.

5.4 Summary

We have studied the transverse-field Ising models with the hierarchical interaction,
which is similar to the power-law interaction. One of the motivations of this study lies
in the fact that the dipolar interaction dominates a compound LiHoxY1−xF4 [33–36],
which is expected to realize the transverse-field Ising model with randomness [29–32].
In addition, a fascinating conjecture has been reported [84] about critical phenomena in
the Ising spin glass in a transverse field with the power-law interaction. The conjecture
states that critical phenomena for α′ (= a − d) < d/4 in Eq. (5.13) are governed by
an infinite-randomness fixed point. We have tried to examine the conjecture by means
of our real-space renormalization group method developed in previous chapters.

We first have applied the method to the transverse-field Ising chain with the hierar-
chical interaction. The renormalization-group scheme has been analytically performed
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and yields transition points and critical exponents. The resulting value of critical expo-
nent ν has a rather large difference from previous results by another approach [88] when
α′ is small, that is, the long-range region. However, as α′ becomes small, the difference
decreases, and then the value of ν converges to 1, which is the corresponding value
in the nearest-neighbor interacting system. Hence, our method can be qualitatively
reliable in the short-range region.

We next have analyzed the Ising spin glass in a transverse field with the hierarchical
interaction. The renormalization-group scheme has been numerically iterated. We have
evaluated the locations of transition points. In the vicinity of the transition points, we
have observed the growth of the variance of (log Γ−log J) through the renormalization-
group transformations. The rapid growth has been found when δ in Eq. (5.57) is small.
Our method has concluded as a result that critical phenomena in the short-range region
is governed by an infinite-randomness fixed point. As δ becomes large, the growth slows
down. For δ = 0.7, the clear growth has not been confirmed, which agrees with a result
in a previous study [84]. This agreement supports the validity of our results.

Our method, moreover, has shown a characteristic difference in the variance between
the ordered-phase side and the disordered-phase side. This finding might be a clue to a
further understanding of the power-law systems with randomness. Critical exponents
have not been accurately evaluated yet, since we cannot remove large error bars in the
resulting values at the present moment.



Chapter 6

Conclusion

We have investigated the random transverse-field Ising models by means of the real-
space renormalization-group method. In particular, we have examined the models to
resolve the problem of whether or not the models have infinite-randomness fixed points.

Our renormalization-group procedure has been introduced in Chap. 2 and demon-
strated in the transverse-field Ising models in Chap. 3. We divide the system into
blocks and define appropriate block Hamiltonians. We keep only the lowest-lying en-
ergy eigenstates of the block Hamiltonians and ignore the others. The whole Hamil-
tonian is reconstructed only with remaining states, and the renormalized Hamiltonian
is obtained. We have employed a particular partition which results in preserving the
form of the Hamiltonian of the transverse-field Ising chain. The resulting values of the
transition point and the critical exponents α and ν agree with the exact solutions. We
have generalized this promising method to higher dimensions. In the two-dimensional
case, the system is renormalized in two directions: first in the horizontal direction and
then in the vertical direction. In the three-dimensional case, the system is renormalized
also in the third direction. This generalization also has succeeded in yielding accurate
results of the critical exponent ν.

We have approached to one of the main targets in this thesis, the random transverse-
field Ising models, in Chap. 4. In the one-dimensional case, the transition point has
been analytically calculated under our renormalization-group scheme, and the result
agrees with the exact solution. The indefinitely growth is numerically found in the
variance of the distributions of (log Γ− log J), which demonstrates the presence of an
infinite-randomness fixed point. This observation also leads to the evaluation of the
critical exponent ν. Our analysis in one dimension has reproduced the known exact
solutions [19, 20] of the transition point and the critical exponent ν as well as the
presence of the fixed point.

In two- and three-dimensional cases, we have investigated the Ising ferromagnet in
a transverse field and the Ising spin glass in a transverse field, and have obtained the
following results. In the random ferromagnets in a transverse field in two and three
dimensions, the presence of infinite-randomness fixed points have been confirmed by
observing the unlimited growth of the variance. In addition, the critical exponent ν has
been evaluated, and the resulting values are consistent with the previous results [67–69].
Also in the Ising spin glasses in a transverse field in two and three dimensions, we have
found evidence of the presence of an infinite-randomness fixed point. We have also
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evaluated the critical exponents ν in the spin-glasses, and the resulting values are
in good agreement with the corresponding values in the random ferromagnets. This
result suggests a nontrivial consequence that the two cases might belong to the same
universality class.

Chapter 5 investigates the other of the main targets, the transverse-field Ising chains
with the hierarchical interaction. This model is expected to show the similar critical
phenomena to the power-law interacting systems. In the analysis of the pure model,
we have demonstrated that our method can be qualitatively reliable in the short-range
region. Although in the long-range region our result deviates from a previous result of
the corresponding power-law interacting system by another approach [84], the difference
decreases in the short-range region.

We next have analyzed the Ising spin glass in a transverse field with the hierarchical
interaction. The renormalization-group scheme has numerically found the growth of
the variance of (log Γ − log J) in the vicinity of the estimated transition points. The
rapid growth has been found if δ in Eq. (5.57) is small. Our method has concluded
that critical phenomena in the short-range region is governed by an infinite-randomness
fixed point. As δ becomes large, the growth slows down. For δ = 0.7, the clear growth
has not been confirmed, which agrees with a result in a previous study of the power-
law interacting system [84]. This agreement supports the validity of our results. Our
method, moreover, has shown a characteristic difference in the variance between the
disordered-phase side and the ordered-phase side. This finding might be a clue to a
further understanding of the power-law systems with randomness.

The main result of the present thesis is that we have found evidence of the presence
of infinite-randomness fixed points in the two- and three-dimensional Ising spin glasses
in a transverse field and in the one-dimensional Ising spin glass with the hierarchical in-
teraction in a transverse field, which have been conjectured by other approaches [5,84].
The result leads to a picture that the presence of the fixed point is not influenced by
frustration, which usually produces an essential difference between random ferromag-
nets and spin glasses.

We can further speculate that Ising spin glasses in a transverse field have the fixed
points even if their interactions obey the short-ranged power law, Jij ∝ r−α/2 with
α ≫ 5d/4, which would include the dipolar interaction, proportional to r−3, with
randomness in three dimensions. If that is the case, materials which realize the model
should have the nature of the fixed point. This speculation suggests that the reason
why the properties of the fixed point have not been found in LiHoxY1−xF4 [31] is not
due to the dipolar interaction in the compound.

Finally, we mention some remaining issues in our study. The validity of our
renormalization-group method is not readily obvious because it drops higher-energy
eigenstates in the block Hamiltonians. Although the consistencies of our results with
previous studies would justify our procedures as a method to extract the essential fea-
tures of random quantum systems, it is necessary to establish methods to evaluate
other critical exponents to reinforce the quantitative reliability of the present method.
A method for critical exponents in the hierarchical spin-glass case is especially needed.
The correspondence in properties of quantum critical phenomena between the power-
law systems and the hierarchical systems remains unclear in our study. To clarify this
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point is essential in applying our results to real physical systems. These issues should
be resolved in future.
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