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Abstract

Quantum computation is a promising and rapidly growing field that has witnessed a

series of significant breakthroughs in the last several decades. While some practitioners

envision the realization of complete quantum computing devices, the research presented

in the thesis focusses on the works that we can do with quantum computing hardware

when they are realized. One of such areas is that of quantum image processing. A Flexible

Representation of Quantum Images (FRQI) allows us to dedicate n-qubits and 1-qubit

to capturing the information about the position and color of every pixel in the image,

respectively.

A method to compare multiple pairs of quantum images in parallel is proposed, where

the similarities of the images are estimated according to the probability distributions of the

readouts from quantum measurements. It offers a significant speed-up in comparison to

performing the same task on traditional computing devices by means of a single Hadamard

gate with control-conditions to transform the entire information encoding the quantum

images in a strip. The simulation experiments comprising of the comparison of two

images, multiple pairs of images, and the sub-blocks from two images are implemented

to demonstrate the feasibility and efficiency of the parallel comparison. On the basis

of such a comparison strategy, a quantum image searching method is presented where

the image in a 4 × 4 binary image database with the highest similarity value to the

particular test image is retrieved as the search result using low computational resources.

To process the RGB-like quantum image, the representation for Multi-Channel Quantum

Images (MCQI) is given, and a double-key, double-domain watermarking strategy for
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Abstract

MCQI images is stated. It protects the security of quantum images by embedding the

watermark image into both the spatial domain and the frequency domain of carrier image

with different keys. A Tokyo Tech logo as the watermark information is embedded into

nine building images which yields an great improvement in terms of the visible quality of

the watermarked images. Inspired by the quantum image processing, the representation

of emotion space is modestly extended into quantum field that a Bloch Sphere based

Emotion Space (BSES) is presented, where two angles ϕ and θ in Bloch sphere represent

the emotion (such as happiness, surprise, anger, sadness, expectation, and relaxation in

[0, 2π)) and its intensity (from neutral to maximum in [0, π]), respectively. It takes

advantage of the psychological interpretation of color to assign the basic colors to each

emotion subspace so that the BSES space can be visualized, and by using the quantum

gates, changes in emotions can be tracked and recovered. In the experimental validation

of the proposal, two typical human emotions, i.e. happiness and sadness, are analyzed

and visualized in BSES space according to a preset emotional transition model.

These proposals in the thesis extend classical-like image and emotion processing ap-

plications to the quantum computing domain. They provide a basic step for designing a

search engine on quantum computing devices. In addition, the watermarking strategy sets

a stage for other applications aimed at quantum data protection. The transition matrix

that tracks the emotional change in BSES space could be used to control quantum robots

in order to make them adaptive and responsive to human emotions.
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Chapter 1

Introduction

Computer science and computer engineering are disciplines that have transformed

every aspect of human endeavor. In these fields, novel methods for speeding-up certain

tasks, and building bridges between computer science and several other scientific fields are

attracting the gaze of scientists. Quantum computation is such a thriving and advancing

field with a considerable number of evolutions in the past several decades [56][25][11]. In

1982, Feynman proposed a novel computation model named quantum computers based

on principles of quantum physics which seemed to be more powerful than classical ones

[20]. Subsequently, Shor’s polynomial time algorithm for the integer factoring problem

[56][51] and Grover’s database search algorithm [25][17] are essential evidences supporting

the superiority of quantum computers.

A quantum computer is a physical machine that can accept input states which repre-

sent a coherent superposition of many different inputs and subsequently evolve them into

a corresponding superposition of outputs [6][55]. Computation, i.e. a sequence of unitary

transformations, affects simultaneously each element of the superposition, generating a

massive parallel data processing albeit within one piece of hardware. The smallest unit to

facilitate such computation, the qubit, has logical properties that are inherently different

from their classical counterparts. While bits and their manipulation can be described

using two constants (0 and 1) and the tools of boolean algebra, qubits, on the other hand

must be discussed in terms of vectors, matrices, and other linear algebraic construction-

s [33][7]. The current paradigm for implementing quantum algorithms is the quantum
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circuit model [7], in which the algorithms are compiled into a sequence of simple gates

acting on one or more qubits. Many of these quantum algorithms are expressed in terms

of uniform special-purpose circuits that depend strongly on the problem at hand. These

circuits comprise various levels of abstraction and combinations of the universal gates:

NOT, Hadamard, Controlled-NOT, and Toffoli gates. These gates combine to form what

is often referred to in the literature as the NCT library [33][3].

Quantum computation and quantum information have appeared in various areas of

computer science such as information theory, cryptography, image processing, and emo-

tion representation because the inefficient tasks on classical computers can be overcome

by exploiting the power of the quantum computation [49][13]. Quantum image processing,

which utilizes the characteristic of quantum parallelism [20] to speed up many processing

tasks, is a subfield of quantum information processing [31]. Because the first step in quan-

tum image processing field involves proposals on representations to capture and store the

image on quantum computers, various representations for images on quantum computer

were proposed, such as Qubit Lattice [63], Real Ket [36], Grid Qubit [62],the Flexible

Representation of Quantum Image (FRQI) [37][41], and Multi-Channel Quantum Image

(MCQI) [60][59]. Many image processing strategies exploiting these representations are

also developed to process transformations that target the geometric information and the

color information [38][39][57][58]. In addition, applications based on these representations

are presented such as the digital watermarking and the framework of producing quantum

movies [29][32][33][28].

The smallest unit of information in a quantum system, a qubit, is a unit vector in a

two-dimensional Hilbert space that can exist in a superposition state. It only ever gives

‘0’ or ‘1’ as the measurement result probabilistically when a qubit is measured [49]. These

are analogous to the human’s behavior where in the inside of human mind there are a

number of emotions, but the final course of action taken typically represents one emotion

[52]. An emotion space is always used to represent the emotion in terms of quantitative

analysis and visualization which is critical to facilitate a smooth communication in face-

to-face communication. In 1997, pleasure-arousal judgment space [53] was proposed to

2



Chapter 1: Introduction

represent not only specific emotions but also continuous variations in emotions, in which

each emotion can be placed when stimuli are translated into appropriate values. On

the basis of the pleasure-arousal space, a certainty axis was added to produce smooth

and effective communication between humans and robots [46]. After that in order to

consider about the rapid variations in the mentality state due to real time human-robot

interaction, affinity pleasure-arousal space [66] was proposed where the affinity axis was

used to describe the transition from one mentality state to another according to the

progress of the conversation and repetitive interaction.

The thesis tries to extend classical-like image and emotion processing applications to

the quantum computing domain which is organized as follows:

In Chapter 2, the basic knowledge and notations in quantum computation are intro-

duced first. In addition, the Flexible Representation of Quantum Images (FRQI) which

captures two fundamental information (i.e. its color and position) about an image, the

general framework and classification of all geometric transformations on FRQI image, and

the efficient color transformations on FRQI image are reviewed. Finally, the extension

of FRQI image which is for processing the color image, the Multi-Channel representation

for Quantum Images (MCQI), is introduced.

In Chapter 3, a method to compare multiple pairs of quantum images in parallel is

proposed, where the similarities of the images are estimated according to the probabili-

ty distributions of the readouts from quantum measurements. The proposed method by

means of a single Hadamard gate with control-conditions to transform the entire informa-

tion encoding the quantum images in a strip, offers a significant speed-up in comparison

to performing the same task on traditional computing devices. Three simulation exper-

iments comprising of the comparison of two images, multiple pairs of images, and the

sub-blocks from two images are implemented to demonstrate the feasibility and efficiency

of the parallel comparison. The proposal advances a fundamental step towards image

searching on quantum computers in which the image with the highest similarity to a

particular reference image is retrieved as a search result from a database.

In Chapter 4, a quantum image searching method is proposed based on the probability

3
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distributions of the readouts from the quantum measurements. It is achieved by using

low computational resources which are only a single Hadamard gate combined with m + 1

quantum measurement operations. To validate the proposed method, a simulation exper-

iment is used where the image with the highest similarity value of 0.93 to the particular

test image is retrieved as the search result from 4×4 binary image database. The proposal

provides a basic step for designing a search engine on quantum computing devices where

the image in the database is retrieved based on its similarity to the test image.

In Chapter 5, based on the representation of MCQI, a new watermarking strategy (MC-

WaQI) is proposed where the double-key and double-domain idea makes the watermarking

more secure. The strategy realizes the watermarking method to protect the copyright of

the quantum images, which embeds the specific quantum symbolic information (such as

the logo representing the image’s owner) into color quantum images.

In Chapter 6, a Bloch Sphere based Emotion Space (BSES), where two angles ϕ and

θ in Bloch sphere represent the emotion (such as happiness, surprise, anger, sadness,

expectation, and relaxation in [0, 2π)) and its intensity (from neutral to maximum in

[0, π]), respectively is proposed. It takes advantage of the psychological interpretation of

color to assign the basic colors to each emotion subspace so that the BSES space can be

visualized and changes in emotions can be tracked and recovered by using the quantum

gates. In the experimental validation of the proposal, two typical human emotions, i.e.

happiness and sadness, are analyzed and visualized in BSES space according to a preset

emotional transition model. The transition matrix that tracks the emotional change

could be used to control quantum robots in order to make them adaptive and responsive

to human emotions.

In Chapter 7, the proposals and related works in the thesis are summarized, in addition,

new extensions and applications are discussed for the future work.

The road map visualizes the dependence among the individual chapters, and summa-

rizes the thesis organization as shown in Figure 1.1.
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Figure 1.1: Outline of thesis.
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Chapter 2

A flexible representation of quantum

images and its processing operations

2.1 Introduction

A Flexible Representation of Quantum Images (FRQI) [37][41] that captures informa-

tion about colors and corresponding positions of every point in an image into a normalized

quantum state is reviewed in this chapter. By using such a representation, some basic

image processing operations such as image rotation and color transformation can be done

through applying the elementary gates combined with appropriate quantum measure-

ments. Furthermore, some image processing based framework to produce application-

specific quantum computing software and hardware can be designed based on FRQI rep-

resentation. As the basis of quantum research, the quantum bits and qubit gates are

reviewed first as shown in Section 2.2, where the quantum state, its specialized properties

as well as often-used quantum gates, and its visualization in Bloch sphere are brushed up.

In addition, the general scheme and classification of geometric transformations and the

efficient color transformations on FRQI images are reviewed in Section 2.3, from which we

can see how our familiar image processing operations in classical computing devices are

realized to the quantum images in FRQI representation. The last part of this chapter is

the extension of FRQI images which is for processing the color image, the Multi-Channel

representation for Quantum Images (MCQI). It is introduced in Section 2.4 for the prepa-
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Chapter 2: A flexible representation of quantum images and its processing operations

ration of its watermark processing in Chapter 5.

2.2 Quantum bits and qubit gates

The basic notations used in this thesis are introduced below. The state of a quantum

system is described as a vector in a Hilbert space which is called a ket in quantum

mechanical notation. The ket and its adjoint, bra, notations are defined as

|u〉 =



u0

u1
...

un−1


, ui ∈ C, i = 0, 1, . . . , n− 1, (2.1)

〈u| = |u〉∗ = [u0
∗u1
∗ · · ·un−1∗] (2.2)

where u∗ is the notation of complex conjugate of u.

The smallest unit of information in a quantum system is a qubit, which is a unit vector

in two dimensional Hilbert space defined by

ψ =

 α

β

 = α

 1

0

+ β

 0

1

 = α|0〉+ β|1〉, (2.3)

where α and β are complex numbers.

On the consideration of the normalized state of qubits, |α|2 + |β|2 = 1, and ignoring

the factor which has no observable effects, one picture useful in thinking about qubits is

the following geometric representation,

ψ = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉, (2.4)

where θ and ϕ are real numbers that define a point on the unit three-dimensional sphere,

i.e. Bloch sphere in Figure 2.1, which provides a useful means of visualizing the state

of a single qubit, and often serves as an excellent test-bed for ideas about quantum

7
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computation and quantum information. Many of the operations on single qubits can be

neatly described within the Bloch sphere picture [49].

Figure 2.1: Bloch sphere representation of a qubit.

The notation for the tensor product, ⊗, is used to express the composition of quantum

systems. The tensor product of two matrices is defined as follows:

A =



a11 a12 · · · a1m

a21 a22 · · · a2m
...

...
. . .

...

an1 an2 · · · anm


, B =



b11 b12 · · · b1q

b21 b22 · · · b2q
...

...
. . .

...

bp1 bp2 · · · bpq


, (2.5)

A⊗B =



a11B a12B · · · a1mB

a21B a22B · · · a2mB

...
...

. . .
...

an1B an2B · · · anmB


. (2.6)

The short notation for tensor product |u〉⊗ |v〉 of two vectors or two kets, |u〉 and |v〉,

is |uv〉 or |u〉|v〉 and A⊗ = A ⊗ A ⊗ · · · ⊗ A is used to denote the tensor product of a

matrix A for n times.

In the quantum circuit model, a complex transform is broken down into simpler gates

such as the commonly used NOT, Hadamard, CNOT, and Toffoli gates which are shown

in Figure 2.2. The gate which acts on k qubits is usually represented by a 2k × 2k

8
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unitary matrix, and the number of qubits in the input and output of the gate have to

be equal. The final step in quantum simulation is the measurement which converts the

quantum information into the classical information in form of probability distributions,

i.e. it converts a single qubit state |ψ〉 = α|0〉 + β|1〉 into a probabilistic classical bit

M (distinguished from a qubit by drawing it as a double-line wire), which is 0 with

probability |α|2 or 1 with probability |β|2 as shown in Figure 2.3.

Figure 2.2: NOT, Z, Hadamard, CNOT, and Toffoli gates.

Figure 2.3: Quantum circuit symbol for measurement.
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2.3 Quantum image processing framework for FRQI,

GTQI, and CTQI

The realization of most quantum image processing applications will undoubtedly rely

on using their corresponding classical operations as reference. In this section, a Flexible

Representation for Quantum Images, FRQI, which is similar to the pixel representation

for images on conventional computers is introduced initially, in addition, the geometric

transformation based on FRQI images (GTQI) which can swap two points, even two sub-

blocks in an image and the transformation focusing on the color information (CTQI) are

reviewed.

2.3.1 Flexible representation for quantum images

The Flexible Representation for Quantum Images, FRQI [37][41], captures the essential

information about the colors as well as the corresponding positions of every point in an

image and integrates them into a quantum state having its formula in Equation (2.7),

|I(n)〉 =
1

2n

22n−1∑
i=0

|ci〉 ⊗ |i〉, (2.7)

where

|ci〉 = cos θi|0〉+ sin θi|1〉, (2.8)

θi ∈ [0,
π

2
], i = 1, 2, . . . , 22n − 1, (2.9)

where |0〉 and |1〉 are 2-D computational basis quantum states, |i〉, i = 1, 2,. . . , 22n − 1,

are 2n-D computational basis quantum states and θ = (θ0, θ1, . . . , θ22n−1) is the vector

of angles encoding colors. There are two parts in the FRQI representation of an image;

|ci〉 and |i〉 which encode information about the colors and corresponding positions in the

image, respectively. For the 2-D images, the position information |i〉 includes two parts,

the vertical and horizontal co-ordinates. In 2n-qubit systems for preparing quantum
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images, or n-sized images, the vector

|i〉 = |y〉|x〉 = |yn−1yn−2 · · · y0〉|xn−1xn−2 · · ·x0〉, (2.10)

xj, yj ∈ {0, 1}, (2.11)

for every j = 0, 1, . . . , n, encodes the first n-qubit yn−1yn−2 · · · y0 along the vertical location

and the second n-qubit xn−1xn−2 · · ·x0 along the horizontal axis. An example of a 2× 2

FRQI image is shown in Figure 2.4. The FRQI state is a normalized state, i.e. ‖|I(θ)〉‖ = 1

as given by

‖|I(n)〉‖ =
1

2n

√√√√22n−1∑
i=0

(cos2 θi + sin2 θi) = 1. (2.12)

Figure 2.4: A 2× 2 FRQI image, its circuit structure and FRQI state.

2.3.2 Fast geometric transformations on quantum images

Geometric Transformations on Quantum Images (GTQI) [38] are the operations which

focus on manipulating the geometric information of the FRQI images, i.e. information

about position of every point in the image. These transformations are akin to ‘shuffling’

the image content point-by-point. The global effect being a transformation of the original

image to a new state whose nature is determined by the gate sequence of the operation

needed to accomplish the desired transformation [29]. Such transformations are referred

to as geometric transformations, GI , which on FRQI images can be defined as in Equation
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(2.13),

GI(|I(n)〉) =
1

2n

22n−1∑
i=0

|ci〉 ⊗G(|i〉), (2.13)

where |I(n)〉 is of the form defined in Equation (2.7) and G(|i〉) for i = 0, 1, . . . , 22n − 1

is the unitary transformation performing geometric exchanges based on the vertical and

horizontal information represented by |i〉. The general structure of circuits for geometric

transformations on FRQI images is shown in Figure 2.5.

Figure 2.5: Generalized circuit design for geometric transformations on quantum images.

Using the GTQI operations, classical-like transformations such as flipping, swapping,

or rotating an image can be performed on quantum computers using images encoded in

the FRQI representation. An example of two-point swapping between the content of the

image located in |001〉|100〉 and |010〉|000〉 as well as the corresponding circuit structure

to accomplish the swapping operation are shown in Figure 2.6. The input and output

images are shown in (a) and (c), respectively, and the corresponding circuit structure

to accomplish the swapping operation is presented in (b). The complexity of two-point

swapping operation on n-sized FRQI images (n ≥ 2) is O(n2) [38].

When geometric transformations are well-understood, often designers of new opera-

tions would want to use smaller versions of the transformations as the main components

to realize more complex operations. Restricted geometric transformations on FRQI im-

ages were proposed in [40] in order to constrain the desired geometric transformation to
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Figure 2.6: An example of two-point swapping operation.

a smaller sub-block of the image by imposing additional restrictions to indicate specific

locations. An example for swapping two sub-blocks where the first comprises the positions

labelled 1, 2, 3, and 4, and the other consists of the positions labelled 5, 6, 7, and 8 is

presented in Figure 2.7. The input and output image are shown in (a) and (c), respec-

tively, and the corresponding circuit structure to accomplish the swapping operation is

presented in (b).

Figure 2.7: An example of two sub-blocks swapping operation.

In order to account for the change in complexity of the circuit caused by applying

additional control on the original operations, some properties of FRQI related to the

number of controls and the size of affected sub-blocks were analyzed in the Remark of

[40]. It is known that the more the number of controls the transformations have, the less
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the size of the affected areas.

2.3.3 Efficient color transformations on quantum images

When a single qubit gate, C, is applied with control conditions on the color wire in

FRQI representation as shown in Figure 2.8, the colors of every controlled position in the

image are changed. Such a color transformation can be defined as

CI(|I(n)〉) =
1

2n

22n−1∑
i=0

C(|c(θk)〉)⊗ |i〉, (2.14)

where CI is the qubit gate to transform the color information in quantum image |I(n)〉

and |c(θk)〉 encodes the color information which is presented as

|c(θk)〉 = cos θk|0〉+ sin θk|1〉. (2.15)

Figure 2.8: Single qubit gates applied on the color wire.

A single qubit gate NOT gate or X gate is taken as an example to explain how the

color transformation works. Its function is defined as

X =

 0 1

1 0

 , (2.16)

and its property is apparently to switch the value |0〉 and |1〉 as X|0〉 = |1〉, X|1〉 = |0〉.
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When the NOT or X gate is applied on the color wire, its performance is

X(|c(θk)〉) = |c(π
2
− θk)〉,∀k ∈ 0, 1, . . . , 22n − 1, (2.17)

where |c(θk)〉 is the color information as defined in Equation (2.15).

If we apply X gate on an 8 × 8 image having 4 gray levels, comprising black, dark,

light, and white colors, as shown in Figure 2.9 (a). The color information is transformed

based on the circuit in Figure 2.9 (b) with the X gate applied on the color wire and the

resulting image is shown in Figure 2.9 (c). The function of the X gate is like the color

invert operation, which inverts the color of entire image from black to white and vice

versa.

Figure 2.9: The 8× 8 images before and after the application of the gate X on the color wire.

2.4 Multi-channel representation for quantum images

To process color images on quantum computers, a new representation encoding in-

formation from R, G, and B channels should be established, and these multi-channel

information should be stored in quantum states simultaneously. Based on the FRQI rep-

resentation [37] in Section 2.3.1, the Multi-Channel representation for Quantum Images

(MCQI) is proposed to capture RGB channel information [60][59]. This is accomplished

by assigning three qubits to encode color information about images. The Multi-Channel
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representation for Quantum Images (MCQI) is presented as

|I(θ)mc〉 =
1

2n+1

22n−1∑
i=0

|Ci
RGB〉 ⊗ |i〉, (2.18)

where the color information |Ci
RGB〉 encoding the RGB channels information is defined as

|Ci
RGB〉 = cos θiR|000〉+ cos θiG|001〉+ cos θiB|010〉+ cos θO|011〉

+ sin θiR|100〉+ sin θiG|101〉+ sin θiB|110〉+ sin θO|111〉,
(2.19)

where |000〉, |001〉, . . ., and |111〉 are 8-D computational basis and {θiR, θiG, θiB} ∈ [0, π/2]

are three angles encoding the colors of the R, G, and B channels of the ith pixel, respective-

ly. θO is set as 0 to make the two coefficients constant (cos θO = 1 and sin θO = 0) to carry

no information which is discussed in [60][59]. Specifically, there are two parts in the MCQI

image: |Ci
RGB〉 and |i〉, which encode information about colors and their corresponding

positions in the image, respectively. The general MCQI circuit is shown in Figure 2.10,

where the first 3 qubits (c1, c2, and c3) are color qubits that encode RGB color information

for an image and the remaining 2n qubits (yn−1, yn−2, . . . , y0 and xn−1, xn−2, . . . , x0) are

used to encode position information (Y Axis and X Axis) about pixels of a 2n×2n image.

A simple 2 × 2 MCQI image, its circuit structure, and its quantum state are shown in

Figure 2.11. The methods for storing and retrieving quantum images are discussed in

[60][37][63]. Like FRQI, the MCQI state is also a normalized state, i.e. ‖|I(θ)mc〉‖ = 1,

as given by

‖|I(θ)mc〉‖ =
1

2n+1
×√√√√22n−1∑

i=0

(cos2 θiR + sin2 θiR + cos2 θiG + sin2 θiG + cos2 θiB + sin2 θiB + cos2 0 + sin2 0) = 1.

(2.20)

Certainly, we can also do the geometric operations on the position wires, and color

transformations on the three color wires like how the GTQI and CTQI works [57][58].
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Figure 2.10: General circuit of MCQI images.

Figure 2.11: A 2× 2 MCQI image, its circuit structure and MCQI state.

2.5 Conclusion

A Flexible Representation of Quantum Images (FRQI) is introduced in this chapter,

and based on such an representation, the geometric transformation and color transforma-

tion could be applied on it. The parallel comparison of multiple pairs of quantum images

in Chapter 3 and the quantum image data searching in Chapter 4 are realized based

on such an image representation and its related operations. The extension of FRQI,

Multi-Channel representation for Quantum Images (MCQI), is also reviewed, and for the

information protection, a double-key, double-domain watermarking strategy is proposed

based on MCQI images in Chapter 5. Finally, a Bloch sphere based representation for

quantum emotion space is proposed in Chapter 6, which is on the basis of the visualiza-
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tion of quantum bit as introduced at the beginning of this chapter. The thesis is unfolded

based on these proposals.
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Chapter 3

A parallel comparison of multiple

pairs of images on quantum

computers

3.1 Introduction

A Flexible Representation of Quantum Image (FRQI) [37][41] has been proposed and

some image processing operations can be executed by applying the elementary gates such

as Pauli-X and Hadamard gates combined with appropriate quantum measurements [10]

on it. For example, several processing transformations have been proposed based on the

FRQI representation among them are the geometric transformations, GTQI [38] and the

CTQI [37] that are focused on the color information of the images. Moreover, applications

such as a scheme to watermark and authenticate quantum images [29][32] and a framework

to produce movies on quantum computers [33], have also been suggested based on the

FRQI representation for the images.

Most of the operations on FRQI images [38][39][29], however, are focused on single

images. This chapter presents an attempt to extend this in order to compare multiple

pairs of FRQI images encoded in parallel. Succinctly put, the main contributions of this

work include the following:

• Proposing a scheme for the parallel comparison of images on quantum computers;
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• Ascertaining the relationship between the similarity of two quantum images and the

probability of their post-measurement states;

• Analyzing the similarities of multiple pairs of images and the sub-blocks from two

images in parallel.

The comparison process is executed using low computational requirements, and hence,

offers a significant speed-up in comparison with performing the same task on traditional

computing devices, since only a single Hadamard gate as well as several control-conditions

(when sub-blocks of two images are compared) could transform the entire information en-

coding the quantum images in a strip, simultaneously. The quantum image processing

framework for the FRQI, GTQI, and strip are reviewed in Section 3.2. The parallel com-

parison of multiple pairs of quantum images is analyzed in Section 3.3. Three simulation

experiments for different cases of image comparison are presented in Section 3.4.

3.2 Representation of strip encoding multiple FRQI

images

The Flexible Representation for Quantum Images, FRQI, is proposed in [37][41]. It

encodes the color and corresponding position’s information of every point in an image

and integrates them into a quantum state as given by

|I(n)〉 =
1

2n

22n−1∑
i=0

|ci〉 ⊗ |i〉, (3.1)

where

|ci〉 = cos θi|0〉+ sin θi|1〉, (3.2)

θi ∈ [0,
π

2
], i = 1, 2, . . . , 22n − 1, (3.3)

where |i〉, i = 1, 2,. . . , 22n − 1, are 2n-D computational basis quantum states and θ =

(θ0, θ1, . . . , θ22n−1)) is the vector of angles encoding colors.
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A dextrous property of the strip representation [33][2] to encode 2m-ending FRQI

images lies in its ability to utilize the parallelism inherent to quantum computation in

order to transform multiple images using very few quantum resources. The definition of

the strip and its properties are introduced in this section.

Definition 3.1 A strip, |S(m,n)〉, is an array comprising 2m FRQI images, which is

defined by

|S(m,n)〉 =
1

2m/2

22m−1∑
s=0

|Is(n)〉 ⊗ |s〉, (3.4)

where

|Is(n)〉 =
1

2n

22n−1∑
i=0

|cs,i〉 ⊗ |i〉, (3.5)

|cs,i〉 = cos θs,i|0〉+ sin θs,i|1〉, (3.6)

θs,i ∈ [0,
π

2
], i = 1, 2, . . . , 22n − 1, s = 1, 2, . . . , 2m − 1, (3.7)

where |s〉 is the position of each image in the strip, m is the number of qubits required to

encode the images being compared, |Is(n)〉 is a FRQI image as defined in Equation (3.1) at

position |s〉, |cs,i〉 and |i〉 encode the information about the colors and their corresponding

positions in the image |Is(n)〉. The state |S(m,n)〉 is normalized, which can be confirmed

by

‖|S(m,n)〉‖ =
1

2m/2

√√√√2m−1∑
s=0

‖|Is(n)〉‖2

=
1

2m/2+n

√√√√2m−1∑
s=0

22n−1∑
i=0

(cos2 θs,i + sin2 θs,i) = 1.

(3.8)

As seen in Figure 3.1, the size of a strip in the representation captures the input state

of the strip comprising 2m quantum images. Each image in the strip is an FRQI state

while the combination of such states in the strip is best represented as a multiple FRQI

or simply mFRQI state. The mFRQI state can represent 2m quantum images using only

m+2n+1 qubits since all of the images are of the same size in this strip.

The 2m-ending FRQI images encoded in a strip can be horizontally-oriented or vertically-

oriented [69]. The latter case, the vertically-oriented strip, is implied throughout the

ensuing discussion. Control-conditions on strip wires could control the image which is

21



Chapter 3: A parallel comparison of multiple pairs of images on quantum computers

being processed, combining with the control-conditions from the position |y〉|x〉 to the

color wire; every pixel in this strip can be accessed.

Figure 3.1: Circuit structure to encode the strip input.

3.3 Parallel comparison of multiple pairs of quantum

images

Inspired by the importance of image searching and how it is accomplished on conven-

tional computers, quantum image searching from a database appears to be an indispens-

able application in quantum image processing [4][9]. It is envisaged that quantum image

searching from a database will be faster than the classical ones because of the inherent

parallelism of quantum computation [47][8]. A first step towards realizing that would be

to propose a scheme to evaluate the extent to which two or more images are similar to

one another [14]. The main contribution of this chapter is tailored towards achieving this

essential step of quantum image searching. In the sub-sections that follow, we present the

scheme to compare images in parallel on quantum computers, and the different cases in

the comparison process such as the comparison of sub-blocks from two images.
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3.3.1 Scheme to compare images in parallel on quantum com-

puters

The scheme to compare quantum images on quantum computers, together with several

momentous definitions as the basis of the ensuing discussions is presented in this sub-

section. It starts with the introduction of comparison for two quantum images. The

comparison of two FRQI images |Ik(n)〉 and |It(n)〉,

|Ik(n)〉 =
1

2n

22n−1∑
i=0

(cos θk,i|0〉+ sin θk,i|1〉)⊗ |i〉, (3.9)

|It(n)〉 =
1

2n

22n−1∑
i=0

(cos θt,i|0〉+ sin θt,i|1〉)⊗ |i〉, (3.10)

is that obtain the similarity, which is in the interval from 0 to 1, between them through the

quantum operations. In addition, given a strip comprising 2m quantum images, parallel

comparison of quantum images retrieves the similarities between 2m − 1 pairs of images

in the strip simultaneously.

Definition 3.2 The difference between the ith pixels of two FRQI images |Ik(n)〉 and

|It(n)〉, as defined in Equations (3.9) and (3.10), is given by

σik,t = |θk,i − θt,i|, σik,t ∈ [0, π/2], (3.11)

where θk,i and θt,i represent the color information at position i of the two images, respec-

tively.

Definition 3.3 The similarity between two FRQI images |Ik(n)〉 and |It(n)〉, as defined

in Equations (3.9) and (3.10), is a function of pixel difference σk,t at every position of the

image given by

sim(|Ik〉, |It〉) = f(σ0
k,t, σ

1
k,t, . . . , σ

22n−1
k,t ), (3.12)

where sim(|Ik〉, |It〉) ∈ [0, 1].

Two special cases of the similarity between two quantum images are listed as follows:

• if ∀i,σik,t = π/2, then sim(|Ik〉, |It〉) = 0 and the two images are totally different;
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• if ∀i,σik,t = 0, then sim(|Ik〉, |It〉) = 1 and the two images are exactly the same,

where i = 0, 1, . . . , 22n− 1, σik,t is the pixel difference at position i as defined in Definition

3.2.

Combining the properties of quantum computation, superposition and entanglement,

the representation of strip which is introduced in Section 3.2 is supposed to be used for

comparing quantum images of equal size because an operation on the strip wires can

transform the information in all the images in the strip simultaneously. The strip does

not only make the comparison of quantum images possible but it also provides an efficient

way to compare multiple pairs of quantum images in parallel. The scheme to compare

quantum images in parallel consists of three steps as detailed in Figure 3.2. These steps

are outlined in this sub-section.

Step1: Preparation of the strip comprising 2m quantum images

The quantum images are prepared into FRQI states using their classical versions im-

ages. The color information as well as the corresponding positions of every point in the

classical version is integrated into the quantum state, and 2m quantum images being com-

pared are combined to form a vertically-oriented strip. The routine involved in preparing

FRQI images and its extension to encode multiple FRQI images as a single register, called

the strip, are discussed thoroughly in [37][33][69]. In all these instances, the availability

of a classical version of each image from which the quantum versions of the images are

prepared is implied.

Step2: Comparison of quantum images through quantum operations

The strip as prepared in the preceding period is transformed using a gate array com-

prising geometric, GTQI [38] and color, CTQI, [39], transformations on all the images in

the strip. For this particular application, the transformations are built in a way to allow

the recovery of the pixel difference as defined in Equation (3.11). This transformation step

combines with measurement operations that follow it to convert the quantum information

into the classical form as probability distributions. Since measurements are known to de-

stroy the superposition state in quantum systems [49], in order to compare the similarity

between two FRQI images (in parallel), the strip has to be prepared n (n > 1) times.
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Step 3: Observation of readouts from quantum measurements

The readouts from the n quantum measurements build up a histogram that implic-

itly reflects the probability distributions. Extracting and analyzing these distributions

gives information that the similarity values between the quantum images being com-

pared. The strip preparation will be continued until min(P (|sm−1, . . . , s0〉)) ≥ δ, where

min(P (|sm−1, . . . , s0〉)) is the minimum of the probabilities of the readouts from the ex-

periments, δ ∈ [0, 1] is a pre-set threshold, which can be read as the reasonable estimation

for the similarity between two quantum images being compared.

Figure 3.2: Scheme to compare quantum images in parallel on quantum computers.

The comparison of quantum images in this scheme is especially specified in the ensu-

ing sub-sections which are the evaluation of the similarity between two images, parallel

comparison of multiple pairs of images, and the comparison of sub-blocks from two images.

3.3.2 Evaluation of the similarity between two quantum images

As the basis of discussing parallel quantum image comparison, the comparison between

two quantum images should come first [69]. According to Equations (3.4),(3.9), and (3.10),
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the state of the strip comprising two images (m = 1, k = 0, t = 1, s = 0, 1) becomes

|S(1, n)〉 =
1√
2

(|I0(n)〉 ⊗ |0〉+ |I1(n)〉 ⊗ |1〉), (3.13)

where

|I0(n)〉 =
1

2n

22n−1∑
i=0

(cos θ0,i|0〉+ sin θ0,i|1〉)⊗ |i〉, (3.14)

and

|I1(n)〉 =
1

2n

22n−1∑
i=0

(cos θ1,i|0〉+ sin θ1,i|1〉)⊗ |i〉, (3.15)

are the two FRQI images being compared, which are located in the upper part and lower

part of the strip, respectively.

The circuit structure to compare these two FRQI images is shown in Figure 3.3. A

Hadamard gate, H = 1√
2

 1 1

1 −1

 , which maps the basis state |0〉 to (|0〉 + |1〉)/
√

2

and |1〉 to (|0〉 − |1〉)/
√

2, is applied on the strip wire s0 to obtain the recombination of

|I0(n)〉 and |I1(n)〉, it is then followed by a measurement operation M0.

Figure 3.3: Generalized circuit structure for comparing two FRQI images.

Corresponding to the circuit shown in Figure 3.3, the new state of the quantum system

after applying the Hadamard gate on the strip wire s0 (expressed by H0|S(1, n)〉) can be
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given as follows:

H0|S(1, n)〉 =
1√
2

(|I0(n)〉 ⊗H|0〉+ |I1(n)〉 ⊗H|1〉)

=
1

2
[|I0(n)〉 ⊗ (|0〉+ |1〉) + |I1(n)〉 ⊗ (|0〉 − |1〉)]

=
1

2
[(|I0(n)〉+ |I1(n)〉)⊗ |0〉+ (|I0(n)〉 − |I1(n)〉)⊗ |1〉]

(3.16)

where

|I0(n)〉 ± |I1(n)〉 =
1

2n

22n−1∑
i=0

[(cos θ0,i ± cos θ1,i)|0〉+ (sin θ0,i ± sin θ1,i)|1〉]|i〉. (3.17)

It is obvious that the result of the measurement M0 depends on the disparities between

|I0(n)〉 and |I1(n)〉. The state |0〉 and |1〉 exist on strip wire s0 at a certain probability.

In accordance with the measurement postulate in [48], the probability of state |0〉 on this

strip wire is

Ps0(|0〉) = (
1

2n+1
)2

22n−1∑
i=0

[(cos θ0,i + cos θ1,i)
2 + (sin θ0,i + sin θ1,i)

2]

=
1

2n+1

22n−1∑
i=0

[1 + cos(θ0,i − θ1,i)]

=
1

2
+

1

22n+1

22n−1∑
i=0

cosσi0,1.

(3.18)

In the same manner, that of state |1〉 on the same wire is

Ps0(|1〉) =
1

2
− 1

2n+1

22n−1∑
i=0

cosσi0,1. (3.19)

The probabilities of these two states sum up to 1, i.e. Ps0(|0〉) + Ps0(|1〉) = 1, as they

should.

It is apparent that, arising from Equation (3.19) the pixel difference σi0,1 is related to

the probability of getting readout of 1 from the strip wire s0, Ps0(|1〉), in the measurement

and Ps0(|1〉) will increase when pixel difference increases. Furthermore, the similarity

between two images, which is a function of the pixel differences at every position, depends
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on Ps0(|1〉) as given by

sim(|I0〉, |I1〉) = 1− 2Ps0(|1〉) =
1

22n

22n−1∑
i=0

cosσi0,1. (3.20)

where |I0〉 and |I1〉 are the two images being compared, Ps0(|1〉) is in the form defined in

Equation (3.19), and sim(|I0〉, |I1〉) ∈ [0, 1]. The similarity between |I0〉 and |I1〉 which

are encoded in the strip is in line with the definition of similarity between two FRQI

images in Equation (3.12), where f(σ0
k,t, σ

1
k,t, . . . , σ

22n−1
k,t ) = 1

22n

∑22n−1
i=0 cosσi0,1.

Figure 3.4: Four strips where each comprises two images are considered in order to compare
the four pairs of images.

An example to compare the image |I0〉 with |I1〉, |I2〉, |I3〉 and |I4〉 is presented in

Figure 3.4. The probabilities of the readouts on strip wire s0, Ps0(|1〉) in Equation (3.19),

from each pair of images are shown with P1(|1〉), P2(|1〉), P3(|1〉), and P4(|1〉) on the first

row below the strip in the figure, and it is followed by the similarity value between the two

images in the strip. It is trivial that sim(|I0〉, |I1〉) < sim(|I0〉, |I2〉) < sim(|I0〉, |I3〉) <

sim(|I0〉, |I4〉), actually, the images |I0〉 and |I4〉 have the same content.

3.3.3 A parallel comparison of multiple pairs of images in a strip

The parallel computation on quantum computer leads us to find a way that comparing

many pairs of images in parallel. The proposal of the strip comprising 2m images as defined

in Definition 2.1 provides us a crucial condition to make it possible because the operation
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on the strip wires can transform the information in every image simultaneously. The

generalized circuit structure of comparing 2m − 1 pairs of quantum images in parallel is

presented in Figure 3.5. By applying a Hadamard operation on the rth strip wire in the

circuit, sr, the mathematical expressions between the two images being compared are

realized. The final step in the procedure consists of m measurements from which the

similarity can be retrieved in each pair of images.

Due to the representation of the strip and the property of Hadamard operation, only

the specified pairs of images in the strip can be compared, which is the kth image, |Ik〉,

and the (k+2r)th image, |Ik+2r〉 (r is the index of sr in the circuit). Therefore, the mFRQI

state of the strip when 2m − 1 pairs of images are compared is

|S(m,n)〉 =
1

2m/2

2m−1∑
s=0

|Is(n)〉 ⊗ |s〉

=
1

2m/2

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

(|Ik〉 ⊗ |k〉+ |Ik+2r〉 ⊗ |k + 2r〉),

(3.21)

g(z) = (z − 1)2r+1, (3.22)

where m ≥ 2, |s〉 = |sm−1, . . . , sr+1, sr, sr−1, . . . , s0〉, sr ∈ {0, 1}.

Figure 3.5: Generalized circuit structure for a parallel comparison of 2m − 1 pairs of images.
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Applying the Hadamard gate that maps the basis state |0〉 to (|0〉 + |1〉)/
√

2 and

|1〉 to (|0〉 − |1〉)/
√

2 as mentioned in Section 3.3.2, on the strip wire sr (expressed by

Hr|S(m,n)〉) transforms the state of the strip into:

Hr|S(m,n)〉 =
1

2m/2

2m−1∑
s=0

|Is(n)⊗ |sm−1, . . . , sr+1〉 ⊗H|sr〉 ⊗ |sr−1, . . . , s0〉

=
1

2m/2

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

|Ik(n)〉 ⊗ |sm−1, . . . , sr+1〉 ⊗H|0〉 ⊗ |sr−1, . . . , s0〉

+
1

2m/2

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

|Ik+2r(n)〉 ⊗ |sm−1, . . . , sr+1〉 ⊗H|1〉 ⊗ |sr−1, . . . , s0〉

=
1

2(m+1)/2

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

(|Ik(n)〉+ |Ik+2r(n)〉)⊗ |sm−1, . . . , sr+1, 0, sr−1, . . . , s0〉

+
1

2(m+1)/2

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

(|Ik(n)〉 − |Ik+2r(n)〉)⊗ |sm−1, . . . , sr+1, 1, sr−1, . . . , s0〉,

(3.23)

where

|Ik(n)〉 ± |Ik+2r(n)〉 =
1

2n

22n−1∑
i=0

(|ck,i〉 ± |ck+2r,i)⊗ |i〉

=
1

2n

22n−1∑
i=0

[(cos θk,i ± cos θk+2r,i)|0〉+ (sin θk,i ± sin θk+2r,i)|1〉]⊗ |i〉

(3.24)

The probability of the readouts from the m measurements are given by

Psr(|sm−1, . . . , sr+1, 0, sr−1, . . . , s0〉) =
1

2m+2n

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

22n−1∑
i=0

1 + cos(θk − θk+2r)

=
1

2
+

1

2m+2n

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

22n−1∑
i=0

cosσik,k+2r .

(3.25)

In the same way, that of state |sm−1, . . . , sr+1, 1, sr−1, . . . , s0〉 on sr is given by

Psr(|sm−1, . . . , sr+1, 1, sr−1, . . . , s0〉) =
1

2
− 1

2m+2n

2m−r−1∑
z=1

1
2
g(2z)−1∑
k=g(z)

22n−1∑
i=0

cosσik,k+2r . (3.26)
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From this, it becomes evident that

Psr(|sm−1, . . . , sr+1, 0, sr−1, . . . , s0〉) + Psr(|sm−1, . . . , sr+1, 1, sr−1, . . . , s0〉) = 1. (3.27)

The states |sm−1, . . . , sr+1, 0, sr−1, . . . , s0〉 and |sm−1, . . . , sr+1, 1, sr−1, . . . , s0〉 represent

all the images that are at the kth and (k+2r)th position of the strip, respectively. In order

to determine the similarity of every pair of images, the generalized representation of the

probability of |Ik+2r(n)〉 in the strip is given by

Psr(|k + 2r〉) =
1

2m+2n

22n−1∑
i=0

1− cos(θk − θk+2r)

=
1

2m
− 1

2m+2n

22n−1∑
i=0

cosσik+2r ,

(3.28)

In addition, the similarity between |Ik(n)〉 and |Ik+2r(n)〉 can be presented as

sim(|Ik〉, |Ik+2r〉) = 1− 2mPsr(|k + 2r〉)

=
1

22n

22n−1∑
i=0

cosσik,k+2r ,
(3.29)

where |Ik〉 and |Ik+2r〉 are the two images being compared in the strip, Psr(|k + 2r〉) is

defined in Equation (3.28), and sim(|Ik〉, |Ik+2r〉) ∈ [0, 1]. The similarity between |Ik〉

and |Ik+2r〉 which are encoded in the strip comprising 2m images is also determined in

accordance with Definition 3.3, where f(σ0
k,t, σ

1
k,t, . . . , σ

22n−1
k,t ) = 1

22n

∑22n−1
i=0 cosσik,k+2r .

Two examples to demonstrate how two pairs of images can be compared and the

implication of applying the Hadamard gate on different strip wires s0 or s1 are presented

in Figure 3.6. A strip comprising of four images |I0〉, |I1〉, |I2〉, and |I3〉 with the differences

between their content captured by their varying color angles is presented on the left in

Figure 3.6. On the right of the same figure, the circuit in Figure 3.6 (a) is used to compare

|I0〉 with |I1〉 and |I2〉 with |I3〉 by applying a Hadamard gate on the strip wire s0, while

the circuit in Figure 3.6 (b) is served to compare |I0〉 with |I2〉 and |I1〉 with |I3〉 by

applying a Hadamard gate on the strip wire s1.
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Figure 3.6: An example to realize the simultaneous comparison of two pairs of images.

According to Equation (3.4), the mFRQI state of this strip (m = 2, n = 1) is given

by

|S(2, 1)〉 =
1

2
(|I0〉 ⊗ |00〉+ |I1〉 ⊗ |01〉+ |I2〉 ⊗ |10〉+ |I3〉 ⊗ |11〉). (3.30)

The difference between applying the Hadamard gate on strip wire s0 and s1 is elabo-

rated in Table 3.1. The table also shows the transformed state, the probability of the state

on strip wires, and the similarity between the images being compared. The probability

and similarity are calculated using Equations (3.28) and (3.29) where m = 2, n = 1, r =

0 or 1, respectively.

From the discussion in this sub-section and results from the example in Figure 3.6

as well as Table 3.1, it is evident that different pairs of images can be compared by

simply moving the Hadamard operation from one wire on the S-axis to another. However,

comparing some pairs of images such as |I0〉 with |I3〉, and |I1〉 with |I2〉 in Figure 3.6, is

difficult to accomplish in this manner because they do not satisfy the relationship defined

earlier in Equation (3.21). Hence, a new strategy is required to deal how to compare two
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Table 3.1: Image comparison by applying Hadamard operation on different strip wires.

Image
comparison

Circuit Transformed state Probability Similarity

|I0〉, |I1〉
Figure
3.6(a)

1
2
√
2
[(|I0〉+ |I1〉)|00〉

+(|I0〉 − |I1〉)|01〉
+(|I2〉+ |I3〉)|10〉
+(|I2〉 − |I3〉)|11〉]

Ps0(01) = 0.185 sim(|I0〉, |I1〉) = 0.259

|I2〉, |I3〉 Ps0(11) = 0.073 sim(|I2〉, |I3〉) = 0.707

|I0〉, |I2〉
Figure
3.6(b)

1
2
√
2
[(|I0〉+ |I2〉)|00〉

+(|I1〉+ |I3〉)|01〉
+(|I0〉 − |I2〉)|10〉
+(|I1〉 − |I3〉)|11〉]

Ps1(10) = 0 sim(|I0〉, |I2〉) = 1

|I1〉, |I3〉 Ps1(11) = 0.033 sim(|I1〉, |I3〉) = 0.866

arbitrary images in a strip and is the main focus in Section 3.3.4.

3.3.4 Comparison between two arbitrary quantum images and

the sub-blocks

As mentioned in Section 3.3.3, the position of the two images being compared, which

are the kth and (k+ 2r)th images in the strip (r is the index of sr in the circuit), in a strip

is relatively fixed. In order to compare two arbitrary quantum images and/or contents

of their sub-blocks from a strip, some geometric transformation and control-conditions

are applied to the quantum system. In this sub-section, the more complicated cases of

quantum image comparison are discussed such as comparing arbitrary pairs of images,

and comparing sub-blocks from two images in a strip. The circuit structure for realizing

such processes is presented in Figure 3.7.

The input of this circuit is the mFRQI state as defined in Equation (3.21) (expressed

by |SI〉 in the circuit), the operation GS that is applied on the strip wires is the geometric

operation which can swap two images in the strip when two arbitrary images are supposed

to be compared. A notation ‘�’ to indicate for ‘0’ or ‘1’ control-condition is adopted

throughout the discussion. The additional control-conditions on either of the position

axis (Y Axis or X Axis) are necessary in order to confine this Hadamard operation to the
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required sub-blocks from the images that are being compared. The operation GI is needed

when the sub-blocks being compared are at different positions from the two images. The

state in the circuit after applying the Hadamard gate on the rth strip wire is transformed

into HrGs|SGI
〉 as shown in Figure 3.7.

Figure 3.7: Generalized circuit structure for parallel comparison of FRQI images.

The similarity between the sub-blocks from two FRQI images encoded in a strip is

sim(|ik〉, |it→k+2r〉) = 1− 2m
p

q
Psr(|k + 2r〉), (3.31)

where |ik〉 and |it→k+2r〉 are the sub-blocks from the two images |Ik〉 and |It→k+2r〉 in the

strip, |It→k+2r〉 is the image from the position t to k+2r using the geometric transformation

on the strip wires, p is the area of the image |Ik〉 or |It→k+2r〉, and q is the area of

the sub-block |ik〉 or |it→k+2r〉 in the two images, Psr(|k + 2r〉) is the probability of the

readouts in the measurements from the state |k + 2r〉 as discussed in Equation (3.28),

sim(|ik〉, |it→k+2r〉) ∈ [0, 1].

The procedure to determine the similarity of images in a strip in parallel has already

been elaborated in Section 3.3.3. Here, only an example in Figure 3.8 suffices to illustrate

the comparison between two sub-blocks from two arbitrarily located FRQI images.
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Figure 3.8: Comparison of two sub-blocks, ‘C’ and ‘M’ from images |I0〉 and |I3〉 in strip |ϕ0〉.
Strip |ϕ1〉, |ϕ2〉, and |ϕ3〉 in (a) are the midterm states when applying the circuit in (b).

The sub-block ‘C’ from |I0〉 is compared with sub-block ‘M’ from |I3〉 in |ϕ0〉. The

midterm states and the corresponding circuit are also presented in the figure. The proce-

dure to accomplish this comparison is:

|ϕ0〉: The original strip comprising four qautnum images;

|ϕ1〉: Swap the position between |I1〉 and |I3〉 using the C-NOT gate on the strip wires;

|ϕ2〉: Flip the position of ‘M’ with ‘O’, ‘N’ with ‘P’ in |I3〉 along the X-axis;

|ϕ3〉: Compare the two sub-blocks ‘C’ and ‘M’ through applying the Hadamard gate on

s0.

As explained in Figure 3.6 in Section 3.3.3, another way to realize the comparison

between the sub-blocs ‘C’ and ‘M’ is by first swapping the images |I2〉 and |I3〉, then

flipping the position of sub-block ‘M’ with ‘O’, ‘N’ with ‘P’ in |ϕ3〉 along X-axis. Finally,

the sub-blocks ‘C’ and ‘M’ are compared by applying the Hadamard gate on s1.
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3.4 Simulation experiments to assess the similarity

of quantum images

In the absence of the physical quantum hardware to implement the image comparison,

a conventional desktop computer with Intel Core i7, 2 Duo 2.80 GHz CPU, 4GB RAM

and 64bit operating system is used to simulate the experiments. The simulation is based

on linear algebra with complex vectors as quantum states and unitary matrices as unitary

transforms using Matlab, and the program is realized by means of equations as well as the

definitions which are introduced in the preceding sub-sections. The final step is that of

measurement which converts the quantum information to the classical form as probability

distributions. Extracting and analyzing the distributions gives information for comparing

quantum images.

3.4.1 Comparison of two synthetic quantum images

The first experiment is that to compare two 8× 8 synthetic images and two 256× 256

synthetic images both having 4 grey levels, comprising of black, dark, light, and white

colors respectively, as shown on the left in Figure 3.9 and 3.10. The purpose of this

experiment is to analyze the relationship between the similarity of two images and the

size of them.

The comparison between the two 8 × 8 images is executed using the circuit on the

right side in Figure 3.9. The circuit comprises of 8 qubits of which 6 qubits are used to

address location of the content of the image, 1 qubit stores the color information, and

the remaining 1 qubit represents the strip wire where the Hadamard and measurement

operations are performed. Using the definition in Equation (3.20), a similarity of 0.314

is obtained for these two images. On the other hand, the similarity value between the

two 256× 256 images, whose circuit consists of 17 wires as shown on the right in Figure

3.10, is 0.253. The information retrieved from comparing these two sets of images are

summarized in Table 3.2. These results indicate that the similarity between two quantum

images increases with increase in the size of the images. As shown in Figures 3.9 and
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Table 3.2: Summary of comparison results for synthetic images in Figures 3.9 and 3.10.

Image
comparison

No. of qubits
(wires)

Probability Similarity

|I0(3)〉, |I1(3)〉 8 Ps0(|1〉) = 0.343 sim(|I0〉, |I1〉) = 0.314

|I0(8)〉, |I1(8)〉 18 Ps0(|1〉) = 0.374 sim(|I0〉, |I1〉) = 0.253

3.10, the operation to compare two images is realized by using only a single Hadamard

gate. Accomplishing such a task on a classical computer requires that the color of every

position in the image be compared one at a time. Hence, the proposed method offers a

significant speed-up compared to how it is performed using classical computing resources.

Figure 3.9: Two synthetic 8× 8 FRQI images and the circuit structure for their comparison.

3.4.2 Parallel comparison of four quantum images in a strip

In the second experiment, a data set consisting of four 512 × 512 images comprising

of the Blonde Lady, Dark-haired Lady, Bridge, and Plane is considered. These images

are prepared as |I0〉, |I1〉, |I2〉, and |I3〉, respectively and combined to form a strip. For

brevity, we represent the strip with only labels of these images as seen on the left in Figure

3.11. The aim of this experiment is to simultaneously compare |I0〉 with |I1〉, and |I2〉

with |I3〉.

Similar to the circuit in Figure 3.6 (a), the circuit to simultaneously compare these
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Figure 3.10: Two synthetic 256 × 256 FRQI images and the circuit structure for their com-
parison.

Table 3.3: Comparison results for the images encoded in the strip in Figure 3.11.

Image
comparison

Probability Similarity

|I0〉, |I1〉 Ps0(|01〉) = 0.029 sim(|I0〉, |I1〉) = 0.883

|I2〉, |I3〉 Ps0(|11〉) = 0.040 sim(|I2〉, |I3〉) = 0.839

two pairs of images is presented in Figure 3.12. The probabilities of getting the readouts

(in log scale) on the strip wires in the measurements are presented in Figure 3.13. The

similarities between different pairs of images being compared are shown in the Table

3.3, all of which suggest |I0〉 and |I1〉 are more similar to each other than |I2〉 and |I3〉.

A simulation of a single Hadamard gate and two measurement operations are used to

obtain the similarities for these two pairs of images. This further demonstrates the low

computational requirements of the proposed method in comparison with performing the

same task on traditional computing devices.

3.4.3 Comparison of sub-blocks from two quatnum images

The aim of the last experiment is to realize the comparison between two sub-blocks

from two arbitrary images in a strip. As shown in Figure 3.14, we intend to compare the
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Figure 3.11: The strip on the left and the images being compared in the strip.

Lena image in the bottom left of the image in |I0〉 (labelled as |i30〉) with the watermarked

Lena image in the top right of the image in |I3〉 (labelled as |i23〉), and the Man image

(labelled as |i31〉) with the processed Man image (labelled as |i32〉) at the same position

in |I1〉 and |I2〉, respectively. The enlarged versions of these four images that are being

compared are presented in the bottom row of the Figure 3.14. For brevity, the four

1024× 1024 images are indicated by only their labels |I0〉, |I1〉, |I2〉, and |I3〉 in the strip

on the left in the same figure.

The corresponding circuit structure to compare them is presented in Figure 3.15.

There are four steps to accomplish this comparison:

Step 1: Swap the position between |I1〉 and |I3〉 using the C-NOT gate on the strip wires;

Step 2: Swap the position of the watermarked Lena image with baboon in |I3〉;

Step 3: Compare the two Lena images and two ‘Man’ images in parallel by applying

the Hadamard gate on s0 with appropriate control-condition operations to confine the

operation to the desired sub-blocks;

Step 4: Observe the readouts from the quantum measurements to build up a histogram

which can reflect the similarity of the two pairs of images.

As discussed in Figure 3.9 in Section 3.3.4, another way to execute the same comparison

is applying Hadamard gate on strip wire s1 after swapping the position of |I2〉 and |I3〉 in
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Figure 3.12: Circuit structure of comparing the images in Figure 3.11.

the strip.

The probabilities of getting the readouts (in log scale) on the strip wires in the mea-

surements are presented in Figure 3.16, and the similarities among different pairs of images

being compared are shown in the Table 3.4, from which the similarity between the origi-

nal Lena image and the watermarked Lena image is 0.936. Moreover, the watermarking

and authentication of quantum images [29][32] introduced how to realize the watermarked

quantum image, however, the use of the Peak-Signal-to-noise-ratio (PSNR) as an evalua-

tion metric for the fidelity between the original image and the watermarked image needs

to be reconsidered in order to atone for the presence of errors in the preparation of the

quantum image as well as the procedure to encode and decode the images. Using the pro-

posed comparison scheme, a more accurate comparison can be made between the original

quantum image and its watermarked version.

The results as indicated in this section show that the comparison of quantum images is

both feasible and practical. Therefore, the proposed method provides the foundation for
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Figure 3.13: Histogram of the probabilities of the readouts in the measurements.

Figure 3.14: Parallel comparison of two Lena images and two ‘Man’ images.

quantum image database search, which is one of the next steps in FRQI image processing.

3.5 Conclusion

A method to evaluate the similarity between FRQI images of equal size is proposed.

According to the representation of the strip, which combined by 2m (m qubits) quantum

images being compared and the basic operations in the quantum computation, a similar-

ity value is estimated on the basis of the probability distributions of the readouts from

quantum measurements. The proposed method is proven to require less computational
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Figure 3.15: Circuit structure for realizing the comparison in Figure 3.14.

Table 3.4: Comparison results for the sub-blocks from two images.

Image
comparison

Probability Similarity

|i30〉, |i23〉 Ps0(|01〉) = 0.004 sim(|i0〉, |i3〉) = 0.936

|i31〉, |i32〉 Ps0(|11〉) = 0.013 sim(|i1〉, |i2〉) = 0.787

resources, and hence, offers a significant speed-up in comparison to performing the same

task on traditional computing devices. This is possible because only a single Hadamard

gate as well as several control-conditions (when the sub-blocks are compared) is required

to simultaneously transform the entire information encoding the quantum images in a

strip.

Three simulation-based experiments are implemented using Matlab on a classical com-

puter by means of linear algebra with complex vectors as quantum states and unitary

matrices as unitary transformations provide a reasonable estimation to the image com-
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Figure 3.16: Histogram of the probabilities of the readouts in the measurements.

parison. Parallel comparison of quantum images is executed by constituting the new

quantum system with the additional wires (strips). By utilizing appropriate geometric

transformation operations on the strip wires as well as the required control conditions to

the position wires, the comparison between two arbitrary FRQI images in the strip and

the comparison between the sub-blocks from two different images can be realized. As

a consequence, the work presented has shown that the similarity between two quantum

images depends on the entire information in the both images instead of some parts of

them, and furthermore, it is related to the size of the two images.

As for future work, the results in this chapter will be extended in the following direc-

tions. Firstly, the comparison between two quantum images in this chapter is based on

the cosine function of pixel difference at every position of the images. Quantum Fourier

Transform [12] or Wavelet transform [21] could also be applied on FRQI images in order

to create different function so as to finish the quantum image comparison. Secondly, the

proposal offers a first step towards image database search on quantum computers whereby

an image could be retrieved as a search result from a database based on the extent of

its similarity in comparison with the particular reference image. To realize such a search

procedure, a reconstitution of the quantum system by adding some additional wires to the

circuit in order to represent the images in the database and the reference images together

might be necessary. Then the comparison is performed between the images to get the

best result as the image with highest similarity value to the reference image. Exploiting
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the parallelism inherent to quantum computation, it is envisaged that quantum image

database search will be significantly faster than those on classical computers. Thirdly,

besides the ability to measure the difference between the original image and the water-

marked image which is suggested earlier, the proposed comparison method presented in

this chapter can also be applied to the quantum movie [33] in order to enhance the s-

moothness and continuity of the frame to frame transition between scenes, and also to

make the quantum movie trailers. These extensions will open new directions for efficient

image and video processing using quantum computing hardware.
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Quantum image searching based on

probability distributions

4.1 Introduction

Inspired by the image searching on conventional computers, the research on quantum

image searching is also an indispensable field in quantum image processing [26][34]. In

order to improve the limitation of the traditional searching, e.g. only text based and time

consuming, the quantum image searching on the strength of the content of the images

can be executed in parallel to realize more efficient computation.

On the basis of Flexible Representation of Quantum Image (FRQI) and the method

to analyze the similarity between two FRQI images of the same size which is proposed

in Chapter 3, a quantum image searching method is proposed whereby an image could

be retrieved as a search result from a database based on the extent of its similarity

in comparison with the particular test image. The searching result is provided by the

probability distributions from two types of quantum measurements, the first of which, Z-

axis measurement, represents the similarity between two current images being compared;

the second type, S-axis measurements, gives the position of the comparing results in Z-axis

measurement. Succinctly put, the main contributions of this work include the analysis

of the similarity between multiple pairs of images simultaneously and the proposal of the

whole scheme for the image searching on quantum mechanical systems.

45



Chapter 4: Quantum image searching based on probability distributions

The searching process is based on “parallel comparison”, where 2m+1 pairs of quantum

images are compared in parallel. In addition, the method is executed using low computa-

tional resources in comparison with performing the same task on traditional computing

devices, since only a single Hadamard gate as well as m+1 quantum measurement op-

erations could transform the entire information encoding the quantum images in a strip

simultaneously.

The Z-strip is defined based on the Flexible Representation of Quantum Images

(FRQI) in Section 4.2. The proposed scheme to realize image searching on quantum

mechanical systems is presented in Section 4.3. The simulation experiment and its dis-

cussion are shown in Section 4.4.

4.2 Representation of Z-strip to indicate multiple FRQI

images

For the quantum image processing, a good deal of operations are done by relying on

the corresponding processing in classical images as reference [37][5]. The Flexible Repre-

sentation for Quantum Images, FRQI [37][41], which is similar to the pixel representation

for images in conventional computers, captures the essential information about the colors

as well as the corresponding positions of every point in an image and integrates them into

a quantum state having its formula as

|I(n)〉 =
1

2n

22n−1∑
i=0

|ci〉 ⊗ |i〉, (4.1)

where

|ci〉 = cos θi|0〉+ sin θi|1〉, (4.2)

θi ∈ [0,
π

2
], i = 1, 2, . . . , 22n − 1, (4.3)

where |i〉, i = 1, 2,. . . , 22n − 1, are 2n-D computational basis quantum states and θ =

(θ0, θ1, . . . , θ22n − 1)) is the vector of angles encoding colors.
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A dexterous property of Z-strip representation encoding 2m+1-ending FRQI images is

its ability to utilize the parallelism inherent to quantum computation in order to transform

multiple images using very few quantum resources. The Z-strip representation is defined

in Definition 4.1.

Definition 4.1 A Z-strip, |Z(m,n)〉, is a horizontal combination of two strips [33],

which are located on the left and right side, respectively. The state of Z-strip is defined

by

|Z(m,n)〉 =
1

2(m+1)/2

2m−1∑
s=0

(|Ls(n)〉 ⊗ |0〉+ |Rs(n)〉 ⊗ |1〉)⊗ |s〉, (4.4)

where |Ls(n)〉 and |Rs(n)〉 are FRQI images as defined in Equations (4.5) and (4.6),

|Ls(n)〉 =
1

2n

22n−1∑
i=0

|cl,s,i〉 ⊗ |i〉, (4.5)

|Rs(n)〉 =
1

2n

22n−1∑
i=0

|cr,s,i〉 ⊗ |i〉, (4.6)

|cl,s,i〉 = cosl,s,i |0〉+ sinl,s,i |1〉, (4.7)

|cr,s,i〉 = cosr,s,i |0〉+ sinr,s,i |1〉, (4.8)

θl,s,i, θr,s,i ∈ [0,
π

2
], (4.9)

i = 0, 1, . . . , 22n − 1, s = 0, 1, . . . , 2m − 1. (4.10)

As seen in Figure 4.1, the size of a Z-strip in the representation captures the input state

comprising 2m+1 quantum images. The Z-axis differentiates the strip which is located on

the left and the right position. Each image in the Z-strip is an FRQI state while the

combination of such states in the Z-strip is best represented as a Z-FRQI state.

The Z-FRQI state represents 2m+1 quantum images using only m+2n+2 qubits since

all of the images are of the same size on this Z-strip. A notation ‘◦’ for ‘0’ or ‘•’ for ‘1’

control-condition on Z-axis or S-axis, is sufficient to specify any quantum image in the

Z-strip. In addition, combining with the control-conditions from the position |y〉|x〉 to the

color wire; every pixel in this strip can be accessed. The representation also facilitates
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Figure 4.1: Circuit structure to encode the Z-strip input.

the quantum operation to all the images in this strip.

An example that has two 2 × 2 images on both the left and right side of the Z-strip,

respectively, including its circuit structure and Z-FRQI state is shown in Figure 4.2.

4.3 Image searching on quantum mechanical systems

Quantum image searching from a database is an important research field inspired by

the database searching on classical computers. A first step towards realizing that would

be to propose a scheme so as to evaluate the extent to which two or more images are

similar to one another. The parallel computation on quantum computers allows us to

find a way that comparing many pairs of images in parallel. The proposal of the Z-strip

comprising 2m+1 images in the Definition 4.1 provides us a crucial condition to make the

parallel comparison of quantum images possible because the operation on the strip wires

can transform the information in every image simultaneously. The generalized circuit

structure of comparing 2m pairs of FRQI images in parallel is presented in Figure 4.3.

The input of this circuit is the Z-FRQI state as defined in Equation (4.4), a Hadamard

gate, which maps the basis state |0〉 to (|0〉+ |1〉)/
√

2 and |1〉 to (|0〉− |1〉)/
√

2, is applied

on the Z-axis to obtain the new mathematical expressions between the two images being
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Figure 4.2: An example of Z-strip, its circuit structure and Z-FRQI state.

compared. The final step in the circuit consists of m+1 measurements from which the

similarity can be retrieved in each pair of images.

When n experiments are performed, the measurement results on the Z-axis follow a

binomial distribution. The probability of obtaining k readouts of 1 in n experiments is

given by the probability mass function

Pr(X = k) = Ck
np

k(1− p)n−k, (4.11)

where X is the incident that the result of measurement is 1, p is the probability of 1 when

the results on the Z-axis are measured, k = 0, 1,. . . , n.

Meanwhile, the measurement results on the S-axis, sm−1 . . . sr . . . s0, sr ∈ {0, 1}, give

the position of probabilities of the measurements on the Z-axis. According to the readouts

on both the measurements, the similarity between each pair of images on the Z-strip can

be assessed, from which the quantum image searching can be realized.

Corresponding to the circuit shown in Figure 4.3, the state of quantum system after

applying the Hadamard gate on the strip wire can be shown in Equations (4.12) and
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Figure 4.3: Generalized circuit structure for parallel comparison of quantum images in Z-strip.

(4.13).

Hz|Z(m,n)〉 =
1

2m/2

2m−1∑
s=0

(|Ls(n)〉 ⊗ (|0〉+ |1〉)√
2

+ |Rs(n)〉 ⊗ (|0〉 − |1〉)√
2

)⊗ |s〉

=
1

2(m+1)/2

2m−1∑
s=0

[(|Ls(n)〉+ |Rs(n)〉)|0〉+ (|Ls(n)〉 − |Rs(n)〉)|1〉]⊗ |s〉,

(4.12)

where

|Ls(n)〉 ± |Rs(n)〉 =
1

2n

22n−1∑
i=0

[(cos θl,s,i + cos θr,s,i)|0〉 ± (sin θl,s,i + sin θr,s,i)|1〉]⊗ |i〉.

(4.13)

Obviously, the result of the measurement depends on the disparities between |Ls(n)〉

and |Rs(n)〉. The probability of state |0〉 on the Z-axis at position |sm−1, sm−2, . . . , s0〉 is

shown by

Ps(|0〉) =
1

2
+

1

22n+1

22n−1∑
i=0

cos(θl,s,i − θr,s,i). (4.14)

In the same manner, that of state |1〉 on the same wire is

Ps(|1〉) =
1

2
− 1

22n+1

22n−1∑
i=0

cos(θl,s,i − θr,s,i). (4.15)
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The probabilities of these two states sum up to 1, Ps(|0〉)+Ps(|1〉) = 1, as they should.

Definition 4.2 Pixel difference in position i, σs,i, is defined by

σs,i = |θl,s,i − θr,s,i|, σs,i ∈ [0,
π

2
] (4.16)

where θl,s,i and θr,s,i represent the color information at position i of the two images which

are at the sth position of the Z-strip, respectively.

It is apparent that, arising from Equations (4.15) and (4.16), the pixel difference

σs,i is related to the probability of getting readout of 1 from the Z-axis, Ps(|1〉), in the

measurement and Ps(|1〉) will increase when pixel difference increases. Furthermore, the

similarity between the two images, which is the function of the pixel differences at every

position, depends on Ps(|1〉) as given by

sim(|Ls(n)〉, |Rs(n)〉) = 1− 2Ps(|1〉)

=
1

22n

22n−1∑
i=0

cosσs,i,
(4.17)

where |Ls(n)〉 and |Rs(n)〉 are the two images being compared, Ps(|1〉) is defined in E-

quation (4.15), and sim(|Ls(n)〉, |Rs(n)〉) ∈ [0, 1].

Two special cases of the similarity between two quantum images are listed as follows:

• if ∀i,σs,i = π/2, then sim(|Ls(n)〉, |Rs(n)〉) = 0, two images are totally different;

• if ∀i,σs,i = 0, then sim(|Ls(n)〉, |Rs(n)〉) = 1, two images are exactly the same,

where i = 0, 1, . . . , 22n− 1, σs,i is the pixel difference at position i as defined in Definition

4.2.

Based on the comparison method and the probability distributions introduced above,

the scheme to accomplish the image searching on quantum mechanical systems is presented

in Figure 4.4.

The quantum images are prepared from the classical images using FRQI representation

[37][69][33][29]. The color information as well as the corresponding positions of every point

in the classical image is integrated into the quantum state, and 2m + 1 quantum images
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Figure 4.4: Block diagram of scheme to realize image searching on quantum mechanical sys-
tems.

being compared are combined as a Z-strip. Because of the superposition property of

quantum computation, such a work can be realized using only a few quantum resources.

The Z-strip prepared in the preceding period is transformed using a gate array com-

prising of geometric, GTQI [38], and color, CTQI [39], transformations on all the images

in the strip. For this particular application, the transformations are built in a way to

allow the recovery of the pixel difference as defined in Equation (4.16). This transforma-

tion unit combines with measurement operations that follow it to convert the quantum

information into the classical form as probability distributions. The Z-strip is prepared

n(n > 1) times to compare the similarity between two quantum images in parallel since a

measurement would destroy the superposition state in the quantum system [49]. Extract-

ing and analyzing the distributions gives information that the similarity values between

the quantum images being compared, so that the image with the highest similarity to the

particular test image could be retrieved as a result from the database.

The operation to search image on quantum mechanical systems is realized by using

only a single Hadamard gate and several measurements. Such an image searching scheme,

however, can only be achieved on a classical computer by comparing one pair of images

at a time. Hence, the proposed method offers a significant speed-up compared to how it
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is performed using classical computing resources.

4.4 A simulation experiment to search quantum im-

ages from database

A conventional desktop computer with Intel Core i7, 2 Duo 2.80 GHz CPU, 4GB RAM

and 64bit operating system is used to simulate the experiment. The simulation experiment

is executed based on linear algebra using Matlab and the program is encoded by means of

equations as well as the definitions that are introduced in earlier sections of this chapter.

The purpose of this experiment is that to search the image from a database which has the

highest similarity with the test image. An original database which includes sixty-four 4×4

binary image data is used, then the Z-strip comprising of |D0(2)〉, |D1(2)〉, . . . , |D63(2)〉,

and sixty-four |T (2)〉s is constituted as shown in Figure 4.5.

Figure 4.5: Image searching from database |D〉.

The corresponding circuit structure to realize such an image searching is presented in

Figure 4.6. There are three steps to achieve this comparison:
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Step 1: The test images |T (2)〉 is prepared from the classical version using FRQI repre-

sentation and integraed to a Z-strip state with the images |D〉 in the database;

Step 2: A Hadamard operation is applied on the Z-axis in order to compare the test image

|T (2)〉 with |D0(2)〉, |D1(2)〉, . . . , and |D63(2)〉;

Step 3: The measurements which convert the quantum information to the classical form

are used on the S-axis and Z-axis to distribute the readouts from which the histogram is

built to reflect the similarity of the sixty-four pairs of images.

Figure 4.6: Circuit structure for realizing the image searching in Figure 4.5.

The circuit comprises of 12 qubits of which 6 are used to address positions of the

image, 1 qubit is reserved for storing the information about the colors, and the remain-

ing qubits are prepared for representing the Z-strip wire where the Hadamard gate and

measurement MZ are applied. A simulation of a single Hadamard gate and seven mea-

surement operations are used to obtain the similarities for these 64 pairs of images based

on the probabilities of getting the readouts on the Z-axis and S-axis in the measurements

as shown in the Figure 4.7. From the histogram, the image |D37(2)〉, which manifests

the highest similarity value of 0.93 to the test image |T (2)〉 is retrieved as the searching

result. There is only one different grid between the test image and |D37(2)〉, which are

shown in Figure 4.8. It is testified from that the quantum image searching is based on

the pixel difference between the test image and the images in the database.
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Figure 4.7: Similarities among different pairs of images in Z-strip.

Figure 4.8: The test image |D(2)〉 and the retrieved image |D37(2)〉.

The foregoing experiment provides the foundation for the next step in quantum image

processing based on the FRQI representation. The results as indicated in this section

show that the quantum image searching on quantum mechanical systems is feasible and

practical. Furthermore, the target area to apply the proposed method is the development

of the search engine on quantum computing devices.

4.5 Conclusion

The simulation experiment is performed to search for a target image from an original

database comprising of sixty-four (64) binary images. There are 12 qubits which encodes

each image in the Z-strip and 7 quantum measurements which are for converting the

quantum information to the classical form as probability distributions in the circuit.

According to the readouts from the measurements, the similarity of each pair between
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the test image and the images in the database is calculated. For the simulation-based

database used in this chapter, the 38th image, |D37(2)〉, with the highest similarity value

of 0.93 is retrieved as search result. It is concluded that the more images in the database,

the better the ability of the proposed method. This is because m qubits on the strip wires

can represent 2m quantum images in the Z-strip, and only one qubit on the Z-axis can

represent the images on both the left and right side of Z-strip. This further demonstrates

the low computational resources of the proposed method compared to performing the

same task on traditional computing devices.

As for future work, the proposal will be applied on designing a search engine on such

quantum computing devices that the image in the database is retrieved based on its

similarity to the test image. Most of the search engines recently are only based on the

text to realize the searching [54]. Even some searching is developed based on the content

of the images. It is, however, usually time-consuming. This work, which realizes the

searching based on the content of the images and is executed in parallel, proposes a basic

step for the quantum image searching, especially when a database comprising of a huge

amount of data is confronted.
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A double-key, double-domain

watermarking strategy for

multi-channel quantum images

5.1 Introduction

To process color images on quantum computers, a Multi-Channel representation for

Quantum Image (MCQI) is proposed to capture RGB channel information and these

multi-channel information is stored in quantum states simultaneously [60][59]. Through

such an representation, the Channel of Interest (CoI) and Channel Swapping (CS) [60][59]

can be realized. Arising from the quantum image representations, researchers start to

investigate watermarking strategies, which embeds the specific symbolic information into

quantum images, in order to protect the copyright of the quantum images [22][23][70][61].

The watermarking and authentication of quantum images (WaQI) [30][29] was proposed,

which is secure, keyless, and blind, but it could be only used to authenticate whether

the carrier image belongs to a certain one or not because we have to know the content of

watermark image first so as to design the quantum circuit for the authentication. Another

quantum image watermarking strategy which embeds the logo information into Quantum

Fourier Transform (QFT) coefficients was discussed in [71]. The illegal users can not

understand what the watermarked information means even though they extract it from
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the watermarked image, however, it is still dangerous if the ‘fixed’ key is stolen by them.

In addition, both of these two watermarking strategies are used for dealing with grey scale

quantum images only.

A new Multi-Channel Watermarking strategy for Quantum Images (MC-WaQI) is

proposed where the double-key and double-domain idea makes the watermarking more

secure. It is designed based on the MCQI representation [60][59] which is used to represent

the color watermark image and carrier image. Specifically, the main contributions of this

chapter are three-fold:

• The adoption of MCQI representation makes MC-WaQI strategy possible to deal

with color quantum images;

• The double-key scheme produces the double protection on the watermark image,

and the color information key from the quantum measurement is ‘unfixed’;

• The watermark image is embedded into both spatial domain and frequency domain

which improves the anti-attack capability of watermarked images.

The Multi-Channel representation for Quantum Images (MCQI) is introduced in Sec-

tion 5.2, which is the basis of the MC-WaQI strategy. The details of the MC-WaQI

strategy is describe in Section 5.3. In Section 5.4, the experiment results are presented

and analyzed.

5.2 General schematic of watermarking strategy for

MCQI images

Based on the pixel representation for images on conventional computers and FRQI

representation [37], the Multi-Channel representation for Quantum Images (MCQI) is

proposed in [60] to capture RGB channels information, which is accomplished by assigning

three qubits to encode color information of images and the mathematical expression is

presented as

|I(n)mc〉 =
1

2n+1

22n−1∑
i=0

|Ci
RGB〉 ⊗ |i〉, (5.1)

58



Chapter 5: A double-key, double-domain watermarking strategy for multi-channel
quantum images

where the color information |Ci
RGB〉 encoding the information of R, G, and B channels is

defined as

|Ci
RGB〉 = cos θiR|000〉+ cos θiG|001〉+ cos θiB|010〉+ cos θO|011〉

+ sin θiR|100〉+ sin θiG|101〉+ sin θiB|110〉+ sin θO|111〉,
(5.2)

where {θiR, θiG, θiB} ∈ [0, π/2] are three angles encoding the colors of the R, G, and B

channels of the ith pixel, respectively. θO is set as 0 to make the two coefficients constant

(cos θO = 1 and sin θO = 0) to carry no information [60][59].

In this chapter, a double-key, double-domain Multi-Channel Watermarking strategy

for Quantum Images (MC-WaQI) is proposed, which can be used to increase the security

of quantum images. The general framework for the proposal is shown in Figure 5.1,

which is delineated into two broad divisions, the first of that comprises of all the data

available to the copyright owner, i.e. the publisher of the watermarked image, and the

other consists of the information published for the public users. Therefore, the tasks such

as preprocessing, embedding, and extracting are handled by the copyright owner who has

exclusive permission to access these data. In addition, the scheme is also divided into

classical domain and quantum domain from the view of research field.

In detail, this strategy could be realized by the following three steps:

(1) Preprocessing procedure

• prepare for MCQI images |I〉 and |W 〉 from the classical version of them I and

W ;

• create two watermark information |FW 〉 and |SW 〉 from the original water-

mark image |W 〉 for the embedding into both frequency domain and spatial

domain of the carrier image;

• apply measurement operation on image |SW 〉 to obtain retrieved image M ;

• generate the Color Information Key (CIK) from image M by means of the

encoding rule;

• execute operations on |SW 〉 using CIK to get image |SW ′〉;
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Figure 5.1: General schematic for MC-WaQI.

• compose image |FW ′〉 from image |FW 〉;

• scramble image |FW ′〉 to obtain image |FW ′′〉 by applying Position Informa-

tion Key (PIK) operation, and it is an optional operation to scramble image
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|SW ′〉 to |SW ′′〉;

• resize image |FW ′′〉 and |SW ′′〉 to get image |FW ′′′〉 and |SW ′′′〉.

(2) Embedding procedure

• embed image |FW ′′′〉 into the QFT coefficients of carrier image to transform

image |I〉 to image |I ′〉;

• embed image |SW ′′′〉 into the spatial domain of image |I ′〉 to generate image

|I ′′〉.

(3) Extracting procedure

• extract watermark image |RFW 〉 from frequency domain using PIK;

• extract watermark image |RSW 〉 from spatial domain using CIK (probably

with PIK depending on preprocessing procedure).

Quantum computers are usually initialized in well-prepared states, as a result, the

preparation which transforms quantum computers from the initialized state (assuming

|00...0〉) to MCQI state is enumerated as the first step [60][37]. Two watermark informa-

tion are created from the original watermark image for embedding it into both frequency

domain and spatial domain of the carrier image in order to strengthen the power of resist-

ing invalid attack. Meanwhile, two keys are generated in the procedure that one of them

(Color Information Key or briefly CIK) is randomly updated by the quantum measure-

ment to protect the color information of the watermark image and the other (Position

Information Key or briefly PIK) is fixedly assigned by the owner [71] to scramble the po-

sition information of the watermark image. After the preprocessing, the two watermark

information are embedded into the frequency domain and the spatial domain of carrier

image, respectively. Finally, the watermarked quantum image could be extracted from

these two domains by means of the proposed watermark recovery circuit, which is only

available to the embedder. Furthermore, the quantum images can be retrieved to the

classical version of them on the basis of quantum measurement.
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5.3 Double-key generation and double-domain em-

bedding procedure

5.3.1 Two watermark information generation

In MC-WaQI strategy, the watermark information is requested to be embedded into

both frequency domain and spatial domain of the carrier image. In order to realize it,

the watermark image with half size of the carrier image are processed to two kinds of log

information. Assuming the size of carrier image is n×n, the size of the watermark image

is supposed to be n/2 × n/2, otherwise, the embedder will polish the watermark image

to half the size of carrier image [71]. The MCQI image is a multiple channel quantum

image with the original RGB channels and O channel for processing the color information

as shown in Equations (5.1) and (5.2), so the watermark images in different channels are

presented in Figure 5.2, where O channel is the redundant channel with all black pixels.

Figure 5.2: The watermark image and its separations in 4 channels.

In order to embed the watermark information into the spatial domain of the carrier

image, a new logo information |SW 〉 should be composed by combining the original wa-

termark image |W 〉 with its separation in O channel, image |WO〉, horizontally as shown

in Figure 5.3.

Figure 5.3: Watermark image |SW 〉 in spatial domain.
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After the preparation of watermark information in spatial domain, the separations of

watermark information in R, G, B, and O channels are combined to generate a grey scale

image |FW 〉 for the watermarking in frequency domain as presented in Figure 5.4(a).

Then a double sized image |FW ′〉 as shown in Figure 5.4(b) is obtained by adding a black

image with the same size adjoint to the right border of image |FW 〉 so that the watermark

information can be embedded into QFT coefficients of the carrier image.

Figure 5.4: (a) Watermark image |FW 〉 and (b) resized version |FW ′〉 in frequency domain.

5.3.2 Spatial domain embedding and CIK generation

The Color Information Key (CIK) is an unfixed key, which is updated by applying

quantum measurement on watermark image. A measurement applied on a superposition

state α|0〉 + β|1〉 will lead to the collapse of this state to produce the result 0 with

probability of α2 or 1 with probability of β2, where α2 + β2 = 1 . An simple example

presented in Figure 5.5 shows how a CIK can be generated.

First of all, the watermark image is prepared and stored as quantum state [37][60],

then it is preprocessed to have the same row number and double column number. The

processed watermark image contains the original watermark information located at the

left and the right part is filled with black pixels (0,0,0). A quantum measurement is

applied on each channel of the watermark image to lead the different color information

collapsed to a certain color as shown in the post-measurement image [15]. Take a purple

quantum pixel as an example, it could be decomposed to R (128), G (64), and B (128),

however, we can only obtain black and white with probabilities on each channel after the

measurement on these three channels according to the quantum state collapse property
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Figure 5.5: Generation procedure of CIK.

as we introduced earlier. Undoubtedly, there are only eight possible colors in the post-

measurement image and we assign eight natural numbers from 0 to 7 for them to make

an encoding rule, from that a CIK is generated as presented in Figure 5.6. The CIK

is obtained by the quantum measurement and the length of CIK is the same with the

number of the pixels in post-measurement image. For example, the length of CIK in

Figure 5.5 is 128, which is the same size with resized watermark image, and the first

element in CIK is 6, the second is 3, the third is 1, and so on. We give each number

in CIK a different operation based on a specified Channel of Interest (CoI) or Channel

Swapping (CS) operation [60][45] so that the color information in the watermark image

could be transformed. The rule of relationship between the value of element of CIK and

the color operation as well as the explanation of the operations is also shown in Figure

5.6. Specifically, the CoI operation (CoIR, CoIG, or CoIB) changes the grey scale value

of one channel (R, G, or B) of an image and the CS operation (CSRG, CSRB, or CSGB)

swaps the grey scale value between two channels (RG, RB, or GB).

Using the CIK generation with related operations, the watermark image |SW 〉 is

processed to |SW ′〉 as presented in Figure 5.7(b). It is clear that the color information

of image |SW 〉 has been protected, however, the position information is still exposed. A

Position Information Key (PIK) will be introduced in the following sub-section which can
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Figure 5.6: The rule of applying CIK operations.

scramble the position information of |SW ′〉 when it is needed. Such a spatial domain

embedding method makes sure that a different key will be updated every time when we

produce watermark information, which means the illegal users can only get the image this

time even though they steal the key. It is different from the previous research [71], where

the key used to scramble the watermark image is fixedly assigned by the copyright owner.

Figure 5.7: (a) Watermark image |SW 〉 and (b) result image |SW ′〉 by applying CIK opera-
tions.

65



Chapter 5: A double-key, double-domain watermarking strategy for multi-channel
quantum images

5.3.3 Frequency domain embedding and PIK generation

The position information protection method is designed by applying Position Infor-

mation Key (PIK) on watermark image [71]. Given a image sized by m×n, there are two

random permutations denoted by A and B (A and B build up the PIK) with the size of m

and n, respectively. The pixel (A(i),B(j )) of image |FW ′〉 in Figure 5.4 replaces the pixel

at position (i,j ) in the same image, where A(i) and B(j ) are the ith and jth elements of

A and B, respectively. After performing this algorithm on all pixels of image |FW ′〉, the

position information of the image is scrambled to produce a meaningless image |FW ′′〉 as

shown in Figure 5.8(a). In addition, sequel to the discussion about watermark information

in spatial domain, image |SW ′〉 can be scrambled again by applying PIK and the result

of it, image |SW ′′〉, is presented in Figure 5.8(b).

Figure 5.8: (a) Scrambled image |FW ′′〉 and (b) scrambled image |SW ′′〉.

5.3.4 Embedding and extracting procedure of watermark image

A color image consists of many pixels and the color information of each pixel can be

separated into three channels. According to the Equation (5.2), a quantum image can be

rewritten as

|I(θ)mc〉 =
N−1∑
i=0

(X i
R|0〉+X i

G|1〉+X i
B|2〉+XO|3〉)|i〉, (5.3)

where i is the position information, N is the number of pixels in the image, X i
R, X i

G,

and X i
B are color channel information, and XO is made to carry no information. The

watermark image will be embedded into both frequency domain (QFT coefficients) and

spatial domain (RGB channels), so we discuss the embedding and extracting procedure
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from these two domains.

1. Embedding procedure:

(1) Embedding in frequency domain. In order to guarantee the pixels’ value of the

embedded carrier image (|I ′〉) are still real, the revised value of the QFT coefficients should

be symmetrical [71]. Suppose the size of carrier image is m× n, the revised value of the

QFT coefficients should meet the conditions that CEX(i, j) = CEX(m− 1− i, n− 1− j),

X ∈ {R,G,B,O}, where CEX(i, j) is the revised value of QFT coefficients in X channel

of the carrier image. Accordingly, the watermark image |W 〉 to be embedded into the

carrier image should also be symmetrical that WX(i, j) = WX(m − 1 − i, n − 1 − j). In

addition, image |W 〉 used for the embedding in frequency domain should be doubly sized

with image |I〉 because of QFT [64][12], while it used for the embedding in spatial domain

should be uniform-sized with image |I〉 according to MCQI representation, that is the

reason why we resized the watermark image |W 〉. The final processed watermark images

|FW ′′′〉 and |SW ′′′〉 are obtained from image |FW ′′〉 and |SW ′′〉 by symmetrically setting

the lower half part of them. The whole procedure of embedding in frequency domain is

as:

• preprocessing on watermark image (W → |W 〉 → |FW 〉 → |FW ′〉 → |FW ′′〉 →

|FW ′′′〉);

• execute QFT on the carrier image and get its QFT coefficients;

• embed each channel of image |FW ′′′〉 into each channel of QFT coefficients of image

|I〉 and obtain image |I ′〉. The details about the embedding and extracting in QFT

coefficients is thoroughly discussed in [71].

(2) Embedding in spatial domain. As stated in the previous two sub-sections, the

whole procedure of embedding in spatial domain is listed as:

• preprocessing on watermark image (W → |W 〉 → |SW 〉 → |SW ′〉 → |SW ′′〉 →

|SW ′′′〉);

• embed each channel of image |SW ′′′〉 into image |I ′〉 to obtain the final watermarked

image |I ′′〉.
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2. Extracting procedure:

As the anti-operation of embedding procedure, we design two kinds of circuits that

(F)watermark recovery circuit and (S)watermark recovery circuit as shown in Figure 5.1.

The whole procedure of extracting is presented as:

• recover the watermarked image |I ′′〉 to get image |RFW 〉 and image |I〉 using

(F)watermark recovery circuit;

• recover the watermarked image |I ′′〉 to get image |RSW 〉 and image |I〉 using

(S)watermark recovery circuit.

Figure 5.9: (a) Resized image |FW ′′′〉 and (b) resized image |SW ′′′〉.

5.4 Simulation experiments of watermarking for M-

CQI images

The experiments are carried out on a desktop computer with Intel Core i7, 2 Duo 2.80

GHz CPU, 4GB RAM and 64bit operating system. The simulations are based on linear

algebra with complex vectors as quantum states and unitary matrices as unitary trans-

forms using QLIB [44][27] (A Matlab package for quantum information). Nine building

images are used as carrier image and a Tokyo Tech logo is treated as the watermark im-

age. To evaluate the quality of the embedded images, average RGB Peak Signal-to-Noise

68



Chapter 5: A double-key, double-domain watermarking strategy for multi-channel
quantum images

Ratio (RGB-PSNR) [43][1][16] is used, which is defined as

PSNRRGB = (PSNRR + PSNRG + PSNRB)/3, (5.4)

where

PSNRX = 20log10

(
255√
MSE

)
, X ∈ {R,G,B}, (5.5)

MSE =
1

mn

m−1∑
i=0

n−1∑
j=0

[I ′′(i, j)− I(i, j)]2, (5.6)

Here, MSE is the Mean Squared Error between the carrier image I(i, j) and the em-

bedded image I ′′(i, j), where m and n are the number of pixels in the image. The size of

the carrier images in the experiments are all 256 × 256 as shown in Figure 5.10 and one

specific embedding and extracting experiment is presented in Figure 5.11.

5.5 Conclusion

A new Multi-channel Watermarking strategy for Quantum Images (MC-WaQI) is pro-

posed where the double-key and double-domain idea makes the watermarking more secure.

The MC-WaQI strategy is designed based on the MCQI representation [60] to represent

the watermark image and the carrier image to realize the color quantum image water-

marking. The simulation results of the embedding and extracting experiments show that

the average RGB-PSNR between each carrier image and its embedded image is bigger

than the previous researches. The logo representing the copyright owner can be retrieved

by using CIK and PIK, and also the experiment proves that the illegal users are difficult

to get or destroy the logo, which further ensures the security of the proposed strategy.

For the future works, on the one hand, we will do the watermarking job to a strip of

quantum images instead of one image once using the quantum parallel computing ability,

which will significantly increase the efficiency; on the other hand, the MC-WaQI strategy

will be used for quantum data protection.
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Figure 5.10: All the carrier images in the simulation experiments.

Figure 5.11: (a) The carrier image, (b) watermark image, and (c) watermarked image.
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Bloch sphere based representation

for quantum emotion space

6.1 Introduction

Inspired by the research on quantum image processing, we extend our research top-

ic to the emotion space in quantum computing domain. Emotion expression, where an

emotion space is always used to represent the emotion in terms of quantitative analysis

and visualization, is important to facilitate a smooth communication in face-to-face com-

munication [53][46][66]. In 1997, pleasure-arousal judgment space [53] was proposed as a

“psychological judgment space” for affective feelings, in which the two dimensions that

are associated with general characters of emotion, represents not only specific emotions

but also continuous variations in emotions. Each emotion can be placed in the pleasure-

arousal space when the stimuli are translated into appropriate values in the coordinate

system. In 2001, a three-dimensional mental space [46] was defined as the mental model

of the robot based on the pleasure-arousal space. A certainty axis, which is a continuous

value ranging from -1 to +1, was added to this new space to produce smooth and effective

communication between humans and robots. Later on, in order to take into account the

rapid variations in the mentality state due to real time human-robot interaction, affinity

pleasure-arousal space [66], where the affinity axis was used to describe the transition

from one mentality state to another according to the progress of the conversation and
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repetitive interaction was proposed. The pleasure-displeasure and arousal-sleep axis in

the space are related to the favor of the interlocutor and liveliness in communication,

respectively.

Most of the emotion space representations and discussions are, however, based on

the conventional arithmetic relying purely on the use of mathematical expressions and

calculations. Often, it is difficult to visualize the emotion space needed to provide an

intuitional impression to the observer and even more complex to find a ‘sensor’ to track

the emotional transition. In terms of the development of quantum computation and

information, as well as the overwhelming superiority in quantum processing, such as

parallel computation and invertible property [49], a quantum emotion space representation

is considered to realize more practical and efficient operations. In addition, inspired by

the color expression in wheel of emotions [50] and quantum sphere of emotions [52],

Bloch Sphere based Emotion Space (BSES) is proposed, where two angels ϕ (0≤ϕ<2π)

which represents the emotion (such as happiness, surprise, anger, sadness, expectation,

and relaxation) and θ (0≤θ≤π) which indicates its intensity are determined. The set

(ϕ, θ), which corresponds to a specific qubit, can be used to express any emotion. Such

a representation makes it easy to visualize the emotion space using the saturation and

brightness of color information based on the psychological perspective [19][35]. Therefrom,

the current status of a human’s emotional state is easily observable. In addition, the

emotion space is extended to the quantum computing domain, where the properties of

quantum computation could be fully utilized to track human’s emotional transition using

quantum gates.

In the experiment, a human’s facial expressions with different emotions are pho-

tographed in order to express them in BSES space. According to the intensity of the

human emotion, pleasure and arousal are scored by the difference between the same face

showing the configuration minus the rating of the same face showing no visible Action

Units using FACS [53][18]. The scores are transformed from the two-dimension ‘pleasure-

arousal plane’ to the Bloch sphere using the preset formula in order to represent the

emotions visually in BSES space.
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A Bloch sphere based emotion representation method is proposed in Section 6.2. The

quantum emotion and how to generate it from stimulus are introduced in Section 6.3.

The experiments to represent and interpret human emotion using the BSES space are

presented in Section 6.4.

6.2 Bloch sphere based emotion space

Emotion space is intended to extend to quantum domain so as to realize the quantum

affective computing. The qubit and quantum gates are reviewed in this section firstly. In

addition, Bloch Sphere based Emotion Space (BSES) which represents human emotion

in quantum computing domain is proposed based on the potential relation between the

qubit representation and human emotion.

6.2.1 Qubit and human emotion

A quantum computer is a physical machine that can accept input states which rep-

resent a coherent superposition of many different inputs and subsequently evolve them

into a corresponding superposition of outputs [33]. The smallest unit of information in

a quantum system, a qubit, is a unit vector in a two-dimensional Hilbert space that can

exist in a superposition state, |ϕ〉=α|0〉+β|1〉, which is formed by linear combinations

of computational basis states |0〉 and |1〉, where α and β are complex numbers. It only

ever gives ‘0’ or ‘1’ as the measurement result probabilistically when a qubit is measured

[49]. These are analogous to the human’s behavior where although there are a number of

emotions inside human mind, the final action of them represents only one emotion [52].

Linear operator on a Hilert space, Uf , which manipulates the qubit is a unitary matrix

as UfU
†
f = I, where U †f is the Hermitian conjugate or adjoint of Uf . These three matrices

are represented as

Uf =

 a00 a01

a10 a11

 , U †f =

 a ∗
00 a ∗

10

a ∗
01 a ∗

11

 , and I =

 1 0

0 1

 , (6.1)
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where a ∗
ij is the complex conjugate of aij, i, j ∈ {0,1} [65]. The unitary transformation

Uf possesses the reversibility that enables a transformed qubit state |f(x)〉 to be recovered

from the original state |x〉 after applying the adjoint matrix as

Uf : |x〉 → |f(x)〉, U †f : |f(x)〉 → |x〉. (6.2)

In the quantum circuit models of computation, designing efficient circuits is neces-

sary to realize and analyze any quantum algorithm. The main resources that make up

these circuits consist of a succession of basic unitary gates that act on one or two qubits

only. Many elementary gates including single qubit gates, Pauli gates, Controlled-NOT

or CNOT, and Toffoli gates for quantum computation are introduced in [68][67]. These

quantum gates are tools to track and recover the human’s emotional transition in BSES

space.

6.2.2 Representation of BSES space

In the ‘pleasure-arousal judgment space’ [53], the two-dimensional plane has a pleasure-

displeasure axis and an arousal-sleep axis. The cross point is regarded as the neutral

expression, and from which the level of happiness will increase along the pleasure direc-

tion, and vice versa. On the arousal-sleep axis, the liveliness of a human emotion will

become stronger from the cross point along the arousal direction. Based on the discus-

sion above, the four quadrants are settled with ‘Excitement’, ‘Stress’, ‘Depression’, and

‘Calm’. These two dimensions represent not only specific emotions but also continuous

variations in emotions. Several typical emotions are enumerated as shown in Figure 6.1,

the emotion ‘Surprise’ is taken as an example, which has a higher liveliness, but also

owns both possibilities for pleasure and displeasure. In the same way, any emotional

stimulus-faces, words, tones of voice, postures, emotion-eliciting situations, and actions

can be represented by emotional states in the pleasure-arousal space.

In addition, inspired by the color expression in wheel of emotions [50], a disc with color

gradient on the pleasure-arousal plane is adopted to vividly represent the continuously
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Figure 6.1: Pleasure-arousal judgment space for affective feelings.

Table 6.1: Different emotions expressed by colors [50][19][35].

Color Red Yellow Green Blue Indigo Purple

Emotion Anger Surprise Happiness Relaxation Expectation Sadness

variable emotions, instead of using the discrete point in the coordinate system, as shown

in Figure 6.2. The angle ϕ (0≤ϕ<2π) from the pleasure-displeasure axis’s positive axis is

used to represent the different emotions. The upper bound of the angle ϕ can be either in

each color area or the overlapped parts, which means the angle ϕ can represent different

emotions even a mixture of two emotions. Besides, the saturation of the color from the

original point to the edge of the disc is gradually changed in order to take into account

the intensity of the current emotion. Based on [50], five representative emotions are

selected from the general features in pleasure-arousal space, which are ‘Anger’, ‘Surprise’,

‘Happiness’, ‘Relaxation’, and ‘Sadness’, are used to represent basic human emotions.

Another emotion, which is supposed to be around the neutral expression, ‘Expectation’,

is made to make a pair with surprise. The color information also corresponds to the

selected emotions according to some literature on psychology [50][19][35]. The colors on

the disc and the corresponding emotions are presented in Table 6.1.

Additionally, because of the potential relation between the qubit representation and
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Figure 6.2: Pleasure-arousal judgment space with continuous color disc for affective feelings.

human emotion as presented in Section 6.2.1, a qubit is considered to be used to represent

human emotion which is defined as the following geometric representation:

|φ〉 = cos
θ

2
|0〉+ eiϕ sin

θ

2
|1〉 (6.3)

where θ and ϕ are real numbers that define a point on the unit three-dimensional sphere,

i.e. Bloch sphere [49] which provides a useful means of visualizing the state of a single

qubit, and often gives an excellent foundation for quantum computation and quantum

information. It is obvious that we can always find a projection of the point on the

sphere surface from equator plane which means the Bloch sphere representation of qubit

is appropriate to represent the emotions of human as shown in Figure 6.3.

To construct a model of human emotion in the BSES space, three hypotheses are put

forward as follows:

• Each emotion subspace, i.e. the space that each emotion covers follows a Gaussian

distribution;

• Each emotion subspace has a limited boundary, and the projections of all subspaces

on the ‘equator plane’ are combined to a complete plane;

• The center of each subspace represents its category.

76



Chapter 6: Bloch sphere based representation for quantum emotion space

Figure 6.3: Human emotional space expressed using the Bloch sphere.

The angle ϕ (0≤ϕ<2π) in the BSES space is used to represent the human emotion,

and the angle θ (0≤θ≤π) indicates the intensity of the current emotion. Therefore, the set

(ϕ,θ) corresponds to a specific qubit, which can be used to express the human emotion.

There are several special cases to represent different emotions as follows:

1. θ=0 represents a neutral emotion, which is useful for the initialization;

2. θ=π/2 represents the emotion, which is determined by the angle ϕ, in mid-level

intensity, for example, (ϕ,θ)=(3π/2,π/2), on the Bloch sphere represents the mid-

level surprise emotional state;

3. θ=π represents all the maximum emotional states.

The BSES space extends emotion space to the quantum computing domain, where

the properties of quantum computation could be fully utilized, for example, the quantum

gate would be regarded as the emotional transition matrix to track the changes in human

emotion.

6.3 Quantum Emotion in BSES space

The notion of Quantum Emotion (QE ), which essentially translates the representation

of human emotion in terms of the quantum mechanical properties of quantum computa-
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tion, is discussed in this section. It is followed by the discussion on how to generate the

QE from stimulus such as faces, words, and voice.

6.3.1 Definition of quantum emotion

As we know, human emotion is time-dependent [42]; therefore, the state of the human’s

Quantum Emotion (QE ) is supposed to be a continuous and time-related variable. In

other words, at time t, the transfer of the state of the QE is related to the state of the QE

at time t-1. Because in BSES space, the emotional change can be attributed to the rotation

about the y axis and (or) x axis, it is feasible to use a 2 × 2 unitary matrix, ETt(ϕ,θ),

which is defined as an emotional transition matrix, to track the process. Therefore, QE

can be defined as

|QE(t)〉 =

 cos θ
2
|0〉+ eiϕ sin θ

2
|1〉, t = 1

ETt(ϕ, θ)|QE(t− 1)〉, t = 2, 3, ...,m
(6.4)

where ϕ is the current human emotion, and θ is its intensity, |QE(t− 1)〉 is the quantum

emotion at time t-1, ETt(ϕ, θ) is the emotional transition matrix which plays a significant

role in transmitting the emotion from time t-1 to time t.

In line with the frequently used quantum gates in quantum computation as reviewed in

Section 6.2.1, several special emotional transition matrixes to track the human’s emotional

change are listed as below:

1. ETZ corresponding to Z ≡

 1 0

0 −1

, which leaves the state |0〉 unchanged, and

flips the sign of |1〉 to give −|1〉, changes the emotion completely, but the intensity

is unchanged;

2. ETX corresponding to X ≡

 0 1

1 0

, which transforms the emotion state to a

new one where role of |0〉 and |1〉 have been interchanged, changes the intensity to

the inversed corresponding position, but doesn’t change the current emotion;
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Table 6.2: Quantum emotion scores for single Action Units adapted from [53].

AU FACS Name (Pleasure, Arousal) QE (ϕ,θ)

1 Inner brow raised (-1.92, -0.85) (3.56, 1.16)

2 Outer brow raised (1.85, 2.11) (0.85, 1.56)

4 Brow furrowed (-2.00, 1.23) (2.59, 1.30)

5 Upper eyelid raised (-1.19, 3.04) (1.94, 1.81)

6 Cheek raised (1.46, 0.73) (0.46, 0.91)

7 Lower eyelid raised (-1.85, 0.58) (2.84, 1.08)

9 Nose wrinkled (-2.33, 2.33) (2.35, 1.83)

10 Upper lip raised (-3.67, 1.97) (2.65, 2.31)

15 Lip corner depressed (-2.26, -0.63) (3.41, 1.30)

17 Chin raised (-0.93, 0.60) (2.57, 0.61)

46 Wink (1.19, 0.54) (0.43, 0.72)

3. ETH corresponding to H ≡ 1/
√

2

 1 1

1 −1

, makes the emotion do a rotation of

the sphere about the y axis by 90 ◦, followed by a 180 ◦ rotation about the x axis.

Human emotion is constantly changing as the time goes by, compared to the initial

state, therefore, we can compute the Emotional Transition matrix (ET ) from the quan-

tum emotion at time t. ET is an important parameter to describing the tendency and

magnitude of changes in a human’s emotional state. For example, how much extent one

person changes his emotion from happiness to sadness. Because ETt(ϕ, θ) is a unitary

matrix in the definition of quantum emotion |QE(t)〉 = ETt(ϕ, θ)|QE(t− 1)〉, we can use

its adjoint matrix, ET †, to recover the current emotion |QE(t)〉 to the proceeding state

|QE(t− 1)〉 for some special issues.
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6.3.2 Generation of quantum emotion

The representation of BSES space, where humans’ multifarious emotions are expressed

using a Bloch sphere and the quantum emotion generated in such a space were introduced

earlier. The next question should be ‘How to generate the emotions in BSES space’ from

the emotion stimulus. Several stimuli such as faces, words, voice, and postures are usually

used for the analysis of human emotion. In this chapter, we will only focus on how to

translate the emotion to the ‘pleasure-arousal plane’ from the facial movement using

Facial Action Coding System (FACS) [18]. FACS is a system to taxonomize human facial

movements by their appearance on the face that defines the Action Units (AUs), which

are contractions or relaxations of one or more facial muscles. Pleasure and arousal scores

for single Action Units are evaluated by values are those obtained from a face with the

Action Unit minus the same face with no Action Unit [53]. Each scale is numbered from 1

to 9. Thus, the potential range of the difference would be from -8 to +8. In practice, the

neutral face falls near the middle of the scale; thus, the effective range of the difference is

from -4 to +4. In order to match the standard of pleasure and arousal scores, the radius

of the Bloch sphere is set to be 4.

According to the coordinate system conversions from the Cartesian coordinate to

spherical coordinate system, the emotion, ϕ, is determined using anti-trigonometric func-

tion calculation. The intensity of this emotion, θ, is decided based on the distance from

the original point to the projection of the current emotion in the pleasure-arousal plane.

The coordinate transformation from the two-dimensional ‘pleasure-arousal plane’ to the

BSES space is stated as

ϕ = arctan y/x (6.5)

θ = π/4
√

2
√
x2 + y2 (6.6)

where x is the length from the original point to the projection of QE on the pleasure-

displeasure axis; y is the length from the original point to the projection of QE on the

arousal-sleep axis. The value of ϕ and θ could also be adjusted in depending on which

quadrant the point is located. Therefore, we can express the information of any particular
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emotion in BSES space. The process of generating human emotion in BSES space is shown

in Figure 6.4.

Figure 6.4: Generation of human emotion in BSES space.

Some representative facial features which are attributed to different AUs are shown

in Table 6.2. FACS name represents the emotional description of AU. The pleasure and

arousal are evaluated and scored from [53], while the quantum emotion transformed from

that is shown as QE (ϕ,θ).

6.4 Experiment of representing human emotion in B-

SES space

In the experiment, a person’s faces with different expression are photographed while

the subject’s expression is changing, which are used for the analysis and representation

using the Bloch sphere based emotion spaces. We focus on the subject’s initial and final

emotional state (happiness and sadness, respectively), from which the emotional transition

matrix is analyzed for tracking the tendency and magnitude of his emotional change. The

basic emotions are presented as the combination of the Action Units according to the

emotional FACS. The intensities of FACS are annotated by appending letters A-E (for

minimal-maximal intensity) to the Action Unit number in order to represent the intensity

of movements of individual facial muscles, i.e. A (Trace), B (Slight), C (Marked or

Pronounced), D (Severe or Extreme), and E (Maximum) [18].

Referring to the description of emotional features in FACS, we assign the two emotions
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Table 6.3: Quantum emotion scores for the two emotions in Figures 6.5 and 6.6.

Emotion
Description
of emotional features

(Pleasure,
Arousal)

QE (ϕ,θ)

Happiness
(AU6C + AU12D)

Cheek raised (Marked)
+ Lip Corner puller (Severe)

(3.23, 2.18) (0.42, 2.16)

Sadness
(AU1B + AU4B
+ AU15D)

Inner brow raised (Slight)
and furrowed (Slight)
+ Lip corner depressed (Severe)

(-2.76, 0.31) (3.03, 1.54)

in Figures 6.5 and 6.6 AU expressions with appropriate intensities. Based on the principle

of scoring emotions in [53] and [18], where pleasure and arousal are scored by the difference

between the face showing the configuration minus the rating of the same face showing no

visible Action Units using FACS, we evaluate the pleasure and arousal scores of the two

current emotions in the two-dimensional ‘pleasure-arousal plane’. Then, the scores are

transformed from the two-dimensional plane to the BSES space using the preset Equations

(6.5) and (6.6). The emotion, description of emotional features, and the coordinate value

for ‘pleasure-arousal plane’ as well as BSES space are presented in Table 6.3.

The initial quantum emotion state |QE(1)〉 (happiness) and the final quantum emo-

tional state |QE(t)〉 (sadness) are presented using BSES space in Figures 6.5 and 6.6 based

on the QE values in Table 6.3, respectively. The state of quantum system is usually de-

scribed as a vector in a Hilbert space in quantum mechanical notation as reviewed in

Section 6.2.1. Therefore, the initial quantum emotion is presented as

|QE(1)〉 = cos
θ1
2
|0〉+ eiϕ1 sin

θ1
2
|1〉 =

 0.47

0.8 + 0.36i

 (6.7)

from which, we represent the final state as

|QE(t)〉 = cos
θt
2
|0〉+ eiϕt sin

θt
2
|1〉 =

 0.72

−0.69 + 0.08i

 (6.8)

where θ1, θt, ϕ1, and ϕt are human emotions and their intensities in initial and final state
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as listed in Table 6.3, which has an almost exact match to the emotion distribution as

presented earlier in Figure 6.1. The happiness (AU6C + AU12D) occurs in our pleasure

and arousal space when pleasure is high and arousal slightly above neutral. Sadness

(AU1B + AU4B + AU15D) coincides with low pleasure and slightly raised arousal [24].

Figure 6.5: ‘Happy’ emotion and its representation in the BSES space.

Figure 6.6: ‘Sad’ emotion and its representation in the BSES space.

As discussed earlier, the emotion is transmitted from happiness to sadness. From the

representation of current emotion in BSES space, it is found that the current emotion

represents an overlap between the angry and sadness emotions, which indicates that the

person is sad with traces of anger at that particular instant. This further suggests that

using angle with color information to represent the emotion and intensity, and make

them relatively independent would make the emotional analysis more flexible and visible.
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Finally, we are supposed to find the emotional transition matrix to track such an emotional

change. According to the definition of QE, the emotional transition matrix is presented

as

ETt(ϕ, θ) = f(|QE(1)〉, |QE(t)〉) =

 1.53 0

−1.84 0.22

 (6.9)

The emotional transition matrix could be regarded as a ‘sensor’ to trace human’s

emotional change, which could be also applied on the human-robot interaction scenario

in order to make the robot adaptive to the human emotion. In addition, using the adjoint

matrix of ET, i.e. ET† , to make the robot responsive to the human emotion.

6.5 Conclusion

A Bloch Sphere based Emotion Space (BSES) is proposed to extend the representation

of human emotion space to the quantum computing domain wherein the color information

is used to visualize the emotion and quantum gates are applied as emotional transition

matrix to track the changes in emotion. A human emotion with happiness and sadness are

analyzed via FACS and scored according to the preset emotional transmission model in the

experiment. The emotions are visually presented in BSES space respectively, where the

current emotion and its intensity are totally expressed. An emotional transition matrix

is used to track the changes from the initial through to the final emotion states in order

to account for how the emotion changed.

As for future work, the results in this chapter will be extended to the application on

the human-robot interaction. The BSES space presented in this proposal could also be

used to represent a robot’s emotion. The emotional transition matrix that tracks the

human’s emotional change could then be used to control robots after they are initialized.

Besides the adaptability, the adjoint matrix of emotional transition matrix could be used

to make the robot responsive to the human emotion, for example, the robot could be used

to cheer the human up when (s)he is upset. Another direction that the proposal could

be extended is its integration into the fuzzy atmosfield [42], to capture the emotional

atmosphere among multiple human beings. Here, the quantum mechanical properties
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of superposition and entanglement could be used to fuse multiple human emotions, and

better express the atmosfield model in order to make the robots more responsive to the

choice of appropriate operations to suit the atmosphere.
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Conclusions

The number of transistors on integrated circuits doubles approximately every eighteen

months, which makes the components inside our calculation devices are becoming smaller

and more sophisticated. At a certain level of this process, another kind of computing ma-

chine will undoubtedly appear to replace the current classical computer, which is supposed

to be quantum computer according to its powerful computing capacity. ‘Quantum com-

puters have the potential to solve problems that would take a classical computer longer

than the age of the universe,’ Professor David Deutsch said. Throughout the history of

quantum computer development, so many institutes and enterprises are focusing on the

quantum algorithms and application-specific quantum computing hardware. Specifically,

a 512-qubit quantum computing system was born in 2012, which is proved that the amaz-

ing computation speed and superiority to solve problems in comparison with the same

task on the conventional machines.

Different from the quantum computing hardware realization, our research is focused

on what we can do if the quantum computer is completed. In the thesis, we proposed the

quantum computation based image data searching, image watermarking, and representa-

tion of emotion space. The research started with the review of a Flexible Representation of

Quantum Images (FRQI) which captures and stores two fundamental information about

the color and position of every point in an images as a normalized quantum state and

its related transformations on the position and color information as presented in Chapter

2. The transformations serve as foundation blocks for algorithms that would facilitate
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higher-level quantum image processing applications. Exploiting the flexible features of

the FRQI representation and transformations on it, a method to compare multiple pairs

of quantum images in parallel, where the similarities of the images are estimated ac-

cording to the probability distributions of the readouts from quantum measurements, is

proposed in Chapter 3 that offers a significant speed-up in comparison to performing the

same task on traditional computing devices by means of a single Hadamard gate with

control-conditions to transform the entire information encoding the quantum images in a

strip. Three simulation-based experiments are implemented using Matlab on a classical

computer by means of linear algebra with complex vectors as quantum states and uni-

tary matrices as unitary transformations provide a reasonable estimation to the image

comparison. The comparison between two arbitrary FRQI images in the strip and the

comparison between the sub-blocks from two different images can be realized by utilizing

appropriate geometric transformation operations on the strip wires as well as the required

control conditions to the position wires. On the basis of such a quantum image comparison

strategy, a quantum image searching method is proposed in Chapter 4 which is achieved

by using low computational resources which are only a single Hadamard gate combined

with m + 1 quantum measurement operations. A simulation experiment is performed to

search for a target image from an original database comprising of sixty-four binary images.

According to the readouts from the measurements, the similarity of each pair between the

test image and the images in the database is calculated. It is concluded that the more

images in the database, the better the ability of the proposed method. This is because m

qubits on the strip wires can represent 2m quantum images in the Z-strip, and only one

qubit on the Z-axis can represent the images on both the left and right side of Z-strip. As

an extension of FRQI representation, and in order to protect the quantum image infor-

mation, a new Multi-Channel Watermarking strategy for Quantum Images (MC-WaQI)

is proposed where the double-key and double-domain idea makes the watermarking more

secure. The simulation results of the embedding and extracting experiments show that

the average RGB-PSNR between each carrier image and its embedded image is bigger

than the previous researches. Inspired by the research on quantum image processing, we
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attempt to extend the representation of emotion space to quantum computing domain.

In Chapter 5, a Bloch Sphere based Emotion Space (BSES) is proposed wherein the color

information is used to visualize the emotion and quantum gates are applied as emotional

transition matrix to track the changes in emotion. A human emotion with happiness and

sadness are analyzed via FACS and scored according to the preset emotional transmission

model in the experiment. The emotions are visually presented in BSES space with both

the current emotion and its intensity being totally expressed. An emotional transition

matrix is used to track the changes from the initial through to the final emotion states

in order to account for how the emotion changed. Overall, our proposals in the thesis

to encode the images and various algorithmic frameworks together with the extensions

that are suggested in the various chapters provide the road-map towards the realization

of secure and efficient image and emotion-related processing on quantum computers.

As discussed in the thesis, we focus on the quantum computation based image data

searching, image watermarking, and representation of emotion space. New applications

and extensions can be discovered by new contributions in each of the three components.

Therefore, the research can be extended to the following directions:

• The proposal in Chapters 3 and 4 will be applied on designing a search engine

on such quantum computing devices that the image in the database is retrieved

based on its similarity to the test image. Most of the search engines recently are

realizing the data searching only based on the text. Even though some of them are

developed based on the content of the images, it is usually time-consuming though.

These proposals give a basic step for the quantum image searching especially when

a database comprising of a huge amount of data is confronted, because the searching

is based on the content of the images and executed in parallel.

• The watermarking strategy proposed in Chapter 5 will be improved to deal with a

strip of quantum images simultaneously instead of one image once using the quan-

tum parallel computing ability, which will significantly increase the efficiency of

processing. What’s more, the MC-WaQI strategy will be used for the protection of

quantum data transmission and processing.
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• The results in Chapter 6 will be extended to the application on the human-robot

interaction. The emotional transition matrix that tracks the human’s emotional

change could be used to control robots and the adjoint matrix of it could be used to

make the robot more responsive to the human emotion. In addition, the integration

of the proposed idea into the fuzzy atmosfield to capture the emotional atmosphere

among multiple human beings is also a good research topic. The quantum mechan-

ical properties of superposition and entanglement could be used to fuse multiple

human emotions to better express the atmosfield model so that the robots are more

responsive to the choice of appropriate operations to suit the atmosphere.

Quantum computing research still has a long way to go, therefore, more researches in

quantum image processing and other various related fields are necessary to be thoroughly

studied for the preparation of our next generation computing devices.
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