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Abstract

The solution to the heat equation, the heat kernel, is a useful tool in various scientific con-
texts. Analytical solutions may be difficult to obtain due to the complexity of the partial
differential equations in many engineering applications. Beside deterministic techniques
such as the finite element and the finite difference methods, current stochastic techniques
deal mostly with uniform grids. This thesis presents a new technique to approximate the
diffusion of heat on non-uniformly gridded spaces with stochastic processes. Specifically,
we use a Markov chain-driven random walk of a multitude of heat particles, where the in-
finitesimal generator of the Markov chain is characterized by the metric of the non-uniform
grid imposed on a manifold. We show that the statistical properties of the distribution
of particles on exemplary grids equals the theoretical distribution of heat on the same
manifold, for a certain characterization of the Markov chain. When viewing a grid as a
graph, the infinitesimal generator of the random walk on a graph is called graph Laplacian
or discrete Laplace-Beltrami operator. Hence our framework also shows how to choose the

weights of the graph Laplacian which itself can be used in numerous other applications.
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Chapter 1

Introduction

In mathematics, diffusion equations are known as parabolic partial differential equations [1]
and they can be found in numerous scientific applications. In finance, for instance, the
Black-Scholes equation can be transformed into a diffusion equation [2]. The Fokker-
Planck equation is also a diffusion equation and describes the evolution of the distribution
function of a Brownian particle over time [3,4]. The heat equation, the main equation in
this research, is a special case of the Fokker-Planck equation which is also known as the
Kolmogorov forward equation [5-8].

With the heat equation we are able to describe the heat distribution on surfaces and in
solids [9]. There also are numerous applications of the heat equation in chemical sciences
and material sciences, such as the modelling of particle diffusion in polymers [10]. Another
application of the heat equation can be found in financial engineering, where option price
models often have the same form as the heat equation [11]. Lastly, very important fields
in which the theory of heat diffusion is used are video and image processing as well as
machine-learning [12]. “Kernel methods”, for instance, are a class of algorithms used in
machine learning, where the solution to the heat equation is one of various kernels [13,14].
Another example is the graph Laplacian which can be interpreted as the discrete version
of the continuous Laplace-Beltrami operator which is used in the heat equation [15-19].

The research explained in this thesis aims to approximate the diffusion of heat through
probabilistic means. Specifically, we view heat diffusion as the random walk of a multi-
tude of heat particles [20]. The physical background is the vibration of atoms due to

temperature differences and the excitation of nearby atoms. The natural phenomenon of



the agitation of nearby atoms can be viewed as a random process where, on a molecular
level, heat particles randomly jump to all directions. It is therefore very natural to rep-
resent this phenomenon with particles which jump between nodes on a grid imposed on
a manifold, where this movement is characterized by the metric defined on the manifold,
i.e., the distances between nodes. If the jump distance is far the probability that the heat
particle undertakes this jump is lower; if the distance is short the probability is higher.

In our framework, the random walk is driven by a continuous-time Markov chain and
the transitions of particles per unit time between nodes is expressed by the transition rates.
The transition rates are the elements of the infinitesimal generator of the continuous-time
Markov chain and in this thesis we give the expressions for the transition rates such that
certain statistical properties of the random variable of Markov chain are guaranteed for
a given manifold. Since each instance of a Markov chain is viewed as a heat particle and
the grid nodes are viewed as states of the Markov chain, we model the diffusion of heat by
using a multitude of particles. We can then further assess the distribution of particles with
statistical tools. We use the Gaussian distribution for comparison since the solution to the
heat equation is a Gaussian function, or in other words, the Gaussian distribution with
a certain mean and variance. This strong connection between random walks, Brownian
motion, and diffusion processes will be discussed in more detail later on.

For regular Fuclidean spaces with zero curvature, the Laplace operator is used in the
heat equation. Since we aim to approximate the diffusion of heat on arbitrary curved
spaces, we consider the Laplace-Beltrami operator instead of the Laplace operator. The
infinitesimal generator of the Markov chain may be interpreted as the graph Laplacian
or discrete Laplace-Beltrami operator. When we view the infinitesimal generator as the
graph Laplacian, the transition rates mentioned above become the weights of the graph
Laplacian.

In this thesis we introduce a new stochastic framework for the approximation of the
diffusion of heat. Our main interest lies in the fundamental connection between a random
walk of particles on non-uniformly spaced nodes, the discrete Laplace-Beltrami operator,
and the diffusion of heat. Regarding the random walk, this leads to the question of
how we have to characterize the movement of particles on a microscopic level such that

the diffusion of heat on a macroscopic level is approximated. We pose the question if
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limitations regarding the node spacing arise due to the space discretization, since heat
diffuses isotropically in all directions. To approximate heat diffusion on a macroscopic
level there are many well established deterministic techniques available. The main goal
in this research is not the comparison with existing deterministic methods but rather the
development of a new framework for the approximation of diffusion processes. The Markov
Chain Monte Carlo method for instance is a tool used to solve complicated integrals [21,22].
Generally, with the Markov Chain Monte Carlo method, a posterior target distribution is
approximated by using samples of that distribution. The framework in this research works
in a similar way by using samples of a distribution, i.e., a heat particle, to approximate the
distribution of heat particles. Later in this chapter we explain that the heat distribution,
and solution to the heat equation, is a Gaussian distribution and also the probability
density function of a Brownian particle. Consequently, it follows that each heat particle
can be interpreted as a Brownian particle. The interesting question is that, for the random
variable of the Markov chain, can we still obtain the same statistical properties that the
probability density function of a Brownian particle has?

Other stochastic models for the approximation of diffusion processes use the ran-
domness of, for instance, the thermal diffusivity or a random spacing of nodes. Unlike
compartment-based models [23] where the probability of a certain amount of particles in a
compartment of fixed size is considered, we consider the random movement of the particles
themselves on a microscopic level. To illustrate the movement on a microscopic level, we
utilize stochastic simulations of a multitude of particles. On a macroscopic level we want
to determine the infinitesimal generator of the Markov chain, which allows us to employ
deterministic techniques to find the distribution of heat. In essence, on a macroscopic level,
we want to transform the heat equation, which is a partial differential equation, to an or-
dinary differential equation. Again, the question we pose is how we have to characterize a
Markov chain-driven random walk on a non-uniformly spaced nodes, such that the random
variable of the Markov chain has the same statistical properties as a Brownian particle on
a microscopic level and such that the infinitesimal generator of the Markov chain can be
used to deterministically obtain a heat distribution which is a good approximation of the

analytical heat distribution on a macroscopic level.

Reference [8] describes the use of Poisson processes to model heat diffusion. The
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Markov chain used in this research is a generalization of the Poisson process. Additionally,
unlike frameworks such as in references [23,24], we investigate non-uniformly placed nodes.
The main advantage of the usage of non-uniformly placed nodes is the ability of a smart
placement of nodes on the manifold. We can utilize more nodes on segments of the grid
where a higher accuracy is needed than on segments where this is not the case. On a
manifold with varying curvature and in segments of that manifold with high curvature,
we may require more nodes than in segments with low curvature on that same manifold.
If the metric is not fully known, straight line approximations can be used by drawing a
straight line between neighboring nodes. The lengths of these straight lines between each
pair of neighboring nodes are the Euclidean distances. The error between the real geodesic
distance between neighboring nodes on a curve and the distance between neighboring nodes
when using straight line approximations is smaller if nodes are placed closer together.
Segments with lower curvature on the same manifold do not need nodes with a short
distance between them because the error between the real geodesic distance and the length
of the straight line is already small even when nodes are placed far apart. In the case
where the amount of employable nodes is limited, this smart placement of nodes reduces
the amount of nodes needed for a good approximation of the diffusion of heat, especially
on complicated manifolds where we are given limited information regarding the curvature.

Note that in this thesis we do not give a treatise of grid generation techniques.

From a computational cost point of view, overall our framework offers a fast way to
approximate the diffusion of heat on manifolds where the analytical solution to the heat
equation is very hard to find or simply not available at all. Our framework is a straightfor-
ward technique and gives reasonably good approximations by guaranteeing certain statisti-
cal properties of the distribution of heat particles. With regard to deterministic numerical
techniques such as the finite element method, good results cannot be guaranteed. This is
due to the fact that the finite element method uses piecewise polynomial interpolation, i.e.,
each element of a surface is approximated by polynomials instead of functions that reflect
the real curvature on a surface. And with deterministic methods, statistical properties of
distributions are not considered. Furthermore, the fact that we use particle simulations
enables the usage of parallel computing which leads to faster computation. The finite ele-

ment method in particular offers the possibility of parallel computing as well. The problem
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is that, in order to implement the parallel computation of the approximation of the dif-
fusion of heat, additional special numerical solution methods are needed. Reference [25]
writes about this point in more detail. Furthermore [25] claims that, when partitioning a
grid in order to compute the results for the finite element methods, due to the boundaries
between elements of the grid, an organized inter-node communication has to be set up. In
our framework on the other hand, we can simulate each particle independently of other
particles.

Another important point to note is that, in many deterministic numerical methods,
the handling of spaces with no boundary conditions is difficult. The reason is that this re-
quires the solution of equations with infinite-dimensional infinitesimal generator matrices.
Reference [26] gives a particular example where a different stochastic methods is used to
solve that kind of problem. As we show in later chapters, our framework does not have
this limitation.

The notation in this thesis is fairly standard. Specifically, R denotes the set of real
numbers, R4 denotes the set of positive real numbers, and I denotes the set of integer
numbers. Furthermore, we write ()T for transpose, I3 for the identity matrix of dimension
2 x 2, (-,-) for the inner product, P[-] for the probability of a random variable, and E[-] for

the expectation of a random variable.

1.1 Diffusion of Heat

In this section we give the foundation for the description of the diffusion of heat. In later
chapters we specialize the heat equation, including the Laplace-Beltrami operator, for the
respective manifold we are dealing with. We also give a short mention of deterministic

techniques for the approximation of the diffusion of heat.

1.1.1 Heat Equation

The diffusion of heat is described by the heat equation given by

— = (V?u, (1.1)



where u denotes the temperature, ¢t denotes the time, V2 denotes the Laplace-Beltrami
operator, and ¢ denotes the thermal diffusivity. Note that u does not have to be smooth.
Equation (1.1) is the general expression for the heat equation and can be specialized to
any dimension. Note that when considering arbitrary manifolds with varying curvature,
instead of the regular Laplace operator, the Laplace-Beltrami operator is used in the heat
equation. The information about the curvature and parametrization on the manifold are

embedded in the Laplace-Beltrami operator. The Laplace-Beltrami operator is defined as

1 0 0
V2= \/Hz]: 5 (\/@9”%), (1.2)
where g;; is the (7, j)th element of the metric tensor matrix g defined on a given manifold
and g% is the (i, 7)th element of the inverse metric tensor matrix g—!, the value |g| denotes
the absolute value of its determinant, and =’ denotes the ith local coordinates on the
manifold. With the metric tensor g we are able to determine the geodesic distance between
any two points on a given manifold. The geodesic distance can be generally computed

with

(d8)2 = Zgijdxidxj, (1.3)
i?j
where s is the geodesic distance. To find the distance between the positions a and b on a

circle which was parameterized with angle 0, i.e., only one local coordinate dz; = dz; = df,

we use (1.3) and get

s = /b J/gdo. (1.4)

The geodesic distance is important because, in our framework, it determines the distance
that a heat particle actually has to travel, whereas the Euclidean distance is not necessarily
the travel distance. If the distance to one node is small compared to the distance to other

nodes, naturally a heat particle is more likely to jump to the nearest node.

We view the heat equation from a more mathematical point of view. Specifically, we
assume constant thermal conductivity, constant mass density and constant specific heat,

and incorporate all these parameters into one parameter, the thermal diffusivity (.
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1.1.2 Deterministic Methods

Since the heat equation is a partial differential equation, it may be difficult to obtain an-
alytical solution when we consider complicated spaces, boundary conditions, initial con-
ditions or spaces with non-zero curvature. We may also simply not be able to find the
solution at all. In these cases numerical methods are used to still approximate the solu-
tion to the heat equation. Examples of deterministic methods include the finite element
method [1,27], the finite difference method [1] or the lattice Boltzman method [28, 29].
Specifically, for curved spaces, there are techniques as described in [30-32]. The disad-
vantage is that a satisfactory solution cannot be guaranteed, as stated in the previous
section. Additionally, the error can become big if the grid is not refined enough. In our
framework we can obtain a good solution by guaranteeing certain statistical properties of
the distribution of particles, if the metric defined on the manifold is given. And even when
we have limited information about the metric we can still use straight line approximations
as mentioned in the previous section.

Another difference is the way results are obtained. In deterministic methods we con-
sider a particular node on the grid and a particular time and then compute the temperature
at the position of the node at that specific time. With our framework, and generally in
stochastic simulations, we consider a histogram of particle positions. In other words, there
is a certain probability that a particle is in a histogram segment at a given time. As men-
tioned in the introduction, this emphasizes the phenomenon of heat transfer that takes
place on a molecular level and the idea that it is natural to model this phenomenon with

random walks.

1.2 Random Walks

In the previous section we showed how we describe the diffusion of heat from a deterministic
point of view. In this section we talk about the background of using stochastic processes
to model heat diffusion. This includes the description of random walks as well as a
formal treatment of the continuous-time Markov chain. We have to slightly change the
latter as we go on to other manifolds in the following chapters in order to make the

differences between manifolds clearer. We also give an explanation of the connection
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between Brownian motion, heat diffusion and the continuous-time Markov chain, since

this connection represents an important part in this research.

Random walks are the basic models for the description of stochastic behavior and are
therefore used in many fields [33,34]. Generally, a random walk describes a path consisting
of a succession of random jumps. In this thesis the random walk takes place on nodes
placed on a given manifold. Furthermore, it is driven by a continuous-time Markov chain
which is characterized by the metric, i.e., the distance between nodes. In this research we
show how the metric determines the probability that the random walk makes a jump to a

specific node from an given node on the same manifold.

1.2.1 Continuous-time Markov Chain

In this section we give a definition of the continuous-time Markov chain. Let w(t) be the
random variable of a continuous-time, time-homogeneous Markov chain on a countable
space X. The variables z;, i = ..., —2,—-1,0,1,2,..., denote generic states of X. The
Markov chain has the Markov property which tells us that the next state transition only
depends on the current state and not on any previous state. We express the conditional

probability of the time-homogeneous, continuous-time Markov chain as [35]

Plw(s +t) = zijw(s) = z;] = Plw(t) = z;|w(0) = z;], ¢, €], (1.5)

for all s € R;. We also define

pia(t) & Plw(t) = ziw(0) = ;). (1.6)

The variables p;;(t) are the elements of matrix P(t) that is called the transition prob-
ability matrix and that describes the transitions of the Markov chain. As we will see in
later chapters, the form of P(t) depends on the actual manifold where the random walk
takes place. The element p;;(t) in (1.6) is the entry in row j and column ¢ of P(t). Asso-

ciated with matrix P(t) is the infinitesimal generator @) for the Markov chain (1.5), which
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is defined as [35]

limy o 228 ot
Qj,i = (1 7)

: Py (t)—1
limg,o =25—,

Note that ¢;; > 0, j # 4, and gj; < 0. The elements g;; of @ are called transition rates
and indicate the rate at which w(t) transitions from state z; to state x;. Transitions from
a state to itself are not permissible. Furthermore, ) satisfies the Kolmogorov forward
equation given by

—~ =Pt)Q, P0)=1, (1.8)

with the solution

P(t) = 9, (1.9)

where I indicates the identity matrix.

In characterizing the probability that w(t) is in state x; at time ¢, given that w(t) was
in state xg at t = 0, we look at the entry (th)O,i- In this research we assume that the
Markov chain always starts in state . We consider the case where there is a point source
of heat particles at time 0 located at the position corresponding to state xg. Thus, we

define the transition probability

pi(t) 2 poi(t) = (€90, (1.10)

which can be calculated as [36], [37]

0 Lk
pi(t) = ZH(Qk)oz (1.11)

k=0

o~

1.2.2 Brownian Motion

Brownian motion is described as the random motion of particles suspended in a fluid.
FEinstein showed that, in one dimension, a Brownian particle doing Brownian motion has

the probability of being at position z in time ¢ after starting at position 0

p(x,t) = e, (1.12)




By relating the spatial displacements of the Brownian particle and time differences, Ein-
stein showed that Brownian motion can be modelled as a diffusion equation, where (1.12)
is the solution to the diffusion equation. Additionally, (1.12) is a Gaussian function and
more precisely the expression for a Gaussian distribution with mean 0 and variance ¢ which
also solves the heat equation (1.1) in one dimension. As we show in later chapters, this
similarity between the solution to the heat equation and the Gaussian distribution carries
over into higher dimensions. The particle with probability density function (1.12) does a
standard Brownian motion. That means that the corresponding Gaussian distribution has
mean 0 and variance t. Therefore, the Gaussian distribution is the solution to one specific
heat equation with a specific thermal diffusivity . The solution to the heat equation with
different thermal diffusivity is then not interpreted as the probability density function of
a standard Brownian particles. It is interpreted as the probability density function of a
Brownian particle doing Brownian motion multiplied by a constant.

Brownian motion has a continuous path, whereas the random walk, driven by a Markov
chain, takes place in discrete space. Due to the known connection between the Markov
chains and diffusion [38-40], the main point we build our proofs upon is the fact that
even though we have a discrete state space we can show that the random variable of the
Markov chain has the same mean and variance as the continuous Gaussian distribution

which solves the heat equation.

1.3 Outline of the Thesis

We will now give a short outline of the thesis content. In Chapter 2 we introduce the
basic framework and notation for approximation of the diffusion of heat. As we consider
different manifolds the definition of the Markov chain in Chapter 1 will be extended
accordingly. The technique we use for the proof to show that the random variable of the
continuous-time Markov chain is distributed according to a Gaussian distribution is also
extended.

In Chapter 3 we extend this framework to two-dimensional lattices. In two-dimensions
it is important to choose an appropriate lattice. There are certain limitations we are

confronted with, since we cannot guarantee that the random variable of the Markov chain
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has a Gaussian distribution, if the nodes on the lattice are unfavorably placed.

Chapter 4 introduces the idea of smallest unit based lattices which allow for more types
of lattices to be used with our framework.

Chapter 5 deals with the approximation of the diffusion of heat on closed curves. Im-
portant extensions are circular boundary conditions and the consideration of the Laplace-
Beltrami operator, which becomes necessary since we now deal with spaces with non-zero
curvature. We also introduce notions used in the field of directional statistics. The reason
is that the notions of mean and variance are not applicable on closed curves. In that case
we will utilize the trigonometric moments of the random variable of the Markov chain and
other tools provided by directional statistics.

Chapter 6 shows empirical results for the sphere. The main problem on the sphere
is the definition of a lattice. On the closed curve we can wrap the Gaussian distribution
on the line around the curve. There is no rigorous definitions of a wrapped Gaussian
distribution in two dimensions in a form which allows us to obtain theoretical results.

In Chapter 6 and 7 we have a detailed look at this problem. The last chapter gives a

conclusion of our results as well as an outlook for further research directions.

19






Chapter 2

One-Dimensional Heat Diffusion

Modelling

2.1 Introduction

In this chapter we develop the base for our framework for the approximation of the diffusion
of heat. We introduce notions and expressions which are extended in later chapters. We
give the definition of the continuous-time Markov chain on the infinite straight line and
show how to characterize a Markov chain in order to approximate the diffusion of heat
on the infinite straight line. This is done by determining the transition rates of the
infinitesimal generator of the Markov chain. We mathematically describe the diffusion of
heat in one dimension and show how the moments of the random variable of the Markov
chain, the mean and variance, are related to the physical process. In addition, we provide
an exemplary placement of nodes as well as simulations to demonstrate the efficacy of our

framework.

2.2 Markov-Chain-Driven Random Walk on the Infinite

Straight Line

In this section, we consider a Markov-chain-driven random walk on non-uniformly dis-
tributed nodes on the infinite straight line where all the particles are initially placed at

node zo(= 0) on the real axis. Specifically, the nodes z;, ¢ € I, are unequally placed on
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Figure 2.1: Example one of non-uniformly placed nodes on the real axis

Figure 2.2: State-transition diagram of the continuous-time Markov chain on nodes in
example one

the real axis as shown, e.g., in Figure 2.1, and let the particles randomly jump between
the neighboring nodes.

In this case, the stochastic process of the successive random jumps is cast as a continuous-
time Markov chain whose state transition diagram is described in Figure 2.2, where the
transition rate from state z; to its neighboring states are denoted by A; ;11 and A; ;_1. The
nodes placed on the manifold are interpreted as states of the Markov chain. The values a
node x; can take are positions on the infinite straight line, as shown in Figure 2.1. Note
that the behavior of this random walk is captured by a continuous-time Markov chain
with the infinitesimal generator @ given by (2.1) below. The row of @ in (2.1) involving
transition rates Ag1 and Mg _; is associated with state transitions from z( to states x;
and x_1, and the column involving transition rates A\g; and Ao is associated with state

transitions to x1 from states xg and x3. The element associated to the particular row and

A1 0 0 0 0

—(A21,—2+ A-10) A-1,0 0 0 0

Ao,—1 —(Xo,—1 + No,1) Ao,1 0 0
= : : : : 2.1
Q 0 A1,0 —(A1,0 + A1,2) A1,2 0 (2.1)

0 0 A21 —(A2,1 + A2,3)  A2s
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column mentioned above represents therefore the transition rate for going from state xg

to state x1.

Note that we can write the time derivative of (1.11) as

dpi (t)

AT va eQQu;. (2.2)

Furthermore, note that Qu; is an infinite-dimensional column vector given by
Qui=1[..,0, X1, —(Nijie1 + Aiit1)s Aig 1,0, 0, ... ] (2.3)

representing the column of ) whose elements are the transition rates to state x;. Note
that the term Qu; can be expressed as a function of v;, v;—1 and v;y1, i.e., we multiply
Vi+1 with )\i+1,i7 Vi—1 with )\i—l,i and (% with _<)\i,i—1 + Ai,i-i-l)’ and sum them. Hence, the

expression for Qu; is then rewritten as

QUi = Ni—1,iVi—1 — (Niic1 + Niig1)0i + Nig1,iVig1- (2.4)

From substituting (2.4) into (2.2), it follows that

dp; (t
éi ) = vg e (Ni_1vi1 — Mot 4 Miie1)Vi + Ni1,ivis1)

= Xi—1i(vg €% vim1) = (Niim1 + Aii1) (05 €9'0;) + Aig1i(vg €9Mviga). (2.5)

The expression UOT eQly;_4 corresponds to (1.10), evaluated for state z;_1 instead of x;. We

can therefore rewrite (2.5) as

dp;(t)
dt

= Ni—1,iPi—1(t) — (Nii—1 + Niip1)Di(8) + Nip1ipiva (2). (2.6)

Note that the expression in (2.6) is also known as the master equation.
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2.3 The Heat Equation in One Dimension

In one dimension we write the heat equation as
(2.7)

Note that the Laplace-Beltrami operator reduces to the regular Laplace operator 88—;2
on the infinite straight line. The solution to the heat equation with initial condition
u(z,0) = §(0), where ¢ denotes the Dirac delta function, and no boundary condition is
expressed as

1 _a?

u(z,t) = ———e 4, 2.8
(1) o)} (2.8)

This specific Gaussian function describes the Gaussian distribution with mean 0 and vari-
ance 2(t. It therefore follows that in order to approximate the heat distribution on the
infinite straight line, the mean and variance obtained from the distribution of particles
should also have mean 0 and variance 2(t. Note that if we set ¢ to %, (2.8) has the same
form as the probability density function of a Brownian particle doing standard Brownian

motion in (1.12).

2.4 Mean and Variance of the Continuous-Time Markov

Chain

For the diffusion modelling on non-uniform grids we use a random walk driven by a
continuous-time Markov chain, and from (1.12) it follows that each continuous-time Markov
chain should have a variance of 2¢t and mean 0 at time ¢t. For simplicity, the diffusivity

constant ¢ is without loss of generality set to %

Theorem 2.1. Let w(t) be a random variable of a continuous-time Markov chain whose

state-transition diagram is given by Figure 2.2. Furthermore, let w(0) =xz¢(=0) and let

1
A1 = ; 2.9
ST (i — ) (Wi — i) (2.9)
1
A1 = (2.10)

(25 — wim1)(@ig1 — xim1)
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Then for any time ¢ > 0, the random variable w(t) has a variance ¢ and mean 0.

Proof. The variance of w(t) at time ¢ can be calculated using (1.10) and the well known

equation for the variance

El(w(t) - Ew®)])?] = E[*(t)] - E[w(t)?

oo

— Z T3Plw(t) = 2;|w(0) = ]

1=—00
00

—( Z ziPlw(t) = z;|w(0) = x0]>2. (2.11)

1=—00

First, consider E[w(¢)]?. In order to calculate the mean E[w(t)] we will take the first time

derivative

dE[w(t)] dP[w(t) = z;|w(0) = ]
a Z:z_:oo B dt
_ Z:ZOO ; dpéit), (2.12)

as a start. Using (2.6) we can rewrite the expression (2.12) as

dE[w(t >
[dt()] — i_E:OO T; ()\i—l,ipi—l(t) — (N1 + Xiig1)pi(t) + )\i+1,ipi+1(t)>
- Z Tidi-1ipi-1(t) — Z Ti(Niim1 + Aiir1)pi(t)
+ Z TiNi41,iDit1(1). (2.13)

Since we have an infinite sum we can increase the running index ¢ by 1 in the first term

of (2.13) and decrease it by 1 in the third term to get

dE[w(t)] S S S
—a - i_z_:oo Tit1Aiit1pi(t) — i_z_:oo xi(Nii—1 + Niiv1)pi(t) + i_z_:oo Ti—1 i i—1pi(t)
= Z pi(t) (Tig1 Nii1 — Ti(Niim1 + Aii1) + wi—l)\z‘,z‘—1>- (2.14)
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Now, it follows from (2.9) and (2.10) that
Tit1Aiit1 — Ti(Aii—1 + Nijig1) + Tim1Aii—1 = 0, (2.15)

so that (2.14) simplifies to
dE[w()]
=0. 2.16
” (2.16)
After integrating (2.16) with the condition E[w(0)] = 0, E[w(t)] and therefore E[w(t)]?
both equal 0 for all ¢ > 0. Now, consider E[w?(t)]. Note that the time derivative of

E[w?(t)] can be found by substituting x? for x; in (2.14), which leads to

dE[w?(t) =
[dt(] = 3 pi®(F N = 2o+ Aign) R Ao ). (217)

1=—00

If we substitute (2.9) and (2.10) into (2.17), the expression in the brackets in (2.17)

simplifies to
22 N1 — 27 (Niim1 + A1) F 27 N1 = 1, (2.18)

such that we obtain the time derivative of E[w?(t)] as

[e.e]

w2
O~ 5

i=—00

- 1 (2.19)
With the given condition E[w(0)] = 0, we write the integral of (2.19) as

/0 i = (2.20)

Since E[w?(t)] = t and E[w(t)]? = 0, (2.11) equals t. O

The result in Theorem 2.1 shows that, from any given state x;, the intensity for going
one step forward to state x;11 can be determined by substituting the position of nodes
with non-uniform spacing into (2.9). At the same time the theoretical variance ¢ at time ¢

and mean 0 are met in order to allow us to model the diffusion of heat with this framework.
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Figure 2.3: Example two of non-uniformly placed nodes on the real axis

Similarly we can determine the transition rate for going one step backward to state x;_;
from any given state z; by substituting the positions of nodes with non-equidistant spacing

into (2.10).

Note that if the spacing of nodes is uniform, the transition rates simplify to

Aijit1 = Aiji—1 = i€l (2.21)

2(Ax)?’

where Az is the distance between any two neighboring nodes. Using (2.9) and (2.10), we
can find all A; ;’s in (2.1) by changing the indices ¢ and j. Through the expression of all
Ai,j’s by the position of neighboring nodes, we can completely characterize the continuous-

time Markov Chain. Substituting (2.9) and (2.10) into (2.6) gives us the expression for

dpi(t)
dt
dp;(t) 1 Tip1 — Ti-1
= i—1(t) + i (1
dt (@i — 2 1) (i — 21 2)" 1) (@ir1 — 22) (@i — 20 1) (@igr — 1) ®)

1

(g1 — i) (Tip2 — 24

)pz’+1(t)- (2.22)

An interesting remark is that \; ;41 does not equal ;41 ;, which one would expect. If we
consider the diffusion of heat particles, the potential difference between A; ;11 and Ajy1;
becomes plausible since, due to the non-uniformly placed nodes, a particle at node x;41
may have a far distance to the next node ;12 while at node x; the distance to the previous
node z;_; may be near. Thus, in that case, the transition rates are not equal. It is also
interesting to mention that (2.22) has similarities to polynomials for interpolation, e.g.,
Lagrange interpolation [1], or other commonly used numerical schemes [41], which are
usually used to approximate derivatives of functions or PDEs by using unequally spaced

points.
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Figure 2.4: Distribution of 10000 Markov Chains at t=>50s

2.5 Simulation and Discussion

In this section we present several numerical simulations to demonstrate the utility of the
proposed framework. Specifically, consider the Markov-chain-driven random walk on non-
uniformly placed nodes given in Figure 2.1. In this case, the infinitesimal generator for

the continuous-time Markov chain is characterized by the transition intensities

i i=odd,
Niiv1 = (2.23)
1o
|3 1 = even,
3, i=odd,
N1 = (2.24)
%, 1 = even.

\

Starting node for each Markov chain is state xg, or position 0. Figures 2.4-2.6 show the
distribution of the positions of 10000 simulated continuous-time Markov chains, after 50s,
500s and 5000s, respectively. Figures 2.7 and 2.8 show the distributions of the positions
of 1000 and 100000 simulated continuous-time Markov chains after 500s, respectively. All
figures show the number of particles at each position, divided by the total number of
particles employed, or in other words, the percentage of particles at that position after

time ¢, when all particles were concentrated at node zo(= 0) at time 0.

As expected, a longer simulation time leads to a wider spread or diffusion of parti-
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Figure 2.5: Distribution of 10000 Markov Chains at t=>500s
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Figure 2.6: Distribution of 10000 Markov Chains at t=5000s

cles. Furthermore, the variance and mean of the distributions of particles have a smaller
deviation from ¢t and 0, if more particles are employed.

Let us now have a closer look at the intensities. As mentioned before, the intensities
from going, for example, from state zg to state x; and from state z; to state xzg, are
possibly different, depending on the distances between the nodes. In the example used in
the simulation, both transition rates are % But if we imagine nodes placed in the form
of x_o=—-4,2_1=-3,20=0,21 = 2,220 = 3,23 = 6, we get a transition rate for going
from state xg to state x1 of %. The transition rate for going from state x; to state xg is
1
G

Another example is nodes with a spacing as shown in Figure 2.3. At node xg, we

can see the change of the spacing, i.e., the region with distance 1 between each pair of
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Figure 2.7: Distribution of 1000 Markov Chains at t=500s
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Figure 2.8: Distribution of 100000 Markov Chains at t=500s

neighboring states, to the region with distance 2 between each pair of neighboring states.

The transition rates are given by

i i=0,

Nkl = Loi=12 ., (2.25)
\%, i=—1,-2,..,
3, i=0,

i1 =41 i=1,2,.., (2.26)
3, i=-1,-2,
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Figure 2.10: Distribution of 100000 Markov Chains at t=500s

Figures 2.9 and 2.10 show the distributions, on nodes with the spacing as explained, for
different amounts of heat particles. Similar to our first example, the more continuous-time
Markov chains we simulate, the less are the deviations from variance ¢ and mean 0.

For the nodes shown in Figure 2.3, the number of particles on each side of node
zo(= 0) has to be equal, since the distribution of particles should approximate the Gaussian
distribution. The distance between each pair of neighboring states on the right side of xg
is twice the distance of each pair of neighboring states on the left side. Due to the doubled
distances, each node on the right side of xy has to hold more particles so that the number
of particles on each side of node zy(= 0) is equal. The plots in Figures 2.9 and 2.10 reflect
this idea.

The histogram in Figure 2.11 (resp., Figure 2.12) show the distribution of particles with
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Figure 2.12: Histogram for example two

respect to certain intervals for the example corresponding to Figure 2.1 (resp., Figure 2.3).
Their shapes follow the corresponding Gaussian distribution with mean 0 and variance t,
and it shows that the number of particles left and right of xy are the same for both
examples. In this context it is interesting to note that the transition rates are quartered
if the distance between nodes double, as in (2.25) and (2.26), indicating less transitions of
the continuous-time Markov chain per time unit. This is how the continuous-time Markov
chain takes the irregularity into account. However, thinking of heat particles again, it does
not represent a slower diffusion, since naturally, it takes longer to go a longer distance than

a shorter distance.
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2.6 Remarks

This framework can be used not only on the infinite straight line but also on the infinite
open curve. In this case we would view the nodes x; not as positions but distances from
the origin. On the infinite straight line the positions correspond the distances but this is
generally not the case on the open curve. Another interesting remark is the fact that we
can really have any spacing between nodes and still obtain transition rates. In the next
chapter we show that, based on the chosen lattice, we cannot always obtain transition

rates.

For the one-dimensional case we saw that we have two unknowns, the transition rates
to each of the two neighbors, and two constraints, the mean and variance. This leads to
unique transition rates if we consider the first and second moment only. An interesting
question is why higher moments are not considered? It is quite possible to consider higher
moments. However, it more natural to choose the first and the second moments since we
only need the mean and the variance to characterize the Gaussian distribution. The third
and fourth moments of a random variable, which is distributed according to a Gaussian
distribution with mean 0 and variance ¢, are given as 0 and 3t2, respectively. For the
second example in this chapter, at ¢ = 50 we obtain a third moment of 0.0957 and a
fourth moment of 7880, which is quite close to the theoretical third moment of 0 and the

theoretical fourth moment of 7500.

As a last remark, it may be interesting to determine the number particles n utilized in
the particle simulation such that a certain accuracy of the mean and variance is guaranteed.
To determine the necessary number of particles we consider confidence intervals [42]. For
instance, we define a 95% confidence that the simulated mean of particle positions is within

(L,U) of the theoretical mean as

Sy

(L7 U)95% =T+ 2z \/ﬁ’

(2.27)

where L is the lower bound, U is the upper bound, T is the sample mean, Sy is the sample
standard deviation and z. are the confidence coefficients. The confidence coeflicients are

for a Gaussian distribution and vary with confidence levels. Now, by considering the
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confidence interval to represent twice the maximum error we can define

2eSx
max — . 2.2
e = 22 (2.28)

The variable ey.x denotes the probability that the sample mean is not within the bound-
aries L and U. The least amount of particles necessary for a given confidence level is

then

n= <Z°5X>2. (2.29)

€max

As an example, if we wanted a 95% confidence that the sample mean is within £1.96 of

the true mean at time 5, we would need to employ 7683 particles.

2.7 Comparison to Finite Differences Method

The framework presented in this thesis is a new way to approximate the heat distribution
on a given manifold. For this reason it is interesting to give a basic comparison to existing
deterministic methods regarding run time and accuracy. The deterministic method we use
for the comparison is the finite differences method, and the example grid is the same as

in Figure 2.1. Specifically, we use the space discretization

ﬁz(% b) (@i = i )Ui-10 = (Tt = To1)Uin + (@ip1 — @)1 (2.30)
ox 0.5(.%'1'4_1 — a:,)(xz — xi_l)(miﬂ — xi—l)
For the time discretization we use
ou Ujn+1 — Uin
E(xi,thr%) R AT (2.31)

the forward Euler time integration, i.e., we only use the temperature at time step n to
calculate the temperatures at the next time step n+ 1. The spatial derivative is evaluated
at time n and the time derivative is evaluated at time n+ 3. We can then substitute (2.30)

and (2.31) into the heat equation and solve for w; 1. If we set the thermal diffusivity ¢
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Figure 2.13: Analytical heat distribution at ¢t = 2
to 1 we get

(g — @i—1)Ui—1,0 — (Tig1 — To—1)Uin + (Tip1 — Ti)Ui—1,n
0.5(zir1 — xi)(zi — zi—1)(®ig1 — Ti—1)

Ui nt+1 ~= Uip + At (2.32)

The difference when comparing our framework with the finite differences method is the
way we display results. We consider histograms of particle positions and then put a curve
on top of the histogram while the finite differences considers the temperature at specific
points only. Figure 2.13 shows the analytical distribution of heat on example grid one at
t = 2 with an open boundary and the initial condition u(x,0) = §(x). Figure 2.14 shows
the finite differences solution with the same boundary and initial condition and Figure 2.15
shows the histogram of particle positions where all 10,000 particles are at position x = 0

at time 0.

When considering the computation time of our framework and the finite differences
method it is important to note that the run time heavily depends on which of the many
implementations of the code we use for either method. Particularly for the finite differ-
ences method a lot of very fast implementations are available. Furthermore it depends on
what part of the, theoretically, infinite grid we consider for the finite differences method.
A bigger grid results in a longer computation time for the finite differences method, while
for our stochastic framework it does not matter. The time step size for the finite dif-

ferences method, which for this particular case should be less or equal than 0.5 to avoid
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instability, is also an important factor. In the stochastic simulation the time step is drawn
from a exponential distribution with grid dependent rate parameter. Table 2.1 shows the
computation times for the finite differences method for different grid sizes and time step
sizes. The computation time for the stochastic simulation of 10,000 particles is 0.46s,
for 1000 particles it takes 0.041s. However, we used a machine with only one core for
the stochastic particle simulation. If we were able to use a machine with, for instance,
10 cores, we could use a parallel computing implementation of our simulation code. The
computation time difference when employing 10,000 and 1000 particles is significant and
on par with the computation time for the finite differences method. Of course we cannot
simply divide the computation time for 10,000 particles by 10 to obtain the computation
time for the parallel computing implementation. However, the computation time is still

in that region.
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Table 2.1: Computation time for FDM for different time steps At and different intervals
L

Interval L A t=0.5 A t=0.25

50 0.02s 0.064s
100 0.058s 0.084s
200 0.085s 0.15s

500 0.119s 0.164s
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Chapter 3

Heat Diffusion Modelling on

Two-Dimensional Lattices

3.1 Introduction

In this chapter we deal with the extension of the framework we developed in Chapter 2.
In two dimensions we describe the position of nodes and particles with two-dimensional
vectors. The extension of our framework to two dimensions is unfortunately not an easy
task. The main change is the decision on what type of lattice should be used, and indeed
we are confronted with limitations based on the lattices we choose. In view of possible
later extensions of our framework, we mainly consider a triangular lattice. This type of
lattice consists of nodes where each node has six neighbors. When considering surfaces
on curved spaces, it is more natural to use triangular lattices on those surfaces than, say,
square lattices. This becomes evident when we consider the sphere. We can not create
a lattice on the sphere which consists of squares, without stretching some edges more
than others. With triangular lattices we are able to stretch some edges more than others.
In this chapter we will first slightly change the definition of the continuous-time Markov
chain and then give a proof that the random variable of the Markov chain has the same
mean and covariance matrix as the Gaussian distribution in two dimensions, where the

Gaussian distribution satisfies the two-dimensional heat equation.
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3.2 Markov-Chain-Driven Random Walk on the Triangular

Lattice

For the two-dimensional case we modify the previous definition of the continuous-time
Markov chain in order to clearly reflect the fact that we deal with two-dimensional lattices
in the notation. Let w(t) be the random variable of a continuous-time, time homogeneous
Markov chain on a countable space X. The variables z; ;, 4,5 = ..., —-2,-1,0,1,2,..., of
dimension 2 x 1, denote generic states of X. We express the conditional probability of the

time-homogeneous, continuous-time Markov chain as

Plw(s +t) = x5 j|w(s) = zx,] = Plw(t) =z

U)(O) = xk,l]v iaja kyl el (31)

We also define

p(k,l),(i,j)(t) é P[w(t) = a:i,j\w(O) = xk,l]. (3.2)

Associated with the infinite-dimensional matrix P(t), where the pair (k,[) is an index
for a row of P(t) and the pair (i, ) is an index for a column of P(t), given by py. ) i ) (t)

in (3.2), the infinitesimal generator ) for the Markov chain (3.1) is defined as

limy o 20600 gy £ (), .
(k1) (i) = '
lim, o PE0GDOL T 1) = (3, 7).

Note that qq. ), i) = 0, (k,1) # (i,7), and q(r),k,) < 0. The elements g ;) (; ;) of Q are
called transition rates or intensities and indicate the rate at which w(t) transitions from
state x; to state x; ;. Furthermore, Q satisfies the Kolmogorov forward equation given
by

——= =P(t)Q, P(0)=1, (3.4)

with the solution

P(t) = 9, (3.5)

where [ indicates the infinite-dimensional identity matrix.

If we want to look at the probability that w(t) is in state x;; at time ¢, given that
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w(t) was in state oo in time 0, we look at the corresponding row and column of e®t.
Assuming that the initial state is z¢, we write the probability that the continuous-time

Markov chain is in state x; ; at time ¢ as

pii(t) £ o), nt) = Plw(t) = z;;w(0) = z0,0]

- (th)(o,O),(i,j), (3.7)

which can be calculated as

k

pii(t) = Z E(Qk)((],o),(i,j)‘ (3-8)

k=0

o~

Similarly to the case on the infinite straight line, we then consider a Markov-chain-driven
random walk on a triangular lattice where all the particles are initially placed at node g
in the two-dimensional space. This type of lattice consists of diagonal and horizontal lines,
where all horizontal edges have length a and all diagonal edges have length b. We then place
nodes x; j, ¢,j € I, on the triangular lattice as shown in Figure 3.1. Changing the index i
is equivalent to jumping along the horizontal lines. Changing the index j is equivalent to
jumping along the ascending diagonal lines. Furthermore, each node has exactly six edges.
In this case, if we let the particles randomly jump between the neighboring six lattice
nodes, the state transition diagram describing the stochastic process of the successive
random jumps to neighboring nodes is described in Figure 3.2, where the transition rates
from state x; ; to its neighboring states are denoted by A(; j) (i+1,5)s A(i,5),(i—1,5)» Nij),(0,5+1)>
i) (i5—1)> Nig),(i+1,5—1)s and A 7y ;-1 j41)- Note that the behavior of this random walk
is captured by a continuous-time Markov chain with the infinitesimal generator ) given

by (3.6), with Bry = Zfi—oo Zji—oo )‘(k,l),(i,j)' The row with transition rates A(O,O),(i,j)

—B-1,1 A(=1,1),(=1,0) 0 A(=1,1),(0,0) A(=1,1),(0,1) 0
A(=1,0),(=1,1) —B-1,0 A(=1,0),(0,—1)  A(=1,0),(0,0) 0 0
Q= 0 A(0,-1),(—1,0) —Bo,-1 A(0,-1),(0,0) 0 0 (3.6)
A(0,0),(—1,1) A(0,0),(—1,0) A(0,0),(0,—1) —Bo,0 2(0,0),(0,1)  A(0,0),(1,0)
A(0,1),(~1,1) 0 0 A(0,1),(0,0) —Bo,1 A(0,1),(1,0)
0

0 0 A(1,0),(0,0) A(1,0),(0,1) —B10
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Figure 3.1: Example of a triangular lattice on the infinite plane, where an increase of
index ¢ by 1 corresponds to a jump along the horizontal edges to the right and a decrease
of index 7 by 1 corresponds to a jump along the horizontal edges to the left. An increase
of index j by 1 corresponds to a jump along the ascending edges and a decrease of index
j by 1 corresponds to a jump along the descending edges

of (3.6) is associated with the transition rates from state zo to all other states x; ; and
the column with transition rates A 1) (0,—1) is associated with the transition rates to state
xo,—1 from all other states xj;. The element in the above mentioned row and column
represents therefore the transition rate for going from state xg g to state g _1. The order
of how we index the rows and columns in (3.6) is not of importance for the purpose of this

research.

Note that due to the symmetric structure of this type of lattice we have only two dif-
ferent transition rates. Even though completely irregular lattices with different transition
rates and lengths for each edge are certainly desirable, the class of lattices discussed here

also leads to some interesting results. Furthermore, note that the time derivative of (3.7)
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Ai-1,+1),(0.9)

Figure 3.2: State-transition diagram of the continuous-time Markov chain on the example
triangular lattice

is given by

dp; i (t
p(ft() = (thQ)(0,0),(i,j)- (3.9)

From any given node particles can jump only to one of the six neighboring nodes. The
transition rates to the other nodes are therefore 0. Due to this structure of () and the
Kolmogorov forward equation, we can rewrite (3.9) as a combination of transition rates

and transition probabilities to each neighboring node given by

dpi ;(t)
T]t = ANit1),6)Pit1,5 (1) + A1), i) Pig+1(E) + Aig1,i—1),(6,5)Pi+1,5-1()

—(Ai),(i+1,9) T M), G5+ T M), (4+1,5-1) T Aig),(i-1,9)
T ) i—1,54+1) T M) ,—1))Pig (E) + Ai—1,5),6,5)Pi-1,5 ()

+)‘(i—l,j+1)7(i,j)pi—1,j+1(t) + )‘(i7j—l),(i,j)pi7j—1(t>' (3-10)

3.3 The Heat Equation on the Plane

In two dimensions the heat equation is expressed by

ou 0? 0?
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where x is a two-dimensional vector with elements x; and x9, indicating the position in
R2. This time the Laplace-Beltrami operator becomes the regular Laplace operator in two
dimensions. The initial condition is u(z,0) = §(z), where in this chapter §(z) represents
the Dirac delta function in two dimensions. When we assume no boundary conditions, we

express the solution to (3.11) as

1 _
u(z,t) = 716_2%36TD & (3.12)
2rt(detD)2

where D is a matrix whose elements represent the thermal diffusivity. Similar to the 1D-
case, (3.12) is also a Gaussian function. Specifically, it is a Gaussian distribution of the

form

x) = %6_% Tatle (3.13)

27 (detX)2

where Y is the covariance matrix of the Gaussian distribution in two dimensions. Hence,
(3.12) is a Gaussian distribution with ¥ = ¢tD and g = 0. The theoretical mean and
covariance matrix of the Gaussian distribution is then taken as the requirement for the
mean and covariance matrix of the random variable of the Markov chain, i.e., mean 0
and covariance matrix ¢tD. Note that if we set D to 115, (3.12) has the same form as the

probability density function for a Brownian particle doing standard Brownian motion on

the plane.

3.4 Mean and Covariance of the Continuous-Time Markov

Chain

As in Chapter 2 we now proceed with the proof that the random variable of the continuous-
time Markov chain has the theoretical mean and covariance matrix of a Gaussian distri-
bution in two dimensions. Without loss of generality we set the thermal diffusivity to

1
1.

Theorem 3.1. Let w(t) be a random variable of a continuous-time Markov chain whose

state-transition diagram is given by Figure 3.2. Furthermore, let w(0) =z o(=(0,0)) and
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let

MNighiitg) = g1 =AY

)

Alg)(ii—=1) = M) (i—1,541) = Aij),(i4+1,—1)

= Mignign =A@, (3.14)
where
2% — g2
1 A
A2 28240 — a2)’ (3.15)
1
2 A

If /2b > a, then the random variable w(t) has a covariance matrix %t]g and mean 0 for

all time ¢ > 0.

Proof. The mean of w(t) can be computed as

Elw(t)] = Z Z z; jPlw(t) = z; jlw(0) = o 0]. (3.17)

1=—00 J=—00

In order to compute E[w(t)], we take the time derivative of E[w(t)] so that

dE[;}f(t)] _ Z Z - dP[w(t) = :L”i(ﬂw(O) = 20,0]

i=—00 j*—oo

_ Z Z dpw . (3.18)

1=—00 j=—00

Using (3.10) we can rewrite expression (3.18) as

dE[w(t
[dt()] = Z Z x%]( (i4+1,),(6,))Pi+1,5 (1) + A jar1), i) Pij+1 (1)

i=—00 j=—00

FA 1,5 1),(,5)Pit1,i—1 () — Ny, (i+1.5) T A, Gg+1) T M), (i+1,i-1)
TG, (-1,9) T M), (- 1,54+1) T Ai),(,5-1))Pi () + A1) (5,5)Pi-1,4 (F)

FA(—1,j41),6,5)Pi-1,j+1(t) + A j—1), (i,j)pi,j—l(t)>

- Z Z Tig A1), () Pir 1 (¢ Z Z Tij A(i,j+1),(i,) Pij+1(t)

{=—00 j=—00 1=—00 j=—00
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0 o
+ Z Z T N (i41,5—1),(6,)Pi+1,j—1( Z Z T 5 (A ), (i+1,5)

{=—00 j=—00 1=—00 j=—00

FA0,9),6,541) T AGi.g), <z‘+1j 1)+A<m‘) (i—1,5) T Aig),i—1,541)
+>‘( 295 (8,5— 1 Z Z $le (i—1,5),(4,5)Pi— 173()

1=—00 j=—00

)0 @At igPi-1g+1(t)

1=—00 j=—00

+ Z Z xi,j)\(i’j,l)v(m)pm_l(t). (319)

1=—00 j=—00

Since we have an infinite sum, we can decrease the running index ¢ by 1 in the first term
of (3.19), decrease j by 1 in the second term, decrease i by 1 and increase j by 1 in the
fourth term, increase 4 in the fifth term, increase i and decrease j in the sixth term and

decrease j in the seventh term to get

o0

dE[éL;(t)] — Z Z €T 1,J>‘(Z,j) (z—ljp’L,J —|— Z Z Tij— 1)\ (3,5), (5 — 1)])1’]()
1=—00 j=—00 i=—00 j=—00
+ Z Z $i_1’j+1)\(ivj)7(i717j+1)p27-7 Z Z xlhj 7’+1’.7)
1=—00 j=—00 1=—00 j=—00

TG G+1) T A, i41,5-1) F A, i—1,5) T M) (i—1,5+1)

FA(i,5),(1,5—1))Pi(t)

+ Z Z i1, (), (141,5)Pig (1)

1=—00 J=—00

+ Z Z $i+1,j—1)\(z’,j),(z‘+1,j—1)pi,j(t)

1=—00 j=—00

+ Z Z xi,j+1)\(i,j),(z’,j+1)pi,j(t)

1=—00 j=—00

= > Y pz‘,j(t)(xi—l,j)\(i,j),(ifl,j)+xi,j—1)\(i,j),(i,jfl)

{=—00 j=—00

FLi-1,5110,5), (- 1,5+1) — A(i),(i+1,5) T M), (+1) T M), (4+1,5-1)
TG (—1.9) T A (—15+1) T Aig),(5—1))Tig + Tit1,iAG9),41,9)

F2ig15-1j),(i41,j-1) T xi,j+1)\(i,j),(i7j+1)>' (3.20)

Substituting (3.14) and inserting the actual coordinates from Figure 3.1 into (3.20) gives
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us

dElw(®)] = < « —a aliy )
-3 -3
* 2 _ a? * 2 _ a2
b i —\/b* =
TN R T E—
a? a?
b2 — T beZ
o0 o0 O

= > > . pij(t)

1=—00 j=—00

= 0. (3.21)

Integrating (3.21) leads to E[w(t)] = 0. Hence, since the covariance is calculated with

Elw(t)w™ (t)] — Elw(t)|E[w? ()], we can simplify it to E[w(t)w™ (t)], [43].

As in the calculation for the mean, we compute the time derivative of E[w(t)w™(¢)]
first, to find E[w(t)w™(t)]. An expression for the time derivative of E[w(t)wT(t)] can be

easily obtained by substituting xi,szj for x; ; in (3.20)

dE[w(t)wT (¢ N =
w = 3 Y p® (el Ao o) + Tl A6

+~Tz‘—1,j+190iT—1,j+1)\(i,j),(i—l,jﬂ)
=M, (i4+1,9) T M), g +1) T Ag) (i+1,5-1) T A, (i-1,9)
FA (09 (= 1j4+1) T i) (i —1))TijTij + Tit 151 jAG) (i41.)

F L1111 N ). 41,51 F ﬂfi,ﬁlﬂfgjﬂ)‘(z‘,y'),(z‘,j+1>)- (3:22)
Inserting (3.14) and the coordinates as we did in (3.21) gives us

dE[w(t)w" (t)] = 20> 0

il = 2 A
1=—00 j=—00 0 0
+ o ! ] )\(2)). (3.23)
0 40*-%)



We can then insert (3.15) and (3.16) to simplify (3.23) to

dE[w(t)w™ (¢ S 5 0
O S S e [P 321
1=—00 j=—00 5
Since Y2 Y72 pij(t) =1, we integrate (3.24) and get
1
T 3 0
Efw(t)w™ ()] = ‘. (3.25)
1
0 3
O

Related to Figure 3.1, we can stretch or shrink the lattice along the vertical axis,
i.e., increase or decrease the ratio %, and still obtain transition rates, as long as v/2b >
a. Illustrated on the example lattice in Figure 3.1, this conditions has the meaning of
a minimum angle of 45 degrees between ascending edges and horizontal edges. If this
condition is not satisfied we cannot compute the transition rates for such a lattice, or in
other words, we cannot model the Markov chain as a Brownian particle.

Related to the physical phenomenon of heat diffusion, in order to model the symmetric
diffusion of heat we have to have particle moving into all directions. If the above condition
V2b > a is not satisfied, particles can not move “up”. The horizontal part of their

movement is too big compared to the vertical movement.

3.5 Simulation and Discussion

To illustrate the utility of the proposed framework, we consider the lattice shown in Fig-
ure 3.1 with b = 1.5 and ¢ = 1. From Theorem 3.1 it follows that the infinitesimal
generator of the continuous-time Markov chain is characterized by the transition rates
AL = 3—72 and \(2) = %. The initial state in each simulation is state zg o or position (0,0).

Figures 3.3-3.10 show the histograms of the positions of particles, at different times
and different amounts of employed particles as well as multivariate Gaussian distributions

with mean 0 and covariance %t]g. Evidently, if we look at the diffusion process at a later

time, particles have diffused farther, leading to a wider distribution of particles. If we lay
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Table 3.1: Mean and covariance after 500s for n Markov chains

n=1000 n=10,000 n=100,000

Mean  [0.232 0.490] [0.085 -0.064] [0.001 -0.022]

Covariance diag[250.83,275.21] diag[249.94,256.14] diag[249.84,248.81]

x 10

o
3
8 6
=
X 5
C
S6
= A
24
®
32 3
O
G0
=1 2
‘s
g
g 1
=]
P4

0

y—coordinate

x—coordinate

Figure 3.3: Distribution of 10,000 Markov chains at ¢t=>50s

the respective multivariate Gaussian distribution on top of a histogram, we receive a very
good match in terms of height and width of the distributions.

As in Chapter 2, lower numbers of employed particles result in less accurate results
regarding the matching of shapes as well as a higher deviation of the mean and covariance
from the ideal mean of 0 and covariance of %t[g (see Table 3.1). As mentioned in Chapter
1, a large number of particles is supposed to be used. In Figures 3.9 and 3.10, 1000 and
100, 000 particles were employed, and we can see that the Gaussian bell curve is much

easier to identify in the shape of the histogram, if we employ 100,000 particles.

3.6 Other Lattice Structures

As an example of other lattice structures we consider the square lattice given in Figure 3.11.
Each node has four neighbors, where all edges have length a. The state-transition diagram

of the continuous-time Markov chain on this lattice is given in Figure 3.12.
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x 10"
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Figure 3.4: Multivariate Gaussian at t=50s
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x 10

Number of particles at position (x,y)/ 10000

y—coordinate

x—coordinate

Figure 3.5: Distribution of 10,000 Markov chains at t=500s

Theorem 3.2. Let w(t) be a random variable of a continuous-time Markov chain whose
state-transition diagram is given by Figure 3.12. Furthermore, let w(0)=x¢o(=(0,0))

and let

1
e = g

then the random variable w(t) has a covariance matrix %t[g and mean 0 for all time ¢ > 0.

The proof for Theorem 3.2 is analogue to Theorem 3.1 and is therefore omitted. On a

1

square lattice the transition rate becomes 1,

one divided by the number of edges times
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Figure 3.6: Multivariate Gaussian at t=>500s
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Figure 3.7: Distribution of 10,000 Markov chains at t=5000s

the edge length squared. If we set all six edges in Figure 3.1 to length a, all transition

1

rates become g 5. Intuitively this makes a lot of sense and is even expected.

In this lattice the angle between each pair of neighboring edges is 90 degrees. This fact
makes this lattice undesirable when we have to deal with slightly distorted lattices where

the angle is not 90 degrees, e.g., when a lattice from a sphere in R? is projected onto the

plane in R?.

As another example of other lattice structures we consider the lattice in Figure 3.13.
This lattice can be thought of as the lattice given previously in this chapter, skewed to

the left. All horizontal edges have the length of a, all ascending diagonal edges have the
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Figure 3.8: Multivariate Gaussian at t=5000s
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Figure 3.9: Distribution of 1000 Markov chains at t=500s

length of ¢ and all descending edges have the length of b. The vertical distance between
two horizontal edges is denoted as y and § € [0, 1] indicates how far the lattice is skewed
to the left. As we skew the lattice more the the left, y decreases and 3 increases. The

state-transition diagram is the same as in the previous example in this chapter, given in

Figure 3.2.

Theorem 3.3. Let w(t) be a random variable of a continuous-time Markov chain whose

state-transition diagram is given by Figure 3.2. Furthermore, let w(0) =z o(=(0,0)) and
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Figure 3.10: Distribution of 100,000 Markov chains at ¢=500s
let
1
A1) = Alig)y(i-1.) 2 )\ ),
2
A(i’j)’(i:j_l) = )\(l,j),(z,]+1) é )\( )7
Nid)(i-15+1) = i) (i41-1) = A (3.26)
where
R G.27)
4y2 40,2’ .
A2 ﬁ’ 3.28
492 (3.28)
1— 2
® 2o 7F )
A 492 (3.29)

If b2 + ¢2 — a® > 0, then the random variable w(t) has a covariance matrix %t[g and mean

0 for all time ¢ > 0.

We omit the proof for this theorem since the derivation of the transition is analogue
to the proof of Theorem 3.1. Note that the requirement % + ¢ — a? > 0 translates to a
maximum angle between edges b and ¢ of 90 degrees. The lattice in Figure 3.13 extends
the class of lattices usable with our framework. There are three different transition rates

for this class of lattices. Note that we can recover the same transition rates as in Theorem
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Li-1,4-1 L 1| Lit1,j-1

Figure 3.11: Example square lattice on the infinite plane

3.1 if we set S to % In that case b equals ¢ such that

202 — o2

1

W= ey (3.30)
1

2

WS sy (331)
1

3 A

WS ey (3:32)

Also note that the nodes in each of the previous lattices on the plane have the same
configuration of edges and neighboring nodes. This limits the lattices we can construct on
the plane. For instance, we cannot construct a lattice with four different transition rates.

This is an obstacle and we show how we can overcome this limitation in the next chapter.
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Figure 3.12: State-transition diagram of the continuous-time Markov chain on the example
square lattice
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Figure 3.13: Lattice structure with three different transition rates
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Chapter 4

Heat Diffusion Modelling on

Smallest Unit-Based Lattices

4.1 Introduction

The lattices in Chapter 3 represent only a part of lattices where our framework for the
modelling of heat diffusion is usable. In this chapter we consider a new class of lattices.
Specifically, we consider a lattice with missing edges. To deal with this class of lattices we
subdivide the lattice into units and different types of nodes, where each type of node has a
different number of neighbors. For the random variable of a continuous-time Markov chain
on such lattices, we then show how can still guarantee the mean and covariance matrix of
a Gaussian distribution, such that the solution to the heat equation is approximated.

Note that we use the same definition of the continuous-time Markov chain as in Chapter

4.2 Markov-Chain-Driven Random Walk on a Lattice with
Missing Edges

In this section, we discuss Markov-chain-driven random walks on a lattice in the two-

dimensional space. For that, nodes z; ;, 7,j € I, are placed on the lattice in Figure 4.1.

Each particle is initially placed at node xoo and jumps between neighboring nodes. Each

node is connected to five or six neighboring nodes and the connecting edges consist of
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diagonal and horizontal lines, where all edges have the same length a. Each node, with its
connected edges, is categorized into a type, which is the expression for the configuration of
one nodes and its connected edges on a lattice. This idea of a lattice with different types
allows for more irregular lattice structures than in Chapter 3. The important feature in the
example shown in Figure 4.1 is that some nodes have only five neighbors. To approximate
the diffusion of heat on such a lattice we first define the smallest unit of the lattice as
shown in Figure 4.2. With this smallest unit, we can create the entire lattice by placing
those units next to each other. This idea of breaking the lattice down into units helps
to identify the different types of nodes on this lattice. Each type of node has a different

arrangement of neighbors and edges connected to it.

As indicated by the numbers next to the nodes in Figure 4.2, we have four types of
nodes for this lattice. The node x; j12 for instance is a type four node, since it has the
same configuration of nodes and edges around it as x; ;. If we let the particles randomly
jump between the neighboring five or six lattice nodes, we can describe the stochastic
process of the successive random jumps to neighboring nodes with the state transition
diagram in Figure 4.3. The transition rate from state x;; to state x;y1; for instance is
denoted as )‘(i,j),(i—i-l,j)a the transition rate from state x;_1 j41 to state z;; is denoted as
A(i=1,j+1),(i,j)» and so on. In Figure 4.3 we focus on the shaded nodes, since they represent

the four types of nodes we define.

Note that the behavior of the random walk is captured by a continuous-time Markov
chain with infinitesimal generator @, with elements A(; ;) (). Furthermore, note that the

time derivative of (1.10) is given by

dp; i (t
péjt() = (thQ)(0,0),(i,j)- (4.1)

From any given node, particles can jump only to the five or six neighboring nodes. The
transition rates to the other nodes are therefore 0. Due to this structure of () and the
Kolmogorov forward equation, we can rewrite (4.1) as a combination of transition rates and
transition probabilities to each neighboring node. For the sake of the following derivation
we change the indexing slightly. Type 1 nodes are indexed as x2;41,25, type 2 nodes are

indexed as x2;2;+1, type 3 nodes are indexed as x2;11,2;—1, and type 4 nodes are indexed
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Figure 4.1: Example of a triangular lattice with missing edges on the infinite plane, where
an increase of index i by 1 corresponds to a jump of length a to the right and a decrease
if index 7 by 1 corresponds to a jump of length a to the left. An increase of index j by 1
corresponds to a jump of length a along the ascending edges and a decrease of index j by
1 corresponds to a jump of length a along the descending edges.

as T2;2j. With 2,11 25, for instance, for any choice of 7 and j, we can only obtain type 1

nodes. With these indices, we write (4.1) for each type of node and get

dpoit1,25(t)
i i j = A2i,2§),(2i+1,2§)P2i.25 (£) + N2i,2j41),(2i+1,2j)P2i,2j+1(t)

+A@2i41,2j-1),2i+1,2§)P2i+1,25—1(8) — (A@it1,25),(26,2))
+A©2i+1,29),(26,2541) T A@i+1,25),(2i4+1,2j—1)

FA(2i41,25),(2i41,2j+1) T A(2i+1,25),(2i4+2,2))

FA@2i41,2),(2i42,2j—1) )P2i+1,25 (£) + A(2i41,2j41),(2i+1,25)P2i+1,2+1 ()
+A(2i42,25),(2i+1,2)P2i+2,25 (t)

+A(2i42,2j—1),(2i+1,2§)P2i+2,2j-1(t), (4.2)

dp2i2j+1(t)

dt = N(20,29),(2i,2j+1)P2i,25 (1) + N(2i11,25),(2i,2j+1)P2i+1,25 (t)

FA(@2i41,241),(20,254+1)P2i+1,25+1 () — (N23,2j41),(2i,25)
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Figure 4.2: Smallest unit and types of nodes on example triangular lattice with missing
edges, where the numbers next to the nodes indicate the type of the node

dp2it1,2j-1(t)
dt

dpai,2;(t)
dt

+A@2i,241),(2i41,2)) T A@20,2j41),(2i+1,.25+1) T A(26,2j+1),(26,2+2)
FA(20,2j41),(2i—1,2j42) )P2i,2j+1 (1) + N(2i,2j+2),(2i,24+1)P2i,25+2(t)
+A(2i-1,2j+2),(2i,2j+1)P2i—-1,2j+2(t), (4.3)
A20,29),2i41,2j-1)P26,2j (1) + N2i41,2)),2i+1,2j—1)P2i+1,25 (t)
FA(2i,2j-1),(2i41,2i—1)P2i.2j -1 () = (A2i41,2j—-1),(2i,25)
FA@i11,2j-1),2i41,25) T AN@i41,25-1),(2i,2j-1) T A@i41,2j-1),(2i+1,2-2)
FA(2i41,2j—1),(2i+2,2j—2) )P2i+1,2j—1(t)
+A(2i41,2j-2),(2i+1,2j—1)DP2i+1,2j—2(t)
FA(2i42,2j-2),(2i+1,2j—1)P2i+2,2j—2(1), (4.4)
A(2i+1,25),(20,25)P2i+1,25 () + N2i—1,2),(2i,25)P2i—1,2 (t)
+A@2i41,2j-1),20,25)P2i+1,2j-1 (1) — (MN23,2),2i+1,25) T A23,2),2i-1,2))
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A1+ 1).0)

Figure 4.3: State-transition diagram of the continuous-time Markov chain on the example
triangular lattice with missing edges

+A2i,2),2i+1,25—1) T A2i,2)),(2i-1,2j+1) T A2i,25),(26,2+1)
+/\(2i,2j),(2i,2j71))p2i,2j(t) + /\(21'71,2j+1),(2i,2j)p2i—1,2j+1(t)

FA(2i,2541),(21,25)P2i.2j+1 () + N(2i,2i-1),(2i,25)P2i,2j-1()- (4.5)

4.3 Mean and Covariance of the Continuous-Time Markov

Chain

In Chapter 3 we already derived the theoretical mean and covariance matrix for the random
variable of the two-dimensional Gaussian distribution, i.e., mean 0 and covariance %tIQ.
We can therefore directly continue with the proof that the random variable of the Markov
chain can be characterized in such a way that the mean and the covariance matrix of the
random variable of the Markov chain are equal to the theoretical mean and covariance
matrix of the two-dimensional Gaussian distribution. The proof works slightly different

and is also a bit longer.
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Theorem 4.1. Let w(t) be a random variable of a continuous-time Markov chain whose
state-transition diagram is given by Figure 4.3. Furthermore, let w(0) =x¢0(=0,0) and

let

A(2i72j),(m,n) - )\(21’_’_1,2‘7'),(]{/_’[) 2 )\(1),
A@2i2j41),(2i41,2541) =  A20,2j41),(20,2) = N20,2j+1),(2i—1,25+2)

= A@2i11,2j-1),(2i+1,25) = N2i+1,2j—1),(26,2j—1)

= A@2i+1,2j-1),(2i42,2j—2) = 2@,
A@2i2j41),2i41,25) = AN(20,2j41),(20,2+2) = MN2i+1,2j—1),(2i4+1,2j—2)
=AY, (4.6)

where A(2; 2, (m,n) and A(2i41,2j),(k,1) denote all transition rates from z9; 2; and ;41 25 and

where

1

n & 4

A L (4.7)
1

2

A2 2 ol (4.8)

2B 2 (4.9)

Then the random variable w(t) has a covariance matrix %tIQ and mean 0 for all time ¢ > 0.

Proof. The covariance of w(t) at time ¢ can be calculated using (1.10) and the well known

equation for the covariance [43]

Elw(t)w” ()] - Ew®)E™(0)] = Y Y zigal;Plw(t) = zilw(0) = zo0]

1=—00 j=—00

_< Z Z i, jPlw(t) = zij|w(0) = xo,0]

1=—00 J=—00

>0 DT alPlw(t) = islw(0) = o] )4.10)

1=—00 J=—00
To find the covariance, we look for the expectation of w(t) first. Since we have four
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different stencils, we write the expectation as

Ew®)] = >, Y, (wzz‘sz[UJ(t)szi,wlwm):ﬂfo,o]

1=—00 j=—00
+22i2j+1P[w(t) = T2i25+1w(0) = 0,0

+22i41,2j—1P[w(t) = x2i41,2j—1|w(0) = 0]

+x9i41,2jPlw(t) = z2i41,25|w(0) = 950,0])

o0 oo
= g g (%‘,2;‘1%,2]‘ + X2i,2j+1P2i,2j+1

1=—00 jJ=—00

+T2i+1,2j—1P2i+1,25—1 + 962i+1,2jp2i+1,2j>-

Taking the time derivative of (4.11) gives us

dE[w(t)] — - dpi,2;j dpoi 21
a Z Z (x“j T AT
i=—00 j=—00
ADoiit os ADos 1 o
+$2i+1,2j71% + Z2i+1,25 %)
Using (4.2)—(4.5), we write (4.12) as
dE|w(t > >
[dt( I Z Z T2i4+1,2; <)‘(2i,2j),(2i+1,2j)p2i,2j(t)

1=—00 J=—00

+/\(2i,2j+1),(2i+1,2j)p2i,2j+1(t) + )‘(2i+1,2j71),(2i+1,2j)p2i+1,2j—1(t)

—(A@2i41,29),(20,2) T A(@2i+1,25),(20,2j41) T A(2i+1,25),(2i+1,2j—1)

FA@i+1,2)),2i4+1,2j+1) T A@2i+1,2)),(2i42,27)

FA2i41,2),(2i42,2j—1))P2i+1,25 (£) + A(2i41,2j41),(2i+1,25)P2i+1,25+1 ()

FA(2i42,25),(2i+1,25)P2i+2,2j (£) + )‘(2i+2,2j71),(2i+1,2j)p2i+2,2j—1(ﬂ)

o o
+ YD magin ()\(21,2j),(2i,2j+1)1’2z‘,2j(t)

1=—00 j=—00

FA2i41,2),2i,25+1)P2i+1,25 (1) + A2i41,2j11),(20,2j+1)P2i+1,2+1 (1)

—(A@20,2j41),(20,25) T N26,2j4+1),(2i+1,25) T A(20,2j41),(2i+1,2j+1)

FA(20,241),(21,25+2) T A(20,2j4+1),(2i-1,2j+2))P2i,2j+1(t)

+A(2i,2j42),(2i,2j+1)P2i.2j+2(t) + )\(2i—1,2j+2),(2i,2j+1)p2i71,2j+2(ﬂ)
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o o0
+ Z Z T2 41,251 <)‘(2i,2j),(2i+1,2j71)p2i,2j(t)

1=—00 J=—00

FA2i41,2),2i+1,25—1)P2i+1,25 (1) + A2i 25 1), 2i+1,25—1)P2i,25—1(1)
—(A@2i41,25-1),(20,2) T A(2i+1,2j—1),(2i41,25) T A2i+1,2j—1),(2i,2j—1)
FA(@2i41,2—1),(2i41,25—2) T A@2i41,2j—1),(2i+2,2j—2) ) P2i+1,2j—1(t)

FA(2i41,2j-2),(2i+1,2j—1)P2i+1,2j—2(t) + )‘(2i+2,2j—2),(2i+1,2j—1)p2i+2,2j72(t))

(e e} e}
+ Z Z T2i,2j ()\(21'—1—1,2]'),(2i,2j)p2i+1,2j(t)

1=—00 j=—00

+A(2i-1,2j),2i,2)P2i—-1,2 (1) + N2i41,2j-1),(20,25)P2i+1,2j—1(t)
—(A\@2i,25),(2i41,25) T A2i,29),(2i—1,25) T A(20,2)),(2i4+1,2i—1) T A(24,2),(2i-1,2j+1)
FA(20,2),(2i,2j4+1) T N2i,2),(2i,2i—1))P2i,2 (1)

+A(2i-1,2j+1),2i,25)P2i—1,2j+1 (1) + A2i,2541),(23,2)P2i,25+1 ()

+A(2i,2j-1),(2,25)P2i,2j—1 (t)> - (4.13)

Now, consider the first term of (4.13). We rewrite the first term of (4.13) as

dE[w(t > >
[dt()] = Z Z T2i+1,2j\(2i,2j),(2i+1,2§)P2i,25 (1)

1=—00 j=—00

o0 o
+ Z Z x2i+1,2j)\(21',2j+1),(2i+1,2j)p2i72j+1(t)

1=—00 j=—00

o o
+ Z Z T2i4+1,2j \(2i41,2j—1),(2i+1,2j)P2i+1,2j—1 ()

{=—00 J=—00

o x
— Z Z 22i+1,2j (A 2i41,25),(20,25) T A(2i+1,25),(20,25+1)

1=—00 J=—00

+A@i41,29),2i41,2j-1) T A2i41,2)),(2i+1,2j+1)
FA(2i41,2),2i+2,25) T N2i41,25),(2i+2,2j—1))P2i+1,25 (1)

o] o
+ Z Z T2i+1,2j \(2i41,2j+1),(2i+1,25)P2i+1,2j+1(t)

{=—00 j=—00

o D
+ Z Z T2i4+1,2j N (2i42,2j),(2i+1,2j)P2i+2,25 (1)

1=—00 j=—00

o x
+ D w125 is2.2j-1),2i01,2)P2it2.2i1(E). (4.14)

1=—00 J=—00

Due to the infinite sums, we can shift the indices of each of the seven terms of (4.14). We
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decrease j by one in the fifth term, decrease ¢ by one in the sixth term and decrease i by

one and increase j by one in the seventh term. We then get

dE[w(t)]
dt

[e.e] [e.e]
2 z P2i2;(t) ($2¢+1,2j)\(2i,2j),(2z‘+1,2j) +x2i71,2jA(2i,2j),(2i—1,2j))

I=—00 j=—00

+p2i2j+1(t) (x2i+1,2j)‘(2i,2j+1),(2i+1,2j) + 902z‘—1,2j+2)\(2i,2j+1),(2i—1,2j+2))
+p2it1,2j-1(t) ($2i+1,2j)\(2i+1,2j—1),(2i+1,2j)
+l‘2i+1,2j72)\(2i+1,2j—1),(2i+1,2j—2)) — 2i+1,2j (A\2i41,2j),(2i,25)
+A@2i+1,29),(26,2541) T A@i41,25),(2i+1,2j—1)

FA@i41,25),2i41,2j+1) T A©@i+1,25),(2i4+2,25)

+A(2i41,25),(2i+2,2j—1))P2i+1,25 (1) (4.15)

Here we group the probabilities of being at the centers of each of the four types of nodes,

i.e., P2i2j(t), P2i2j+1(t), P2it1,2j—1(t), and pait1,25. By using the shifting technique applied

in (4.14) and (4.15) on the remaining terms of (4.13) and then substituting the transition

rates from (4.6) we get

dE[w(?)]
dt

o0 o0
Z Z Pais125(H)AD (($2i,2j+1 — ®2i41,25) + (T2i42,2j—1 — T2i41,25)

1=—00 j=—00

H(@2i41,2j—1 — T2i+1,25) + (T2i41,2j41 — T2i41,25)

(@125 — T2i41,25) + (T2i42,25 — $2i+1,2j)>

o o
+ Y D P (A ((332@'+1,2j — @2i,25) + (T2i-12j — 2i,2))

1=—00 j=—00

+(@2i2j+1 — T2i,25) + (T2i,25—1 — T2i,25) + (T2541,2j—1 — T24,25)

+(22i-1,2j41 — $2¢,2j))

+ D2 P2i,2j+1(t)((x2i+1,2j — 22i,2j11) A

1=—00 j=—00

2 2
+(w2i-1,2j42 — $2i,2j+1))\( )+ (2541241 — $2¢,2j+1))\( )

+(w20.2j — T2i2j41) AP + (2195412 — 962i,2j+1))\(3))

[e.e] [ee]
+ Z Z P2¢+1,2j71(t)(($2¢+1,2j — w2i412j-1)A?

1=—00 j=—00

3 2
+(Z2ir12j-2 — T2it1,2j-1)AD + (T2i0j 1 — Tait1,2j-1)AP
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+(x2i42,2j—2 — 1’2@'+1,2j71))\(2) + (22125 — l’21'+1,2j71))\(3))~ (4.16)

Inserting the coordinates from the example lattice in Figure 4.1 and substituting (4.7)—

(4.9) leads to

dE[w(t X = 0 0
Eit()] - Z Z ( P2i2j(t) + D2i2j+1(%)
1=—00 j=—00 0 0
0 0
+ p2it1,.2j-1(t) + p2i+172j(t)>
0 0
=0 (4.17)

Integrating (4.17) gives us a mean of 0, since w(0) = (0,0). This result simplifies the
covariance to E[w(t)wT(¢)]. To find the covariance, we use the same approach we used
for the mean. In fact, we only need to substitute xi,szj for x;; in (4.16), insert the

coordinates for the example lattice and substitute (4.7)—(4.9). This gives us

dE[w(t)wT (¢)] SRS 3 0 3 0
—a = >y (pzi,Qj(t) ) + p2i2j+1(t) )
1=—00 j=—00 0 b 0 2
3 0 3 0
+p2it1,2j—1(t) + p2iy1,25(t) ) . (4.18)
0 3 0 3
2 | 2 |
Integration of (4.18) gives us the covariance
0
Elw)w ()] = |* |t (4.19)
0o 1L
2

As a remark, note that A(®) is set to 0. The edges associated with A(®) are considered

“superfluous” by the framework. We discuss this in more detail in the discussion.
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Table 4.1: Mean and covariance for n Markov chains after time ¢

n=100,000 n=100,000 n=1000
t=50 t=500 t=500
Mean [-0.0078 0.0243]  [0.0556 -0.0253] [0.1713 -0.135]

Covariance diag[25.63,25.64] diag[250.47,250.05] diag[249.84,248.81]

4.4 Simulation and Discussion

In this section, we demonstrate the utility of our framework on the lattice shown in
Figure 4.1. We set a to one and consider the random walk of a number of continuous-time
Markov chains, whose infinitesimal generator is characterized by A1) = %, A2 = % and
AB) = 0, with origin z0,0 = (0,0). The mean and covariance of the distribution of particles
can be seen in Table 4.1. As in previous results, a higher number of employed particles
results in less deviation of the mean and covariance from mean 0 and covariance %tlg.
The histogram of the positions of particles is shown in Figure 4.4, for 100,000 particles
at ¢ = 500. We compare the histogram with a multivariate Gaussian distribution, in
Figure 4.5, with mean 0 and covariance %tlg. In terms of shape, height and width we

get a good match between the histogram and the Gaussian bell curve. Generally, as in

Chapter 3, the results show a very good approximation of the diffusion of heat.

With the subdivision of a lattice into smallest units and the classification of nodes
within that unit into types as shown in Figure 4.2, we can extend the use of our framework
to different classes of lattices. In the derivation of the mean and covariance, (4.16) and
(4.18), each type of node has a mean of 0 and covariance of %tlg so that the overall mean
and covariance is 0 and %tlg. That is the reason why type two nodes, (nodes with no edge
to the left, see Figure 4.2), have the transition rates A2i,241),(2i+1,25) and A(2i2541),(2i,2j+2)
set to 0. They are not needed or “superfluous”, so to say. The three remaining outgoing
transition rates allow for a mean of 0 for this type of node, since particles can jump
equally in each direction. The angle between each pair of those three nodes is 120 degrees.
If we would want the two transition rates we set to 0 to be positive, we cannot find the

desired mean and covariance without making assumptions about the mean and covariance
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Figure 4.4: Distribution of 100,000 Markov chains at t=500

of each type of node within the smallest unit, other than being 0 and %tl 2. In other words,
looking at type two nodes, if we want particles to jump to each of its five neighbors, we
cannot find the desired mean and covariance, because an edge going to the left is “missing”.
Therefore, our framework gives us transition rates such that our requirements are satisfied.
Note that although particles cannot jump from state xo; 241 to state x9;41,25, jumps from
state wo;11,2; to state wo; 2541 are possible.

These interesting results create the question; how we can build the configuration of
neighbors for one type of node such that it allows for the usage of our framework? What
are limitations and is a further extension feasible? The main statement is that, if we can
retrieve the theoretical mean and covariance of the Gaussian distribution on each type of
node, then we can retrieve the theoretical mean and covariance for the random variable
of the Markov chain on the whole lattice. This may lead to even more irregular grids in
two dimensions, with limitations as outlined above in this section. Applications might be
grids in three dimensions which have been projected onto the plane. Chapter 7 looks into

this topic in more detail.
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Figure 4.5: Multivariate Gaussian at t=>500
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Chapter 5

Heat Diffusion Modelling on

Closed Curves

5.1 Introduction

In the last chapters we considered manifolds without boundary or curvature. In this
chapter we consider the modelling of the diffusion of heat on the closed curve. To describe
the diffusion of heat on the closed curve we have to deal with circular boundary conditions.
This is visible in the definition of the Markov-chain-driven random walk which takes place
on a finite set of states. Secondly, a closed curve has non-zero curvature so that the
distance between two nodes on the closed curve is not necessarily the Euclidean distance.

Instead, we use the geodesic distance as mentioned in Chapter 1.

5.2 Markov-Chain-Driven Random Walk on the Closed

Curve

For the closed curve we deal with a finite set of states, hence the definition of the
continuous-time Markov chain in Chapter 2 has to be slightly changed. Let w(t) be
the random variable of a continuous-time, time-homogeneous Markov chain on a finite

set X = {xg,z1,22,...,2N_2,2N_1}, where N is the number of nodes. We express the
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conditional probability of the time-homogeneous, continuous-time Markov chain as
Plw(s +t) = z;|w(s) = z;] = Plw(t) = z;|w(0) = z;], 4,5=0,...,N—1, (5.1)
for all s € Ry. We also define
pia(t) 2 Pluo(t) = wilw(0) = ], (5.2)

which are the elements of P(t), where P(t) is the transition probability matrix of the

Markov chain with size RV*V. We then assume nodes {sg, s1,52,..., SN_2,5N_1} are

unequally distributed along the circumference of the closed curve as shown in the example,

the circle with radius r, in Figure 5.1. The values of nodes s; are the geodesic distance

from sg in clock-wise direction. The constant N indicates the number of nodes on the

closed line and equals 21 in Figure 5.1. On the lower half circle, the distance to the next
2

node is 5zr and the distance from the previous node is é—gr if ¢ is even. If 7 is odd then

the distance to the next node is %—gr and the distance from the previous node is %—gr. On

47

the upper half circle, the distance between each pair of nodes is 357.

Each particle is initially placed at node sp = 0, and then jumps between neighboring
nodes along the geodesics. The state-transition diagram describing the successive random
jumps of particles at random times is given in Figure 5.2. The transition rate for a jump
from node s; to node s;11 is denoted as A;;4+1 and the transition rate from state s; to
state s;—1 is denoted as A;;—1. Note that the behavior of the random walk is captured
by a continuous-time Markov chain with infinitesimal generator @) with elements A; ;.

Furthermore, note that the time derivative of (1.10) is given by

dp;(t) .
4 - (€?'Q), i=0,...,N—1. (5.3)

From any given node, particles can jump only to the two neighboring nodes. The transition
rates to the other nodes are therefore 0. Due to this structure of () and the Kolmogorov

forward equation, we can rewrite (5.3) as a combination of transition rates and transition
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Figure 5.1: Example of 21 non-uniformly placed nodes on the circle

probabilities to each neighboring node

dp;(t)
dt

= Ni—1,iPi—1(t) — Nii=1 + Niir1)Di(8) + Niv1,ipisa (1), (5.4)

where the subscript N is understood as 0 for the circular boundary condition given by
Figure 5.2. Note that on the infinite straight line the infinitesimal generator @ has a
tridiagonal form. Since the particles in our case are on the closed curve it is possible
to jump from sy_1 to sg and sy to sy_1, resulting in a form of ) which incorporates
the circular boundary conditions. The infinitesimal generator () can also be seen as the
matrix representation of the graph which consists of nodes which have been placed on the
closed curve. In this case () is called the Laplacian matrix or discrete Laplace-Beltrami
operator [19], [44]. We want to know how given non-uniformly placed nodes imposed on
a manifold determine the graph Laplacian and therefore the Markov chain such that the
continuous Laplace-Beltrami operator is approximated, thus approximating the diffusion

of heat on the closed curve [17].
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Figure 5.2: State-transition diagram of the continuous-time Markov chain on the example

circle

5.3 Statistics on Closed Curves and the Heat Equation

The solution to the heat equation on the interval s € [0, L) with boundary conditions

u(0,t) = u(L,t) and with initial condition u(s,0) = d(s) is given as [45]

1
u(s,t) = =+

|
1o

> 2n7 )2 2mn
Ze_(%) ¢t cos <TS)’ (5.5)
n=1

where u(s,t) denotes the temperature at position s and time ¢, { denotes the diffusion
parameter, and L denotes the length of the closed curve. To relate (5.5) to a probability
distribution we use the concept of wrapped distributions [46], [47]. In this approach, a
distribution on the line is taken and wrapped around a closed curve where the length
of the closed curve is determined by the metric g in (1.3). Note that the regular mean
and variance as defined in previous chapters are not applicable to the closed curve. We
consider the characteristic function and trigonometric moments instead, and show how
the probability density function and the trigonometric moments of a random variable
on a closed curve can be found and how the trigonometric moments lead to our main

result. Furthermore, we show how the probability density function and the trigonometric
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moments of the random variable on the closed curve relate to (5.5).

To this end, we define the random variable on the closed curve as wc(t) € [0, L). We
denote the probability distribution of w.(t) as pc(s,t). Note that p.(s,t) is given by (5.5),
following the idea that the solution to the heat equation is also a Gaussian function, such
as in previous chapters. Now, since every function in a bounded interval can be written

as a Fourier series we can express pq(s,t) as

pC(Svt +

i (k,t) cos <¥s> + B(k,t) sin (?5) (5.6)

k=1

=
o

The functions « and § are the Fourier coefficients or trigonometric moments of the random
variable w¢(t), which is distributed according to the wrapped Gaussian distribution [48—

50]. The functions a and g are therefore given by (5.5) as

a(k,t) = E[coskw.(t)]

= PN (5.7)
and

B(k,t) = E[sinkuw(t)]

= 0. (5.8)
Note that o and 8 also determine the characteristic function of w¢(t) given by [49,50]

L
Ge(k,t) = Efe*vel] = / e pe(s, t)ds = a(k,t) + iB(k,t)
0

— (5.9)

where
a(k,t) = E[coskw.(t)], (5.10)
B(k,t) = E[sinkuw(t)]. (5.11)

The characteristic function is called the kth trigonometric moment of the random variable
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we(t). The first trigonometric moment is usually used to check the similarity between

distributions and is found by setting £ = 1 such that
do(1,t) = e (2%, (5.12)

Equation (5.12) is the theoretical first trigonometric moment and it is used later in
this chapter to show that the first trigonometric moment of the random variable of
the continuous-time Markov chain is identical when the infinitesimal generator of the

continuous-time Markov chain is characterized in a certain way.

As a remark, when considering the special case of the unit circle, we can define the
mean resultant R, € [0, 1] and use it as an additional criterion for the validation of our
results. The mean resultant determines the spread of a distribution on the circle and is an
analogue to the variance on the infinite line [51]. To compute the mean resultant from a
distribution of particles on the circle, the position of each particle on the circle is taken as
a two-dimensional vector with the origin being the center of the circle. Using the Euler’s
formula e = cos @ + isinf, where i = \/—1, we can express the mean resultant vector of

a set of particle positions on the circle as [52]

Ro=>) e, (5.13)
J
where 6; € [0,27). R, is the sum of all vectors from the center of the circle to each particle

position on the circle. The mean direction . is the angle 6 of (5.13). To find the circular

2

variance o;

we simply subtract the magnitude of R, from one so that
02 =1—|R,|. (5.14)

When all particles are concentrated at § = 0 the circular variance corresponds to one. A
uniform distribution of particles on the circle corresponds to a circular variance of 0. This
notion is analogue to the diffusion of heat on the circle, where we have a point source of
heat particles at time 0 and a diffusion of particles as time continues until an equilibrium

is reached.
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Now consider the Gaussian distribution on the infinite line given by

Pz = 76_ 202 y (515)

where 1 is the mean and o2 the variance. According to [48,50,51], we can wrap this dis-
tribution around the unit circle and retrieve a distribution that satisfies the heat equation

on the unit circle given by

[e.e]

1 k202
0,t) (0 — 1
p(6,1) +er 5 cos (0 — ), (5.16)

where the variance is set to 2¢t. The variance 02 and p are then related to o2 and p. by

2

ol=1-¢7, (5.17)

C

and

pe = p (mod 27). (5.18)

5.4 Heat Diffusion on a Circle

In this section we examine the special case of the heat equation on the circle with radius
r. The derivation in this section serves as an example on how one can find the metric
and Laplace-Beltrami operator defined on a manifold. The heat equation on the circle
was previously defined in (1.1). Also, see references [53], [54] for a treatment of the
heat equation on the circle. We also previously defined the Laplace-Beltrami operator
n (1.2). We deal with the circle in R?, therefore the local coordinate is 2! = 6 with a

parametrization of the circle with radius r given by

y1 = rcosé, (5.19)

ya = rsind, (5.20)
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where (y1,12) € R? are called the ambient coordinates. The metric g is then calculated

as [55]

= 72 (5.21)

Using (5.21) in (1.2) leads to the Laplace-Beltrami operator for the circle given by [56], [53]

1 92

Note that 6 on the circle is in the interval [0,27) and u(0,¢) = w(2m,t). This equality ex-
presses the circular boundary conditions for the heat equation. Now recall the infinitesimal
generator (). As mentioned, ) characterizes the random walk, governed by the Markov
chain, by using functions of the distances between nodes on the circle, defined by the
metric. In addition, @ incorporates the circular boundary conditions similar to (5.22) by

allowing a transition from state sy_1 to state sg and from state sy to state sy_1.

To solve the heat equation the Fourier series expansion of the solution to the heat
equation on the infinite line is used [54]. We can think of this as wrapping the solution to

the heat equation on the infinite line around the circle such that [53]

2mr o

11 2
u(rd,t) = — + p— Z e 7t cosnd. (5.23)
=1

Note that we can obtain (5.23) by substituting 27r for L and ér for s in (5.5). The

corresponding first moment of the random variable on the circle is then
,Lct
dc(1,t) =€ 72> (5.24)

As mentioned in the introduction, the parameter ¢ describes how fast heat diffuses, in other
words, how far particles diffused for a given time. In case of circular boundary conditions
the diffusion parameter determines how fast an equilibrium distribution is reached, or in

other words, how long it takes until the temperature on the circle is everywhere the same.
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5.5 Characteristic Function of the Continuous-Time Markov

Chain

In this section we show how we can characterize the continuous-time Markov chain on
the closed curve, such that the first trigonometric moment of the random variable of the
Markov chain is guaranteed to be e_(%ﬂ)%t, so that the probability density function of
the random variable of the Markov chain satisfies the heat equation on the closed curve.
We show this by choosing the transition rates of the continuous-time Markov chain as
a function of node positions on the closed curve. Without loss of generality, we set the

diffusion parameter ¢ to % For the statement of the following result, let s; = sj%”.

Theorem 5.1. Let wyc(t) be a random variable of a continuous-time Markov chain on
a closed curve whose state-transition diagram is given by Figure 5.2. Furthermore, let

wymc(0) =0 and let

sin (S;-1 —8;) /2m\2
Mg & TR (T (5.25)
sin(s; —s; 21\ 2

where
v = sin (Ej—l — §j) — sin (gj—l - §j+1) + sin (§j — §j+1).

Then for any time ¢ > 0, the random variable wyc(t) has the first moment of e~ (T3,

Proof The first trigonometric moment of the random variable wyic(t) is given by

onic(1,t) E[einc(t)]
N-1 ‘
= e“ipy(t). (5.27)

=0

.

The random variable wyic(t) takes only values 5;. Note that p;(t) is the transition proba-

bility of being in state 5; at time ¢ and not the probability density function. In order to
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find the transition rates we take the time derivative of the first trigonometric moment

d(ch 1 t

Z e dp il (5.28)

Using (5.4) we can rewrite the expression (5.28) as

donic(1,t) s
a > e (Aifl,ipifl(t) = (Aii—1 + A1) pi(t) + )‘i“:ipi“(t))
¢ i=0
N-1 N-Lo
= e Ni1,ipi—1(t) — € (Aii—1 + Aii1)pi(t)
i=0 =0
N-1

+ eigi)\i_;_l’ipi_,_l(t). (5.29)

-
Il
o

We now use the substitution i =4 — 1 in the first term of (5.29), 7 = i in the second term

and 7 = i + 1 in the third term to get

domce(1,t) =2 N
o = 2 T Ean) = 3 e i + dpa)ni(t)
i=—1 1=0
+Z€ 1A i (t). (5.30)

Since the index —1 in the first term of (5.30) is actually the index N — 1 and since the

index N in the third term of (5.30) is the index 0, we rename i to i and write

N-—1
d 1.¢ o — .
(z)MC( ) ) — 2 :pi(t) (ezsi_H )\z i+l — ezsi(Ai i1+ >\z z'+1) + eiSi—1 )\2 1;1)' (5‘31)
dt ZZO ’ El El I

Using the Euler’s formula we write (5.31) as a combination of sine and cosine function

and after substituting the transition rates in (5.25) and (5.26) we can rewrite (5.31)

We can then solve this differential equation with the condition ¢yc(1,0) = 1 and obtain

the first trigonometric moment of the random variable of the continuous-time Markov
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chain as

dmoy = e (E)3 (5.33)

In other words, (5.25) and (5.26) represent the transition rates that lead to a characteri-
zation of the continuous-time Markov chain such that the first trigonometric moment of
e~ ()3 i guaranteed. [J

Note that the difference between each pair of nodes 5; has to be smaller than 7 in order
to obtain positive transition rates. We can substitute the node positions on the closed
curve and substitute these distances into (5.25) and (5.26), which yield the transition
rates for a particle to jump from any node on the closed curve to its neighbors. Note that
to determine the transition rate to one neighbor not only requires the position of that
neighbor but also the position of the second neighbor. It is also important to note that
the particles jump along the geodesic distances and not the Euclidean distances, leading
to more accurate results on some geometries. In the Chapter 2 we presented the transition
rates which guarantee that the distribution of the continuous-time Markov chain on the
infinite straight line has the same mean and variance as the Gaussian distribution on the

infinite straight line. The transition rates were given by

1
Moo, 2 , 5.34
2,041 ($i+1 _ :L'i)(xiJrl _ 1'2'71) ( )
1
ALoa . 5.35
! (5 — zi—1)(Tig1 — Tiz1) (5.35)

The variables x; denote the Euclidean distance from the origin. The metric g is always 1,
i.e., no curvature. Furthermore, these transition rates do not incorporate any boundary
conditions. The transition rates in (5.25) and (5.26) on the other hand incorporate the
circular boundary conditions by using the sine of the distance between neighbors, and the

interval L.

5.6 Simulation and Discussion

The first example in this section demonstrates the utility of our framework on the grid

given in Figure 5.1, where the radius r is set to 1. This grid consists of 21 nodes, non-
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Table 5.1: Mean direction in radians and variance for 10,000 Markov chains after time
t, using Gaussian distribution or simulated distribution by using geodesic or Euclidean
distances between nodes

Gaussian Geodesic Euclidean

i1 Mean 0 0.0935 0.041
"7 Variance 0.397 0.389 0.43

t—3 Mean 0 0.013 0.087
~ % Variance 0.771 0.779 0.789

- Mean 0 0.081 0.101
o Variance 0.9773 0.9765 0.9883

equally placed on the circle such that

3i—)m 2w .
g = ——t — dd, .
s 36 + 35 L © (5.36)
3@ -7 3w
Si = g + 35 L evem, (5.37)
on the lower half circle and
B 3(i—1)m 37

on the upper half circle. Thus, we consider random walks which obey the Markov chain
with infinitesimal generator characterized by the transition rates in (5.25) and (5.26) by
Aii+1 = 10.91 and \; ;1 = 5.54 for even ¢ and \; ;41 = 10.91 and \; ;_1 = 5.54 for odd i on
the lower half circle. On the upper half circle the infinitesimal generator is characterized by
the transition rates \; ;1 = A; i+1 = 4.15 for all 7. In the example s12 and sg are considered
to be on the lower half circle. In the simulation 10,000 Markov chain are employed where
each Markov chain starts at the origin wyc(0) = 0. The rose histograms with bin size 45
degrees in Figures 5.3-5.5 show the circular distribution of particle positions after t = 1,
t =3 and t = 8. As t increases we can see how particles diffuse symmetrically from the
point source of heat particles at position 0 until an almost uniform distribution is reached at
t = 8. We now use the previously defined mean resultant R, to find the circular mean and
the circular variance. The circular mean and circular variance serve as another criterion for

the validation of our results. Column one of Table 5.1 shows the theoretical circular mean
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Figure 5.3: Distribution of 10,000 Markov chains at t=1

and the theoretical circular variance obtained from (5.18) and (5.17), where the Gaussian
distribution on the infinite straight line has a of mean 0 and a variance of t. This column
represents the theoretical values for different times. The second column shows the values
for the circular mean and the circular variance at time ¢, for a distribution which was
obtained by simulating 10,000 Markov chains with our framework, where the transition
rates were obtained by using the geodesic distance between nodes on the circle. Column
three shows the circular mean and the circular variance at time ¢ for a distribution which
was obtained by simulating 10, 000 Markov chains with our framework, where the distances
between nodes on the circle were not the geodesic distances but Euclidean distances, i.e.,
straight lines. The deviation between values from the first and second shows a good
approximation of our framework for heat diffusion on the circle. Comparing columns one
and three shows that, when using Euclidean distances between nodes, we get also good

results, with a slightly bigger deviation from the theoretical values than column two.
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Figure 5.4: Distribution of 10,000 Markov chains at t=3

The second example we chose to discuss is the ellipse. We parametrize the ellipse as

y1 = acos, (5.39)

y2 = bsind, (5.40)

where a is the length of the major axis and b is the length of the minor axis. To calculate

the metric g for the ellipse we use (5.21) and obtain

g = a®cos? § + b? sin? 6. (5.41)

Using (5.41) in (1.2) yields the Laplace-Beltrami operator for the ellipse

1 H?

V2 = —
a2 sin? 0 + b2 cos? § 00?

(5.42)
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Figure 5.5: Distribution of 10,000 Markov chains at t=8

We are given the nodes Figure 5.6, where the nodes are distributed as
—, i=0,1,...,12 4
19’ ¢ Oa ’ ) ) (5 3)

Si:i

—, 1=13,14,... 44

24 b 4 37 b b 357 (5 )
In the example we set a to 1, b to % and distribute the nodes by dividing the lower half
of the ellipse into 12 segments and the upper half into 24 segments. Even though the
angles are equally distributed on each half of the ellipse, the distances between nodes are

irregular. Overall we have 36 nodes resulting in 36 different transition rates.

Figures 5.7-5.9 show the histograms of the particle position at t =1, ¢t = 3 and ¢t = 6,
respectively, where we divide the circumference into 6 bins and count the particles in
each bin at the three time instants. We can see that as time goes on, the distribution
approaches an equilibrium distribution where the particles are equally distributed around
the ellipse. In addition, the Gaussian distributions, indicating the distribution of heat on

the circumference of the ellipse at a given time, were included to show that we receive a
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Figure 5.6: Example of 36 non-uniformly placed nodes on the ellipse
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Figure 5.7: Distribution of 10,000 Markov chains at t=1 with corresponding solution to
the heat equation on the ellipse

good approximation of the heat distribution on the ellipse.

Note that if we wanted to know a more detailed distribution of particles, i.e., smaller
bin size in the histograms, we would increase the number of nodes accordingly. This might
be desirable if more information is needed in a line segment with high curvature. In case
we only want to know the amount of particles in a big segment of the ellipse, we can
use less nodes. Compared to frameworks which only offer the use of a regular grid, our
framework offer a real advantage when numerically approximating the heat distribution
on a closed curve. Furthermore, note that the diffusion of heat can be approximated on
any closed curve with different parameterizations. If the curvature, i.e., the metric, is
not known, we can still utilize straight line approximations if the position of the nodes is
known. Lastly we can conduct the simulations by utilizing parallel computing techniques,

resulting in less computation time and decreased computational load.
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Figure 5.8: Distribution of 10,000 Markov chains at t=3 with corresponding solution to
the heat equation on the ellipse
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Figure 5.9: Distribution of 10,000 Markov chains at =6 with corresponding solution to
the heat equation on the ellipse
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Chapter 6

Empirical Study on the Sphere

6.1 Introduction

In this chapter we discuss the extension of our framework to the S?-sphere. The solution
to the heat equation on the S2-sphere is known, and we can also describe the probability
that a Brownian particle is at a certain position on the S?-sphere at a give time. Similarly
to the closed curve, one would assume that it is possible to wrap the Gaussian distribution
on the plane around the S%-sphere. Unfortunately we can not wrap the two-dimensional
Gaussian distribution around the S2-sphere. Another problem with this approach is the
rigorous definition of a grid on the S?-sphere. As shown in Chapter 5, we can wrap nodes
on the infinite straight line around the closed curve. On the other hand, we cannot simply
wrap the a lattice on the plane around the S?-sphere in the same manner. The reason is
as follows. Assume that we choose a node on the plane and choose another node whose
position is given by adding a vector with magnitude 277 to the position of the first node.
If we obtain many of these nodes by adding k vectors with the same direction and with
magnitude 27r to the position of the first node, where k£ € I, then after wrapping the
planar grid around the sphere, the nodes obtained on the plane should correspond to the
same node on the sphere, just as on the circle. However this is not the case. This can
be illustrated by trying to wrap a piece of paper around a globe. It is not possible to do
this without cutting holes into the paper. Circular statistics provides the tools to define
a probability distribution on the S2-sphere [46,47]. The problem is that these probability

distributions are not Gaussian functions and have no similarity to the solution to the heat
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equation, as we have seen in previous chapters.

The method we use to still approximate the diffusion of heat on the sphere is the
projection of nodes onto the plane. By using the smallest unit approach we can categorize
each node on the sphere as a type and then project each type of node onto the plane and
compute the transition rates. Using these transition rates we can then conduct simulation
and compare the result by comparing the mean and variance of the distribution of particles
and the theoretical mean and variance computed from the probability density function of

a Brownian particle, which is also the solution to the heat equation on the sphere.

6.2 Statistics and the Diffusion of Heat on the S?-Sphere

The S2%-sphere is commonly parametrized with the latitude and longitude, 6 € [0, 7) and
¢ € [0,27), and the radius » € R. The solution to the heat equation with a point source

of heat at the north pole, (f = 0), on the sphere is well known and expressed as [57]

[e o]

w(0,t) = % (20 + 1) Py(cos ) 1D, (6.1)
=1

where P} is Legendre polynomial of order . Note that there is no ¢ in (6.1). The reason
is the symmetric diffusion of heat from the north pole, which is why the temperature at a
given time ¢ does not change on the same latitude . The probability density function of

a Brownian particle on the S2-sphere is given as [58]

[e.9]

Z(Ql + 1) P;(cos Q)e_l(lﬂ)%"z. (6.2)
=1

sin 6

pm(‘g) = 9

The parameter o2 denotes the variance of the single variable . In many sources (6.2) is
considered to be the analogue to the Gaussian distribution on the plane [59,60]. That is
the reason why we use (6.2) to find the theoretical mean and variance of 6. As in previous
chapters we can then use the variance and mean of the variable # in (6.2) as a means to
compare (6.2) to the distribution obtained from simulating continuous-time Markov chains

on the sphere, where we compute the sample mean of the angle 6 of particle positions. To
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Figure 6.1: Example grid of an icosahedron with 12 nodes

find the theoretical mean and variance of § we use the well known expressions for mean

o = /0 " (0, 1)0d0, (6.3)

and the variance

0'2: " — 2 . .
2 /0 P0,£)(6 — 11)2d0 (6.4)

6.3 Heat Diffusion Modelling on the Unit S2-Sphere

In this section we present an empirical way for finding the transition rates for a Markov
chain-driven random walk on the S2-sphere. The grid we are considering is an icosahedron
given in Figure 6.1. The icosahedron has 12 nodes and 20 faces and it is regular in the
sense that all faces are equilateral triangles. The nodes of the icosahedron lie on the unit
sphere that encloses the icosahedron and are evenly spaced. We can then take a node and
project all neighboring nodes onto the tangent plane of the node in question. There are
numerous projection schemes available [61]. The projection scheme we use is similar to

the equal-area projection, (see Figure 6.2). For the icosahedron we simply assume that
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Figure 6.2: Equal-area projection

the angle between each pair of adjacent edges is 72 degree and that the length of each edge
corresponds to the length a on the sphere. Note that this is a naive approach to project a
grid on the sphere onto a grid on the plane. We can not actually create a regular lattice
on the plane, where each node has five neighbors and where all edges have same length.
However, with the assumptions made above, we can approximate the actual node and the
connected edges on the sphere. We essentially use an unstructured lattice on the plane.
For the example of the icosahedron we have only one type of node, given in Figure 6.3.

With this configuration we can calculate the transition rate as

s (6.5)

= a2

The variable a is the length of each edge on the icosahedron, which is why we have only
one transition rate.

We then simulate 10,000 Markov chains on the unit sphere, using the icosahedron grid.
To determine the sample mean and sample variance of the angle 6 of particle positions

with

%:;Z% (6.6)



Figure 6.3: Icosahedron stencil projected onto the plane

for the sample mean and

N
1
of = = D0~ ) (6.7)
=1

for the sample variance.

Figures 6.4 and 6.5 show the theoretical mean and variance compared to the sample
mean and sample variance as a function of t. We can see a good approximation of the

theoretical values by the values obtained from simulations.

One conjecture in previous chapters was that we obtain more accurate results if more
grid nodes are used. Assume we have a grid on the sphere with overall 168 nodes as
shown in Figure 6.6. This type of grid is commonly created by taking an icosahedron and
then subdividing each triangle into four new equal triangles by placing new nodes on each
edge. The grid in Figure 6.6 is called spherical geodesic grid and has some nodes with six
neighbors and some nodes with five neighbors. Note that the number of nodes with five
neighbors is always 12, regardless of how many times we subdivided each triangle.

Overall the grid has five types of nodes. With the procedure explained previously
in this chapter and the ideas in Chapter 4 we can again find the transition rates for
this particular grid. We then simulate 10,000 particles on the grid given in Figure 6.6

and compute the sample mean and sample variance of the angle 6 of particle positions.
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Figure 6.5: Sample variance of 8 of 10,000 particles on the icosahedron

Figures 6.7 and 6.8 show the comparison between the theoretical mean and variance of the
angle # and the sample mean and sample variance from the simulated distribution. This
time we see a slightly better match between the two curves due to the higher amount of
particles. As the number of nodes increases, the difference between a node and the edges
connected to it on the sphere and the projected node with the connected edges on the
plane becomes smaller, thus decreasing the error between theoretical mean and variance
and simulated mean and variance. Note that for grids on the sphere with more than 12

nodes, the usage of non-equally placed nodes is necessary.
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Figure 6.8: Sample variance of 6 of 10,000 particles on a spherical geodesic grid with 168
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Chapter 7

Conclusion and Future Directions

In this thesis we developed a framework for the approximation of the diffusion of heat
on several manifolds. When considering the microscopic random movement of heat par-
ticles, we showed in stochastic simulations how a multitude of particles, modelled with
continuous-time Markov chains with a certain characterization of their infinitesimal gen-
erator, diffuses. Naturally, the position of particles is different each time we run the
simulation, including some outlying particles whose position is farer away from the main
group of particles. The mean distribution of those particle positions delivers a good ap-
proximation of the distribution of heat. This has been shown by comparing the mean
and variance of the distribution of particles with the mean and variance of the Gaussian
distribution. The comparison between the mean distribution of particle positions and
the analytical heat distribution takes place on a macroscopic level. This comparison can
be viewed as the comparison between the solution to the Kolmogorov forward equation
and the analytical heat distribution. Recall that elements of the infinitesimal generator
utilized in the Kolmogorov forward equation are the transition rates which describe the
transition probability per time unit. Keeping this relation in mind, we provided the proofs
which explain how a particular choice of transition rates leads to guaranteed statistical
properties of the random variable of the Markov chain on several manifolds. Specifically,
we interpreted the solution to the heat equation as a Gaussian distribution and obtained
the theoretical mean and variance from this Gaussian distribution, which satisfies the heat
equation. The proofs show that the random variable of the continuous-time Markov chain

has indeed the same mean and variance if we choose the transition rates as a function of
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the distances and angles between nodes. The important point is that the nodes do not
need to be placed uniformly, i.e., different distances and angles between each pair of nodes
on the manifold. Furthermore, even though we use the continuous Gaussian distribution
to find the theoretical mean and variance, we could still show that the random variable of

the random walk on a discrete state space has the same statistical properties.

In the Chapter 2 we considered the infinite straight line as an example manifold. The

transition rates were given as

1

(Tig1 — x) (Tig1 — zi—1)’
1

(i — zi-1)(Tiy1 — i-1)’

Aiit1 = (7.1)

Niio1 = (7.2)

and are simply functions of the distances from a given node to the next node and the dis-
tance from a given node to the previous node. There are no limitations for the arrangement

of nodes, we can always find the transition rates.

In Chapter 3, we extended the framework from Chapter 2 for the plane. For the plane
we presented the transition rates for a certain class of lattices. It turned out that there

are limitation for the placement of lattice nodes on a manifold. The transition rates were

given as
)\(i,j),(i—l-l,j) = )\(Z’J‘),(i—l,j) 2 )\(1)’
AGgGig=1) = i) li-15+1) = Nig)(i+1,-1)
= gy = AP, 73
where
202 — a2
1 o _ 20 —a
’ 2a2(4b? — a?)’ (7.4)
1
@ »
! 2(4b? — a?)’ (7.5)

The limitation v/2b > a translates to an angle of at least 45 degrees between edges
with length a and edges with length b (see Figure 7.1). The limitation illustrated in

Figure 7.1 means that the lattice can be contracted and stretched only to a certain degree.
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Figure 7.1: Limitation on the triangular lattice from Chapter 3

This limitation can be related to physical heat diffusion which we view as the random
movement of heat particles to each direction. If there is no possibility for a particle
to jump to a specific direction due to the lack of connected nodes in that direction, a
symmetric diffusion of heat cannot happen, thus the theoretical mean and covariance of
particle positions cannot be achieved. Figure 7.2 illustrates a type of lattice where this is
the case. For the node z; ; particle have no possibility to jump to the right, thus it is not

possible to find transition rates for this type of node.

Chapter 4 alleviates this issue somewhat with the introduction of the smallest unit
approach. We showed how our framework can be used on lattices with missing edges.
Interestingly, the framework will set the transition rates of “superfluous” edges to 0, to
ensure a symmetric diffusion in all direction, or in other words, to ensure that the random
variable of the continuous-time Markov chain has the same mean and covariance matrix

as the Gaussian distribution.

In the Chapter 5 we introduced circular boundary conditions and curved spaces by
considering heat diffusion modelling on closed curves. We gave an explanation of the
wrapped Gaussian distribution and circular statistics. These two tools are necessary since
the previously used notions of mean and variance are not applicable on closed curves.
Instead, we use the characteristic function of the random variable of the wrapped Gaussian
distribution, where the characteristic function also describes the trigonometric moments

of the random variable, to compare it to the characteristic function of the random variable
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Figure 7.2: Example of an irregular lattice where the framework is not usable

of the continuous-time Markov chain. With these tools we prove that the theoretical first
trigonometric moment and the first trigonometric moment of the Markov chain are equal

if the transition rates are chosen as

sin (x;—1 — x;) /2m\2

Aiit1 = (Q;)(L)’ (7.6)
sin (z; — x; 2m\ 2

Niic1 = Mn(xQVerl)(;), (7.7)

where

v =sin (x;—1 — x;) — sin (z;—1 — ©j+1) + sin (x; — Ti41).
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This time we take the sine of differences between particle positions, scaled by the length
of the curve. The usage of trigonometric functions in the transition rates is due to the
circular boundary condition. We also mentioned the similarity between the transition
rates obtained in Chapter 5 and the transition rates obtained in the Chapter 2. With
this similarity in mind we could take a naive approach and use the transition rates for the
infinite straight line and apply those transition rates to the closed curves by “unwrapping”
the closed curve onto the infinite straight line and then conduct the random walk of
particles. In that case we would not obtain accurate results but could still find a reasonable
approximation of the diffusion of heat.

In Chapter 6 we conducted an empirical study on the heat diffusion approximation on
the S2-sphere. We discussed a naive approach of projecting a grid on the sphere into the
plane such that we were able to calculate transition rates which characterize the random
walk on the S%-sphere. The obtained results show a good approximation when considering
the variance and mean of the latitude. The main problem with regards to the derivation
of theoretical results is the definition of a grid on the infinite plane that can be used to
describe a grid on the sphere by wrapping it around.

This thesis gives the foundation for a technique for the approximation of the diffu-
sion of heat with particular emphasis on the random movement of heat particles on a
microscopic level. We discussed diffusion equations and particularly the heat equation in
various contexts. We gave examples of other techniques for the modelling the diffusion of
heat, deterministic and stochastic, and compared them to our framework. One motivation
for this research is the investigation of the usage of non-uniform grids for the character-
ization of a stochastic process for the modelling of a specific natural phenomenon, the
heat diffusion. We are interested how the metric and the curvature in particular influ-
ences the transition rates. The result we obtained for the closed curve show that we are
able to model the diffusion of heat on any closed curve if the metric is known. Longer
distance means lower transition rates and shorter distance means higher transition rates.
The reason for the good results on closed curves is that our framework has no limitations
regarding the placements of nodes on the infinite straight line which can then, relatively
easy, be wrapped around the closed curve.

For two dimensions we encountered certain limitations as explained. In addition to the
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length of an edge, the angles between edges play an important role when determining the
transition rates. Ultimately we want to be able to use our framework on any Riemannian
manifold. Current limitations are 1) the limitation of lattice structures on the plane and 2)
the ability to wrap this lattice around a two-dimensional manifold, i.e., the boundaries or
surfaces of solid objects in three-dimensional Euclidean space, in a clearly defined manner.
In Chapter 6 we described a naive approach to model the diffusion of heat on the S2-sphere.
In this approach we considered the projection of the sphere to the plane, and let particles
do the random walk on the plane. Even though we obtained good results, we cannot
guarantee good results due to the lack of theoretical results. This is clearly the most
promising direction for future research. Previous techniques such as wrapped Gaussian
distributions as well as the comparison between statistical properties of the distribution
of heat and the distribution of particles did not lead to any usable results. It is therefore
necessary to find a new technique that allows for a theoretically correct derivation of
transition rates and that guarantees certain statistical properties for the distribution of
particles.

Another topic is the modelling of the diffusion of heat on manifolds with limited infor-
mation regarding the curvature. If we are, for instance, only given an upper bound for the
metric of some segments for the closed curve, how well are we able to model the diffusion
of heat? This is an interesting question since in real application, there are cases where
not the whole manifold is known. Regarding the computational complexity, the actual
implementation of the computation of random walks for distributed computing networks
is a very interesting topic since our framework basically offers itself for parallel distributed
computing. In conjunction with the smart placement of nodes due to the usage of non-
uniform placed nodes, the modelling of the diffusion of heat on grids with hundreds of

thousands of nodes.
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