[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

Jo /0000
Article / Book Information

Title On the Wyner-Ziv Source Coding Problem with Unknown Delay

Authors Tetsunao Matsuta, Tomohiko Uyematsu

Citation IEICE Trans. Fundamentals, Vol. E97-A, No. 12, pp. 2288-2299

Pub. date 2014, 12
Rt | wsewchieesow
Copignt | (c) 2014 nstute of Electoncs,Information and Communication

Engineers

Powered by T2R2 (Science Tokyo Research Repository)


http://search.ieice.org/
http://t2r2.star.titech.ac.jp/

2288

IEICE TRANS. FUNDAMENTALS, VOL.E97-A, NO.12 DECEMBER 2014

| PAPER Special Section on Information Theory and Its Applications |

On the Wyner-Ziv Source Coding Problem with Unknown Delay*

Tetsunao MATSUTA "®, Member and Tomohiko UYEMATSU™, Fellow

SUMMARY In this paper, we consider the lossy source coding prob-
lem with delayed side information at the decoder. We assume that delay
is unknown but the maximum of delay is known to the encoder and the
decoder, where we allow the maximum of delay to change with the block
length. In this coding problem, we show an upper bound and a lower bound
of the rate-distortion (RD) function, where the RD function is the infimum
of rates of codes in which the distortion between the source sequence and
the reproduction sequence satisfies a certain distortion level. We also clar-
ify that the upper bound coincides with the lower bound when maximums
of delay per block length converge to a constant. Then, we give a necessary
and sufficient condition in which the RD function is equal to that for the
case without delay. Furthermore, we give an example of a source which
does not satisfy this necessary and sufficient condition.
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1. Introduction

In multi-terminal information theory, various coding prob-
lems have been considered and analyzed by many re-
searchers (cf., e.g., [1],[2]). One of the most famous and
important coding problems is the Wyner-Ziv source cod-
ing problem introduced by Wyner and Ziv [3]. This is a
lossy source coding problem with side information at the de-
coder. For this coding problem, Wyner and Ziv [3] clarified
the rate-distortion (RD) function for stationary memoryless
sources, where the RD function is the infimum of rates of
codes in which the distortion between the source sequence
and the reproduction sequence satisfies a certain distortion
level.

In the Wyner-Ziv source coding problem, it is assumed
that the decoder can receive a side information symbol cor-
related with the source symbol simultaneously. However, in
many practical situations (e.g., the case where the decoder
is far away from the encoder, the case where it takes a lit-
tle while to generate a sequence of side information, and
the case where the path connecting side information and the
decoder has some delay, etc.), the decoder can not receive
correlated symbols in the beginning of the decoding. More-
over, the delay time to get a correlated symbol at the decoder
may be unknown to the coding system. For example, we can
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consider the following situation: an observatory (encoder)
on an island observes a sequence of wave heights per unit
time (source sequence) caused by an earthquake near there.
The observatory sends this sequence to a weather center (de-
coder) on a coast city distant from there. On the other hand,
the center also can observe a sequence of wave heights (side
information sequence) on the coast of the city. However,
since the wave reaches the coast city later than it reaches
the island, these heights at the same time may not be corre-
lated. Further, the observatory and the weather center do not
know the actual delay of the wave in advance, because there
are many uncertainties such as the point of the earthquake
center, sea breeze, shielding on the sea, etc.

In this paper, we consider the RD function for the above
lossy source coding problem with delayed (noncausal) side
information. Then, we show an upper bound and a lower
bound of the RD function when the delay is unknown but
the maximum of delay is known to the encoder and the de-
coder, where we allow the maximum of delay to change with
the block length. In the above example, the maximum of
delay depends on the distance between the island and the
city, and is known to the observatory and the weather center
because the distance is usually known to them. Since the
wave moves during the encoding process, the maximum de-
lay may be changed with the block length. We also clarify
that the upper bound coincides with the lower bound when
maximums of delay per block length converges to a con-
stant. Then, we give a necessary and sufficient condition in
which the RD function is equal to that for the case without
delay. Furthermore, we give an example of a source which
does not satisfy this necessary and sufficient condition.

There are some related works [4],[5] to our coding
problem. In [4], a lossy source coding problem with delayed
causal side information is considered, while delayed non-
causal side information is considered in our setting. In [5],
the lossy source coding problem with feedforward is con-
sidered, in which the delayed source sequence is available
at the decoder. On the other hand, in our coding problem,
we do not restrict delayed side information to the delayed
source sequence.

The rest of this paper is organized as follows. In Sect. 2,
we provide a precise definition of our coding problem. In
Sect. 3, we show both upper and lower bounds of the RD
function, and clarify the case where the upper bound co-
incides with the lower bound. We also give the necessary
and sufficient condition in which the RD function is equal to
that for the case without delay in this section. In Sect. 4, we

Copyright © 2014 The Institute of Electronics, Information and Communication Engineers



MATSUTA and UYEMATSU: ON THE WYNER-ZIV SOURCE CODING PROBLEM WITH UNKNOWN DELAY

deal with a source which does not satisfy the necessary and
sufficient condition, and give a numerical result for the RD
function of this source. In Sect. 5, we show the proof for the
upper and lower bounds. In Sect. 6, we conclude the paper.

2. Preliminaries

In this section, we provide notations and a precise definition
of the coding problem dealt in this paper.

We will denote an n-length sequence of sym-
bols (aj,as, -+ ,a,) by a", and a sequence of symbols
(as, a1, -+ ,an) by aj'. For sets X and Y, we will denote
the set of all probability mass functions (pmfs) over X by
P(X), and the set of all conditional pmfs from X to M by
W(Y|X). The pmf of the random variable (RV) X taking a
value of X will be denoted by Px € P(X), and the condi-
tional pmf of the RV Y taking a value of Y given X will be
denoted by Pyjx € W(Y|X). For a pair of integers i < j, we
will denote the set {i,i+ 1,---, j} as [i : j]. In what follows,
all logarithms are taken to the base 2.

Let X, Y, and X be arbitrary finite sets. A discrete
stationary memoryless source (DMS) (X,Y) is a sequence
{(X;, Y)}2_, of independent copies of a pair of correlated
RVs (X,Y) €e Xx Y. ForaDMS (X, Y), we consider the fol-
lowing coding problem with an encoder and a decoder: For
an integer M,, > 0, the encoder f, : X" — [1 : M,,] encodes
a given source sequence X" € X", and sends a codeword
f(X™) to the decoder. Then, we define the rate R,, of the en-
coderas R, = 1 . log M,,. The decoder ¢, : Y" x [1 : M,] —
X" outputs the reproduct1on sequence X" = On(Y1Z/, fu(X™))
from the codeword and a delayed side information sequence
Y f:t’ € Y", where t € [0 : u,] is a nonnegative integer which
represents a delay, and u, is the maximum of delay. We al-
low the maximum to change with the block length n, and
denote the sequence {u,},>, of maximums by u. Without
loss of generality, u, < n because for any t > n, X" is inde-
pendent of Y]~/. We assume that a delay ¢ is unknown but the
sequence u of maximums of delay is known to the encoder
and the decoder.

The distortion between the source sequence X" and the
reproduction sequence X" is measured by a distortion mea-
sured : X X X — [0, dimax] as

Zd(X,,X)

We define an (1, M,,, u,,)-code as a pair of an encoder f;
and a decoder ¢,,. Now, we define the RD function.

dVl XI‘L Xﬂ

Definition 1. For a DMS (X,Y) and a sequence u of maxi-
mums of delay, we call R is D-achievable when there exists
a sequence of (n, M,,, u,)-codes such that

limsupR, <R,

n—oo

and

1
lim sup max —E[d"(X” XM < D, (1)

n—oco  1€[0:u,]
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where E[-|t] represents the expectation when the delay is ¢ €
[0:u,l], ie

E[d"(X", X")t] = E[d"(X", @(Y]~!, fu(X"))].

Then, for a nonnegative constant D > 0, the RD function

Ry(D) is defined as

Ry(D) £ inf{R : R is D-achievable}.

3. Upper and Lower Bounds of the RD Function

In this section, we show upper and lower bounds of the RD
function. We also clarify the case where the upper bound
coincides with the lower bound, and give a necessary and
sufficient condition in which the RD function is equal to that
for the case without delay.

When u,, = 0 for all n > 0, i.e., a delay does not occur,
it is known [3] that the RD function can be represented as

Ru(D) = min I(X; V|Y) = Ry,(D),

where the minimum is taken over all conditional pmfs
Pyix € W(V|X) and functions g : Y X V — X such that
VI < 1X]+ 1,
Yoo XoV,
EldX,g9(Y, V)] < D,
where |- | denotes the cardinality of the set,and Y & X & V
represent that the RVs (Y, X, V) form a Markov chain in this
order.

When for a DMS (X,Y), X is independent of Y, it is
known [6] that the RD function can be represented as

Ru(D) = min I(X; X) £ R(D),

where the minimum is taken over all conditional pmfs
Py € W(XIX) such that E[d(X, X)] < D.

Ry;(D) and R(D) have the following properties (cf.,
e.g., [2]):

Property 1. R,,(D) < R(D) for any D > 0.

Property 2. R,,,(D) and R(D) are monotone nonincreasing,
convex, and continuous functions.

For a given sequence u, we define A, and A, as

and

—_ . un
Ay = limsup —,

respectively. Then, we have the next two theorems which
show lower and upper bounds of the RD function.

Theorem 1. For a DMS (X, Y) and a sequence u,
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Ru(D) > min {(1 - AyRy,(D1) + AR(D>)},

(D1,D2)eD,
where
D, 2{(D1, D2)€[0, dmax]* : D> (1-Ay)D1 +A, D>}

Remark 1. The lower bound of the RD function in the
above theorem is the minimum of a convex function over
a simple convex set. Thus, if closed-forms of Ry,(D) and
R(D) are given, one can easily compute the bound. On the
other hand, as shown in Remark 5, it also can be bounded
by the following rather complex formula involving an opti-
mization over a set of infinite sequences.

Ru(D) > inf lim sup{(1 — ARy (D\"™)
((D(l’”,n(z"))f:l: n—oo
D2lim supy o0 [(1-An)D " +4, D3}

+ ARDIY, )

A

where A, £ % According to this bound, we have

(a) . .
Ru(D) > inf  limsup{(I — A,)Rw,(D"")
((D(lm,n(z")):il: n—oo
D=lim sup,,_, o0 {(1 —An)DY”-*An D(Zn))
+ AuRy, (DY)
(b) .
> inf

D2lim supy o0 l(1-A0)D{" +4, D}

X lim sup{Ry,((1 — An)D(ln) + AnD(zn))}

()
>Ry, (D). 3)

where (a) comes from Property 1, (b) comes from Property
2, and (c) comes from the fact that limsup,_, ., Rwz(a,) >
Ry.,(limsup,_,, a,). This bound is tighter than the bound in
Theorem 1. In fact, for D € [0, dpax], (X, Y) and u such that
Ry,(D) > 0, Ay = 1 and A, = 0, we have Ry(D) > 0 from
the bound in Theorem 1, while we have Ry(D) > Ry,(D)(>
0) from the bound (2).

Theorem 2. If a sequence u satisfies Ay = 0 or 0 < A, <
Ku < 1, then for a DMS (X,Y),

Ry(D)<  min_ {(1 = A)DRy,(Dy) + AyR(D)},

(D1,D2)€Dy

where
Dy 2{(D1, D2)€[0, dmax|*: D= (1-A D1 +Ay D5}

If the sequence u does not satisfy the above condition, it
holds that Ry (D) < R(D).

Remark 2. Just like the lower bound, the upper bound of
the RD function in the above theorem is also the minimum
of a convex function over a simple convex set. On the other
hand, if a sequence u satisfies Ag =0o0r0 < A, < Au <
1, it also can be bounded by the following rather complex
formula as shown in Remark 7.
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R.(D) < inf lim sup{(1 — A,)Rw.(D1)
(Dy1.D2)el0,dmax]2: n—oo
D>lim supy_ 0 (1-Ap)D| +An Do)
+ AnR(D 2)} .

According to this bound, we have

Ru(D) <limsup{(1 — A,)Rw.(D) + A,R(D)}

n—oo

<limsup{(1 — A,)R(D) + A,R(D)}

n—oo

=R(D), “4)

where the second inequality comes from Property 1. This
bound is also tighter than the bound in Theorem 2. In fact,
for a sufficiently small 6 > 0, D € [0, dn], (X,Y) and u
such that Ry,(D) > 0, A, = 1 — 6 and A, = 0, the upper
bound in Theorem 2 is bounded as

min_ {(1 = A)Rw,(D1) + AuR(D:))

(D1,D2)EDy
=  min _ {(1 = 6)Ry(D1) + (1 = O)R(Dy)}
(Dy,D7)el0,dmax]?:
D/(1-6)-Dy2D;
> i —
Z,,min {(1 = ORy.(Dy)
+ (1 =6R(D/(1 - 6) - D)}
>R(D),

where the last inequality follows from the fact that

pJun {Rw(D1) + R(D — D)} > R(D),

since ¢ is sufficiently small.

We postpone the proof of Theorem 1 and Theorem 2 to
Sect. 5.

Especially, when the sequence {u, /n};’ | converges to a
constant as n — oo, we have the next corollary.

Corollary 1. For a DMS (X,Y) and a sequence u such that
{un/n};? | converges to a constant as n — oo, it holds that

Ru(D) = o {(1 = Aw)Rw,(D1) + AuR(D2)},

where

. Un
Ay £ lim —,

n—oo n
and
Du2{(D1, D2)€[0, dmx [’ : D > (1-Au)D1 +AuDs).
According to Corollary 1, we have the next theorem.

Theorem 3. For a constant D € [0,dn.«], a DMS (X,Y),
and a sequence u such that {u, /n}’? | converges to a constant
asn — oo, let

(D}, D3) = argmin {(1 — Ay)Ry,(D1) + AyR(D»)}.
(D1,D2)€Dy

Then,
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Ry(D) = Ry,(D),

if and only if (X, Y) and u satisfy the following two condi-
tions:

1. AuR(D}) = AgRyy(D3).
2) (l_Au)RWZ(DT)"'AuRWZ(D;) = sz((l_Au)DT+AuD;)

To prove this theorem, we use the next lemma which
shows an alternative formula of the RD function.

Lemma 1. For a constant D € [0, dax ], a DMS (X,Y), and
a sequence u such that {u,/n}> | converges to a constant as
n — oo, it holds that

Ry(D) = min

(D{.Dy)ED, {(1 - Au)sz(Dl) + AuR(DZ)}’
1.D2)€Dy

where
D, 2{(D1, D2)€[0, dmax]* : D=(1-Ay)D; + Ay D3}

Proof. Forany D € [0, dp.x] and (D1, D;) € Dy, there exists
a pair of constants (D}, D)) € [0, dnax]? such that D\ = Dy,
D) > D, and

D = (1 -Ay)D) + AyD;.
Then, according to Property 2, we have

(1 - Au)sz(Dl) + AuR(DZ)
> (1 = AYRwz(D}) + AyR(D)).

Hence, by using Corollary 1, we have

Ry(D) = D min {(1 — ARy, (Dy) + AuR(DZ)}

1.D2)eDy

2 min {(1 - Au)RWZ(Dl) + AuR(DZ)}-

- (D1.D2)el0,dmax]?:

D=(1-Au)D; +AuDs

Since the inequality in the opposite direction is trivial, this
completes the proof. O

Remark 3. By using this lemma, one can easily delete the
variable D, as

Ry(D) = min

D—dmax :
max{(),%":“lﬁ[)l <min{dmax, g )

+ AgR((D = (1 = Ay)Dy)/Ay)).

{(1 - Au)sz(Dl)

This alternative formula is little bit complicated, but it is
convenient for the numerical calculation.

Proof of Theorem 3. For an optimal pair (D7, D), we have
Ru(D) = (1 = Ay)Ry(D}) + AuR(D3)
(g) (1 = AYRw,(D}) + AuRy(D3)
(g Ry.((1 = Ay)D} + AyD3)
< RyD), )

where (a) comes from Property 1, (b) comes from Property

2291

2, and (c) comes from Lemma 1. According to the above
inequality,

Ru(D) = Ry,(D),

if and only if inequalities at (a) and (b) are equality. Since
the inequality at (a) is equality if and only if AyRy.(D3) =
AuR(D}), and the inequality at (b) is equality if and only if
(1 - Au)sz(DT) + Ausz(D;) = RWZ((1 - Au)Dl + AuDZ)’
we have the conditions in the theorem. O

A sequence u satisfying u,, = o(n) satisfies conditions
1) and 2) because A, = 0. Hence, according to Theorem 3,
we have

Ru(D) = Ry,(D).

On the other hand, according to Theorem 3, when a
DMS (X,Y) and a sequence u do not satisfy one or two of
conditions 1) and 2), we have

Ru(D) > Ry, (D),

i.e., the RD function is strictly larger than that for the case
without delay. In the next section, we give an example of
this case.

According to Corollary 1, we also have some properties
of the RD function as shown in the next theorem.

Theorem 4. For a DMS (X,Y) and a sequence u such that
{un/n}) | converges to a constant as n — oo, it holds that

Ry;(D) < Ry(D) < R(D), (6)
and for any u and u’ such that Ay < A, it holds that
Ry (D) < Ru(D). (7

Proof. The first inequality in (6) comes from (5), and the
second inequality in (6) follows since

Ru(D) < (1 - Au)sz(D) + AuR(D)
< (1 = AYR(D) + AyR(D)
= R(D),

where the second inequality comes from Property 1.
To prove the inequality (7), let

(D}, Dy) = argmin {(1 = Ay)Ry,(D1) + AuR(D2)},
(D1,D2)€Dy

and we consider the case where D} < Dj. According to
Lemma 1, we have

D =(1-Ay)D; +AD;
= (1 = Ap)D! + Ay D + (Ay — Ay )(D; — D).

Since (Ay — Ay )(D; — D7) 2 0, there exists a constant D >
D7 such that

(1 = ADD! + AyD} = (1 — Ay)D, + Ay D5
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sA
R(D)
\ (D.(1 = ARy, (D}) + AuR(D3)
g (D.(1 = Aw)Ry(D}) + Aw R(D)
ol oy by D D; Distortion

Fig.1 Lines /; and /5.

Then, by noting that Ry,,(D) is a convex function, the line /;
between the point (D7, Ry,(D7})) and the point (D}, R(D}))
is above the line /; between the point (D}, Ry,(D})) and the
point (D3, R(D3)) on the interval [0, D3] (see Fig. 1). On the
other hand, the point (D, (1 — Ay)Ry,(D7]) + AyR(D3)) is on
the line /1, and the point (D, (1 — Ay )Ry, (D}) + AwR(D3)) is
on the line /,. Hence, we have

Ru(D) = (1 - Au)sz(DT) + AuR(D;)
= (1 - Au’)sz(Dll) + Au’R(D;)
Z Rll/(D)a

where the last inequality comes from the fact that D = (1 -
Aw)D] + Ay Dj;. Since the case where D; < Dj can be
proved in a similar way to the case where D] < D3, we omit
the proof. O

Remark 4. Inequalities (6) hold even if {u,/n}’, does not
converge to a constant as n — oco. Indeed, these inequalities
are straightforward from (3) and (4).

4. Example: Doubly Symmetric Binary Source

In this section, we give an example of a source which does
not satisfy the necessary and sufficient condition in Theorem
3. In other words, we give an example of the RD function
which is strictly larger than that for the case without delay.

Let the distortion measure d be the Hamming distortion
measure, i.c.,

1 if X,
dx =1 77
0 ifx=3x
For p € [0,1/2],1et (X, Y) € {0, 1} x{0, 1} be a pair of binary
RVs such that
l-p

Pxy(0,0) = Pxy(1,1) = —

IEICE TRANS. FUNDAMENTALS, VOL.E97-A, NO.12 DECEMBER 2014

Pxr(0.1) = Pxr(1,0) = .
and (X,Y) be a DMS characterized by (X,Y). This type
of source is called the doubly symmetric binary source
(DSBS). Wyner and Ziv [3] evaluated the RD function for
the DSBS, and showed that

g(D) for0<D < D,
Ry:(D) ={(D - p)g'(D;) forD. <D < p, ®)
0 for p < D,

where
g(D) = h(p = D) — h(D),
h(x) £ —xlogx — (1 — x)log(1l — x),
xxy = (1-xy+x(1 -y),

g’ (D) is the derivative of g(D) with respect to D, and D, is
the solution of the equation

g(D.)
(Dc - P)

On the other hand, since Px(0) = 1/2, we have (see [1,
Theorem 10.3.1])

= g’(Dc)-

R(D) = h(1/2) = k(D) = 1 — k(D). )

In this case, for any p € [0,1/2) and any D € [0, 1/2),
we have

R(D) > Ry,(D).

Thus, for any p € [0,1/2), any D € [0, (1 — Ay)p + Au/2),
and any sequence u such that A, > 0 and D} # 1/2, the
condition 1) in Theorem 3 is not satisfied.

On the other hand, if D5 = 1/2, D} must satisfy that
D} < pand D} < D. Since p < 1/2, D < 1/2, and
Ry,(D) = 0 for all D > p, the line /; between the point
(D}, Ry.(D7)) and the point (D}, Ry.(D3)) = (1/2,0) is
strictly above the line /; between the point (D7, Ry.(D}))
and the point (D, Ry,(D)) on the interval (D7, 1/2]. On the
other hand, the point (D, (1 =Ay)Ry.(D})+AuRy,(D3)) is on
the line /;, and the point (D, Ry,(D)) is on the line ;. Thus,
we have

(1 - AU)RWZ(DT) + Ausz(D;)
> Ry, (D)
= Rw,((1 = Ay)D7] + AyD5).

Thus, for any p € [0,1/2), any D € [0, (1 — Ay)p + Au/2),
and any sequence u such that Ay, > 0 and D} = 1/2, the
condition 2) in Theorem 3 is not satisfied.

Consequently, for any p € [0,1/2), any D € [0,(1 —
Ay)p + Ay/2), and any sequence u such that A, > 0, we
have

Ru(D) > Ry, (D).
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1.0%

Rate

Fig.2  RD functions for the DSBS.

On the other hand, according to (8), (9), and Corollary
1, forany D > (1 — Ay)p + Ay/2, we have

Ru(D) = 0.

These facts also be confirmed by the numerical cal-
culation as shown in Fig.2. In Fig.2, we set p = 0.25,
and plot RD functions R(D), Ry,(D), Ry2(D), and Ry (D),
where Ry»(D) and Ry¢(D) are the RD functions R,(D) in
the case where A, = 0.2 and A, = 0.6, respectively. It can
be seen that Ry,(D) < Rye(D) on the interval [0,0.4), and
Ry,(D) < Ry»(D) on the interval [0,0.3) as shown in the
above. It also can be seen that Ry»(D) < Rys(D) < R(D) as
shown in Theorem 4.

5. Proof of Theorems

In this section, we prove Theorem 1 and Theorem 2.

Proof of Theorem 1. For any (n, M, u,)-code and any ¢ €
[0 : u,], by letting F,, = f,(X"), we have

log M,, >H(F},)
>H(F,|Y{7
=I(Xn; Fnlyil:tt

n—t
= > UK FlYio, XY
i=1

+ > X FYL X
i=n—t+1
n—t

O G B YL YL XY
i=1

1-t> Hit+l>»

+ > X FYL X, (10)

i=n—t+1

where (a) follows since (X;,Y;) is independent of
(Yi-l, yr=t, X=1). The first term in the right-hand side (RHS)

1= 7 i+1°

of (10) can be lower bounded as

n—t

DU, Yo, Vi XY
i=1

> Liv1s

> > Ry, (Eld(X;, X)lt])
i=1
n—t

0= DRy > BT Rl ()
i=1

where V; = (F,, Y=L, Y"1, X; is the i-th element of the se-

1-
quence X" = ¢,(Y'!, F,,), (a) comes from the definition of

Ry, (D) and the fact1 tttlat Y; & X; & V; (because F, is a func-
tion of X" and not Y"), and (b) follows from the convexity
of the function Ry, (D).

The second term in the RHS of (10) can be lower

bounded as

n
DI By, X
i=n—t+1
n
N X F YL X
i=n—t+1
n

> > I F Yy
i=n—t+1

®

> > X3 %)
i=n—t+1

© & 5
> Z R(E[d(X;, X))|t])

i=n—t+1

> tR(% Z E[d(X,»,)?,»)|t]), (12)

i=n—t+1
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where (a) follows since X; is independent of (ijt’ , X1 for
any i > n—t+ 1, (b) follows from X; < (F,,Y|”)) &
X; and the data processing inequality [7, Lemma 3.11], (c)
comes from the definition of R(D), and (d) follows from the
convexity of the function R(D).

On the other hand, if a sequence of (n, M,, u,)-codes
satisfies (1), then for any vy > 0 and all sufficiently large
n > 0, we have

1 N
D+y> max] —E[d,(X", X")|t]

te[O:u,] N

1 N
> _E[dn(Xn’ Xn)lun]
n

n—u 1 = 5
= “ Eld(X;, Xi)luy, )
_ (n_uZ] (X, )l )
N 1 n .
2N B Kol (13)
n M j=p—u,+1
—u, 1 n—uy, R
>(timint “= — ) —— 3 Eld0, Rl
n—oo n n—uy, =1

n 1 - 7

#(timint 2 )N B0 )
n—o  n n .

i=n—u,+1

21 =B —— 3 B Sl
noi=1
+éu(u—1n Z E[d(X,-,Yi)mn])—zydmax. (14)

i=n—u,+1

Hence from (10)-(12), by letting ¢+ = u,, for any D-
achievable rate R, any y > 0, and all sufficiently large n > 0,
we have

1
R+vy>—logM,
n

n—uy,
PR ELOG, Kl
n n-—uy, e
un 1 n .
HUR( N B R]) (1)
n i=n—u,+1

n—uy,

1 N
- Zl E[d(X,-,X,-)mn])

n—

>(1 - Z.,)RWZ(

1 n
+ AUR(—

n

EL(X, Rl ) - 2y log IX]
i=n—u,+1
(a) .
> min
{(D1,D2)€[0,dmax 12:D+y=(1=A0) Dy +A, D2 ~2Ydimax)
X {(1 = Aw)Ry(D1) + A R(Dy)} — 2y log |X],
(16)

where (a) comes from (14), and assuming that

n—u,

D EldX;, £lu,],
=1

n—u, 4
P

D, =
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n

1 5
Dy=— > EldX,R)lu,].

uy .
n i=n—u,+1

Since (16) holds for any D-achievable rate R and any y > 0,
by noting that Ry,(D) and R(D) are continuous functions,
we have Theorem 1. O

Remark 5. According to (1) and (13), we have

1 n—uy

- Zl E[d(x,»,ff,-)mn])

D >limsup {(l - A,,)(

n—oo n—

1 ¢ .
Fa (o D ELACK Rl
M i=p—u,+1

Further, according to (15), we have

n—u,

1 X
R >1limsup {(1 - A,l)RWZ(— Z E[d(XiaXi)|u11])
T T

n—oo

1 < .
s AR S Bl Sl
M j—p—u,+1

Thus, the same argument used to derive the inequality (16),
we have the following bound stated in Remark 1,

Ru(D) > inf lim sup{(1 — ARy, (D!"™)

(1) ()0 .
((D)7,Dy ) n—oo

D2lim supy 00 [(1-An)D{" +4, DY)
(1)
+ AR(D; 7))

In order to prove Theorem 2, we introduce the rypical
set and the conditionally typical set as defined below.

Definition 2. For a pair of RVs (X, Y) € X X Y, a constant
€ > 0, and a sequence x* e X¥, we define

THOX) 2 (e X1 |n(x|x*) - Px(x)| < ePx(x), Vx € X},

TOF) 2y € VX |n(x, yIx, y*) —n(x1x") Pyix (ylx)|
< ePyx(ylx), Y(x,y) € X x Y},

where m(ald®) £ [{i € [1 : k] : a; = a}|/k.

These sets have some well-known properties shown as
the following lemmas.

Lemma 2 ([7, Lemma 2.12]). For any pair of RVs (X, Y) €
X x Y, any € > 0, any x* € X*, and the sequence of i.i.d.
RVs (X¥, Y*) € X* x Y* such that (X;, Y;) ~ Pxy, there exists
6(e) > 0 that tends to zero as € — 0 such that

Pr{X* ¢ 7O (X)) < 278, (17)
Pr{Y* ¢ T®(v|xh)|x* = £k < 270009, (18)

Lemma 3 ([2, Lemma 24.2]). For a sufficiently small € > 0,
any pair of RVs (X, Y) € X x Y, and the sequence of i.i.d.
RVs {(X;, Y)}2_, such that (X;,Y;) ~ Pxy, there exists a

constant y(e, Pxy) > 0 such that

Pr{(X¥, Y&ty e TO(X, Y)} < 279&Px) "y 2 0.

1+¢
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Lemma 4 ([2, Typical Average Lemma]). For any x* €
‘Te(k) (X) and any nonnegative functiong : X - R,

1 k
P D g(x) < (1+ OE[g(X)].
i=1

Lemma 5 (Packing and Covering Lemma). Let (X,Y) € XX
Y be a pair of RVs, and for each m € [1 : M], Yk(m) e Yk
be a sequence of RVs distributed according to Hle Py(y;).
Then, for any € > 0, there exists 6(€) > 0 that tends to zero
as € — 0 such that

Pr{(X*, Y*(m)) e TO(X, ), Im e [1 : M}
< 9~ kU(GY)= log M=6(€)) (19)

Furthermore, for sufficiently large k > 0,

Pr{(X*, YX(m)) ¢ TP(X,Y),Ym € [1 : M]}

< pkéte) 4 expf— k(7 log M=I(X;Y)~6(e)) L (20)
Proof of Lemma 5. This lemma is immediately obtained
from the proof of [2, Lemma 3.1], [2, Lemma 3.3], and (17)
in Lemma 2. O

Now, we prove the theorem.

Proof of Theorem 2. If the sequence u does not satisfy that
=0o0r0 <A, < Ay < 1,ie., the sequence u satisfies that

Au =lor0=A, < Ay < 1, the advantage of the correlation
of the source might not be used in the coding system. Hence,
in this case, we employ (n, M,,, u,)-codes that do not use side
information. Then, we have Ry(D) < R(D). Thus, in what
follows, we assume that Ay =0or0 <A, <A, < L.

For an arbitrarily fixed (D, D) € 51,, fix a conditional
pmf Pyx € W(V|X) and a functiong : Y XV — X that
attain Ry,(D1/(1 + €)), and fix a conditional pmf Pg, €
W(X|X) that attains R(D»/(1 + €)). Then, we consider the
following random coding scheme:

Codebook generation: Randomly and independently
generate M, sequences v LVi-un(]) e Yn-LVil-n each ac-
cording to H:.:lL Vil=tn po.(D)), 1€ [1 : M,], where

Py(®) = 3" Px(x)Pyx(uly), Yo e V.
xeX

Then, partition the set of indices [ € [1 : M,] into equal-size
M,(ll) bins B(m;), m; € [1 : Mfll)]. If the indices cannot be
partitioned into equal-size bins, assign the indices to each
bin B(m;) in ascending order such that the size of the bin
satisfies |B(m,)| = [M, /Mf,l)'l whenever it is possible. In this
case, if some bins are left over, these bins are not used. We
note that the size of a bin is at most [ M, /Mf,l)] in each case.
In what follows, for the sake of simplicity, we will omit the
notation |-| for 4/n, and denote n — vn — u, by n;. On the
other hand, randomly and independently generate Mflz) se-
quences X (m,) € X “neach according to ]—[Z.‘Z”l Py(%i(my)),
my € [1: M?], where
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Py(®) = ) Px(0)Pgy(ilw), Vi e X,
xeX

Encoding: Let € > 0 be a sufficiently small constant,
and € be a constant satisfying 0 < € < €. For a source
sequence x" € X", the encoding procedure is described as
follows:

n—uy,

1. For tlje sequence x_ -,
[1: M,] such that

the encoder finds an index [ €

n—uy, e (ny1)

(" (D) € T, V).
If there is more than one such index, it selects one of
them uniformly at random. If there is no such index, it
selects an index from [1 : M, ] uniformly at random.

2. For the sequence X iyt 17 the encoder finds an index

mp €[1: M,(f)] such that
(X 10 X 0m)) € TL(X, X)

If there is more than one such index, choose the small-
est one among them. If there is no such index, it sets
np = 1.

3. The encoder sends the triple (x ‘/ﬁ,ml,mz) to the de-
coder, where m; is the bin index such that [ € B(m,).

Thus, the rate of this encoder is

Ry =Y log X1+ LR 4 Y g, 1)
n n n
where Rﬁll) = % log M,(ll), and RELZ) = % log M,(lz).

Decoding: For the triple (x \/E, my,my), the decoding
procedure is described as follows:

1. The decoder finds the unique estimate 7 € [0 :
the delay such that

u,] of

@,y e TEP(X, Y),

otherwise it sets 7 = 0.
2. For the estimate 7, the decoder finds the unique index
[ € B(m,) such that

(l)ﬂl(i), y’i/_ll::f) c T(”‘)(V Y),

otherwise it sets [ = 1.
3. The decoder outputs the reconstruction sequence as

F = @V, 21 0m), £(mo)
where £V* € XV is an arbitrarily fixed sequence, and

£im1) = gy yryier vi(D), Vi€ (1,2, ny).

We now analyze the expected distortion for this ran-
dom coding. Let (L, M;, M;) denote the indices found at the
encoder, T’ be the estimate of the delay, and L be the index
chosen at the decoder. Then, we consider the following error
events:
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_ ny 7 n—iy, n—tp—t+1T (n1)
81 _{(V ](L) X\/_+1’Y\/_+1 l‘+T) e T l (VX Y)}

& _{( n—uy +1’Xu"(M2)) ¢ Te(u")(X’ X)}

Briefly speaking, if one of these events &; and &, occurs, it
can not be guaranteed that the distortion of the random code
is less than the given distortion level D.

We also consider the following events:

& =T # 1,

i1 = [V X" ) ¢ TEV(V.X), V€ [1: M),
12 = (VL)L X" Y ) ¢ TEV(V.X, V)],
&5 = {(V DY ) e TI,Y),

A e BM;)st. 1+ L}.

Whenever the event 86 N 8‘1' N 8‘1' ,N 8‘1' 5 occurs, the event
& occurs. Hence, for a delay ¢ € [0 : u,], we have

Pr{&lt} > Pr{& N 811 N 832 N 8§’3|t},
and we have

Pr{&; |t} <Pr{&y U 81’1 U 812 U 81’3|l}
<Pr{&Elt} + Pr{&y 111} + Pr{ail N &t}
+ PI‘{S(C) N &y 3t} 22)

The first term in the RHS of (22) is upper bounded as
Pri&olt) <Pr {007, ¥ V) ¢ TP X, 1))

+Pr{(x V", y Vit e 7O (x ),

1-t+t
d

<0~ VIO 4y o= NAY(EPxn)

A e[0:u,]st. i+t

where the last inequality comes from the inequality (17) in
Lemma 2, and Lemma 3. Since Zu < 1, we have ny —» ~
(n — c0). Thus, by using (20) in Lemma 5, the second term
in the RHS of (22) is upper bounded for sufficiently large
n>0as

Pr{& 1t} < y-méle) 4 exp{_2"1(Rn_1(xlv)_6(€]))},

where R, = % log M, The third term in the RHS of (22) is
upper bounded as

Pr{8‘1"1 N 81’2|l}

<Pr{{m @, X e TEW.X))

N, X ) ¢ 7w X |l

\/_+1’ \/—+1
=

@ )eTV(V.X)

-

@ e

Y = @)

(V.X.Y)

X Pr{(V" (L), X"t Y
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)

@ TSV (V.X)

X Z Pr {Yn—u,, — yn] an—u,, _ x"‘}

Pr {(V”](L),Xn Uy, ) — (l)”' nl)}

Vn+l Vn+l
e
[CRR LWL >q'r("‘>rvx,}')
2 Y o) = 6]
@1 XTIV (V.X)
ny
X Z 1_[ Pyyvx(yilvi, x;)
Iy i=1
AR )g'r("])(VX.Y)
®) ny N—Up \ _ (.11 ny
< Pr{(V"(L), X" ) = (0", ")
@ TSV (V.X)
n
X Z n Pywx(ilvi, x;)
IllgT(nl)(Y‘vn]’xrll) i=1
(224“5(5)

where (a) follows since ¥ < X < V and
n
Priy’e = ylxn = ) = | | Prxtuibe,
i=1

(b) comes from the fact that for (o, ) € TXV(V, X), there
exists € € (0, €) such that

e Y5 (50 e TRV X, 1)) 2 TOXIE, )

(23)

(see Appendix), and (c) comes from (18) in Lemma 2.
The last term in the RHS of (22) is upper bounded as

Pr{&E N E131)

<Pr{(V"@, Y"1 € TIV,Y),
e BMy) st T # L)

= > Pr{(My, L) = (m, )}

(my,l)
x Pr{(v™ (D), YUt e TV, Y),

A e Bmy) st T# My = my, L =1}

@ Z Pr{(M,, L) = (my, )}

(my,0)
x Pr {(v'“ 0, it e T, Y),

e Bm) st. [# 1L = I

(2) Z Pr{(My, L) = (my, D)}

(my,l)
X Pr{(V”‘ 0, Y e TV, Y),

Aell: rMn/M,g‘>1 ~ 1L =1
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=Pr{(V"(, Y1) € TIV,Y),
A e[l :[M,/MP]- 11}

Qs -miU v R +R-5(6))

where (a) comes from the fact that M, is a function of L, (b)
follows since V™ (l~) has the same distribution for [ # I, and
(c) comes from (19) in Lemma 5. Hence, for sufficiently
large n > 0, we set

I(X; V) +25()) < R, < I(X; V) +35(e), 24)

R, —I(Y;V) +25(e) <R < R, — I(Y; V) + 36(e).
(25)

Then, there exists constants y; 1,12 > 0 that do not depend
on a delay ¢ such that

Pr(& |} < 277 VI 4 2712 (26)

On the other hand, when A, > 0, we have u, — oo
(n — o0). Thus, by using (20) in Lemma 5, the probability
of the event &, is upper bounded for sufficiently large n > 0
as

Pr{Ealt) < 2710 4 exp{—2u R -I(X:X)-d(@)y
Thus, for sufficiently large n > 0, we set

I(X; X) +26(e) < R?P < I(X; X) + 36(e). 27

Then, there exists a constant y, > 0 that does not depend on
a delay 7 such that

Pr{&alt} < 277, (28)

Let C be the RV that denotes the above random coding,
and c¢ be a realization of C, i.e., ¢ denotes an (n, M, u,)-
code. Then, for a realization c, and a delay ¢ € [0 : u,], we
have

E[d"(X", X", c]
=E[d" (X" XV e] + E[d" (X7 K" (M), ]

+ E[d“ (X" X (My))It, c]. (29)

n—u,+1°

The second term in the RHS of (29) is upper bounded as
E[d" (X" X" (M)t ]

=Pr{&{lt, c}E[d" (X", X" (M)t ¢, &)

+Pr{&ilr, }E[d" (X" X" (M)l ¢, &1
=Pr{&{lt, c}
X E[d" (X" (v I v D)) ¢, &)

+Pr{&ilr, }E[d" (X" X" (M)l e, &1

(E)nl(l +e)E[d(X,g(Y, V)]

+ Pri&il o} E[d" (X" X" (M)l ¢, &1
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(b)
<n Dy +Pr{&lt, cinidmax, (30)

where (a) comes from Lemma 4, and (b) follows since the
conditional pmf Py|x and the function g attain the RD func-
tion Ry,(D1/(1 + €)). The third term in the RHS of (29) is
upper bounded as

E[d"(X)_, ... X" (M)t c]
=Pr{&lt, c}E[d" (X,

—up+1°

+ Pr{&,t, c}E[d" (X"

X (M)t ¢, &)
X (M))It, ¢, &)

—up+1°

(a) N
<u,(1 + e)E[d(X, X)]
+ Pr{&alt, ¢} E[d" (X"

n—u,+1°

XM}I(MZ))V’ c, 82]
(b)
< unD2 + Pr{82|t’ C}undma)u (3 1)

where (a) comes from Lemma 4, and (b) follows since the
conditional pmf Py attains the RD function R(D/(1 + €)).
We now show the existence of a sequence of
(n, M, u,)-codes with the desired expected distortion for the
following two cases:
The case where 0 < A < Ay < 1: Since C does not
depend on a delay ¢, we have

ZPr{C = ¢} max Pr{&; U &, ¢}

t€[0:u,]

< Z Pr{C = ¢} Z Pr{& U &lt, ¢

te[0:u,]

= Z Pr{&; U &t}

te[0:uy,]

S(un + 1)(2771‘1 \Z 4 272 4 2*)’2%)’

where the last inequality comes from (26) and (28). Hence,

there exists a sequence {C,},. | of (n, M, u,)-codes such that

lim max Pr{& U &t ¢, =0. (32)
n—oo te[0:u,]

Thus for this sequence {C,};. |, according to (29)—(31), we
have

1 A
limsup max —E[d"(X", X")|t, ¢,]

n—oo €0l

<limsup “2(Dy + max Pri&il, &) dma )

n—oco N t€[0:u,]

. u .
+ lim sup —"(Dz + max Pr{&lr, c,,}dmax)
n—oo n te[0:u,]

=(1-A)D + AuD,
<D,

where the last inequality comes from the fact that (D1, D) €
Dy. _

The case where A, = 0: In the similar way to the
above argument, we can show the existence of a sequence
{¢.}2, of (n, My, u,)-codes such that

lim max Pr{&|t,¢,} = 0.

n—oo te[0:uy,]
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Thus for this sequence {¢,};. ;, according to (29)—(31), we
have

1 A
limsup max —E[d"(X", X")|t, &,]

n—ooo €0l N

<limsup E(Dl + max Pr{&t, é,l}dmax)
n :

o0 1€[0:1,]
. MI'[ A
+ lim sup —<D2 + max Pr{&;lt, cn}dmax)
n—00 n te[0:u,]
=(1-A)D;
<D.

On the other hand, according to (21), (24), (25), and
(27), rates of these two sequences {C,}, and {C,} ., of
(n, M, u,)-codes satisfy

limsup R,
<limsup ’;—](I(X; V) - I(Y;V)+356(e) + 36(61))
. Un &
+ lim sup —(I(X; X)+ 36(6))
n—oo N

—

=(1= A)(Rua(D1 /(1 + €)) + 36(€) +35(er)
+ Au(R(D2/(1 + €)) + 35(e)).

Thus, by recalling that (D, D,) € D, is arbitrary, and noting
that Ry,,(D) and R(D) are continuous functions, we have

Ru(D) < min_ {(1 - A)Rw,(D1) + AuR(D)}.

(D1,D2)€Dy
This completes the proof. O

Remark 6. If we use the following three types of coding
for sufficiently small € > 0, we might be able to remove the
condition Ay, =0or0 <A <A, <L

e For n > 0 such that 1 — € < u,/n, we use the ordinary
lossy source coding without side information.

e For n > 0 such that u,,/n < €, we use the Wyner-Ziv
source coding after estimating the delay by using the
above method.

e Forn > 0 suchthat € < u,/n < 1— €, we use the source

coding described in the above proof.

However, for the sake of brevity, we do not employ such
method in this paper.

Remark 7. For the sequence {¢,}’., (and also {¢,}”,) of
codes, according to (29)—(32), we have

1 N
lim sup max] —E[d"(X", X")t, ]
n

n—oo €[0uUy,

<limsup{(l — A,)D; + A,D»}.

n—oo

Further, according to (21), (24), (25), and (27), for any 6 >
0, we have

lim sup R, <lim sup{(1 — A,)Rw-(D1) + A,R(D,)} + 6.

n—oo n—oo
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Thus, by using an arbitrary fixed (D, D>) € [0, dmax]® sat-
isfying D > lim sup,_, {(1 — A,)D; + A, D>}, and repeating
the same augment of the proof, we have

Ry(D) < inf lim sup{(1 — A,)Rw,(D1)
(D1.Dy)el0,dmax]?: n—o0
Dzlim sup,,_, 00 {(1-An) D +An Dy}
+ A,R(D»)}.

6. Conclusion

This paper has dealt with the lossy source coding problem
with delayed side information at the decoder, assuming that
a delay is unknown but the sequence u of maximums of de-
lay is known to both the encoder and the decoder. We have
shown upper and lower bounds of the RD function Ry(D).
We also have clarified that the upper bound coincides with
the lower bound when {u,,/n} | converges to a constant as
n — oo. Further, we have given a necessary and sufficient
condition in which Ry(D) = Ry, (D).
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Appendix

In this appendix we show (23).

For any (0%, ¥*) € 7 (V, X) and any (v, x, ) € VX X X
Y, we have

{y* € Y* ¢ Ino, x,ylo*, X, 45) = Puxy (v, x, )|

< €Pyxy(v, X, y)}
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(a)
2 {y* € Y* : |n(v, x, ylk, X, )

= 7(v, xv*, X) Py x (ylv, x)|
+ (v, xlo*, )Py x(ylo, x) = Pyxy(v, x, )|
< €Pyxy(v, x, y)}
= {yk e Y~ n(o, x, ylvk,xk, yk)
— (v, xv*, X) Py x (ylv, x)|
+ (v, xfo*, %) = Pyx (v, )| Pyvx(ylo, x)

< €Pyxy(v, X, y)}

(5) (" € Y~ : |n(v, x, ylk, X, yb)
= 70, o, ) Pyyx (ylo, )
+ €1Pyx (v, ) Pyvx(ylv, x)
< €Pyxy(v, x,y)}

2 {yf € V¥ |nw, x, ylbk, X, )
= 7w, xl", X Pyyx (ylo, )
< (e — e)pvxPyvx(ylv, x)},

where pyy = min{Pyx(v, x) : Pyx(v, x) > 0}, (a) comes from
the triangle inequality, and (b) comes from the fact that

(v, xl*, X*) = Pyx (v, X)| < € Pyx(v, %),
Y(,x) e VxX.

Hence, for any (vf, x) € ‘7'5(]]‘)(\/, X), we have

f e Yo (F, X ) e TRV, X, V)
={y* € ¥* : In(v, x, ylv*, ¥, 4F) = Pyxy(v. x, )|
< €Pyxy(v, x, ), Y(v, x,y) € VX X x Y}
o{y* € Y : In(w, x, yl*, x5, yb)
— (v, xv*, X)Pyyx (ylo, x)|
< (e = e)pvxPyvx(ylv, x),Y(v, x, ) € V x X x Y}
=T O I, ).

(e—€1)pvx

Now, by setting €’ = (€ — €])pyx, we have (23).
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