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Thesis Summary (approx.800 English Words )

A linkis an embedding of a disjoint union of finitely many circles into the 3-sphere. A /ink diagramis a projection of a link onto the 2-sphere whose
all multiple points are transverse double points and each double point has an over/under information. In Knot Theory, we often use /ink invariants
in order to study geometric properties of links. A link invariant is a map from the set of links to a set and if two links are ambient isotopic, the
images of them under the map are the same. In this thesis, we study a knot invariant which is called “Khovanov homology".

For each link diagram, Khovanov defined a graded chain complex. He proved that its homology is a link invariant and its graded Euler
characteristic is equal to the Jones polynomial. Itis called the Khovanov homology. Later, Bar-Natan gave a geometric chain complex for
Khovanov homology and explained Khovanov homology by using an oriented (1+1)-dimensional topological quantum field theory (TQFT),
where an oriented (¢+1)- dimensional TQFT assigns a module to each oriented closed @idimensional manifold and assigns a homomorphism of
modules to each oriented (d'+ 1)-dimensional cobordism, satisfying certain axioms. By using Bar-Natan's complex and an unoriented (1+1)-
dimensional TQFT, several extensions of the Khovanov homology are discovered. For example, Turaev and Turner constructed a link homology
for each stable equivalence class of link diagrams on surfaces. Manturov and Tubbenhauer, independently, also gave other extensions of the
Khovanov complex to virtual links, that is stable equivalence classes. Asaeda, Przytycki and Sikora also constructed link homologies for link
diagrams on surfaces.

On the other hand, there is an extension of TQFT. Turaev defined the concept of homotopy quantum field theories (HQFTs) with target X,
where Xis a connected topological space with a base point. An oriented HQFT assigns a module and a map of modules to each “oriented X
manifold" and “oriented X-cobordism", respectively. An oriented Xmanifold is a pair of an oriented manifold with some base points and a
continuous map from the manifold to X An oriented X-cobordism is a pair of an oriented cobordism with pointed boundaries and a continuous
map from the cobordism to X_ An unoriented HQFT is defined analogously.

In this thesis, the author studied two topics, one is computations of Khovanov homology and geometric properties of links, another is homotopy
quantum field theory and an extension of Khovanov homology.

In Chapters 3 and 4, we compute the maximal homological degree of the Khovanov homology for some link. In particular, we compute the
maximal homological degree of Khovanov homology of a cable link in Chapter 3, and we consider an asymptotic behavior of the Khovanov
homology under twisting in Chapter 4. The maximal homological degree of the Khovanov homology of a link gives a lower bound of the minimal
positive crossing number of the link. Hence, it seems that the computations estimate the positivity of the links. In Chapter 5, we compute the 0-th
homological term of the Khovanov homology for almost positive links, where an almost positive link is a non-positive link represented by a link
diagram which has exactly one negative crossing. As a corollary of the computation, we determine the Rasmussen invariants of almost positive
knots. Moreover, we describe a difference between positive knots and almost positive knots. In fact, although all positive knots are
homogeneous, the author proved that all almost positive knots are non-homogeneous. In Chapters 6 and 7, we construct an extension of the
Khovanov homology by utilizing HQFTs. In Chapter 6, we find a bijection between the set of algebras which satisfy certain conditions and the set
of unoriented (1 + 1)-dimensional HQF Ts. By this result, we can construct some examples of HQFTs. In Chapter 7, we construct a geometric
complex in a cobordism category for each link diagram on a surface and prove that its homotopy class is an invariant of links in a line bundle over
the surface. Since an HQFT is regarded as a functor from a cobordism category to the category of vector spaces, by applying an HQFT (which

satisfies some conditions) to our geometric complex, we obtain a homology invariant of links in a line bundle over the surface. In particular, if we

use an example of HQFT given by Chapter 7, we obtain an extension of the Khovanov homology.
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