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Abstract

Vortex methods are a group of Lagrangian and semi-Lagrang&thods based on the
vorticity-streamfunction or vorticity-velocity formulmn of the Navier-Stokes equa-
tion, and provide an interesting alternative to grid basedhwds for external flows
dominated by unsteady vortical motion. In the present re\agicle, we will assess
the advantages and disadvantages of vortex methods fanthéason of incompress-
ible turbulent flows, based on the speed and accuracy bemkbithat have been per-
formed recently. Our goal is to objectively and quantitlipevaluate the performance
of this non-standard method, by directly comparing it'sexspand accuracy against fi-
nite diference and pseudo-spectral DNS codes under identicalatidecuconditions.
We also present examples of vortex methods in engineeriplicagions of turbulent
flows.

Key words : vortex methods, particle methods, isotropic turbulerdmmmogeneous
shear flow, turbulent channel flow, fast multipole method®®RAPE,
GPU

1. Introduction

Vortex methods are a group of Lagrangian and semi-Lagrangethods based on the
vorticity-streamfunction or vorticity-velocity formulin of the Navier-Stokes equation. Vor-
tex methods possess the following advantages over gricdbas¢hods. First of all, vortex
methods calculate the convection in a Lagrangian mannerdwng the calculation points
according to the local velocity. Thus, it is free of numerididfusion and dispersion, and al-
lows the use of larger time step sizes because it is not sitbjeamerical instabilities arising
from the convection. This feature alone allows the vortexhoé to become an order of mag-
nitude faster than finite ference method$.) Furthermore, the velocity-vorticity formulation
allows the vortex method to place calculation points onlthi@regions of non-zero vorticity.
For external flows, this results in a large reduction of thehar of calculation points because
the vorticity is confined to a thin region near the wall. Itisapossible to use adaptive spatial
refinement without agonizing over the interconnectivitycafculation points. Furthermore,
the high acceleration rate of these methods on graphicsgso units (GPUS)) could
become an advantage in the near future.

It is also true that vortex methods face numerous challendpesn solving engineering
applications in turbulence. For example, mesh based metmaboundary fitted meshes with
high aspect ratio to capture the large velocity gradientsénwall normal direction. In theory,
vortex methods can do the same by using anisotropic elemeétiitshigh aspect ratio near
the wall. However, such methods are still under developraedthave not been successfully
implemented in practical vortex method calculations. Aweotchallenge is the relatively high
calculation cost of the fast multipole method (FMM), whemared to fast Poisson solvers
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using multigrid methods or FFT. For the same number of pgiatticles the FMM is several
orders of magnitude larger than fast Poisson solVerdhough, it is important to keep in
mind how the FMM, multigrid method, and FFT each scal@edently on massively parallel
architectures.

In the present review article, we will assess the advantagéslisadvantages of vortex
methods for the simulation of incompressible turbulent ipbased on the speed and accuracy
benchmarks that have been performed recently. Our goaldbjextively and quantitatively
evaluate the performance of this non-standard method, fegttli comparing it's speed and
accuracy against finite fierence and pseudo-spectral DNS codes under identicalatidcu
conditions. The paper is organized as follows. First, af istory of vortex methods is given
in Section??, which explains the evolution of vortex methods accordimghte computers
and numerical methods that were available at the time. Iti@e®2?, the numerical method is
explained with minimum mathematical complexity. In Sext®@, both software and hardware
acceleration techniques are presented along with resul8ection??, two validation studies
are presented, each with afdérent purpose. In Sectidg??, an example of the application
of vortex methods to engineering problems are shown. Kindlé conclusions are given in
Section??.

2. Brief History of Vortex Methods

The origins of the vortex method can be traced back to thesévitwo dimensional
calculations of the Kelvin-Helmholtz instability by Rosead?) The elements used in this
calculation were singular point vortices, which trackeel thotion of the vortex sheet roll-up.
The study of Rosenhead was followed by similar calculatiosiag regularized point vor-
tices, which resulted in a more stable calculatioi?) The convergence of the two dimen-
sional point vortex method for Euler’'s equations was prdwgiiald ) Proof was provided
for the existence of a solution as long as the vortex blobslapped sificiently. This was
extended to three dimensions by Beale & M&jdausing Lagrangian update to compute the
stretching. Another ancestor of the vortex method is theepa@thod), which is a method
that solves the potential flow around a body of arbitrary shap has been widely used in
aeronautical industries during the 1980’s and early-80'sThe panel method is nowadays
considered as a special case of the boundary element méthadtually, all the techniques
mentioned above can be integrated into a single framewarkhe solution of the Poisson
equation using Green’s functioffs) Therefore, the detailed understanding of the individual
methods mentioned above is not a prerequisite for undetistgmodern vortex methods.

The extension to viscous flows has been the focal point oféstan vortex methods
during the 1980’s and early 1990's. Among others, the ranglortex method (RVM) by
Chorirf?), the core spreading method (CSM) by Leoratdand the particle strength ex-
change (PSE) by Degond & Mas-Galffe) were introduced as methods to calculate the
diffusion in vortex methods. The inherenffdiulty in calculating the dfusion in a La-
grangian framework has lead to the use of semi-Lagrangi&nods such as the vortex-in-cell
(VIC).?) The viscous treatment near the wall has been of priffiedity and also of prime
importance, since the wall filiusion is the source of the entire vorticity in the vortex noeth
simulation. Choriff") first proposed a method that used sheet elements that mademan
in the vicinity of a wall. Fishelo:) used the Prandtl equations for a thin layer to calculate
the wall difusion. Although some of these methods evolved into rigodbrect numerical
simulations of the Navier-Stokes equations during the dexiade, the methods mentioned
above were in no way comparable to finitéfdience methods of that time, in terms of both
accuracy and speed. The intention during this era was nailjoresolve the high Reynolds
number fluid flow, but to somewhat mimic the dominant vorterayics using discrete vortex
elements.

During the 1990's and early 2000’s, the viscous vortex mefreamework was reinforced
by the introduction of essential tools. Winckelmans & Lew?a gives a detailed mathemat-
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ical formulation of the three dimensional viscous vortexmmoel, with particular emphasis on
the smoothing functions and stretching term calculatioemBshing techniques to deal with
the Lagrangian distortion of vortex elements were alsmuhiced during this period. The use
of spatially varying element sizes has been investigatethéoVIC? ) and PSE"). Near wall
treatment of vortex methods advanced remarkably durirggpghlriod. Koumoutsakoat al.
formulated the basic equations for the two dimensional €as€he equations were slightly
modified to achieve higher accurdey and extended to three dimensions by Ploumteins
al.®) Furthermore, fast algorithms such as the treecode by Ba&ndat?) and the fast
multipole method (FMM) by Greengard & Rokhiin’ were applied to vortex method calcula-
tions. This reduced the calculation cost fr@¢N?) to O(N log N) andO(N) for the treecode
and FMM, respectively. Specialized hardwarefbbody problems were also developed dur-
ing this period)?). These €orts led to a new paradignie. solving flows of moderate
Reynolds numbers and fully resolving these flows. During geriod, vortex methods were
applied to numerous complex applications, and their reshliowed that these methods could
indeed produce quantitatively correct results for any kihtlow.

Recent interest in vortex method studies has been focus#teatevelopment of more
advanced tools, such as fast N-body solekshigh order convergent fiusion schemés)
(*), and dficient three-dimensional near wall treatnf&ht Further maturation of each of
these tools shall soon allow the vortex method to overconst pfats traditional weaknesses.
However, the lack of validation in canonical turbulent floes left the overall reliability
of vortex methods in question. The independent sourcesrofssmust be investigated in
simple flows, despite the fact that such flows are not alwaiyalda for showing the advantage
of vortex methods. The present contribution provides a sargrof a series of validation
studies in simple turbulent flows, along with calculatioreg benchmarks on next generation
hardware.

3. Vortex Methods

The present vortex method solves the following set of equati

Vu=-Vxw (1)
D
F?zw-Vu+vV2w (2)

whereu is the velocity vectorw is the vorticity vector, and is the kinematic viscosity.
When the velocity Poisson equatio??] is formulated as an integral equation using Green’s
functions, it yields the generalized Biot-Savart equatidm the present vortex method the
vorticity equation ?) is solved in a fractional step manner by solving the first aacond
term on the right hand side, and the left hand side separately

First, the vorticity field is discretized by using a supeiipos of Gaussian distributions.

N
Wi = Zlajg“m 3
j=

wherea is the vortex strength, and

2
r—’) (@)

= ——¢@ —
(2770'12)3/2 Xp[ 20'12

e

is the Gaussian smoothing functios.is often referred to as the core radius, and represents
the physical length scale of vortex elements.is the distance between poinand pointj.

In N-body calculationsi is referred to as the target, ands referred to as the source. The
generalized Biot-Savart equation can be written as

N
Ui = Za’ngXVG (5)
j=1
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whereG is the Green'’s function for the Laplace equation and

r2 4 r2 r2
- = erf LT \/j L ex 1 , 6
J { JZO']Z] n 20-]2 P 20'12 ©

is the cutdf function corresponding to the Gaussian distributior?) (
The left hand side (convectionterm) @) is accounted for by advancing the coordinates
according to the local velocity.

Dx;

Ftl = Ui (7)
The first term on the right hand side (stretching term)a9) (

Dw

ﬁ =w-Vu (8)

is solved by substituting??) and (??), which yields
Da. n
—Dt' = > @;jV(go X VG) - . 9)
j=1

In the present calculations, we use the core spreading h¢@fM) to solve the second term
on the right hand side (ffusion term)

D

F‘;’ = V2. (10)
by changing the variance of the Gaussian distribution

o? =2t (11)

to account for the diusion. We also perform radial basis function interpolafi@nsmaller
Gaussian distributiof®) to ensure the convergence of the CSM.

In summary, the present vortex method solves equatis((??), (??), and (??). Among
these, ??) and (??) involve far field interactions and must be solved using Rtody algo-
rithms.

4. Acceleration of Vortex Methods

4.1. Fast Multipole Methods

There have been numerous attempts to accelerate vortexdsatising fasiN-body al-
gorithms and specialized hardware. Winckelmetred.() used the treecode to accelerate the
vortex method calculation and also the boundary elemenhadetalculation. Marzouk &
Ghonient”) used K-means clustering for load balancing their paraie¢ode, and applied
the code to the simulation of a transverse jet. Catlal.*>) use a hybrid of the Vortex-In-
Cell method and FMM to utilize the benefit of both methods. |&ani et al.>) developed
a particle-mesh library that calculates one vortex metheiciion for 268 million particles
in 85 seconds using 128 processors. Using this library, éliatet al.>) have performed a
calculation of wing tip vortices using 10 billion vortex etents. Sheedt al.(*) used a special
purpose computer originally designed for molecular dyraniM DGRAPE-2) and showed a
100-fold acceleration of the direct interaction calculatiLater, they applied the FMM on the
MDGRAPE-3 and observed a 4 times speed-up of the MM

We will now show a demonstration of the previously mentior&tM on MDGRAPE-3.
The calculation time of the Biot-Savart equation foparticles on the CPU and MDGRAPE-
3 are shown in Fig.??. “CPU” refers to the calculations performed on a dual corerXe
5160 (3.0GHz) processor. “MDG3” refers to the calculationsan MDGRAPE-3. The di-
rect method on CPU has a high constant and is of the @d{KF). The direct method on
MDGRAPE-3 has a lower constant but is still proportionaCiN?). Conversely, the FMM
on CPU has a high constant but the orde®{¥N). The FMM on MDGRAPE-3 has a low
constant and is of ord@(N). At N = 10° the FMM on MDGRAPE-3 is about 16 times faster
than the MDGRAPE-3 itself, and approximately 4 times fatitan the FMM on the CPU.
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Fig. 1 Calculation time of Biot-Savart equation fdrparticles on CPU and
MDGRAPE-3
42. GPU

A more recent trend in HPC is the development of programmgiaphics processing
units (GPU). TheN-body simulations using NVIDIA's CUDA (Compute Unified Dee Ar-
chitecture) programming environment have achieved a padnce of over 200 GFlops on
a single GPW) ™) Furthermore, Schivet al.(?) used 32 GPUs to accelerate the direct
calculation of gravitational interactions, and Staaeal.(*) used 6 GPUs for the calculation
of the particle mesh Ewald (PME) method in their MD simulaticStock & Gharakhafit)
implemented the treecode on the GPU to accelerate theiexanethod calculation. Their
treecode was approximately 17 times faster, whereas tireictccalculation was 127 times
faster on the GPU foN = 500,000 particles. Similarly, Gumerov & Duraiswafi calcu-
lated the Coulomb interaction using the FMM on GPUs, andeagd a 72-fold speed-up for
the FMM, while their direct calculation was 855 times fasiarthe GPU foilN = 1,048 576
particles. Yokotaet al. performed a vortex method calculation of the homogeneaisoigic
turbulence on a cluster of 64 GPUs using the FNIM This work was extended to a calcula-
tion on 256 GPUS?)

We now show a demonstration of the FMM on GPUs. The calcuidtioe of the Biot-
Savart equation foN particles on the CPU and GPU are shown in FR§. “CPU” refers
to the calculations performed on an Intel Core i7 (2.67 GHppssor. “GPU” refers to the
calculations on a NVIDIA GeForce GTX 295. All calculationsean a single CPIGPU.
Compared to Fig.??, the results are quite similar. The direct method accedsrapproxi-
mately 2 orders of magnitude on the GPU. The FMM acceleratasa 30 times. This is
much larger than the acceleration rate on the MDGRAPE-3s Ehilue to the fact that the
entire FMM is executed on the GPU, while only part of the FMN && implemented on the
MDGRAPE-3.

5. Validation of Vortex Methodsin Canonical Turbulent Flows

The simulation of turbulence requires the accurate priedictf the production and dis-
sipation of kinetic energy. In vortex methods, this is madesible by properly calculating
the stretching term and fliusion term of the vorticity equation. The homogeneous agutr
turbulence does not involve any mean shear and near fiatlite. Therefore, it is suitable for
the isolated validation of the viscoudfilision problem, and serves as the starting point of the
sequence of validation. The homogeneous shear flow invatess shear (strong stretching),
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Fig. 2 Calculation time of Biot-Savart equation fdrparticles on CPU and GPU

but no near wall ffects. Thus, it serves the role of validating the stretchémgnt while adding
minimum complexity to the isotropic case. The turbulentretel flow involves all three dif-
ficulties but is still geometrically simple and an equililor turbulent flow. The availability
of credible references also proved to be helpful when vatigahe near wall issues of vortex
methods.

5.1. Homogeneous I sotropic Tur bulence

Only a small number of vortex methods have been tested fdrdhegeneous isotropic
turbulence. Cottett al.(*) used the vortex-in-cell for the viscoudfision scheme and com-
pared with a pseudo-spectral method fbe 128 grid points. Totsuka & OB¥) compared
the pseudo-spectral method with the vortex method usingahe spreading method and a
Laplacian model used in the moving particle semi-implitdRS). Yokotaet al. compared a
pure Lagrangian vortex method against a pseudo-spectthbehender identical conditions,
and observed a quantitative agreement for the decay rateetikkenergy and energy spec-
trum )

The absence of vortex method applications to homogeneousfisc turbulence can be
explained by its comparative ificiency for this particular flow. The calculation cost became
high compared to pseudo-spectral methods because vortodsedo not benefit from pe-
riodic boundary conditions, whereas the pseudo-spece#iods enormously do. Even with
the use of fast algorithms, the speed of a N-body calculasidwo orders lower than a grid
based fast Poisson solver as noted by Ceitet.(”). However, with the help of GPUs, the
difference between the speed of vortex methods and pseudoaspeethods would become
rather small?)

The flow field of interest is a decaying isotropic turbulendénan initial Reynolds num-
ber of Re, ~ 100. The calculation domain is-f, 7]° and has periodic boundary conditions
in all directions. Details of the periodic FMM are shown irr guevious publicatiof?). The
number of calculation points wd$ = 256° = 16,777,216 for both the vortex method and
spectral method. The order of multipole expansion was st t0 10, and the number of
periodic images was®2x 2° x 2° for the present calculations. We used a total of 256 GPUs
for the calculation of the isotropic turbulence.

The spectral Galerkin method with primitive variable folation) is used in the present
study as reference. A pseudo-spectral method was used futethe convolution sums, and
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Fig. 3 Decay rate and spectrum of kinetic energy

the aliasing error was removed by th3ule. The time integration was performed using the
fourth order Runge-Kutta method for all terms. No forcingsvempplied to the calculation,
since it would be diicult to do so with vortex methods. The spectral method wasutated

on the same number of processors without using the GPUs.

The initial condition was generated in Fourier space as ensdadlal isotropic velocity
field with random phases and a prescribed energy spectruthfransformed to physical
space. The spectral method calculation used this initiatlitmn directly. The core radius
of the vortex elements were set to/N1/3 so that the overlap ratio was 1.

Figure?? shows the decay of kinetic energy, which is defined as

1 N
K:Qlui2+vi2+wi2' (12)
i=
“Spectral” is the pseudo-spectral method and “Vortex” is Wortex method calculation. The
time is normalized by the eddy turnover tifie The integral scale and eddy turnover time

have the following relation.
_ T -1
=5 [ K*E(dk (13)
T=L/U. (14)

whereu’ = %K. The homogeneous isotropic turbulence does not have amugtion of
turbulence, and thus the kinetic energy decays monotdyiadth time. This decay rate is
known to show a self-similar behavior at the finial period e€dy. This is confirmed by the
straight drop oK that appears at the end of this log-log plot. The results®two methods
agree perfectly until/ T = 10, where the kinetic energy drops an order of magnitude frmm
initial value.

Figure?? shows the energy spectrumtat = 10. k is the wave number, and E(K) is the
kinetic energy contained in the wave numke/At this Reynolds number it is flicult to ob-
serve an inertial subrange k3, nor ak* behavior at low wave numbers. The results of the
two methods are in good agreement, except for the fact teatdhiex method slightly under-
estimates the energy at higher wave numbers. This is a tygpetavior of an under-resolved
vortex method calculation. The ifieeiency of discretizing the fields as a superposition of
Gaussian distributions as opposed to a superposition aésyaequires the vortex method to
use more points than the pseudo-spectral method.

The isosurface of the second invariant of the velocity dgie tensoi | = u; ju;; at time
t/T = 10 is shown in Figur&?. Figure?? is the isosurface of the spectral method, Figure
?? shows the isosurface from the vortex method calculationhdlgh, the larger structures
match between the two methods, the smaller structures betiderently. The diterence in
the small structures can also be observed in Fig®ewhere the kinetic energy at higher
wave numbers do not match. As mentioned in the previous paphgthis is due to the
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Fig. 4 Isosurface of the second invariant (Il) of the velpcierivative tensor

discretization error of vortex methods, and is not an intiicaof the inconsistency of the
method.

In summary, the isosurface of the second invariant, kinetiergy decay and energy
spectrum of the well resolved vortex method calculatioreadrquantitatively with that of the
reference calculation using a spectral method.

5.2. Homogeneous Shear Turbulence

In this section, the vortex method calculation of the honmegeis shear flow is per-
formed and compared with a finiteftirence method. The focus of this section is on the
ability of vortex methods to reproduce the anisotropy obtlencej.e. the ability of spheri-
cal vortex blobs to reproduce streaky global vortex stmestuThe shear-rate is selected so that
it matches the maximum shear-rate observed at 10 in near wall flow§>). Another objec-
tive is the assessment of the production of turbulence itexanethodsi.e. the validation of
the vortex stretching term calculation for strongly stealrflows. The present calculation of
the homogeneous shear flow may be considered as an inteteealidation step, which will
fill the gap between the calculation of isotropic turbuleand wall bounded flows.

Both the vortex method and finiteftBrence method solve the Navier-Stokes equation
in perturbation form, where the instantaneous velocityarticity are decomposed into the
time-averaged component and the fluctuating component.fifiite difference method is a
SMAC method on a staggered grid. The fourth-order centfé¢mdince method was used for
the spatial discretization, and the third-order low sterRgnge-Kutta methéd was used for
the temporal discretization. The shear periodic boundangitior”) was used at the upper
and lower boundaries. The vortex method uses the convecgeatspreading method with
reinitializatiort”). The shear-periodic boundary condition in the vortex metisacalculated
by an extension of the periodic FMM to handle shéar.

The homogeneous shear flow was calculated by the vortex heib the finite dfer-
ence method, usinyl = 64°, 128 points. The initial Reynolds number based on Taylor's
micro scale waRe; = 25. The calculation domain was#, 7]° for both methods. The initial
condition of the homogeneous shear flow calculation (fon ¢ vortex method and the finite
difference method) were generated from the isotropic turbalealculation described in the
previous section.

One of the main objectives of the present study is to ascetttaimagnitude of anisotropy,
which the vortex blob method can handle. let@l.®”) showed in their pseudo-spectral cal-
culation of the homogeneous shear flow, that a high shearpratduces streaky structures
similar to those observed in the near-wall region of the cehflow DNS by Kimet al.(*).
They also investigated the suitable turbulence lengtrestalt can be used to construct a di-
mensionless and universal shear-rate parameter, whichecased as an indicator of streaky
structures for both the homogeneous shear flow and high segians near the wall. This
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@t =0 byt =1 etr=2

Fig. 5 Isosurface of Il (Finite Dference Method)

byt =1

Fig. 6 Isosurface of Il (Vortex Method)

dimensionless shear-rate parameter is defined as

5 = 2K (15)
€

whereK = u_i2/2 is the turbulent kinetic energy ard= vT; ;Uj; is the dissipation rate. Les
al.?) applied this shear-rate parameter to the fully developedél flow by Kimet al.(*)

and showed that the maximum$ = 35 in the viscous sublayer, and decreases to about
one-sixth of the maximum in the logarithmic layer. In thegmet calculation the shear-rate
S = 18 is chosen so that the shear-rate parameter becBmes5.

The isosurface of the second invariant of the velocity gratliensol | = u; ju;; for the
finite difference method and vortex method are shown in Fi§sand??, respectively. The
time t* is normalized by the shear-rag At t* = 0, the flow is isotropic and the structures
have no directional preference. &t= 1, the vortices are strained and the structures begin to
show a directional preference. At= 2, many streaky structures can be observed.

The Reynolds stress anisotropy tensor is a direct measute ainisotropy of the ve-
locity fluctuations, and is a more quantitative measure efahility to reproduce anisotropic
turbulence. The normal components of the Reynolds strasstespy tensor are shown in
Fig. ??2. FDM(64%), VM(643), FDM(128), and VM(128) are the finite dference method
using aN = 64° grid, the vortex method usinly = 64° particles, the finite dierence method
using aN = 128 grid, and the vortex method usig = 128° particles. Diferent markers
represent the elierent normal components bfi. The overall behavior of the present vortex
method is similar to that of the finitefiierence method. The results of the two finit&etience
method calculations are indistinguishable. On the othadherhen the spatial resolution of
the vortex method is increased, thé&eience between the finiteftBrence method and vortex
method decreases. The fact that vortex methods requirgyerlaumber of elements com-
pared to grid-based methods, is consistent with the obemgain the isotropic turbulence
calculations.

The remaining objective is the quantitative assessmeriteofibility of vortex methods
to calculate the balance between production, transfer,désgipation in the homogeneous
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shear flow. Since the production was not present in the igmtitorbulence, its quantitative
assessment is of interest for the present homogeneouscstieaation.
The energy spectrum equation for the homogeneous sheardlowecwritten as

oK 0K L,
E = Sk]_% - 8813+ka7~|k’| - 2vk K, (16)
———— T €
P

wheres;; andT;« are the two point double and triple velocity correlationsters in wavenum-
ber space, respectiveli. is the kinetic energi = 1&;;, S is the shear-ratdis the wavenum-
ber, and is the kinematic viscosity. Each term on the right hand sfdemp (??) is associated
with an actual physical procesB.represents the productiof, represents the transfer, aad
represents the dissipation of the kinetic energy.

The budget of the above mentioned energy spectrum equadtiin=a2 for the finite
difference method and vortex method is shown in Pg. Although there are quantitative
differences in the two plots, the overall tendency is very simifrst, the production has a
peak at lower wavenumbers and vanishes at higher wavenamiais corresponds to the
fact that the mean shear mainly influences the large stregtofr turbulence. Secondly, the
transfer term has a large negative value at lower wavenwsrdogd has a positive value at
higher wavenumbers. This reflects the fact that the energyrdfrom the larger structures
is gradually cascaded down to the smaller structures. Eurtbre, the dissipation term has
a negative peak at higher wavenumbers, although not too foigthe present calculation
at Re, = 25. Finally, the change rate of kinetic energy shows an gnsugplus, which is
consistent with the fact that the total kinetic energy iases over time.
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From these observations, it can be said that the preserixvmgthod code can account
for strong anisotropy comparable to that in the viscousasdyl of a near wall flow. Fur-
thermore, it can quantitatively reproduce the balance éetwthe production, transfer, and
dissipation of kinetic energy if the spatial resolution ighig€ient. Though, the number of
necessary vortex elements may be large compared to grétasthods.

6. Engineering Applications

In this section, we will introduce an example of the use ofewmethods in engineering
applications of turbulent flows.g. the simulation of trailing edge vortices in aircraft wakes
by Chatelairet al.*) Trailing edge vortices impose stringent safety requireiien distances
between aircraft, limiting the landing and tak&-capacities of airports. Several research ef-
forts have focused on the identification of the governinggital mechanisms of wake evolu-
tion that would lead to the design of vortex wake alleviaigshemes. Such schemes include
the modification of the lift distribution to enhance sendfyi to instabilitie$?- ? ?. () and
the introduction of suitable perturbatiofis.

In aircraft wakes, the vorticity is confined to a small regiar the trailing edge vortices,
and results in a large reduction of computational elemehtswdiscretized by vortex methods.
Such flows are also dominated by unsteady vortex dynamidshveine most naturally solved
by vortex methods. These features enabled the simulatiariudf wake of an aircraft using a
billion vortex particles on 16,000 BG processors. The authors use a parallel particle-mesh
library(®) that uses domain decompositions and optimized data mapporaccelerate their
vortex method calculation.

The vortex method calculation by Chatelainal.*) was performed by simulating the
onset of instabilities of multiple wavelengths in a long dom Calculation conditions were
similar to that of the LES calculation by Stumf, except the Reynolds number was three
times larger Rer, = 6000). The domain length is chosen as the wavelength of marim
growth rate for the Crow instability,x = 9.428%;, whereb; is the distance of the primary
vortex pair. The transversal dimensions hpe= 1/2L, andL, = 3/8Ly. The vortices have
Gaussian cores with;/b; = 0.05 ando,/b; = 0.025. The secondary pair is located at
b,/b1 = 0.5, with a relative strength,/T"; = —0.35, whereb; is the distance of the secondary
vortex pair. In addition to the initially unperturbed vasis, the vorticity field is filled with a
white noise that produceggus = 0.005Unux.

Figure?? shows the evolution of vorticity isosurfaces. Regions gfhhvorticity norm
correspond to the red and opaque, while low vorticity arenshim blue and transparent. At
t/to = 0.25, we can see 10 and L*loops along the two primary vortices. This corresponds
to the average wavelengthgh; = 0.943 and (86.

7. Conclusions

In the present review article, we have presented benchraadkts for the vortex method
for both speed and accuracy, along with some examples gbjiication to engineering tur-
bulent flows. The benchmarks for speed were performed ardnt types of architectures,
which ofer vortex methods an advantage over traditional grid bassttieds. The runs on
MDGRAPE-3 and GPUs have shown the potential of vortex metlasd highly paralléD(N)
algorithm. Since future computer architectures are besgmiore and more parallel, we pre-
dict that there will be an advantage of using FMMs, due to tigh Iparallelism they fier.
However, it is important to point out that there is a 100 folffetence in the calculation cost
between FMMs and fast Poisson solvers at the moment, everPbls G

For the benchmarks for accuracy using the three canonidallent flows, the present
vortex method has shown quantitative agreement with trexeate calculations using finite
difference and pseudo-spectral methods. The match of the dseagfrkinetic energy and
the energy spectra in the homogeneous isotropic turbuleaicelation exemplifies the high
accuracy of the present viscoustdsion scheme. With this highly accurate viscou$ugiion
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(@) t/to = 0.21

(C) t/to = 0.27 (d) t/to =0.34

Fig. 9 Counter-rotating vortices, initiation by ambienis® visualization of the
vorticity structures by volume rendering. High vorticitpymm regions
correspond to red and opaque; low vorticity are blue andsparent. (a)
t/to = 0.21, (b)t/to =0.25, (C)t/to =0.27, and (dX/to =0.34.

scheme, we are now able to capture the dissipation of kiragcgy correctly. By comparing
vortex methods directly with spectral DNS, we are able tdficorthat the solution of vortex
methods converge to the Navier-Stokes solution. Howeternumber of vortex particles
required seems to be much larger than spectral methods.

The fact that vortex methods were able to perform a directerigal simulatiof?) of an
aircraft wake of a Reynolds number that was three time ldigar a state-of-the-art LES com-
putation”) demonstrates the possibility of vortex methods for the &mn of high Reynolds
number turbulent flows. However, this is at the cost of usiitlgphs of vortex particles. As
we have mentioned in the previous paragraph the number tEhuparticles required to obtain
an accurate solution is far larger than that of typical gadédrl methods. Cocétal. estimates
this number to be around 4-fold per dimensién.

There are numerous issues to be solved before the vortexothetuld become an ef-
ficient and reliable tool for the simulation of wall boundedbulent flows. In order for the
vortex method to become a reliable engineering tool thefolg areas must be further de-
veloped; anisotropic elements, high order basis functiadaptive spatial refinement, hybrid
fast-multipole particle-mesh methods, and their impletagon on heterogeneous architec-
tures.
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