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Rigidity and soft percolation in the glass transition of an atomistic model
of ionic liquid, 1-ethyl-3-methyl imidazolium nitrate, from molecular
dynamics simulations—Existence of infinite overlapping networks
in a fragile ionic liquid
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(Received 27 November 2014; accepted 6 April 2015; published online 22 April 2015)

The typical ionic liquid, 1-ethyl-3-methyl imidazolium nitrate (EMIM-NO3), was examined by
molecular dynamics simulations of an all-atomistic model to show the characteristics of networks
of cages and/or bonds in the course of vitrification of this fragile glass-former. The system shows
changes of dynamics at two characteristic temperatures, TB (or Tc) and the glass transition temperature
Tg, found in other fragile glass forming liquids [K. L. Ngai and J. Habasaki, J. Chem. Phys. 141,
114502 (2014)]. On decreasing temperature, the number of neighboring cation-anion pairs, NB,
within the first minimum of the pair correlation function, g(r)min, increases. On crossing TB (>Tg),
the system volume and diffusion coefficient both show changes in temperature dependence, and as
usual at Tg. The glass transition temperature, Tg, is characterized by the saturation of the total number
of “bonds,” NB and the corresponding decrease in degree of freedom, F = [(3N − 6) − NB], of the
system consisting of N particles. Similar behavior holds for the other ion-ion pairs. Therefore, as an
alternative, the dynamics of glass transition can be interpreted conceptually by rigidity percolation.
Before saturation occurring at Tg, the number of bonds shows a remarkable change at around TB.
This temperature is associated with the disappearance of the loosely packed coordination polyhedra
of anions around cation (or vice versa), related to the loss of geometrical freedom of the polyhedra,
fg , of each coordination polyhedron, which can be defined by fg = [(3NV − 6) − Nb]. Here, 3Nv is
the degree of freedom of NV vertices of the polyhedron, and Nb is number of fictive bonds. The
packing of polyhedra is characterized by the soft percolation of cages, which allows further changes
with decreasing temperature. The power spectrum of displacement of the central ion in the cage
is found to be correlated with the fluctuation of Nb of cation-cation (or anion-anion) pairs in the
polyhedron, although the effect from the coordination shells beyond the neighboring ions is not
negligible. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4918586]

I. INTRODUCTION

Molecular dynamics (MD) simulations play significant
roles to understand the slow dynamics and structures related
to the glass transitions. Angell has introduced a concept of
“fragile” and “strong” to characterize the dynamic of glass
forming materials.1 The former shows non-Arrhenius behavior
of the dynamics, while the latter shows Arrhenius behavior.
In the former, the Tg-scaled temperature dependence of struc-
tural relaxation time or transport coefficient has steep slope at
Tg/T = 1 and the fragility is defined by the slope. There are
other glass-formers having properties that are intermediate be-
tween the strong and fragile extremes. The dynamics and ther-
modynamic properties of strong and fragile glass-formers are
very different, although glass transition is a common property.
Ionic liquid (IL) is a suitable system to examine the glass tran-
sition in fragile liquids, because it is liquid over wide tempera-

a)Author to whom correspondence should be addressed. Electronic mail:
habasaki.j.aa@m.titech.ac.jp

ture range and it can be vitrified at sufficiently low temperature
or elevated pressure. Therefore, ILs offer new materials for the
study of structural relaxation and glass transition.2

To understand the mechanism of glass transition, one may
assume the formation of infinitive network of some structural
or dynamical units or domains at Tg , but it is not clear what
is the length scale of the structural units that characterizes
the glass transition. Often, either divergent or monotonically
increasing dynamic length scales with decreasing temperature
are considered as the primary cause3–7 of glass transition. In
spite of efforts over the past decades, there is no report of direct
observation of divergence of the length scale so far. As to be
discussed later, the connection of length scale with transport
properties of the system is not direct. It has been argued that
one should consider the length scale of the fluctuation because
of the lack of the static length scales. However, this argument
is not necessarily justified when many kinds of infinitive net-
works can be defined in the real space.8–22

In looking for an alternative way to understand glass tran-
sition based on the concept that is common to all glass-formers

0021-9606/2015/142(16)/164501/18/$30.00 142, 164501-1 © 2015 AIP Publishing LLC
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irrespective of whether they are fragile, intermediate, or strong,
the approach of this paper was taken. Silica is a typical strong
glass-former structurally described by the three dimensional
networks. Motivated by this, we consider in analogy networks
in fragile systems connected by bonds and/or cages. Generally,
dynamics revealed by the intermediate scattering function, or
equivalently the mean squared displacements of molecules
in glass forming systems, and ions in ionically conducting
systems, started at short times from the caged dynamics, subse-
quently changed to the sub-linear diffusive dynamics at inter-
mediate times, and finally ended with steady state diffusion
at long times. The cages (coordination polyhedra) are con-
nected to each other to form networks. Therefore, even for the
fragile system, one can consider the topology of this kind of
network representing the packing of the cages. They are natu-
rally correlated with the volume as well as the dynamics of the
system.

It is difficult to say unequivocally that any arbitrary cho-
sen network of mobile or immobile regions is responsible
for the glass transition a priori. It is necessary to show how
the network is related to the characteristics of glass transi-
tion such as transport properties, system volume, and ther-
modynamic properties. To accomplish this task, the transport
properties, the components of potential energies, and the sys-
tem volume are examined in the present work by molecular
dynamics simulations, as well as structural changes related
to the networks. The existence of the infinitive network of
bonds and cages is then used to characterize glass transition
in a fragile system. The system examined in the present work
is the archetypal ionic liquid (1-ethyl-3-methyl imidazolium
nitrate, EMIM-NO3), which is ionically conducting and also
glass forming.2 Physics deduced from the simulations is ex-
pected to be generally applicable to ionic conductors and glass-
forming systems, and can be used to bridge the two research
fields.

The purpose of the present work on structure and net-
works is threefold. Generally, change of dynamics and ther-
modynamic properties are found at two characteristic temper-
atures, TB and Tg , with TB > Tg , on decreasing temperature (or
increasing pressure) towards vitrification of glass formers.23

Therefore, the first purpose is to show the existence of the
changes of network properties at TB and Tg . The changes of
the total number of bonds, NB, for cation-anion and that for
the fictive bonds of cation-cation (and anion-anion) pairs, to
be defined later, are examined, and the existence of TB (or Tc)
and Tg that are related to change of network properties will
be shown. The results indicate that vitrification at Tg is char-
acterized by the saturation of the number NB of cation-anion
bonds (followed by saturation of the other kinds of bonds) with
the corresponding decrease of the degrees of freedom of the
system. While occurring at TB are the changes in the number
of bonds and the packing of cages within the overlapping
networks. Related properties examined are diffusivity, partial
potential energies, and system volume, determined at constant
pressure and temperature conditions.

The second purpose is to characterize the cages, the local
structures in the network, and their changes on decreasing
temperature by using the coordination number, NV, and the
number of bonds, Nb, within the coordination polyhedron.

Previously, these values had been successfully used to charac-
terize the caged ion dynamics as well as the glass transition in
lithium silicate.19–21 The Li silicate is more fragile than silica
but is stronger than the present ionic liquid.24

The third purpose is to characterize the dynamic properties
of trapped ion in the cage by using NV and Nb. Spectra of
the motion of the central ions are compared with those of the
motion of the cage characterized by Nb. The two are compa-
rable, although contribution from outer shells of the cages is
not negligible.

The concepts of “fictive bonds” and packing of the poly-
hedra discussed in the present work seem to be rather general.
This is because the concepts of network, packing, and geomet-
rical degree of freedom discussed hold for many systems. In
other ionic liquids, factors such as “shapes” (i.e., modification
by long chains) or “size ratio” of cation and anion should be
taken into account, because the packing is affected by them.

Ionic liquids like N,N,N,N-tetramethyl-ammonium di-
cyanamide (TMA-DCA) have restrained condensed phases
characterized as plastic crystals.25 Although our attention is
focused on one glass forming ionic liquid in the present work,
it is interesting to examine the applicability of these concepts
to other systems or phases in the future.

II. BACKGROUNDS

In the present work, we shall show the percolation of
bonds and cages in an ionic liquid. As backgrounds of the
analyses used, we summarized the concept of rigidity percola-
tion and results of our previous MD simulations of the lithium
metasilicate glass, which show the role of cages (coordination
polyhedra) and geometrical degree of freedom in the glass
transition and the dynamics of ions.

A. The concept of rigidity percolation

Topological aspects of the glass structure formed after
glass transition have been a subject of intense discussion in
the literatures.8–22,26–28 Phillips introduced the constraint the-
ory8 for SiO2 and the binary and ternary chalcogenide glasses
As2Se3 and GeaAsbSec to address glass forming ability. The
number of bond-stretching constraints per atom with average
coordination number ⟨r⟩ is ⟨r⟩/2, and the number of bond-
bending constraints is 2 ⟨r⟩ − 3. The optimal glass-forming
composition corresponds to ⟨r⟩ = 2.4. Thorpe9,10,27 reformu-
lated the constraint theory as a problem of rigidity percolation.
Rigid units can be bars and joints. In random networks, numer-
ical calculations have shown that a floppy-to-rigid transition
occurs when ⟨r⟩ increases to a value quite close to the pre-
dicted mean-field value of 2.40. Experimental confirmations
of the transition suggested by Phillips and Thorpe in various
ways have been found in binary (Ge or Si)xSe1−x and ternary
GeaAsbSec glasses.11–14 Approaches using Volonoi polyhedra
and Delaunay triangles (in two dimensions) or the similar one
using tetrahedra (in three dimensions) for the units of networks
are also known,16 and the former type of analysis is frequently
applied to fragile systems. For the network forming systems,
(Na2O)x(P2O5)1−x, analysis was made of data from photon
correlation spectroscopy at temperatures near the glass tran-
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sition and for compositions extending from pure phosphorus
pentoxide to the metaphosphate (x = 0.5).26 Pure P2O5 forms
a three-dimensional network and has ⟨r⟩ = 3. On increasing
Na2O, ⟨r⟩ decreases monotonically to 2. The “fragility” in-
dex m when plotted against ⟨r⟩ also exhibits a very shallow
minimum near ⟨r⟩ = 2.4. Experimentally, existence of several
regions in rigidity percolation has been reported. Boolchand
has observed an intermediate phase in binary Ge-Se glass28

by Raman scattering measurements, different from that of the
simple rigidity percolation.

B. Caged ion dynamics and glass transition in Li
metasilicates

In the previous works by Habasaki et al.,19–21 coordination
polyhedra in the typical ionically conducting glass, lithium
metasilicate (Li2SiO3), which consists of both LiOx and SiOy

(x = 3–7 and y ≈ 4) units were examined by molecular dy-
namics simulations using an empirical model. Later, essential
parts of the results were well reproduced and hence confirmed
by using the ab initio MO based potential model.29 The results
are summarized here for explaining several concepts and as a
background for comparing with ionic liquids.

Geometrical degree of freedom, fg ,30 of each coordination
polyhedron (Li ions surrounded by oxygen atoms) can be
defined by fg = [(3NV − 6) − Nb]. Here, 3NV is the degree of
freedom of NV vertices of the polyhedron in three dimensions,
6 is the degree of freedom for translational and rotational
motion of the polyhedron. In other words, “3Nv–6” bonds are
necessary to fix the shape of the polyhedron. The concept is
schematically shown in Appendix A for the case of NV = 4. For
the lithium metasilicate, the number of vertices NV surrounding
each Li ion and the number of the fictive bonds (contact pairs)
among oxygen atoms Nb of the coordination polyhedron were
counted. Saturation of the coordinated structure near glass
transition temperature, Tg , was found and characterized by
NV, and Nb,19 showing the loss of fg at Tg. Similar behavior
was also observed for the SiO4 units. That is, the changes
of the geometrical degree of freedoms for both the network
former and network modifier are found at the glass transition
temperature, Tg .

The motion of Li ions in both the liquid state and glassy
state was found to correlate well with that of the motion of
the cage surrounding it.20 Actually, the Li ion moves with
the center of mass motion of the coordination polyhedron.21

Therefore, naturally the connectivity of cages is related to the
compressibility and dynamic properties of the whole system.

Dynamics in ionic liquids are similar31 to structural relax-
ation in other glass forming materials and also to ionic conduc-
tivity relaxation and diffusion in ionically conducting glasses.
The common behaviors include existence of caged dynamics
manifested as the nearly constant loss (NCL) in the suscepti-
bility spectra, the jump motions that are spatially and dynam-
ically heterogeneity,32–36 a stretched exponential correlation
function for the conductivity relaxation, and other properties.

Similar analysis of cages and/or bonds of ions using NV
and Nb is applied to ionic liquids in the present work, and
the results will be shown useful to understand the common
behavior of the different systems.

III. METHODS

A. Molecular dynamics simulations

Simulations of a typical ionic liquid, EMIM-NO3 have
been done in a similar manner as the previous works2 using an
all-atom model. Networks and polyhedra are examined with
respect to the positions of center of mass of cations and anions
throughout the present work. We used the potential functions
of the form

U(R) =

bonds

Kr(r − req)2 +


angles

Kθ(θ − θeq)2

+


dihedrals

Vn

2
(1 + cos [nφ − γ])

+

atoms
i< j

( Ai j

R12
i j

−
Bi j

R6
i j

) +
atoms
i< j

qiqj

εRi j
. (1)

It is the sum of bond, angle, and dihedral deformation energies,
pairwise standard (6,12) Lennard-Jones (LJ) potential repre-
senting the repulsive term and the van der Waals interactions,
and the Coulombic interactions between atoms with charges qi.
The simulations were carried out by using the General Amber
Force Field (GAFF)37 and the program Amber.38

The system contains 256 EMIM+ and 256 NO3
−with a to-

tal of 5888 atoms. Periodic boundary conditions were imposed,
and Coulomb interactions were calculated using the particle
mesh Ewald method. The system was equilibrated at 1000 K,
and the temperature was gradually decreased in time steps.
Each step was either 1 or 2 fs, and the simulations of NPT
ensemble were carried out up to 2.5–10 ns after sufficiently
long equilibration time of several ns. The cooling rate used is
about 0.01 K/ps.

Topological examination of the system and polyhedra was
performed typically at the onset time, tdif, of the diffusive
regime shown by the mean squared displacement (MSD),
which corresponds to the time scale of the process contributing
to the diffusion coefficient at each temperature. Notwithstand-
ing, the essential features of networks obtained during t ∼ tdif
can be observed already from the instantaneous structure.

IV. RESULTS AND DISCUSSION

A. Structures of networks and cages—multiple
character of networks

Characteristics of the networks are closely related to the
length scales existing in the system. There are different kinds
of length scales39 considered so far in the problem of glass
transition. Previously, we examined40 the present EMIM-NO3
ionic liquid by MD simulations40 and have shown that there are
several length scales41 in the density distribution function and
in the charge density distribution function of the system. The
length scale of the density distribution function was found to
be shorter than the charge density distribution function. These
length scales are fundamental for considering the structure of
the ionic liquid, although no divergence of the length scale
was found near the glass transition regimes. Instead, one can
consider the infinite connections among the cages or bonds to
characterize these structures.
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In Fig. 1, three instantaneous network structures are shown
for EMIM-NO3 in the glassy state (at 150 K), where the nodes
are the center of mass positions of ions (blue: EMIM+ ion
and red: NO3

− ions), and bonds are connecting ions within
the distance of the first g(r)min. In Fig. 1(a), the neighboring
cation-anion is connected and coordination polyhedra (an-
ions surrounding cation) are shown. In Fig. 1(b), neighboring
anions are connected. This partial structure is incorporated
with the network formed by cation-cation pairs as shown in
Fig. 1(c). These networks consist of well packed cages in
the glassy states. The cause of the multiplicity of networks is

FIG. 1. (a) Structure of the networks found in the glassy state of EMIM-NO3
at 150 K (based on the full atomistic MD consists of 5888 atoms (256 ion
pairs)). (a) Positions of the center of mass of anions (NO3

−: red) and surround-
ing cations (EMIM+: blue) within the distance of g (r )min of cation-anion pair
are connected, and the coordination polyhedron (anions around cation) was
visualized. All neighboring cation-anion (ionic) bonds are shown here. The
structure is repeated by the periodic boundary condition applied to form an
infinite network. (b) The same structure as in (a), where the positions of center
of the mass within g (r )min of neighboring anion-anion pairs are connected
(red lines). (c) The same structure as in (a) and (b), where substructures of
cation-cation network (blue lines) and anion-anion network (red lines) are
overlapping. The latter is the same as in (b). Thus, fragile system consists of
overlapping networks with distribution of coordination numbers.

schematical represented in Fig. 2 for both the ionic and neutral
systems. In this figure, the concept of overlap of polyhedra
(networks) in the system is illustrated in 2D. In the upper
example, overlap of the coordination polyhedra in binary (red
and blue) system is shown. Red particle is surrounded by blue
ones and vice versa. Therefore, these polyhedra are mixed
together. One can imagine this situation as a binary mixture
of different kinds of atoms, or a mixture of cation and anion.
Thus, the networks formed by different kinds of ion pairs are
mixing. This complexity with variety of the substructures is
characteristic of the structure of ionic liquid such as EMIM-
NO3 and enhances anharmonicity of the dynamically formed
cages. Examples of structures of clusters (within g(r)min = 7 Å
from the central cation) are shown in Appendix B for two cases
near TB.

Generally speaking, mixing of networks exists for fragile
systems including non-ionic systems. In the example at the
lower part of Fig. 2, overlap of coordination polyhedra is shown
for two central particles in the one component system. The
similar configurations of particles as in the upper part are
considered there. In this case, a trapped particle is the same
kind as the surrounding particles, and in turn, it can form a
cage of the other particles. That is, even in the one component
system, distinguishable substructures are found and the system
can show the glass transition.42

FIG. 2. Concept of overlap of polyhedra (networks) in fragile system rep-
resented in 2D. (Upper case) Overlap of the coordination polyhedra in the
binary (red and blue) system is shown. One can imagine this as a mixture
of different kinds of atoms, or a mixture of cation and anion. (Lower case)
Overlap of coordination polyhedra is shown for two central particles in
one component system. Although the similar configurations of particles are
considered in both cases, network considered can be different by the definition
of polyhedron.
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The concept of soft percolation concerned with mix-
ing of networks will be introduced later on to explain the
behavior of the fragile ionic liquid (EMIM-NO3). In Sec. IV B,
temperature dependence of the structural properties of the
IL will be examined based on the pair correlation function,
g(r).

B. Characteristics of structures and dynamics
of the ionic liquid

Ionic structure of EMIM-NO3 was examined at several
temperatures from the pair correlation functions g(r) shown
in Fig. 3. At the first glance, the shapes of all g(r) are similar.
However, there are changes in the coordination number as well
as the number of “fictive” bonds on decreasing temperature.
The first peak from cation-anion pairs increases at first and
then becomes saturated. The shoulder at around 4 Å from the
cation-cation pairs and that at around 9 Å from the anion-
anion pairs both become clearer below 400 K. The first peak
of anion-anion pairs is sharpened and shifted to shorter dis-
tance at around this temperature. When the system is deeply
cooled down to below Tg , some fine structures in g(r) appear,
including those from the cation-anion pairs due to localization
by vitrification.

Since changes of the first minimum position are relatively
small, we used fixed cutoff values to determine the bonds of
network and polyhedra. Namely, the first minimum positions
of g(r) at 7 Å, 10 Å, and 11 Å were used for the cation-
anion, anion-anion, and cation-cation pairs, respectively. In the
present work, we distinguish the total number of bonds, NB,
counted without redundancy for the system from the number
of bonds, Nb, in each polyhedra, which have a redundancy with
other polyhedra. Therefore, usually, NB <


Nb.

C. Existence of TB and Tg in the dynamics
of ionic liquid

Before examining the details of the network structures,
existence of the two characteristic temperatures relevant to
characterize the changes of dynamics of the system will be
shown.23,42

Previously, Xu et al.43 examined viscosity and conduc-
tivity of ionic liquids for old and unpublished data with quater-
nary ammonium cations and new data on salts of aromatic
cations containing a variety of anions, and the results show
wide range of liquid fragilities. Khupse and Kumer44 exam-
ined the fragile behaviors of viscosity of binary mixtures of
pyridinium based ionic liquids and discussed the effect of
mixing with solvent. Our diffusion coefficient data can be fitted
to Vogel-Fulcher-Tamman-Hesse (VFTH) equation, and the
fragile behaviors found in the diffusivity of the present system
are consistent with the temperature dependence of viscosity or
conductivities of these related ionic liquids.

Temperature dependence of the diffusion coefficients of
the cation in the present system, which were obtained from the
mean squared displacements in the diffusive regimes via the
Einstein equation, is shown in Fig. 4. The diffusion coefficients
at 400 K obtained for the same system (by MD with different
models) by Popolo et al. and Yan et al.45,46 are also shown in
the figure for the sake of comparison.

Although our diffusion coefficient data can be fitted to
the VFTH equation, fits to Arrhenius temperature dependence
also hold separately at temperatures above and below 410 K.
The presence of clear inflection in the plot of logarithm of
the diffusion coefficient against 1/T is assigned as TB. In this
sense, fragile behavior is characterized by the slower decrease
of the diffusion coefficient at higher temperature region above
TB, and the change to a more rapid decrease below TB, instead

FIG. 3. Pair correlation function of EMIM-NO3, exam-
ined for the center of mass position of the ions. Black:
cation-anion, red: anion-anion, and blue: cation-cation.
(a) At 600 K, (b) at 400 K, (c) at 250 K, and (d) at 150 K.
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FIG. 4. Temperature dependence of diffusion coefficient of the cation. Al-
though this can be well fitted to the VFTH function, it can also be well fitted
to two exponentials (or two power laws). An inflection was found at around
TB ∼ 410 K. At around this temperature, the distribution of Nb changes.
That is, the structure with Nb < (3NV−6) found at higher temperature dis-
appeared on crossing TB (see Figs. 8 and 9). The structure with NV= 4 also
disappeared. The inflection temperature TB is considerably higher than Tg

(∼250 K) and has a high diffusivity and is measurable within ∼ns runs in
MD. Open square (pink) and open diamond (brown) marks are shown for the
sake of comparison, which were obtained by non-polarizable and polarizable
models of previous MD works,45,46 respectively. Approximate positions ofTB
and Tg are shown in Figures 4–6, except for Tg for the diffusion coefficient,
for which diffusive region was not attained during the observation time.

of the rapid increase of the Tg-scaled transport coefficient on
decreasing temperature towards Tg . Diffusivity near the inflec-
tion point (∼410 K) is of the order of 10−10 m2/s and is measur-
able within ∼ns runs. While at Tg (∼250 K) determined by
change of the temperature dependence of the density, diffusive
regime of MSD was not attained during the observation time.
The kinetic glass transition temperature, Tg -k, obtained from
simulations up to ∼10 ns by the condition that the diffusive
regime is not attained during the observation time, is higher
than Tg = 250 K but lower than TB. The behavior of the an-
ions is similar to cations2 because of comparable effective
sizes.

Previously, the change of diffusivity atTB was discussed2(b)

to be related to fractal dimension of the random walks, dw,47

which is a measure of the complexity of the trajectory. This
result is summarized here.

For the determination of dw, how many times (N ′) required
to cover the trajectories was counted with changing the length
of the ruler (L). From the slope in the double logarithm plots
of N ′ against L, one can determine the fractal dimension of
random walk, dw, defined by

N ′ = AL−dw. (2)

Two regions of slopes for short and long range motions were
found. The dw was found to increase rapidly after TB, with
decreasing temperatures. Namely, above TB, the motion is
dominated by the long range and/or forward correlated motions
with a small dw, while below TB, the motion is short ranged
with a large dw, which indicates strong back-correlated mo-
tions of the ions. The strong increase of dw value is related to
the decrease of the free volume available for the motion, and
this result is consistent with the changes in network structures,
which will be discussed in the present work.

D. Existence of TB and Tg in the system volume
and potential energies in the ionic liquid

Since possible change in the system volume at around TB

(∼410 K) was expected, we have examined the temperature
dependence of volume of the system by providing more data
points at around this temperature than the previous work. The
data were obtained by MD simulations in NPT conditions at
each temperature after equilibration. When plotting volume
against reciprocal temperature, changes in the slope at around
∼410 K and ∼250 K are found as shown in Fig. 5(a). Exper-
imental value at 293 K by Cang et al.48 is also shown in
this figure as well as the MD data at 400 K in Refs. 45 and
46 for the sake of comparison. In Fig. 5(b), partial poten-
tial energies of the system are shown for each term appear-
ing in Eq. (1). The energies are shown as relative ones ob-
tained by subtracting the values at 600 K. Except for the
Coulombic and the LJ terms, they are for the inner structures

FIG. 5. (a) Temperature dependence of volume of the system obtained by
this MD work. Lines are fitted ones using power laws for three temperature
regions. Error is within the size of the mark. Red: above TB, blue: between
TB and Tg, purple, below Tg. Filled diamond (green) is obtained by MD45,46

using different models (two points are overlapped). Filled triangle (brown)
is an experimental value.48 (b) Relative changes (measured from 600 K) of
partial potential energies of the system. Brown: dihedral angular, blue: LJ,
Red: Coulombic, green: bonding, and orange: angular terms. Dotted lines are
used to show the slope in the intermediate regions between TB and Tg.
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of ions. Two inflections at temperatures TB and Tg are observed
for all of these terms. The changes of bonding and angular
energies for the inner structures have large contribution for
the stabilization of the system with decreasing temperature.
However, for these terms, the inflections are not that clear
as compared with the other terms. Nearly flat behaviors are
observed for the Coulombic and dihedral angular terms at
temperatures lower than Tg. The trend means the importance
of the ion-ion structure as well as the medium and longer
length scale structures related to the dihedral angle in re-
gard to glass transition. Thus, the existence of both charac-
teristic temperatures was confirmed in dynamics, density, and
potential energies. In Sec. IV E, corresponding changes in
the whole system is characterized by the network formed by
“bonds.”

E. Number of bonds and degree of freedom
for the whole system

The degrees of freedom of the system consisting of N
particles, Fsystem, can be defined by

Fsystem = [(3N − 6) − NB]. (3)

Here, counting is taken over all bonds (contact pairs) without
redundancy. For N particles in 3 dimensions, 3N is the degrees
of freedom of the motion, and 6 is that for the rotational and
translational motion of the system. Then, the probability P of
finding a mode with NB < 3N-6 is defined by

P = Fsystem/(3N − 6) = 1 − NB

(3N − 6) . (4)

The probability of finding a part without the mode is the
complement,

1 − P =
NB

(3N − 6) . (5)

If the value exceeds 1, it means that the inner structures of
the system have extra bonding compared with the value of
3N − 6. In the present work, analysis has been done for each
combination of the pairs of species. The results of 1 − P plotted
against the inverse of temperatures for cation-anion, anion-
anion, and cation-cation pairs are shown in Fig. 6. Here, N
stands for the number of all ions, although the number of bonds
is counted among the cations (or anions) in the case of cation-
cation (anion-anion) pairs.

The interaction of the cation-anion is the strongest one in
ionic liquids because of its shortest length, and the connection
is by the attractive Coulombic force. While the interactions
for other pairs are repulsive, and the bonds are fictive ones
formed by the collective forces from other ions. Therefore,
the trends observed for the three different combinations are
similar, but not the same. When the temperature is decreased,
changes at positions around TB ∼ 410 K are observed for the
three networks. The positions seem to be slightly different for
three cases. This feature is probably due to the soft character
of the packing to be discussed later. The value of 1 − P and its
change of slope for the cation-cation pair is the largest, and it
seems to be natural in view of the packing of the bulky cation.
Saturation of the value of 1 − P for all the three networks is

FIG. 6. The probability, 1−P = NB
(3N−6) , is shown as a function of reciprocal

temperature, where the total number of bonds (contact pairs) within g (r )min
of anion-cation (blue), anion-anion (green), and cation-cation (red) pairs is
counted without redundancy. At around TB (∼410 K) and Tg (∼250 K), the
change of slopes for the three kinds of networks is observed. The saturation
of the number of bonds is observed for the cation-anion network at around Tg
and followed by others. Error bars estimated at 250 K from three independent
cooling schedules are within the size of the mark. The data at T = 0.1 K were
included in the fitting at the lowest temperature regions.

found at around 250 K, that is Tg . The saturated value for
cation-anion network is near 1, and the saturation occurred
prior to that for the other combinations. This finding suggests
that even for a fragile system, glass transition can be described
by the formation of rigid networks involving the strongest
interactions at the shortest distance. For other combinations,
even larger saturated values were observed. This is because
fictive bonds examined are loose ones having several lengths.
Thus, the changes in the network of the system are found at
both TB and Tg.

As discussed in Secs. IV F–IV L, the changes of the free
volume of the system is related to these inflection points and
the packing of coordination polyhedra.

F. Existence of TB and Tg in the ionic liquid
and relation to free volume

Decrease of the free volume in the system can be measured
by the positronium annihilation lifetime spectroscopy
(PALS).49,50 Correlation of the free volume with the failure
of a single VFTH expression to describe the temperature
dependence of the structural α-relaxation time was found by
PALS50 in ortho-terphenyl and propylene carbonate, glyc-
erol, and propylene glycol. Recently, Forero-Martinez et al.51

have examined voids in three ionic liquids ([C4mim][PF6],
[C4mim][Tf2N], and [C3mim][Tf2N]) by MD simulations.
The trend observed in PALS52 was reproduced by MD. Al-
though Tg by their definition seems to lie between TB and Tg ac-
cording to our definition, their observation of the temperature
dependence of volume shows the existence of the intermediate
temperature region as in this work.

The following analysis of the polyhedra presented is con-
cerned with how the free volume is located in the system, and
reduced on decreasing temperature.
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G. Temperature dependence of the distributions
of NV and Nb

The polyhedron of anions surrounding cation and vice
versa also was examined as was done before in the Li metasili-
cates.19–21 The cutoff distance previously mentioned was used.
In this definition of the coordination polyhedron, the mobility
of trapped particle and cages is closely connected, and the
size of the polyhedra is larger than the Delauny tetrahedra
or Voronoi polyhedra. Structural change accompanying glass
transition is sometimes not emphasized in the study of glass
transition. However, in the distribution of NV and Nb, one
can clearly observe the change in the structure at both TB and
Tg . To characterize the local and medium range packing, we
considered coordination polyhedra of anions around cation and
cations around anion. The distribution of coordination number,
NV, at 600 K, 400 K, and 150 K for the anions around cation are
shown in Fig. 7. Peak position tends to increase with decreasing
temperature. Contribution of NV = 4 is almost totally missing
below 400 K. The distribution at higher temperature has a tail
of larger NV values, while in the glassy state at 150 K, the
distribution is rather symmetrical and centered at NV = 7.

Since the number of ions does not change with tempera-
ture, the increased number of NV with decreasing temperature
means the increased overlaps of cages and redundant counting
of vertices or edges of polyhedra. In other words, the free
volume of the systems decreased with such overlaps and with
the reconstruction of polyhedra and networks. This reconstruc-
tion seems to be suppressed at temperatures below TB.

H. Changes of the distribution of NV and Nb at around
TB and Tg

In this section, temperature dependence of the packing of
cages is examined by using NV and Nb values to understand
the structural changes at two characteristic temperatures, TB
and Tg. Probability distribution, P, of Nb is shown in Fig. 8
for temperatures at 600 K, 450 K, 400 K, 300 K, 250 K,
and 150 K. The lines are drawn to serve as interpolations.
Fig. 9 shows a comparison of these distributions at the different
temperatures using the same color codes as in Fig. 8. Changes
of the distributions at both TB and Tg can be seen. Large change
of the distribution pattern related to the increase of NV and Nb
values in each peak is found at temperatures higher than TB.
Below Tg , the pattern is similar except for small sharpening
at large Nb value. Between TB and Tg , gradual increase of Nb
within each peak occurs with a small shift in NV.

The change at TB is related to the disappearance of poly-
hedra with Nb < (3NV − 6), characterized by this degree of
freedom (see also Fig. 10). Because of the existence of redun-
dant bonds, (NB <


Nb), the loss of the geometrical degree

of freedom for the coordination polyhedra occurs before Tg.
Positions of peaks in Fig. 8 are informative for learning

what geometrical rule governs the packing of ions. At 600 K,
the peak positions are at Nb equals to 6, 9, 13, 17, 22.5, and
27 (for NV = 4–9), while at 400 K, they are at Nb equals to 6,
9, 13.5, 17.5, 21.5, and 26.5 (for NV = 5–9). At 150 K for the
glass, peaks are located at Nb equal to 10, 14, 18, 22, and 28
(for NV = 5–9). At higher temperature, the differences between
successive peaks of Nb are 3, 4, 4, 5.5, and 4.5. At and near the

FIG. 7. (a) Distribution of vertices of polyhedra formed by anions around
cation at 600 K in EMIM-NO3. (b) The distribution at 400 K. (c) The
distribution at 150 K.

TB, the differences change to 3, 4.5, 4, 4, and 5, while in the
glassy state at 150 K, the values are 4, 4, 4, and 6. In the case
of the geometrical degree of freedom is equal to 0, the Nb value
increases by 3 with the addition of each vertex. Therefore, the
difference between successive peaks (i.e., the peak interval) of
three is expected. Although an inflection of the temperature
dependence of the diffusion coefficient at around 400 K can be
well explained by the loss of structures with Nb < (3Nv − 6),
the different rule with the peak interval equal to 4 appeared

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

121.2.78.23 On: Tue, 05 May 2015 02:49:18



164501-9 J. Habasaki and K. L. Ngai J. Chem. Phys. 142, 164501 (2015)

FIG. 8. (a) Distribution of number of fictive bonds Nb of anion-anion in the coordination polyhedral of anions around cation at 600 K (red) in EMIM-NO3. (b)
The distribution at 450 K (orange), (c) at 400 K (pale blue), (d) at 300 K (brown), (e) at 250 K (green), and (f) at 150 K (blue). The peak at around Nb= 6 is for
NV= 4 and this contribution is almost missing below TB. Each peak maximum corresponds for NV shown in Fig. 8, but the region shows some overlaps as will
be shown in Fig. 10. The values are connected by lines of the same color and they are compared in Fig. 9.

with further decrease of the temperature. Related to this feature
with peak interval of 4 is the existence of a plate consisting of
two cation-anion pairs, and combinations of them. They do not
necessarily show an anti-parallel arrangement to compensate
for a charge of the plane. Another characteristic structure found
is a plate (6-member ring) formed by three cation-anion-pairs.
The structure near the glass transition temperature contains
the connection of these plates. Even at this temperature, a

bond (cation-anion connection) is not completely rigid, and a
central ion has a local mobility, as shown later for the spectra
or fluctuation of Nb and the absolute value of the displacement
of ith-ion, |ri|.

Although the peak position in Fig. 8 corresponds to each
NV, some overlaps of the regions of Nb values exist. This
situation is shown in Fig. 10. In this figure, the combina-
tions of NV and Nb observed are shown by circles. The dotted
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FIG. 9. Comparison of the distributions in Fig. 8. The same color for each
temperature as in Fig. 8 is used. Dotted ones are for the system above TB,
where the contributions of small NV values and small Nb values in larger NV
region are observed.

curve connects the approximate positions of the peak maxima
of Nb value for different NV. The lower blue line stands for
Nb = (3NV − 6). That is, on this line, the geometrical degree
of freedom is equal to 0, and the shape of the polyhedron is
fixed. The upper curve (red) stands for (1/2)NV(NV − 1), which
is the maximum number of bonds for each polyhedron. Even if
each cage had enough number of bonds to stabilize the shape
of the structure, further increase of fictive bonds is allowed
below TB. Here, the number of Nb is counted by the pairs with
distance less than the position of g(r)min for the anion-anion
pair (=10 Å). The peak in g(r) for the first shell is broad and
has several shoulders. Therefore, the fictive bonds are loose
ones having several lengths, and it is not surprising that the
number can be near the upper limit. At 600 K, some points are
located below the blue curve. This contribution is still observed
at 450 K, just above TB. These points are polyhedra with
(3NV − 6) > Nb, each of which is having a free space between
anions. At 400 K and 150 K, such structures are not observed
except for minor contribution of NV = 5 and Nb = 8 at 400 K,
and of NV = 6 and Nb = 11 at 150 K. Therefore, above TB
∼ 400 K, there is a geometrical degree of the freedom for
polyhedra, and the change in the structure is accompanied by
the decrease in the free volume with increase of Nb and NV.
Below TB ∼ 400 K, the change is mainly in the distribution in
Nb and NV of the polyhedra within the limited region of Nv, and
within the region between the two limiting curves. This change
of structure with temperature is consistent with the trend found
in the slopes of diffusion coefficient on crossing 400 K shown
in Fig. 4. Below Tg , the change of the pattern of distribution is
small and the sharpening of each peak is the dominant effect.

To characterize the packing, we also considered coordi-
nation polyhedra of cations around anion. Temperature depen-
dence of Nb distribution is shown in Fig. 11 for three temper-
atures, 600, 400, and 150 K. Although the trend is similar to
the other case presented in Fig. 8, some differences are found.
The peaks are sharper and seem to be more separated with
δNb ∼ 5. The structure with Nb < (3NV − 6) was not so clear
at the high temperature region. Such differences in the mutual

FIG. 10. Relation of Nb and NV for (a) 600 K, (b) 400 K, and (c) 150 K.
Dotted curves are connecting the approximate peak positions of the distribu-
tions of Nb shown in Fig. 8. Blue curves are for Nb= (3NV−6) structures,
meaning the loss of geometrical degree of freedom. Red curves are for
Nb= (1/2)NV(NV−1)). Below 400 K, the data located within these curves
stand for strained structures and the structural changes occurred mainly by the
slightly increasing Nb values in larger NV structures. This structure at 400 K
or below it allows a diffusive jump motion of ions as shown in Fig. 4. In these
figures, polyhedra with Nb < 3NV −6, below the blue curve are shown by
filled red circles.

coordination will become more important when the difference
between the effective sizes of cation and anion becomes larger,
although the MSD2 of cations is comparable to that of anion in
our model system.
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FIG. 11. (a) Distribution of number of fictive bonds Nb of cation-cation in
the coordination polyhedral of cations around anion at 600 K in EMIM-NO3.
(b) The distribution at 400 K. (c) The distribution at 150 K. Color code used
is the same as in Fig. 8 for these three temperatures. The trend of temperature
dependence is similar to that in Fig. 8 but the peaks are more separated and
sharper.

In the present work, we used the center of mass positions
of ions for analysis, because it seems to be better than the center
of charges to consider the packing of the structures. If ion is
more asymmetrical or having long tails, the different treatment
of the positions and/or shapes may be required, because it
affects the packing in the system.

Temperature dependence of the characteristics of the
polyhedra is shown for the anions around cation. In Fig. 12,
blue polyhedra have a character with Nb < (3NV − 6). Yellow
ones are for the structure with Nb = (3NV − 6), while green
ones are for polyhedra with maximum number of bonds, Nb
= (1/2)NV(NV − 1). Gray ones are polyhedra with the Nb be-
tween Nb = 3NV − 6 and Nb = (1/2)NV(NV − 1). The contribu-
tion of the polyhedra with Nb < (3NV − 6) becomes negligibly
small at TB. This fact is clearer in Fig. 13, where the gray poly-
hedra are not shown. This result is consistent with the change
of the compressibility of the system at around 400 K. Large Nb
structures become dominant at lower temperatures. At Tg , the
characteristics of polyhedra change again by the saturations of
the shortest connections by the cation-anion pairs followed by
the other pairs. Positions of polyhedra can change even below
Tg by localized motions. These observations are also consistent
with the trends observed in the total number of bonds of each
pairs shown in Fig. 6.

I. The concept of soft percolation

In the case of ionic liquids, multiple networks make the
system a complicated one. Namely, cages of anions are formed
by cations, while the cages of cations are formed by anions
and these networks are highly intertwined as already shown
in Fig. 1 and schematically illustrated in Fig. 2. The first
changes at TB seem to be the characteristics of the fragile
system, where the slope of the diffusivity changes. This is
related to the packing of networks, and involves the changes
of packing of coordination polyhedra around the anion or the
cation.

The concept of percolation concerning a fictive bond (con-
tact pair) is slightly different from the rigidity percolation
involving direct bonding. We call it soft percolation and this
effect can be described and explained as follows.

As already mentioned, fictive bonds are defined for the
neighboring pairs of cation-cation (or anion-anion), where the
interaction is via the repulsive force modified by the other
terms of the potential. Such fictive bonds can increase even
after the condition Nb = (3NV − 6) has been attained. As a
result, gradual change of the topology of cages continues below
TB until the system has been deeply cooled. In other words,
the volume of the system is reduced until the more rigid bonds
by cation-anion interaction, which connects the loose net-
works of anion-anion and cation-cation, are formed. Often
large coordination numbers and “fictive” bonds are found with
the soft percolation. The large coordination number of the
system and mixing of different networks mean the existence
of variety of structures with different Nb and NV. This will
result in wide distributions of lifetimes of the structures as
well.

The “soft percolation” characterizes the gradual changes
in volume and the non-Arrhenius behavior of diffusivity in the
fragile system.

On the other hand, in silica, the equality, 3NV − 6 = (1/2)
NV(NV − 1), for the tetrahedra holds, and therefore, further
changes of the number of bonds in polyhedra are not allowed
after the loss of geometrical degree of the freedom, and this
explains the Arrhenius behavior of the strong system.
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FIG. 12. Characteristics of coordina-
tion polyhedra of anions around cation.
Blue: polyhedron with Nb < 3NV−6.
Yellow: polyhedral with Nb= 3NV−
6. Green: polyhedra with maximum
number of bonds, Nb= 1/2NV(NV−
1). Gray: between these characteris-
tic numbers of Nb. The network of
cages already exists at higher temper-
ature than TB. Bonds representing the
cation and anion pairs interacting with
Coulombic force.

J. Relation of the structure of polyhedron
with the dynamics

Ion moves in conjunction with the deformation of the
polyhedron characterized by Nb and NV as found in previous
works on the lithium silicate system.19–21 Validity of this in the
ionic liquid is examined here for several cases. Since motion
of ions is dynamically heterogeneous, we have selected two
typical cases taken near TB with large and small displacements
as shown in Appendix B.

Comparison of the power spectrum of Nb with that of |ri(t)|
for these cases is informative. The correlation is clearly found
in the power spectra by the multi-taper method (MTM)53 deter-
mined from |ri(t)| of the central cation and Nb(t) of the coordi-
nation polyhedron of anions surrounding it (see Fig. 14). The
Nyquist frequency ( f = 0.5) corresponds to 1/(2δt) (THz),

where δt = 0.8 (ps). The zero frequency mode corresponds
to the diffusive motion, and the power law frequency depen-
dence (caused by back correlated motion of ions) is found and
observed at around f = 0.002–0.03, while the diffusive mode
and power law region are naturally missing in the case of the
localized ion. Comparison of these four cases has revealed that
the main feature of the dynamics is determined by the changes
in Nb (and NV related to it) in the first approximation, but the
effect from outer shells is not negligible for the motion of the
central ion. In the case of localized ions, the motion tends to be
suppressed by the outer shells, while the mobile ions tend to be
further accelerated by them in these examples. This difference
means that the heterogeneity of the dynamics is enhanced by
the outer shells.

The other case examined is taken near Tg (see Appendix B
and Fig. 15). Situation of an immobile cation at 250 K is similar

FIG. 13. Characteristics of coordina-
tion polyhedra of anions around cation.
The figures are the same as Fig. 12,
except for that gray ones between Nb
= 3NV−6 and Nb= (1/2)NV(NV−1)
are not shown. Decrease of the struc-
ture with Nb < 3NV−6, at around TB
becomes clearer. At the glass transition
temperature (∼250 K), the saturated Nb
structures increase. The glass transition
is also characterized by the saturation of
total number of bonds of pairs in Fig. 6.
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FIG. 14. (a) MTM power spectrum for the fluctuations of Nb values of the polyhedron of the anions around the localized cation was examined. Relatively larger
intensity of the spectrum f ∼ 0 is found for the fluctuation of Nb. (b) The spectrum of the displacement |ri(t)| of the central cation shown in (a). Power law
region is not clear and the zero frequency mode is negligibly small for the displacement. (c) The MTM power spectrum of the fluctuation of Nb value for the
polyhedron of the mobile cation. (d) The MTM power spectrum of the displacement |ri(t)| of the mobile central cation shown in (c). (See Appendix B for the
details of the motions and structures of polyhedra.)

to the localized ion found at 400 K, which has a smaller fluctu-
ation of Nb. Thus, the decrease in the floppy (zero frequency)
mode is related to the stability of the polyhedron, and they are
accompanied by the volume change at both TB (or Tc) and Tg .

K. Comparison of ionics in the ionic liquid
and ionically conducting glasses

For the network modifier in alkali silicate glasses such
as Li ions in the case of lithium silicates, the loss of the
geometrical degree of freedom of the LiOx units does not mean
the arrest of them, and further changes in the cages of Li ions
are possible at temperatures below Tg . Therefore, ions have
appreciable diffusivity (or conductivity) in the glassy networks
formed by the SiO4 units.

In the alkali silicate system, the glass transition tempera-
ture, Tg, and fragility of the system are affected by the contents
of the alkali metal ions, M,1 where the network of SiO4 units are
interrupted by the MOx structures, which resulted in the softer
structures of the system. The fragile character, represented by
the non-Arrhenius behavior of the dynamics, increases with
high alkali content,24 and therefore, it is related to the mixing
of different MOx structures with distributions of NV and Nb.

The situation of Li ions in lithium silicates with a distri-
bution of coordination number is similar to the fragile ionic
liquid, and it explains why the behavior of Li ion in the glass
is compatible with that of ions in the super-cooled liquid,
although several differences exist between them. One of the
differences is considered as follows. In more fragile systems,
the trapped species is also forming a cage of other particles,
and therefore, it has a comparable mobility with the species
surrounding it. This dual character will cause more complex
ionic motion than Li in the silicate systems. That is, ionic mo-
tion in the silicate glass is decoupled from the silicate network,
while the motions of cations and anions in the ionic liquid
are coupled. More complicate polyhedral structures with the
overlaps of the networks with larger NV values are found in
the ionic liquid than the case in the lithium silicate with smaller
NV values. In the former, the correlation between the motion
of central ion and cages seems to be weaker.

L. Relation with thermodynamic scaling

Thus, from the results presented in the above, the glass
transition in the present system is characterized by the rigidity
and soft percolation of the bonds and cages. One of other
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FIG. 15. (a) The MTM power spectrum of the fluctuation of Nb values of
the polyhedron for the localized cation at 250 K. Relatively larger intensity of
the spectrum at f ∼ 0 is found for the fluctuation of Nb. (b) The MTM power
spectrum for the displacement |ri(t)| of the cation. Existence of the power
law region is not clearly observed and the zero frequency mode is negligibly
small for the displacement. (See Appendix B for the details of the motions.).

possible approaches for the glass transition is based on the
observation of the property of thermodynamic scaling,54–67

and this was previously examined for the same IL63 and in
the present work by MD simulation. In this section, the rela-
tion with this approach is discussed. Recently, thermodynamic
scaling is found to be valid for many kinds of glass form-
ing systems with different degrees of fragility; namely, τα or
other transport coefficients obtained at various thermodynamic
conditions can be scaled to become a unique function of the
product variable, TVγ, where γ is a material constant.54–67 This
thermodynamic scaling is commonly found for molecular and
ionic systems including ionic liquids.62,63 Such scaling holds
rigorously if the underlying potential function is an inverse
power law. Recently, we have presented evidences from exper-
iments and simulation that the scaling behaviors started from
the Johari-Goldstein β–relaxation or the primitive relaxation
of the coupling model, which terminates the caged molecule
(or ion) regime.67 The existence of relation between the caged
dynamics at short times and the development of diffusive dy-
namics at longer times suggests the relevance of the current
study of the caged structures.

In the previous work,63 MD simulations have been per-
formed to study the scaling of dynamics near the glass transi-
tion regime of the ionic liquid, EMIM-NO3, over wide temper-

atures and pressures ranges. Temperature and pressure depen-
dences of the system are well described by the master function
of the product variable, TVγ, with γ = 4.0 and 3.8 for cation and
anion, respectively. Temperature and pressure dependences of
the pair correlation function show similar trend, and there-
fore can be super-positioned onto the master curve. Struc-
tures and Coulombic terms of the corresponding states on
the master curve are found to be quite similar. The master
curve of TVγ shows an inflection at around TB and the scal-
ing seems to break down near the Tg .62,63 Existence of the
inflection point implies a change in the compressibility of the
system, and this is naturally related to the packing of the poly-
hedra.

The thermodynamic scaling holds for many systems with
different fragilities and nonexponentialities. Therefore, a viable
theory of glass transition has to be sufficiently general in
order to cover the same property of these diverse systems.
From the existence of the thermodynamic scaling, pressure
dependence of the system can be treated on an equal footing as
temperature dependent behavior of the system. Validity of the
thermodynamic scaling of dynamic properties in many glass
forming liquids suggests that we should consider the packing
of the coordination polyhedra in relation to the glass transition
problem. This is because the dynamics having inflection points
at temperatures TB and Tg are associated with the correspond-
ing changes in temperature dependence of volume.

M. Related works

There are several works using the concept of topological
constraint on the problem of glass transition and the character-
istics of glass. Here, we compared our results to some of them.

Topological constraint theory can explain many features
of glasses, such as thermal, mechanical, and rheological prop-
erties of glasses.68 Mauro68 and Thorpe10 also argued that the
fraction of zero-frequency (i.e., floppy) modes is precisely zero
at ⟨r⟩ ∼ 2.4, as floppy regions still exist after the rigid regions
have percolated.

Recently, 2D binary soft-core system was examined by
Aharanov et al.16 The coordination numbers other than 6 are
referred to as “defects” by using a time-honored Voronoi poly-
gon construction. They define a typical scale ξ ≡ 1/

√
cl, where

cl is a concentration of the liquid-like defects. It was considered
to be related to the relaxation time. They predict that the
relaxation time diverges where cl → 0, and it was regarded
as the glass transition. Thus, effectively the decrease of the
floppy mode resulted in the glass transition. If we assume the
polyhedra with Nb < (3NV − 6) or NV = 4 as defects, similar
concept might be applicable also to ionic liquid, because the
mode is almost smeared out at a certain temperature. In spite
of the similarities, explanation given in our present work is
different on several points. First, apparent divergence of the
length scale related to this mode may occur at TB or Tc rather
than Tg . Second, the characteristics of defects in considering
soft percolation of the connecting cages are more compli-
cated, where the distributions of NV and Nb are wider, and the
mobility of the trapped particles is governed by both NV and
Nb and outer shells. Third, particle has a mobility even in the
case with Nb > (3NV − 6) in the soft cages.
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N. Relation between slowing down of the dynamics
and dynamical length scale

In this section, relation with a treatment of glass transition
by considering the dynamical length scale and our results is
discussed.

Often the divergence of some dynamical correlation
length-scale on decreasing temperature (or decreasing volume)
is assumed or expected for fragile glass-forming systems,
although so far no direct evidence of divergence has been
reported to the best of our knowledge. The structure shown
by the breaking of the fictive bonds, or properties related
to the multi-time correlation functions, has been used for
such treatments.3–6 Dynamical heterogeneity thus found is
compatible with the mobile regions showing jump motions of
particles.7 Time scale of the dynamics (τα or related quantities)
in the system is discussed with a correlation with dynamical
length scale ξ obtained, as found in Ref. 3. The structure factor
of the “broken” bonds Sb(q) is

Sb(q) = 1
Nb


|

⟨i, j⟩

exp(iq · Ri j)|2

, (6)

where Nb is a number of the “broken” bonds during [t0, t0
+ aτb], where a is a constant.

By using the Ornstein-Zernike relation,

Sb(q) = Sb(0)/(1 + ξ2q2), (7)

the characteristic length scale ξ can be determined.
The time scale was connected to ξ by3

τb ∼ ξz. (8)

Similar approach for the dynamical length scale can be found
in Ref. 4. Although the Ornstein-Zernike relation fits well
the data at the highest T , it fails at lower T , making the
interpretation of the fitted ξ values ambiguous as discussed
in Ref. 4. Increasing dynamical length scale is so far found for
several systems but the length seems to be limited to the rela-
tively small sizes. Recently, Pal and Biswas6 have estimated
the dynamic correlation length in an ionic liquid, 1-butyl-
3-methylimidazolium-hexafluorophosphate (BMIM-PF6) by
analyzing a four point correlation function via the Ornstein-
Zernike relation. The length scale thus found was ∼9 Å at
298 K and 7 Å at 450 K. The length seems not large enough to
account for the glass transition by itself, notwithstanding the
fact that the system size effect exists.

Generally, a bond is broken when the jump motion of
particle has occurred. When we consider diffusive motion, the
time scale τα ∼ tdif and the dynamical length scale during this
time are not for single jump event but for accumulated and
cooperative events of many particles. The dynamical length
scale is a measure of such events spreading over in space, while
the time scale is more directly governed by interval of jumps
and correlations among jump events. The two are parallel
consequences of the many-body relaxation and diffusion gov-
erned by the interaction terms of the potential, and connection
between length-scale and time is possible, especially in the
system with fractal characters.

The path of ions in the lithium silicates has been conf-
irmed69 to have larger dimension than 2.53, which is the value

of the percolation threshold in 3-dimensions,70 and hence the
percolation of the paths. Therefore, the formation of infinitive
networks of mobile region does not mean the arrest of ions.
In the lithium metasilicate melt and glass, fast translational
motion of ions with cooperativity tends to show forward corre-
lated jumps at longer time scale and is considered to be the
main component of the diffusive motion.71 Similar character
of jumps is found by several authors,72,73 although the details
depend on the definition of fast and slow ions. Suppression of
cooperative jumps in ionics in ionically conducting glasses is
caused by decreasing temperature or by decreasing dimension
of paths,74 and it seems to be a general behavior of the jump
diffusion.

V. CONCLUSION

We have considered the network structures formed by
bonds and cages to address the glass transition problem in the
fragile ionic liquid, EMIM-NO3.

Conclusion is given here along with the three purposes
mentioned in the Introduction. First, the existence of the
changes of network properties at TB and Tg is shown. With
decrease in temperature, we have observed the increase of
the shortest cation-anion (Coulombic) bonds resulting in the
saturation of the degrees of the freedom of the system nearTg as
well as increase in the number of connections of fictive bonds.
Thus, the glass transition is similar to the rigidity percolation
for these bonds. Second, we have characterized the cages,
and the local structures in the network, and their changes
on decreasing temperature by using the coordination number,
NV, and the number of bonds, Nb, within the coordination
polyhedron. We introduced a concept of soft percolation of the
cages with fictive bonds to characterize the earlier changes in
the volume, partial potential energies, and dynamics near TB

higher than Tg , coming from the fragile behavior. Coordination
polyhedra with fictive bonds play a role to determine the pack-
ing of the local structures. Soft percolation of cages can explain
the dynamics of glass transition of the fragile systems showing
changes of temperature dependence of the diffusion coefficient
at two temperatures, TB and Tg . Geometrical degrees of the
freedom of the cages are saturated at TB rather than Tg in the
case of fragile system. That is, the structure with NV = 4 and
Nb < (3NV − 6) with other NV values almost disappeared at
TB, where the system still have measurable diffusivity in MD
simulations. Further change of the structure on cooling below
TB accompanied with changes in the distributions of Nv and Nb,
and diffusive motion by jumps can continue until Tg is reached.

Third, Dynamic properties of trapped ion in the cage were
characterized by using NV and Nb, and its relation with the
displacement of ions is discussed. The complexity of trajec-
tories of ions determining the slowing down of dynamics, as
well as the floppy mode in the power spectra, is related to the
observed complexity of the structures of the system.

The complexity of the fragile system (soft character)
considered here comes from the following sources.

1. Wide distribution of coordination number and fictive bonds;
2. multiple characters of networks, which is related to a dual

character of trapped species and those forming cages;
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FIG. 16. Concept of geometrical degree of freedom of the coordination
polyhedron.30 Trapped ions or atoms are not shown. Examples of the structure
with NV= 4. Here, NV is a number of vertices, and Nb is number of fictive
bonds (contact pairs). Broken bonds have lengths longer than the certain crite-
rion (for example, we used the minimum position of g (r ) for the anion-anion
pair). When Nb= 3NV−6, the freedom for the deformation of the polyhedron
is lost. This concept is valid for silicate system so far examined.

3. multiple characters of networks related to the different
kinds of bonds, attractive ones, and fictive ones with repul-
sive interactions.

The rigidity and/or softer percolation of bonds or cages
can play a role in governing the dynamic of glass transition to
various degrees of the systems with different fragility.

Networks of bonds or cages used to characterize the sys-
tem are strongly correlated with the changes of volume, poten-
tial energies, and dynamics in the system. Further examination
of the fragile ionic liquid and other systems including the life-
time of substructures is desirable for additional confirmation
of mechanism proposed in this paper.

FIG. 17. (a) Instantaneous structure of a cluster for a localized central cation
(see also Fig. 18(a)) taken at 400 K (∼TB). The ions within a g (r )min (7 Å)
from the central cation (pale blue) are shown. Fictive bonds for the cation-
cation pairs and anion-anion pairs within g (r )min are also shown. It contains
a coordination polyhedron made of anions (red) around the cation (NV= 6
and Nb= 13) and some neighboring cations within the distance. Thus, the
network of polyhedra of cations around an anion and the opposite cases is
deeply mixing. (b) Structure of a cluster for a mobile central cation within the
distance of g (r )min (7 Å) from the central cation (see Fig. 18(b)). It consists
of coordination polyhedra by anions (NV= 5 and Nb= 9) and some cations
as shown by the inset.

FIG. 18. (a) The motion of the central cation accompanied with the fluc-
tuation of the NV and Nb values of the polyhedron was examined by
the center of the mass positions. Time dependence of NV (black) and Nb
(red) for an arbitrary chosen coordination polyhedron formed by NO3

− ion
around a localized EMIM+ ion. The displacement |ri(t)| (blue, right axis)
of the central ion was compared with the deformation of the polyhedron.
(b) Similar plots for the mobile cation. The large displacement is accompa-
nied with the changes of NV and Nb values. Changes of both positive and
negative directions of these values are related to the diffusive motion. Both
examples are taken at 400 K. (c) Similar plots for an immobile cation at
250 K.
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In other systems including other ionic liquids, factors such
as “shapes” or “size ratio” of atoms or ions will affect the
dynamics of the systems. It will be interesting to examine the
validity of the concept of soft and rigidity percolation in these
systems.
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APPENDIX A: CONCEPT OF GEOMETRICAL DEGREE
OF FREEDOM OF THE COORDINATION POLYHEDRON

Concept of the geometrical degree of freedom is schemat-
ically shown in Fig. 16 for the case of NV = 4. As shown in
this example, to fix the shape of the polyhedra with NV = 4,
“3Nv–6” fixed bonds are necessary. The “bond” in the present
work can be fictive one (contact pair).

APPENDIX B: EXAMPLES OF POLYHEDRA AND THEIR
FLUCTUATIONS

Two typical examples of polyhedra are taken near TB. The
clusters including these coordination polyhedra are shown in
Fig. 17. (The structure is an instantaneous one.) Each figure
contains a coordination polyhedron made of anions around
a cation. Some neighboring cations within this distance are
also shown to elucidate the mixing of different networks. The
bonds connecting anions may be shared with other polyhedra
and therefore are redundant. Even two bonds can cross and
the maximum number of the bonds is given by Nb = (1/2)
NV(NV − 1) for all the combinations of pairs rather than by
Nb = (3NV − 6). These structures in Figs. 17(a) and 17(b) show
small and large displacements as in Figs. 18(a) and 18(b),
respectively. For these cases, time dependent changes in NV(t)
and Nb(t) are also shown.

Time dependent change of NV and Nb is well correlated
with that of the central ion, although the changes of |ri(t)| are
not necessarily in the same direction as the fluctuation of Nb
or NV. The displacement of an immobile cation at 250 K was
examined in a similar manner and shown in Fig. 18(c).
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