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A Design Method of Variable FIR Filters
Using Multi-Dimensional Filters

Toshiyuki YOSHIDAT, Akinori NISHIHARAT and Nobuo FUJIIT, Members

SUMMARY This paper proposes a new design method of
variable FIR digital filters. = The method uses a multi-
dimensional linearphase FIR filter as a prototype. The principle
of the proposed method is based on the fact that the cross-
sectional characteristics of a 2-D filter along with a line vary if
the intersection of this line is changed. The filter characteristics
can be varied by recalculating all the filter coefficients from
proposed equations, which leads to an advantage that the vari-
able range is very wide. Another advantage is that the passband
and stopband deviations are completely predetermined in the
design procedures and that the passband edge can be accurately
settled to a desired frequency while keeping the transition band
width unchanged. First the proposed design method is explained
and the effect of the transition band of 2-D filters is discussed.
Then the calculation cost required in updating the filter
coefficients are considered. Finally two design examples are
presented and the proposed method is compared with the existing
one, which shows the usefulness of our method.

key words: digital signal processing, FIR filters, variable filters,
multi-dimensional filters

1. Introduction

In many applications of digital signal processing,
it is often desired to vary the filter characteristics
during its operation. Several approaches have been
proposed to realize such variable digital filters®~@%,
which are mainly classified into two categories.

One possible approach is to change only a few
parameters in the filter to get the desired filter charac-
teristics, which is well suitable for hardware implemen-
tation. A typical realization of this approach is to
replace each of the delay elements in the filter, i.e. z7%,
with an all-pass subnetwork whose characteristics can
be varied by tuning a single parameter®. This
method, however, involves some problems that delay-
free loops are introduced when applied to direct-form
IIR filters and that the linear-phase property is lost
when applied to FIR filters®®. Some modifications
make it possible to realize variable IIR filters®~®
while variable FIR filters having linear-phase property
cannot be realized with this method. Oppenheim et al.
have proposed an alternative transformation for FIR
filters which preserves the linear-phase property® and
further investigations have been made with this
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method®~32, Their method, however, increases the
transition bandwidth of the variable FIR filter, which
results in a severe restriction of the range over which
the characteristics can be varied®.

As suggested in Ref.(3), an alternative approach is
to change all of the filter parameters in such a way that
the desired characteristics can be obtained. Reference
(3) also points out that this approach requires the
ability to vary a number of parameters and that filter
coefficients are generally a complicated function of the
filter cutoff frequency, which makes this approach
unpractical in hardware implementation. Yet this
approach will be very useful when the variable filter is
implemented by software on a Digital Signal Processor
(DSP) and the coefficients are represented by a simple
function. Based on such a background, Jarske et al.
have proposed a simple function representing the
coefficients of FIR filters and applied this function to
variable FIR filters®®. Their method, however, is
lacking in the theoretical background because their
function basically depends upon the experimental
results obtained by designing a great number of FIR
filters. Furthermore the passband and stopband edges
cannot be set to the desired frequency and the devia-
tions in the both bands cannot be predicted in the
design procedures.

In this paper we propose a new design method of
variable FIR filters employing the latter approach,
which uses a multidimensional filter as a prototype.
The method have the following useful advantages.

1. The wide-range variation is possible.

2. The band edge frequencies and the deviations are
thoroughly controlled in the design procedure.

3. The method is applicable to 2-D variable FIR
filters.

In Sect. 2, the principle of the proposed method will be

discussed and the detailed design method will be

explained. In Sect. 3, two design examples will be

shown and the results will be compared with Jarske’s

method. Section 4 will give concluding remarks.

2. Design Method of Variable FIR Filters
2.1 Principle of the Proposed Method

The principle of the proposed method is quite
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simple. Consider, for example, a quadrantally symmet-
ric 2-D filters with a hexagonal passband as shown in
Fig. 1. The cross-sectional amplitude response along
with a line w,=27xk exhibits lowpass characteristics,
which suggests that by varying the parameter k= ky, ks,
ks, --+, a variable 1-D lowpass filter can be obtained.

Now assume that the filter shown in Fig. 1 isa 2-D
quadrantally symmetric FIR filter with N, X N; taps
(both N; and AN; are odd numbers). Since the follow-
ing discussion is easily applied to an even-tap FIR
filter by a slight modification, we concentrate our
discussion on a 2-D FIR filter with odd taps here. The
transfer function of such a filter is written as

(N1—1)/2 (Ng—1)/2

H(z, z) D 2 n2=—(Nz—1)/zh (m, ng) z7 Mzy ™
(1)
h(i, j)=h(—i,j)=h(i, —j)=h(—i,~}),
(2)

where % (7, j) denotes the impulse response of the fil-
ter®™. By setting z=e’*! and z=e¢"*?, the frequency
response of the filter is calculated as
H(e™, ™) =h(0,0)
(N =1)/2

2 n2=1 h(m, 0) cos(mwy)

(N2=1)/2

2 n2=1 h (0, ny) cos(mews)

(N1=1)/2 (N2—-1)/2

h(m, no)
ni=1 na=1
()
{02:27(1{1
w =271k, —
wzzzlfkg
T T
wy=-2rk: W
U)z:_zﬁ'ks
~
w1

B ---Passhand

Fig. 1 Principle of the proposed method.
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scos(mwy) cos(mwsz). - (3)

The cross-sectional frequency response H(e’®) along
with w,=2xk is obtained by substituting w;= and
ws=2rk, which leads to

H (&) ={1(0,0)+2" 5" h(0, m) cos (2mk) |

n2=

(N1—1)/2 (Ng—1)/2
n2=1 {h(nl, 0)+2 nZzl h(m, 1)
-COS (27rnzk)} cos(mw). (4)
Let
(Ng2—1)/2
g(D)=h(i,00+2 2 h(i,j) cos(2zjk)
:__ M_l ~ N1_1>
<z— 5 5 ) (5)

then it is found that Eq.(4) represents the frequency
response of a 1-D linear-phase FIR filter whose
impulse response is given by Eq.(5). Therefore a
variable 1-D linear-phase FIR filter can be obtained by
the following procedures. First a 2-D hexagonal FIR
filter is designed in such a way that the variable 1-D
FIR filter derived from it would satisfy the prescribed
specifications, and the designed impulse response are
stored. Then the impulse response coefficients of the
variable 1-D FIR filter are calculated from the stored
2-D impulse response for the given parameter k& by
using Eq.(5).

2.2 Considerations on the Actual Prototype 2-D FIR
Filters

A transition band always exists in the actual FIR
filter whose support of the impulse response is finite.

0=2rk

\

\

; \

\

\
: \
—\

0 wr Wsi W Wsy T

E=--- passband ~ [TTT]--- Stopband

Fig.2 Actual 2-D filters.
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Here we consider the design of the prototype 2-D FIR
filter which satisfies the given specification of the resul-
tant variable 1-D FIR filter. The effect of the transition
band of the prototype 2-D filter is also considered.
Figure 2 illustrates an actual filter characteristics for
the filter in Fig. 1, in which only the first quadrant is

shown. Assume that the passband and stopband
satisfies
passband : |wi| tan @+ | w2 < wps tan (6)
stopband : |, tan @+ |w2| = ws2 tan (7)

€=tan‘1<——7r—>=tan“l<L>. (8)
Wp2— Wp1 Ws2— Ws1

The variation of k£ from k=0 through £=0.5 changes
the passband edge wp and stopband edge ws from wp,
through wp: and from ws; through ws., respectively, in
which the transition band width never be altered
because Eq.(8) is always satisfied. Since the passband
and stopband edges can be varied linearly with respect
to the parameter k, a selection of

_ (wps—wp) tan @
k= o (9)

construct a 1-D FIR filter whose passband edge lies on
wp accurately.

Conversely, consider the design of the prototype
2-D FIR filter when the variable range [wp1, wpz], the
transition band width Adw, and the passband and stop-
band deviations are given as the specification for the
1-D variable filter. First, the angle 4 in Fig. 2 is
determined from

€=tan‘1<——ﬂ—> (10)

Wp2— Wp1

and the stop band edges wsi1, ws2 are calculated as

W,
We1 Ws1
- . .
%0 \<C
/)/
i} \ LT [4
— X )
L ®
\O?
\ \
0 We2 H Wsy W,
Wy Ws

E=---Pussband  [T10]--- Stopband

Fig. 3 Transition band of 2-D filters.
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(i=1,2). (11)

Then the prototype 2-D filter is designed which satisfies
the given deviations and Egs.(10) and (11). Itis easily
understood that the maximum deviations of the vari-
able 1-D filter never exceed those of the corresponding
prototype 2-D filter.

The 1-D variable FIR filter designed by the above
procedure is compared with the optimal FIR filter
satisfying the same specification to derive a simple
relation between the variable range and the filter
length. Consider an optimal prototype 2-D filter with
N X N, tap (M= N,) shown in Fig. 3, from which an
Ni-tap variable 1-D FIR filter is derived. In order to
simplify the following discussion, we now assume that
the steepest cross-sectional characteristics shown in
Fig. 3 is roughly equivalent to the characteristics of the
N;-tap optimal linear-phase FIR filter. Under such an
assumption, the filter length of the variable 1-D FIR
filter M, is compared with that of the optimal FIR filter
Nopi. Since the filter length of a linear-phase FIR filter
is nearly inversely proportional to the transition
width®®, a relation

M dow 1
Nopt — Ao’ sin 0

holds for the transition width of the variable 1-D FIR
filter do=ws—wr and that of the steepest cross-
sectional characteristics dw’=ws— wp. A substitution
of Eq.(8) into Eq.(12) leads to

N :\/ <M>Z
Noe = 1+ po s (13)

which represents an important property that the filter
length increases as the wider variable range is required.
Note that the case wps—wp1=7 makes the ratio N/
Nopt maximum, i.e. Ni/Nopt=+2.

a)sz-:a)pl-+da)

(12)

2.3 Calculation Cost for Updating the filter

Coeflicients

As shown in Sect. 2, the filter characteristics can
be varied by calculating all the impulse response
coeflicients from Eq.(5). Equation (5), however, is a
rather complicated function because the values of
cos(2mkn) should be calculated. Using

K=cos(27xk) (14)

and j-th order Chebyshev polynomial, Eq.(5) reduces
to

g<i>=h(i,o>+z(”j§”2h(i,j>:n-(K), (15)

which is quite a simple expression. It is sufficient to
calculate the impulse response coefficients g (i) only
for 0<i< (N,—1)/2 because the impulse response is
symmetric with respect to i=0. To calculate the
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coefficients, first the values of T,(K) (1<n< (N;—1)/
2 are calculated to store and then the coefficients g (i)
are obtained from Eq.(15) using the stored values.
With the recurrence formula for the Chebyshev
polynomials

Ty(x) =1 (16)
Ti(x)=x (17)
T (x) =2xTn-1(x) — Thoa(x), (18)

To(K)(1=n<(N;—1)/2) can be calculated recur-
sively, which requires at most (N,—3) additions and
(N.—3) /2 multiplications. On the other hand the
calculations of Eq.(15) for 0=<i= (N;—1)/2 require
(M+1)(N;—1) /4 additions and (N +1)(N,—1)/4
multiplications. Consequently the total amount of the
calculation in a single update is

NMN;— N, +5N,—13

NM 1= 4 (19)
multiplications and

additions at most. Equations (19) and (20) assume
that in Eq.(14) the value K is given instead of the
parameter k, otherwise Eq.(14) should be calculated
by an adequate method.

3. Design Examples and Comparison with Jarske’s
Method

In this section two 1-D variable FIR filters are
designed to show the ability of the proposed method.
Then the designed filters are compared with a variable
filter proposed by Jarske et al.

3.1 Example 1

A diamond-shaped filter belongs to hexagonal
filters as a special case that §=45°. A diamond-shaped

| H(e™', &) |

mmmn' ;, i

"mm"
‘
""""'"'a'o‘o‘a'c‘o‘n'"a‘t'"o‘a'c'"""c'u‘u'm'o‘n&'m’c'n" i |
'o’ . i u‘n'u‘n' u‘n‘a' t'c'.’t‘o’fo'o'am‘u'o‘n‘t\'o‘
Y

\

|
|

Fig. 4 Perspective plot of 27x27 diamond-shaped FIR filter
used as a prototype filter in Example 1.
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prototype 2-D filter makes it possible to vary the cutoff
frequency of the corresponding 1-D variable filter in
the full range of the baseband. Another advantage of
such a filter is the symmetry with respect to not only @
=w:=0 but also w:= = w,, which simplifies the design
of the prototype 2-D filter. In Example 1, a 1-D
variable filter is designed from a diamond-shaped
prototype filter with the following specifications.
Specifications :
Passband ||+ |w2| £0.50% 27r[rad/s]

Amplitude [dB]
Passband Amplitude [dB]

0 0.1 0.2 0.3 0.4 0.5
Frequency [Hz]
(a)
I L e e P S
0
10k

0 0.1 0.2 0.3 0 4 0.5
Frequency [Hz]

(b)

0.1 T T T
0.08F
0,06/
0.04 N\
0.02

-0.02
-0.04 F B
-0.06
-0.08F
-0.1

Amplitude [dB]

0 0.1 0.2 0.3 0.4 0.5
Frequency [Hz]
(¢)

Fig.5 Frequency response of the variable 1-D FIR filter in
Example 1. (a) Frequency response for k=0.3 (f,=
0.2 [Hz], f=0.3[Hz]). (b) Frequency response for &
varying from 0.0 to 0.45 in steps of 0.05. (c¢) Passband
characteristics of (b ).
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Table 1 Comparison between the variable FIR filter in Exam-
ple 1 and the optimal FIR filter.
Number of Taps Passband Deviation Stopband Deviation
Variable FIR Filter 97 0.0078 0.01
in Example 1

21 0.0128 0.01
Optimal FIR Filter

22 0.0056 0.01

Stopband ||+ |w2| 20.60 X 2x[rad/s]

Length 27X27 [tap]
Stopband Attenuation 40 [dB]

Among numbers of excellent design methods for
2-D linear-phase FIR filters"”, a linear programming
method“® is used to design the prototype 2-D filter.
Figure 4 shows the perspective plot of the designed 2-D
prototype filter. The maximum deviations in the
passband and stopband are 0.0078 and 0.0100, respec-
tively. The corresponding 1-D variable filter construct-
ed from Fig. 4 is a 27-tap linear-phase FIR filter with
the transition band width 0.10 Hz. Figure 5 gives the
frequency response of the variable 1-D FIR filter,
where (a) shows the response for k=0.3 (f,=0.2 [Hz],
fs=0.3[Hz]), (b) shows the responses for k varying
from 0.0 to 0.45 in steps of 0.05, and (c) shows the
passband characteristics of (b). The dashed lines in
Fig. 5 represent the maximum passband and stopband
deviations of the prototype 2-D filter. It should be
noted that the variable filter never exceeds the maxi-
mum deviations of the prototype filter.

The variable range of this filter is very wide as
shown before, while Eq.(13) suggests that about v 2
times taps are required compared with the optimal FIR
filter which realizes the similar characteristics. Table 1
summarizes the performance of the proposed variable
filter and that of the optimal FIR filter'”, where the
passband and stopband edges are kept at 0.2 Hz and
0.3 Hz, respectively. Table 1 shows that 22-tap optimal
FIR filter is comparable with the proposed 27-tap
variable FIR filter while from Eq.(13) the correspond-
ing filter length is calculated as 27//2 =19.1, from
which the usefulness of Eq.(13) is verified to some
extent.

From Egs.(19) and (20), 220 multiplications and
194 additions are required in updating the filter
coeflicients, which are approximately equivalent to 8
times of the calculations required during a 27-tap
direct-form FIR filter operates.

3.2 Example 2

It is observed from Eq.(13) that the restriction of
the variable range leads to the better filter characteris-
tics. In Example 2 a hexagonal shaped filter is used as
a prototype filter with the following specifications.

i L
,,'!!r'fl il ‘iu',,’!m’,',‘,‘l‘\ | i
I :u il \ \\
',' i 'l"'I'"',"',l"'"I"{!""H"l{[ WHI’}I],"\\\ ”“‘\‘
il l i l l

L mm',’, ','l"',lu",'lu',’"n'":',','l" IH ” Ui
f ,'l’,,l:,, l;,, !e, "[ l;, ” Ij" H‘l

il

ity
"u',','n,’,‘,ﬂf,”

il l il l
I H I
’l' i

l
i

[

ll,

Fig. 6 Perspective plot of 27 X 17 hexagonal shaped FIR filter
used as a prototype filter in Example 2.

Specifications :
Passband  5|w:|+|ws| £1.00X 27 [rad/s]
Stopband  5{wi|+| w2/ =1.50% 27 [rad/s]
Length 27X 17 [tap]
Stopband Attenuation 40 [dB]

Figure 6 shows the perspective plot of the proto-
type filter designed also by the linear programming
method, where the passband and stopband deviations
are 0.00194 and 0.0100, respectively. Figure 7 gives the
frequency response of the variable 1-D FIR filter,
where (a) shows the response for £=0.0 (f,=0.2 [Hz],
f+=0.3[Hz]), (b) shows the responses for k varying
from 0.0 to 0.50 in steps of 0.10, and (c) shows the
passband characteristics of (b). The passband charac-
teristics is far better than that of the filter in Example
1.

The comparison with the optimal FIR filter is
again summarized in Table 2, where the passband and
stopband edges are 0.20 Hz and 0.30 Hz, respectively.
This filter requires 140 multiplications and 119 addi-
tions to update the filter coefficients, which are much
less than those of the filter in Example 1.

3.3 Comparison with Jarske’s Method

Jarske et al. have derived a simple function which
represents the filter coeflicients 4 (n) with respect to the
6 dB cutoff frequency w.*®. Their function is written
as
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Amplitude [dB]

Amplitude [dB]

Amplitude [dB]

Fig. 7
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0.2

Passband Amplitude [dB]

0 0.1 0.2 0.3 0.4
Frequency [Hz]
(a)
10 T T T T T T T T

0.3

o
o

0 0.1 0.2 0.4 0.5
Frequency [Hz]
(b)
01—
0.08f ]
0.06 ]
0.041 ]
0 ]
-0.04fF ]
-0.06 ]
~0.08F i
0.1 e
0 0.1 0.2 0.3 0.4
Frequency [Hz]
(c)

Frequency response of the variable 1-D FIR filter in
Example 2. (a) Frequency response for k=0.0 (f,=
0.2 [Hz], ;=03 [Hz]). (b) Frequency response for k
varying from 0.0 to 0.50 in steps of 0.10. (c) Passband

characteristics of (b).
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0.2

Amplitude [dB]
Passband Amplitude [dB)

0 0.1 0.2 0.3 0.4 0.5
Frequency [Hz]
(a)
10 T T T T T T T T T
0

Amplitnde [dB]
&
T

(b)

0.1 T T T T T T T T T
0.08 q
0,06
0.04
0.02

/i -w\M)\‘ﬂ"
4 'ﬁ""/“‘w‘ Kb
it

-0.1

Amplitude [dB]

I Y O O N T O O A iy

0.2
Frequency [Hz]

(c)

0.3 0.5

Fig.8 Frequency response of the variable 1-D FIR filter by
Jarske’s method (a) Frequency response characterized
by fe=0.25[Hz] (b ) Frequency response for f; varying
from 0.10 to 0.50 in steps of 0.05. (c) Passband charac-

teristics of (b).

Table 2 Comparison between the variable FIR filter in Exam-
ple 2 and the optimal FIR filter.

Number of Taps Passband Deviation Stopband Deviation
Variable FIR Filter
in Example 2 27 0.00194 0.01
24 0.00428 0.01
Optimal FIR Filter
25 0.00168 0.01
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c(n)we+d(n) for n=0

ho(n) =1c(n) sin(wn) +d (n) cos(wen) (21)

for 1<|n|<N,

where the filter length is 2N + 1. ¢(n), d(n) (1<|n|<
N) in Eq.(21) are constants determined from the
coefficients of two optimal lowpass filters having
different 6 dB cutoff frequencies. Using Eq.(21) a
variable cutoff lowpass filter of length 27 is designed so
as to obtain the frequency response similar to that of
the filters in Example 1 and 2. Note that the filter is
designed by trial and error to satisfy 40 dB attenuation
and 0.1 Hz transition width because neither the stop-
band attenuation nor transition width are controlled
by their method. Figure 8 shows the frequency
response of the designed filter, where (a) is character-
ized by the 6 dB cutoff frequency f;=0.25[Hz], (b)
shows the response for f; varying from 0.1 Hz to 0.5 Hz
in steps of 0.05 Hz, and (c) is the passband characteris-
tics of (b).

Comparing Fig. 8 with Figs. 5 and 7, the follow-
ing are observed. When a very wide variable range is
required, the performance of these two methods are
comparable. In such a case, the advantage of our
method is found in the complete controllability of the
band edge frequencies and the deviations in both
bands. When the required variable range is rather
narrow as in Example 2, the advantage of our method
is trivial. It is, however, considered that the calcula-
tion cost of our method is higher than that of their
method. The above discussion shows that our method
is suitable for applications where the update of the
filter coefficients is required only occasionally and the
precise control of the filter characteristics is indispens-
able.

4. Concluding Remarks

In this paper we have proposed a new design
method of variable FIR filters which uses a multi-
dimensional FIR filter as a prototype. The proposed
method has several advantages that the filter character-
istics can be varied over a very wide range and that the
passband and stopband deviations as well as the band
edge frequencies can be completely predetermined in
the design procedures. On the other hand the method
involves some problems that the necessity of a wide-
range variation increases the filter length required to
satisfy the specification and that the amount of the
calculation required in updating the filter coefficients is
slightly large. Two variable filters have been presented
as design examples and they are compared with the
variable filter proposed by Jarske et al., to point out
the features of our method.

In this paper discussed a construction of variable
lowpass filters while the other types of filters, such as

IEICE TRANS. FUNDAMENTALS, VOL. E75-A, NO. § AUGUST 1992

HPEF and BPF, can be obtained by designing the
corresponding 2-D prototype filters. Furthermore, this
method is applicable to 2-D variable filters, in which
2-D variable filters are derived from 3-D prototype
filters. The design of such filters is left for future work.
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