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The ODE/IM correspondence is a mysterious relation that has been found between some ordinary
differential equations (ODE) spectral problems and eigenvalues of certain operators of an integrable
model (IM). It was first proposed by Dorey and Tateo 1999, where they discovered an interesting
relationship between a certain Schrodinger—type ordinary differential equation with anharmonic
potential and the conformal limit of a certain two—dimensional quantum integrable model. Since then
there have been many examples of this link between classical and quantum integrable models

It turned out that this observation was just a first hint of a broader ODE/IM correspondence. One
important generalization to simple Lie algebras of type ABCD was studied in Dorey et al. 2007. In
this work they found (pseudo—)ODE spectral problems that correspond to a integrable vertex model in
the conformal field theory limit. By using a set of functional relations called the ¢ —system
between a collection of functions ¢(”, ¢(”, e ® where r is the rank of the Lie algebra, which
are uniquely defined solutions of (pseudo—)ordinary differential equations related to the Lie
algebra, they show that certain connection coefficients Q® satisfy Bethe ansatz equations.

Another discovery was the existence of ODE/IM correspondence for massive models. The work of
Lukyanov-Zamolodchikov 2010 studied the ODE/IM correspondence for the massive sine(h)-Gordon model
and found that spectral determinants of a modified form of the classical sinh-Gordon model coincide
with the Q—functions of the quantum sine-Gordon model, the affine Toda field theory for algebra A“H
(see also Dorey et al. 2013 for the classical Tzitzéica—Bullough-Dodd equation, A@Q*type affine Toda
field theory).

In this thesis, we accomplish two main things. First, in the work Ito—CL 2014 we looked at ABCDG—
type affine Lie algebras and found that the (pseudo—)ordinary differential equation associated with
gv affine Toda field equation was the same as that of Dorey et al. 2007 for simple Lie algebra g
after taking the conformal limit. It was also shown that for ABCD-cases that connection coefficients
for subdominant solutions to the linear problem associated with the affine Toda field equation
should correspond to the vacuum eigenvalues of Q-operators for g-type quantum integrable models
since they obey the appropriate Bethe ansatz equations. This was an important step forward in the
study of the ODE/IM correspondence as it was the first work to look at more general affine Toda
field equations and show that they also fall under the massive ODE/IM correspondence. The fact that
the (pseudo—)ODEs that come from a modified affine Toda field equation reduce to those of previous
works on spectral (pseudo—)ODEs connected to integrable vertex models in the conformal limit was a
novel discovery.
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Secondly, in the work of Ito—CL 2015, we investigated the ¢ —system of Dorey et al. 2007 and show
how it also holds in the massive case for subdominant solutions to the linear problem associated to
a modified affine Toda field equation for simply—laced and twisted affine Lie algebras. It was noted
that each function ¢ @ is naturally associated to a node of the Dynkin diagram, but the exact
nature of this link was not clear. One of our discoveries was that these ¢ @ functions have a clear
interpretation as the top component of the subdominant vector solution W ® to the linear problem
associated with the modified affine Toda field equation in the fundamental representation of highest
weight o , (see also Masoero-Raimondo-Valeri 2015 for simultaneous work for the simply laced Lie
algebras in the massless case). Also, these W ®@ vectors are uniquely defined subdominant solutions
to the linear problem, whose behavior is entirely determined by the eigenvalue of a certain element
A, in g with largest real part and its eigenvector in the given representation. Study of the
eigenvalues of A . for each fundamental representation then leads one naturally to the ¢ —system
itself. This ¢ —system leads naturally to functional relations obeyed by the spectral determinants Q
which have the same form as Bethe ansatz equations for a corresponding integrable model. This
suggests that the ODE/IM correspondence should also exist for these more general massive affine Toda
field equations.
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