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Abstract

A new method of active structural control, which suppresses vibrations in civil structures due to seismic shocks, has been developed.
It is based on the equivalent-input-disturbance (EID) approach, which estimates the effect of a seismic shock and produces an
equivalent control signal on the control input channel to compensate for it. A system designed by this method can be viewed as a
conventional state-feedback control system with an EID estimator plugged in. Unlike conventional control systems, this one has
two degrees of freedom, which yields better control performance. Simulations on a model of a ten-degree-of-freedom building
demonstrated the validity of the method. In addition, the effect of the parameters of the low-pass filter in the EID estimator on
the vibration suppression performance was examined. A comparison revealed that this method is superior to a linear-quadratic
regulator and sliding-mode control.

Keywords: active structural control (ASC), equivalent input disturbance (EID), disturbance estimation, linear-quadratic regulator
(LQR), sliding-mode control (SMC), seismic vibration, vibration suppression.

Nomenclature

ASC: Active structural control

DOF: Degree of freedom

EID: Equivalent input disturbance

LQR: Linear-quadratic regulator

NC: No control

PID: Proportional integral derivative

SMC: Sliding-mode control

mi : Mass ofith DOF (i = 1, . . . ,n)

ki : Stiffness ofith DOF (i = 1, . . . ,n)

ci : Damping ofith DOF (i = 1, . . . ,n)

MS: Mass matrix of structure

KS: Stiffness matrix of structure

CS: Damping matrix of structure

ωm: Maximum angular frequency for vibration suppression

Ik: k-dimensional identity matrix

∗Corresponding author. Tel. & Fax:+81-42(637)2487.E-mail address:
she@stf.teu.ac.jp (J. She)

0 j×k: j-by-k matrix with all entries being zero

xi(t): Displacement ofith DOF (i = 1, . . . , n)

ẋi(t): Velosity of ith DOF (i = 1, . . . ,n)

ẍi(t): Acceleration ofith DOF (i = 1, . . . ,n)

ẍg(t): Acceleration of ground

q(t): Displacement vector (= [x1(t), x2(t), . . . , xn(t)]T)

q̇(t): Speed vector (= [ ẋ1(t), ẋ2(t), . . . , ẋn(t)]T)

ξ(t): State vector (= [qT(t), q̇T(t)]T)

θi(t): Interstory-drift angle ofith DOF (i = 1, . . . ,n)

∆ẋi(t): Relative speed ofith DOF (i = 1, . . . , n)

ẍi(t) + ẍg(t): Absolute acceleration ofith DOF (i = 1, . . . ,n)

∥u∥2: 2-norm of signalu(t), which is defined as∥u∥2 ={∫ ∞
−∞

uT(t)u(t)dt

}1/2

∥G∥∞: H∞ norm of systemG(s), which is defined as∥G∥∞ =
sup

0≤ω≤∞
σmax[G( jω)]

σmax(G): Maximum singular value ofG
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1. Introduction

The first full-scale implementation of active structural con-
trol (ASC) was in Kyobashi Center Building in 1989 [1].
Progress in ASC has been rapid, and it is now widely used in
civil structures [2]. Since ASC pumps energy into a system to
suppress vibrations, it is effective for all types of vibrations.

A variety of control strategies have been employed to design
ASC systems, including the extensively used linear-quadratic
regulator (LQR) [3, 4], PID control [5], computational-
intelligence-based control [6, 7, 8, 9, 10, 11], predictive con-
trol [12], sliding-mode control (SMC) [13], and robust control
[14, 15, 16, 17]. However, the resulting systems generally have
only one degree of freedom (DOF). Note that, while the DOF
is defined to be the number of modes of a building model in
structural engineering, the DOF of a control system is defined
to be the number of closed-loop transfer functions that can be
adjusted independently in control engineering [18]. The control
objective is to minimize the sensitivity function of the control
system, but there are trade-offs between the sensitivity function
and other aspects of control performance for a one-DOF control
system.

On the other hand, She et al. devised the equivalent-input-
disturbance (EID) approach, which rejects both matched and
unmatched disturbances [19, 20]. An EID-based control sys-
tem has two DOFs: one is used to tune the disturbance rejec-
tion performance, and the other is used to tune the feedback
performance. This relaxes the trade-off between different as-
pects of control performance. Unlike a one-DOF system, an
EID-based control system directly estimates the effect of dis-
turbances and produces a control input that actively suppresses
that effect. This makes the system more effective than a one-
DOF system in suppressing vibrations due to seismic shocks,
even when the same actuators are used for both systems. Some
of the distinctive features of the method are that the control sys-
tem has a simple structure, that it does not require the derivative
of measured output, and that it avoids the cancellation of unsta-
ble poles and zeros. She et al. previously applied this method of
controlling seismic vibrations to a model of a three-story build-
ing with an actuator for each story and with an input dead zone
in each actuator, and presented some preliminary results in a
conference paper [21].

This paper considers EID-based ASC for a seismically ex-
cited building, and examines the internal operation of the EID
method for ASC. Since actuators are expensive, the fewer there
are, the better. Unlike the system described in [21], the one con-
sidered in this study has fewer actuators than stories. The de-
sign of the control system is explained, and the validity of the
method is demonstrated through simulations using data from
five earthquakes with different kinds of seismic waves, and
through a comparison with the LQR and SMC methods. The
relationship between the effectiveness of vibration suppression
and the input energy of the control system is examined. Most
reports have shown control results only for the displacement
or drift of stories. However, the velocity and acceleration of a
story strongly impact the people on that floor. To better assess
damage reduction and the impact on humans, this study investi-
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Fig. 1: n-DOF model of building.

gated not only interstory-drift angles, but also relative velocity
and absolute acceleration.

2. Structural Model

The dynamics of ann-DOF building (Fig. 1) are described
by the equation

MSq̈(t) +CSq̇(t) + KSq(t) = Euu(t) + Egẍg(t), (1)

where
q(t) = [x1(t), x2(t), . . . , xn(t)]T

is the displacement vector;u(t) ∈ Rl is the control force pro-
duced by an actuator; ¨xg(t) is the acceleration of the ground;
MS is the mass matrix;CS is the damping factor matrix;KS is
the stiffness matrix; andEu andEg are input matrices foru(t)
and ẍg(t), respectively.

The state-space variable,ξ(t), is defined to be

ξ(t) =

[
q(t)

q̇(t)

]
, (2)

and note thatMS is positive definite. Thus, the state-space rep-
resentation of (1) is{

ξ̇(t) = Aξ(t) + Buu(t) + Bgẍg(t),
y(t) = Cξ(t),

(3)

where

A =

[
0 In

−M−1
S KS −M−1

S CS

]
, Bu =

[
0

M−1
S Eu

]
, Bg =

[
0

M−1
S Eg

]
,

C is the output matrix, andy(t) ∈ Rp is the measured output of
the system.

Now, we define three terms in the basic vocabulary of control
engineering.

Plant: A plant is a physical object to be controlled.

2



B

A

C

Bgx (t)

s  I−1u(t)
ξ (t)ξ (t)

.
y (t)o o o

u

g

..

B

A

Cs  I−1u(t)
ξ(t) y(t)

.
ξ(t)

u (t)g

u

(a)

(b)

Fig. 2: Concept of EID: (a) original structural model and (b) structural model
with EID.

Controllable: Controllable means that the current state of the
plant can be moved by an admissible control input in the
state space.

Observable: Observable means that the current state of the
plant can be determined in finite time from the input and
output.

For simplicity, the plant is usually described using the pa-
rameters in (3). For the plant (A, Bu,C), it is easy to verify
that (A, Bu) is controllable, and (C,A) is observable. Note that
(A, Bu,C) is a minimum-phase system1 and there are no zeros
on the imaginary axis. This characteristic enables us to employ
the results in [19] to design an EID-based ASC system.

3. Design of EID-based ASC System

This section explains the configuration and design of an EID-
based ASC system.

Figure 2 shows the original structural model and the model
with an EID. As explained in [19], an EID is an input signal on
the control input channel that has the same effect on the output
as actual disturbances do; that is, foru(t) = 0 andξ(0) = ξo(0),
if y(t) = yo(t) for all t ≥ 0, then,ug(t) is an EID of ẍg(t). In the
rest of the paper, we abused the notation a bit by using the same
variables,ξ(t) andy(t), for both models. This should not cause
confusion.

3.1. Configuration of EID-based ASC System

In the EID-based ASC system in Fig. 3,

B+u :=
(
BT

u Bu

)−1
BT

u . (4)

Note thatB+u is the pseudo-inverse ofBu andB+u = B−1
u if Bu is

an invertible square matrix.
The system has four parts:

1A minimum-phase system has all its poles and zeros on the complex open
left-half plane.
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Fig. 3: Configuration of EID-based ASC system.

1) the plant, which in this study is a civil structure;
2) a state observer, which reproduces the state of the plant,ξ̂(t);
3) an EID estimator, which useŝξ(t) to produce an estimate of

the EID; and
4) state feedback, which stabilizes the plant.

This control system can be regarded as a conventional state-
feedback control system (state observer+ state feedback) with
an EID estimator plugged in.

The state equation of the observer is{ ˙̂ξ(t) = Aξ̂(t) + Buuf (t) + L
[
y(t) − ŷ(t)

]
,

ŷ(t) = Cξ̂(t).
(5)

The EID estimate is

ûg(t) = B+u LC
[
ξ(t) − ξ̂(t)

]
+ uf (t) − u(t). (6)

A low-pass filter,F(s), is used to select the angular frequency
band for vibration suppression. It should be designed so that

|F( jω)| ≈ 1, ∀ω ∈ [0, ωm], (7)

whereωm is the maximum angular frequency for vibration sup-
pression. The output of the filter is

Ũg(s) = F(s)Ûg(s), (8)

whereŨg(s) andÛg(s) are the Laplace transformations of ˜ug(t)
andûg(t), respectively. The modified control law

u(t) = uf (t) − ũg(t) (9)

combines the state-feedback control law and the filtered esti-
mate,ũg(t), to suppress the vibrations caused by ¨xg(t).

As explained in [19], there are three stability conditions for
the system:

1) A+ BKP is stable.
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2) A− LC is stable.

3) The inequality
∥GF∥∞ < 1 (10)

holds, where

G(s) = B+u (sI − A) [sI − (A− LC)]−1 Bu. (11)

It is clear from these conditions that, if the stability of the
control system is the only concern, then the Separation Theo-
rem holds; and thus the state feedback, and the observer and the
low-pass filter can be designed independently.

3.2. Design of EID-based ASC System

The design parameters of the system are the state-feedback
gain,KP, the observer gain,L, and the low-pass filter in the EID
estimator,F(s).

As mentioned above, since the Separation Theorem holds if
stability is our only concern,KP can be designed independently
of L andF(s). An optimal KP is obtained by minimizing the
performance index

JK =

∫ ∞
0

{
ξT(t)QKξ(t) + uT

f (t)RKuf (t)
}
dt, (12)

whereQK > 0 andRK > 0 in (12) are weighting matrices for
the plant (3). It is given by

KP = −R−1
K BT

u P, (13)

whereP is a positive symmetrical solution of the Riccati equa-
tion

AT P+ PA− PBuR−1
K BT

u P+ QK = 0. (14)

Regarding the design ofF(s), a first-order filter,

F(s) =
KF

T s+ 1
I l , (15)

works well, as explained in [19], whereKF is the gain of the
filter. And the time constant,T, should be chosen so that

T ≤ 1
5ωm
. (16)

The fact that the plant (3) is a minimum-phase system allows
us to employ the design method in [19], which is based on the
concept of perfect regulation, to designL. The design proce-
dure has four steps:

Step 1.Construct a dual system of (A, Bu,C):{
ξ̇L(t) = ATξL(t) +CTuL(t),
yL(t) = BT

u ξL(t).
(17)

Step 2.Optimize the performance index

JL =

∫ ∞
0

{
ρξTL (t)QLξL(t) + uT

L (t)RLuL(t)
}
dt, (18)

whereQL (> 0) andRL (> 0) are weighting matrices,
andρ (> 0) is an adjustment parameter. This yields the
state feedback control law

uL(t) = KρξL(t), Kρ = −R−1
L CPρ, (19)

wherePρ is a positive symmetrical solution of the Ric-
cati equation

APρ + PρA
T − PCTR−1

L CPρ + ρQL = 0. (20)

Step 3.Set the observer gain to

L = −KT
ρ . (21)

Step 4.Use (21) to calculateG(s) in (11). Check if (10) holds.
If it does not hold, then increaseρ until L satisfies (10).

4. Numerical Verification

This section concerns a demonstration of the validity of the
EID-based method of designing an ASC system.

A model of a 10-DOF 50-m-high building was used in the
simulations [22, 23]. Actuators are located on the first to the
fifth DOFs. The parameters in (3) are

n = p = 10, l = 5, (22)

MS = diag{m1,m2, · · · ,m10}, (23)

CS =


c1 + c2 −c2 · · · 0
−c2 c2 + c3 · · · 0
...

...
. . .

...
0 0 · · · c10

 , (24)

KS =


k1 + k2 −k2 · · · 0
−k2 k2 + k3 · · · 0
...

...
. . .

...
0 0 · · · k10

 , (25)

Eu =


0 0 0 0 0 1 −1 0 0 0
0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 1 −1 0
0 0 0 0 0 0 0 0 1 −1
0 0 0 0 0 0 0 0 0 1


T

,(26)

Eg =
[
1 1 1 1 1 1 1 1 1 1

]T
, (27)

C =
[
I10 010×10

]
, (28)

and

m1 = m2 = · · · = m10 = 9800 kg,
k1 = 2.0809× 107 N/cm, k2 = 1.9653× 107 N/cm,
k3 = 1.8497× 107 N/cm, k4 = 1.7341× 107 N/cm,
k5 = 1.6184× 107 N/cm, k6 = 1.5028× 107 N/cm,
k7 = 1.3872× 107 N/cm, k8 = 1.2716× 107 N/cm,
k9 = 1.1560× 107 N/cm, k10 = 1.0404× 107 N/cm,
ci = 0.0064× ki Ns/m, i = 1,2, . . . ,10.

(29)
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The fundamental period of the building is 1.0 s, and the viscous
damping ratio is 2% [24].

Note that seismic waves usually have frequencies of less than
10 Hz, which is equivalent to 62.8 rad/s. The parameters of the
low-pass filter were chosen to be

T = 0.001 s, KF = 0.9. (30)

The weighting matrices

QK = 109 × I40, RK = I5 (31)

were used in (12) to design the optimal feedback gain,KP.
The parameters

QL = 1010 × I40, RL = I10, ρ = 1020, (32)

were used in (18) to design a state observer.
To better assess the performance of the EID-based ASC sys-

tem, we compared it to an SMC system, an LQR system, and
no control (NC).

SMC is an advanced control method that is very effective
in rejecting disturbances [25]. The sliding-mode controller is
given by

uf (t) = KSsign(uS(t)), uS(t) = KPξ̂(t), (33)

whereKS is a positive-definite matrix. Let

s(t) = −KPξ(t), (34)

a sliding hyperplane be

Ω = {ξ(t) : s(t) = 0}, (35)

and the Lyapunov function be

V(t) =
1
2

s2(t). (36)

The condition
−KPBu = R−1

K BT
u PBu > 0 (37)

guarantees a convergence subspace

∥ξ(t)∥2 <
∥KPBu(KS − αIn)∥2

∥KPA∥2
, (38)

which means thatdV(t)/dt < 0 holds outside it, whereα is a
positive constant that is determined by the bounds on the dis-
turbances [26, 27].

Accelerograms for the five earthquakes listed below were
used to assess the performance of the various control methods:

1. 1940 El-Centro earthquake (El-Centro quake),
2. 1968 Hachinohe earthquake (Hachinohe quake),
3. 1995 Kobe earthquake (Kobe quake),
4. 1993 Noto peninsula earthquake (Noto quake), and
5. 1952 Taft earthquake (Taft quake)

Their ground accelerograms and power spectral densities (Fig.
4) are quite different from each other. The data for the Hachi-
nohe and Noto quakes contain mainly low-frequency compo-
nents; and the components of the El-Centro, Kobe, and Taft
quakes distribute over a wide frequency range.

Simulations were carried out for four cases:

1. NC.
2. LQR: the system in Fig. 3 without the inclusion of the EID

estimate in the control law; that is,u(t) = uf (t).
3. EID: the system in Fig. 3.
4. SMC: the control law given by (33).

The interstory-drift angles are defined to be

θi(t) = arctan
xi(t) − xi−1(t)

h
≈ xi(t) − xi−1(t)

h
, i = 1, 2, . . . ,10,

(39)
wherex0 = 0, andh = 500 cm is the height of each DOF. The
relative velocity are defined to be

∆ẋi(t) =
d[xi(t) − xi−1(t)]

dt
, i = 1,2, . . . , 10; (40)

and the absolute acceleration is given by

ẍi(t) + ẍg(t) =
d2xi(t)

dt2
+ ẍg(t), i = 1,2, . . . , 10. (41)

Sinceθi(t), ∆ẋi(t), andẍi(t)+ ẍg(t) (i = 1,2, . . . ,10) are suitable
for evaluating the performance of a control method from the
standpoint of the effect on the structure and the people inside,
they were used as performance indexes in this study.

Simulation results (Fig. 5) show that LQR control yielded
smaller interstory-drift angles, smaller relative velocity, and a
smaller absolute acceleration than NC did for all five earth-
quake accelerograms. This shows that LQR control is effec-
tive. On the other hand, incorporating the EID estimate into
the LQR control law greatly reduced the interstory-drift angles
for low stories, and the relative velocity and absolute accelera-
tion for high stories. The largest reductions were 35% for the
interstory-drift angles for the Taft quake, 33% for the relative
velocity for the El-Centro quake, and 47% for the absolute ac-
celeration for the Taft quake.

The SMC method yielded smaller interstory-drift angles and
smaller relative velocity than EID-based control for the El-
Centro and Hachinohe quakes. However, it did not suppress the
absolute acceleration; so the absolute acceleration was much
larger for the SMC method than for EID-based control. For ex-
ample, the absolute acceleration of the first floor for the Hachi-
nohe quake was 2795.9 cm/s2 for the SMC method, which is
more than ten times larger than 256.90 cm/s2 for the EID-based
control. The simulation results show that the EID-based control
system suppressed the three indexes (39), (40), and (41) to suit-
able levels.

Bode plots of the gains of the control system from ¨xg(t) to
x10(t), Gx10ẍg(s), (Fig. 6) show the effect of plugging-in the
EID estimator. LQR control reduced the gain in the frequency
band up to 100 Hz; and incorporating the EID estimator made
a further large reduction in the gain in the frequency band up to
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Fig. 4: Time history and power spectral density for El-Centro quake [(a) and (b)], Hachinohe quake [(c) (d)], Kobe quake [(e) and (f)], Noto quake [(g) and (h)], and
Taft quake [(i) and (j)].

about 1000 Hz. More specifically, the peak gain, which occurs
at a frequency of 6.28 Hz, was 119 dB smaller for LQR con-
trol than for NC, and was 430 dB smaller for EID-based control
than for LQR control. This means that the vibration suppression
performance at the low frequencies common in earthquakes was
much better for EID-based control than for LQR control.

It is worth mentioning that using more control energy may

not necessarily result in better control performance. The en-
ergy used for these three control methods is shown in Table 1.
SMC used the most energy. Even though EID-based control
used less energy than SMC for the Kobe quake, it yielded bet-
ter results for all three indexes. And even though EID-based
control used the same order of energy as LQR control did for
the Kobe, Hachinohe, and Noto quakes, it showed much better

6



 (a) Simulation results for El-Centro 

 (b) Simulation results for Kobe
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Table 1: Control energy (∥u∥2) for LQR, SMC, and EID.
El-Centro Hachinohe Kobe Noto Taft

LQR 3.86× 107 3.19× 107 3.23× 107 1.25× 107 6.84× 106

SMC 3.10× 108 3.10× 108 3.10× 108 3.10× 108 3.10× 108

EID 1.05× 108 7.86× 107 6.33× 107 4.62× 107 2.55× 107
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Fig. 6: Bode plots of system gain from ¨xg(t) to x10(t) for NC, and control system
in (2) without and with EID estimator.

vibration suppression performance.
EID-based control enables the trade-off between control per-

formance and input energy to be adjusted by means of the gain
of the low-pass filter,KF . Figure 7 shows how drift and∥u∥2
depend onKF . KF = 0 means LQR control, which is given by
(31); andKF = 1 means the best performance for EID-based
control. Clearly, the adjustment ofKF provides flexibility in
tuning the control performance.

5. Conclusion

In this study, the EID method was used to design an ASC
system, and its validity was demonstrated using a model of a
ten-DOF building. The control system has a simple structure:
It can be viewed as a conventional control system (state ob-
server+ state feedback) enhanced by the plugging-in of an EID
estimator. The EID estimator contains a first-order low-pass fil-
ter, which selects the angular frequency band for the estimation
and suppression of vibrations. This study clarified the follow-
ing points:

• Since an EID-based ASC system has two DOFs, it can pro-
vide better vibration suppression performance than a one-
DOF ASC system can, provided that it is well designed.

• A comparison with LQR control and SMC using data on
the 1940 El-Centro, 1968 Hachinohe, 1995 Kobe, 1993
Noto Peninsula, and 1952 Taft earthquakes demonstrated
the superiority of EID-based ASC.

• There is a trade-off between control performance and input
energy, and adjustments can be made by means of the gain
of the low-pass filter,KF , in the EID estimator.

• EID-based ASC suppresses not only the interstory-drift
angle, but also the relative velocity and acceleration of
each DOF. This reduces both structural damage and the
impact on humans.

100x10
6

80

60

40

20

0

||u
|| 2

1.00.80.60.40.20.0

 KF

40x10
-3

30

20

10

0

1.00.80.60.40.20.0

 KF

1st DOF 5th DOF
10th DOF

θ
  
[r

ad
]

 i

Fig. 7: Relationships betweenKF and interstory-drift angles, andKF and∥u∥2
for Kobe quake.

This method can be used directly to deal with vibrations
caused by high winds.

It is important and useful to examine the robustness of the
EID-based ASC system and provide an upper bound for control
performance. Methods of analyzing pulse-like accelerograms,
for example, [28, 29], may provide us a useful tool for system
evaluation. These will be the focus of future work. Another
issue is the time delay in an actuator, as pointed out in [30, 31].
Since a time delay may degrade control performance, this issue
will also be considered in the future.
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[31] López-Almansa F. and Rodellar J., Feasibility and robustness of predic-
tive control of building structures by active cables,Earthquake Engineer-
ing and Structural Dynamics,1990; 19: 157-171.

9


