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Geometric structures of favorite points and late points of a
two-dimensional simple random walk

Izumi Okada

Abstract

We consider the problem of late points and nearly favorite points of simple random walk in mainly
two dimension.

We determine the power exponents for the numbers of pairs of a-favorite points as Dembo et al.
conjectured. It has been shown that the exponents for the numbers of pairs of late points coincide
with those of nearly favorite points and high points in the Gaussian free field, whose exact values
are known. In addition, we estimate the exponents for the numbers of a multipoint set of late points
in average and in probability. While there have been observed certain similarities between among
three classes of points, our results exhibit a difference.

In addition, we consider the question: how many times does a simple random walk revisit the
most frequently visited site among the inner boundary points? It is known that in Z? , the number
of visits to the most frequently visited site among all of the points of the random walk range up to
time n is asymptotic to 7~ !(logn)?, while in Z? (d > 3), it is of order logn. We prove that the
corresponding number for the inner boundary is asymptotic to 84logn for any d > 2, where 34 is a
certain constant having a simple probabilistic expression.
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1 Introduction

In this paper, we study the local time of a random walk and special sites among the random walk
range, called late points and favorite points. In particular, we will solve some problems posed in Open
problem 4 in [6] and Open problem 4.3 in [7], which correspond to an extension of the results in [11],
and the open problem posed in [11].

The local time is a functional of a random walk with time and space parameter. It describes how
many times the random walk visits a specified site until a specified time. The notion of local time is very
basic and it appears in various fields. For example, Feynman-Kac formula provides us a representation
of the solution of (discrete) Schrodinger equation by using a functional of the local time. Indeed, this is
a fundamental tool to study Schrodinger equations by means of probability theory, and a detailed study
of local time is required to investigate it. Though the research on the local time is a classical topic,
many questions related to it are recently propounded and investigated and many of them remaining
to be cleared up. In particular, problems concerning the local time in two dimension are most difficult
than in other dimensions. Since the simple random walk in two dimension is recurrent, estimates such
as asymptotic behavior of hitting probabilities are complex and often exhibits a different nature. The
simple random walk is also recurrent in one dimension, but the structure of the state space is much
simpler than Z? and hence many special techniques are available there.

Before entering the description of our main results, we briefly review known results concerning
late points and favorite points. About sixty years ago, Erd6és and Taylor [18] proposed a problem on
asymptotic behavior of the spatial maximum of the local time of a simple random walk in Z2. Over
forty years later, Dembo, Peres, Rosen and Zeitouni [8, 9, 10] solved it and some related problems
by developing innovative proofs. Moreover, these methods have been applied also to the study of late



points in two dimensional discrete torus Z2 of size n. As one of those results, in [11], they showed that
the number of pairs of late points in various sized clusters have a variety of power growth exponents.
In the same paper, they gave a conjecture on the exact asymptotic form of a corresponding quantity
for favorite points. [11] to j-tuple of late points with j > 3 is also suggested as an open problem in [6].
These results, as well as conjectures, concern with geometry of the configuration of (nearly) extremal
points where the local time takes singular values. As another question, the position of the site where the
local time attains its maximum is also studied in the literature. Lifshits and Shi [22] verified that the
favorite point of 1-dimensional random walk tends to go far from the origin. Additional open problems
concerning geometric structure of the favorite points are raised by Erdés and Révész [16, 17] and Shi
and Téth [29] but almost no definite solution to them is known for multi-dimensional walks.

Based on the state of the art as above, we explain three main results in this paper. The first one
is on the number of pair of favorite points. We define the set of a-favorite points ¥, («) for 0 < a < 1
as in [11] (see (2.3) in the next section) and obtain certain asymptotic estimates, say (A) (in average)
and (B) (in probability), of

H(z,2") € U, (a)?:d(z,2") < nﬂ}\

This verifies the conjecture raised in [11]. The second one is on the number of j-tuples of late points.
We define the set of a-late points in Z2 as £, () for 0 < a < 1 as in [11] (see (2.3) in the next section).
We will obtain certain asymptotic estimates, say (A) (in average) and (B) (in probability), of

{(x1, ey 5) € Lo(@)? = d(ai,27) < nP for any 1 < i,1 < j}|

for any 0 < a,8 < 1 and j € N. This gives an answer to the open question in [6]. The third one
concerns with the location of favorite points. We obtain the limit theorems for the spatial maximum of
the local time over the boundary of random walk range up to time n. As a corollary, this implies that
the favorite points for the whole range of the random walk does not appear on the boundary of the
range asymptotically. The third results deals with a different subject from the first and second ones.
Thus, our results can be categorized into two content according to its subject.

Now we state motivations for the present study of entire research of this paper in more details. We
wish to understand the structure of the random field of a local time as a configuration of late points
and favorite points. In particular, we want to determine the relationship between the special points of a
random walk and those of a Gaussian free field (GFF). In fact, there are several results for Gaussian free
fields corresponding to ones for favorite points and late points. For 0 < a < 1, the known results study
the set of a-high points of the GFF in Z2 (sites where GFF takes high values). For j = 2, [11] obtained
the result corresponding to (A), and Brummelhuis and Hilhorst [4] obtained that corresponding to (B).
Daviaud [5] estimated the number of pairs of a-high points of the GFF in the same forms as (A) and
(B). In each case, the exponent coincides with that of (A) or (B). We will discuss this similarity in more
details in Section 2.2. It is worth mentioning that some other functional of a random field exhibits a
different behavior between favorite points and late points (See Section 5.5). Note that any result on
asymptotic behavior of the location of high points of GFF as n — oo is not obtained yet as far as the
author knows.

There is another motivation for first and second main results. We wish to employ detailed in-
formation of the geometric structures of late points and favorite points to obtain the diverse large
deviation estimates of the local time or high moment of functionals of the local time. Of course, there
are corresponding questions for high points also. In general, the limit theorem for random variables
has a connection with its large deviation estimates or high moments. We believe that our estimates
of the local time helps the study of asymptotic behavior of various functionals of the local time. In
fact, there are already some results in this direction as an application of our results (See Proposition
5.10). Actually, (A) of our main results (with j = 2) are almost equivalent to an estimate of the second
moments of |£,(a)| or [V, ().

We introduce the contents of this paper. In Section 2, we will introduce six main theorems (Theorem
2.1-2.6). We also provide a more detailed observations on our main results as well as an outline of the



proof there. After stating our framework precisely in Section 2.1, we will provide the results concerning
the geometric structures of £, (a) and ¥, («) in Section 2.2. The proof of theorems in Section 2.2
and some related results are given in Section 3-5. In Section 2.3, we will argue the results of favorite
point among the inner boundary. In Section 3, we will collect preliminary results concerning a simple
random walk and a finite Markov chain that will be used in later Sections 4 and 5. In Section 4,
we will provide the proof of the results concerning the number of pair points of favorite points. In
Section 5, we will discuss the number of multipoints of late points and some related results. First, in
section 5.1, we will give the basic matrix’s arguments as preliminaries to the proof of the second main
results. Second, we will give the proof of main results in Sections 5.2 and 5.3. The rest of Section 5 is
devoted to some problems. In Section 5.4, we will estimate to what extent the probability that a certain
geometric structure of multipoints which are late points remains when some spatial element is changed.
In Section 5.5, we will argue the difference between £, («) and ¥, («)( or V,(«)). As mentioned above,
from [4, 11] and from our forthcoming paper, it is known that there exist similarities between L, («),
U, (a) and V,(«), but there are also differences. We will obtain the complex distribution of pair points
there. Section 5.6 is an appendix. There we show a sort of monotonicity of exponents which appear in
the description of the second main theorems. We will use it in Sections 5.2 and 5.3. It is elementary
but complicated. Finally, in Section 6, we will provide the proof of the results concerning favorite point
among the inner boundary.

To close the introduction, we mention that this thesis is based on three papers [24, 25, 26]. Theorems
2.1 and 2.2, Theorems 2.3 and 2.4 and Theorems 2.5 and 2.6 are established in [25], [25] and [24]
respectively.

2 Known results and main results

2.1 Framework

To state our main results, we will introduce notations as follows. Let d be the Euclidean distance
and N := {1,2,---}. For n € N, let D(z,7) := {y € Z% : d(z,y) < r} and for any G C Z2,
0G = {y € G : d(z,y) = 1 for some x € G}. For x € Z2, we sometimes omit {} in writing the one-
point set {z}. Let {S;}72, be a simple random walk on a 2-dimensional square lattice. Let P* denote
the probability of a simple random walk starting at 2. We will simply write P for P°. Let K (n,z) be
the number of times the simple random walk visits  up to time n, that is, K(n,z) = 31" 1{g,=4)-
For any D C Z2, let Tp := inf{m > 1: S, € D}. For simplicity, we will write Ty .., for Tray,..z;}-
Let 7, := inf{m > 0: S,,, € 9D(0,n)}. We will use the same notations for a simple random walk in
72. In addition, [a] denotes the smallest integer n with n > a.

Now, we will recall details of some known results of favorite points which we mentioned in Section
1 to define a-favorite points. Erdés and Taylor [18] showed that for a simple random walk in Z¢ with
d>3

max,cza K (n, z) 1

li = 8. 2.1
nroo logn —log P(Tph < o) s (2.1)

For 72, they obtained

max,ez2 K(n,x) max,ez2 K(n,x)

1
— < liminf <1l < — .S.
Ar = e (logn)? - lfl_)Solip (logn)? S

and conjectured that the limit exists and is almost surely (a.s.) to. Forty years later, Dembo et al. [9]
showed that for a simple random walk in Z2,
dmax,cz2 K(n,z) 4

li =1 = — .S. 2.2
Jm = g n)? Jm —logn)? — (2:2)

max,ez2 K (7, )




Subsequently, Rosen [27] provided another proof of this. Based on this result, as [9, 11], for 0 < a < 1,
we define the set of a-favorite points in Z? by

4
U, () := {x € D(0,n) : K(1p,x) > {a(logn){‘ }
T
Similarly, we will recall some known results for the cover time in Z2 to define a-late points. Origi-

nally, [8] estimated the cover time of a simple random walk in Z2, that is,

max T 4
lim _Teeln 2 in probability.
n—oo  (nlogmn)? v

For 0 < a < 1, we will define the set of a-late points in Z2 by

Lnp(a) = {x c7?: (71131;71)2 > 4:} (2.3)

2.2 Results of geometric structures of favorite points and late points

Now, we introduce main results. We clear up the geometric structure of ¥,,(«) and attend the problem
in [11] as follows.

Theorem 2.1. For any 0 < «, 8 < 1 with probability one

log [{(z,2') € ¥,,(a)? : d(z,2") < nP}|

A o = pa(a, B),

where
pa(0, ) = {“25—24‘“5 (8 <201 - va),
’ 8(1 - va) —4(1— V) /8 (8> 2(1 - Va)).

Theorem 2.2. For any 0 < o, B < 1

1y 02 Ell{(2,2) € Wn()? : d(w,2") < n}]
n—00 logn

where

Theorem 2.3. For any 0 < o, <1 and j € N

lim log E[|{(z1,...,z;) € Lo(a) = d(z,x)) < n® for any 1 <1i,1 < JHI

n—00 logn
= pj(a, B),
where
. 2ja 1—/ja
pi(a,B) = 2420 -8 - gyt B< 1+%)7
20 +1 - 2v/7a) (B>1+142).

We will extend the condition d(z;, ;) < n® to be more general in Section 5.4.



Theorem 2.4. For any 0 < o, 8 < 1 and j € N in probability

log [{(w1, ;) € La(a) : d(wi,2) < 0P for any 1 < i,1 < j}

A o
= pj(a, B),
where
pila, B) = {2+2(j_1)ﬁ_(1—5)2(jf—1)+1 (ﬁgﬁ(l—\/a)),
VAT 45(1 — a) — 2j(1 — Va)?/B (/BZjJTl(l—\/a)),

Therefore, the mean and median numbers of multipoints have different orders of magnitude. If late
points or favorite points were spread out uniformly in Z2 or Z2, the limit in main results would be
242(j—1)8—2ja for j > 2. However, we obtain much larger exponents in Theorems 2.1, 2.2, 2.3 and
2.4.

To state the relationship between p;(ca, §) and p;(c, ), for 0 < 8 < 1, v and h > 0, respectively,
let

196

Frp(v) = 1= 3 + hy*B.

It can easily be checked that

pila,B) =2+2(j —1)B —2a inf Fjz(7),
'YEFa,ﬂ

where
Top={y>0:2-28~-2aF5(y) >0}
It is also easy to verify that

pja, B) = sup sup{2 +2(j — 1)B8" — 2aF; 5 (7)}, (2.4)
B/<p 7>0

and so the difference between p;(a, 8) and p;(a, ) is that the supremum in (2.4) is not subjected to
the constraint v € I'y g. We will define

Hh gy

B
in Theorems 2.1 and 2.2. Note that F}, 5(7) = Fj5((1 — v(1 — 8))/8). Then, the same explanation
holds by using Fhﬁ(’y). We will now explain why we need to restrict the domain of a function Fj ()
in 'y g to have p;(a, §). As [6, 7] mentioned, if we estimate Theorem 2.4, we are tempted to consider
the following wrong heuristic: if we set A(n”, a,) := {z € ([n?]1Z2) N Z2: a simple random walk goes
and returns to dD(z,n?) via some closed circle a,, times up to time 4a(nlogn)?/7 }, in probability

Fup(y) =71 B)

E[|set of multipoints which are a-late points within distance n” of each other|]
_ 242018
x P(x1,...,x; are a-late points when d(z;, ;) is close to n” (Vi,l < 7))
~ (Typical value of such number of multipoints)
E[|La(e) N D(z,n°)]; 2 € A(n”,an)]\’
P(z € A(nP,ay)) ’

~ 8
ma B[4 )] x



This approximation is discussed in [4]. In fact, we only have to consider {a, }nen with
P({ze ([nP123)NZ2 : 2 € A(nP,a,)}| > 1) = 1.

This restriction corresponds to (5.39) and, hence, that of Fj3(y) restricted in I'y 3. Therefore, we
obtain different quantities for the exponent in probability from that in average.

Now we introduce the known results concerning late points and favorite points. [4] showed (B) for
j =2, and, [11] showed (A) for j = 2. Theorem 1.4 of [11] estimated the power growth exponent of
pairs of a-late points within distance n? of each other. In addition, As mentioned in Section 1, it is
known that there exist some relationships between late points, favorite points and high points. We
will explain the high points of the GFF in Z2. In general, it is known that GFF is a central model of
random surfaces. Sheffield [28] provided a mathematical survey of the GFF. In addition, Bolthausen
et al. [3] showed that in probability,

. maxgez2 dn(x) 2
lim ————— =24/ —,
n—00 logn s

where {¢n(z)},ez2 is the GFF whose definition is the same as that in [3, 5]. In what follows, for
0 < a < 1, we will define the set of a-high points of the GFF such that
on(2)? _ 4

>
2 -

V() == {x e7?: (log n)2}

[5] showed that if £,,(«) in Theorems 2.1 and 2.2 is changed into V,(«), each exponent is the same as
that of Theorems 2.1 and 2.2. In addition, there are some interesting results concerning a relationship
between the local time of a random walk and a GFF. Eisenbaum et al. [14] provided a powerful
equivalence law called the generalized second Ray-Knight theorem. Ding et al. [12, 13] showed a strong
connection between the expected maximum of the GFF and the expected cover time.

We explain the outline of the proof of Theorems 2.1 and 2.2. The proof of the lower bound in
Theorem 2.1 relies on the moment method which is used by [8, 10, 11]. Now, we explain one of the
reason why the lower bound in Theorem 1.1 in [9] has been unsolved for a long time and the method of
the proof in [9, 27], which is essentially the same as that of [8, 9, 10, 11]. If we use the Paley-Zygmund
inequality for |¥,(«)|, we need to estimate the second moment of it. However, it is much larger than
the square of the first moment and, hence, it is impossible to use directly the moment method for
|, («)]. Then, to estimate the lower bound, they consider the set of points ¥/ («) called successful
points which is a slightly smaller set than ¥, («). (For example, see (3.7) in [27].) In fact, the second
moment of |¥/ («)| is of almost same order as the square of the first moment of |¥/ («)| and the first
moment of | W/ ()| is same order as that of |, («)|. Then, they use the moment method for |¥/ ()|,
and, hence, the definition of ¥/ () naturally yields the lower bound of |¥,(a)|. In this paper, to use
this method, we choose a proper set corresponding to |9/ ().

Next, we will explain the summary of proofs for Theorems 2.3 and 2.4. We uniquely develop three
main ideas, (I), (II) and (III).

(I) Matrix’s arguments

For use in the proof of the upper bound, we will consider the special set of the matrices M (M )
in Section 5.1. Now, we will explain the difficulty of the proof of the upper bound. For example, if we
consider the value in Theorem 2.2, we can write

Ell{(z1,...,xj) € [,n(a)j sd(xg,xp) < n? for any 1 <i,1 < j}]

— Z P(ajl,...,wj € ﬁn(a))

d(w’b ,Cﬂl)STLﬁ,
Z‘iEZ%



(n)

Consider the sequences {xgn)}neN with z;"” € Z2 for 1 < i < 3. Hence, if we estimate p3(c, 3), from

(n) (1) (n)

the symmetry of x; 7, x5~ and x5, it is plausible that we need to consider the following two positions:

(Wd(a,ay") ~ d(@y”,2{) ~ d(z{”, 2,
2)d(2", 25 << d(@(, 2§), d@S, 25,

where a,, = b, means loga, /logb, — 1 as n — oo for any sequence. In general j € N, there are various
positions of (z1,...,x;) which we need to compute and, hence, we need some original computation for
multipoints. Thus, we need to observe properties of M; for j € N, which correspond to properties of a
variety of positions. For example, we will divide M; into the value of some function Z (as introduced
later) and argue the relationship with the summation of all the elements of a certain matrix in M;.
In particular, Proposition 5.5 (or Lemma 5.7) is interesting and important since the proof depends on
remarkable properties of M and corresponds to key estimates for main results.

(IT) The information of Green’s function

We will estimate hitting probabilities for some subset in Z?2 until some stopping time in Section
3.1.1, and apply these arguments to Lemma 5.13. To obtain Lemma 5.13, we need to compute hitting
probabilities to a variety of subsets and stopping times, which can’t be simply computed. Our results
imply that there exists a strong connection between such hitting probabilities and a matrix of Green’s
function of a simple random walk.

(III) Enumeration of a Markov chain’s path

We will use the certain general Markov chain rule studied in Section 3.1.3. In fact, we will estimate
the probabilities under the condition on a local time of some edges in the graph.

Now, we will explain how they lead to our main result with the above three ideas. The proof of
the upper bound in Theorem 2.4 partially relies on the proof in [11], in which, they chose many small
circles and considered the probability that pair points in the circle were not covered by a random walk
under the condition of a crossing number around the circle. We will extend this result by changing pair
points to multipoints. The result of Lemma 5.11 corresponds to that of Lemma 6.1 in [11]. However,
the method of the proof of Lemma 5.11 is completely different and uses the above ideas (II) and (III).
In particular, we will replace the information regarding the combination of paths conditioned by the
excursions of the random walk to that of the Markov chain’s path which we obtained using idea (III).
In addition, with Lemma 5.11, we will produce the proof of the upper bound in Theorems 2.3 and 2.4
using idea (I). For example, Lemma 5.8 implies that for {%(n)}neN with xgn) €72 (1<i<j), weonly
need to consider the position that is close to d(a:z(.n), :cl(n)) ~ nl7%. for (aii)i<ii<j € M;j. In Lemma
6.4, we provide the method of the enumeration of points included in a certain subset. Therefore, we
obtain Proposition 5.10 by using Propositions 5.3 and 5.5 and complete the desired results with the aid
of the upper bound in (ii) of Lemma 5.11.

The proof of the lower bound in Theorem 2.4 relies on the moment method used in the proof of the
lower bound in Theorem 2.2. In this paper, to show the lower bound in Theorem 2.4, we only need
minor modifications to [11].

2.3 Main Results of favorite point among the inner boundary

In Section 2.3, we focus on the most frequently visited site among the inner boundary points of the
random walk range, rather than among all of the points of the range, and propose the question: how
many times does a random walk revisit the most frequently visited site among the inner boundary
points?

To state main results, we will introduce notations as follows. For n € N, set R(n) = {Sp, S1,..., 5}
as the random walk range up to the time n. We call z € Z¢ a neighbor of a € Z% if |a — 2| = 1. Let
N (a) be the set of all neighbors of a defined as

N(a)={z€2%:d(a,z) =1}.



Note that the inner boundary of A C Z%, which is denoted by JA in Section 2.1, can alternatively be
represented by

{re A:N(z) ¢ A}

For I,n € N let
R[Z,TL] = {Sl75l+17 7Sn}

if n > 1 and R[l,n] =0 if > n and R[0,—1] = (). The inner boundary of the random walk range R[l,n]
is denoted simply by OR[l,n] as it is for R(n). In addition, we set

M(n) = mer%ja&(n) K(n,x).

Clearly, this is the maximal number of visits of the random walk of length n to dR(n), the inner
boundary of R(n). We are now ready to state our main theorems. The first theorem provides us with
sharp asymptotic behavior of M (n).

Theorem 2.5. For d > 2

where

fa = —log P(Tp < Tp)

for any b € N(0). Note that P(Ty < Tp) does not depend on the choice of b € N(0), but rather depends
only on the dimension.

Leading to the second main theorem, we first define ©,,() forn € Nand 0 < 6 < 1 as

K(n,x)

0,,(5) = Haz €OR(n): St 5 > m}‘.

This is the cardinality of points in R(n) whose number of visits is comparable to the maximal order
appearing in Theorem 2.5, with a ratio greater than or equal to §. Our second main theorem exhibits
the sharp logarithmic asymptotic behavior of 6,(5) as n — oo.

Theorem 2.6. Ford>2 and 0 < < 1,

lim log ©,,(9)

=1—-4¢ a.s.
n—oo  logn

We compare our main results to the corresponding results for the whole random walk range R(n).
We denote the quantity corresponding to M(n) by My(n). That is, My(n) = max,czs K(n,z) where
My (n) represents the maximal number of visits of the random walk to a single site in the entire random
walk range until time n. Recall results of [9], which are introduced in Section 2.1. For 0 < a < 1, we

define K( )
n,T a
Oon = 72 > 24
B er (logn)? _W}'
Then, [9] yields
log @(]7”

lim =1-a as.
n—oo  logn

In view of these results, Theorem 2.5 entails the following corollary.



Corollary 2.7. For d > 2, the favorite point does not appear in the inner boundary from some time
onwards a.s. In other words, Mo(n) > M(n) for all but finitely many n with probability one.

Next, we explain proofs. The upper bounds for both Theorem 2.5 and Theorem 2.6 are obtained
using the idea in [15]. The Chebyshev inequality and the Borel-Cantelli lemma are also used in the
same way as in [15]. On the other hand, M (n) is not monotone, while My(n) is monotone. We work
with the walk and its trajectory at the times 2¥ and find a process that is monotone and a bit larger
than M (n), but with the desired asymptotics.

On the other hand, the idea for the proof of the lower bound is different from that for the known
results. In [9], a Brownian occupation measure was used in the proof. Rosen [27] provided another proof
to the result of [9], in which he computed a crossing number instead of the number of the frequently
visited site. In this paper, we use the Chebyshev inequality and the Borel-Cantelli lemma as in [27]
but for the number of the frequently visited sites among the inner boundary points. In addition, as
the proof of the upper bound, we estimate a number slightly smaller than the number of the frequently
visited site among the inner boundary points.

These results illuminate the geometric structure of the random walk range as well as the nature of
recurrence or transience of random walks. We are able to infer that the favorite point is outside the
inner boundary from some time onwards with probability one. This may appear intuitively clear; it
seems improbable for the favorite point to continue to be an inner boundary point since it must be
visited many times, but our result further shows that there are many inner boundary points that are
visited many times, with amounts comparable to that of the favorite point for d > 3. In addition, the
growth order of My(n) is the same for all d > 2, meaning the phase transition which occurs between
d =2 and d > 3 for My(n) does not occur for M (n).

In Theorem 2.6, which is a strong claim in comparison to Theorem 2.5, we will provide an explicit
answer to the question of how many frequently visited sites among the inner boundary points exist.

We conclude this introduction by mentioning some known results about the inner boundary points
of the random walk range that are closely related to the present subject. Let L, be the number of the
inner boundary points up to time n. In [2], it is noticed that the entropy of a random walk is essentially

governed by the asymptotic of L,. In [23], the law of large numbers for L, is shown and lim L, /n is

identified for a simple random walk on Z¢ for every d > 1. Let Jﬁf’ ) denote the number of p-multiplicity

points in the inner boundary and be defined as
JP) = |{S; € OR(n) : [{m : 0 < m < n, Sm = S;}| = p}|,

where OR(n) is the set of the inner boundary of {Sp, S1,...,S,}. In [23], it is also shown that for a
simple random walk in Z?, with p > 1,

2 1 2
™ < Lm BL, x 187
2 n—00 n
2

2
< lim EJ{P) x 1o8n)” _ zp-12, (2.5)
n—o00 n

< 27,

1

where ¢ = P(Ty < Tp) for any/some neighbor site b of the origin. These may be compared with the
results for the entire range; according to [19], [{S; : 0 <4 < n}| in Z? is asymptotic to 7n/logn and
the asymptotic form of the number of p-multiplicity points in it is independent of p.

In the proofs given in the remainder of this paper we denote contextual constants by C or c¢. In
addition, [a] denotes the smallest integer n with n > a, and A¢ denotes a complementary set of A.
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3 Preliminary for main results

3.1 Basic properties
3.1.1 Hitting probabilities

First, we compute probabilities that a simple random walk in Z2 doesn’t hit a multipoint set until
a certain random time. Given j distinct points z1, x2,...,x; of 72 ‘and a non-empty subset D of 72
which is disjoint of {x1,...,x;}, let 7 denote the first time/enters D and define for 1 < 4,1 < j and

) g {xlv"'vxj}a
)
Qi = Z P*(Sy, =x,m < T NTy).
m=0

By decomposing the probability P* (T, = 7 A T,) by means of the last time the walk leaves the set
{z1,...,x;} before 7 A T, we obtain

J
P (Ty =7 ATy)) =Y QP (Ty=Tu.. oy NTATy),
=1

for 1 <4 < j. The matrix @ = (Qi1)1<ii<j is regarded as the Green kernel for the Markov chain on
{x1,...,x;} with the substochastic transition matrix ¢ = (gi;)1<ii<; given by

Gig = P* (Tyy = Ty, ey < T NTy),
so that ¢QQ = Q — E, where E denotes the unit matrix. Accordingly, @ is regular and

Ql=F—q (3.1)

For any regular matrix A, let x(A) (or xYA) be the summation over all the elements of A~!. Note that
for 1 <wu <j,

J_, (cofactor of Q. ;)

PoTy = Ty, oy NTATY) = PT(Ty =T AT) ZZét((CJ Di<ii<;) (3:2)
17 _Z) —-]
Hence, we have
min P (T, =7 A Ty)x((Qig)1<ii<;)
1<u<;
J
<Y PUTy =Tey.a; NTAT)
=1
< max P*(T, = 7 N Ty)x((Qin)i<ii<))- (3:3)
1<u<;
In particular, we consider the summation of (3.2) and (3.3) over y € D. Note that > yep P(Ty =
7 ANT,) =1 holds for any 1 < u < j. Then, if we let
o0
Wi = Z P (S, = x;,m < T),
m=0
we have for 1 <[ < j,
7 (cofactor of W)
P F < Ty, p,) = 5L 2 3.4
( z1, ,z]) det((Wi’lhgi,lgj) (3.4)
J
ZP” (T < Toy,my) = X((Win)1<ii<j)- (3.5)
=1

11



In addition, we consider the case that j = 2, the definition of (ngl)lgi,lgj yields that for i # 1 € {1,2},

Wiy
Wi Wao — Wi oWay’
I/I/l l
Wi 1Wao — WiaWay'

PE(Ty, = Ty, gy AF) =1 —

PP(Ty, = Ty oy NT) = (3.6)

Next, we introduce estimates of the hitting probabilities for a simple random walk in Z? since we
need only estimates for “Z2” in this paper. By Exercise 1.6.8 of [20] or (4.1) and (4.3) in [27], we have
that, uniformly in 0 < r < |z| < R,

log(R/|z[) + O(|z|™)

P (1 < ) = <ERNED Z O (14 (1o o) 1),
O X _1
P(r, < 7p) = © g(R{ig‘(;;r?( ). (3.7)

For z, y € D(0,n) let G, (z,y) := > ro o P*(Sm =y, m < 7,,). In addition, by Proposition 1.6.7 in [20]
or (2.1) in [27], we have that for any = € D(0,n)

0)—ZPI(Sm—O,m<Tn)—2log<‘ ’>+O(|xl Ton™h,
m=0
Gn(0,0) = %logn—i—O(l). (3.8)

Therefore, we have that for z,y € D(0,n/3)

Gn(z,y) = %log <d(£ y)> +O0(d(z,y) P4 nt 1) (3.9)

Indeed,

Gn('r7y) < Z Pxiy(sm = 07m < 7-ZJLn/'S)

m=0

_20 i z,y) P4+ nt
= 1g<d(x,y)>+0(d( L, Y) T+ +1),

™

Gn(l',y) > Z Pi_y(sm =0,m< 7_277,/3)

m=0

—go i z,y) L+ nt
_wlg(d(m,y)>+0(d( JY) T+ +1).

In addition, by (3.8) the strong Markov property yields

s

Plrn < Tp) = i P(Sp = 0,m < 1))~} = (1+ o(1)). (3.10)
m=0

2logn

3.1.2 Probabilities conditioned by the local time

Now, we prepare some expression of the probability of events associated with a Markov chain on {1, 2, 3}.
It will be used when considering transitions of the random walk in Z? from a given set to another one.
We can reduce such a problem to that for Markov chain by considering a sequence of hitting times.

12



Consider the general Markov chain {X,,}>_ of discrete time on the state space {1,2,3}. Let d;; be
the transition probability of {X;,}5°_,. We claim that for any ni, ny € N,

ni+n2 ni+ns
Pl( Z ]'{szl} = ni, Z 1{Xm=2} = n27Xn1+n2 - 2>

m=1 m=1
—4 77 ! . i (n2 _ 1)|
= dm zdz-l—lnil”dl Jqne—t 1% 311
O<i<nlz/\(n2_1) (T T (na —i— 1)l (3.11)

and

ni+nz ni+ns
P1< Z 1{Xm:1} = ny, Z I{Xm:Q} = n27Xn1+n2 = 1)

m=1 m=1
—i 7i ny! ; —i (ng —1)!
- dy'? Zdzl 27(112 ldn2 t — , (3.12)
19;/\712 LL T2 (ng —i)lil 21722 (ng — i)1(i — 1)

where 0! = 1. We will show (3.13) and (3.14) by induction on n; + ng. It is trivial that (3.13) and
(3.14) hold for ny + ng = 2, that is, ny = ng = 1. Fix n > 2 and assume that (3.13) and (3.14) hold
for any ny, ne € N with ny + ny = n. First, we will show that (3.13) holds for any 711, 2 € N with
ny+ng=n+1. When no =1,

n1+n2 f1+no
Pl( Z 1{Xm:1} = na, Z 1{Xm:2} = N2, Xpy+ny, = 2)

m=1 m=1
:P1<Xm =1 fOI' 1 S m S 77L1 +77L2 - 1aX7~L1+7~L2 — 2)
:d?711+ﬁ2_1d1,2,

and, hence, the claim holds. In addition, the Markov property yields that for any no > 2 and n; € N,

ny1+ng ni1+ne
PO vy =00 D e = X =2)

m=1 m=1
n1+ng—1 ni+nz—1
=d1,1P1( Y Lxpmpy=in—1, Y lix,—op = 2, Xayra1 = 2)
m=1 m=1

ni+na—1 f1+na—1
+ d1,2P2< Z 1{Xm:1} = ’ﬁ,l, Z 1{Xm:2} = 'FLQ — 1’ Xﬁ1+ﬁ271 — 2)
m=1 m=1
ey (=D L (g — 1)

=d1, Ay ey dDy T

7 D<z’<(ﬁ1—zl)/\(ﬁ2—l) S G B e R L

iy —i i (71 —1)! 10 (2 — 1)
+ dl 2 diy'd; = . . dy 1 dy? T 1 N
’ 1<i<ﬁ§\:(ﬁ2—1) v (i1 — )l — 1! nie (g =1 — i)kl

= Z dﬁl—idiﬁ-lﬁil!i dﬁz—i—lM
L LETL2 (mp — )it 21722 (g — 4 — 1)14!
OSZSnl/\(ng—l)

The second equality comes from the assumption and the symmetry of sites 1 and 2. Therefore, we
obtain (3.11). In addition, the same argument yields the corresponding result for (3.12), and, hence,
we obtain the desired result.
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3.1.3 Probabilities conditioned by the local time of edge

Now, we give some expression of the probability of events associated with a Markov chain. It will be used
when considering transitions of the random walk in Z2 from a given set to another one. Consider the
general Markov chain { X, }°_ of discrete time on the state space Z such that P4(T5 < 0o) = 1. Let us
extend the definition of K (n, z) as follows: for n € Nand i, € Z, set K(n,e;;) := 221;10 L{X =i, X i1 =1}
and in addition Q(n,e;;) := inf{m > 0: K(m,e;;) = n}. Let Ty := inf{m > T} : X,,, = 2} and d;; as
follows:

d171 ::PZ(Tl < T4,T2 < T()), dLQ = P2(T4 < Tl),
dg,l ::P3(T1 < T4,T2 < To), dgyg = Pg(T4 < Tl).

We claim that for any ni, ne € N,

PQ(K(Q(TLQ, 6374), 6172) =ni, Q('I’IQ, 6374) < TO)
i 1 ! . e (n2 _ 1)‘
- dy} Zdl-i_lnil..dZ dnzt 1% 3.13
O<i<nlz/\(n21) bhh2 (nq —4)l! 2,1%22 (s —i— 1)l ( )

and

P3(K(Q(n2,e34), e1,2) = n1, Q(na, e3.4) < Tp)

- Y @y TR VLN S P U
LETR2 0 — )i — D) 2022 (ng — i)l

1<i<niAng

(3.14)

where 0! = 1. We will show (3.13) and (3.14) by induction on nj + ng. It is trivial that (3.13) and
(3.14) hold for n; + ng = 2, that is, ny = ng = 1. Fix n > 2 and assume that (3.13) and (3.14) hold
for any ny, ne € N with ny + ng = n. First, we will show that (3.13) holds for any ny, ny € N with
n1 +ng =n+ 1. When ng = 1,

P?(K(Q(g, €3.4), €1,2) = i1, Q(fig, e34) < To) = diy ™ 1dy o,

and, hence, the claim holds. In addition, the strong Markov property yields that for any s > 2 and
n1 €N,
P*(K(Q(fi2,e34), €1,2) = iy, Q(fia, e3,4) < Tp)
=d11 P*(K(Q(, €34), €12) = i1 — 1, Q(fin, e3,4) < Tp)
+d1 o PP(K(Q(fy — 1, e34), e1,2) = 71, Q(fta — 1, e34) < Tp)

S n _1)l S (ﬁz_l)l
—d dm 1 ZdH—l _ (nl - db g2t 1 _ -
bt O<i<(ﬁlzl)/\(ﬁ21) 11 L2 (g —1— i)l 21722 (ng — 1 — )l
(ng — 1! (ng — 1)!

+dia AT bdhyi 2
1<i<ﬁ§\:(ﬁ21) 7 RN U Vi (g — 1 — )kl
— Z d71~l11*idi+1 ny! i dﬁQ,ifl ('FLQ — 1)'

- 1,2 (= -\ 02,1922 = s 151"
Oi<iAa—1) (ng —i)l! (ng —i— 1)l!

The second equality comes from the assumption and the fact that P*(T3 < oo) = 1. Therefore, we
obtain (3.13). In addition, the same argument yields the corresponding result for (3.14), and, hence,
we obtain the desired result.
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4 Proof of Theorems 2.1 and 2.2

4.1 Proof of Theorem 2.2
4.1.1 Proof of the lower bound in Theorem 2.2

To show Theorem 2.2, we prepare some notations to make a correspondence of the framework of Section
3.2 to that of the present one. Let & := [2%(logn)?], and for z, 2’ which are two distinct points of
D(0,n), set

(Ul, UQ, U3> = (l’, Hfl, 8D(0, n))
and

by == PY( min Ty, =T
il (561{1351’3} v, = Ty,),

for i € {1,2} and [ € {1,2,3}. As a first step, we will estimate P(x,2’ € ¥,,(«)). By the symmetry of
x and 2/, we may assume that b 1 < by 2 and

P(Tx/ <T, N Tn) < P(Tm < Ty A Tn) (4.1)

all the other three cases can be discussed in the same way as we will see below. Note that the time-
reversal of simple random walk yields that by 2 = b 1. Then, (3.13) yields

P(x,2' € U, (a)) >P(Ty < Ty A1) P% (2,2 € Up(a), TS > TS)
>P(T, < Ty NTy)

G—1—iyi -1 s (a—1)!
X poTt Zbl+1(o‘—bz pa-t—i_ (@=L
0<;_1 1,1 1,2 (6& _ 1 _ Z)‘Z' 2,1 2,2 (O~é _ 1 o Z)'Z'

ZP(T;C < Tp N ’I‘n)bLQ
a—1—izi (& — 1)' 7 a—1—1i (d — 1)'
X Z b1711 blﬂﬁb b 1

N1 02,1Y2) e
0<i<a—1 — 1)! 22 (@—1—1d)l!

o -1 \?
> , a—1—i71 (O[
>P(T, < Ty A Tn)bl’Q(Oglilglag(—l b171 51’2—(07 1= Z)'Z')

1 S
ZP(T;C < Tzr A Tn>b1,2§(b1,1 + b1,2)2a 2
1 -
=P(Ty < Ty ATa)bro =5 P* (T ar < )20 72, (4.2)

The right most number of (4.2), we estimate each of probabilities involved in it. Set s := logd(x,2’)/logn
and consider 0 < € < 1. Then, by (3.9), we obtain that for sufficiently large n € N, uniformly in z,
2’ € D(0,n'™°),

iPUi(S € Uim < 1) {§(1+o(1))1ogn ifi=1, (43)
m s n) = 2(1—s) . .
o =——(1+o(1))logn ifi#I,
and, hence, if we set 7 = 7, in (3.5), we have
(14 o(1))
big3=—7—-—7". 4.4
b3 7 92— s)logn (44)
Then, we obtain that, uniformly in x, 2/,
PY(Typr < Tp)** =exp(—2aby 3 + o(1) log n)
am
= - 1)1 . 4.
exp (= g o1 logn (45
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In addition, (3.10) yields that, uniformly in =,

P(r, < Ty) =

o (L o(L) (4.6)

and (3.7) yields that for any € > 0 there exists ¢ > 0 such that for all sufficiently large n € N

log(n/2n'=¢)

Px(Tm’ < Tn) > Px(Tx/ < TaD(x’,n/2)> 2 logn/Q

(1+ O((logn)_l)) >, (4.7)

P(T, <t,)=P*(Ty <mp) > W(l +O0((logn)™b) > ¢, (4.8)

where the equality comes from the time-reversal of simple random walk. Note that

1
b1,2

)
Px(Tx/ < Tn) = Zbil,lbl,Q = b "
=0 ’

and, hence, by (4.6) and (4.7), for all sufficiently large n € N,

bLQ > Px(Tn < Tz)PI(Tm/ < Tn> >

logn

In addition, (4.1) and (4.8) yield that there exists ¢ > 0 such that for any n € N,
1 1
P(T, < Ty N1y) > QP(TM/ <) > iP(Tx <Th) >c.

We now go back to (4.2). By applying all these estimates, for any § > 0 and € > 0 there exists such
that ng € N for n > ng and z, 2’ € D(0,n'~°),
am

P(z,2' € ¥,(a)) > exp < — —dlog n> (4.9)

(2 —s)logn
Now we turn to the desired lower bound. By (4.9), for any é > 0, € > 0, 5’ € [¢, 3] and all sufficiently
large n € N,

El[{(z,7) € Un(@)? 1 d(,a') <nP}] > Y P(a,2' € Un(a))
z,@'€D(0,n'7¢),
0<d(x,m’)§nﬁ/
am
> Z exp(—,—élogn>
z,2'€D(0,n'~¢), (2 B ﬁ ) logn
0<d(x,:c’)§n5/
>n2+2,3’—26—4a/(2—ﬁ’)—26.
Note that 2+ 28" —4a/(2 — )| g_gp(2—/3a) = P2(c; B). Then, since 6 > 0 and € > 0 are arbitrary, we
obtain the desired result.
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4.1.2 Proof of the upper bound in Theorem 2.2

The idea of the upper bound in Theorem 2.2 is similar to that of the lower bound, while we do not
require a combinatorial argument in Section 3.2. Indeed, the strong Markov property yields that

P(z,2' € ¥,(a))
<P({l <1n: S €{2,z}} > 2a)
=P(T, < Ty A1) P*([{l < 7, : S} € {a, x}}| > 264 — 1)
+ P(Ty < Tp A1) PY ({1 < 7y : S € {2, 2}}| > 26 — 1)
< max PY([{l <7,:8 € {2, x2}}| >2a—1)

ye{z,z'}
< max Py/(TLx/ <7,) max PY(|{l <7,:8 € {a,2}}| > 2a—2)
y'efza’} ye{z,z'}
<..
< max PY(Th. < 7,)% !
y'e{z,a'} ’
< max PY (T, < 79,)%% L (4.10)
y'e{x,z'} ’

Then, letting 7 = 7o, in (3.5), and arguing similarly as we obtained (4.3) and (4.4), we obtain

, 7(1+ o(1))
1— PV (T, < Top) = =" AD)
y/giﬁ/} (Towr < 7an) 2(2 — s)logn

uniformly in x, 2/ € D(0,n). Hence, by (4.10), for any ¢ > 0 there exists ng € N such that for any
n >mng and x, 2’ € D(0,n),

T

P(z,2" € U, () < exp < - (2—-s)logn

+5logn>.

Unlike the lower bound, we need more estimate to bound the summation of P(z,z’ € ¥, («)) in (z,2’).

Since min{1/y/a,2/(2 — B)} > 1,
p2(a, B) > pa(e, B) > 2+ 28 — 20k 5(1) = 2(1 — o) + 28(1 — a). (4.11)

In addition, (3.10) yields that for any ¢ > 0 there exists ng € N such that for any n > ny,

E[Ua()]= ) Plae Vn(a))

z€D(0,n)
< > P (T <)

zeD(0,n)
< Z Pz(Tx < T8D(:v,2n))d71

z€D(0,n)

- 1 a—1 s

<an?x (1- +0 < p20-a)+d, (4.12)
- 2logn logn -

Now we are ready to enter the main part of the proof. By (4.12), we obtain

Ell{(,2") € Wo(a)? s d(z,a') < n’0-)|
<E[[W,(a)[] x Cn*P 1) < pf2(ef)s, (4.13)
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In addition, for any § > 0,0 < h <1, 8 € [8(1 — a)h™!, 3] and all sufficiently large n € N,
E[[{(z,2') € ¥p(a)® : 0" < d(w,a) < n'}]
= > P(z,z' € U,(a))

z,2'€D(0,n),
nf'h <d(z,z") <nf’

am
< Z exp(—/+25logn>
z,2'€D(0,n), (2 n B h) logn
nﬁ/h<d(x,x’)§nﬁ/

<226 —4a/(2-B'h)+35 (4.14)

Note that max(;_q)s<p<g2 + 28" — 4a/(2 — B') = pa(a,B). Then, since 6 > 0 and 0 < h < 1 are
arbitrary, (4.13) and (4.14) yield the desired result.

4.2 Proof of Theorem 2.1

4.2.1 Key lemma for the proof of the upper bound in Theorem 2.1

this section provides large deviation estimates that are keys to the proof of the upper bound in Theorem
2.1. In addition, we start by defining the several sequence. Let 7 := 0 and rj, := (k!)? for k£ € N. Set
K, = n3r, for n € N. Now fix 0 < a, 8 < 1. Set nj, = 6a(n — k)?logk. For z € D(0, K,), let N s
denote the number of excursions from dD(z, 1) to 0D(z,r,—1) until time 7, . To state the assertion,
we define the domain Go® and Go™? by
Go’ :={(z,2): € D(0,K,),z € D(z,rgn—2) N D(0,Ky)},
{(z,2,2") : (2,2),(2,2') € Goﬂ,d(x,x/) > Tﬁhn/z_g}.

Let U, (a) := {x : K(m,,7) € [4a/n(logn)?,4/7(logn)?]}. Recall that we set Fh,g('y) = 7%(1 - B) +
h(1—~(1 - B))?/B.
Lemma 4.1.

(1) For any 6 > 0, there exists C' > 0 such that for any v > 0,

max P %»ﬁ < OK; 2 Fos 40, (4.15)
2€D(0,Kp) Ngn o

(2) For any 0,8 > 0, there exist C > 0 and 0 < h < 2 (with h close to 2) such that for any
v€[0,2/(2 -5,

~ NZ P
max P(m,az' €Uk, (a),7y* < “mbn 72+ 5') <CK, 20F2p(1)+0 (4.16)
(z,x,2')EGoMP Ngn

From (4.16), we obtain the following bound, which we will use in the sequel in a crucial way.

Corollary 4.2. For any § > 0, there exist C, 69 > 0 such that

\7T Ny 1 2 — g min —
max P(x,x/ € Vg, (o), b < +50> > < CK, 20k, p(min{l/v/a,2/(2-5)})+25
(z,x,r’)EGohﬁ Npn \/a

Proof. Take dg > 0 satisfying

2By s(min{1/v/a, 2/(2 = B)} + do) — o s(min{1/v/a,2/(2 = B)})| < 6. (4.17)
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If we set &' = &p and C" = [((1/v/a + d0)% + d0)/d0], (4.16) yields that

N NZB 1 2
max Plz,a cW a,n’n<<—i—(5>)

(z’z7xl)€Goh7ﬁ ( Kn( ) nﬁn \/a ’
<’ max K,;MFQ‘B(W)H
Y <(1/Va+60)?

_ O 20 P p(min{1/v/a460,2/ (2=F) 1) +6
<C,K;2af:’2ﬁ(min{l/\/a,2/(2*5)})+25.

Here the equality comes from the fact that Fgﬁ is minimized at 2/(2 — 3) and the last inequality is a
consequence of the choice of §y in (4.17). Hence, we obtain the desired result. O

Let us enter the proof of Lemma 4.1. The proof of the first assertion (4.15) is rather simple.

Proof of Lemma 4.1 (1). Substituting R = K,, and r = rg,_; for (3.7), the strong Markov property
provides

N?# 5
max PP > A2) < max PY(T, <T. Ve
2eD(0.Ky) ( Nan =) T 2eD(0,Kn)weoD (o) (Ton(zrgn-1) < Ton(z2))

2
y v*n
< max  PY(r,,  <Tg,)T "
’yEBD(O,T‘Bn)

<log(2Kn/rﬂn) + O(r;ﬁil) ) Vngn
log(2K,/rgn—1)

_<1 ) 1+<1>>

n— fn
= exp(—6ay?(n — fn)logn + o(nlogn))
Ok 2Fos()to(1)

and, hence, the desired result holds. ]

To show the second assertion (4.16), we define and estimate the following probabilities. For any
(z,z,2") € Go™P| let

(Vh ‘/2) = (aD(Z, rﬁn)7 {13, :17/})

and for [ =1, 2,
ayg:= max PY( min Ty, =Ty),
L y€0D(z,18n—1) (56{1,2} Vs Vl)
az; = max_ PY( min Ty, =Ty,).

ye{z, 2’} se{1,2}

Lemma 4.3. For any ¢ > 0 there exists 0 < h < 2 such that for any (z,z,2') € Go"? and all
sufficiently large n € N, the following hold:

2—¢ 2+¢
— a12 < ;
pn ’ pn

a1,1 < 1-— (4.18)

T+ € m™—€

< _Te <1- " 4.19
921> 64nlogn 922 = 68nlogn ( )
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Proof. Fix e > 0. First, we will show (4.18). By (6.16) in [11], we obtain for all sufficiently large n € N,
2—c¢€
Bn

In addition, since D(z,7g,_1/2) C D(2,7g,_1) and D(z,7,) C D(x,2rs,) hold for (z,2) € Go®, (3.7)
yields that for ' € {z,2'} and all sufficiently large n € N,

arn <1-—

PY(T, <T < PY(T,y < Top
peorlx (T, DD(z,r5m)) S (T, DD(y 2rsm))
= max Py(Ty/ < TBD(Z//,Q”’[M))

B y€OD(Y' ,rgn_1/2)
_log(4rpn/ron-1) + O(rg, 1)
- log 7,

(1+0(1))

< 1+ c

= "an
Since a1,2 < maxyepp(zirs, ) PY(Te < ToD(zrsn)) + MaXyecon(zrg, 1) PV (L < Top(zyrg,)), We have
(4.18). Next, we will estimate (4.19). By (3.9) and (3.10), for any (z,z,2') € Go™” and y, v/ € {z,2'},

{: 2%'(1)3ﬁnlogn ify=1/,

< 2o BCN  log iy £y

> PYSm=1y,m < Top(ry) (4.20)

m=0

Hence, if we substitute Typy. 4,) into 7 in (3.5), (4.20) and picking h < 2 close to 2 yield (4.19) for all
sufficiently large n € N. O

Proof of Lemma 4.1 (2). Let

T := inf{m > ToD(2rpn) : Sm € 0D(2,78n) }

and
, .
a,,:= max PY(T <7 T <T
1 y€AD(2,r5n) ( OD(zmgn-1) Ko o152,
al o= max Py(TaD(Zmn_l) < T T > Ty 2s)-

2 y€OD(z,1m8p)
Then, the strong Markov property yields for any ci, c2, c3 € N,

max P(K(7k,,x) = ¢, K(7K,,, 2") 203,]\755”:01)
(z,x,2")€EGoMP '

< max max PY(K(7k,,z) + K(1k,,2") = ca + c3, N} fn = C1)
(z,x,2")€GoMP ye{z,a’} 7
+  max  PY(K(rg,,z)+ K(1k,,2") = ca + 3, Nj 5, = 1). (4.21)

(z,2,x")€Go™PB,
y€0D(2,18p)

Now we use weight ag; (or a};) instead of d;; in (3.11) or (3.12). For z € D(0, Ky), let M7, be the
number of excursions from 0D(z,r;_1) to 0D(z, ) until time 7, . Note that if we consider the simple
random walk starting at x or 2/, it holds that

K(1k,,x) + K(1k,,2") = ca + 3, Nj; 5, = 1) C{M}; 5, = c1 + 1},

then we can consider the path corresponding to (3.11) as n; = ¢z +c¢3+ 1 and ng = ¢ + 1. In addition,
if we consider the simple random walk starting at 0D(z,rg,), it holds that

K(rk,,x) + K(7k,,2') = ca + 3, Ny gn = c1) C{My, 5, = c1},
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then we can consider the path corresponding to (3.11) as ny = c2 + ¢3 and ny = ¢1. Therefore, for
c1 <ca+c3—1,(3.11) and (3.12) yield

max PY(K(7g,,z) + K(7k,,2') = ca + ¢3, N 5, = ¢1)

ye{za'} "
/cl i n Cl! i+1 cotez—1—i (c2+c3—1)!
aq . '.'a271 CL272 1 T
0dize — i)l (c2+c3—1—1)l!

max Py(K(TKn,I') + K(1xg,,2') = ca + c3, N7 on = c1)
y€OD(z,18p) ’

cy! ; (Cg—i—Cg—l)
c1—1i /i z co+c3—1i
< E a1 0127

- 2,14
L2 i)li! 2,2 (ca+cg—i)(i— 1)

Let us denote the probability in the left hand side of (4.21) by A. Then the above estimate implies

! . (CQ +c3 — 1)'
A<20e +1 ””LZ crbeo=l— . 4.22
Now, the strong Markov property yields that for any ¢ = 1,2
/
ay ;< max PY(T. < TK. )ai;-
15 = YEID (5m) ( 0D(z,rgn—1) Kn) 1,
Note that for any 0 < i < ¢,
afy "a| 2<( max  PYTyp(ers, ) < Tk,))"ail ‘af 2 (4.23)

y€ID(z,18n)

Now, we combine the last estimate with our assertion. For v € [0,2/(2 — 3)] and § > 0, we take
c1, ca and c3 so that 4% < ci/ngn < 72 + 8o, ca,c3 € [4a(log K,,)? /7, 4(log K,,)?/x]. Tt holds that
c1 < cg + c3 — 1 for sufficiently large n € N. Then, (3.7) yields that there exists C' > 0 such that for all
sufficiently large n € N,

—20Fy g(7)+5/4
PY(T; < A< CK, TP 4.24
(ye e (ToD(zrpn_1) < TK.)) (4.24)
Therefore, by applying (4.23) and (4.24) to (4.22), we obtain
—2aFy g(v)+8/4 c1—i i ! i cotc3—1—3 (C2 +c3 — 1)'
A< CK 0.6 ! —_ e . 4.25
=i 0Sige, (LWL L2 (e Ty 292 (cates—1—0)(i—1)! (4.25)

With the aid of Lemma 4.3 we will estimate the maximal term in (4.25). Let us define ¢(i) by

(i) = 1_2—6 aTiro 4 e\t ¢l
g = Bn pn ) (e —i)!
" m+e \ ] r—e @2t (c2+c3—1)!
66nlogn 65nlogn (ca+cg—1—0)(i—1)

Then, by Lemma 4.3 and (4.25), we have A < CK,,
1 < l < C1,

maxo<i<c, g(i). Note that for any

gli—=1) (=g (1= 5l —1)
9(0) (g i) (ea + ez —i)(er +1 1)

By taking the growth order of ¢;, ¢a and c3 into account, the maximum of g(i) among 0 < i < ¢; is
attained at

i:[(1Jro(l))\/(chr%)ClzJre o W‘

6n % 65nlogn
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In addition, the Stirling formula yields

24¢€ T+ €
g(’V(l + 0(1))\/<C2 + c3)cr 8n X 64n logn-‘ - 1>
- K:;a(Wﬂu—m)?/w(ew/s
SK:;au—7(1—5))2/6+f(e)+6/87

where f(e) — 0 as € — 0, ¢h = conr/(4a(log K,)?) and ¢ = cym/(4a(log K,,)?). The last inequality
comes from v <2/(2—- ) <1/(1—p) for v € [0,2/(2 — B)]. Hence, we obtain

max P(K(1x,,x) = c2, K(7K,,,@") = c3, N} gn = C1)
(z,w,:v’)EGoh'B ’

SCK;QOLFO,B(7)+6/4K;4a(177(175))2/ﬂ+5/4

:CKJQQﬁz,g(’y)JrJ/Z‘

Therefore,
B z
max P<x,x’€\I!Kn(a),72§ ~npn <72+50>
(z,z,2')€Go™P Ngn
< Z max P(K(1k,,x) = c2, K(1K,,2) = c3, Ny, g = c1)

zx,a')EGo P
y2<e1 /ngn<y>+do, ( )

ca,c3€lda/m(log Kn)?,4/m(log Kn)?]

gCKJQO‘ﬁZ,B(’Y)JFJ’
and, hence, the desired result holds. ]

4.2.2 Proof of the upper bound in Theorem 2.1

We keep using notations introduced at the beginning of the last subsection. We will prove in this
section that for any 0 < a, 8,6 < 1, there exist C' > 0 and € > 0 such that

P(|Oa0,8n] = K@) < CK, (4.26)
where
Oo5p1,m = {(2,2') € Wi, ()% s 7(g,n_gpvo < d(@,2) < r(3m-3)v0}-

Indeed, (4.26) implies the upper bound in Theorem 2.1. We begin with observing this.
Note that Theorem 1.1 in [9] provides that for all sufficiently large n € N,

Wk, (@) N Vg, ()] < K  as. (4.27)

Again, Theorem 1.1 in [9] yields |V, (o) < K279 for all sufficiently large n € N a.s. and, hence,
(4.11) yields

Wk, (a)] < KPR 5 (4.28)
Then, (4.27) and (4.28) yield that for all sufficiently large n € N,
{(z,2) 2z € Vg, (a),2' € Uk, (a) N Vg, (@), d(z,2') < rg,_s}| < KL2OHT 5 (4.29)

Note that logrg,_3/log K41 — B and 8 +— pa(a, B) is continuous. Hence, if we obtain (4.26), the
symmetry of z and z’, Borel-Cantelli lemma and (4.29) yield the upper bound in Theorem 2.1.
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To show (4.26), we divide the assertion into two corresponding estimate for ©, g(1—a),, and
©4,8(1-a),8,n- For the former one, note
1©0.0,80-a)n| < 4753l VK, ().
Therefore, by (2.18) in [27], (4.11) yields
P(164,0,501-a)n| = K2 ODH) <P(|Tg, ()] > K070+
P(|¥x, ()] > K20-9F30) < K <. (4.30)

IA

For the latter one, we use the following lemma.
Lemma 4.4. There exist h < 2, C > 0 and € > 0 such that for any ' € [B(1 — ), (]
tng = PO gnsapnl > KOPH) < CK <

We observe that the assertion for éaﬂ(l,a)”&n indeed follows from this lemma. Set 8; = 8(h/2)?
and [ = min{j : 8; < (1 — a)}. By Lemma 4.4 we have ¢, 35, — 0 as n — oo for j = 0,..,] — 1.
Combining this with the monotonicity of 8 +— pa(a, 3), we obtain the desired assertion. By virtue of
this and (4.30), we establish (4.26). Thus, the proof of the upper bound is now reduced to show Lemma
4.4.

Proof of Lemma 4.4. Let Zn’g/ i= 4rg, 472 N D(0, K;,) and 2z (z) the point closest to z in Znﬁ/. Let
do be as in Corollary 4.2. By the simple argument, we have

anp < 11 + I,
where
NZ 1 2
I :zP( max —Am > <+50) >7
ZEZAnVB/ nﬁ/n \/a
- , N? 1 2
Iy i= P( B grnjo g | > KL2(B)H4, B 5) ).
2 < a8'h/2,8'm| = KJ Z?Zi}; e N
Then,
zgr(z) 1 9
- B Y445
I gP(H(x,x') € Uk, () : ronnyas < d(z,2') < rgm_s, 7:;: < <\/a + 50> H > Kra(nf)+ >
zgr(z) 1 9
<K (0.0 € (@) s < ) < raa, 2 < (o) ]
B
Nzﬁz(ac) ] 9
SK;”(O"B,)*M Z P(x,m’ € Uk (), i ( + 50) )
z€D(0,Ky), ng'n \/a
:v’GD(z,’/‘B/n,?,)ﬂD(w,Tﬂlhn/273)°
Py (min{1/y/a.2/ (2—8")}) =35 e 2
—2a 7 (min « -8} — ~ ,
<CK, “s ’ Plz,2 el LIRS (NS
o " zeg(l(?,)l((n), <£17 * Kn (Oé) ngmn \/& 0
x’ED(m,rﬁ/n73)ﬂD(x,rﬂ/hn/273)c
<CK;°.

The last inequality comes from Corollary 4.2. Set € := aFy g(1/y/a + 6y) — (1 — 8'). Note that ¢ > 0.
Then, there exists C' > 0 such that

. . .
Iy <|Zp pr|C Ly, 2 o V00T

§0K2—26/_2aﬁ‘0’5/(1/\/a+§0)+e < CK;E

This completes the proof of Lemma 4.4. O
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4.2.3 Proof of the lower bound in Theorem 2.1

To prove the lower bound in Theorem 2.1, let 7, , :== 7, /7y and

Tr(1—B)n
Oapnn = {(3771’/) €Uk () d(z,2) < (125)}

Fix 0 >0,0<a,8 <1 and v > 0 with § < a and
2 — 28 —2aFy () > 2. (4.31)

Our main goal in this section is to show that there exist € > 0 and C > 0 such that for any n € N

P(|®u_spmmit| < KoT2072082000780) o cgen. (4.32)

Note that log 7y, (1—gyn41/log Kny1 — B and (, B) = pa(a, B) is continuous. Hence, if we obtain (4.32),
the Borel-Cantelli lemma yields the lower bound in Theorem 2.1.

Let A, be a maximal set of points in D(0,47,) N D(0,3r,)¢ which are 47, (1_g),_4 separated. The
primary idea of the proof of (4.32) is to consider ©y_s8nn+1 N D(z,rn7(1_/3)n/2)2 for each z € A,
instead of the whole ©,_53,n+1 and to count the number of elements in these sets. By the choice
of the radius, if both x, 2’ € D(z,7, (1—g)n/2) are (a — d)-favorite points, then (z,2') € O4—5pmn+1
automatically holds.

As the secondary idea, we restrict random sets to smaller one in order to make the variance of
the number of those sets smaller, as explained in introduction. The restriction we introduce here is to
control the number of visits to D(z, 7, (1—g),/2) by the number of excursions passing through annuli
around D(2, 7y, (1—gyn/2)-

For z € Ay, v € D(2,7,,(1-8)n/2) and 1 <1 < (1 — B)n, let Nél denote the number of excursions
from 0D(z,7y,) to D(z,7p 1) until time Typ. ). Let ﬁim = ﬁz(m) be the time until completion
of the first m excursions from 0D(z, 7y, ) to OD(z, 7y —1). Let

4o

Iz X7z T”v(lfﬁ)n 2
Wi = () o= |y e D522 ) ) = 22 o 10,7

and

Hf o= (W5, > K2P-20070-0))2/5-20

k,m

Especially, we let
Hf = {W*(RE(NZ ) > K202 (1=8))%/5-20y (4.33)

Roughly speaking, the event H} describes the situation that sufficiently many points as (o — §)-favorite
in a neighborhood of z when all the visit to the neighborhood before leaving D(z,r,) is finished. We
will say that a point z € A, is (n, #)-successful if |N§k —ng| <kforall3<k<(1-p)nand H; 5,
occurs. That is, the first condition gives a restriction on the number of excursions to a “typical” one.
Indeed, definition comes from the fact which is written in Remark 3.2 in [1]. Note that, this definition
is slightly different from that of [8].

By using the notion of successful points, we can reduce our problem to that for the number of

successful points. Indeed, by the definition of these notations,

Oa-spmnl = D (WA (RE_pn (N (1 5)a)))°
ZE.An

>H{ze A, :zis (n,B) — successful}\Kﬁﬁ_4a(1—7(1—5))2/5—45.
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Then, if there exists C' € (0,1) such that
P({z € Ay : 2 is (n, B) — successful}| > K2(1-F)-27*a(1=5)-0y > ¢ (4.34)

we have

—56)

P(|Ou_spnn| < KoT2P20Fp0)=50y <4 )

Since we have K, 1/K, > n® for n € N, by the same argument as that after (3.4) in [27] we have

242820k 5(v)—56

2+428—2a —568
P(|®a—s8nn+1] < Kn ) < P(|®a-s8nn prradzat)

< K. )2,

and, hence, we obtain (4.32). Thus it suffices to show (4.34) to conclude the lower bound.

According to the definition of successful point, we divide the major part of the problem into an
estimate of the probability of the event H (21_ 8)n and study of the effect of restriction on the number of
excursions. Lemma 4.5 concerns with the former one. The latter one will be treated in Lemma 4.10
below in combination with Lemma 4.5. Set fi, := 672ak?log k.

Lemma 4.5. It holds that, uniformly in z € A,
P(Hi—ﬁn,ﬁ(l_ﬁ)n—(l—ﬁ)n) = 1 - O(ln)

To prove the Lemma 4.5, we show the following three propositions. To state them we prepare some
notation. For z € Ay, x € D(2,7, 1-g)n/2) and (1 = B)n +2 <1 < n, N7 the number of excursions

from 0D(z,ry;) to 0D(x,r,, —1) until time R'(Zl—ﬁ)n,ﬁuf;a)n—(l—ﬁ)n' For (1 —B)n <1< n, set

N T A

For z € A, and n € NN {1} we say that © € D(z,7, (1-8)n/2) is (n, 8)-qualified if
\N;f—ﬁﬂ <nfor (1-B8)n+n<l<n.
After this, we consider n € N with (1 — 8)n > n/2.

Proposition 4.6. It holds that as n — oo,

Tn,(1-8)n . . .
PlsxeD|z, g )T (n, B)-qualified

K(R? . x) 2
"n,(1-B)n (L=B)nfi(1—gyn—(1—B)n’ 4y a 2

D : > — 1.
C{x © (Z, 2 ) (log K72 -7 log logn -

Proposition 4.7. For x € D(z,7,, (1-gyn/2),

P(z is (n, B8)-qualified) = (1 + o(1y))qn,

where qy satisfies the following: there exist c1(v, o, B,m) and ca(y,a, B,m) > 0 such that for all suffi-
ciently large n € N,

e—cmloglognK;%é(l—V(l—ﬁ))Q/ﬁ <qgp < e—Czn10g10g"Kn—20¢(1—7(1—5))2/5.
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Proposition 4.8. For z,y € D(2,7, (1—g)n/2), set
lz,y) :=min{l : D(x, 7, + 1) N D(y,rp; + 1) =0} An.

(i) There exist c3(v, a, B) and c4(y, a, 8) > 0 such that for sufficiently largen € N, allz,y € D(z,7 (1-gyn/2)
with (1 — B)n+n < Il(z,y) <n and all sufficiently large n € N,

P(x and y are (n, B)-qualified)

<pesecallntfn—n+1)loglogn 2 oy, <6ﬂa(1 —v(1—=B)*(1 —n+pn—n+1)log n)

(i) For all z,y € D(z, 1y, (1—g)n/2) with l(z,y) < (1= B)n+n—1

P(z and y are (n, f)-qualified) = (1 + o(1,))¢>.
Remark 1. Note that the choice of sufficiently large n € N is used instead of the fact that sufficiently
large 7 > 0 is picked in [1] or [11].

Roughly speaking, Proposition 4.6 ensures that the set of qualified point is essentially a restriction
of Wg(l—ﬁ) —(1-B)n’ Propositions 4.7 and 4.8 will be used to apply the moment method based on the
Paley-Zygmund inequality.

Proof of Proposition 4.6. We refer to the proof of Lemma 3.1 in [27]. (See also Proposition 3.3 in [1].)
Note that for any z € D(z, 7, (1—g)n/2)

K(R? _ x) 2 c
. . (1-B)n,fi1_gyn—(1—B)n> 4y oy 2
{x is (n, /3)-Quahﬁed} N { (logf;ll? 2 > zr " log logn}
C{K(RE, . @) < a1 (log K)? b.

SO N+ loglogn

Since there exists ¢ > 0 |D(0, K,,)| < e“1°8" for all sufficienly large n € N, it is sufficient to prove that
there exists ¢ > 0 such that

4y2 1
s loglogn

P<K(7%fm_n,x) < ( )(10g Kn)Q) < exp(—cn(logn/logyn)?).

This proof is same as that of Lemma 3.1 in [27]. O
Proof of Proposition 4.7. Fix x € D(z,7y, (1—g)n/2). Note that by (3.7), we have for (1 —-g)n+n <1<
n—1,xz9 € 0D(x,ryy),

x 1 -
P O(TaD(x,TmHl) < T8D(x,rn7l,1)) = 5(1 + O(TL 8))

as well as (4.14) in [27]. Then, for zo € dD(x, 7y, (1—g)n+n—1);

P (Typ( < Typ( =(1+0(n?)

Zﬂ’n,(lfﬁ)n—l) xvrn,(lfﬂ)rH»n))

n+1

In addition, for m_gy,4ry With |m_gyuim — (1—g)nty| < 7, let

G 1= > < " )ﬁﬂ—@n“mn“( 1 ) (fa—pyn — (1= B)n — 1)!
" n+1 n+1) (fig—gn — (1= B)n—1—i)ll

1<i<m(y—gyn4n AN —pgyn—(1—B)n—1)
( : )Z< 1 )m(lﬁ)””_i (Mm@ gy —1)!
n+1 n+1 (m(liﬁ)nJ’,n -1- Z)'Z' )
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Then, (3.12) and the same argument as Proposition 3.4 in [1], (4.13) in [27] or (5.9) in [11] yield that
P(x is (n,8) — qualified) = ZP(\NZ;” —fy| <nfor (1-Bn+n<l<n)=(140(1n))qn, (4.35)
where
. . - m;+mp—1 —1 1 e
=Y dn X 11 ( . ) <2> . (4.36)
I=(1-B)n+n+1

Here, the summations in (4.35) and (4.36) are over all m(;_gy, 4y, ---, M With |m; —7;| < n for (1—B)n+
n <1 < n. Hence, the Stirling formula yields that for m_gy,4,, With |m_gyuiy — 21—g)ng| < 7,

Gn > _n oA 1 ' (ngn — Bn —1)! 1 L n M(1-B)ntn "
VA n+1) (Agn—Bn—1—)lil\n+1) \n+1

(ma—gyn+n — 1!
(m(liﬁ)nfi»n —1- Z)!Z! i=(277\/ ﬁﬂnm(lfﬁ)nwLn7(m(176)n+n+ﬁﬂn75”))/2(77271)
=n°W, (4.37)

By the same estimate as in the proof of Proposition 3.4 in [1], we have for all m; with |m; — n;| < n
and (1 -8)n+n+1<1<n,
h)

my;+my_1 — 1 1\ mtm-l “1/2 1/ my 2 ,
— > — — —
< l ) (2) >c(my) exp m-1| -~ 1] +¢
(1—~(1—p))? logn}. (4.38)

b

>cen~(logn) ™42 exp{ 2

Therefore, we obtain

an >c(logn) ¢ K 2(1=v(1=5)%/8

and, hence, the desired lower bound holds. Note that by (3.12) it is trivial that
> Gn < 1.
M (1 gyntn=R(1-pntnl<n
If we use it instead of (4.37) and the similar computation to (4.38), we have the upper bound. O

In order to prove Proposition 4.8, we set the following sigma field as [1, 11]. First, define a sequence
of stopping times. Fix z € A, and x € D(z,7,, 1-g)n/2). For (1 = B)n+n <1 <n, let o [[] := 0 and

7O == inf{m >0: S, € dD(x,7n,)},
o] == inf{m > 70V([] : S, € OD(x,7p 1)} fori > 1,

xT

() (1] := inf{m > ga(j) (1] : S € OD(z,7p,)} for i > 1.

xT

In addition, let i := o(U;>o{Sm : o) ] <m< R [[]}). Then, we will obtain the following lemma.

Lemma 4.9. There exists €, with limy, o €, = 0 such that the following holds for all n — fn +n <
I <n—1, with [my — | <n and x € D(z,7p, (1-gyn/2),
P(Ni’f =m,; for alli=1,...,n|G)
=(1+e) PN =my foralli =1+1,...,n|N;} = ml)l{l\?j;f

=m}"
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Proof. The proof is the same as that of Corollary 5.1 in [11] since Lemma 2.4 in [11] holds even for the
simple random walk in Z? instead of the one in 2-dimensional torus. (See also Lemma 3.6 in [1].) O

Proof of Proposition 4.8. The proof is almost same as that of Proposition 3.5 in [1] since the same
argument as [1] holds even for the discrete-time simple random walk in Z? instead of the continuos-
time one with Lemma 4.9. (See also Lemma 3.2 in [27] or Lemma 4.2 in [11].) O

Proof of Lemma 4.5. As mentioned in Remark 1, we consider the same argument as that of proof of
the lower bound in Theorem 1.2 (i) in [1]( or [11]). If we pick n with c3 < 61 — 7 in Proposition 4.8,
Propositions 4.7 and 4.8 yield that for all sufficienly large n € N,

E Ha: € D(z, %(12_6)71> D xis (n,ﬁ)—qualiﬁed}” > (1+ 0(1))‘D<z, %(12_[3)”>

2
E[ {(x,y) € D<z, W) : x,y are (n, f)-qualified, I(z,y) > (1 — B)n + 77}H

2 n
(1 + 0(1))nC3 %21 Z n—677+7—6(l—n+,6’n—n+1)604(l—n+ﬂn—17+1) loglogn

f

2
EH{(x,y) € D(z, W) :x,y are (n, 8)-qualified, I(z,y) < (1 —f)n+n— 1}H

I=(1-B)n+n

<o(1)E H{x € D(z, 7“71(1—5)n> cxis (n, 6)—qualiﬁed}

and

2
2
-

<(1+ 0(1))‘1) <z ”‘(12‘5)")

Then, uniformly in z € A,

Tn,1-B)n \ . . . 2
E||kxz € D|z,——— ] :xis (n,[)-qualified

2
<(1+o0(1))FE H {x € D(z, W) cxis (n,ﬂ)—qualiﬁed}

:| 2
In addition, Proposition 4.7 yields that for all sufficienly large n € N,

FE H {LL‘ S D(Z, 7%,(126)n> 118 (n,ﬁ)—qualiﬁed} H > K?Lﬁ—Za(l_fy(l_ﬁ))z/ﬁ_é.

Then, by the Paley-Zygmund inequality, we obtain that as n — oo,

P(‘ {Jr € D(z, W) cxis (n,ﬁ)—qualiﬁed}‘ > Kzﬁ—Qa(l—’Y(l—ﬁ))Q/ﬁ—?é) — 1.

Therefore, by Proposition 4.6, as n — oo,

Tn,(-8)n . 1 (pe a1 2
P(‘{.’E S D<Z, 9 ) : K(R(I—B)n,ﬁ(l_ﬁ)n—(I—B)mx) Z ( . loglogn (log Kn)

> Kgﬁ—Za(l—v(l—ﬁ))Q/ﬁ—%) Y

and, hence, Lemma 4.5 holds for all sufficiently large n € N with 1/log,n < §. O
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As mentioned above, we will introduce the following lemma in order to prove (4.34).

Lemma 4.10. There exists 6, > 0 with lim,,_,o 6, = 0 such that

g, := inf P(z is (n,)-successful) > r(_l(fg;?M”). (4.39)

IeAn

Further, there exists ¢ > 0 such that for all x # y € A,,

2
P(x and y are (n, 3)-successful) < cﬁ%rlz(l 5)+6l(x’y). (4.40)

Proof. We refer to the proof of Lemma 2.1 in [8] or Lemma 10.1 in [11]. Substitute n, 1 — 3, I(z,y)

2v%a into m, B, k(x,y), a in Lemma 2.1 of [8] respectively and consider our event H(Zl_ By and

sup,e 4, P(HG _5), T _(1-p)n) 10 (6.23) instead of HE  and & in [8]. Now, we will say that a
point z € A,, is (n, §)-pre-successful if [N? , — 7| < k for all 3 < k < n— fn. As mentioned in [8], if we

)

replace “(n, 8)-successful” in (4.39) and (4.40) by (n, 3)-pre-succesful, the corresponding assertion is
essentially established in Lemma 3.2 in [27], while he considered the case 8 = 0 and his 7, j, is different
from ours. Since (n, )-successful point is also (n, 3)-pre-successful point, this yields (4.40). In addition,
we obtain that, uniformly in xz € A,

P(zx is (n, 8)-successful) > (1 + o(1,))P(z is (n, §)-pre-successful).
by using Lemma 6.46 instead of (2.13) in [8]. Therefore, (4.39) holds. O

Proof of (4.34). By the same argument as (2.11) in [8], we have that there exists C' > 0 such that
E[{z € A, : z is (n, B)-successful}|?] < CE[|{z € A, : z is (n, B)-successful}||?,

by using Lemma 4.10 instead of Lemma 2.1 in [8]. By the Paley-Zygmund inequality, we have (4.34). O

5 Proof of Theorems 2.3 and 2.4 and corollaries

5.1 Matrix’s argument
5.1.1 Basic matrix’s argument

Our argument in later is independent of the arrangement of the elements included in A C N. Then, we
consider (a;;)ijea as the matrix for some arrangement. Given n > 0 and for j € N let

M =M;(n)
={(ai1)ijen : |A] = j, A C N, symmetric,
for any 1 <i,l,p < jwithi # [l #p,p#i,a;;=1,0<a;; <1—n,
ai; < Gip=app=a;; and a;;] = a;p = a;p > a;;},
.A;ll :./\;ll(’l’]) = {(am)ie/\ : ‘A’ =1,AC N,Cbi,i = 1}
and for j > 2
M; =M;(n)
={(aip)iien : |A| = j,A C N, symmetric,
for any 1 Si#lgjaai,izlyogai,l < ]-_777
JdG,H c N,g,h e Ns.t. |G| =g¢,|H =h,GUH =A, g+ h =3,
(aip)itec € Mg, (aig)iten € My, for any i € G,1 € H,a;; = szléI/{ i}
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Proposition 5.1. It holds that Mj = M; for any j € N.

Proof. To prove that M; C Mj, we show the result by induction on 5 € N. If j = 1, it is trivial that
the claim holds. We assume that the claim holds for 1, ..., j —1 and show the claim for j. Consider any
(@ig)ijen € M; and s := min; jep a;;. Pick u € A and set A := An{u}°. Note that (a’Zl)zleA € M;_q,
and, hence, (a;1); ;3
and G, H which is satisfied with the conditions of ./\/lj_l. We will show (a;;)iien € ./\/lj. It is trivial
that all the condition of M except for last two conditions holds. Then, we will set G, H, g, h € N
such that |G| = g, [H| = h, GUH = A, g+ h = j and observe that this division is satisfied with
the condition of /\/l It is trivial that (a;;)iicq € Mg and (a;;)iicn € My, yield (a;;)ica € M and
(@i1)ijen € M, under assumption. Hence, it suffices to show that a;; = s forany i € G, l € H.

(i) Case: s =5

First, we consider the case that there exists m € A such that A > 8.

If Gy > s for some m € G, we should set G = GU{u}, H=H, g =g+ 1, h = h. Then for any
le H, ap) = 8§ = s < amy holds and, hence, the definition of M; yields that a;, = s for any [ € H.
Therefore, a;; = s for any i € G, | € H.

If @y > s for some m € H, the same argument as above yields a;; = s for any i € H, | € G where
G=G, H=HU{u},g=gand h=h+1.

Second, we consider the case that for any m € A, Qm,u = 5. Then, we should set g = g + B, h=1,
G =GUH and H = {u}. Then, we obtain for any | € G, a;,, = s

(ii) Case: s # §

We should set g=§+h, h=1,G=GUH and H = {u}. Note that there exists m € G such that
am,u = 5. Then, since Gy, < @y, for any | € G, the definition of M, yields that a,; = s. Therefore,
we obtain M C Mj.

Next, we will prove Mj C M;. If j =1 or 2, it is trivial that the claim holds. For j > 3, we
consider any (a;)ijen € M;. It is trivial that (@i1)iiefur sy € M3 holds for any {uy,us,u3} C A.
Then, it suffices to prove the case that j = 3. Consider the case that G = {u1,us}, H = {us} and
observe the conditions (i) a;; < a;p = a1p = a;y and (ii) a;; = a;p = arp > a;y.

i€ M —1 holds under assumption. Then, set 5§ = min; 1A Gils g, h with g—l—h =j—1

1. (i,1,p) = (u1,ug,u3): (i) The assumption ay, u, < @y, u; contradicts the condition of ay, 4, =
mini,le{ul,ug,U3} Qg 1.

(ii) If @y, uy = Guy,ug holds, the fact that ay, uy = Gy, 4, yields the result.
2. (i,1,p) = (u2,u1,us): The proof is same as above by the symmetry of u; and us.

3. (4,1,p) = (u3,u1,u2): (i) The assumption ay, .y, < Qusu, contradicts the condition of ay, ., =
Qugz,uz-

(ii) The result is trivial since @uy uy = MiNG e fu; g us} @il YiEldS Guyuy > Qug uy -
4. (i,l,p) = (us,u2,u1): The proof is same as above by the symmetry of u; and us.

5. (i,1,p) = (ug,us,u1): (i) (ii) The condition of M3 yields Gusu, = Guyus and hence the results
holds in any case.

6. (i,1,p) = (u1,us,uz): The proof is same as above by the symmetry of u; and us.
Therefore, the symmetry of w1, ue and us yields the desired result. O

Remark 2. Now, we explain why we set M;. We will show that

(ﬂ'Gn(fL’i, .’L'l))
2logn 1<i1<;
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for x; € D(0,n/3) with 1 < i < j is asymptotically close to some element in M; in some way later.
All the conditions in the definition of M; except for last two conditions are imaginable. Hence, we will
observe that (G (x4, 21))1<ii<; for x; € D(0,n/3) with 1 < i < j has the property which asymptotically
is close to last two conditions of M;. Consider some sequence {xl(gn)}neN with l”(cn) € D(0,n/3) for
k€ {i,l,p} such that d(xgn),xl(n)) = nfto) and d(xz(-n),:vz(gn)) = pfeto) with 0 < e < 3. Then, (3.9)
yields that

21— B +e€)+o0(1)

logn

for all sufficiently large n € N. In addition, it is trivial that d(:nl(n),w;,n)) = nPt°) and, hence,

20=B) +01) )0y, — G(@™, 2} ~ G (@™, 2(™),

where a, ~ b, means a,/b, — 1 as n — oo for any sequence. This fact corresponds to “a;; < a;p =
aip, = a;;” in the definition of Mj. To observe other condition in the definition of M;j, consider

some sequence {xlgn)}neN with SC](:) € D(0,n/3) for k € {i,l,p} such that d(xz(‘n)vxl(n)) = nf*oW) and
d(m(n)’ ngn)) = nfto), Then, (8.9) yields that

_2(1=p)+0(1) (2™, 2(M) = 2(1-p) +o(1)

(n) _(n)
Gn(z; " x)7) - logn, Gp(z; 7, 2,") = - log n.
In addition, it is trivial that d(xl(n),xl(,n)) < nPtoM) holds and, hence,
n 2(1 — 1 n n
Gulz™, 2(V) > ( 573+o( )lognw (2™, ™).

This fact corresponds to “a;; = a;p = a1 p > a;;” in the definition of M.

Hereafter, in Sections 5.1 and 5.1.2, fix j € N and if we mention no thing, we consider (a;;)1<ii<;j €
M as the represented element of M; and its division G = {1,...,g}, H = {9+ 1,...,9 + h(= j)} as
above. In addition, let s = minj<; ;<;j a;;.

Proposition 5.2. Any element included in M is reqular matriz. In other words, for any (a;;)1<ii<; €
M, there exists a unique solution yi,...,y; such that

(ai)1<ia<i(y, - y;)" = (1, )T

Proof. We will show the claim and in addition the following conditions (A) and (B): when j = 2,

J
1—sZyi>O,
i=1
(B) y; >0forany 1<i<j.

When j = 1, we change (A) to 1 —y; > 0. We will show the results by induction on j € N. It is trivial
that the claim holds for j = 1 since y; = 1. Assume that the claim, (A) and (B) hold for 1,...,j—1. We
will show that the claim, (A) and (B) hold for j. The assumption yields that (a, l)lgz‘,lgg € M, deter-
mines a unique solution (z1, ..., zy)? such that (as1)1<iji<g(21, - z)t = (1,...,1)T and (@i1)gt1<ii<j €
M), determines a unique solution (z], ..., 2;)7 such that (a”)g+1<z l<g( 2 2i)t = (1,..,1)T. In ad-
dition, the assumption of (B) yields z; > 0 for any 1 < i < g and zl >0 for any 1 < i < h. Therefore,
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it holds that z; + 821§l§g,l;ﬁi zp<1lforany 1 <i<gandz + 321§l§h,l;ﬁi z) < 1forany 1 <i<h,
and, hence,

It comes from s <1 — 7. If we set

(1—s Z?:l 2z

Y= o for any 1 <1 < g,
1= 8237 230 %
(1-s Zgzl Zi)zl,—g

Yy = forany g +1 <1 <7,

R
1 — 52 Z?:l Zi D i1 %

it is the solution such that (a;;)1<ii<;(¥1, -, y;)T = (1,...,1)T. Hence, we have proved the existence of
the solution. Hereafter, we will observe the properties of y1, ..., y; under assuming the existence.
First, we will show (B). By Proposition 5.1, it holds that

g J
E(al7iy¢) +s Z y; =1 forany 1 <[<y, (5.2)
i=1 i=g+1
g J
s yi+ > (ay) =1 forany g+1<1<j. (5.3)
i=1 i=g+1

Hence, by the definition of z1, ..., zg, 21, ..., 2},, we obtain

izg;?ﬁz (1—5 zjz yz>zg:zz z]: yi = <1—Szg:yi>z,zz’».

i=g+1 =1 i=g+1 =1

Then, the simple computation and (5.1) yield

g
Zy_ = 1ZZ_SZ% llez 1%
;=
1_522': ZiZi:I Z

J
Z yi = z 1 7,2 821 1% z 121’ (54)
i=g+1 1—s2370 2 Zi:l i

)

and, hence,

J

Y = lel+22 121_25 Z’lzzl z
E ;=
i 1_32Zi 21211 Z

Now, if we let 5§ = minj<; ;<4 a;;, under assumption of (A) we have that for g > 2,
g
—5> 2z >0. (5.6)
i=1
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Since § > s for g > 2, (5.4) and (5.6) yield

g g Z\Y
1— g ) 1— ’ )
1 —s § yi = SgZzzl 27]; / 2 ‘22121 Z;_L /
L=s2370 22 L=82320 1 zi) %

In addition, since § > s for g = 1, (5.4) and (5.6) yield

> 0.

1-— 1—35§
1—sy; = el > Sk > 0.

2 h / W2 h /
1—s221) 420 1—=s%21) ;42

By the definition of yg41,...,yj, 21, ..., 2}, and (5.3), we have (yg41,...,y;5) = (1 — s> 9, vi) (2], ...2},).
Then, since we assume the solution 21, ..., zj, is satisfied with z; > 0 for any 1 < ¢ < h, it holds that any
solution Y441, ...,y; is satisfied with y; > 0 for any g +1 < ¢ < j. In addition, by the same argument
as above, the definition of y1,...,y4, 21, ..., 2y and (5.2) yield y; > 0 for any 1 < i < g, and, hence, (B)
holds.

Second, we will show (A). The fact that y; > 0 for any 1 < ¢ < j and 2521 ar;y; = 1 for any
1< <jyields s Zgzl y; < 1 and hence we obtain the desired result.

Now, we turn to prove uniqueness of the solution by using the result of (B) we have already obtained.
In general, it is known that

V = {(yl, ceny yj) . (ai’l)lgugj(yl, ...,yj)T = (1, PN 1)T} = X0 + KerA,

where z is a characteristic solution for (a;;)1<ii<j(¥1,-.,y;)7 = (1,...,1)T. By the result of (B), it
holds that {v = (vl,...,vj)T cw; > 0} D V. Since V is a linear space, that Ker(a;;)i1<ii<; # {0}
contradicts it. Then Ker(a;;)1<ii<j = {0} and, hence, we have the desired claim.

Recall that x(A) is the summation over all the elements of A~ Note that if we consider (@ig)1<ii<j
and (y1, ..., y;) such that
(ai)1<ii<i (W, - y)" = (1, 1),
X((@i0)1<i4<5) = Y11 yi holds.
Proposition 5.3. For any € > 0 there exists § > 0 such that for any (a;)i<ii<j € Mj, (Gi1)i<ii<j

with maxi<;<j|a;; — G; | < 0 the following hold: (@;1)1<ii<; is regular matriz and

<e.

‘X((az‘,Z)lsmﬁ) = x((@i1)1<ii<y)

Remark 3. It is trivial that Proposition 5.3 yields the following: for any € > 0 there exists § > 0 such
that for any n € N and (a;1)1<ij<; € My, (@iy)i1<ii<j with maxi<;i<j|ain — a; 1| < on the following
holds: (@;;)1<ii<; is reqular matriz and

<

‘X(m”)lﬁzlﬁﬂ) — x((as,)1<i<5)

n

Sie

Proof. First, we will prove that M; is the closed set for each j € N. We consider max;<; ;<; |ai; — a;7l|
for (aig)i<ii<j, (%J)lﬁi,lﬁj € M, as the metric on M;. Consider (a%)lﬁilﬁj € M; and (a f‘;)1<”<J
such that (a ”)1<”<J — (a ”)1<”<] as m — oo. Set for k € N, my, := inf{m > my_1 : o]} > ai’y
with m; = 1 and inf() = 0. First, we assume that a7y < a7y, holds for some 1 < 4,1,p < j with
i # 1,1 # p,p # 1. Then, supmy, < oo and hence by the definition of M; there exists mg € N such that
for any m > my, aly, = a;]- Therefore, ar, = a7y holds.

Next, we assume that a7] = a7, holds for some 1<i,l,p<jwithi=#Il1+#p,pF#i Ifsupmy < oo,
by the definition of M there ex1sts mg € N such that for any m > mo, a;", ", = a;y, and, hence, a?% > af‘l’
If sup my = oo, by the definition of M; we obtain a;} = a5, and, hence, the assumptlon of afy = a7y
yields afj, = affl’. Therefore, M is the closed set and hence compact.

%,p
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Now, we turn to prove the desired result. Note that

| < 1. 5.7
(2 o < o
In addition, Proposition 5.2 yields that det(a;;)1<ii<; # 0 holds for (a;;)i<ii<; € Mj;. Then, by
compactness of M, we have inf(,, ), ,_;em; [det(aii)1<ii<;| # 0. Hence, (5.7) yields that there exists
§ > 0 such that for any §;; with |d;] <9,

inf - |det(ai; + dig)1<ii<s| # 0 (5.8)

(as1)1<iji<jEM;

Therefore, the first claim holds. Finally, it is trivial that (5.7) and (5.8) again yield the second claim,
and, hence, we obtain the desired result. ]

Remark 4. By the same argument as Remark 3, (5.7) and (5.8) yield the following: for any e > 0 there
exists § > 0 such that for anyn € N and (a;1)1<ii<j € M, (@i1)1<ii<j with maxi<;<;|a;n—a; ;| < on,
it holds that for any 1 <i <j

, (5.9)

Sl

lyi — 0i| <
where

g:l (cofactor of aym) _ Z'Zj:l (cofactor of ay;)
det((ain)i<ii<;) ' det((ai1)1<i<))

Yi =

In addition, (B) in Proposition 5.2 and compactness of M yield that there exists ¢ > 0 such that for
any n € N and (ai;)1<ii<j € M,

C
P> . 1
vi > — (5.10)

Therefore, (5.9) and (5.10) yield that there exist 6 > 0 and ¢ > 0 such that for any n € N and
(ai’l)lgugj S Mj, (CNLN)lgi,lgj with maxi<ii<j |ai,m - CNLN‘ < (5TL, it holds that fOT' any 1 < 1 < j

. _c
Yi > (5.11)

We write (a;;)i1ea which is satisfied with conditions of M j as

M{(a;1)iiea, (aig)iicm, s}

However, we conveniently use the following meaning of this symbol. If we write

(aig)i<ii<j = MA{(big)1<iji<g, (big)1<iji<n, S}

for g +h = j and (a;;1)1<i1<j € M, we consider the case that

i = Ming <1< aig = 8 for 1 <i<g,g+1<1<y,
i = b for 1 <i,1<g,
il = Bifg,lfg forg+1<i,l <j.

To divide M, we define = : UjenM; — R as follows:

E((aip)igen) ==((aig)itea) + E((ai)igen) + 1 — s,
=((aii)iea) :=0 for any A with [A| = 1.

Lemma 5.4. = is independent of the division we select, and hence = is well defined.
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Proof. We simply write this proof by induction on j € N. It is trivial that the claim holds for j = 1.
We assume that the claim holds for 1,...,j — 1 and show the claim for j. Assume that there exist two
different divisions G, H and G, H Wthh are satisfied with conditions of ./\/l If we consider the case
that HNH #0, HNG # 0, GNH # 0 and GN G # 0, it holds that

min a;; = min a;; = min a;; = min a;; = s
i,eG i,leH ileG i lEH

and

il)ileG = M{(a’ivl)i,leGﬂé’ (%l)i,zean{» st

Jijernr = M{(ai1)

‘ )i,leé = Mﬂai,l)i,leém@ (%l)i,leémH» s},
) (i)

1) 1e HNG> (aial)i,leHﬂH7 s},
ai)igerr = M{(ain); e angs (@) e nm st

Hence, we obtain

8
5
M
Q
2
Q
~—
+
1]
—~ S
—
8
=
~
M
Q
)
T
~—

K
N
o]
)
Q
SN—
+
—
—~ =
£
N
o
m
Q
o)
T
N—

ail)iefng) + E((aivl)z‘,leﬁmH) +2(1-5s),

and, hence, E((ai)iieq) +E((ai)iten) = E((ai1); 1ca) +E((@i1); e ) holds. In addition, if we consider
the case that H N H = (J, it holds that

min a;; = min a;; = s,
i,leG 3,leG

and

(ain)ijec = M{(ai1); jcone (@i0);jeoni 51
(@i1);1e6 = M{(%l)i,mémcv (aial)i,leéﬂH7 s}.

)

Hence, we obtain
E((aiitec) + E((ain)iten)
=E((ai);1eani) + EW(@i1); jeona) + E@in)iten) +1—s
'l)z‘,leGmé) + E((ai,l)i,leH) +1—s,
( l)i leﬁl)
((ai0); jecnm) + E(@in);eq) +1—s
(

(@in)iger) +E((ai);eq) +1 -
E((aiy), leG) ((a@i); ) holds. Since the same proof as
0, GNH =0, or GNG = 0, the desired result holds. [

S

1,1 i,leH ) (

)
)
)
az,l)l,lg ) +E(
)
);

/5/\

[I]

Qi z,leG’mG’)

[I]

8

Zvl % lEGﬁG)

—
—
—

and, hence, Z((ai;)iicc) + Z((ai)ien) =
second case holds for each case that HNG =

Then, let
Gr = {(ai)iter € M : E((aig)iter) = 7}

and for j e Nand r <1 —m, Ay(nj) = (@i)1<i<; which is satisfied with (a;;)1<ii<; € Mj and a;; =r
for 1 < i # 1 < j. Note that A7(«1) is independent of r. We sometimes write it as A, Next, we will
observe the additional property of the matrix included in M.
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Proposition 5.5. For anyr <j—1
J

min o x((a50)1<i0<5) = X(Agjzr/(j—l)) i

(@i1)1<i,1<€Gr
To show Proposition 5.5, we use the following two lemmas.

Lemma 5.6. Consider any (a;1)1<ii<j, (@i1)1<ii<j € Mj with (aig)i1<ii<j = M{(ai1)iieq (@i1)iien s},
(@i1)1<ii<; = M{(@ip)iiea, (@i)igen, sy Then, if

x((ai)itec) = x(@i1)iiec) and x((aip)iiern) = x((@i)iien),

it holds that

X((aig)1<ii<i) > x((@i1)1<i1<5)-

Proof. Note that it suffices to prove the case that (a;;)iie¢ = (@iy)ijcc since we can prove the claim
by repeating the same proof. Let

b+ c— 2the

9,0 €)=

where 1 — t2bc > 0. Then ¢ is monotonically increasing in ¢ since the simple computation yields

o9 (1—th)?
A SR N )
de (1 —1t2be)? — 0
Note that (5.5) yields
x((ain)ijea) + x((ai)igernr) — 25x((aig)iiea)x((ain)iien)
1 —s2x((ai1)igec)x((aip)iier)
29(57X((ai,l)LlEG),X((%,l)i,leH))-

x((aip)i<ii<g) =

Since ¢(t, b, c) is monotonically increasing in ¢, the assumption yields the desired result. O

Lemma 5.7. Considerr < j—1,0<~y <~y <y <lwithr=(g—1)1—v)+h-1)1-ym)+1—7
and M{A%),Agf),y}, which is satisfied with r = E(M{A(Wgz),A(V?),v}). Then, fizing the values vy2 and
T, X(M{Ag,g),Ag}f),v}) is minimized at v = ;.

Proof. Fix the values 75 and r. Note that r = E(M{A%), Agf),fy}) =(g—1)(1=)+(h—1)(1—>1)+1—v
is constant and hence (9—1)y2+(h—1)y1+7 is. Then, if we set p = (g—1)y2+1and ¢ = (h—1)y1+v+1,
p and ¢ are constants. In addition,

h

(AW = (S

g
(9= Dy +1 m

Then by (5.5) it holds that

FO) =x(M{AY, A, )
(AR (AR - 2 (A (A)
1— 2 (A9)x (Al
_g((h=Dm +1) +h((g =Dy +1) — 27gh
(g — D2+ D)((h— Dy + 1) — 72gh
(@ —7)p—~*gh

36



Note that we consider 0 < v < (¢ — 1)/h and show that f is monotonically decreasing in 0 < v <
(¢ —1)/h. The simple computation yields

8f(v) ((g—p—~°gh) (=g — 2gh) — (9(q — ) + hp — 2vgh)(—p — 2vgh)

I ((g —=v)p — ¥%gh)?
2
—g2h(1 + 2h)(y — 51222)2 + h(éq_:_;g) — 2gpgh + hp?

((g = 7)p —¥2gh)?

and set
. 9 99+ hp 5 h(gg + hp)? >
= —g“h(1 4+ 2h — — 2gpgh + hp~. 5.12
f g 1 )(y ng2gh) (1520 qpg p (5.12)
Note that it holds that
-1 ~ h
qT < the apex (summit) of f = m (5.13)

Because we can compute

h(gq + hp) — (¢ — 1)g(1 + 2h) =h*p + g(h + 1) + gh — gq(h + 1)
=h’p—g(h+1)(g—1) +gh
>h*((g — )y2 +1) — g(h + 1)k + gh
=h(g+h)(1 —192) > 0.

The first inequality comes from —(¢—1) > —((h—1)y2+72) = —h~2 and second one 2 < 1. Therefore,
we obtain (5.13). In addition, we claim

f(‘];l> <0. (5.14)

Because we can compute

hf<q;1) = —g(g9+2gh)(q — 1)* + 2gh(gq + hp)(q — 1) + I*p(p — 29q)

—g*(q—1)* = 2¢°h(q — 1)* + 2¢°h(q — 1)?
+292h( 1) +2gh*p(q — 1) + h*p(p — 29q)
— % (g — 1)* +2¢°h(q — 1) — 2gh*p + h*p*

1)
— (ph —g(q —1))(2gh — g(q — 1) — hp) < 0.

The inequality comes from ph — g(q — 1) > ghy2 > 0 and 2gh — g(¢ — 1) — hp > 2gh — gh — hp > 0.
Therefore, by (5.12), (5.13) and (5.14), we have that for 0 <~y < (¢—1)/h, f(7) < 0. Then, we obtain
the desired result. O

Proof of Proposition 5.5. It is trivial that X(Agj)r/(] 1)) = j/(j — r) holds, and, hence, we will show

only min,, ), ., ,;e6, X((aii)1<ii<j) = (Agj)r/(] 1)) We will prove by induction on j € N. If j =1 or
2, it is obvious that the claim holds. Assume that the claim holds for 1,2, ..., — 1 and show the claim
for j. If we show the case that g Ah = 1, Lemma 5.7 yields the desired result. Only the case that j > 4
and g, h > 2 is remained since g A h = 1 holds for j = 3.

For any r < j — 1 consider some (a;;)1<ii<j € Gr. For (ai)i<ii<j = M{(ai1)ijiec, (@i1)iicH, S}

we pick M{ASQQ), Ay ,'y} which is satisfied with v = s, E((a;1)iieq) = (AEYQQ)) =(g—1)(1 — ) and
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E((aip)iten) = ”(ASZ)) = (h —1)(1 — y1). Without loss of generality, we can assume that v; < 7.
Note that M {Af2 ,A(1 ,7} € G. By Lemma 5.6 and the assumption, we obtain

X(M{AD AW 4}y < x((ain)i<ii<))- (5.15)

In addltlon consider M {Avg),AW}IL),'yl} which is satisfied with (h — 1)y1 + v = h¥1. Note that

M{A’yg ) % ,71} € G,. By Lemma 5.7, we obtain

X(M{AD, AP 1)) < x(M{AD), A ). (5.16)

Next, we consider M{A(j_l) AWM 4}, which is satisfied with (g — 1)y2 + h31 = (j — 2)32 + 51. Note
that M{A%) U=l 40 Y1} € Gr. In addition,

M{A(g A(1 7’71} M{M{A(g A(h Y 7’71}7‘4(1)7’}71}7

Y2’ Y2

since 2 > 71 holds. Then, by Lemma 5.6 and the assumption, we obtain

X {AYY 4D 71}y < x(M{AD, AV 7)) (5.17)
Finally, Lemma 5.7 yields
WAD ) < x(M{AYTD, 4D 1)), (5.18)

Note that Agjzr/(]‘_n € G,. Therefore, by (5.15), (5.16), (5.17) and (5.18) we obtain the desired
result. O

Remark 5. We write the example of above matrices. Consider the case that j =5, g =3, h =2 and
some (ai)1<ii<s = M{(ai1)1<ii<s: (@in)igefasys st- Then, (5.15), (5.16), (5.17) and (5.18) imply

1 a2 a13 s s 1 v v v v I %2 2 71 7
a1 1 as3 s s Y 1 v v v Y2 1 7% 1 m
X|as1 azz 1 s s 12x|rv 2 1 v v =2x|7r2 2 1 1 %
s s s 1 ass Yy v v 1 m Mmool on
s s s asy 1 Yoy o1 Mmoo n n 1

I %2 92 %2 ™ L' 5y 5 77

Y21 2 e M ¥y 1 557

>xX |72 2 1 % n|l=2x|(vy v 1 3 9],

Y2 Y2 2 1 m ¥y y 1A

Mmoo o1 vy 1

where 5 :=1—r/(j —1).

5.1.2 Preliminary for main results

In this section, our goal is to show Proposition 5.10, which is used in the upper bound in Theorems 2.3
and 2.4. We will estimate this by using matrix’s arguments in Section 5.1. To show this, we prepare
additional notations. Given real valued j x j matrices (m;)i<ii<j, (M} ;)1<ii<j, let

El(min)1<ii<is (M )1<ii<y]
=E[(mi)1<ii<is (M )1<i<i1(d, n)
={(z1,...,z;5) € (Zi)j tmiy < d(zg, ) < m;l forany 1 <i#1<j}.
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Note that this set is independent of diagonal element of matrix. When m;; for 1 < 4,1 < j is constant
and m}; be, we simply write E[(m; ), (m;;)]. Fix 0 < < 1. For 0 <n < 1 with 7 < (1 — ) A3, let

M= M E[(L = B), (1 — 1)
and for (a;;)i<ii<j € M?’" and &' > 0 let

Evl(ain)1<ii<s) = Ev[(ain)1<ii<s) (G, n)
=€ (5%4%1_““U15yJ§j7(anl_““”+y)1giJ§j )
H =N (j.n) = {Exl(ai)1<ia<i) (. ) « (ain)1<ia<j € M}
To show Proposition 5.10, we use the following two lemmas.

Lemma 5.8. For any 0 < §',n <1 withn < (1 — B) A8 there exists ng € N such that for any n > ng
and (x1, ...,x;) € E[(n"), (n)] there exists V € H® (j,n) such that (z1,...,x;) €V holds.

Proof. We will show by induction on j € N. It is obvious that the claim holds for j = 1,2. As-
sume that the claim holds for j — 1 and consider any (z1,...,z;) € E[(n"), (n?)]. Put 1 < ig,lp < j
such that d(x;,,xy,) = mini<jz<; d(z;, 2;). Then, by the assumption, for (z1,...,x1,—1, Zig+1, .-, Tj) €
El(n"), (n®)](j — 1,n) there exists

(@i)ijeqt,lo—1,00+1,...5} € /V1ffﬁ (5.19)

such that for any i¢,0 € {1,...,lp — 1,lp + 1,...,5}

— ;. —a- !
npl=%l < d(zi,x) <27 Lpl=aiit+o’

271
Set (di,l)lgi,lgj as follows:
Qi =a;; =a;; forany 1 <i,0#1ly <7y,
dlo,l = dl,lo = aio’l for any 1 S l 75 io, lo S j,
~ ~ j—1) log 2—log d(z, ,
i = sy = 0= ( (S 1) v - )

apl, = 1.

In addition, @;,;, = maxi<;zi<ja;; holds since g(s) := max{b € [1 — 3,1 — ] : 2 IHpl=b < ¢ <
2711+ is monotonically decreasing and §(d(ziy, 1,)) = @iy and §(d(z;, 7)) > @;; hold for any
1<i#l<j.

Now, we will prove that (@;;)1<ii<j € Mf’n as follows. It is obvious that the definition of (@;)1<i<;
yields that (@;;)1<ii<; is symmetric and (@;1)1<ii<; € E[(1 — 5), (1 —n)]. Then, we will prove that for
any 1 <id,l,p <jwithi #Ll#pp#i, (1) @iy < aip = G1p = a;; and (ii) a;; = Gip = a1p > Gi as
follows:

L. 4, l,p# lp : (5.19) yields (ai;)i<ii<; € M; . Hence, we obtain (i) and (ii).

2. i =1lpand p,l # g : (i) If @y < Qyyps @ig1 < Giyp holds. Therefore, (5.19) yields a;p, = a;p =
o1 = Qy,, holds. (i) The proof is almost same as (i).

3. (p=1lpand i,l #ip) or (I =1y and [, # ig) : The proof is almost same as above.

Then since (G;;)1<i<; is symmetric for g and g, it is remained to prove (i) and (ii) for the following
cases.
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1. i =1lp, | =iy : (i) The assumption contradicts. (ii) Since @, , = Gigp, Aly,iy = 1y,p yields the
result.

2. i=1lp, p="rp : (i) The result is trivial. (ii) The proof is almost same as above.
3. Il =1y, p=-rp : (i) The assumption contradicts. (ii) The result is trivial.

Therefore, we obtain (@;;)1<ii<;j € Mf” In addition, we will prove (z1, ..., z;) € 55/[(di7l)1§¢,l§j]. Note
that the triangle inequality yields that for any 1 <[ < j with [ # g, lo,

d(zyy, xp) <d(x1,, Tio) + d(4, 1)
§2j—1n1—&i0710+5/ +2j_1n1_a1'0«l+6/ S 2jn1—&107l+5/’

and since d(zy,, 1) + d(z1,, i) > d(ziy, 21) and d(zy,, 1) > d(z,, i),

nl %l — inl_&lo,l

1
271 27

DN | =

d(ziy, 21) >

N |

d(z1y, 1) >
Therefore, for any 1 <i#1[ < j
%”1_5‘” < d(wi, @) < PntTEtY

and, hence, we obtain the desired result. ]

Note that (a;;)1<ii<j € Mf’n is satisfied with 0 < (j—1)n < E((ai1)1<ii<;) < (j—1)B. In addition,
to introduce the next lemma, for 0 < ¢ < (j — 1) and ¢’ > 0 set

M = {Exl(ain)1<ii<s](Gim) « (aig)1<ii<s € MO E((ai)1<ii<) = t)-

Lemma 5.9. For any € > 0 there exist 6p > 0 and C > 0 such that for any 0 < t < (j — 1B,
0 <& < do, Exl(air)i<is<;](G,n) € HY and any n € N,

Er(aig)1<iiy]] < CnH2Te/2,

Proof. To prove the claim, for 0 < ¢ < (j —1)3, &' >0, x € Z2 and |A| = 1 set

/

ch ((ai,i)ieA) =0,

and for j > 2 and m € NU {0}

!

DY ((ai ) m<ij<me+j)
={(22, ..., w;) € E[(0), (Ln* =% T0) 1 toiicms] (G — 1) :
d(z,z;) < Lt~ 0m+11t0" g any m+2<I<m+j}, (5.20)

and in addition
Hrp2(3) = {02 ((ai)1<i0<)) + (aig)1<ia<j € MP E((ai)1<i0<)) = t-

Then, it suffices to prove that for any € > 0 and L < oo there exist dp > 0 and C > 0 such that for any
0<d <o, weZ2 t<(j—1)8, (ai)i<ii<j € M?’n and any n € N

‘Dg'((ai,l)1§i7l§j)| < Cn2t+6/2.

We prove this by induction on j € N. It is obvious that the claim holds for j =1, 2. Assume:chat the
claim holds for 1,2, ..., j — 1. To show that the claim holds for j, consider D:‘z; ((ain)i<ii<j) € ’Hf’lM’x (7).
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Set Z((ai1)itec) = t1 and Z((aiy)iicn) = t2, and hence t = Z((a;1)1<ii<j) = t1 +t2+ 1 — s holds. In
addition, note that if we let ' := 21 and 2" := x4, it holds that

DY ((ain)igec) € Hey apwr(9),  Don((@in)iger) € Hyy ar o (h)- (5.21)
Then, by the assumption we can obtain that there exist 0 < §y < €¢/12 and C' > 0 such that for any
o' 2" €72,0< 8 <o, t1 <(9—1)B, t2a < (h—1)8, (ais)i<ii<j € Mf’n and any n € N, it holds that
D3 ((aid)isea)| < Cn®Fe/S DY, ((aig)igem)| < Cn?2</S and, hence,
6/
D3 ((ai)1<i1<5)]|

/ " X
S Z |{(x7$27'-'733g733 ,xg-l,-Q,-..,f,Uj) .
IIEZQ ( )<LTL1 s+687

(2, wﬂfg) € D% ((aig)itea), (Tgsas i) € DO((aig)isen)}]

<Cn* 22 DY (ain)igec)| % D2 ((aig)igen)]
<Cn2t1+2t2+2—25+e/2 — C'n2t+€/2.

The last inequality comes from ¢’ < €/12. Therefore, we can obtain the desired result. O
Remark 6. The reason why we set “L” in (5.20) instead of “277 is to ensure (5.21).

Note that by Lemma 5.8, it holds that for any 4’ > 0 there exists ng € N such that for any n > ng
and (21, ...,x;) € E[(n"), (nP)]

{(ai)1<iz<y € M2 (21,0, 35) € Ex[(ain)1<iazs]} # 0.
Then, we can define the function K : £[(n"), (n?)] — R for all sufficiently large n € N as follows.
K (@1, ) = it {x((bi)1<iies) : (@1, 25) € Ex[(bi)r<iizs]}-

To state the following proposition, we prepare notations. Recall Fy, 3(v) = F(h,8,7) = hy*B8 + (1 —
v8)?/(1 — B) and let v(h) := 1/(h(1 — B) + B). Note that for any (a;;)1<ii<; € M?’n, (B—-1+
ai1)/B)i<ii<; € M, holds. Then, we can define the following: for (z1,...,z;) € £[(n"), (n?)] with
K(z1, .y 25) = x((ai)1<ii<;) and (21, ..., 75) € Ex[(ain)1<i1<5)

B
By = By g = F(X(Ag)),ﬁﬁ(x(f‘ig))) V), B2 = Bags = x((aii)i<ii<))-

i9 = (5—1”1> L vi=8t1— a1 - ),
1<4,l1<g

Note that definitions of fl(j), B1 and By depend on (a;;)1<;1<; and hence (z1,...,x;).
B I —" —] j

Proposition 5.10. For any € > 0 there exists C > 0 such that for any n € N and §' < &y

(A) Z n72aBl < Crnpj(oz,,@)Jre7
(21,05 €E[(n7),(nP)]
(B) > n=2eBz < oppi(af)te, (5.22)

(z1,....,z;)EE[(n1),(nf)]
Proof. Note that for any b € R

X((b+a;)i<ii<j)

. 5.23
1 —bx((b+ aig)i<ii<j) (528)

x((ai)i<ii<g) =
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Indeed,

{1, i) ¢ (@i 1<ia<i (i, )" = (1., 1)}

:{< Y1 Y; > .
1L =bx((b+ai)i<ii<j) 1 =bx((b+ aii)i<ii<j)

(b + ai,l)lgi,lﬁj(yh ceey yJ)T = (17 ceey I)T}
Thus, by Proposition 5.5,

. . Bx((ain)i<ii<j) _JB
min x(Az7) = min = - )
(ai1)1<i,1<€EGt (aig)1<ii<;€G 1 — X((Gi,l)lgi,lgj)(l -p) JB—t

and, hence,

min  FO(AD), B,70) = L+ L1 - va i1 - )2

(ai1)1<i,1<j €0 o iB—t
By (5.23), we have
i)
Y e x(457)
FOAAD), By ((A)) = —=o P = x(aunsinss). (524

XAPY(1 - B) + 8

Note that Proposition 5.5 implies min(,, y,_, - e, X((@ii)1<ii<j) = 7/(j —t). Therefore, we obtain

; - L ify(x(AY) = 0,
no= (@ l)gl'li'egt o { ﬁ + 0 _ﬁ\/afl(l —B))?  otherwise
DR « JjB—t )
Bo(t) == min By = -7 .
(@i1)1<i,1<5€G J—1

Consider any 0 < ¢’ < dp and Ny € N with §oNg = 3 — 1. Then, by above, for any & > 0 and € > 0
there exists C' > 0 such that for any n € N, the right hand side of (5.22) is bounded by

N} max max , E n—2eBi
0<t<(G=1)B £y [(ai)1<i<;1€H] (10 b (s 1<iies]
EARES) j T, _74, _J

<C max n2t+2+6/2 ) max / anaBi
0st<(j-1)8 Esrl(aii)1<ii<1€H]

<C max n2t+2+5n—2aBi(t),
0<t<(j—-1)8

for ¢ = 1,2. The first inequality comes from Lemma 6.4 and the last one comes from Proposition 5.5.
Therefore, since

2t +2 — 2aB(t) = p;
0Py 22 1(t) = pje, B),

2 + 2 — 2aBy(t) = p;
oo iBax | 2+ 2= 20B5(t) = (e B),

we obtain the desired result. ]
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5.2 Proof of Theorem 2.4
5.2.1 Preliminary of the proof of Theorem 2.4

Fix 0 < a, < 1. Let R? be the time until completion of the first n,, excursions from 0D(z,r,_1) to
dD(z,ry). For z € Z3 , let N . denote the number of excursions from 0D(z,7x-1) to dD(z, ;) until
time RZ. Let

[0,7?] for v < v,
I(h,v) = 4 [0,0] for v =y,
[v2, 00] for v > .

To state the following lemma, we define the domain Go? such that
Go’ == {(z,21,...,xj) 1 2 € L, 21, 75 € D(2,m8,-2)}.

Lemma 5.11.
(i) For any 6 > 0 there exists C > 0 such that for any z € L3

Ngn ’ -
(ii) For any 0 > 0 there exist 6, > 0 and C' > 0 such that for any & < 01, 35/[(ai71)1§i7l§j](j, K,) €
HO 5 (:L'l, ...,xj) € 55/[(ai,l)15i7l§j](j, Kn) and (z,xl, ...,:Ej) S Go*

o1 K—2aF(x(A§3j)),6n)—6
n

<P €L Nusn ¢ 149
= Tl T € Kn(a)v ng € (X( B )7’7)

_ A(j) 5
oA B

Remark 7. (6.3) in [11] yields (i) in Theorem 5.11.

Corollary 5.12. Recall that By 5 = F(X(Ag)),ﬁ,fy(x(fl(ﬁj))) V). For any § > 0 there exists 01 and
C > 0 such that for any &' < &1, Es[(air)i1<ii<;](G, Kn) € H® , (21,..,25) € Exl(air)1<is<;])(G, Kn) and
(z,21,...,x;) € Go

Ny - 1+
P<x1, e € Lk, (), _nfn < 78) <CK, 20815 F .
Ngn
Proof. Note that the minimum of Fj, g(y) is h/(h(1 — B) + B) at y,(8). Then, Lemma 5.11 and the
simple computation yield the desired result. ]

To prove (ii) in Lemma 5.11, we will estimate the following probabilities. For any z € Z%(n let
TBD(zmn) := inf{m > ToD(2rp1) © Sm € 0D(z,73y,)} and for any y € dD(z,rg,) and y € dD(z,rp—1)

qi11 = Py(TBD(z,rﬁn,l) < TBD(z,rn)vfaD(z,rlgn) < TIh---Jj)?
q1,2 - = Py(TBD(z,rn) < TaD(Z:Tﬁnfl))’
@22 =P (Top(zirn) < ToD(zrgn_1))

a1 = PY (TBD(Z,TBH,I) < TBD(z,rn)7T(9D(z,r6n) < Txl,...,acj>-
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Lemma 5.13.
(1) It holds that, uniformly in 0 < 0’ < 62, y € 0D(z,rgy,), ¥ € 0D(2,1n—1), (2,21, ...,x;5) € Go
with (21, ...,7;) € Es[(ai)1<ii<;](J;, Kn)

B _ 1+ 0(152,,1) T + 0(152771) ~(5)
q1,2 :W, (5.26)
32,2 :<1 — W) (5.27)
D)

where ds, , = 0(15, ) means lims, o lim, o0 ds, n — 0.
(i) For any § > 0 there exist ¢ > 0 and dy > 0 such that for any 0 < §' < 8 and (2,1, ...,x;) € GoP
with (21, ..., %;) € Ey|(ain)1<ii<;](J, Kn),

P(Top(z ) < Tovvony) = K75,
Proof of (i) in Lemma 5.13. (3.7) yields that, uniformly in y € 0D(2,7s,) and y' € 0D(2z,7p—1),

1+ 0(1)
(1= pB)n’

, 1+0(1)
PV (Ton(angn-) < Toner) =7~ gy,

Py(TBD(z,TBn_l) < TaD(z,rn)) =1 -

Therefore, we obtain (5.26) and (5.27). By the strong Markov property, we have

q1,1 = Ey[PyO (T(?D(z,rgn) < T:El,...,:l:j|~F(T8D(z,r5n_1)))1{T@D(Z,T.ﬂn_1)<T3D<Z’Tn)}]7
q2,1 = Ey [PyO(TaD(Z,T’ﬁn) < Txlv"'vzj’]:(TaD(ZvTﬁn—l)))1{TBD(z,rﬁn_1)<T8D(z,rn)}]'

Hence, it suffices to estimate

PY(Toy,y < Ton(ergn) = X(A5) (5.29)
for yo € OD(z,75,_1) to show (5.25) and (5.28). Note that for (z,z1,..,2;) € Go” and yy €
0D(2,78n-1)

Z P (S = 21,m < Tp(z sy N Tyo) SGrp, (Ti — 2,21 — 2),

m=0
o)

Z P (Sp = 21,m < Tpzrp) N Tyo) 2Grp, (i — 2,31 — 2).

m=0
Hence, since r3,—1/7gn—2 > 3 for all sufficiently large n € N, (3.9) yields

[e.9]

) 2
Z PIZ(Sm =z,m< TD(Zﬂ”Bn) A\ Tyo) =

—(log rg,, — log d(x;, )T+ 0(1)),
T

m=0
where (a)™ = a V 1. Then, (3.7) yields that, uniformly in (2,21, ..., z;) € Go?,

1+ 0(1)
pn

P (Tyo < TD(z,rgn)) =
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Then, for all sufficiently large n € N, (z1,...,x;) € ég/[(ai,l)lgylgj](j, K,) and ¢§' < g,

2 —1 i1606nl
max *(]Og’rﬁn — log d($i7$l)+ + 0(1)) - /8 +a ) Bn ogn
y 8 ™
< max 668nlogn |3 +bii B +air] _ o(1s, m)log
™ ﬁ ﬁ

where the above maximum is over b;; = a;; + o(15,,) with 1 < 4,1 < j. Hence, by Remark 3 for all
sufficiently large n € N, any ¢’ < d2 and (z1, ..., ;) € Es[(ai1)1<ii<;|(J, Kn),

2 ™ ~ (4
X((W(Ogmn ogd(zi,x)T + O( ))>1§i,l§j) Gﬂnlognx< 5 )’

1
:0( 62,n). (5.30)
nlogn
Therefore, if we substitute Tp(.,,,) and y for 7 and yo in (3.3), (3.9) yields
J
14+o(1lsym) 7 ~(j
prl (Tyo < Torvity A ToD(ors)) = o 2.n Smio nX(A(ﬁ]))' (5.31)
=1 g
Note that by (3.10) we obtain
T+ 0(1s,,n)
P(Ty < Loy A Top(ergy) =1 = T,

Then,
PyO(TJ»‘l,---J»‘j < TaD(ZJ"an))

0

_ Z pYo (Tyo < Tth@j A\ TaD(szn))leO (TCCl = Tyo A T:L‘l,...,u’vj VAN T@D(Z,Tﬁn))
=0

B 1
L= PW(Tyy < Tar,eoay A ToD(r)
6(1+ o(15,,,))Bnlogn

_ 2 PYo (Txl,...,xj < Tyy A TaD(z,rﬁn))

6(1+ 0(152%)),871 log n i P

™

Pyo (Tacl,...,a:j < Tyo /\ TaD(Z,T‘Bn))

Tyy < Ty, N TBD(ZJ”zan))'
=1

The last equality comes from the time-reversal of random walk. Therefore, in view of (5.31), (5.29) is
completed. 0

Proof of (ii) in Lemma 5.13. 1f z ¢ D(0,7p,) U 0D(0,78n), P(Top(z,r5,) < Ti1,...z;) = 1 holds, and,
hence, the result holds.

Next, we consider the case that z € D(0,rg,) UdD(0,78,). Fix § > 0. First, we will show that
there exist ¢ > 0 and d, > 0 such that for any 0 < & < d, (2,21, ...,x;) € Go? with (z1,...,2;) €
56’[(ai,l)1§i,l§j](ja Kn) and Tj41 c nglaD(l‘i, 27]'71[(7177),

PIj+I(T8D(z,rﬁn) < Tx1,...,1j+1) > CK;5/16. (532)
F~0r any ¢ > 0, consider (z1, ...,ZL‘J’) S é&’[(ai,l)lgi,lgj](j, K,). For 1 <ig < j, set (Z)i,l(io))lgi,lgj—i—l =
(bi,l)lgi,l§j+1 as follows:
by =bi; =a;; foranyl<i,l<j
bjy10 = bijr1 = aijyy  forany 1 <[ #ig < j,
bj+1i0 = bigj+1 =1 =1,

bjt1,5+1 = 1.
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We have (5i71)1§i7l§j+1 € Mfﬂ with modification of the proof of Lemma 5.8. In addition, note that for
x; € 0D(z4y, 2797 LK),

(@1, ey 2j41) € Eg[(big)1<iu<jrr) (G + 1, Kn) (5.33)

with modification of the proof of Lemma 5.8. Since rg,/(rg,—2+ K;) > 3 for all sufficiently large n € N
and small 7 > 0, (3.9) yields that for 1 <i,1 <j+1

™

> 2
Z PY (S = x1,m < Tp(zps,)) (log7gn — log d(xi, ;)" + O(1)).
m=0

Then, for all sufficiently large n € N and (z1,...,2j41) € 55/[(5i7l)1§i,l§j+1}(j + 1, K,,) with 6" < d9,

8—1+ I;i,l 68nlogn
I5; T

max

2
—(logrg, —logd(;, z)" +0(1)) —

5_1+bi,l_/8_1+gi,l
B B

where the above maximum is over b;; = b;; + 0(1s,,,) with 1 < i,1 < j+ 1. Therefore, (5.11) and (5.23)
yield that there exists ¢ > 0 such that for any n € N and z; € dD(x;,,277 1K, "),

< max 66nlogn

= 0(15, n)nlogn,

o7 Zfill (cofactor of dji1,) c

P, 1) =
(Top LY det((di)i<ii<jtr) — nlogn’

Zﬂ"ﬁn)
where (d;1)1<ii<j+1 = 2/m(logrgn, — logd(z;, z))* + O(1))1<ii<;jt1. Therefore, with the aid of the
symmetry of z1,...,z; we have (6.2.3).

Now we turn to the desired result. Note that (3.7) and (3.10) yield that there exists ¢ > 0 such that
for (z,z1,...,z;5) € Go’

: ‘ ~5/16
P(f%lgj Top(ei2-i-1K,m) < Toy,a;) 2 K70

Therefore, with the aid of (6.2.3) the strong Markov property yields

P(T(‘?D( ) < T:v1 ,,,,, zj)

Z,TBn

ZP(II;.I% Toyp(a; 2-i-1k,m) < Ta,,....a;)

: i —4/8
X ) min ] pritt (TaD(Z,T‘Bn) < Txlv"'vxj-‘rl) > CKn / )
£Ej+1€UZ:18D((£i,2_J_1Kn")

and, hence, the desired result is completed. ]

Proof of (ii) in Lemma 5.11. For | € {1,2} let

= max quj, §2;:= max  ga,
yGaD(z7rﬁn) yleaD(‘zzT’nfl)

G := min g, qo;:= min q2,1-
yedD(zrpn) Y/ €D (2,rn_1)

For 62 > 0, we consider any (z,z1,...,x;) € Go” with (x1,...,xj5) € 5’5/[(%1)19-719] and 0 < ¢ < 4s.
First, we will prove the desired upper bound. By the strong Markov property, we obtain that for ¢g € N

P(Twl,....,zj > Rfm Nﬁ,/jn = CO)

< ma P¥(T, S>RENZ, =c
7?/0€8D(Z,)T‘(6n71) ( A P n n,Bn 0)
+ max Py/ (TIl,....,x]‘ > wa ;7ﬁn = CO)- (534)

y'€0D(2,rn—1)

46



Note that Pg(TaD(”nil) < o0) = 1 for any § € 90D(z,7,). Then, if we substitute {z1,...,z;},
0D(z,rgn—-1), 0D(2,78y), 0D(2,7n—1), OD(2,78n—1), co — 1, ny, into 0,1,2,3,4,n1,ng in (3.13),
PY(T,, . >R: N7, —
yoeag(li?r(ﬁnfl) ( Flen s " njﬁn CO)

< max PYo(T <T .
" yo€0D(2,78n-1) ( 0D(z,rgn) xl,-~~7w3)

< gmax  PUTe > Re Vg = 1)
e —1—i ni (co—1)! o _ii1 (mp—=1)!
< Z ary ! G @by ~ ~
- ) ) — 1 =)= ) — 7 =1
0i<(cnToA(n—1) (cop — 1 —a)ld! (np —i—1)l!
In addition, if we substitute {z1,...,x;}, 0D(2,78n-1), OD(z,78y), 0D(2,7n-1), 0D(2,781n-1), €0, Nn
into 0,1,2,3,4,n1,n2 in (3.14),

!
y/eall)n(&zu; 1) PY (L. .e; > Ry Ny g = o)
o —1)! , ;. Ny!
< ~CO—1 A% (CO GLogim—i_ T
< Z %11 912 (co—i)1(i — 1)!q2’1q2,2 (ny, — i)l4!

1<i<coAnn
Let us denote the probability in the left hand side of (5.34) by A. Then, the above estimate implies

A SQ((CO AN nn) + 1)

o1 A co! )
% max C.ﬁol 1—% 1 7 N —1

0<iSepnmn 11 W2 T G — 1222 (i

With the aid of (ii) in Lemma 5.13 we will estimate the maximal term. Let us define h(i) by

(i) ;:(1 SALTON Ag>))c°’l (1 i m )CO_H

" (15(515555)):((:0 T oo
R

Then, by Lemma 5.13, we have A < 2((co A ny,) + 1) maxo<i<eoan, 2(7). Note that for 0 <i < ¢y A ny,

2
_ l+0(152’n) e
Wi — 1) <1 A ) i(i—1)

h(Z) B 14+0(1ls5, . n 2 . . ‘
(552} o = o )

By taking the growth order of ¢y and n,, into account, the maximum of A(i) among 0 < i < ¢y A ny, is
attained at

io = [(1 + o(15, ) Lm0 w + o((logn)?).

- pn
In addition, the Stirling formula yields that picking appropriate do > 0 for any § > 0, it holds that

—2x iG) co/n
hig) < OIS )./ mpm)+5/2

and, hence, we have

A<cC K;M(x(fig”>,ﬂ,\FcO/n5n>+a'
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Note that by (3.19) in [11] for any 0 < d3 < 1 — « there exists ng € N such that for any n > ng and
(z,21,...,z5) € Go”,

4 )
P(M(Kn log K,,)? < RZ) < ¢ texp(—cn®logn).
T
Then, we obtain that for any 0 < d3 < 1 — «, all sufficiently large n € N and v < fy(x(flg)))

Nogn _ .2
P T,y Tj € ﬁKn(a—i_ég)yi <7
Ngn

4(a+6

< Z P(Tm,....,mj > wa ri,,@n = CO) + P<(7T3)(Kn log Kn)2 < sz)
COS'72an

< Z KJQGF(X(A;j))v/i\/Co/nﬁn)+5 i
COS'YQan

_ A(j) 5
g R AD 5

¢ L exp(—en?logn)

and for any v(x(fl(ﬁj))) <~

P

N

Nagn o o
x1,....,xj € Lk, (a0 + 93), T 2y
Bn

4(a+ 0

< Z P(T,,...c; > Ry Ny pn = c0) + P<(7T3)(Kn log K,)* < sz)
COS’YQn,Bn

< Z K;MF(X(AE;)LB,\/CO/nﬁn)+5
co<y?ngy,

_ 7 (9)
<R RFOAD B4

+ ¢ Lexp(—en?logn)

Hence, if we pick 41 < d2 A 03, the desired upper bound is completed.
Next, we will prove the desired lower bound. Let Tpp(. s, ,) = inf{m > Top(zrg,) @ Om €
Ty D(z,rﬁn,l)}' Note that by (i) and (ii) in Lemma 5.13, the strong Markov property yields

P(Top(zry 1) < Toriay N oD (g 1)
>P(Top(zrpn) < Toyyz;)012 = K,

In addition, for z € D(0,rgp—1)

P(T1‘1,....,Il‘j > R’na N'g’ﬁn = Co + ]‘)
ZP(TBD(Z,T,L,Q < Txl,...,xj A TBD(z,r@n,l))

!
X min PY (T, >R, NZ, =
y'€D(2,rn—1) ( Pl ™ iabn )

for z € D(0,78,-1)° N D(0,78,)
P(Tx1,....,zj > Rna N;i”@n S {CO,CO + 1})

>P(Top(zrm_r) < Toy,oz; A TaD(z,rﬁn,l))

!
X min PY (T, >R, NZ . =
y' €0D(2,rn—_1) ( Pt ™ In,pn )
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and otherwise

P(Txl,....,rj > R, Ni,ﬁn = CO)
ZP(TQD(Z,Tnfl) < Tml,...,x]' A T((')D(Z,’I‘gn_l))

!
X min PY(Ty, ... 2.>Rn,NZgz, =co).
y'€90D(z,rn—1) ( Pt ™ n,pn )

Therefore, by (3.14),

P(T(El,....,(ﬂ]’ > RTL? N’riﬁn 6 {CO> CO + 1})
>P(Top (1) < Torowy A ToD(rsn1)

~co—1—i ~i+1 (c=1! i —i—1 (n, —1)!
x Z qi?l Q1,2 YR 42,1422 ; 1
0<i< (e DAma—1) (cop — 1 — )l (np, —i—1)l!
o i —1)! , i (np, — 1)!
> K—5/4 ~co—1—ig ~19+1 (CO ~10 ~nnp—ip—1 n
=Cn 1,2 (co—1-— io)!iolq2’1q2’2 (np —ig — 1)l!

¢ K;ZaF(x(/igjh,/x\/m)—a/?’

picking appropriate d2 > 0 in (ii) of Lemma 5.13. Note that by Lemma 4.1 in [11] for any 0 < 03 < «
there exists ng € N such that for any n > ng and (z, 21, ...,x;) € Go?,

4(a — b
P(M(Kn log K,)? > RZ) < ¢ lexp(—cn?logn).
T
Thus, we obtain that for all sufficiently large n € N, (2,21, ...,x;) € Go” and < ’y(x(flg))),

» Nagn _
x1, ..., € Lk, (v —03), —— < v
Nan

ZP(Txl,....,xj > Rfv 721’”817, E {[Vzn,@n—h [PYQnﬁTL-I - 1})
4(ax — 6

—P<(7T3)(Kn log K,)? > Rg>
_2aF A(j) By)—6

>cK,, 20FOlAg7)Bim) =012 _ c ! exp(—cn2 logn)

—2aF (x(A9)),8,y)—6
S el 2T OLAD) 8

)

and for 7 > 7(x(47"))

Nz,ﬂn 2
Plzi,...,xj € Lk, (0 —03), —— >
Nan

ZP(Txl,-m@j >Ry, i,ﬂn € {['727157117 [’YQn,an +1})

_p( M%) e o k)2 > R
( (Flog K, > 5

™

—2aF(x(A9)),8,7)—5/2
>cKy A" 87)=0 — ¢ texp(—cn?logn)

_ A(]) _5
e 2D 80

Therefore, if we pick d; < 2 A d3, the desired result is completed. O
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5.2.2 Proof of the upper bound in Theorem 2.4

We will prove in this section that for any 0 < «, 5,9 < 1, there exist C' > 0 and € > 0 such that
P(|8a 00| > KR < o, (5.35)

where

Oupioprn = Oupyprn(i) = {(x1, .y 25) € L, () + K2 < d(ws,21) < K}

Indeed, (5.35) implies the upper bound in Theorem 2.4 since log Kﬁ/log Kypp1 — fand 8 — pj(a, B)
is continuous.

Now we show (5.35) by induction on j € N. Note that [11] showed (5.35) for j = 1,2. We assume
that (5.35)~ holds for j — 1. We divide the assertion into two corresponding estimate for éa,n,,@,n and
O4,0,8n N O for 0 < < 8. Note that

a,m,B,n
E[(0), (Kn)](7) N ENER"), (K™ (5)°

C U?:l {(xl, ey Lie1, Tit1, ...,.Z'j) S 5[(0), (Knﬁ)](] - 1) :
AN e{l,..,i—1,i+1,...,7} such that d(x;,z;) < n"},

and, hence, there exists C' > 0 such that for any n € N,
1€1(0), (Kn)](7) N ENKR), (Kn)](5)°]
<IEN0), (Ka)(G — 1) x j(j — 1)On?". (5.36)
Hence, for the former one, note

100,08007) N %5007 < CEAGa0,5n( — 1),

for 2n < ¢ and all sufficiently large n € N. Therefore, (B) in Lemma 5.25 yields

~ . ~c . . a7 4 . 5
P(|@o¢70,ﬂ,n(]) mga,n,ﬁ,n(])’ > KSJ( B)+(4+7) )

<P(|800,5m(j — )] > Kim IR0 < Opce (5.37)
For the latter one, we use the following lemma.

Lemma 5.14. There exist h <2, C > 0 and € > 0 such that for any B’ € [n, (]
a i(o,8')+38 _
Gnp = P(|Oq pns2,pnl > KPP0y  ope,

We observe that the assertion for ©,, 3., indeed follows from this lemma. Set 3; = 3(h/2)7 and
| = min{j : 3; < n}. By Lemma 6.6 we have g, 3, — 0 as n — oo for j = 0,...,l — 1. Combining this
with the monotonicity of 8 — p;(a, §), we obtain the desired assertion. By virtue of this and (5.37),
we establish (5.35). Thus, the proof of the upper bound is now reduced to show Lemma 6.6.

Proof of Lemma 6.6. Let Znﬂ/ i= (4rgry—4Z2) NZ2 and zg (x) the point closest to x in Zn”g/. Pick 6,
which is satisfied with the result of Corollary 5.12. In addition, we change [ in the definition of 7 into
B'. By the simple argument, we have

Gn,p < I1 + I,

where

NZ
I ::P< min _nfn < 73),
2€Z, g ngm
/ N?
~ (a,B)+35 . N
Iy = P(’@a,ﬁfh/z,ﬁf,n\ > KOO i 73)-
2€Z, ! npn
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Set € := (aFo (7 — ) — (1L — ') Ad. Note that € > 0. Then, if we consider §' < dp A §; for any
6 > 0, we obtain

I <P( {( ) € L, () N ENKD), (K] :
2gr (1) ,
n,B8'n > 73}‘ > ng(oc,,é’ )+36>
ngin

2gr (1)

B || (1) € L) DI () 25 > 5|
zg (1)
—pi(a,B')—38 n,B'n
:Knl’]( ) Z P Tlyeees Tj EﬁKn(a);# >’Y(2)>

(@1,...2;)€E[(KD),(KEY]
<CK;pj(a’Bl)736 Z K;2OCBL§/+5
(1,2 )EE[(KT), (KR )]
<CK;?°.

The last inequality comes from (A) in Proposition 5.10. Then, by (i) in Lemma 5.11, there exists C' > 0
such that for all sufficiently large n € N,

A —20F, 51 (723—6 2 2—23'—2aFy 51 (72 —6
Iy < | Z | C Ry 0 T0m 007002 gk 20 2000 GO0 e,

This completes the proof of Lemma 6.6. O

5.2.3 Proof of the lower bound in Theorem 2.4

Proof of the lower bound in Theorem 2.4. In this section, we will prove for 2 — 25 — 2aFp 5(y) > 0,

> K2HaiFLa()- @408y (5.38)

Jim P([0a,0,5n

Since rg,—3 < K,BL and B — p;(a, B) is continuous, it suffices to show this to obtain the desired lower
bound. Let Z, C Z?l be a maximal set which are 4rg, 4 separated. We will say that a point 2z € Z,, is
(n, B)-qualified if [N? , — ngy?| < k for fn < k <n — 1 and in addition

W* = [{y € D(z.rn1).y € Li, (@)}] > K202,
So it holds that

1©0.0.5n] > Z (W*) > |{z € Z,,zis (n,B)—qualiﬁed}|K,2Lj6(1_°‘72)_2j6.
ZGZn

Therefore, we obtain (5.38) as soon as we show that
lim P(|{z € Z,,2 is (n, B)-qualified}| > K2~20)(1-a(1=36)*/(1=6)*)=8) _ 1 (5.39)
n—oo

(5.39) has already been shown by (10.3) in [11]. Indeed, while the definition of K, is slightly different

from that of [11], (5.39) comes from the fact that § > 0 is arbitrary. Therefore, we obtain the desired
result. O
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5.3 Proof of Theorem 2.3
5.3.1 Proof of the upper bound in Theorem 2.3
Proposition 5.15. For any 0 > 0 there exist C > 0 and &' > 0 such that for any n € N and uniformly
inx1,...,x5 € Eyl(ai)i<ii<;
Cin720B2s =0 < P(gy, ... x5 € Ln(a)) < Cn~20Bas T,

Proof. Then, if we substitute v in (ii) of Lemma 5.11 into y(x(fl(ﬁj))), (5.24) completes the desired
result. O

Proof of the upper bound in Theorem 2.3. (B) in Proposition 5.10 and Proposition 5.15 yield that for
any € > 0 there exists C' > 0 such that for any n € N,

Z P(xy,...,z; € Ly(a)) < CnbpilaB)te.
(@1,...,z5)€E[(nM),(nB)]

Now we will extend the condition of “€[(n"), (n)]” to “£[(0), (n?)]” by induction on j € N. Tt suffices
to show for any € > 0 there exists C' > 0 such that for any n € N,

Z P(1, .y 2j-1 € Ln(@)) < Cnpil@B)tie,
(@1,....,w5—1)€E[(0),(nP)]

For j =1, by (B) in Proposition 5.10 and Proposition 5.15 it is trivial that

> P(z € Ly(a)) < Cnfr(h)te,

x€Z2

Assume the claim holds for j — 1 with j > 2. We will show that the claim holds for j. Pick n > 0 with
2n < e. Therefore, by (B) in Proposition 5.10, Lemma 5.25 and Proposition 5.15, the same argument
as (5.36) yields

E[{(z1, ..., xj) € Lo(a) : d(zi,x;) < nP for any 1 <i,1 < j}|]
= Z P(x1,...,xj € Ly(a))
(@1,--.,25)€E[(0),(n?)](5)

< Z P(z1,...,xj € Ly())
(@1,0.m5)€E[(n),(nP)](5)

+ Z P(xl,...,xj_iH S ﬁn(a))CnQ"
(@1, -1)€E[(0),(nP)](5—1)
<CpPilaB)te 4 oppi-1(@f+0-Det2n < oppieb)+ie

and, hence, the desired result is completed. ]

5.3.2 Proof of the lower bound in Theorem 2.3

Proof of the lower bound in Theorem 2.3. It is trivial that X(Agj_)s) =7/(1+ (j —1)(1 —s)). Hence, if
we consider (21, ...,z;) € E[(27n?%), (2/n%)] for n < s < 1, then Proposition 5.15 yields

2jalogn
I+ -1 —s)

P(z1,....x; € Ln(a)) > exp < + o(logn)>.
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Let
Ry = {(:L’l, ...,l’j) I € Zi,
z; € (0,477n°) 4+ D(zi_1, (277 + 275 n®) for any 2 <i < j}
Note that there exists ¢ > 0 such that for any n € N,
’Rs‘ > cn2+2(j—1)s.
In addition,
E[(277n%),(2n%)] D Rs.
Therefore, (B) in Proposition 5.10 and the simple computation yield for n < s < 1

Z P(xy,...,zj € Ly(a))

(@1,...,25)EE[(27Tn?),(29n%)]

2jalogn
> ) eXp(‘1+(j—1)(1_s)+°(1°g”)>

(I17...,$]')€R5

>en2t20-Ds « oxp < - (i]f llo)a‘i;l_ 3 + o(log n))

Since 2 4+ 2(j — 1)s — 205 /(1 + (j — 1)(1 — 8))s=a+(1—v7Fa)/i—1)as = Pj(a, B) and 7 is arbitrary, we
obtain the result. O
5.4 Corollaries

In this section, we will argue variety results which correspond to the extension of main results. By the
arrange of the proof of Theorem 2.2 we obtain the following corollaries. The first result implies that
the property “the probability that multipoint are late points is high” is preserved when other points
are added.

Corollary 5.16. (additivity for the probability as the geometric structures of late points) Fiz 0 < a,n <
1, €>0, h, g € N. There exists ¢ > 0 such that for any n € N and x1(n),...,zp(n), wi(n),...,wg(n),
21(n), ...y 24(n) € E[(n7), (n1=)] with

P(wy,...,wg € Lp(a)) > P(z1, ..., 29 € Lp(a)),
d(zy,w1) = d(x1,21) > 42<ax d(wy,w;) Vd(z1,2;),

1<g

it holds that
P(x1,...,xp,we,...,wg € Lp()) > en” “P(x1, ..., Th, 21, ..., Zg € Lp()).

The second result implies that the property “the probability that multipoint are late points is high” s
preserved when the space state is changed.

Corollary 5.17. Fiz 0 < a,n<1,&>1,€e¢>0 and j € N. There exists ¢ > 0 such that for anyn € N
and wy(n), ..., wy(n), z1(n), ..., zg(n) € E[(n"), (n1=7)] and

P(wy,...,w; € Ly(a)) > P(z1,...,25 € Lp()),
it holds that

P(wi,...,w; € Le(a)) > en™ Pz, ..., 25 € Le(a)).
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Proof of Corollary 5.16. By Lemma 5.8, for any ¢’ > 0 there exists ng € N for any n > ngy and
W1, ooy Wy, 21,4 ..., 2g € D(0,n/3) the following holds: there exist (ai{l)lgi,lgw (a?,l)lﬁi,lﬁg and (a§z)1§i,l§h
such that (wi,...,wg) € 55/[((12171)151-,;39](9,71), (21, .., 29) € 551[(&%71)1§i,l§g](g,n) and (z1,...,xp) €
56’[(“?,1)1Si,l§h](ha n). Proposition 5.15 yields that for any 6 > 0 there exists ' > 0 such that, uniformly
in (z1,...,x;) € Z2 and for all sufficiently large n € N

P(wr, ey € Lo(a)) < n~ 2@ 9,

P21, ...y 2g € Lo()) > n~ 20X (@8 1sii<e) =0 (5.40)
Hence, if we assume

P(wi,...,wg € Lyp(a)) > P(21,...,2g € Lp()),
for any € > 0, there exists 6’ > 0 and ng € N such that for any n > ng

x((a} D1<ii<g) < x((af)1<ii<g) + €. (5.41)

In addition, let s = s(n) := 1 —logd(z1,w1)/logn = 1 —logd(z1,21)/logn. Let (af)1<ii<j =
M{(G%l)lgi,lgm(aal)lgi,lggﬁ} for v = 1,2. Note that d(x;,w;) < d(z1,w1)/4 and, hence, simple
triangle inequality yields that for any 1 <i < hand 1 <[ <g,

d(mi,wl) > — d(.ﬁlﬁi, .%'1) + d(:cl,wl) — d(wl,wl)

1-s L nl—s 1
T T 7
d(zi,wy) <d(zi,x1) + d(z1,w1) + d(wy, wy)

1-s 1-s
n 1_s M
+
1 +n 1>

n

Vv

<

In addition, the same argument yields that n'=%/2 < d(z;, 2;) < 2n1=5+9" Then,

(@1, o Ty W1, oy W) € Egr (@] 1)1<i0g4] (9 + o),
(‘Tla ceoy Thy By eey zg) € 35’[(d12,l)1§i,l§g+h] (g + h, n)

Again, by the same argument as (5.40), we obtain that for any § > 0 there exists ¢’ > 0 such that,
uniformly in (z1,...,x;) € Z2 and for all sufficiently large n € N

_ S I
P(z1, ..., xp, w1, ..., wg € Lp(a)) >n 20((@; r<ii<y) =0

>n*209(8,x(a§’,z)1§¢,1§j)7X((a%,z)1§i,1§j))*5

)

_ 2 Ve
P(x1,...;xh, 21, ..., 2g € Lp(a)) <n 20x (@ 1<ii<5)+9

<p209(s:x(aF )1<iigs)x((@f 1<ii<;))+0

— I

where ¢(t,b,c) is the same function as Lemma 5.7. Since ¢(t,b,c) is continuous and monotonically
increasing in ¢, we obtain the desired result. O

Proof of Corollary 5.17. We consider (%{ﬂlgi,lgp (ag,l)léi,lﬁj for wy, ..., wj, z1,..., 25 € E[(n7), (n1717)]
as well as Corollary 5.16. Then, we also obtain the result which corresponds to (5.41). Note that for
v=1,2

— L (61t |
Esl(ai)1<in<sl(Gin) = Es e K«Sl) } (j,n%).
1<i,1<j
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Hence, we obtain that for any 6 > 0 there exists ¢’ > 0 such that, uniformly in (1, ...,z;) € Z2 and for
all sufficiently large n € N

P(wy, ..., wj € Le(a)) > n*2ax(((§*1+ail)/€)1g¢,1§j)*5’

P21, .y 25 € Loe(a)) < n~20xX(E14ad ) [O1<iigy)+o, (5.42)
Note that (5.23) and (5.41) yield that for any ¢ > 0 there exists ¢’ > 0 such that for all sufficiently
large n € N,
—1+al — 1+ a?
(=)L) (=) 00 649
3 1<i i< § 1<i,1<j
Therefore, (5.42) and (5.43) complete the desired result. O

Next, we verify general results as Theorem 2.3. By Lemma 5.8, we have that any (x1, ..., z;) included
in some V € 35/[(%7[)19713]»](‘7, n) for some (a;;)i<ii<j € Mf’o and 0 < 8 < 1. Then we extend the

condition “d(z;, ;) < nP” to d(x;, ;) < n'~%! for some (@ig)1<ii<j € Mf’o as follows.
Corollary 5.18. For any 0 < a <1 and (a;;)1<ii<j € Mf’o and 0 < B < 1,

o 108 Ell{(z1, s 25) € La(@) : (21, 25) < E[(0), (017" 1<i1<51}]

li
n—00 logn
= max 2+ 25((a])1<ii<s) — 20x((af)1<ii<j)-
(af )eM??,
aj ;1 >a;,

Proof. Therefore, if we again use the same method as that of Theorem 2.3 by using Proposition 5.15,
the desired result is completed with the minor modification. O

5.5 Difference from favorite points and high points of a Gaussian free field
In this section, we discuss the difference between late points and favorite points or high points of a
GFF in two dimensions.

5.5.1 Arguments

As mentioned in Section 1, we have obtained correspondence of £, («), ¥, («) and V,(«). Then, we
have the question: do late points and favorite points or high points of a GFF have the difference? The
answer is yes and in this section, we will discuss it. We clear up the geometric structure of £, («) and
attend some problem as follows.

Theorem 5.19. Forany 0 < a1 <as<1,0< <1

lim log E[|{(z1,x2) € Ln(a1) X Ly(ag) : d(x1,x2) < nﬁ}\]
n—00 logn

= 792(051704276)7

where

40&1
Y

{2+2,6—§f}3— (1—ag+a1) (B<2-2a1),
6—4\/2051—2(1—052+(11) (622—\/2041).

Next, we study the geometric structure of ¥,,(«) and solve the problem as follows.

~ L o . .
V2(0é1,042,ﬁ)-—g}2§2+25 5 2(1 — g + 1)
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Theorem 5.20. Forany 0 < a1 <as<1,0< <1

lim log E[[{(x1,22) € Up(a1) X () : d(z1,22) < nP}]

n—00 log n

= fia(au1, a2, B),

where

o1, g, B) := max 2+ 26" —
fial ) B'<B,

o1 <o)

pg2-p) 2-p
Theorem 5.21. Forany0< a3 <as<1l,0< <1

lim log E[|{(x1,x2) € Vp(a1) X Vp(ag) : d(x1,x2) < nﬁ}H
n—00 logn

= fiz(1, g, B).
Note that it is easy to compute that

Ua(an, o, B) < fia(aa, a2, B).

The essential reason of the difference is that £,,(«) is satisfied with the following: for 0 < a; < ag < 1,
0 < B <1 and {z{" }ner, {28 }ner with d(2$"), 25”) ~ n

log P(x&n) € Ln(aq)

:Ugn) € En(a2)>

lim
n—o0 logn

is independent of the value of ay. This property doesn’t hold for ¥, (a1) X ¥, (ag) or V(1) X V,(ag).

Remark 8. We conjecture these points also have the difference in probability sense. That is, we expect
that in probability the value of

lim log [{(z1,22) € Ln(a1) x Ln(az) : d(z1,20) < 0P}
n—00 logn

is different from that of Uy (1) X ¥y (az2) or Vp(ar) X Vi(ag). However, we omit these results since it
is expected that the proofs are long and almost the same as that of [5, 11].

5.5.2 Proof of Theorems 5.19, 5.20 and 5.21

To show Theorem 5.19, we introduce the following proposition, which corresponds to (B) in Proposition
5.15.

Proposition 5.22. Fiz 0 < 8 < 1. Then, for any § > 0 there exist 0 < &' < 1—f and C > 0 such
that for any x1, x5 € 72 with n® /4 < d(x1,z2) < 4nP+ and n € N,

C~lexp { — (240415 —2(1—ay+ ozl)) logn — 5logn}
§P(:L’1 S En(al),l‘g S £n(a2))

SCexp{ — < don —2(1—a2+a1)> logn+5logn}.

2-p
Proof. The Markov property yields
P(.CL‘l S En(oq),ajg € ﬁn(ag))

=F [Py <a?2 € Lp(ag —ar + 0(1))‘}"(470:1(% log n)2)> 1{11,12€En(a1)}:|
:E[Py (m € Loan — a1 + 0(1))‘.7—‘(470:1(nlogn)2>ﬂ % Pa1,05 € Ln(ar)).

Therefore, since Proposition 5.15 holds uniformly in z1, 2o € Z2 with n?/4 < d(z1,2) < 4Pt we
obtain the desired results. ]
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Proof of Theorem 5.19. If we again use the same method as that that used in the Theorem 2.3, by
using Proposition 5.22 instead of Proposition 5.15, with a minor modification, the desired result is
completed. O

To show Theorems 5.20 and 5.21, we introduce the following propositions.

Proposition 5.23. Fiz 0 < 8 < 1. Then, for any § > 0 there exist 0 < &' < 1—f and C > 0 such
that for any x1, £ € D(0,n) with n?/4 < d(z1,z2) < 40T and n € N,

— min 2(\/@_\/@)2 4\/0/172 ogn — ologn
e { - min (GG + YT o =)
SP(xl S ‘I/n(Oél),«TQ € \Iln(O‘?))

o (202 VAD? 4
<exp (Mg

a1<a

>logn+5logn}.

ar<al

Proof. Let & := [4a(logn)?/m] and x1, 79 be two distinct points included in D(0,n), and set
(Uy,Uz,U3) == (x1,x2,0D(0,n))

and

by == PY( min Ty, =Ty,),
i ((min, T, =Tu,)

for i € {1,2} and [ € {1,2,3}. First, we will show the lower bound. Then, (3.11) yields that for
oy < g,

P(x1 € V(1) e € Uy (o), Ty, < Ty N Th)
>P(Ty, < Typy ATn) X max PP K (7y,21) = o) — 1, K(Tp,22) = ag)
< !

a1 <o)

>P(Tyy < Ty ATh)

I 1o (o/ —1)! : 1 (ag—=1)!
X max bt e A % S et
s 0<i<(o/§1:)/\(oz2 1) v o S 1= R (o 1
S (o — -
>P(Ty, < Tyy N Tn)

a’l—l—iobzf);-l (O/l — 1)‘ i0 b0¢2—1—i0 (042 — 1)‘ (5.44)

X max b - EAN.
a1<o] 1,1 (0/1 —-1- Zo)!lo! 2,172,2 (042 —-1- Z())!lo!7

where s := logd(z1,x2)/logn and iy = \/ojasm(l —s)/(25(2 — s)logn). Consider 0 < e < 1. By (3.6)
and (3.9), we obtain that for 4,1 € {1,2} and uniformly in z1, 2 € D(0,n/3),

bl—{l_%@ih%Al+“D) if i =1,

’ zﬁ%ﬁ%ﬂl+dn) if i £ 1.

(5.45)

Therefore, if we apply the Stirling formula to the right most member of (5.44) with the aid of (5.45),
we obtain

P(l‘l € \I/n(al),$2 S \I/n(OQ),Tml < sz A Tn)
>P(Tyy < Typy ATp)

- (2(/ag — /dh)? 4y /oo
xexp{— min < 525 + 2 5 )logn—&logn}.

a1 <o

o7



Note that (3.7) yields that there exists ¢ > 0 such that
P(Tyy <Tyy N7n) + P(Tay < Ty A7) 2 P(Tyy <) 2 c.

Therefore, if we estimate the summation over z1, o € D(0,7n/3), by the symmetry of x; and z2, the
desired lower bound is completed.

Second, we will show the upper bound. If we change n in the definition of b; ; into 3n, (3.6) and (3.9)
yield (5.45). Let &; = [4a;(logn)? /7] for i = 1,2. Then, (3.11) and (3.12) yield for 1, 22 € D(0,n)

P(l‘l € \I/n(O[]_),l’Q S \Iln(OQ))
<P(z1 € Usn(a1), 22 € Yan(a2), Ty < Ty A T3n)

+P(l‘1 € \Ifgn(al),l‘z S \Ifgn(OtQ),TxQ < TgCl A Tgn) (5.46)
& 1—i A —1)! a1 (Ao —1)!
S bal 1 Zb7,+1 ~(a1 - 7 ao—1—1 _ -
0<i<(&4 g/\(dg—l) v - (@) —1-0)k o (G2 =1 =)l
6> 1 )
a1 <&,
G —1—i v —1)! s (ag—1)!
R G jopgemi 92T 5.47
+ 2. LL P25 i)l — 1)V 222 (G — 1 —i0)ld! (5.47)

1<i<& A(G2—1),
a1<o

Note that if we estimate the maximal term of below by same argument as (ii) in Lemma 5.11, (5.47) is
bounded by

(G2 +1)
& —1—i S B | B - (ag — 1)!
% max bal I=igg (041 i pag—1—i
0<i<(@), ~1)AGa, L2 (ah — 1 — )il 21722 (g —1—4)l(i —1)!
a1<a,

(2(\/607(2—_\2)(71)2 N 4;/?’1?) log n + 5logn}

for any oy < o), @ < afy. Therefore, a simple computation yields the desired upper bound. ]

<exp { — min

o1 <o

Proposition 5.24. Fiz 0 < 8 < 1. Then, for any § > 0 there exist 0 < & <1 — 8 and C > 0 such
that for any 1, vo € 72 with n® /4 < d(z1,z2) < 4nP*0 and n € N,

_ 7\2 7
e (o)
Sp(l‘l S Vn(Oél),:L‘g S Vn(ag))

_ 7\2 7
<C'exp { — Oém<igl <2(\/Z;2 _\2)071) + 42 iél;@) logn + 5logn}.

Proof. By the simple computation, the definition of GFF, (3.1) and (5.45) yield that for any o/, o, > 0

P< Ni=1,2 {;qf?i(ﬂ«“i) > oy (log n)2}>

T
2(Voh —/01)? 4 a&@’z)
§exp{—< + logn + dlogn ¢,
B2 5) 2-5 )°® °
and in addition, the corresponding lower bound holds. Therefore, the simple computation yields the
desired result. ]

Proof of Theorems 5.20 and 5.21. If we again use the same method as that of Theorem 5.19, by using
Proposition 5.23 or 5.24 instead of Proposition 5.22 with the minor modification, the desired results
are completed. O
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5.6 Computation of exponents

In this section, we will show monotonicity of exponents on j € N by using only elementary computation.

Lemma 5.25. Forany j > 2 and 0 < o, 8 < 1

(A) pj(e, B) — pj—1(a, B) = 0,
(B) pj(a7ﬁ)_pj ( 75)20

Remark 9. As discussed previously, this result yields Theorems 2.3 and 2.4. In addition, (B) in above
lemma is equivalent to Theorem 2.3, and (A) is equivalent to Theorem 2.4. Indeed, for any 0 < o, B < 1

{(z1, . 5) € L) = d(wiyx) < 0P for any 1 < i,1 < j}|

is monotonically increasing in j € N. Hence, Theorems 2.3 and 2.4 naturally yield above lemma.

Proof. First, we will prove (A) for j = 2. Consider 8 < (2 — v2a) A 1. Note that 25 — 4a/(2 — ) is
monotonically increasing in 8 € [0, 1], and

p2(a, 1) — pr(a, 1) =4(1 —a) = 2(1 — ) > 0.

Hence, we have the desired result. In addition, we consider 8 > 2 — v/2a. Since —4v2a + 2« is
monotonically decreasing in «,

pa(a, B) — pr(a, B) =6 — 4v2a — (2 — 2a)
>4 — 4v/2a + 2a
>6—4v/2 > 0.

Therefore, we have (A) for j = 2.

Second, we will prove (B) for j = 2. Consider 8 < (2 — 2y/a) A 1. Note that 2 — 2/a < 2 — v/2a.
Then, by the same argument as (A) for 8 < (2 —v/2a) A 1, we have the desired result. In addition, we
consider 3 > 2 — 2y/a. Since 4(1 — \/a)?/f is monotonically decreasing in /3,

pala. B) — i@, ) =8(1 — va) —4(1 — Va)*/5 — (2~ 20)
>8(1~ va) - 2(1 - Va) - (2 - 20)
=22~ Va)(1 - V) > 0.

Therefore, we have (B).
Next we will prove (A) for j > 3. Let ¢(a,j) = (1 — Vja)/(j — 1), {(e, 8,]) = 2ja/(1 + (§ —

D - 8)).
(1) B< (1 + o, j—1) A1+ ¢(a,]))
Note that
C(0sBrd) = Clo Brji— 1) = 200
o o 1+ -DA=-8)1+G-2)(1-25))
< 208
1+ G -2(01-p))?
and
max 20 aX2704 =1
0SASTHplas-1) A+G-2)a-6)2 i (j-La
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Therefore,

pi(e, B) = pj—1(e, B)
=242 1) — (e, 8,5) = (2+2( —2)8 —¢(a, 8,5 — 1))
>26 - =>0.

(”) 1+90(a7j_ 1) S 1+‘10(a7j) and 1+(,0(Oé,j— 1) S/B S 1+<P(Oé,j)

pila, B) = pj-1(a, B)
=2+2(j — 1)B — (e, B,5) — (25 — 4/ (j — 1))

>2+42(j — 1)8 — 2v/ja — (2j — 4/(j — 1))

22j+ 2020 V=T - 2vfa - @) - /G- Da)
_2<j—1);2m+2\/a(\/jf_\/;)
L26-1) =271

T3 +2(v/7 = 1= /J)

>4 —2V/2 +2v2 — 23 > 0.

The first inequality comes from the fact that 1+ ¢(o,j — 1) < 8 < 1A (1 + ¢(«,j)) and the second
inequality comes from 1+ ¢(a,j — 1) < 8. The third inequality comes from monotonicity in «. The
forth inequality comes from the fact that (2(j—1)—2+/7 — 1)/(j—2) and v/ — 1—+/J are monotonically
increasing for j and considering the case j = 3.

(iid) 1+ (e, j) <1+ p(a,j—1) and 1+ p(a, ) < B <1+p(a,j—1)

pi(a, B) — pj-1(e, B) =2(j+1)—4 ja—(2+2(j—2)B—C( 8,5 —1))
207+ 1) — 4/ja — (2 — 4/ (5 — Da
22—4\ﬁ+4\ﬁ
>2 —4V3 4+ 4v2 > 0.

The first inequality comes from the fact that 2(j — 2)8 — ((«, 3,7 — 1) is monotonically increasing in
B with 8 <1+ ¢(a,j —1). The second inequality comes from the fact that —4v/ja + 44/(j — 1)a is

monotonically decreasing in «.

(i) T+ (e, d) V(1 +ela,j—1) <8

pi(c, B) = pj—1(a, B) =2+ 2j — 4y/ja — (2 = 4y/(j — 1))
>2 —4/ja+4/(j — Da
>2 4G4 -1
>2 — 43 +4v2 > 0.

The second inequality comes from the fact that —4+/ja + 44/(j — 1) is monotonically decreasing in
«. Therefore, the desired result is completed.

Next we will prove (B) for j > 3. Since j(1—+/a)/(j —1) is monotonically decreasing in j, it suffices
to show the following three cases (i), (i), (ii1):

(i) B < (1 - va)

Note that j(1 —+/a)/(j —1) < (1 + ¢(, 7)) A (1 4+ ¢(a,j —1)). Then, by the same argument as
that of (A) for 8 < (1+ ¢(e, 7)) A (14 ¢(a,j — 1)), the desired result holds.
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(i1) =5 (1 — Va) < B

pi(a, B) = pj-1(e, B)
=4j(1 — V) = 2j(1 = Va)* /8 — (4(j — )(1 — V) = 2(j — D)(1 — Va)*/B)
>4(1 - Va) = 2(1 = vVa)*/B
>4(1 = va) = 2(1 = Va) > 0.

The second inequality comes from the fact that 2(1 — /a)?/3 is monotonically increasing in 8 and
considering the case § =1 — a.

(iti) 73 (1 - Va) < B < =55 (1 - va)
pj(avﬁ) - pj—l(aaﬁ)
=4j(1 - Va) = 2j(1 = Va)* /B — (2+2(j — 2)B — ((a, 8,5 — 1))
>45(1 — Vo) — 2(1 = Va)*/B — (4 — 1)(1 — Va) = 2(j — 1)(1 — Va)?/B).

The inequality comes from the fact that 2(j —2)5—((«, ,j—1) is monotonically increasing in 3. Then,
by the same argument as (i7), the desired result is completed. Therefore, we obtain (B) for j > 3. O

e

/
/

6 Proof of Theorems 2.5 and 2.6

6.1 The upper bound in Theorem 2.5
Here, we prove the following proposition.

Proposition 6.1. Ford > 2
lim sup ——

n—00 og

< ,Bd a.s.

Unlike the proof of the lower bound below, the proof of Proposition 6.1 will be performed indepen-
dently of the dimension d. As mentioned above, neither M (n) nor ©,(d) is monotone in n € N. To
mitigate this issue, we introduce the random variables. For § > 0, we set

6.(8) = [{x € OR(T}1*"]) : K (n.a) > [Blog 71}
(T% is defined by (??)). This is a modification of ©,(8/84) made by relaxing the constraint of being
on the inner boundary. Note that 6,(5) vanishes for all sufficiently large n € N if 5 > ;.

Lemma 6.2. For 8 > 0 there exists C' > 0 such that for any n € N

E[6.(8)] < Cn" 7.

Proof. First we introduce the elementary property. For any intervals Iy, I, Io C NU {0} with Iy C
I, C I, it holds that

R(Io) N 8R(Ig) C 8R(Il). (6.1)
Note that we can write
= Z 1Bl,n’ (62)
1=0

where

Bin = {51 € R(L—1)° NoRTL ")), K(n,8) > [Blog 51},
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Since K(I —1,5;) =0on {S; € R(l — 1)}, for I <n

P(Bin) = Zl{s =5} 2 [Blog 5 2.5 € R(L - 1)° N OR(TY =™y

Zl{S =5} = [Blog W Sy e R(1—1)° ﬁaR(TS’[lBlogn/Z]))
7=l

Zl{s =5} = [Blog w S; € ORL, Téﬁl‘)g”/ﬂ])

7=l
=P(K(n—1,0) > [8log 71,0 € OR(T"**"/*17)).

Here, the inequality comes from (6.1) with Iy = {l}, [} = [Z’Ts[lﬁlogn/ﬂ] and I = [O,Tglﬁlogn/ﬂ]. The
last equality follows from the Markov property and the translation invariance for S;. In addition, by
applying the Markov property repeatedly, we obtain

P(K(n—1,0) > [Blog 1 OeaR(T[mognm 1)
SP(TO[/Blogn/ﬂ—l <o0,0€ 6R(Tomlogn/z1 1))
=P(Upeno{Ty" "™ < 1))
<2dP(Tp < Tb)fﬁlt)gn/21—1 < Cn_%,
Hence, the assertion holds by E[6,(8)] < nmaxi<j<, P(By,) which follows from (6.2). O

Proof of Proposition 6.1. Since M (n) is not monotonically increasing in n, we instead first consider
M(n) = maxj<, M(l). If M(n) > m, there exist #; € Z% and n; < n such that M(n) = M(ny) =
K(ni,r1) and 1 € OR(n1). Therefore, for such ni, m and 1, it holds that T;" < n; and hence
r1 € OR(n1) N OR(T}}) holds. Further, K (ni,z1) < K(n,z1). Accordingly, we have

P(NI(n) > [Blog )
<P(Uyezz{w € OR(TIP#")), K (n,2) > [Blog 71)).

Thus, by Lemma 6.2 and the Chebyshev inequality, we obtain

B

P(NT(n) > [Blog 51) < P(60(8) > 1) < Cn' .

By using the Borel-Cantelli lemma for any 3 > (4, we can show that the events {M(2F) > Blog 2F~1}
happen only finitely often with probability one. Therefore, it holds that for any 8 > Sy,

i M (2F)
msup —————
koo, Blog 251 =

Now we consider M (n). For any k, n € N with 271 < n < 2* we have

a.s. (6.3)

Mn) _ 312
logn — log2k—1’

and so with (6.3), for any 5 > (4

lim sup M(n)

<1 as.
n—oo Blogn

Therefore, the proof is completed. O
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6.2 The lower bound in Theorem 2.5
6.2.1 Reduction of the lower bound in Theorem 2.5 to key lemmas

Our goal in this section is to prove the following Proposition 6.3.

Proposition 6.3. Ford > 2

M
lim inf (n) > B4 a.s. (6.4)
n—oo  logn

Unlike Sections 4.3 and 4.4, the argument of Sections 4.1 and 4.2 will be performed independently
of the dimension d. In what follows, we discuss the proof for each fixed 8 < B4. Let

u, = [exp(n?)].

In this section, we will reduce the proof of Proposition 6.3 to two key lemmas given below (Lemmas
6.5 and 6.6). For b € N'(0) and A C Z%, we define 9, A as

WA ={recA:x+b¢g A}.

We can extend the property (6.1) in the following way: for any intervals Iy, I;, Iy C NU {0} with
Iy C I) C I, it holds that

R(Io) N 3(,R(IQ) C 8bR(Il) - 8R(Il). (6.5)
Let us define Q,, as
On = {2 € R(un_1) N R (un), TIP1 < up_1}].

We begin by providing a sufficient condition for the inequality (6.4) asserted in Proposition 6.3 to be
true by means of @),,.

Lemma 6.4. If
P(Q,>1 for all but finitely many n) =1, (6.6)
for any B € (0, 54) then the inequality (6.4) holds.

Proof. Set

L(n) := K(up—1,).

xER(unr_Ii?r)WiabR(un)
Note that L(n) > gn? if Q. > 1. Hence, it holds that
P(L(n) > pn? for all but finitely many n) = 1.
Moreover, by (6.5), for any m, n € N with u,,—1 < n < u,, we have
R(um—1) N O R(um) C OR(n) (6.7)

and hence L(m) < max,cor(n) K(um-1,7) < maxyeppm) K(n,r) < M(n). Therefore, we conclude
that for any 8 < B4
M(n)

> - 7
hgn—>1<>onf Blogn lkgnﬁloonf Bloguy,

>1 as.,

as per (6.4) and as desired. O
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In order to verify the condition (6.6), we introduce a new quantity @, by modifying the definition
of Q,. To do this, we first introduce several notions. Set ngl = inf{j > 1:5; = 2} and Tf}l =
inf{j > Tf,l_l : Sj = a}. Note that Tg, = Ty for any a € N and = € Z% and that T§ = Tg ; holds
for each p on the event S; ¢ R(l — 1). Note that ng,l is a stopping time while T gl is not. Although
we can state the key lemmas without using this notion, we introduce it for later use. For k € N, let
hr = Blog P(Ty < Ty A k) + 1. Since limy_,oo hy = 1 — /84 > 0, we have hy > 0 for all sufficiently
large k. We fix such a k and simply denote hg by h hereafter. Let

Up—1

=l

Up—1 — k[ﬂdﬂ?” N N.

For any | € I,,, we introduce the events £, and A;,, defined by

E = {Tgl,l - Téhll < kfor any 1 < j < [Bn?*]},

)

and
Al,n = {Sl € R(l - 1)C N 6;,R(un)} N Em.

Then, we set

Qni=Y la,,. (6.8)

le]’n/

Although I,,, A;, and @, depend on the choice of parameters 8 and k, we do not indicate such
dependence explicitly by symbols. By the definition of I,,, I, C [0, u,—1]JN(NU{0}) and I+k[n?] < u,—1
hold. These facts imply Q, < Q. As we will see, the verification of condition (6.6) is reduced to the
following two estimates for Q).

Lemma 6.5. Let § < Byg and take k € N so that h = hy, > 0 as above. Then, there exists ¢ > 0 such
that for any n € N, the following hold:
(i) When d = 2,

cexp(hn? — 2n)

EQ, > a

n
(ii) When d > 3,
EQ, > cexp(hn? — 2n).

Lemma 6.6. Let 5 < Bq and take k € N so that h = hy, > 0 as above. Then, there exists C' > 0 such
that for any n € N, the following hold:
(i) When d = 2,

exp(hn? — 2n)\ *logn
n

Var(Q,) < C<

n?

(i) When d > 3,
1
Var(Q,) < Cexp(2hn® — 4n) x ——

nlo’

Now we give a proof of Proposition 6.3 by assuming Lemmas 6.5 and 6.6 are true.
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Deduction of Proposition 6.3 from Lemmas 6.5 and 6.6. If Lemmas 6.5 and 6.6 hold, then we only need
to prove the assumption of Lemma 6.4 to obtain Proposition 6.3. Take kK € N and h > 0 as above. By
the Chebyshev inequality, we have

EQn) 4Var(Qn)
2 77 (EQp)?

By Lemmas 6.5 and 6.6, we can see that there exists C' > 0 such that the following is true:

P(|Qn - EQn| > (69)

Var(Q,) | < S%gn ifd =2,
(EQn)? | <% if d > 3.

As a result, the right hand side of (6.9) is summable. Since |b — a| < § implies b > § for a,b > 0, the
Borel-Cantelli lemma yields

1
P(Qn > §EQn for all but finitely many n) = 1. (6.10)

Since h > 0, Lemma 6.5 implies £Q,, > 2 for all sufficiently large n. Hence, the assertion of Lemma
6.4 holds by combining this fact with (6.10). O

6.2.2 Preparations for the proof of Lemmas 6.5 and 6.6

In this section, we estimate P(A;,,) using the strong Markov property. For later use, we will consider
more general events than A;,. For any n’,l,7 € NU {0} with n’ <! <% and n € N, let

Fn’,l,ﬁ,n = {Sl € R[n’,l — 1]0 N 8bR[n’, ﬁ]} N El,n,
which we will sometimes denote F'(n/, 1,72, n) for typographical reasons. Note that Fy,, » = A;p holds.

Lemma 6.7. There are constants ¢, C > 0 such that for any n';l,7n € NU{0} with n' <1 < n and
nya € N with | + k[B4n?] <a <

P(Fuisn) < P(Ty < Ty NR)PPVP(Ty ATy > 1 —n/) x P(Ty, > 7 — a)
and

P(Fyian) > P(Ty < Ty NK)PPVP(Ty ATy > 1 —n') x P(T} > 7).

Proof. We first remark that [ < Ts[lﬁ ?QW holds and, hence, F(I) C F(T 5[55 ?2]). By taking a conditional

2
expectation with respect to F (TS[IB ; ]), we obtain

P(Fyy150) =E[L{S; € R[n',1 - 1°n 8, T )y 0 By
P(S; € 9,R[T™V 7| F (TP 11
x P(S; € OpR[Tg,, ', ]| F(Tg; ")) (6.11)
On the event Ej,,, we have
n2
0< T < k[Ban?] + T2,

Since [ = TSOZJ7 our choice of a and this inequality imply

o< <. (6.12)
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The Markov property and the translation invariance for S; yield

P(S, € o,RIT™V a7 (TP 1Y) = P(0 € 9, R(7 — 1
(S1 € OR[Ty,, ', 0]|F(Tg,; ') =P(0€®pR(n—1))| 2. (6.13)

t:Téﬁ?
Substituting (6.13) for (6.11) and keeping (6.12) in mind, we obtain
P(Fu i) <P({Si € Rln',1 = 1° N 9B, T 1))y 1 By
x P(0 € OyR(n — a)), (6.14)
and

TL2
P(Fy 10) >P({S1 € Rl ,1 = 1) N R0, T} 1Y N By
x P(0 € OyR(7)). (6.15)

Thus, the proof is reduced to the estimate of the common first factor in the right hand side of (6.14)
and (6.15). If we take a conditional expectation with respect to F(l), by the Markov property and the
translation invariance for .S;, we obtain

P{S; € R[n',1 - 1]° N &R, T 1} 1 By)
=P(S € R[n/,1 —1)°N 3,R[n, 1)) x P{0 € BR(TI™™ )} N Ey.). (6.16)
By the choice of h, it holds that
PH{0 € BRI N 1 By ) = P(Ty < Ty AR, (6.17)
where there exist ¢, C' > 0 such that for any n € N
cexp((h — 1)n?) < P(Ty < Ty, A k)P?1 < Cexp((h — 1)n?). (6.18)
By considering a time-reversal, we obtain
P(S, € R0, 1 —1]°N R[N, 1)) = P(0 € R[1,l —n']°NOR(l —n')). (6.19)

In addition, for m € N, we have P(0 € R[1,m| N O,R(m)) = P(Tp ATy > m), and P(0 € O,R(m)) =
P(T, > m). Therefore, by (6.14), (6.15), (6.16), (6.17) and (6.19), the desired formulas hold. O

2
Remark 10. We substitute Tgf? 1 for i of Fyy yn. That is, for any n',1 € NU{0} with n' <1, we
write

n? c 2

F(' L, T ) = {81 € RIn', 1 - 1)°N &R, Ty} ']} 1 By

By the same argument, we obtain the following: for any n’,l € NU {0} with n’ <1
/ [6n°] [Bn*] —n

P(F(n Ny ,n)) < P(To < Ty N k) P(ToNTy, >1—n'). (6.20)
(See the argument after (6.16).)
Corollary 6.8. For any | € I,, and all sufficiently large n € N with u, /n'' < w, — uy_1,

P(Ay,) <P(Ty ATy > 1) x P(Ty < Ty A k)/P7°]
Un,

and

P(Ayy) >P(Ty ATy > 1) x P(Ty < Ty A k)PP
x P(T) > uy). (6.22)
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Proof. Forl € I,
1=T¢ ; < un_1 — k[Ban*]

holds. Therefore, by using Lemma 6.7 with Fp; ., » = A;,, and substituting u,,_1 for a in the assumption
of Lemma 6.7 we obtain (6.22) and

P(A1n) <P(Ty ATy > 1) x P(Ty < Tj A k)P
X P(Tb > Up — un_1).

Therefore, we obtain (6.21) for all sufficiently large n € N. O

6.2.3 Proof of Lemmas 6.5 and 6.6 for d > 3
By Corollary 6.8, we obtain the following estimate of P(A;,,).
Lemma 6.9. There exist constants C, ¢ > 0 such that for anyn € N and l € I,

P(A;,) <Cexp((h — 1)n?) (6.23)

P(A;,) >cexp((h — 1)n?). (6.24)
Moreover, for anyn € N andl € I,

P(Ayy) =P(Ty ATy = 00) x P(Ty < Ty A k)IP™1 x P(T}, = o0)
+ O(exp((h — 1)n? — en?)). (6.25)

Proof. Since (6.18) and (6.25) yield (6.23) and (6.24), we only need to prove (6.25). First, we introduce

some estimates of hitting times. Since P(S, = 0) = O(nfg), we obtain P(Ty = n) = O(nfg) and,
hence, for d > 3 and b € N(0),

P(n<Tp< oo) < Z O(n*g) = O(n*%H). (6.26)
In addition, by the Markov property and the translation invariance for &’ we have
1 / 1
P(My>a+1)=— > P'(Ty>a)= 5 > P(I_y >a)=P(T}, > a), (6.27)
b’ eN(0) b’ eN(0)
for a € N. Hence, (6.26) yields
P(n <Tj < c0) = O(n~2+Y). (6.28)

Moreover, it holds that

Pn<ToANTp<oo) < P{n<Ty<oo}U{n <T, < o0})
=P(n<Ty <)+ P(n<T, <),

and so with (6.26) and (6.28),

Pln < Ty ATj < 00) = O(n~571). (6.29)
Therefore, by (6.26), (6.28) and (6.29) there exists ¢ > 0 for any n € Nand [ € I,
P(To ATy > 1) = P(Ty ATy = o) + O(exp(—cn?)), (6.30)
P(Ty > uy,) = P(Ty = o0) + O(exp(—cn?)), (6.31)
P(T, > %) = P(T}, = o0) + O(exp(—cn?)). (6.32)

Substituting (6.30), (6.31) and (6.32) for the right hand sides of (6.21) and (6.22), we obtain the desired
formula. H
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Proof of Lemma 6.5 for d > 3. Since for all sufficiently large n € N

n—1

Uu
[Tl = wn1 = k[Ban®] = =75~ > cun1 (6.33)

holds, by (6.24) and the definition of @,, in (6.8), we obtain

EQ, > |I,| x {niInP(Alm) > cexp(hn? — 2n),
€ln

as required. ]
To prove Lemma 6.6, we decompose I,, x I,, into three parts J,, ;, j = 1,2, 3 defined by
<V — 1< k[Ban®1},

Un—1

Jo1={(L1) €Ty x I, : 0
Jno={(L1) €Ty x Iy : k

Un—1

[
Ins ={(1) e L, x I, :2[ 10 1<l =1}

For all sufficiently large n € N, k[B4n?] < 2[u,,—1/n'°] holds and hence J,, 2 is non-empty. By a simple
computation,

Var(Q,) =EQ? — (EQ,)*

<2 Y (Blla,la,,] - Ella,|E[l4,])
LUel, <l

<2( > Ella,l+ Y, Ella,la,]

(l7l/)EJn,1 (lyl/)eJn,2

+ Y (Blla,,la,,]— Ella,]E[4, ]). (6.34)
(LIYETn,3

Lemma 6.10. There exists C' > 0 such that for any n € N

Z Elly,,] < Cn?exp(hn® — 2n) (6.35)
(INedIn 1
and
1
> Ella,la,,] < Cexp(2hn® — 4n) x —5. (6.36)
(LV)ETn,2 "

Remark 11. This Lemma also holds for d = 2 by the same proof.
Proof. First, we show (6.35). By the definition, we have |J,, 1| < k[Bqn?]u,—1. Thus, (6.23) yields

g Ela,,]) < |Jnal % rlnz}x P(A;,) < Cn? exp(hn2 —2n).
: el
(LINETn A

Hence, we obtain (6.35). To show (6.36), let us introduce additional notations. We define
Ay = (S € BRI+ LT ) M By, (6.37)
Note that
A = PALTYET ),
A 0{S1 € R(U-1)°N R} N 1S, € BRI unl} = Ar
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and
A S;— S jel, T
l,nea{] l-]e[vshl ]}
By Remark 10, we obtain
P(A,) = P(F(LL T n)) < Cexp((h— 1)n?). (6.38)

We obtain (6.36) as follows: by the definition of A;, and Ay, we have A;,, C A, and Ay, C *’le’,n'
In addition, Ay ,, is independent of A;,, for (I,I") € J, 2. Thus,

BElla,,1a,,]< E[lfiz,n 1Al/!n] = E[lgl,n]E[l‘gl’,nL
and so by (6.38),

> Ella,la,,) =t x Clexp((h = 1)n?))?
(LI €edn,2
1
<Cexp(2hn® — 4n) x TR
Therefore, we obtain (6.36). O

Proof of Lemma 6.6 for d > 3. We estimate the last sum appearing in (6.34). To this end, set

Unp—1

;,n 2:{Sl € R(l - ].)C N 8bR(l + (W )} N El,n (639)
o ={Sy € Rl - [“%W,z' —1° N8Rl — (“;1—011,%]} N Ep . (6.40)
Note that
f,n = Fo,z,l+[“gl—01},nv Ei,n = Fl'—[%w,un,n'

By Lemma 6.7, (6.30) and (6.32), we can estimate P(4;,) and P(Aj ) as follows: for any I € I,, and
all sufficiently large n € N with u,_1/n!t < ([up_1/n'%] — k[Bn?]) Al

/
P(A],) = P(Fyyypinry)

<P(To ATy > 1) x P(To < Ty A k)m"21 x P(T, > (nu_nﬁ)
<P(Ty = 00) P(Ty ATy = 00) P(Ty < Ty A K)IP™1 + Oexp((h — 1)n® — en®)) (6.41)

and for any I’ € I, and all sufficiently large n € N with u,,/n'! < u, — (I’ + k[Bn?]) and u,_1/n'! <
[Un—l/nlow < U

P(Al ) = P(F,

l/,TL l’—f%-‘,l’,un,n)

Up—1 2 U
o) x P(To < Ty A k)P s (T, > )

SP(T() NTy > (

<P(T, = 00)P(Ty AT} = 00)P(Ty < Ty A k)P™°1 + O(exp((h — 1)n? — cn?)). (6.42)
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Therefore, by (6.25), (6.41) and (6.42), we obtain

Z (E[]'Al,n]'Al/,n:I - E[]'Al,n:lEI:lAl/’n])

(l,l’)GJn,3

< > (Elly BNy = Ella,,|BE[4, ])
(LIYETn 3 '

< Y (P(Ty = 0)*P(To ATy = 00)?P(Ty < Ty A k)?IP°]
(l,l/)Gng

— P(Ty = 00)2P(Ty AT, = 00)2P(Tpy < Ty A k)2[P7°]
+ O(exp(2(h — 1)n? — en?)))
<C(exp(hn? — 2n))? x exp(—cn?). (6.43)

By (6.35), (6.36) and (6.43), the right hand side of (6.34) is bounded by exp(2hn? — 4n) x 1/n'%. This
completes the proof of Lemma 6.6 for d > 3. O

6.2.4 Proof of Lemmas 6.5 and 6.6 for d = 2
First, we state a lemma that is important for our proof of Lemma 6.6.

Lemma 6.11. There exists C > 0 such that for any n € N and x € Z? with 0 < |z| < n\/tn_1

T logn

P(IoNT, < . 44
Moreover, it holds that for b € N(0)
T logn
< . .
P(TbAT$+b>[n])_ (n+1)2+0 " (6.45)

Proof. We prove only the first claim since the second one follows from (6.44) by a similar observation
as in (6.27). Decomposing the whole event by means of the last exit time from {0,z} by time [u,/n],
we obtain

[un /]
1= )" P(S,=0)P°0,z ¢ RIL, (;1 — k]
k=0
[un /]
+ Z 2)P(0,z ¢ R[1, [ -~ K). (6.46)

By the local central limit theorem (see Theorem 1.2.1 in [20]), there exists ¢ > 0 such that for any
ke Nu{0},ze€Z?

exp(———) — — iftk==x
T
P(Sp=2)=0 iftk+1=ux,

where k = x = (21, 22)(€ Z?) means that k + z1 + 79 is even. Let
u u
1n) = PTo AT, > ["2]) = P(0, ¢ R[L,[*2])).
By the invariance property of S,, under an isomorphism of Z2, for a < [u,/n]

y(n) < P°0,z ¢ R[1,a]) = P°(—z,0 ¢ R[1,a]) = P*(0,z ¢ R[1,a]).
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Note that 31" 214y = 14?172 L5 Ligg(1 4 [u,/n]/2) holds. Then, by (6.46) we obtain

[un/n] 9 [un/n] |I‘|2
12( ; (— 1{k—0}+ Z (GXP — ) kz)l{k_m}> (n)
n? logn el | |?
z(ﬂ— LS mexp(—kn{kix})w(n)
k=[n|z|?]
n? logn il 1
S DT C TR
k=[n|z|?]
n? logn il g 1
> _ 2 exp(= )1
_<7r - c+k 32 WkeXp( n) {k_x}>7(n)
=N°Un-—1
1/, 1
>=(n?—logn —c+n*—(n—1)7° —4logn—(1—exp(—ﬁ))2n ~v(n)
s

Z<(n+ 1)% —5logn — c>7(n).

Thus the assertion follows from an easy rearrangement. O

)

To prove Lemma 6.5, we first introduce the following lemma.
Lemma 6.12. There exist constants C, ¢ > 0 such that for anyn € N and l € I,
Cexp((h — 1)n?)

< .
P(Ar,) < o , (6.47)
— 1)n?
P(Ay,) > COPUh = D) (6.48)
n
In addition, for anyn € NN {1} and [ € I,
T2 P(Ty < Ty, A k)[P°] exp((h — 1)n?)logn
p(ay,) = TP < TN B (&pl(h = D7) logn, (6.49)

2n?(n — 1)2 nb

Proof. Since (6.18) and (6.49) yield (6.47) and (6.48), we only prove (6.49). First we introduce the
following estimates: for any M > 0 there exists C' > 0 such that for any n € N

T logn logn
T 10gn T logn
— <PIyANTy > —) < —5 —. b1
o2 —C— (To A b>nM)_2n2+C i (6.51)

Since we know

T 1
P(To > n) = 710gn + O((log n)2>

(see (2.5) in [15]), the assertion (6.50) follows by a simple calculation of (6.27). For the latter assertion,
we already know a weaker estimate of (6.51) involving only the leading term. (See Lemma 3.3 in [23].)
We can obtain the error term of (6.51) by modifying the proof in [23] along the argument in [15] in a
straightforward way. Thus, we omit the proofs of (6.50) and (6.51). From (6.50) and (6.51), we already
have estimates of each term in (6.21) and (6.22). Indeed, for any [ € I, and all sufficiently large n € N,
(6.50) yields

U logn
P(Ty > ")—12+0( =0, (6.52)
n n
s logn

P(Tb>un):ﬁ+0(

n4 )
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Since [ € I,,, (6.51) implies

T logn

P(TO NTy > l) = m + O( ) (653)

n

Therefore, by substituting these estimates for the right hand sides of (6.21) and (6.22) we obtain the
desired formula. O]

Proof of Lemma 6.5 for d = 2. Recall (6.33). Then, (6.8) and (6.48) yield

1 22
£O, > Z cexp((h — 1)n?) S cexp(hn n)

n - nd

lel,
for any n € N, as desired. O

Proof of Lemma 6.6 for d = 2. By the same argument for d > 3, we obtain (6.34) for d = 2. We
consider the estimate of the right hand side of (6.34). The first term and the second term of the right
hand side of (6.34) are already estimated by Lemma 6.10. (Note Remark 11.) To estimate the third
term, we will give a uniform upper bound of P(4;, N Ay ,,) for (I,I') € J, 3. Here, uniform means that
the bound is independent of the choice of (1,I') € J,, 3. Instead of using A}, in (6.40) as we did when
d > 3, we use more complicated events. Let 7

v = AL NS € abR[TW"l,lun]}.

Recall the definition of A’ in (6.40). By the definition of A;, and A’;,, we have 4;, C A;, and
A NV Ay, C AE’E, . Note that Aj . is not independent of Am’,n for (1,1') € J,3. Denote the event
0<|Sy—5< n\/m by D, and the event Sy — Si| > n\/u,—1 by Do. Since Sy ¢ R("—1) on
Ay, we have {S; = Sy} N Ay, =0 for Il <. Thus, Ay, = (Ayn N D1) U (Ay, N Ds2) and therefore
A NApy, C (A;,n N A%,m N D1) U (A, N Ay, N D) holds. Then, the following holds:

E[lAl,n 1Al’,n] < <E[1A2,n 1A;’72,’"1D1] + E[ljl,n 1Al/,n1D2]). (6.54)

Hence, by putting (6.52) and (6.53) into the right hand side of the inequalities given in Lemma 6.7
we can see that there exists C' > 0 such that for any I € I, and all sufficiently large n € N with

un—1/(n = ' < ([un—1/n'"7 = k[Bn*]) AL
P( E,n) = P(F07l’l+[“n 1-| )
SP(Ty ATy > 1) x P(To < Ty AR P(Ty > - 25)
n pa—
n? m exp((h — 1)n?)logn

< T
~2(n—1)2

(6.55)

2
Taking tha conditional probability of the event A;, N A}, NDyon F (Ts[lﬁ/ Z,W) and using (6.55), we see
that for any [,1’ € I,
E[lA/ lA///

LUn

1D1]

Uy —
=E[Ly 1p,1{{Sv ¢ RIl' — [5 1,0 — 1],

Up— n
Sl’ S abR[l/ - ( 101 Tgf 14 ]} N El’n}

P(Sy, 81 € RITE ]| F(TE ). (6.56)
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Note that TI[,B;LZ] < up— if (I,I') € J, 3. Hence, by (6.45), we see that for all sufficiently large n € N
with w, — up_1 > up/n and z, 2" € Z? with 0 < d(z,2') < ny/tn_1, it holds that

P(a,a’ € ORI u )| F(TIT))

Tl
Uy, s Clogn
< Py ANTp iy >[—1) < )
- O<d(:r,:£’r;i)7(u/7un,1 (To Ao > | n D= (n+1)2 + nt

By the inequalities in the last line restricted to x = S; and 2’ = Sy, the right hand side of (6.56) is
bounded by

Elly 1{{Sv € R[l' - (“” L1 1 N ayRI — [“" 17Ty 0 Ep )

(T4 Cloany (6.57)
m+12

Moreover, it holds that

Up— Up— n
BlLy W{Sv € R =[2G, 0 = 1 N ORI — [, TE 1} 0 B

=E[ly, |E[1{{Sy € R[l' - {“” F1 0 =1 N ORI — [ T 0 B

=E[Ly JELFQ — [“25h, 0 Téff"il w). (6.58)

By substituting (6.20) for Remark 10, we obtain

un 1 n2
PR =[5 1,0, T )
7P (Ty < Tb A k)wn 1 exp((h — 1)n?)logn
- 2(n —1)2 n* '
Therefore, (6.55), (6.57) and (6.58) yield

Elly Tam, 1p,]

TP(Ty < Ty A k)25 L o2 — 1)n?)logn
4(n —1)6(n +1)2 nlo ’

(6.59)

Now, we turn to the estimate of E[1 5 i, 1p,]. From the large deviation result (see (11) in [21]),
there exist C, ¢ > 0 such that for any n, m € N {1}¢ with m < up—1

P(|Sm| > ny/up—1) < Ce™ ™. (6.60)
Thus, by the strong Markov property, we can estimate E[lAl nlAl/ 1p,] for any (1,I') € J, 3 as
E[lAl 1Az/ nlDQ] :E[lfiz,nlDQ]E[lAy,n]
—E[1; Ellp,|FT™WED;
=E| A (LD, | F( Syl E] Ay ]

:E[lfil’nP(\Sl/,l,ﬂ > nM)t:TS[’3721 ]E[lfiz/ n]
. :

E[lAl " lIII|l<aX P(|Sy—y| > n,/un,l)]E[lgl/ ]
=Pla,] g, PUSnl z nim-) Bl |

exp(2(h — 1)n? )

eCTL

<C (6.61)
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The last inequality comes from (6.38) and (6.60). Finally, by (6.49), (6.59) and (6.61), we obtain the
following estimate. Since |Jp, 3| < (uy—1)?, for any n € NN {0},

> (Blly Lam Ip,)+ Ellz, 14, 1p.) = Ella,)E[L4, )

1,l'\n

LIeTn 3
S <7T4P(TD < Ty N2 74P (Ty < Ty A k)2(P7°]
= _1)6 2 —1)4p4
Leds 4(n—1)%(n+1) 4(n —1)*n
— 2 _ 2
+C,exp(2(ch 1)n?) +Cexp(2(h nllo)n )logn>

2
<C Z exp(2(h nl)n ) logn

10
(LIETn,3
2 2
<C <exp(hn4 2n)> " logzn. (6.62)
n n

The second inequality comes from the fact that there exists C' > 0 such that for any n € NN {1}¢

L1 e
(n—19%n+1)2 (n—1)*n* — nl0’

(6.63)

By (6.35), (6.36) and (6.62), the right hand side of (6.34) is bounded by (exp(hn? —2n)/n*)? x logn/n?.
Therefore, we obtain the proof of Lemma 6.6 for d = 2. 0

Remark 12. We observe what happens if we try to estimate the third term of the right hand side of
(6.34) in the case d = 2 by the same arqument as in the case d > 3. Recall the definition of A;f,n n
(6.40). Then, by substituting (6.20) for Lemma 6.7, we can see that for anyl' € I,

T2P(Ty < Tpy A k)81 o (exp((h — 1)n?)logn

P(Ap,) < 2(n — 1)2n? no )

/
l'n

Hence, if we choose Ay, instead of Ay, in (6.54),

Elly Tan 1=E[la 1E[ay |

T P(Ty < Ty A k)25 0 (exp(Q(h —1)n?) logn)
4(n —1)6n2 nto '

Based on this estimate, we obtain

Y (Ella, Lag 1= Ella,JE[La, ])

(L) ETn s
<y T P(Ty < Ty A k)218n"] CmP(Ty < Ty A )206n?]
a 4(n —1)%n? A(n — 1)ind
(L) ETn s
exp(2(h — 1)n2) logn
+0O( 5 )
exp(2(h — 1)n?)
<C ) o
W)ETn s
2 _
<o@Phn” =), 1
n n
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The second inequality comes from the fact that there exists C' > 0 such that for any n € NN {1}¢
1 B 1 < g
(n—1)%n2 (n—1)*n* — n%
(Compare with (6.63).) Consequently, with the aid of Lemma 6.5, we obtain
Var(Q») < C

A(BEQ,)? ~ n’
This estimate is not sufficient to apply the Borel-Cantelli lemma as we did in the proof of Theorem 2.5
in Section 4.1. Thus, we cannot use the Borel-Cantelli lemma here.

6.3 Proof of Theorem 2.6
6.3.1 Proof of the upper bound in Theorem 2.6 for d > 2

Proof. Note that if we substitute 840 for 8 in Lemma 6.2, we obtain E[0,(840)] = O(n'~?%). By the
Chebyshev inequality, we find that for any € > 0, there exists C' > 0

P<én(6d5) > (;‘)1“6) < Cn

Using the Borel-Cantelli lemma, we see that the events {éQk (B40) > Z(k_l)(1_5+€)} happen only finitely
often with probability one. Hence, it holds that for any € > 0

<1—-0+4+¢€¢ a.s. (6.64)

Note that if K (n,z) > [B40logn], for all k, n € N with 2kl < < 2F Txmdﬂoggqu < nand K(2% 1) >
[B461og 2517, and hence ©,,(6) < Oqi(B40) holds. Thus, for all k, n € N with 28=1 < n < 2% we have
log ©,(0) _ log Oy« (5ad)

logn — log2k-1
Therefore, with (6.64) we obtain for any € > 0,
1
lim sup 128 On(0)
n—oo  logn

The desired upper bound holds by combining these bounds. O

<1—-6+¢€¢ a.s.

6.3.2 Proof of the lower bound in Theorem 2.6 for d > 2

Proof. We closely follow the argument in the proof of Lemma 4.2 with 8 = ;6. Take k and hy as in
section 4.1. Set
Wi (B46) = [{z € OR(uy) N R(tp_1) : K(tn_1,) > [Badn®1}|.

Note that W;,(840) > @y, holds for any n € N. Indeed, if € 9yR(uy,), then = € dR(uy). Moreover, if
l € I, then | + k[B40n?] < u,,—1 holds for all sufficiently large n € N. Therefore, since we know (6.10)
and Lemma 6.5, we have

2
—2
cexp(hyn n) for all but finitely many n) = 1.

P(W,(Ba8) > 5EQu >

Let %y,—1 < n < . Note that K(um,—1.) < K(n,z) holds for all z € Z¢ and by virtue of (6.1),
OR(um,) N R(um—1) € OR(n). Hence, Wy, (549) < 0,,() holds. Therefore, it holds that
)

log ©,,(9

n4

liminf ————= > h;,  a.s.
n—00 logn
Since hy — 1 — (849) /B4 as k — oo, the desired result holds, completing the proof. O
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