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Geometric structures of favorite points and late points of a

two-dimensional simple random walk

Izumi Okada

Abstract

We consider the problem of late points and nearly favorite points of simple random walk in mainly
two dimension.

We determine the power exponents for the numbers of pairs of α-favorite points as Dembo et al.
conjectured. It has been shown that the exponents for the numbers of pairs of late points coincide
with those of nearly favorite points and high points in the Gaussian free field, whose exact values
are known. In addition, we estimate the exponents for the numbers of a multipoint set of late points
in average and in probability. While there have been observed certain similarities between among
three classes of points, our results exhibit a difference.

In addition, we consider the question: how many times does a simple random walk revisit the
most frequently visited site among the inner boundary points? It is known that in Z2 , the number
of visits to the most frequently visited site among all of the points of the random walk range up to
time n is asymptotic to π−1(log n)2, while in Zd (d ≥ 3), it is of order log n. We prove that the
corresponding number for the inner boundary is asymptotic to βd log n for any d ≥ 2, where βd is a
certain constant having a simple probabilistic expression.
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1 Introduction

In this paper, we study the local time of a random walk and special sites among the random walk
range, called late points and favorite points. In particular, we will solve some problems posed in Open
problem 4 in [6] and Open problem 4.3 in [7], which correspond to an extension of the results in [11],
and the open problem posed in [11].

The local time is a functional of a random walk with time and space parameter. It describes how
many times the random walk visits a specified site until a specified time. The notion of local time is very
basic and it appears in various fields. For example, Feynman-Kac formula provides us a representation
of the solution of (discrete) Schrödinger equation by using a functional of the local time. Indeed, this is
a fundamental tool to study Schrödinger equations by means of probability theory, and a detailed study
of local time is required to investigate it. Though the research on the local time is a classical topic,
many questions related to it are recently propounded and investigated and many of them remaining
to be cleared up. In particular, problems concerning the local time in two dimension are most difficult
than in other dimensions. Since the simple random walk in two dimension is recurrent, estimates such
as asymptotic behavior of hitting probabilities are complex and often exhibits a different nature. The
simple random walk is also recurrent in one dimension, but the structure of the state space is much
simpler than Z2 and hence many special techniques are available there.

Before entering the description of our main results, we briefly review known results concerning
late points and favorite points. About sixty years ago, Erdős and Taylor [18] proposed a problem on
asymptotic behavior of the spatial maximum of the local time of a simple random walk in Z2. Over
forty years later, Dembo, Peres, Rosen and Zeitouni [8, 9, 10] solved it and some related problems
by developing innovative proofs. Moreover, these methods have been applied also to the study of late
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points in two dimensional discrete torus Z2
n of size n. As one of those results, in [11], they showed that

the number of pairs of late points in various sized clusters have a variety of power growth exponents.
In the same paper, they gave a conjecture on the exact asymptotic form of a corresponding quantity
for favorite points. [11] to j-tuple of late points with j ≥ 3 is also suggested as an open problem in [6].
These results, as well as conjectures, concern with geometry of the configuration of (nearly) extremal
points where the local time takes singular values. As another question, the position of the site where the
local time attains its maximum is also studied in the literature. Lifshits and Shi [22] verified that the
favorite point of 1-dimensional random walk tends to go far from the origin. Additional open problems
concerning geometric structure of the favorite points are raised by Erdős and Révész [16, 17] and Shi
and Tóth [29] but almost no definite solution to them is known for multi-dimensional walks.

Based on the state of the art as above, we explain three main results in this paper. The first one
is on the number of pair of favorite points. We define the set of α-favorite points Ψn(α) for 0 < α < 1
as in [11] (see (2.3) in the next section) and obtain certain asymptotic estimates, say (A) (in average)
and (B) (in probability), of

|{(x, x′) ∈ Ψn(α)
2 : d(x, x′) ≤ nβ}|.

This verifies the conjecture raised in [11]. The second one is on the number of j-tuples of late points.
We define the set of α-late points in Z2

n as Ln(α) for 0 < α < 1 as in [11] (see (2.3) in the next section).
We will obtain certain asymptotic estimates, say (A) (in average) and (B) (in probability), of

|{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|

for any 0 < α, β < 1 and j ∈ N. This gives an answer to the open question in [6]. The third one
concerns with the location of favorite points. We obtain the limit theorems for the spatial maximum of
the local time over the boundary of random walk range up to time n. As a corollary, this implies that
the favorite points for the whole range of the random walk does not appear on the boundary of the
range asymptotically. The third results deals with a different subject from the first and second ones.
Thus, our results can be categorized into two content according to its subject.

Now we state motivations for the present study of entire research of this paper in more details. We
wish to understand the structure of the random field of a local time as a configuration of late points
and favorite points. In particular, we want to determine the relationship between the special points of a
random walk and those of a Gaussian free field (GFF). In fact, there are several results for Gaussian free
fields corresponding to ones for favorite points and late points. For 0 < α < 1, the known results study
the set of α-high points of the GFF in Z2

n (sites where GFF takes high values). For j = 2, [11] obtained
the result corresponding to (A), and Brummelhuis and Hilhorst [4] obtained that corresponding to (B).
Daviaud [5] estimated the number of pairs of α-high points of the GFF in the same forms as (A) and
(B). In each case, the exponent coincides with that of (A) or (B). We will discuss this similarity in more
details in Section 2.2. It is worth mentioning that some other functional of a random field exhibits a
different behavior between favorite points and late points (See Section 5.5). Note that any result on
asymptotic behavior of the location of high points of GFF as n → ∞ is not obtained yet as far as the
author knows.

There is another motivation for first and second main results. We wish to employ detailed in-
formation of the geometric structures of late points and favorite points to obtain the diverse large
deviation estimates of the local time or high moment of functionals of the local time. Of course, there
are corresponding questions for high points also. In general, the limit theorem for random variables
has a connection with its large deviation estimates or high moments. We believe that our estimates
of the local time helps the study of asymptotic behavior of various functionals of the local time. In
fact, there are already some results in this direction as an application of our results (See Proposition
5.10). Actually, (A) of our main results (with j = 2) are almost equivalent to an estimate of the second
moments of |Ln(α)| or |Ψn(α)|.

We introduce the contents of this paper. In Section 2, we will introduce six main theorems (Theorem
2.1–2.6). We also provide a more detailed observations on our main results as well as an outline of the
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proof there. After stating our framework precisely in Section 2.1, we will provide the results concerning
the geometric structures of Ln(α) and Ψn(α) in Section 2.2. The proof of theorems in Section 2.2
and some related results are given in Section 3–5. In Section 2.3, we will argue the results of favorite
point among the inner boundary. In Section 3, we will collect preliminary results concerning a simple
random walk and a finite Markov chain that will be used in later Sections 4 and 5. In Section 4,
we will provide the proof of the results concerning the number of pair points of favorite points. In
Section 5, we will discuss the number of multipoints of late points and some related results. First, in
section 5.1, we will give the basic matrix’s arguments as preliminaries to the proof of the second main
results. Second, we will give the proof of main results in Sections 5.2 and 5.3. The rest of Section 5 is
devoted to some problems. In Section 5.4, we will estimate to what extent the probability that a certain
geometric structure of multipoints which are late points remains when some spatial element is changed.
In Section 5.5, we will argue the difference between Ln(α) and Ψn(α)( or Vn(α)). As mentioned above,
from [4, 11] and from our forthcoming paper, it is known that there exist similarities between Ln(α),
Ψn(α) and Vn(α), but there are also differences. We will obtain the complex distribution of pair points
there. Section 5.6 is an appendix. There we show a sort of monotonicity of exponents which appear in
the description of the second main theorems. We will use it in Sections 5.2 and 5.3. It is elementary
but complicated. Finally, in Section 6, we will provide the proof of the results concerning favorite point
among the inner boundary.

To close the introduction, we mention that this thesis is based on three papers [24, 25, 26]. Theorems
2.1 and 2.2, Theorems 2.3 and 2.4 and Theorems 2.5 and 2.6 are established in [25], [25] and [24]
respectively.

2 Known results and main results

2.1 Framework

To state our main results, we will introduce notations as follows. Let d be the Euclidean distance
and N := {1, 2, · · · }. For n ∈ N, let D(x, r) := {y ∈ Z2

n : d(x, y) < r} and for any G ⊂ Z2
n,

∂G := {y ∈ Gc : d(x, y) = 1 for some x ∈ G}. For x ∈ Z2
n, we sometimes omit {} in writing the one-

point set {x}. Let {Sk}∞k=1 be a simple random walk on a 2-dimensional square lattice. Let P x denote
the probability of a simple random walk starting at x. We will simply write P for P 0. Let K(n, x) be
the number of times the simple random walk visits x up to time n, that is, K(n, x) =

∑n
i=0 1{Si=x}.

For any D ⊂ Z2
n, let TD := inf{m ≥ 1 : Sm ∈ D}. For simplicity, we will write Tx1,...,xj for T{x1,...,xj}.

Let τn := inf{m ≥ 0 : Sm ∈ ∂D(0, n)}. We will use the same notations for a simple random walk in
Z2. In addition, ⌈a⌉ denotes the smallest integer n with n ≥ a.

Now, we will recall details of some known results of favorite points which we mentioned in Section
1 to define α-favorite points. Erdős and Taylor [18] showed that for a simple random walk in Zd with
d ≥ 3

lim
n→∞

maxx∈Zd K(n, x)

logn
=

1

− logP (T0 < ∞)
a.s. (2.1)

For Z2, they obtained

1

4π
≤ lim inf

n→∞

maxx∈Z2 K(n, x)

(log n)2
≤ lim sup

n→∞

maxx∈Z2 K(n, x)

(log n)2
≤ 1

π
a.s.,

and conjectured that the limit exists and is almost surely (a.s.) to. Forty years later, Dembo et al. [9]
showed that for a simple random walk in Z2,

lim
n→∞

maxx∈Z2 K(τn, x)

(log n)2
= lim

n→∞

4maxx∈Z2 K(n, x)

(log n)2
=

4

π
a.s. (2.2)
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Subsequently, Rosen [27] provided another proof of this. Based on this result, as [9, 11], for 0 < α < 1,
we define the set of α-favorite points in Z2 by

Ψn(α) :=

{
x ∈ D(0, n) : K(τn, x) ≥

⌈
4α

π
(log n)2

⌉}
.

Similarly, we will recall some known results for the cover time in Z2
n to define α-late points. Origi-

nally, [8] estimated the cover time of a simple random walk in Z2
n, that is,

lim
n→∞

maxx∈Z2
n
Tx

(n logn)2
=

4

π
in probability.

For 0 < α < 1, we will define the set of α-late points in Z2
n by

Ln(α) :=

{
x ∈ Z2

n :
Tx

(n log n)2
≥ 4α

π

}
. (2.3)

2.2 Results of geometric structures of favorite points and late points

Now, we introduce main results. We clear up the geometric structure of Ψn(α) and attend the problem
in [11] as follows.

Theorem 2.1. For any 0 < α, β < 1 with probability one

lim
n→∞

log |{(x, x′) ∈ Ψn(α)
2 : d(x, x′) ≤ nβ}|

log n
= ρ2(α, β),

where

ρ2(α, β) :=

{
2 + 2β − 4α

2−β (β ≤ 2(1−
√
α)),

8(1−
√
α)− 4(1−

√
α)2/β (β ≥ 2(1−

√
α)).

Theorem 2.2. For any 0 < α, β < 1

lim
n→∞

logE[|{(x, x′) ∈ Ψn(α)
2 : d(x, x′) ≤ nβ}|]

log n
= ρ̂2(α, β),

where

ρ̂2(α, β) :=

{
2 + 2β − 4α

2−β (β ≤ 2−
√
2α),

6− 4
√
2α (β ≥ 2−

√
2α).

Theorem 2.3. For any 0 < α, β < 1 and j ∈ N

lim
n→∞

logE[|{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|]

log n

= ρ̂j(α, β),

where

ρ̂j(α, β) :=

{
2 + 2(j − 1)β − 2jα

(1−β)(j−1)+1 (β ≤ 1 + 1−
√
jα

j−1 ),

2(j + 1− 2
√
jα) (β ≥ 1 + 1−

√
jα

j−1 ).

We will extend the condition d(xi, xl) ≤ nβ to be more general in Section 5.4.
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Theorem 2.4. For any 0 < α, β < 1 and j ∈ N in probability

lim
n→∞

log |{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|

log n

= ρj(α, β),

where

ρj(α, β) :=

{
2 + 2(j − 1)β − 2jα

(1−β)(j−1)+1 (β ≤ j
j−1(1−

√
α)),

4j(1−
√
α)− 2j(1−

√
α)2/β (β ≥ j

j−1(1−
√
α)).

Therefore, the mean and median numbers of multipoints have different orders of magnitude. If late
points or favorite points were spread out uniformly in Z2

n or Z2, the limit in main results would be
2+2(j− 1)β− 2jα for j ≥ 2. However, we obtain much larger exponents in Theorems 2.1, 2.2, 2.3 and
2.4.

To state the relationship between ρ̂j(α, β) and ρj(α, β), for 0 < β < 1, γ and h > 0, respectively,
let

Fh,β(γ) :=
1− γβ

1− β
+ hγ2β.

It can easily be checked that

ρj(α, β) =2 + 2(j − 1)β − 2α inf
γ∈Γα,β

Fj,β(γ),

where

Γα,β = {γ ≥ 0 : 2− 2β − 2αF0,β(γ) ≥ 0}.

It is also easy to verify that

ρ̂j(α, β) = sup
β′≤β

sup
γ≥0

{2 + 2(j − 1)β′ − 2αFj,β′(γ)}, (2.4)

and so the difference between ρj(α, β) and ρ̂j(α, β) is that the supremum in (2.4) is not subjected to
the constraint γ ∈ Γα,β. We will define

F̂h,β(γ) := γ2(1− β) +
h

β
(1− γ(1− β))2

in Theorems 2.1 and 2.2. Note that F̂h,β(γ) = Fh,β((1 − γ(1 − β))/β). Then, the same explanation

holds by using F̂h,β(γ). We will now explain why we need to restrict the domain of a function Fj,β(γ)
in Γα,β to have ρj(α, β). As [6, 7] mentioned, if we estimate Theorem 2.4, we are tempted to consider
the following wrong heuristic: if we set A(nβ, an) := {z ∈ (⌈nβ⌉Z2

n) ∩ Z2
n: a simple random walk goes

and returns to ∂D(z, nβ) via some closed circle an times up to time 4α(n log n)2/π }, in probability

E[|set of multipoints which are α-late points within distance nβ of each other|]
= n2+2(j−1)β

× P (x1, ..., xj are α-late points when d(xi, xl) is close to nβ(∀i, l ≤ j))

≈ (Typical value of such number of multipoints)

≈ max
an∈N

E[|A(nβ, an)|]×
(
E[|Ln(α) ∩D(z, nβ)|; z ∈ A(nβ, an)]

P (z ∈ A(nβ, an))

)j

.
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This approximation is discussed in [4]. In fact, we only have to consider {an}n∈N with

P (|{z ∈ (⌈nβ⌉Z2
n) ∩ Z2

n : z ∈ A(nβ, an)}| ≥ 1) → 1.

This restriction corresponds to (5.39) and, hence, that of Fj,β(γ) restricted in Γα,β. Therefore, we
obtain different quantities for the exponent in probability from that in average.

Now we introduce the known results concerning late points and favorite points. [4] showed (B) for
j = 2, and, [11] showed (A) for j = 2. Theorem 1.4 of [11] estimated the power growth exponent of
pairs of α-late points within distance nβ of each other. In addition, As mentioned in Section 1, it is
known that there exist some relationships between late points, favorite points and high points. We
will explain the high points of the GFF in Z2

n. In general, it is known that GFF is a central model of
random surfaces. Sheffield [28] provided a mathematical survey of the GFF. In addition, Bolthausen
et al. [3] showed that in probability,

lim
n→∞

maxx∈Z2
n
ϕn(x)

log n
= 2

√
2

π
,

where {ϕn(x)}x∈Z2
n
is the GFF whose definition is the same as that in [3, 5]. In what follows, for

0 < α < 1, we will define the set of α-high points of the GFF such that

Vn(α) :=

{
x ∈ Z2

n :
ϕn(x)

2

2
≥ 4α

π
(log n)2

}
.

[5] showed that if Ln(α) in Theorems 2.1 and 2.2 is changed into Vn(α), each exponent is the same as
that of Theorems 2.1 and 2.2. In addition, there are some interesting results concerning a relationship
between the local time of a random walk and a GFF. Eisenbaum et al. [14] provided a powerful
equivalence law called the generalized second Ray-Knight theorem. Ding et al. [12, 13] showed a strong
connection between the expected maximum of the GFF and the expected cover time.

We explain the outline of the proof of Theorems 2.1 and 2.2. The proof of the lower bound in
Theorem 2.1 relies on the moment method which is used by [8, 10, 11]. Now, we explain one of the
reason why the lower bound in Theorem 1.1 in [9] has been unsolved for a long time and the method of
the proof in [9, 27], which is essentially the same as that of [8, 9, 10, 11]. If we use the Paley-Zygmund
inequality for |Ψn(α)|, we need to estimate the second moment of it. However, it is much larger than
the square of the first moment and, hence, it is impossible to use directly the moment method for
|Ψn(α)|. Then, to estimate the lower bound, they consider the set of points Ψ′

n(α) called successful
points which is a slightly smaller set than Ψn(α). (For example, see (3.7) in [27].) In fact, the second
moment of |Ψ′

n(α)| is of almost same order as the square of the first moment of |Ψ′
n(α)| and the first

moment of |Ψ′
n(α)| is same order as that of |Ψn(α)|. Then, they use the moment method for |Ψ′

n(α)|,
and, hence, the definition of Ψ′

n(α) naturally yields the lower bound of |Ψn(α)|. In this paper, to use
this method, we choose a proper set corresponding to |Ψ′

n(α)|.
Next, we will explain the summary of proofs for Theorems 2.3 and 2.4. We uniquely develop three

main ideas, (I), (II) and (III).
(I) Matrix’s arguments
For use in the proof of the upper bound, we will consider the special set of the matrices Mj (M̃j)

in Section 5.1. Now, we will explain the difficulty of the proof of the upper bound. For example, if we
consider the value in Theorem 2.2, we can write

E[|{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|]

=
∑

d(xi,xl)≤nβ ,
xi∈Z2

n

P (x1, ..., xj ∈ Ln(α)).
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Consider the sequences {x(n)i }n∈N with x
(n)
i ∈ Z2

n for 1 ≤ i ≤ 3. Hence, if we estimate ρ̂3(α, β), from

the symmetry of x
(n)
1 , x

(n)
2 and x

(n)
3 , it is plausible that we need to consider the following two positions:

(1)d(x
(n)
1 , x

(n)
2 ) ≈ d(x

(n)
2 , x

(n)
3 ) ≈ d(x

(n)
3 , x

(n)
1 ),

(2)d(x
(n)
1 , x

(n)
2 ) << d(x

(n)
1 , x

(n)
3 ), d(x

(n)
2 , x

(n)
3 ),

where an ≈ bn means log an/ log bn → 1 as n → ∞ for any sequence. In general j ∈ N, there are various
positions of (x1, ..., xj) which we need to compute and, hence, we need some original computation for
multipoints. Thus, we need to observe properties of Mj for j ∈ N, which correspond to properties of a
variety of positions. For example, we will divide Mj into the value of some function Ξ (as introduced
later) and argue the relationship with the summation of all the elements of a certain matrix in Mj .
In particular, Proposition 5.5 (or Lemma 5.7) is interesting and important since the proof depends on
remarkable properties of Mj and corresponds to key estimates for main results.

(II) The information of Green’s function
We will estimate hitting probabilities for some subset in Z2

n until some stopping time in Section
3.1.1, and apply these arguments to Lemma 5.13. To obtain Lemma 5.13, we need to compute hitting
probabilities to a variety of subsets and stopping times, which can’t be simply computed. Our results
imply that there exists a strong connection between such hitting probabilities and a matrix of Green’s
function of a simple random walk.

(III) Enumeration of a Markov chain’s path
We will use the certain general Markov chain rule studied in Section 3.1.3. In fact, we will estimate

the probabilities under the condition on a local time of some edges in the graph.
Now, we will explain how they lead to our main result with the above three ideas. The proof of

the upper bound in Theorem 2.4 partially relies on the proof in [11], in which, they chose many small
circles and considered the probability that pair points in the circle were not covered by a random walk
under the condition of a crossing number around the circle. We will extend this result by changing pair
points to multipoints. The result of Lemma 5.11 corresponds to that of Lemma 6.1 in [11]. However,
the method of the proof of Lemma 5.11 is completely different and uses the above ideas (II) and (III).
In particular, we will replace the information regarding the combination of paths conditioned by the
excursions of the random walk to that of the Markov chain’s path which we obtained using idea (III).
In addition, with Lemma 5.11, we will produce the proof of the upper bound in Theorems 2.3 and 2.4

using idea (I). For example, Lemma 5.8 implies that for {x(n)i }n∈N with x
(n)
i ∈ Z2

n (1 ≤ i ≤ j) , we only

need to consider the position that is close to d(x
(n)
i , x

(n)
l ) ≈ n1−ai,l for (ai,l)1≤i,l≤j ∈ Mj . In Lemma

6.4, we provide the method of the enumeration of points included in a certain subset. Therefore, we
obtain Proposition 5.10 by using Propositions 5.3 and 5.5 and complete the desired results with the aid
of the upper bound in (ii) of Lemma 5.11.

The proof of the lower bound in Theorem 2.4 relies on the moment method used in the proof of the
lower bound in Theorem 2.2. In this paper, to show the lower bound in Theorem 2.4, we only need
minor modifications to [11].

2.3 Main Results of favorite point among the inner boundary

In Section 2.3, we focus on the most frequently visited site among the inner boundary points of the
random walk range, rather than among all of the points of the range, and propose the question: how
many times does a random walk revisit the most frequently visited site among the inner boundary
points?

To state main results, we will introduce notations as follows. For n ∈ N, set R(n) = {S0, S1, . . . , Sn}
as the random walk range up to the time n. We call z ∈ Zd a neighbor of a ∈ Zd if |a − z| = 1. Let
N (a) be the set of all neighbors of a defined as

N (a) = {z ∈ Zd : d(a, z) = 1}.
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Note that the inner boundary of A ⊂ Zd, which is denoted by ∂A in Section 2.1, can alternatively be
represented by

{x ∈ A : N (x) ̸⊂ A}.

For l, n ∈ N let
R[l, n] = {Sl, Sl+1, ..., Sn}

if n ≥ l and R[l, n] = ∅ if l > n and R[0,−1] = ∅. The inner boundary of the random walk range R[l, n]
is denoted simply by ∂R[l, n] as it is for R(n). In addition, we set

M(n) := max
x∈∂R(n)

K(n, x).

Clearly, this is the maximal number of visits of the random walk of length n to ∂R(n), the inner
boundary of R(n). We are now ready to state our main theorems. The first theorem provides us with
sharp asymptotic behavior of M(n).

Theorem 2.5. For d ≥ 2

lim
n→∞

M(n)

log n
= βd a.s.,

where

βd =
1

− logP (T0 < Tb)

for any b ∈ N (0). Note that P (T0 < Tb) does not depend on the choice of b ∈ N (0), but rather depends
only on the dimension.

Leading to the second main theorem, we first define Θn(δ) for n ∈ N and 0 < δ < 1 as

Θn(δ) :=

∣∣∣∣{x ∈ ∂R(n) :
K(n, x)

log n
≥ βdδ

}∣∣∣∣.
This is the cardinality of points in ∂R(n) whose number of visits is comparable to the maximal order
appearing in Theorem 2.5, with a ratio greater than or equal to δ. Our second main theorem exhibits
the sharp logarithmic asymptotic behavior of Θn(δ) as n → ∞.

Theorem 2.6. For d ≥ 2 and 0 < δ < 1,

lim
n→∞

logΘn(δ)

log n
= 1− δ a.s.

We compare our main results to the corresponding results for the whole random walk range R(n).
We denote the quantity corresponding to M(n) by M0(n). That is, M0(n) = maxx∈Zd K(n, x) where
M0(n) represents the maximal number of visits of the random walk to a single site in the entire random
walk range until time n. Recall results of [9], which are introduced in Section 2.1. For 0 < a < 1, we
define

Θ0,n =

∣∣∣∣{x ∈ Z2 :
K(n, x)

(log n)2
≥ a

π

}∣∣∣∣.
Then, [9] yields

lim
n→∞

logΘ0,n

log n
= 1− a a.s.

In view of these results, Theorem 2.5 entails the following corollary.
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Corollary 2.7. For d ≥ 2, the favorite point does not appear in the inner boundary from some time
onwards a.s. In other words, M0(n) > M(n) for all but finitely many n with probability one.

Next, we explain proofs. The upper bounds for both Theorem 2.5 and Theorem 2.6 are obtained
using the idea in [15]. The Chebyshev inequality and the Borel-Cantelli lemma are also used in the
same way as in [15]. On the other hand, M(n) is not monotone, while M0(n) is monotone. We work
with the walk and its trajectory at the times 2k and find a process that is monotone and a bit larger
than M(n), but with the desired asymptotics.

On the other hand, the idea for the proof of the lower bound is different from that for the known
results. In [9], a Brownian occupation measure was used in the proof. Rosen [27] provided another proof
to the result of [9], in which he computed a crossing number instead of the number of the frequently
visited site. In this paper, we use the Chebyshev inequality and the Borel-Cantelli lemma as in [27]
but for the number of the frequently visited sites among the inner boundary points. In addition, as
the proof of the upper bound, we estimate a number slightly smaller than the number of the frequently
visited site among the inner boundary points.

These results illuminate the geometric structure of the random walk range as well as the nature of
recurrence or transience of random walks. We are able to infer that the favorite point is outside the
inner boundary from some time onwards with probability one. This may appear intuitively clear; it
seems improbable for the favorite point to continue to be an inner boundary point since it must be
visited many times, but our result further shows that there are many inner boundary points that are
visited many times, with amounts comparable to that of the favorite point for d ≥ 3. In addition, the
growth order of M0(n) is the same for all d ≥ 2, meaning the phase transition which occurs between
d = 2 and d ≥ 3 for M0(n) does not occur for M(n).

In Theorem 2.6, which is a strong claim in comparison to Theorem 2.5, we will provide an explicit
answer to the question of how many frequently visited sites among the inner boundary points exist.

We conclude this introduction by mentioning some known results about the inner boundary points
of the random walk range that are closely related to the present subject. Let Ln be the number of the
inner boundary points up to time n. In [2], it is noticed that the entropy of a random walk is essentially
governed by the asymptotic of Ln. In [23], the law of large numbers for Ln is shown and limLn/n is

identified for a simple random walk on Zd for every d ≥ 1. Let J
(p)
n denote the number of p-multiplicity

points in the inner boundary and be defined as

J (p)
n = |{Si ∈ ∂R(n) : |{m : 0 ≤ m ≤ n, Sm = Si}| = p}|,

where ∂R(n) is the set of the inner boundary of {S0, S1, ..., Sn}. In [23], it is also shown that for a
simple random walk in Z2, with p ≥ 1,

π2

2
≤ lim

n→∞
ELn × (log n)2

n
≤ 2π2,

c̃p−1π2

4
≤ lim

n→∞
EJ (p)

n × (log n)2

n
≤ c̃p−1π2, (2.5)

where c̃ = P (T0 < Tb) for any/some neighbor site b of the origin. These may be compared with the
results for the entire range; according to [19], |{Si : 0 ≤ i ≤ n}| in Z2 is asymptotic to πn/ log n and
the asymptotic form of the number of p-multiplicity points in it is independent of p.

In the proofs given in the remainder of this paper we denote contextual constants by C or c. In
addition, ⌈a⌉ denotes the smallest integer n with n ≥ a, and Ac denotes a complementary set of A.
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3 Preliminary for main results

3.1 Basic properties

3.1.1 Hitting probabilities

First, we compute probabilities that a simple random walk in Z2
n doesn’t hit a multipoint set until

a certain random time. Given j distinct points x1, x2, ..., xj of Z2
n and a non-empty subset D̃ of Z2

n

which is disjoint of {x1, ..., xj}, let τ̃ denote the first time/enters D̃ and define for 1 ≤ i, l ≤ j and
y ̸∈ {x1, ..., xj},

Qi,l :=
∞∑

m=0

P xi(Sm = xl,m < τ̃ ∧ Ty).

By decomposing the probability P xi(Ty = τ̃ ∧ Ty) by means of the last time the walk leaves the set
{x1, ..., xj} before τ̃ ∧ Ty we obtain

P xi(Ty = τ̃ ∧ Ty) =

j∑
l=1

Qi,lP
xl(Ty = Tx1,...,xj ∧ τ̃ ∧ Ty),

for 1 ≤ i ≤ j. The matrix Q = (Qi,l)1≤i,l≤j is regarded as the Green kernel for the Markov chain on
{x1, ..., xj} with the substochastic transition matrix q = (qi,l)1≤i,l≤j given by

qi,l = P xi(Txl
= Tx1,...,xj < τ̃ ∧ Ty),

so that qQ = Q− E, where E denotes the unit matrix. Accordingly, Q is regular and

Q−1 := E − q. (3.1)

For any regular matrix A, let χ(A) (or χA) be the summation over all the elements of A−1. Note that
for 1 ≤ u ≤ j,

P xu(Ty = Tx1,...,xj ∧ τ̃ ∧ Ty) = P xu(Ty = τ̃ ∧ Ty)

∑j
i=1 (cofactor of Qu,i)

det((Qi,l)1≤i,l≤j)
. (3.2)

Hence, we have

min
1≤u≤j

P xu(Ty = τ̃ ∧ Ty)χ((Qi,l)1≤i,l≤j)

≤
j∑

l=1

P xl(Ty = Tx1,...,xj ∧ τ̃ ∧ Ty)

≤ max
1≤u≤j

P xu(Ty = τ̃ ∧ Ty)χ((Qi,l)1≤i,l≤j). (3.3)

In particular, we consider the summation of (3.2) and (3.3) over y ∈ D̃. Note that
∑

y∈D̃ P xu(Ty =
τ̃ ∧ Ty) = 1 holds for any 1 ≤ u ≤ j. Then, if we let

Wi,l :=

∞∑
m=0

P xi(Sm = xl,m < τ̃),

we have for 1 ≤ l ≤ j,

P xl(τ̃ < Tx1,...,xj ) =

∑j
i=1 (cofactor of Wl,i)

det((Wi,l)1≤i,l≤j)
, (3.4)

j∑
l=1

P xl(τ̃ < Tx1,...,xj ) = χ((Wi,l)1≤i,l≤j). (3.5)
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In addition, we consider the case that j = 2, the definition of (Q̃i,l)1≤i,l≤j yields that for i ̸= l ∈ {1, 2},

P xi(Txi = Tx1,x2 ∧ τ̃) =1−
Wl,l

W1,1W2,2 −W1,2W2,1
,

P xi(Txl
= Tx1,x2 ∧ τ̃) =

Wl,i

W1,1W2,2 −W1,2W2,1
. (3.6)

Next, we introduce estimates of the hitting probabilities for a simple random walk in Z2 since we
need only estimates for “Z2” in this paper. By Exercise 1.6.8 of [20] or (4.1) and (4.3) in [27], we have
that, uniformly in 0 < r < |x| < R,

P x(T0 < τR) =
log(R/|x|) +O(|x|−1)

logR
(1 +O((log |x|)−1)),

P x(τr < τR) =
log(R/|x|) +O(r−1)

log(R/r)
. (3.7)

For x, y ∈ D(0, n) let Gn(x, y) :=
∑∞

m=0 P
x(Sm = y,m < τn). In addition, by Proposition 1.6.7 in [20]

or (2.1) in [27], we have that for any x ∈ D(0, n)

Gn(x, 0) =

∞∑
m=0

P x(Sm = 0,m < τn) =
2

π
log

(
n

|x|

)
+O(|x|−1 + n−1),

Gn(0, 0) =
2

π
logn+O(1). (3.8)

Therefore, we have that for x, y ∈ D(0, n/3)

Gn(x, y) =
2

π
log

(
n

d(x, y)

)
+O(d(x, y)−1 + n−1 + 1). (3.9)

Indeed,

Gn(x, y) ≤
∞∑

m=0

P x−y(Sm = 0,m < τ4n/3)

=
2

π
log

(
n

d(x, y)

)
+O(d(x, y)−1 + n−1 + 1),

Gn(x, y) ≥
∞∑

m=0

P x−y(Sm = 0,m < τ2n/3)

=
2

π
log

(
n

d(x, y)

)
+O(d(x, y)−1 + n−1 + 1).

In addition, by (3.8) the strong Markov property yields

P (τn < T0) = (

∞∑
m=0

P (Sm = 0,m < τn))
−1 =

π

2 log n
(1 + o(1)). (3.10)

3.1.2 Probabilities conditioned by the local time

Now, we prepare some expression of the probability of events associated with a Markov chain on {1, 2, 3}.
It will be used when considering transitions of the random walk in Z2 from a given set to another one.
We can reduce such a problem to that for Markov chain by considering a sequence of hitting times.
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Consider the general Markov chain {Xm}∞m=0 of discrete time on the state space {1, 2, 3}. Let di,l be
the transition probability of {Xm}∞m=0. We claim that for any n1, n2 ∈ N,

P 1

( n1+n2∑
m=1

1{Xm=1} = n1,

n1+n2∑
m=1

1{Xm=2} = n2, Xn1+n2 = 2

)
=

∑
0≤i≤n1∧(n2−1)

dn1−i
1,1 di+1

1,2

n1!

(n1 − i)!i!
di2,1d

n2−i−1
2,2

(n2 − 1)!

(n2 − i− 1)!i!
(3.11)

and

P 1

( n1+n2∑
m=1

1{Xm=1} = n1,

n1+n2∑
m=1

1{Xm=2} = n2, Xn1+n2 = 1

)
=

∑
1≤i≤n1∧n2

dn1−i
1,1 di1,2

n1!

(n1 − i)!i!
di2,1d

n2−i
2,2

(n2 − 1)!

(n2 − i)!(i− 1)!
, (3.12)

where 0! = 1. We will show (3.13) and (3.14) by induction on n1 + n2. It is trivial that (3.13) and
(3.14) hold for n1 + n2 = 2, that is, n1 = n2 = 1. Fix n ≥ 2 and assume that (3.13) and (3.14) hold
for any n1, n2 ∈ N with n1 + n2 = n. First, we will show that (3.13) holds for any ñ1, ñ2 ∈ N with
ñ1 + ñ2 = n+ 1. When ñ2 = 1,

P 1

( ñ1+ñ2∑
m=1

1{Xm=1} = ñ1,

ñ1+ñ2∑
m=1

1{Xm=2} = ñ2, Xñ1+ñ2 = 2

)
=P 1

(
Xm = 1 for 1 ≤ m ≤ ñ1 + ñ2 − 1, Xñ1+ñ2 = 2

)
=dñ1+ñ2−1

1,1 d1,2,

and, hence, the claim holds. In addition, the Markov property yields that for any ñ2 ≥ 2 and ñ1 ∈ N,

P 1

( ñ1+ñ2∑
m=1

1{Xm=1} = ñ1,

ñ1+ñ2∑
m=1

1{Xm=2} = ñ2, Xñ1+ñ2 = 2

)

=d1,1P
1

( ñ1+ñ2−1∑
m=1

1{Xm=1} = ñ1 − 1,

ñ1+ñ2−1∑
m=1

1{Xm=2} = ñ2, Xñ1+ñ2−1 = 2

)

+ d1,2P
2

( ñ1+ñ2−1∑
m=1

1{Xm=1} = ñ1,

ñ1+ñ2−1∑
m=1

1{Xm=2} = ñ2 − 1, Xñ1+ñ2−1 = 2

)
=d1,1

∑
0≤i≤(ñ1−1)∧(ñ2−1)

dñ1−1−i
1,1 di+1

1,2

(ñ1 − 1)!

(ñ1 − 1− i)!i!
di2,1d

ñ2−1−i
2,2

(ñ2 − 1)!

(ñ2 − 1− i)!i!

+ d1,2
∑

1≤i≤ñ1∧(ñ2−1)

dñ1−i
1,1 di1,2

(ñ1 − 1)!

(ñ1 − i)!(i− 1)!
di2,1d

ñ2−1−i
2,2

(ñ2 − 1)!

(ñ2 − 1− i)!i!

=
∑

0≤i≤ñ1∧(ñ2−1)

dñ1−i
1,1 di+1

1,2

ñ1!

(ñ1 − i)!i!
di2,1d

ñ2−i−1
2,2

(ñ2 − 1)!

(ñ2 − i− 1)!i!
.

The second equality comes from the assumption and the symmetry of sites 1 and 2. Therefore, we
obtain (3.11). In addition, the same argument yields the corresponding result for (3.12), and, hence,
we obtain the desired result.
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3.1.3 Probabilities conditioned by the local time of edge

Now, we give some expression of the probability of events associated with a Markov chain. It will be used
when considering transitions of the random walk in Z2

n from a given set to another one. Consider the
general Markov chain {Xm}∞m=0 of discrete time on the state space Z such that P 4(T3 < ∞) = 1. Let us
extend the definition ofK(n, x) as follows: for n ∈ N and i, l ∈ Z, setK(n, ei,l) :=

∑n−1
m=0 1{Xm=i,Xm+1=l}

and in addition Q(n, ei,l) := inf{m > 0 : K(m, ei,l) = n}. Let T̃2 := inf{m > T1 : Xm = 2} and di,l as
follows:

d1,1 :=P 2(T1 < T4, T̃2 < T0), d1,2 := P 2(T4 < T1),

d2,1 :=P 3(T1 < T4, T̃2 < T0), d2,2 := P 3(T4 < T1).

We claim that for any n1, n2 ∈ N,

P 2(K(Q(n2, e3,4), e1,2) = n1,Q(n2, e3,4) < T0)

=
∑

0≤i≤n1∧(n2−1)

dn1−i
1,1 di+1

1,2

n1!

(n1 − i)!i!
di2,1d

n2−i−1
2,2

(n2 − 1)!

(n2 − i− 1)!i!
(3.13)

and

P 3(K(Q(n2, e3,4), e1,2) = n1,Q(n2, e3,4) < T0)

=
∑

1≤i≤n1∧n2

dn1−i
1,1 di1,2

(n1 − 1)!

(n1 − i)!(i− 1)!
di2,1d

n2−i
2,2

n2!

(n2 − i)!i!
, (3.14)

where 0! = 1. We will show (3.13) and (3.14) by induction on n1 + n2. It is trivial that (3.13) and
(3.14) hold for n1 + n2 = 2, that is, n1 = n2 = 1. Fix n ≥ 2 and assume that (3.13) and (3.14) hold
for any n1, n2 ∈ N with n1 + n2 = n. First, we will show that (3.13) holds for any ñ1, ñ2 ∈ N with
ñ1 + ñ2 = n+ 1. When ñ2 = 1,

P 2(K(Q(ñ2, e3,4), e1,2) = ñ1,Q(ñ2, e3,4) < T0) = dñ1+ñ2−1
1,1 d1,2,

and, hence, the claim holds. In addition, the strong Markov property yields that for any ñ2 ≥ 2 and
ñ1 ∈ N,

P 2(K(Q(ñ2, e3,4), e1,2) = ñ1,Q(ñ2, e3,4) < T0)

=d1,1P
2(K(Q(ñ2, e3,4), e1,2) = ñ1 − 1,Q(ñ2, e3,4) < T0)

+ d1,2P
3(K(Q(ñ2 − 1, e3,4), e1,2) = ñ1,Q(ñ2 − 1, e3,4) < T0)

=d1,1
∑

0≤i≤(ñ1−1)∧(ñ2−1)

dñ1−1−i
1,1 di+1

1,2

(ñ1 − 1)!

(ñ1 − 1− i)!i!
di2,1d

ñ2−i−1
2,2

(ñ2 − 1)!

(ñ2 − 1− i)!i!

+ d1,2
∑

1≤i≤ñ1∧(ñ2−1)

dñ1−i
1,1 di1,2

(ñ1 − 1)!

(ñ1 − i)!(i− 1)!
di2,1d

ñ2−1−i
2,2

(ñ2 − 1)!

(ñ2 − 1− i)!i!

=
∑

0≤i≤ñ1∧(ñ2−1)

dñ1−i
1,1 di+1

1,2

ñ1!

(ñ1 − i)!i!
di2,1d

ñ2−i−1
2,2

(ñ2 − 1)!

(ñ2 − i− 1)!i!
.

The second equality comes from the assumption and the fact that P 4(T3 < ∞) = 1. Therefore, we
obtain (3.13). In addition, the same argument yields the corresponding result for (3.14), and, hence,
we obtain the desired result.
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4 Proof of Theorems 2.1 and 2.2

4.1 Proof of Theorem 2.2

4.1.1 Proof of the lower bound in Theorem 2.2

To show Theorem 2.2, we prepare some notations to make a correspondence of the framework of Section
3.2 to that of the present one. Let α̃ := ⌈4απ (log n)2⌉, and for x, x′ which are two distinct points of
D(0, n), set

(U1, U2, U3) := (x, x′, ∂D(0, n))

and

bi,l := PUi( min
s∈{1,2,3}

TUs = TUl
),

for i ∈ {1, 2} and l ∈ {1, 2, 3}. As a first step, we will estimate P (x, x′ ∈ Ψn(α)). By the symmetry of
x and x′, we may assume that b1,1 ≤ b2,2 and

P (Tx′ < Tx ∧ τn) ≤ P (Tx < Tx′ ∧ τn) (4.1)

all the other three cases can be discussed in the same way as we will see below. Note that the time-
reversal of simple random walk yields that b1,2 = b2,1. Then, (3.13) yields

P (x, x′ ∈ Ψn(α)) ≥P (Tx < Tx′ ∧ τn)P
x(x, x′ ∈ Ψn(α), T

α̃
x > T α̃

x′)

≥P (Tx < Tx′ ∧ τn)

×
∑

0≤i≤α̃−1

bα̃−1−i
1,1 bi+1

1,2

(α̃− 1)!

(α̃− 1− i)!i!
bi2,1b

α̃−1−i
2,2

(α̃− 1)!

(α̃− 1− i)!i!

=P (Tx < Tx′ ∧ τn)b1,2

×
∑

0≤i≤α̃−1

bα̃−1−i
1,1 bi1,2

(α̃− 1)!

(α̃− 1− i)!i!
bi2,1b

α̃−1−i
2,2

(α̃− 1)!

(α̃− 1− i)!i!

≥P (Tx < Tx′ ∧ τn)b1,2

(
max

0≤i≤α̃−1
bα̃−1−i
1,1 bi1,2

(α̃− 1)!

(α̃− 1− i)!i!

)2

≥P (Tx < Tx′ ∧ τn)b1,2
1

α̃2
(b1,1 + b1,2)

2α̃−2

=P (Tx < Tx′ ∧ τn)b1,2
1

α̃2
P x(Tx,x′ < τn)

2α̃−2. (4.2)

The right most number of (4.2), we estimate each of probabilities involved in it. Set s := log d(x, x′)/ log n
and consider 0 < ϵ < 1. Then, by (3.9), we obtain that for sufficiently large n ∈ N, uniformly in x,
x′ ∈ D(0, n1−ϵ),

∞∑
m=0

PUi(Sm ∈ Ul,m < τn) =

{
2
π (1 + o(1)) log n if i = l,
2(1−s)

π (1 + o(1)) log n if i ̸= l,
(4.3)

and, hence, if we set τ̃ = τn in (3.5), we have

b1,3 =
π(1 + o(1))

2(2− s) log n
. (4.4)

Then, we obtain that, uniformly in x, x′,

P x(Tx,x′ < τn)
2α̃ =exp(−2α̃b1,3 + o(1) log n)

= exp

(
− α̃π

(2− s) log n
+ o(1) log n

)
. (4.5)
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In addition, (3.10) yields that, uniformly in x,

P x(τn < Tx) =
π

2 log n
(1 + o(1)) (4.6)

and (3.7) yields that for any ϵ > 0 there exists c > 0 such that for all sufficiently large n ∈ N

P x(Tx′ < τn) ≥ P x(Tx′ < T∂D(x′,n/2)) ≥
log(n/2n1−ϵ)

log n/2
(1 +O((log n)−1)) ≥ c, (4.7)

P (Tx < τn) = P x(T0 < τn) ≥
log(n/n1−ϵ)

log n
(1 +O((log n)−1)) ≥ c, (4.8)

where the equality comes from the time-reversal of simple random walk. Note that

P x(Tx′ < τn) =
∞∑
i=0

bi1,1b1,2 =
1

1− b1,1
b1,2

and, hence, by (4.6) and (4.7), for all sufficiently large n ∈ N,

b1,2 ≥ P x(τn < Tx)P
x(Tx′ < τn) ≥

c

log n
.

In addition, (4.1) and (4.8) yield that there exists c > 0 such that for any n ∈ N,

P (Tx < Tx′ ∧ τn) ≥
1

2
P (Tx,x′ < τn) ≥

1

2
P (Tx < τn) ≥ c.

We now go back to (4.2). By applying all these estimates, for any δ > 0 and ϵ > 0 there exists such
that n0 ∈ N for n ≥ n0 and x, x′ ∈ D(0, n1−ϵ),

P (x, x′ ∈ Ψn(α)) ≥ exp

(
− α̃π

(2− s) log n
− δ log n

)
. (4.9)

Now we turn to the desired lower bound. By (4.9), for any δ > 0, ϵ > 0, β′ ∈ [ϵ, β] and all sufficiently
large n ∈ N,

E[|{(x, x′) ∈ Ψn(α)
2 : d(x, x′) ≤ nβ}|] ≥

∑
x,x′∈D(0,n1−ϵ),

0<d(x,x′)≤nβ′

P (x, x′ ∈ Ψn(α))

≥
∑

x,x′∈D(0,n1−ϵ),

0<d(x,x′)≤nβ′

exp

(
− α̃π

(2− β′) log n
− δ log n

)

≥n2+2β′−2ϵ−4α/(2−β′)−2δ.

Note that 2 + 2β′ − 4α/(2− β′)|β′=β∧(2−
√
2α) = ρ̂2(α, β). Then, since δ > 0 and ϵ > 0 are arbitrary, we

obtain the desired result.
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4.1.2 Proof of the upper bound in Theorem 2.2

The idea of the upper bound in Theorem 2.2 is similar to that of the lower bound, while we do not
require a combinatorial argument in Section 3.2. Indeed, the strong Markov property yields that

P (x, x′ ∈ Ψn(α))

≤P (|{l < τn : Sl ∈ {x′, x}}| ≥ 2α̃)

=P (Tx < Tx′ ∧ τn)P
x(|{l < τn : Sl ∈ {x′, x}}| ≥ 2α̃− 1)

+ P (Tx′ < Tx ∧ τn)P
x′
(|{l < τn : Sl ∈ {x′, x}}| ≥ 2α̃− 1)

≤ max
y∈{x,x′}

P y(|{l < τn : Sl ∈ {x′, x}}| ≥ 2α̃− 1)

≤ max
y′∈{x,x′}

P y′(Tx,x′ < τn) max
y∈{x,x′}

P y(|{l < τn : Sl ∈ {x′, x}}| ≥ 2α̃− 2)

≤ · · ·

≤ max
y′∈{x,x′}

P y′(Tx,x′ < τn)
2α̃−1

≤ max
y′∈{x,x′}

P y′(Tx,x′ < τ2n)
2α̃−1. (4.10)

Then, letting τ̃ = τ2n in (3.5), and arguing similarly as we obtained (4.3) and (4.4), we obtain

1− max
y′∈{x,x′}

P y′(Tx,x′ < τ2n) =
π(1 + o(1))

2(2− s) log n
,

uniformly in x, x′ ∈ D(0, n). Hence, by (4.10), for any δ > 0 there exists n0 ∈ N such that for any
n ≥ n0 and x, x′ ∈ D(0, n),

P (x, x′ ∈ Ψn(α)) ≤ exp

(
− α̃π

(2− s) log n
+ δ log n

)
.

Unlike the lower bound, we need more estimate to bound the summation of P (x, x′ ∈ Ψn(α)) in (x, x′).
Since min{1/

√
α, 2/(2− β)} ≥ 1,

ρ̂2(α, β) ≥ ρ2(α, β) ≥ 2 + 2β − 2αF2,β(1) = 2(1− α) + 2β(1− α). (4.11)

In addition, (3.10) yields that for any δ > 0 there exists n0 ∈ N such that for any n ≥ n0,

E[|Ψn(α)|] =
∑

x∈D(0,n)

P (x ∈ Ψn(α))

≤
∑

x∈D(0,n)

P x(Tx < τn)
α̃−1

≤
∑

x∈D(0,n)

P x(Tx < T∂D(x,2n))
α̃−1

≤4n2 ×
(
1− π

2 log n
+ o

(
1

log n

))α̃−1

≤ n2(1−α)+δ. (4.12)

Now we are ready to enter the main part of the proof. By (4.12), we obtain

E[|{(x, x′) ∈ Ψn(α)
2 : d(x, x′) ≤ nβ(1−α)}|]

≤E[|Ψn(α)|]× Cn2β(1−α) ≤ nρ̂2(α,β)+δ. (4.13)
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In addition, for any δ > 0, 0 < h < 1, β′ ∈ [β(1− α)h−1, β] and all sufficiently large n ∈ N,

E[|{(x, x′) ∈ Ψn(α)
2 : nβ′h < d(x, x′) ≤ nβ′}|]

=
∑

x,x′∈D(0,n),

nβ′h<d(x,x′)≤nβ′

P (x, x′ ∈ Ψn(α))

≤
∑

x,x′∈D(0,n),

nβ′h<d(x,x′)≤nβ′

exp

(
− α̃π

(2− β′h) log n
+ 2δ log n

)

≤n2+2β′−4α/(2−β′h)+3δ. (4.14)

Note that max(1−α)β≤β′≤β 2 + 2β′ − 4α/(2 − β′) = ρ̂2(α, β). Then, since δ > 0 and 0 < h < 1 are
arbitrary, (4.13) and (4.14) yield the desired result.

4.2 Proof of Theorem 2.1

4.2.1 Key lemma for the proof of the upper bound in Theorem 2.1

this section provides large deviation estimates that are keys to the proof of the upper bound in Theorem
2.1. In addition, we start by defining the several sequence. Let r0 := 0 and rk := (k!)3 for k ∈ N. Set
Kn := n3rn for n ∈ N. Now fix 0 < α, β < 1. Set nk = 6α(n − k)2 log k. For z ∈ D(0,Kn), let N z

n,k,
denote the number of excursions from ∂D(z, rk) to ∂D(z, rk−1) until time τKn . To state the assertion,
we define the domain Goβ and Goh,β by

Goβ : = {(z, x) : z ∈ D(0,Kn), x ∈ D(z, rβn−2) ∩D(0,Kn)},
Goh,β : = {(z, x, x′) : (z, x), (z, x′) ∈ Goβ, d(x, x′) ≥ rβhn/2−3}.

Let Ψ̃n(α) := {x : K(τn, x) ∈ [4α/π(log n)2, 4/π(log n)2]}. Recall that we set F̂h,β(γ) := γ2(1 − β) +
h(1− γ(1− β))2/β.

Lemma 4.1.
(1) For any δ > 0, there exists C > 0 such that for any γ ≥ 0,

max
z∈D(0,Kn)

P

(
N z

n,βn

nβn
≥ γ2

)
≤ CK

−2αF̂0,β(γ)+δ
n . (4.15)

(2) For any δ, δ′ > 0, there exist C > 0 and 0 < h < 2 (with h close to 2) such that for any
γ ∈ [0, 2/(2− β)],

max
(z,x,x′)∈Goh,β

P

(
x, x′ ∈ Ψ̃Kn(α), γ

2 ≤
N z

n,βn

nβn
< γ2 + δ′

)
≤ CK

−2αF̂2,β(γ)+δ
n . (4.16)

From (4.16), we obtain the following bound, which we will use in the sequel in a crucial way.

Corollary 4.2. For any δ > 0, there exist C, δ0 > 0 such that

max
(z,x,x′)∈Goh,β

P

(
x, x′ ∈ Ψ̃Kn(α),

N z
n,βn

nβn
<

(
1√
α
+ δ0

)2)
≤ CK

−2αF̂2,β(min{1/
√
α,2/(2−β)})+2δ

n .

Proof. Take δ0 > 0 satisfying

2α|F̂2,β(min{1/
√
α, 2/(2− β)}+ δ0)− F̂2,β(min{1/

√
α, 2/(2− β)})| ≤ δ. (4.17)
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If we set δ′ = δ0 and C ′ = ⌈((1/
√
α+ δ0)

2 + δ0)/δ0⌉, (4.16) yields that

max
(z,x,x′)∈Goh,β

P

(
x, x′ ∈ Ψ̃Kn(α),

N z
n,βn

nβn
<

(
1√
α
+ δ0

)2)
≤C ′ max

γ′≤(1/
√
α+δ0)2

K
−2αF̂2,β(

√
γ′)+δ

n

=C ′K
−2αF̂2,β(min{1/

√
α+δ0,2/(2−β)})+δ

n

≤C ′K
−2αF̂2,β(min{1/

√
α,2/(2−β)})+2δ

n .

Here the equality comes from the fact that F̂2,β is minimized at 2/(2− β) and the last inequality is a
consequence of the choice of δ0 in (4.17). Hence, we obtain the desired result.

Let us enter the proof of Lemma 4.1. The proof of the first assertion (4.15) is rather simple.

Proof of Lemma 4.1 (1). Substituting R = Kn and r = rβn−1 for (3.7), the strong Markov property
provides

max
z∈D(0,Kn)

P

(
N z

n,βn

nβn
≥ γ2

)
≤ max

z∈D(0,Kn),y∈∂D(z,rβn)
P y(T∂D(z,rβn−1) < T∂D(z,2Kn))

γ2nβn

≤ max
y∈∂D(0,rβn)

P y(τrβn−1
< τ2Kn)

γ2nβn

≤
(
log(2Kn/rβn) +O(r−1

βn−1)

log(2Kn/rβn−1)

)γ2nβn

=

(
1− 1 + o(1)

n− βn

)γ2nβn

=exp(−6αγ2(n− βn) log n+ o(n log n))

=CK
−2αF0,β(γ)+o(1)
n

and, hence, the desired result holds.

To show the second assertion (4.16), we define and estimate the following probabilities. For any
(z, x, x′) ∈ Goh,β, let

(V1, V2) := (∂D(z, rβn), {x, x′})

and for l = 1, 2,

a1,l : = max
y∈∂D(z,rβn−1)

P y( min
s∈{1,2}

TVs = TVl
),

a2,l : = max
y∈{x,x′}

P y( min
s∈{1,2}

TVs = TVl
).

Lemma 4.3. For any ϵ > 0 there exists 0 < h < 2 such that for any (z, x, x′) ∈ Goh,β and all
sufficiently large n ∈ N, the following hold:

a1,1 ≤ 1− 2− ϵ

βn
, a1,2 ≤

2 + ϵ

βn
, (4.18)

a2,1 ≤
π + ϵ

6βn log n
, a2,2 ≤ 1− π − ϵ

6βn log n
. (4.19)
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Proof. Fix ϵ > 0. First, we will show (4.18). By (6.16) in [11], we obtain for all sufficiently large n ∈ N,

a1,1 ≤ 1− 2− ϵ

βn
.

In addition, since D(x, rβn−1/2) ⊂ D(z, rβn−1) and D(z, rβn) ⊂ D(x, 2rβn) hold for (z, x) ∈ Goβ, (3.7)
yields that for y′ ∈ {x, x′} and all sufficiently large n ∈ N,

max
y∈∂D(z,rβn−1)

P y(Ty′ < T∂D(z,rβn)) ≤ max
y∈D(y′,rβn−1/2)c

P y(Ty′ < T∂D(y′,2rβn))

= max
y∈∂D(y′,rβn−1/2)

P y(Ty′ < T∂D(y′,2rβn))

≤
log(4rβn/rβn−1) +O(r−1

βn−1)

log rβn
(1 + o(1))

≤1 + ϵ

βn
.

Since a1,2 ≤ maxy∈∂D(z,rβn−1) P
y(Tx < T∂D(z,rβn)) + maxy∈∂D(z,rβn−1) P

y(Tx′ < T∂D(z,rβn)), we have

(4.18). Next, we will estimate (4.19). By (3.9) and (3.10), for any (z, x, x′) ∈ Goh,β and y, y′ ∈ {x, x′},

∞∑
m=0

P y(Sm = y′,m < T∂D(z,rβn))

{
= 2+o(1)

π 3βn logn if y = y′,

≤ 2+o(1)
π

3β(2−h)
2 n log n if y ̸= y′.

(4.20)

Hence, if we substitute T∂D(z,rβn) into τ̃ in (3.5), (4.20) and picking h < 2 close to 2 yield (4.19) for all
sufficiently large n ∈ N.

Proof of Lemma 4.1 (2). Let

T̃ := inf{m > T∂D(z,rβn−1) : Sm ∈ ∂D(z, rβn)}

and

a′1,1 : = max
y∈∂D(z,rβn)

P y(T∂D(z,rβn−1) < τKn , T̃ < Tx1,x2),

a′1,2 : = max
y∈∂D(z,rβn)

P y(T∂D(z,rβn−1) < τKn , T̃ > Tx1,x2).

Then, the strong Markov property yields for any c1, c2, c3 ∈ N,

max
(z,x,x′)∈Goh,β

P (K(τKn , x) = c2,K(τKn , x
′) = c3, N

z
n,βn = c1)

≤ max
(z,x,x′)∈Goh,β

max
y∈{x,x′}

P y(K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1)

+ max
(z,x,x′)∈Goh,β ,
y∈∂D(z,rβn)

P y(K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1). (4.21)

Now we use weight a2,l (or a′1,l) instead of di,l in (3.11) or (3.12). For z ∈ D(0,Kn), let M z
n,k be the

number of excursions from ∂D(z, rk−1) to ∂D(z, rk) until time τKn . Note that if we consider the simple
random walk starting at x or x′, it holds that

K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1) ⊂ {M z

n,βn = c1 + 1},

then we can consider the path corresponding to (3.11) as n1 = c2+ c3+1 and n2 = c1+1. In addition,
if we consider the simple random walk starting at ∂D(z, rβn), it holds that

K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1) ⊂ {M z

n,βn = c1},
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then we can consider the path corresponding to (3.11) as n1 = c2 + c3 and n2 = c1. Therefore, for
c1 ≤ c2 + c3 − 1, (3.11) and (3.12) yield

max
y∈{x,x′}

P y(K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1)

≤
∑

0≤i≤c1

a′
c1−i
1,1 a′

i
1,2

c1!

(c1 − i)!i!
ai+1
2,1 a

c2+c3−1−i
2,2

(c2 + c3 − 1)!

(c2 + c3 − 1− i)!i!
,

max
y∈∂D(z,rβn)

P y(K(τKn , x) +K(τKn , x
′) = c2 + c3, N

z
n,βn = c1)

≤
∑

1≤i≤c1

a′
c1−i
1,1 a′

i
1,2

c1!

(c1 − i)!i!
ai2,1a

c2+c3−i
2,2

(c2 + c3 − 1)!

(c2 + c3 − i)!(i− 1)!
.

Let us denote the probability in the left hand side of (4.21) by A. Then the above estimate implies

A ≤ 2(c1 + 1) max
0≤i≤c1

a′
c1−i
1,1 a′

i
1,2

c1!

(c1 − i)!i!
ai2,1a

c2+c3−1−i
2,2

(c2 + c3 − 1)!

(c2 + c3 − 1− i)!(i− 1)!
. (4.22)

Now, the strong Markov property yields that for any i = 1, 2

a′1,i ≤ max
y∈∂D(z,rβn)

P y(T∂D(z,rβn−1) < τKn)a1,i.

Note that for any 0 ≤ i ≤ c1,

a′
c1−i
1,1 a′

i
1,2 ≤ ( max

y∈∂D(z,rβn)
P y(T∂D(z,rβn−1) < τKn))

c1ac1−i
1,1 ai1,2. (4.23)

Now, we combine the last estimate with our assertion. For γ ∈ [0, 2/(2 − β)] and δ > 0, we take
c1, c2 and c3 so that γ2 ≤ c1/nβn < γ2 + δ0, c2, c3 ∈ [4α(logKn)

2/π, 4(logKn)
2/π]. It holds that

c1 ≤ c2 + c3 − 1 for sufficiently large n ∈ N. Then, (3.7) yields that there exists C > 0 such that for all
sufficiently large n ∈ N,

( max
y∈∂D(z,rβn)

P y(T∂D(z,rβn−1) < τKn))
c1 ≤ CK

−2αF̂0,β(γ)+δ/4
n . (4.24)

Therefore, by applying (4.23) and (4.24) to (4.22), we obtain

A ≤ CK
−2αF̂0,β(γ)+δ/4
n max

0≤i≤c1
ac1−i
1,1 ai1,2

c1!

(c1 − i)!i!
ai2,1a

c2+c3−1−i
2,2

(c2 + c3 − 1)!

(c2 + c3 − 1− i)!(i− 1)!
. (4.25)

With the aid of Lemma 4.3 we will estimate the maximal term in (4.25). Let us define g(i) by

g(i) :=

(
1− 2− ϵ

βn

)c1−i(2 + ϵ

βn

)i c1!

(c1 − i)!i!

×
(

π + ϵ

6βn log n

)i(
1− π − ϵ

6βn log n

)c2+c3−1−i (c2 + c3 − 1)!

(c2 + c3 − 1− i)!(i− 1)!
.

Then, by Lemma 4.3 and (4.25), we have A ≤ CK
−2αF̂0,β(γ)+δ/4
n max0≤i≤c1 g(i). Note that for any

1 ≤ i ≤ c1,

g(i− 1)

g(i)
=

(1− π−ϵ
6βn logn)(1−

2−ϵ
βn )i(i− 1)

( π+ϵ
6βn logn)(

2+ϵ
βn )(c2 + c3 − i)(c1 + 1− i)

.

By taking the growth order of c1, c2 and c3 into account, the maximum of g(i) among 0 ≤ i ≤ c1 is
attained at

i =

⌈
(1 + o(1))

√
(c2 + c3)c1

2 + ϵ

βn
× π + ϵ

6βn log n

⌉
− 1.
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In addition, the Stirling formula yields

g

(⌈
(1 + o(1))

√
(c2 + c3)c1

2 + ϵ

βn
× π + ϵ

6βn log n

⌉
− 1

)
≤K

−4α(
√

(c′2+c′3)/2−γ(1−β))2/β+f(ϵ)+δ/8
n

≤K−4α(1−γ(1−β))2/β+f(ϵ)+δ/8
n ,

where f(ϵ) → 0 as ϵ → 0, c′2 = c2π/(4α(logKn)
2) and c′3 = c3π/(4α(logKn)

2). The last inequality
comes from γ ≤ 2/(2− β) ≤ 1/(1− β) for γ ∈ [0, 2/(2− β)]. Hence, we obtain

max
(z,x,x′)∈Goh,β

P (K(τKn , x) = c2,K(τKn , x
′) = c3, N

z
n,βn = c1)

≤CK
−2αF̂0,β(γ)+δ/4
n K−4α(1−γ(1−β))2/β+δ/4

n

=CK
−2αF̂2,β(γ)+δ/2
n .

Therefore,

max
(z,x,x′)∈Goh,β

P

(
x, x′ ∈ Ψ̃Kn(α), γ

2 ≤
N z

n,βn

nβn
< γ2 + δ0

)
≤

∑
γ2≤c1/nβn<γ2+δ0,

c2,c3∈[4α/π(logKn)2,4/π(logKn)2]

max
(z,x,x′)∈Goh,β

P (K(τKn , x) = c2,K(τKn , x
′) = c3, N

z
n,βn = c1)

≤CK
−2αF̂2,β(γ)+δ
n ,

and, hence, the desired result holds.

4.2.2 Proof of the upper bound in Theorem 2.1

We keep using notations introduced at the beginning of the last subsection. We will prove in this
section that for any 0 < α, β, δ < 1, there exist C > 0 and ϵ > 0 such that

P (|Θ̃α,0,β,n| ≥ Kρ2(α,β)+4δ
n ) ≤ CK−ϵ

n , (4.26)

where

Θ̃α,β2,β1,n := {(x, x′) ∈ Ψ̃Kn(α)
2 : r(β2n−3)∨0 ≤ d(x, x′) ≤ r(β1n−3)∨0}.

Indeed, (4.26) implies the upper bound in Theorem 2.1. We begin with observing this.
Note that Theorem 1.1 in [9] provides that for all sufficiently large n ∈ N,

|ΨKn(α) ∩ Ψ̃Kn(α)
c| ≤ Kδ

n a.s. (4.27)

Again, Theorem 1.1 in [9] yields |ΨKn(α)| ≤ K
2(1−α)+δ
n for all sufficiently large n ∈ N a.s. and, hence,

(4.11) yields

|ΨKn(α)| ≤ Kρ2(α,β)+δ
n a.s. (4.28)

Then, (4.27) and (4.28) yield that for all sufficiently large n ∈ N,

|{(x, x′) : x ∈ ΨKn(α), x
′ ∈ ΨKn(α) ∩ Ψ̃Kn(α)

c, d(x, x′) ≤ rβn−3}| ≤ Kρ2(α,β)+2δ
n a.s. (4.29)

Note that log rβn−3/ logKn+1 → β and β 7→ ρ2(α, β) is continuous. Hence, if we obtain (4.26), the
symmetry of x and x′, Borel-Cantelli lemma and (4.29) yield the upper bound in Theorem 2.1.
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To show (4.26), we divide the assertion into two corresponding estimate for Θ̃α,0,β(1−α),n and

Θ̃α,β(1−α),β,n. For the former one, note

|Θ̃α,0,β(1−α),n| ≤ 4r2βn−3|Ψ̃Kn(α)|.

Therefore, by (2.18) in [27], (4.11) yields

P (|Θ̃α,0,β(1−α),n| ≥ Kρ2(α,β)+4δ
n ) ≤P (|Ψ̃Kn(α)| ≥ K2(1−α)+3δ

n )

≤P (|ΨKn(α)| ≥ K2(1−α)+3δ
n ) ≤ CK−ϵ

n . (4.30)

For the latter one, we use the following lemma.

Lemma 4.4. There exist h < 2, C > 0 and ϵ > 0 such that for any β′ ∈ [β(1− α), β]

qn,β′ := P (|Θ̃α,β′h/2,β′,n| ≥ Kρ2(α,β′)+4δ
n ) ≤ CK−ϵ

n .

We observe that the assertion for Θ̃α,β(1−α),β,n indeed follows from this lemma. Set βj = β(h/2)j

and l = min{j : βj ≤ β(1 − α)}. By Lemma 4.4 we have qn,βj
→ 0 as n → ∞ for j = 0, .., l − 1.

Combining this with the monotonicity of β 7→ ρ2(α, β), we obtain the desired assertion. By virtue of
this and (4.30), we establish (4.26). Thus, the proof of the upper bound is now reduced to show Lemma
4.4.

Proof of Lemma 4.4. Let Ẑn,β′ := 4rβ′n−4Z2 ∩D(0,Kn) and zβ′(x) the point closest to x in Ẑn,β′ . Let
δ0 be as in Corollary 4.2. By the simple argument, we have

qn,β′ ≤ I1 + I2,

where

I1 := P

(
max

z∈Ẑn,β′

N z
n,β′n

nβ′n
≥

(
1√
α
+ δ0

)2)
,

I2 := P

(
|Θ̃α,β′h/2,β′,n| ≥ Kρ2(α,β′)+4δ

n ; max
z∈Ẑn,β′

N z
n,β′n

nβ′n
<

(
1√
α
+ δ0

)2)
.

Then,

I2 ≤P

(∣∣∣∣{(x, x′) ∈ Ψ̃Kn(α)
2 : rβ′hn/2−3 ≤ d(x, x′) ≤ rβ′n−3,

N
zβ′ (x)

n,β′n

nβ′n
<

(
1√
α
+ δ0

)2}∣∣∣∣ ≥ Kρ2(α,β′)+4δ
n

)

≤K−ρ2(α,β′)−4δ
n E

[∣∣∣∣{(x, x′) ∈ Ψ̃Kn(α)
2 : rβ′hn/2−3 ≤ d(x, x′) ≤ rβ′n−3,

N
zβ′ (x)

n,β′n

nβ′n
<

(
1√
α
+ δ0

)2}∣∣∣∣]

≤K−ρ2(α,β′)−4δ
n

∑
x∈D(0,Kn),

x′∈D(x,rβ′n−3)∩D(x,rβ′hn/2−3)
c

P

(
x, x′ ∈ Ψ̃Kn(α);

N
zβ′ (x)

n,β′n

nβ′n
<

(
1√
α
+ δ0

)2)

≤CK
−2αF2,β′ (min{1/

√
α,2/(2−β′)})−3δ

n max
x∈D(0,Kn),

x′∈D(x,rβ′n−3)∩D(x,rβ′hn/2−3)
c

P

(
x, x′ ∈ Ψ̃Kn(α);

N
zβ′ (x)

n,β′n

nβ′n
<

(
1√
α
+ δ0

)2)

≤CK−δ
n .

The last inequality comes from Corollary 4.2. Set ϵ := αF̂0,β′(1/
√
α+ δ0)− (1− β′). Note that ϵ > 0.

Then, there exists C > 0 such that

I1 ≤|Ẑn,β′ |CK
−2αF̂0,β′ (1/

√
α+δ0)+ϵ/2

n

≤CK
2−2β′−2αF̂0,β′ (1/

√
α+δ0)+ϵ

n ≤ CK−ϵ
n .

This completes the proof of Lemma 4.4.
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4.2.3 Proof of the lower bound in Theorem 2.1

To prove the lower bound in Theorem 2.1, let rn,k := rn/rk and

Θα,β,n,n′ :=

{
(x, x′) ∈ ΨKn′ (α)

2 : d(x, x′) ≤
rn,(1−β)n

2

}
.

Fix δ > 0, 0 < α, β < 1 and γ > 0 with δ < α and

2− 2β − 2αF̂0,β(γ) > 2δ. (4.31)

Our main goal in this section is to show that there exist ϵ > 0 and C > 0 such that for any n ∈ N

P (|Θα−δ,β,n,n+1| ≤ K
2+2β−2αF̂2,β(γ)−5δ
n ) ≤ Ce−ϵn. (4.32)

Note that log rn,(1−β)n+1/ logKn+1 → β and (α, β) 7→ ρ2(α, β) is continuous. Hence, if we obtain (4.32),
the Borel-Cantelli lemma yields the lower bound in Theorem 2.1.

Let An be a maximal set of points in D(0, 4rn) ∩D(0, 3rn)
c which are 4rn,(1−β)n−4 separated. The

primary idea of the proof of (4.32) is to consider Θα−δ,β,n,n+1 ∩ D(z, rn,(1−β)n/2)
2 for each z ∈ An

instead of the whole Θα−δ,β,n,n+1 and to count the number of elements in these sets. By the choice
of the radius, if both x, x′ ∈ D(z, rn,(1−β)n/2) are (α − δ)-favorite points, then (x, x′) ∈ Θα−δ,β,n,n+1

automatically holds.
As the secondary idea, we restrict random sets to smaller one in order to make the variance of

the number of those sets smaller, as explained in introduction. The restriction we introduce here is to
control the number of visits to D(z, rn,(1−β)n/2) by the number of excursions passing through annuli
around D(z, rn,(1−β)n/2).

For z ∈ An, x ∈ D(z, rn,(1−β)n/2) and 1 ≤ l ≤ (1 − β)n, let N̂ z
n,l denote the number of excursions

from ∂D(z, rn,l) to ∂D(z, rn,l−1) until time T∂D(z,rn). Let R̂z
k,m = R̂z

k(m) be the time until completion
of the first m excursions from ∂D(z, rn,k) to ∂D(z, rn,k−1). Let

W̃ z
m = W̃ z(m) :=

∣∣∣∣{y ∈ D

(
z,

rn,(1−β)n

2

)
: K(m, y) ≥ 4α

π
(logKn)

2

}∣∣∣∣
and

Ĥz
k,m := {W̃ z

R̂z
k,m

≥ K2β−2α(1−γ(1−β))2/β−2δ
n }.

Especially, we let

Hz
k := {W̃ z(R̂z

k(N̂
z
n,k)) ≥ K2β−2α(1−γ(1−β))2/β−2δ

n }. (4.33)

Roughly speaking, the event Hz
k describes the situation that sufficiently many points as (α−δ)-favorite

in a neighborhood of z when all the visit to the neighborhood before leaving D(z, rn) is finished. We
will say that a point z ∈ An is (n, β)-successful if |N̂ z

n,k − ñk| ≤ k for all 3 ≤ k ≤ (1− β)n and Hz
n−βn

occurs. That is, the first condition gives a restriction on the number of excursions to a “typical” one.
Indeed, definition comes from the fact which is written in Remark 3.2 in [1]. Note that, this definition
is slightly different from that of [8].

By using the notion of successful points, we can reduce our problem to that for the number of
successful points. Indeed, by the definition of these notations,

|Θα−δ,β,n,n| ≥
∑
z∈An

(W̃ z(R̂z
n−βn(N̂

z
n,(1−β)n)))

2

≥|{z ∈ An : z is (n, β)− successful}|K4β−4α(1−γ(1−β))2/β−4δ
n .
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Then, if there exists C ∈ (0, 1) such that

P (|{z ∈ An : z is (n, β)− successful}| ≥ K2(1−β)−2γ2α(1−β)−δ
n ) ≥ C, (4.34)

we have

P (|Θα−δ,β,n,n| ≤ K
2+2β−2αF̂2,β(γ)−5δ
n ) ≤ 1− C.

Since we have Kn+1/Kn ≥ n3 for n ∈ N, by the same argument as that after (3.4) in [27] we have

P (|Θα−δ,β,n,n+1| ≤ K
2+2β−2αF̂2,β(γ)−5δ
n ) ≤ P (|Θα−δ,β,n,n| ≤ K

2+2β−2αF̂2,β(γ)−5δ
n )n

3/2,

and, hence, we obtain (4.32). Thus it suffices to show (4.34) to conclude the lower bound.
According to the definition of successful point, we divide the major part of the problem into an

estimate of the probability of the event Hz
(1−β)n and study of the effect of restriction on the number of

excursions. Lemma 4.5 concerns with the former one. The latter one will be treated in Lemma 4.10
below in combination with Lemma 4.5. Set ñk := 6γ2αk2 log k.

Lemma 4.5. It holds that, uniformly in z ∈ An

P (Ĥz
n−βn,ñ(1−β)n−(1−β)n) = 1− o(1n).

To prove the Lemma 4.5, we show the following three propositions. To state them we prepare some
notation. For z ∈ An, x ∈ D(z, rn,(1−β)n/2) and (1 − β)n + 2 ≤ l ≤ n, N̂ z,x

n,l the number of excursions

from ∂D(x, rn,l) to ∂D(x, rn,l−1) until time R̂z
(1−β)n,ñ(1−β)n−(1−β)n. For (1− β)n ≤ l ≤ n, set

n̂l := 6α

(
l − (1− β)n

β
+

(
n− l − (1− β)n

β

)
γ(1− β)

)2

log l.

For z ∈ An and η ∈ N ∩ {1}c we say that x ∈ D(z, rn,(1−β)n/2) is (n, β)-qualified if

|N̂ z,x
n,l − n̂l| ≤ n for (1− β)n+ η ≤ l ≤ n.

After this, we consider n ∈ N with (1− β)n ≥ η/2.

Proposition 4.6. It holds that as n → ∞,

P

({
x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}

⊂
{
x ∈ D

(
z,

rn,(1−β)n

2

)
:
K(R̂z

(1−β)n,ñ(1−β)n−(1−β)n, x)

(logKn)2
≥ 4γ2α

π
− 2

log log n

})
→ 1.

Proposition 4.7. For x ∈ D(z, rn,(1−β)n/2),

P (x is (n, β)-qualified) = (1 + o(1n))qn,

where qn satisfies the following: there exist c1(γ, α, β, η) and c2(γ, α, β, η) > 0 such that for all suffi-
ciently large n ∈ N,

e−c1n log lognK−2α(1−γ(1−β))2/β
n ≤ qn ≤ e−c2n log lognK−2α(1−γ(1−β))2/β

n .
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Proposition 4.8. For x, y ∈ D(z, rn,(1−β)n/2), set

l(x, y) := min{l : D(x, rn,l + 1) ∩D(y, rn,l + 1) = ∅} ∧ n.

(i) There exist c3(γ, α, β) and c4(γ, α, β) > 0 such that for sufficiently large η ∈ N, all x, y ∈ D(z, rn,(1−β)n/2)
with (1− β)n+ η ≤ l(x, y) ≤ n and all sufficiently large n ∈ N,

P (x and y are (n, β)-qualified)

≤nc3ec4(l−n+βn−η+1) log lognq2n exp

(
6α

β
(1− γ(1− β))2(l − n+ βn− η + 1) log n

)
.

(ii) For all x, y ∈ D(z, rn,(1−β)n/2) with l(x, y) ≤ (1− β)n+ η − 1

P (x and y are (n, β)-qualified) = (1 + o(1n))q
2
n.

Remark 1. Note that the choice of sufficiently large η ∈ N is used instead of the fact that sufficiently
large γ > 0 is picked in [1] or [11].

Roughly speaking, Proposition 4.6 ensures that the set of qualified point is essentially a restriction
of W̃ z

ñ(1−β)n−(1−β)n. Propositions 4.7 and 4.8 will be used to apply the moment method based on the

Paley-Zygmund inequality.

Proof of Proposition 4.6. We refer to the proof of Lemma 3.1 in [27]. (See also Proposition 3.3 in [1].)
Note that for any x ∈ D(z, rn,(1−β)n/2){

x is (n, β)-qualified

}
∩
{K(R̂z

(1−β)n,ñ(1−β)n−(1−β)n, x)

(logKn)2
≥ 4γ2α

π
− 2

log log n

}c

⊂
{
K(R̂x

n,ñn−n, x) ≤
(
4γ2α

π
− 1

log log n

)
(logKn)

2

}
.

Since there exists c > 0 |D(0,Kn)| ≤ ecn logn for all sufficienly large n ∈ N, it is sufficient to prove that
there exists c > 0 such that

P

(
K(R̂x

n,ñn−n, x) ≤
(
4γ2α

π
− 1

log log n

)
(logKn)

2

)
≤ exp(−cn(log n/ log2 n)

2).

This proof is same as that of Lemma 3.1 in [27].

Proof of Proposition 4.7. Fix x ∈ D(z, rn,(1−β)n/2). Note that by (3.7), we have for (1− β)n+ η ≤ l ≤
n− 1, x0 ∈ ∂D(x, rn,l),

P x0(T∂D(x,rn,l+1) < T∂D(x,rn,l−1)) =
1

2
(1 +O(n−8))

as well as (4.14) in [27]. Then, for x0 ∈ ∂D(x, rn,(1−β)n+η−1),

P x0(T∂D(z,rn,(1−β)n−1) < T∂D(x,rn,(1−β)n+η)) = (1 +O(n−8))
1

η + 1
.

In addition, for m(1−β)n+η with |m(1−β)n+η − n̂(1−β)n+η| ≤ n, let

q̂n :=
∑

1≤i≤m(1−β)n+η∧(ñ(1−β)n−(1−β)n−1)

(
η

η + 1

)ñ(1−β)n−(1−β)n−1−i( 1

η + 1

)i (ñ(1−β)n − (1− β)n− 1)!

(ñ(1−β)n − (1− β)n− 1− i)!i!(
1

η + 1

)i( η

η + 1

)m(1−β)n+η−i (m(1−β)n+η − 1)!

(m(1−β)n+η − 1− i)!i!
.
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Then, (3.12) and the same argument as Proposition 3.4 in [1], (4.13) in [27] or (5.9) in [11] yield that

P (x is (n, β)− qualified) =
∑

P (|N̂ z,x
n,l − n̂l| ≤ n for (1− β)n+ η ≤ l ≤ n) = (1 + o(1n))qn, (4.35)

where

qn :=
∑

q̂n ×
n∏

l=(1−β)n+η+1

(
ml +ml−1 − 1

ml

)(
1

2

)ml+ml−1−1

. (4.36)

Here, the summations in (4.35) and (4.36) are over all m(1−β)n+η, ...,mn with |mi−n̂i| ≤ n for (1−β)n+
η ≤ l ≤ n. Hence, the Stirling formula yields that for m(1−β)n+η with |m(1−β)n+η − n̂(1−β)n+η| ≤ n,

q̂n ≥
(

η

η + 1

)ñβn−βn−1−i( 1

η + 1

)i (ñβn − βn− 1)!

(ñβn − βn− 1− i)!i!

(
1

η + 1

)i( η

η + 1

)m(1−β)n+η−i

(m(1−β)n+η − 1)!

(m(1−β)n+η − 1− i)!i!

∣∣∣∣
i=(2η

√
ñβnm(1−β)n+η−(m(1−β)n+η+ñβn−βn))/2(η2−1)

=no(1). (4.37)

By the same estimate as in the proof of Proposition 3.4 in [1], we have for all mi with |mi − n̂i| ≤ n
and (1− β)n+ η + 1 ≤ l ≤ n,(

ml +ml−1 − 1
ml

)(
1

2

)ml+ml−1−1

≥c(ml)
−1/2 exp

{
−ml−1

(
1

4

(
ml

ml−1
− 1

)2

+ c′
∣∣∣∣ ml

ml−1
− 1

∣∣∣∣3)}
≥cn−1(log n)−1/2 exp

{
− 6α

β2
(1− γ(1− β))2 log n

}
. (4.38)

Therefore, we obtain

qn ≥c(log n)−c′nK−2α(1−γ(1−β))2/β
n ,

and, hence, the desired lower bound holds. Note that by (3.12) it is trivial that∑
|m(1−β)n+η−n̂(1−β)n+η |≤n

q̂n ≤ 1.

If we use it instead of (4.37) and the similar computation to (4.38), we have the upper bound.

In order to prove Proposition 4.8, we set the following sigma field as [1, 11]. First, define a sequence

of stopping times. Fix z ∈ An and x ∈ D(z, rn,(1−β)n/2). For (1− β)n+ η ≤ l ≤ n, let σ
(0)
x [l] := 0 and

τ (0)x [l] := inf{m ≥ 0 : Sm ∈ ∂D(x, rn,l)},
σ(i)
x [l] := inf{m ≥ τ (i−1)

x [l] : Sm ∈ ∂D(x, rn,l−1)} for i ≥ 1,

τ (i)x [l] := inf{m ≥ σ(i)
x [l] : Sm ∈ ∂D(x, rn,l)} for i ≥ 1.

In addition, let Gx
l := σ(

∪
i≥0{Sm : σ

(i)
x [l] ≤ m ≤ τ

(i)
x [l]}). Then, we will obtain the following lemma.

Lemma 4.9. There exists ϵn with limn→∞ ϵn = 0 such that the following holds for all n − βn + η ≤
l ≤ n− 1, with |ml − n̂l| ≤ n and x ∈ D(z, rn,(1−β)n/2),

P (N̂ z,x
n,i = mi for all i = l, ..., n|Gx

l )

=(1 + ϵn)P (N̂ z,x
n,i = mi for all i = l + 1, ..., n|N̂ z,x

n,l = ml)1{N̂z,x
n,l =ml}.
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Proof. The proof is the same as that of Corollary 5.1 in [11] since Lemma 2.4 in [11] holds even for the
simple random walk in Z2 instead of the one in 2-dimensional torus. (See also Lemma 3.6 in [1].)

Proof of Proposition 4.8. The proof is almost same as that of Proposition 3.5 in [1] since the same
argument as [1] holds even for the discrete-time simple random walk in Z2 instead of the continuos-
time one with Lemma 4.9. (See also Lemma 3.2 in [27] or Lemma 4.2 in [11].)

Proof of Lemma 4.5. As mentioned in Remark 1, we consider the same argument as that of proof of
the lower bound in Theorem 1.2 (i) in [1]( or [11]). If we pick η with c3 < 6η − 7 in Proposition 4.8,
Propositions 4.7 and 4.8 yield that for all sufficienly large n ∈ N,

E

[∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣] ≥ (1 + o(1))

∣∣∣∣D(
z,

rn,(1−β)n

2

)∣∣∣∣qn,
E

[∣∣∣∣{(x, y) ∈ D

(
z,

rn,(1−β)n

2

)2

: x, y are (n, β)-qualified, l(x, y) ≥ (1− β)n+ η

}∣∣∣∣]
≤
∣∣∣∣D(

z,
rn,(1−β)n

2

)∣∣∣∣2(1 + o(1))nc3q2n

n∑
l=(1−β)n+η

n−6η+7−6(l−n+βn−η+1)ec4(l−n+βn−η+1) log logn

≤o(1)E

[∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣]2
and

E

[∣∣∣∣{(x, y) ∈ D

(
z,

rn,(1−β)n

2

)2

: x, y are (n, β)-qualified, l(x, y) ≤ (1− β)n+ η − 1

}∣∣∣∣]
≤(1 + o(1))

∣∣∣∣D(
z,

rn,(1−β)n

2

)∣∣∣∣2q2n.
Then, uniformly in z ∈ An,

E

[∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣2]
≤(1 + o(1))E

[∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣]2.
In addition, Proposition 4.7 yields that for all sufficienly large n ∈ N,

E

[∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣] ≥ K2β−2α(1−γ(1−β))2/β−δ
n .

Then, by the Paley-Zygmund inequality, we obtain that as n → ∞,

P

(∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: x is (n, β)-qualified

}∣∣∣∣ ≥ K2β−2α(1−γ(1−β))2/β−2δ
n

)
→ 1.

Therefore, by Proposition 4.6, as n → ∞,

P

(∣∣∣∣{x ∈ D

(
z,

rn,(1−β)n

2

)
: K(R̂z

(1−β)n,ñ(1−β)n−(1−β)n, x) ≥
(
4γ2α

π
− 1

log log n

)
(logKn)

2

}∣∣∣∣
≥ K2β−2α(1−γ(1−β))2/β−2δ

n

)
→ 1,

and, hence, Lemma 4.5 holds for all sufficiently large n ∈ N with 1/ log2 n < δ.
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As mentioned above, we will introduce the following lemma in order to prove (4.34).

Lemma 4.10. There exists δn > 0 with limn→∞ δn = 0 such that

qn := inf
x∈An

P (x is (n, β)-successful) ≥ r
−(2γ2α+δn)
(1−β)n . (4.39)

Further, there exists c > 0 such that for all x ̸= y ∈ An,

P (x and y are (n, β)-successful) ≤ cq2nr
2γ2α+δl(x,y)
l(x,y) . (4.40)

Proof. We refer to the proof of Lemma 2.1 in [8] or Lemma 10.1 in [11]. Substitute n, 1 − β, l(x, y)
2γ2α into m, β, k(x, y), a in Lemma 2.1 of [8] respectively and consider our event Hx

(1−β)n and

supx∈An
P (Hz

(1−β)n,ñ(1−β)n−(1−β)n) in (6.23) instead of Hx
βm and ξm in [8]. Now, we will say that a

point z ∈ An is (n, β)-pre-successful if |N̂ z
n,k− ñk| ≤ k for all 3 ≤ k ≤ n−βn. As mentioned in [8], if we

replace “(n, β)-successful” in (4.39) and (4.40) by (n, β)-pre-succesful, the corresponding assertion is
essentially established in Lemma 3.2 in [27], while he considered the case β = 0 and his rn,k is different
from ours. Since (n, β)-successful point is also (n, β)-pre-successful point, this yields (4.40). In addition,
we obtain that, uniformly in x ∈ An,

P (x is (n, β)-successful) ≥ (1 + o(1n))P (x is (n, β)-pre-successful).

by using Lemma 6.46 instead of (2.13) in [8]. Therefore, (4.39) holds.

Proof of (4.34). By the same argument as (2.11) in [8], we have that there exists C > 0 such that

E[|{z ∈ An : z is (n, β)-successful}|2] ≤ CE[|{z ∈ An : z is (n, β)-successful}|]2,

by using Lemma 4.10 instead of Lemma 2.1 in [8]. By the Paley-Zygmund inequality, we have (4.34).

5 Proof of Theorems 2.3 and 2.4 and corollaries

5.1 Matrix’s argument

5.1.1 Basic matrix’s argument

Our argument in later is independent of the arrangement of the elements included in Λ ⊂ N. Then, we
consider (ai,l)i,l∈Λ as the matrix for some arrangement. Given η > 0 and for j ∈ N let

Mj =Mj(η)

:={(ai,l)i,l∈Λ : |Λ| = j,Λ ⊂ N, symmetric,

for any 1 ≤ i, l, p ≤ j with i ̸= l, l ̸= p, p ̸= i, ai,i = 1, 0 ≤ ai,l ≤ 1− η,

ai,l < ai,p ⇒ al,p = ai,l and ai,l = ai,p ⇒ al,p ≥ ai,l},
M̃1 =M̃1(η) := {(ai,i)i∈Λ : |Λ| = 1,Λ ⊂ N, ai,i = 1}

and for j ≥ 2

M̃j =M̃j(η)

:={(ai,l)i,l∈Λ : |Λ| = j,Λ ⊂ N, symmetric,

for any 1 ≤ i ̸= l ≤ j, ai,i = 1, 0 ≤ ai,l ≤ 1− η,

∃G,H ⊂ N, g, h ∈ N s.t. |G| = g, |H| = h,G ∪H = Λ, g + h = j,

(ai,l)i,l∈G ∈ M̃g, (ai,l)i,l∈H ∈ M̃h, for any i ∈ G, l ∈ H, ai,l = min
i,l∈Λ

ai,l}.
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Proposition 5.1. It holds that M̃j = Mj for any j ∈ N.

Proof. To prove that Mj ⊂ M̃j , we show the result by induction on j ∈ N. If j = 1, it is trivial that
the claim holds. We assume that the claim holds for 1, ..., j− 1 and show the claim for j. Consider any
(ai,l)i,l∈Λ ∈ Mj and s := mini,l∈Λ ai,l. Pick u ∈ Λ and set Λ̃ := Λ ∩ {u}c. Note that (ai,l)i,l∈Λ̃ ∈ Mj−1,

and, hence, (ai,l)i,l∈Λ̃ ∈ M̃j−1 holds under assumption. Then, set s̃ = mini,l∈Λ̃ ai,l, g̃, h̃ with g̃+h̃ = j−1

and G̃, H̃ which is satisfied with the conditions of M̃j−1. We will show (ai,l)i,l∈Λ ∈ M̃j . It is trivial
that all the condition of M̃j except for last two conditions holds. Then, we will set G, H, g, h ∈ N
such that |G| = g, |H| = h, G ∪ H = Λ, g + h = j and observe that this division is satisfied with
the condition of M̃j . It is trivial that (ai,l)i,l∈G ∈ Mg and (ai,l)i,l∈H ∈ Mh yield (ai,l)i,l∈G ∈ M̃g and
(ai,l)i,l∈H ∈ M̃h under assumption. Hence, it suffices to show that ai,l = s for any i ∈ G, l ∈ H.

(i) Case: s = s̃
First, we consider the case that there exists m ∈ Λ̃ such that am,u > s.
If am,u > s for some m ∈ G̃, we should set G = G̃ ∪ {u}, H = H̃, g = g̃ + 1, h = h̃. Then for any

l ∈ H, am,l = s̃ = s < am,u holds and, hence, the definition of Mj yields that al,u = s for any l ∈ H.
Therefore, ai,l = s for any i ∈ G, l ∈ H.

If am,u > s for some m ∈ H̃, the same argument as above yields ai,l = s for any i ∈ H, l ∈ G where
G = G̃, H = H̃ ∪ {u}, g = g̃ and h = h̃+ 1.

Second, we consider the case that for any m ∈ Λ̃, am,u = s. Then, we should set g = g̃ + h̃, h = 1,
G = G̃ ∪ H̃ and H = {u}. Then, we obtain for any l ∈ G, al,u = s.

(ii) Case: s ̸= s̃
We should set g = g̃ + h̃, h = 1, G = G̃ ∪ H̃ and H = {u}. Note that there exists m ∈ G such that

am,u = s. Then, since am,u < am,l for any l ∈ G, the definition of Mj yields that au,l = s. Therefore,
we obtain Mj ⊂ M̃j .

Next, we will prove M̃j ⊂ Mj . If j = 1 or 2, it is trivial that the claim holds. For j ≥ 3, we
consider any (ai,l)i,l∈Λ ∈ M̃j . It is trivial that (ai,l)i,l∈{u1,u2,u3} ∈ M̃3 holds for any {u1, u2, u3} ⊂ Λ.
Then, it suffices to prove the case that j = 3. Consider the case that G = {u1, u2}, H = {u3} and
observe the conditions (i) ai,l < ai,p ⇒ al,p = ai,l and (ii) ai,l = ai,p ⇒ al,p ≥ ai,l.

1. (i, l, p) = (u1, u2, u3): (i) The assumption au1,u2 < au1,u3 contradicts the condition of au1,u3 =
mini,l∈{u1,u2,u3} ai,l.

(ii) If au1,u2 = au1,u3 holds, the fact that au2,u3 = au1,u3 yields the result.

2. (i, l, p) = (u2, u1, u3): The proof is same as above by the symmetry of u1 and u2.

3. (i, l, p) = (u3, u1, u2): (i) The assumption au3,u1 < au3,u2 contradicts the condition of au3,u1 =
au3,u2 .

(ii) The result is trivial since au1,u3 = mini,l∈{u1,u2,u3} ai,l yields au1,u2 ≥ au3,u1 .

4. (i, l, p) = (u3, u2, u1): The proof is same as above by the symmetry of u1 and u2.

5. (i, l, p) = (u2, u3, u1): (i) (ii) The condition of M̃3 yields au3,u1 = au2,u3 and hence the results
holds in any case.

6. (i, l, p) = (u1, u3, u2): The proof is same as above by the symmetry of u1 and u2.

Therefore, the symmetry of u1, u2 and u3 yields the desired result.

Remark 2. Now, we explain why we set Mj. We will show that(
πGn(xi, xl)

2 log n

)
1≤i,l≤j
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for xi ∈ D(0, n/3) with 1 ≤ i ≤ j is asymptotically close to some element in Mj in some way later.
All the conditions in the definition of Mj except for last two conditions are imaginable. Hence, we will
observe that (Gn(xi, xl))1≤i,l≤j for xi ∈ D(0, n/3) with 1 ≤ i ≤ j has the property which asymptotically

is close to last two conditions of Mj. Consider some sequence {x(n)k }n∈N with x
(n)
k ∈ D(0, n/3) for

k ∈ {i, l, p} such that d(x
(n)
i , x

(n)
l ) = nβ+o(1) and d(x

(n)
i , x

(n)
p ) = nβ−ϵ+o(1) with 0 < ϵ < β. Then, (3.9)

yields that

2(1− β) + o(1)

π
log n =Gn(x

(n)
i , x

(n)
l )

<Gn(x
(n)
i , x(n)p ) =

2(1− β + ϵ) + o(1)

π
log n

for all sufficiently large n ∈ N. In addition, it is trivial that d(x
(n)
l , x

(n)
p ) = nβ+o(1) and, hence,

2(1− β) + o(1)

π
log n = Gn(x

(n)
l , x(n)p ) ∼ Gn(x

(n)
i , x

(n)
l ),

where an ∼ bn means an/bn → 1 as n → ∞ for any sequence. This fact corresponds to “ai,l < ai,p ⇒
al,p = ai,l” in the definition of Mj. To observe other condition in the definition of Mj, consider

some sequence {x(n)k }n∈N with x
(n)
k ∈ D(0, n/3) for k ∈ {i, l, p} such that d(x

(n)
i , x

(n)
l ) = nβ+o(1) and

d(x
(n)
i , x

(n)
p ) = nβ+o(1). Then, (3.9) yields that

Gn(x
(n)
i , x

(n)
l ) =

2(1− β) + o(1)

π
log n,Gn(x

(n)
i , x(n)p ) =

2(1− β) + o(1)

π
log n.

In addition, it is trivial that d(x
(n)
l , x

(n)
p ) ≤ nβ+o(1) holds and, hence,

Gn(x
(n)
l , x(n)p ) ≥ 2(1− β) + o(1)

π
log n ∼ Gn(x

(n)
i , x

(n)
l ).

This fact corresponds to “ai,l = ai,p ⇒ al,p ≥ ai,l” in the definition of Mj.

Hereafter, in Sections 5.1 and 5.1.2, fix j ∈ N and if we mention no thing, we consider (ai,l)1≤i,l≤j ∈
Mj as the represented element of Mj and its division G = {1, ..., g}, H = {g + 1, ..., g + h(= j)} as
above. In addition, let s = min1≤i,l≤j ai,l.

Proposition 5.2. Any element included in Mj is regular matrix. In other words, for any (ai,l)1≤i,l≤j ∈
Mj, there exists a unique solution y1, ..., yj such that

(ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T .

Proof. We will show the claim and in addition the following conditions (A) and (B): when j = 2,

(A) 1− s

j∑
i=1

yi > 0,

(B) yi > 0 for any 1 ≤ i ≤ j.

When j = 1, we change (A) to 1− y1 ≥ 0. We will show the results by induction on j ∈ N. It is trivial
that the claim holds for j = 1 since y1 = 1. Assume that the claim, (A) and (B) hold for 1, ..., j−1. We
will show that the claim, (A) and (B) hold for j. The assumption yields that (ai,l)1≤i,l≤g ∈ Mg deter-
mines a unique solution (z1, ..., zg)

T such that (ai,l)1≤i,l≤g(z1, ..., zg)
T = (1, ..., 1)T and (ai,l)g+1≤i,l≤j ∈

Mh determines a unique solution (z′1, ..., z
′
h)

T such that (ai,l)g+1≤i,l≤j(z
′
1, ..., z

′
h)

T = (1, ..., 1)T . In ad-
dition, the assumption of (B) yields zi > 0 for any 1 ≤ i ≤ g and z′i > 0 for any 1 ≤ i ≤ h. Therefore,
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it holds that zi + s
∑

1≤l≤g,l ̸=i zl ≤ 1 for any 1 ≤ i ≤ g and zi + s
∑

1≤l≤h,l ̸=i z
′
l ≤ 1 for any 1 ≤ i ≤ h,

and, hence,

g∑
i=1

zi ≤
g

1 + (g − 1)s
,

h∑
i=1

z′i ≤
h

1 + (h− 1)s
.

Then, there exists c > 0 such that

1− s2
g∑

i=1

zi

h∑
i=1

z′i ≥ c. (5.1)

It comes from s ≤ 1− η. If we set

yl =
(1− s

∑h
i=1 z

′
i)zl

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

for any 1 ≤ l ≤ g,

yl =
(1− s

∑g
i=1 zi)z

′
l−g

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

for any g + 1 ≤ l ≤ j,

it is the solution such that (ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T . Hence, we have proved the existence of

the solution. Hereafter, we will observe the properties of y1, ..., yj under assuming the existence.
First, we will show (B). By Proposition 5.1, it holds that

g∑
i=1

(al,iyi) + s

j∑
i=g+1

yi = 1 for any 1 ≤ l ≤ g, (5.2)

s

g∑
i=1

yi +

j∑
i=g+1

(al,iyi) = 1 for any g + 1 ≤ l ≤ j. (5.3)

Hence, by the definition of z1, ..., zg, z
′
1, ..., z

′
h, we obtain

g∑
i=1

yi =

(
1− s

j∑
i=g+1

yi

) g∑
i=1

zi,

j∑
i=g+1

yi =

(
1− s

g∑
i=1

yi

) h∑
i=1

z′i.

Then, the simple computation and (5.1) yield

g∑
i=1

yi =

∑g
i=1 zi − s

∑g
i=1 zi

∑h
i=1 z

′
i

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

,

j∑
i=g+1

yi =

∑h
i=1 z

′
i − s

∑g
i=1 z

′
i

∑g
i=1 zi

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

, (5.4)

and, hence,

j∑
i=1

yi =

∑g
i=1 zi +

∑h
i=1 z

′
i − 2s

∑g
i=1 zi

∑h
i=1 z

′
i

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

. (5.5)

Now, if we let s̃ = min1≤i,l≤g ai,l, under assumption of (A) we have that for g ≥ 2,

1− s̃

g∑
i=1

zi > 0. (5.6)
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Since s̃ ≥ s for g ≥ 2, (5.4) and (5.6) yield

1− s

g∑
i=1

yi =
1− s

∑g
i=1 zi

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

≥
1− s̃

∑g
i=1 zi

1− s2
∑g

i=1 zi
∑h

i=1 z
′
i

> 0.

In addition, since s̃ > s for g = 1, (5.4) and (5.6) yield

1− sy1 =
1− sz1

1− s2z1
∑h

i=1 z
′
i

>
1− s̃z1

1− s2z1
∑h

i=1 z
′
i

≥ 0.

By the definition of yg+1, ..., yj , z
′
1, ..., z

′
h and (5.3), we have (yg+1, ..., yj) = (1 − s

∑g
i=1 yi)(z

′
1, ...z

′
h).

Then, since we assume the solution z′1, ..., z
′
h is satisfied with z′i > 0 for any 1 ≤ i ≤ h, it holds that any

solution yg+1, ..., yj is satisfied with yi > 0 for any g + 1 ≤ i ≤ j. In addition, by the same argument
as above, the definition of y1, ..., yg, z1, ..., zg and (5.2) yield yi > 0 for any 1 ≤ i ≤ g, and, hence, (B)
holds.

Second, we will show (A). The fact that yi > 0 for any 1 ≤ i ≤ j and
∑j

i=1 al,iyi = 1 for any

1 ≤ l ≤ j yields s
∑j

i=1 yi < 1 and hence we obtain the desired result.
Now, we turn to prove uniqueness of the solution by using the result of (B) we have already obtained.

In general, it is known that

V := {(y1, ..., yj) : (ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T } = x0 +KerA,

where x0 is a characteristic solution for (ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T . By the result of (B), it

holds that {v = (v1, ..., vj)
T : vj > 0} ⊃ V . Since V is a linear space, that Ker(ai,l)1≤i,l≤j ̸= {0}

contradicts it. Then Ker(ai,l)1≤i,l≤j = {0} and, hence, we have the desired claim.

Recall that χ(A) is the summation over all the elements of A−1. Note that if we consider (ai,l)1≤i,l≤j

and (y1, ..., yj) such that
(ai,l)1≤i,l≤j(y1, ..., yj)

T = (1, ..., 1)T ,

χ((ai,l)1≤i,l≤j) =
∑j

i=1 yi holds.

Proposition 5.3. For any ϵ > 0 there exists δ > 0 such that for any (ai,l)1≤i,l≤j ∈ Mj, (ãi,l)1≤i,l≤j

with max1≤i,l≤j |ai,l − ãi,l| ≤ δ the following hold: (ãi,l)1≤i,l≤j is regular matrix and∣∣∣∣χ((ai,l)1≤i,l≤j)− χ((ãi,l)1≤i,l≤j)

∣∣∣∣ ≤ ϵ.

Remark 3. It is trivial that Proposition 5.3 yields the following: for any ϵ > 0 there exists δ > 0 such
that for any n ∈ N and (ai,l)1≤i,l≤j ∈ Mj, (ãi,l)1≤i,l≤j with max1≤i,l≤j |ai,ln − ãi,l| ≤ δn the following
holds: (ãi,l)1≤i,l≤j is regular matrix and∣∣∣∣χ((ai,l)1≤i,l≤j)

n
− χ((ãi,l)1≤i,l≤j)

∣∣∣∣ ≤ ϵ

n
.

Proof. First, we will prove that Mj is the closed set for each j ∈ N. We consider max1≤i,l≤j |ai,l − a′i,l|
for (ai,l)1≤i,l≤j , (a

′
i,l)1≤i,l≤j ∈ Mj as the metric on Mj . Consider (ami,l)1≤i,l≤j ∈ Mj and (a∞i,l)1≤i,l≤j

such that (ami,l)1≤i,l≤j → (a∞i,l)1≤i,l≤j as m → ∞. Set for k ∈ N, mk := inf{m > mk−1 : ami,l > ami,p}
with m1 = 1 and inf ∅ = 0. First, we assume that a∞i,l < a∞i,p holds for some 1 ≤ i, l, p ≤ j with
i ̸= l, l ̸= p, p ̸= i. Then, supmk < ∞ and hence by the definition of Mj there exists m0 ∈ N such that
for any m ≥ m0, a

m
l,p = ami,l. Therefore, a

∞
l,p = a∞i,l holds.

Next, we assume that a∞i,l = a∞i,p holds for some 1 ≤ i, l, p ≤ j with i ̸= l, l ̸= p, p ̸= i. If supmk < ∞,
by the definition of Mj there exists m0 ∈ N such that for any m ≥ m0, a

m
l,p ≥ ami,l, and, hence, a

∞
l,p ≥ a∞i,l .

If supmk = ∞, by the definition of Mj we obtain a∞l,p = a∞i,p, and, hence, the assumption of a∞i,l = a∞i,p
yields a∞l,p = a∞i,l . Therefore, Mj is the closed set and hence compact.
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Now, we turn to prove the desired result. Note that

max
1≤i,l≤j

|ai,l| ≤ 1. (5.7)

In addition, Proposition 5.2 yields that det(ai,l)1≤i,l≤j ̸= 0 holds for (ai,l)1≤i,l≤j ∈ Mj . Then, by
compactness of Mj , we have inf(ai,l)1≤i,l≤j∈Mj

|det(ai,l)1≤i,l≤j | ̸= 0. Hence, (5.7) yields that there exists
δ > 0 such that for any δi,l with |δi,l| ≤ δ,

inf
(ai,l)1≤i,l≤j∈Mj

|det(ai,l + δi,l)1≤i,l≤j | ≠ 0. (5.8)

Therefore, the first claim holds. Finally, it is trivial that (5.7) and (5.8) again yield the second claim,
and, hence, we obtain the desired result.

Remark 4. By the same argument as Remark 3, (5.7) and (5.8) yield the following: for any ϵ > 0 there
exists δ > 0 such that for any n ∈ N and (ai,l)1≤i,l≤j ∈ Mj, (ãi,l)1≤i,l≤j with max1≤i,l≤j |ai,ln−ãi,l| ≤ δn,
it holds that for any 1 ≤ i ≤ j

|yi − ỹi| ≤
ϵ

n
, (5.9)

where

yi :=

∑j
i=1 (cofactor of al,in)

det((ai,ln)1≤i,l≤j)
, ỹi :=

∑j
i=1 (cofactor of ãl,i)

det((ãi,l)1≤i,l≤j)
.

In addition, (B) in Proposition 5.2 and compactness of Mj yield that there exists c > 0 such that for
any n ∈ N and (ai,l)1≤i,l≤j ∈ Mj

yi >
c

n
. (5.10)

Therefore, (5.9) and (5.10) yield that there exist δ > 0 and c > 0 such that for any n ∈ N and
(ai,l)1≤i,l≤j ∈ Mj, (ãi,l)1≤i,l≤j with max1≤i,l≤j |ai,ln− ãi,l| ≤ δn, it holds that for any 1 ≤ i ≤ j

ỹi >
c

n
. (5.11)

We write (ai,l)i,l∈Λ which is satisfied with conditions of M̃j as

M{(ai,l)i,l∈G, (ai,l)i,l∈H , s}.

However, we conveniently use the following meaning of this symbol. If we write

(ai,l)1≤i,l≤j = M{(bi,l)1≤i,l≤g, (b̂i,l)1≤i,l≤h, s}

for g + h = j and (ai,l)1≤i,l≤j ∈ Mj , we consider the case that
ai,l = min1≤i,l≤j ai,l = s for 1 ≤ i ≤ g, g + 1 ≤ l ≤ j,

ai,l = bi,l for 1 ≤ i, l ≤ g,

ai,l = b̂i−g,l−g for g + 1 ≤ i, l ≤ j.

To divide Mj , we define Ξ : ∪j∈NMj → R as follows:

Ξ((ai,l)i,l∈Λ) :=Ξ((ai,l)i,l∈G) + Ξ((ai,l)i,l∈H) + 1− s,

Ξ((ai,i)i∈Λ) :=0 for any Λ with |Λ| = 1.

Lemma 5.4. Ξ is independent of the division we select, and hence Ξ is well defined.
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Proof. We simply write this proof by induction on j ∈ N. It is trivial that the claim holds for j = 1.
We assume that the claim holds for 1, ..., j − 1 and show the claim for j. Assume that there exist two
different divisions G, H and G̃, H̃ which are satisfied with conditions of M̃j . If we consider the case
that H ∩ H̃ ̸= ∅, H ∩ G̃ ̸= ∅, G ∩ H̃ ̸= ∅ and G ∩ G̃ ̸= ∅, it holds that

min
i,l∈G

ai,l = min
i,l∈H

ai,l = min
i,l∈G̃

ai,l = min
i,l∈H̃

ai,l = s

and

(ai,l)i,l∈G = M{(ai,l)i,l∈G∩G̃, (ai,l)i,l∈G∩H̃ , s},
(ai,l)i,l∈H = M{(ai,l)i,l∈H∩G̃, (ai,l)i,l∈H∩H̃ , s},
(ai,l)i,l∈G̃ = M{(ai,l)i,l∈G̃∩G, (ai,l)i,l∈G̃∩H , s},
(ai,l)i,l∈H̃ = M{(ai,l)i,l∈H̃∩G, (ai,l)i,l∈H̃∩H , s}.

Hence, we obtain

Ξ((ai,l)i,l∈G) + Ξ((ai,l)i,l∈H)

=Ξ((ai,l)i,l∈G∩G̃) + Ξ((ai,l)i,l∈G∩H̃)

+Ξ((ai,l)i,l∈H∩G̃) + Ξ((ai,l)i,l∈H∩H̃) + 2(1− s),

Ξ((ai,l)i,l∈G̃) + Ξ((ai,l)i,l∈H̃)

=Ξ((ai,l)i,l∈G̃∩G) + Ξ((ai,l)i,l∈G̃∩H)

+Ξ((ai,l)i,l∈H̃∩G) + Ξ((ai,l)i,l∈H̃∩H) + 2(1− s),

and, hence, Ξ((ai,l)i,l∈G)+Ξ((ai,l)i,l∈H) = Ξ((ai,l)i,l∈G̃)+Ξ((ai,l)i,l∈H̃) holds. In addition, if we consider

the case that H ∩ H̃ = ∅, it holds that

min
i,l∈G

ai,l = min
i,l∈G̃

ai,l = s,

and

(ai,l)i,l∈G = M{(ai,l)i,l∈G∩G̃, (ai,l)i,l∈G∩H̃ , s},
(ai,l)i,l∈G̃ = M{(ai,l)i,l∈G̃∩G, (ai,l)i,l∈G̃∩H , s}.

Hence, we obtain

Ξ((ai,l)i,l∈G) + Ξ((ai,l)i,l∈H)

=Ξ((ai,l)i,l∈G∩H̃) + Ξ((ai,l)i,l∈G∩G̃) + Ξ((ai,l)i,l∈H) + 1− s

=Ξ((ai,l)i,l∈H̃) + Ξ((ai,l)i,l∈G∩G̃) + Ξ((ai,l)i,l∈H) + 1− s,

Ξ((ai,l)i,l∈G̃) + Ξ((ai,l)i,l∈H̃)

=Ξ((ai,l)i,l∈G̃∩G) + Ξ((ai,l)i,l∈G̃∩H) + Ξ((ai,l)i,l∈H̃) + 1− s

=Ξ((ai,l)i,l∈G̃∩G) + Ξ((ai,l)i,l∈H) + Ξ((ai,l)i,l∈H̃) + 1− s,

and, hence, Ξ((ai,l)i,l∈G) + Ξ((ai,l)i,l∈H) = Ξ((ai,l)i,l∈G̃) + Ξ((ai,l)i,l∈H̃) holds. Since the same proof as

second case holds for each case that H ∩ G̃ = ∅, G∩ H̃ = ∅, or G∩ G̃ = ∅, the desired result holds.

Then, let

Gr := {(ai,l)i,l∈Λ ∈ Mj : Ξ((ai,l)i,l∈Λ) = r}

and for j ∈ N and r ≤ 1− η, A
(j)
r := (ai,l)1≤i,l≤j which is satisfied with (ai,l)1≤i,l≤j ∈ Mj and ai,l = r

for 1 ≤ i ̸= l ≤ j. Note that A
(1)
r is independent of r. We sometimes write it as A(1). Next, we will

observe the additional property of the matrix included in Mj .
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Proposition 5.5. For any r ≤ j − 1

min
(ai,l)1≤i,l≤j∈Gr

χ((ai,l)1≤i,l≤j) = χ(A
(j)
1−r/(j−1)) =

j

j − r
.

To show Proposition 5.5, we use the following two lemmas.

Lemma 5.6. Consider any (ai,l)1≤i,l≤j, (ai,l)1≤i,l≤j ∈ Mj with (ai,l)1≤i,l≤j = M{(ai,l)i,l∈G, (ai,l)i,l∈H , s},
(ai,l)1≤i,l≤j = M{(ai,l)i,l∈G, (ai,l)i,l∈H , s}. Then, if

χ((ai,l)i,l∈G) ≥ χ((ai,l)i,l∈G) and χ((ai,l)i,l∈H) ≥ χ((ai,l)i,l∈H),

it holds that

χ((ai,l)1≤i,l≤j) ≥ χ((ai,l)1≤i,l≤j).

Proof. Note that it suffices to prove the case that (ai,l)i,l∈G = (ai,l)i,l∈G since we can prove the claim
by repeating the same proof. Let

g(t, b, c) :=
b+ c− 2tbc

1− t2bc
,

where 1− t2bc > 0. Then g is monotonically increasing in c since the simple computation yields

∂g

∂c
=

(1− tb)2

(1− t2bc)2
≥ 0.

Note that (5.5) yields

χ((ai,l)1≤i,l≤j) =
χ((ai,l)i,l∈G) + χ((ai,l)i,l∈H)− 2sχ((ai,l)i,l∈G)χ((ai,l)i,l∈H)

1− s2χ((ai,l)i,l∈G)χ((ai,l)i,l∈H)

=g(s, χ((ai,l)i,l∈G), χ((ai,l)i,l∈H)).

Since g(t, b, c) is monotonically increasing in c, the assumption yields the desired result.

Lemma 5.7. Consider r ≤ j−1, 0 ≤ γ ≤ γ1 ≤ γ2 ≤ 1 with r = (g−1)(1−γ2)+ (h−1)(1−γ1)+1−γ

and M{A(g)
γ2 , A

(h)
γ1 , γ}, which is satisfied with r = Ξ(M{A(g)

γ2 , A
(h)
γ1 , γ}). Then, fixing the values γ2 and

r, χ(M{A(g)
γ2 , A

(h)
γ1 , γ}) is minimized at γ = γ1.

Proof. Fix the values γ2 and r. Note that r = Ξ(M{A(g)
γ2 , A

(h)
γ1 , γ}) = (g−1)(1−γ2)+(h−1)(1−γ1)+1−γ

is constant and hence (g−1)γ2+(h−1)γ1+γ is. Then, if we set p = (g−1)γ2+1 and q = (h−1)γ1+γ+1,
p and q are constants. In addition,

χ(A(g)
γ2 ) =

g

(g − 1)γ2 + 1
, χ(A(h)

γ1 ) =
h

(h− 1)γ1 + 1
.

Then by (5.5) it holds that

f(γ) :=χ(M{A(g)
γ2 , A

(h)
γ1 , γ})

=
χ(A

(g)
γ2 ) + χ(A

(h)
γ1 )− 2γχ(A

(g)
γ2 )χ(A

(h)
γ1 )

1− γ2χ(A
(g)
γ2 )χ(A

(h)
γ1 )

=
g((h− 1)γ1 + 1) + h((g − 1)γ2 + 1)− 2γgh

((g − 1)γ2 + 1)((h− 1)γ1 + 1)− γ2gh

=
g(q − γ) + hp− 2γgh

(q − γ)p− γ2gh
.
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Note that we consider 0 ≤ γ ≤ (q − 1)/h and show that f is monotonically decreasing in 0 ≤ γ ≤
(q − 1)/h. The simple computation yields

∂f(γ)

∂γ
=
((q − γ)p− γ2gh)(−g − 2gh)− (g(q − γ) + hp− 2γgh)(−p− 2γgh)

((q − γ)p− γ2gh)2

=
−g2h(1 + 2h)(γ − gq+hp

g+2gh)
2 + h(gq+hp)2

(1+2h) − 2qpgh+ hp2

((q − γ)p− γ2gh)2

and set

f̃ := −g2h(1 + 2h)(γ − gq + hp

g + 2gh
)2 +

h(gq + hp)2

(1 + 2h)
− 2qpgh+ hp2. (5.12)

Note that it holds that

q − 1

h
≤ the apex (summit) of f̃ =

(gq + hp)

g(1 + 2h)
. (5.13)

Because we can compute

h(gq + hp)− (q − 1)g(1 + 2h) =h2p+ g(h+ 1) + gh− gq(h+ 1)

=h2p− g(h+ 1)(q − 1) + gh

≥h2((g − 1)γ2 + 1)− g(h+ 1)hγ2 + gh

=h(g + h)(1− γ2) ≥ 0.

The first inequality comes from −(q−1) ≥ −((h−1)γ2+γ2) = −hγ2 and second one γ2 ≤ 1. Therefore,
we obtain (5.13). In addition, we claim

f̃

(
q − 1

h

)
≤ 0. (5.14)

Because we can compute

hf̃

(
q − 1

h

)
=− g(g + 2gh)(q − 1)2 + 2gh(gq + hp)(q − 1) + h2p(p− 2gq)

=− g2(q − 1)2 − 2g2h(q − 1)2 + 2g2h(q − 1)2

+2g2h(q − 1) + 2gh2p(q − 1) + h2p(p− 2gq)

=− g2(q − 1)2 + 2g2h(q − 1)− 2gh2p+ h2p2

=− (ph− g(q − 1))(2gh− g(q − 1)− hp) ≤ 0.

The inequality comes from ph − g(q − 1) ≥ ghγ2 ≥ 0 and 2gh − g(q − 1) − hp ≥ 2gh − gh − hp ≥ 0.
Therefore, by (5.12), (5.13) and (5.14), we have that for 0 ≤ γ ≤ (q− 1)/h, f̃(γ) ≤ 0. Then, we obtain
the desired result.

Proof of Proposition 5.5. It is trivial that χ(A
(j)
1−r/(j−1)) = j/(j − r) holds, and, hence, we will show

only min(ai,l)1≤i,l≤j∈Gr
χ((ai,l)1≤i,l≤j) = χ(A

(j)
1−r/(j−1)). We will prove by induction on j ∈ N. If j = 1 or

2, it is obvious that the claim holds. Assume that the claim holds for 1, 2, ..., j − 1 and show the claim
for j. If we show the case that g∧h = 1, Lemma 5.7 yields the desired result. Only the case that j ≥ 4
and g, h ≥ 2 is remained since g ∧ h = 1 holds for j = 3.

For any r ≤ j − 1, consider some (ai,l)1≤i,l≤j ∈ Gr. For (ai,l)1≤i,l≤j = M{(ai,l)i,l∈G, (ai,l)i,l∈H , s},
we pick M{A(g)

γ2 , A
(h)
γ1 , γ} which is satisfied with γ = s, Ξ((ai,l)i,l∈G) = Ξ(A

(g)
γ2 ) = (g − 1)(1 − γ2) and
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Ξ((ai,l)i,l∈H) = Ξ(A
(h)
γ1 ) = (h − 1)(1 − γ1). Without loss of generality, we can assume that γ1 ≤ γ2.

Note that M{A(g)
γ2 , A

(h)
γ1 , γ} ∈ Gr. By Lemma 5.6 and the assumption, we obtain

χ(M{A(g)
γ2 , A

(h)
γ1 , γ}) ≤ χ((ai,l)1≤i,l≤j). (5.15)

In addition, consider M{A(g)
γ2 , A

(h)
γ̃1

, γ̃1}, which is satisfied with (h − 1)γ1 + γ = hγ̃1. Note that

M{A(g)
γ2 , A

(h)
γ̃1

, γ̃1} ∈ Gr. By Lemma 5.7, we obtain

χ(M{A(g)
γ2 , A

(h)
γ̃1

, γ̃1}) ≤ χ(M{A(g)
γ2 , A

(h)
γ1 , γ}). (5.16)

Next, we consider M{A(j−1)
γ̃2

, A(1), γ̃1}, which is satisfied with (g − 1)γ2 + hγ̃1 = (j − 2)γ̃2 + γ̃1. Note

that M{A(j−1)
γ̃2

, A(1), γ̃1} ∈ Gr. In addition,

M{A(g)
γ2 , A

(h)
γ̃1

, γ̃1} = M{M{A(g)
γ2 , A

(h−1)
γ̃1

, γ̃1}, A(1), γ̃1},

since γ2 ≥ γ̃1 holds. Then, by Lemma 5.6 and the assumption, we obtain

χ(M{A(j−1)
γ̃2

, A(1), γ̃1}) ≤ χ(M{A(g)
γ2 , A

(h)
γ̃1

, γ̃1}). (5.17)

Finally, Lemma 5.7 yields

χ(A
(j)
1−r/(j−1)) ≤ χ(M{A(j−1)

γ̃2
, A(1), γ̃1}). (5.18)

Note that A
(j)
1−r/(j−1) ∈ Gr. Therefore, by (5.15), (5.16), (5.17) and (5.18) we obtain the desired

result.

Remark 5. We write the example of above matrices. Consider the case that j = 5, g = 3, h = 2 and
some (ai,l)1≤i,l≤5 = M{(ai,l)1≤i,l≤3, (ai,l)i,l∈{4,5}, s}. Then, (5.15), (5.16), (5.17) and (5.18) imply

χ


1 a1,2 a1,3 s s

a2,1 1 a2,3 s s
a3,1 a3,2 1 s s
s s s 1 a4,5
s s s a5,4 1

 ≥χ


1 γ2 γ2 γ γ
γ2 1 γ2 γ γ
γ2 γ2 1 γ γ
γ γ γ 1 γ1
γ γ γ γ1 1

 ≥ χ


1 γ2 γ2 γ̃1 γ̃1
γ2 1 γ2 γ̃1 γ̃1
γ2 γ2 1 γ̃1 γ̃1
γ̃1 γ̃1 γ̃1 1 γ̃1
γ̃1 γ̃1 γ̃1 γ̃1 1



≥χ


1 γ̃2 γ̃2 γ̃2 γ̃1
γ̃2 1 γ̃2 γ̃2 γ̃1
γ̃2 γ̃2 1 γ̃2 γ̃1
γ̃2 γ̃2 γ̃2 1 γ̃1
γ̃1 γ̃1 γ̃1 γ̃1 1

 ≥ χ


1 γ̃ γ̃ γ̃ γ̃
γ̃ 1 γ̃ γ̃ γ̃
γ̃ γ̃ 1 γ̃ γ̃
γ̃ γ̃ γ̃ 1 γ̃
γ̃ γ̃ γ̃ γ̃ 1

 ,

where γ̃ := 1− r/(j − 1).

5.1.2 Preliminary for main results

In this section, our goal is to show Proposition 5.10, which is used in the upper bound in Theorems 2.3
and 2.4. We will estimate this by using matrix’s arguments in Section 5.1. To show this, we prepare
additional notations. Given real valued j × j matrices (mi,l)1≤i,l≤j , (m

′
i,l)1≤i,l≤j , let

E [(mi,l)1≤i,l≤j , (m
′
i,l)1≤i,l≤j ]

=E [(mi,l)1≤i,l≤j , (m
′
i,l)1≤i,l≤j ](j, n)

:={(x1, ..., xj) ∈ (Z2
n)

j : mi,l ≤ d(xi, xl) ≤ m′
i,l for any 1 ≤ i ̸= l ≤ j}.
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Note that this set is independent of diagonal element of matrix. When mi,l for 1 ≤ i, l ≤ j is constant
and m′

i,l be, we simply write E [(mi,l), (m
′
i,l)]. Fix 0 < β < 1. For 0 < η < 1 with η ≤ (1− β) ∧ β, let

Mβ,η
j := Mj ∩ E [(1− β), (1− η)]

and for (ai,l)1≤i,l≤j ∈ Mβ,η
j and δ′ > 0 let

Êδ′ [(ai,l)1≤i,l≤j ] = Êδ′ [(ai,l)1≤i,l≤j ](j, n)

:=E
[
(
1

2j
n1−ai,l)1≤i,l≤j , (2

jn1−ai,l+δ′)1≤i,l≤j

]
,

Hδ′ = Hδ′(j, n) := {Êδ′ [(ai,l)1≤i,l≤j ](j, n) : (ai,l)1≤i,l≤j ∈ Mβ,η
j }.

To show Proposition 5.10, we use the following two lemmas.

Lemma 5.8. For any 0 < δ′, η < 1 with η ≤ (1− β) ∧ β there exists n0 ∈ N such that for any n ≥ n0

and (x1, ..., xj) ∈ E [(nη), (nβ)] there exists V ∈ Hδ′(j, n) such that (x1, ..., xj) ∈ V holds.

Proof. We will show by induction on j ∈ N. It is obvious that the claim holds for j = 1, 2. As-
sume that the claim holds for j − 1 and consider any (x1, ..., xj) ∈ E [(nη), (nβ)]. Put 1 ≤ i0, l0 ≤ j
such that d(xi0 , xl0) = min1≤i ̸=l≤j d(xi, xl). Then, by the assumption, for (x1, ..., xl0−1, xl0+1, ..., xj) ∈
E [(nη), (nβ)](j − 1, n) there exists

(ai,l)i,l∈{1,...,l0−1,l0+1,...,j} ∈ Mβ,η
j−1 (5.19)

such that for any i, l ∈ {1, ..., l0 − 1, l0 + 1, ..., j}

1

2j−1
n1−ai,l ≤ d(xi, xl) ≤ 2j−1n1−ai,l+δ′ .

Set (ãi,l)1≤i,l≤j as follows:

ãi,l = ãl,i = ai,l for any 1 ≤ i, l ̸= l0 ≤ j,

ãl0,l = ãl,l0 = ai0,l for any 1 ≤ l ̸= i0, l0 ≤ j,

ãl0,i0 = ãi0,l0 = (1− η) ∧
((

(j−1) log 2−log d(xi0
,xl0

)

logn + 1 + δ′
)
∨ (1− β)

)
,

ãl0,l0 = 1.

In addition, ãi0,l0 = max1≤i̸=l≤j ãi,l holds since ĝ(s) := max{b ∈ [1 − β, 1 − η] : 2−j+1n1−b ≤ s ≤
2j−1n1−b+δ′} is monotonically decreasing and ĝ(d(xi0 , xl0)) = ãi0,l0 and ĝ(d(xi, xl)) ≥ ãi,l hold for any
1 ≤ i ̸= l ≤ j.

Now, we will prove that (ãi,l)1≤i,l≤j ∈ Mβ,η
j as follows. It is obvious that the definition of (ãi,l)1≤i,l≤j

yields that (ãi,l)1≤i,l≤j is symmetric and (ãi,l)1≤i,l≤j ∈ E [(1− β), (1− η)]. Then, we will prove that for
any 1 ≤ i, l, p ≤ j with i ̸= l, l ̸= p, p ̸= i, (i) ãi,l < ãi,p ⇒ ãl,p = ãi,l and (ii) ãi,l = ãi,p ⇒ ãl,p ≥ ãi,l as
follows:

1. i, l, p ̸= l0 : (5.19) yields (ãi,l)1≤i,l≤j ∈ Mj . Hence, we obtain (i) and (ii).

2. i = l0 and p, l ̸= i0 : (i) If ãl0,l < ãl0,p, ai0,l < ai0,p holds. Therefore, (5.19) yields ãl,p = al,p =
ai0,l = ãl0,l holds. (ii) The proof is almost same as (i).

3. (p = l0 and i, l ̸= i0) or (l = l0 and l, i ̸= i0) : The proof is almost same as above.

Then since (ãi,l)1≤i,l≤j is symmetric for l0 and i0, it is remained to prove (i) and (ii) for the following
cases.
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1. i = l0, l = i0 : (i) The assumption contradicts. (ii) Since ãl0,p = ãi0,p, ãl0,i0 = ãl0,p yields the
result.

2. i = l0, p = i0 : (i) The result is trivial. (ii) The proof is almost same as above.

3. l = l0, p = i0 : (i) The assumption contradicts. (ii) The result is trivial.

Therefore, we obtain (ãi,l)1≤i,l≤j ∈ Mβ,η
j . In addition, we will prove (x1, ..., xj) ∈ Êδ′ [(ãi,l)1≤i,l≤j ]. Note

that the triangle inequality yields that for any 1 ≤ l ≤ j with l ̸= i0, l0,

d(xl0 , xl) ≤d(xl0 , xi0) + d(xi0 , xl)

≤2j−1n1−ãi0,l0+δ′ + 2j−1n1−ai0,l+δ′ ≤ 2jn1−ãl0,l+δ′ ,

and since d(xl0 , xl) + d(xl0 , xi0) ≥ d(xi0 , xl) and d(xl0 , xl) ≥ d(xl0 , xi0),

d(xl0 , xl) ≥
1

2
d(xi0 , xl) ≥

1

2

1

2j−1
n1−ãi0,l =

1

2j
n1−ãl0,l .

Therefore, for any 1 ≤ i ̸= l ≤ j

1

2j
n1−ãi,l ≤ d(xi, xl) ≤ 2jn1−ãi,l+δ′ ,

and, hence, we obtain the desired result.

Note that (ai,l)1≤i,l≤j ∈ Mβ,η
j is satisfied with 0 < (j−1)η ≤ Ξ((ai,l)1≤i,l≤j) ≤ (j−1)β. In addition,

to introduce the next lemma, for 0 < t ≤ (j − 1)β and δ′ > 0 set

Hδ′
t := {Êδ′ [(ai,l)1≤i,l≤j ](j, n) : (ai,l)1≤i,l≤j ∈ Mβ,η

j ,Ξ((ai,l)1≤i,l≤j) = t}.

Lemma 5.9. For any ϵ > 0 there exist δ0 > 0 and C > 0 such that for any 0 < t ≤ (j − 1)β,
0 < δ′ < δ0, Êδ′ [(ai,l)1≤i,l≤j ](j, n) ∈ Hδ′

t and any n ∈ N,

|Êδ′ [(ai,l)1≤i,l≤j ]| ≤ Cn2t+2+ϵ/2.

Proof. To prove the claim, for 0 < t ≤ (j − 1)β, δ′ > 0, x ∈ Z2
n and |Λ| = 1 set

Dδ′
x ((ai,i)i∈Λ) := ∅,

and for j ≥ 2 and m ∈ N ∪ {0}

Dδ′
x ((ai,l)m≤i,l≤m+j)

:={(x2, ..., xj) ∈ E [(0), (Ln1−ai,l+δ′)m+2≤i,l≤m+j ](j − 1, n) :

d(x, xl) ≤ Ln1−am+1,l+δ′ for any m+ 2 ≤ l ≤ m+ j}, (5.20)

and in addition

H̃δ′
t,M,x(j) := {Dδ′

x ((ai,l)1≤i,l≤j) : (ai,l)1≤i,l≤j ∈ Mβ,η
j ,Ξ((ai,l)1≤i,l≤j) = t}.

Then, it suffices to prove that for any ϵ > 0 and L < ∞ there exist δ0 > 0 and C > 0 such that for any
0 < δ′ < δ0, x ∈ Z2

n, t ≤ (j − 1)β, (ai,l)1≤i,l≤j ∈ Mβ,η
j and any n ∈ N

|Dδ′
x ((ai,l)1≤i,l≤j)| ≤ Cn2t+ϵ/2.

We prove this by induction on j ∈ N. It is obvious that the claim holds for j = 1, 2. Assume that the
claim holds for 1, 2, ..., j−1. To show that the claim holds for j, consider Dδ′

x1
((ai,l)1≤i,l≤j) ∈ H̃δ′

t,M,x(j).
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Set Ξ((ai,l)i,l∈G) = t1 and Ξ((ai,l)i,l∈H) = t2, and hence t = Ξ((ai,l)1≤i,l≤j) = t1 + t2 + 1 − s holds. In
addition, note that if we let x′ := x1 and x′′ := xg+1, it holds that

Dδ′
x′((ai,l)i,l∈G) ∈ H̃δ′

t1,M,x′(g), Dδ′
x′′((ai,l)i,l∈H) ∈ H̃δ′

t2,M,x′′(h). (5.21)

Then, by the assumption we can obtain that there exist 0 < δ0 < ϵ/12 and C > 0 such that for any

x′, x′′ ∈ Z2
n, 0 < δ′ < δ0, t1 ≤ (g − 1)β, t2 ≤ (h− 1)β, (ai,l)1≤i,l≤j ∈ Mβ,η

j and any n ∈ N, it holds that
|Dδ′

x′((ai,l)i,l∈G)| ≤ Cn2t1+ϵ/6, |Dδ′
x′′((ai,l)i,l∈H)| ≤ Cn2t2+ϵ/6 and, hence,

|Dδ′
x′((ai,l)1≤i,l≤j)|

≤
∑

x′′∈Z2
n:d(x

′,x′′)≤Ln1−s+δ′

|{(x′, x2, ..., xg, x′′, xg+2, ..., xj) :

(x2, ..., xg) ∈ Dδ′
x′((ai,l)i,l∈G), (xg+2, ..., xj) ∈ Dδ′

x′′((ai,l)i,l∈H)}|

≤Cn2−2s+2δ′ |Dδ′
x′((ai,l)i,l∈G)| × |Dδ′

x′′((ai,l)i,l∈H)|
≤Cn2t1+2t2+2−2s+ϵ/2 = Cn2t+ϵ/2.

The last inequality comes from δ′ < ϵ/12. Therefore, we can obtain the desired result.

Remark 6. The reason why we set “L” in (5.20) instead of “2j” is to ensure (5.21).

Note that by Lemma 5.8, it holds that for any δ′ > 0 there exists n0 ∈ N such that for any n ≥ n0

and (x1, ..., xj) ∈ E [(nη), (nβ)]

{(ai,l)1≤i,l≤j ∈ Mβ,η
j : (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ]} ̸= ∅.

Then, we can define the function K̃ : E [(nη), (nβ)] → R for all sufficiently large n ∈ N as follows.

K̃(x1, ..., xj) := inf{χ((bi,l)1≤i,l≤j) : (x1, ..., xj) ∈ Êδ′ [(bi,l)1≤i,l≤j ]}.

To state the following proposition, we prepare notations. Recall Fh,β(γ) = F (h, β, γ) = hγ2β + (1 −
γβ)2/(1 − β) and let γ(h) := 1/(h(1 − β) + β). Note that for any (ai,l)1≤i,l≤j ∈ Mβ,η

j , ((β − 1 +

ai,l)/β)1≤i,l≤j ∈ Mj holds. Then, we can define the following: for (x1, ..., xj) ∈ E [(nη), (nβ)] with

K̃(x1, ..., xj) = χ((ai,l)1≤i,l≤j) and (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ]

Ã
(j)
β :=

(
β − 1 + ai,l

β

)
1≤i,l≤j

, γ0 := β−1(1−
√
α
−1

(1− β)),

B1 = B1,δ′ := F (χ(Ã
(j)
β ), β, γ(χ(Ã

(j)
β )) ∨ γ0), B2 = B2,δ′ := χ((ai,l)1≤i,l≤j).

Note that definitions of Ã
(j)
β , B1 and B2 depend on (ai,l)1≤i,l≤j and hence (x1, ..., xj).

Proposition 5.10. For any ϵ > 0 there exists C > 0 such that for any n ∈ N and δ′ < δ0

(A)
∑

(x1,...,xj)∈E[(nη),(nβ)]

n−2αB1 ≤ Cnρj(α,β)+ϵ,

(B)
∑

(x1,...,xj)∈E[(nη),(nβ)]

n−2αB2 ≤ Cnρ̂j(α,β)+ϵ. (5.22)

Proof. Note that for any b ∈ R

χ((ai,l)1≤i,l≤j) =
χ((b+ ai,l)1≤i,l≤j)

1− bχ((b+ ai,l)1≤i,l≤j)
. (5.23)
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Indeed,

{(y1, ..., yj) : (ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T }

=

{(
y1

1− bχ((b+ ai,l)1≤i,l≤j)
, ...,

yj
1− bχ((b+ ai,l)1≤i,l≤j)

)
:

(b+ ai,l)1≤i,l≤j(y1, ..., yj)
T = (1, ..., 1)T

}
.

Thus, by Proposition 5.5,

min
(ai,l)1≤i,l≤j∈Gt

χ(Ã
(j)
β ) = min

(ai,l)1≤i,l≤j∈Gt

βχ((ai,l)1≤i,l≤j)

1− χ((ai,l)1≤i,l≤j)(1− β)
=

jβ

jβ − t
,

and, hence,

min
(ai,l)1≤i,l≤j∈Gt

F (χ(Ã
(j)
β ), β, γ0) =

1− β

α
+

j

jβ − t
(1−

√
α
−1

(1− β))2.

By (5.23), we have

F (χ(Ã
(j)
β ), β, γ(χ(Ã

(j)
β ))) =

χ(Ã
(j)
β )

χ(Ã
(j)
β )(1− β) + β

= χ((ai,l)1≤i,l≤j). (5.24)

Note that Proposition 5.5 implies min(ai,l)1≤i,l≤j∈Gt
χ((ai,l)1≤i,l≤j) = j/(j − t). Therefore, we obtain

B̃1(t) := min
(ai,l)1≤i,l≤j∈Gt

B1 =

{
j

j−t if γ(χ(Ã
(j)
β )) ≥ γ0,

1−β
α + j

jβ−t(1−
√
α
−1

(1− β))2 otherwise,

B̃2(t) := min
(ai,l)1≤i,l≤j∈Gt

B2 =
j

j − t
.

Consider any 0 < δ′ < δ0 and N0 ∈ N with δ0N0 = β − η. Then, by above, for any δ′ > 0 and ϵ > 0
there exists C > 0 such that for any n ∈ N, the right hand side of (5.22) is bounded by

N j
0 max
0≤t≤(j−1)β

max
Êδ′ [(ai,l)1≤i,l≤j ]∈Hδ′

t

∑
(x1,...,xj)∈Êδ′ [(ai,l)1≤i,l≤j ]

n−2αBi

≤C max
0≤t≤(j−1)β

n2t+2+ϵ/2 max
Êδ′ [(ai,l)1≤i,l≤j ]∈Hδ′

t

n−2αBi

≤C max
0≤t≤(j−1)β

n2t+2+ϵn−2αB̃i(t),

for i = 1, 2. The first inequality comes from Lemma 6.4 and the last one comes from Proposition 5.5.
Therefore, since

max
0≤t≤(j−1)β

2t+ 2− 2αB̃1(t) = ρj(α, β),

max
0≤t≤(j−1)β

2t+ 2− 2αB̃2(t) = ρ̂j(α, β),

we obtain the desired result.
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5.2 Proof of Theorem 2.4

5.2.1 Preliminary of the proof of Theorem 2.4

Fix 0 < α, β < 1. Let Rz
n be the time until completion of the first nn excursions from ∂D(z, rn−1) to

∂D(z, rn). For z ∈ Z2
Kn

, let N z
n,k denote the number of excursions from ∂D(z, rk−1) to ∂D(z, rk) until

time Rz
n. Let

I(h, γ) :=


[0, γ2] for γ < γh,

[0,∞] for γ = γh,

[γ2,∞] for γ > γh.

To state the following lemma, we define the domain Goβ such that

Goβ := {(z, x1, ..., xj) : z ∈ Z2
Kn

, x1, ..., xj ∈ D(z, rβn−2)}.

Lemma 5.11.
(i) For any δ > 0 there exists C > 0 such that for any z ∈ Z2

Kn

P

(
N z

n,βn

nβn
∈ I(0, γ)

)
≤ CK

−2αF0,β(γ)+δ
n .

(ii) For any δ > 0 there exist δ1 > 0 and C > 0 such that for any δ′ < δ1, Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) ∈
Hδ′, (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) and (z, x1, ..., xj) ∈ Goβ

C−1K
−2αF (χ(Ã

(j)
β ),β,γ)−δ

n

≤P

(
x1, ...., xj ∈ LKn(α),

N z
n,βn

nβn
∈ I(χ(Ã

(j)
β ), γ)

)
≤CK

−2αF (χ(Ã
(j)
β ),β,γ)+δ

n .

Remark 7. (6.3) in [11] yields (i) in Theorem 5.11.

Corollary 5.12. Recall that B1,δ′ = F (χ(Ã
(j)
β ), β, γ(χ(Ã

(j)
β )) ∨ γ0). For any δ > 0 there exists δ1 and

C > 0 such that for any δ′ < δ1, Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) ∈ Hδ′, (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) and
(z, x1, ..., xj) ∈ Goβ

P

(
x1, ...., xj ∈ LKn(α),

N z
n,βn

nβn
≤ γ20

)
≤CK

−2αB1,δ′+δ
n .

Proof. Note that the minimum of Fh,β(γ) is h/(h(1 − β) + β) at γh(β). Then, Lemma 5.11 and the
simple computation yield the desired result.

To prove (ii) in Lemma 5.11, we will estimate the following probabilities. For any z ∈ Z2
Kn

let

T̃∂D(z,rβn) := inf{m > T∂D(z,rβn−1) : Sm ∈ ∂D(z, rβn)} and for any y ∈ ∂D(z, rβn) and y′ ∈ ∂D(z, rn−1)

q1,1 : = P y(T∂D(z,rβn−1) < T∂D(z,rn), T̃∂D(z,rβn) < Tx1,...,xj ),

q1,2 : = P y(T∂D(z,rn) < T∂D(z,rβn−1)),

q2,2 : = P y′(T∂D(z,rn) < T∂D(z,rβn−1)),

q2,1 : = P y′(T∂D(z,rβn−1) < T∂D(z,rn), T̃∂D(z,rβn) < Tx1,...,xj ).
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Lemma 5.13.
(i) It holds that, uniformly in 0 < δ′ < δ2, y ∈ ∂D(z, rβn), y

′ ∈ ∂D(z, rn−1), (z, x1, ..., xj) ∈ Goβ

with (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn)

q1,1 =

(
1−

1 + o(1δ2,n)

(1− β)n

)(
1−

π + o(1δ2,n)

βn
χ(Ã

(j)
β )

)
, (5.25)

q1,2 =
1 + o(1δ2,n)

(1− β)n
, (5.26)

q2,2 =

(
1−

1 + o(1δ2,n)

(1− β)n

)
, (5.27)

q2,1 =
1 + o(1δ2,n)

(1− β)n

(
1−

π + o(1δ2,n)

βn
χ(Ã

(j)
β )

)
, (5.28)

where dδ2,n = o(1δ2,n) means limδ2→0 limn→∞ dδ2,n → 0.
(ii) For any δ > 0 there exist c > 0 and δ2 > 0 such that for any 0 < δ′ < δ2 and (z, x1, ..., xj) ∈ Goβ

with (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn),

P (T∂D(z,rβn) < Tx1,...,xj ) ≥ cK−δ/8
n .

Proof of (i) in Lemma 5.13. (3.7) yields that, uniformly in y ∈ ∂D(z, rβn) and y′ ∈ ∂D(z, rn−1),

P y(T∂D(z,rβn−1) < T∂D(z,rn)) =1− 1 + o(1)

(1− β)n
,

P y′(T∂D(z,rβn−1) < T∂D(z,rn)) =
1 + o(1)

(1− β)n
.

Therefore, we obtain (5.26) and (5.27). By the strong Markov property, we have

q1,1 = Ey[P y0(T∂D(z,rβn) < Tx1,...,xj |F(T∂D(z,rβn−1)))1{T∂D(z,rβn−1)
<T∂D(z,rn)}],

q2,1 = Ey′ [P y0(T∂D(z,rβn) < Tx1,...,xj |F(T∂D(z,rβn−1)))1{T∂D(z,rβn−1)
<T∂D(z,rn)}].

Hence, it suffices to estimate

P y0(Tx1,...,xj < T∂D(z,rβn)) =
π + o(1δ2,n)

βn
χ(Ã

(j)
β ) (5.29)

for y0 ∈ ∂D(z, rβn−1) to show (5.25) and (5.28). Note that for (z, x1, ..., xj) ∈ Goβ and y0 ∈
∂D(z, rβn−1)

∞∑
m=0

P xi(Sm = xl,m < TD(z,rβn) ∧ Ty0) ≤Grβn(xi − z, xl − z),

∞∑
m=0

P xi(Sm = xl,m < TD(z,rβn) ∧ Ty0) ≥Grβn−1
(xi − z, xl − z).

Hence, since rβn−1/rβn−2 ≥ 3 for all sufficiently large n ∈ N, (3.9) yields
∞∑

m=0

P xi(Sm = xl,m < TD(z,rβn) ∧ Ty0) =
2

π
(log rβn − log d(xi, xl)

+ +O(1)),

where (a)+ = a ∨ 1. Then, (3.7) yields that, uniformly in (z, x1, ..., xj) ∈ Goβ,

P xi(Ty0 < TD(z,rβn)) =
1 + o(1)

βn
.
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Then, for all sufficiently large n ∈ N, (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) and δ′ < δ2,

max

∣∣∣∣ 2π (log rβn − log d(xi, xl)
+ + o(1))−

β − 1 + ai,l
β

6βn log n

π

∣∣∣∣
≤max

6βn log n

π

∣∣∣∣β − 1 + bi,l
β

−
β − 1 + ai,l

β

∣∣∣∣ = o(1δ2,n)n log n,

where the above maximum is over bi,l = ai,l + o(1δ2,n) with 1 ≤ i, l ≤ j. Hence, by Remark 3 for all

sufficiently large n ∈ N, any δ′ < δ2 and (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn),∣∣∣∣χ(( 2

π
(log rβn − log d(xi, xl)

+ +O(1))

)
1≤i,l≤j

)
− π

6βn log n
χ

(
Ã

(j)
β

)∣∣∣∣
=
o(1δ2,n)

n log n
. (5.30)

Therefore, if we substitute TD(z,rβn) and y for τ̃ and y0 in (3.3), (3.9) yields

j∑
l=1

P xl(Ty0 < Tx1,...,xj ∧ T∂D(z,rβn)) =
1 + o(1δ2,n)

βn

π

6βn log n
χ(Ã

(j)
β ). (5.31)

Note that by (3.10) we obtain

P y0(Ty0 < Tx1,...,xj ∧ T∂D(z,rβn)) = 1−
π + o(1δ2,n)

6βn log n
.

Then,

P y0(Tx1,...,xj < T∂D(z,rβn))

=

∞∑
i=0

P y0(Ty0 < Tx1,...,xj ∧ T∂D(z,rβn))
iP y0(Txl

= Ty0 ∧ Tx1,...,xj ∧ T∂D(z,rβn))

=
1

1− P y0(Ty0 < Tx1,...,xj ∧ T∂D(z,rβn))
P y0(Tx1,...,xj < Ty0 ∧ T∂D(z,rβn))

=
6(1 + o(1δ2,n))βn log n

π
P y0(Tx1,...,xj < Ty0 ∧ T∂D(z,rβn))

=
6(1 + o(1δ2,n))βn log n

π

j∑
l=1

P xl(Ty0 < Tx1,...,xj ∧ T∂D(z,rβn)).

The last equality comes from the time-reversal of random walk. Therefore, in view of (5.31), (5.29) is
completed.

Proof of (ii) in Lemma 5.13. If z ̸∈ D(0, rβn) ∪ ∂D(0, rβn), P (T∂D(z,rβn) < Tx1,...,xj ) = 1 holds, and,
hence, the result holds.

Next, we consider the case that z ∈ D(0, rβn) ∪ ∂D(0, rβn). Fix δ > 0. First, we will show that
there exist c > 0 and δ2 > 0 such that for any 0 < δ′ < δ2, (z, x1, ..., xj) ∈ Goβ with (x1, ..., xj) ∈
Êδ′ [(ai,l)1≤i,l≤j ](j,Kn) and xj+1 ∈ ∪j

i=1∂D(xi, 2
−j−1Kn

η),

P xj+1(T∂D(z,rβn) < Tx1,...,xj+1) ≥ cK−δ/16
n . (5.32)

For any δ′ > 0, consider (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ](j,Kn). For 1 ≤ i0 ≤ j, set (b̃i,l(i0))1≤i,l≤j+1 =
(b̃i,l)1≤i,l≤j+1 as follows: 

b̃i,l = b̃l,i = ai,l for any 1 ≤ i, l ≤ j,

b̃j+1,l = b̃l,j+1 = ai0,l for any 1 ≤ l ̸= i0 ≤ j,

b̃j+1,i0 = b̃i0,j+1 = 1− η,

b̃j+1,j+1 = 1.
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We have (b̃i,l)1≤i,l≤j+1 ∈ Mβ,η
j+1 with modification of the proof of Lemma 5.8. In addition, note that for

xj ∈ ∂D(xi0 , 2
−j−1Kn

η),

(x1, ..., xj+1) ∈ Êδ′ [(b̃i,l)1≤i,l≤j+1](j + 1,Kn) (5.33)

with modification of the proof of Lemma 5.8. Since rβn/(rβn−2+Kη
n) ≥ 3 for all sufficiently large n ∈ N

and small η > 0, (3.9) yields that for 1 ≤ i, l ≤ j + 1

∞∑
m=0

P xi(Sm = xl,m < TD(z,rβn)) =
2

π
(log rβn − log d(xi, xl)

+ +O(1)).

Then, for all sufficiently large n ∈ N and (x1, ..., xj+1) ∈ Êδ′ [(b̃i,l)1≤i,l≤j+1](j + 1,Kn) with δ′ < δ2,

max

∣∣∣∣ 2π (log rβn − log d(xi, xl)
+ +O(1))−

β − 1 + b̃i,l
β

6βn log n

π

∣∣∣∣
≤max

6βn log n

π

∣∣∣∣β − 1 + bi,l
β

−
β − 1 + b̃i,l

β

∣∣∣∣ = o(1δ2,n)n log n,

where the above maximum is over bi,l = b̃i,l+ o(1δ2,n) with 1 ≤ i, l ≤ j+1. Therefore, (5.11) and (5.23)
yield that there exists c > 0 such that for any n ∈ N and xj ∈ ∂D(xi0 , 2

−j−1Kn
η),

P xj+1(T∂D(z,rβn) < Tx1,...,xj+1) =

∑j+1
i=1 (cofactor of dj+1,i)

det((di,l)1≤i,l≤j+1)
≥ c

n log n
,

where (di,l)1≤i,l≤j+1 := 2/π(log rβn − log d(xi, xl)
+ + O(1))1≤i,l≤j+1. Therefore, with the aid of the

symmetry of x1, ..., xj we have (6.2.3).
Now we turn to the desired result. Note that (3.7) and (3.10) yield that there exists c > 0 such that

for (z, x1, ..., xj) ∈ Goβ

P ( min
1≤i≤j

T∂D(xi,2−j−1Kn
η) < Tx1,...,xj ) ≥ cK−δ/16

n .

Therefore, with the aid of (6.2.3) the strong Markov property yields

P (T∂D(z,rβn) < Tx1,...,xj )

≥P ( min
1≤i≤j

T∂D(xi,2−j−1Kn
η) < Tx1,...,xj )

× min
xj+1∈∪j

i=1∂D(xi,2−j−1Kn
η)
P xj+1(T∂D(z,rβn) < Tx1,...,xj+1) ≥ cK−δ/8

n ,

and, hence, the desired result is completed.

Proof of (ii) in Lemma 5.11. For l ∈ {1, 2} let

q̂1,l := max
y∈∂D(z,rβn)

q1,l, q̂2,l := max
y′∈∂D(z,rn−1)

q2,l,

q̃1,l := min
y∈∂D(z,rβn)

q1,l, q̃2,l := min
y′∈∂D(z,rn−1)

q2,l.

For δ2 > 0, we consider any (z, x1, ..., xj) ∈ Goβ with (x1, ..., xj) ∈ Êδ′ [(ai,l)1≤i,l≤j ] and 0 < δ′ < δ2.
First, we will prove the desired upper bound. By the strong Markov property, we obtain that for c0 ∈ N

P (Tx1,....,xj > Rz
n, N

z
n,βn = c0)

≤ max
y0∈∂D(z,rβn−1)

P y0(Tx1,....,xj > Rz
n, N

z
n,βn = c0)

+ max
y′∈∂D(z,rn−1)

P y′(Tx1,....,xj > Rz
n, N

z
n,βn = c0). (5.34)
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Note that P ỹ(T∂D(z,rn−1) < ∞) = 1 for any ỹ ∈ ∂D(z, rn). Then, if we substitute {x1, ..., xj},
∂D(z, rβn−1), ∂D(z, rβn), ∂D(z, rn−1), ∂D(z, rβn−1), c0 − 1, nn into 0, 1, 2, 3, 4, n1, n2 in (3.13),

max
y0∈∂D(z,rβn−1)

P y0(Tx1,....,xj > Rz
n, N

z
n,βn = c0)

≤ max
y0∈∂D(z,rβn−1)

P y0(T∂D(z,rβn) < Tx1,...,xj )

× max
y∈∂D(z,rβn)

P y(Tx1,....,xj > Rz
n, N

z
n,βn = c0 − 1)

≤
∑

0≤i≤(c0−1)∧(nn−1)

q̂c0−1−i
1,1 q̂i+1

1,2

(c0 − 1)!

(c0 − 1− i)!i!
q̂i2,1q̂

nn−i−1
2,2

(nn − 1)!

(nn − i− 1)!i!

In addition, if we substitute {x1, ..., xj}, ∂D(z, rβn−1), ∂D(z, rβn), ∂D(z, rn−1), ∂D(z, rβn−1), c0, nn

into 0, 1, 2, 3, 4, n1, n2 in (3.14),

max
y′∈∂D(z,rn−1)

P y′(Tx1,....,xj > Rz
n, N

z
n,βn = c0)

≤
∑

1≤i≤c0∧nn

q̂c0−i
1,1 q̂i1,2

(c0 − 1)!

(c0 − i)!(i− 1)!
q̂i2,1q̂

nn−i
2,2

nn!

(nn − i)!i!
.

Let us denote the probability in the left hand side of (5.34) by A. Then, the above estimate implies

A ≤2((c0 ∧ nn) + 1)

× max
0≤i≤c0∧nn

q̂c0−1−i
1,1 q̂i1,2

c0!

(c0 − 1− i)!(i− 1)!
q̂i2,1q̂

nn−i
2,2

nn!

(nn − i− 1)!i!
.

With the aid of (ii) in Lemma 5.13 we will estimate the maximal term. Let us define h(i) by

h(i) :=

(
1−

π + o(1δ2,n)

βn
χ(Ã

(j)
β )

)c0−1(
1−

1 + o(1δ2,n)

(1− β)n

)c0−1−i

×
(
1 + o(1δ2,n)

(1− β)n

)i c0!

(c0 − 1− i)!(i− 1)!

×
(
1 + o(1δ2,n)

(1− β)n

)i(
1−

1 + o(1δ2,n)

(1− β)n

)nn−i nn!

(nn − i− 1)!i!
.

Then, by Lemma 5.13, we have A ≤ 2((c0 ∧ nn) + 1)max0≤i≤c0∧nn h(i). Note that for 0 ≤ i ≤ c0 ∧ nn,

h(i− 1)

h(i)
=

(
1− 1+o(1δ2,n)

(1−β)n

)2

i(i− 1)(
1+o(1δ2,n)

(1−β)n

)2

(nn − i)(c0 − i)

.

By taking the growth order of c0 and nn into account, the maximum of h(i) among 0 ≤ i ≤ c0 ∧ nn is
attained at

i0 =

⌈
(1 + o(1δ2,n))

√
nnc0

(1− β)n

⌉
+ o((log n)2).

In addition, the Stirling formula yields that picking appropriate δ2 > 0 for any δ > 0, it holds that

h(i0) ≤ CK
−2αF (χ(Ã

(j)
β ),β,

√
c0/nβn)+δ/2

n

and, hence, we have

A ≤ CK
−2αF (χ(Ã

(j)
β ),β,

√
c0/nβn)+δ

n .
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Note that by (3.19) in [11] for any 0 < δ3 < 1 − α there exists n0 ∈ N such that for any n ≥ n0 and
(z, x1, ..., xj) ∈ Goβ,

P

(
4(α+ δ3)

π
(Kn logKn)

2 < Rz
n

)
≤ c−1 exp(−cn2 log n).

Then, we obtain that for any 0 < δ3 < 1− α, all sufficiently large n ∈ N and γ ≤ γ(χ(Ã
(j)
β ))

P

(
x1, ...., xj ∈ LKn(α+ δ3),

N z
n,βn

nβn
≤ γ2

)
≤

∑
c0≤γ2nβn

P (Tx1,....,xj > Rz
n, N

z
n,βn = c0) + P

(
4(α+ δ3)

π
(Kn logKn)

2 < Rz
n

)

≤
∑

c0≤γ2nβn

K
−2αF (χ(Ã

(j)
β ),β,

√
c0/nβn)+δ

n + c−1 exp(−cn2 log n)

≤CK
−2αF (χ(Ã

(j)
β ),β,γ)+δ

n

and for any γ(χ(Ã
(j)
β )) ≤ γ

P

(
x1, ...., xj ∈ LKn(α+ δ3),

N z
n,βn

nβn
≥ γ2

)
≤

∑
c0≤γ2nβn

P (Tx1,....,xj > Rz
n, N

z
n,βn = c0) + P

(
4(α+ δ3)

π
(Kn logKn)

2 < Rz
n

)

≤
∑

c0≤γ2nβn

K
−2αF (χ(Ã

(j)
β ),β,

√
c0/nβn)+δ

n + c−1 exp(−cn2 log n)

≤CK
−2αF (χ(Ã

(j)
β ),β,γ)+δ

n .

Hence, if we pick δ1 < δ2 ∧ δ3, the desired upper bound is completed.
Next, we will prove the desired lower bound. Let T̂∂D(z,rβn−1) := inf{m > T∂D(z,rβn) : Sm ∈

T∂D(z,rβn−1)}. Note that by (i) and (ii) in Lemma 5.13, the strong Markov property yields

P (T∂D(z,rn−1) < Tx1,...,xj ∧ T̂∂D(z,rβn−1))

≥P (T∂D(z,rβn) < Tx1,...,xj )q̃1,2 ≥ cK−δ/4
n .

In addition, for z ∈ D(0, rβn−1)

P (Tx1,....,xj > Rn, N
z
n,βn = c0 + 1)

≥P (T∂D(z,rn−1) < Tx1,...,xj ∧ T̂∂D(z,rβn−1))

× min
y′∈∂D(z,rn−1)

P y′(Tx1,....,xj > Rn, N
z
n,βn = c0),

for z ∈ D(0, rβn−1)
c ∩D(0, rβn)

P (Tx1,....,xj > Rn, N
z
n,βn ∈ {c0, c0 + 1})

≥P (T∂D(z,rn−1) < Tx1,...,xj ∧ T̂∂D(z,rβn−1))

× min
y′∈∂D(z,rn−1)

P y′(Tx1,....,xj > Rn, N
z
n,βn = c0),
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and otherwise

P (Tx1,....,xj > Rn, N
z
n,βn = c0)

≥P (T∂D(z,rn−1) < Tx1,...,xj ∧ T̂∂D(z,rβn−1))

× min
y′∈∂D(z,rn−1)

P y′(Tx1,....,xj > Rn, N
z
n,βn = c0).

Therefore, by (3.14),

P (Tx1,....,xj > Rn, N
z
n,βn ∈ {c0, c0 + 1})

≥P (T∂D(z,rn−1) < Tx1,...,xj ∧ T̂∂D(z,rβn−1))

×
∑

0≤i≤(c0−1)∧(nn−1)

q̃c0−1−i
1,1 q̃i+1

1,2

(c0 − 1)!

(c0 − 1− i)!i!
q̃i2,1q̃

nn−i−1
2,2

(nn − 1)!

(nn − i− 1)!i!

≥cK−δ/4
n q̃c0−1−i0

1,1 q̃i0+1
1,2

(c0 − 1)!

(c0 − 1− i0)!i0!
q̃i02,1q̃

nn−i0−1
2,2

(nn − 1)!

(nn − i0 − 1)!i!

≥cK
−2αF (χ(Ã

(j)
β ),β,

√
c0/nβn)−δ/2

n ,

picking appropriate δ2 > 0 in (ii) of Lemma 5.13. Note that by Lemma 4.1 in [11] for any 0 < δ3 < α
there exists n0 ∈ N such that for any n ≥ n0 and (z, x1, ..., xj) ∈ Goβ,

P

(
4(α− δ3)

π
(Kn logKn)

2 > Rz
n

)
≤ c−1 exp(−cn2 log n).

Thus, we obtain that for all sufficiently large n ∈ N, (z, x1, ..., xj) ∈ Goβ and γ ≤ γ(χ(Ã
(j)
β )),

P

(
x1, ...., xj ∈ LKn(α− δ3),

N z
n,βn

nβn
≤ γ2

)
≥P (Tx1,....,xj > Rz

n, N
z
n,βn ∈ {⌈γ2nβn⌉, ⌈γ2nβn⌉ − 1})

−P

(
4(α− δ3)

π
(Kn logKn)

2 > Rz
n

)
≥cK

−2αF (χ(Ã
(j)
β ),β,γ)−δ/2

n − c−1 exp(−cn2 log n)

≥cK
−2αF (χ(Ã

(j)
β ),β,γ)−δ

n ,

and for γ ≥ γ(χ(Ã
(j)
β ))

P

(
x1, ...., xj ∈ LKn(α− δ3),

N z
n,βn

nβn
≥ γ2

)
≥P (Tx1,....,xj > Rz

n, N
z
n,βn ∈ {⌈γ2nβn⌉, ⌈γ2nβn⌉+ 1})

−P

(
4(α− δ3)

π
(Kn logKn)

2 > Rz
n

)
≥cK

−2αF (χ(Ã
(j)
β ),β,γ)−δ/2

n − c−1 exp(−cn2 log n)

≥cK
−2αF (χ(Ã

(j)
β ),β,γ)−δ

n .

Therefore, if we pick δ1 < δ2 ∧ δ3, the desired result is completed.
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5.2.2 Proof of the upper bound in Theorem 2.4

We will prove in this section that for any 0 < α, β, δ < 1, there exist C > 0 and ϵ > 0 such that

P (|Θ̃α,0,β,n| ≥ K
ρj(α,β)+(4+j)δ
n ) ≤ CK−ϵ

n , (5.35)

where

Θ̃α,β2,β1,n = Θ̃α,β2,β1,n(j) := {(x1, ..., xj) ∈ LKn(α)
j : Kβ2

n ≤ d(xi, xl) ≤ Kβ1
n }.

Indeed, (5.35) implies the upper bound in Theorem 2.4 since logKβ
n/ logKn+1 → β and β 7→ ρj(α, β)

is continuous.
Now we show (5.35) by induction on j ∈ N. Note that [11] showed (5.35) for j = 1, 2. We assume

that (5.35) holds for j − 1. We divide the assertion into two corresponding estimate for Θ̃α,η,β,n and
Θ̃α,0,β,n ∩ Θ̃c

α,η,β,n for 0 < η < β. Note that

E [(0), (Kn
β)](j) ∩ E [(Kn

η), (Kn
β)](j)c

⊂ ∪j
i=1 {(x1, ..., xi−1, xi+1, ..., xj) ∈ E [(0), (Kn

β)](j − 1) :

∃l ∈ {1, ..., i− 1, i+ 1, ..., j} such that d(xi, xl) ≤ nη},

and, hence, there exists C > 0 such that for any n ∈ N,

|E [(0), (Kn
β)](j) ∩ E [(Kn

η), (Kn
β)](j)c|

≤|E [(0), (Kn
β)](j − 1)| × j(j − 1)Cn2η. (5.36)

Hence, for the former one, note

|Θ̃α,0,β,n(j) ∩ Θ̃c
α,η,β,n(j)| ≤ CKδ

n|Θ̃α,0,β,n(j − 1)|,

for 2η < δ and all sufficiently large n ∈ N. Therefore, (B) in Lemma 5.25 yields

P (|Θ̃α,0,β,n(j) ∩ Θ̃c
α,η,β,n(j)| ≥ K

ρj(α,β)+(4+j)δ
n )

≤P (|Θ̃α,0,β,n(j − 1)| ≥ K
ρj−1(α,β)+(3+j)δ
n ) ≤ CK−ϵ

n . (5.37)

For the latter one, we use the following lemma.

Lemma 5.14. There exist h < 2, C > 0 and ϵ > 0 such that for any β′ ∈ [η, β]

qn,β′ := P (|Θ̃α,β′h/2,β′,n| ≥ K
ρj(α,β

′)+3δ
n ) ≤ CK−ϵ

n .

We observe that the assertion for Θ̃α,η,β,n indeed follows from this lemma. Set βj = β(h/2)j and
l = min{j : βj ≤ η}. By Lemma 6.6 we have qn,βj

→ 0 as n → ∞ for j = 0, ..., l − 1. Combining this
with the monotonicity of β 7→ ρj(α, β), we obtain the desired assertion. By virtue of this and (5.37),
we establish (5.35). Thus, the proof of the upper bound is now reduced to show Lemma 6.6.

Proof of Lemma 6.6. Let Ẑn,β′ := (4rβ′n−4Z2
n) ∩ Z2

n and zβ′(x) the point closest to x in Ẑn,β′ . Pick δ1
which is satisfied with the result of Corollary 5.12. In addition, we change β in the definition of γ0 into
β′. By the simple argument, we have

qn,β′ ≤ I1 + I2,

where

I1 := P

(
min

z∈Ẑn,β′

N z
n,β′n

nβ′n
≤ γ20

)
,

I2 := P

(
|Θ̃α,β′h/2,β′,n| ≥ K

ρj(α,β
′)+3δ

n ; min
z∈Ẑn,β′

N z
n,β′n

nβ′n
> γ20

)
.
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Set ϵ := (αF0,β′(γ20 − δ0) − (1 − β′)) ∧ δ. Note that ϵ > 0. Then, if we consider δ′ < δ0 ∧ δ1 for any
δ > 0, we obtain

I2 ≤P

(∣∣∣∣{(x1, ..., xj) ∈ LKn(α)
j ∩ E [(Kη

n), (K
β′
n )] :

N
zβ′ (x1)

n,β′n

nβ′n
> γ20

}∣∣∣∣ ≥ K
ρj(α,β

′)+3δ
n

)
≤K

−ρj(α,β
′)−3δ

n

×E

[∣∣∣∣{(x1, ..., xj) ∈ LKn(α)
j ∩ E [(Kη

n), (K
β′
n )] :

N
zβ′ (x1)

n,β′n

nβ′n
> γ20

}∣∣∣∣]

=K
−ρj(α,β

′)−3δ
n

∑
(x1,...xj)∈E[(Kη

n),(K
β′
n )]

P

(
x1, ..., xj ∈ LKn(α);

N
zβ′ (x1)

n,β′n

nβ′n
> γ20

)

≤CK
−ρj(α,β

′)−3δ
n

∑
(x1,...xj)∈E[(Kη

n),(K
β′
n )]

K
−2αB1,δ′+δ
n

≤CK−δ
n .

The last inequality comes from (A) in Proposition 5.10. Then, by (i) in Lemma 5.11, there exists C > 0
such that for all sufficiently large n ∈ N,

I1 ≤ |Ẑn,β′ |CK
−2αF0,β′ (γ

2
0−δ0)+ϵ/2

n ≤ CK
2−2β′−2αF0,β′ (γ

2
0−δ0)+ϵ

n ≤ CK−ϵ
n .

This completes the proof of Lemma 6.6.

5.2.3 Proof of the lower bound in Theorem 2.4

Proof of the lower bound in Theorem 2.4. In this section, we will prove for 2− 2β − 2αF0,β(γ) ≥ 0,

lim
n→∞

P (|Θ̃α,0,β,n| ≥ K
2+2β−αjF2,β(γ)−(2j+1)δ
n ) = 1. (5.38)

Since rβn−3 ≤ Kβ
n and β 7→ ρj(α, β) is continuous, it suffices to show this to obtain the desired lower

bound. Let Zn ⊂ Z2
n be a maximal set which are 4rβn+4 separated. We will say that a point z ∈ Zn is

(n, β)-qualified if |N z
n,k − nkγ

2| ≤ k for βn ≤ k ≤ n− 1 and in addition

W̃ z := |{y ∈ D(z, rβn−4), y ∈ LKn(α)}| ≥ K2β(1−αγ2)−2δ
n .

So it holds that

|Θ̃α,0,β,n| ≥
∑
z∈Zn

(W̃ z)j ≥ |{z ∈ Zn, z is (n, β)-qualified}|K2jβ(1−αγ2)−2jδ
n .

Therefore, we obtain (5.38) as soon as we show that

lim
n→∞

P (|{z ∈ Zn, z is (n, β)-qualified}| ≥ K(2−2β)(1−α(1−γβ)2/(1−β)2)−δ
n ) = 1. (5.39)

(5.39) has already been shown by (10.3) in [11]. Indeed, while the definition of Kn is slightly different
from that of [11], (5.39) comes from the fact that δ > 0 is arbitrary. Therefore, we obtain the desired
result.
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5.3 Proof of Theorem 2.3

5.3.1 Proof of the upper bound in Theorem 2.3

Proposition 5.15. For any δ > 0 there exist C > 0 and δ′ > 0 such that for any n ∈ N and uniformly
in x1, ..., xj ∈ Êδ′ [(ai,l)1≤i,l≤j ]

C−1n−2αB2,δ′−δ ≤ P (x1, ..., xj ∈ Ln(α)) ≤ Cn−2αB2,δ′+δ.

Proof. Then, if we substitute γ in (ii) of Lemma 5.11 into γ(χ(Ã
(j)
β )), (5.24) completes the desired

result.

Proof of the upper bound in Theorem 2.3. (B) in Proposition 5.10 and Proposition 5.15 yield that for
any ϵ > 0 there exists C > 0 such that for any n ∈ N,∑

(x1,...,xj)∈E[(nη),(nβ)]

P (x1, ..., xj ∈ Ln(α)) ≤ Cnρ̂j(α,β)+ϵ.

Now we will extend the condition of “E [(nη), (nβ)]” to “E [(0), (nβ)]” by induction on j ∈ N. It suffices
to show for any ϵ > 0 there exists C > 0 such that for any n ∈ N,∑

(x1,...,xj−1)∈E[(0),(nβ)]

P (x1, ..., xj−1 ∈ Ln(α)) ≤ Cnρ̂j(α,β)+jϵ.

For j = 1, by (B) in Proposition 5.10 and Proposition 5.15 it is trivial that∑
x∈Z2

n

P (x ∈ Ln(α)) ≤ Cnρ̂1(α,β)+ϵ.

Assume the claim holds for j − 1 with j ≥ 2. We will show that the claim holds for j. Pick η > 0 with
2η < ϵ. Therefore, by (B) in Proposition 5.10, Lemma 5.25 and Proposition 5.15, the same argument
as (5.36) yields

E[|{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|]

=
∑

(x1,...,xj)∈E[(0),(nβ)](j)

P (x1, ..., xj ∈ Ln(α))

≤
∑

(x1,...xj)∈E[(nη),(nβ)](j)

P (x1, ..., xj ∈ Ln(α))

+
∑

(x1,...xj−1)∈E[(0),(nβ)](j−1)

P (x1, ..., xj−i+1 ∈ Ln(α))Cn2η

≤Cnρ̂j(α,β)+ϵ + Cnρ̂j−1(α,β)+(j−1)ϵ+2η ≤ Cnρ̂j(α,β)+jϵ,

and, hence, the desired result is completed.

5.3.2 Proof of the lower bound in Theorem 2.3

Proof of the lower bound in Theorem 2.3. It is trivial that χ(A
(j)
1−s) = j/(1 + (j − 1)(1− s)). Hence, if

we consider (x1, ..., xj) ∈ E [(2−jns), (2jns)] for η < s < 1, then Proposition 5.15 yields

P (x1, ..., xj ∈ Ln(α)) ≥ exp

(
− 2jα log n

1 + (j − 1)(1− s)
+ o(log n)

)
.
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Let

Rs :=

{
(x1, ..., xj) : x1 ∈ Z2

n,

xi ∈ (0, 4−jns) +D(xi−1, (2
−j + 2−2j+1)ns) for any 2 ≤ i ≤ j

}
.

Note that there exists c > 0 such that for any n ∈ N,

|Rs| ≥ cn2+2(j−1)s.

In addition,

E [(2−jns), (2jns)] ⊃ Rs.

Therefore, (B) in Proposition 5.10 and the simple computation yield for η < s < 1∑
(x1,...,xj)∈E[(2−jns),(2jns)]

P (x1, ..., xj ∈ Ln(α))

≥
∑

(x1,...,xj)∈Rs

exp

(
− 2jα log n

1 + (j − 1)(1− s)
+ o(log n)

)

≥cn2+2(j−1)s × exp

(
− 2jα log n

1 + (j − 1)(1− s)
+ o(log n)

)
.

Since 2 + 2(j − 1)s − 2αj/(1 + (j − 1)(1 − s))|s=(1+(1−
√
jα)/(j−1))∧β = ρ̂j(α, β) and η is arbitrary, we

obtain the result.

5.4 Corollaries

In this section, we will argue variety results which correspond to the extension of main results. By the
arrange of the proof of Theorem 2.2 we obtain the following corollaries. The first result implies that
the property “the probability that multipoint are late points is high” is preserved when other points
are added.

Corollary 5.16. (additivity for the probability as the geometric structures of late points) Fix 0 < α, η <
1, ϵ > 0, h, g ∈ N. There exists c > 0 such that for any n ∈ N and x1(n), ..., xh(n), w1(n), ..., wg(n),
z1(n), ..., zg(n) ∈ E [(nη), (n1−η)] with

P (w1, ..., wg ∈ Ln(α)) ≥ P (z1, ..., zg ∈ Ln(α)),

d(x1, w1) = d(x1, z1) ≥ 4 max
2≤i≤g

d(w1, wi) ∨ d(z1, zi),

it holds that

P (x1, ..., xh, w1, ..., wg ∈ Ln(α)) ≥ cn−ϵP (x1, ..., xh, z1, ..., zg ∈ Ln(α)).

The second result implies that the property “the probability that multipoint are late points is high” is
preserved when the space state is changed.

Corollary 5.17. Fix 0 < α, η < 1, ξ > 1, ϵ > 0 and j ∈ N. There exists c > 0 such that for any n ∈ N
and w1(n), ..., wg(n), z1(n), ..., zg(n) ∈ E [(nη), (n1−η)] and

P (w1, ..., wj ∈ Ln(α)) ≥ P (z1, ..., zj ∈ Ln(α)),

it holds that

P (w1, ..., wj ∈ Lnξ(α)) ≥ cn−ϵP (z1, ..., zj ∈ Lnξ(α)).
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Proof of Corollary 5.16. By Lemma 5.8, for any δ′ > 0 there exists n0 ∈ N for any n ≥ n0 and
w1, ..., wj , z1, ..., zg ∈ D(0, n/3) the following holds: there exist (a1i,l)1≤i,l≤g, (a

2
i,l)1≤i,l≤g and (a3i,l)1≤i,l≤h

such that (w1, ..., wg) ∈ Êδ′ [(a1i,l)1≤i,l≤g](g, n), (z1, ..., zg) ∈ Êδ′ [(a2i,l)1≤i,l≤g](g, n) and (x1, ..., xh) ∈
Êδ′ [(a3i,l)1≤i,l≤h](h, n). Proposition 5.15 yields that for any δ > 0 there exists δ′ > 0 such that, uniformly

in (x1, ..., xj) ∈ Z2
n and for all sufficiently large n ∈ N

P (w1, ..., wg ∈ Ln(α)) ≤ n−2αχ((a1i,l)1≤i,l≤g)+δ,

P (z1, ..., zg ∈ Ln(α)) ≥ n−2αχ((a2i,l)1≤i,l≤g)−δ. (5.40)

Hence, if we assume

P (w1, ..., wg ∈ Ln(α)) ≥ P (z1, ..., zg ∈ Ln(α)),

for any ϵ′ > 0, there exists δ′ > 0 and n0 ∈ N such that for any n ≥ n0

χ((a1i,l)1≤i,l≤g) ≤ χ((a2i,l)1≤i,l≤g) + ϵ′. (5.41)

In addition, let s = s(n) := 1 − log d(x1, w1)/ log n = 1 − log d(x1, z1)/ log n. Let (âvi,l)1≤i,l≤j :=

M{(a3i,l)1≤i,l≤h, (a
v
i,l)1≤i,l≤g, s} for v = 1, 2. Note that d(xi, wl) ≤ d(x1, w1)/4 and, hence, simple

triangle inequality yields that for any 1 ≤ i ≤ h and 1 ≤ l ≤ g,

d(xi, wl) ≥− d(xi, x1) + d(x1, w1)− d(w1, wl)

≥− n1−s

4
+ n1−s − n1−s

4
≥ 1

2
n1−s,

d(xi, wl) ≤d(xi, x1) + d(x1, w1) + d(w1, wl)

≤n1−s

4
+ n1−s +

n1−s

4
≤ 2n1−s+δ′ .

In addition, the same argument yields that n1−s/2 ≤ d(xi, zl) ≤ 2n1−s+δ′ . Then,

(x1, ..., xh, w1, ..., wg) ∈ Êδ′ [(â1i,l)1≤i,l≤g+h](g + h, n),

(x1, ..., xh, z1, ..., zg) ∈ Êδ′ [(â2i,l)1≤i,l≤g+h](g + h, n).

Again, by the same argument as (5.40), we obtain that for any δ > 0 there exists δ′ > 0 such that,
uniformly in (x1, ..., xj) ∈ Z2

n and for all sufficiently large n ∈ N

P (x1, ..., xh, w1, ..., wg ∈ Ln(α)) ≥ n−2αχ((â1i,l)1≤i,l≤j)−δ

≥n−2αg(s,χ(a3i,l)1≤i,l≤j),χ((a
1
i,l)1≤i,l≤j))−δ,

P (x1, ..., xh, z1, ..., zg ∈ Ln(α)) ≤ n−2αχ((â2i,l)1≤i,l≤j)+δ

≤n−2αg(s,χ(a3i,l)1≤i,l≤j),χ((a
2
i,l)1≤i,l≤j))+δ,

where g(t, b, c) is the same function as Lemma 5.7. Since g(t, b, c) is continuous and monotonically
increasing in c, we obtain the desired result.

Proof of Corollary 5.17. We consider (a1i,l)1≤i,l≤j , (a
2
i,l)1≤i,l≤j for w1, ..., wj , z1, ..., zj ∈ E [(nη), (n1−η)]

as well as Corollary 5.16. Then, we also obtain the result which corresponds to (5.41). Note that for
v = 1, 2

Êδ′ [(avi,l)1≤i,l≤j ](j, n) = Êδ′/ξ
[(

ξ − 1 + avi,l
ξ

)
1≤i,l≤j

]
(j, nξ).
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Hence, we obtain that for any δ > 0 there exists δ′ > 0 such that, uniformly in (x1, ..., xj) ∈ Z2
n and for

all sufficiently large n ∈ N

P (w1, ..., wj ∈ Lnξ(α)) ≥ n−2αχ(((ξ−1+a1i,l)/ξ)1≤i,l≤j)−δ,

P (z1, ..., zj ∈ Lnξ(α)) ≤ n−2αχ(((ξ−1+a2i,l)/ξ)1≤i,l≤j)+δ. (5.42)

Note that (5.23) and (5.41) yield that for any ϵ′ > 0 there exists δ′ > 0 such that for all sufficiently
large n ∈ N,

χ

((
ξ − 1 + a1i,l

ξ

)
1≤i,l≤j

)
≤ χ

((
ξ − 1 + a2i,l

ξ

)
1≤i,l≤j

)
+ ϵ′. (5.43)

Therefore, (5.42) and (5.43) complete the desired result.

Next, we verify general results as Theorem 2.3. By Lemma 5.8, we have that any (x1, ..., xj) included

in some V ∈ Êδ′ [(ai,l)1≤i,l≤j ](j, n) for some (ai,l)1≤i,l≤j ∈ Mβ,0
j and 0 < β < 1. Then we extend the

condition “d(xi, xl) ≤ nβ” to d(xi, xl) ≤ n1−ai,l for some (ai,l)1≤i,l≤j ∈ Mβ,0
j as follows.

Corollary 5.18. For any 0 < α < 1 and (ai,l)1≤i,l≤j ∈ Mβ,0
j and 0 < β < 1,

lim
n→∞

logE[|{(x1, ..., xj) ∈ Ln(α)
j : (x1, ..., xj) ≤ E [(0), (n1−ai,l)1≤i,l≤j ]}|]

logn

= max
(a′i,l)∈M

β,0
j ,

a′i,l≥ai,l

2 + 2Ξ((a′i,l)1≤i,l≤j)− 2αχ((a′i,l)1≤i,l≤j).

Proof. Therefore, if we again use the same method as that of Theorem 2.3 by using Proposition 5.15,
the desired result is completed with the minor modification.

5.5 Difference from favorite points and high points of a Gaussian free field

In this section, we discuss the difference between late points and favorite points or high points of a
GFF in two dimensions.

5.5.1 Arguments

As mentioned in Section 1, we have obtained correspondence of Ln(α), Ψn(α) and Vn(α). Then, we
have the question: do late points and favorite points or high points of a GFF have the difference? The
answer is yes and in this section, we will discuss it. We clear up the geometric structure of Ln(α) and
attend some problem as follows.

Theorem 5.19. For any 0 < α1 ≤ α2 < 1, 0 < β < 1

lim
n→∞

logE[|{(x1, x2) ∈ Ln(α1)× Ln(α2) : d(x1, x2) ≤ nβ}|]
log n

= ν̂2(α1, α2, β),

where

ν̂2(α1, α2, β) := max
β′≤β

2 + 2β′ − 4α1

2− β′ − 2(1− α2 + α1){
2 + 2β − 4α1

2−β − 2(1− α2 + α1) (β ≤ 2−
√
2α1),

6− 4
√
2α1 − 2(1− α2 + α1) (β ≥ 2−

√
2α1).

Next, we study the geometric structure of Ψn(α) and solve the problem as follows.
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Theorem 5.20. For any 0 < α1 ≤ α2 < 1, 0 < β < 1

lim
n→∞

logE[|{(x1, x2) ∈ Ψn(α1)×Ψn(α2) : d(x1, x2) ≤ nβ}|]
log n

= µ̂2(α1, α2, β),

where

µ̂2(α1, α2, β) := max
β′≤β,
α1≤α′

1

2 + 2β′ −
2(
√
α2 −

√
α′
1)

2

β′(2− β′)
−

4
√

α′
1α2

2− β′ .

Theorem 5.21. For any 0 < α1 ≤ α2 < 1, 0 < β < 1

lim
n→∞

logE[|{(x1, x2) ∈ Vn(α1)× Vn(α2) : d(x1, x2) ≤ nβ}|]
log n

= µ̂2(α1, α2, β).

Note that it is easy to compute that

ν̂2(α1, α2, β) < µ̂2(α1, α2, β).

The essential reason of the difference is that Ln(α) is satisfied with the following: for 0 < α1 ≤ α2 < 1,

0 < β < 1 and {x(n)1 }n∈N, {x
(n)
2 }n∈N with d(x

(n)
1 , x

(n)
2 ) ≈ nβ

lim
n→∞

logP

(
x
(n)
1 ∈ Ln(α1)

∣∣∣∣x(n)2 ∈ Ln(α2)

)
log n

is independent of the value of α2. This property doesn’t hold for Ψn(α1)×Ψn(α2) or Vn(α1)×Vn(α2).

Remark 8. We conjecture these points also have the difference in probability sense. That is, we expect
that in probability the value of

lim
n→∞

log |{(x1, x2) ∈ Ln(α1)× Ln(α2) : d(x1, x2) ≤ nβ}|
log n

is different from that of Ψn(α1)×Ψn(α2) or Vn(α1)× Vn(α2). However, we omit these results since it
is expected that the proofs are long and almost the same as that of [5, 11].

5.5.2 Proof of Theorems 5.19, 5.20 and 5.21

To show Theorem 5.19, we introduce the following proposition, which corresponds to (B) in Proposition
5.15.

Proposition 5.22. Fix 0 < β < 1. Then, for any δ > 0 there exist 0 < δ′ < 1 − β and C > 0 such
that for any x1, x2 ∈ Z2

n with nβ/4 ≤ d(x1, x2) ≤ 4nβ+δ′ and n ∈ N,

C−1 exp

{
−

(
4α1

2− β
− 2(1− α2 + α1)

)
log n− δ log n

}
≤P (x1 ∈ Ln(α1), x2 ∈ Ln(α2))

≤C exp

{
−

(
4α1

2− β
− 2(1− α2 + α1)

)
log n+ δ log n

}
.

Proof. The Markov property yields

P (x1 ∈ Ln(α1), x2 ∈ Ln(α2))

=E

[
P y

(
x2 ∈ Ln(α2 − α1 + o(1))

∣∣∣∣F(
4α1

π
(n log n)2

))
1{x1,x2∈Ln(α1)}

]
=E

[
P y

(
x2 ∈ Ln(α2 − α1 + o(1))

∣∣∣∣F(
4α1

π
(n log n)2

))]
× P (x1, x2 ∈ Ln(α1)).

Therefore, since Proposition 5.15 holds uniformly in x1, x2 ∈ Z2
n with nβ/4 ≤ d(x1, x2) ≤ 4nβ+δ′ , we

obtain the desired results.
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Proof of Theorem 5.19. If we again use the same method as that that used in the Theorem 2.3, by
using Proposition 5.22 instead of Proposition 5.15, with a minor modification, the desired result is
completed.

To show Theorems 5.20 and 5.21, we introduce the following propositions.

Proposition 5.23. Fix 0 < β < 1. Then, for any δ > 0 there exist 0 < δ′ < 1 − β and C > 0 such
that for any x1, x2 ∈ D(0, n) with nβ/4 ≤ d(x1, x2) ≤ 4nβ+δ′ and n ∈ N,

exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n− δ log n

}
≤P (x1 ∈ Ψn(α1), x2 ∈ Ψn(α2))

≤ exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n+ δ log n

}
.

Proof. Let α̃ := ⌈4α(log n)2/π⌉ and x1, x2 be two distinct points included in D(0, n), and set

(U1, U2, U3) := (x1, x2, ∂D(0, n))

and

bi,l := PUi( min
s∈{1,2,3}

TUs = TUl
),

for i ∈ {1, 2} and l ∈ {1, 2, 3}. First, we will show the lower bound. Then, (3.11) yields that for
α1 ≤ α2,

P (x1 ∈ Ψn(α1), x2 ∈ Ψn(α2), Tx1 < Tx2 ∧ τn)

≥P (Tx1 < Tx2 ∧ τn)× max
α1≤α′

1

P x1(K(τn, x1) = α′
1 − 1,K(τn, x2) = α2)

≥P (Tx1 < Tx2 ∧ τn)

× max
α1≤α′

1

∑
0≤i≤(α′

1−1)∧(α2−1)

b
α′
1−1−i

1,1 bi+1
1,2

(α′
1 − 1)!

(α′
1 − 1− i)!i!

bi2,1b
α2−1−i
2,2

(α2 − 1)!

(α2 − 1− i)!i!

≥P (Tx1 < Tx2 ∧ τn)

× max
α1≤α′

1

b
α′
1−1−i0

1,1 bi0+1
1,2

(α′
1 − 1)!

(α′
1 − 1− i0)!i0!

bi02,1b
α2−1−i0
2,2

(α2 − 1)!

(α2 − 1− i0)!i0!
, (5.44)

where s := log d(x1, x2)/ log n and i0 =
√

α′
1α2π(1− s)/(2s(2− s) log n). Consider 0 < ϵ < 1. By (3.6)

and (3.9), we obtain that for i, l ∈ {1, 2} and uniformly in x1, x2 ∈ D(0, n/3),

bi,l =

{
1− π

2s(2−s) logn(1 + o(1)) if i = l,
π(1−s)

2s(2−s) logn(1 + o(1)) if i ̸= l.
(5.45)

Therefore, if we apply the Stirling formula to the right most member of (5.44) with the aid of (5.45),
we obtain

P (x1 ∈ Ψn(α1), x2 ∈ Ψn(α2), Tx1 < Tx2 ∧ τn)

≥P (Tx1 < Tx2 ∧ τn)

× exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n− δ log n

}
.
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Note that (3.7) yields that there exists c > 0 such that

P (Tx1 < Tx2 ∧ τn) + P (Tx2 < Tx1 ∧ τn) ≥ P (Tx1 < τn) ≥ c.

Therefore, if we estimate the summation over x1, x2 ∈ D(0, n/3), by the symmetry of x1 and x2, the
desired lower bound is completed.

Second, we will show the upper bound. If we change n in the definition of bi.l into 3n, (3.6) and (3.9)
yield (5.45). Let α̃i = ⌈4αi(log n)

2/π⌉ for i = 1, 2. Then, (3.11) and (3.12) yield for x1, x2 ∈ D(0, n)

P (x1 ∈ Ψn(α1), x2 ∈ Ψn(α2))

≤P (x1 ∈ Ψ3n(α1), x2 ∈ Ψ3n(α2), Tx1 < Tx2 ∧ τ3n)

+P (x1 ∈ Ψ3n(α1), x2 ∈ Ψ3n(α2), Tx2 < Tx1 ∧ τ3n) (5.46)

≤
∑

0≤i≤(α̃′
1−1)∧(α̃2−1),
α̃1≤α̃′

1

b
α̃′
1−1−i

1,1 bi+1
1,2

(α̃′
1 − 1)!

(α̃′
1 − 1− i)!i!

bi2,1b
α̃2−1−i
2,2

(α̃2 − 1)!

(α̃2 − 1− i)!i!

+
∑

1≤i≤α̃′
1∧(α̃2−1),

α̃1≤α′
1

b
α̃′
1−1−i

1,1 bi1,2
(α̃′

1 − 1)!

(α̃′
1 − i)!(i− 1)!

bi2,1b
α̃2−i
2,2

(α̃2 − 1)!

(α̃2 − 1− i)!i!
. (5.47)

Note that if we estimate the maximal term of below by same argument as (ii) in Lemma 5.11, (5.47) is
bounded by

(α̃2 + 1)

× max
0≤i≤(α̃′

1−1)∧α̃2,
α̃1≤α̃′

1

b
α̃′
1−1−i

1,1 bi1,2
(α̃′

1 − 1)!

(α̃′
1 − 1− i)!i!

bi2,1b
α̃2−1−i
2,2

(α̃2 − 1)!

(α̃2 − 1− i)!(i− 1)!

≤ exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n+ δ log n

}
for any α1 ≤ α′

1, α2 ≤ α′
2. Therefore, a simple computation yields the desired upper bound.

Proposition 5.24. Fix 0 < β < 1. Then, for any δ > 0 there exist 0 < δ′ < 1 − β and C > 0 such
that for any x1, x2 ∈ Z2

n with nβ/4 ≤ d(x1, x2) ≤ 4nβ+δ′ and n ∈ N,

C−1 exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n− δ log n

}
≤P (x1 ∈ Vn(α1), x2 ∈ Vn(α2))

≤C exp

{
− min

α1≤α′
1

(
2(
√
α2 −

√
α′
1)

2

β(2− β)
+

4
√

α′
1α2

2− β

)
log n+ δ log n

}
.

Proof. By the simple computation, the definition of GFF, (3.1) and (5.45) yield that for any α′
1, α

′
2 > 0

P

(
∩i=1,2

{
1

2
ϕ2
n(xi) ≥

4α′
i

π
(log n)2

})
≤ exp

{
−

(
2(
√

α′
2 −

√
α′
1)

2

β(2− β)
+

4
√
α′
1α

′
2

2− β

)
log n+ δ log n

}
,

and in addition, the corresponding lower bound holds. Therefore, the simple computation yields the
desired result.

Proof of Theorems 5.20 and 5.21. If we again use the same method as that of Theorem 5.19, by using
Proposition 5.23 or 5.24 instead of Proposition 5.22 with the minor modification, the desired results
are completed.
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5.6 Computation of exponents

In this section, we will show monotonicity of exponents on j ∈ N by using only elementary computation.

Lemma 5.25. For any j ≥ 2 and 0 < α, β < 1

(A) ρ̂j(α, β)− ρ̂j−1(α, β) ≥ 0,

(B) ρj(α, β)− ρj−1(α, β) ≥ 0.

Remark 9. As discussed previously, this result yields Theorems 2.3 and 2.4. In addition, (B) in above
lemma is equivalent to Theorem 2.3, and (A) is equivalent to Theorem 2.4. Indeed, for any 0 < α, β < 1

|{(x1, ..., xj) ∈ Ln(α)
j : d(xi, xl) ≤ nβ for any 1 ≤ i, l ≤ j}|

is monotonically increasing in j ∈ N. Hence, Theorems 2.3 and 2.4 naturally yield above lemma.

Proof. First, we will prove (A) for j = 2. Consider β ≤ (2 −
√
2α) ∧ 1. Note that 2β − 4α/(2 − β) is

monotonically increasing in β ∈ [0, 1], and

ρ̂2(α, 1)− ρ̂1(α, 1) = 4(1− α)− 2(1− α) ≥ 0.

Hence, we have the desired result. In addition, we consider β ≥ 2 −
√
2α. Since −4

√
2α + 2α is

monotonically decreasing in α,

ρ̂2(α, β)− ρ̂1(α, β) =6− 4
√
2α− (2− 2α)

≥4− 4
√
2α+ 2α

≥6− 4
√
2 ≥ 0.

Therefore, we have (A) for j = 2.
Second, we will prove (B) for j = 2. Consider β ≤ (2− 2

√
α) ∧ 1. Note that 2 − 2

√
α ≤ 2−

√
2α.

Then, by the same argument as (A) for β ≤ (2−
√
2α) ∧ 1, we have the desired result. In addition, we

consider β ≥ 2− 2
√
α. Since 4(1−

√
α)2/β is monotonically decreasing in β,

ρ2(α, β)− ρ1(α, β) =8(1−
√
α)− 4(1−

√
α)2/β − (2− 2α)

≥8(1−
√
α)− 2(1−

√
α)− (2− 2α)

=2(2−
√
α)(1−

√
α) ≥ 0.

Therefore, we have (B).
Next we will prove (A) for j ≥ 3. Let φ(α, j) := (1 −

√
jα)/(j − 1), ζ(α, β, j) := 2jα/(1 + (j −

1)(1− β)).
(i) β ≤ (1 + φ(α, j − 1)) ∧ (1 + φ(α, j))
Note that

ζ(α, β, j)− ζ(α, β, j − 1) =
2αβ

(1 + (j − 1)(1− β))(1 + (j − 2)(1− β))

≤ 2αβ

(1 + (j − 2)(1− β))2

and

max
0≤β≤1+φ(α,j−1),

j≥3

2α

(1 + (j − 2)(1− β))2
= max

j≥3

2α

(j − 1)α
= 1.

59



Therefore,

ρ̂j(α, β)− ρ̂j−1(α, β)

=2 + 2(j − 1)β − ζ(α, β, j)− (2 + 2(j − 2)β − ζ(α, β, j − 1))

≥2β − β ≥ 0.

(ii) 1 + φ(α, j − 1) ≤ 1 + φ(α, j) and 1 + φ(α, j − 1) ≤ β ≤ 1 + φ(α, j)

ρ̂j(α, β)− ρ̂j−1(α, β)

=2 + 2(j − 1)β − ζ(α, β, j)− (2j − 4
√

(j − 1)α)

≥2 + 2(j − 1)β − 2
√
jα− (2j − 4

√
(j − 1)α)

≥2j +
2(j − 1)

j − 2
(1−

√
(j − 1)α)− 2

√
jα− (2j − 4

√
(j − 1)α)

=
2(j − 1)− 2

√
(j − 1)α

j − 2
+ 2

√
α(

√
j − 1−

√
j)

≥2(j − 1)− 2
√
j − 1

j − 2
+ 2(

√
j − 1−

√
j)

≥4− 2
√
2 + 2

√
2− 2

√
3 ≥ 0.

The first inequality comes from the fact that 1 + φ(α, j − 1) ≤ β ≤ 1 ∧ (1 + φ(α, j)) and the second
inequality comes from 1 + φ(α, j − 1) ≤ β. The third inequality comes from monotonicity in α. The
forth inequality comes from the fact that (2(j−1)−2

√
j − 1)/(j−2) and

√
j − 1−

√
j are monotonically

increasing for j and considering the case j = 3.
(iii) 1 + φ(α, j) ≤ 1 + φ(α, j − 1) and 1 + φ(α, j) ≤ β ≤ 1 + φ(α, j − 1)

ρ̂j(α, β)− ρ̂j−1(α, β) =2(j + 1)− 4
√
jα− (2 + 2(j − 2)β − ζ(α, β, j − 1))

≥2(j + 1)− 4
√
jα− (2j − 4

√
(j − 1)α)

≥2− 4
√

j + 4
√

j − 1

≥2− 4
√
3 + 4

√
2 ≥ 0.

The first inequality comes from the fact that 2(j − 2)β − ζ(α, β, j − 1) is monotonically increasing in
β with β ≤ 1 + φ(α, j − 1). The second inequality comes from the fact that −4

√
jα + 4

√
(j − 1)α is

monotonically decreasing in α.
(iv) (1 + φ(α, j)) ∨ (1 + φ(α, j − 1)) ≤ β

ρ̂j(α, β)− ρ̂j−1(α, β) =2 + 2j − 4
√
jα− (2j − 4

√
(j − 1)α)

≥2− 4
√

jα+ 4
√

(j − 1)α

≥2− 4
√

j + 4
√

j − 1

≥2− 4
√
3 + 4

√
2 ≥ 0.

The second inequality comes from the fact that −4
√
jα + 4

√
(j − 1)α is monotonically decreasing in

α. Therefore, the desired result is completed.
Next we will prove (B) for j ≥ 3. Since j(1−

√
α)/(j−1) is monotonically decreasing in j, it suffices

to show the following three cases (i), (ii), (iii):
(i) β ≤ j

j−1(1−
√
α)

Note that j(1 −
√
α)/(j − 1) ≤ (1 + φ(α, j)) ∧ (1 + φ(α, j − 1)). Then, by the same argument as

that of (A) for β ≤ (1 + φ(α, j)) ∧ (1 + φ(α, j − 1)), the desired result holds.
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(ii) j−1
j−2(1−

√
α) ≤ β

ρj(α, β)− ρj−1(α, β)

=4j(1−
√
α)− 2j(1−

√
α)2/β − (4(j − 1)(1−

√
α)− 2(j − 1)(1−

√
α)2/β)

≥4(1−
√
α)− 2(1−

√
α)2/β

≥4(1−
√
α)− 2(1−

√
α) ≥ 0.

The second inequality comes from the fact that 2(1 −
√
α)2/β is monotonically increasing in β and

considering the case β = 1− α.
(iii) j

j−1(1−
√
α) ≤ β ≤ j−1

j−2(1−
√
α)

ρj(α, β)− ρj−1(α, β)

=4j(1−
√
α)− 2j(1−

√
α)2/β − (2 + 2(j − 2)β − ζ(α, β, j − 1))

≥4j(1−
√
α)− 2j(1−

√
α)2/β − (4(j − 1)(1−

√
α)− 2(j − 1)(1−

√
α)2/β).

The inequality comes from the fact that 2(j−2)β−ζ(α, β, j−1) is monotonically increasing in β. Then,
by the same argument as (ii), the desired result is completed. Therefore, we obtain (B) for j ≥ 3.

6 Proof of Theorems 2.5 and 2.6

6.1 The upper bound in Theorem 2.5

Here, we prove the following proposition.

Proposition 6.1. For d ≥ 2

lim sup
n→∞

M(n)

log n
≤ βd a.s.

Unlike the proof of the lower bound below, the proof of Proposition 6.1 will be performed indepen-
dently of the dimension d. As mentioned above, neither M(n) nor Θn(δ) is monotone in n ∈ N. To
mitigate this issue, we introduce the random variables. For β > 0, we set

Θ̃n(β) = |{x ∈ ∂R(T ⌈β logn/2⌉
x ) : K(n, x) ≥ ⌈β log

n

2
⌉}|

(T p
x is defined by (??)). This is a modification of Θn(β/βd) made by relaxing the constraint of being

on the inner boundary. Note that Θ̃n(β) vanishes for all sufficiently large n ∈ N if β > βd.

Lemma 6.2. For β > 0 there exists C > 0 such that for any n ∈ N

E[Θ̃n(β)] ≤ Cn
1− β

βd .

Proof. First we introduce the elementary property. For any intervals I0, I1, I2 ⊂ N ∪ {0} with I0 ⊂
I1 ⊂ I2, it holds that

R(I0) ∩ ∂R(I2) ⊂ ∂R(I1). (6.1)

Note that we can write

Θ̃n(β) =

n∑
l=0

1Bl,n
, (6.2)

where

Bl,n = {Sl ∈ R(l − 1)c ∩ ∂R(T
⌈β logn/2⌉
Sl

),K(n, Sl) ≥ ⌈β log
n

2
⌉}.
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Since K(l − 1, Sl) = 0 on {Sl ∈ R(l − 1)c}, for l ≤ n

P (Bl,n) =P (
n∑

j=0

1{Sj=Sl} ≥ ⌈β log
n

2
⌉, Sl ∈ R(l − 1)c ∩ ∂R(T

⌈β logn/2⌉
Sl

))

=P (
n∑
j=l

1{Sj=Sl} ≥ ⌈β log
n

2
⌉, Sl ∈ R(l − 1)c ∩ ∂R(T

⌈β logn/2⌉
Sl

))

≤P (
n∑
j=l

1{Sj=Sl} ≥ ⌈β log
n

2
⌉, Sl ∈ ∂R[l, T

⌈β logn/2⌉
Sl

])

=P (K(n− l, 0) ≥ ⌈β log
n

2
⌉, 0 ∈ ∂R(T

⌈β logn/2⌉−1
0 )).

Here, the inequality comes from (6.1) with I0 = {l}, I1 = [l, T
⌈β logn/2⌉
Sl

] and I2 = [0, T
⌈β logn/2⌉
Sl

]. The
last equality follows from the Markov property and the translation invariance for Sl. In addition, by
applying the Markov property repeatedly, we obtain

P (K(n− l, 0) ≥ ⌈β log
n

2
⌉, 0 ∈ ∂R(T

⌈β logn/2⌉−1
0 ))

≤P (T
⌈β logn/2⌉−1
0 < ∞, 0 ∈ ∂R(T

⌈β logn/2⌉−1
0 ))

=P (∪b∈N (0){T
⌈β logn/2⌉−1
0 < Tb})

≤2dP (T0 < Tb)
⌈β logn/2⌉−1 ≤ Cn

− β
βd .

Hence, the assertion holds by E[Θ̃n(β)] ≤ nmax1≤l≤n P (Bl,n) which follows from (6.2).

Proof of Proposition 6.1. Since M(n) is not monotonically increasing in n, we instead first consider
M̃(n) = maxl≤nM(l). If M̃(n) > m, there exist x1 ∈ Zd and n1 ≤ n such that M̃(n) = M(n1) =
K(n1, x1) and x1 ∈ ∂R(n1). Therefore, for such n1, m and x1, it holds that Tm

x1
≤ n1 and hence

x1 ∈ ∂R(n1) ∩ ∂R(Tm
x1
) holds. Further, K(n1, x1) ≤ K(n, x1). Accordingly, we have

P (M̃(n) ≥ ⌈β log
n

2
⌉)

≤P (∪x∈Z2{x ∈ ∂R(T ⌈β logn/2⌉
x ),K(n, x) ≥ ⌈β log

n

2
⌉}).

Thus, by Lemma 6.2 and the Chebyshev inequality, we obtain

P (M̃(n) ≥ ⌈β log
n

2
⌉) ≤ P (Θ̃n(β) ≥ 1) ≤ Cn

1− β
βd .

By using the Borel-Cantelli lemma for any β > βd, we can show that the events {M̃(2k) > β log 2k−1}
happen only finitely often with probability one. Therefore, it holds that for any β > βd,

lim sup
k→∞

M̃(2k)

β log 2k−1
≤ 1 a.s. (6.3)

Now we consider M(n). For any k, n ∈ N with 2k−1 ≤ n < 2k we have

M(n)

log n
≤ M̃(2k)

log 2k−1
,

and so with (6.3), for any β > βd

lim sup
n→∞

M(n)

β log n
≤ 1 a.s.

Therefore, the proof is completed.
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6.2 The lower bound in Theorem 2.5

6.2.1 Reduction of the lower bound in Theorem 2.5 to key lemmas

Our goal in this section is to prove the following Proposition 6.3.

Proposition 6.3. For d ≥ 2

lim inf
n→∞

M(n)

log n
≥ βd a.s. (6.4)

Unlike Sections 4.3 and 4.4, the argument of Sections 4.1 and 4.2 will be performed independently
of the dimension d. In what follows, we discuss the proof for each fixed β < βd. Let

un = ⌈exp(n2)⌉.

In this section, we will reduce the proof of Proposition 6.3 to two key lemmas given below (Lemmas
6.5 and 6.6). For b ∈ N (0) and A ⊂ Zd, we define ∂bA as

∂bA := {x ∈ A : x+ b ̸∈ A}.

We can extend the property (6.1) in the following way: for any intervals I0, I1, I2 ⊂ N ∪ {0} with
I0 ⊂ I1 ⊂ I2, it holds that

R(I0) ∩ ∂bR(I2) ⊂ ∂bR(I1) ⊂ ∂R(I1). (6.5)

Let us define Q̃n as

Q̃n := |{x ∈ R(un−1) ∩ ∂bR(un), T
⌈βn2⌉
x ≤ un−1}|.

We begin by providing a sufficient condition for the inequality (6.4) asserted in Proposition 6.3 to be
true by means of Q̃n.

Lemma 6.4. If

P (Q̃n ≥ 1 for all but finitely many n) = 1, (6.6)

for any β ∈ (0, βd) then the inequality (6.4) holds.

Proof. Set
L(n) := max

x∈R(un−1)∩∂bR(un)
K(un−1, x).

Note that L(n) ≥ βn2 if Q̃n ≥ 1. Hence, it holds that

P (L(n) ≥ βn2 for all but finitely many n) = 1.

Moreover, by (6.5), for any m, n ∈ N with um−1 ≤ n < um we have

R(um−1) ∩ ∂bR(um) ⊂ ∂R(n) (6.7)

and hence L(m) ≤ maxx∈∂R(n)K(um−1, x) ≤ maxx∈∂R(n)K(n, x) ≤ M(n). Therefore, we conclude
that for any β < βd

lim inf
n→∞

M(n)

β log n
≥ lim inf

m→∞

L(m)

β log um
≥ 1 a.s.,

as per (6.4) and as desired.
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In order to verify the condition (6.6), we introduce a new quantity Qn by modifying the definition
of Q̃n. To do this, we first introduce several notions. Set T 0

x,l := inf{j ≥ l : Sj = x} and T p
x,l :=

inf{j > T p−1
x,l : Sj = x}. Note that T a

x,0 = T a
x for any a ∈ N and x ∈ Zd, and that T p

Sl
= T p

Sl,l
holds

for each p on the event Sl /∈ R(l − 1). Note that T p
Sl,l

is a stopping time while T p
Sl

is not. Although
we can state the key lemmas without using this notion, we introduce it for later use. For k ∈ N, let
hk = β logP (T0 < Tb ∧ k) + 1. Since limk→∞ hk = 1 − β/βd > 0, we have hk > 0 for all sufficiently
large k. We fix such a k and simply denote hk by h hereafter. Let

In := [
un−1

n2
, un−1 − k⌈βdn2⌉] ∩ N.

For any l ∈ In, we introduce the events El,n and Al,n defined by

El,n := {T j
Sl,l

− T j−1
Sl,l

< k for any 1 ≤ j ≤ ⌈βn2⌉},

and

Al,n := {Sl ∈ R(l − 1)c ∩ ∂bR(un)} ∩ El,n.

Then, we set

Qn :=
∑
l∈In

1Al,n
. (6.8)

Although In, Al,n and Qn depend on the choice of parameters β and k, we do not indicate such
dependence explicitly by symbols. By the definition of In, In ⊂ [0, un−1]∩(N∪{0}) and l+k⌈βn2⌉ ≤ un−1

hold. These facts imply Qn ≤ Q̃n. As we will see, the verification of condition (6.6) is reduced to the
following two estimates for Qn.

Lemma 6.5. Let β < βd and take k ∈ N so that h = hk > 0 as above. Then, there exists c > 0 such
that for any n ∈ N, the following hold:

(i) When d = 2,

EQn ≥ c exp(hn2 − 2n)

n4
.

(ii) When d ≥ 3,

EQn ≥ c exp(hn2 − 2n).

Lemma 6.6. Let β < βd and take k ∈ N so that h = hk > 0 as above. Then, there exists C > 0 such
that for any n ∈ N, the following hold:

(i) When d = 2,

Var(Qn) ≤ C

(
exp(hn2 − 2n)

n4

)2 logn

n2
.

(ii) When d ≥ 3,

Var(Qn) ≤ C exp(2hn2 − 4n)× 1

n10
.

Now we give a proof of Proposition 6.3 by assuming Lemmas 6.5 and 6.6 are true.
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Deduction of Proposition 6.3 from Lemmas 6.5 and 6.6. If Lemmas 6.5 and 6.6 hold, then we only need
to prove the assumption of Lemma 6.4 to obtain Proposition 6.3. Take k ∈ N and h > 0 as above. By
the Chebyshev inequality, we have

P (|Qn − EQn| >
EQn

2
) ≤ 4Var(Qn)

(EQn)2
. (6.9)

By Lemmas 6.5 and 6.6, we can see that there exists C > 0 such that the following is true:

Var(Qn)

(EQn)2

{
≤ C logn

n2 if d = 2,

≤ C
n10 if d ≥ 3.

As a result, the right hand side of (6.9) is summable. Since |b− a| ≤ a
2 implies b ≥ a

2 for a, b ≥ 0, the
Borel-Cantelli lemma yields

P (Qn ≥ 1

2
EQn for all but finitely many n) = 1. (6.10)

Since h > 0, Lemma 6.5 implies EQn ≥ 2 for all sufficiently large n. Hence, the assertion of Lemma
6.4 holds by combining this fact with (6.10).

6.2.2 Preparations for the proof of Lemmas 6.5 and 6.6

In this section, we estimate P (Al,n) using the strong Markov property. For later use, we will consider
more general events than Al,n. For any n′, l, ñ ∈ N ∪ {0} with n′ ≤ l ≤ ñ and n ∈ N, let

Fn′,l,ñ,n = {Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, ñ]} ∩ El,n,

which we will sometimes denote F (n′, l, ñ, n) for typographical reasons. Note that F0,l,un,n = Al,n holds.

Lemma 6.7. There are constants c, C > 0 such that for any n′, l, ñ ∈ N ∪ {0} with n′ ≤ l ≤ ñ and
n, a ∈ N with l + k⌈βdn2⌉ ≤ a ≤ ñ

P (Fn′,l,ñ,n) ≤ P (T0 < Tb ∧ k)⌈βn
2⌉P (T0 ∧ Tb > l − n′)× P (Tb > ñ− a)

and

P (Fn′,l,ñ,n) ≥ P (T0 < Tb ∧ k)⌈βn
2⌉P (T0 ∧ Tb > l − n′)× P (Tb > ñ).

Proof. We first remark that l < T
⌈βn2⌉
Sl,l

holds and, hence, F(l) ⊂ F(T
⌈βn2⌉
Sl,l

). By taking a conditional

expectation with respect to F(T
⌈βn2⌉
Sl,l

), we obtain

P (Fn′,l,ñ,n) =E[1{Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, T
⌈βn2⌉
Sl,l

]} ∩ El,n

× P (Sl ∈ ∂bR[T
⌈βn2⌉
Sl,l

, ñ]|F(T
⌈βn2⌉
Sl,l

))]. (6.11)

On the event El,n, we have

0 ≤ T
⌈βn2⌉
Sl,l

≤ k⌈βdn2⌉+ T 0
Sl,l

.

Since l = T 0
Sl,l

, our choice of a and this inequality imply

0 ≤ T
⌈βn2⌉
Sl,l

≤ a. (6.12)
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The Markov property and the translation invariance for Sl yield

P (Sl ∈ ∂bR[T
⌈βn2⌉
Sl,l

, ñ]|F(T
⌈βn2⌉
Sl,l

)) = P (0 ∈ ∂bR(ñ− t))|
t=T

⌈βn2⌉
Sl,l

. (6.13)

Substituting (6.13) for (6.11) and keeping (6.12) in mind, we obtain

P (Fn′,l,ñ,n) ≤P ({Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, T
⌈βn2⌉
Sl,l

]} ∩ El,n)

× P (0 ∈ ∂bR(ñ− a)), (6.14)

and

P (Fn′,l,ñ,n) ≥P ({Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, T
⌈βn2⌉
Sl,l

]} ∩ El,n)

× P (0 ∈ ∂bR(ñ)). (6.15)

Thus, the proof is reduced to the estimate of the common first factor in the right hand side of (6.14)
and (6.15). If we take a conditional expectation with respect to F(l), by the Markov property and the
translation invariance for Sl, we obtain

P ({Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, T
⌈βn2⌉
Sl,l

]} ∩ El,n)

=P (Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, l])× P ({0 ∈ ∂bR(T
⌈βn2⌉
0 )} ∩ E0,n). (6.16)

By the choice of h, it holds that

P ({0 ∈ ∂bR(T
⌈βn2⌉
0 )} ∩ E0,n) = P (T0 < Tb ∧ k)⌈βn

2⌉, (6.17)

where there exist c, C > 0 such that for any n ∈ N

c exp((h− 1)n2) ≤ P (T0 < Tb ∧ k)⌈βn
2⌉ ≤ C exp((h− 1)n2). (6.18)

By considering a time-reversal, we obtain

P (Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, l]) = P (0 ∈ R[1, l − n′]c ∩ ∂bR(l − n′)). (6.19)

In addition, for m ∈ N, we have P (0 ∈ R[1,m]c ∩ ∂bR(m)) = P (T0 ∧ Tb > m), and P (0 ∈ ∂bR(m)) =
P (Tb > m). Therefore, by (6.14), (6.15), (6.16), (6.17) and (6.19), the desired formulas hold.

Remark 10. We substitute T
⌈βn2⌉
Sl,l

for ñ of Fn′,l,ñ,n. That is, for any n′, l ∈ N ∪ {0} with n′ ≤ l, we
write

F (n′, l, T
⌈βn2⌉
Sl,l

, n) = {Sl ∈ R[n′, l − 1]c ∩ ∂bR[n′, T
⌈βn2⌉
Sl,l

]} ∩ El,n.

By the same argument, we obtain the following: for any n′, l ∈ N ∪ {0} with n′ ≤ l

P (F (n′, l, T
⌈βn2⌉
Sl,l

, n)) ≤ P (T0 < Tb ∧ k)⌈βn
2⌉P (T0 ∧ Tb > l − n′). (6.20)

(See the argument after (6.16).)

Corollary 6.8. For any l ∈ In and all sufficiently large n ∈ N with un/n
11 ≤ un − un−1,

P (Al,n) ≤P (T0 ∧ Tb > l)× P (T0 < Tb ∧ k)⌈βn
2⌉

× P (Tb >
un
n11

) (6.21)

and

P (Al,n) ≥P (T0 ∧ Tb > l)× P (T0 < Tb ∧ k)⌈βn
2⌉

× P (Tb > un). (6.22)
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Proof. For l ∈ In

l = T 0
Sl,l

≤ un−1 − k⌈βdn2⌉

holds. Therefore, by using Lemma 6.7 with F0,l,un,n = Al,n and substituting un−1 for a in the assumption
of Lemma 6.7 we obtain (6.22) and

P (Al,n) ≤P (T0 ∧ Tb > l)× P (T0 < Tb ∧ k)⌈βn
2⌉

× P (Tb > un − un−1).

Therefore, we obtain (6.21) for all sufficiently large n ∈ N.

6.2.3 Proof of Lemmas 6.5 and 6.6 for d ≥ 3

By Corollary 6.8, we obtain the following estimate of P (Al,n).

Lemma 6.9. There exist constants C, c > 0 such that for any n ∈ N and l ∈ In

P (Al,n) ≤C exp((h− 1)n2) (6.23)

P (Al,n) ≥c exp((h− 1)n2). (6.24)

Moreover, for any n ∈ N and l ∈ In

P (Al,n) =P (T0 ∧ Tb = ∞)× P (T0 < Tb ∧ k)⌈βn
2⌉ × P (Tb = ∞)

+O(exp((h− 1)n2 − cn2)). (6.25)

Proof. Since (6.18) and (6.25) yield (6.23) and (6.24), we only need to prove (6.25). First, we introduce

some estimates of hitting times. Since P (Sn = 0) = O(n− d
2 ), we obtain P (T0 = n) = O(n− d

2 ) and,
hence, for d ≥ 3 and b ∈ N (0),

P (n ≤ T0 < ∞) ≤
∞∑

m=n

O(n− d
2 ) = O(n− d

2
+1). (6.26)

In addition, by the Markov property and the translation invariance for b′ we have

P (T0 ≥ a+ 1) =
1

2d

∑
b′∈N (0)

P b′(T0 ≥ a) =
1

2d

∑
b′∈N (0)

P (T−b′ ≥ a) = P (Tb ≥ a), (6.27)

for a ∈ N. Hence, (6.26) yields

P (n ≤ Tb < ∞) = O(n− d
2
+1). (6.28)

Moreover, it holds that

P (n ≤ T0 ∧ Tb < ∞) ≤ P ({n ≤ T0 < ∞} ∪ {n ≤ Tb < ∞})
=P (n ≤ T0 < ∞) + P (n ≤ Tb < ∞),

and so with (6.26) and (6.28),

P (n ≤ T0 ∧ Tb < ∞) = O(n− d
2
+1). (6.29)

Therefore, by (6.26), (6.28) and (6.29) there exists c > 0 for any n ∈ N and l ∈ In

P (T0 ∧ Tb > l) = P (T0 ∧ Tb = ∞) +O(exp(−cn2)), (6.30)

P (Tb > un) = P (Tb = ∞) +O(exp(−cn2)), (6.31)

P (Tb >
un
n11

) = P (Tb = ∞) +O(exp(−cn2)). (6.32)

Substituting (6.30), (6.31) and (6.32) for the right hand sides of (6.21) and (6.22), we obtain the desired
formula.
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Proof of Lemma 6.5 for d ≥ 3. Since for all sufficiently large n ∈ N

|In| ≥ un−1 − k⌈βdn2⌉ − un−1

n2
≥ cun−1 (6.33)

holds, by (6.24) and the definition of Qn in (6.8), we obtain

EQn ≥ |In| ×min
l∈In

P (Al,n) ≥ c exp(hn2 − 2n),

as required.

To prove Lemma 6.6, we decompose In × In into three parts Jn,j , j = 1, 2, 3 defined by

Jn,1 := {(l, l′) ∈ In × In : 0 ≤ l′ − l ≤ k⌈βdn2⌉},

Jn,2 := {(l, l′) ∈ In × In : k⌈βdn2⌉ < l′ − l ≤ 2⌈un−1

n10
⌉},

Jn,3 := {(l, l′) ∈ In × In : 2⌈un−1

n10
⌉ < l′ − l}.

For all sufficiently large n ∈ N, k⌈βdn2⌉ < 2⌈un−1/n
10⌉ holds and hence Jn,2 is non-empty. By a simple

computation,

Var(Qn) =EQ2
n − (EQn)

2

≤2
∑

l,l′∈In,l≤l′

(E[1Al,n
1Al′,n ]− E[1Al,n

]E[1Al′,n ])

≤2(
∑

(l,l′)∈Jn,1

E[1Al,n
] +

∑
(l,l′)∈Jn,2

E[1Al,n
1Al′,n ]

+
∑

(l,l′)∈Jn,3

(E[1Al,n
1Al′,n ]− E[1Al,n

]E[1Al′,n ])). (6.34)

Lemma 6.10. There exists C > 0 such that for any n ∈ N∑
(l,l′)∈Jn,1

E[1Al,n
] ≤ Cn2 exp(hn2 − 2n) (6.35)

and ∑
(l,l′)∈Jn,2

E[1Al,n
1Al′,n ] ≤ C exp(2hn2 − 4n)× 1

n10
. (6.36)

Remark 11. This Lemma also holds for d = 2 by the same proof.

Proof. First, we show (6.35). By the definition, we have |Jn,1| ≤ k⌈βdn2⌉un−1. Thus, (6.23) yields∑
(l,l′)∈Jn,1

E[1Al,n
] ≤ |Jn,1| ×max

l∈In
P (Al,n) ≤ Cn2 exp(hn2 − 2n).

Hence, we obtain (6.35). To show (6.36), let us introduce additional notations. We define

Ãl,n := {Sl ∈ ∂bR[l + 1, T
⌈βn2⌉
Sl,l

]} ∩ El,n. (6.37)

Note that

Ãl,n = F (l, l, T
⌈βn2⌉
Sl,l

, n),

Ãl,n ∩ {Sl ∈ R(l − 1)c ∩ ∂bR(l)} ∩ {Sl ∈ ∂bR[T
⌈βn2⌉
Sl,l

, un]} = Al,n

68



and

Ãl,n ∈ σ{Sj − Sl : j ∈ [l, T
⌈βn2⌉
Sl,l

]}.

By Remark 10, we obtain

P (Ãl,n) = P (F (l, l, T
⌈βn2⌉
Sl,l

, n)) ≤ C exp((h− 1)n2). (6.38)

We obtain (6.36) as follows: by the definition of Al,n and Ãl,n, we have Al,n ⊂ Ãl,n and Al′,n ⊂ Ãl′,n.
In addition, Ãl′,n is independent of Ãl,n for (l, l′) ∈ Jn,2. Thus,

E[1Al,n
1Al′,n ] ≤ E[1Ãl,n

1Ãl′,n
] = E[1Ãl,n

]E[1Ãl′,n
],

and so by (6.38), ∑
(l,l′)∈Jn,2

E[1Al,n
1Al′,n ] =♯Jn,2 × C(exp((h− 1)n2))2

≤C exp(2hn2 − 4n)× 1

n10
.

Therefore, we obtain (6.36).

Proof of Lemma 6.6 for d ≥ 3. We estimate the last sum appearing in (6.34). To this end, set

A′
l,n :={Sl ∈ R(l − 1)c ∩ ∂bR(l + ⌈un−1

n10
⌉)} ∩ El,n (6.39)

A′′
l′,n :={Sl′ ∈ R[l′ − ⌈un−1

n10
⌉, l′ − 1]c ∩ ∂bR[l′ − ⌈un−1

n10
⌉, un]} ∩ El′,n. (6.40)

Note that

A′
l,n = F0,l,l+⌈un−1

n10 ⌉,n, A′′
l′,n = Fl′−⌈un−1

n10 ⌉,l′,un,n
.

By Lemma 6.7, (6.30) and (6.32), we can estimate P (A′
l,n) and P (A′′

l′,n) as follows: for any l ∈ In and

all sufficiently large n ∈ N with un−1/n
11 ≤ (⌈un−1/n

10⌉ − k⌈βn2⌉) ∧ l

P (A′
l,n) = P (F0,l,l+⌈un−1

n10 ⌉,n)

≤P (T0 ∧ Tb > l)× P (T0 < Tb ∧ k)⌈βn
2⌉ × P (Tb >

un−1

(n− 1)11
)

≤P (Tb = ∞)P (T0 ∧ Tb = ∞)P (T0 < Tb ∧ k)⌈βn
2⌉ +O(exp((h− 1)n2 − cn2)) (6.41)

and for any l′ ∈ In and all sufficiently large n ∈ N with un/n
11 ≤ un − (l′ + k⌈βn2⌉) and un−1/n

11 ≤
⌈un−1/n

10⌉ ≤ l′

P (A′′
l′,n) = P (Fl′−⌈un−1

n10 ⌉,l′,un,n
)

≤P (T0 ∧ Tb > ⌈un−1

n10
⌉)× P (T0 < Tb ∧ k)⌈βn

2⌉ × P (Tb >
un
n11

)

≤P (Tb = ∞)P (T0 ∧ Tb = ∞)P (T0 < Tb ∧ k)⌈βn
2⌉ +O(exp((h− 1)n2 − cn2)). (6.42)
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Therefore, by (6.25), (6.41) and (6.42), we obtain∑
(l,l′)∈Jn,3

(E[1Al,n
1Al′,n ]−E[1Al,n

]E[1Al′,n ])

≤
∑

(l,l′)∈Jn,3

(E[1A′
l,n
]E[1A′′

l′,n
]− E[1Al,n

]E[1Al′,n ])

≤
∑

(l,l′)∈Jn,3

(P (Tb = ∞)2P (T0 ∧ Tb = ∞)2P (T0 < Tb ∧ k)2⌈βn
2⌉

− P (Tb = ∞)2P (T0 ∧ Tb = ∞)2P (T0 < Tb ∧ k)2⌈βn
2⌉

+O(exp(2(h− 1)n2 − cn2)))

≤C(exp(hn2 − 2n))2 × exp(−cn2). (6.43)

By (6.35), (6.36) and (6.43), the right hand side of (6.34) is bounded by exp(2hn2 − 4n)× 1/n10. This
completes the proof of Lemma 6.6 for d ≥ 3.

6.2.4 Proof of Lemmas 6.5 and 6.6 for d = 2

First, we state a lemma that is important for our proof of Lemma 6.6.

Lemma 6.11. There exists C > 0 such that for any n ∈ N and x ∈ Z2 with 0 < |x| < n
√
un−1

P (T0 ∧ Tx > ⌈un
n
⌉) ≤ π

(n+ 1)2
+ C

log n

n4
. (6.44)

Moreover, it holds that for b ∈ N (0)

P (Tb ∧ Tx+b > ⌈un
n
⌉) ≤ π

(n+ 1)2
+ C

log n

n4
. (6.45)

Proof. We prove only the first claim since the second one follows from (6.44) by a similar observation
as in (6.27). Decomposing the whole event by means of the last exit time from {0, x} by time ⌈un/n⌉,
we obtain

1 =

⌈un/n⌉∑
k=0

P (Sk = 0)P 0(0, x /∈ R[1, ⌈un
n
⌉ − k])

+

⌈un/n⌉∑
k=0

P (Sk = x)P x(0, x /∈ R[1, ⌈un
n
⌉ − k]). (6.46)

By the local central limit theorem (see Theorem 1.2.1 in [20]), there exists c > 0 such that for any
k ∈ N ∪ {0}, x ∈ Z2  P (Sk = x) ≥ 2

πk
exp(−|x|2

k
)− c

k2
if k ⇌ x

P (Sk = x) = 0 if k + 1 ⇌ x,

where k ⇌ x = (x1, x2)(∈ Z2) means that k + x1 + x2 is even. Let

γ(n) = P (T0 ∧ Tx > ⌈un
n
⌉) = P (0, x /∈ R[1, ⌈un

n
⌉]).

By the invariance property of Sn under an isomorphism of Z2, for a ≤ ⌈un/n⌉

γ(n) ≤ P 0(0, x /∈ R[1, a]) = P 0(−x, 0 /∈ R[1, a]) = P x(0, x /∈ R[1, a]).
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Note that
∑⌈un/n⌉

k=1
2
πk1{k⇌x} =

∑⌈un/n⌉/2
m=1

1
πm > 1

π log(1 + ⌈un/n⌉/2) holds. Then, by (6.46) we obtain

1 ≥
( ⌈un/n⌉∑

k=1

(
2

πk
− c

k2
)1{k⇌0} +

⌈un/n⌉∑
k=1

(
2

πk
exp(−|x|2

k
)− c

k2

)
1{k⇌x}

)
γ(n)

≥
(
n2

π
− logn

π
− c+

⌈un/n⌉∑
k=⌈n|x|2⌉

2

πk
exp(−|x|2

k
)1{k⇌x}

)
γ(n)

≥
(
n2

π
− logn

π
− c+

⌈un/n⌉∑
k=⌈n|x|2⌉

2

πk
exp(− 1

n
)1{k⇌x}

)
γ(n)

≥
(
n2

π
− logn

π
− c+

⌈un/n⌉∑
k=n3un−1

2

πk
exp(− 1

n
)1{k⇌x}

)
γ(n)

≥ 1

π

(
n2 − log n− c+ n2 − (n− 1)2 − 4 log n− (1− exp(− 1

n
))2n

)
γ(n)

≥ 1

π

(
(n+ 1)2 − 5 log n− c

)
γ(n).

Thus the assertion follows from an easy rearrangement.

To prove Lemma 6.5, we first introduce the following lemma.

Lemma 6.12. There exist constants C, c > 0 such that for any n ∈ N and l ∈ In

P (Al,n) ≤
C exp((h− 1)n2)

n4
, (6.47)

P (Al,n) ≥
c exp((h− 1)n2)

n4
. (6.48)

In addition, for any n ∈ N ∩ {1}c and l ∈ In

P (Al,n) =
π2P (T0 < Tb ∧ k)⌈βn

2⌉

2n2(n− 1)2
+O(

exp((h− 1)n2) log n

n6
). (6.49)

Proof. Since (6.18) and (6.49) yield (6.47) and (6.48), we only prove (6.49). First we introduce the
following estimates: for any M > 0 there exists C > 0 such that for any n ∈ N

π

n2
− C

log n

n4
≤ P (Tb >

un
nM

) ≤ π

n2
+ C

log n

n4
, (6.50)

π

2n2
− C

log n

n4
≤ P (T0 ∧ Tb >

un
nM

) ≤ π

2n2
+ C

log n

n4
. (6.51)

Since we know

P (T0 > n) =
π

log n
+O

(
1

(log n)2

)
(see (2.5) in [15]), the assertion (6.50) follows by a simple calculation of (6.27). For the latter assertion,
we already know a weaker estimate of (6.51) involving only the leading term. (See Lemma 3.3 in [23].)
We can obtain the error term of (6.51) by modifying the proof in [23] along the argument in [15] in a
straightforward way. Thus, we omit the proofs of (6.50) and (6.51). From (6.50) and (6.51), we already
have estimates of each term in (6.21) and (6.22). Indeed, for any l ∈ In and all sufficiently large n ∈ N,
(6.50) yields

P (Tb >
un
n11

) =
π

n2
+O(

log n

n4
), (6.52)

P (Tb > un) =
π

n2
+O(

log n

n4
).
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Since l ∈ In, (6.51) implies

P (T0 ∧ Tb > l) =
π

2(n− 1)2
+O(

log n

n4
). (6.53)

Therefore, by substituting these estimates for the right hand sides of (6.21) and (6.22) we obtain the
desired formula.

Proof of Lemma 6.5 for d = 2. Recall (6.33). Then, (6.8) and (6.48) yield

EQn ≥
∑
l∈In

c exp((h− 1)n2)

n4
≥ c exp(hn2 − 2n)

n4

for any n ∈ N, as desired.

Proof of Lemma 6.6 for d = 2. By the same argument for d ≥ 3, we obtain (6.34) for d = 2. We
consider the estimate of the right hand side of (6.34). The first term and the second term of the right
hand side of (6.34) are already estimated by Lemma 6.10. (Note Remark 11.) To estimate the third
term, we will give a uniform upper bound of P (Al,n ∩Al′,n) for (l, l

′) ∈ Jn,3. Here, uniform means that
the bound is independent of the choice of (l, l′) ∈ Jn,3. Instead of using A′′

l′,n in (6.40) as we did when
d ≥ 3, we use more complicated events. Let

A′′′
l,l′,n := A′′

l′,n ∩ {Sl ∈ ∂bR[T
⌈βn2⌉
Sl′ ,l

′ , un]}.

Recall the definition of A′
l,n in (6.40). By the definition of Al,n and A′

l,n, we have Al,n ⊂ A′
l,n and

Al,n ∩ Al′,n ⊂ A′′′
l,l′,n. Note that A′

l,n is not independent of A′′′
l,l′,n for (l, l′) ∈ Jn,3. Denote the event

0 < |Sl′ − Sl| < n
√
un−1 by D1, and the event |Sl′ − Sl| ≥ n

√
un−1 by D2. Since Sl′ /∈ R(l′ − 1) on

Al′,n, we have {Sl = Sl′} ∩ Al′,n = ∅ for l < l′. Thus, Al′,n = (Al′,n ∩D1) ∪ (Al′,n ∩D2) and therefore
Al,n ∩Al′,n ⊂ (A′

l,n ∩A′′′
l,l′,n ∩D1) ∪ (Ãl,n ∩ Ãl′,n ∩D2) holds. Then, the following holds:

E[1Al,n
1Al′,n ] ≤ (E[1A′

l,n
1A′′′

l,l′,n
1D1 ] + E[1Ãl,n

1Ãl′,n
1D2 ]). (6.54)

Hence, by putting (6.52) and (6.53) into the right hand side of the inequalities given in Lemma 6.7
we can see that there exists C > 0 such that for any l ∈ In and all sufficiently large n ∈ N with
un−1/(n− 1)11 ≤ (⌈un−1/n

10⌉ − k⌈βn2⌉) ∧ l

P (A′
l,n) = P (F0,l,l+⌈un−1

n10 ⌉,n)

≤P (T0 ∧ Tb > l)× P (T0 < Tb ∧ k)⌈βn
2⌉ × P (Tb >

un−1

(n− 1)11
)

≤ π

2(n− 1)2
× P (T0 < Tb ∧ k)⌈βn

2⌉ × π

(n− 1)2
+ C

exp((h− 1)n2) log n

n6
. (6.55)

Taking tha conditional probability of the event A′
l,n∩A′′′

l,l′,n∩D1 on F(T
⌈βn2⌉
Sl′ ,l

′ ) and using (6.55), we see

that for any l, l′ ∈ In,

E[1A′
l,n
1A′′′

l,l′,n
1D1 ]

=E[1A′
l,n
1D11{{Sl′ /∈ R[l′ − ⌈un−1

n10
⌉, l′ − 1],

Sl′ ∈ ∂bR[l′ − ⌈un−1

n10
⌉, T ⌈βn2⌉

Sl′ ,l
′ ]} ∩ El′n}

P (Sl′ , Sl ∈ ∂bR[T
⌈βn2⌉
Sl′ ,l

′ , un]|F(T
⌈βn2⌉
Sl′ ,l

′ ))]. (6.56)
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Note that T
⌈βn2⌉
x′,l < un−1 if (l, l′) ∈ Jn,3. Hence, by (6.45), we see that for all sufficiently large n ∈ N

with un − un−1 ≥ un/n and x, x′ ∈ Z2 with 0 < d(x, x′) < n
√
un−1, it holds that

P (x, x′ ∈ ∂bR[T
⌈βn2⌉
x′,l , un]|F(T

⌈βn2⌉
x′,l ))

=P (0, x− x′ ∈ ∂bR(un − t))|
t=T

⌈βn2⌉
x′,l

≤ max
0<d(x,x′)<n

√
un−1

P (Tb ∧ Tx−x′+b > ⌈un
n
⌉) ≤ π

(n+ 1)2
+

C log n

n4
.

By the inequalities in the last line restricted to x = Sl and x′ = Sl′ , the right hand side of (6.56) is
bounded by

E[1A′
l,n
1{{Sl′ ∈ R[l′ − ⌈un−1

n10
⌉, l′ − 1]c ∩ ∂bR[l′ − ⌈un−1

n10
⌉, T ⌈βn2⌉

Sl′ ,l
′ } ∩ El′,n}]

×
(

π

(n+ 1)2
+

C log n

n4

)
. (6.57)

Moreover, it holds that

E[1A′
l,n
1{{Sl′ ∈ R[l′ − ⌈un−1

n10
⌉, l′ − 1]c ∩ ∂bR[l′ − ⌈un−1

n10
⌉, T ⌈βn2⌉

Sl′ ,l
′ ]} ∩ El′,n}]

=E[1A′
l,n
]E[1{{Sl′ ∈ R[l′ − ⌈un−1

n10
⌉, l′ − 1]c ∩ ∂bR[l′ − ⌈un−1

n10
⌉, T ⌈βn2⌉

Sl′ ,l
′ ]} ∩ El′,n}]

=E[1A′
l,n
]E[1F (l′ − ⌈un−1

n10
⌉, l′, T ⌈βn2⌉

Sl′ ,l
′ , n)]. (6.58)

By substituting (6.20) for Remark 10, we obtain

P (F (l′ − ⌈un−1

n10
⌉, l′, T ⌈βn2⌉

Sl′ ,l
′ , n))

≤πP (T0 < Tb ∧ k)⌈βn
2⌉

2(n− 1)2
+ C

exp((h− 1)n2) log n

n4
.

Therefore, (6.55), (6.57) and (6.58) yield

E[1A′
l,n
1A′′′

l,l′,n
1D1 ]

≤π4P (T0 < Tb ∧ k)2⌈βn
2⌉

4(n− 1)6(n+ 1)2
+ C

exp(2(h− 1)n2) log n

n10
. (6.59)

Now, we turn to the estimate of E[1Ãl,n
1Ãl′,n

1D2 ]. From the large deviation result (see (11) in [21]),

there exist C, c > 0 such that for any n, m ∈ N ∩ {1}c with m ≤ un−1

P (|Sm| ≥ n
√
un−1) ≤ Ce−cn. (6.60)

Thus, by the strong Markov property, we can estimate E[1Ãl,n
1Ãl′,n

1D2 ] for any (l, l′) ∈ Jn,3 as

E[1Ãl,n
1Ãl′,n

1D2 ] =E[1Ãl,n
1D2 ]E[1Ãl′,n

]

=E[1Ãl,n
E[1D2 |F(T

⌈βn2⌉
Sl,l

)]]E[1Ãl′,n
]

=E[1Ãl,n
P (|Sl′−l−t| ≥ n

√
un−1)

t=T
⌈βn2⌉
Sl,l

]E[1Ãl′,n
]

≤E[1Ãl,n
max

|l−l′|≤un−1

P (|Sl′−l| ≥ n
√
un−1)]E[1Ãl′,n

]

=E[1Ãl,n
] max
m≤un−1

P (|Sm| ≥ n
√
un−1)E[1Ãl′,n

]

≤C
exp(2(h− 1)n2)

ecn
. (6.61)
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The last inequality comes from (6.38) and (6.60). Finally, by (6.49), (6.59) and (6.61), we obtain the
following estimate. Since |Jn,3| ≤ (un−1)

2, for any n ∈ N ∩ {0}c,∑
(l,l′)∈Jn,3

(E[1A′
l,n
1A′′′

l,l′,n
1D1 ] + E[1Ãl,n

1Ãl′,n
1D2 ]− E[1Al,n

]E[1Al′,n ])

≤
∑

(l,l′)∈Jn,3

(
π4P (T0 < Tb ∧ k)2⌈βn

2⌉

4(n− 1)6(n+ 1)2
− π4P (T0 < Tb ∧ k)2⌈βn

2⌉

4(n− 1)4n4

+ C
exp(2(h− 1)n2)

ecn
+ C

exp(2(h− 1)n2) log n

n10

)
≤C

∑
(l,l′)∈Jn,3

exp(2(h− 1)n2) log n

n10

≤C

(
exp(hn2 − 2n)

n4

)2

× log n

n2
. (6.62)

The second inequality comes from the fact that there exists C > 0 such that for any n ∈ N ∩ {1}c

1

(n− 1)6(n+ 1)2
− 1

(n− 1)4n4
≤ C

n10
. (6.63)

By (6.35), (6.36) and (6.62), the right hand side of (6.34) is bounded by (exp(hn2−2n)/n4)2× log n/n2.
Therefore, we obtain the proof of Lemma 6.6 for d = 2.

Remark 12. We observe what happens if we try to estimate the third term of the right hand side of
(6.34) in the case d = 2 by the same argument as in the case d ≥ 3. Recall the definition of A′′

l′,n in
(6.40). Then, by substituting (6.20) for Lemma 6.7, we can see that for any l′ ∈ In,

P (A′′
l′,n) ≤

π2P (T0 < Tb ∧ k)⌈βn
2⌉

2(n− 1)2n2
+O(

exp((h− 1)n2) log n

n6
).

Hence, if we choose A′′
l′,n instead of A′′′

l,l′,n in (6.54),

E[1A′
l,n
1A′′

l′,n
] =E[1A′

l,n
]E[1A′′

l′,n
]

≤π4P (T0 < Tb ∧ k)2⌈βn
2⌉

4(n− 1)6n2
+O(

exp(2(h− 1)n2) log n

n10
).

Based on this estimate, we obtain∑
(l,l′)∈Jn,3

(E[1A′
l,n
1A′′

l′,n
]− E[1Al,n

]E[1Al′,n ])

≤
∑

(l,l′)∈Jn,3

(
π4P (T0 < Tb ∧ k)2⌈βn

2⌉

4(n− 1)6n2
− π4P (T0 < Tb ∧ k)2⌈βn

2⌉

4(n− 1)4n4

+O(
exp(2(h− 1)n2) log n

n10
)

)
≤C

∑
(l,l′)∈Jn,3

exp(2(h− 1)n2)

n9

≤C(
exp(hn2 − 2n)

n4
)2 × 1

n
.
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The second inequality comes from the fact that there exists C > 0 such that for any n ∈ N ∩ {1}c

1

(n− 1)6n2
− 1

(n− 1)4n4
≤ C

n9
.

(Compare with (6.63).) Consequently, with the aid of Lemma 6.5, we obtain

Var(Qn)

c2(EQn)2
≤ C

n
.

This estimate is not sufficient to apply the Borel-Cantelli lemma as we did in the proof of Theorem 2.5
in Section 4.1. Thus, we cannot use the Borel-Cantelli lemma here.

6.3 Proof of Theorem 2.6

6.3.1 Proof of the upper bound in Theorem 2.6 for d ≥ 2

Proof. Note that if we substitute βdδ for β in Lemma 6.2, we obtain E[Θ̃n(βdδ)] = O(n1−δ). By the
Chebyshev inequality, we find that for any ϵ > 0, there exists C > 0

P

(
Θ̃n(βdδ) ≥

(
n

2

)1−δ+ϵ)
< Cn−ϵ.

Using the Borel-Cantelli lemma, we see that the events {Θ̃2k(βdδ) ≥ 2(k−1)(1−δ+ϵ)} happen only finitely
often with probability one. Hence, it holds that for any ϵ > 0

lim sup
k→∞

log Θ̃2k(βdδ)

log 2k−1
≤ 1− δ + ϵ a.s. (6.64)

Note that ifK(n, x) ≥ ⌈βdδ log n⌉, for all k, n ∈ N with 2k−1 ≤ n < 2k T
⌈βdδ log 2

k−1⌉
x ≤ n andK(2k, x) ≥

⌈βdδ log 2k−1⌉, and hence Θn(δ) ≤ Θ̃2k(βdδ) holds. Thus, for all k, n ∈ N with 2k−1 ≤ n < 2k, we have

logΘn(δ)

log n
≤ log Θ̃2k(βdδ)

log 2k−1
.

Therefore, with (6.64) we obtain for any ϵ > 0,

lim sup
n→∞

logΘn(δ)

log n
≤ 1− δ + ϵ a.s.

The desired upper bound holds by combining these bounds.

6.3.2 Proof of the lower bound in Theorem 2.6 for d ≥ 2

Proof. We closely follow the argument in the proof of Lemma 4.2 with β = βdδ. Take k and hk as in
section 4.1. Set

Wn(βdδ) = |{x ∈ ∂R(un) ∩R(un−1) : K(un−1, x) ≥ ⌈βdδn2⌉}|.

Note that Wn(βdδ) ≥ Qn holds for any n ∈ N. Indeed, if x ∈ ∂bR(un), then x ∈ ∂R(un). Moreover, if
l ∈ In, then l+ k⌈βdδn2⌉ ≤ un−1 holds for all sufficiently large n ∈ N. Therefore, since we know (6.10)
and Lemma 6.5, we have

P (Wn(βdδ) ≥
1

2
EQn ≥ c exp(hkn

2 − 2n)

n4
for all but finitely many n) = 1.

Let um−1 ≤ n < um. Note that K(um−1,x) ≤ K(n, x) holds for all x ∈ Zd and by virtue of (6.1),
∂R(um) ∩R(um−1) ∈ ∂R(n). Hence, Wm(βdδ) ≤ Θn(δ) holds. Therefore, it holds that

lim inf
n→∞

logΘn(δ)

log n
≥ hk a.s.

Since hk → 1− (βdδ)/βd as k → ∞, the desired result holds, completing the proof.
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[18] Erdős, P., and Taylor, S. J.: Some problems concerning the structure of random walk paths. Acta
Sci. Hung., 11, 137–162 (1960)

[19] Flatto, L.: The multiple range of two-dimensional recurrent walk. Ann. Probab. Volume 4, Number
2, 155–338 (1976)

[20] Lawler, G. F.: Intersections of Random Walks. Birkhauser, Boston (1991)

[21] Lawler, G. F.: Hausdorff dimension of cut points for Brownian motion. Electron. J. Probab., 1,
1–20 (1996)

[22] Lifshits, M. A., and Shi, Z.: The escape rate of favorite points of simple random walk and Brownian
motion, Ann. Probab., 32, 129–152 (2004)

[23] Okada, I.: The inner boundary of random walk range. J. Math. Soc. Japan, Vol. 68, no. 3, 939–959
(2016)

[24] Okada, I.: Frequently visited sites of the inner boundary of random walk range. Stochastic Process.
Appl.,Vol. 126, no. 5, 1412–1432 (2016)

[25] Okada, I.: Exponents for the number of pairs of nearly favorite points of simple random walk in
Z2. Preprint. (2016) (Available at http://arxiv.org/abs/1602.05641)

[26] Okada, I.: Geometric structures of late points of a two-dimensional simple random walk. Preprint.
(2016) (Available at https://arxiv.org/abs/1605.01158)
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