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Abstract. We discuss a strategy of sparse approximation that is based on
the use of an overcomplete basis, and evaluate its performance when a random
matrix is used as this basis. A small combination of basis vectors is chosen from
a given overcomplete basis, according to a given compression rate, such that
they compactly represent the target data with as small a distortion as possible.
As a selection method, we study the - and #-based methods, which employ
the exhaustive search and f;-norm regularization techniques, respectively. The
performance is assessed in terms of the trade-off relation between the distortion
and the compression rate. First, we evaluate the performance analytically in
the case that the methods are carried out ideally, using methods of statistical
mechanics. The analytical result is then confirmed by performing numerical
experiments on finite size systems, and extrapolating the results to the infinite-
size limit. Our result clarifies the fact that the fybased method greatly
outperforms the fj-based one. An interesting outcome of our analysis is that
any small value of distortion is achievable for any fixed compression rate r
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Sparse approximation based on a random overcomplete basis

in the large-size limit of the overcomplete basis, for both the £y and #-based
methods. The difference between these two methods is manifested in the size
of the overcomplete basis that is required in order to achieve the desired value
for the distortion. As the desired distortion decreases, the required size grows
in a polynomial and an exponential manners for the {3- and #-based methods,
respectively. Second, we examine the practical performances of two well-known
algorithms, orthogonal matching pursuit and approximate message passing,
when they are used to execute the - and #-based methods, respectively.
Our examination shows that orthogonal matching pursuit achieves a much
better performance than the exact execution of the f-based method, as well as
approximate message passing. However, regarding the {y-based method, there is
still room to design more effective greedy algorithms than orthogonal matching
pursuit. Finally, we evaluate the performances of the algorithms when they are
applied to image data compression.

Keywords: analysis of algorithms, heuristics, source and channel coding,
statistical inference
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1. Introduction

Information processing based on the sparseness of various data is an active area of
research. This sparseness means that data are typically expressed by a small combina-
tion of non-zero components when a proper basis is used. The significance of sparseness
for information processing had already begun to be noted when principal component
analysis was invented, in 1901 [1]. Low-rank approximation of a matrix is known to be
a useful method of collaborative filtering for recommendation systems [2—4]. In neuro-
science, the sparse-coding hypothesis has gradually been accepted as a method of elu-
cidating visual and auditory systems [5—10]. Recent interest in information processing
with sparse data has been triggered by compressed sensing, since it was demonstrated
that f-norm minimization can give exact solutions in a reasonable time, under appro-
priate conditions [11-14].

In this study, we discuss sparse data processing from a different viewpoint, namely
that of sparse approximation. This refers to a technique of approximately representing
target data by a small number of non-zero elements, the purpose of which is to achieve
a better trade-off relation between the distortion caused by the approximation and the
compression rate [15-24]. We adopt a strategy of sparse approximation that utilizes an
overcomplete basis (OCB), which is also termed a ‘frame’ in the field of signal process-
ing. OCBs contain more basis vectors than the dimension of target data. This means
that a better and smaller set of basis vectors may be chosen to compactly express the
data. Therefore, in terms of the trade-off relation, the OCB-based strategy is expected
to outperform naive strategies such as random projection.

For selecting basis vectors from an overcomplete basis, we discuss the fp- and
f-based methods, which employ the exhaustive search and #-norm regularization tech-
niques, respectively. Our adoption of these methods is motivated by their application
in compressed sensing [25, 26]. Focusing on the trade-off relation, we evaluate the per-
formance of sparse approximation from two different viewpoints. First, we theoretically
analyze the ideal performance that is achieved when the fy- and #-based methods are
performed exactly, by using methods of statistical mechanics. We regard the distortion

doi:10.1088/1742-5468/2016/06/063302 3
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and the compression rate as the thermal averages of physical quantities derived from
partition functions. In the large-system limit, these are assessed by the replica method
and the saddle-point method [27, 28]. In order to validate the results of our analysis,
we extrapolate physical quantities in the limit, from finite-size results obtained using
the exchange Monte Carlo method [29, 30] and quadratic programming. Second, we
investigate the practical performance of the OCB-based strategy. We examine the
performances of two well-known algorithms, orthogonal matching pursuit [31, 32] and
approximate message passing [33], when they are employed to approximately execute
the fo- and 4-based methods, respectively. We also apply the approximate algorithms
to a task of image data compression and evaluate their performances, as a practical
example.

The rest of this paper is organized as follows. In section 2, we set up the problem of
sparse approximation that we will focus on, and explain the fy- and 4-based methods
and related work. In section 3, we analyze the ideal performances of these methods, in
terms of the trade-off relation. In section 4, we discuss the practical performance of the
OCB-based strategy, and its application to image data. In section 5, we conclude this

paper.

2. Problem setting

2.1. Sparse approximation using a random overcomplete basis

Given a data vector y € RM and a compression rate r, the purpose of sparse approximation
is to obtain a sparse representation & € RY using a basis matrix A = (ay, ..., ay) € R¥*V,
while keeping the distortion e caused by the approximation as small as possible. The
compression rate r is defined as the ratio of the number of non-zero components of @ to
the dimension of the data vector. That is,

llz]lo
M )]

where ||-|[o denotes the so-called {g-norm of a vector. The ¢F-norm represents the num-
ber of non-zero elements of a vector, defined as ||v|ly = }_,lvlo, where |v;|, is equal to 0
(v;=0) or 1 (v;=0). We measure the distortion using the mean squared error, as

1 2
e = —|ly— Ax|l,
2Mll'y ll2 2)

where ||-||2 is the ¢>-norm of a vector, defined as ||v|lz = /3, v?. The distortion given by

(2) indicates how similar the approxitame expression A« is to the original data y. Note
that this is different from the reconstruction error, which is often used to measure the
proximity between an original sparse signal £° and an estimated sparse representation
& in research on compressed sensing. For our purpose of an analytical evaluation of e,
we consider the case where the elements of the data vector y are independently and
identically distributed (i.i.d.) random variables from the normal distribution, whose

mean and variance are 0 and 012/, respectively, and together are denoted by /\/’(O,Uz).

doi:10.1088/1742-5468/2016/06/063302 4
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Figure 1. Schematic diagrams of sparse approximation. (a) Naive method.
(b) OCB-based strategy.

The elements of the basis matrix A are also i.i.d. random variables from A0, M ~1).
Then, the matrix A is almost surely of rank min(M, N), and the distortion becomes a
random variable.

If N= rM, the minimization of (2) is nothing but the method of least squares (LS),
and the corresponding compressed vector is easily obtained as

z=A'y, (3)
where A" is the pseudoinverse of A, given by
At = (ATA) AT, (4)

Let us call this the naive method, which is illustrated in figure 1(a). In the large-size
limit M — oo, the corresponding distortion converges to
1—7r 2

€naive — Toya (5)
with probability one. In general, in the limit M — oo certain random variables, such as
¢, have the so-called self-averaging property, and will almost surely converge to their
average values. This enables us to present a clear discussion, and hereafter we focus on
this limit.

On the other hand, for N > rM we have a lot of options in choosing a combina-
tion of rM basis vectors from the matrix, as illustrated in figure 1(b). If the chosen
combination is more suitable for representing the data vector than one that is chosen
randomly, then the distortion becomes smaller than €p,ive. This is the idea behind the
OCB-based strategy. However, this strategy presents the problem of how to choose the
combination of basis vectors. As representative solutions for this problem, we focus on
the ¢o- and #-based methods below.

2.2. Methods

2.2.1. Ly-based method. The basic idea of the /y-based method is to minimize the dist-
ortion by choosing the best combination of rM basis (column) vectors from a given

doi:10.1088/1742-5468/2016/06/063302 )
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s(€)

0 €o €Enaive €

€

Figure 2. A schematic shape of the entropy function. The smaller zero point of
the entropy, ¢y, corresponds to the minimum of the distortion connected to the
best combination of the basis vectors. The point giving the largest entropy value
accords to énaive because the typical combinations of M basis vectors chosen from
a typical sample of M x N random matrices constitute typical samples of M x rM
random matrices.

OCB. More generally, we would like to define the distortion as a function of the chosen
combination of basis vectors, and to control it in a simple manner. This motivates us
to introduce a binary vector ¢ € {1,0}", to store information on whether each basis vec-
tor is chosen (¢; = 1) or not (¢; = 0). We also introduce a distortion, labelled by ¢, with

. 1
(cly, A) — m;n{ oy - At o B } ©

where o is the Hadamard product of two vectors, defined as (v o w); = v;w;. In addition,
we define an entropy function s(e|y, A) to represent the number of configurations ¢ that
give a value of ¢ for the distortion, as follows:

1
s(ely, A) = 77 nGHelielo = rM A e(ely, A) = e}), (7)

where # denotes the number of elements of the following set.

This entropy function is expected to be analytic and convex upward with respect to
¢, and cannot be negative, by definition. A typical shape of the entropy is depicted in
figure 2. There are two zero points in the entropy function and the smaller and larger
ones are denoted by ¢y and €., respectively. The smaller zero point ¢, of the entropy
function, s(€p) = 0, gives the minimum value of the distortion

é0(y, A) = min e(cly, A) subj. to ||c|lp = M. (8)

Hence, our original motivation for introducing the ¢y-based method, to find the mini-
mum distortion led by the best combination of basis vectors, can be achieved through
the evaluation of the entropy function. In addition, the evaluation of the entropy
function is easier than the direct evaluation of ¢;, and moreover the entropy function
provides more information about the space of the variables ¢, which can be useful for
practical applications such as designing algorithms. Thus, the entropy function s(¢) is
the primary object of our analysis in the {;-based method. A similar analysis has been
proposed for examining the weight space structure of multilayer perceptrons [34].

doi:10.1088/1742-5468/2016/06/063302 6
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2.2.2. h-based method. The fy-based method is the most closely matched to the origi-
nal idea of the OCB-based strategy. However, its algorithmic realization of searching
combinations of basis vectors is computationally inefficient, because it requires an
exponentially growing computational cost as the system size N increases. In practical
situations, instead of the {;-based method, a method based on f-norm regularization
can be employed. This motivates us to examine the following #-based method.

Our 4-based method arises from the following minimization problem:

N . 1
é- arg;mn{ Sy - Agl el |. ©

where ||-]|; is the 4-norm of a vector, defined as ||v||; = >_,lvl, with the absolute value
denoted by |-|. The solution of this minimization problem, €, provides useful information
for finding the sparse vector we desire. This minimization problem is equivalent to the
least absolute shrinkage and selection operator, also known as LASSO [35]. The main
benefit of this approach represented by (9) is the computational ease of performing the
minimization. As the objective function of (9) is convex, its minimization can be exactly
carried out with a computational time in O(V?), using versatile algorithms of quadratic
programming. Furthermore, the f-norm term in (9) results in a sparsifying effect in é,
and its coefficient )\ is adjusted according to the compression rate. Namely, A is chosen
so that ||€]lo = rM.

Our aim in the analysis in the {-case is to evaluate the distortion resulting from é
The expression of the distortion is given by

€1 =

1 "
7Y~ AEJ5. (10)
An inconvenience presented by this distortion is that it is not minimized on the set of
basis vectors chosen by é, owing to the presence of the #-norm term. In order to remove
this extra distortion, we determine again the values of the non-zero components by
purely minimizing the distortion, after the support estimation of the sparse vector by
the f-norm regularization. This procedure is described as follows:

) 1 2
= minf Ly - Acéy ot ) D

where ||, of a vector is defined by (|v|,); =|vi|,» This can be carried out by the method
of LS for the sub-matrix of A that is composed of columns corresponding to Ifilo =1
These two quantities, ¢; and elLS, are the objects of our analysis in the £ case.

2.3. Related work

Sparse approximation, which is also known as N-term approximation [17, 18, 36], has
been studied widely in the fields of signal processing, statistics and information theory.
To our best knowledge, the problem of approximating y by a linear combination of a
small number of column vectors of A was first addressed by [15], in which finding the
optimal support (combination of the columns) was shown to be NP-hard. Since then,

doi:10.1088/1742-5468/2016/06/063302 7
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much effort has been made for analyzing properties of approximate algorithms. The
approximation performance of a greedy algorithm termed orthogonal matching pursuit
(OMP) [31, 32] has been examined actively by using various bounding techniques
[21-23, 37, 38]. A sufficient condition that guarantees OMP to successfully find the
optimal support was also provided in [23]. Reference [24] examined the condition for
correctly recovering the true support for the f-based method and matching pursuit
algorithms in the case where ¥ is generated as y = Az’ + n from a true sparse vector
2 € RY and a noise vector n € RM.

All of the above studies offer mathematically rigorous sufficient conditions for guar-
anteeing a certain desired performance. However, empirically, such sufficient conditions
are often overly cautious for explaining results of experiments, and therefore, another
approach is necessary for accurately clarifying the abilities and limitations of sparse
approximation. The aim of this paper is to accomplish this task in the large system
limit utilizing methods of statistical mechanics while the mathematical guarantee of the
obtained results is suspended.

3. Analysis of ideal performance

3.1. Analytical treatment in the limit M - oo

We investigate the limit M — oo, as stated above. For this purpose, we employ some
statistical mechanical tools, which provide useful assistance investigating this limit.
According to the terminology of statistical mechanics, we call the limit M — oo the
thermodynamic limit, and the average over y and A the configurational average, which
is denoted by [-]y,a. In taking the limit M — oo, the aspect ratio of the basis matrix,
a= M/N, is fixed.

3.1.1. ly-based method. A versatile technique of statistical mechanics is to introduce a
generating function Z of an energy function H, called a partition function. This defines
a canonical distribution p. In the ¢, case, we define the energy function, partition func-
tion, and canonical distribution respectively as follows:

8 )
Ho(c; Bly, A) = _l In fdcwefgllyfA(com)IIZ, (12)
B
Zo(p, By, A) = S 6(Mr — ||cll)eHole:0y-4) = Ty o—#Hile:fly. 4), (13)
c C
1
pole; p, Bly, A) = S(Mr — ||ell)eHT(e Sy, A) (14)
ZO(M? 6 I Yy, A)

where fdcxi is equal to fdxi (c;=1)or 1 (¢;=0).
The energy function is related to the distortion of a given basis-vector choice ¢ as
follows:

doi:10.1088/1742-5468/2016/06/063302 8
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1 ..
7 ﬂhj{)lo Ho(c; Bly, A) = e(cly, A). (15)

In addition, (7) means that the number of ¢’s that provide e(c|ly, A) = ¢ is given
as exp(Ms(€|y, A)). In the limit of §— oo, these provide us with another expression
of (13) as

lim Z1, 6y, A) = f deexp(M(s(ey, A) — pe)), (16)

which, in conjunction with employment of the saddle point evaluation for the integra-
tion with respect to ¢, leads to a formula

lim — In Zo(u, Bly, A) = max {s(ely, A) — e} = dy(uly, A), an
B—00 M €0SESEL
where ¢y(u|y, A) plays the role of the cumulant generating function of e. Note that the
maximization problem of (17) that originates from the saddle point assessment of (16)
must be solved on the well-defined region of s, which requires appropriate bounds the
minimum value of distortion ¢y and the maximum value of distortion e,. Overall, we can
calculate the object of our analysis, s(¢), through the inverse Legendre transformation,
once we have obtained ¢,. Therefore, we turn our attention to the calculation of ¢,
The cumulant-generating function has the self-averaging property, as does the
entropy, and we assess the configurational average, given by

Po() = [(ply, A, 4- (18)

We employ the replica method in order to calculate this average, and a detailed analy-
sis is provided in appendix A. Under the replica symmetric (RS) ansatz, which may not
be appropriate, ¢y(u) is evaluated as

Po(p) = extr lln L x . M((H—Ui)
0 & |2 1+x+m@—¢q 21+x+m(Q—q)

+ %(fwr QQ — Xx + @q) +l szln(l + Y)}, (19)
il o

where extro{-} denotes the operation of extremization with respect to O, @0 =
AA A A dz _ 2
{Q7X7Q7T7 Q’X7Q}7 andeZ:f\/%e 2,andwe set

=N

22

X+Q ~57+3

Y= |5——e Q+d (20)
Q+4q
By applying the extremization condition, we obtain the following equations of state
(EOSs):
2
A o, +q
A 2 Yy
X =M + 5 21
{(1+x)(1+x+uA) <1+x+uA)2} (1o

doi:10.1088/1742-5468/2016/06/063302 9
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o= 1 oyt
H L+x+pA A+ x+pA?) (215)
o, ot 10
S Ny ‘
1 Y
r:;;fDﬂﬂ_Y, (21d)
_
X_>3+Q’ (21e)
X—q 1 q 2
Q=r S Y + ——=— | Dzz ,
X+ OO+ D ch+®%f 1Y 1)
_l—cj sz zz(—Y )2
Aty 1+v) 19

where we write A = @) — ¢. From the EOSs, we obtain some simple and general rela-
tions, which we summarize here for later convenience:

oA
X+Q——1+X, (22a)
A T
+ :—,
it T (22b)
X—q= 1A 22
A+ 00+ x+ D) (229
. T
A p—— (22d)

The relation involving the entropy, (17), enables us to employ a convenient parametric
form of e(u) and s(u) = s(e(u)), and (21) and (22) allow us to simplify e(u), as

_ OPy(1) X
e(p) = o o (23)
s(p) = Qo(p) + pe(p). (24)

The explicit form of s(u) is not enlightening, and therefore we omit it. As the value of
w1 is increased from p = 0, the point of (¢, s) moves along the entropy curve from the
maximum point (u = 0) in the direction of decreasing the distortion (u > 0) as shown in

doi:10.1088/1742-5468,/2016/06/063302 10
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figure 2. When the entropy curve crosses the zero-entropy line at v = f, the minimum
distortion is given by

e0 = €(jip). (25)

Here, we make a technical remark on the derivation of (19). In contrast to the
usual prescription of the replica method, we require two different replica numbers for
the present analysis, because we have two different integration variables,  and ¢, in
the calculation of ¢,,. Using (15) and (18), and introducing a variable v = u/3, we can
rewrite @y(1t) as

1 1M 2\ V
= lim —| 1n TI‘( fdchQVHyA(coa:)lb) ]
¢0(:u’) v—0 MI: c yA

— lim 1imiln[{Tr( f dcaze—%’illy—A@w)"?) } ] . (26)
n—0v—0 Mn c y, A

In the last line, we use the replica identity [In X1, 4 = lim,_ 4(1/n) In[X"], 4. We iden-
tify n and v as the two replica numbers, and assume that they are natural numbers,
which enables us to expand the powers and to calculate the configurational average.
The remaining calculations follow the usual procedure of the replica method, and we
assume the RS ansatz in the order parameters.

Our present framework in calculating ¢, is actually similar to the one-step replica-
symmetry-breaking (1IRSB) ansatz. In this identification, v is identified as the 1RSB
breaking parameter (usually written as m), and each configuration of ¢ corresponds to
a pure state in the 1RSB free-energy landscape; the entropy can be regarded as com-
plexity. The analytical results obtained on the basis of RS assumption will be justified
later, in a comparison with numerical calculations.

3.1.2. f-based method.
Derivation of €. Similarly to the case of the {;-based method, the energy function,
partition function, and canonical distribution of the 4 case are defined respectively as

1
Hi(&ly, A) = 5”'!/ - AS”% + A€, (27)
Zi(u, K|y, A) = f dg e HHEly A el €l o8)
1

o~ H(H(E |y, A+ 1 €ll)

(& 1, Ky, A) (29)

B Zl(ua ’i|y7 A)

The parameter x is introduced for technical convenience in evaluating the compression
rate r, and the limit of k — 0 is taken in the end. The energy function H; is exactly the
object for the minimization in (9). We also introduce the averaged free-energy density,
given by

1
fl(luﬂ K) = _M_,u[ln Zl(,“? ’%Iy7 A)]y,A? (30)

doi:10.1088/1742-5468/2016/06,/063302 11
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which plays the role of the cumulant-generating function that is given by ¢, in the ¢
case. In the limit y — oo, the minimizer of the energy function becomes dominant in
p1, and we focus on this limit. Any quantity of interest can be calculated from f;. For
example, the compression rate r and the distortion ¢; are calculated as

.. 0
r = lim lim a—fl(u, K), 31)

pn—o0o k=0 OK

0 0
= lim |1+ pu— — \— 0).
é ﬂ:rrolo( +“au a,\)fl(“’ ) (32)

An analytically compact form of f; is assessed by using the replica method in the
limit M — oo, through the replica identity, as

. 1 n
L, k) = — lll_r)r(l) Man In[Z1(u, £y, A, 4 - (33)

As in the £y case, we assume the replica-symmetric solution. The details of the neces-
sary calculations are presented in appendix B. The result is given by

A

1P+o, 1 . xp( P )
00, k) = extrq — — —(PP—x — _| (1 + 20,0 )erfc(6,) — 0 ——e |},

(34)

where ©; = {P, Xp» P, Xph b = Ai\/z_;ﬁp, and erfc(-) is the complementary error func-
P

tion, defined as erfc(x) = % f *dte~*". The extremization condition gives the following

EOSs for the present case:

:

P+ oy
P (1 4 Xp)?’ (35(1)
A 1
P = ;
1+ x, (35b)
1 kP 2 _p
= —|erfc(d,) + |— —e "+,
Xp b + X, V7 ] (35¢)
P= Xy (1 + 26,0 )erfc(d,) — 0 le_gi) + R erfc(0,) 35
ab? - RO aP e (350)
By using (31) and (32), we obtain
r= lerfc(@) (36)
«
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2 -
1P+o, 1 4 Xp 2
6= — — =(PP—x,x,) — —A((l — 20%)erfc(d) + ——e ), 37
214y, 2 P 90 P JE 57
A . .
where 6 = N In addition, a simple formula
—_— 1 9}
a5 X (38)
is derived from the EOSs of (35) in the limit of x — 0, and a useful relation
o
Xp 1_ (39)

which is similar to (22d), is offered by (35) and (36).

Derivation of e{‘s. We also evaluate E%S, as defined in (11). The computations are
rather technical, and there we defer the details to appendix B. Here, we present an
outline of the analysis, and the result.

Again, we use the energy function defined in the ¢, case, but here the argument is

||y, determined by pi(§). Thus, we obtain
1 B adelem?
HO(‘&’OQ ﬂ‘ya A) - —B In fd‘ﬂome 2 ly—AdEl )”2_ (40)

Since the vector £ is drawn from p;, we calculate the average value of (1/M)H(|&|,)
over pp, in addition to the configurational average. Taking the limits of u — oo and then
0 — oo afterward, we obtain the desired distortion 61LS as follows:

et = tim tim | [d€ pic& 1 0ly, 1€l Sly, )]

1
B—o0 p—oco M (41)

y, A

By utilizing the replica method again, we can calculate this. We defer the details of the
calculations to appendix B, and here write down the resultant formula:

2
LS 1P+0§[ X ] _C+U?2J Xe lQ—i_O-Z

€1 :ethSr —
o, 21+ x,\1+x, I+x,1+x, 21+,

A 1 A

A A A A A2 A2 A2
- X g Xe O 4909 ferteoy o] e - C | e | (42)
20(62 Xp Xp P P P P ﬁ

where ©; = {C, x,, @, x,, C, X @ X}, and 0 = \/;f One point to remark on is that
%,

we should not take the extremization condition with respect to ©; = {P, Xps p, Xp} in

this expression. Instead, we should substitute the extremizer of (34) into it. Applying

. . .- . <LS .
the extremization condition with respect to ©  gives
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. P+0§ X, ? C’—i—ai X, Q+a§
Xy = 5 -2 5 + 5 (43a)
A+x)"\1+x, A+x)1+x, d+x)
A 1
=7 . (43b)
R P+o? X C+o2 1
= T T T T (150
+x, A+ x,) +X, 1+ X,
A 1 X
O - — . 9
I+x,1+x, (43d)
X, = L erfc(0)
% [(R L% C ¢ Lo 2
Q= 112 74—2¥—A—|—(1—|—202) — |erfe(®) + 0 A—;— = = e,
aQ \\ Xp Xp P P Xp P VT
(43/)
1 C e 2 g
X, = —| — Zerfe(§) + 022", (439)
C=— XpA —%L 1+ 292)% erfc(6) — 0%19,‘92 . (43h)
al) X, P P PN
From the EOSs, we can obtain the following simple relations:
—_— T. —_—
X, = 1 — Xp» (44a)
G=P=—
I Xp, (44b)
1,
glLS = —Xq_ (440)

2

We now make some comments regarding the derivation of (42). In order to calculate
the configurational average, we are required to deal with two different factors, Z; in
p1 = (1/Z))e *", and the logarithm in Hy. Correspondingly, as in the ¢, case, we intro-
duce replicas of two different kinds: n replicas to handle 1/7;, and v replicas to handle
the logarithm. Using them, we can rewrite (41) as
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B 2\’
G{JS = lim lim lim lim — 1 In| Z}" Y, Oly, A) fdﬁe‘“”l(g'y’A)( fd|5|oa:e2”?/*4('5'0090)”2) .
MpBv A

f—o00 p—o00n—0r—0
(45)

It is now possible to calculate the configurational average by assuming n and v are nat-
ural numbers, and we can follow the usual prescription of the replica method. However,
there remains a technical point concerning the limits n— 0 and v — 0 in the present
formulation. The region around n = v =0 has an unusual property. The extremiza-
tion condition with respect to the order parameters yields several different solutions.
Among these solutions, by employing a versatile tool of spin-glass theory to analyze a
probabilistic model conditioned by another probabilistic model, called the Franz—Parisi
potential, we should choose the one analytically connected to ©; in (34) in the limit

v— 0. This is achieved by the remark given below (42) [39].

3.2. Numerical validation using simulations on finite M

3.2.1. ly-based method. We examine the analytical results, using numerical simula-
tions of finite-size systems. When M is sufficiently small, we can obtain the cumulant-
generating function ¢, by exhaustively searching all possible combinations of basis
vectors. In cases where M is less small, we use the exchange Monte Carlo (MC) method
to sample basis vector combinations obeying the canonical distribution at various
temperature points [29, 30], and then estimate the cumulant-generating function ¢,
using the multi-histogram method [40].

In all simulations, we set a = 0.5 and 012/ = 1. We treat two values of r equal to 0.2
and 0.4. In the case of r= 0.2 (0.4), we calculate cumulant-generating function values
at 15 temperature points, which are distributed according to the geometric progression
in the range between 1 and 10 (between 1 and 35) in the value of . We conduct the
exhaustive search for M < 25 (15), and use the exchange MC method for larger M. The
configurational average is calculated by taking the median over 1000 different samples
of (y, A). The error bars are estimated by the Bootstrap method.

The procedure for our MC method will now be explained. At every temperature
point, we randomly choose the initial vector ¢ among those satisfying ||c|lo = rM.
For r= 0.2, the number of MC steps required for thermalization and sufficient sam-
pling is 2,3,4,7,10 x 10* for M = 30, 35, 40, 45, 50, respectively, while for r= 0.4 it
is 2,4,8,15,30 x 10* for M = 20, 25, 30, 35, 40, respectively. The first half of the MC
steps are discarded for thermalization. One MC step consists of two parts. First, updat-
ing once at every temperature point, and then exchanging once between every pair of
neighboring temperature points. In each update of ¢, we randomly choose one index
i such that ¢;=1 and another j such that ¢;= 0 to flip into the opposite state. That
is, we set ¢;=0 and ¢;= 1, and accept or reject this trial according to the Metropolis
criterion based on the energy values calculated from Hg (12). The Metropolis criterion
is also used in the exchange of ¢s of different temperature points.

The results of the numerical simulations are presented in figure 3. Figure 3(a) shows
the results of the cumulant-generating function value at © = 1. On the vertical axis, the
circles represent extrapolated values from finite-size results. The extrapolation lines are
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given by the linear regression using an asymptotic form ¢y~ a+ bM 1+ cM ln ML
The regression is conducted by employing the method of least squares, as follows:

1 1 1, 1 2
?bncl %:(a—l— bM + v, In v ¢O(M)) . (46)
The asymptotic form is based on the Stirling’s formula and is exact at u = 0, which
motivates us to use the form even for p=0. The cumulant-generating function and
entropy density in the limit M — oo are presented in figures 3(b) and (c), respectively.
The lines represent the analytical results. The circles represent the extrapolated values
from the numerical results. The analytical solutions are seen to be consistent with the

numerical ones. Hence, the numerical results clearly validate the analytical results in
the ¢¢-based method.

3.2.2. fi-based method. Similarly to the case of the {y-based method, we examine the
analytical results of the f4-based method by performing numerical simulations on finite-
size systems. We carry out the f-norm regularization using quadratic programming,
and evaluate the distortion before the method of LS, ¢;; the distortion after the method
of LS, 6{“8; and the compression rate 7.

The values of a and 05 are fixed as a = 0.5 and az = 1 for all simulations. We treat

two values of A equal to 1 and 2. We calculate (9) and (11) using quadratic program-
ming and the method of LS for M = 50, 100, ..., 250.

The results of the numerical simulations are shown in figure 4. Figures 4(a)—(c)
plot the numerically evaluated distortion before the method of LS, distortion after the
method of LS, and the compression rate, respectively, against the system size M. On
the vertical axes, the circles and crosses represent extrapolated and analytical values in

the M — oo limit, respectively. The extrapolation lines are given by the linear regression
using the asymptotic forms e~ a+ bM L, e~ c+ dM 1, and ra e+ fM L. We see
that the analytical solutions are very close to the extrapolated values. This correlation
clearly demonstrates the reliability of the analytical results.

3.3. Comparison in the trade-off relation

We compare the ideal performance in the M — oo limit for different methods in terms
of the trade-off relation between the distortion and the compression rate. Figure 5(a)
shows the trade-off relations in the case of a = 0.5. We see that both of the OCB-based
methods achieve a better trade-off relation than the naive one. In the OCB-based strat-
egy, the fy-based method significantly outperforms the 4-based one, even if the method
of LS is operated after carrying out support estimation by the f-norm regularization.
We attribute the inferiority of the f-based method to the regularization term. Indeed,
as shown in figure 5(b), the regularization term is necessary to decrease the rate, but
it distorts the original purpose of minimizing the distortion, as clearly seen from (27).
For a further comparison of the OCB-based methods, figure 6 shows the trade-off
relations where different values of a control the degree of overcompleteness. Figures 6(a)
and (b) present the results of the /- and #-based methods, respectively. In the #-based
method, the method of LS has been operated after the support estimation. Both methods
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Figure 3. Cumulant-generating function ¢, and entropy density s of the {;-based
method with 05 =1, a=0.5, and r=0.2, 0.4. (a) Plots of numerically evaluated

¢o at p = 1. The lines are given by the linear regression. On the vertical axis, the
circles and crosses represent the extrapolated and analytical values in the M — oo
limit, respectively. The lengths of the error bars are comparable to the sizes of
symbols. (b) Plots of ¢, in the M — oo limit. The lines and circles represent the
analytical and extrapolated values, respectively. The lengths of the error bars are
comparable to the sizes of symbols. (¢) Plots of s against € in the M — oo limit.
The lines and circles represent the analytical and extrapolated values, respectively.
These are calculated from the values of ¢, in (b).

(a) (b) (c)

0.5 0.4 0.4

0.35] 0.35

0.4 5— — s b e — 0 — 0
r=2 0.3 r=2 0.3 r=1

0.25] 0.25
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03 L
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0287 —e y—oeo—0o
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0% 0.005 0,01 0.015 0.02 % 0.005 0.01 0.015 0.02 % 0.005 0.01 0.015 0.02
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Figure 4. Plots of numerically evaluated values of the -based method with 05 =1,
a = 0.5, and A = 1,2. The extrapolation lines are given by the linear regression.
On the vertical axes, the circles and crosses represent the extrapolated and
analytical values in the M — oo limit, respectively. The lengths of the error bars
are comparable to the sizes of symbols. (a) Distortion before the method of LS, ;.
(b) Distortion after the method of LS, elLS. (¢) Compression rate, 7.

achieve a better trade-off relation as the degree of overcompleteness increases, or «
decreases. Another interesting observation is the superiority of the fy-based method
compared to the f-based one, regardless of the degree of overcompleteness.

3.3.1. In the large limit of the degree of overcompleteness, « — 0. From figure 6 we
see that the distortion becomes smaller as « decreases, both for the {y- and #-based
methods. An interesting question is whether the distortion vanishes or not in the limit
a — 0, or more quantitatively, how e is scaled by « in the small limit.
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Figure 5. Results of the analysis in the M — oo limit with ai =1land a=0.5. (a)
Trade-off relations of the naive, {y-based, and #-based methods (before and after

the method of LS). (b) Relation between the rate and the regularization coefficient
in the #-based method.

Deferring the detailed calculations to appendix A.2 and B.2, here we summarize our
analytical results on the behavior of ¢ in the limit o — 0

0o i — 0, (47)
L 252 — 0(1

61—>§( —r)o, = 0(), (48)

e |lnal - 0. (49)

The asymptotic behaviors of ¢y and elLS are examined using numerical solutions of the
corresponding EOSs, (21) and (43a-43h), in figure 7. Our analytic formulas show an
excellent agreement with the numerical results.

We stress the consequence of (47)—(49). First, they give a firm indication that it is
reasonable to apply the method of LS after the #-norm regularization, which is heuristi-
cally employed in related problems such as compressed sensing in practical situations.
The difference in (48) and (49) indicates that the method of LS actually diminishes the
distortion, and even eliminates it in the ideal limit o — 0, which never happens with
only the use of f-norm regularization. Second, (47) provides a general bound for the
computational cost of searching the appropriate basis vectors. From (47), given a target
value of the distortion ¢ and some data on the length M, the required size Nq(€, M) of
the basis matrix to achieve this distortion value is scaled as

Noeg(2, M) o M2~ 2. (4) (50)
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Figure 6. Trade-off relations at various values of « in the case of af/ =1 (a)
Results of the fy-based method. (b) Results of the #-based method (after the

method of LS). For both the methods, against a fixed r, the distortion ¢ becomes
smaller as a decreases.

This grows in a polynomial manner as the target distortion value € decreases, and
the exponent of the polynomial negatively grows as the compression rate r decreases.
This quantitative information will provide a theoretical basis in designing algorithms.
Finally, (49) manifests the limit of the #-based method. The size N required to
achieve the target distortion ¢ in this case is scaled as

Neeq(2, M) oc Méz, (6 + LS). 1)

This grows exponentially as é decreases, which is considered to be reasonable. If it were
a polynomial, versatile algorithms exactly solving the #-norm regularization could be
applied to solve the problem with a computational cost of a polynomial order of the
system size and the precision, which is believed not to be possible. However, (51) can
still be useful, because it provides a quantitative comparison between the data size M
and the acceptable distortion ¢ in an unified manner.

4. Examination of practical performance

4.1. Algorithms and their performances

A lot of computational time is required to conduct the exhaustive search used in
the {y-based method. However, it is considered that certain greedy algorithms might
work well for practical applications. Orthogonal matching pursuit (OMP, figure 8) is
a greedy algorithm that may be suitable for the present purpose [31, 32]. OMP only
requires a computational time of order O(M?) for the current purpose. We compare the
performance of OMP with the ideal performances of both the /- and #-based methods.
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Figure 7. Plots of ¢ against « in the small « limit, derived by solving (21) and
(43a—43h) numerically. The left panel represents €y, and the right panel represents

6{“8. The lines are the fits based on our analytical formulas, (47) and (49), and these
show excellent agreement with the points obtained by the numerical evaluations.

In addition to OMP, we also examine approximate message passing (AMP, figure 9),
as a representative algorithm carrying out the #-norm regularization. From the view-
point of quadratic programming, #-norm regularization is solved exactly using versatile
algorithms, which require a computational time of order O(M?). In contrast, AMP only
requires a computational time of order O(M?) per update. Despite the low computa-
tional cost, AMP is known to be able to recover the results of those versatile algo-
rithms, in certain reasonable situations [33]. The present case, where the basis matrix
A and the data vector y are generated from i.i.d. normal distributions, is expected to
be one such situation. Hence, we can fairly compare the result of AMP with the ideal
performance of the f-based method, and therefore with that of OMP.

We evaluate the performances of OMP and AMP when they are employed for

sparse approximation with the OCB-based strategy. We examine the case with 0’; =1

and a = 0.5. Figure 10 presents the results of the performance evaluations of OMP and
AMP. Figure 10(a) shows the results for finite-size systems, namely M = 50, 100, ..., 250,
and the extrapolation by the linear regression using an asymptotic form of e~ a + bM ~L
The compression rate is set to 7= 0.5 when evaluating OMP, and the regularization
coefficient \ is set to 0.65 when evaluating AMP, so that r~0.5. We evaluate the
performance of AMP based on the distortion after the method of LS. In figure 10(b),
we compare the extrapolated performances of OMP and AMP at various rates with
the achievable trade-off relation analyzed in section 3. The AMP result compares
well with the ideal performance of the f-based method, while that for OMP does not
reach the ideal result of the {y-based method. However, a notable finding is that OMP
considerably outperforms the 4-based results. This motivates the exploration of bet-
ter algorithms for the ¢y-based method, in the context of sparse approximation. Such
exploration is currently under way.

4.2. Application to image data

We investigate the performance of sparse approximation, when it is applied to a task
of image data compression. We compress image data composed of 256 x 256 pixels. The
experimental procedure of compression is as follows. First, image data are normalized
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Input: a data vector y, a basis matrix A, a rate r.
Initialization: £©) =0, U = {1,2,...,N}, S© = 0.
Iteration: repeat from n = 1 until n = rM:

n-1),

r=y— Ax!

j = arg max {|agr|},
keU\S(n—1)

S = §n=1) y {5},
x(") = arg min{|ly — Azx||s} subj. to supp(x) C S™),

Output: a sparse vector & = x("™) .

Figure 8. The procedure of OMP. & is the empty set. supp(-) is the support set.

Input: a data vector y, a basis matrix A, a regularization coefficient \, a tuning
parameter §.

Initialization: (© =0, x(© =0, r0 = y.
Iteration: repeat until convergence at n = n:

Q= T
r(n) — (1 _ Q)r(nfl) + Q(y _ Am(nfl))v
h=ATr® 4 Qg1

X = (1= D 4 55 3, 01 il = ),

2 =(1-08)z" 4+ d&sign(hi)(hil = NO(Jhi| = &) fori=1,...,N.

7

Output: a sparse vector & = (™).

Figure 9. The procedure of AMP. sign(-) is the sign function. ©(-) is the Heaviside
step function.

so as to set the mean and variance to 0 and 1, respectively. Next, 256 x 256 pixels are
randomly permuted, in order to obtain 1024 column vectors, whose dimension is 64.
Following these operations, the data can be regarded as random numbers with a mean
and variance of 0 and 1, which approximates the properties of the data to the situation
which we have already studied theoretically and numerically. Finally, setting = 0.5,
we compress each of the column vectors into a sparse vector by using a 64 x 128 ran-
dom matrix, namely o = 0.5. We examine the performances of OMP and AMP. When
applying AMP, we set the regularization coefficient to 0.65, so that r~0.5, and the
method of LS is operated after the support estimation by the f-norm regularization.
The results of experiments are presented in figure 11. Although OMP requires a com-
putational time that is several times larger than that of AMP, OMP outperforms AMP
in terms of appearance and peak signal-to-noise ratio (PSNR), defined as
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Figure 10. Performances of OMP and AMP in the case with 032/ =1and a = 0.5.
The performance of AMP is evaluated after the method of LS. (a) Plots of the
numerically evaluated distortions in the case of r=0.5. The extrapolation lines
are given by the linear regression. On the vertical axis, the symbols represent
extrapolated values in the M — oo limit. The lengths of the error bars are comparable
to the sizes of symbols. In OMP ris set to = 0.5, and in AMP ) is set to 0.65,
so that r~ 0.5. (b) Trade-off relations in the M — oo limit. The circles and crosses
represent extrapolated values of OMP and AMP, respectively.

255
PSNR = 10log;, - ,
s — LY 62
where I = {I;} and I= {fl-j} represent an original image and a sparse-approximated
image, respectively, and N is the number of image pixels.

If the scope of application is limited to image data compression, more convenient
bases, such as a discrete wavelet transformation, will achieve much better results in
the performance and computational time [41, 42]. However, in general contexts it is
not easy to find a proper basis for sparse approximation in advance. A solution to this
problem is to use blind compressed sensing and related techniques such as dictionary
learning [43-45], but the computational costs are rather high. Our OCB-based strat-
egy may overcome this difficulty, because it avoids the learning of the dictionary by
preparing many candidates for basis vectors and choosing a suitable combination. Our
theoretical analysis and numerical experiments positively support this possibility.

5. Conclusion

In the present paper, sparse-data processing has been discussed from the viewpoint of
sparse approximation. We have focused on a strategy of sparse approximation that is
based on a random OCB, and have explored the abilities and limitations of the {;- and
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()

Figure 11. Application of sparse approximation with the OCB-based strategy to
image data compression. The degree of overcompleteness is a = 0.5. (a) Original
image data. (b) Sparsely-approximated image data obtained using OMP. The
compression rate is 7= 0.5. PSNR is 28.2. The time required is approximately 55 sec.
(c) Sparsely-approximated image data obtained using AMP. The regularization
coefficient is A = 0.65, so that r=~0.5. The AMP-based sparse representation is
given after the method of LS. PSNR is 22.9. The time required is approximately
4.5sec. Copyright Playboy Enterprises, Inc.

f-based methods. We have analyzed the ideal performances of these methods in the
large-system limit in a statistical-mechanical manner, which has been validated by
numerical simulations on finite-size systems and their extrapolation to the infinite-size
limit. Our results have indicated that the {y-based method outperforms the naive and
#-based methods in terms of the trade-off relation between the distortion and the com-
pression rate. A notable result is that any small distortion is achievable for any finite
fixed value of the compression rate, by increasing the degree of overcompleteness, for
both the /- and 4-based methods. This result allows us to determine both the theor-
etical limit of the OCB-based strategy and the limit for practical algorithms based on
the 4 regularization. In addition, it provides a firm basis for the use of the method of
LS after the 4 regularization, which is frequently applied in related problems such as
compressed sensing in practical situations.

In addition to the ideal performance analyzed in section 3, we also investigated the
practical performance of our strategy in section 4. We evaluated the performances of
OMP and AMP as algorithms to approximately perform the £y- and 4-based methods,
respectively. Our evaluation showed that OMP surpasses both AMP and the exact
execution of the f-based method, in terms of the trade-off relation. This suggests that
greedy algorithms are more suitable for sparse approximation using our strategy than
convex relaxation algorithms, although there is still room to design more effective greedy
algorithms than OMP. We are currently undertaking further research in this direction.

We considered the application of our method to image data compression, as a prac-
tical example, and evaluated its performance when OMP and AMP are utilized. OMP
outperforms AMP in appearance and PSNR, although OMP requires a computational
time that is several times larger. In order to efficiently decrease the computational time
of our strategy, it is important to find a proper basis. This suggests the use of some
prior knowledge in constructing the overcomplete basis. Some further possibilities, such
as combining our methods with dictionary learning, are still open, and would be inter-
esting to address in future work.
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Appendix A. Calculations for the 4y-based method

A.1. Derivation of ¢,
Based on (26), we define

Vo, v, 1) = %hl[{rl;r( I dcme%%"yf‘(cow)“i)y}] . (A1)

Yy, A

The cumulant-generating function ¢, is recovered from v, as ¢y(u) = lim,, , o(1/n)bo(n, v, ).
When (n, v) are positive integers, we obtain

Yo(n, v, 1) = i ln Tr Tr [e 95 2 s e = X Al )] ) (A.2)

{c"Hz"}{c"} y,A

where Treoy =T[0_; > 6( -, c) and Trgoyen =110, [T 1fd ™. Let us
introduce the variables s;" = 3=, Ajiciz{" and Quass) = iZ-(c )(cb bﬂ) According to

the central limit theorem, we regard the variables {s “1 as random variables that follow
a zero-mean multivariate normal distribution, Wlth covariances [s}"s b’@] A4 = 0k Quan)v)-
Using these variables, we obtain

M
Yo(n, v, 1) = L InTr Tr Tr([eQLLZa 2 ys‘w‘)2:| ) ) (A.3)
M {eHzm){e) Q {s"}Q

where Trg = .09 | dQ(m)(bﬂ)(s(MQ(m)(bﬁ) S (i) (e ”ﬁ)) and the brackets [-], (s} |Q

denote the average over y and s, which is conditioned by the variance Qa3 as
explained above.

After introducing the Fourier representation of the delta function, 8(-) f dX eg('),
the saddle-point method is employed to obtain

'u a2
Yo(n, v, ) = extr ln[e—g Doy )] n Z—T
% {s}Q 2 2

T pa Q(om(bd)
Z Q(w)(bﬁ) Q(m)(bﬁ)—l——lnz Tr e 2092t (c"z)(c'z"?) ,
(aa) oy 2 [ Lz 1{e?)

(A.4)
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where © = {Q, 7, Q). For the extremizer, we search the subspace with (Q(aa)s8), Qraa)v5))
equal to (Q: Q) (CL = b7 a = ﬁ)) (q17 _6_71) (CL = ba o= /8)7 or (Q(h —(jo) (CI,I b); with 'Fa =T.
This is the RS in the present formula of two replica numbers n and v. Then, we obtain

, 2\ V\"
Yo(n, v, 1) = eXtr{ln nyDw(va (fDute;(”yy\/%qulqo”VQ‘h“)) )
o

1 1 ~ 1 1
+ Em’r—i- EanQ - Enl/(y —Dqrq1 — En(n — D *Gogo

+lln sz( thZ(Tre;/c
a C

~ v\ "N

Q—g & cx?+ t\/ﬁ cx+z\/%cx (A5)
zle ’
where ©¢={Q, q1, g0, 7, Q, 1, Go} and Try.= fdcx. We assume that (A.5) is true not
only for positive integers (n,v) but also for real numbers (n,v). In taking the limits
(TL, V) - (07 0)7 we introduce X = ﬂ(Q_ ql)a q = qo, r= f? Q = V(Q + C71) - V2517 XA = VQ(jla
and § = 12§y, which are assumed to be of the order O(1) in these limits. Following some
straightforward calculations, the replica identity is given by

%WZMMﬁWwwL (A.6)

n—>0v—
thus yielding (19).

A.2. The limit a — 0 in the £ case

We examine the behavior of the zero point of entropy, ¢y, in the large-size limit of the
basis matrix, o — 0. The parameter p corresponding to the zero point €y, 1, can be
formally written using (23) and (24), as

B (N O B SRS E L GRS | 1o(q+ o3)
B0 oy 2|2 Tt xtud 2T+ +md
A 1.1 4 !
+l(f~r+c§c2—ix+qq]+lszln[1+ >§+Qe2”2@+ﬁzg] . (A.7)
2 Ho o Q+q

A numerical calculation indicates the behavior of u, = coasa — O,WhileQ, d, Q, q,x ~ O(1)
are kept finite. We will determine the scalings of the relevant variables for o — 0 so as
to agree with these observations. A crucial observation from (21d) is that the factor Y
should vanish, in order to cancel the vanishing «, yielding

. T
Ly o4t — oq) :»{ )
(07 (07 0

5 (A.8)

where we introduce an exponent p controlling the divergence speed of # and . Since we
assume the divergence of 115, p must be larger than unity. The value of p is determined
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by solving (A.7) in a self-consistent manner. The scaling of the remaining order para-
meter Y is determined by

2
+
)2_),%(04) + 1 Uy—>oo

A.
TR (A.9)

Now, we know all of the scalings of the order parameters, and can reduce (A.7) to the
dominant part, as

o q+o§
fo 4
1 Itx & (A.10)

0 2prina + In(1 + x + pA)

By solving this in the leading scaling, we obtain

1 e+

iy~ a 2155 4+ O(L). (A.11)

By inserting (A.9) and (A.11) into (23), we get (47)

Appendix B. Some calculations for the /-based methods

B.1. Derivations of f; and 6{‘8

Based on (45), we introduce

g 2)”
rl/}l(n7 V, 167 qu /4{/) — % lnliz’il_l(u7 H|y7 A) fdge_/f'(ﬁl(gly’A)"FK”£||O)( fd|§|0we2”yA(I£|Oow)”2) :| .
y,A

(B.1)
By calculating this in the case of positive integers (n, ), we obtain
1 Ja ’ B 1 ¥ .
IS S At 2 [y oS Alelga?
%(”a v, ﬁa H, H) = —InTrTr||e 2 Za( 4 Zl ]51) 2 Za( K ZlA] S ) ) (B2)
M (eya) A

where Trie= nglfdgae—u()‘Zg'&ff'%Zyz'é?'O), and Tryzey= szlfdlslloa:a. Let us introduce

: 1 b 1
the variables s} = ¥, A€?, 5§ = 52, Aul&ilaf, By = 52 50,60€0, Coa = 5 S (| E1ly2)E], and
Qup = %Zzﬂfﬂo xf“)(|le.|o x?). As in the {, case, we can rewrite the variables {s;“, 57} as

random variables from a zero-mean multivariate normal distribution, with the covari-
ances [s;»“sfgb] A = 6By, 55314 = 65t Chay and [3?‘35] A = 6jQap. The application of the
central limit theorem here is justified by the nonzeroness of compression rate r shown

in figure 5(b) derived from (36). Using these variables, we obtain
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M

/(l 2 /3 .02

V(n, v, B, 1, k) = — ln Tr Tr TrTrTr [e 2 2 g =) ] , (B.3)
M  (¢W=yP C Q yj,{s/“ sSHP,C,Q

where Tr =1L, [ARS(MPy — 5, €€), Trp = o[ dCaa(S(MCaa — zia,syox;“)gg), and
Trg = Haﬁfanﬁ(S(MQag — Zi(|§1»|o$?)(|€zl,|0xf)). After introducing the Fourier repre-

sentation of the delta function, the saddle-point method is employed, to obtain

1 rap_ B a
1/)1(”, v, /67 Hes /f) = extr{ln[e_2 Za( y=s )2_5 Z[y( y—s )2:|
6

/a a}lPCQ

+ Z %sz + Z éaacaa + Z Q;ﬁ Qaﬁ
a,b a,q a,B

5 - B.4
_|_ i ln Tr Trei Za.b%gagbizu,a CM[£G(|£1|O$6¥)7Z“ 8 QOJ (|§1|0$a)(|§1|0$j) ( )
o {"Ha")

where ©, = {P,C,Q, P,C,Q}. For the extremizer, we search the subspace with
(B, By) equal to (P, P) (a=1b) or (p, —p) (@= b); (Cu, Cua) equal to (C,—C) (a=1) or
(¢, =€) (a= 1); and (Qap, Qup) equal to (Q, Q) (a = B) or (¢, —7) (a= (). This is the RS
assumption for the present case. Thus, we obtain

nn—1
Yy(n, v, B,y 1, K) = ~eL)gtNr{ln nyDsz( vaeg(‘Wﬁ“’VPp”))
6,6,

N\ V
CCP 2
vae 2 (o= vPw—P=pv) fDue Z(Jy N VP q]

+ %nﬁp— %n(n— Dpp — vCC— (n— Dvéc+ %VQQ — %y(y— Dqq

n—1
P+p
ugi=z J—)
+1lnszDvaDu[Tre 2 [ pret ]
o

13

_mﬁ%mg_i_(u\/ﬁ-kwm—kvﬁ)f
,M(l&loz)2+(zﬁ+wé—6+vﬁ)lﬁlor ’
x| Tre 2 ) (B.5)

where 6, = (C, ¢, Q, ¢, C, ¢, §, 3} and 6, = (P, p, P, ).
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The free-energy density f; is now derived as

fily, k) = — lim lim —¢1(n v, B, 1, K) (B.6)
n—0v—0 un
t L a1+ (P = p)) + 2 P+to, L P+ pp)
= extr) ——In _—
2 o Ty uP—p) 24 Pr
P+p ., _
L DylnTre~ 2 ¢ +”‘/;§}. (B.7)
ja ¢

In the limit u — oo, we introduce x, = u(P — p), pP= wY(P + p), and Xp = p~2p, which
are assumed to be of the order O(1). Taking the y — oo limit in (B.7) leads to (34).
On the other hand, in order to evaluate 6{“5, in addition to ©; = P, Xp» p, X, in taking
the limit 4 — oo we define the parameters x, = 8(C' — ¢), x, = B(Q — ), C=pYC+ o),
= 7%, Q =60+ §), and Xg = (372§, which are assumed to be of the order O(1).
Then, through the formula

= lim lim lim hm—ﬁ—zpl(n v, B, 1, 0), (B.8)

-0 p—>oon—0v—-0

we obtain (42).

B.2. The limit &« — 0 in the 4 case
The EOSs (35) show that in the limit o - 0 we have

X, P, X, = O(1). (B.9)

From (36) and the asymptotic formula of the complementary error function erfc(-), we
see in the limit @ —» 0 we have
_1p2
2

o270

which is realized by controlling A as O(y/|ln «|). Using these scalings, and the asymp-

totic expansion of the complementary error function for large 6 in (35d), we obtain

P= 0072 = O(lnal!)—0. (B.11)

= 0(1),= 0= 0(/|lna|) - o, (B.10)

By inserting these scalings into (38), we obtain (48).
The asymptotic form of 6{“5 can be similarly obtained. Following some lengthy but
straightforward calculations, we obtain

X, = O(llnal™) -0, (B.12q)

Q= 0(1), (B.12b)
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X. = O(llnal™) -0, (B.12¢)
C'= 0, (B.12d)
X, = O, (B.12¢)
Q= O(llna[ ") -0, (B.12f)
X, = O, (B.129)
C= O(llnal!)—0. (B.12h)

By substituting these scalings into (44c), we obtain (49).
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