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SUMMARY

Separation phenomena in supersonic jets of gas mixture
were investigated. : :

. The integral mass flux which can be obtained by
integrating mass flux of a relevant species over a streamtube
in a jet, with the aid of the Chapman-Enskog theory of diffusion,
was used for evaluating the degree of separation in this work.

Several experimental data on the separation of binary
gas mixture in axisymmetric and two-dimensional supersonic
jets were obtained. In addition to these data, Becker's
experimental results were refered to comparing with the
theoretical results. '

Two kinds of flow fields of axially symmetric and
two-dimensional supersonic jets were computed by using
the numerical method of characteristics. Then, on the basis
of these calculation results, the integral mass flux along
a supersonic streamtube and along that acompanying with an-
oblique shock wave was calculated and compared with the
values obtained from the experimental data.

It was confirmed that the proposed method of calculation
was widely useful to know the characteristics of species
separation in supersonic jets.
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NOTATION

Unless otherwise noted, all quantities are dimensionless.

A area of nozzle exit, cm2

A area of heat-transfer surface, cm2

a sonic velocity, cm/s

a - shock strength defined by Eq. (3.25)

B thermistor constant, °K ‘

D characteristic length of thermistor, cm

D k diameter of nozzle exit, cm '

Dij thulticomponent diffusion coefficient, cm2/s |
D{ thermal diffusion coefficient of species i, g/cm.s
o@‘: . binary diffusion coefficient, cm2/s

Div v divergent operator, cm_1

f velocity distribution function, 53/cm3

f mole fraction of heavier species in a shock

wave of binary gas mixture

G » mass flow rate through nozzle, g/s

Grad gradient operator, cmm1

h heat transfer coefficient, cal/s.cm? °K

I electric current, A

Ji total mass flux of species i, g/s

j mechanical equivalent of heat, J/cal

jd mass flux vector of species i, g/cmz.s

K proportional constant in Maxwell's inverse

fifth power law, cm6>/g‘.s2

Kn = L/D, Knudsen number

Pt

Boltzmann constant, erg/°K

~ A

T thermal diffusion ratio

- mean free path of gas, cm
mix mean free path of gas mixture, cm
molecular weight, g/mol

- ol o

=q/a, local Mach number

M*: = q/a*, critical Mach number
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M¥¥ = 2M1 Mg/(M1+M2), reduced molecular weight, g/mol
M. molecular weight of species i, g/mol
'1\—/[1 mean molecular weight, g/mol
A m =m,-m,, difference of molecular mass, g
m —-§/ mlN , average mass of gas mixture, g
mi‘ mass of species i, g
m -average mass of argon isotope mixture, g
AlvftA 09/1 LTI = o .
-;_,__’—)09 £,, /) (7-;1«— - ng),m()dlfléd molecular mass difference, g
Ni ‘ mo.lzbfractlon of species’i
Nu = apparvent Nusselt number
Nu* actual Nusselt number calculated by Eq. (5.1 1)
n = i n,, number density of molecules, n/cm3
n, number density of species i, n/cm3
pressure, dyne/cm2 or mm Hg
Pe = R*aO/D Péclet number
Pe = R¥a /‘9“1’ , Péclet number
- Pe,, = R¥a /9,, , Péclet number |
Pr = sz“/A » Prandtl number
Q heat transfer from thermistor by any mechanism other than
conduction through gas, cal/s
Qi* molar flow rate of species i through nozzle, mol/s
QiM molar flow rate of spegies i of peripheral stream, moll/s
Qi" : molar flow rate of species i of core stream, mol/s
QX ' molar flow rate of argon isotopes, mol/s
q numerical value of gas velocity, cm/s
q, radial heat flux, cal/s.cm2
R resistance of thermistor, ohm
R universal gas constant, erg/°K.mol
R¥ radius of nozzle exit, cm
R* half width of two~dimensional nozzle exit, cm
R resistance of thermistor at temperature T, ohm
RO radius of sphere, cm
Re = R*ao/v" » Reynolds number
Re =WD/y° , Reynolds number
r : distance from jet axis, cm
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T distance from cone surface, cm
T =r/R¥%

r radial distance, cm

r normalized radial distance

2

Se = 7%n
Sh = St Pe, Sherwood number

, Schmidt number

st ' = J/m%Q%, Stanton number

s coordinate along cone wall, cm

s coordinate along streamline, cm

T absolute temperature, °K

T* =T/& ij/k" reduced temperature

T wall temperature of thermistor, °K

t : temperature, °C |

internal energy, erg/molecule

velocity of molecule, cm/s

diffusion velocity.of species i with respect tov, , cm/s

absolute value of V

~

diffusion velocity of species i with respect to ‘{4 , cm/s

Xl SI&i< =

dimensionless velocity in shock wave
velocity on cone surface, cm/s

2:’ /’ y mass average velocity of gas mixture, em/s

_,oy , mass average velocity of argon isotopes, cm/s

s characteristic velocity, cm/s
external force, dyne

distance along jet axis, .ct_n

= x/R¥ ' § '
distance from jet axis,. cm

y/R*

stream function

No<l KM X 2 el &
I
@

Greek symbols e

=3
]

(N, /N,")/(/V °/M?), separation coefficient
Cﬂd k. //L

R
i
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e

accommodation coefficient

thermal diffusion coefficient
accommodation coefficient of gas mixture
= l/tan/o |

discharge coefficient

ratio of specific heat

—

| ~angle between V¥, and \4 , see Fig. 8, radian

distance between shock and cone surface

angle betv/&eenk Vv, and ‘{ , sSee Fig. 8, radian

! 2

-1, separation effect

NM N K
.potential, parameter for interaction between molecules i and j,
erg
= tan

coordinate in characteristic coordinate system .
angle between centerline and line perpendicular to cone

surface (Fig. 32)

sz M )M
%—- , cut relevant to gas mixture

= 7}” 2" y cut relevant to argon isotope mixture
" : 4

inclination of velocity vector

molecular mass ratio of binary gas mixture
curvature, cm"1 |

=(¥r —1)/(7r +1)

ratio of internal energy to translational energy
Prandtl-Meyer function, radian

root of Eq. (3.29)

thermal conductivity of gas

thermal conductivity of gas mixture

= gin”! 1/M, Mach angle, radian

viscosity of gas, g/cm.s

viscosity of gas mixture

kinematic viscosity, cm2/s ,

unit vector normgl to surface element d

unit vector normal to streamline ‘element of argon isotope
mixture

coordinate in characteristic coordinate system, cm
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density, g/cm3 .

“ 3

)’04 density of argon isotope mixture, g/cm
43 surface element, cm2

o angle of shock inclination, radian

o;ij’ collision diameter between molecules i and j, A

7 dimensionless temperature in shock wave

X - By ,

Z—NISIJ + N;Su + /ng/‘

X = S —_— /6(1 w7 : )
[ angle between streamline and normal to shock wave
y; = p/lp‘T , Entropy function o

¥ " .stream function ‘

¢l L, 0 . .

0 = £27/N rigid sphere collision integral

w =47,/0 5

w integration constant

Superscripts

o,M,K quantities relevant to conditions prevailing upstream,

peripheral stream, and core stream, respectively

* quantities at sonic condition

Subscripts

i relating to species i

1,2 indicate lighter and heavier species of binary gas mixture
1,2,3 components He, 36Ar, 40Ar

A quantities relevant to argon isotope mixture

n quantities in shock wave

3 quantities just behind shock

oo

quantities at infinity
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I Introduction

The steep pressure gradient induced in a supersonic free jet causes
pressure diffusion which in turn brings about separation of species. This
phenomena was first applied to a practical separation process by Tahourdin
and Dirac (1) at Oxford University in 1946. Similar effects were observed
by Dickens et al. in 1948 in U.S.A.. They passed a I—I2/N2 gas mixture
(43.9% Hy - 56, 1% N5) through a nozzle to form a jet and found an increased
concentration (68.‘3‘7? Ho ~ 31 .5% N2) in the peripheral stream of the divided
jet.  Thus, their invention of this apparatus was authorized as the U.S.
patent in 1952(2) ,However, the process was not taken more attention
until it was rediscovered independently by Becker, et al. at the University
of Marburg, Germany, in 1954 (3), in the process of their basic study
aimed at creating molecular beams of high intensity. Subsequently,
Becker's group, now at Karsruhe, Germany, have been developing a
process for the separation of isotopes for various configurations of the
apparatus, and have published numerous experimental results. Further-
~more, they have recently developed a new process for the separation of
uranium isotopes using curved walls and adding helium into uranium
hexafluoride. This jet separation pilot plant has been operated success-
fully (4). They are expecting this process to become economically
competitive to the gaseous diffusion process.

On the other hand, several experiments on the separation of gas
mixture in a free jet at very low pressure, were performed by the low
pressure research group at University of California. They attempted
a fundamental investigation of the jet separation based on the fluid
dynamics of gas mixture, Chow, one of the members, measured the
concentration distribution of the heavier species in the binary gas mixture
throughout the jet by traversing a small sampling probe. (5)

Reis and Fenn (6), however, demonstrated that the gaseous con-
stituents were a function of the way how to draw samples from the jet,
because a curved shock, standing in front of the sampling tube could
cause species separation. Also Waterman and Stern( 7,8)measured the
‘degree of separation on various gas mixtures in a free jet.

There have appeared several attempts to give a theoretical account
of the jet separation. Nardelli and Repanai (9) made theoretical analysis
~ which deals with the prediction of separation coefficients taking account
of the pressure diffusion, when the supersonic jet of a gas mixture is
separated by means of a skimmer into peripheral stream and central .
stream. All the analyses by Zigan (;lO),Mikami (11 ),and Sherman (12)
were later developed on the basis of Nardelli and Repanai's analytical
procedure. Recently Sherman has made an analytical study on the
separation of a binary gas mixture in an axially symmetric free jet, and
has given an equation for the mole fraction along the jet axis (12).

Very recently, Rothe (13\ measured the degree of gseparation in a helium-
argon jet by an electron beam fluorescence method, and the separation
results on the axis of the jet wére in fairly good agreement with the
Sherman' theory. Anderson et al. (14) also made measurements of

- diffusive separation of argon-helium mixtures in a free jet by means of



a mass spectrometer detector, and obtained reasonable agreement between
experimental results on the jet axis and the Sherman' equation.

The object of the work reported here was the more reliable prediction
of the characteristics of jet separation process, aimed at some practical
application in the design of facilities of this process.



1I Theoretical Considerations

2,1 Diffusive Separation of Binai‘y Gas Mixture in a Supersonic Jet

We first briefly describe the basic feature of diffusive separation in
a supersonic jet. - As shown in Fig.] , an isotope gas mixture is introduced
into a nozzle at an inlet pressure £° and ejected from the nozzle exit at
mass flow rate & . The supersonic jet thus created is separated by means
of a skimmer into peripheral stream ®¢& and central stream (/~ ®) § ,
and then pumped away by vacuum pumps. The static pressure is p" and

)4 k¥ respectively in the peripheral and central streams. The peripheral
stream is thereby enriched in the light component and the central stream
correspondingly enriched in the heavy component.

The enrichment of the lighter component in the peripheral stream
can be explained qualitatively by the fact that a large pressure gradient
created in a jet causes pressure diffusion of components and species
separation, ~

Proposed Equation for Integral Mass Flux

To calculate mean concentration of peripheral and central streams,
detailed information with respect to the concentration distribution in the
jet is not necessary, but it is sufficient if we know the integral mass flux,
which is obtained by integrating mass flux over the border surface between
the peripheral and the central streams, from the nozzle exit to the skimmer.

Referred to coordinates moving along with the gas mixture flow, the
mass flux of the lighter component ]/ is given from the kinetic theory of
gases as (15) :

1 am u
7, = % mm {grad N = == W N, grad tnp} =D prac b7
(2.1)
If both the first term of ordinary diffusion and the third term of thermal
diffusion are neglected because of the relatively small variation of con-
centration in space and the very small value of thermal diffusion
coefficient, the mass flux ‘

j = —-Jﬁo-m,?’zz@/z. %" ) N ‘?{—}’”“’C/é (2.2)

The total mass flux into the peripheral stream ]; can be obtained by
integrating J: .p o J, from the nozzle exit to the skimmer over the border
surface between the peripheral and the core streams, where P denotes
the unit vector normal to the surface element (see Fig.2 ).

Thus s

‘]’ —-_ _/?_f_fm,m“@/z%,v,/v‘ —/-b{.}/z#aé/é-)) 2Znds  (2.3)
/ | |

For two-dimensional jet,



s | _

_ 2 4 /

J o=- /% 7, 7ms B 7”‘ N No g gractfp-vds (2.4)
(4 ) .

where § is the thickness of the jet.
The mutual diffusion coefficient is given by (1 6)

' 3 N7 mFF v .
B, = 2662410 v o*‘fi“’”x(T*) (2.5)
(/,/)X(

The collision integral _Q T*) has been calculated by Hirschfelder,
et al, {L7), with the Lennard~-Jones potential assumed for the intermolecular
force. Fig.3 shows the relationship between _Q‘ 12¥ and reduced
temperature T¥* for the Lennard-Jones potential. It is seen that the
approximation
(1,10 P
N ~ [ 439 T " =+ : (2.6)
'y

holds in a range of T between a certain small value and about 2.5. Thus,
the relation between the collision integral and absolute temperature can be

expressed as

¥ 1. o
_Q(/ 1) = ¢ 7" z C(2.7)

For example, the force constants ¢~ and £ for the interaction
between argon molecules are found in a table by the same author (18):

0 = 3.4/3/3 , &g = 124" K

The self-diffusion coefficient in gaseous argon was measured as a function
of temperature by Winn (19) and by de Paz, et al. (20). Their data are
plotted in Fig.4 , in which the solid line represenis the values predicted
by Eqs. (2.5) and ( 2,7) with potential parameters 6 = 3.54&,

E/ﬁ = 124°K. The line is seen to fit the plots extremely well,

On the other hand, when the modified Buckingham potential is assumed
for the intermolecular force, the values of T"JL _(2_“")'*( T#) calculated
by Mason (21) are approximately constant over a fairly wide range of 7' ’
as shown in Fig.5 . ‘

The potential parameters for the Lennard-Jones potential between
UF‘ molecules are found in a survey report by Dewitt (22):

0~ =‘5.2232/f, ‘% = 437°K

¥ : v
Thus, the relation between _(2_“")'* and T for UF:‘ may be approximated
by
/

| e !
-Q(/,/)* — C7-’. J - //.‘7 7‘ J (2.8)

below room temperature ( 7 =0,67) . ‘ 3 : 238
The mutual diffusion coefficient of JUE and U/EG has
recently been measured by Brown, et al. (23) Their data are reproduced



‘ i‘n Fig-'6 in which the solid line shows values predicted by Eqs. (2.5) and
(2.8). The line is seen to fit- the plots well.

Now, from the equation of motion in the natural coordinate system,
the following expression is given

A ' ,
godpv=-kpyi=—Zrg* (2.9)

2 and 6 denote the numerical value of the gas velocity and the
angle of inclination of the velocity vector, respectively. By substitution

of Eq. (2.9) into Eq. (2.3) and with the a1d of the equation of state for ideal
gas,

. 2
| mym am . 0 MM A T 4 '(_6
5 —/_;;?_“.. Nl 266210/ b,z ™ (R T 5 27 (2.10)

where

For convenience of calculation, a variable known as the Prandtl-Meyer
function is introduced to substitute § :

/’ 4/ /"/“1 AM
+ LEmr M

)’+/

,t / (M*=1) —,71‘%"4//\4‘— /' (2.11)'

where M represents local Mach number. As /] can be regarded as a
function of S along a streamline, Eq. (2. 10) becomes

7, ”"’”‘A NN, 2.662-10. [Tzl L 77 |
. ZMIMJ 07‘22 _Q‘I’/)x

3 s
== oL (2.12)
(RT) AN 27 d/]

To reduce the above expression to nondimensional form, the following
nondimensional quantities are introduced:

~ o~ J, _ R
/T _,_QT , St = 0Q¥ , /ee = -7—-—

.= Mo E - kS

D, & _

0
where & ,), m @u and Q denote the sonic velocity, the kinematic
viscosity, the average mass of gas mixture, the mutual diffusion coefficient =
under upstream stagnant condition and the total molar flow rate of gas

i



. mixture through the nozzle, respectively. The Stanton number St is
defined as the ratio between the total diffusion mass flux into the peripheral
stream and the total mass flux through the nozzle. Equation (2.12) then

t
redufes 3; - / 22,7, A pe ( re/ -1/ 2 )z__/ I
T g S Fe e ? Z ' Py (2.13)
v A ot VD’ 34 ‘
2 A0 — — ¥ 7 = .Q /] ,

The integral ] depends on both // and @ . By applying the Eq. (2.7) or
Eq. (2.8), Eq. (2.14) is rewritten in the forms:

/A .
Lt X8 __. —
I =/ M B N 2 (2.25)

or

A /
. TN g2 Ao —
I =/ =) PR 2w, 4 (2.16)

In the first order approximation, both the mole fraction A, , /V,, and the
average mass of gas mixture can be assumed equal to their values at the
nozzle inlet. Thus, the integral J can be evaluated numerically if the
flow field of the jet is known.

The separation coefficient & is expressed by definition as a function
of mass flux ], in the form

QN m mN®QF + T

0(--—- lv,a//vzo - A/[’ 7, MZMO@QX —I _ (2.17)

™
where Q‘; is the molar flow rate of the i-th component of the peripheral

stream and @ is the cut defined by the ratio of the mass flow
rate of the peripheral stream to that through the nozzle.
Then the relationship between the Stanton number and the separation

coefficient is given by
U

cw 7, N, L -/
Jt - ?,z‘ﬂl @ / + 0( M,IV:
m:/\‘/r"

(2.18)

‘The separation coefficient « can be calculated from separation effect &
by the equation A

A —/) = 54 -®) - _ &g (/-®)

[+ BE (- N = TTr@g oy (2

. The Péclet number is given by



¥ 0
R*a /
e ="gr =K TERT 5

2 ' . /2

/
2.662 - 10°TI M + M5 )am M,

s 2 Th1)¥
Lot 0T F

=K 4/?’———% 7° (2.20)

2.2 Diffusive Separation of Three Component Gas Mlxture ina Supersomc
Jet

For a three-component gas m1xture, the mass flux vector of species

is given by
e 2

\]/; = 2.7, [—/:, = ZZ mm/DA}d/ —-@7}&”[,447- (2.21)

“ : “.
F=/

=i"""‘(1‘> + ('”";" _’219_) prod o fp (2.22)

The diffusion veloclty of species ,o is denoted by V sy the rate of
flow of molecules of ,(, with respect to the mass average veloc1ty of gas,

—that is,
V.. =V —v (2.23)
A

where ;_{ is the average velocity of species « and

; |
21 L (2.24)

J
72"_'71' —— _—_
.z:———a-nza@., (7 ~7) .
}.2/ »‘f . 7 DT .
FE Mgz,:[ g - 2 ) (2.26)
;/L ",@ kPR 72/_-775‘. '

]:/ // & }

where 9{;- denotes the usual binary diffusion coefficients (16). These
equations affre a generalized form of the Stefan-Maxwell equations.
If both terms of ordinary diffusion flux and thermal diffusion flux are

neglected in comparison with pressure diffusion flux, the expression for
the mass flux becomes :



2

. 3 N
J.= ;—Z/ gy D, ("’ — 1’?&)7:”(%/6 ~(2.26)
and Eq. (2 25)reduces to

}_i_: Ty (V — V) :(-7—7:& - M)rad,lnlb (2.27)

2 ..
7= n °@"
7~ Consider following a three-component gas m1xture of hellumé
argon—-36 and argon-40, We denote quantities relevant to He, 36Ar,
and 40Ar by subscripts 1, 2, and 3, respectively, and define the new
diffusion velocity of species 4, 4 with respect to the mass average
velocity of argon gas % by the equations:
—, '
V= v -y | (2.28)
7 / A
_ ! UV 4+ PV (2.29)
=5 (4 +4V)
A
= 2.30
fis A+ (2.30)
By definition,
71‘ ml ‘4,’ — 77) m‘, W, - 0 (2. 3.1)
Then, the integral mass flux of #Ar over a surface of a stream tube of

argon

J /71 m, v, - Y 27T, dS, (2.32)

where denotes the unit vector normal to the surface element (see Fig. 7 )
The separation coefficient of argon isotopes o, when the jet is

separated by means of a skimmer into peripheral and central stream, is

given by

K = NNy m NG + T (5
N/, NS e m NTONQy - T

and M M
O = Q M, ’ (2.34)
A= of =° |
A My

M
where Q* and @ denote the total molar flow rate of argon gas
through the nozzle and the molar flow rate of the peripheral stream of
argon gas, respectively, -



_ As the mole fraction of 36Ar is much smaller than the mole fraction
of ‘MAr, ‘{4 is close to !\’, , -and hence

I4

Vi-v, =(% -%)-y =
(v =v,)em =(V, = V,)o», =V, (2.35)
The geometrical relatlonshlp among thése quantities is illustrated
in Pig. 8 in which
VL =V, — V) a5 v,
—y . (2.36)
V| .V =Wl

where 8 and '€ denote the angles between V¥, and V , and V and
7, , respectively. On the other hand, from Eq. (2.21) and the equatmn.

Z./ =‘l7' - (2.37)

,«..../

we get

V_ ?2,5@;3
3

7,8, + %D, + 7,9,

m( iy ;—."g” ol) (2.38)

X

S
I

”n,n 7, n,;
where : .
= 2, _’*z) Ad Ly 2.39
d; = £ (/-2 ?M,.’é (2.39)
— — D,
- = 9 D, [ 2 /)
. % 1/2 44 A/':@;J + M,@,‘,-ﬁ/\‘,@,& (d@u
(2 Be )] Lp|  (2040)
; ‘ -9/.) ‘7 ?/L
From the equation of motion in-the streamline coordinate system,
we have

;/mo{/é PV o= — —“—/5— Y2 (2.41)

where 2 o, and ), respectively, denote the numerical values of the
velocity, the angle of inclination of velocity vector, and unit vector normal
to the streamline element, relevant to the gas mixture.

L



Hence, (ng 9)
2 6(9 /

yedpl = 705 4§ (2.42)
J2.36),,
.From Eqs. (2.35), 2.40) and (2.41)
n, m, Vz,' Yy = n,m; Dy L2 X

‘M"@JJ + /V.I'@IJ + /VJ"@M

Dz _ my _ B\ i (S4E) Ao 1 (5 4,
[(,@,, ’)“L(a o@u;z)] oy B A el R

The binary diffusion coefficient

9., = 2662 x 107 AT (Mt M)/aM M, (2.44)
“f ' pot QT )
. Kv} A}
where
T*: A | (2.45)
Ay Ep /% |
The force constants 6., and Eﬁ for the interaction between and}
molecules are found in { table of ﬁlrschfelder (18):
05, = 655 = J.059 A Enfh = Eufkh= 21.3°K
03, = J.418 A Egfl = 124.0°K

By substituting Eq. (2.43) into Eq. (2.32) and with the aid of the equatlon
of state for ideal gas,

. (//)X’ —
] = 2nm m '0923 E 7_,/ _Q(u)x X( ,9”" —7 X

A (8§ +E) ;z de /z/l o(S (2.46)

J's
A &
wher
;( _ Lo (2.47)
- N B15 + N, By + N, B, |
Am) _ D _ o :_@/__z"__> (2.48)

It is convenient to reduce the above expression to nondimensional
form by introducing the following dimensionless quantities:

10



X o
= _ A - S - K&
n = Rx ) St QAX?-’—%O ’ /be - o@}jx

where 4’ and a,* denote the sonic velocity of gas mixture under the up-
stream stagnant condition and at the sonic nozzle exit, respectively. As
a first-order approximation, A, , 7z, )[ and (Am/m )o are assumed
equal to their values at the nozzle inlet. Then Eq. (2.46) reduces to

S = L ma (“m) A y (_li_i_)r"/:? ( I (2.49)
A om 9 Ny 2 y+ ! |
where

(//)

‘ L den (0 +E) y'do — |/ =
I= 7_) “”{4,",,,,5 M oS /zA cos(6-€) o()%
0

The above integration should be carried out along the streamline of argon,
while the quantities in the integrand are relevant to the gas mixture except
for /z The 1ntegra1 ] can be evaluated numerically if the flow field of
the supersomc jet is known.,

The streamlines of argon were calculated in the manner descrlbed
below., The differential equation for a streamline of argon becomes

Ara _ Aam (6 - ) | (2.51)
ol x
and further the following equations hold (Flgs. 8 and 10 ).
} = Wawe + V coss (2.52)

W= [TI AT (@5

From Eqs. (2.51) and (2.52) we get

£ = fwi/( din I ) (2.54)
R — ¢cod d :

where

R = (2.55)

From Eq. (2.27), we obtain "

&llw
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—_— / n 7, ( - A )
TS — —— 7 a@ — m, “ “ X
v n, f T [ / 78:5 + 7,80, + 7 '@/z]

7; S

\

| / |
R (1= B ) U b T

L n(Ee, —9) |n )
”'[ 7’/913'/' ?1,»9,,+n:,,@ ]%(/_%),M%ij_

[
_W_L 7t . _ ) 2 ﬁ(& (2.56)
e 2 (/ i 20 e
and hence

/
/. _/__/‘ioﬁ:(/_zz_,)a,(_i__);'x
? oy NP m® me ye /o
(Lnx’

/
x —L— m¥ "i‘i(T)? Q2 U7 P°  (2.57)
Aind aAs \ T° _Q(I, I)X’( Ta)/b
where .
b Ra® | | (2.58)
€ D5 :
On the other hand, making use of the equation:
ap 2 de
—_ A :
= A T ds o pg? ﬂﬁ) (2.59)
i = 2 0 73" (25),
we obtain \ o(S
_ ~ [ _ _2r x P [ A ] . (2.60)
§ = A [~ Frrt 5 (555,) ,

Then, the right-hand side of Eq. (2.51 ) can be calculated as a function of
by using the computed results for the flow field of the gas mixture (see
Section IIT), with the aid of Eqs. (2.54) and (2, 60, where the values of
ole fols and oAG/A(P/p") were calculated by a numerical differentiation
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~ formula for nonequidistant nodes by using the solution at four neighboring
mesh points. Thus, the numerical solution to Eq. (2.51) was obtained by
the Runge-Kutta-Gill method, under the initial condition:

.EA=~/ /._@A' X = o (2.61)

’

On the other hand,‘Eq. (2.33) reduces to

WA L =/ 2.62
o= T 8 (2.62)
A 7’73%‘

Then, with the aid of the equation:

- l= G (/- &) (2.63)
0< / [+ @y&(/1-N?) :

the value of

St Pe

o 7 /
my (47 (2+ 1 —-—( 2 )—
-776('»:),@,( 2 )z’/ 7+1)°

can be calculated from experimental data for the separation effect

g NN
A= TNEIN

/ (2.64)
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2.3 Diffusive Separation of Binary Gas Mixture in a Shock Wave

The steep pressure and temperature gradients induced in a shock wave
cause pressure diffusion as well as thermal diffusion which in turn bring
about separation of species. The expression for the integral mass flux,

J over a stream tube which passes through a oblique shock wave in an
axisymmetric supersonic flow is given as follows:
By definition,

J = /J VdE = J,'.vzz/zz ds | (2.65)

where the symbol J] represents the region in the shock wave. (see Fig.'” )
From Eq. (2.1 ), we have

re

j,)): f m,m,@/z(d/v + {‘—ZZ/V/V / o(/, 7..7/_:‘(;)%1,5” (2.66)

where the x-axis is in the direction of the normal to the shock and &
denotes the angle between a streamline and the x-axis. By substituting
q. (2.66) into Eq. (2.65) and with the aid of the equation of state for ideal

gas,

' o o 0 —g .
T =snmm o i) e T B g ks (267
=

£7'0 771° 9@/1
where
an, A | dp [ AT 2,68
;‘—‘N'N‘“,bdz’Lde ( )

and subscript O denotes quantltles relevant to stagnant condition.
The above equation is rewritten in the followmg form by using the same
dimensionless quantities as introduced in the section 2-1:

Fe . | me  / ye/

— - 2.
27,2, 4m J+/J’yﬁ7 2 r . 3’( 2 )Ix (2.69)
2 T+ / '

—~— g

~+ _cnnx’
T)20" m — = - (2.70)
(77 ST Frglland dx, ,

z
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The integral I,, can be calculated if the flow properties as well as the
concentration distribution in the shock are known. As a first order approxi-
mation, the solution for a normal shock wave ( 24 ) can be utilized since
this solution always applies locally to any shock surface. Thus, a dimen-
sionless velocity, v in a normal shock is introduced to substitute x, for
convenience of calculation.  Then,

L Lx® o,

_ [ T 8 m

]Z.../ ("'7':; '_}%2727}* 5T G Nty Aan faf?)* (2.71)
5 .

where ’
AW, am 1 dp L AT
The latter equation is rewritten in the form:
_— o -/ / / AT 6-1) AF
Gf"/(/—f) { /+(9-/)f[__77— YT a /+(o—/)f"“”]
7 df 1 dz } (2.73)
F(l-Lrdv ST dv |
where 7 , f and 6 , respectively denotes dimensionless temperature,

mole fraction of heavy species and molecular mass ratio.
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IIT Calculation for Flow of Supersonic Jet

3.1 Flow Field of Axially Symmetric Supersonic Jet

In this section, the flow field of an axially symmetric supersonic jet
into vacuum is computed by using the numerical method of characteristics
(25,26 )and both o 6,/AA and J which appeared in Eq. (2.14) are calcu-
lated along various streamlines. ‘

The computing procedure used in this study is briefly described
below. The equations of motion in the characteristic coordinate system,
are given in the following form (27) '

2 A O (3.1)
57 (N —¢)

3
|

2
Q&

. -/ /
where 4 and 7 denote coordinates,and /t and ,u.(: dare W‘)
denote the distance from jet axis and Mach angle, respectively. The
equations for the directions of the characteristic curves are

() = ten (02 pe) | (3.3

and the elementary increments of characteristic cilrves,o(g,»oly are given

by
)= [T

With the Eqs. (3.3) and (3.4), the equations of motion along éharac—
teristic curves become
AN 5 de = mé;‘;‘*‘/ug) dn (3.5)
| SZ i;:;:ducipg new variables, /e = };/7( = m and / = Zin &
b (rif)zgﬁ:,ﬁ;()/iﬂk/‘) £ 2(;/52/; /z,)‘i:m = 6,(3.6)

(A +9)=,4,«Lu/ué2_15_f (3.2)

r-/

K= =7
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Then, the familiar step by step method of characteristics was applied
in which the known solution at two points /D/ , /Dz leads to the solution at
pomt /’ (see Fig 1 2 ). The difference equations based on Eq. (3.6) are
given 1n Appendix ‘A.

It is necessary for obtamlng the solution at an unknown point P to
use an iterative process which is started with an initial assumption for the
coefficients, m, £, K, L, =, ]-' I J  in the difference equations and
is continued unt11 the crlterlon

-/ - » n- ‘ ” n=/
fm‘W‘ ( _/z,ln_ /ztn x_pn— r_;n ’ IGJ '/GJ ' é‘"’_ z.! ):S: /0—5(3'7)

/z;l-/ Xjn-/ | gn-‘-/ ZJ""'/

is satisfied. The initial estimation of the coefficients m, E, K L was
made by assuming that Z_, = é /; = /9, , = /2,, X = xl and of the ‘
coefficients 22, F T J by assumlng that z =24, B = A Ry =R, X=X

The initial set of the data were obtained from the table presented by
Katskova ( 26) who computed the flow field of an axially symmetric -supersonic
jet near the nozzle exit.

The change in the stream function, Y along a characteristics curve
is given by : :

| 2/ A |
oAy = :((r Adn + %dx = —J-;)—,/Za(x [u(—;a)i -7/’] (3.8)

From Eq. (3.3)

on) _ _\/’Z F /- (3.9)
(), = Hom ot ) = E]
Substitution of Eq. (3.9) into Eq. (3.8) gives
- ¥+ 20 | (3.10)
dy = x/zM TES) dx

Then the difference equation for 7& is given by

J

¥ .
bk (G s A B e O
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The number of computed points was so determined that the increments
of both X/R* and n /¥ are maintained less than 0.02.

In Fig.] 3 the results of computation for streamlines for ¥ = /, 4
are plotted with the value of cut as a parameter. Figl4 gives ol6/d/
calculated along streamlines with the aid of the numerical differentiation
formula for non-equidistant nodes (28) by using four neighbouring points,
as a function of /A with the cut as a parameter. The streamlines for
¥ = /.66667 are shown with the value of cut as parameter in Fig.15 ,
in which the experimental data by Becker, et al. (29) . are also plotted.
Figure]® gives aléﬂ/] along various streamlines, and the Mach number
distribution along the streamlines is shown in Figl7 .

3.2 Flow Field of Two-Dimensional Supersonic Jet

The flow.field of two-dimensional supersonic jet can be calculated by
the numerical method of characteristics if the flow properties near sonic
nozzle exit are known.,

~ The equations of motion in the characteristic coordinate system are
written in the form

A2 28 (1 + 4) -

(F+ 1)C1+p2) (1 + Kk B°) (3.12)

Then, the familiar step-by-step method was used in which the known
solution at two points /b and /7 leads to the solution at point ﬁ (see
Fig.12) ’ 2

The difference equations based on Eq. (3.12) are given in Appendix B,

The initial set of data of the flow properties near sonic nozzle exit
was obtained by the same procedure as adopted by Katskova et al. (25) for
the axially axisymmetric case as described briefly below.

Near the sonic nozzle exit, flow variables/u , ® and ¥ are expressed
in terms of parameter X in the forms '

o~ -%5— + 4, (2) X | (3.13)
8 ~ @ZZ)XJ, ~ L (3.14)

F ~ Z + ?,L(Z)X“‘, (3.15)
2, e ! Fut
X = _/( 2 ): ’-’(i'—“—"—fé‘—‘-)?r_f?m(a-/u)dz (3.16)

r+/ : /’—cod:,u-
, ,
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where M, 8, x, Y and Z denote Mach angle, flow inclination, Cartesian
coordinates and stream function, respectively. The coefficients are given
as functions of 7 by

/(A, = w’ : (3017)

0 = 2 w' (ww” — w’z} . (3.18)

T 3(r+r)

-/ P ” .2 . ¥
Jy = Tiren ww'(ww'~ w”) | (3.19)

where w ( 2 ) is the solution of the differential equation

" e w' (§w?— ww” (3.20)
ww’ -

under the boundary conditions

a)’(/)z-/, w(r) = o
- s (3.21)
wil) w’ o) — Wi(o) =0

The numerical solution of the above equation was obtained by the
Runge-Kutta-Gill method. Details of the above calculation are described
~in Appendix C.

Based on the above procedure of calculation, a computer program was
prepared and actual computations were carried out for a supersonic jet into
vacuum for ¥ = /.4 and & =/,067. In Figs.18 and19 the results
of computation for streamlines are plotted with the value of cut & as
parameter. Figures?20 and21 give &6 ,/dA along various streamlines
and the Mach number distribution is shown in Figs, 2% and 23 . -
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3.3 Flow Properties in a Normal Shock Wave of a Binary Gas Mixture

~ The solution to the shock structure of a binary gas mixture based on

the continuum Navier-Stokes equations, has been given by Sherman. (v~24, 30)
Since this solution can be utilized to calculate approximately the integral
mass flux in any curved shock wave, the flow properties and concentration -
distribution in a normal shock of He/Ax and H2/N2 gas mixtures were
calculated by using the Sherman's formula. (Appendix D) '

The differential equations determining the temperature, ¢ and
mole fraction of heavy species, f as a function of the velocity, v are

given by
v L Y 1+4(6-1)F e -
A7 S5 I {200 =" —a +27 [ -7 " ivient t(F /M]} (3.22)
oL — 7 I +(6-1)Fw T .
Av "5 {v+ T+ (6=1)f V /}

: 3
Af . 4 (£o=F)/ + (6-7)F)
A T T OF N (o= )R [ ¥ LR I T ]

LC~FIH+6=-0F 10y L trn )y _ 21dT
B !/ + (8*-1)f {(9 ,)7/' ((6 1) =dlr+co ’)f}]?"d?f} (3.23)

“where a, o and 6 , respectively denote the shock strength, thermal
diffusion coefficient’'and molecular mass ratio and subscript a means the
quantity outside the shock. The shock strength a is expressed as

r‘M:,( M;,-i- 72:,—)
(0Mp + 1)

where Mp, represents the initial Mach number.
The boundary conditions are written as follows :

r - ' _
s S o) -4 e (3.25)
2.

a (3.24)

at v=v, =

T = Vo (/= 25 ) - (3.26)
(d?) - (a,—-/\)#,- a; £, (3.27)

L

Ay, Wby — Ay = A)

(_g(_yi) . (H-A)Na -A) -4 a, (3.28)
AV 1y = Vs, ($.- Ao, -4 ay |

The expression for aj, b; and c; (i=1,2,3) are given in Appendix IJ and
A is a minus real root of the following algebraic equation:
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, |
XN = (a + 40 + 4, +6 +a,0)X
+ (a,ﬁfj-f-&.,{—', + a,C +#ch --ﬂ_,%, G ?“alc'%"

—at -t )N t (a0, ~adce) = 0 (3.29)

The calculated values of A are shown as a function of Vwin Figs,24 and 25 -
, The solution to Eqs. (3.22) and (3.23) was obtained numerically by

the Runge-Kutta-Gill method. Figs.2627.28 and?29 respectively give

the results of calculation for 7 and f ’as A function of v, with the

initial Mach number as a parameter. With the aid of the above results of

computation, the mass flux integral Iy inN“oblique shock defined by

Eq. (2.71) was calculated and plotted in Figs. 30 and 3] as a function

of wave angle B with the normal component of initial Mach number as a

parameter,

3.4 The Shock Wave Formed by a Cone in a Supersonic Jet

In order to evaluate the separation effect of jet separation process,
it is indispensable for determining the shock shape in a supersonic jet.
The method of integral relations proposed by Dorodnitsgn (31 ) is well
suited for this objective. In this section, numerical results are obtained
for the shape of attached shock ahead of a cone of half-angle 22,5°, placed
in an axisymmetric supersonic jet of Ar/He mixture (¥ =1,66667) by
following the same procedure of Bartyenev and Shirshov (32 ).  The flow
of jet is assumed to be a modified source flow proposed by Sherman ( 33 ).
Then, the distribution of flow variables can be calculated with the aid of
the following equations : - : :

Lln,x) = Plo, x) cod* s m’(?—g—) (3.30)

Me

ll

ry-/ _ 0 I~/
Atosz -3)7" - {-(%M(o.fx—.:p—

+C(ofx ——%—)"’("".') (3.31)
with 3= = 0.0758
A = 3.26

C = o0 3/

where Mg represents the centerline Mach number.
In the method of integral relations, the governing equation of motion
are written in divergence form:
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A, 28 _ c . (3.32)

INn S
oD E)3 . .
S T S5 = 0 , - (3.33)

where

A =R(rd + L2p) B =LuvR
¢ = Ldbon®, D = PuR,E = fUR

and s axis is in the direction of the wall, the r axis perpendicular to
it. (Fig.32 )

By integrating with respect to r, from r=0 to r= E we obtain the
following integral relations §

, d ds /¢
Ae —A, + g;/Bd/z -1957;—- C dn (3.34)

0

' €

A&
De =0+ f[Edn -6 Z 2o (3.33)
0

Furthermore, if we assume that the integrand is a linear function of r,
these relations yield a,set of ordinary differential equations for ¢~ y Y,
and £ in terms of “SRFWHATS 6 y v, and & , respectively denote
angle of shock inclination, velocity on cone surface and distance to shock
along r axis. The boundary conditions are calculated from the relations

.for a cone in a uniformstream, that is,

l‘

“

AT ot [y e =0 030

| , o
b= 2¢7€[m@+m@7t—m(o;;@~%‘-) +£ (3.97)
L (4in® Fam (55 + O ~ L )s20010)
with /b ' . A
S =5 b =01 =y )T $TT

From Eés. (3.36) and (3.37), the shock angle and pressure coefficient
“versus Mach number for various cone angles are calculated and compared with
the exact solution by Taylor and Maccoll (Figs. 35 and 34 ) It is seen that
there is good agreement between both results, The numerical solution of the
above set of differential equations was obtained by the Runge-Kutta-Gill
method.  The results for the shock shape for different location of the cone
in a jet are shown in Fig.35 ,
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IV Experimental Methods and Results

4.1 Description of Jet Separation Apparatus and Procedure

The experiments on the separation of binary gas mixture in an axisym-
metric supersonic jet were performed by using the apparatus consisting of a -
convergent nozzle and a skimmer which were similar to those of Waterman
et al. ( 7 ) Details of this system are shown in Fig.36 . The nozzle and
the skimmer used in this experiment are 0.3 mm and 2 mm in diameter,
respectively. The distance between the nozzle exit and the skimmer can be
varied by means of a micrometer screw and measured by a dial gauge to an
accuracy of the order of 0.01 mm., The nozzle and the skimmer are so
arranged that their centers are on a line with the aid of a travelling
microscope. ‘

A flow diagram of the experimental apparatus is illustrated in Fig3/.
A binary gas mixture of known concentration was introduced to the nozzle at
the inlet pressure /’ through a needle valve and ejected at the nozzle exit
at mass flow rate . The supersonic jet thus created was separated into
the peripheral stream @& and the central stream (/- ®)G by a skimmer
. and were pumped away by the mechanical boosters and rotary vacuum pumps,
at the static pressure of P" and ,bk y respectively. The pressures /0" ’

Mand ¥ were measured by a di-octylphtalate oil manometer to an
accuracy of the order of 0.01 mmHg. The volume flow rate of gas mixture
was obtained by means of a soap film flow meter jointed to the delivery tube
_ of the rotary vacuum pump, in which the displacement rate of a soap film
meniscus in a calibrated burette was measured. A small amount of gas
mixture was sampled from the peripheral flow into a sample bulb after slight
compression by the mechanical booster. The flow of gas was maintained
for about 15 min prior to sampling in order to attain a steady-state condition,
The sample bulb was evacuated by a mercury diffusion pump to a pressure of
about 10 =% mmHg before sampling. The flow rate and the concentration
were measured for the peripheral stream, because a preliminary test con-
firmed that the calculated values on the basis of mass balance agree very
well with the experimental values.

The constructional details of_the apparatus of jet separation in a two-
dimensional jet are shown in Fig. . :

This apparatus is similar to above mentioned one. A small modifica-
tion consisted in mounting the nozzle and the gas inlet tube on a adjustable
support provided with micrometer screws to arrange the nozzle and skimmer
system. The convergent slit nozzle of 0.129 mm in width and 20 mm in
length was made of razor blades in the manner as shown in Fig.239. An
extremely narrow (i.e. 0.1 mm) and parallel slit was successfully made by
this process. Two kinds of slit skimmers each of length 15 mm are also
made of razor blades, which are 1.5 mm and 3.0 mm in width, respectively.

A flow diagram of the experimental equipments is illustrated in Fig.40
The main modification consisted in providing the automatic Topler pump to
compress the sample gas from the peripheral stream to sample bulb.,
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4.2 Concentration Measurements of Binary Gas Mixture at Low Pressure

In this experiments, it was required to determine the concentration
of gas mixtures such as Hz/Nz He/N, at low pressure to an accuracy of the
order of 0.1% so that it may €valuate the separation effect.

In the early experiments, the low pressure constant volume method
was applied to measure concentration (34 ), in which the gas mixture con-
taining hydrogen as one of two constituents was determined in the following
manner. The gas mixture was circulated through a heated column packed
with cupper oxide by a mercury diffusion pump, after the pressure and the
gas volume were measured. (see Fig.41 ) Water vapour produced by the
reaction of H, with cupper oxide was removed by the liquid nitrogen trap.
Non-reacting gas (Nz) was compressed to the original volume by the Topler
pump. Thus the composition could be determined reading the pressure.

It was satisfied with the accuracy, however, the time required was over
90 minutes for..one sample,

In order to shorten the time required in the measurement as well as
to obtain better accuracy, we tried to apply the thermal conductivity method
to the gas analysis at low pressure, which has been used at atmospheric
pressure. :

It was found that this type of device was applicable for low pressure
with a fair degree of accuracy, and also possible to shorten the required
time down to about 10 minutes. The principle of the method is based on
the measurement of the resistance of a nearly spherical thermistor, placed
in a rarefied gas mixture at various pressures. The rate of generation of
heat in the thermistor under a steady state, is equal to the rate of dissipation
from the thermistor. This becomes o

(FRI*—@q) = 4A (T -T.) (4.1)

where R = Resistance of thermistor _
I = Electric current which passes through thermistor
T . = Temperature of thermistor
7:% = Temperature of the wall of the block
A = Surface area ‘of thermistor
#4 = Heat transfer coefficient
Q = heat transfer from thermistor by any mechanism other than
conduction

The relation between R and 7 for a thermistor is expressed by

R = Ruop(8(L - L] (4.2

The sensitivity of thermistor to small temperature change is extremely
high, in comparison with the other material. The value of B 1isin the
range of 2000°K 5000°K, . ‘

From Egs. (4.1) and (4.2)
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/ / ARV
T = = P:T -5 ﬂnﬁ
/ R -/ -/ ° o
E—'L”E+ B4R+ T* (4.3)

:4]\

and

/
/Q_Z-z = %/4 ( B-Zrtk'f'—/-‘*-/ - 7;;) (4-4)

Then we find that a unique relation between 'ﬂ and /Q is obtained
if 7 is maintained to be constant. The value of # depends on the pressure
and the concentration. Hence, the relation between the resistance of the
thermistor and the concentration of gas mixture could be determined if
resistance measurements are carried out under constant pressure, using
gas mixtures of various concentration. In our experiment, resistance was
measured as -a function of pressure for each gas mixture and the value of
resistance at a given pressure was calculated by means of interpolation.

Electronic¢ circuit

A balanced type bridge circuit was used to measure the resistance
of the thermistor K as shown in Fig.472 . The thermistor employed in
the measurement was produced by the Gow-Mac Instrument Company in
U.S.A. (35).and has about 7000 {2 resistance at room temperature., Its
form is beads coated by glass as small as about 0.5 mm in diameter, and
inserted into the cylindrical hole of diameter 6 mm, drilled in 50 ¥ 50 X
50 mm3 cell block made from brass (Flg.43) A line power source of
a.c. 100 V was stabilized through a commercial magnetic voltage regulator.,
It was supplied to the high precision d.c. voltage regulator. The circuit
indicated in Fig.44 is the same one as designed by Takahei(36). The
output of about 350 V d.c. is supplied to the constant d.c. current regulator.,.
The circuit shown in Fig.44 was designed by referring to the circuit
proposed by Shimoda (37). The output current to the bridge was chosen to
be 3.8 mA. The ripple was attenuated to a degree not appreciable by a
galvanometer and by a milliammeter. Furthermore, the output current
can be kept constant even if the variation of the resistance of the thermistor
brought large variation of the load impedance. k

Thermostat

It is quite necessary to regulate the variation of the temperature of
the cell block as small as possible, because of the large sensitivity of the

. thermistor to temperature variation. The cell block was 'placed in water

bath stirred by a jet agitation machine. The temperature of water was
carefully regulated by on-off control of heating current by a transistor
relay. The variation of temperature was detected by a specially designed
toluen-thermostat in which a capillary part is smaller in diameter than that

'in the commercial one. Furthermore, the waterbath was placed in an air

bath. A wooden wall of the air bath was lined by styro-foam plates for
insulation. Air was stirred by a fan and temperature was regulated in a
similar way. From the measurement by Beckmann thermometer, it was
found the variation of the temperature of water was able to be reduced to
below 1/1000°C.
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Assembly of vacuum system

The assembly of vacuum system and gas introduction system are shown
in Fig 42 The following experimental procedure was employed. A gas
mixture of known composition in a sample bulb was admitted into the cylin-
drical hole in the cell block by means of a Tdpler pump after the system was
evacuated by a mercury diffusion pump and a rotary vacuum pump. The
gas mixture first compressed to the pressure of about 18 mmHg and isolated
from the vacuum system by keeping the stop cock 1 closed. Then the
pressure of the gas mixture was measured by a di-octylphtalate oil manometer
to an accuracy of the order of 0.1 mmHg. The electric current was supplied
to the thermistor and maintained for several minutes prior to the measure-
ment of resistance, in order to insure the attainment of steady state condition,
which can be confirmed from the zero deflection of the galvanometer. After
the measurement, the pressure of the gas mixture was lowered slightly by
opening the stop cock 1 and letting the small part of the gas mixture sucked
out by the evacuating pump. Then the same experimental procedure was
repeated. In this manner, the relation of the resistance of thermistor to
the pressure can be obtained for each gas mixture.

Results of experiment

The thermistor constant £ was determined in the followmg way.
Firstly, the resistance of the thermistor was measured for various electric
currents and the extrapolated value at zero current was taken as the true
resistance at the thermostat temperature. Secondly, the same procedure
was repeated changing the thermostat temperature. The relation between
R/Rx and ( 7s— T)/T T  was obtained as shown in Fig.45. Thus,
the value of constant ‘B was determined to be 3500°K.,

The effect of air pressure on the thermistor resistance was measured
to confirm its reproducibility as indicated in Fig.4& . The results obtained
before and after a series of experiments with hydrogen and nitrogen gas
mixtures were quite satisfactory.

The relation between the re51stance of the thermistor and the pressure
for H, -N, gas mixtures is shown in Fig. 47 in which the concentration
was taken as a parameter. The same relation for He-N i gas mixtures
is shown in Fig.48 . The relation of the resistance and the concentration
was plotted in Figs.49 and5(0 in the cases of both 15 mmHg and 10 mmHg.
It is evident that the relation can be approximated by a straight line with a
fair degree of accuracy.

It seems that small scatter of the experimental data is not due to the
errors from the resistance measurement but ascribed to the errors originated
in the m1x1ng process of pure gases for making a sample. Mixing was carried
out by using the Topler pump in such a way as shown in Fig. 51 . A pure
gas was contained in a given constant volume and the pressure was measured
(a). Then the gas was isolated by a mercury cut-off (b). After the remained
gas was sucked out, another pure gas was added to the first one and total
pressure was measured (c). Then the expansion and compression of the
mixed gas was repeated several times by raising and lowering the mercury:
in the Topler pump, until the mixing was accomplished. It is likely that the
errors would be rather introduced from the pressure measurement and from
the incomplete mixing process.
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The experimental results presented above show that the concentration
of Hy /N2 and He/Ns gas mixture can be determined to an accuracy of the
order of 0.1% by thermal conductivity method, even if the pressure is as

small as about 10 - 15 mmHg. This method has the advantage that the time
interval required in the measurement is very short and the procedure is
simple. Moreover, there is room for improvement to obtain better accuracy
because the resistance measurement will be attainable to an accuracy of the
order of 0.1 ohm. In this study, the electric current supplied to thermistor
was chosen'to be 1.9 mA, although the safe maximum current of about 6 mA
is allowed. It is clear that much higher sensitivity could be obtained with
the higher heating current at least up to 5 mA.

4,3 Critical Mass Flow of Rarefied Gas Mixtures

It is well known that for invicid flow, there exists a definite critical
pressure ratio (/’/,b ) beyond which no additional increase in mass flow
rate can be accomphshed by decreasing the back pressure. The critical
pressure ratio and maximum flow rate for a smooth nozzle is given by

Sl b

! X+ /!

L4 1 .
¢ = (F27)2 7 LA (PRT)? (4.6)

where J denotes the ratio of specific heats.

In this section, the experimental results on the critical mass flow
rate of several gas mixtures are presented.

Figure 52 shows the experimental values of volume flow rate
through the circular nozzle as a function of inlet pressure. The ratio of
downstream pressure to inlet pressure f*/,b” is very small and the
downstream condition ceases to influence the upstream condition. The
discharge coefficient /7 are calculated from these data and plotted as a
function of Reynolds number in Fig. 53 where /7 and /Qe are defined
by the following expressions.( 38) '

G [P WA (4.7)

~ WD .
h= M | (4.5)
W= (£)* ' (4.9)

where P? is the kinematic v1scos1ty of a gas mixture evaluated at the
equilibrium upstream condition and given with the aid of Wilke's formula in
the following form:
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Figure 54 shows the experimental values of volume flow rate
through a slit nozzle as a function of the inlet pressure for several gas
mixtures.

These experimental results for various gas mixtures can be corre-
lated unéchel‘y by ysing the dimensionless quantities /_' and /?e as shown
in Fig. . :
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4.4 Measurements of Diffusive Separation of Mixtures

Separation of H2/N2 Mixtures in an Axisymmetric Supersonic Jet

‘ In Fig. 56 » the experimental data of sepération coefficients are
shown as a function of the distance between the nozzle exit and the skimmer

with the inlet pressure as a parameter. The separation coefficient is
defined by
M M
N ,
oL = M /N (4.12)

NZNT |

The experimental conditions are: converging nozzle; 0.3 mm I.D., skimmer;
2mm I.D., stagnation temperature; 300°K, initial composition; 48,92 mole
per cent hydrogen. Other experimental conditions are shown in Table 1

in which the sizes of barrel shock and Mach disk are calculated values (see
section 5.2) ,

Table 1 Experimental conditions

, 9* % * % *
PO PM PO/PM xM/R yM/Z’.R y/2R y/2R y /2R
mm Hg  mm Hg . S
221.8 0.2 1109 46,4 16,7 19.9 1-10 6 2/3
381.8 0.2 1909 58.6 23.1 27.5 1-10 6 2/3
700.0 0.3 - 2333 77.4 26,0 30.9 1-10 6 2/3

XM axial distance to the Mach disk; YM» diameter of the Mach disk;
yB maximum diameter of barrel shock; Xg, axial distance of skimmer;

Ygs diameter of skimmer,

The cut @q_ which means the ratio of the mass flow rate of the peri-
pheral stream to the total mass flow. rate through the nozzle is given in -
Fig. 57 . 1t becomes evident that same supersonic profiles are formed
for this range of inlet pressure.

Separation of Hz/N2 and He/N2 Mixtures in a Two-Dimensional

Supersonic Jet

‘ The composition of the mixtures employed in the experiment was as
follows:
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(1) 48.9% H, - 51.1% N,
(2)  21.8% He - 78.2% N5

The separation of these mixtures was determined as a function of the distance,
X g between the nozzle and the skimmer at different inlet pressure and down=
stream pressures. Figs.B8 nad 59 are the relation found between the
“separation coefficient and the distance between the nozzle and the skimmer.

In Figs. 60 and 671 , the experimental data of the cut are shown as a
function of the distance between the nozzle and the skimmer with the inlet
pressure ag a parameter, It is seen that the cut reaches a finite value as
Xg tends to zero, = The portion of the jet, @0(_} flows into the peripheral
stream without changing its composition. s

Hence, it is necessary to make some corrections in order to obtain the actual
value of the separation coefficients as well as the cut. As a simple approxi-
mation, the portion of the jet not subjet to,variation of composition can be
assumed to be constant and equal to GG regardless of the change of the
nozzle to skimmer distance. ? '

Then, the actual values of the separation coefficient and the cut are calculated
from the following equations:

ods. o
@ — @
8, = ~ — (4.13)
. | / - @f | .
o e (I — 8)6, J !
L = NN e t e = ' (4.14)
N° “N° = &g 7 7 |
! 2 '%0 G ml
ofd
AN A G G (4.1
— : . 5)
ots, 7, NP
G o T L T

where superscript obs, represents the experimentally observed values.
“Phe-corrected values -of the separation coefficient and-the-cut-are-shown in

Figs. 62 ’ 63 v64 ’ ~and 65 . : ‘
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V  Comparison of Theoretical Predictions with Experimental Data

5.1 Heat Transfer from a Sphere to Rarefied Gas Mixtures

The graphs in Figs. 47 and 48 presented in the section 4.2 show in
‘essence the variation of the heat transfer coefficient of a sphere in a rarefied
gas as a function of Knudsen number, where Knudsen number Kn is defied as
the ratio of the mean free path of the gas and the radius of the sphere.

From these results, it seems possible to obtain the relation between
Nusselt number and Knudsen number with the help of Eqs. (4.1) and (4.2).
Thus, the expression for the Nusselt number is given as follows:

. . ) /?eu
Nu = D Grr'=q) (1= Fnz®) (5
i ZToAmia D~ T sm L=

However, it is necessary to take into account the effect of thermal resistance
of the coated glass on the thermistor, for hydrogen or helium, because of
their high thermal conductivity. The correction for Nusselt number due to
this effect can be made.
: The apparent Nusselt number was evaluated as a function of Knudsen
number by using the experimental results with the aid of Eq. (5,1 ). The
thermal conductivity of a gas mixture A miy at the surface temperature of
the thermistor can be evaluated from the experimental results presented in
reference (39) and from the method of Mason and Saxena (40) '

"n;x= Z N-¢.' (502)
A=/ £ < Tr
F=7
in which A. is mole fraction and /\k- is the thermal conductivity of the pure
component « The coefficient ¢". . is given as follows:

bod (2T - G e

The thermal conductivity data at a given temperature are available from the

table in references (39, 41). The surface temperature was approximated

by the thermistor temperature. ‘
The characteristic length D. was determined from the following

equation which means that 2 »? is equal to the surface area of a spheroidal

thermistor;

P 2 al / | /+ — ( .
wd = ang {1+ (5) a4 Wﬁ‘ L (5.4)

where a, b denote short radius and long radius respectively, and was
0.,0419 cm in this experiment.

The heat loss Q , that is, the heat conduction from the thermistor
through platinum wire leads 27.6 u in diameter and 10 mm in total length,
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(see Fig. 43 ) was calculated from the following simple expression on the
assumption that the heat conduction from the wire to the gas can be neglected.
The above assumption is valid if the wire is placed in an infinite medium.

Q = ma‘AM,I—L:Ir - (5.5)

in which 5 , /\-M ’ L denote the radius of plat_inum wire, the thermal
conductivity of platinum and the length of platinum wire, respectively.
Corrections for radiation and free convection were neglected because the
maximum value of the correction in the present investigation were about
0.1 per cent, and 1 per cent, respectively.

Knudsen number for pure gas and gas mixtures was calculated from
the following expressicn at the wall temperature of the cell block 7:, (42)

/(n" = &5, 89 /u”’"‘ L T"’ (5.6)

where Mmix = Viscosity of gas mixture
™M MN, + M, N, ; mean molecular weight.

I

The viscosity of gas mixtures is obtained from the analogous equation
to the previously given expression for the thermal conduct1v1tles, ( 40 )or
from the experimental results presented in reference ( 39 :

VT i AW 6D
A=/ t A{‘ -y '
F=7 “&

The actual Nusselt number Nu, can be obtained by considering of
the heat conduction in the glass region surrounded by two concentric spheres,
that is,

X
Nu
Ne = (5.8)
!/ + Nu.x £ A mux
c = Si-=3 | (5.9)
28, Ag
where /L ¢ the thermal conductivity of glass. 5,‘ ’ SJ denote the radii
of inner and outer spheres respectively (see F1g.66 ). FromEq. (5.8 )

it is found that Af, depends on A mey S follows:

Ne = < - :
w / + (,J /lm‘,x . (5-10)
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Figure ©7 indicates Mw asa function of /{ mex for various gas mix-
tures when A3 = 0,01, The constants C, and C, appearingin Eq. (.5 .10)
were determined from these results to be 1.79 and 0,103 respectively. The
solid line in Fig. §/ expresses the relation between New and A e
calculated from Eq. (5 10) with these constants. _ Thus the actual Nusselt
number was obtained as follows:

¥ Nee
- 11
e /= 0.057770% A iy N (5 )

Figure 68 gives the Na,x for various gas mixtures and pure gas in the
form of a function of Ko .

On the other hand, solving the Maxwell's integral equation of transport,
we can obtain the analytical expression for the relation between Nusselt
number and Knudsen number in the form:

* 2
Ne = 75 =7 (5.12)
. / + ‘—2-—0<7"‘./! /‘/n

Details are described in Appendix j .

The above relation with various values of « are shown by solid lines
in Fig. 68 . The results for some pure gases were in good agreement with
Eq.(5.12)as indicated in Fig.68 y where the values of o for hydrogen,
helium and nitrogen were chosen as 0.3, 0.35 and 0.8 respectively., It
seems that these values of the accommodation coefficients are reasonable in
comparison with the values obtained by other investigators, as given in
Table (references (43 , 44 ,45 ) and the tables presented in the
survey report on accommodation coefficient by Hartnett 5)46 ).

For a multi~component gas mixture, the accommodation coefficient is
expressed by the following equation from the energy balance

Ml
oA = B Ao  5a3)
771&'2.’ - ' N,.' -
L T

*

where o(/: is the accommodation coefficient for pure gas, and M, is a
mole fraction. ( 47 ¥ -~/

Figure 69 indicates the relation between A and o ;/(n for
various gas mixtures, in which /,,;, is evaluated from Eq. ('5 .13).
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5.2 Comparison of Experimental Data with Theoretical Predictions

Separation of Hydrogen and Nitrogen Mixtures

From the experimental results for « and @& , the value of
St Fe ,
2m,m, Am 3,(2’4-/)7’_—,_,1_)3—
M : 2 y+/

is calculated with the aid of following equation:

_St‘“: m%:ﬁ’ &, 7 o<+:(/m,x: (5.14)
\ 7, N,

The Péclet number is given by

R¥a®  _» / o
A =—@/;—_&/r—747 oK

= 2.452'/0"[7"’(/%*M;;/ZM,/‘Z; ‘ (5.15)
Y e ¢,
Lrol (N (TF)

The force constants 6~ 12 and & 12 associated with the Lennard-Jones
potential for interaction between hydrogen and nitrogen molecules are found
in the reference (48) to be

6 12 = 3.305 A, E12/4 = 58.1°K. .

The experimental values of the above dimensionless quantity are plotted as

a function of nozzle to skimmer distance with the inlet pressure as a para-
meter in Fig. 70 It is indicated, in Fig. /Q , that experimental results
for various inlet pressures can be summarized with a single relation by using
the above dimensionless quantities."

If the leading edge of the skimmer is located inside the region bounded
by both the barrel shock and the Mach disk (see Fig.71 ), the cut will not
be affected by the change of inlet pressure as shown in Fig. 57 Bier
and Schmidt have reported a photographic study on the shape and size of the
barrel shock and Mach disk.('49).’I‘heir observed values on the Mach disk
diameter, yM/ZR* and the maximum diameter of the barrel shock, ys/2R*
can be expressed as a function of the pressure ratio, p9/pt by the following
equations, over the range of pO/p! of 10-103,
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D — b 262 (f_a)”';” (5.16)

2 R¥ A
Iy _ Py 3% (5.17)
ZKX_ 0.3/6 ('7,) .

The relationship between theiaxial distance to the Mach disk and the pressure
ratio has been given by Ashkenus and Sherman as follows (50) ¢

4

.y
X _ £z L o< /7000 (5.18)
RX_/..ML(/,,) , < G <

Under our experimental condition, these values were calculated from the
above equations as shown in Table 1 Hence, the flow field of super-
sonic jet into vacuum can be directly used for calculating the mass transfer
up to the skimmer, regardless of the change of jet boundary.

i The calculated relationship between the cut and the nozzle to skimmer
distance when the distance from the axis r/R¥ is 2.0/0.3, is plotted in

Fig. 57 for comparison with the experimental results.  With the aid of
the results for dé/dA , the integral, 1 was calculated for r/R¥ = 2.0/0.3,
by using Simpson integration formula. As the first order approximation,

both the mole fraction Ny, N, and the average mass of gas mixture m
were assumed to be constant and equal to their values at the nozzle inlet.
Then, the integral, I is given by

A o / 2 dﬁ — |
[ = N,°Nf/ (—TT—)TM,’ - 7t dA (5.19)

The results of calculation are shown in Fig. 70 by a solid line.

As indicated in Fig. 5§/  the experimental results on the relationship
between the cut and the axial distance to the skimmer were in fairly good
agreement with the results of calculation based on the flow pattern of axially
symmetric supersonic jet into vacuum, which is computed by using the
method of characteristics. This agreement has led to the conclusion that
the flow properties up to the skimmer are unaffected by the jet boundary,
that is, the leading edge of the skimmer is located inside the region bounded
by both the barrel shock and the Mach disk under our experimental condition.
The results on diffusive separation of hydrogen and nitrogen mixtures in an
axially symmetric supersonic jet were also in fairly good agreement with
the results of calculation by the proposed Eqs. (2.13)and(2.14)which
were derived by taking account of the pressure diffusion in the jet.
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Separation of H2/N2 and He/N2 Mixtures in a Two-Dimensional Supersonic
Jet '

In Figs.72 and 73 s We show the measurement of expansion
pressure ratio as a function of the cut for idfferent inlet pressures
and for different nozzle to skimmer distances. It is seen that the ex-
perimental condition can be classified into two groups in this experi-
“ment . With +the aid of the experimental data for expansion pressure
ratio, the approximate shape of the barrel shock was calculated by
assuming the shock profile to be expressed as

¥ o=/ + A (6" M) x 0, Xt € ! (5.20)
where M _ T ! 77 "z -q/h*;r————— 2
O YT A W (MY =) = Kan M — . (5.21)
M K oy 2L
M =«/7:7—{(,,~)’-/J | (5.22)
y the constants cq and c, being determined from the following condition:
=" . o
X=Xy 3 Hd=fn . (5.23)

The values of Xg s Yg » Xm, and yum were chosen from the experimental
data presented by Bier and Schmidt (49). In Fig. /4 , the approximate
shock profile is shown with the expansion pressure ratio as a parameter.
Thus, it becomes evident that the leading edge of the skimmer located
outside the barrel shock in this two-dimensional experiment.

If the leading edge of the skimmer locate far outsidé the barrel
shock, the integral mass flux will be independent of the width of the
skimmer, since the flow behind the shock will have little effect on

species separation. From the experimental data for « and (/) , the value
of LSt L j r ‘

W, M, AN T+ ly L 2.\5 T~

SRR ()T(F)E 7

is calculated and plotted as a funcbtion of the cut in Figs.75 ’and76

St P r /
3 7 i
Furthermore, the value of ’1‘—-”';‘:‘_'7&—)’ (—’i;—/-) 77 (}—zﬁ) z /. M'%’

is plotted for both H,/N, gas mixture and He/N, gas mixture in Fig./7 .
The experimental data are summarized well into two groups, and it is seen
that the width of the skimmer has no effect on the integral mass flux.
However, these values of integral mass flux are extremely smaller than
those predicted by integrating theoretical mass flux inside the barrel
shock, This means that the absolute value of the integral mass flux in
the shock is nearly equal to that in the isoentropic core. Bier also
has obtained the similar result as shown in Fig.78. On the other hand,
when the expansion pressure ratio is relatively large, and simultaneously
the width of the skimmer is small, the relationship between the integral
mass flux and the cut becomes different as shown in Fig. 79 . 1In this
case, the leading edge located in the broaden shock wave. It is seen
that the experimental values tend toward calculated values when the
effect of shock is decreased.
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5.3 Comparison of Theoretical Predictions with Existing Data Given by
Becker et al.

Diffusive Separation of Argon Isotope Mixture

Beck%r", etjl. have given experimental data for the separation effect
: f—CA for an "*Ar/*Ar  mixture as a function of the nozzle-skimmer distance

» with the cut # as parameter (see Figs. 80 and &] The separation
effect is defined by 30,51
M K
£ = (/ =N7) _ /

A K M
NECr =N
M K . .
where A" and N" are the mole fractions of the lighter component of a
binary mixture in the peripheral stream and the core stream, respectively.

From,the experimental results for 6;4 and #) given by Becker,
et al., the value of

St pe /
2mms Am Y+/\i#7 (2 \7
e 2 7!

is calculated with the aid of Eqs. ( 2. 13), ( 2. 15 ) and (2.20 ) and plotted
in Figs. 82 and 83 as a function of nozzle-to-skimmer distance xX/R¥
with @& as parameter.

The flow field of axially symmetric supersonic jet into vacuum was
computed by using the numerical method of characteristics; Ad6/d/l and [
appearing in Eq. ( 2.14 ) were calculated along various streamlines. The
details of the method of computation are described in the previous section,
The streamlines obtained are shown with the value of cut as parameter in
Fig.84 in which the experimental data by Becker, et al, are also plotted.
Figure 16  gives d&/d4 along various streamlines, and the Mach number
distribution along the streamlines is shown in Fig.17 .

If the leading edge of the skimmer is located inside the region bounded
by both the barrel shock and the Mach disk (see Fig.71 ), the value of cut
will not be affected by changes in the inlet pressure, that is, by the changes
in the position of jet boundary, so that the flow field of supersonic jet into
vacuum can be directly used for calculating the mass transfer up to the
skimmer, regardless of changes in jet boundary.,

Bier & Schmidt( 49 ) have published a photographic study on the
shape and size of the barrel shock and Mach disk for argon gas. Their -
observed values of the Mach disk diameter y,q/,z,q_‘* y the maximum diameter
%s /2R* of the barrel shock, the axial distance Xs/2-% at which the
diameter of the barrel shock becomes maximum, and the axial distance Xy/2 0¥
to the Mach disk can all be expressed as functions of the pressure ratio

ﬁ’/lb’ over a range of /57/5’ between 10 and 10° ;
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2—5%’, = 0205 (’;:)M'M (5.24)
z%* = 024 (‘/;?;)oﬁ# | C(5.25)
-%”— = 1.3/ (i,p—)o'm | | (5.26)
% = 0.8/ (’;j)(?’”é
Table 2 shows these values calculated from the above equations under

the same conditions as Becker's experiment. Hence, the leading edge of
the skimmer may be located inside the barrel shock except in the case of the
small values of cut.

With the aid of the results of computation for 6(9/0(/1 , the integral I
was calculated as a function of / along various streamlines. As first
order approx1mat10n both the mole fraction N A, and the average mass

of gas mixture 7z were assumed to be constant and equal to their values
at the nozzle inlet, that is, /\/ = 0.00337, /V = 0,996, Then

A :
I = /V,o/\é"/ M*‘;}f} 7T o (5.27)
: 0 K

The results of calculation are shown by the solid lines in Figs.82 and 83 .

As indicated in Fig.84 experimental results on the streamline by
Becker, et al. are in fairly good agreement with the results of calculation
on the flow pattern of axially symmetric supersonic jet into vacuum, except
for @ =0.1. This agreement permits us to affirm that the flow properties
upstream of the skimmer are affected neither by the skimmer itself nor by
the jet boundary, which means that the leading edge of the skimmer was
located inside the barrel shock.

The results on diffusive separation of AI‘/"OAI‘ - isotope mixture in
an axially symmetric supersonic jet are in reasonably good agreement with
the results of calculation by the proposed Eqs. (2,13 )and (2,15 ) as
indicated by Figs. 82 and 83 except for small values of cut.
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Diffusive Separation of Three-Component Gas Mixture of = Ar, Ar,

and He

Becker et al. ( 30 ) have given experlmental results on the separation
of argon isotopes, when the supersonic jet of an**Ar¥’Ar-He (Ha) mixture
is separated by means of a skimmer into peripheral and central streams.
Further experimental results on the separation of a*® UFs 2" UF¢ -He
mixture were also presented ( 52 , 4 ). Figure 85 shows typical
results for the separation effect, ‘EA , for argon isotopes, as a function of
the nozzle skimmer distance, X; , with the cut, @A , as a parameter. The
above results were obtained under the condltlon of constant feed rate of
argon gas through a nozzle, while the separation effect, &; , increases
appreciably with increasing helium concentration. Similar results were
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obtained for separation of uranium isotopes using a curved jet containing
gaseous uranium hexafluoride and helium. A jet separation pilot plant
working with a He~UFg mixture was built in Karlsruhe in Germany and
has been operated successfully ( 4 ).

The gas dynamic characteristics of an invicid free jet of a helium-
argon mixture are independent of its composition because their ratios of
specific heats are the same. Thus, the flow field of an axially symmetric
supersonic jet into vacuum for y =1 .66667—computed—in the previous
section can be used directly, The streamlines of argon gas were obtained
by solving Eq. (2.51) numerically, and shown by solid lines in Figs. 86
and &7 with the value of cut, @A , as a parameter, in which the mole

fractions /\/,a » N,” , and N; *, and the inlét pressure, F° , are
assumed to be similar to the values in Becker's experiment:
Case I Case II
N, =0.52 N’ =0.89
N’ =0.48 0.00337 40 =0.11 0.00337
At =0.48 - 0.99663 Ne =0.11 0.99663
/b' = 24 torr /b' = 60 torr

In this calculation, the light component consists of pure helium,
although a small quantity of hydrogen was also included in Becker's
experiment, ' _ .

The experimental data are plotted in Figs. 86 and [ « Then,
the mass flux integral, | , was calculated from Eq. ( 2.50 by the Simpson
formula. The results of calculation are shown by solid lines in Figs, 88
and'89 .

If the leading edge of the skimmer is located inside the region bounded
by the barrel shock and the Mach disk, the flow field of the supersonic jet
into vacuum can be directly used for calculating the mass transfer up to the
skimmer regardless of the value of the expansion pressure ratio. As
indicated in Figs. @@ and &7 the results of calculation on the flow pattern
of an axisymmetric supersonic jet into vacuum are in fairly good agreement
with experimental results, except for small values of cut. This agreement
permits us to affirm that the flow properties upstream of the skimmer are
affected neither by the skimmer itself nor by the jet boundary, which means
that the leading edge of the skimmer was located inside the barrel shock.

From the experimental results for £, and @/4 given by Becker et al.,
the value of ' A

051‘ - Pe i ,
T (S (A

is calculated with the aid of Egs.(2.62) and (2,63) and plotted in Figs.88
and 89 as a function of nozzle-to-skimmer distance with as para-
meter. As can be seen, there is reasonable agreement between theory and
experiment, for @/4 > 0.3. :
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As indicated in Pigs .88and89, a numerical analysis on the dif-
fusive separation of three-component gas mixtures of 3 Ar, 4”Ar, and He
in an axisymmetric supersonic jet gave reasonable agreement between
calculated and experimental results, The enhancement of the separation
effect of argon isotopes when helium is added as a third component can

‘be attributed to the decrease of the average mass of the gas mixture and

the apparent increase of the mutual diffusion coefficient between argon
isotopes (Eq.247). A similar analysis could be used to analyze the
process for separation of uranium isotopes using a jet containing gaseous
uranium hexafluoride and helium.

Diffusive Separation of 235UF6/238

UF, Mixture in a Two-Dimensional
. 6
Supersonic Jet

Becker et al. (53) have given experimental results on the separab. ..
tion effedt éh for ¥ UR;/?¥UFg mixture as a function of nozzle
inlet pressure, as reproduced in Fig490 Table 3 gives their experi-
mental conditions, From these data, the values of

St - Pe

72, s 477 r(r+/),—,ﬁ7(,z =
57209 z Y7

are calculated with the aid of Eqs.(2.18) and (2.20) and plotted in
Fig.g'] as a function of inlet pressure,

The flow field of supersonic jet of UFg gas from a two-dimensional
sonic nozzle was calculated numerically by the method of characteristics,

Based on the results obtained therefrom the pressure diffusion
flux was calculated along various streamlines. Figure92 presents the
integral I along various streamlines as a function of x/R¥,

‘ Comparison of diffusive sepdration Betwedn éxperimental data and
theoretical prediction is shewn in Fig.Q], and a comparison of cut is
shown in Fig.gfs. It is seen from these figures that the experimental
values of the pressure diffusion flux as well as cub tend toward calcu-
lated values with increasing inlet pressure, that is, expansion
pressure ratio. :

40



Table 2

Becker's experimental condition

p0 PO/ JR% oy Jomx oy Rk gy Jops
M M B A
mm Hg mm Hg
30 1.5-10° 58.7 19.1  37.9  23.5
80 "4.0'103 97.8 35.1 63.6 43.3
_16 10° 47.4 14,9  30.8 _18.2
Table 3 Geometry of Becker's jet separation.
apparatus :
A B C
Width of nozzle exit mm 0.085 0.045 . 0.049
Width of skimmer mm | 0.29 _ 0.19 0.25
Distance between nozzle 0.1 0.08 011
exit and skimmer mm :
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Separation of Gas Mixture in a Shock Wave

Bier et al. (54 ) have given experimental results on the separation
of helium-argon mixtures in a oblique shock wave which is formed ahead of
a cone of half angle 22.5 placed in an axisymmetric free jet (Flg.94 ).
Their data for the separation coefficient and the cut for different nozzle
inlet pressure and the distance between the nozzle exit and -the vertex of
the cone are reproduced in Figs 95 and 96 . It is seen that the
separation coefficients are inereased appreciably during passage of ghock
front through the leading edge of the skimmer.

From these data, the value of

St - pe
,Zm;:z,zxm e (2’+/ 7 (r /)

are calculated with the aid of Eqs. (2.18) and (2,20 and plotted in
Fig. Q7 as a function of the distance between the nozzle exit and the
vertex of the cone.

Now, consider following the streamline which issues from the nozzle exit
and just reaches the leading edge of the skimmer after crossing the oblique
shock.

If we assume that.the flow behind shock has little effect on speciés separation,
the total integral mass flux can be obtained by summing the integral mass
flux in the shock and that in the part of jet before the shock.

The conditions at the crossing point of the streamline and the shock can be
determined by utilizing the results of calculation on the shock shape
described in the section 3.4 and with the aid of the experimental data for
the cut. Thus, the 1ntegral mass flux I, was calculated from the results
presented in the section 3.3.

The calculated results on the total integral mass flux are shown by a solid
curve in Fig, 97 in which a dotted curve represents the integral mass
flux in the part of jet before the shock. It is encouraging that there is
reasonable agreement between experimental data and calculated values.
However, it is further necessary to calculate flow field behind shock in
order to make true comparison between the experimental data and theoretical
prediction, :
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VI Evaluation of Jet Separation Process

Separation performance of a separating element is
generally expressed in terms of separative power, dU (58).
When the separation effect is very small, dU is expressed as

G *
sU = > & O(/- @) ‘ (6.1)
wvhere separation effect, & is defined by
= - 6.2
T TR | (6.2)

It is of importance to find an optimum operating
condition in which the finantial input for the separating
element is minimaized relative to the separative power.

The finantial input mainly consists of the cost of the electric
energy for the compressor, and the capital cost. The former

is roughly proportional to the isothermal compression energy, E,
which is written in the form:

E = c-,—A’T(@Ln/% + (/- ®) Ly /fk)  (6.3)

The optimum condition is approximately determined by minimizing
the specific cost of energy, E/6U, as the jet separation
process demands the high power consumption. "

The separation effect, &, is given in terms of
integral mass flux, J, as follows: '

Nrige + N2 ¢r-@) + ]
£ = —2 X — -/
VAL ) - _
—=2-G6 - J &.G(/ @) - J
S GJ — (6.4)
(ret-0)-J)N“Z ¢@ - T )
If J is very small, Equation ( ¢.4) becomes
£, = cad v
A NGB @)
e St
T TN o0~ @) (6.3)

43



Therefore, the separation effect is proportional to the Stanton
number. Thus, the specific cost of nergy is given by

0. 6.2 . 4 4 2
E_ 2(’”1_"1;_,@/%)@(/_@)&7(@&{;”"W%‘,{F)"f
.

IV (6.6)
Now, let's considér first, the influence of a third
component on the separation of isotopes. As shown in the

previous sections, the degree of separation, that is, the
separative power is enhanced by adding a light component
like helium, while the energy consumption increases due to
the increase of the flow rate.

To find ,out the optimum fraction of the light component,
the value of(Q/3U24CDQLthas been calculated as a function
of the mole fraction of helium, for two examples of He-%A —*ﬁ,
and He —’EUE-yﬁﬂk. The suffix + represents values for three
component mixture and values for pure isotope: mixture are
represented without any suffix.

From Eq. ( 6.5), we get
— a’

i _ J,. Pg ” = I, N w (6.7)
= g 7 a° —
A I Fhy y —g%}r”f

When the flow rate of isotope mixture is maintained constant,
we have the following relation between inlet pressures, p°
and . .
-4 J— .
/b, = T’_t (/ - N/) (6'8)
/} 7
and furthermore, if I; is assumed equal’ to T , we get

4 .

E o 2 :
Ay - 7 — s (/=W 6.9
% 7y NByyr ] By, w1, 8,] ( '/ ' (69)
Henceb, ) ,
— 7 3
M4 'V/u +A§‘93/+4./I'9/;

Y o+ 0* Qx
Figure98 shows the dependence of&j)/%ﬁﬁL.on the fraction
of helium. Each curve has a maximum at N = 0.4 for He-"*A-"%
mixture, and at N = 0.93 for HeZ'UF, 2¥UF; mixture. |
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It is noteworthy that the effect of addition of light
component is remarkable for uranium hexafluoride isotope
mixture, while the effect is not appreciable for argon
isotope mixture, as shown in Fig.98 . The optimum value
of the fraction of helium for uranium hexafluoride accidentally
agreed with the value assigned by Becker et al. ( 4 ).
Under the optimum condition, the specific cost of energy
- reduces down to about 1/5 comparing to the case of no addition
of light component.

In the next place, let's consider the influence of
the expansion pressure ratio,f’f”on the specific cost of
energy. If the value of expansion pressure ratio is given,
the shape of barrel shock can be determined in the manner
as described in 5-2, Then the cross point of a relevant
streamline at the barrel shock determines the location of
the leading edge of the skimmer. When the value of expansion
pressure .ratio is increased, the cross point is shifted
from upstream to downstream. Hence, the integral mass
flux, that is, the separation effect increases as the expansion
pPressure ratio increases, while the power consumption also .
increases. If the stagnant condition at the nozzle inlet
is fixed, and if P is assumed equal to p", the specific
cost of energy is proportional to the quantity,
L)
Fi u/?g'gg shows the value of 17‘;7?/(1/1",'/*5') as a function of
p®/p™ for cut® = 1/2, ~1/3,” 1 4, in the case of
two-dimensional jet of Y=1.4., It is seen that the specific
cost of energy becomes nearly constant beyond p°®/pM=50 .
As the pressure recovery through the shock can hardly be
evaluated, the real optimum expansion pressure ratio is
still obscure at the present stage. -
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VI Conclusion

Based on the results of the present investigation,
following concluding remarks can be made.

By using the integral mass flux, which can be obtained
by integrating mass flux of a relevant species over a streamtube
in a jet, it has been possible to deal with the separation
phenomena in supersonic jets even with shocks.

Explicit expressions for evaluating the integral mass
flux were introduced in a dimensionless form which included
several dimensionless quantities, and were applied for
the pressure diffusion flux in a jet of binary and ternary
gas mixtures and also in an oblique shock wave of binary
gas mixture. These were found useful to plot the experimental
data on a single curve regardless of the physical properties,
inlet pressure and initial concentration.

Two kinds of flow fields of axially symmetric and
two-dimensional jets into vacuum were computed by using
the numerical method of characteristics. The calculated
results for flow pattern were in fairly good agreement with
the results of skimmer experiments. This agreement leads
to the conclusion that the flow properties in a jet can
be well predicted even by assuming the fluid invicid and
the flow pattern is not disturbed by the existence of the
skimmer. This is probably true if the leading edge of
the skimmer is located within the region bounded by the
barrel shock and the Mach disk or Rieman wave.

The experimental results on diffusive separation of
various gas mixtures were also in fairly good agreement
with the calculation results from the proposed equation
derived by taking account of the pressure diffusion in a jet.
This means that the separation of species in a supersonic
jet of gas mixture is mainly due to the pressure diffusion
in the expanding jet or in the shock wave.

The effect of isotope separation by adding the third
component like helium was analized numerically and was
confirmed to be in good agreement with the experimental
data given by Becker et al. The enhancement of the separation
effect of isotopes when helium is added as a third component
should be attributed to the apparent increase of the mutual
diffusion coefficient between isotopes, and to the decrease
of the average mass of the gas mixture. ,

In the case that the leading edge of the skimmer located
outside from the intercepting shock in a two-dimensional
supersonic jet, the experimental values of integral mass
flux were found very small. This means that the magnitude
of the integral mass flux in the shock counterbalances

that in the potential core. An elongated and narrow intercepting
shock ‘is usually formed in a two-dimensional jet. Therefore,

it becomes difficult to design the apparatus in a fashon as
the leading edge of the skimmer is placed in the potential
core so that the negative effect of the shock wave may be avoided.
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The calculated results on the total integral mass flux
in an oblique shock wave were in fairly good agreement with
the experimental results presented by Bier et al. Thus,
the present method of calculation was found useful to predict
the species separation in a shock wave, too.

A thermal conductivity method which is based on
measuring the heat transfer coefficient from a sphere to
rarefied gas mixtures, was applied successfully to gas analysis
at low pressure. The experimental data on the heat transfer
coefficient were in good agreement with the analytical
result obtained by solving Maxwell's integral equation of
transport.
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MASS FLUX INTEGRAL IN AN OBLIQUE SHOCK WAVE (50 %/ H,-50% N,)
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FIG.32 REPRESENTATION OF FLOW WITH ATACHED SHOCK WAVE
AND NOTATION USED IN ANALYSIS
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FiG.36 CONSTRUCTIONAL DETAILS OF SUPERSONIC JET APPARATUS.

1. MICROMETER; 2. CONVERGENT NOZZLE; 3. SKIMMER;
4. PRESSURE GAUGL TAP; 5. FLANGE; 6.0-RING



FIG.37 FLOW DIAGRAM OF EXPERIMENTAL EQUIPMENT. 1. GAS MIXTURE CYLINDER;
2. NEEDLE VALVE; 3. SUPERSONIC JET APPARATUS; 4. MECHANICAL BOOSTER;
5. ROTARY VACUUM PUMP; 6. D.O.P. OIL MANOMETER; 7. PIRANI GAUGE;

8. MACLEOD GAUGE; 9. SOAP FILM FLOW METER; 10. SAMPLE BULB.
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FIG.38 CONSTRUCTIONAL DETAILS OF SUPERSONIC JET APPARATUS.

4. SKIMMER; 5.
ADJUSTMENT; 12. MICROMETER SCREW FOR VERTICAL ADJUSTMENT;
29,30,31. BELLOWS; 32. INLET PIPE.

NOZZLE; 7. SUCTION PIPE; 10. MICROMETER SCREW FOR HORIZONTAL
16. GLASS WINDOW;
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FIG.40 FLOW DIAGRAM OF EXPERIMENTAL EQUIPMENT. 1. NEEDLE VALVE; 2. ROTARY
VACUUM PUMP; 3. MECHANICAL BOOSTER; 4. SAMPLE BULB; 5. JET SEPARATION APPARATUS;

6. TOPLER PUMP; 7. ON-OFF RELAY; 8. MAGNETIC CONTROLLED VALVE; 9. SILICA-GEL
PACKED COLUMN; 10. GAS MIXTURE CYLINDER; 11. MERCURY DIFFUSION PUMP; 12. D.O.P.
OIL MANOMETER; 13. THERMOMETER; 14. SOAP FILM FLOW METER; 15. SOAP FILM FLOW METER.
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FIG. 41 SCHEMATIC DIAGRAM OF GAS ANALYSIS APPARATUS
1. TOPLER PUMP; 2, MERCURY CUT-OFF; 3. GLASS SCALE;
4. MERCURY DIFFUSION PUMP FOR CIRCULATING GAS MIXTURE

5. NICHROME WIRE HEATER; 6. COPPER OXIDE; 7. THERMOCOUPLD'

8. LIQUID NITROGEN TRAP - 9. MERCURY DIFPUSION PUMP;
10, ROTARY VACUUM PUMP; 11. SILICA-GEL PACKED COLUMN
12. THREE WAY COCK; 13. UNIVERSAL JOINT; 14. SAMPLE BULB.
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Appendix A

Difference Equations for Flow of Axisymmetric Supersonic Jet

The difference equations for axis
Eq. (3.5) are given in the following equations.

1, = Ra m(m/nf/m'tl)n (x/ - X3 ) (A-—']) ‘
X, = X, + m(a; -n,) (a-2)
— / -
/6\;— KF‘/'IE {E(I/@2+F(Z, lz)
—N(X; = %)) +F(KE —L(r, —=n)} (A-3)
5= 4 - —E/—fK(ﬂ, = p)+ L7 =2)]} (A-4)
— _{,_ B_- Z’/ /]; - Z)J A=5
= =7 (7757 fanT ) (A=5)
(Pl /?Z - )
n:?(,@,+z‘ ) (A-6)
/ /
- ! /
F—"z‘(wz;‘ /+z:) (A-8)
= 1 25 |
K—_z ((r+/)(/+,a*)(/+;c/i) | (4-9)
24
* (7 )(/+/fd)(/+;<,aj))
I = Tz ( (Zf+/)(/+/3‘)(/ .,.Klgl - (A-10)
2 4}
_I' (D’+I)(/+/Gj)(/2/</§¢))
— / 4 J .
Z' _,—2-((/6,&’4-/)/1, + Wﬂ-’) (A"11)
_ (= 2,
N= ?((/@ZA"‘")/Q fgEa,) (A-12)

The above formulas can be used for
noncentral points.,
central point.

calculating interior point from two
Special consideration is necessary for calculating

Al

ymmetric supersonic jet based on



As r —>» 0 alonga chara.cteristic,

4 dL) A6
n o (248 o (4] A-13
,'{%f:;o /1 ( (d/n R P ( )

Z1/]T‘ is given by

(c_lé)'/dr)i'a =0

can be obtained hy making use of Eq. (3.5), . which is
rewritten to \ :

s, [do) 28701+ 27
Aeee {wz),—f N Ty S Nyt
0{/5)+ L+ A hts
. (0(/1 gLt ) T o (A-14)

As v —> 0, the above equation becomes

Ao ) - 24 Af) 4 (o) -
(p(ﬂ)i'"L (3/4"/)(/4/6‘)(/.,4_ /(/6“’) (af/l,)m (0(/1), = 0 (A 1))

Then (d @/dr):_,- Neo are given by

2

Lo, = A (4 (A-16)
p(/(_ :t n=p (E+ I/)(/+ ﬂ)({"’ /{/j'l) (7(/1‘ M=0
The expressions for Z, //L, and .Z, //zJ on the axis become
L A By (A=17)
n, T +1)(r+ )1+ k@) 72y
‘ 2
L g Ay

= ; ) (A-18)
73 (f+/)(/+@)(/+/c/—;) T,



Appendix B

Difference Equations for Flow of Two-Dimensional Supersonic Jet

The difference equations describing a two-dimensional supersonic
flow of perfect gas are given by

tor |5 — / |0 by

yJ: nY, - wmY -+ X, = X, (B—'1)
n - m
X=X, + m (Y% ~- 4 ) » (B-2)
Y R A, , = 4,
=g (/+,6/?z, /+/’,Z,) (B-3)
- ! A + 4, b _+ 4 )
N = — LS T s -
-2(/32,—/ AT (B-4)

and for| 2 —/|l>0 by

_ J — mn Y + n(x,-x,) -
‘73— (/7 - mn) (B-5)
X=X, + m (4 — %) | (B~6)

_ ! £ - Z, A - 4
m= 7 (P + ) (B-7)
m= g ("@/f“;[/‘" + gﬁ, e ) (b-8)
£ = _K_Fg_ﬁ,{,g (1A +F(4= 400+ Fkp) (B-9)
L=14,~ £(f-4) (B-10)
| p5 =71 » o

L= 2= g (L S e LB gy )

Bl



£ = E/_( /:L‘ * /iz;)

F= ?/_('/ﬁu/z,j * /ig;)

K:——L( .z/g/z
2\ T+ D+ )T+ K7
2/‘%2
T S AT R
and 2
_ / 2/,
]——7( (8 + 1) (7 + 7)1+ Kp)
. 2 £

(Zf+/)(/+/g)(/+/</e))

If P3 lies on the jet axis, the difference equations become

Xy = X, + }Z'Z(/g.i - /gljzz—:z; )
/
L= A~ 55+ ( F )
/?z

T i)+ g (T % R

J

r-

At )
(f+/)(/+/6’ (! + K/ﬁ)

B2

(B-i 2)

(B-13)

(B-14)

(B-15)

(B-16)

(13-17)

(B-18)

(B-19)



Appendix C

Two-Dimensional Supersonic Jet near Sonic Nozzle Exit

Supersonic jet flows from a two-dimensional sonic nozzle are prac-
tically applied in jet separation process, fluid amplifiers, pneumatic control
and logic systems. The properties of the flow field can be calculated by
the numerical method of characteristics if the flow properties near sonic
nozzle exit are known. This report presents the latter solution obtained
by the same procedure as what Katskova, et al. (.26 ) have carried out for
the axisymmetric case.

Basic Equations

The equations describing the isentropic compressible flow of perfect
gas are expressed in the natural coordinate system as follows (27 )

2/ 20
— - —_— = 0 (C-1)
S Ao S
o/ ad - 0 (c-2)
Ao po 08 )
where the velocity of gas is expressed in terms of Prandtl-Meyer function /I
~and the inclination angle @ ; The independent variables (§ ,7) are the
streamline coordinates and At denotes Mach angle (see Fig. ). In the
characteristic coordinate system, these equations become ‘
_d{A+8) - 0 (C-3)
2§
(N —-96) — 0 . (C=4)
4

It is convenient to transform above equations by introducing new
independent variables, Z and X which are defined in the manner that
a line of X =const is a streamline, or X is a stream function, and a line
of X =constis a right running characteristic (see Fig. ). With the
aid of the differential equation for the right running characteristic,

AF
Adx
X can be expressed explicity by the equation P
X =X(5,n) =X (%, ) :/, o - __/‘f_)ocx,+
/ 0 o /M)(Jc?’ e
7C :
=7 ~ Loy (C-6)

where the integration is carried out along the characteristic and X, %
denote Cartesian coordinates.

= Zan (9'——/{4) (C-5)

7l
2

Cl



By the definition, we have

J dZ
dRx = J—%ﬁ(;{-{— }'y——dj = — foudx 'f"/b(,d;
= Pur (co00dy — tin O dx) | (c-7)

then we obtain by using Eq. ( C-5 )

93/) I am (6 =) 0
—— ; = C-8
(JZ X + Swr /-TAM-/A ( )
which is rewritten in the form
Y . '
/3 <j27‘)2) + A/m.(é’-—/«—) = 0 (C-9)
where
rEl\E g Cos 2t \ =Tt
f=f Wi = (ZE )T (‘;‘:a% o)
Similarly, ’
IxX \
/5(—92—)2: T owi(o—~u) =0 (C-11)

On the other hand, from Eq. ( C=3 ) we have |

(%')x *L(aij__)x = :f_/ﬁ (%x T (ﬁ =0  (c-12)

By applying the relation.

AN Lt el (9/4) (C-13)
A p J —~ Cod 2 2Z /x
Eq. (C-12) is rewritten in the form
(076) A dam (Ipm - 0 (C-14)
IZ/x I—mz,«a JE/X '
In order to transform Eq. ( C-2 ), we make use of the equation ( 27 )
7Y/ k2 (C-15)
71"«44/% e T o5 'dec/%o)é

“which relates the derivative of /| in the natural coordinate system and in
the characteristic coordinate system, Combining Eq. ( C-2 ) and Eq. (C-15)
we have 4

C2



G, — el —t) =0 e
which is rewritten in the form
(a5, — BREE), — weom() )

=[5 (5), — (52)) - (55, eepe (4 V() =0 (e

With the aid of the relations

(—9—2—) = Adin (6’-—//-) (0—18)
95 /x - - |
), = ()0, - L (2 e
Xz \of S\ ax/y A & \Jx /g
and by using Eqs. (C-9) and (C—13), Eq. (C-17) is expressed as
’ 26 [ 7+ Cod 2 at 2 cod pt ¥\ rom :
in. & [(__~> + ( ]+ L eod —_) £4) 0 (C-20)
X /z X—codz/u IxX/x X—GWZ/%/(JXX(&ZX
Now, it will be useful to summarize the basic equations:
(39 _ / + Cod 2t (3/“' — 0 (0_21)
X/ x ¥ = codau \JZ/x

s 2 cod (9_% (i/i)x_l(_ {(_9";> e LT oSz (9/41],};n9=0(c-22)

T —eodzmt \ox/e\oz X [y ¥—codapm \px
A (j%)x + den (6 ~p) = 0 (¢-23)
PG5+ e e mme o2

in which the first two equations are the equations of motion in the (7 ,X)
coordinate system and the last two equations give the relation between
Cartesian coordinates and (z » X ) coordinates.
Solution near Sonic Nozzle Exit

Near nozzle exit, we assume that flow variables A, 8 , and } are

expressed in terms of power series in A with coefficients as undetermined
functions of x -: - .

= .;i. + )X o ) K — - (c-25)

C3



& = GNX + )X + 0(2) X% + g1) X"+ --- (C-26)

—_ : 2. J -
Fo=E o+ JX 7 )X F e ta Xt +Lo X - (c-27)
Boundary conditions are given by »
7L
M= 8 S X=o0 at . X =0 ( )
7
//L ':.Z——-X , y_—_-/ at Z-_—_/ (0—29)
6 =0 , Y} =20 at g = 0 (C-30)
On the other hand, the related functions # = L L eod 2 g = _Led
and B are expanded as Y"C"“J/‘ ’ V= ol 2
- 2 _ ya £ 2
F A X = ey X A - (c-31)
- _ 2
JEAX d e m X - (0-32)

£=/+px fpxt4 -

/1l / 4 / / /
X+ [27/”‘/ = (2 — ) - m—/"/‘jf‘-i- == =(C-33)

/""Z—/

Substituting Egs. (C-21), (C-22), (C-23), (C-31), (C-32) and (C-33) into
Eq. (C-22), we have

FHhp 2w e X b L8 X 4 = 0(0-34)
thus,

6 =0 | | (C-35)
Similarly, from Eq. (C-21)

X - —f X = (c-36)
thus,

6, =0 } (C-37)

g = 0 ' (c-38)

Substituting the expansion

C4



S = SX+ S+ ~-- (C=39)

into the equation

)

we can obtain the equation

= (-’9—5- Ain @ | (C-40)
P4 .

bt 2L X+ IGX A - = (S, F25,X +33x+—-)(<9)( +6, X 4) (coan)
Thus,
7/ = g '(0—42)
71 = b) (C—43>
f, = o (C-44)
From Eq. (C—21), we have '
O X A = (f X/ X A+ ---)=0 (C-45)
and terms of order XJ give
0(19 2 0(/4/ _
7; B r+//,“’ wz = (C-46)

From Eq. (C—22), we have

DX AL X A== (34 - f Koy WX+ - )= 0 (0-a)

8 .
and terms of X gives

8 A, 2 3
)’-/-/y%/“/a(/: _‘93(‘393'{";.,_//“/):0 (C-48)

With the aid of the expansion

M(e-/u)p/f-} A [-Z-’—/(z,u, 5+ ) - 6,y — /,/e ]X‘f+--- (C-49)

we get from Eq. (C—23)
(1 + X FB X - N1+ g X ---)
/ 2 2 ' /
\—/7“2—/“/4)( +/“//";XJ+ [EL?(Z/“//MJ _/./41)_‘9.’/“/_;—//0(/4J+-_- =0 (C—SO>
Terms of order )Cj give

M, =0 | (C-51)

and terms of order X¢ give

C5



’ .- o — _.L. 4’4" — _.,,{, | 2 0{{(‘/ / /"‘4L

R A gty tpim S L g =0 (0os2)
From Eq. (C--21), we have
s ‘4 . ‘ :

(X4 0X ) = (/X /27 o A o )=0 (0-53)
Terms of order ,q_fzf give

6, = 0
From Eq. (C~22), we have
“ 4, 4 g 3 ’ ’
Ot fdltf 2t NG x4 G204 = (4, 251,20 44,070 % v pa 0 )

H36, X7 46,24 - A A b )+ 20 + 3 X - )]

3
c [(6X 4 ) =Ly o) -] =0 (c-55)
Terms of order ,1{'{ give |
/0 pd "//’ g =0 (C~56)

and hence

£
= 0 (0“57)
%5
The preceding results are summarized below.
Near nozzle exit, flow ‘VaJ.“i’(ll’)].eS/A , & and ;f are expressed in terms
of power series in X in the forms

= 275.. o (2) X + 0(x°) ' (C-58)
6 = é?J(z)X”’ + O0(x?%) (C~59)
g o= E o+ g xt o o(x%) (c-60)
and from T( (C-11), we get

_ mm (6 ) oz (0-61)

Undoiermmed functions ¢, , &, and f7¢ can be obtained by solving
the system of differential equations

o 0y z o pA ‘ -
- M =0 - | - (c-62)
Ax Tl AKX




s A 44 2
T e T G(36 kSl ) = 0 (C=63)

4
Rt 7 (C-64)

dz 2 (r+1)

_/"IQJ = 0

under the boundary conditions

Mlt) ==/, J, ) =0, 8,(0) =0, ¥, (0) =0 (C-65)

By introducing a new dependent variable, (v = 4 Ju , we have, from
Eq. (C-62) g, '
/{/i/ = W ’ (0—66)
and from Eq. (C-64)
aa, ’ I /Z
= —= w((ww - w -
©5 = Firer) / (C=67)
Hence,
/ , 7 12
g, = — ww (ww’ —w?) (C-68)
# b(5+1)
Then, Eq. (C-63) is written in the form
w” = _/_ W' Fwt — ww” (C-69)
ww
and boundary conditions become
wW(o) W'(0) — w'*o) = 0 (C=70)

w'tt) ==/ W) =0,

Calculation of W(z), CU,(Z) and CU_”(Z)

The form of Eq. (C~67) is not changed by making the following change

of variables

w = () wo (C-71)
/
VAR L4 Z (c-72)
L2 '
/
where _(2 and _Q are constants to be evaluated later. Thus, the
equation for 77 is given by -
—— / _ —_ —_— e
o = —, (2 (J-W —_ W ) (C—?B)
wow '

C7



and boundary conditicns are expressed as

(@) e (C=74)
A 4_9__’ 0’
)
. _Q/ B .
“ ( n ) =0 (c-75)
W(o)W' (o) — @*(o) = 0 (c-76)
Solving Eq. (C-73) under the boundary conditions v
o) =/ (C-77)
d ‘7) = (c-78
(0( z 4 = 0 / ‘ )
(pézw _ @) _ /
7 Z’z)z;= ) )] (C-79)
, * A N —
we can obtain the values of Z, and of (————) at which W be-
comes zero. , d 4= 2;*
Then, _Q and _Q are determined by the equations
’ -/
0 =- -(@____ (C-80)
45 ;- ue
n’ -
() = T (c-81)

Gill method. The values of Z”* and ‘;{% were computed to be -1,214325
4=4"
and 0.7937005, respectively., Some numerical values of wlg), WCE)
and wW’(Z) thus obtained are given in Table ¢ — /
Tables of w(f) , wtgz) and W’z ) for Z =0.0(0.001)1.0
are available on request.
In order to test the validity of this calculation, the values of the

The numerical solution to Eq. EC—?B) was obtained by Runge-Kutta—

derivative ( Zj )/,‘ 0 along streamline were calculated as a functions
of X and compared with the values obtained by solving the hodograph

equation of motion. The derivative, ("‘9 can be expressed in
terms of W as A=o
(%) L
4, = (9(9) _ <()9 ,z,u) _ voX X=a(oc,u) (W~ ww”)
T Nan, T \om ) —((g/g Aap ), w'®
A=o £ m=7 =0 \ox/x=o 4

c8

(C-82)



On the other hand, the partial differential equation for X in the
modified hodograph plane (/] , 4 )is given by ( 55 )

S S 22— 9 C-83
N Jor T # 4) oN ( )
and »
0( ’ 2 ’
Ao =2 /aj{i(M - 1) (C-84)

as/—-—,»O.

which approaches to

3/
Then, Eq. (C-84) reduces to
2 /
xR, LI (C-85)
an’ J6é* Y/ Y

A solution to Eq. (C—84) was obtained by Rudnev ( 55 )

A I
Z(4 ) = ?/—/(/——x*)-‘o(z (C-86)

where / / |
o= L I#) () (0-87)

C )

The functionZ(/A) can be expressed as a series:

Z(,/L)=_c/_£ (“Tf")(—?;‘" )"'(—?{ —n+/> (-1)" ,/;f’”/ (c-88)

/ im0 77_'/ (2’)2"‘/)

or
FUh) =) - Ll gyt S el G AD" (o
= ¢, 2 : ; (2n)!! (_é..;.n)

Table ( —~2 gives the results of calculation obtained by Eq. (C-82) and by
Eqs. (C—88) or (C—89). It is seen that there is good agreement between -
both results.

Conclusion
Two tables wére given. Table¥ shows numerical values of the
functions w(z) , w’z) and w”(z) from which we can calculate the

flow field of two-dimensional supersonic jet near sonic nozzle exit.

Cc9



: . ) : 9
Table C-2 gives numerical values of the derivative(ﬁ#) along
A= o

streamline as a function of z. .
These numerical values are useful in practical calculations of flow
field of two-dimensional supersonic Jet.

Table C~1 W (z), w/(z),w"(z) as a function of gz

z‘ w(?) ‘ a)’(z.) ’ o(2) f () o'(2) '(2)

0.5103424] ~1.004699]  0.05523991
.48) 0.5208923[ —1.006279|  0.06086225
47| 0.5304482| —1.005917(  0.06693187
.5405108 —1.006619]  0.07347460
55605808 = —1.007388]  0.08051720

0

0

0.5606588] —1.008231|  0.08808736
0.5707457, —1.000152|  0.09621369
0.58084220 —1.010157|  0.1049257
0 0
0 0

< Y .
[ N
]

1.0 0.0 1.0 0.0

0.991  0.0100000] —1.000000; 0.0°1611612
0.98  0.0200000 —1.000000] 0. 0“5132000}
0.97]  0.0300000] —1.000000 O. 073801775
0.96/  0.0400000; —1.000000 0.0°1641218

0.95  0.0500000, —1.000000 0.0%5009473

0.94 0.0600000| ~1.000000{ 0. 01354035

0.931  0.0700000] —1.,000000, 0. 052694412

0.92  0.0800000f —1.000000] 0.0%253240'
0

| .5909491) —1.011253 .1142539
0.91  0.0900000; —1.000000 . 099466544

.6010675| —1.012444 1242207

OO OOCODOD OO0
o2

0.90 10000000 —1.000000]  0.041603170 39 .6111084)  —1.013739,  0.1348854
0.89 .1100000] —1.000000| 0. ()'2581924“ 38 6213427 —1.015145 . 1462542
0.88 .1200000; —1.000001]  0.0'3989205' 37, .6315016; —1.016667 . 15683704
0.87 1300000 —1.000001 .0'59524G5' 36 .6416764| —1.018315 1712690

.6518684] —1.020095

.6620788] —1.022017
.6723092) —1.024089
68256611 —1.026321
.6928362] —1.028721
7031361 —1,031300

7134628 —1.034068
7238182  —1.037036

0
0
0
: 0
.0'8934605! 0
0
0
0
0
0
0
0
27 0.73420420 —1.040214
0
0
0
0
0
0
0
0
0
0
0
0

.1400000, —1.000002 1849861
1005587
.2150244
. 2314222
. 2487916

L2671729

. 2866078
.3071383
. 3288076
.3516596
.3768301

.1500001] —1.000003
.1600001f —1.000004
L1700002)  —1.000006
.1800002/  —1.000009
1000003, —1.000018

071217408
0168104/
02275270/
03029294,
073969599,

-2000005 —1,000017
.2100007)  —1.000023 .0°6547475
.2200010; —1.000030 . 038262090,

0

0

0

0

0

0

0

0.0%5130126

0

0
.2300013)  —1.000040]  0.0%1031845)

0

0

0

0

0

0

0

0

0

0

0

1446232  —1.043616
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(de/an)
The
The values calculated from Eq.(C-89)

Table C-2

First column:

:O VS. Z
values calculated from Eq.(C-81)

Second column;

or Eq.(C-90)

do do dao do

? <“d/l > =0 <7i/1 ‘>J =0 ‘ i <—d}i '>,1:0 <_(~1;I;>A=0
0.05 0.18048G5 0.1804857 0.55 0.9867506 0.9867506
0.1 0.3513561 0.3513559 0.6 0.9934487 0.9934487
0.15 0.5046748 0.5046753 0.65 0.9970560 0.9970560
0.2 0.6353238 0.6353239 0.7 0.9988319 0.9988317
0.26 0.7413126 0.7413130 0.75 0.9996086 0.9996086
0.3 0.8233712 0.8233705 0.8 0.9998974 0.9998974
0.35 0.8841776 0.8841171 0.85 0.9999818 0.9999818
0.4 0.9271538 0.9271687 0.9 0.9999985 0.9999985
0.45 0.9568167 0.9563165 0.95 1.0000000 1.0000000
0.6 0.9751726 0.9751726 1.0 1.0000000 1.0000000
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(a) natural coordinates (b) characteristic coordinates

FIG.C-1 COORDINATES FOR TWO-DIMENSIONAL SUPERSONIC FLOW
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Appendix D

The Equations of Motion for a Steady One-Dimensional Shock Wave of
Binary Gas Mixture (24,30)

‘The conservation equations of mass, momentum and energy in a
one-dimensional shock wave of binary gas mixture are given by

Jo“’:/o/(’{/_/z)“z

I
N
=)
L

2 Adu 2
A /e — -?—/u;{? :ﬁ :‘/f,//fw + L, . (D—Z)
Lu (4 + —2—/-442) —_ ;j—/cécg+}x=}£Q=m(%w+?/“.i) (D-3)

with

d e M _
?x:——)xd—;: t A (u—a)h~4,*+ : /;04) (.1')4)

where f , u, p, T, h, M, « and )\ » Trespectively denote density,
velocity, pressure, temperature, enthalpy, molecular weight, thermal
diffusion factor and coefficient of thermal conductivity.  Subscript 1
denotes the heavier molecular component, 2 denotes the lighter, and
subscript 6o denotes quantities outside the shock.

Sherman combines the above continum flow conservation equations
with the equation for diffusion velocity given by the Chapman-Enskog
theory. The latter equation is written in the form:

[/I:,M/_M:ME/Z{][(/—/)(M—% 0( %/b (D"S)

‘/? MZ M 0_(—/{‘
ol oA f
~ A Gt T)- A x }
where f is the mole fraction of the heavier species; M =1IM, + (1-f)Mp
is the mean molecular mass; 0@,2 is the binary diffusion coe}ficient;

V is the diffusion velocity of the heavy species defined by
/ ,

V/ = U, - U ' (D-6)

where U, 1is the mass average velocity of the heavy species and ¢ is
the center of mass velocity of an element of the gas mixture, The

D1



equation of state for ideal gas is written in the form:

f= SR T (p-7)
‘Where /b \
=TT (0-5)

F'urthermore, Sherman introduced following dimensionless variables and
parameters:

)P

U =

T =e M RT /P
a = m@/L?

& = MI/M.z

70

mole fraction of heavy molecules outside the shock and the
reference length 1L = /*‘/m

il

Then, with the aid of Egs. (D-1) and (D-7), Egs. (D-2), (D-3) and
(D-5) are rewritten in the forms: '

A 3 /| +(0—-1)F 7
=22 - 2 — @2 € _ D-9
- = {v EXrEr b /) (D-9)
A7 _ 7‘/&{2v~7f—a+2zx
dx ™ 2r A . (D-10)
r ! A (8=1)F
X[f-/ - /-/-(g_,))é +(7"_7[)06J}

A p am )t 0= T R0 GICE S

Ax™ Jov@/z(/+(92—/).;‘][/+(9_./)fm] / + (62—/)]L
X{(e—/)%C'va"_[(6-/)_o<{/+(6-/)f}]o%’&’1?} (D-11)

The independent variables x can be eliminated by dividing Eqs. (D-10) and
(D-1 1) by Eq. (D'—9). This yields two direction field equations foro(?/o(’l/’
and o(f/p('zr for which we seek a solution.

D2



On the other hand, the coefficients a., b, i and ¢ (i=1 2 3) are expressed
i . H ’
as follows: .

&

il

=f</ £, )[/-&(6—/)7‘]

(7 — 725} ) (D-12)

g oo (e - /)
PV S k(0 - )f (P-13)
g / ,
Z . (D-14)
Y-/ pe
5/ 2(/ - v, ) (D-15)
Y= oo (e =-1)
= S 2 [« 7 (o117 ) (D-16)
/ oo
> /n | (D-17)
Jo (1 ~F )1 +(o-1)£7 (6-1)
[ / -+ (62-/7;£0 } . (D—l8)
\S‘c” ( [+ (6=-1) ]CD ]2 (D-19)
( /o + ( 62— / ) faJ

((9-/)—&{/ + (a-/)fo}]—/—

(/7 + 9_—/)fo] 7,

(D-20)
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Appendix E The Differential Equations for Shock Profile

The differential equations which determine the attached shock shape

ahead of a cone placed in a supersonic flow have b
and Shirshov (32 ), in the following forms:

(The reader is referred to IMig. )

Ay L=t (/- 7/3) 5 7

0 — X+ 7 g = 4 - -

Pl ¥ 1oy (5 o000 tan(ot 0-Z) (2% —fo)

— 2/ e (5 o8 O F 4in®) - co80 (LY + L)

y-/ 2
wer (/=% ) / (/_4_?_»6_+7/4/;)
AE Y /e tan® \E s T E U

o _ -/ y

As T E(cod® + §—M@)(/;fz¢7:,+/gug,§+a£%~,z;)

x[( f—m@ + 200 ) L

7C £
TE eV L (4O - ) cos@ (/- S Zan (v G- gf-))]
ol _ 7
s~ fanm (04 @ - )
with

Ay do- de A My

as = has t A s T4 os

0[7/5__ d__‘f d_@__ onoo

ds 6‘0(6‘ +’€ As * /g S

Al ol o~ Z’-’ﬁ_ AM oo -
oéss" Foas * 7 as t

where ¢~ , V7, and &

0

een given by Bartyenev

(E-1)

Lkt ) —2p 6 (4@ L+ cos®)

(E-2)

(E-3)

(E-4)

(E-5)

» respectively denote angle of shock inclination,

velocity on cone surface and distance to shock along r axis; s axisis

in the direction of generatrix of cone and axis perpendicular to it;

subscript € denote quantities just behind the shock.
I’; are given as follows:

oy

The coefficients,



noom Qe 2 Ve | din (O + )
FT o i+ {Mn'(zow o -@) + Mi aim(q - 0)} (1-6)
9[«(5 . " / °
P, o= e, ; I 2 o (+ B ) cod (o i~
2 " = Ve 4 (0v0) [/ 'LM;/;;”*(”«.&)} — /) @ a)) L-T)
o= 9 1‘/{[/ \ / 240 (0~ 0 )cod (0 + Q) o dire ) o
300 T Vel WA ) P Ain @w} (5-8)
I — al’(ﬁ - 2 g 4’ l/bo A/f;ﬁ((r"l-' @) (E,._9>
_ = e .
YoM T M (o )M v 2 Mo (T41)  diri(o~ 5)
- _ 27/" ...,.'.?L_Vm"_vm R M(@""g) e
Vs = 55 ¥l {W("m PO —0)+ My Mﬁ(m@)} (F-10)
Foo 2% ot/ | cos(@wo _,.{ e / 26090+ @)ced(o-9)y (L
6 =50 """{ )=\ Mo 452 g) r }(D 11)
X/ / -
F e Fel 60“6 4 - / - e 2/44‘#1(0 @) At (0_+ @)
7 IE V. { (6 +o) [ My Ais ( o @)] Tl }{E t2)
Uy 2 U 444 oA (6 + @)
Fo =t ¢ . 2 E-1
8 om Mu((r=0ME72) T Mxé (W % Am(a*— 6 )
- 3 .,.,Z..__,/___ *
R . b’rf-/)/ X/ Moo o7 9) ‘
0T 5y =T ’ (E-15)
N A 2 (F=2)ME Moo =z o™ (g @)
Foy= =2k : T =
oM Mool 2 4 (7~ )MZE] (/ e L)+ _]‘c«
Py pn &)
(E-16)
where M,, denotes the initial Mach number
2
\/13 (5 ~1) My (B-17)
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Appendix [ An Analysis of Conductive Heat Transfer from a Sphere to
Rarefied Gas

In this section, Nusselt number was calculated analytically as a
function of Knudsen number on the basis of the same procedure of Lees
and Liu ( 56 ). This procedure is to solve the Maxwell integral equation -
of transport utilizing the two-sided Maxwellian distribution function.
Maxwell's equation for a physical quantity }// which depends on the
velocity of a molecule is given as follows: ( 40 s 87

>nY . T Y oad &
__é%\ﬁ ,{_D(M,;rn)b[/._ns}_ -+ V.?m.o{r%

+ o pedy = Ay (F-1)

where a bar script denotes the mean quantity by averaging over all velocity

space, and 4 ‘,0 y is the change of ¥  produced by collisions.

We consider a sphere of radius ,Qo placed in an infinite gaseous
media of single component at an arbitrary pressure. The temperature on
the surface is set 7 and the temperature at infinity, 7., (see Fig.F-1 ).
In the spherical coordinate system. Eq. (F-1) can be written in the
following form:

/ 2 2 / ‘

Fazf‘/f‘m”d‘/*m/"w“"
P

"L/f(ﬁ/'VQVa o ;[9.‘/5’@31\7//;”“/
/ Y A )4

+/%(7LV9VQ o 5,‘/9’) 7[;;”“’

. / |2 / oY _ .
—/7‘(7{‘/6 . Z_Vyz)mdv_m// (F-2)

By applying Lee's model, the velocity distribution function was
assumed as follows: '

fi=m (£)
£= (L)

Nl(u

exp (—4 Vz), - on
2

exp( ~p V') (7-3)

according as

— AL T

’

og,ué—gt——oé on

s

F1



where 72, , 72, , /6’, = 772/27@77 and g = mﬁ-,é']; are unknown
functions of radial distance. Setting }//:7)1':77@{/,.‘, -2!47;{1 Via aa(—zlﬂmviu)\/”we
obtain the following ordinary differential equations from Eqs. ({"=2) and
(I"'-3) on the assumption that internal energy,

is independent of mole—
cular velocity.

AT = AT (5-4)
2 TE AT - ow (7-5)

@il (AT, -7, T

- - % ( —/-—77 * %z:f) =0 (F-6)
il B (T, T

— L (T T = e L i) (P-7)

where all quantities are expressed non-dimensionally by characteristic

number density 97,, , temperature 7; » and the radius of the sphere ,
and all dimensionless quantities are denoted by a bar superscript, and
is an integration constant.

The change of )ﬁ produced by collisions /] }b
from Maxwell's inverse fifth power force law

N\

y was expressed

= m,m (F-8)
£ = mm s

Then the mean free path, [W and the viscosity, /uw become ( 56 )

A (7[%7;9)—;*

At K =)
4T
where /4 =1,3682 and
/o b a
a(4my A =_/_7u‘(—‘32"?n ) (e

where /b = total pressure, and ? ”

= radial translational energy flux.
7t

fo= 24 (7T (1 —ind) + 2T (] + tind)] (p-12)
?7;‘: / J

?21_75"5'7)1 mzd lx(??,/gl—F — ’)’22/32*%)
- %fn‘mﬁo (%f;)?w ("%“)2 (#-13)

|

)

F2



The boundary condition at /T =1 and at’ /T = 00 are

o

|

77._
7;.._

8]

where o denotes the accommodation coefficient.
gation, the amount of maximum departure of Tw/ Teo
about 0.2, so that it will be valid to agssume that

7= | + N,

W= | + N,

Tir= 1 + T | (F-15)
Te=ol + 1, |

/VI;NJ;-t/,tz ~< /

Upon substitution of Eq. (b‘-15) into Eqs. (b‘—4), (B-5), (F-6) and

(I'~7), one obtains the following set of linearized equations:

./\// + E/-t’ :/Vz -+ -:Z/—-'Ifz

(F-16)
(N, =N, + L(¢, -2,) =w (P-17)
dod (Nt N =t
-—;”%(/\/, + T, +N+t,) =0 (F-18)
Lol e (N, = N, 28, 28, )
—_ o%l_— (2 +N + N, +2¢,+2¢,) :::%v%ﬁ/zw

The boundary condition at infinity becomes

T —> oo t, =0, N, =0 (F-20)
From Eqs. (1-16) and (.14';17)

t, —t, = w ‘ (F-21)

No= N, = tw (P-22)
Then by integrating Eq. (" -18),

N, + N, + ¢, + ‘(fzy = consk, = E/—w (F-23)

With the aid of the above equation and the boundary condition at infinity,
Eq. (f =19) is integrated to give

3

— =K |, T = T=Tw, 7 =7 = 7 (F-14)

In the present investi-
from unity was only

(F-19)



& K, /
= e - + w F-24
_t/ * .tz /5 Lo « T ( )
Hence, A
- 4 R, A o
to= w(/ + gL | (p-25)
- —_ 4 /?0 _/- -
t, = 5 tws ) (F-26)
To= /) 4+t =/ 4 w(/#«—/fg—-—[:’—:) (P-27)
- _ 4 Ko | F-28
T = [/ + éz =/ + 75 L. w ’ ( )

The boundary condition at 4 =1 is

I= T _ ' (F-29)
T T,
From Eqs. (F-27), -28) and (7 ~29), there follows
w= LLls=1) (P-30)
O(i /Qo + /
15 Lo
At limit of Ko » O
O - S5 Lo T T (F-31)
Kn—>0 4+ R, oo

We may assume for the radial heat flux ;n ,

Tn
2. =(1 + 6k)%] (¥-32)
where denotes the ratio of internal energy to translational energy and
K =(5- 33’)/3(3’— /), @ is a pure number and nearly unity. There-
fore, the radial heat flux in the continuum regime, ; b > 0 becomes
from Eq. (#~13) , ol
£ )7 R
2% 12 %o /5 _ )
oot S BTy
The above expression readily yields the Fourier law of heat conduction,
R, : ' (M)
= T - g = 6Xx)A; (P34
;/(_//(,,.)a /kj /L.z (7,; 7;)) /1/ (/ -+ ) ; (F 34)
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s . w5
as we utilize the relation of Af = —67-//4 772  for a monatomic gas and

Eqs. ("=9) and (F-10).
As N is expressed from the definition,

/V*_ AD _ _D__ ?/z K=l = 2_ ‘Z’a./\’w—w.?i‘:/_

“T A T A T Te Ap o= Ta

X ;a,iz/ -

D w
7 7=, - (F-35)
/\\} w/\’,,nyo g/,/fn"?ﬂ,/l /

z"'lkw?", Nz /‘
we eventually obtain the following expression for Nusselt number as a
function of ), and « with the aid of Eqs. (-30), (}1‘—31) and (F-33),

¥ 2 . Loo
Nu =~ Kn = =3 (7-36)
2 y) 9
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FIG.F-1 DIAGRAM FOR A SPHERE IN THE SPHERICAL
POLAR COORDINATE SYSTEM



Appendix G

Comparison of Their Magnitudes between the Three Terms
in the Diffusion Flux Equation

The expression for the mass flux, J. consists of
three terms describing ordinary diffusion: pressure diffusion,
and thermal diffusion as shown in Chapter II, Eq.(2.1).
In the present study, the terms of both ordinary diffusion
and of thermal diffusion were neglected in comparison with
the term of pressure diffusion. Furthermore, the invicid
flow field of supersonic jet was applied for evaluating
the pressure diffusion flux.

The validity of this simplification can be verified
in the manner as described below along the line of analysis
made by Sherman (24). In the case of steady flow of a binary
gas mixture with zero external body force, the governing
equations are as follows:

Total continuity:
dir PV = dirf V, + div f oy,
Species conbtinuity: . .

dir LV, = dir PV + dirf V) =0 (G=2)

Total momentum:

f&/.j/Lﬂ.ﬂ{ﬂ/ +,j/ma{/6 :/—é— {?/La-o/Zﬂf&v—ﬁ/+0£ff"7«‘0(”%V}” (G=3)

It
QS
[€p]
l
]

Total energy:

STV grad 5 = A [ DL dieh guad T 45 iV 4 pedlef ) grscd V)

Folor(py (FT - g m”‘; <) T} (6-4)

¥~1 7, 3:"/7’&

Diffusion equation:

. , ' _
e, ¥, -/ e a
S T~

where all velocities are measured in units of stagnation
sound speed and all physical quantities except for mass,

mole fraction, and thermal diffusion factor in units of their
stagnation quantities, respectively. '



Taking the divergence of Eq.(G-5), and using Egs.(G-2) and (G-1),
we get ' /

/ . w2, P
f&/.j/wm{(//’//)= "maé”"'—;;:zfrﬁu,//x
w {grad 1 = ZE W pracdin f -%r?”“”f/"‘ﬂ (6-6)

X

Thus, the expression for mass fraction, w:ﬂéf
is given in the form:

: / s e, 7
Wo— W, = - 7€i§?— ol “:;7——7_fj§nux d
/ _
_ am . _ o As
x{j/ma( A, — NN, g ﬁ{,éw/é %y 3 AT}/;

where the path of integration is a streamline and subscript O
denotes a quantity under the stagnation condition.

Then all the quantities can be expanded in terms of & = 1/Re.
These are :

/o :./0/0) + 5/(/)-/- e A
o ‘)
_ /0/1)_/_ E/p/( b .

= w9y gw o S . (G-8)

E/(o]_f_ EV(/)+ - - -

£ @/u)+ .
{
Aﬂ‘o-ﬁ g Ak“)+ - - -
= 7w e T+ - - g

If these series are substituted into Eqs.(G=1) to (G-7)

and coefficients of equal power of & are equated, we obtain
the set of equations for ¥, v ...ww . ete.

From terms of order £, we get Euler's equation of motion
(Eq.(G=3)). To this approximation, the flow is isentropic
(Eq.,(G-4)) and the mixture remains homogenious (Bq.(G-7))
and mass flux becomes zero (Eq.(G—S)). ]

Then, the mass flux perturbation, proportinal to 1/Re

is given by ;-

o) n s <) / w2, 7, (0) /
’/? ﬁ/ = / - 7— )

i<y &N
=
e

/ be S0 DT ) |
o[ - L prad b p 7~y grad £ T (69)

G-2



At high Reynolds number, the first order perturbation will
be a good approximation to the exact solution. Then,
the ordinary diffusion flux can be safely neglected in
comparison with other terms.

Now, let's compare the order of magnitudes of pressure

diffusion flux to thermal diffusion flux. For invicid flow,
‘we have
s
P T 77 = conat (G-10)
Hence, |

grad L] = .i;iﬁlf ;&1aé/f£n/é (G-11)

Thus the ratio of thermal diffusion flux to the pressure
diffusion flux is given by

2’;/ 0(7/ A?:z (G~12)

where o, denotes the thermal diffusion factor. In the table G-1,
the above value is shown for several pairs of molecules.

It is seen that thermal diffusion flux can be neglected

in first approximation. The more valid expression for the

mass flux is written in the form:

’ Am’ o) (o) r-/
J, =—(—;;2N/Aé b Ay T ) prad p
o) 0/ 4 72t ry-/ a—p/
= —anel( 2 b, I prad (6-13)

Table G-1 Ratio of Thermal Diffusion Flux to Pressure Diffusion

Flux
Y (Y-1)/7 ¢y | 4m/m ?;/;7/4;?
He - Ar(/:/)| 1.66667 - | 0.148 1.636 0.0905
|H, - N2</:/) 1.4 0.0886 | 1.733 0.0511
34r - Ourl 1.66667 0.00728 0.1 0.0728
235UF6-238UP6 1.067 0.0%141 0.0 0852 | 0.00165




