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Chapter 1

Introduction

1.1 Background

We consider the problem of generating orthogonal drawings of graphs in the
plane and space. The problem has obvious applications in the design of
2-D and 3-D VLSI circuits and optoelectronic integrated systems: see for
example [1], [8], and [10].

Throughout this paper, we consider simple connected graphs G with ver-
tex set V(G) and edge set E(G). We denote dg(v) the degree of a vertex
v in G, and by A(G) the maximum degree of vertices of G. G is called a
k-graph if A(G) < k. The connectivity of a graph is the minimum number
of vertices whose removal results in a disconnected graph or a single vertex
graph. A graph is said to be k-connected if the connectivity of the graph is
at least k.

It is well-known that every graph can be drawn in the space so that its
edges intersect only at their ends. Such a drawing of a graph G is called a
3-D drawing of G. A graph is said to be planar if it can be drawn in the
plane so that its edges intersect only at their ends. Such a drawing of a
planar graph G is called a 2-D drawing of G.

A 2-D orthogonal drawing of a planar graph G is a 2-D drawing of GG such
that each edge is drawn by a sequence of contiguous horizontal and vertical
line segments. A 3-D orthogonal drawing of a graph G is a 3-D drawing of
G such that each edge is drawn by a sequence of contiguous axis-parallel line
segments. Notice that a graph G has a 2-D[3-D] orthogonal drawing only if
A(G) < 4[A(G) < 6]. An orthogonal drawing with no more than b bends
per edge is called a b-bend orthogonal drawing.

Biedl and Kant [3], and Liu, Morgana, and Simeone [9] showed that every
planar 4-graph has a 2-bend 2-D orthogonal drawing with the only exception
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of the octahedron, which has a 3-bend 2-D orthogonal drawing. Moreover,
Kant [7] showed that every planar 3-graph has a 1-bend 2-D orthogonal draw-
ing with the only exception of K. On the other hand, Garg and Tamassia
proved that it is NP-complete to decide if a given planar 4-graph has a 0-
bend 2-D orthogonal drawing [6]. Battista, Liotta, and Vargiu showed that
the problem can be solved in polynomial time for planar 3-graphs and series-
parallel graphs [2].

Eades, Symvonis, and Whitesides [5], and Papakostas and Tollis [11]
showed that every 6-graph has a 3-bend 3-D orthogonal drawing. More-
over, Wood showed that every 5-graph has a 2-bend 3-D orthogonal draw-
ing [14]. On the other hand, Eades, Stirk, and Whitesides proved that it
is NP-complete to decide if a given 5-graph has a 0-bend 3-D orthogonal
drawing [4].

1.2 Thesis Outline

The rest of this thesis is organized as follows.

In Chapter 2, we introduce outerplanar graph and series-parallel graph.
We consider the orthogonal drawing of their graphs in this thesis.

In Chapter 3, we discuss orthogoanl drawing for outerplanar graphs. We
show in Section 3.1 that an outerplanar 3-graph G has a 0-bend 2-D orthog-
onal drawing if and only if G contains no triangle as a subgraph. We show
in Section 3.2 that a series-parallel 4-graphs G has a 1-bend 2-D orthogonal
drawing.

In Chapter 4, we discuss orthogonal drawing for series-parallel graphs.
We show in Section 4.1 that an outerplanar 6-graph G has a 0-bend 3-D
orthogonal drawing if and only if G contains no triangle as a subgraph.
We show in Sectio 4.2 that a series-parallel 6-graphs G has a 2-bend 3-D
orthogonal drawing.



Chapter 2

Preliminaries

2.1 Owuterplanar Graphs

A 2-D drawing of a planar graph G is regarded as a graph isomorphic to
GG, and referred to as a plane graph. A plane graph partitions the rest of
the plane into connected regions. A face is a closure of such a region. The
unbounded region is referred to as the external face. We denote the boundary
of a face f of a plane graph T" by b(f). If I is 2-connected then b(f) is a
cycle of T'.

Given a plane graph I', we can define another graph I'* as follows: corre-
sponding to each face f of I' there is a vertex f* of I'*, and corresponding to
each edge e of I" there is an edge e* of I'*; two vertices f* and g* are joined by
the edge e* in ['* if and only if the edge e in I' lies on the common boundary
of faces f and g of I'. I'* is called the (geometric-)dual of T'.

A graph is said to be outerplanar if it has a 2-D drawing such that every
vertex lies on the boundary of the external face. Such a drawing of an
outerplanar graph is said to be outerplane. Let I' be an outerplane graph
with the external face f,, and I'*— f* be a graph obtained from I'* by deleting
the vertex f; together with the edges incident to f;. It is easy to see that if
I' is an outerplane graph then I'* — f is a forest. In particular, an outerplane
graph I' is 2-connected if and only if I'* — f is a tree.

2.2 Series-Parallel Graphs

A series-parallel graph is defined recursively as follows:

(1) A graph consisting of two vertices joined by a single edge is a series-
parallel graph. The vertices are the terminals.
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(2) If Gy is a series-parallel graph with terminals s; and ¢;, and Gy is a
series-parallel graph with terminals sy and ¢5, then a graph G obtained
by either of the following operations is also a series-parallel graph:

(i) Series composition: identify t; with sy. Vertices s; and ty are the
terminals of G.

(ii) Parallel composition: identify s; and s, into a vertex s, and ¢; and
ty into a vertex t. Vertices s and ¢ are the terminals of G.

A series-parallel graph G is naturally associated with a binary tree T'(G),
which is called a decomposition tree of G. The nodes of T'(G) are of three
types, S-nodes, P-nodes, and @-nodes. T'(G) is defined recursively as follows:

(1) If G is a single edge, then T'(G) consists of a single @-node.

(2-i) If G is obtained from series-parallel graphs G; and G5 by the series
composition, then the root of T'(G) is a S-node, and T'(G) has subtrees
T(Gy) and T(G2) rooted at the children of the root of G.

(2-ii) If G is obtained from series-parallel graphs G; and G by the parallel
composition, then the root of T'(G) is a P-node, and T'(G) has subtrees
T(G,) and T(G3) rooted at the children of the root of G.

Notice that the leaves of T'(G) are the @-nodes, and an internal node of
T(G) is either an S-node or P-node. Notice also that every P-node has at

most one (Q-node as a child, since G is a simple graph. If G has n vertices
then T'(G) has O(n) nodes, and T'(G) can be constructed in O(n) time [13].



Chapter 3

Orthogonal Drawing of
Outerplanar Graphs

3.1 2-D Orthogonal Drawing

An edge of a plane graph I' which is incident to exactly one vertex of a cycle
C and located outside C' is called a leg of C. A cycle C of T' is said to be
k-legged if C' has exactly k legs.

The planar representation P(I") of a plane graph I' is the collection of
circular permutations of the edges incident to each vertex. Plane graphs I'
and I are said to be equivalent if P(I") is isomorphic to P(I").

The following interesting theorem was proved by Rahman, Naznin, and
Nishizeki [12].

Theorem I A plane 3-graph I' has an equivalent 0-bend 2-D orthogonal
drawing if and only if every k-legged cycle in " contains at least 4 — k vertices
of degree 2 in T" for any k, 0 < k < 3. i

We show in this section the following theorem.

Theorem 3.1 An outerplanar 3-graph G has a 0-bend 2-D orthogonal draw-
ing if and only if G contains no triangle as a subgraph.

Proof: The necessity is obvious. We show the sufficiency. Let G be
an outerplanar 3-graph with no triangles, and I' be an outerplane graph
isomorphic to G. We show that I' satisfies the condition of Theorem I.

Lemma 3.1 If T" is 2-connected then the boundary of the external face f,
contains at least 4 vertices of degree 2 in .
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Proof of Lemma 3.1: If I' is a cycle then the lemma is obvious. Suppose
that I has more than one cycle. Since I' is 2-connected, I'* — f* is a tree.
Since I' contains no triangles, the boundary of a face of I' corresponding to a
leaf of I'* — f contains at least 2 vertices of degree 2 in I', which also lie on
the boundary of f,. Since a tree has at least 2 leaves, we obtain the lemma.

It is easy to see that every cycle C' of I' is the boundary of the external
face of a 2-connected outerplane subgraph of I'. Thus, by Lemma 3.1, C'
contains at least 4 vertices of degree 2 in the subgraph. It follows that if C
is a k-legged cycle in I" then C' contains at least 4 — k vertices of degree 2 in
I'. This completes the proof of the theorem.

It should be noted that there exists an outerplanar 4-graph with no tri-
angles that has no 0-bend 2-D orthogonal drawings. Fig. 3.1 shows such a
graph F. I has a pentagon and five squares. If F' has a 0-bend 2-D orthog-
onal drawing then the pentagon and squares are drawn as rectangles. All
the squares must lie outside a rectangle R representing the pentagon. This
is impossible, however, since there exists a pair of consecutive squares which
lie to the same side of R.

3.2 3-D Orthogonal Drawing

We show in this section the following theorem.

Theorem 3.2 An outerplanar 6-graph G has a 0-bend 3-D orthogonal draw-
ing if and only if G contains no triangle as a subgraph.

The necessity is obvious. We will show the sufficiency in the rest of the
section.

3.2.1 2-Connected Outerplanar Graphs

We first consider the case when G is 2-connected. Let G be a 2-connected
outerplanar 6-graph with no triangles, and I' be an outerplane graph isomor-
phic to G. Since I' is 2-connected, T = I'"* — f* is a tree. A leaf r* of T is
designated as a root, and T™ is considered as a rooted tree. If g* is a child
of f*in T*, f is called the parent face of g, and ¢ is called a child face of f
in I". The unique edge in b(f) N b(g) is called the base of g. The base of r is
defined as an edge with both ends of degree 2. Let S* be a tree rooted at r*

consisting of r* together with a subtree rooted at a child of * and an edge
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connecting r* and the child. If »* has no child then S* is consisting of just r*.
['(S*) is a subgraph of I' induced by the vertices on boundaries of faces of I'
corresponding to the vertices of S*. If S* is consisting of just r* then I'(S*) is
denoted by I'(r*). It should be noted that I'(S*) is a 2-connected outerplane
graph with no triangles. Let f* be a vertex of S*, and fF € V(T™) — V(5%)
be a child of f*in T%. S* + fr is a rooted tree obtained from S* by adding
[ and an edge (f*, f2).

For any face f of I', b(f) is a cycle, since I' is 2-connected. Let b(f) =
{eo, €1, ..., ex—1}, where ¢g is the base of f, and edges e; and €;11( mod k) are
adjacent. A 0-bend 2-D orthogonal drawing of f is said to be canonical if f
is drawn as a rectangle such that the edges eg, e3, ..., and e;_o are drawn on
a side of the rectangle. A drawing of I'(S*) is said to be canonical if every
face is drawn canonically.

Fig. 3.2.2 shows a rooted tree T* for F' shown in Fig. 3.1, where r is a
square face, and a 0-bend 3-D orthogonal canonical drawing of F'.

Roughly speaking, we will show that if I'(S*) has a 0-bend 3-D orthogonal
canonical drawing then I'(S*+ f) also has a 0-bend 3-D orthogonal canonical
drawing. The following theorem immediately follows by induction.

Theorem 3.3 A 2-connected outerplanar 6-graph with no triangles has a
0-bend 3-D orthogonal drawing.

3.2.1.1 Proof of Theorem 3.3

For any v € V(I'), we define that f, is a face such that v is on b(f,) and f is
the nearest vertex to r* in 7. We denote by Ir(v) the set of edges incident
with v in I'.

Let A(S*) be a 0-bend 3-D orthogonal canonical drawing of I'(S*). We
assume without loss of generality that each vertex of A(S*) is positioned at
a grid-point in the three-dimensional space. Let

¢ V(T(57)) — V(A(S))

be an isomorphism between I'(S*) and A(S*). The mapping ¢ is called a
layout of I'(S*). If ¢(v) = (vy, vy, v,), we denote v, = ¢,(v),v, = ¢,(v), and
v, = ¢.(v). Notice that A(S*) is uniquely determined by ¢.

Let e, = (1,0,0),e, = (0,1,0),e, = (0,0,1) and define that D =
{e;, ey, €., —e,, —e,, —e,}. Forany v € V(I'(S*)), B, is a one-to-one map-
ping from Ir(v) to D. If f is a face with the base e = (u,v), and f’ is a child
face of f with the base ¢/ = (u, '), let {e"} = b(f")NIr(u)—{e’'}. A mapping
B, is said to be admissible if f’ does not exist or 3,(e”) is orthogonal with
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both G,(e) and £,(¢'). A set
B(S*) = {fs | v e V(I'(5%))}

is called a canonical orientation for A(S*) if the following conditions are

satisfied:

(B1) For any v € V(I'(S*)) and e, €’ € Ir(v), if e, e’ € b(f) for a face f # f,
of T then 3,(e) and (3,(e’) are orthogonal.

(B2) If ¢y = (u,v) € E(I'(S")) is the base of a face f in I', {e1} = b(f) N
Ir(u) —{eo}, and {ex—1} = b(f) N Ir(v) — {eo} then Bu(e1) = Bu(ex-1).

(B3) For any ¢ = (u,0) € E(T(5"), 6(u) = 8(v) + mB,(c) and d(v) =
é(u) + mp,(e) for some integer m.

(B4) If g = (u,v) € E(I'(S*)) is the base of a face f in I then 3, or 3, is
admissible.

We prove the theorem by induction. The basis of the induction is stated
in the following lemma, whose proof is obvious.

Lemma 3.2 I'(r*) has a 0-bend 3-D orthogonal drawing with a canonical
orientation. i
Let f* be a vertex of S* with a child ff € V(T*) — V(5*).

Lemma 3.3 If I'(S*) has a 0-bend 3-D orthogonal canonical drawing with
a canonical orientation then T'(S* + f¥) also has a 0-bend 3-D orthogonal
canonical drawing with a canonical orientation.

Proof of Lemma 3.3 Let A(S*) be a 0-bend 3-D orthogonal canonical
drawing of I'(S*) with a canonical orientation B(S*) = {3, | v € V(I'(S*))},
and ¢ be the layout of I'(S™).

Let b(f.) = {eo = (vo,vk-1),€1 = (vo,v1), ..., €, 1= (Vg_2,Vk—1)} , Where
ep is the base of f.. We assume without loss of generality that [,,(eg) = e,
and f3,,(e1) = e,. Now we define a layout ¢’ of I'(S* + f). For the vertices
V1, V2, ..., Ug_g on b(f.), we define that
¢ (v;) = p(vo) + e, + (i —1)e,, 1<i<k—3.
We also define that

) = o),

) = max{¢(v4—1), ¢z (vo) + k — 3},
oy (ve—1) = dy(ve-1),

) = ¢:(ve-1), and

) = ¢'(ve-1) + ey
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Let | = ¢/ (vk_1) — ¢o(vg_1). For each vertex v € V(I'(S*)) — {vg, vg_1} , we
define that

/ Qbr(v) lf ¢x(v) S ¢r(UO>>
92(v) {%M+lﬂ%w>%%h
’ _ ¢y(v> if ¢y(v> < ¢y(v0)a
%W“{%m+1ﬁ%m>%wx

P.(v) = ¢:(v).

Since B(S*) satisfies (B1), (B2), and (B3), ¢’ is well-defined and induces
a 0-bend 3-D orthogonal drawing A(S* + f¥) of ['(S* + f¥), as easily seen.

It remains to show a canonical orientation B(S* + fF) for A(S*+ f¥). Let
fi be a child face of f. such that e; € b(f.) is the base of f;, 1 <i <k —1,
if any. We need a mapping « from the child faces of f. to {0,1,—1}. The
mapping « will be used to indicate where each face f; should be drawn. Each
face f; is drawn on the plane in which f. is drawn if «(f;) = 0, above the
plane if a(f;) = 1, and below the plane if a(f;) = —1. We first consider a
mapping

o Af, for s ot —{0,1, -1},

which is an extension of «.

Claim 3.1 A partial mapping ' on {f1, fr_1} with |’ (f1)| + |/ (fx—1)| # 0
can be extended to a mapping on {fi, fo,..., fx—1} satisfying the following
conditions:

(AY) &(f;) # (fiyr) fori=1k—2.
(A2) [/ (fi) = &/ (fis1)| =1 for2 <i<k-3.

Proof of Claim 3.1 It suffices to consider the following cases by sym-
metry.

Case 1 o/(f1) <0 and o/(fx—1) = —1: We define that

1 if ¢ is even,
() ={

0 otherwise.

Case 2 o/(f;) =1 and o/(fx—1) = —1 : We define that

ey ) O if ¢ is even,
o/(fi) = { 1 otherwise.
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It is easy to see that o’ defined above is a desired mapping. O
B(S*+ fr) will be defined as an extension of B(S*), that is, B(S*) C B(S* +
£5). It suffices to define 3,, (1 <1i < k—2) for the vertices vy, vq, ..., V52 ON

b(fe). Let {er} = Ir(vo) Nb(f1) —b(fe) and {e}_,} = Ir(ve—1) Nb(fr-1) —0(fe),
if any. We define a partial mapping o’ on {fi, fr_1} as follows. If f; is a
child face of f.,

1 if ﬁvo (6,1) = ﬁvo (60) X ﬁvo (61),
o' (fi) =9 —1 if Byler) = =By (e0) x Buyler),

0 otherwise,

where x denotes the exterior product of verctors. If fy_; is a child face of

fC7

1 if ﬁkal(e;f—l) = ﬁkal(eo) X ﬁkal(ek_l)’
O/(fk—l) = —1 if ﬁvk_1(6;<:—1) = _/ka—l (6()) X ﬁvk—l (ek_1>’

0 otherwise.

If f;, i € {1,k —1}, is not a child face, we define that o/(f;) = 1. Since B(S*)
satisfies (B4), we have |o/(f1)| + [&/(fx—1)| # 0. So let @’ be a mapping on
{f1, f25 -, fr_1} satisfying the conditions of Claim 3.1. Let « be a restriction
of o’ to the child faces of f.. Since o/ satisfies the conditions (A1") and (A2'),
« satisfies the following conditions:

(A1) a(fi) # a(fz) if f2 is a child face of f., and a(fr—2) # a(fr-1) if fr
is a child face of f..

(A2) |a(f;) —a(fiy1)] = 1if f; and fi41 are child faces of f,, 2 <i <k —3.

For each vertex v; (1 < i < k — 2), we label the edges in Ir(v;) as follows.
Let 67(,? = ¢;. If e € Ip(v;) is the base of a child face fi(Q) of face f;, let

e) = e. In general, if e € Ir(v;) is the base of a child face fz-(jﬂ) of face

f(] (2 < ] < 4), let e(JJr ) = e, if any. If f(j has no such child face and
{e} = b( )ﬂ[p(vz) {e } then we deﬁned that e/ ™ = e. Let e!? = e;,1.
If e € Ir(v;) is the base of a child face f +1 of face sz, let evz) = e. In general,
ife € Ip(vz) is the base of a child face f off (3 <j<5),let e(] D=,
if any. If f+1 has no such child face and {e} = (fzﬂ) N Ip(v;) — {e } then
we defined that e ™ = e.
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We first define j3,, for e& , eg), 65;1), and 67(,?), if any:

B —e, ifi=1,
Buer)) = {—ew if2<i<k-—2

e, if 1 <i<k-—3,
Bu(er)) = { iti=k—2,

and

; :Oandi: ,

)

) =
ﬁvz( €, ) - e, if « fz) = ]-7
—e, if O{(fl) = _17

e, if a(fiy1)=0and 1 <i<k—3,

e, if a(fiy1) =0andi=Fk — 2,
61)2( vz ) N €, lf a(fi+l) = 17

—€, if a(fi+l) =—1

—e, ifa(fy) =+l

ﬂvl(ez()?)) = e, if a(f1) =0 and a(f;) = —1,
—e, ifa(fi)=0and a(fy) =1,
e, if a(fs) ==l

ﬂvl(egff)) = e, if a(fy) =0and af) = —1,
—e, ifa(fe) =0and a(f;) =1

if any. It should be noted that «a(f1) # a(fs), since « satisfies (Al). For
2 <i <k — 3, we define that:

Bu () = =B (D),
5'01‘(61()21)) = _/6111'(61(3))7

if any. We define that:

e, if a(fi_2) = £1,

ﬁkaz(ez(i)fz) = e. ifa(fro)=0anda(fr1)=—1,
—e, ifa(fr2)=0and a(fr_1) =1,
e, ifa(fr1) =21,

ﬁkaz(ez()?fz) = e. ifa(fr_1)=0and a(fro)=—1,
—e, if a(fr-1) =0and a(fr2) =1,
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if any. It should be noted that a(fx_2) # a(fr_1), since « satisfies (Al).
Since « satisfies (A1) and (A2), it is not difficult to verify that B(S*+ f¥)

defined so far satisfies the conditions (B1) through (B4), and is a canonical

orientation for A(S* + f¥). (See Fig.3.) |

3.2.2 General Outerplanar Graphs

We next consider the general case when G is a connected outerplanar 6-graph
with no triangles, and complete the proof of Theorem 2.

For graphs G; and Gy, G7 U Gy is a graph defined as V(G U Gg) =
V(G1) UV(Ge) and E(Gy U Gs) = E(G1) U E(Gs). A subset S of D is
said to be suitable if vectors in D — & can be linearly arranged such that
adjacent vectors are orthogonal. Notice that S is not suitable if and only if
D — S = {e,, —e,} for some a € {x,y,z}. Let I be an outerplane graph
isomorhpic to G, A be a 0-bend 3-D orthogonal canonical drawing of I" with
a canonical orientation B = {f,|v € V(I')}, and Fr(v) = {fG,(e)|e € Ir(v)}.
A is said to be suitable if Fr(v) is suitable for every vertex v € V/(I).

In order to complete the proof of Theorem 2, it is sufficient to show the
following.

Lemma 3.4 Let I'y be an outerplane graph without triangles, and Ay be
a suitable 0-bend 3-D orthogonal canonical drawing of I'y with a canonical
orientation B = {B,Jv € V(I'1)} and a layout ¢*. Let Ty be a 2-connected
outerplane graph without triangles or a graph consisting of an edge such that
V() NV(Ty)| =1 and Ty UTy is a 6-graph. Then, I'y U Ty also has a
sustable 0-bend 3-D orthogonal canonical drawing.

Proof of Lemma 3.4 : Let {w} = V(I'1) NV (I'y) and D — Fr,(w) =
{a1,as,...,as} such that a; and a;,; are orthogonal (s < 5). We assume
without loss of generality that a; = e, and a;, = e,. We distinguish two
cases.

Case 1 I'; is an edge: Let E(I'y) = {(w,w’)}. Then, we define a layout ¢’
of I'y UTy as follows:

R A () if ¢, (v)
W”“{¢@+% if 61 ()

¢w) = ¢'(w)+ e
If we define G, ((w, w')) = e,, it is easy to see that ¢’ induces a suitable 0-bend

3-D orthogonal canonical drawing of I'y U I'y with a canonical orientation.
Case 2 I'; is 2-connected: Let r} be a leaf of T3 such that w is on b(rq),

(w)

< ¢y (w),
> ¢ (w) +1,
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and b(rq) = {(w,v1), (v1,v2), ..., (Vk_2,Vk_1), (Vk_1,w)}. Let e be the base
of the unique child face of r5. We show a layout of I'y U Ty for the case of
e = (w,vy). Layouts of I'y U Ty for other cases can be obtained by similar
ways. We define a layout ¢’ of I'y U I'y(r3) as follows: for each u € V(I'y),

u)+ 1 if ¢ (u)

and, for each v; € V(Ty(r3)),

/ - otw)+e,+(i—1e, 1<i<k-—2
) = {¢1(w)+(/z—3)ex i=k—1.

If we define 5, (e) = e, and 5, ((w,vk—1)) = e, it is easy to verify that ¢’
induces a 0-bend 3-D orthogonal canonical drawing A; UA(r}) of I'y UT's(75)
with a canonical orientation.

Since Fr,ur()(w) is suitable for Ay UA(r3), we can produce a suitable 0-
bend 3-D orthogonal canonical drawing of I'y UT'y with a canonical orientation
by Lemma 3.
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Figure 3.1: An outerplanar 4-graph F.

.
Z—

Figure 3.2: T* for F' and a 0-bend 3-D orthogonal canonical drawing of F'.
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(a) (b)

(c) (d)

Vo

(e)

Figure 3.3: All the cases when a(f;) = 1: (a) a(fr—1) = 1 and k is odd, (b)
a(fr—1) = 1 and k is even, (¢) a(fr—1) = 0 and k is odd, (d) a(fx—1) = 0 and
k is even, (e) a(fr—1) = —1 and k is odd, (f) a(fx—1) = —1 and k is even.
The face f. and child faces f; of f. (1 <1i < k—1) are shown in boldface, and

every eg’) and eg,f.‘) are shown in lightface broken and solid lines, respectively.
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(a) (b)

I, I
I

(c) (d)
Figure 3.4: All the cases when a(f;) = 0: (a) a(fx—1) = 1 and k is odd, (b)
a(fr—1) = 1 and k is even, (c¢) a(fr—1) = —1 and k is odd, (d) a(fx-1) = —1
and k is even. The face f. and child faces f; of f. (1 <i <k — 1) are shown
in boldface, and every ez(fz’) and eq(f)
lines, respectively.

are shown in lightface broken and solid
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Vi1

(d)

Figure 3.5: All the cases when a(f1) = —1: (a) a(fr—1) = 1 and k is odd, (b)
a(fr—1) = 1 and k is even, (¢) a(fr—1) = 0 and k is odd, (d) a(fr-1) = 0 and
k is even, (e) a(fr—1) = —1 and k is odd, (f) a(fx—1) = —1 and k is even.
The face f. and child faces f; of f. (1 < i < k—1) are shown in boldface, and

every eg’) and eg,f.‘) are shown in lightface broken and solid lines, respectively.



Chapter 4

Orthogonal Drawing of
Series-Parallel Graphs

4.1 2-D Orthogonal Drawing

We show in this section the following theorem.

Theorem 4.1 Fvery series-parallel 4-graph has a 1-bend 2-D orthogonal
drawing.

We will show the proof of theorem in the rest of the section.

4.1.1 Proof of Theorem 4.1

Let G be a series-parallel 4-graph with terminals s and ¢. We generate for
G several 1-bend 2-D orthogonal drawings of distinct types depending on
dg(s) and dg(t). The number of distinct types v(dg(s),dg(t)) is no more
than 4 for every pair of dg(s) and dg(t). We denote by 7(dg(s),dg(t),i) a
type of drawing for G, where 0 < i < v(dg(s),da(t)). Fig. 4.1 shows the
types of 1-bend 2-D orthogonal drawings of G, where terminals are indicated
by circles. We denote by I';(G) a 1-bend 2-D orthogonal drawing of type
7(dg(s),dg(t),i) for G. We assume without loss of generality that each
vertex of I'(G) is positioned at a grid-point in the three-dimensional space.
Let
¢ V(G) = V(IN(G))
be an isomorophism between G and I'(G). The mapping ¢ is called a layout
of I'(G). If ¢(v) = (vs,vy,v,), we denote v, = ¢,(v), v, = ¢,(v), and
U, = (/bz(U)
The drawings I';(G) are generated by Algorithm 1 below.

18
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Algorithm 1 :2D-DRAW (G, 7(d¢(s), da(t), k))
Input: a series-parallel 4-graph G with terminal s and ¢, 7(dg(s), dg(t), k)
Output: 2-bend 3-D orthogonal drawing I'(G) of type 7(dg(s), dg(t), k)
begin
Compute T'(G)
if G consists of a single edge
then draw I'(G) satisfying type of 7(dg(s), da(t), k)
else
if GG is the series composition of G; and G,
then define 7(dg, (1), dg, (t1),1) and 7(dg,(S2), dg, (t2), m) depending
on 7(dg(s),dg(t), k) shown in Table 1.
end if
if GG is the parallel composition of G; and G4
then define 7(dg, (s1),dg, (t1),1) and 7(dg,(S2), dg, (t2), m) depending
on 7(dg(s),dg(t), k) shown in Table 2.
end if
F(Gl) :2D-DRAW<G1, T(dGl (81), dGl (t1>, l))
F(Gg) :2D-DRAW<G2, T(dG2 (82), ng (tg), m))
if GG is the seires composition of G; and Go,
SER-2D-COM(I'(G4),I'(G3)) (in Section 4.1.1.1)
end if
if G is the parallel composition of G; and G,
PAR-2D-COM(I'(G4),I'(G2)) (in Section 4.1.1.2)
end if
end if
end

4.1.1.1 SER-2D-COM(I'(G,),I'(G5))
Input: I'(G,),['(G2),
Output: I'(G)

Step 1 Generate ['(G1) and I''(Gy) by rotating and I'(G) and I'(G2) such
that I'(G), which is drawing type of 7(dg(s), da(t), k), can be generated
by identifying t; with ss.

Step 2 Let ¢! and ¢? be a layout of I(G;) and I(Gs), respectively. And
lot & = max{|g3(o)] [81(0)] [62()], [62(w) [}, v € V(I'(G)) amd w €
V(I'(Gy)). Tt is without loss of generality that ¢'(t;) = ¢?(t2) = (0,0),
¢r(s1) > 0, and ¢, (v) > 0. Now we output a layout ¢ of I'(G). For
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the vertex t € V(I'(G)), we output that ¢(t) = ¢*(ts). For each vertex
v e V(I'(Gy)) — {t2}, output that

s~ {BW i) <)
’ ¢r(v) +k i ¢3(s2) < G2(v),
¢ (U) _ { ¢32/(U) if ¢32/(U) < ¢§($2)7
S L)+ ki g(s) < dy(v).
For each vertex v € V(I'(G1)) — {t1}, output ¢(v) depending on ¢?2(sz)
and ¢7(s3) as follows:

Case 1 ¢2(s2) > 0 and ¢} (s5) > 0

Px(s1) if ¢5(v) <0,
b.(s1) +k  if otherwise,
Py(s1) if ¢, (v) <0,
¢,(s1) +k  otherwise,

W = (O aly e <o

lv) = oL (v) + ¢p(s1) + 2k otherwise,

oy = {Gurat g <o
Y B ¢, (V) + ¢y(s1) + k  otherwise.

4.1.1.2 PAR-2D-COM(I'(G,),T(G,))
Input: I'(G,),['(G3),
Output: I'(G)

Step 1 Generate ['(G1) and I''(Gs) by rotating and I'(G) and I'(G2) such
that I'(G), which is drawing type of 7(dg(s), da(t), k), can be generated
by identifying t; with 5, and s; and s,.

Step 2 Let ¢' and ¢? be a layout of IV(G;) and I'(Gy), respectively. It is
without loss of generality that ¢!(t1) = ¢?(t2) = (0,0), ¢L(s1) > 0, and
¢, (t1) > 0. Now we output a layout ¢ of I'(G). For terminals s, of G,
output that

Qb(t) = ¢1(t1
o(s) = (2k,2k).
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Let
l:}: - gbm(s)_(éalc(sl)’
L = y(s) = &y(s1),
l:% - ¢r(s)_¢i(82>7
Iy = ¢y(s) — 92(s2)

¢p(v) =k if ¢,(v) <0,

¢:(v) = { B,(v) if 0 < ¢, (v) < ¢r(s1),
Gp(v) +1; if gi(s1) < y(v),
by (v) if ¢, (v) <0,

oy(v) = { ¢y (v) +1, if 0 < ¢, (v) < ¢, (s1),
gzﬁ;(v) + l; +k if qﬁi(sl) < gb;(v)

For each vertex v € V(I'(G2)) — {s2,t2}, output a layout ¢(v) that

B2(v) if 2(0) <0,

bulv) = {qﬁz(vmi if 0 < 62(0) < 62(s2),
G HE ki ¢2(s) < 62(0).
G20) —k i $2() <0,

By(v) = {cb;(v) if 0 < 62(0) < 62(s2),
GE) 2 62(sa) < 03(0)

4.1.1.3 Analysis of Algorithm 1

The correctness of the algorithm is guaranteed by the following lemma.

Lemma 4.1 IfG contains more than one edge, then for any 7(dg(s), dg(t), 1),
1 < i < v(dg(s),da(t)), there always exist a drawing I';(Gy), 0 < j <
v(dg,(s1), dg,(t1)), and a drawing T'y(G3), 0 < k < v(dg,(s2), da,(t2)), such
that we can generate I';(G) by combining I';(G1) and T'y(G3) with the only
exception of 7(3,3,2) for G with edge (s,t). i

The proof of the lemma is obvious from the tables 1 and 2 below, which show
types of such I';(G;) and I'y(G2) for each type of I';(G), where 7(3, j, k) is
indicated by (i, j, k) in the tables. It is tedious but easy to check the tables.
For example, Fig. 4.2 show that 7(4, 4, 1) is generated by parallel composition
of 7(1,1,1) and 7(3,3,2).
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4.2 3-D Orthogonal Drawing

We show in this section the following theorem.

Theorem 4.2 FEvery series-parallel 6-graph has a 2-bend 3-D orthogonal
drawing. |

We will show the proof of theorem in the rest of the section.

4.2.1 Proof of Theorem 4.2

Let GG be a series-parallel 6-graph with terminals s and t. We assume without
loss of generality that each vertex of I'(G) is positioned at a grid-point in the
three-dimensional space. Let

¢:V(G) = V(I(G))

be an isomorophism between G and I'(G). The mapping ¢ is called a layout
of I'(G). If ¢(v) = (vs,vy,v,), we denote v, = ¢,(v), v, = ¢,(v), and
v, = ¢.(v). We use a vector R(G) € {+1, —1}3 to represent relative positions
of terminals in the space. If R(G) = (ry,ry,1.), we denote 7, = R,(G),
ry = Ry(G), and r, = R,(G). For vectors @ = (a1, as, as) and b = (by, bo, b3),
define that @ * b = (a1b1, azbe, asbs). Let e, = (1,0,0), e, = (0,1,0), and
e. = (0,0,1). and let D+ = {X,Y,Z}, D~ = {-X,-Y,~Z}, D=D*+UD-,
and let Dg(s) and Dg(t) be subsets of D satisfying the following conditions:

1. |Dg(s)| = da(s) and |Dg(t)] = da(t).
2. There exist A € Dg(s) and B € Dg(t) such that A # —B.

The conditions above implies that the elements of Dg(s) and Dg(t) can
be ordered Ai, Ay, ..., Adys) and By, Bs, ... By, ), respectively, such that
A; # —B; for each i, 1 <i < min{dg(s),de(t)}. We denote by [Dg(s)] and
[Dg(t)] such sequesces of elements. Dg(s) and Dg(t) are said to be inner-
directed if there exist A € Dg(s) and B € Dg(t) satisfying the following
conditions:

1. Ae D and B € D"
2. A+ —-B

3. If Da(s) — {A} # ¢ and Dg(t) — {B} # ¢ then there exist A" €
D¢ (s) —{A} and B’ € Dg(t) — {B} such that A" # —B'.
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A 2-bend 3-D orthogonal drawing I'(G) of G is generated by Algorithm 2 in
section 4.1.
as the initially conditions, define Dg(s), Dg(t), and R(G) as follows:

(
Dg(S) = DG (t) = D, and
R(G) = (1,1,1)

4.2.1.1 Algorithm 2: 3D-DRAW (G, D(s), Da(t), R(G))

3D-DRAW (G, Dg(s), Dg(t), R(G))
Input: a series-parallel 6-graph G with terminal s and ¢, Dg(s), Dg(t), and
R(G)
Output: 2-bend 3-D orthogonal drawing I'(G)
begin
Compute T'(G)
if G consists of a single edge
SINGLE-3D-DRAW(G, Dg(s), Dg(t), R(G)) (in Section 4.2.1.2)
else
if (G is the series composition of G; and G,
SER-3D-DECOM(G, Gy, G2, D(s), Da(t), R(G))
(in Section 4.2.1.3)
end if
if G is the parallel composition of G; and Ga,
PAR-3D-DECOM(G, G1, G, Dg(s), Dg(t), R(G))
(in Section 4.2.1.4)
end if
['(G,) =3D-DRAW(G1, D¢, (s1), Dg, (t1), R(G1))
F(Gg) :3D-DRAW<G2, DG2 (82), DG2 (tg), R(GQ))
if GG is the seires composition of G and G,
SER-3D-COM(I'(G4),I'(G3)) (in Section 4.2.1.5)
end if
if GG is the parallel composition of G; and Ga,
PAR-3D-COM(T'(G1),T'(G3)) (in Section 4.2.1.6)
end if
end if
end

4.2.1.2 SINGLE-3D-DRAW (G, D¢(s), Da(t), R(G))
Input: G, De(s), Da(t), R(G)
Output: I'(G)
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Output a layout ¢(s) and ¢(t) of I'(G) that

¢(s) = R(G)*(1,1,1),
o) = (0,0,0).

Construct an edge route with 2-bend edge route for the single edge e = (s, 1)
as follows:
) = (s),

R(G
c(t)],and i # j # k. Fig. 4.3
Z,and R(G) = (1,1,1).

o(t) — e; * R(G) — (e; + eg) *

where i € {z,y, z} such that i = |Dg(s)|, j = |D
shows the edge route for Dg(s) = =X, Dg(t) =

4.2.1.3 SER-3D-DECOM(G, G, Gs, De(s), Do(t), R(G))
IanIt: G7 G17G2aDG(S)7DG(t)?R(G)
OUtPUt: DGI (Sl)a DG1 (tl)> DG2 (32)7 DGz (t2)a R(Gl)> R(GQ)

Step 1 Define that (Xg,Yg, Zg) = (X, Y, Z) * R(G), Dg = {Xg,YG, Zg},
and DC_¥ = {—Xg, —Yg, —Zg}.

Step 2 If Dg(s) and Dg(t) are inner-directed, then select A € Dg(s) and
B € Dg(t) such that A € Dy and B € D},. Else if Dg(s) N Dg # 0 or
Dg(t) N DY # 0, select A € Dg(s) and B € Dg(t) such that A # —B
and A € D or B € Df,. Else select A € Dg(s) and B € Dg(t) such
that A # —B.

Step 3 Output D¢, (s1), Dg,(t1), Day(S2), Da,(t2), R(G1), and R(G3) de-
pending on A and B as follows:

Case 1 AeD,,BeD}:

Case 1-1 B € {Xg,Zg}I Let DGl(Sl) = D(;(s). If dGl(tl) <2,
let Dg,(t1) be any set S such that |S| = dg,(t;) and S C
DL — {—A}. If dg,(t1) > 3, let Dg,(t1) be any set S such
that |S| = dg, (t1) and DE € S CD—{-Ys}. If dg,(s2) <3,
let Dg,(s2) be any set S” such that |S'| = dg,(s2), {=Y} C
S’ - DC_;, and DG1 (tl) NS = @ If dGQ(Sg) > 3, let DG2(82)
be any set S’ such that |S’| = dg,(s2) and D C ' CD - S.
Let Dg,(ts) = Dg(t). Let R(Gh) = R(G) and R(Gs) =
R(G).(See Fig. 4.4)

Case 1-2 B = Ygi Let DGl(sl) = Dg(S). If dGl(tl) S 2, let
D¢, (t1) be any set S such that |S| = dg,(t1) and S C D}, —
{—=A}. If dg,(t1) > 3, let D¢, (t1) be any set S such that
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S| =dg, (t1) and DS, C S C D —{—Xg}. If dg,(s2) < 3, let
Dg,(s2) be any set S’ such that |S'| = dg,(sq2), {—X} C S C
Dg, and Dg, (t1) N S" = 0. If dg,(s9) > 3, let Dg,(s2) be any
set S” such that |S'| = dg,(s2) and Dy C 8" C D —S. Let
Dg(ty) = Dg(t). Let R(G1) = R(G) and R(G2) = R(G).

Case 2 A€ D/,B e Dg:

Case 2-1 A = Xgi Let DGl(sl) = Dg(s). If dGl(tl) S 2, let
Dg, (t1) be any set S such that |S| = dg,(t1) and S C Df —
{A}. If dg,(t1) > 3, let D¢, (t1) be any set S such that
S| = dg,(t1) and DS € S C D — {—A}. If dg,(sq2) < 3,
let D¢, (s2) be any set S” such that |S'| = dg,(s2), {—A} C
S" C Dg, and Dg, (t1) NS = 0. If dg,(s2) > 3, let Dg,(s2)
be any set S’ such that |S’| = dg,(s2) and D C ' CD - S.
Let Dg(ts) = Dg(t). Let R(Gy) = (—1,41,+1) * R(G) and
R(Gs) = (+1,—1,—1) * R(G). (See Fig. 4.5)

Case 2-2 A = Y5: Dg,(s1),Dg, (t1), Dg,(s2), and Dg,(ts) are
same as Case 2-1. Let R(G;) = (+1,+1,—1) * R(G) and
R(G) = (—1,—1,+1) * R(G).

Case 2-3 A = Zg: Dg,(s1),Dg,(t1), Da,(s2), and Dg,(ty) are
same as Case 2-1. Let R(G;) = (+1,—1,+1) * R(G) and
R(Gy) = (—1,+1,-1) x R(G).

Case 3 AcD;,BeDg.:

Case 3-1 A =B = —ZG: Let DGQ(tg) = Dg(t) If dG2(82) < 2,
let Dg,(s2) be any set S” such that |S'| = dg,(s2) and S" C
D, — {B}. If 3 < dg,(s2) < 4, let Dg,(s2) be any set S’
such that |S'| = dg,(s2) and D, C 5" C Dy + {X¢g}. If
dg,(s2) = 5, let Dg,(s2) be any set S” such that |S’| = 5
and S =D — {Yg} Let DG1 (Sl) = Dg(s). If dG1 (tl) < 3, let
Dg, (t1) be any set S such that |S| = dg, (t1), {Yo} € S C D¢,
and Dg,(s2) NS = 0. If dg, (t1) > 3, let Dg, (t1) be any set S
such that |S| = Dg,(t1) and DL C S CD— 5. Let R(Gy) =
(—1,41,4+1) * R(G) and R(G3) = (+1,—-1,—1) x R(G).

Case 3-2 A = B = —Ygi Let DG2(t2) = Dg(t) If dG2(82) <
2, let Dg,(s9) be any set S’ such that |S’| = dg,(s2) and
{—Xg} g S’ Q Dé — {B} If3 S dGQ(Sg) S 4, let DGQ(SQ) be
any set S” such that |S’| = dg,(s2) and D C 5" C D+{Xe}
If de,(s2) = 5, let Dg,(s2) be any set S’ such that |S’| = 5
and S =D — {Zg} Let DG1 (81) = Dg(S). If dGl(tl) < 3, let
D¢, (t1) be any set S such that |S| = dg,(t1), {Zc} € S C
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D/, and Dg,(s9)NS = 0. If dg, (t1) > 3, let Dg, (t1) be any set
S such that |S| = Dg, (t1) and D5 C S C D—-S". Let R(G,) =
(—1,+1,41) * R(G) and R(G2) = (+1,—1,—1) * R(G). (See
Fig. 4.6)

Case 3-3 A =B = —Xgi Let DGz(tg) = Dg(t) If dGz(Sg) S
2, let Dg,(s9) be any set S’ such that |S'| = dg,(s2) and
{—Yg} g S’ Q D& — {B} If 3 S dGQ(SQ) < 4, let DGQ(SQ) be
any set S” such that |S’| = dg,(s2) and D C 5" C D+{X¢}-
If dg,(s2) = 5, let Dg,(s2) be any set S’ such that |S’| = 5
and S' =D — {Yg} Let DG1 (81) = Dg(s). If dG1 (tl) < 3, let
D¢, (t1) be any set S such that |S| = dg,(t1), {Z¢} C S C
D, and Dg,(s9)NS = 0. If dg, (t1) > 3, let Dg, (t1) be any set
S such that |S| = Dg, (t1) and DE C S C D—-S". Let R(G,) =
(+1,—1,+41) * R(G) and R(G3) = (—1,+1,—1) * R(G).

Case 3-4 A # B: Let Dg,(s1) = Dg(s). If dg,(t1) < 2, let
Dg, (t1) be any set S such that |S| = dg,(t1) and S C D} —
{=A}. If dg,(t1) > 2, let Dg,(t1) be any set S such that
|S| =dg,(t1) and DL —{—A} C S CD—{—A}. I dg,(s2) <
3, let D¢, (s2) be any set S’ such that |\S"| = dg,(s2), {—A} C
S'CD;—{A}+{—A}, and D¢, (t1)NS" = 0. If dg,(s2) > 4,
let D¢, (s2) be any set S’ such that |S’| = dg,(s2) and Dg +
{—=A} C 58" CD-S. Let Dg(ta) = Dg(t). Let R(G,) = R(G)
and R(Gy) = (—1,—1,—1) x R(G). (See Fig. 4.7)

Case 4 A€ D/, B e D{:

Case 4-1 A =B = Zgi Let DGl(Sl) = Dg(S). If dGl(tl) < 2,
let D¢, (t1) be any set S such that |S| = dg,(t1) and {Zg} C
S C DL —{A}. It 3 < dg,(t1) < 4, let Dg,(t;) be any set
S such that |S| = dg,(t1) and D C S C DL+ {—Zg}. If
dg, (t1) = 5, let D¢, (t1) be any set S such that |S| = 5 and
S =D—{-Ys}. Ifdg,(s2) <3, let Dg,(s2) be any set S’ such
that |Sl| = dGQ(Sg), {—Yg} - S’ - D&, and DG1 (tl) NS’ = @
If dg,(s2) > 3, let Dg,(s9) be any set S’ such that |S'| =
dg,(s2) and D, € 8" € D — S. Let Dg(ta) = Dg(t). Let
R(Gl) = (—1, —1,—|—1) * R(G) and R(GQ) = (+1,—|—1, —1) *
R(G).

Case 4-2 A =B = YG: Let DG1<51) = Dg(s). If dGl(tl) S 2,
let D¢, (t1) be any set S such that |S| = dg, (1) and {Zg} C
S C DL —{A}. It 3 < dg,(t1) < 4, let Dg, (1) be any set
S such that |S| = dg,(t1) and D C S C DL+ {—Zg}. If
dg,(t1) = 5, let D¢, (t1) be any set S such that |S| = 5 and
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S =D—{—-X¢}. lfdg,(s2) < 3,let Dg,(s2) be any set S’ such
that |S,| = dG2(82), {—Xg} - S’ - DC_¥7 and DG1 (tl)ﬁS' = @
If dg,(s2) > 3, let Dg,(s9) be any set S’ such that |S'| =
dg,(s2) and D, € 8" € D —S. Let Dg(ta) = Dg(t). Let
R(Gy) = (-1,—-1,41) x R(G) and R(Gs) = (+1,+1,-1)
R(G).

Case 4-3 A =B = Xgi Let DGl(Sl) = Dg(S). If dGl(tl) < 2,
let D¢, (t1) be any set S such that |S| = dg,(t1) and {Zg} C
S C DS —{A}. It 3 < dg,(t1) < 4, let Dg, (1) be any set
S such that |S| = dg,(t1) and D5 C S C DS+ {—Xg}. If
dg, (t1) = 5, let D¢, (t1) be any set S such that |S| = 5 and
S =D—{-Ys} lfdg,(s2) < 3,let Dg,(s2) be any set S’ such
that |S’| = dg,(s2), {—Ys} C 5" C Dg, and Dg, (t,) NS’ = 0.
If dg,(s2) > 3, let Dg,(s2) be any set S’ such that |S'| =
dGQ(Sg) and D(_; - S’ - D — S. Let Dg(tg) = Dg(t). Let
R(Gl) = (+1, —1, —1) * R(G) and R(GQ) = (—1,+1,+1) *
R(G). (See Fig. 4.8)

Case 4-4 A # B: 1If dg,(s2) < 2, let Dg,(s2) be any set S’
such that |S'| = dg,(s2), 8" € Dg — {—B}. If dg,(s2) >
3, let D¢, (s2) be any set S’ such that [S'| = dg,(s2) and
D, —{—B}+{B} CS"CD—{-B}. Let Dg(ts) = Dg(t).
Let Dg,(s1) = Dg(s). If dg, (t1) < 3, let Dg,(t1) be any set S
such that |S| = dg, (t1) and {—B} C S C D} —{B}+{-B},
and Dg, (t1) N S" = 0. If dg, (t1) > 4, let Dg, (t1) be any set
S such that |S| = dg,(t1) and D}, +{-B} C S C D - 5"
Let R(Gy) = (—1,—1,—-1) x R(G) and R(G2) = R(G). (See
Fig. 4.9)

4.2.1.4 PAR-3D-DECOM(G, Gy, Gy, Du(s), Do(t), R(G))
Input: G,G1, Gy, Da(s), Dg(t), R(G)
OUtPUt: DGI (81), DGI (t1)7 DG2 (32)7 DG2 (t2)? R(G1)> R(GQ)

Step 1 Define that (Xg,Yg, Zg) = (X, Y, Z) * R(G), Dg = {Xg,Yg, Zg},
and D& = {—Xg, —Yg, —Zg}.

Step 2 Construct [Dg(s)] = (Ay, Az, ..., Apy(s)) and [De(t)] = (B, Ba, - . .,
Bpgy) such that A; # —B;, 1 <@ < min{dg(s),da(t)}. If De(s) and
D¢ (t) are inner-directed, we assume without loss of generality that
A€ DC_TV and B; € Dg
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Step 3 Output DG1 (81), Dgl (t1>, DG2 (82), DG2 (tg), R(G1>, and R(G2> de-
pending on dg, (s1) and dg, (t1) as follows:
Case 1 ]{31 = dG1 (81) S dG1 (tl)Z

Case 1-1 e = (s,t) € Gy :
DGl(Sl) = {A17A27 cee 7Ak1}7

Dey(t1) = {B1, Bay .. Biys Bia s b, )41+ Bot
Dg, (32) = {Ak1+l> D VS P ADG(S)}7

DG2 (t2) = {Bk1+l> Bk1+27 BERE Bk1+DG2(t2)}7

R(Gh) = R(Gy) = R(G).

Case 1-2 e = (s,t) € Gy :
Dg,(s1) = {A2, 43,..., Agy 1 }

Da,(t1) = {Ba, By, .. Biys1, By s b, )51, -+ Boow )
Dq,(82) = {A1, Aky42, Aki43, - Abgs) 1
Dq, (ta) = {B1, Bry+2: Bri+3: - - s BritDgy (1)
R(G1) = R(G2) = R(G).
Case 2 dG1 (81) dG (tl) = ]Cl .

Case 2-1 e = (s,t) € Gy :
Dg, (31) = {Ab Ay, .. ’Akl’ Ak1+DG2(52)+1? SO ADG(S)}7
DGl(tl) = {Bb BQa SRR Bk’l}a
Dg, (32) = {Ak1+l> P VS P Ak1+DG2 (82)}’
Da,(t2) = {Bky+1, Bry+2, - - -, Boa) }
R(G1) = R(G2) = R(G).
Case 2-2 e = (s,t) € Gy :
‘DGI (81> - {A27 A37 s 7Ak1+17 Ak1+DG2(S2)+17 SRR ADG(S)}>
Dg,(t1) = {Bs, B3, ..., Bg,+1},
‘DG2 (82> = {Ah Ak1+27 Ak1+37 sy Ak1+DG2(82)}7
DG2 (t2) - {Bl7 Bk’1+27 Bk1+3a SR BDG(t)}7
R(G1) = R(G2) = R(G).

4.2.1.5 SER-3D-COM(I'(G,),T(G2), R(G1), R(G>), R(G))
Input: T'(G1),1(Gs), R(G1), R(Gs), R(G)
Output: I'(G)

Let ¢! and ¢* be a layout of I'(G) and T'(G3), respectivly. Let

k= max{|¢,(v)], 67 (w)], [, (V)] |og(w)], |¢2(v)], [¢Z(w)], },
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for Vv € V(I'(G1)) and Vw € V(I'(Gs)). And let
¢'(v) = R(Gi)*¢'(v), and
P(w) = R(Gy)* ¢*(w),

where v € V(I'(G1) and w € V(T'(Gy)). If ' (v) = (vs, vy, v,) and ¥*(w) =
(Wa, wy, w), we denote that v, = ¥} (v), vy, = ¥, (v), v, = YL(V), W, = VI (w),
w, = P2(w), and w, = p?(w). Now we assume without loss of generality
that G obtained by identifing ¢; with s;. Output that

O(t) = ¢*(t2).

For each vertex v € V(I'(G)) — {t}, output a layout ¢;(v) depending on
Ri(G), Ri(G1), and R;(G3) , i € {x,y, 2z} as follows:
)

Case 1 RZ(G) = Rz(Gl = RZ(GQ)
For the vertices t; = s, and s = sy, output that

di(t1) = ¢i(s2) = 2k,
oi(s) = 4k.

Let I} = ¢i(s) — ¢} (s1) and I? = ¢;(s) — ¢p2(s2), i € {z,y, z}. For each
vertex v € V(I'(Gy)) — {sl,tl} output that

(v) — k: * R;(G1) 1f h (v) 0,
_l’_

(tl *Ri(Gl)+¢z‘l(U)+lil if W(?f) > 1) ( )
where i € {z,y,z}. For each vertex v € V(I'(Gg)) — {s2,t2}, output
that
HO) if 97 (v) <0,
¢i(v) =  GF(v) +kxRi(G) if 0 <f(v) < ¥i(sa),
¢i(s) + 1 if 97 (v) > 7 (s2),

Case 2 R;(G) = —R;(G1) = R;(Gy): For the vertices t; = s9 and s = sy,
output that
¢i(s) = ¢ilt) + Ri(G),
oi(t1) = ¢i(s2) = ¢i(s) + 2k * Ri(G).

For each vertex v € V(I'(Gy)) — {s1,t1}, output that
¢i(v) = Ri(G)

(
Gi(t1) — k * + ¢, (v) if 0 <4y U) <} (s1),
Gi(t) — kx Ri(G) + oj(v) — 1} if 9} (v) > ¥}(s1),
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where ¢ € {z,y,z}. For each vertex v € V(I'(Gg)) — {s2,t2}, output
that

7 (v) if 2(v) <0,
$i(v) = Gils) +h* Ri(G) + ¢7(v) if 0 <1pf(v) <pi(s2),
¢z(82) +07(v) = d7(s2) i PF(v) > PP(s2),
where ¢ € {z,y, z}.

Case 3 RZ(G) = Rz(Gl) = _RZ(GQ)
For the vertices t; = so and s = sy, output that

di(s) = ¢ilt) + Ri(G),
¢i(t1) = ¢i(32) = 2k % RZ(G)

For each vertex v € V(I'(Gy)) — {s1,t1}, output that

¢:(v) =1 di(t) +k* Ri(G) + ¢; (v) 1f0<1/} (U) <7/) (s1),
$i(s) + kb x Ri(G) + ¢; (v) — ¢ (s1) 1 P} (v) > i (s1),
where ¢ € {z,y,z}. For each vertex v € V(I'(Gg)) — {s2,t2}, output
that
¢i(s) + &7 (v) if 97 (v) <0
Bu(0) = { 6u(t) — k RiG) + 62(0) 0 < $2(0) < ¥2(s2),
$i(s2) + @7 (v) = ¢i(s2) i F(v) > (s2),

where ¢ € {z,y, z}.
4.2.1.6 PAR-3D-COM(I'(G4),I'(Gs), R(G41), R(G2), R(G))
Input: T'(G1),1(Gs), R(G1), R(Gs), R(G)
Output: I'(G)
Let ¢' and ¢* be a layout of I'(G;) and I'(Gy), respectivly. Let
k= max{| ¢y (v)], [¢3(w)], |8, (v)]; |6y (w)], |62 (V)] [$Z(w)], },
for Vv € V(G;) and Yw € V(G3). And let

Y'(v) = R(Gy)*¢'(v), and
P(w) = R(Ga)*¢*(w),
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where v € V(['(G;) and w € V(I'(Gy)). If w ( ) = (vz,vy,vz) and ?(w) =
(wg, wy, w,), we denote that v, = ¥l (v), v (v), = YL(v), w, = Y2 (w),
= ¢§(w), and w, = ¢*(w). Output a layout o(s) and o(t) of F(G) that

o(t) = ¢*(ta),
é(s) = (2k, 2k, 2k) * R(G).

For every v € V(G1) — {s1,t1}, output a layout ¢(v) of I'(G) as follows:
o1 (v) — kx R(G) if 9! (v) <0,

Giv) = { 6'(v) +k* R(G) i£0'< P} (0) < ¥(s1),
OH(v) = B(sa) + k% Ru(G) + 6i(s) il (v) > (o).

where i € {z,y,z}. For every v € V(G3) — {s2,t2}, output a layout ¢(v) of
['(G) as follows:

| S if Y2(0) < 42 (52).
éilv) {¢%<v>—¢%<sm¢i<s> if 92(0) > 2

where i € {z,y, z}.

4.2.1.7 Analysis of Algorithm 2

We first show that every edge e € E(I'(G)) have just 2-bend. If G consists of
a single edge e = (s,t) and the edge e can be drawn with 2-bend then Dg(s)
and Dg(t) must be inner-directed. Thus we show the following Lemma.

Lemma 4.2 IfG consists of an edge e = (s,t), Dg(s) and Dg(t) are inner-
directed.

Proof:  Initial conditions D¢ (s) and Dg(t) of Algorithm 2 are innner-
directed.

Suppose Dg(s) and Dg(t) are inner-directed. If G is the series compo-
sition of G and Gy, it is not difficult to see that D¢, (s1) and Dg,(t1), and
Dg,(s2) and Dg, (t2) are inner-directed by Algorithm SER-3D-DECOM. If G
is the parallel composition of G and Gy, it is not difficult to see that D¢, (s1)
and Dg,(t1) or Dg,(s2) and Dg,(ts) are inner-directed by Algorithm PER-
3D-DECOM. Since G is a simple connected graph, GG; or G5 contains the
edge e = (s, ).

Suppose Dg(s) and Dg(t) are not inner-directed. If G is the series com-
position of G| and Gy, it is not difficult to see that D¢, (s1) and Dg, (¢1), and
Dg¢,(s2) and Dg,(t2) are inner-directed by Algorithm SER-3D-DECOM. If
G is the parallel composition of Gy and Gy, there is no edge e = (s,t) in G.
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Thus if G; and G5 contain e; = (s1,t1) and ey = (S9,%3), Dg,(s1) and
D¢, (t1), and Dg,(s2) and Dg,(t) are inner-directed,respectivly.

It remains to show that there are not cross over edges in I'(G). It is not
difficult to prove the following Lemmas from Algorithm SER-3D-COM and
PER-3D-COM.

Lemma 4.3 For every vertices v,w € V(I'(Q)), a layout ¢p(v), p(w) is sat-
isfied the following condition:

¢z(v) # du(w),
¢y(v) + ¢y(wa
¢.(v) # o:(w

Lemma 4.4 For every v € I'(G), it is satisfied an one of the following two
conditions:

(A) Ri(G)* ¢i(s) < Ri(G) x ¢i(v) < Ry(v) * ¢4(t), Vi € {z,y, 2},
(B) Ri(G) * ¢i(s) > Ri(G) * ¢i(v) or Ri(G) x ¢i(t) < Ri(G) * ¢;(v), Vi €

{z,y, 2}.
|

From Lemma 4.4, Algorithm SER-3D-COM, and Algorithm PER-3D-
COM, it is not difficult to see the following lemma.

Lemma 4.5 If G is obtained by a series-compisition or parallel-composition
of Gy and G4 then it is satisfied one of the following two conditions:

(A) |¢i(w1) — @i(v)| > |@i(w2) — @i(v)|, Vi € {z,y, 2},
(B) [pi(wr) — ¢i(v)] < |pi(wa) — ¢4(v)], Vi € {x,y, 2}

Lemma 4.6 There are no cross over edges in I'(G).

Proof:  Suppose the edge e; = (v1,w;) and ey = (vq, wy) are crossing and
let u be a cross point between e; and e,. Since u is laid on the ey, two among of
¢i(u), 1 € {x,y, 2z}, are same as ¢;(v1) or ¢;(wy). Since u is laid on the ey, two
among of ¢;(u), i € {x,y, 2}, are same as ¢;(ve) or ¢;(ws). Thus there is an
i €€ {x,y, 2z} such that ¢;(j) = ¢;(k) where j = {v1, w1} and k = {vg, wa}.
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From Lemma 4.3, this is contradiction. Thus we consider the case of the
edges e; = {v,w;} and es = {v,ws}. We can prove this case by induction.
If G is a single esge then it is clear that I'(G) has no edge crossing. Suppose
['(G;) and I'(Gy) have no edge crossing. We first assume that I'(G) obtained
by series composition of I'(G;) and I'(G5). Since I'(G1) and I'(G3) have no
cross over edges, if ej,es € E(I'(G1)) or e1,eq € E(I'(G2)) then e; and ey
are not crossing in I'(G). Suppose e; € E(I'(G;)) and e; € E(I'(G2)). From
Lemma 4.5, every e; and ey do not cross over. Assume that I'(G) obtained
by parallel composition of I'(G;) and I'(Gy). Since I'(G;) and I'(G2) have
no cross over edges, if ey, e5 € E(I'(Gy)) or ey, ey € E(I'(G3)) then ey and e
are not crossing in I'(G). Suppose e; € E(I'(G;)) and e; € E(I'(G2)). From
Lemma 4.5, every e; and ey do not cross over.

From Lemma 4.2 and Lemma 4.6, I'(G) obtained by Algorithm 2 is 2-bend
3-D orthogonal drawing of G.
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7(1,1,0) 7(1,1,1) 7(1,1,2) T(1,2,1) 7(1,2,2) 7(1,2,3) 7(1,2,4)

7(1,3,1) 7(1,3,2) 7(1,4,1) 7(2,2,1) 7(2,2,2) 7(2,3,1) 7(2,3,2)

1(2,4,1) 7(3,3,1) 1(3,3,2) 1(3,4,1) 1(4,4,1)

Figure 4.1: Types of 1-bend 2-D orthogonal drawings, where 7(i,7, k) =
(4 i, k).



CHAPTER 4. ORTHOGONAL DRAWING OF SERIES-PARALLEL GRAPHS35

|

7(1,1,1)

©(4.4,1)

Figure 4.2: 7(4,4,1) is generated by parallel composition 7(1,1,1) and
7(3,3,2).
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Figure 4.3: An edge route with 2-bend edge route for Dg(s) = =X, Dg(t) =
Z,and R(G) = (1,1,1).
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B i _ T2 _
_ s=s1 _ s=s1
r==4--1 ! r==4--1 !
: | | : | |
R I
| /____L__,J I /__—-L——,l
| | .~ | |1~
U m— o= - PP n— o= L
(S—d——7 lti=s2 (E——d——- ti=s2
R o
ro b ! r by !
P NP N
I __L/ O—I/ __!//
t=t2 t=t2
(a) (b)
R B> TS
Ay e <1
' | ' | ' | ' |
! | ! | ' | ! |
| | | |
| - | -
P = _L - e L
==4-—" t1=s2 r——-f——jl’
| | I 7 | | 7
! | ! | ! | ! |
A A
et et et et
t=te
(c) (d)
Figure 4.4: All the cases when A = —-Y,B = X, and dg,(t;) = 2

(a)dg,(s2) = 1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A
and B are shown in blue line, the direction including of Dg, (f1) are shown
in red line, and the direction including of D¢, (s2) are shown in green line.
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r‘—-}-——l/ | s=s1 | r‘—4,———|/ | 8=81 |
I | | | | I | | | |
| | | | | | | | | |
| | | | | | | | | |
[ —_——l | | —_——l |
_737::___4'// ! el L !
¢ I t=t2 | . | t=t2 . I
: | i /)I : | | /)I
| - | -
| &= [ -
-7 1 ti=s2 -~ ti=s2
(a) (b)
| |
//r————;/¢/———1l //r————;/¢/_——1l
Ir———:———l/ | s=s1 | |r__ '"T | s=s1 |
I ! I !
| | | | | [ | I | |
A A
[ o L _l// I [—— :_—___l// I
Ir | t=t2 } : Ir :t=t2 :
i e i e
| - | -
e l4 . l/
ti=s2 ti=s2
1
(c) (d)
Figure 4.5: All the cases when A = X,B = -Y, and dg,(t;) = 2:
g Y ) 1

(a)dg,(s2) = 1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A
and B are shown in blue line, the direction including of Dg, (t1) are shown
in red line, and the direction including of Dg,(s2) are shown in green line.
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s=s1! _-~ s=s1! _~
> >
g g
A LSty
! I ! I I ! I ! I I
! I ! I I I I I I I
I //'——J,'—/:" : I //'——J,'—/:" :
7 Tt=te | 7 Tt=te I
r | | r | |
I I I I
I . I
| _E—— | - __
-7 : ti=s2 -7 | ti=s2
| |
(a) (b)
| |
S=S1, -~ S=81, .~
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g B S g B S
! TR | ! TR I
! I ! I I ! I ! I I
! I ! I I I I I I I
I //'——J,'—/:" : I //'——J,'—/:" :
7 Tt | 7 Tt=te I
r | | r | |
I I I I
' B ' L
I . I
| & _ | _
-~ ti=s2 -~ ti=s2
I I
(c) (d)
Figure 4.6: All the cases when A = —Y, B = -Y. and dg,(t1) = 2:
g Y Y 1

(a)dg,(s2) = 1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A
and B are shown in blue line, the direction including of Dg, (t1) are shown
in red line, and the direction including of Dg,(s2) are shown in green line.
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I /’ /’
B g i S
r———:———l/ Ts=s1 r—’——:———r Ts=51
! I ! I ! I I I
b T
t=te | _+=—1=> t=ta | _-——1-=1
_ﬁi _____ - : _7i' _____ - :
r I r I
I A T S I I A T S I
l// | V/ |
= I = I
7 ti=se 7 T ti=se
| |
(a) (b)
: //’ : //’
ST T ST YT
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tste ] _t-—l-—q t=ta | /L__+_7{
_ﬁi _____ - : _7i' _____ - !
r I r I
I A T S I I A T S I
| |
__l/_____l V____I
- ti=s2 - ti=s2
I I
(c) (d)
Figure 4.7: All the cases when A = —Z,B = —Y, and dg,(t1) = 2
(a)dg,(s2) = 1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A

and B are shown in blue line, the direction including of Dg, (¢1) are shown
in red line, and the direction including of D¢, (s2) are shown in green line.
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: - //| : - //I
// // | // /// |
///I'____/_/¢___/ | ///I'____/_/¢___ 1
r___l___l/ | s=81 | r___l___l/ Is=s1 |
A ! A !
| | | |
Lo ! Lo !
i i
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o ' -7 lti=s2 I ' -7 lti=s2
| - - | P =
! -7 : | P :
- -
(@) (b)
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__/%_ _____ 1 __/%_ _____ 1
-7 1 t=te : - -7 1t=t2 : -
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Figure 4.8: All the cases when A = X, B = X, and dg, (t1) = 2: (a)dg,(s2) =
1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A and B are shown
in blue line, the direction including of D¢, (t1) are shown in red line, and the
direction including of Dg,(s2) are shown in green line.
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Figure 4.9: All the cases when A = X, B = Z, and dg, (t1) = 2: (a)dg,(s2) =
1, (b)dg,(s2) = 2, (c)dg,(s2) = 3, and (d)dg,(s2) = 4. A and B are shown
in blue line, the direction including of D¢, (1) are shown in red line, and the
direction including of D¢, (s2) are shown in green line.
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Table 4.1: Series composition.
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Chapter 5

Conclusion

In this thesis, we consider the problem of generating orthogonal drawing
of outerplanar graphs and series-parallel graphs.

In Chapter 3, we prove that every outerplanar 3-graph G has a 0-bend 2-D
orhogonal drawing if and only if G contains no triangle as a subgraph. And we
prove that every outerplanar 6-graph GG has a 0-bend 3-D orhogonal drawing
if and only if G contains no triangle as a subgraph. It is interesting to note
that a complete bipartite graph K3, which is a minimal non-outerplanar
graph with no triangles, has no 0-bend 2-D or 3-D orthogonal drawing.

In chapter 4, we prove that every series-parallel graph G has a 1-bend
2-D orthogonal drawing. From this results, every outerplanar 4-graph has
a 1-bend 2-D orthogonal drawing. And we prove that every series-parallel
graph G has 2-bend 3-D orthogonal drawing.

It is an interesting an open problem to decide if every outerplanar 6-graph
has a 1-bend 3-D orthogonal drawing, and if every series-parallel 6-graph has
a 1-bend 3-D orthogonal drawing.
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