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Abstracts

The geochemical research on the bulk composition of the Moon infers that the lunar material
comes from the terrestrial magma ocean. The giant impact is disqualified for the mechanism
to strip the magma ocean since the results of the numerical simulations of the giant impact are
inconsistent with the chemical composition of the Moon. Thus, the classical rotational fission
hypothesis seems to be a more favorable candidate of the stripping mechanism although it has
several physical difficulties.

-In most of the p1'evious“‘”studies on the rotational fission, the proto-Earth was treated as.
a single-layered body composed of an incompressible fluid. However, as a result of the core
formation, the proto-Earth is no longer homogeneous. Thus, the effect of inhomogeneity of
the proto-Earth must be taken into account. We regard the proto-Earth as a superposition of
the two layers of incompressible fluids with different densities pg and py = pg + dp. The most
important parameters in our calculations are the ratio of the volume of the core to.the volume
of the proto-Earth Vi /Vy and the density ratio 6p/po.

We first look for the gravitational equilibrium figure of such rotating two-layered axisymmetric
masses numerically. When the rotation is slow, i.e., the coaspect ratio € = 1/1 — a3/a} (a3 and
a3 denote the semiaxe of the body surface) is small, both the body surface and the core-mantle -
boundary are well approximated by spheroids. As the body rotates faster, the body surface
begins to deviate from a spheroid while the core-mantle boundary is kept to be spheroidal. We
find that the coaspect ratio has a critical value €.. If the coaspect ratio beyonds this critical
value, the outward centrifugal force overcomes with the inward gravitational force and the body
can no longer keep a single figure.

We next investigate extensively the stability of the equiliiﬁi‘ium figures obtained numerically
against the small perturbations using the criterion derived by Chandrasekhar and Lebovitz
(1962). For the cases where the values of the parameters 6p/py and V;/V, are suitable for

the proto-Earth, the condition of the secular instability is almost the same as that for the



Maclaurin spheroid, i.e., the homogeneous spheroid. Moreover, the body reaches the critical
coaspect ratio before the dynamical instability occurs and mass shedding from the equator is
expected to begin. However, the angular momentum that corresponds to the critical coaspect
ratio is almost the same as that needed to trigger the dynamical instability.

Therefore, the condition of the rotational fission is not eased b.y the inhomogeneity of the
proto-Earth. We should exclude the rotational fission hypothesis from the candidates of the

mechanism to strip the materials from the terrestrial magma ocean since it seems to be impos-

sible to gain enough angular momentum.
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1. Introduction

The problem of the lunar origin has been a ” Gordian Knot” for hundreds of years. Since the
17th century, the era of Newton, hundreds of scientist attacked this problem and proposed tens
of hypothesises and their variations for the lunar origin. However, we have not got a "sword”
to cut the knot, in other words, we have not established the theory which satisfies both the
dynamical and the geochemical conditions. Let us first review briefly both the dynamical and

the geochemical constraints that the theory of the lunar origin must satisfy.

1.1. Dynamical constraints on the theory of the lunar origin

(1) Angular momentum of the Earth-Moon system

It is generally accepted that the Earth was formed through the accumulation of planetes-
imals. The angular momentum of the present Earth-Moon system, which is the sum of the
rotational angular momentum of the Earth and the orbital angular momentum of the Moon, is
extraordinary large and it had been believed that the angular momentum of the Earth-Moon
system could not be explained by the collision of the planetesimals (e.g., Giuli, 1968). At the
same time, this is one of the crucial disadvantages against the fission origin of the Moon.

Estimation of the angular momentum induced by the accumulation is based on the as-
sumption that the spatial distributions of the planetesimals is uniform. The rotational angular
momentum which the proto-Earth gains through ac.cretion of uniformly distributed planetes-
imals is almost canceled out and the resultant angular momentum is very small. But, the
collisions between the protoplanet and the planetesimals which distribute nonuniformly bring
the large amount of angular momentum in the same direction of rotation (Ida and Nakazawa,
1990; Lissauer and Kary, 1991). In fact, recent. N-body calculations of the planetesimals around
the Sun reveal that, as the gravitational scattering due to the protoplanet takes effect, the spa-
tial distribution of the planetesimals around the protoplanet becomes nonuniform (Ida and

Makino, 1993; Tanaka and Ida, 1995). The angular momentum of the present Earth-Moon



system may be explained by this scenario (Ohtsuki and Ida, 1995). Hence, the fission theory

of the Moon is not in conflict with the scenario of the planetary growth.

(2) Constraint on the "birthplace’ of the Moon

The studies on the tidal orbital evolution of the Moon (see, e.g., Burns, 1986) show that
the Moon gradually moves away from the Earth. In Fig. 1.1, we show the behavior of the
lunar orbital evolution in the (a, ¢)-plane, where « and e denote the semimajor axis and the
eccentricity of the lunar orbit, respectively (Mignard, 1982). The curves are distinguished 'by
the parameter A, which is the ratio of the amount of the energy dissipation within the Moon
to that within the Earth. If we go back the evolutional path in time, we can know where the
Moon was located 4.6 billions years ago. However, lack of our precise knowledge on the amount
of energy dissipation within the Earth and the Moon prevents us from knowing the precise rate
on how fast the tide affects the semimajor axis of the Moon. Therefore, the exact birthplace
of the Moon is unknown. Nevertheless, it is certain from the theory of the tidal evolution of
the Moon that the distance between the Earth and the Moon had been always larger than the

co-rotation radius R, which is given by
R, ~ 235Rg (1.1)

where Rg is the radius of the Earth (note that R, does not depend on the dissipation ratio A).
If the Moon was located at a distance less than R from the Earth, then the Moon must have
fallen onto the Earth. Therefore, we can safely say that the ’birth place’ of the Moon was more

distant from this limiting radius.

(3) Inclination of the lunar orbit

At present, the orbital plane of the Moon and the equatorial plane of the Earth are not
identical. The inclination 7 is about 5.1 degree. Not only the semimajor axis and the eccentricity
of the lunar orbit, the inclination also gradually varies in time by the tidal interaction among

the Earth, the Moon, and the Sun (Mignard, 1982). In Fig. 1.2, we show the evolutionary path

[N



T ] 1 I T i
1 = .

K ‘

-1
10 Present |
-2 B
o 10 )

10° - .
10* - .

10‘5 i 1 1 i 1 1

0 10 20 30 40 50 6
a/RE

Fig. 1.1. The behavior of the lunar orbital evolution due to tide (from Mignard, 1982). In this
figure, a and e are the semimajor axis and the eccentricity of the lunar orbit, respectively. The
semimajor axis is normalized by the radius of the Earth, Rg. Arrows are pointing to the future
and the solid circle indicates the present state of the Moon. The curves are distinguished by
the parameter 4, which is the ratio of the dissipated energy within the Moon to that within the

Earth.

in the (@, I)-plane where I is the angle between the spin vector of the Earth and the vector
normal to the lunar orbital plane. From this figure, we can see that [ has never been equal
to zero. Although this has been considered to be a disadvantage against the fission theory of
the Moon, we can avoid the difficulty considering either of the orbital plane of the Moon or
the equatorial plane had to be tilted after the Moon was formed in the equatorial plane of the

Earth.
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Fig. 1.2. The behavior of the lunar orbital evolution in the (@, I)-plane (from Mignard, 1982) where
I denotes the angle between the spin vector of the Earth and the vector normal to the lunar
orbital plane. Arrows are pointing to the future and the solid circle indicates the present state

of the Moon. Furthermore, a, Rg, and A have the same meanings as in Fig. 1.1.

(4) The size of the lunar core

The moment of inertia of the Moon Iy is estimated to be
Iy = 0.3905MuRy, (1.2)

where My and Ry are the mass and radius of the Moon, respectively (Ferrari et al., 1980).
This value is almost the same as that of the homogeneous sphere and infers that the internal
structure of the Moon is almost homogeneous. Namely, even if there exists the metallic core
inside the Moon, its radius must be small up to 460 km and its mass is at most 6 percent of the
lunar mass (Hood and Jones, 1985). This gives a strong constraint on the formation process of

the Moon.



1.2. Geochemical constraints

(1) Volatile elements

In general, the Moon surface and the terrestrial mantle are substantially depleted in volatile
elements such as K, Rb, and Cs compared with those of CI chondr'ite (see, e.g., Ringwood, 1979;
Taylor, 1986). For example, the terrestrial Rb/Sr ratio is 0.031 and the lunar Rb/Sr ratio is
0.009. They are much smaller than the CI value of 0.30. It is natural to consider that the Moon
and the Earth were strongly heated during or just after their formation. It is also important
to note that the abundance of volatile elements in the Moon is clearly more depleted cémpared

to the Earth’s mantle.

(2) Tron

The mean density of the Moon (p = 3.34 g/cm3) is lower than that of the terrestrial materials
at zero pressure (p = 4.45 g/cm?®) and is almost equal to the mean density of the terrestrial
upper mantle (5 = 3.30 - 3.40 g/cm3). It may be inferred that the Moon has smaller proportion
of heavy elements than the Earth. The only element which can explain this feature is Fe and
it is generally accepted that the Moon is depleted in Fe compared to the Earth and other

terrestrial-type planets.

(3) Chromium, Vanadiﬁm, and Manganese

Elements like Cr, Mn, and V show siderophile behavior at high pressure. The abundance of
these elements in the Moon are similar to that in the terrestrial mantle and they are depleted
by the factors of 0.6-0.2 in the mantles of both bodies compared to those of CI chondrites.
Ringwood (1989) suggested that V, Mn, and Cr were absorbed into the terrestrial core during
the core formation process. Moreover, Kato and Ringwood (1989) showed that the depletion
of these elements does not occur in martian-size objects or smaller bodies. So, this feature -

suggests that the materials of the Moon came from a Venus-sized object or a larger body.

(4) Siderophile trace elements



The abundances of the siderophile elements can be divided into two groups. The concentra-
tions of Ni, Co, and W in the upper mantles of the Moon and the Earth are similar with each
other, while Ge, Sh, and Re in the upper mantle of the Moon is strongly depleted compared
to the upper mantle of the Barth (Ringwood 1979; Rammensee and Wénke, 1977). Ringwood
and Kesson (1977) argued that the elements which belong to the second group are relatively
volatile, and were lost from the Moon during its formation. If it were true, the resernblance
of the abundance of the first group suggests that the lunar materials come from the terrestrial

mantle.

(5) Oxygen isotopes
The oxygen isotopic composition of the lunar and the terrestrial basalts show the same
pattern (Clayton et al., 1976). This implies that the lunar materials may have come from the

Earth, or at least, may have formed in the vicinity of the Earth in the solar nebula.

(6) The mg* number

The (MgO/MgO+FeO) ratio called the mg! number is an important index to assign the
chemical composition of rocky materialé. The mg' number of the bulk Moon is estimated to
be 0.77 ~ 0.85, while the mg* number of the terrestrial upper mantle is estimated to be 0.89
(see, e.g., Drake, 1986). The mg! number of Mars is almost the same with the value of the
Moon. However, according to a resent study about the chemical composition of the magma
ocean (Okuchi, 1995), the mg! number of the Moon is identical to that of the terrestrial magma
oﬁean which is formed at a depth of about 300 km with a temperature as high as 1600 °C.
Furthermore, the abundance of the siderophile elements like Ni, Co, and W of the Moon agrees
with those estimated from this model of the magma ocean. These support strongly that the

lunar materials were supplied from the terrestrial mantle.

As we have seen above, from the geochemical point of views (1) to (6), it is natural to

consider the materials from which the Moon was formed came from the deep magma ocean of



the proto-Earth.

1.3. Hypothesises of the lunar origin

Many hypothesises have been proposed on the lunar origin until now. We will summarize

therm briefly.

(1) Giant impact hypothesis

Hartmann and Davis (1975) first suggested a possibility that a planet-sized object collides
with the proto-Earth and the Moon was formed from the ejected debris. Benz et al. (1@86;
1987; 1989) and Cameron and Benz (1991) performed numerical simulations of such impacts
using the smoothed particle hydrodynamics method. Their main assumption is that all of the
angular momentum of the Earth-Moon system is brought about by the single impact; in other
words, they assumed the proto-Earth did not rotate at first. From this assumption Benz et al.
estimated the size of the object (which hereafter we call the impactor) which collided with the
proto-Earth and concluded that the impactor must be, at least, as large as Mars. The depletion
of the iron in the Moon suggests that the collision had happened after the core formation in
both the proto-Earth and the impactor. The parameters used in their simulations are the mass
of the impactor, the initial relative velocity, and the impact parameter.

They simulated for wide ranges of the parameters and found that only in restricted ranges
of the parameters sufficient amount of debris from which the Moon is formed begins to orbit
around the Earth and, then, the ejected materials are thrown into the stable orbit owing to
the gravitational torque made by the arm-like structure of the proto-Earth and the destroyed
impactor. Based on their simulations, Benz et al. concluded that there is scarcely a possibility
that a Moon-sized clump is directly formed just after the impact. Rather, they considered
that, after the impact, the sprayed materials form a disk around the proto-Earth. and that the
Moon must accrete from the disk through the process analogous to the i)lleletzLI'y formation in

the solar nebula.
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Although this hypothesis has been considered as a favorite candidate for the theory of the v
lunar origin, there are several serious defects. First, the debris orbiting around the proto-Earth
comes mostly from the Mars-sized impactor. This feature is inconsistent with the geochemical
constraint mentioned in Section 1.2 (5) that the depletion pattern of V, Cr, and Mn in the
Moon shows siderophile characters at high pressure.

Moreover, as we mentioned in Section 1.1 (1), if a substantial part of the present angular
momentum of the Earth-Moon system originated from the accumulation of planetesimals, the
single impact assumption made by Benz et al. becomes groundless. If it were the case, to -
decrease the angular momentum brought by the impact, either the mass of the impactor or
the impact parameter must be lowered. However, the results of Cameron and Bené (1991)
suggests it is more difficult to put materials into orbits in both cases, although the numerical

calculations are not completed yet.

(2) Capture hypothesis

Nakazawa et al. (1983) suggested that the Moon was first accreted on a heliocentric orbit
and captured by the Earth through the gas drag of its primordial atmosphere. They solved the
restricted three-body problem including the effect of the gas drag and discovered that if the
Moon enters into Hill sphere, the sphere of gravitational influence, of the Earth with relatively
low velocity, it can be decelerated owing to the gaseous drag and captured before it escapes
from the Hill sphere.

The weak point of this hypothesis is that some aspects of the chemical composition of the
Moon cannot be explained; There may be a possibility that the Moon was heated substantially
and lost volatile elements from its surface region (e.g., owing to the tidal heating), or a possi-
bility that both objects accreted at almost the same distance from the Sun gathering materials
with the similar oxygen isotopic composition. However, in this hypothesis it is very difficult to

remove large amount of iron from the Moon.

(3) Binary accretion hypothesis



In this hypothesis, it is postulated that the Moon is born as a "sister” of the Earth through
the " co-accretion” process. This idea was first proposed by Ruskol (1961; 1963) and developed
by Harris and Kaula (1975). They postulated that the Moon was accreted from a disk around
the Earth and grew with the Earth. This framework is the same with the tervestrial planet
formation. As in the case of planetary formation, the embryo (>'t"t1'1e Moon was formed by the
gravitational instability of the disk around the proto-Earth. Then, both the proto-Earth and
the proto-Moon grew through the collisions of planetesimals.

In order to explain the difference in chemical compositions between the Earth and the
Moon, there must be a process to reduce iron from the disk and gather silicates preferentially.
Moreover, to deplete volatile elements, some mechanisms fo heat up the proto-Moon are needed.

But any plausible processes for these problems have not been proposed yet.

(4) Fission hypothesis

At the end of the 19th century, George Howard Darwin (1879) first proposed that a part of
the Farth was torn to form the Moon. He treated the Earth as a rotating spheroid composed
of an incompressible fluid. At first, the Earth was rotating in a period about 5 hours. Then the
free oscillation of Earth might be in resonance with the tide raised by the Sun, and then the
large distortion can be produced to disrupt the proto-Earth. But Jeffreys (1930) pointed out
that viscosity of the terrestrial mantle prevents the break up because it damps out the resonant
oscillation.

Darwin (1880) also proposed another type of fission for the lunar origin. If the proto-Earth
is rotating very fast, namely, in a period about 2 to 4 hours, the proto-Earth cannot keep
its equilibrinm figure and then the Moon can be split from the proto-Earth. The detail of
this process is described ip the next section. Ringwood (1960) reformed'Da.rwin’s hypothesis.
Namely, according to the core formation, the moment of inertia of the proto-Earth decreases
from 0.4 Mg RE to 0.33 Mg Rp and the proto-Earth spins up. Ringwood considered this process

night trigger the fission.

9



As we noted in the previous section, the rotational fission hypothesis is most preferable from
the geochemical point of view. However, from the dynamical point of view, this hypothesis has
several disadvantages. The most crucial defect is the problem of the angular momentum.
In order that the rotational fission takes place, the total angular momentum must be about 4
times larger than that of the present Earth-Moon system. Furthel:more, after the fission process
completes, the excessive angular momentum has to be consumed by ejecting a part of materials
from the Barth-Moon system. The finite inclination of the Moon is another weak point of this
hypothesis because it is natural to consider that the rotational fission of the'Moou occurs in

the equatorial plane of the proto-Earth.

1.4. Review of Previous Works

© The geochemical constraints imply that the materials from which the Moon was formed came
from the magma ocean of the proto-Earth. The depth and the temperature of the magma ocean,
under which the chemical compositions most resemble to those of the Moon, are estimated 300
km and 1600 °C, respectively (Okuchi, 1995). Since the giant impact caunnot strip off the
magma, ocean, we must seek a different mechanism to tear off enough materials to form the
Moon into orbits around the proto-Earth. The rotational fission is still one of the candidates,
although it has several difficulties to overcome. Let us in this section review the investigations

which are concerned with the rotational fission hypothesis of the Moon in detail.

(1) The Maclaurin spheroid

The equilibrium figures of rotating, self-gravitating bodies composed of incompressible fluid
have been studied since the 17th century. The classical results are summarized by Chan-
drasekhar (1969). Newton first studied this subject in the latter half of the 17th century. He
found that the body becomes an oblate spheroid owing to the centrifugal force. Maclaurin

generalized this result and derived the relation between the eccentricity of the spheroid e and

10



the rotational angular velocity Q:

| o
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3

where G is the gravitational constant and p is the density of the body. This type of spheroid
was named the Maclaurin spheroid after him; Eq. (1.3) is called the Maclaurin’s formula. In
Fig. 1.3, the relation between Q2 and e is shown. As the rotational angular velocity increases,
the spheroid becomes more oblate, i.e., the eccentricity becomes large. At a point where the
eccentricity reaches a certain critical value e.;, not only the Maclaurin spheroid, but also the
triaxial ellipsoid called the Jacobi ellipsoid is also admitted as an equilibrium figure. Because
the gravitational energy of the Jacobi ellipsoid is smaller than that of the Maclaurin spheroid, if
there exists some energy dissipation process such as viscosity, the Maclaurin spheroid deforms
gradually into the Jacobi ellipsoid. This phenomenon is called ”the secular instability” and this
point e, is called the bifurcation point.

If the rotational angular velocity increases in a short time, bifurcation to the Jacobi ellipsoid
does not occur. The spheroid only becomes more and more oblate. When the eccentricity of the
spheroid reaches e, (where e,y > e,,), the Maclaurin spheroid becomes dynamically unstable
to the perturbation which elongates or shortens the spheroid toward the horizontal direction.
This means that the body can no longer keep the equilibrium figure.

The Jacobi ellipsoid alsovbecomes more elongate as the rotational angular velocity increases.

Then, at the point where
az/a; = 0.432232, az/a; = 0.345069, and Q*/7Gp = 0.28403 (1.4)

it deforms into the pear like shape called the Poincaré figure (a; denotes semiaxis of the el-
lipsoid). However, the Poincaré figure is dynamically unstable and we regard that the fission
occurs at this point. In Table 1.1; we summarize the values of the angular momentum where
the 111$texl:)ilities described above take place compared to the value of the current Earth-Moon

systern.

11



Fig. 1.3. The variation of the square of the angular velocity Q® against the eccentricity e of the
Maclaurin spheroid. The angular velocity is measured in the unit of (7Gp)Y/? where p is the

density of the body.

(2) Further development of models of rotating bodies

Development of computers enables us to investigate directly the equilibrium figure as well
as the process of fission by means of numerical calculations. Eriguchi and ‘Sugimoto (1981)
constructed a powerful method to seek equilibrium figures of rotating incompressible bodies.
Using this method, Eriguchi and Hachisu (1983, 1985) found several sequences of equilibrium
figures which branch off from the Maclaurin sequence. Further, Eriguchi and Miiller (1985)
extended the method to the equilibrium figure for which the equation of state is w‘L"itten by the
polytropic relation

P X pl—H./n ’ (1

(1)
~—

where p is the pressure and n is a parameter called the polytropic index.
The numerical simulation of the fission process after the dynamical instability was inves-

tigated by Durisen and Scott (1984). They dealt with inviscid polytropic fuids and reached



Table 1.1. The critical angular momentum at which the instabilities of the incompressible body set

in. The angular momenta are scaled by the value of the current Earth-Moon system.

Angular Momentum

Current Earth-Moon System 1

Secular Instability (Maclaurinto Jacobi) 2.64
Dynamical Instability (Poincaré) 3.39
Dynamical Instability (Maclaurin) - 4.43

almost the same results as in the case of incompressible fluids. Their results show that the
binary fission by which the body breaks up into two parts does not occur. Instead, materials
are sprayed around the central body. Boss and Mizuno (1984; 1985) investigated the dynamical
instability taking into account the effect of the viscosity. They used the effective viscosity of
10*® poise and found that there was no tendency toward fission. In other words, viscous shear
damps out the perturbations which lead to the dynamical instability.

Boss (1986) simulated the evolution of the uniformly rotating, axisymmetric, viscous poly-
tropic body with n = 1/2 after a sudden increase in the rotational angular velocity. The value of
the polytropic index corresponds approximately to the compressibility of the Earth. He found
that the body begins to lose materials from its equator before reaching dynamical instability.
The materials released from the body forms a torus and moves outward. Hereafter, we call
this phenomenon "the mass-shedding.” A similar process occurs for the incompressible bodies.

Eriguchi et al. (1982) observed the mass-shedding from an incompressible pear-shape body.



1.5. The purpose of this work.

The main purpose of this work is to clarify whether the instability which leads to the
fission of the highly rotating body can occur when the inhomogeneity of the proto-Earth is
taken into account. There are two different approaches to the Problem: one s to assume an
arbitrarily continuous density distribution (Boss, 1986) and the other is to treat the mantle and
the core as incompressible fluids with different densities. We will adopt the latter approach:
we suppose that the proto-Earth is composed of two incompressible fluids whose densities are
po and py = pg + 0p. There are two important parametersr in ouf model: one is the ratio of the
volume of the core, V7, to that of the proto-Earth, V4, and the other is the ratio of the density
increment in the core, dp, to the density of the mantle, py. To investigate the stability, we
first seek numerically an equilibrium figure of the body assuming that it is axisymmetric with
respect to the rotational axis. Then, by the use of the linear perturbation method, we examine
the stability of the equilibrium figure against small perturbations.

- In Chapter 2, we will find approximately equilibrium figures assuming that both the body
surface and the core-mantle boundary of the proto-Earth are spheroidal. The numerical_pro-
cedure to find accurately equilibrium figures of the two-layered incompressible bodies will be
given in Chapter 3. Our method is an extension of the method developed by Eriguchi and
Sugimoto (1981). The equilibrium figures, obtained numerically for various range of p/pg and
V1/Vy, will be described in Chapter 4. Chapter 5 will concern the stability of the equilibrium
figures using the criterion derived by Chandrasekhar and Lebovitz (1962). Application to the

lunar origin will be discussed in Chapter 6.

14



2. Approximate Approach to the Solutions

In this chapter we will seek approximately equilibrium figures of two-layered bodies in a
semi-analytical manner assuming that the geometrical figures of the body surface and the core-
mantle boundary are spheroidal. This approximate approach is_based on the tensor analysis
used in the study of homogeneous rotating liquid bodies (e.g., Chandrasekhar, 1969). The

validity of this approach will be quoted at the end of this chapter.

2.1. Basic formulation

Suppose that a gravitating system with uniform rotation is composed ot two layers with
different density. Hereafter, these two layers will be called a mantle and a core, for convenience.

In this chapter, we will make, for simplicity, the following assumptions:

(1) Both the mantle and the core are composed of incompressible fluids; their densities are

po and pg + 0p, respectively.
(2) The rotational angular velocity © is constant throughout the system.
(3) The system is axi-symmetric with respect to its rotational axis.

(4) The shapes of the body-surface and the core-mantle boundary are both spheroidal (such

a system will be called a double-layered spheroid).

In Fig. 2.1, we illustrate a geometrical configuration of the system considered in this chapter
schematically. The volume of the whole body and the core are denoted by Vy and Vi, respec-
tively. As seen from Fig. 2.1, the semi-axes of the body surface are denoted by «; and ag and

those of the core-mantle boundary by «f and «f. Then, their eccentricities are defined as




eccentricity

eccentricity
&, Core-Mantle Body
Boundary Surface
!
O a 1 a 1 xl

and

o= - 2.3
=4 (23)
and
!
_ .
Gy = =2 (2.4)
a3

. ~ ~1 I . .
With @, and @, the eccentricity of the core-mantle boundary can be rewritten as

| a4\ a3\’ @\’ ,
€1 = 1- C:(,T (‘a—) = 4|1 - = | (1——60“)
1 1 @y

In order to find the equilibrium figures of the system, we use the second-order virial equa-
tions. We choose the direction of rotation along the wz-axis (see Fig. 2.1) and set the origin
of the coordinate system at the figure center of the body. Then the relevant equations can be

given in a complex form by (Chandrasekhar, 1969)

Wiy + Q° (I — i3 Iyy) = —0j H . (2.6)
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In the above, ¢;; is the Kronecker’s delta and W;; is the potential energy tensor defined as -

wp — ) (@ — :x’:;)

|x — x’|3

|8
~I
"

dx dx' | (2.

Wy==5G [ [ 00() (

where G denotes the gravitational constant and subscript V annexed to the integral symbol
means that the integral is to be performed over the whole volume of the system. Furthermore,

I;; is the moment of inertia tensor
I = / p(x) x; x; dx (2.8)
Jv

and [] is the 0-th order moment of pressure p, i.e.,

II = /Vp dx . (2.9)

Note that Einstein’s abbreviation rule is never used throughout this paper, 7.e., we do not take
summation over repeated indices.

By noting the symmetry of the system, we readily find that the non-diagonal components of
Eq. (2.6) are trivially satisfied, ¢.e., six of nine components of Eq. (2.6) can be ignored. Among
the remaining three equations, (1, 1)-component and (2, 2)-component are identical because of
the symmetry of the system. Therefore, only two diagonal components are independent. They
are given by

Wi + QI = W= =] - (2.10)
Solving these equations with respect to the square of the angular velocity 02, we have

Wi — Wi

Q'Z
Iy

(2.11)

This will be called "the equation of the equilibrium condition’ in the following sections. -

2.2. Evaluation of the potential energy tensor

In the present case, the potential energy tensor Wj;, defined by Eq. (2.7), can be divided
into three parts:

— 13/0 1 9L :

ij

(S
—t
[\
S
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where

o (e — ) (ay = A
Wl = —,l Gpo-g/ / (2 — at) (x; - ) dx dx' | (2.13)
] 2 N AVNATS ]X - X’]'
(s —ah) (g — 2t
m¥:~iawm{// (z: “M“g“ﬂmw', (2.14)
J 2 i v x — x|
and
- (= at) (=2 , o
WE = —Gip py / < ”(“31)wdx . (2.15)
Jw Iy ‘X — X"

>

Note that subscripts Vy and Vi in Eqgs. (2.13) to (2.15) denote, rvespectively, the volume sur-
rounded by the body surface (but not the volume of the mantle) and that surrounded by the
core-mantle boundary (i.e., the volume of the core). Accordingly, WL% denotes the potential
energy tensor of a homogeneous spheroid of which volume and density are Vi and py, respec-
tively. Whereas, W denotes the same tensor of a homogeneous spheroid of which volume and
density are V1 and 0p, respectively. On the other hand, W} presents the potential energy tensor
originated from the gravitational interaction between two spheroids with Vy (and py) and V)
(and 6p).

Thus, both W and W} can be readily integrated (Chandrasekhar, 1969) :
I/V.L'jk = 271G (,Ok — 51k,00) A.,j((ik) Ilk s k=0orl. (216)

It is noted that (p, — J1kpo) in the above equation reduces simply to pg and 6p (= p1 - po)
for the cases of k = 0 and 1, respectively. Furthermore, A4;(¢e) are called index symbols and are

functions only of the eccentricity, e. For an oblate spheroid, these are written as

V1 — ¢? 1 — ¢
Al(e) = Az((:) = —*T‘e— Sill—lé‘ - = (217)
€ €=
and
2 21 - & | ,
Ag(e) = -5 — ‘—‘——Tg—iSlll_l(:‘ . (_),18)
€~ €

Furthermore, the moment of inertia tensor I%

;5. which is similarly defined as Eq. (2.8), is

expressed in this case as

1 ) . 2 .
ngM%mjmd@::Mwmu, (2.19)



where M° and M? are the masses of the spheroids given, respectively, by

M®=poVy and M'=6ply . (2.2

o
[\
<
S

In order to evaluate W2, we first consider the following integral over the volume V4:

iy
UL.Oj _/ (i — at) (x; —:1:3-)
LV .

[x —x°

dx' . (2.21)

Noting that x is a coordinate vector of an internal point of the spheroid, we find that the tensor

potential Uzz(} can be written by the following form (Chandrasekhar, 1969):

UQ. 3
—L- = 2B) x4y | AL - DAY ) 2.22
WG:OO 17 J . Yy 3] g i vl ( )
In the above, index symbols A); and By; are defined, respectively, by
o0 du
A = / 2.23
K o A (a7 +u) (a>+u) (2.23)
and
o0 w du
B = / , 2.24
Y o A (a+u) (a®+u) (2.24)
where
A = \/(—Cblz +u) (a2 4+u) (a2 +u) . (2.25)

For an oblate spheroid, we find

J

0 . 40
Ay = Ay =

4 (L12 604 €9
0 2\/1—‘602 \/1—(3[)2__1 3—4602 e
Az = SR SIN T g — , (2.27)
a1* € €p 3v1i — €o”
1 \/1 - 602 . ; ol
B = B, = 1o {(460) — 3) ——— sin"l ey — (1 — (—:02> (4 - 36?()2) )
4 € €0
(2.28)
and
2 V1 — er | _ ; o
B, = v {——e———— sin™leg + 3 — e (2.29)
0 0
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Integrating op Ug- over the volume of the core Vi, we finally obtain

W;}
TG po

ij

3
(=1

It should be noted that the total moment of inertia tensor I;;, defined by Eq. (2.8), is presented

by the sum of the two tensors defined previously:

Iy = I + I

i) tJ

)

Y
= D1 + @@ ——)
! ( e

Py
NS
e
—_

~——

2.3. Boundary conditions

Only when the equi-pressure surface coincides with the surface where the total potential
®,(x) is constant, the body is in the state of gravitational equilibrium. Furthermore, the
total potential must be constant at the core-mantle boundary, otherwise the hody becomes
unstable against Rayleigh-Taylor instability (see 'e.g., Chandrasekhar, 1961). Consequently,

the boundary conditions to be imposed are written by

®(x) = constant at the body surface
(2.32)
. (x) = constant at the core-mantle boundary.
The total potential &;(x) is defined by
Di(x) = Pu(x) + D(x) (2.33)
where ®,(x) is the gravitational potential given byv
- opx) :
0yx) = [ LEd . 2.34
() = [ (234)
and ®.(x) is the centrifugal potential given by
L s N o

because of the assumption of the uniform rotation (in the above, w is the distance from the

rotational (x3-) axis).



Using index symbols introduced in the preceding section, the gravitational potential ®,(x)

at a point x on the core-mantle boundary is written as

3 3 ,
B,(x) = 7 G po Y. Aileo) ((.612 — :1;,2> + 7 Gop D> Aler) ((_u"‘) — :.1:12) . (2.36)

{ =1 [ =1

Oun the other hand, the gravitational potential at the surface of the spheroid can be written,

by using Ivory’s theorem, as (Chandrasekhar, 1969)

3
B,(x) = wGp Y, Afleo) (azz - :vf)

(=1
o 00 du o om
+7 G 6p a;’ af / : (2.37)
0 (a’12+/\+u) v (af32+/\+u>
where A is the larger root of the quadratic equation
.2 2
ad! Lo (2.38)

, a'? + A a3+ A
and A is called the ellipsoidal coordinate. Although we write down the expression of ®4(x)
at the surface of the spheroid (i.e., Eq. (2.37)) to give completeness to the mathematical
description, this equation is not used, as will be seen in the next section, in our study except in
the last section of this chapter. So, we do not mention further development of the expression

of Eq. (2.37).

2.4. Equations to be solved

The equilibrium figure of the body can be completely determined by seven variables, the
equatorial radius of the body a;, the eccentricity of the body surface ey, the equatorial radius
of the core o}, the eccentricity of the core-mantle boundary e, the density of the mantle py, the
density of the core py + dp, and the angular velocity . Among these seven variables, ay, po,
op, and € are given as the physical parameters. In certain formulas, we also give the volume
ratio V1 /Vy as a variable, since there is a relation among the eccentricity of the core-mantle

boundary, e, the axis ratio, a}/ay, and the volume ratio, Vi/Vy, i.e.,




the number of unknown quantities is only two. Therefore, we are able to find an equilibrium
ﬁgﬁre of a double-layered spheroid by the use of the equilibrium couditioui (i.e., BEq. (2.11)) and
one of the two boundary conditions (see Eq. (2.32)). This is due to the adopted assumption
that both the body surface and the core-mantle boundary ave spheroidal (remember that. for
the case of the Maclaurin spheroid, the figure is determined onlyj by the equilibrinm condition
without any boundary condition, because the equilibrium condition and the boundary condition
at the body surface are identical).

Inserting Wy, Wis, and [y derived in the preceding section into Eq. (2.11) and eliminating

e1 by the use of Eq. (2.5), we obtain

0?2 cp : o sinTleg .
1 ~/4~I - . p k Y. __3 1__ .2
TG pg < T > ( ‘)
5
ro(%
0 :
-1
N\ y Sin \ﬂ—( ed)ag/al
{{al T e L fia
Jar — @ (1 - e3) (2.40)
6p_. 1—¢}
+ Larg

-
sin" e : N o Iy .
X [_TO {565(3 es) + a7 (8ey — 9) + ay (9 — 2e3)(1 — cé)}
R {—15e3 + 29 — 2e5) + a5 (5ek — 9)}] .
As a natural consequence, in the limit of 6p — 0 as well as in the limit of @ — 0 and @;/a; —

constant, Eq. (2.40) reduces to the Maclaurin’s formula (see Eq. (1.3))

0?2 2\/1—¢; . 6 ;
—_ Qv 2Y ain—l o, - _ 2 D
T A (38— 2¢f)sin~te 7 (1-e) - (2.41)

Also, in the limit of @ — 1 and @ — 1, we obtain a resemble result.

Among the two boundary conditions, we choose the condition that the total potential is con-
stant on the core-mantle boundary. Substituting the expressions of the gravitational potential
and the centrifugal potential (i.e., Eqs. (2.36) and (2.35)) into Eq. (2.33), we first write down
the expression of the total potential explicitly. Then. equating ®.(x) = xy = 0,23 = a}) with

Q(r1 = a),xs = 23 = 0) according to the boundary condition at the core-mantle boundary

S
o



and eliminating e, as earlier, we have the relation between the square of the angular velocity

and the eccentricity of the body surface ey, that is,
- S(1-e) |1+ =2
> e(;( 0) ( a

) } sin” /1 — (1 - e}) @ /af
Vi - (l—e) |

- €p)
Equations (2.39), (2.40), and (2.42) are the equations to be solved simultaneously, that govern

the equilibrium figure of the double-layered spheroid. In our present study, we solve these

equations by means of the Newton-Raphson method.

2.5. Equﬂibrium figures of the double-layered spheroids

The meridional cross sections for the cases of eg = 0.5 and 0.8 are shown, respectively, iﬁ
Fig. 2.2 (a) and 2.2 (b). In both cases, we take V}/Vy = 1/8 and 6p/py = 1. These figures show
that the body surface and the core-mantle boundary are quite similar, namely, the eccentricity
of the core-mantle boundary, e, is almost equal to that of the body surface, 5. In order to see
in detail the relation between e; and ey, we show the variation of e; in Fig. 2.3 as a function
of eg. As seen from this figure, e; is always smaller than eg and the difference ey — e; becomes
larger with an increase in ep. But it does not exceed 0.075 as long as Vi /Vp = 1/8 and 0p/py =
1. It may be interesting to see how the ey — e; relation depends on the parameters Vi /Vj and
6p/po. To do so, we expand (2.40) and (2.42) into a power series of e} and e assuming that €3,
¢} < 1 and retain the lowest order terms. Furthermore, eliminating Q? from the two resultant

equations, we have

o
,:Lz.
we
p

SO vodem |
€ = N " ; . - \5/3 €o . (
5+ 0p/po {2+'~‘ (Vi/ W) }

The above equation shows that, as the first approximation, e; is proportional to ey and that

e1/ey does not deviate largely from 1 regardless of the adopted values of dp/py and Vi/V.
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Fig. 2.2. The meridional cross sections of the equilibrium figures of the double layered spheroids in the

case of V1/Vp = 1/8 and 6p/po = 1: (a) eg = 0.5, (b) eg = 0.8, where ey denotes the eccentricity

of the body surface.
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Fig. 2.3. The relation between the eccentricity of the core e; and that of the body surface eg. The

values of V1 /Vy and 6p/po are taken to be 1/8 and 1, respectively.



Fig. 2.4. The variation of the square of the angular velocity Q® against the eccentricity of the body

surface ¢p in the case of V1 /Vy =1/8. The curves are attached by the values of §p/po.

When 6p/py = 1 and V4 /Vy = 1/8, Eq. (2.43) yields e; = 0.92 e which is almost identical to
the e;-eq relation obtained numerically (i.e., the solid line in Fig. 2.3).

The square of the angular velocity is illustrated in Fig. 2.4 for the case of V3/Vp = 1/8. To
compare the result with that of the Maclaurin Spheroid, we measure Q in the unit (7Gp)/?
where p is the mean density of the spheroid given by

op Vl) .
P = 1 + — — . 2.44
P < po Vo ( )

For the case 6p/py = 0 (i.e., the curve attached by 0), the curve coincides exactly with
that of the Maclaurin spheroid. This is quite a natural consequence. When 6p/py > 0, the
curve is shifted upward. Namely, at the same eccentyr.icity, the angular velocity for the two-
layered spheroid is apparently larger than that of Maclaurin spheroid. This feature can be
understood as follows: with an increase in the degree of central condensation of mass (but the
constant mean density, 7), the gravity force at the equator becomes large and, hence, the strong

centrifugal force, i.e., the high angular velocity ©, is needed to maintain the same spheroidal
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Fig. 2.5. The variation of the square of the angular velocity ? against the eccentricity of the body

surface ey for various values of the volume ratio V1/Vy. The values of §p/pg is taken to be 1.

figure.

From an alternative point of view, we show the Q2 - g relation in Fig. 2.5 for a fixed 6p/po
(= 1) and various values of Vi/V,. When V}/Vy = 1 and 0, the curve coincides with that of
the Maclaurin spheroid since the spheroid is homogeneous in both cases. With an increase in
V1/ Vs, the curve departs upward from that of the Maclaurin spheroid. But its deviation reaches
the maximum at a certain value of V1/V; and then goes down toward that of the Maclaurin
spheroid. Such a behavior is explicitly demonstrated in Fig. 2.6, in which Q? is shown as a
function of V3 /V; for the case of §p/po = 1 and ¢y = 0.7. Namely, Q*/7Gp is equal to the value
of the Maclaurin spheroid, 0.277, at V1 /Vy = 0 and 1 and takes its maximum value at V;/Vj ~
0.35 (note that the value of Vi/V;, at which Q?/7G7p becomes maximum, depends weakly on
the adopted value of 6p/pq).

Finally, we show the total angular momentum L for the various cases of V1/V; in Fig. 2.7.

The angular momentum L is measured in the unit of (GM?3@)"/? where @ is the radius of the
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Fig. 2.6. The relation between the square of the angular velocity Q? and the volume ratio V1/V; for

a fixed eccentricity of the body surface ey (= 0.7). As in the case of Fig. 2.5, 6p/pp is taken to

he 1.
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Fig. 2.7. The normalized angular momentum L as a function of eccentricity of the body surface ey

in the case of V1 /Vy = 1/8 (as for the normalization, see text). The curves are attached by the

values of 6p/pg.



sphere of which mass is equal to the total mass of the spheroid M. This unit is equal to the
angular momentum of the grazing satellite with mass M orbiting circularly around the body.
For the same eccentricity, the value of L for the two-layered spheroid are slightly smaller than
that of the Maclaurin spheroid but the difference is very small. This is due to a decrease in the

moment of inertia for the double-layered spheroid.

2.6. Validity of this method

As mentioned in section 2.4, we have three equations which govern the equilibrium state of
the double-layered spheroid, namely, Eqgs. (2.40), (2.42), and the first equation of Eq. (2.32).
Among these three equations we used the first two equations to find the equilibrium figure
assuming, a priori, that the last equation is automatically satisfied, at least, in an approximate
manner. Strictly speaking, the three equations quoted above are not consistent with each other.
This comes from the fact that even if the core-mantle boundary ié spheroidal the external equi-
potential surface generated by the core is not spheroidal (note that the internal equi-potential
surface forms a spheroid). So, only when the three equations are satisfied simultaneously
within an accuracy of a certain level, then the obtained result is admissible as an approximate
equilibrium figure of the double-layered spheroid.

Thus, we can see the validity of the present approximation by knowing how accurately the
third (remaining) equation, i.e., the first equation of Eq. (2.32), is satisfied. Here, as a practical
‘ma,nner, we evaluated the difference between the values of the total potential @, at the pole
and at the equator of the spheroid; The difference may be measured by the form of the relative

error ¢ defined as

| ((Dt>1uole - ((I)t )equator

§ = (2.45)

((bt) equator

At the equator of the spheroid, i.e., at a point (z, x3) = (a1, 0), the ellipsoidal coordinate
A (the largest root of Eq. (2.38)) is equal to a? — «>. Then, we can readily evaluate the integral

on the right hand side of Eq. (2.37) and we have the total potential at the equator of the
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Fig. 2.8. The relative error § between the total potential at the equator and that at the pole against

the eccentricity of the body surface eg.
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where A;(e) is the index symbols defined by E¢s. (2.17) and (2.18). Similarly, at the pole of

the spheroid, i.e., at a point (z1, 23) = (0, a3), the ellipsoidal coordinate X is equal to a — a;’

bl

and we have
(@t)pole = 271 G pg Ai(eo) 0}

L S 1 ai ) . aye a: -
+2 7 G opa’ \J1—é [—~ {1 + —,;—3—5} sin™! - L 1/.) = | + = 32“ . (2.47)
\_61 Ay €y \ a3z + ey (LlelJ

We show the variation of 6 against the eccentricity of the body surface ey in Fig. 2.8. The

error is negligibly small when the eccentricity of the body surface ey is'small. However, as
ep exceeds 0.8, the error becomes apparent and when ey becomes large beyond 0.9, the error

exceeds 1 %. For other sets of Vi/V; and 8p/py we have the similar results. Thus we can say



that the two-layered homogeneously rotating body can be well approximated by the double-
layered spheroid as long as we are concerned with a case where eg < 0.8. When the eccentricity
becomes large, 1.e., when the effect of rotation is efficient, then we must seek another method to
obtain the equilibrium figure. The validity check of this method will be presented more exactly

in Chapter 4.
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3. Accurate Approach to the Solutions

In this chapter we will present the numerical method to look accurately for the gravitational
equilibrium figures of two-layered bodies without any restriction on the geometry of the body
surface and the core-mantle boundary. Our method of calculation is an extension of the one
formulated by Eriguchi and Sugimoto (1981), which they used in the study of the equilibrium

figures of the gravitating bodies composed of a uniform incompressible fluid.

3.1. Assumptions

We are now considering gravitating bodies with two-layered structure, 7.e., the core and
the mantle. The schematic picture of the body is illustrated in Fig. 3.1 together with the
adopted coordinates. In the present study, we have made the following assumptions for the

sake of simplicity:

(1) Both the mantle and the core are constituted from incompressible fluids of which densities

are po and p; (= po + 6p ), respectively.
(2) The rotational angular velocity £ is constant throughout the body.

(3) The equilibrium figure is axi-symmetric and plane-symmetric with respect to the rotation

axis and the equatorial plane, respectively.

Assumptions (1) to (3) are quite the same as those adopted in Chapter 2. Note that, however,
in this chapter we do not impose any restriction on the geometrical figures of the body surface
as well as the core-mantle boundary.

In the present study we use the spherical polar coordinates (r, 8, ) of which origin is placed
at the center of mass of the body. Owing to assumption (3), the radial distances of the body

surface and the core-mantle boundary can be completely determined by r and u (= cos8). Or,
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Fig. 3.1. Geometrical configuration of the system considered in this chapter.

in other words, the body surface and the core-mantle boundary are described by the followings:

r = Ry(u) at the body surface,
(3.1)

Ry (u) at the core-mantle boundary.

-~

Here, we assume that Ry and R; are single-valued and monotonically decreasing functions of

. For the sake of later convenience, we introduce the following quantities:
e=y1—(as/a1)’ (3.2)
and
n=a/a . (3.3)

If the figure of the body surface is spheroidal, ¢ coincides with the eccentricity of a spheroid eq
which is given by Eq. (2.1) in Chapter 2. Hereafter, ¢ is referred to as ”the coaspect ratio” for

simplicity.

o
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3.2. Gravitational potential and equilibrium conditions

The gravitational potential ®, (r, 1) is given by the well-known Newton’s formula written

by
(ryu) = —G/dx’M

[x — x|

= 1 oo 2, ! rog
= 4G Pu(w) [ AW Pu(u) [T (e (i) (84)

n=0

d

hE)

where Py, (u) is the Legendre polynomials of rank 2n (note that the Legendre polynomials with
odd rank disappear because of assumption (3)). Furthermore, f (r,7') is a function of r and 7/

defined by
P 2l forr >
flrr) = (3.5)
P2 e for <
Integration over 7’ can be readily executed and we find that the gravitational potential ®,(r, 1)
can be described by the sum of the potentials ®,¢ and ®,;: the former is due to the body with
density po'and volume Vj and the latter is due to the body with density 6p and volume V; .

Narmely, we have

By (r,1) = By (r, ) + Bgr (r,11) | (36)
where ‘
Pl S P [ P ) B0 R W)in) 57
and
%%fz%g&mgw%mwmmmm. (33)

In the above, A (r,7';n) is a function defined by

-1"

h(r,7';n) :/ ar'" v f(r, ey (3.9)

0



Or, more explicitly, b (r,7';n) is expressed as

LA2n43 oo o
Targ T for » < o/,
h (7' ‘I"l‘ 'I'I) = 22 1 1 L P23 S » and 1 (3 10)
AT, T ) i3 T Ins) T Inol cTE for » <+ and n # 1, A9
‘ ! .
7 <% +1n ',—) : forr <" and n =1

Especially, the gravitational potential at the body surface is given by

o0 .1 :
(bgiw(gop’om =2 Pl b Pon (1) 1 (Ro (1) Bo () ) (3.11)
and
®,, (R, 5p & 1 / / -
oi;GOpO/J’) — l%)—g- 7;) PZn (/J'> /[) Cl/.l, PZ-n (/_[, ) h. (RO (#) , Rl (,LL ) ; n) ) (512)

Also the gravitational potential at the core-mantle boundary can be written in similar forms:

D0 (R, > Lo , o 16
Rl S Punli) [ b’ Pun) B (1), Bo )i (3.13)
and
B, (R, 5p & S ,
_rif_é%g@ = p_'jnz:% Py, (1) /0 dp' P, (1) R (Ry (1), Ry (¢');n) . (3.14)

The centrifugal potential ®, is simply given‘b‘y Eq. (2.35):

3, (ru1,Q) = O M

The gravitational equilibrium is achieved when the total potential ®g, .e., the sum of the
gravitational potential ®, (r, 1) and the centrifugal potential @, (r,u, ), is constant at the
body surface as well as at the core-mantle boundary. Therefore, Ry and R; must satisty the

following conditions:
Byo (Ro, 1) + 1 (Ro, 1) + P (Ro, 11,Q) = Cy (3.16)

and

Dy (Rip) + Qg (Ryype) + (R Q) = G (3.17)

where Cy and C) are constants. These are the equilibrium equations to be solved.



3.3. Procedure of calculation

To find the solution to Eqs. (3.16) and (3.17) numerically, we divide the coordinate region

of the colatitude (or, more exactly. cosine of the colatitude ) into N +1 with an equal interval:
g = =, j=0,1,...,N . (3.18)

Then, the corresponding radial distances of the body surface and the core-mantle boundary are
given by

REj’ = Ry(1;) k = 0 or 1, (3.19)
where £ = 0 and k& = 1 denote, respectively, the values at the body surface and at the core- -
mantle boundary. For the sake of numerical convenience, the equatorial radius of the body RE)O)
is set to be 1.

We now consider Egs. (3.16) and (3.17) only for the discrete (/V + 1) points of u given by
Eq. (3.18). Then these equations become simultaneous equations of order 2V + 2. Unknown
quantities are jo) (7 = 1to N), jo) (j = 0to N), Q, Cp, and C;. While the number of
equations is 2N + 2, the number of unknown quantities is 2V + 4. So, if two of the unknown
quantities are given as parameters, then we can solve the equations. For convenience, we choose
€ and 7 as the given parameters, which are defined by Egs. (3.2) and (3.3), respectively: in the

present case € and n are presented, respectively, by

and

because R(()O) is put to be 1.

To find the solutions we make use of the Newton-Raphson iteration scheme:

(1) We first assume the tentative values of R}, RY, Q2, C,. and C,., which are denoted by R,

R® (02)°, €0, and C?, respectively.

_t

e



(2) We substitute B} = RS + 8RS, R = RI® + 6RI, (%) = (02)° + 6 (Q2), Cy = C0 + 6Cy,
and Cy = C? + 6C, into Egs. (3.16) and (3.17) and retain first order terms such as 6 Ry,

b‘Rﬁ, etc.

(3) Next we solve the simultaneous algebraic equations of order. 2V +2 by means of the usual

matrix inversion method and find 6R) and 0 Ry, etc.

(4) Further we replace RY. RY etc. by RY + 0R}, RY 4+ 6RJ, etc. and return to step (2)

until R}, R], etc. become sufficiently small.

We truncate the above procedure when the condition

< 107 (3.22)

Vax ORY SR} §(Q%) oGy 3G

RY "RV () Cf O}

is satisfied. The approximate solutions presented in Chapter 2 are chosen for the initial tentative
values of R, RI®, (Q2)°, C?, and CY.

In the present study, the number of division NV in p (see Eq. (3.18)) are taken to be 160. To
check the accuracy of numerical calculations, we examined the case of N = 320 for several sets
of € and 7 and found that there were no obvious differences in the results between the cases of
N = 160 and 320. For N = 160, the number of iterations necessary for obtaining a solution is
at most 20. In many cases, we can arrive at a solution within five iterations.

In the evaluation of the potentials, Eqs. (3.11) to (3.14), we use the Simpson’s method for
the integration with respect to ' and take the first 25 terms (at most) for the summation over
n; more exactly, n = 15 for the case of ¢ < 0.8 and n = 25 for the case of ¢ > 0.8. In order to see
the accuracy of this method, we calculated the gravitational potential of homogeneous spheroids
and compared with the analytical solutions. In the cases where N = 160 and ¢y < 0.95, the
relative error between numerical values and analytical values is kept within 0.1 percent.

As explained above, the parameters given in the calculation are ¢ and 7. However, we are

interested in solutions with a definite volume vatio (31/V5)*. So, we calculate the volume ratio



¥1/Vy after the equilibrium figure is obtained for a fixed value of € and a tentative value of 1.
If the evaluated ratio Vi/Vy does not coincide with (V1/V4)*, then we repeat the calculations
changing 7 by 1/100, until we find the largest value of 9 satisfying the inequality V;/Vy <
(V1/Vy)* and the smallest 7 satisfying the inequality (V1/Vp)* < Vi/Vp. Then, evaluating the
value of 7 which gives the desired volume ratio by means of the linear interpolation, we finally

find the equilibrium figure for a desired set of ¢ and (V1 /V})*.
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4. Equilibrium Figures of Two-Layered Bodies

4.1. Meridional cross section of an equilibrium figure

We will first concentrate ourselves on the equilibrium figures of slowly rotating hodies.
Hereafter, unless we note explicitly, the volume ratio Vi/Vp and the density ratio dp/py are
taken to be 1/8 and 1.0, respectively.

~ The variation of the square of the angular velocity Q* against the coaspect ratio e, i.e., the

ratio of a3 to ap, is plotted in Fig. 4.1. In this figure, the zipproximate solutions obtained for
the double-layeréd spheroids (see Chapter 2) are also shown in order to compare the results
against each other. As in the case of the double-layered spheroids, © is scaled by the wnit of
(7GPp)'/? where 7 is the mean density of the body given by Eq. (2.44):

_ op Vi )

7 = Po (14—%%) ) (4.1)
The value of Q? increases with an increase in e when e is small. It reaches its maximum at €
~ 0.9 and then decreases abruptly. This feature is the same with the Maclaurin spheroids (see
Fig. 2.4). Furthermore, Q* numerically obtained (solid lines) almost coincides with that of the
double-layered spheroids (dashed lines) except where it reaches its maximum.

The meridional cross section of the equilibrium figure (i.e., the figures in the x1-z3 plane)
is shown in Fig. 4.2 (a) for the case where the coaspect ratio € is equal to 0.2. The spheroidal
surfaces with the same semimajor axis and the coaspect ratio (in this case, the eccentricity of
the spheroid) are also plotted by the dashed curves in Fig. 4.2 (a). We also illustrate the view
seen from the direction § = 60° in Fig. 4.2 (b). As seen in Fig. 4.2 (a), when € is as small as
0.2 (1.e., when the rotation is slow), the figures of the body surface as well as the core-mantle
boundary arve completely fitted by spheroids.

When ¢ exceeds 0.8, the difference between the figure of the body surface and the spheroid

with the eccentricity eg = € becomes somewhat apparent as seen from Fig. 4.3 in which the
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Fig. 4.1. The variation of the square of the angular velocity 2 against the coaspect ratio-e (the
solid curve). The dashed curve corresponds to the approximate solutions for the double-layered

spheroids.
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Fig. 4.2. (a) Meridional cross section for the case of ¢ = 0.2. The spheroidal surfaces with the same
semimajor axis and the coaspect ratio are also plotted by dashed curves. In this case, they:

almost coincide with each other. (b) The view shape for the same case seen from § = 60°.

39



O,,.l...l..,l...'l...
0 02 04 06 0.8 1
xl

Fig. 4.3. The same as Fig 4.2, but for the case where ¢ = 0.8.

meridional cross section is shown for the case of € = 0.8 together with the view seen trom the
direction 8 = 60° . We can see from this figure that the actual body surface is always under the
spheroidal surface with the same eccentricity ¢ (dashed curve). The difference becomes largest
at the 'mid-latitude’ area. However, it is interesting to note that the figure of the core-mantle
boundary is adequately approximated by the spheroidal surtace. This is due to the fact that the
centrifugal force acts more effectively on the body surface than on the corve-mantle houndary.
As e increases further, the difference between the body surface and the spheroid becomes move
distinct (see Fig. 4.4(a) for the case of € = 0.9) while the fignre of the core-mantle honndary is
almost spheroidal even in this case.

In Fig. 4.5, we plot the ratio of the core radius to the equatorvial vadius 7 as a function of e.
Unlike the angular velocity € which is shown in Fig. 4.1, the difference between the results of the
present numerical calculations (dashed curve in Fig. 4.5) and of the donble-layered spheroids
(solid curve) becomes clear: the difference is very small when ¢ < 0.8 but it increases distinctly

when ¢ exceeds 0.8. This supports the previous result that the double-lavered spheroids is a

4()
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Fig. 4.5. The ratio of the core radius to the equatorial radius 5 against the coaspect ratio e. The

dashed line corresponds to the case of the double layered spheroid.
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good approximation in the range where ey < 0.8.

By numerical calculations of various models we confirmed that such features quoted above
are common irrespective of the adopted values of V1/Vy and dp/py. Thus we can conclude
that the approximate approach mentioned in Chapter 2 due to the double-layered spheroid is
valid as long as we are concerned with the case where the eccentricity of the body surface,
€p, 18 less than 0.8. Furthermore, when € is greater than 0.8, the shape of the body surtace
deforms apparently from a spheroid so as to be suppressed in the vertical direction (i.e., in the
direction Qf the rotational axis), especially, at the mid-latitude area. We can also say that the

core-mantle boundary is always well approximated by a spheroid.

4.2. Existence of the critical coaspect ratio

As seen in the previous section, when € exceeds 0.8, the difference between the figure of the
body surface begins to deviate appreciably from a spheroid. In addition to this geometrical
feature in the region of high coaspect ratio, we find an interesting physical phenomenon which
occurs between € = 0.941 and € = 0.942 through the numerical calculations of various models.
The meridional cross sections of the equilibrium figures are shown in Figs. 4.6(a) and 4.6(b)
for the cases of € = 0.941 and € = 0.942, respectively. In both cases, the body surface is largely
suppressed toward the equatorial plane and deviates from a spheroidal surface. This can be
seen from Fig. 4.7 in which a view shape seen from the direction 6 = 60° is illustrated for the
case of € = 0.941. Looking at Figs. 4.6(a) and 4.6(b) carefully, we also find that the figure at
the equator behaves almost as a cusp when ¢ = 0.941 and that the surface waves slightly in the
vicinity of the equator when ¢ = 0.942. To see in detail the surface region near the equator, we
repeated the calculations with the same physical parameters V; /Vy and dp/py but with the fine
spatial division N = 320. Even in such calculations of models we found that the same surface
feature appears near the equator.

In order to understand physically the surface structure near the equator, we will pay our
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Fig. 4.6. (a) Meridional cross section for the case of ¢ = 0.941. The dashed curves denote the
spheroidal surfaces with the same semimajor axis and the coaspect ratio. (b) The same as figure
(a) but for the case where ¢ = 0.942. Note that the body surface shows an wavy structure near

the equator.

Fig. 4.7. The view shape for the case of ¢ = 0.941 seen from 8 = 60°.
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'(Lttellti(ﬁl to the total potential &, along the equatorial plane, which is shown in Fig. 4.8. For
the case of € = 0.941, ®; is a monotonically increasing function of zy in the region 27 < 1 (see
Fig. 4.8(a) and (b)), though it varies very slowly for x; < 0.5 compa,reid with the gravitational
potential ®, (which being denoted by the dashed curve). It should be noted that the difference
between ®, and @, is, of course, due to the centrifugal potential,'For the case of € = 0.942, the
total potential ®, seems to behave, on the whole, by the same way that in the case of e = 0.941
(see Fig. 4.9(a)). But there is a point where d®;/dz; = 0 inside the body (x1 ~ 0.99) for the
case of € = 0.942 (see Fig. 4.9(b)). Outside the point, d®;/dx; becomes positi\}e, i.e., the total
force acts toward the direction of the positive x;. In this region of 27, the outward centrifugal
force overcomes the inward gravitational force. The point on the z;-coordinate, which satisfies
d®,/dz; = 0, will be hereafter called the neutral point. Let us consider the meaning of the
wavy surface near the equator which is observed in Fig. 4.6(b). In Fig. 4.10, we illustrate the
body surface obtained numerically (drawn by the solid curve) and the numerical grid points
(denoted by the circles) together with the equi-potential surface (drawn by the dashed curve).
The neutral point exists just inside the point A which denotes the equatorial radius (z; = 1)
numerically found. On the other hand, the meridional cross section of the equi-potential surface
runs through point B (see the dashed line in Fig. 4.10) but not point A; point A, at which
the body surface crosses the equatorial plane, rests on another equi-potential surface with the
same value of ®,. Thus, the wavy surface near the equator observed for the case of € = 0.942
is a result of the numerical misconnection of the equi—potential surface.

It is natural to consider that a stable gravitating body cannot.include the neutral point
inside the body surface. Namely, there exists a critical value of the coaspect ratio € beyond
which we have no equilibrium configuration as a single and axis-symmetric body. Such a
coaspect ratio will be called the critical coaspect ratio and denoted by €. If € exceeds ¢, i.e., if
the angular momentum of the body becomes larger than a certain critical value, no equilibrium

figure exists as a single body with the following geometrical features:
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Fig. 4.8. (a) The variation of the total potential ®; and the gravitational potential ®, along the

z1-axis for the case where € =0.941. (b) The magnified structure of (a) near the body surface.
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Fig. 4.9. (a) The same as Fig. 4.8 but for ¢ = 0.942. (b) The magnified structure of (a) near the

body surface.
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Fig. 4.10. The structure of the body surface (solid curve) and the equi-potential surface (dashed

curve) near the equator in the case of ¢ = 0.942.

(1) Axially symmetric with respect to its rotational axis,
(2) Symmetry with respect to its equatorial plane,

(3) The body surface Ry and the core-mantle boundary R; being the single-valued and the

monotonically decreasing functions of u.

Note that, of course, existence of ¢, does not mean that any type of the equilibrium figures,
e.g., triaxial figures, toroids, and others, cannot exist.

From the above argument, we can readily find the condition which gives the critical coaspect
ratio €. when

d®¢/dx; =0  at (zy, x3) = (1, 0) (4.2)

is satisfied for a gravitating body, then the coaspect ratio € of the body is just the critical
coaspect ratio e.. We will argue more generally the critical aspect ratio in the last section of

this chapter.
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4.3. Angular velocity, angular momentum, and energy

In Fig. 4.11, we show the relation between the square of the angular velocity O and the
coaspect ratio e for various values of 6p/py. As before, Q is measured in the unit (7Gp)'/?
and the volume ratio Vi/Vy is still taken to he 1/8. The curve attached by 0 denotes the
Q% — ¢ relation of the Maclaurin spheroid, dp/py = 0. The curves are terminated at the critical
coaspect ratios e, which are marked by the cross "<’ in Fig. 4.11. For a fixed value of ¢, O /7Gp
increases with an increase in 6p/pg. As we have explained for the case of the double-layered
spheroids (see Section 2.5), this tendency can be explained as follows: as the degree of central
condensation of mass increases under the constant mean density 7, the surface gravity at the
equator becomes larger (owing to the non-spherical mass distribution) and, as a result, the
stronger centrifugal force, t.e., the higher angular velocity €2, is needed to maintain the same
coaspect ratio of the equilibrium figure. As seen from this figure, €, seems to decrease with
increasing 6p/pp. The detail of the behavior of €. on 6p/py and Vi /Vy will be presented in
Section 4.4.

The rotational angular momentum L at the equilibrinm is shown in Fig. 4.12 for various
values of the parameters ¢ and §p/py. Again, the volume ratio V;/V; is taken to be 1/8. The
definition of normalization constant is as same as that used in Chapter 2 for the double-layered
spheroids. That is

~ L
where M is the total mass of the body and @ is the radius of the sphere which has a mass
M and a mean density p. This unit is equal to the angular momentum of a grazing satellite
with mass M orbiting circularly around the body. Unlike the case of the angular velocity, for a
fixed value of ¢ the normalized angular momentum L decreases with increasing §p/py but the
difference is very small. This comes from the fact that the decrease in the moment of inertia
due to the mass concentration almost cancels out the increase in the angular velocity as long

as 0p/po is relatively small.
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Fig. 4.11. The variation of the square of the angular velocity (2 against the coaspect ratio e for various
values of §p/po. The value of V) /V} is taken to be 1/8. The curves are terminated at the critical
coaspect ratio e, which are indicated by the cross ”x”. The curve attached by 0 corresponds to

the Maclaurin spheroid.
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Fig. 4.12. The normalized angular momentum L against the coaspect ratio e for various values of
6p/po. The value of V1 /Vj is taken to be 1/8 (as for the normalization, see text). The curves
are terminated at the critical coaspect ratio e, which are indicated by the cross " x”. The curve

attached by 0 corresponds to the Maclaurin spheroid.
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Fig. 4.13. The ratio of the rotational kinetic energy to the magnitude of the gravitational gravitational

energy, 5, against the coaspect ratio .

Next, let us consider a parameter § which is given by

T
= 4.4
where W is the gravitational energy defined by
1 3
W= o [x o) @ylr, ) (45)
and T is the total rotational kinetic energy given by
1 9
T =210 (4.6)

with the scalar moment of inertia I. The parameter § is often used as an index to quantity the
pointszwhere the instability of the body sets in (Boss and Peale, 1986 : Duiisen and Gingold,
1986). In Fig. 4.13, § is shown as a function of e. The solid curve denotes the  — € relation of
the Maclaurin spheroid. The points where the Mavclau‘riu spheroid becomes dynamically and
secularly unstable are also shown by the solid circles in Fig. 4.13. From this figure we can see

that there is no apparent difference in J between the cases of the two-layered rotating body
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and of the Maclaurin spheroid. Thus, it is natural to expect that the value of € where the
secular instability occurs is almost the same as that of the Maclaurin spheroid. Moreover, we
should keep in mind a possibility that the equilibrium figure reaches the critical coasbect ratio
before the onset of dynamical instability. Onset of the instability will be described in detail in

Chapter 5.

4.4. The critical coaspect ratio for the general cases

In Section 4.1, we mentioned the existence of the critical coaspect ratio only for the case
where V1 /Vy = 1/8 and dp/pp = 1. In this section, we will try to find the critical coaspect ratio’
. more generally, namely, for the cases of the various values of V1 /Vj and 6p/ po.

Let us first consider the limit of 6p/pg — 0. This corresponds to the case where there is no
core in the body, 7.e., to the case of the Maclaurin spheroid. For the Maclaurin spheroids with
density pp and the unit equatorial radius (i.e., a3 = 1), the total potential at the equatorial
plane is given by (see Egs. (2.32) to (2.36))

9 ]
zy °

<I>t(3:1,0) x
2 WGpo

TG po

= Ai(eo)ai — (24(en) + (1 =€) As(en) ) + (4.7)

where ep is the eccentricity of the spheroid and A4;(ep) and As(eg) are the index symbols defined
by Eqs. (2.17) and (2.18), respectively, in Section 2.2. Noting that €, is determined by the

condition (see Section 4.2)
dd/dz; =0  at (xy, 23) =(1,0) . (4.8)

We differentiate Eq. (4.7) with respect to 27 and find

1 d@tt QZ
= 2A;(ep)r1 + X
7Gpy day ileo)s TG po .
4/1—ef [, \sin"ley 51
= T l(Z - 6()) T — 21— €p L1 ‘, (49)

where we used Eqs. (2.17) (i.e., definition of A;(eg)) and (2.41) (Maclaurin’s formula). Since

the function of ¢y enclosed by brackets is always positive in the range where 0 < ey < 1, the
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Fig. 4.14. The critical coaspect ratio ¢, as a function of the values of 6p/py. The value of V1/V} is

taken to be 1/8.

right hand of Eq. (4.9) is always positive except the limit of e — 1. Therefore, the limit of
op/po — 0 we have

€. —1 . (4.10)

Similarly, in the limit of V;/Vy — 0 as well as the limit of V;/Vy — 1, we can find the same -
result since the body becomes homogeneous in such limits.

Using criterion (4.8), we will find numerically the critical value e, for various parameters
Vi/Vo and 6p/pp (note that the numerical accuracy of €, is of the order of 0.01). In Fig. 4.14,
the relation between e, and 6p/pp is shown in the case of Vy/Vy = 1/8. The value of ¢, decreases
as 0p/po increases. But it seems that there exists a minimum value in ¢, in the limit of ép/pg
— 00. This tendency can be found for other values of V1 /V;. The detail of the minimum value
of €. will be considered at the end of this section. We also illustrate the relation between ¢, and
V1/Vo in Fig. 4.15. The value of €, becomes lowest at the intermediate value of V1 /V4. This is a
reasonable result since the bodies with Vi /Vy < 1 and Vi /Vy ~ 1 correspond to the Maclaurin

spheroid.
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Fig. 4.15. The critical coaspect ratio €, as a function of the values of V1/Vy. The curves are attached

by the values of 6p/py.

If the density of the core is much larger than that of the mantle, i.€., 0p/po > 1, the body
can be regarded as the "core” with density 6p surrounded by an ”"atmosphere” with very low
density, po. In this case, the gravitational potential is governed only by the "core” and the
figure of the "core” is regarded to be a Maclaurin spheroid. The figure of the "atmosphere”

with the critical coaspect ratio €. can be determined by the following two conditions:

(1) The surface of the "atmosphere”” reaches the neutral point on the equatorial plane.

(2) The total potential ®; is constant throughout the surface.

In this case, the ellipsoidal coordinate A at the point (2, 0, 0) outside the core is equal to z7 -

a? (see Eq. (2.38)) and the total potential ®,(z1.0,0) at that point is given by (see Eq. (2.37))

| —

®y(11,0,0) = — = Q*a?
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where a; and e; are the equatorial radius and the eccentricity of the "core”. Differentiating

this equation with respect to x; and demanding 9, /dx; = 0, we obtain

- Q*ax + WG(Sp\/l—ef{ i (4.12)

roy 9 19 9
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11y — afei/xd ey

This is a non-linear equation giving the xz;-coordinate of the neutral point. Unlike other parts
of this paper, here the equatorial radius of the "core” is taken to be 1. Noting that Q2 is

determined by the Maclaurin’s formula (see Eq. (2.41))

02 2y/1—¢? : ‘ :
W??ép = ———e:l; il (3 - 'Zef) sin"le; — e% (1 - €2> ; (4.13)

we can find the equatorial radius of the "atmosphere”, x1, by the use of the Newton-Raphson
method for an arbitrary value of the eccentricity of the "core”, e;. After that, we readily-
draw the equi-potential su;face, 1.€., the surface of the "atmosphere”, which passes through the
neutral point. Thus, the volume ratio V1/V; and ¢, can be calculated.

An example of the solution in the case where e; = 0.4 is shown in Fig. 4.16. Repeating this
procedure for various e;, we obtain the relation between ¢, and the volume ratio in the limit of
0p/py — oo. The results are shown in Fig. 4.17. From this figure, the limiting value of € for

the case where V3 /V, = 1/8 is found to be
e — 0.756 . (4.14)

The curve in Fig. 4.14 seems to focus this limiting value.
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Fig. 4.16. The meridional cross section in the limit of dp/pg — oco. The eccentricity of the core e; is
taken to be 0.4. In this case, the volume ratio V1 /Vj and the coaspect ratio of the body surface

e are equal to 0.12151 and 0.755, respectively.
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Fig. 4.17. The critical coaspect ratio €, against the volume ratio V1 /Vp in the limit of §p/py — oc.



5. Stability of the Equilibrium Figure

5.1. Criterion for stability

‘In order to investigate the stability of the two-layered incompressible, rotating bodies, we
will adopt the stability criterion which was first derived by Chandrasekhar and Lebovitz (1962).
They investigated the stability of the rotating gaseous masses against small perturbations using
the tensor formalism of the second order virial theorem and found the critical angular velocity
at which the secular-and dynamical instabilities set in. Details of derivation of this criterion is
reviewed in Appendix.

Suppose a mass element located at x in a unperturbed state is displaced slightly to x + &.

Then we assume that the displacement & = (&, &, &3) can be represented by the form of

(l@i = —Xik wkei"t y (51)

where X;; are constants and ¢ is the frequency of the perturbation. If the characteristic root
o is zero, then the figure is neutral against such perturbations. This corresponds to the secular
instability. Moreover, if the characteristic root ¢ becomes complex, then the amplitude of the
perturbation grows with time and, hence, the figure becomes unstable. This corresponds to the
dynamical instability.

According to Chandrasekhar and Lebovitz (1962), we will restrict ourselves to the case

where the displacement vector is given by

’

& ={Xur + Xpua} e,

N
ot
(S
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52 = {_‘Xllfc'} + ‘X—l?.'/vl} e-—l.crt’

§3 = O .
This mode corresponds the deformation that elongates or shortens the spheroid in the horizontal

direction, or, in other words, transforms the spheroid into a triaxial ellipsoid. Assuming Eq.

(W3}
ot



(5.2). Chandrasekhar and Lebovitz (1962) found that when the conditiow

Q= Wia1a/In (5.

(@1
e
~—

is satisfied, then the characteristic root ¢ becomes zero. In the above, Wi is a super-matrix
defined by

BU,:]-
0:1;1

{/Vij;lgl = /\ PL; dx (54)

where

ax' . (5.5)

Uij _/' (z: = 27) (7; —2))
vy '

wGpo x =’
For a homogeneous spheroid (i.e., the Maclaurin spheroid), Eq. (5.3) is exactly satisfied at
eg = 0.81267, i.e., the point where the secular instability sets in, in other words, for the
Maclaurin spheroids, Eq. (5.3) gives the exact point where the Maclaurin sequence (a sequence
of spheroids) bifurcates to the Jacobi sequence (a sequence of triaxial spheroids).

Furthermore, when the condition
P < 2 Wi (5.6)

is satisfied, then o becomes complex and the amplitude of the perturbation grows with time. In
such a case, the figure is unstable against linear oscillations. It can be readily shown that, for
the Maclaurin spheroids, Eq. (5.6) also coincides exactly with the condition of the dynamical
instability.

The stability analysis mentioned above is not complete since the mode of perturbation is
artificially limited in the form of Eqs. (5.1) and (5.2), In fact, as Tassoul (1978) pointed out
that the condition (5.3) is merely an approximate one for the case of centrally condensed bodies
and found that the bifurcation to triaxial figure may occur when Q7 is less than Wisia/lh1.
So, it would be safe to regard that the condition (5.3) is a sufficient condition for the onset of
the secular instability for centrally condénsed bodies. However, we can expect that the above-

mentioned method of the stability analysis gives the criterion, at least approximately. since the



degree of the central condensation of mass is relatively small (compare the gaseous gravitating
body where the central density is as, for example, 50 times as the mean density). So we will

apply the method of Chandrasekhar and Lebovitz to our present stability analysis.

5.2. Evaluation of super-matrix Wiy,

In the present study, we assume that the body has a symmetry not only about its rotational
axis but also about its equatorial plane. Then, the super-matrix Wisq, defined by Eq. (5.4)

can be rewritten, using the cylindrical coordinates (o, ¢, =), as

Wiss = ir— / / p(w@,z2) Dy [w*‘Dw (D ,\(X))J w dwdz (5.7)
where x(x) is the super potential of the gravitational field defined by
xx) = -G /v p(x) |x —x] dx' (5.8)
and D, is the operator deﬁl}ed by
D, = % % (5.9)

(Tassoul and Ostriker, 1968). Making use of the results of Chandrasekhar and Lebovitz (1962),

we can write

Dy x(x) = —®,(x) + gD(x) (5.10)
where ®,(x) denotes the gravitational potential
B, (x) ——C/ llli]—i'l (5.11)
and D(x) is the potential function defined b
D(x) = /p(x’) = cos(p = &) dx' . (5.12)
\ |x — x'|

In order to evaluate the potential function D(x), we expand |x — x/|™" in a series of the

Legendre polynomials P,(cos«) where «v is the angle between two position vectors x and x'.

()



Furthermore, applying the well-known sum rule in terms of the Legendre associated function

P we have,

]> n=0
1 == re n . ( )P ( ) o n (T& —-?’n-)'Pm( )Pm ( )'CO‘ m ( ,) (r 13)
= ——Z o n \H ¢ HZ——— n o8 (Y — 9.1
> 2o \T> i ¢ ‘L m=1 (Tl + 'm)! i L )

where the larger and the smaller lengths of x and x' are denoted by - and r., respectively.
Furthermore, we use here the spherical coordinates (r, 8, @) together with p = cosd and pu =
cos@'. Inserting this expression into Eq. (5.12) and integrating over ¢', we find that the first

term in the bracket as well as the terms in the summation except for m = 1 vanish and obtain

DG = 476 5 st [ o) e {Pent) =R W)
(5.14)

where f(r, p; k) is a function defined by

1 1 _\..3 L _rktd . : ,
<2k+5 + 21;—2) T~ T R forr<Randn #1,

Flrmk) = 2+ 7 (logR(u) — logr) , for r < Rand n =1, (5.15)
LR forr > R

72RE5 kg5

Note that the even order terms in the summation in Eq. (5.13) is eliminated because of the
assumption of the symmetry about the equatorial plane. Since the product of the Legendre
associated function P} P} can be written in terms of the Legendre polynomials as

n(n+1)

241 {Pn—l (,LL) - n+1 (/J')} ) (516)

Py (u) Py (n) =

we can rewrite Eq. (5.13) into the following form

2 l 'L 14 1 / " =1
D) =47 G Z ﬁ_i /O du' [ wik) p(@,2) (P (W) = Puga (i)} . (5.17)

The expanded form of ®, is given by Eq.(3.4). Noting the definition of the operator Dy, we

find as the desired expression of Wis.5 in cylindrical coordinates

20 @Wo ‘ 5 .
' D o, , 0% LO0°D,
Wisn = / / { J 29 =+ wl—O———Q - w'ja (I)"}(lw(L (5.18)
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5.3. Numerical results

In order to evaluate the double integral (5.18), we have to know the potentials ®,(x) and
D(x) and their derivatives with respect to w at an arbitrary internal point of the body. As
we evaluated the gravitational potential <I>°(X) (see Section 3.2), the potential function D(x)
is described as a sum of the potential function Dy and Ds: the former is due to the body with
density pg and volume Vy and the latter is due to the body With.density op and volume V;.

To calculate the value of the potentials ®,(x) and D(x), we divide the meridional cross
section of the equilibrium figure into a number of rectangular grids. In the wxs-direction, we
divide the region with a constant interval. To minimize the error of calculated potential, we
subdivide the grid near the pole where 3 > 0.8a3 (a3 being the semimajor axis of the pole).
In the z;-direction, we divide the region with a constant interval (but depends on z3). The
number of the grids are taken to be 100 x 100.

The potentials ®, and D at the grid point are calculated using spherical coordinates (see Eqs.
(3.13), (3.14), and (5.17)). The Legendre polynomials and the Legendre associated polynomials
used in the calculation of the potential are taken up to the rank of 40 and 39, respectively. We
made use of Newton’s differentiation formula for the evaluation of derivatives with respect to
w at grid points and Simpson’s method for the numerical integrations over u, w, and z.

In order to check the accuracy of our method, using the super-matrix Wis.12 and the moment
of inertia tensor Ij; obtained numerically for the homogeneous spheroid (Vy/Vy = 1) with €
= 0.81267, i.e., the critical eccentricity of the onset of the sécular illStt‘Lbﬂit}f for the Maclaurin
spheroid, we calculate the ratio of Wis.qs to Q2 I; (Q? is evaluated from Maclaurin’s formula)
which is to be equal to 1. The relative error between the numerical values and analytical values
of the potential &, and D is, at most, about 0.001 %. The relative ervor of the derivatives of
the potential ®, and D with respect to w is, at most, about 0.01 %. At ey = 0.81267 where the
secular instability sets in for the Maclaurin sphevoid . the criterion (5.3) must be satisfied. In

our numerical calculation, the difference between them is about 0.1 %. Similatly, at ey = 0.9512



where the dynamical instability sets in for the Maclaurin spheroid, the criterion (5.6) must be
satisfied. In our calculation, the difference hetween them is about 0.1 %, too. Therefore, we
can expect that by our numerical method mentioned above we can determine the critical point
of the onset of the instability within the accuracy of about 0.1 %.

In Fig. 5.1 we show the variation of the ratio of the super-matrix Wis.1s to Q7 I;; against
the coaspect ratio € in the case where dp/py = 1 and V;/Vy = 1/8. The curve is terminated at
the point (marked by the cross x) where ¢ is equal to the critical coaspect ratio e, described
in the previous chapter. The dashed horizontal line denotes the position where the criterion of
the secular instability (Eq. (5.3)) is satisfied. From Fig. 5.1, we find that solid curve intersect

with the dashed curve at the point where
€ ~ 0812 . | (5.19)

In the above, subscript 's’ denotes the secular instability. This value almost coincides with that
of the Maclaurin spheroid e, = 0.81267 within the accuracy of our calculation. The dotted
horizontal line denotes the .position where the criterion of the dynamical instability (Eq. (5.6))
is satisfled. We should note that the curve terminates before crossing the dotted line. This
means that the dynamical instability does not occur. Instead, as Boss (1986) pointed out, when
the coaspect ratio exceeds the critical value €., mass shedding from the equatorial plane may
begin.

Let us next see the effect of the density contrast 6p/py on €. The ratio of super-matrix
Wise to Q% I; is shown in Fig. 5.2 as a function of the coaspect ratio € in the case where
0p/po = 2 and Vi /Vy = 1/8. The physical meanings of the dashed and dotted horizontal lines
are the same as Fig. 5.1. As seen from this figure, the sQIid curve and the dashed line never
intersect as in the case of 6p/py = 1. Thus, the dyvnamical instability does not occur in this
case, too. This feature is true for larger values of 0p/py. The point where the criterion for the

secular instability (Eq. (5.3)) is satisfied when

€~ 0.817 . (5.

91
(S
<
g

60



12;12

11

Q1 /W

1.8

1.6

1.4

1.2

dynamical

secular -

70.95

Fig. 5.1. The variations of the ratio Wis.12/0? 11 against the coaspect ratio . The values of §p/po

and V1/V, are taken to be 1 and 1/8, respectively. The symbol " x” corresponds to the critical

aspect ratio. The dashed and dotted horizontal lines denote, respectively, the positions where

the secular instability and the dynamical instability begin.

Fig. 5.2. The same as Fig. 5.1 but for the case where dp/py = 2.
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Fig. 5.3. The coaspect ratio where the secular instability sets in for various density ratios 6p/py. The

volume ratio V1 /V} is taken to be 1/8. The case where 6p/py = 0 corresponds to the Maclaurin

spheroid.

We illustrate the variation of €, against 6p/py in Fig. 5.3. The value of €, increases slightly
and almost monotonically with 6p/pg. In other words, as the degree of central condensation of
mass increases the body becomes more stable against the perturbations.

Finally, let us see the effect of the volume ratio V;/V; on the criterion of the instability.
To save the computational time, the numerical calculations are only executed for V1 /V, = 1/8,
1/3, 1/2, and 2/3. The results are summarized in Table. 5.1 for the case of 6p/py = 1 . We
can see from the table that the point where the criterion for the secular instability sets in does
not strongly depends on the volume ratio Vi /Vj. ‘It should be noted that, in all of four cases,
the equilibrium figures reach to the critical coaspect ratio before the condition for dynamical
instability is sa,tisﬁed. However, as seen from the Fig. 4.14, in the limit of V;/Vy — 1 and 0,
we can expect that the dynamical instability occurs before reaching critical coaspect ratio.

Therefore, the condition for the secular instability is not eased compared to the Maclaurin



Table 5.1. The coaspect ratio where the secular instability sets in for various volume ratios V1 /V;.
The volume ratio dp/py is taken to be 1. For the cases where V1 /Vy = 0 and 1, the bodies become

homogeneous spheroids, ¢.e., Maclaurin spheroid.

Vi /Vy €,

0 (Maclaurin) 0.81267
1/8 0.812
1/3 0.816
1/2 0.816
2/3 0.815

1 (Maclaurin) 0.81267

spheroid even if the inhomogeneity of the body is taken into account. Moreover, this condition
does not strongly depends on the values of the parameters, V1 /Vy and 6p/po. For all cases
we calculated here, the body reaches to the critical coaspect ratio €, before the dynamical

instability sets in.



6. Conclusion and Discussion

We have studied the equilibrinm figures and their stabilities of self-gravitating, rotating,
and axis-symmetric body composed of two-layered incompressible fluids. Our results are sum-

marized as follows:

(1) When the rotation is slow, both body surface and the core-mantle boundary are well

approximated by spheroids.

As the body rotates faster, the coaspect ratio ¢ = /1 — a3/a} increases, i.e., the body

—~
N
~——

surfaces is suppressed toward the equatorial plane. When the coaspect ratio € exceeds
0.8 the body surface begins to deviate appreciably from a spheroid while the core-mantle

boundary is still spheroidal.

(3) The coaspect ratio € has an upper limit ¢.: if the coaspect ratio exceeds this upper limit,
no equilibrium figure exists as a single and axis-symmetric body. The value of €, decreases

with an increase in 6p/pp and takes its minimum value at V,/Vy ~ 1/3.

(4) The condition for the secular instability is almost the same as that of the Maclaurin
spheroid and it does not strongly depends on the values of the parameters, V1/V; and
6p/po- For the cases of Vi/Vy = 1/8, 1/3, 1/2, and 2/3, the body reaches to the critical

coaspect ratio €. before the dynamical instability occurs.

Now, let us apply our results to the rotational fission hypothesis of the lunar origin. We
first consider what the values 6p/py and Vi/Vy are most suitable for the proto-Earth. The
density distribution of the present Earth is shown in Fig. 6.1 (Ringwood, 1979). As a first
approximation, both the core and the mantle may be regarded to be homogeneous and, hence,
the Farth can be approximated as the two-layered rotating body composed of incompressible

materials. The mean density of the mantle is about puane ~ 4.51 [g/c¢m?] and the mean density
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Fig. 6.1. The density distribution inside the present Earth (after Ringwood, 1979).

of the whole core is as large as 10.8 [g/cm?®]. Therefore, for the value of p/py of the present
Earth we have

op/po ~ 1.39 . (6.1)

If we consider the proto-Earth which is in the process of the core formation, then, the core
density would be smaller than that of the present Earth. In this sense, the above value of dp/pg

is the upper limit. The ratio of the volume of the core to that of the present Earth V,/Vj is
—= ~ 0.162 . (6.2)

Even if the volume torn from the magma ocean is taken into account, V1 /Vy does not increase
any more.

Thus, we can consider that for the proto-Earth 6p/py was in the range between 0 and 1.39
whereas V1 /Vj was in the range between 0 and 0.162. As we have seen in the previous chapter,

for these ranges of parameters p/pg and Vi/Vy. the dynamical instability never occurs. Instead,



Table 6.1. The angular momenta needed for the secular instability Leecuiar annd for the mass-shedding
Lesitical- The values are normalized by the total angular montentum of the present Earth-Moon

gystem.

0p / po Vi/V, Lisecular Lsitical

1 1/8 2.596 4.087
1 173 2.563 3.647
1 172 2.561 3.734
1 2/3 2.581 4.103
2 178 2.569 3.507
2 173 2.509 3.056

mass shedding from the equator may possibly occur if the proto-Earth had a sufficiently large
angular momentum. That is materials would be ejected from the equator to form a disk
around the proto-Earth. Boss (1986) simulated numerically the highly rotating proto-Earth
with polytropic density distribution of index 1/2 and observed that about 10 lunar masses are
put into orbit.

The angular momenta needed for the secular instability and for mass-shedding (i.e, the
system reaches the critical coaspect ratio) are tabulated in Table 6.1. As seen from this table,
the magnitude of the angular momentum which is necessary to trigger the mass shedding is at
least three times as large as that of the present Earth-Moon system. However, if we consider
that the values of §p/py and Vi/Vy are within the ranges described above, the condition is
almost the same as that of the dynamical instability of the Maclaurin spheroid. It seems very
unlikely that the proto-Earth gained such a large amount of the angular momentum even if a
planet-sized object collides with the proto-Earth. Moreover, whatever the proto-Earth gained
enough angular momentum, the excess angular momentum must thrown away by ejecting some

part ot the debris outside the Earth-Moon system. Such a process is never known until now.
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We thus conclude that the rotational fission for the lunar origin is unlikely even if the

inhomogeneity of the proto-Earth is taken account. Therefore, if the Moon was formed from
the materials of the terrestrial magma ocean, we must look for another mechanism 0 strip the

magma ocean and put enough materials into the suitable orbits.
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Appendix Derivation of the Criterion for Stability

In this Appendix, we will review the derivation of the criterion for stability of the equilibrium
figure against small oscillations which was developed by Chandrasekhar and Lebovitz (1962).

In a rotating frame, second order virial equation is given by

i Jv privjdx = 2T + Wij + & [y pdx + Q2L — L,
(A1)
+2 [y pri€imuiQndx
where u; denotes the velocity component due to the internal motion and ¢, is Eddington’s

epsilon (7.e., the completely antisymmetric third rank tensor). Furthermore, T};, I;;, and W;;

are the tensors defined, respectively, by

1
Ty; = 5'/‘/P'uiujdx A (A.2)
Ii]’ = / pZL‘i:L']‘dX , : . (A3)
%
and
1, e
W;; = -3 G vp(x) Uy (x) dx (A.4)
with
s —2t) (2 — )
Uy = /p(x) (= TL)(UJ3 r")dx’ . (A.5)
' Ix — x/|

The tensors Tj;, I;;, and W;; are called, respectively, the kinetic energy tensor, the moment of
inertia tensor, and the potential energy tensor. It should bhe noted, unlike previous chapters,
we take summation over repeated indices "I’ and 'm’.

Suppose a mass element located at x in an unperturbed state is displaced slightly to x + £.

Then, the first variation of Eq. (A.1) is written by

ﬁ"‘t—?_f [y peiidx= — [, p{i%%’-dx + 65 [y (1 — y)pdivédx
+Q2 [ p(2:&; + Eaj)dx — Q. [y p(wi€ + £2;)dx (A.6)

+2;l—t fV /):l"iejlmf[Qm(lX ,

where v denotes the ratio of the specific heat.
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We assume that the component of the displacement can be written in the form
déi = AXik :UkE’iat s (‘L\P{-)

where X, are constants and o is the frequency of the perturbation. If the frequency o is zero,
then the figure is neutral against such perturbations. Furthermore, if the frequency o hecomes
complex, then the amplitude of the perturbation grows with time and, hence, the equilibrium

figure becomes unstable. Substituting Eq. (A.7) into Eq. (A.6) (the direction of x3-axis is

taken to be parallel to the rotational angular velocity vector), we have

-2 Xl = 2i€3 X m Imi + QXX 0l + Xudyy)

(AR)
—Q%8;3(Xa Ly + Xiliz) — Xim Wentsij + J Xonm 64
where W;;.; is called the super-matrix which is defined by
i oU;;
Wi = '/v i (A.9)
and J is the thermodynamical energy defined by

J = / (L=v)pdx . (A.10)
v .

If the body is axisymmetric with respect to its rotational axis, nine components of Eq. (A.8)

can be readily written down:

—0* X1l = 200Xy Ly + 208 X1y + T Xy — (X Winan + XoaWasagr + X3sWasan)

(A.11)
~0*Xoolyy = =2i0QX 15011 + 20 Xoo iy + T Xy — (X011 Wagay + XoaWirar + XssWaaan)
(A.12)
—0*Xs3ls3 = TXu— (X114 Xo2) Wiz — XasWasaa (A.13)
—o* Xl = —2i0QX111i + (QZI“ - Wu;m> (X1 + Xi2) (A.14)
~o* X2 = 200X N1 + (szu - le;lz) (X2 + Xo1) (A.15)
~0* Xy = —XiWaras — XsiWisas (A.16)
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—0*Xplin = ~XsWis — XoaWiaas | (A.17)
0’ Xi3l33 = 200QXy3053 + (szzszz - W31;13) X1z + (szza:s - Wl3;13> X1 - (A.18)

and
~0*Xpslss = 2i00X1305s + (97 Iss — Waras) Xao + (22fs = Wizas) Xao )

Since Eqs. (A.11) to (A.19) are independent each other, there are nine independent modes
of perturbation. Among them, according to Chandrasekhar and Lebovitz (1962), we restrict
ourselves to the mode where only Xi1, X12, Xo1, and Xy, are finite and remaining X;;’s are

zero. If we put another restriction on the displacements that they have to preserve the whole

volume of the equilibrium figure, then the four remaining constants X;; cannot be independent:
X11 = —X~22 -a,nd Xl-_z = )(21 . (1—\.20)
Therefore, the displacement vector is given by

£ ={Xnz + Xpaza} e7,

& ={-Xuz: + X1} et (A.21)

& =0.

This mode corresponds the deformation that elongates or shortens the spheroid in the horizontal
direction, or, in other words, transforms the spheroid into a triaxial ellipsoid. Chandrasekhar
and Lebovitz showed that the axisymmetric figure is stable against other six modes of pertur-

bation. Subtracting Eq. (A.12) from Eq. (A.11). we have

—0211 (X11 — X22) = 200X (Xa1 — X12) + 2020, (X11 — Xa2)

» (A.22)
= (Wi = Wazn) (X1 — Xo)
With the help of the relation between the components of the super-matrix
Witnn — Wan = Wizas (A.23)
we can rewrite Eq. (A.22) into the following form:
2 5 (02 - e 9 - -y .
{—O’ [11 -2 (Q I11 - VV12;12>}(‘X11 - X 22) — ZI.QIH (‘le + "\12) =0 . (}\.24)
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Similarly, adding Eqs. (A.14) to (A.15), we have
{~0*hy = 2 (%1 = Winaa) }(Xpa + X21) 4 20000 (Xu = Xn) = 0 (A.25)

By combining Eqs. (A.24) and (A.25) into a matrix form, we finally obtain

-l = 2(Q% — Wiaa) —2:Q; X2+ X 0
21011 —o?ly — 2 (N — Wigaa) X — Xy 0
(A.26)

For the existence of non-trivial solution to Eq. (A.26), the determinant of the matrix which

appears in the left hand side of Eq. (A.26) must be equal to zero. Thus, we have
2
I1120'4 - 4I/V12;12[110'2 +4 (QQIH - I/V12;12> =0 . (A27)

This fourth-order algebraic equation has roots which are written by

2

o= Q+ Fll {1 (2Wigaa - 1n02)}

and

o = -0+ % {Iu (?,I/Vlg;lg - I11Q2) }1/2 . (A29)

When Wy,.9 is equal to 11,02, o becomes zero and the equilibrium figure is neutral against
such perturbations. Moreover, when 2 Wi2.12 becomes less than I;19?, o becomes complex.
Then, the amplitude of the perturbation increases with time and the equilibrium figure becomes
unstable. Chandrasekhar and Lebovitz (1962) showed these relations coincide exactly with those

which are known for the stability of the Maclaurin spheroid.

=1
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