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Chapter 1

Introduction

The emergence of orientation selectivity is explained by the self-organization of
synaptic connections from the Lateral Geniculate Nucleus (LGN) to the primary
visual cortex. That is, by receiving inputs of oriented visual stimuli or random
noise, neurons in the primary visual cortex modify these synaptic connections given
initially at random and learn to be orientation selective in an unsupervised man-
ner. In fact, various models for the emergence of orientation selectivity have been
proposed. This thesis aims to mathematically reveal the underlying mechanisms
of some well-known orientation selectivity models.

Most neurons in the primary visual cortex are tuned to respond to the presenta-
tion of light/dark borders of a particular orientation [36,38]. In contrast, neurons
in the lateral geniculate nucleus (LGN), the inputs from which cortical neurons re-
ceive, are not orientation selective; they respond equally to bars of all orientations
and well to non-oriented stimuli [37]. The physiological mechanism of orientation
selectivity is getting clearer. Hubel and Wiesel [38] proposed that orientation se-
lectivity arises in cortical simple cells. Simple cell receptive fields are composed of
adjacent, oriented ON- and OFF-subregions of ganglion cells, and since the subre-
gions respond to elongate light stimuli, simple cells become orientation selective.
Much current evidence supports this model {10, 94].

On the other hand, the developmental mechanism of orientation selectivity
remains unsolved. It has often been proposed that orientation selectivity emerges
through a process of activity-dependent synaptic modification. However, because
orientation selectivity arises early in development, before birth in monkeys [41] and
before eye opening in kittens [39], it has not been possible to test this hypothesis
directly. Many studies have reported that orientation selectivity, once established.
is sharpened by neural activity, and have addressed whether preferred orientation
can be altered by visual experience.

Meanwhile physiological studies have tackled to the developmental mechanism
of orientation selectivity, its theoretical foundation has grown up. Theoretical
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study attempts to give a mathematical description of the development, which
we refer as a model. In 1973, von der Malsburg first proposed a mathematical

Table 1.1: Some models for orientation selectivity.
Class Author(s) Remark
Phenomenological Swindale [90, 92]
Rojer and Schwartz [79]
Correlation-based Linsker [49-51]
Miller [58, 60]
Tanaka [64, 95]
Shouval and Cooper [81]
Dimension reduction Obermayer et al. [73, 74] Low dim. SOM
Riesenhuber et al. [7§] High dim. SOM
Durbin and Mitchison [21]  Elastic net
Goodhill and Willshaw [31] Elastic net
Others Malsburg [103]

model of the primary visual cortex, and he showed that the model cortex devel-
oped biologically realistic orientation columns by a series of presentations of bar
type stimuli [103]. However, because orientation selectivity arises early in devel-
opment before getting visual stimuli of light/dark borders, the presentations of
bar type stimuli cannot be justified physiologically. To address this issue, some
other models assumed radially symmetric stimuli realized by activity-dependent,
correlation-based synaptic competition between ON-center and OFF-center inputs.
These, so-called correlation-based, models successfully reproduced realistic orien-
tation columns [49, 50, 58, 60, 64, 81, 95]. Another approach to the developmental
origin of orientation selectivity also established in view of information processing.
A visual stimulus can be assumed as a multi-dimensional vector describing the
configuration of activation of geniculate cells, while the visual cortex can be con-
sidered as a two-dimensional surface. We expect the brain represents the multi-
dimensional vector space into the two-dimensional surface as much as possible.
Kohonen's SOM [46, 73, 74, 78] and elastic net [21,31] are classified in this group.
Thus far enormous models for the emergence of orientation selectivity have arisen.

Then, did such model studies completely clarify the developmental mechanism?
In other words, did such studies clarify why their models could show orientation
selectivity? Rather, they investigated the outputs of the models, not the mod-
els themselves. They confirmed that orientation selectivity emerged from random
connections and random noise inputs by computer simulations, then they inves-
tigated the property of the obtained orientation maps numerically, that is, they
focused on whether the simulation results conformed to experimental facts under



the acceptance that the models surely developed orientation columns. For exam-
ple, in his paper [60], Miller studied his model as follows. First he proposed his
correlation-based model for orientation map formation then he performed com-
puter simulations and confirmed that his model developed orientation maps. After
that he calculated some properties of the maps numerically including the spatial
frequency, phase, power spectra, orientation tuning and singularities, then he com-
pared these results to the physiological facts experimentally obtained from cats and
monkeys. Thus the main issue of his paper was the calculation and comparison
of the properties, not the understanding why his model could develop orientation
maps. Therefore they did not address directly to the above question.

Let us notice again that the model studies so far investigated the outputs of
the models, not the models themselves. Why don’t we investigate the models
straightforwardly?  If we understand the core of a model, we may be able to
answer to the question. Then, is there a way to do that? Yes, there is. It is
a mathematical analysis. A mathematical analysis can reveal everything about
the model showing the following. (1) A mathematical description of the solution;
(2) A mathematical description of the self-organization process. By these, we can
understand the following. (1) The roles of functions; (2) The relationship between
a parameter setting and its result.

Furthermore, due to the lack of understanding of the developmental mechanism,
a number of models have been proposed which have different descriptions but are
essentially identical. Hence the model study seems to be in saturation. Although
there have been already some survey and comprehensive reference, they are not yet
strong enough to clarify the essential differences of models and roles of assumptions
or conditions, because these surveys are also based on computer simulation results.
By just proposing a new model, we cannot expect further advance of model study.
Also for this, a mathematical analysis can work quite cffectively.

In this thesis, we claim the importance of a mathematical analysis by some
demonstrations. We show the following facts on these models. (1) The role of
a constraint which leads a competition among synapses; (2) The essence of the
correlation-based mechanism for a single neuron’s case; (3) The essence of the same
mechanism for many neurons’ case. The first result implies the importance of com-
petition among synapses for the emergence of orientation selectivity. The second -
and third results clarify the developmental mechanism of orientation selectivity
under a correlation-based model, and as a result, we understand the relationships
betwecen a parameter setting and the configuration of resulting orientation columns.

In the following, we briefly summarize these topics.
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1.1 A role of constraint in self-organization

In many of mathematical models, competitive learning, or more specifically, com-
petitive variants of Hebb’s rule have been used as a key principle. A Hebb rule
is a simple rule for updating, e.g., the weight of connection between two neurons.
The rule just says that the connection between two neurons is strengthened if they
both become active simultaneously. This rule has been used widely for neural net-
work learning. Von der Malsburg constrained this updating rule so that the total
connection weight of one neuron are kept under some bound in his pioneering pa-
per [103]. We call this variation of Hebb rule a constrained Hebb rule. He showed
through computer simulations that orientation selectivity is surely developed with
his constrained Hebb rule.

Since the work of von der Malsburg, many models have been proposed, and
some have been theoretically analyzed in depth. For example, a feature of various
constrained Hebb rules as a learning mechanism has been discussed in [62]. Yet, the
question of why orientation selectivity is obtained by following a constrained Hebb
rule has not been addressed. Note that the development of orientation selectivity is
different from ordinary learning in the sense that a neuron (or, a group of neurons)
establishes a preference to one particular orientation from given (more or less)
uniformly random orientation stimuli. We discuss why and how one feature from
equally good features is selected with a constrained Hebb rule.

In order to simplify our analysis, we propose a simple probabilistic game called
monopolist game for abstracting Hebb rules. In monopolist game, an updating rule
corresponds to game’s rule, and the selectivity is interpreted as that a single winner
of a game — monopolist — emerges. Then we prove that a monopolist emerges
with probability one in games following a von der Malsburg type rule. On the other
hand, we showed theoretical evidence supporting that (i) the chance of having a
monopolist is low without any constraint, and (ii) a monopolist emerges even under
a rule with a weaker constraint. These results indicates that the importance of
constraint in Hebb rules (or, more generally, competition in learning) to select one
feature from equally good features.

We also analyzed how fast the monopolist emerges in games following a von
der Malsburg type rule. This analysis can be used, in future, to estimate the
convergence speed of constrained Hebb rules.

1.2 Emergence of orientation selectivity for one
single neuron

Since Linsker [49-51] proposed a multi-layer feed-forward neural network model,
which develops center-surround or oriented receptive fields (RFs) closely resembling
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those found in the physiological visual system, it has been thoroughly investigated
from several viewpoints to explain how these RFs are developed, or why symmetry
breaking occurs.

Energy function minimization [45], principal component analysis [54,100], info-
max principle [52], and fixed point analysis [25] are the approaches used to address
the above issues. and these studies have given deep insights of this model both
analytically and numerically.

Nevertheless, a clear explanation seems still lacking, at least that reveals how
oriented RFs are developed at layer FF — G. Kammen & Yuille [45] and Linsker
[52] have not analyzed the structure of RFs. In particular, Kammen & Yuille
indicated that symmetry breaking occurs in Linsker’s model, however, they did
not analyze the configuration corresponding to the lowest energy level, namely, the
structure of RFs. Instead they depended on computer simulations. Other studies
[25,54,100] concentrated on the Gaussian correlation function at layer B — C, and
the Mexican-hat correlation function at layer F' — G has not been investigated thus
far, although the dynamics is totally different. MacKay & Miller [54] have discussed
the development in section 8 of their paper, however, their argument is not strong
enough. The condition in which oriented receptive fields are developed has not
been shown. We focus on the Mexican-hat correlation function and investigate its
role in the development of oriented RFs mathematically.

We also focuses on the role of an arbor function, which determines the area
consisting of effective synaptic connections to a postsynaptic cell. In previous
papers, this function has been assumed to be a Gaussian function, since it has
been introduced to define a synaptic density. As a result, synaptic weights are
modified in a weighted manner. the weights at the center grow faster than the
surrounding ones. However in the original Linsker’s simulations, this is not the
case. Thus a Gaussian function may not be appropriate. On the other hand, we
still need an arbor function, since the size of the presynaptic layer, i.e., the size
of the covariance matrix, must be finite. Therefore it is possible that the arbor
function should be assumed a step function to determine this size. We consider an
arbor function of the step type, as well as of the Gaussian type.

We perform the Fourier transform (FT) of the modification rule twice and
obtain the solution under the assumption that the F'T of the correlation function
is a sharp bi-modal function with two clear peaks. The solution is expressed as a
weighted sum of Fourier components defined with respect to the number of radial
nodes, where the spatial frequency of these components is determined by the FT
of the correlation function, and the weights grow exponentially with respect to
the time and the two FTs of the arbor function. Since the difference between
the weights of any two components grows exponentially as the self-organization
proceeds. the formation of the RF will be conquered by one of the components (or
by a combination of several components if the weights of such components grows
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at the same speed).

From our analysis, we have the following results. In the Gaussian arbor function
case, only center-surround RFs are developed. On the other hand, in the case of
the step arbor function. we see that a rich variation of RFs is developed, for
example, multi-lobed RFs can be developed in addition to center-surround RFs.
In summary, our mathematical analysis clarifies the roles of the arbor function
as well as the correlation function. Furthermore we show how the orientation of
multi-lobed RFs is determined and finally we discuss the roles of parameters k1, ko
in Linsker’s model.

1.3 Emergence of orientation selectivity for many
neurons with lateral connections

Since von der Malsburg developed a mathematical model for the orientation map
formation [103], a large number of models have been proposed, and some of them
have been widely reviewed and discussed in depth [23,93]. These discussions,
however, are based on numerical simulations. Therc have been few attempts to
consider the formation mathematically. With mathematical analyses, the roles of
functions are clarified and then the properties of developed orientation maps by the
model are derived. We consider a correlation-based model proposed by Miller [60]
and analyze it mathematically.

Although several mathematical analyses of a correlation-based model have been
performed to date, the formation has not been investigated sufficiently. Shouval
and Cooper [81] studied a similar correlation based model. They defined an energy
function of the model and discussed the structures of receptive fields and orientation
columns corresponding to the lowest energy. However, the retinotopy has not been
considered in their analysis, that is, in their model, all cells in the visual cortex have
the same receptive field. Wimbauer, Gerstner & van Hemmen [107] computed the
shapes of receptive fields possibly developed by the principal component analysis;
however, they have not mentioned how these receptive fields are arranged on a
two-dimensional cortical surface. That is, the development of orientation columns
has not been analyzed. To clarify these points, we take another approach and give
some explanations for the above problems.

We consider some simplifications in a way similar to those reported in Wim-
bauer et al.’s paper [107], and then we perform the Fourier transform and compute
the principal component (i.e., the fastest growing pattern) of the simplified model.
By our analysis, we clarify the roles of functions as follows. (1) A Mexican-hat-type
correlation function determines the spatial frequency of receptive fields; (2) The
combination of a Gaussian arbor function and a Gaussian intracortical function
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develops oriented receptive fields; (3) The intracortical function develops stripes
of ON/OFF dominance similar to ocular dominance columns on a layer on which
cach cell has its receptive field if the range is sufficiently wide; (4) Preferred ori-
entations and phases of receptive fields are determined by the stripes within the
receptive fields. These observations indicate that this model develops orientation
maps with the following properties. (1) It develops oriented receptive fields; (2)
Preferred orientations smoothly change on the cortical surface; (3) The period-
icity of orientations on the cortical surface does not appear; (4) The periodicity
of phases appears; (5) Singular points appear irregularly on the cortical surface.
Finally, we confirm our results by computer simulations.

1.4 OQOutline of this thesis

The reminder of this thesis is organized as follows.

In Chapter 2, we review physiology of the visual system. We survey the visual
pathway from the retina to the primary visual cortex through the Lateral Genicu-
late Nucleus, and we then discuss the columnar organization of the primary visual
cortex and its development.

In Chapter 3, we survey mathematical models of orientation selectivity shown
in Table 1.1. We classify them by their mechanisms and first we explain the
mechanisms briefly. Then for each model, we review its detail. Moreover, some of
them are mathematically analyzed.

In Chapter 4, we study a role of constraint in self-organization.

In Chapter 5. we study emergence of orientation selectivity for one single neu-
rom.

In Chapter 6. we study emergence of orientation selectivity for many neurons
with lateral connections.

In Chapter 7. we discuss the details of computer simulations we performed in
this thesis.

Finally, in Chapter 8, we conclude this thesis by summarizing the results pre-
sented in this thesis with some future works.
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Chapter 2

Physiology of the visual system

In this chapter. we review physiology of the visual system. First we look the visual
pathway from the retina to the primary visual cortex through LGN. Then we
review the columnar structures in the primary visual cortex, in particular, ocular
dominance columns and orientation columns. For more details, [11, 20, 70] should
be referred.

2.1 Overview of visual pathway

Figure 2.1 shows the structure of visual pathway.

Visual stimulus projected to the visual field are processed by eyes, which are
regarded as outpost of the brain. Stimulus projected to the left visual field are
processed by the right-side retina of each eye while stimulus given to the right
visual field are processed by the left-side retina. Thus the signal processing is
starting from this point. Then, the right side of each retina send optic fibers to the
right hemisphere while the left side does to the left hemisphere,through the optic
chiasm. After that, the information are processed by LGN and sent to the visual
cortex.

2.1.1 Retina

Figure 2.2 illustrates the structure of retina.

Light passes through lens and arrives to the deepest layer of the retina. There
are 100 million photoreceptor cells consisting of rods and cones, which work in
darkness and in daylight respectively. Photoreceptar cells can detect a single pho-

ton, besides cones can detect the wavelength of a photon, namely, contrast or color
1

1Cats are color-blind because they do not have cones..
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Left Visual Field Right Visual Field

Primary Visual Cortex (V1)

Figure 2.1: Structure of visual pathway.
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Signal from photoreceptor cells are transmitted to bipolar cells with interactions
mediated through horizontal cells. Horizontal cells convolute signals coming from
photoreceptors to bipolar cells. Thus a bipolar cell receives inputs from several
photoreceptors. Bipolar cells and horizontal cells do not show spontaneous activity.

Here we define the notion of the receptive field. Each cell has a small arca in
the visual field and responds only to stimuli presented in the area. We define this
area the receptive field. Neighboring cells have neighboring receptive fields. which
means that neighboring cells respond to stimuli presented a similar area in the
visual field.

Some bipolar cells are maintained in an excited (depolarized) state while the
others are in an inhibited (hyperpolarized) state. The former cells are excited by
the presentation of a dark spot (i.e., an annular illumination) while the latter cells
are excited by a light spot (i.e., a central illumination). In the darkness, assume
a light spot is presented to the receptive field center of a bipolar cell. Since the
presentation inhibits the activity of the corresponding photoreceptors, if the bipolar
cell is the former. it increases its inhibition and and thus decreases its activity, on
the other hand if it is the latter, it inhibits its inhibition and thus it increases its
activity. Meanwhile, assume a light spot is presented to the receptive field surround
of a bipolar cell. The inhibited activity of photoreceptors are transmitted through
horizontal cells, which increases the postsynaptic cell activity. Thus the former is
excited and the latter is inhibited. We call the former and the latter OFF-center
and ON-center cells respectively.

Then the signals from bipolar cells are transmitted to retinal ganglion cells
(RGCs for short), with interactions mediated through amacrine cells. Amacrine
cells receive inputs from bipolar cells and other amacrine cells and transmit signals
to bipolar cells, amacrine cells, and retinal ganglion cells. Similary, in RGCs, there
are ON-center type OFF-center type. An ON-center RGC responds best to a light
spot onto the center of its receptive field, and illumination of the surrounding area
reduces or suppresses its responses. An OFF-center RGC responds in opposite.
Figure 2.3 illustrates the examples. RGCs send 1 million optic fibers to the higher
area. It is known that the shape of receptive fields can be approximated by the

ON OFF

Figure 2.3: Schematic figures of receptive fields of a ganglion cell. + and — symbols
respectively represent the regions on which the ganglion cell increases or reduces
its response when illuminated.
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following difference of Gaussians.

Kl _ 2 2 K2 2 2
RF(a) = ai2/20} _ K2 —jaf2ja03.
() 271’0%6 27(0%6

where « labels the position in the two-dimensional receptive field, and K;,K5,01
and o, are parameters which determines the sizes of the excitatory and inhibitory
regions in the receptive field. An adaptation of parameters follows that K; =
10.6",K, = 31.8',01/02 = 17/16, where 30’ = 0.5 degree [84)].

Ganglion cells in the cat retina can be grouped into three categories, they
are, X, Y, and W type. Cells of Y type have a broad receptive field and transmit
signals faster, which concern on the motion detection. X type has a small receptive
field and the transmission speed is slow, which concern on the detailed visual
information and color. W cells have a broad receptive field and transmit signals
slowly, its function is not understood fully. In the monkey retina, the grouping
consists of P type and M type, which respectively correspond to X and Y cells.

2.1.2 Lateral Geniculate Nucleus

The optic nerve fibers from each eye terminate on cells of the right and left Lateral
Geniculate Nucleus (LGN for short). The principal cell type in LGN is excitatory
cells known as relay cells; they make up approximately 65%—-85% of all cells. Their
axons go directly to the cortex giving no local collaterals. The remaining cells are
inhibitory interneurons, which connects to the relay cells and each other [2]. Thus
in the following we concentrate on the relay cells.

In the LGN of the cat, there are three layers of cells called A, A; and C, and
layer C is further subdivided. The inputs to layers A and C come from RGCs
in the contra-lateral eye. On the other hand, the inputs to layer A; come from
RGCs in the ipsi-lateral eye 2. The inputs are all segregated with respect to these
types into layers, and terminated without overlap more than two layers. X and Y
fibers end in different sublayers of A, C, and A;. ON-center and OFF-center cells
are also segregated into different sublayers. On the other hand, the macaque LGN
consists of six layers and cells in layers 1 and 2 are larger than those in layers 3, 4,
5 and 6, which are called Magnocellular and Parvocellular. Layers 1, 4, and 6 are
supplied by the contra-lateral eye while layers 2, 3, and 6 by the ipsi-lateral eye.

An important topological feature is the highly ordered arrangement or receptive
fields within individual layers. Neighbouring regions of the retina make connections
with neighboring geniculate cells, so that the receptive fields of adjacent neurons
overlap most of their area, which we call the retinotopy. LGN cells also have

2Contra-lateral eye is the eye on the other side of the animal while ipsi-lateral eye is on the
same side (Notice that there two LGNs in the brain).
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center-surround receptive fields, of either the ON-center or the OFF-center, but the
contrast mechanism is more finely tuned by more equal matching of the inhibitory
and excitatory areas.

In summary the LGN is a way station in which RGC axons are sorted so that
nearby cells receive inputs from the same region of the visual field 3.

2.1.3 Primary visual cortex

The primary visual cortex (V1 or area 17 based on the anatomical criteria) consists
of folded plate of cells about 2mm thick. The neighboring area of V1 is called V2
(or area 18) and V2 receives inputs from V1. V1 can be divided into six layers and
geniculate fibers end at layer 4. Layer 4 is again subdivided into A, B, and C, and
layer 4C is again subdivided into 4Ca and 4C3. Geniculate fibers originating in
parvocellular (P) or magnocellular(M) ends to the different sublayers. Parvocel-
lular inputs end at layer 44, 4C3, and layer 6. Magnocellular inputs end at layer
4Ca and layer 6.

In layer 4, the inputs derived from the two eyes are segregated. The layer 4
cells receive inputs of both left-eye oriented and right-eye oriented, however, these
cells respond only one of the two inputs. that is, some cells prefer the left-eye and
others like the right-eye. Cells have the same eye preference are grouped and the
grouping develops stripes of blobs, in which cells in the same stripe have the same
eye preference. This grouping is called ocular dominance columns, where a column
means a group of neurons in vertical direction which have the same eye dominance.

The receptive fields of layer 4 cells show several varieties. Although ganglion
cells and LGN cell respond to spots of light, layer 4 cells prefer a bar type stimuli or
an edge of light than spots. The response is maximal at the preferred orientation
and falls off sharply as the stimulus orientation departs from the preferred orien-
tation. The response decreases to zero at about +30 degrees away [85]. One type
of a receptive field consists of an elongated narrow central portion with flanking
two antagonistic areas, which we refer as the form of tri-lobed (Fig. 2.4 left). The
center may be either excitatory or inhibitory. This type of receptive fields responds
best to the bar type stimuli presented to the center of the receptive ficld. Another
type takes the form of bi-lobed. which consists two opposite types of elongated
regions (Fig. 2.4 right). This type responds best to the edge type stimuli.

Different cells have receptive fields of different orientations and positions. There

are cells activated by rotating the stimulus or by shifting its position in the visual
ficld. The distribution of inhibitory-excitatory stripes in receptive ficlds may not
be symmetrical, or the field may consist of two elongated regions of opposite signs

31t does not mean that there is one-to-one correspondence between a RGC and a LGN cell. a
LGN cell receives inputs from several RGCs with preserving the retinotopy.
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Figure 2.4: The receptive fields of tri-lobed (left) and of bi-lobed (right). Black and
white regions respectively represent optic fibers of OFF-center cells and ON-center
cells in LGN.

facing each other. Fig.2.5 illustrates three examples varying its positions.

Figure 2.5: Variations of center positions.

How cortical neurons become orientation selective? The key idea is that more
elaborate receptive fields are constructed by an ordered synthesis of simpler ones
originating at a lower level. This idea is illustrated in Fig.2.6. The centers of
concentric receptive fields of geniculate neurons are lined up in such a way that a
bar of light through their centers would excite them strongly and a parallel shift
of the bar into the inhibitory surround would reduce or stop the excitatory output
of the cells. Several other mechanisms has been proposed [102].

Figure 2.6: Synaptic connections for oriented receptive fields.

Some physiological studies report that the shape of oriented receptive fields can
be well approximated by the following Gabor function [14,15, 44|

1%,].'-“((17 f, ¢) = 27{0’26_'0‘]2/402e21ri(f~a+¢)’

where o stands for a position in the receptive field, f is a two-dimensional vector
representing a spatial frequency, ¢ denotes the phase, and ¢ determines the width
of the receptive field. An adaptation of parameters follows that |f| = 2 cycle/degree
and ¢ = 0.15 degree [55].
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2.2 Columnar structures in the visual cortex

2.2.1 Ocular dominance columns

Hubel and Wiesel reported that many cells in the visual cortex had binocular re-
ceptive fields, and that the receptive fields had the same position in visual space,
however cells in layer IV of the primary visual cortex are monocular and respond
only to one eye [39,40,42]. Cells responsive to the ipsi-lateral eye and the contra-
lateral eye are segregated on the cortical surface and arranged like stripes or blobs
horizontally. Vertically the ocular dominance takes the form of columnar organi-
zation, and cells in the same column respond to the same eye.

In macaque monkeys, the regions are branching stripes with a fairly uniform
width of around 400 pm and the overall periodicity of about 800 ym [6,42,47). In
cat area 17 and 18, the pattern is less regular, although it is still periodic. The
overall periodicity is 0.7-1.2mm in area 17 and 1.8-2.2mm in area 18 [18].

Ocular dominance columns emerge from an initially overlapping, unsegregated
distribution of left- and right-eye inputs within layer IV. Ocular dominance columns
are found in macaque monkeys just after birth, but not found in kittens just after
birth. In cats’ case, it emerges postnatally. What the important mechanisms for
the development of ocular dominance columns are investigated by much studies.
Some of them are reviewed as follows.

In monocular deprived animals (animals whose one eye is shut by suturing
eyelids so that visual stimuli are prevented), there is a morphological difference
of the ocular dominance columns, compared to the normal animals. In normal
animals, the width of columns corresponding to the ipsi lateral eye and that to the
contra lateral eye are balanced. however in deprived animals the balance changes.
columns corresponding to the closed eye shrink while these corresponding to the
normal eye increase in width. This has been found for both monkeys [35] (an
example is shown in Fig. 6 of Chapter 18 in [70]) and kittens [80]. This observation
suggests that the segregation is a result of competitive process between neural
activities of both eyes.

In binocular deprived monkeys grown in darkness. a normal pattern of ocu-
lar dominance columns are found [48]. This result indicates that visually driven
activity is not required for the development of ocular dominance columns in mon-
keys. However in binocular deprived cats, ocular dominance columns arc not
found in area 17 [65,89,91]. On the other hand in cats’ arca 18, segragation
appears [65.89.91].

If spontaneous firing of retinal ganglion cells is stopped, the segregation fails in
both area 17 and 18 of kittens [87]. This suggests that retinal activity is required
for segregation in kittens. In macaques’ case, spontaneous firing of ganglion cells
is enough.
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2.2.2 Orientation columns

Hubel and Wiesel found that most neurons in the visual cortex selectively respond
to oriented light stimulus like a bar or a edge [36, 38, 40).

Cells in the same column have the same orientation preference, thus orientation
columns are formed vertically through the primary visual cortex [38,40]. On the
other hand, cells in the neighboring columns have similar orientation preferences,
thus the preferred orientations smoothly change on the cortical surface. Hubel and
Wiescl first found this smooth change by electrode recording [41] and later the
development of the technique of optical recording enabled us to obtain the overall
orientation maps [7]. This change is periodic, so that all orientations of 180 degrees
appear within about Imm x Imm cortical tissue in cats’ area 17 [1,18] and in area
18 [53]. Some of important features of the orientation columns are as follows.

1. periodicity of preferred orientations.
2. unperiodicity of phases [16].

3. linear zones, the regions in which the iso-orientation domains are parallel like
rainbow.

4. singularities, the point at which all orientations meet like a pinwheel [8]. Two
" types of singularities, positive (rotating clockwise for clockwise movement,)
and negative (anticlockwise rotation), exist. The distribution of singularities
are not random, moreover approximately 80% of nearest-neighbor singulari-
ties were of opposite sign [72].

In macaque monkeys, orientation preferences appear soon after the birth [41]
and orientation columns can be found by at least 3.5 postnatal weeks [6]. In cats,
patterned visual experience begins when the eyes open about a week after birth,
and then orientation columns are found to be present by 2 weeks [12]. Does the
visual experience of natural scenes play an important role for the development of
orientation columns? Clair et al. [12] investigated the role of visual experience
of natural scenes so that they performed imaging of intrinsic optical signals and
single-unit microelectrode recordings in the visual cortex of binocularly deprived
cats by bilateral lid suture from before the time of eye opening. They found that
orientation columns were found by 3 weeks and then those columns disappeared.
They concluded that the visual experience of natural scenes did not contribute
to the development of orientation columns but to its maintenance. It implies that
random noise input of light stimulus coming through eye lids are enough to develop
orientation columns, which justifies an assumption in correlation-based models
[58,60,64]. They also found that orientation maps were powerfully dominated by
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the contra lateral eye, and experience was needed for responses to the other eye to
become strong.

Patterned visual experience can change orientation preferences of neurons.
Blakemore and Cooper raised kittens in a cylinder in which vertical stripes are
painted on the wall. They found that the kittens could not recognize the horizon-
tal light bars or edges like the border of a table [5].

2.2.3 Structural relationships between ocular dominance
columns and orientation columns
Singularities tend to appear in the centers of ocular dominance stripes in macaque

monkeys and iso-orientation domains and linear zones tend to cross the borders of
ocular dominance stripes at right angle [6,71].
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Chapter 3

Review of models

In this chapter, we review some mathematical models of orientation selectivity
listed in Table 3.1.

Table 3.1: Summary of models.
Class Author(s) Remark
Phenomenological Swindale [90, 92]
Rojer and Schwartz [79]
Correlation-based Linsker [49-51]
Miller [58, 60]
Tanaka [64, 95]
Shouval and Cooper [81]
Dimension reduction Obermayer et al. [73, 74] Low dim. SOM
Riesenhuber et al. [78] High dim. SOM
Durbin and Mitchison [21]  Elastic net
Goodhill and Willshaw [31]  Elastic net
Others Malsburg [103]

Model study was opened up in 1973 by von der Malsburg’s pioneering paper
[103]. Although this model has been criticized by now in several aspects, this model
contains all the essential features on which more recent models based. These
are, (1) Hebbian synapses; (2) correlated or spatially patterned activity in the
afferents to cortical neurons; (3) fixed connections between cortical neurons which
are locally excitatory and inhibitory in surround; (4) normalization of synaptic
weights.  Linsker [49-51], Miller [58,60] and Tanaka [64,95] have extended the
scope of this model by devising linear version of the learning equations, by carrying
out more extensive computations, and by making modified assumptions about the
properties of the input correlations. These are called “correlation-based” models.
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Another class of models are so-called “phenomenological” models. While correlation-

based models concern on itsx physiological plausibility , phenomenological models
do not. What important is that a model can reproduce physiological phenomena,
namely, orientation columns, thus any implementation can be accepted. Rojer and
Schwartz [79] reported that the application of a bandpass filter to random noise
showed a similar pattern of orientation columns. Swindale [90! also considered the
same mechanism however he extended synaptic weights to complex values.

Applications of dimension reduction algorithms also succesfully reproduce ori-
entation columns as well as ocular dominance columns and retinotopy. Dimension
reduction is a mapping from a high-dimensional space into a two-dimensional sur-
face with keeping the distance between elements in the original space. Therefore
dimension reduction is a kind of optimization problems. For example, a visual stim-
ulus to the primary visual cortex is regarded as a six-dimensional vector, consisting
of (1) strength € R; (2) preferred orientation € [0, 7/2); (3) origin € {0,1} (0 for
left, 1 for right); (4) color € {0, 1, 2}; and (5) position on the visual field € R2. The
vector space is denoted as a “feature space”. On the other hand, cortical neurons
in the primary visual cortex are arranged in a two-dimensional surface, and each
tends to be selective to a specific vector of the feature space. Thus, we may regard
that the six-dimensional feature space is mapped into a two-dimensional cortical
surface. Moreover, neibouring neurons tend to be sclective to similar stimuli, which
implies that two neibouring points (i.e., vectors) in the feature space are mapped
to neibouring points in the cortical surface. Hence the distance between two points
in the feature space is preserved in the cortical surface.

Thus we can expect that dimension reduction algorithms successfully reproduce
cortical maps including orientation columns. An algorithm of this class is Kono-
hen’s self-organizing feature map (SOM) [46]. This algorithm is widely accepted
and used in many areas to solve an optimization problem like the traveling sales-
man problem. Another algorithm is called the “elastic net”. While SOM works on
“winner-take-all” basis, elastic nets do not.

3.1 Notation

Throughout this thesis, we make use of the following notations. We let bold Ro-
man letters (x, y, - --) label two-dimensional position in the postsynaptic (output)
layer, and Greek letters (a, 3, - --) label position in the presynaptic (input) layer.
We often perform the Fourier transform. In the Fourier space, we let bold Ro-
man letters (1, n, m) label two-dimensional position with respect to the Fourier
transform of presynaptic position, while we let bold Roman letters (u, v) label
two-dimensional position with respect to the Fourier transform of postsynaptic
positions.
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We define the following functions.

1.

9.
10.

w®(x, a): synaptic weight between the postsynaptic cell at position x and
the presynaptic cell at position « at the ¢ th step. Thus w®(x, a) represents
the distribution of initial synaptic weights. If the postsynaptic layer contains
only one single cell, we omit x and denote it as w®(a) for the sake of sim-
plicity. On the other hand, in the case of which the presynaptic layer is not
given explicitly (e.g., in SOM), we denote it as w®)(a). When we consider
continuous time case, we omit the index (¢) and denote it as w(x. a).

Aw®(x,a): the growth of w®(x,a) at the ¢ th step in descrete time.

. w (x,a): the growth rate of w(x, a) in continuous time.

o®(x): activity of the postsynaptic cell at position x at the ¢ th step.

. i¥(a): activity of the presynaptic layer at the th step, or describing stimulus

pattern for Malsburg’s model or a feature vector in SOM.

A(x — a): synaptic density or “arbor” function, describing connectivity from
the presynaptic layer to the postsynaptic layer. This represents the number
of synapses from the presynaptic cell at position ¢ to the postsynaptic cell
at position x. This function is assumed time independent and dependent.

I(x —y): intracortical interaction function, describing connectivity from the
postsynaptic cell at x to the postsynaptic cell at y. In general, this function
is assumed time independent. In SOM [ is time dependent, in that case we
denote it as I,

. C(a—p): correlation function, describing the correlated activity between the

presynaptic cell at a and the presynaptic cell at 3. This function is assumed
time independent.

f*: value of function f after the application of a threshold.

f: the Fourier transform of function f.

3.2 Von der Malsburg’s model

The model cortex is a hexiagonal array consisting of 169 E (excitatory) cells and
the same number of I (inhibitory) cells occupying the same place for every E
cells. Cells are connected together in such a way that E cells excite neibouring
cells and inhibit (via I cells) E cells a slightly greater distance away. Each £ cell
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receives excitatory connections from a set of 19 retinal cells and each retinal cell
is connected with every E cell. Thus the configuration of the synaptic weights is
represented by the matrix of 19 numbers.

The response o) (x) of a cortical cell at x to a stimulus pattern i, is computed
as follows.

o) (x
L o) + zyjf(x =)o)+ i O, @

where ay is a decay constant. The first term on the right-hand side represents the
decay of the response with time, the second term represents the excitatation and
inhibition from the other cortical cells, and the third term represents the effect of
afferent inputs.

The network is presented in turn with one of nine oriented patterns of activity
in the set of retinal cells as shown in Fig. 3.1. For each presentation of a stimulus,
Egn. (3.1) is computed and the afferent synaptic weights to E cells are modified
according to the rule:

w®(x,a) o i*®(a)o*® (x).

After the modification, the total synaptic weight for each cortical cell is normal-
ized by multiplying the w® (x,a) by a factor proportional 1/ 28 w®(x, ). This
normalization plays an important role, which is studied in Chapter 4.
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Figure 3.1: The nine different stimuli.

After 100 iterations of one presentation of all the nine different stimuli in a
certain order, most of the E cells became orientation selective. Moreover the
preferred orientation of neibouring E cells was similar and changed gradually on
the cortical surface. The simulated orientation map showed regions of continuous
change, periodicity of preferred orientation, and singularities [103].

This model was later extended to the development of retinotopy and ocular
dominance columns [104, 106].
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3.3 Rojer and Schwartz’s band-pass filter model

Rojer and Schwartz found that similar patterns of ocular dominance columns
and orientation columns can be obtained by simply band-pass filtering a random
noise pattern [79]. First they simulated ocular dominance columns by applying
a isotropic band-pass filter (anisotropic filters were also investigated) to a two-
dimensional random noise. Let w(®(x) be the value of the random noise given
on the position x and I(x) be a band-pass filter. A band-pass filter is a function
that shows several clear peaks in the Fourier domain, for example, a DOG func-
tion. Since such function extracts only (i.e., filters) some components of a certain
frequency (i.e., band). it is called a “band-pass” filter. They computed

oo

w(x) = T+ w®(x) = / I(x - y)u®(y)dy,

—-—0oC

and then applied a threshold as

w* () = {1 if w(x) >0,

0 otherwise.

They reported that the obtained w*(x) showed a realistic pattern of ocular domi-
nance columns.

Next they computed a similar pattern of orientation columns from w*(x). Their
idea was the use of the gradient of w*(x) to represent the preferred orientaion on
x. For every position x = (z,y),

grad(w*)(x) = (mgf) ’ agy))

represents the orientation of the stripe around x. The preferred orientation on x
was computed as follows.

6(x) = tan~! (grad(w*)(x)) = tan™" (M) .

Ow=*(x)/0x

Hence the preferred orientations gradually change on the surface and the change
is periodic if the stripes is the shape of blobs.

3.4 Swindale’s model

Swindale’s model, in particular, the model for ocular dominance columns [88], is
similar to that of Rojer and Schwartz, although his model was proposed much
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before that their model. His model is given a two-dimensional random noise and
apply a band-pass filter to the noise. A different point is that in his model the
filter is applied iteratively.

Mathematically his model for ocular dominance columns computes the following
equation.

oC

(%) = (1 - () / I(x — y)u(y)dy.

o8]

where w(x) represents the value on position x initially given uniformly at random,
and I(x) is the following DOG function.

I(x) = e~ NI _ B

The term (1 — |w(x)|) on the right-hand side constrains the value of w(x) within
the range [—1,1]. Here we briefly analyze this model. We consider the dynamics
at the very initial stages. Assuming that the fluctuation of w(x) from 0 is very
small, (1 — |Jw(x)|) is almost 1. Under this situation, the above equation might be
approximated by simply omitting (1 — |w(x)|).

o= [ " I y)u(y)dy.

e o]

This equation is solvable performing the Fourier transform.

w(x):/ ﬁ)\(o)(n)ef(“)temxdn,

where f denotes the Fourier transform of f. and @@ (n) is the Fourier transform
of the initial weights. Since [ is a DOG function, T takes the form of bi-modal.
Let o be the frequency at which I takes the maximum value. Then we can see
that the term e/®™* extracts only n such that In| = 0. thus the equation can be
restated as follows.

w(x) o / @ (n)e™dn.
in|=0

This describes the band-pass filtering of the frequency o to noise like Rojer and
Schwartz’s model. Hence a pattern of stripes like ocular dominance columns can
be developed.

Although his model for orientation columns performs the similar computation,
a different point is that w(x) is no longer a real value but a complex value. At
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initialization w(x) is given a complex value and then this is modified by the above
rule. After the computation, the orientation is calculated as follows.

0(x) = tan™" (S(w) (x)/R(w)(x)) -

It was reported that the orientation columns developed by this model have band-
pass, rather than lowpass power spectra shown by more biological models. Erwin
et al. evaluated and compared several models with the recent experimental find-
ings from macaque striate cortex, and they concluded that this model showed the
best performance [23].

Later these two models were combined and proposed as the model for simulta-
ncous development of ocular dominance columns and orientation columns [92].

3.5 Linsker’s model

Linsker’s model [49-51] consists of seven neuronal layers called layers A, B, ... .G,
respectively (Fig. 3.2). Each cell of a presynaptic layer projects connections ap-
proximating a Gaussian distribution centered on a corresponding point in the post-
synaptic layer.

/\ c /N

A
v

NIV

L

A  Feed-Forward

Figure 3.2: Network of Linsker’s model

The activity level o of a cell in the postsynaptic layer can be computed by
the linear sum of its synaptic weights w(a) and the activity level of cells in the
presynaptic layer, plus a constant ay; i.e.,

0= Zw(a)i(a) + a;.

Here it should be noted that o can be negative or positive. Synaptic weights are
modified according to a linear Hebbian rule;

w (a) = ¢1 (0 — ¢3) (i{a) — ¢3) + 4,
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where c;, ... ,c4 are constants. Synaptic weights are modified following each ran-
dom presentation of an activity pattern in the presynaptic layer to the postsynaptic
layer, however assuming that w(«) changes on a much longer time scale than the
presentations, we can take an average over the ensemble of patterns i(a). Then,
the mean rate of change of w(a) can be computed as

w (@) =k + Y (Cla—B)+ks) w(B), (3.2)
B

where k;, ky are constants and C(a—8) = {(i(a) — i.)(i(3) — i.)) is the covariance
matrix of points a and 3, and i, is an average activity of presynaptic cells over the
ensemble of presentations. Synaptic weights are constrained by an upper bound
and a lower bound, so that —wp;; < w(a) < wmax holds.

This network is trained sequentially, namely, layer by layer basis. We first train
the connections from layer A to layer B using this noise. We assume that random
and uncorrelated noise is given to layer A as inputs to the network. From the
nature of uncorrelated noise, its correlation is zero. Thus the correlation function
of the input activity is represented by Kronecker’s é(a, 3). Hence we make use of
the identity matrix as C4(a — 3). Once the connections stabilize, the correlation
of activities between layer B cells is computed and CB(a — 3) is defined. This
procedure is repeated for subsequent layers.

3.5.1 Development of center-surrond receptive fields

Linsker reported that during the training of layer A to B, the activity of cells
B became correlated with respect to those distance, in particular, the correlation
was proportional to a Gaussian. Thus he used a Gaussian correlation function as
C®B(a — 3) and trained connections from layer B to layer C. Then he found that
cells on layer C' as developed center-surround receptive fields (Fig.2 in [51]).

This dynamics has been studied in depth. Tang [100] and MacKay and Miller
[54] made the principal component analysis and they found that the combination
of a Gaussian arbor function and a Gaussian correlation function led a centre-
surround receptive field. MacKay and Miller also studied the roles of parameters
k; and ks, and they reported that by taking k, appropriately (e.g., large negative),
this model could develop a bi-lobed receptive field. They also discussed the effects
of the upper and lower bounds for synaptic weights. Feng et al. [25] considered the
stability of a weight configuration varying k; and k. for fixed arbor and correlation
functions. They considered three configurations, they are, a circular symmetric
type, a bi-lobed type. and a tri-lobed type. They found that a circular symmetric
type was stable for almost choices of k; and ks. On the other hand, they reported
that a bi-lobed type and a tri-lobed type were stable in a very small choices. Here,
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an important thing is that a stable configuration does not mean the dominant
configuration. Even if a bi-lobed type is a stable configuration under a choice of
k1 and ko, a circular symmetric type can be the dominant configuration.

3.5.2 Development of oriented receptive fields

He then pursued the training on layers D, E. F. Since the correlational activities of
cells on these neurons were the form of Mexican-hat, he made use of DOG functions
as the correlation functions. Linsker reported that cells on layer G developed
receptive fields of bi-modal or tri-modal shapes (Fig.1.2 in [50]).

This dynamics has not been studied so much. MacKay and Miller discussed
the development in their paper [54], the discussion is not mathematical. Therefore
we do not know what situation leads the development of orientation selective cells.
Kammen & Yuille proposed a similar network model and developed the energy
function which described the dynamics of the model. They numerically investi-
gated the equiliblium status of the energy function and found that “symmetry
breaking” occurs in their model. However, they did not discuss the configuration
corresponding to the equiliblium status, namely, the structure of RFs. - Linsker
himself studied the development by following infomax principle [52], however he
also did not discuss the structure of RFs.

In chapter 5 we study the dynamics mathematically.

3.5.3 Development of orientation columns

Since Linsker’s model did not include lateral connections between cells on the same

layer, it did not develop orientation columns. To address this issue, he considered

the pattern of orientation columns which minimize (to 0) an “energy” E’ defined

as Eqn.(8) in [49] under the assumption that all cells became orientation selective.
E’ is given as follows.

F'=- Zzp(lm - Xll)QG(emaez'vxl - I)a

where the sum is over all pairs of cells at z and 2/, and 8, is the preferred orietation
of the cell at z. p(d) is & decreasing function (e.g., a Gaussian). Q%(0,, 8., 2’ — )
is the lateral interaction function defined as follows.

Q°(6,6.d) x> QF(ld+t, — ti)lcf
tJ

where 7 indexes the connections from layer F' to layer G, t; and ¢; are the positions
of ¢ and j relative to the center of their respective receptive field, ¢/ is +0.5 or —0.5
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depending on whether the connection 7 belongs the positive region or the negative
region of the receptive field.

The developed orientation columns show a strong bias to preferred orientations.
Iso-orientation domains for vertical orientations tend to be elongated in a vertical
direction, conversely, iso-orientation domains for horizontal orientations tend to
run in a horizontal direction (Fig. 2 in [49]).

3.6 Miller’s model

The model consists of two neuronal layers (Fig. 3.3). The pre- and postsynap-
tic layers correspond to the LGN and the visual cortex, respectively, and cells in
each layer are arranged on a two-dimensional grid. Two types of synaptic con-
nections, ‘ON’ type and ‘OFF’ type. are assumed, and each corresponds to the
synaptic connection from an ON-center LGN cell and an OFF-center LGN cell.
Both layers conserve the retinotopy, that is, neighboring cells in the cortex and in
the LGN correspond to neighboring positions on the retina. Thus, the neighbor-
hood relationships of the visual input are conserved. The initial synaptic weights
are assigned uniformly at random.

A \
l)f*@\a)
\
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S o .OE OF|
e CoF
/
CON-OFF
ON-center LGN OFF-center LGN

Figure 3.3: Network of Miller’'s model
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The modification rule of synaptic weights at the ¢ th step is

AwONO(x, a) = MA(x — a) Z I(x —y) [CO"N(a - By (y. 5)
v (3.3)
+COFF-OFF (y _ 3) OFF(t)(y,, g)] )

A, I, C, and w are respectively the arbor function, the intracortical interaction
function, the correlation functions, and the synaptic weights. The vectors x,y
denote two-dimensional postsynaptic positions. and «, 8 indicate two-dimensional
presynaptic positions. The equation for OFF synaptic weights is identical after
exchange of ‘ON’ and ‘OFF’ everywhere. This linear equation was derived from
more detailed nonlinear equation under some assumptions [59].

In addition to these, this model includes an upper and a lower bound for each
synaptic weight and the normalization to keep the sum of synaptic weights for each
postsynaptic cell constant.

This model was inspired by his previous model for ocular dominance columns
development [61]. Changing ON and OFF labels in the above equations to Left and
Right, we obtain the model for ocular dominance columns development. Recently,
Erwin and Miller proposed the model for simultaneous development of ocular dom-
inance and orientation maps [22].

This model has not been mathematically investigated in depth. Wimbauer et
al. [107] investigated the dynamics by the principal component analysis; however,
due to the improper choice of the base components, their analysis became quite
complicated, and they could only compute the shapes of receptive fields possibly
developed. They have not mentioned how these receptive fields are arranged on
a two-dimensional cortical surface. We also study this model mathematically in
Chapter6.

3.7 Shouval and Cooper’s model

This model is identical to Miller’'s model except that this model exclude the effect
of the retinotopy, that is, all cortical neurons receive inputs from the same set of
retinal cells [81].

First of all, they considered a linear equation identical to Miller’s model without
constraints, and derived the energy function.

The output o(x) of each neuron is defined as

o(x) =) I(x—y)Ala —c(y))i(a)uly,a),

where ¢ is a function of x which represents the center of the symmetric arbor
function A.
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We derive the energy function H and minimize it by a Hebbian rule.

H=-> 0*x)
=— Y Ix-y)lx-y)

xyy’

Y Ala = cy) A — e(y))uwly, a)w(y'. o Yi(a)i(d).

a,a’

Then we take ensemble average on H and obtain its correlation-based model.

H=-Y Ily-vy ZA a—c(y)A(a = ey Nw(y,a)u(y’, a)Cla - ),

x,y.y’

where I(y —y') = Yo I(x —y)I(x —y') is the new interaction function, and
C(a — ') = (i{a)i(a/)) is the correlation function.
In the following we assume that A is a step function as

< ;
A(x) — {1 |x| — umax,

0 otherwise.

Then the gradient descent dynamics implied by this energy function is as

dw(x,a) et OH
o dw(x,a)
YNoix-y) Y w@AC-8 la—cX)| < tmar
y lﬂ-c(ynsﬂmax
0 otherwise.

This equation is the same as Miller [58,60]. Therefore we obtain the energy function
which describe the dynamics of Miller’s model. They made the simplification that
¢ = 0 for further investigation. It follows

Jubx.a) - S5 lx - NAGICla - Buly.6),

Here an arbor function A is again introduced to determine the effective range of

B.
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This model can be analyzed mathematically by the similar method shown in
Chapter 6. First we restate it as follows.

W (x, Ac) = /_ h /_ h I(x —y)C(Aa — AB)A(AB)w(y, AB)dBdy.

Its Fourier transform is as

@ (u,n) = / I(u)C(n)A(n — m)@(u, m)dm.
When we fix u, this equation is identical to Linsker’s model [50, 51]. This is
mathematically studied in Chapter 5, and the solution is as follows. In the case of
Gaussian A,

w(x, Aa) / / @ (u, n)e! ™" cos(nAa)e™dndu.
ful=ou J|n|=on
On the other hand, in the case of the step A,

w(x, Aa) oc/ / &© (u, n)e’ ™! sin(nAa)e™dndu. .
|u|=0ou J|n|=0on

Here oy and o, are the peak frequencies of Tand C.
When [ is Gaussian, o, = 0. It follows,

/ #®(0,n) cos(nAa)dn Gaussian A,
w(x, Aa) x { YIpi=on
#©(0,n) sin(nAa)dn  Step A.
In|=0n
Thus if A is Gaussian, then all neurons develop the same center-surround receptive
fields. If A is a step function, then all neurons develop the same oriented receptive
fields of even type.
On the other hand when [ is DOG, o, is no longer zero. Then

/ / T O(u, n)ef(u)t cos(nAa)e™dndu Gaussian A,
w(x, Aa) x lu|=0u J|n|=0on X |
@@ (u, n)e’™* sin(nAa)e™ dndu  Step A,

lu|=ou v |n|=0x

If A is Gaussian, all neurons develop center-surround receptive fields, and depend-
ing on the cortical position. they change the center types like ocular dominance
columns. If A is a step function, all neurons develop oriented receptive fields of
odd type, and preferred orientations gradually change on the cortical surface. The
change is determined by @(® (u,n). This analysis is consistent with the numerical
results reported by Shouval and Cooper [81].
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3.8 Tanaka’s model

While the components in Tanaka’s model are similar to those of Miller or Linsker,
its mathematical treatment is totally different. He focused on the similarity of the
formations between cortical maps like ocular dominance columns and magnetic
domain in the statistical physics, and he made a general theory which described
the formation of cortical maps on an analogy with the system which can be charac-
terized by a discrete state variable known as Potts spin. To justify this analogy, he
made a rigorous mathematical analysis [95]. The analysis showed that in a stable
equiliblium the synaptic strengths tend to assume upper or lower limiting values.
The resulting binary state variable was the Potts spin of the system, and from it an
associated temperature, which is related to the lifetime of an average synapse, and
Hamiltonian function were derived. A standard Monte Carlo technique is used to
find configurations of the system for which the value of the associated Hamiltonian
is the minimum.

The formulation is as follows . Let p;x be the strength of the synaptic con-
nection from the presynaptic cell k& to the postsynaptic position j. It is modified.
by the following rule.

dp;k
o= Pk (1 -3 Pj,k') + 96iPikTE + Ejk- (3-4)

kl

The first term on the right hand side represents a competition of nutrition factors
supplied by a postsynaptic cell among synaptic terminals connecting to the postsy-
naptic cell. The second term represents the Hebbian rule, where g is a connection
efficacy, ¢; stands for the menbrane potential at the postsynaptic position j, and
7 denotes the firing rate of the presynaptic cell k. The third term is introduced to

prevent p;, from fixing and is a small constant. Defining W ;, def 9¢mk, Eqn. (3.4)
is restated as follows.

dp;
d; = Pik (1 - ;Pj,k' + W',k) : (35)

Here Eqn. (3.5) suggests that for any postsynaptic position j, only one synaptic
terminal is survived and the others are eliminated. Thus p;; can be represented
by a spin variable o, where

1 j and & are connected,
Ok =

0 otherwise, and,

I'We do not follow our notation in this section because the formulation is quite different from
the others.
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E Ok = 1,
k

We then compute Wj_,k, the average value of W; . Let 6¢; be the fluctuation of
¢;, which can be represented as follows.

— post
= Vi oy som,
J'k

where ij’j‘),s'“ stands for the lateral connection nof postsynaptic positions j and 7',
and &7, 1s the fluctuation of n;. On the other hand, let '), be the correlation
function which represents the correlational activity between presynaptic cells k£ and
k’. It can be represented as follows.

e = (0ndme),

where (z) stands for the ensemble average of . Now W, can be stated as follows.

I

Wix = g{Cimk) ’
= g((C; + 6¢) (T + o))
= gz e + 9(0¢me)  ({8¢;) and (d7x) are 0)

= 9C;T + (9 Y VI 0y o6 67

/ k’
= 90+ 9 Vi ok (e bm)
/ kl
= 9CiT +9 Z (ol S
J k!

where Ej and 7, are respectively the average membrane potential of the postsy-
naptic position j and the average firing rate of the presynaptic cell k.

The average value of the transition probability including fluctuations is calcu-
lated as follows.

Pr(ojw =1— 05, =1) = (OWjr = Wjk))sw, ,»

where 5W « is the time averaged value of 6W; ;. Since this can be approximated by
the loglstlc function 7"/ exp(W; 1 — W, 1), the separation function in the equiblium
status is denoted as follows.

el = e (-7 ).

-
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where H is the hamiltonian, T is the effective temperature, and Z is the separation
function, which are defined as follows.

ost ;~pre
H=-3Y % VErTrioimoe,

33 kK

Z= > exp <—%)

Uj,kz{ovl}

As explained the above, the following energy function is defined which describes
the dynamics of the model.

_ post pre ) .
E= § :E :E :‘/j;j’ Fk,mk/’u/Uj,k,ua]’,k’,u’7

53" ke K

where Vj‘,’j"ft stands for the lateral connections between postsynaptic cells, I'; 7,

is the correlation function between the presynaptic cell &£ of type g and cell &' of
type 1. Here p, ' € {—1,1} represents the type of inputs, for example, left and
right eye in the case of ocular dominance columns, ON- and OFF-center in the
case of orientation columns, and o, , stands for the synaptic connection from the
presynaptic cell k of type p to the postsynaptic cell j.

This general theory is constructed in [95], and is applicable to a variety of corti-
cal map formations, including, ocular dominance columns [96,97], periodic orienta-
tion columnus [69], CO Blobs [68], direction maps [63,99], as well as the simultaneous
development of retinotopy, ocular dominance, and orientation columns [98].

In other models. a “synaptic connection” means the connection between pre-
and postsynaptic cells via the axon projected from the presynaptic cell. On the
other hand, in this model, a synaptic connection means the connection via a synap-
tic terminal on the axon of the presynptic cell. Thus we can interpret a “synaptic
weight” between cells in other models as the number of synaptic terminals which
connect these cells.

3.9 Applications of Kohonen’s self-organizing map
algorithms

Self-organizing map is an algorithm which maps a high-dimensional space into a
two-dimensional space proposed by Kohonen [46]. Obermayer et al. applied this
algorithm to simultaneous development of retinotopy, ocular dominance columns,
and orientation columns. First we review their algorithm [73, 74].

Obermayér et al.’s application is a low dimensional version of SOM, that is,
an input vector is represented as a low dimensional vector. In this version, input
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vectors explicitly represent features. For example of orientation map formation,
the preferred orientation is explicitly represented in the input vector. On the other
hand, there is a version of SOM referred as a high dimensional model. In this
version inputs do not explicitly represent features. Instead, an input consists of
a number of elements, for example, the configuration of activities of a number
of cells. Thus the input is similar to that of correlation-based models. While
a corrclation-based model changes synaptic weights of all cells for each step, a
high dimensional SOM changes weights of the winner and its neibouring cells.
Recently in 1998, Riesenhuber et al. reported that the high dimensional model also
successfully reproduce the orientation map and the joint map of ocular dominance
and orientation, although the parameter space in which such maps are obtained is
quite small. We then review their model {78].

3.9.1 Low dimensional model

A visual stimulus is encoded by a five-dimensional vector, (z, y, ¢sin(2¢), g cos(2¢), z),

where x, y correspond to retinotopic position, ¢ describes orientation selectivity, ¢
is preferred orientation, and z is the ocular dominance value. Let V' be this five-
dimensional space such that

V = {ili = (z,y, gsin(2¢), gcos(2¢). 2) }.

We map V into a two-dimensional surface w®(x,a). First of all, w®(x,a) is
initialized, for any position x, a feature vector () chosen uniformly at random
from V is assigned, thus w®(x,a) = i(a). Then, the following procedure is
repeated. (1) a feature vector i(a) is chosen uniformly at random from V', (2) find
x such that [|w®(x,a) — i(a)|| is the minimum (i.e., the position on which the
nearest vector of the input is assigned), (3) for all neibours of x, say y, w®(y, a)
is modified as follows.

Wy, a) = w(y.a) + et (x — y) (i(a) — w?(x,0)).

where [ is the following anisotropic Gaussian,

t _ (551—211)2 (332‘1/2)2
I“(x‘”‘e"p(‘ A0 o) )

(4} if the change of w is sufficiently small, then halt, (5) otherwise, goes to (1).
During the procedure, £(t) decreases, on the other hand, ¢2,(t) and o2,(¢) increases,
to ensure that the change of w gradually decreases, that is, the self-organization
process finishes.
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3.9.2 High dimensional model

Initially w(x, @) are given randomly from i(a) and these are modified as follows.
For a given stimulus i(a), the winner cell x is determined by the following criteria.

X = argmax Z w(x, a)i(a).

[+

Then the receptive fields of cell y are modified as follows.
Awt(y,a) = eI(x - y) (i(e) vy, a)).

This equation implies that a neibouring cell of the winner changes its receptive
field to be similar to the winner’s one. The neighborhood function /(x —y) is the
following Gaussian. .

I(x—y) = exp (-”—x’—y'E> .

202

Stimuli are represented as a DOG function.

- 2 — 2
@ 8) - exp (_na%gn ) - e (a-a )
1

where a stands for the stimulus center position. The ON-type stimulus ion and
OFF-type stimulus iorr are defined as follows. is(cx— 3) = [i(a — 8)]+ denotes the
activity distribution of the central peak of the DOG, io(a — 3) = [~i(a — B)]+ the
surround activity distribution corresponding the negative part of the DOG. Then
we define ion and igfr as

ioN = (ie;%0), GOFF = (fo;%a)

At each step of the simulation, the center position o and the center type (ON or
OFF) are given at random.

With this setting, Reisenhuber et al. analysed the parameter space in which
orientation maps are obtained. They defined the energy function which computes
the total distance between the receptive field of each cell and stimulus virtually
given to the cell in the equiliblium status, under the assumption that there exists
a equiliblium status and this algorithm converges the arrangement of receptive
fields to the status. Then they found a very small parameter region for orientation
map development. They discussed that since the region was too small, the former
studies could not found a suitable parameter setting.
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3.10 Elastic net models

The elastic net algorithm [21,31] is a variant of the dimension reduction framework.
At each iteration of the model, w® (x, @) are changed by an amount

Aw(x,a) = a’ Y 0)(i(8) - w(x,))

+ /BK 2 (,w(t)(y’ a) - w(t)(x7 a))7

yEnearest neibour of x
where K is a distance scaling parameter. The output o(x) is computed as

exp (_ ittt (x,a>|2)

=Y, exp( itg)-w G, a)|2)

Durbin and Mitchson [21] applied this algorithm to the formation of orienta-
tion and retinotopic maps, and Goodhill and Willshaw [31] did to the formation
of the retinotopic map. Later, Erwin et al. [23] combined thesc models and de-
veloped simultaneously the retinotopy, ocular dominance columns, and orientation
columns.

Recently, Goodhill and Cimponeriu considered the application to the formation
of ocular dominance and orientation columns, and they analyzed the behavior in
the very early stage [30]. They investigated the effect of relative order of OR
and OD development on overall map structure, then the result suggested that
developmental order can be predicted from the final OR and OD periodicities.

0¥(x) =

3.11 Other models

In this section, we review some others which are not developmental models.

Feed-forward models suggest that cortical neurons obtain orientation selectivity
from elongated patterns of converging LGN inputs [38]. Experiments qualitatively
support this idea [10,44], however, many simple cells subfield length-to-width ra-
tios arc quantitatively insufficient to account for the sharp orientation tuning [44].
Moreover, pure feed-forward models also cannot account for the loss of orienta-
tion selectivity observed under iontophoresis of bicuculline, a GABA 4 antagonist,
which reduces inhibition over a localized population of cortical neurons [82,101].
Furthermore, it has been shown that the layout of orientation maps is stable and
independent of visual experience. Orientation maps are present in area 18 of binoc-
ularly deprived cats [12]. A reverse suture experiment has shown that two eyes
without common visual experience develop similar orientation maps [28].
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To address these problems, Somers, Nelson, and Sur proposed a recurrent neu-
ral network models [84]. Weak orientation selectivity by elongated feed-forward
connections from LGN and recurrent cortical connections via inhibitory neurons
are assumed. They found that the recurrent cortical excitation among cells prefer-
ring similar orientations, combined with iso-orientation inhibition from a broader
range of orientations, integrates and amplifies a weak thalamic orientation bias.
As a result, neurons showed a sharp orientation tuning and contrast invariance.

Besides, Goldberg, Shouval, and Cooper [29] focused on the anisotropic cor-
tical connections and assumed that these connections are innate and arranged in
which the orientations of connections become periodic. Then they trained the net-
work according to the BCM rule, they reported that a sharp orientation tuning
in neurons can be found even if the feed-forward connections show only a weak
orientation selectivity.



Chapter 4

A role of constraint in
self-organization

.

In this chapter we introduce a neural network model of self-organization. This
model uses a variation of Hebb rule for updating its synaptic weights, and surely
converges to the equilibrium status. The key point of the convergence is the update
rule that constrains the total synaptic weight and this seems to make the model
stable. We investigate the role of the constraint and show that it is the constraint
that makes the model stable. For analyzing this setting, we propose a simple prob-
abilistic game that models the neural network and the self-organization process.
Then, we investigate the characteristics of this game, namely, the probability that
the game becomes stable and the number of the steps it takes.

Results presented in this chapter partially appeared at [19].

4.1 Von der Malsburg’s Model and Monopolist
Game

Although von der Malsburg’s original model consists of a set of neurons with lat-
eral connections as reviewed in Section 3.2, we do not take the effects of lateral
connections into account. Thus, we consider a neural network model consisting of
one single postsynaptic neuron, so that we concentrate on the role of constraint
for one single neuron.

In the following we give a brief overview of our simplified von der Malsburg’s
model with a new notation.

Neural Network Structure
We consider two-layer neural network. In particular, we discuss here the orientation
selectivity for one neuron, and thus, we assume that there is only one output cell.
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On the other hand, the input layer consists of 19 input cells that are (supposed to
be) arranged in a hexagon like the ones in Fig.4.1. We use i for indicating the ith
input cell, and IN for the set of all input cells.

Stimuli and Firing Rule

We use 9 stimuli with different orientations (Fig.4.2), which are given to the net-
work randomly. Here e indicates an input cell that gets input 1, and o indicates
an input cell that gets input 0.
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Figure 4.2: Nine stimuli.

We use a; to denote input value (either 0 or 1) to the ith input cell. Then output
value V is computed as V = Th, (Zie N wiai), where w; is the current synaptic
strength between the output cell and the ith input cell. Th,(z) is a threshold
function that gives £ — p if x > p and 0 otherwise, where p is given as a parameter.

Updating Rule

Initially, each weight w; is set to some random number between 0 to some constant.
Then weights arc updated each time according to the following variation of Hebb’s
rule, which we call the constrained Hebb rule (of von der Malsburg).

’LU: = w; + CineaiV, and w; = w; X (WO/ZW;“) ’

kel

Where cj,. (which is called a growth rate) and Wy (total weight bound) are constants
given as parameters. The first formula may be considered as the original Hebb’s
rule; on the other hand, the second one is introduced in order to keep the total
weight within Wy. (In fact, it is kept as Wj.)

With this setting, von der Malsburg demonstrated that the selectivity is de-
veloped through computer simulations. Thus, it seems likely that some selection
occurs even from uniformly random examples, and that the constraint of the von
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der Malsburg’s rule is a key for such a selection. In this paper we would like to
study this feature of the constrained Hebb rule. For this, we further simplify von
der Malsburg’s computation model, and propose the following simple probabilistic
game.

Monopolist Game

Basic Rule: Consider a finite number of players. Initially they are given the
same amount of money. The game goes step by step, and at each step, one of
the players wins with the same probability. The winner gets some amount of
money, while the other loses some.

Details: A player who loses all his money is said become bankrupt. Once a
player becomes bankrupt, he cannot get any amount of money, though he can
still win with the same probability. (See below for the motivation.)

Goal:  The game terminates if all but one player become bankrupt. If the
survived player keeps enough money at that point, then he is called a monopolist.
We call a situation where a monopolist appears monopoly.

Notations. We use n and n’ to denote the number of players and that of remaining
(not being bankrupt) players, and use 7, 1 < ¢ < n, to denote players’ indices.
Throughout this paper, each player’'s wealth is simply called a weight, and let w;
denote the player ¢'s current weight. Let I and W), respectively denote the initial
weight of each player and the total amount of initial weights; that is, Wy = nl.

The connection of this game with von der Malsburg’s computation model is
clear; each player's weight corresponds to total synaptic strength between the
output cell and a set of input cells corresponding to one type of stimulus, and
the emergence of a monopolist means that the network develops preference to one
orientation. From this correspondence, it is natural to require that even a bankrupt
player can win with the same probability 1/n, which reflects the fact that the
probability of a stimulus of each orientation appears is the same no matter how
neural connections are organized.

An updating rule of players’ weights corresponds to a rule of changing synaptic
strength in the network. Here we can state updating rules in the following way.
(In the following, let 75 denote the player who wins at the current step.)

w, = Wi + fine = faec, if 7 =1, and
’ Wi — fdecs otherwise.

Here fi,. and fge. are the amount of increment and decrement at each step
respectively, and one type of monopolist game is specified by defining f;,. and
faec. In the following, we assume that these values are determined from w;, wy,. n,
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and n’. From the relation to von der Malsburg’s computation model, we require
that both fi,c and fgec are 0 if w; = 0; that is, once a player loses all money, he
stays forever in the 0 weight state. (In the following, we will omit stating this
requirement explicitly.)

Now we consider the rule that corresponds to the constrained Hebb rule of von
der Malsburg’s rule. It is defined as follows with constant cje.

finc = Cincy and fdec = Cinc/n’- (41)

(Recall that n’ is the number of currently remaining players.)

Note that with this rule, the total amount of wealth is kept constant. Thus,
in this sense, it corresponds to von der Malsburg’s rule, and we call it constrained
rule. Note that we may also consider a similar rule such that f;,. is not constant
but proportional to w;. (Similarly, fge. is also proportional to w;.) This rule might
be closer to the original von der Malsburg’s rule. This difference is, however,
not essential for discussing the probability of having a monopolist, i.e., for our
discussion in Section 3. On the other hand, there is a significant difference in
convergence speed; but roughly speaking, the difference disappears if we take the
log of weight. Thus, we will discuss the above simpler rule.

4.2 Importance of Competition

Here we compare three different updating rules for monopolist game, and show
that constraint is important to derive a monopolist. From this, we could infer that
some sort of constraint, (or, competition in more general) is important in learning
rules for selecting one among the others through random process.

In the following, we consider the following three updating rules: (1) constrained
rule, (2) local rule, and (3) semi local rule. Below we define these rules (except (1)
that has been defined in the previous section) and discuss the probability P, that
a monopolist emerges.

Constrained Rule
We show that under constrained rule, P, is 1, that is, a monopolist emerges with
probability 1.

A monopolist game in general expressed by an one-dimensional random walk.
More precisely, for any i, we can express the player i’s wealth w; as the following
random walk. »

Note that the particle (i.e., the weight w;) moves to the left (resp., to the right)
with probability 1 — 1/n (resp., 1/n). The left (resp., right) end of the interval
means that the player ¢ becomes bankrupt (resp., a monopolist). Thus, these two
ends are absorbing walls.
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f dec f inc

Figure 4.3: One-dimensional random walk.

In a monopolist game under constrained rule with n = 2, we have finc = Cinc/2
and fiee = Cinc/2. Hence, the above random walk becomes standard one (see,
e.g., [24]), and it is well-known that the particle in such a standard random walk
goes to one of the absorbing walls in finite steps with probability 1. This proves
that P. = 1 when n = 2. Then by induction, we can prove P, = 1 when n > 2;
thus, we have the following theorem.

Theorem 4.2.1. Under constrained rule, a monopolist emerges (in finite steps)
with probability 1.

Local Rule

In constrained rule, for computing fye., we need the number of remaining players;
that is, weights cannot be updated locally. In general, in order to be competitive,
an updating rule must not be local. Thus, to see the importance of competition,
we consider here the following purely local updating rule.

finc = Cince, and fdec = Cdec- (42)

Notice that for this local rule (and the next semi local rule), the notion of mo-
nopolist is less clear than constrained rule, because the notion of “enough amount
of money” is not clear. Here we simply consider it as W;/2. a half of the total
initial weight. That is. we regard a single surviver as a monopolist if his weight is
more than Wy/2; hence, P, is the probability that the game reaches to the state
where w;, > Wy /2 for some i; and w; = 0 for the other i.

We first discuss one feature of this updating rule. In the following, let us fix
Cdec = 1. Our computer experiments show that the probability to have a single
surviver (in a reasonable amount of steps) drops rapidly when ¢, > n + 1. The
reason is clear from the following fact.

Theorem 4.2.2. Fix cg.. to be one, and consider one player's weight. For any ¢,
Cinc

it increases, by t(
n

— 1) on average, after t steps.

Thus, if ¢jpe > 7. then it is quite likely that all players increase their weights,
and thus no bankrupt appears in the game. On the other hand, if cinc < n, then
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every player dies quickly, and hence. no monopolist occurs even though someone
may become the last player. This means that the most crucial case is the case
Cinc = N. Next we discuss P, for such a case.

Recall that P, is the probability that, at some point in the game, all but one
become bankrupt and that the survived player has weight > W,/2. Since it is
difficult to estimate P, directly, we analyze the following probability P; instead of
P,: P! is the probability that at least one player’s weight reaches to Wy/2 and no
more two players have weight larger than sufficiently large value, say, kW, for some
k > 0. Notice that if a monopolist emerges at some point, then clearly, someone
needs to reach Wy/2 in the game. Furthermore, it is unlikely that two players
reach to kW, and one of them become bankrupt afterwards. Thus, we may regard
P! as an upper bound of P,. For this P., we have the following bound.

Theorem 4.2.3. For any W, and sufficiently large W,, we have

P (- rntm) - 0em)

Proof. We first estimate, the probability P; w that one player, say player 1, whose
initial weight is I obtains weight W at some point in the game. By using results in
random work [24], we can easily analyze this probability and obtain the following
bounds:.

I

< [ < .
Win — Pow < 3

Fact 1. For any I and W, we have

Then we consider P! with W and sufficiently large W,. Note first that

Pr{less than two players’ weight reach to Wa}
= (1= Prwy)" + nPrw,(1 — Pru,)"!

Pr{no player’s wealth reaches to W;}
=(1—Prw,)"

Then by definition of P/, we have

= (1-F; Wz) +nPrw,(1 — Prw,)" ' — (1= Prw,)"

< () ) - ()
|

For example, by taking W; and W, as % and kn[ respectively, we have
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P,: < e—I/(kI+1) + e—I(n—l)/(kH—l)n/k _ 6—2 ~ (1 + l/k)e—l/k _ 6—2’

which is less than 0.6 if K = 1. On the other hand, our computer experiments show
that P, is less than 0.5 for various sets of parameters.

Semi Local Rule

As a third updating rule, we consider somewhat mixture of the above two rules.
It keeps a certain amount of locality, but it still has some constraint. This rule is
defined as follows.

foe = min(Cinc, Wo— > _w;), and fae = Cdec- (4.3)

J

That is, we want to keep the total weight smaller than Wy, where W} is the total
initial weight. Thus, a winner can gain c¢j,e (in net, ¢j,c — Cgec) if there is some room
to increase its weight. In this case, only the winner needs to know the current total
weight, or the amount of room to the limit Wy, and the other players can update
its weight locally.

Our computer experiments show that the probability P, that a monopolist
emerges is fairly large if ¢, is large enough, say cj,c > 2n. On the other hand,
P, gets small when cy,¢ is small, which is explained in the same way as local rule.
Although we have not been able to prove that P, is large for sufficiently large ciy,
we can give some analytical result supporting it.

Here instead of analyzing P,, we estimate (i) the average number of steps until
all but one players become bankrupt, and (ii) the average number of steps until
the total weight (which is initially W) becomes Wy/2. Let T, and Tw,—w,/2
denote the former and the latter numbers respectively. We prove below that T,
is smaller than Tyw,_w,/2 if Wy is large enough. This means that it is likely that
at the time when all but one players become bankrupt, the total weight, which is
the same as the survivor’s weight, is larger than W;/2, that is, the surviver is a
monopolist.

Theorem 4.2.4. Fix again cgec to be one. If I > (In6)n(n — 2) and cpe > 2n,
then we have Ty, _w,/2 > Tno1-

To prove this, for a given k < n, we consider the situation that k players are
left, and analyze their total weight and the weight of the poorest player. For this,
we use random walks representing respectively, the total weight, a random walk
for the total, and the weight of currently the poorest player, a random walk for the
poorest. These random walks are expressed as follows.
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Figure 4.4: Random walk for the total (above) and for the poorest (below).

Since the total weight is at most W, the poorest player cannot have more than
Woy/k. Also as soon as the poorest player obtains Wy /k, he cannot be the poorest,
and he (or, his role) is replaced with some currently poorest player, whose weight
is again less than Wy /k. In any case, if we only consider the weight of the poorest
player, we can assume that the rightmost end is a reflecting wall. On the other
hand, by definition of semi local rule, the rightmost end of a random walk for the
total is a reflecting wall. Thus, in both random walks, the rightmost walls are
reflecting walls; hence, the particles are eventually absorbed in the leftmost walls.
Here we discuss the difference between the number of steps until the particles are
absorbed.

First we prove the following two lemmas.

Lemma 4.2.5. Consider the situation in the game that k players are left, and let
TP(k) be the average number of steps that some playcr becomes bankrupt from

this situation. Then we have TP(k) < newt.

Proof. Consider a random walk for the poorest. As explained above, we may
assume that the random walk has a reflecting wall at Wy /k and an absorbing wall
at 0. Here for showing an upper bound, we assume, as the worst case, that the
initial weight of the poorest is Wy /k; that is, the random walk starts off at Wy /k.
Then TP(k) is bounded by the average number of steps until the particle reaches
to the absorbing wall at 0.

Let ¢, be the random variable denoting the number of steps starting off at x
and arriving at z — 1 for the first time. Then we can evaluate ¢, by

. 1, with probability 1 — 1/n, and
| 4 tetep—1+ ... +toy1 + 1tz otherwise.
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Define e, to be the expectation of ¢,. Then we have

_ _n 1
€z = n—1 +—n_1(e$+ci"c—1+"'+ex+1)-

Then by induction on z, we can show that e,/ < (1+1/(n — 1))1 Thus,
we have

Wo/k—1 1 mkl w
had1}
TP(k) < E_O eWo/k—a < (N — 1)(1 + m) ~ (n—1)ew.

Lemma 4.2.6. Let TT(k,z,y) be the average number of steps until the total
weight becomes y from z under the condition that none of remaining k players
become bankrupt. For any z and y, z > y, we have

Wo—=

;(1+n32) g )(1—6-2).

Proof. Consider a random walk for the total (see Fig.4.4). By dividing all pa-
rameters by k = 2, we can modify it to essentially the same random walks as
Fig.4.5.

Wo-v
2

TT(2,z.y) > E;—2<(H 22)

n —

0 l__lt‘(i %
‘ R— : o : } f + }
' - X '
1 Cinc*l
k
il
C

Figure 4.5: A modification of a random walk for the total.

Note that this random walk is quite similar to a random walk for the poorest
(see Fig.4.4 below). Thus, for e,, the average number of steps starting off at = and
arriving at z — 1 for the first time, a similar argument derives that the following
relation (here ¢ = ¢ipe/2).

) 2
e; > 1+ n_2(ez+c—1 +---+€z+1)-
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Then it is not so hard to see that

2 x 2 z—c+1
eWo/2-z = (H n—2) _(H n—2)

ni2)z(1 B (H ni2)—c+l)'

Now by using our assumption that ¢ = ¢,./2 > n, we can derive the following
bound.

- (1+

(Wo—y)/2-1

TT(2,z,y) > Z (1+$)w(1_(1+53_2)_c+1)

z=(Wop—x)/2
Wo—vy Wo—=z

n;Q((1+ni2)J{_—(l+n32) 2 )(1_6—2)'

v

Now we are ready to prove Theorem 4.2.4.

Proof of Theorem 4.2.4. We first give an upper bound to 7,_,;, the average
number of steps until all but one players become bankrupt. For any k& < n, consider
the situation in the game that k players are left.

By Lemma 4.2.5, we have

Too1 <Y TP(k)
k=1

< n(eW0/2n + 61‘V0/3n + .+ eWO/("z))
< neve/2n n(n — Q)BWO/Sn

< 2ne™o/ 2

where the last inequality holds from our assumption Wy > n(n — 2) In6.

Next consider Tw,—w,/2. the average number of steps needed until the total
weight becomes Wy /2 from Wy. Note first that for any &k and &’ such that & < k',
we have TT(k,z,y) < TT(K',z,y). Then, for any o, ..., z,_3. we have

TT(n, Wy, z9) + TT(n — 1,29, 21) + - - - + TT(2, 2,3, Wo/2)
> TT(2, Wy, Wo/2).
Hence, Twy—wy2 = TT(2, W5, W/2). On the other hand, TT(2, Wy, Wy/2) is

bounded in the following way by using Lemma 4.2.6 and the assumption that
Cinc > 2n.
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e > (1 2g) T 1))

n N
-2 Wo_ n—2
> n 5 . (e2(n—2) (1 — 6—2)) > 2 . eWO/Q("_2),

Comparing both bounds, we have Ty, w,/2 > Tho1 if Wy > n(n—-2)In6. W

4.3 Efficiency Analysis

In this section we discuss how fast a monopolist emerges in games with constrained
rule. We estimate an upper bound on the average number of steps needed for
monopoly to emerge, and we give some justification (not a rigorous proof) sup-
porting that it is O(n?(In/cinc)?).

We start with some definitions and notations that are used through the section.
Here we modify our monopolist game and define a variant of monopolist game. Let
game, denote the original monopolist game. We will denote by game, a variant
of game, in which no bankrupt player can win. Thus, in game,, the winning
probability of remaining players is 1/’ instead of 1/n. As we will see game, is
useful for induction and it is easier to analyze.

These two game types are defined on different probability spaces. Let us define
them more precisely. For all two game types, (the execution of) a game is specified
by a game sequence, i.e., a string from {1,... ,n}* that defines a history of winners.
(Precisely speaking, we also need to consider infinite strings; but as we see below,
we may ignore infinite strings.) We say that a game sequence z kills a player i if
w; becomes 0 (or, negative) in the game following z just after the end of z, and
we say that x derives a monopolist if the second last player is killed and monopoly
emerges just after z. We say that a game sequence z is valid (resp., strongly valid)
if it derives a monopolist and no prefix of it derives a monopolist (resp., £ contains
no indices of previously killed players). Note that the meaning of these notions

may vary depending on game types. Now for any n, let X, (resp., ¥;,) be the set of

game sequences for n player games that are strongly valid w.r.t. game, (resp., valid
w.r.t. game,). For each z in X,,, its probability Pr{z} is n=. On the other hand,
the probability ijvr{y} of y € Y,, depends on the number of remaining players, and
it is rather complicated. (We omit specifying ﬁ{y} because it is not important
for our discussion.) Note that X,, and Y, are all prefix free. Also it is not hard to
show that Pr{X,} and Pr{Y,} are one. (For example, Pr{X,} = 1 follows from
Theorem 4.2.1.) Therefore, we may regard X,, and Y, as a probability space of the
corresponding game, and we do not have to worry about infinite strings.

We denote by T(n,I,...,1I,) (resp., Ti(n, Iy, ... ,I,)) the number of steps
needed until monopoly emerges in game, (resp, game,) with n players and initial
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weight I;,...,I,. When all the weights are equal, we use the simpler notation
T(n,I). Our goal is to get some upper bound on E[T(n,I)]. But instead, we
will analyze an upper bound on E[T}(n, )], which gives us an upper bound on
E[T(n,I)], as the following lemma guarantees.

Lemma 4.3.1. There exists ¢; such that for any sufficiently large n and any I,
we have E[T(n,I)] < e;nE[Ti(n, I))].

Now we analyze the convergence speed of game;. For our analysis, we split
a game execution into stages where each stage is a part of the game until some
amount of players become bankrupt. More specifically, we denote by t;(n, I1,... , I,,)
the number of steps needed in a game with n players and initial weights I,... , I,
until at least 1 player becomes bankrupt. The following lemma relates the two
terms Ty(n, I1,...,I,) and ty(n, Iy, ... , I,,).

Lemma 4.3.2. For any n and I,... . I,, there exists a constant ¢y, ¢ > 1, and
weights I7,...,I;_. such that the following inequality holds.

E[Tl(n, Il,... In)] < E[tl('l’l,ll,... .In)} +E[T1(7’l —CQ,I{,... ,I, )]

n—ca

Proof. Let Y C Y, be the set of all valid game sequences y such that the number of
players becomes strictly smaller than n for the first time just after y. By definition
of E[Ti(n, I, ... ,I,)], we have the following equality.

ElTi(n.1,... . 1)) = D Pr{z}-lal = > Pr{yz}(yl+2)).

€Yy z€Yn,y€Y
T=yz
Notice here that we can split Pr{yz} in two factors, Pr{y} and ﬁ"y{z}, where

ﬁy{z} determines the probability of z after the game follows y. Also note that the
set Y, of strongly valid z depends on y. Thus, we can rewrite the above expression
as

ETi(n L. 1)) L
= S N Pr{ydPr,{ze} -yl + Y. > Pr{y}Pr,{z} - Iz|

y€Y 2€Y, yeY z€Y,
_ (Z ﬁ;{y}m) S B () + 3 e (Z Br, {2} - |z|)
yeY 2€Y, N yeyY ~ z€Y;
= Elti(n. L, ... )] Y _Pry{z} + ) _Pr{y}E[Ti(ny, L. - s Finy )]
ZEY, yeYy

IA

E[tl(n,ll,... ,In)]+E[T1(n—c',I{,... ! )]

1y itn—c’
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where the values of n, and I; (., ... ,Iiny () are determined by the result of the
game following y. On the other hand, ¢’ and I] are chosen so that the value of
E[Ti(ny, Iiyw), - - - » Liy, (¥))] is maximized. These values always exist since even if
there is an infinite number of game sequences y that appear on the summation,
there is only a finite number of possible values for n, (since n, must be between 1

and n — 1) and [; () (since 3. [y = In). W

By this lemma we can use induction for bounding the expected value of 73.
Recall that when analyzing t,(n, I,... ,I,), by the way it is defined, no player
becomes bankrupt, and thus, the amount of decrement is fixed to ci,c/n. Thus,
game; until at least one player becomes bankrupt is regarded as a n-dimensional
random walk, which is much easier to be analyzed. In fact, we can use the following
lemma.

Lemma 4.3.3. Let X be a random variable that is 1 with probability 1/n and 0
with probability 1 — 1/n, and let S = X; + ... + X}, the sum of the outcomes of ¢
random trials of X. Then, for some constant a > 0, the following holds for any ¢

and n.
Pr{S < t —a\/z} > 1/3.
n n

Proof. We estimate the probability that the statement of the lemma is false and
show that it is less than 2/3. That is, we upper bound the following probability.

Pr{5'>£—a\/z} = Pr{S>—t—}+Pr{EZS>£—a\/z}.
n n n n n n

The first term in the sum is bounded by 1/2; see, e.g., [43]. Let s be the
smallest integer such that s > t/n — a+/t/n. We calculate, by using Stirling’s
approximation, the second term of the above sum as follows.

t/n

rfezs bl - £OW 0D - £

i=s

i=s

_ :Z:; QM(:_i) (tiz)t (t;zy (n —ntl)t—,-
t/n t P \!
s Z:: 27rz'(;—i) (tn(?t:i))> (i(i_—zl)> '
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¢ \d
Also routine calculations show that (té&:g) (i(;_-ln) is always less than 1 for s
< i < t/n and that this factor is maximized when i = t/n. From this by simple

calculation, we obatain the desired bound with a = /7/12. R

Now we are now ready to make the following claim®.

E[T(n,1)] = O (n2 (in)z)

Justification. We start with estimating E[t;(n, Iy, ... , I,)] by using the above
lemma. For a given ¢ and for any 4, Let ¢; be the number of times that player ¢ wins
within ¢ steps. Then w;, the weight of player 4, in game, is expressed as follows.

Claim.

t
w; = I; + Cincti — Cdect < I + Cine (ti - —) .
n

(For simplifying our notation, we use ¢ to denote ¢y in the following.)

Moreover, since game, until at least one player becomes bankrupt is regarded as
a n-dimensional random walk, we can use Lemma 4.3.3 to show that the following
event happens with probability bigger than 1/3.

w; = Ii+c(ti—£) < Ii+c(£—a\/z—£) = Ii—ca\/z.
: n n n n n

Therefore, with probability more than 1/3, the weight of player ¢ becomes zero
or negative if coz\/t/—n > I;, that is, t > (I;/ca)?n. Now sort players by their initial
weights, and define P to be the set of the first (i.e., the smallest) n/2 players. Since
the total weight is W, (at any step), all players in P have weight at most 2Wq/n
and therefore,

oW, 2 1
Pr{w,-ﬁOintozn(—%) steps|i€ P} > —-.
neo 3

We do not have a rigorous proof for this result, and for this reason we stated it as a claim.
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Moreover, if we can assume that each player in P become bankrupt indepen-
dently, we also have the following probability:

n/2
2
Pr{ There exists ¢ € P, such that w; < 0in ¢, steps} > 1— (§> .
From this observation, it is reasonable to bound E[ta(n, I1,. .., I,)] by csto for

some constant c3 since for most of the valid game sequences (a 1 — (2/ 3)"™? fraction
of them) this bound holds.
Now combining the above lemmas and the obtained bound, we have

E[Ti(n, D) <E[ti(n, I, ..., L) + E[Ti(n —cp, IL. ..., I )]

n—ca

9 2
SC37'L (‘L/V_Q) +E[Tl(n_927-[;7"'a1, )]

neo noce

2Wo\ 2 20 \?
< — Dl ==
= can (nca) Tean—1) ((n - 1)Ca)
+ETi(n—dcy I, 1)) -+

n—ch
Wo\? In\?
<ecn | — <gnl|— ) , for some constant cy.
ca C

From this and Lemma 4.3.1, we obtain the desired bound. B

4.4 Conclusions

In thic chapter, we considered a stochastic process of the self-organization in von
der Malsburg’s model. In particular, we focused on a constraint for the synaptic
weight modification and studied its role for the stability of the self-organization.
We proposed a probabilistic game called the monopolist game which represents
the stochastic process of the weight modification. The monopolist game consisted
of players each corresponding to an orientation and a player was initially given
an amount of money corresponding the strength of the synaptic connection. The
amount of money changed by following a game rule, and a player lost all money
was ruled out. The goal of this game was to survive with much money until the
other players were ruled out, which corresponded to that a preferred orientation was
determined with a sufficient connection strength. Thus the dynamics of Malsburg's
model could be expressed in terms of random walks. Analyses of the random walks
stated that a Malsburg-type normalization surely enabled that the monopolist
emerged. Besides, we also calculated the average number of steps needed until the
monopolist emerged.
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Chapter 5

Emergence of orientation
selectivity for one single neuron

In this chapter, we demonstrate a mathematical analysis of the emergence of ori-
entation selectivity for one single neuron, in other words, how one single neuron
develops its oriented receptive field (RF). We consider Linsker’s neural network
model reviewed in Section 3.5 and mathematically analyze its dynamics, in par-
ticular, the dynamics between layer F' and layer G, in which a neuron develops
oriented RFs. We concentrate on the Mexican-hat correlation function and show
that this function determines the spatial frequency of RFs. We also focus on the
role of the arbor function. Two types of arbor functions, a Gaussian type and a
step type, are considered, and it is shown that the Gaussian arbor function devel-
ops center-surround RFs while the step arbor function enables the development of
multi-lobed RFs in addition to center-surround receptive fields. In summary, our
mathematical analysis clarifies the roles of the arbor function as well as the cor-
relation function. Furthermore we show how the orientation of multi-lobed RF's is
determined and finally we discuss the roles of parameters ky, k2 in Linsker’s model.
Results presented in this chapter partially appeared at [112].

5.1 Preliminaries

5.1.1 Model to study

We consider the dynamics of Eqn. (3.2) with some simplifications. First we consider
the continuous form of Eqn. (3.2). Second, we assume that the absolute values of
an upper bound and a lower bound are large enough and the dynamics of the self-
organization is determined before synaptic weights reach these bounds. Therefore
we omit these bounds and consider the linear regime only.
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In summary, the following equation is derived, which is Eqn. (7) in [54].

(@) =k + / " (Cla—B) + ka) AB)w(B)d8, (5.1)

ocC

w(a) is the synaptic weight of the cell in o and w (@) is the growth rate. A(a) is
the arbor function and we make use of the following functions.

A(a):{l |z < R,

0 otherwise. ° and A(a) = exp (—|a|2/20§) ; (5.2)

where R and V204 are positive constants that determine the radius of effective
synaptic density, which we call arbor radius. We denote the arbor radius by R4
and we call these functions Step and Gaussian, respectively. On the other hand,
since Qf; can be expressed as a Mexican-hat function, we make use of the following
DOG function as our correlation function. -

Cla) = Ky exp (—lalz/QUf) — Kyexp (—|a|2/2¢7§) , (5.3)

where o) < 2. DOG functions of this type are used to express Mexican-hat func-
tions [60,64]. Initial synaptic weights w(®(a) are assigned uniformly at random.

Besides, since we want to consider only w(a) within the arbor, we consider the
dynamics of A(a)w(a). Let w,(a) be synaptic weights modified by the following
rule.

o0

w, (o) Ala) (k1 I+/—

If we assign the initial weights wio)(a) as

w¥(a) = A(a)w(a),

(Cla—B) + k) w*(ﬂ)d5> . (5.4)

oc

then it follows that
wy(a) = A(a)w(a). (5.5)

Thus the dynamics of w. (a) is essentially identical to that of A(a)w(e). Therefore
in the following sections, we consider the dynamics of w,(a), namely Eqn. (5.4),
instead of Eqn. (5.1). We denote w,(a) as simply w(a) by omitting the * symbol.

What follows proves the equivalence in Eqn. (5.5). We consider the difference
versions of Eqn. (5.1) and Eqn. (5.4). Let w®(a) and Aw®(a) be the weight and
the growth at the ¢ th step respectively and consider that Aw®(a) is given by the
following difference version of Eqn. (5.1).

oC

AwO(a) = k; + / (Cla— 8) + k) A(BYw®(8)d.

—0o0
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In contrast to this, the difference version of Egn. (5.4) is as
Aw?(a) = A(a) (’“ " / (Cla=B)+ k) w,E”(ﬂ)dﬂ) |

We assign the initial weights wio)(a) as
wi(a) = Ala)w(a),
then inductively we prove for any t
w?(a) = A()wB(a).
1. At the initial step,
w®(a) = A()wO(a).
2. Assume that for some ¢ it follows that
w{(a) = A(a)w®(a),
then we consider the case of the £ + 1 th step.
wi* (@) = w(e) + Awl(a)
= A(e)wY(a)

v) (ki + [~ (Cla-8)+ k) wl)(3)as)
- A@)u(a)

@) (b4 [~ (Cla-g)+ AB)u(3)as
— A(a)-

(@) + 51+ [l + k) 4t 8)49)

0

= A(a)w" (). n

5.1.2 Characterization of a receptive field

We characterize the shape of a receptive field by its spatial frequency and the
number of angular nodes. Let c,z(a) be the receptive field that has the spatial
frequency s and % angular nodes. ¢s k() can be computed by the following integral.

27
csx(a) q—if/ exp(2k0) exp(isga)d,
0

s & (scosf, ssinh).
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Figure 5.1 shows 16 examples of c;x() for s = 0,7/R4,27/Ra,37/R4, and
k = 0,1,2,3 (Note that R4 is the arbor radius defined in the previous subsec-
tion. Thus, cur/r, x(e) denotes the receptive field that has a radial nodes and k
angular nodes). We make use of the symbol x as a wild card, for example, ¢, .(a)
indicates one of ¢, g(@), ¢51(a), cs 2(), - - -. A similar notation has been introduced

r

Figure 5.1: 16 examples of c;i(a) for s = 0,7/Ra,27/R4,37/R4, and k =
0,1,2,3. Each row corresponds to a spatial frequency (i.e., s), and each column
corresponds to a number of angular nodes (i.e., k). For example, the top left
example is coo(a) and the bottom right one is c3./r, 3(a).

by MacKay & Miller [54] and it is an alternative to our notation. For example,
coo(a) and ¢,/ g, 1(a) respectively correspond to ‘1s” and ‘2p’ in their notation.
c.0(a) corresponds to ‘s-mode’.

5.2 Mathematical analysis

In our analysis we consider the case that k; and &, are 0: later we will discuss the
roles of these parameters independently.

We consider expressing the shape of a developed receptive field as the sum of
its Fourier components with respect to the spatial frequency and the number of
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angular nodes as shown in Fig.5.1, that is, we assume that w(a) at the ¢-th step
can be written as the following summation.

w(a) = /0oo kz:_oas,kcs,k(a) exp(g(s, k)t)ds, (5.6)

where a, . is a coefficient, ¢, ;(a) is a component defined in the previous section, and
g(s, k) is the function which defines the “growth rate” of ¢, (). Since for any pair
of (s, k) and (s, k') the difference between exp(g(s, k)t) and exp(g(s’, k')t) becomes
exponential as ¢ increases, we can consider w(a) will be dominated by Cs. k. (@) such
that (s, k.) = arg max, (f(s, k)). Thus, in the following, we attempt to obtain the
solution of Eqn. (5.4) in the form of Eqn. (5.6). Table of integrals should be referred
for calculations of integrals which result the Bessel functions, for example, (32].
The FT of Eqn.(5.4) is

& (n) = / An - m)C(m)@(m)dm,
where C (n), the FT of C(a), is the following DOG function.
é(n) = 2102K, exp (—=0?|n)?/2) — 2no2 K, exp (—U§In|2/2) . (5.7)

On the otiler hand, A\(n), the FT of A(«), is one of the following functions.

When A is Gaussian: When A is Step:

A(n) = 2703 exp (~o3/nf?/2) A(n) = 2RI, (Rln))/In),

where J;(x) is the Bessel function of the first kind of order 1.

As evident from Fig.5.2, the shape of é(n) is either uni-modal or bi-modal de-
pending on the choice of parameters. In the following analysis, we consider only
the bi-modal case, because the uni-modal case is essentially the same as the case
in which the correlation function is Gaussian, and this case has been extensively
studied by MacKay & Miller [54].
As shown in Fig.5.2 left, é(n) of the bi-modal case can be regarded as follows.

A Cy, 0—c<|n|<0o+e,
Cln) = { 0, otherwise,

where o is a constant determined by K, K,. 01,05, and e > 0 is a sufficiently small
constant.
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1.8 : 4
l-g | ‘ 35
12 H 2

1. : 25
0.8 - 2
0.6 1.5 -
04 1
0.2

0 . ‘ 0.5
02 | 0: ‘w

-18 ‘f ;I’é B j“ it H\[ J# i 8

Figure 5.2: A correlation function (real line) and its FT dmded by 27 (dashed
line). (Left under the following parameter settings. o? = 4.0, 02 = 13.0.K, = 1.0,
Ky = (01/02)%.) (Right: the parameters are the same as the left ones except for
K, =0.001.)

.

From this approximation, it follows that
W (n) = / A(n—m)® w(m)dm. (5.8)
|m|~o

Here by |m| ~ o, we mean the integral domain ¢ —¢ < |m| < o +¢. This notation
will be used for the sake of simplicity. Since the integral domain is limited to the
circle such that |m| =~ o, @W(n) is effective only when |n| ~ . Thus we assume
here that

0 otherwise.

@(n) _ { {U\(n) ’Il' =0,

On the circle such that |n| = o, @(n) can be considered as one-dimensional

T . . . def ;
periodic function. Thus, we introduce polar coordinates such that n & ge®n and

def :
m = ge». Then we have

In —m| = v/|n2 — 2|n|m| cos(6, — 6,) + [m]?
=0/2(1 - cos(B, — O,,)).

Since @(n) and A\(n) are functions of §, we denote these by @(8) and /T(H) There-
fore Eqn. (5.8) can be written as

@ (6,) = /0 " A6, - 6,)0(6,,)db,, (5.9)

where
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When A is Gaussian:

A(6) = 27m0% exp (—a%0?(1 — cos ]},
When A is Step:
A(9) = 27 R%J, (Ra\/Qll — Cos 0|) /Ro+/2|1 — cos .

The FT of Eqn. (5.9) is

£))e

(k) = A(RYT(R) (k=0.1,2,--),

and its solution is

® (k) expl(Alk)1). (5.10)

(k) = @

By computing the inverse Fourier transform of Eqn. (5.10), we have the solution
of Eqn. (5.9) as

@(6) = 3 B(k) exp(ikd) = 38" (k) exp(ik6) exp(A(K)2).
- k=0

k=0

Now we obtain the solution of Eqn. (5.4) in the form of Eqn. (5.6). Let asx,
cok(), and o be

2m
Qo k e (k), cox(a) qﬁf/ exp(ikf) exp(ioga)df, and
0

oo & (o0 cosf,osinb),

then we have by the inverse Fourier transform

w(a) = 0/0 7r117(6') exp(iogar)df = Zaa,kca’k(a) exp(::\l\(k)t).

o~
o~

As mentioned previously, for any k, &', the difference between exp(A(k)t) and

exp(;{\(k’ )t) will be exponential as ¢ increases. Thus, we can consider that w(a)

-~
o~

will be dominated by ¢, (a) such that k. = argmax;(A(k)). Therefore in the
following, we consider £ that maximizes A\(k) in each case of arbor functions.

When A(a) is Gaussian, A\(k) is calculated as follows.

;l\(k) = 4n%0% exp(—040°) I (% a?),
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where [}, is the modified Bessel function of the k-th order. Some calculation shows
that Ip(z) > I;(z) = Iy(x) > Ix(z) for any = and k. We can numerically verify
that Io(z) > I1(z) holds for any k and any z less than a sufficiently large constant

(e.g., 1,000,000). Hence A\(O) > X(k) holds for any k and ¢%0? in an appropriate

range. As a result, w(a) is dominated by ¢, () (or s-mode in MacKay & Miller’s
notation) and circular symmetric receptive fields are developed.

On the other hand, when A is Step, we have
A(k) = 7°R? (J2(Ro) + (=1)*J1_4(Ro) J141(Ro)) .

By some calculation, we can prove that A\(k) > jzl\(k + 2) holds for any k and Ro.
Figure5.3 shows A(k) of k = 0,1, 2, 3 varying Ro € [0,10]. Ascan be seen, A\(O) and

ﬁ(l) become the maximum alternatively, anid E(O) > 2(2) always holds. Therefore
in this case w(a) is almost always dominated by c, () or ¢, 1(z) (corresponds to
s-mode or p-mode in MacKay & Miller’s notation). If ¢, ;(z) is dominant, the
developed receptive field is oriented (e.g., bi-lobed, quadri-lobed, and so on).

0.3
0.25 |
02|
0.15 |

0.05

0

0 2 4 6 8 10
Figure 5.3: Graphs of A\(O), A(1), and //1\(2) The horizontal and vertical axes

respectively show values of Ro and these functions. As can be seen, ;1\(0) > A\(Q)

always holds and A\(O) or f/l\(l) becomes the maximum alternatively.

In ¢, 1(a@), the orientation of elongation of stripes within the receptive field may
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be of interest. Assuming that the receptive field is ¢, 1(@) for some o. Then
w(a) & as165,1(a) exp(A\(l)t)

27 ~
— 0 / 3 (1) exp(16) exp(ivea)db exp(A(1)1)
0

29 ~
=

=0 A (%(15(0)(1))0036+%({’\B(O)(l))sin9)exp(iaga)d98xp( (D)t)

2r ~
O’C/ cos(f — ¢) exp(ioea)dl exp(zzl\(l)t)
0

27 —~
= a'c/ cos(f — @) sin(ogar)dl exp(A(1)t),
0

where

s

(1)), and, ¢=tan " (S@ ())/R@ (1))

e = VR@? 1) + 923"

Since cos(f — @) takes the maximum when € = ¢, this ¢ is the orientation of the
elongation. It should be noted that we can predict the orientation a priori, because
this ¢ is a constant determined by the initial weights.

Finally, as is also shown in Fig.5.3, there are several points at which several

—~

A\(k) take the same maximal value. This suggests that it is possible to develop
receptive fields that have two or more radial nodes, or the combination of several

components in Fig.5.1. For example, when Ro ~ 3.81, the values of A(0), 2(1),

and A(2) are approximately 0.162. Thus if Ro &~ 3.81, the values of Z" (0) and

~(0 ~(0
1’17( )(2) are almost equal, and the value of ﬁ?( )(1) is much smaller than these, then

the developed receptive field could be tri-lobed shape. which cannot be obtained
by a single component.

5.3 The roles of ki, ko

So far we saw that the bi-modal shape of 6(n) is crucial. Here we will see that a
good choice of k., k2 gives similar effects even in the case that C (n) is uni-modal
(e.g., Gaussian). MacKay & Miller [54] have also obtained similar results.

First we discuss the role of k;. As we saw, our modification rule (Eqn. (5.1))
can be expressed in terms of the FT as follows.

b (@) = g /_ ” /_ " A(n - m)C(m)@(m)e™ dmdn.
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The following equation is identical to the above one.

o0

L] ]. - i -~ ~ .
w (a) = —/ C(n)/ A(n — m)@(m)e™*dmdn.
We separate the right hand side into the component n = 0 and the other compo-
nents. Then the rule becomes

¥ (a) = ﬁé(a) /_ " A(—m)@(m)dm
1 ~ L .
— C A(n — m)z(m)e"™*dmdn.
+4W2/n#0 (“)/_w (n - m)@(m)

The first term on the right hand side is some constant independent of o. If C (n)
is uni-modal then this term dominates. Therefore, it is possible to define k; to
suppress the effect of this term in computer simulations.

Next we consider the role of k;. Here we assume that k; is the following function

kg(a).

_ J k2 |a] < Ry,
ka(e) = {O otherwise,

that is,. ky is effective only within the arbor radius. The FT of ky(n) can be
computed as

» > —ina 2 J1(In|R4)

k2(n) = /_Oc ky(a)e ™ da = 27Tk2RAWRA—.
This function takes the maximum value 27k; R4 at the center and decreases to 0
towards n such that |n| ~ 3.8/R4 ~ 7/R4. After that, this function oscillates and
finally converges to 0. Thus, we can regard [;7\2(11) as a sharp uni-modal function
which is “effective” only within the range |n| < n/R4 (Fig.5.4 left). Hence even
if a(n) is uni-modal, by taking k, appropriately, we can make a(n) - kAz(n) =
(C/—\kg)(n) bi-modal (Fig.5.4 right). Moreover, the peak of (C'/—\k;,)(n) appears
around |n| = m/R4. Thus, the number of radial nodes of a developed receptive
field is 1.

5.4 Conclusions

We considered Linsker’s neural network model and studied how oriented RFs were
developed at layer ' — G mathematically. We concentrated on the Mexican-hat
correlation function and showed that this function determined the spatial frequency
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Figure 5.4: Left: The shape of C(n) (real line) and that of IE;(n) (dashed line).
We assume that C(a) = exp(—x2/202)/2x, then C(n) = o2 exp(—022?/2) is uni-
modal, where o2 = 4.0. Therefore the peak value, i.e., the value of C(0) is 4.0. On
the other hand, k; is chosen to suffice 15;(0) = 4.0, that is, 27k R% = 4.0. Under
this parameter, k2(n) = 4.0J;(|n|R4)/|n|R4, where R4 = 6.5. Right: the shape
of (C/—\kg)(n) As can be seen, the shape is bi-modal.

of RFs. We also focused on the role of the arbor function. Two types of arbor
functions were considered, and it was shown that the Gaussian arbor function
developed center-surround RFs while the step arbor function enabled the develop-
ment of multi-lobed RFs in addition to center-surround RFs.

We performed the FT of the modification rule twice and solved the modification
rule under the assumption that the FT of the correlation function was a sharp bi-
modal function with two clear peaks. The solution was expressed as a weighted sum
of Fourier components defined with respect to the spatial frequency and the number
of angular nodes, where the weights increased exponentially with respect to the
time and the two FTs of the arbor function. Since the difference between weights
of any two components grew exponentially as the self-organization proceeded, the
formation of the RF was conquered by one of the components (or by a combination
of several components if the weights of such components grows at the same speed).

In summary, our mathematical analysis indicated the roles of the correlation
function and the arbor function. Furthermore we showed how the orientation of
multi-lobed RFs is determined and finally we discussed the roles of paramecters
k1, kg in Linsker’s model.
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Chapter 6

Emergence of orientation
selectivity for many neurons with
lateral connections

In this chapter, we demonstrate a mathematical analysis of the emergence of ori-
entation selectivity for many neurons with lateral connections, in particular, how
each neuron develops its oriented receptive field and how the preferred orientations
and phases are arranged on the cortical surface. We consider a correlation-based
model for orientation map formation proposed by Miller [60] reviewed in Section 3.6
and study the formation mathematically. We perform the Fourier transform and
compute the principal component of the model. With our analysis, the roles of
functions are clarified as follows. (1) A Mexican-hat-type correlation function
determines the spatial frequencies of receptive fields; (2) The combination of a
Gaussian arbor function and a Gaussian intracortical function develops oriented
receptive fields; (3) The intracortical function develops stripes similar to ocular
dominance columns on a layer on which each cell has its receptive field if the range
is sufficiently wide; (4) The preferred orientations and the phases of receptive fields
for each cell are determined by the stripes within the receptive fields. These results
indicate that the developed orientation maps have the following properties. (1) It
develops oriented receptive fields; (2) Preferred orientations smoothly change on
the cortical surface; (3) The periodicity of preferred orientations does not appear;
(4) The periodicity of phases appears; (5) Singular points appear irregularly on
the cortical surface. Our analytical results are justified by computer simulations.

Results presented in this chapter partially appeared at [110,111].
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6.1 Preliminaries

6.1.1 Model to study

We investgate the dynamics of Eqn. (3.3) in the case of which A, I, and C are
given by the following equations.

A(x) € exp (—|x[2/203),  I(x) = exp (—|x[*/20%),

def (6.1)
C(a) = Crexp (—|al*/20%,) — Caexp (—|al?/20%,) .

CON—ON(a) def C(a) (resp., (OFF-OFFy

CONOFF () e —eC(a) (resp., COFF-ONy,

We consider some simplifications. Firsf, we consider the continuous version
of the modification rule. Second, we omit the lower and upper bounds and the
normalization. We assume that the dynamics of the model is determined in the
early stages of the self-organization. i.e., before synaptic weights do not reach the
saturation limits. On the other hand, Miller and MacKay [62] have shown that
the subtractive normalization does not change the principal component. Thus,
without the normalization, the dynamics of the model may not change. Third,
we introduce w®(x, a) as the difference between wON®(x,a) and wOFF®(x, a)
as w®(x, a) ¥ wONO(x, a) — wOFF®)(x, a). Fourth, for each w®(x,a), we con-
sider the position « as the relative position Ao from the position x. We define
w®(x, Aa) as w¥(x, Aa) & w®(x,a — x). From the above simplifications, it
follows that

AwO (x, Aa) = Aa/ / (x-y) (6.2)

C((x—y)+ (Aa — AB) wW(y, AB)dABdy.

In this chapter, we analyze the dynamics of the modification rule defined by
Egn.(6.2).

6.1.2 Mathematical Framework

Since Eqn. (6.2) is a linear equation, it can be solved by expanding w®(x, Aa)
into some independent bases. One obtains

w(x, Aa) = Z ak exp( fet)pr(x, Aav),
k=0
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where a; and f; are constants while py(x, Aa) is a basis. Since
Jlim [ exp(fit) — exp(fet)| = oo

for some fy # fi', pr. (X, Aa) such that k, = argmax;, fi will dominate w(x, Aa).
Therefore, our goal is to find such decomposition and py, (x, Aa) which we call the
dominant component.

In a similar way, we assume that Aw®(x, Aa) decomposes into coefficients ¢
of t and bases gx(x, Aa).

Aw®(x, Aa) = Z ce(t)ge(x, Aa).
k=0

Then, w®1(x, Aa) can be computed as follows.

w(t"’l)(x, Aa) = Aw® (x,Aa) + ’UJ(t)(X: Aa)=---

oo t

cr(8)qe(x, Aa) + wO(x, Aa).

Thus, if ¢z, (t) > cx, (t) > cx,(t) > -+ - holds for some kg, k1, --- and for any ¢, and
if each ¢y, (t) increases exponentially as t increases, it follows that the structure of
wt*(x, Aa) is conquered by gk, (x, Aa). Therefore, our goal now is to find such
decomposition of Aw®(x, Aa) and g, (x, Aa) which we also call the dominant
component.

6.2 Mathematical Analysis

This section contains our main results. First we perform the Fourier transform of
Eqn. (6.2) and compute the decomposition of Aw®(x, Aa) in the Fourier space,
namely, the decomposition of A@® (u,n), where the symbol ~ denotes the Fourier
transform. Then we obtain the dominant component of A@w®(u,n). After that,
by computing the Fourier inverse transform. we obtain the dominant component
of Aw¥)(x, Aa), that is, the dominant component of w¥(x, Aa). Finally, we
give an interpretation of how the dominant component describes the formation of
orientation maps.
The Fourier transform of Eqn. (6.2) is as follows.

o

o~

A(n — m)C(m)@® (u, m)dm,

ADP(u,n) = I(u — n) /

—o0
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where

(1) = ohe a2, I(1) = ofei/2,

_g2 2 a2 12
(l) — Clgéle ai M7/2 _ 020%'26 pory) /2.

Q) )

It is known that the Fourier transform of a DOG function takes the form of bi-
modal (Fig.6.1) depending on the choice of parameters. Since C(a) is a DOG
function, we assume C(1) is a bi-modal function which shows its peaks at o &of ).
Then, the integral domain could be restricted to the circle of radius ¢ because only
@ (u, n) such that |n| = o are effective. Thus, we have

AD®(u,n) ~ I(u — n) / A - m)@® (u, m)dm. (6.3)

|m|=c

.

.10 5 0 5 10

Figure 6.1: Shapes of a DOG function C(«) in Eqn. (6.1) (real line) and its Fourier
transform (dashed line) under the following parameters. C; = 1.00, C; = 1/9,
0%, = 0.61, and 03, = 5.45.

Since |n| and |m| are o, we represent Eqn. (6.3) in polar coordinates. We
denote u,n,m as

def O def i0n
3 9

def i
u = ue n = ge and m = ge’m,

then

lu—n| = y/u?+ 0? — 2uo cos(f, — 6,), and
In — m| = 0/2(1 — cos(f, — O)).
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Let I(u,0), A(6), and T (u, 8,,6,) be as follows.

I(u,6) = = (\/u2 + 02 — 2uo cos 9)
A9 A (o 2(1 - cos@)) , and
@ (u, 6,6 )def &% (u,n).

Thus, Eqn. (6.3) is written as

27
Aiﬂ(t) (U: 91“ en) = ](u, 911 - en) A(en - Hm)ﬂ)/(t)(u_/ auv Gm)dgm

0

Defining A#6,, and A#,, respectively as Af, def 6, — 0, and A8, def 6, — 0., and
rewriting Aw® (u, 8., 0, — Af,,) as Aw*t)(u, 6., AB,), we obtain
27
AT (u, 0,, A0,) = I(u,AG,) | A(A8, — AG)TY (u, 0y, Ab,y)dAD,,..

0

By the Fourier series expansion, we can restate it as follows.

AT (u,0,, A0,) = T(u, 00,) S AR)T, (u, 0, k)2, (6.4)
k=0
where
A(k) = dn?62e™47" [ (0% 0?), (6.5)

and I; is the modified Bessel function of the k& th order.

We assume that Aw (u, 8,, Ab,) can be decomposed into a series of 1/\175‘0) (u, Oy, k)
I(u, AB,) e*2% such that k = 0,1,2,---. Let c(k, t) be the coefficient of the k th
component at the t th step. We obtain

ATD (u, 0, AB,) Zc D, (u, Oy, k)T (u, A, )e*A0. (6.6)
k=0

We first show that the 0 th component, i.e., w (u 0,,0)1(u, AB,), grows faster.
This is stated inductively. At the 0 th step, it follows from Eqn.(6.4),

ATO(u, 6,, AG,) :ZA Vo (w, B, k) T, AB, )00,

=0
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. e . . . ~(0
Since initial weights are assigned uniformly at random, w*)

(u,8,, k) are almost

equal for any k. Moreover for any k and feasible range of 6302 in Eqn.(6.5) (e.g.,
less than 1000000). we can numerically verify that AV(O) > A(k). Hence at the Oth

step, the 0 th component grows faster.

Next, at the ¢ th step, we assume that Aﬁff)(u, 6., AF,,) can be decomposed as

Eqn.(6.6) and the 0 th component grows faster. Then at the ¢ 4+ 1 th step,

ATV (u, 6, AB,)

= Tu, £6,) S AR)B, " (u, 0, k)ekaor
k=

= T(u, 86,) S~ A(k) (@y) (0,00, 8) + 550w, 0, k)) ik,

~(t)

= ATO(u,8,, A8,) + I(u, A6,,) Zz(k)Aw* (1, B, k)0,

k=0
Since
' ~(t) 2 ~ k6
Aw, (u,8,, k) = ATD (u, 6,,8)e"*0dp
0
= =(0) 7 il6 —ik6
= Zc(l,t)w* (u, 8y, D) I(u,8)e’e™do
0 =0
¢ =(0) =
= el tyw, (w04, DI (u,k—1),
1=0
where

-~

I(u, k) = dn’02e o1+ (52u0),
it follows that

ATV (u,6,, AB,) = AGD (u, 8,, AG,,)

0

o~

+ T, 80,) ST AR S el ), (u, 0 DT (1, b — 1)e*a%.
k=0

1=0

(6.7)

(6.8)

From the assumption, the fastest growing component of AT (u,8,,AB,) is the 0
th component. Thus we concentrate on computing the fastest growing component

of the second term of the right hand side.



6.2 Mathematical Analysis

73

Let d(u, 6,, Af,,t) be the second term of the right hand side in Eqn.(6.8) as
follows.

d(u, 8,, A0, 1)

© T(u, AG,) STAR) Y el t) 3¢ )(u, 0. )T (u, k — )etkaen
k=0 =0
= I(u, 88,) Y AW elk,t)w S (a4, 0 k) T(w, L — k)0
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" The coefficient of the k th component, which we denote ¢/(k,t), is as follows.
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< ek, t) S A(m)I(u, m).
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From the assumption, ¢(0,¢) > c(k,t) holds for any k. Hence the fastest growing
component of d(u, 8, Ab,,, 1) is also the 0 th component. Therefore at the {+1 step,
the 0 th component grows faster and finally we conclude that the 0 th component
grows faster at every step.

We next show that ¢(0,¢) grows exponentially. This makes sure that the Oth
component is the dominant component of Aﬁff)(u, .. A6,). A rough calculation
shows that

c(0,1) > A(0)' 1 (u, 0)".

Hence the Oth component is the dominant component of Afﬁ,(f)(u, 6., Af,) because
the Oth component grows faster than the others and the growing speed is exponen-
tial with respect to t. As mentioned in the previous section, the Oth component
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is also the dominant component of @ & (u, 0,, A6 ). Therefore estimating ¢(0, t)

simply as A( )Hll(u7 0)*, we obtain

S ¢ =(0)

D (u, O, B,) ~ A0) (4, 0)'@, (u, by, 0)I(u, AG).

Then it follows
~ A(0) T (u, 0)t,, (u, 8, 0) T(u, AG)
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Since @, (u, 8, AG,) = T (u, 6,6, — Ab,), we can restate Eqn.(6.9) as

o~

T (2, 8, 0) = A(0) I (w, 0)'@T (w1, 8,) T(w, . — ).

Therefore representing it in rectangular coordinates again, we obtain

o~
Py

@®(u,n) = A(0)*'I(|u, 0)!@& (u)T(u — n),
where

O(u) & / @@ (u, m)dm. (6.10)
im|=¢

By computing the Fourier inverse transform, we have the dominant component of
w®(x, Aa) as follows.

wh(x, Aa) ~ / A0)* I (Jul,0)!a® (u)T(u — n)e™e™2edndu.
[n|=
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Since I(|ul,0)! grows exponentially as t increases, this function extracts a certain
u such that |u| = upax, where from Eqn.(6.7),

Umax = argmax I (u, 0) = arg max e 71 +7/2 [ (52u0).
U u

This suggests that we can restrict the integral domain of u from infinite to |u| =
Umax Only. We can numerically verify that when o is small u,., = 0 while as oy
increases Umax converges to o. Therefore, when o; is small, the integral domain
can be restricted only to |u| = 0. On the other hand, when o; is large enough, we
can restrict the integral domain only to |u| = o.

In the following we consider the case of which o; is large enough. Then it
follows from the above discussion,

w(x, Aa)

/ H'II (lul, 0)!*@® (u)T(u — n)e™™* ™22 dndu

luj=c Inl=t7

~(0) ux inAa
W ()l (u — n)e'" e % dndu
/|u|—a /n|—a ( ) ( ) (611)

Cm ) cos ux / I.0s(u, n) cosnAadndu
o In|=0c
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+ wsm ) sin ux / Iy (u,n) sin nAadndu,
In

where
Ios(u,n) = / / I(x) cos ux cos nxdx,

def
In(u,n) ) sin ux sin nxdx.

Now, Eqn. (6.11) explains the detail of the formation of orientation maps, in par-
ticular, (1) how the shape of a receptive field for a cell is determined, (2) how the
preferred orientation for a cell is determined, and (3) how preferred orientations
and phases change on the cortical surface. We examine the structure of Eqn. (6.11)
and discuss these points. During the discussion, the roles of functions are clarified
and we observe that how those functions contribute to the formation, in other
words, how the formation is constrained. Due to the constraints, orientation maps
developed by this model obtain some properties. We observe those properties.
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First, we consider parts of Eqn. (6.11) defined as follows.

rfeos (1, Aa) déf/ fcos(u, n) cos nAadn, and
= (6.12)

rfsin(u, Aa) def / Lin (1, n) sin nAadn.
|n|=0c

When u is given, these become functions of Aa. Thus these function determine the
shape of receptive fields. rfe.s(u, Aa) computes a weighted sum of two-dimensional
cosine waves of 180 degrees whose spatial frequency is ¢, because the integral
domain is limited to [n| = o. The coefficient I,.(u,n) takes the maximum value
when n = u and decreases as n takes apart from u. Thus, the shape of rf.s(u, Aa)
is tri-lobed with the orientation 6 = tan—!(u) like upper four figures in Fig.6.2. In
a similar way, the shape of rfi,(u, Aa) is bi-lobed with the same orientation like
lower four figures in Fig.6.2. The sharpness of the orientation tuning is determined
by the range of I. Wider I makes the tuning sharper because T becomes narrower.
Thus, the preferred orientation is determined by the given u. We then explore how
u is given.

Figure 6.2: Shapes of rf.s(u. Aa) and rf;,(u, Aa) in Eqn. (6.12). The upper four
figures are those of rf.s(u, Aa), and from left to right, o2 values are respectively
0, 10.0, 20.0, 30.0. The lower figures are those of rfy,(u, Aa) with the same
parameters. u is taken as a vertical vector, so these figures show the orientation
to the vertical direction.

o~

Since oy is assumed large enough, I(u — n) is as a very sharp function, which
we may regard as the delta function. From Eqgn. (6.11), it follows that

w(x, Aa) x / @O (u)e A gy
ful=e (6.13)

= / @9 (u) cosu(x + Aa) + ﬁiﬂi (u) sinu(x + Aa)du.
lu|=0

This equation is identical to the modification rule of some spectral models of ocular
dominance columns [79.88], and it develops stripes or blobs of the sign of w®(x, 0)
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on the cortical surface, where the sign of w(®(x, 0) corresponds to the dominance
between ON and OFF (Fig.6.3). That is, for any cortical point, the dominant
stripe is associated around that point. The orientation of the stripe corresponds
to the preferred orientation of the receptive field of the cell on that point, namely,
the above u is given by this stripe.

Figure 6.3: Signs of w®(x, 0) in Eqn. (6.13). Black and white regions respectively
represent negative and positive, which correspond to the dominance between ON

and OFF.

Thus for any cortical point x, the preferred orientation of the cell on x becomes
parallel to the orientation of the dominant stripe around x. Moreover, on the
cortical surface, the change of the stripes, i.e., the change of w®(x, Aa), moving
x and that moving Aa in the same direction are identical, so the phase of the
receptive field of a cell on x also becomes identical to the phase of the dominant
stripe around x (Fig.6.4).

Here we summarize the formation of orientation maps and clarify the roles
of functions A, I, C to the formation. First, on the cortical surface, stripes are
associated. This stripes are developed by function I if o; is large enough, and
elongate in irregular directions because the initial weights are assigned uniformly
at random. Next, for any cortical point, the cell on that point develops its receptive
field whose preferred orientation and phase obeys the dominant stripe around that
point, as implied by Eqn. (6.13). Finally, the combination of A and I works to
develop oriented receptive fields. Both functions extract the DC component of
w®(x, Aa) with respect of Aa, what we called the Oth component, and I modifies
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Figure 6.4: The change of the shapes of receptive fields. For a vertical unit vector
u (i.e., stripes run vertically), the shapes of receptive fields arranged in parallel to
the z-axis change, which depend on the position on the z-axis. Phases of these
receptive fields also depend on the position.

the DC component to the direction of given u in the way of Eqn.(6.12). The spatial
frequency of receptive fields is approximated by o, which is the peak frequency of
C.

These observations indicate that developed orientation maps obtain the follow-
ing properties. Since stripes elongate in irregular directions, the preferred orienta-
tions smoothly change on the cortical surface, however the change is not periodic.
It follows that singular points appear irregularly on the cortical surface. On the
other hand, the change of phases becomes periodic.

Finally, it should be noted that this development appears similar to that ob-
tained by Miyashita and Tanaka’s thermodynamic model [64]. In their model,
all cells on the visual cortex share a layer called “synaptic terminal point”, and
synaptic terminals on the layer are arranged similar to ocular dominance columns
or blobs. Cortical cells are assumed to exist over the layer while keeping the to-
pography and cach cell has its “receptive field” on the layer defined by clipping a
small region by an isotropic function, e.g., a Gaussian function.

6.3 Computer Simulations

We justify our mathematical analysis by some computer simulations.

We consider 32 x 32 presynaptic cells and the same number of postsynaptic cells.
Each postsynaptic cell receives synaptic connections from 13 x 13 presynaptic cells
with keeping the retinotopy. We make use of Eqn. (6.2) as the modification rule,
where parameters are taken from Erwin, Obermayer, & Shulten [23] as follows:
0% =45, 07 = 16.0, C; = 1.00, Cy = 1/9, 62, = 0.61, and 02, = 5.45. On the
other hand, we take o2 large enough as discussed in the previous section. Fig. 2
shows the shapes of C'(a) and é(l), and with this setting, o, the peak frequency
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of 6, is approximately 0.953. Initial synaptic weights are assigned uniformly at
random from the range [—0.4,0.4], and the modification rule is applied 80 times.
To avoid finite size effects, the periodic boundary condition is adopted.

Figure6.5 shows the developed orientation map. As can be seen, receptive fields
become oriented as shown in Fig.6.2 and the change of phases of receptive fields is
similar to Fig.6.4

e R AL 4

Figure 6.5: Orientation map obtained from a computer simulation. Receptive fields
corresponding to each cell are arranged on the cortical surface.

One can calculate the spatial frequency of receptive fields. A calculation shows
that the mean and the variance are respectively 0.962 and 0.03. This is a good
approximation of o =~ 0.953 (Recall that o is the peak frequency of 5)

Figure6.6 shows the stripes of w*(x, 0) computed by Eqn.(6.13) and preferred
orientations extracted from Fig.6.5. As can be observed, preferred orientations
become parallel to the stripes and smoothly change on the cortical surface, while
the change is not periodic.

6.4 Conclusions

We considered a correlation-based model for the orientation map formation pro-
posed by Miller [60]. We performed the Fourier transform and computed the
principal component of the model mathematically. Then using the principal com-
ponent, we studied how the oriented receptive fields and orientation columns were
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Figure 6.6: Stripes of w®(x,0) computed by Eqn.(6.2) and the preferred orien-
tations extracted from Fig.6.5. A square is associated for each cell position, and
an oriented line in each square represents the preferred orientation of the cell at
that position while the background color corresponds to the sign of stripes at that
position. Grey and white respectively corresponds to negative and positive.
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developed. With our analysis, we clarified the roles of functions as follows. (1)
A Mexican-hat-type correlation function determines the spatial frequencies of re-
ceptive fields; (2) The combination of a Gaussian arbor function and a Gaussian
intracortical function develops oriented receptive fields; (3) The intracortical func-
tion develops stripes similar to ocular dominance columns on a layer on which
each cell has its receptive field if the range is sufficiently wide; (4) The preferred
orientations and the phases of receptive fields for each cell arc determined by the
stripes within the receptive fields. These observations inditicated that this model
develops orientation maps with the following properties. (1) It develops oriented
receptive fields; (2) Preferred orientations smoothly change on the cortical surface;
(3) The periodicity of preferred orientations does not appear; (4) The periodicity
of phases appears; (5) Singular points appear irregularly on the cortical surface.
Finally our analytical results were justified by computer simulations.

L]



82

Emergence of orientation selectivity for many neurons with lateral connections




Chapter 7

Details of Computer Simulation

Although the author has performed a number of computer simulations, only few of
these appear in this thesis. In particular, there is no result of computer simulations
for the development of oriented receptive fields in this thesis. In this chapter we
see the details of computer simulations.

_ First we review the computer environment in which simulations are performed.
In the next section, we discuss how to make a computer simulation running faster.
We consider two techniques. one is a coding technique using a table while the
other is a parallel programming using MPI. Then, in the following two sections,
the details of computer simulations for the development of oriented receptive fields
and that for the orientation map formation are reviewed. In these sections, we
consider the data structure and the algorithm of the synaptic modification in the
simulation programs, how to visualize the numerical data. and how simulations are
performed. Finally we confirm that the results of computer simulations support
our analytical results.

7.1 Environment for Computer Simulations

Almost all computer simulations throughout this thesis were performed on a be-
owulf cluster [86] developed by the author. The cluster consists of 8 PCs equipped
with single Intel Pentium III 1GHz Processor and 512MB Memory and these PCs
are connected via 100Base-TX Ethernet in a star topology. The operating system
of PCs are Debian GNU/Linux [17]. All simulation programs are written in C using
gcc [26], and we make use of MPICH library [67] in simulations of the orientation
map formation to parallelize the computation. MT [56] is also used to generate
pseudo random numbers. Numerical data of synaptic weights are converted into
XPM files [109] by the original program written in perl [105], and these files are
visualized by the original program written in C++ using g++ and Qt toolkit [13].
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The rest of the simulations were performed on computers of several operating sys-
tems and architectures including GNU/Linux on DEC Alpha, SunOS 5.6 on SUN
Ultra Sparc, GNU/Linux on Intel Pentium and Celeron.

7.2 Techniques for faster computation

In model studies, a mathematical model is proposed and is justified by computer
simulations, that is, the plausibility and capability of the model are investigated
by computer simulations. Hence a computer simulation plays an important role
in model studies. However, along with the model becomes large and complicated,
its computer simulation also becomes so large and complicated that it spends
much computer resources, in particular, computing time. Thus, it is important to
investigate a way to make a computer simulation running faster. In this section,
we investigate some general techniques to make a computer simulation program
running faster and evaluate these numerically. First we focus on code tuning,
in particular, reducing the number of calling math functions in our simulation
program of orientation map formation. Then we observe that the running time
is drastically improved. Next we expand our programming paradigm to parallel
computation. We introduce a parallel programming library called MPI and then
we make use of it in the same simulation program. After that we confirm that the
running time decreases as the number of available computers increases.

7.2.1 Faster computation via code tuning

A computer program often drastically improves its running time by a couple of
changes in its source code. There are several literatures which explains how we can
modify a program in algorithmic aspects [3.4]. However, there are several cases
that even a simple transformation is enough. In this subsection, we investigate
a technique of reducing the number of floating point arithmetics in the source
code. Our computer simulations heavily depend on floating point arithmetics. It
is widely known that a floating point arithmetic is much slower that an integer
arithmetic [57]. Thus, we can expect that a computer simulation runs much faster
by reducing the number of calling math functions in the source code.

This subsection is organized as follows. First we show the code fragment of our
simulation program and then we discuss how we can reduce the number of calling
math functions. We consider two techniques. The first one is expanding values of
a math function into a table. The second one is introducing an additional variable
to keep the value of an element of the table in a loop. Next we evaluate these
techniques numerically and observe that the first techniques drastically improves
the running time while the second techniques also improves slightly more.
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Reducing the number of calling math functions

The most time-consumptive part in our simulation program is the following code
fragment.

for x = (z1,22) in (1,1) .. (32,32)
for a = (a;,09) in (1,1) .. (32,32)
Awlx][a] = 0;
for y = (y1,42) in (1,1) .. (32,32)
for 8 = (61,82) in (1,1) .. (32,32)
Awlzy][zo][on][as] +=
Aljx — al) < I(Ix — y)xCIx ~ y]) xwlu][y][:][5]
done
done
done
done

~—~

As can be seen, functions A, I, and C are called repeatedly, and these are Gaussians
and the difference of Gaussians. exp(3) is called to compute a Gaussian function
and the total number of calls in this code is 32*. On the other hand, we have
noticed that A, I, C are functions of the distance between two points, that is, those
values can be computed immediately when two points are given. This suggests
that we can expand those values into a table beforehand, and each table consists
of a two-dimensional matrix.
From this observation, we can modify the above code as follows.

Expand_ A(); // Store the value of A into a matrix A.
// The value of an element A[|x — a|] is that of
/! A(|x —al)

Expand I();

Expand C();

for x = (z1,22) in (1,1) .. (32,32)
for a = (,a2) in (1,1) .. (32,32)
Awlx][a] = 0;
for y = (y1,%2) in (1,1) .. (32,32)
for 8 = (81,03) in (1,1) .. (32,32)
Awlz, |[z][on][az] +=
ALl — o) XI[Jx — y[1 xCLIx — /1 xuwfu]lual(5:][5
done
done
done
done

W
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Furthermore, we can improve the running time slightly more. It is time-
consuming to access an element of a matrix when the dimension of the matrix
is greater than 2 [57]. In the above code fragment the value of A[|x — a|] does
not change in the loops of y and . In a similar way, the value of I[|x —y|] does
not change in the loop of 3. Thus, introducing two variables, we can expect to
decrease the number of accesses to a matrix. The modified code is the following.

Expand A(); // Store the value of A into a matrix A.
// The value of an element A[|x —a|] is that of
/! A(lx — al)

Expand.1();

Expand C();

weight valueA, valuel;

for x = (z1,22) in (1,1) .. (32,32)
for a = (a1 a2) in (1,1) .. (32,32)
Awlx]le] =
valueA = A[|x—a|]
for y = (y1,¥2) in (1,1) .. (32,32)
valuel = I[|x—y|]
for ﬁ = (ﬂl,ﬂz) in (1,1) . (3232)
Awlzy][zo][on]]es] +=
valueAxvalueIxCIJx — y[) xuwly][u:][A][5]
done
done
done
done

Numerical Evaluation

We evaluate how these modifications make the simulation faster. We run the
simulation program on our beowulf cluster described in the previous chapter five
times and measure its average running time of the first five steps including its
initialization and output of numerical data. In particular, we measure the user
time of the output of UNIX time(1). The following table shows how the running
time was improved by the first technique.

the original code | the tuned code | reduced rate
2192s 334s 85%

The original code spent 2192 seconds during the simulation while the tuned code as
explained the above spent only 334 seconds. Thus, the tuned code spent only 15%
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of the running time of the original code. Therefore we conclude that the running
time can be greatly improved by reducing the number of calling math functions.

Then we evaluate the second technique in the similar way explained above. The
following table shows the result.

original | 1st tuned | 2nd tuned | 1st reduced rate | 2nd reduced rate
2192s 334s 324s 85% 3%

As can be seen, we obtain further improvement of the running speed. Thus, we
conclude that this modification also works efficiently although it achieves a small
improvement.

7.2.2 Faster computation via parallel programming

Further improvements can be achieved,by parallel programming, that is, dividing a
program into several components and dealing these with several computers simul-
taneously. However, we do not want to get into the detail of parallelization. Our
concern is to make a computer simulation running faster, not to study a parallel
. programming. Thus, we want a library or a toolkit which enables us writing a
program running in parallel with minimal knowledge of parallel programming.

A solution is using OpenMP [9, 75]. OpenMP automatically parallelize a pro-
gram without knowledge of parallelization. For example, we consider to parallelize
a program which contains the following dual loop.

for(i = 0; i < n; i++){
for(j = 0; j < m; j++){
x=1i/ n;
y=3/m
weight[i] [j] = updateWeight(x, y);

}

}

This is achieved by simply inserting one pragma (i.e., command) into the head of
the loop as follows.

#pragma omp parallel for private(j, x, y)
for(i = 0; i < n; i++){
for(j = 0; j < m; j++){
x=1i/ n;
y=13/m
weight [i][j] = updateWeight(x, y);
}

}
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Then by compiling the source code, the first loop is expanded so that the program
can work in parallel.

Thus, with OpenMP, we do not need to know the detail of parallelization.
All the difficult (and standard) procedures to make the program parallelized are
automatically performed. However, OpenMP works only on a SMP machine, that
is, a computer equipped with several CPUs. Thus, we need a SMP machine to use
OpenMP. A cluster with several machines which have single CPU cannot receive
benefits of OpenMP.

The other choices are PVM [27,77] and MPI [33,66,76,83]. These libraries work
on a cluster of single CPU machines as well as on SMP machines. Although using
these requires knowledge of parallel programming and parallelizing a program by
hand, the knowledge required is not so much and it is not difficult to parallelize a
program if the task is a simple loop decomposition as the above example. Thus this
subsection concentrates on the simple loop decomposition using MPI. Although one
may imagine which is better between PVM and MPI, they are completely different
[34]. For out simulations, we make use of MPI. This subsection is organized as
follows. First we explain how to write a program using MPI is by looking a simple
sample program called “Hello World”. Next we consider a loop decomposition of
the simulation program for orientation map formation used to obtain the result
in the previous chapter. Then we evaluate the running time with respect to the
number of processors. As a result, we make sure that parallelization efficiently
works in the case of a simple loop decomposition.

Overview of MPI

MPI is the acronym of “Message Passing Interfaces”. The message passing model
posits a set of processes that have only local memory but are able to communicate
with other processes by sending and receiving messages. It is a defining feature
of the message passing model that data transfer from the local memory of one
process to the local memory of another requires operations to be performed by
both processes.

All processes execute the same program. When starting the execution, an
unique number is given to each process which we call “rank”. while the toral
number of processors are also given. Using these numbers, each process change
its behavior in the program. In Fig.7.1, we show a schematic network of processes
executing a.out.

Hello world

Before getting into the main topic, we first explain how programming with MPI is
using a simple sample program “Hello World”. The program is shown in Fig. 7.2.
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a.out

Q Process Memory

Figure 7.1: Schematic network of processes in the message passing model. A
number in a circle represents a rank.
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#include<stdio.h>
#include<string.h>
#include<mpi.h>

int main(int argc, char *argv[])

{
int rank, size, node, tag = O;
int namelen;
char name {MPI_MAX_PROCESSOR_NAME] ;
char greeting[sizeof (name)+100];
MPI_Status status;

MPI_Init(&argc, &argv);
MPI_Comm_size(MPI_COMM_WORLD, &size);
MPI_Comm_rank (MPI_COMM_WORLD, &rank);
MPI_Get_processor_name(name, &namelen);

sprintf(greeting, "Hello world: rank %d of %d running \
on node %s.\n", rank, size, name);

if (rank == 0){
fputs(greeting, stdout);
for(node = 1; node < size; node++){
MPI_Recv(greeting, sizeof(greeting), MPI_BYTE,
node, tag, MPI_COMM_WORLD, &status);
fputs(greeting, stdout);

}
}

else{
MPI_Send(greeting, strlen(greeting)+1, MPI_BYTE,
0, tag, MPI_COMM_WORLD) ;
}

MPI_Finalize();
exit (0);

Figure 7.2: MPI version of “Hello World” program in C.
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First of all, all MPI programs must include mpi .h. This is the header file of MPI
which contains definitions of functions and constants. Then, all MPI programs
must be initialized via calling MPI_Init. MPI_Init must be called first before
calling any other functions. The total number of nodes and the rank of the current
node can be obtained via MPI_Comm_size and MPI_Comm rank. In this example,
the total number of nodes is stored in size while the rank of the current node is
in rank. Here MPI_COMM_WORLD is so-called a “communicator”, which determines a
collection of nodes that can send messages to each other. MPI_Get_processor_name
enables the current node to get the hostname. The hostname and its length are
stored respectively in name and namelen. So far all nodes execute the common
stuff.

Then, a node changes its behavior with respect to its rank. All nodes except
the one whose rank is 0 sends a message to the node of rank 0 via calling MPI_Send.
MPI_Send requires six arguments, they are, 1. the message body (greeting), 2.
the length of the message, 3. the type of the message (MPI_BYTE represents a byte
sequence), 4. the rank of the node to send the message, 5. an integer called “tag”
which is associated with the message, and 6. a communicator. On the other hand,

-the node of rank 0 works as follows. It receives messages from other nodes via
calling MPI Recv and output the messages to stdout. MPI_Recv requires seven
arguments, they are, 1. the message body, 2. the length of the message, 3. the
type of the message, 4. the rank of the node from which this node receives the
message, 5. the tag number associated with the message (i.e., the same value used
in MPI_Recv), 6. a communicator, and 7. a variable which contains status of the
message passing.

Finally, all MPI programs must be finalized via calling MPI_Finalize.

The result of running this program is as Fig. 7.3. As can be seen, all nodes say
“Hello world” with its hostname and its rank.

[tyam@pl hello_world]$ mpirun -np 8 hello_world

Hello world: rank O of 8 running on node pl.
Hello world: rank 1 of 8 running on node p2.
Hello world: rank 2 of 8 running on node p3.
Hello world: rank 3 of 8 running on node p4.
Hello world: rank 4 of 8 running on node p5.
Hello world: rank 5 of 8 running on node p6.
Hello world: rank 6 of 8 running on node p7.
Hello world: rank 7 of 8 running on node p8.

Figure 7.3: Result of running “Hello World” program.
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Simple loop decomposition

In the simulation of orientation map formation, the most power-consumptive part
is updating synaptic weights, that is, computing the following equation.

AwO(x,a) =Y Alx,a)I(x,y)C(a, Hw(y, B).
Y5

An implementation of this equation is as follows. As can be seen, it consists of
quadruple loop.

for x = (z3,72) in (1,1) .. (32,32)
for a = {aj, @) in (1,1) .. (32,32)
Awx][a] = 0;
for y = (y1,¥2) in (1,1) .. (32,32)
for 8 = (B1,53) in (1,1) .. (32,32)
Awlzy][zo][a]]az] +=
A(x — al)xI (% = y[)xC(x - 1) xwly:] a5
done
done
done
done

—~

It is the most effective to decompose the most outside loop. This can be done
by performing the same computation on all nodes. At the initialize section, the
node of rank 0 reads the seed of a pseudo random number generator from stdin
and broadcasts the seed to the other nodes. This is enabled via calling MPI_Bcast
as follows.

MPI_Bcast(&seed, 1, MPI_INT, O, MPI_COMM_WORLD)

where arguments are 1. an integer variable which contains the value of the seed,
2. the size of the variable, 3. the type of the seed (MPI_INT), 4. the rank of
the node broadcasts the seed, and 5. a communicator. The other nodes receives
the seed and initialize itself using the seed. Since two copies of a pseudo random
number generator with the same seed generate the same sequence of numbers,
configurations of all nodes at this point are identical. The seed can be broadcasted
via

Then, all nodes move to the loop section. Let size and rank be the total
number of nodes nd the rank of the current node. Then, we decompose the above
loop as follows (here we assume that rank starts from 1) so that each node computes
different Aw[z1][z2][a1][az).
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z9) in (rank,1) .. (32,32) skip (size,1)

for x = (z
= 2) n (1,1) .. (32,32)

for a 1,
Aw(x][a] =
for y = (y 1,y2) in (1,1) .. (32,32)
for 8 = (81,6) in (1,1) .. (32,32)
Aw[xﬂ[@][al][a?] +=
A(lx = af)xI(]x — y)xC(|x — y|) xwy][y2] [81][52]
done
done
done
done

(a
]

For example, assume that the value of size is 8. Then, the node of rank 1 computes
Aw(l][zo][a1]]ag], Aw[9][xs][a1][as], Aw[17][z2][e1][az], the node of rank 2 com-
putes Aw(2][z2][a;][as], Aw[10][zs][e1]fas], Aw[18][zs][cn][az], In general, the node
of rank k computes Aw[k][zs][a1][az], Aw[k+ 8][z2][cn][az], Awlk+16][xs][a1][as],
By this decomposition, the total number of iterations of this quadruple loop is
1/size of the original.

After finishing the loop, all nodes have to exchange its computed values of
Aw|x;][xs][an][a2] with the other nodes and combine these. There is a MPI com-
mand which enables such exchange, that is, MPI_Allreduce. For the above exam-
ple, we may use this function as follows.

MPI_Allreduce(&Aw, &Aw_reduced, sizeof(Aw), \
MPI_DOUBLE, MPI_SUM, MPI_COMM_WORLD);

Thus, the contents of Aw are combined and stored into Aw_reduced. Since Aw
is a sparse matrix, this combination can be realized by summing up all Aw. So
MPI_SUM is specified. Finally, storing the contents of Aw _reduced back into Aw,
all nodes get computed Aw.

Numerical Evaluation

Here we evaluate how efficient of this loop decomposition. We consider our pro-
gram for orientation map formation used in the previous chapter and parallelize
it as explained so far. Then, we run the program and measure the running time
in the same environment described in the previous subsection. While several im-
plementation of MPI are available, we make use of MPICH [67] in this evaluation
because this implementation is somehow standard. We consider cases of which the
number of nodes are 1, 2, 4, and 8. For each case, we run the program five times
with different seeds and compute the average running time.

The following table shows the measured running times and the result is plotted
as shown in Fig. 7.4.
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Figure 7.4: Running time of the simulation with respect to the number of nodes.

The z-axis and y-axis respectively represent the number of nodes and the running
time of the simulation. Dots represent the running times when the number of
nodes are 1, 2, 4, and 8, while the line represents y = 2634/x, where 2634 is the
user time when one node is available. As can be seen, the user time decreases as
the number of nodes increases and the change follows the inverse of the number of
nodes almost exactly. In general, the user time does not decrease like this because a
parallelization must involve overheads. Thus this result indicates that the original
program is so straightforward that it does not show its full potential. We can
expect the program running much faster by further modifications. Nevertheless,
this result clearly shows that this parallelization works effectively.
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7.3 Simulation program for the receptive field
development

7.3.1 Data structure

In this simulation we consider one postsynaptic neuron and 13 x 13 presynaptic
cells. Each presynaptic cell projects a synaptic connection to the post synaptic
cell and the synaptic weights are modified following Eqn.(5.4) in steps. The synap-
tic weights are implemented as 13 x 13 two-dimensional matrix of double type
since presynaptic cells are arranged on a two-dimensional grid. Thus an element
of the matrix represents the synaptic weight of the presynaptic weight on that
position on the two-dimensional grid. Therefore let w{z1][z2] and Aw(z,][z;] be
two-dimensional matrices which represents w(x) and Aw(x) where (z;, z2) stands
for x, a position on the presynaptic layer.

7.3.2 Algorithm of the synaptic modification

Our algorithm of the synaptic modification is as follows.

Input:
The seed for the pseudo random number generator.
Output:
The values of w(z;][xs]
Initialize:
for x = (z1,22) in (1,1) .. (13,13)
w[xy][z2] = a number chosen uniformly at random from [—1.0,1.0].
done
Main loop:
for t in 1 .. # of simulation steps

for x = (x1,2;) in (1,1) .. (13,13)
A’ll)[.’l,‘l][l'z] =0
for y = (y1,%2) in (1,1) .. (13,13)
 Bulaiin] += Alx)xClx -y <uluu)

done

for (z;,x9) in (1,1) .. (13,13)
wlz][zo] += Awlz][z,]

done

done
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This program is written in C using gcc and random numbers are generated using
MT pseudo random number generator in the initialize section.

7.3.3 Visualization of numerical data

After executing the main loop, we obtain the numerical data of the configuration
of synaptic weights. This data are then processed by a perl script written by
the author and converted to a XPM file. In the perl script, the data are read
and values are stored and normalized (i.e., divided by the absolute value of the
maximal value). Then the range from —1.0 to 1.0 are separated into 16 subranges
and each value is classified into one of these subranges. After that, with respect
to its subrange, the color and the contract of the dot corresponding to a value are
determined. The color represents the sign of the value (white for positive, black for
negative) and the contrast does its absolute value (thick for large, pale for small).
Finally, these dots are expressed in XPM format and written in a file. Thus the
figure consists of 13 x 13 grayscale pixels of 16 degrees.

For example, the numerical data in Table.7.1 is converted and the figure in
Fig.7.5 is obtained.

-0.06 -0.00 0.06 0.13 0.16 0.15 0.10 0.03 -0.02 -0.04 -0.03 -0.00 0.03
-0.01 0.10 0.22 0.32 0.35 0.30 0.19 0.05 -0.06 -0.12 -0.11 -0.06 0.00
0.08 0.25 0.43 0.55 0.57 0.46 0.26 0.03 -0.15 -0.24 -0.23 -0.15 -0.05
0.18° 0.41 0.64 0.78 0.76 0.58 0.29 -0.03 -0.29 -0.42 -0.40 -0.28 -0.13
0.27 0.55 0.81 0.94 0.88 0.63 0.25 -0.15 -0.47 -0.62 -0.59 -0.43 -0.22
0.32 0.62 0.89 1.00 0.90 0.59 0.15 -0.30 -0.65 -0.81 -0.76 -0.55 -0.29
0.33 0.62 0.87 0.95 0.82 0.48 0.01 -0.45 -0.80 -0.94 -0.86 -0.62 -0.33
0.29 0.55 0.76 0.82 0.67 0.32 -0.13 -0.56 -0.88 -0.99 -0.88 -0.62 -0.32
0.2t 0.42 0.59 0.63 0.48 0.17 -0.23 -0.61 -0.86 -0.93 -0.80 -0.55 -0.27
0.13 0.28 0.40 0.42 0.30 0.04 -0.27 -0.57 -0.75 -0.77 -0.64 -0.41 -0.18
0.05 0.15 0.23 0.24 0.15 -0.03 -0.25 -0.45 -0.57 -0.55 -0.43 -0.25 -0.08
-0.00 0.05 0.10 0.11 0.06 -0.05 -0.18 -0.30 -0.35 -0.32 -0.22 -0.10 0.00
-0.03 -0.00 0.03 0.04 0.02 -0.04 -0.10 -0.15 -0.16 -0.13 -0.07 0.00 0.05

: Table 7.1: Example of numerical data.

Figure 7.5: Computed receptive field from the data in Table7.1.
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7.3.4 Simulation settings

Since we consider 13 x 13 presynaptic cells, we thus fix the arbor radius 6 in
the Step arbor function case. On the other hand, we make use of several o4 in
the case of Gaussian arbor function. We change the setting of the correlation
function, namely, the peak spatial frequency o. For each setting of the correlation
function, We perform computer simulations several (five, typically) times with
different random seeds. The number of simulation steps is 80.

We consider several settings of the correlation function, some of these are de-
scribed as follows. When ¢ = 0.0 with K; = 1.0 and K, = 0.0 (i.e., Gaussian
correlation function), a centre-surround receptive field is developed (Fig.7.6 left).
When o = 0.43 with K; = 1.0, Ky = 0.1111, 07 = 3.0, and 09 = 27.0, a bi-lobed
receptive is developed (Fig.7.6 center). When o = 1.0 with K; = 1.0, K, = 0.1111,
o1 = 0.5, and 02 = 5.0, a quadre-lobed receptive field is developed (Fig.7.6 right).

These results support our analytical results..

Figure 7.6: Examples of developed receptive fields under some settings.

7.4 Simulation program for the orientation map
formation

7.4.1 Data structure

This time we consider 32 x 32 cortical neurons and the same number of LGN cells.
We assume that all LGN cells project synaptic connections to each cortical neuron
for simplifying the data structure, although only connections from LGN cells within
its arbor are modified in fact. We thus represent synaptic weights of all cortical
neurons by a four-dimensional matrix w(z1][x2|[01][cs], where x = (z1, T2) stands
for the position of the cortical layer where a = (a1, ag) does for that of the LGN
layer. This is apparently memory-consuming, however, we do not care of it because
our computers are equipped with sufficient amount of the memory. In a similar
way, let Awlz][z2][an][as] be the matrix which contains Aw(x,a) at each step in
the simulation.
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7.4.2 Algorithm of the synaptic modification

The algorithm of the synaptic modification is similar to that for the receptive field
development. One different point is that one more loop for each cortical neuron is
included.

Input:
The seed for the pseudo random number generator.

Output:
The values of w[z;]{zs][]]02]

Initialize:
for x = (z;,22) in (1,1) .. (32,32)
for a = (aj,a7) in (1,1) .. (32,32)
wlzy][zo][a][ae] = A(lx —al)
X a number chosen uniformly at random from [—1.0,1.0!.

done
done
Main loop:
for t in 1 .. # of simulation steps
for x = (z1,22) in (1,1) .. (32,32)
for a = (o1,a2) in (1,1) .. (32,32)

Aw[zi][zo][on]az] = 0

for y = (y1,¥2) in (1,1) .. (32,32)
for B = (81,5.) in (1,1) .. (32,32)

Awlzi][zs][on][0n] +=
A(jx — al)x (1% — y)xC(|x — y]) xwly]va][31][5)

done

done

done

done
for x = (z1,23) in (1,1) .. (32,32)
[z

for a = (o1,a9) in (1,1) .. (32,32)
wlm][z2][on][ae] += Awla][z2][on]]0n]
done
done
done

This program is also written in C using gcc and random numbers are generated
using MT pseudo random number generator in the initialize section.
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7.4.3 Visualization of numerical data

When the execution of the main loop is finished, we obtain 32 x 32 numerical
data of the configurations of synaptic weights which represent receptive fields of
the cortical neurons. For each data of each cortical neuron, we run the same perl
script used in the simulation of the receptive field development and we obtain
32 x 32 XPM files. Here it should be noted that we do not visualize all 32 x 32
synaptic weights for each cortical neuron. We extract only 13 x 13 synaptic weights
on the center from the numerical data and visualize these. Thus the each figure of
a receptive field consists of 13 x 13 pixels as the same as the previous simulation.

After obtaining all 32 x 32 figures, these are arranged on a two-dimensional
window and displayed on X Window System [108]. We thus obtain the figure of
the orientation map, i.e., the arrangement of oriented receptive fields as shown in
Fig.6.5. The author wrote a program which displays the window in C++ using
g++ and Qt toolkit [13]. Qt is a C+3 toolkit which enables us to easily write a
GUI program on X Window System as well as on Microsoft Windows.

Meanwhile from the numerical data, we extract preferred orientations of re-
. ceptive fields. For each cortical neuron, its preferred orientation is extracted from
its configuration of synaptic weights and visualized. The extraction is performed
by the original program written by the author in C, which performs the two-
dimensional Fourier transform. On the other hand the visualization is done by the
perl script. After the all extractions, figures are arranged on a two-dimensional
window and displayed in the similar way. Fig.6.6 shows an example.

7.4.4 Simulation settings

A typical setting of this simulation is 03 = 4.5, 02 = 16.0, C; = 1.00, Cy = 1/9,
02, = 0.61, and 02, = 5.45, as described in the previous chapter. In addition to
this setting, the author have tried several settings.

First the author tried narrower cortical interaction function defined by o? =
4.0. The author found that the stripes on the cortical layer does not appear and
therefore almost cortical neurons developed center-surround receptive fields.

The author also investigated wider correlation function defined by C; = 1.00,
Co = 0.11111, 0%, = 3.0, and 02, = 27.0. We found that; (1) the width of stripes in
receptive fields became wider; and (2) the width of stripes on the cortical layer also
became wider. These results suggest our analytical results. Under the above setting
of the correlation function, the peak frequency of C is about 0.43, while that under
the typical setting is about 0.98. Since our analysis shows that the peak frequency
represents the spatial frequency and lower spatial frequency develops wider stripes,
the width of stripes in receptive fields become wider. On the other hand, since out
analysis suggests that the value of the spatial frequency also converges to that of
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the peak frequency, the width of stripes on the cortical layer also become wider.
Moreover, the author have studied the wider arbor function defined by o4 = 8.0.
We observed that the result did not change. It thus suggests that the change of
the arbor function does not affect the formation of the orientation map, which is
consistent with out analysis.
Finally for each parameter setting, we performed four or eight simulations with
different random seeds.

7.5 Conclusions

In this chapter we focused on computer simulation settings performed throughout
this thesis. First we reviewed the hardware specification in which all simulations
were performed, and we discussed some general coding techniques for faster com-
putation, they are, the table expansion technique and the parallel programming.
Next we presented the details of computer simulations for the development of ori-
ented receptive fields and that for the orientation map formation. In these sections,
we introduced the data structure and the algorithm of the synaptic modification in
the simulation programs, how to visualize the numerical data, and how simulations
were performed. Finally we confirmed that the results of computer simulations
supported our analytical results.



Chapter 8

Conclusions

We briefly summarize the results presented in this thesis with some future works.
We mathematically analyzed some neural network models to reveal its underly-
ing mechanisms and processes of the self-organization which are necessary for the
emergence of orientation selectivity.

In Chapter 4, we considered a stochastic process of the self-organization in von
der Malsburg’s model. In particular, we focused on a constraint for the synaptic
weight modification and studied its role for the stability of the self-organization.
We proposed a probabilistic game called the monopolist game which represents
the stochastic process of the weight modification. The monopolist game consisted
of players each corresponding to an orientation and a player was initially given
an amount of money corresponding the strength of the synaptic connection. The
amount of money changed by following a game rule, and a player lost all money
was ruled out. The goal of this game was to survive with much money until the
other players were ruled out, which corresponded to that a preferred orientation was
determined with a sufficient connection strength. Thus the dynamics of Malsburg’s
model could be expressed in terms of random walks. Analyses of the random walks
stated that a Malsburg-type normalization surely enabled that the monopolist
emerged. Besides, we also calculated the average number of steps needed until the
monopolist emerged.

In Chapter 5, we studied how a correlation-based mechanism enabled emer-
gence of orientation selectivity for one single neuron. We mathematically analyzed
Linsker’s model, in particular, its development in a higher layer, and could ob-
tained the solution in terms of the summation of the Fourier components. Then
we investigated the fastest growing component. We could clarify the role of the cor-
relation function, specifically it determined the spatial frequency of the receptive
field. Moreover, we focused on the importance of the arbor function, no atten-
tion had been caught to the arbor function so far. We showed that the arbor
function determined the structure of the receptive field, in particular, a Gaussian



102

Conclusions

arbor function developed a center-surround receptive field while a Step arbor func-
tion enabled the development of a multi-lobed receptive field in addition to the
center-surround one. .

In Chapter 6, we studied a correlation-based model for many neurons with
lateral connections proposed by Miller for the orientation map formation. We also
attempted to obtain its mathematical solution in terms of the Fourier components,
and could obtain the description of the fastest growing component. Investigating
the description revealed the formation of the orientation map. We could clarify
the role of the lateral connections. It developed stripes or blobs on the cortical
surface like ocular dominance columns and cortical neurons determined preferred
orientations to becoming parallel to the stripes around them. Furthermore, we
found that the lateral connections elongated the shape of a receptive field, thus
a Gaussian arbor function could develop oriented receptive fields in this model,
although it developed unoriented receptive fields in Linsker’s model.

In this thesis, we concentrated on correlation-based models. An important
future work is to investigate a model based on another mechanism as shown in
Table 3.1. Another, and more important, future work is to clarify the relationships
between models based on different mechanisms.

For example, Erwin et al reported that low-dimensional SOM successfully repro-
duce both orientation columns and ocular dominance columns simultaneously [23],
in particular, the resulting joint maps are more similar to the biologically observed
maps than those obtained by correlation-based models. Thus, if we analyze the
SOM models and can obtain the essential mechanism why SOM works so effec-
tively, then we may include the mechanism to correlation-based models so that
they also develop better joint maps. Since SOM is a stochastic model, we need
a mathematical tool to analyze the stochastic process. Our monopolist game and
the demonstrated techniques for the analysis may work for this issue.

For another example, high-dimensional SOM is a model between low-dimensional
SOM and correlation-based models, because while high-dimensional SOM is based
on Winner-Take-All mechanism, the inputs are similar to the one used by correlation-
based models. Thus by a similar analytical technique demonstrated for Miller’s
model, we may analyze high-dimensional SOM. Then it may clarify the difference
between low-dimensional SOM and correlation-based models.

In summary, mathematical analysis should help us developing an essentially new
and better mathematical model and give us a comprehensive perspective for model
study. Moreover it may enable us to feedback theoretical results to physiology.
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