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Abstract

We study pseudo-scalar mesons as the Nambu—Goldstone boson for the dynamical chiral sym-
metry breaking. We use effective models of QCD described by light quark fields in order to
explain the derivation of the Bethe-Salpeter equation as a non-perturbative analysis which de-
scribes relativistic bound states. We find that the Noether current in the effective model, which
is called effective currents in this thesis, is complicated and different from that in QCD. Intro-
ducing the effective currents, the modifications of the Ward—Takahashi identity for axial-vector
current and the PCAC (partially conserved axial vector current) relation are derived.

Using the Cornwall-Jackiw—Tomboulis effective action formulation, the Schwinger—Dyson
equation and the Bethe-Salpeter equation are derived. We find that the modified Ward—
Takahashi identity for axial-vector current and the PCAC relation still hold even in the rainbow-
ladder approximation if one employs a suitable definition of the decay constant. For this
- purpose we derive the systematic formula of the decay constant. Our approach is an image of
the Noether’s theorem and the Nambu-Goldstone theorem on the classical action to the CJ'T
action.

As an example of our formula, numerical result of the pion decay constant is reported. The

mass of the n meson is also calculated.
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1 Introduction

1.1 Introduction

Nowadays it is believed that the origin of thg strong interaction is a non-abelian gauge theory
called Quantum Chromodynamics(QCD).

In the high energy region the superb methods of perturbation theory are available and there
are successful results such as the deep inelastic scattering of hadrons. This is due to the fact
that at high energies QCD has a property of asymptotic freedom and the perturbation theory
and perturbative renormalization group equation(RGE) work well.

In the low energy region, however, it seems hard to study the hadron properties, as they
are essentially determined by the non-perturbative dynamics. The lattice theory is in fact the
most prominent in the non-perturbative regime, but it suffers from several serious problems
such as ambiguities in chiral Fermions. It has exhausted the computer power.

One of the powerful ways to study the hadron properties qualitatively is to use the symmetry
. of the system. Especially the chiral symmetry plays an important role. It is believed that
the light rbseudo—scalar mesons 7, K,n are pseudo Nambu-Goldstone(NG) bosons appearing
with the spontanious chiral symmetry breaking(SCSB) which is well described by the wine
bottle potential shown in Fig.1-1. The small masses of them must be an evidence of explicit
chiral symmetry breaking(ECSB). From experimental data, these light mesons should be not -

elementary particles but the dynamical bound states of elementary particles quarks. The SCSB
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Fig.1-1: Wine Bottle Poential
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Fig.1-2: Personal View of Strong Interaction

which occurs due to the dynamics is called dynamical chiral symmetry breaking(DCSB). Several
methods such as current algebra, chiral perturbation theory(ChPT) ete. have been developed
to study the properties of hadrons from the chiral symmetry viewpoint.

On the other hand, to study the dynamics in the low energy region quantitatively, it is pop-
ular to use effective models for light quarks. There are various types of effective models which
respect the chiral symmetry. A few examples are the Nambu-Jona-Lasinio(NJL) model[1], the
'improved ladder’ Kyoto Group(KG) model[2], and so on. These models violate the gauge sym-
metry but are simpler than QCD. Some of the non-perturbative analyses are available for them.
My personal view of the strong interaction is shown in Fig.1-2. We suppose that the effective
model approach connects the quark-gluon descrption of QCD and the mesonic description of
the low energy effective theories. Our aim is to study the dynamics at the low energy with
effective models in order to imprové the hadron theories.

As the non-perturbative analysis we concentrate on the method of the Bethe-Salpeter equa-
tion(BSE). The case of the non-dynamical SCSB, one can use perturbation methods after trans-
lation of the local field ¢ — ¢ := ¢ + (¢). Then the picture of the SCSB can be understood
clearly. But this is not applied for the DCSB where non-perturbative methods are indispens-
able. The analysis of the DCSB must be relativistic, because the Nambu—Goldstone theorem
holds under the assumption the Lorentz invariance of the system. The BSE was proposed by
many authors almost fifty years ago and is one of the most popular methods as 'ladder model’

in order to describe relativistic bound states.[3] Although it suffered from mathematical and



numerical difficulties for first decade of its history, the Cornwall, Jakiw and Tomboulis effective
action formulation[4, 5, 6] produces a systematic derivation of BSE in mathematical viewpoint
and the recent development of the computer technology overcomes a numerical difficulty.

But it is not yet trivial to calculate the physical quantities consistently with the chiral
symmetry. One difficulty is that the chiral symmetric property of the effective models may be
different from QCD even if the effective model has a global chiral symmetry. In fact, we started
our study by estimating the pion mass and the decay constant in the KG model in order to

confirm the Gell-Mann, QOakes and Renner(GMOR) mass formula,

M2 2 mo () (L.1)

for a finite bare quark mass mg. The GMOR formula holds when both the ECSB and the DCSB
occur and plays an important role in ChPT. But the numerical result implied that the GMOR
formula is violated even in the chiral limit. We found that this strange result is caused by
large violation of the Ward-Takahashi identity for axial vector current and the PCAC(partially
conserved axial vector current) relation.

Another difficulty is that one must carry out a non-perturbative analysis so as to preserve
the chiral symmetric properties of the effective models. In the BSE approach, it is important
to keep the mutual consistency between the Schwinger-Dyson equation(SDE) and BSE.

Furthermore in constructing an effective model or in the non-perturbative analysis we need
a systematic procedure to avoid divergences of Feynman loop integrals. Such regularization
scheme may violate the chiral symmetry and modify the chiral symmetric properties.

The light quark theory in the title of this paper means the method of the coupled system of
the SDE and the BSE for the effective models described by light quarks. We study the DCSB
in this light quark theory at mainly mathematical viewpoint.

In Sec.2 we construct the effective models. In Sec.3 we study the chiral properties of the
effective models. In Sec.4 we review the CJT action formulation. In Sec.5 we study the SDE-
BSE appfoach and derive a formula of the modified decay constant which is our main result.
In Sec.6 we prove that our regularization procedure works well. In Sec.7 we collects the related
topics. In Sec.8 we give an application. In Sec.9 we show the numerical result of Sec.8. In

Sec.10 we conclude our study.



1.2 Chiral Symmetry in QCD

The classical QCD lagrangian (density) is given by

Lalt, ¥, A] == E(z’fy“D# — mg)Yp — EF;VF““V (1.2)
where

Fo, = 8,A0 —8,A% + gf " ALAL (1.3)

Dy = Oup —igT*Any. (1.4)

The full QOD lagrangian is given by
'Cfullhb, Ja Aa Ba c, E] = ‘Ccl [¢) ;ﬂ + £GF+FP [A) B) c, E] (15)

where the second term denotes the gauge fixing and Faddeev—Popov ghost term. Except for
the mass term, each QCD lagrangian is 'formally’ invariant under the (chiral) vector U(Np )y

transformation defined by

0) o ()= exp {2 oo (1.6)

and under the (chiral) axial U(Np)s transformation defined by

LA
P(z) = P (z) ;= exp {zfy5~2—0°‘} P(z) (1.7)
where A% is a generator of flavor U(Np). We wrote ”formally” since, as is known, in quantum
gauge theories the U(1)4 symmetry is violated by the Adler-Bell-Jackiw(ABJ) anomaly.
Then QCD incorporates the SU(Np), x SU(Np)g x U(1l)y symmetry. -

1.3 Theorems

Theorem 1 (Noether) Let us consider a one-parameter set of the continuous transformations
under which the lagrangian is invariant. Then it is associated a local conserved current J¢(x).
Integrating the time component J§(x) of this current over three-space genérates a conserved

‘charge’

Q= /deg(x).



Furthermore this charge Q% is a generator of the transformation.

The conserved current J/fj‘(:c) and the charge Q% are called Noether current and Noether

charge respectively.

Theorem 2 (Nambu—Goldstone) Let us consider a Lorentz and translational invariant local
field theory with conserved currents J, relating to a Lie group G. Let us assume that this

symmetry is spontaneously broken so that there is some local fields ¢p(z) with

(0[[:Q%, ¢ ()]|0) # 0

where Q% denotes Noether charge. Then there are massless spinless particles witch couple to

both the currents J; and fields ¢r.

The massless spinless particle is called Numbu—Goldstone boson.

1.4 Notation

Here we summarize notations of this thesis.

;=" and '=:" denote the definition of left hand side(LHS) and right hand side(RHS), respec-
tively.

'=" denotes the identity in function space.

The metric tensor is g" = diag(1, -1, —-1,—1).

'{,}’ denotes anti commutator. i.e. {A, B} = AB + BA.

For the Dirac indices we use a,b,---. For the color indices we use's, j,---. For the flavor
indices we use f, g, --. The combined indices m,n, - - - are introduced such as m = (a,1, f), n =
(baj)g), Tt

Tr denotes the trace in the coordinte space and the Dirac, color, flavor space. tr denotes
the trace in the Dirac, color, flavor space. tr(PC) denotes the trace in the Dirac and color space.
tr® denotes the trace in the Dirac space. detf) denotes the determinant in the flavor space.

For the Lorentz indices we use u,v, p, 0,7, .

10



T is a generator of color SU(Ng) with a =1,---, N2 — 1. We use the same index a as the

Dirac index. In the Ng = 3 case, T* is a half of Gell-Mann matrix:

010 0 — 0 1 0 0
T':=3|1 0 0|, T?:=4|i 0 O0f, T3:=%|0 -1 0],
00 0 0 0 0 0 0 0
00 1 0 0 —i 00 0
T*:=%110 0 0], T:=5|0 0 0], T6:=1l0 0 1], (1.8)
1 00 i 0 0 010
00 0 10 0

7 e 1 - 8. _1
T = »5 0 0 —2 y . Te = "3 0 1 0
0 ¢« O 0 0 -2
A% is a matrix of flavor SU(Np) space. We does not use the index a, § as the Lorentz index.

Fora=1,.- N2 — 1, they are generators of SU(N) and for @ = 0 it is given by

[ 2
0.— [ 2 g
A= N diag(1,---,1). (1.9)

Moreover we define the A™, A2, A%, In the Np = 3 case

0 v2 0 1 0 0 0 0 0
ae=10 0o of, »:=[0 -1 0o, »@:=|Vv2 0 0], (1.10)
0 0 0 0 0 0 : 0 0 0
1 00 00 0
M= |0 1 0], X»:=[0 0 0 |[. (1.11)
000 00 V2

The naive axial current Jg (z) is defined by Eq.(3.7) model independently. The effective
axial current owing to the regularization I§, () is defined by Eq.(3.10) which depends on only |
the regularization function f(z). The effective axial current jg‘ﬂ(:v) is a generalized Noether
current which depends on a full lagrangian of a model.

The symbol * in Eqgs.(2.13),(2.15),(2.17),(2.35),(3.13),(5.37),(5.51),(8.6),(8.13),(8.17) and
(8.18) means 1, s, -, Y1, Ys, - — & after all derivatives are operated.

We often omit the comma in the argument.

For the integral of the momentum variable we use |, =1 (—g%z.

The Fourier transformation of the quark field 9 (z) is given by ¢(z) =: [, e7%*¢(q).

We sometimes omit the integral if it is obvious. An example is

11



SR AR

1.12
6San (CB, Z/) ( )

Plin}B ﬁYnm(a:) Y, PB)

where we omit [ d*zd*y.
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2 Construction of Effective Models

2.1 Preliminary

In this section we construct effective models which are described by light quark fields.

2.2 QED Case

The QED lagrangian is given by
o 1 , 1
L[, s A] = P(if + eA — mo)ib — 2 Fu ™ — o—(0A), (2.1)
F,, =0,A, —0,A,. (2.2)

QED is a prototype of the gauge theory and the effective model can be constructed systemati-

cally as following orthodox procedure. This lagrangian is written as
L100, 4] = JA My (~i0)A” + 6B + (5D — mo), (2.3
M,Lu{(?) = —p°gu + (1 — %)pﬂpu- , (2.4)
Defining tile translated photon field A as
AR = AP (MY (—10) ey, 1), | (2.5)

the lagrangian Eq.(2.3) is rewritten as

L[, b, A] = %A“M#,,(—ia);l"
P — o) — 5P (M (i) b (2.6

Eq.(2.6) is quadratic in A. Using the measure invariance DA = DA we can integrate the photon

field
/DAexp z'/d‘imc[w,w A(z)
/ DAesz / dte < AP M, (—i0) A + (i) — mo)
~ 3¢ wvﬂwM*)W(—ia)ww) (@)
= expi / ' (69 - mo) - 5Tp (M (<i0)p) (@) (2.7)
=t exp i [ dizLly, T(x). | (2.8)

13



Here we use
/ DAexp i / d%%AﬂMw(—z'a)Au(x) —1 (2.9)

in the second equality.

Then we obtain the effective fermion lagrangian

L1, 9] = PP — molp — 5Ty (=id) . (210)

" Here M~ means the photon propagator. In fact the bare propagator of the photon is

defined by -

_ . 828[, ¥, A — — : .
1 . ¥y [
Dy (z,y) = ZéA“(a:)éA”(y)’ S, b, A /d LY, ¥, Al(z) (2.11)
and its Fourier transformation is given by
(@ ~Y) e .
% — ip(x—y) pHpv - _ Typw
D*(p) .= / 2y e D* (x,y) (M) (p). (2.12)

For the later convenience we write the lagrangian in a symmetric form:

L, P)(x) = (i — mo)(z)

- yeripe (SR O Bt @9
iD (p) = —p’g" + 2()1 —a)p'p” (2.14)
£l @) = B — mo)(z)

-y (O O ) (s ol o), (215)
K™ (3, ) s= 4D (p B " ()™ 210

Here the symbol * in Eq.(2.15) means 1,2, Y1, y2 — « after all derivatives are operated and
m,n,: - are Dirac indices.

We use Eq.(2.15) in the next subsection.

14



1y, T

k/

Fig.2-1: Gluon Exchange Interaction

2.3 QCD Case

In QCD, the gluon field in the lagrangian is not in a quadratic form. It is impossible to average

the gluon field like Eq.(2.7). Instead we assume the effective quark lagrangian as

Ll P)(z) = p(if = mo)ih(z)

Lt [ —80%2 414091 40" — 9%\ — —
- K™ ( 5 : 5 > Vot (Y1) Y (Y2) 0 (71)mr (22)] (2.17)
K™mm™ (5 k) == g2(p, k)iDM (p — k) (7, T)™ ™ (v, T)™ . | (2.18)
2 pr 1 — LoV
p
Here m,n,-- - are combined indices m := (a,1, f), n := (b,4,9), -+ with Dirac indices a,b, - - -
and color indices 1, 7, - - and flavor indices f,g,---. T® is a generator of color SU(Ng) whose

normalization is tr[T%T?] = %(5“1’. This interaction is shown by Fig.2-1.

This is an analogy to QED case. Of course there is no theoretical guarantee that the
assumption Eq.(2.17) is valid. We take only the effect of non-abelian gauge theory in the
running coupling constant.[7] In this paper we use gluon propagator Eq.(2.19) although some
people use more complicated gluon propagators as shown in 7.9.

There is an ambiguity in the choice of the coupling constant g%(p, k). Some examples are
7(o,k) = 6wy — ki)g*(v5) + 0(ky — pp)g” (kD) (2.20)

15



7. k) = ¢*((pr — kr)?), (2.21)

where pg denotes an Euclid momentum ie. p% = —p?. Here g(p?) is a running coupling

constant which should be consistent with the perturbative QCD analysis in the high energy
region. That is to say, this lagrangian contains the effect of non-abelian gauge in the high
energy region.

- The choice Eq.(2.20) was known as Higashijima-Miransky approximation and the Bethe-
Salpeter equation with Eq.(2.20) was introduced by Aoki, Kugo, Bando, Mitchard and Nakatani.[2]
In this papef we call this model as Kyoto Group(KG) model.

We comment that when one use the Higashijima—Miransky approximation Eq.(2.20) the
interaction is not invariant under local chiral transform. This results in the violation of usual

Ward-Takahashi identity for axial vector current. We will discuss this issue in Secs.3 and 5.

2.4 Comparison with NJL model

When we make a replacement

o0, D (o~ K)o g, (222
in Eq.(2.18) we obtain an effective quark lagrangian
£06.T) = T = ma) - s (T T T, (22)
After the Fierz transformation
(W)™ = =8+ (36)™ () 4 ) )
+ 2l (), (2:24)
e ki (2.25)
§f' g9 — %(/\a)f’g’o\a)gf’ : (2.26)

Eq.(2.23) is rewritten as

L[, D] = p(iP — mo)y + Gs

a \2 o \2
(#50) + @m%wﬂ
. /\a 2 . )@ 2
(Wm;zb) + (1&75%71#)

16
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2 2

g —g
G = T =
s = VT e

(2.28)

where \® is a flavor matrix with normalization condition tr[A®\%] = 26%F.

If we neglect the last term in RHS of Eq.(2.27) and treat Gg, Gy as free parameters,
Eq.(2.27) is nothing but the NJL model.

Note that the second, third and fourth terms in RHS of Eq.(2.27) are chiral invariant

independently. Furthermore in the third term,

[(Evy§¢)2+ (%5%;0 ﬂ and Z [(W; )2+ (%5?VNA2—Q¢) 2} (2.29)

are chiral invariant independently. Altogether, we have four local 4-fermi interactions that are

independent and chiral invariant.

2.5 Cut Off Reguralization

‘In the above subsections we construct effective models. But there is a problem about the
renormalization. Since the NJL model is not a renormalizable theory, we must introduce a
momenturﬁ scale Ayy which cuts off the diverging quantum effects in the high energy region.
In the chiral limit mg = 0, asymptotically free models like KG model can avoid this problem
because the running coupling constant has been already renormalized with quantum effects of
the high energy region.[7, 2] But when one introduces the quark bare mass term (which is not
running but constant), the divergence appears again and a scale must be introduced at which
the quark masses are evaluated or renormalized.[8, 9] A simple answer for this problem is to.
introduce the cut off of loop momentums in the Feynman diagrams. But it is not systematic
because the values of the divergent loop diagrams depend on the choice of the loop momentum
variables for which we make the cut off. There is ambiguity how to cut the momentum diagram
by diagram.

In order to avoid this ambiguity, we introduce a formulation with a cut off function in the

lagrangian.[10] We replace the free part of the lagrangian

@(Zﬁ - mo)lb = Ef(c?Q).(i@ - m0)¢- (2.30)

17



Here the function f(z) of # = 0% may be any function if it satisfies f(z) = 1 for small 2 and

f(z) — oo for x > A%,,. A few examples of the cut off function are

flz) = 1+——Af , (2.31)
uv
f(@) = 1+MO(z—A%y), M— co. | (2.32)

This cut off regularization function, however, modifies the chiral property of the effective model.
This is discussed in Secs.3 and 5.

' The reason why we employ the cut off regularization scheme is that it is the simplest way
and match for numerical studies. The dimensional regularization scheme is a best way but
too difficult for the numerical calculation. Although the Pauli-Villers—Guputa regularization
scheme is a nice method, there is a problem about the accuracy of the numerical integalation
since the integral région is infinite. The cut off scheme employing Eq.(2.32) requests only the

finite integral region in the Euclidean space.

2.6 Flavor Mixing Term

The flavor 'inixing interaction suggested by Kobayashi, Maskawa and 't Hooft(KMT) is

Lo, P = GD{det<F> [+ 5)] + det® (1 — 5)y)] } (2.33)

where det™ denotes the determinant in the flavor space.[11, 12] This interaction is invariant
under the SU(Np), x SU(Np)g x U(1)y but not under the U(1)4.

In the Np = 3 case, it is written as

EFM["p,E] = lGDEflfzfseglgzgs Wgﬁbh”Eggd’fa]Wgswfs]
3
+ 3y, ) [Py, V5% 1 ] [ ’75¢fs]}- (2.34)

Tn Ref.[13, 14] the NJL model with this flavor mixing interaction is studied.

This flavor mixing interaction corresponds to the existence of the instanton solution of the
gluon field. That is to say, this interaction contains some effect of non-abelian gauge theory
in the low energy region. This must vanish in the high energy region. But it is not trivial to

estimate how it depends on momenta. Generally we can introduce the weight function as
— 1 . iy n :
Lrm[t, ¥|(z) = gGDeflfzf%glgzg‘”’w(z@ml , 10y; 1035 , 10y, , 1044 , 10, )

18
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Fig.2-2: Flavor Mixing Interaction

{0 (o100 Ny, (22 2] P, () 4
+ 34, (@) (), (2151, 0By (w5 (5] |

*

(2.35)

The symbol * in Eq.(2.35) means 1, g, T3, Y1, Y2, Y3 — & after all derivatives are operated.

There is an ambiguity in the argument of the function. Some examples are

’LT)(- . ) = w <<(8%1 — 8y1) + (8&02 _ ayz) + (8'63 — 83/3)) ) , \ (236)

2v/3

o @@ B EEE e

where w(z) is a scalar weight function which satisfies w(z) = 1 for small z and w(z) — 0 for

T3> ALy,

This generalization from local form Eq.(2.34) to non-local form Eq.(2.35) may bring a
violation of local chiral invariance at the interaction.

However, when one chooses Eq.(2.36) the interaction Lpm[t, ] is locally chiral invariant.
If one chooses Eq.(2.37) the numerical calculation becomes much simpler than employing

Eq.(2.36), but the interaction is not locally chiral invariant. We will use this flavor mixing

interaction in Sec.8.
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3 Chiral Property of the Effective Models

3.1 Preliminary

The effective models may have their own properties which are different from QCD. In this
section we re-consider the feature of the effective models especially the KG model carefully and
examine the well-known relations which hold in the full QCD. The main purpose is to make a
formulation which is appropriate for the study of the chiral properties of the effective models.
We then propose a modified axial current, modified Ward—Takahashi identity in the effective
models. A

Let us start with the system of massive fermionic effective model like

‘C[wa—] = fcfree[djya]_l"'cint["paa]a (31)
Lieel), 9] = $F(0*)(if — mo)p. (3:2)

(:= denotes definition)

Here the function f(z) of x = §? is introduced as a cutoff regularization function to avoid
the ultraviolet divergences of the fermion loops and determines a scale at which the fermion
bare mass myg is evaluated. f(z) may be any function if it satisfies f(z) = 1 for small z and
f(z) — oo for z 3> A%y. Usually my is a diagonal flavor matrix i.e. mg = diag(my, mq4, ms) in
Ny = 3 case. But in this paper we deal only with a flavor independent mass except for other
specified. The generalization to flavor dependent masses can be done in a systematic way,
although there may be some technical complexity*'in choosing the center of mass of bound
states.

Although in the chiral limit (mo — 0) this regularization function maintains the global
chiral symmetry, it changes the property of the local chiral symmetry of the kinetic term. And.
even if the regularization or interaction keeps the global chiral symmetry, the modification of
the local chiral symmetry changes some important equalities held in QCD, such as the PCAC
relation, the Ward-Takahashi identities.

To see this, let us consider the infinitesimal local chiral transformation

Wz) = ¥(r) =1+ s b @), (3.3)

*1This complexity occurs in kaon state. In this thesis we do not discuss the kaon state.
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Wa) - Pla)=Pa)(L+inp6(x) (3.4)

where A\* is a hermitian flavor matrix with the normalization tr[A*M] = 26*%. Throughout
this paper we treat \® as hermitian. The generalization to non-hermitian flavor matrix with
tr[A*TAP] = 2698 is straightforward.

At the moment we concentrate on the kinetic term and assume that the interaction term
Lint 1s locally chiral invariant.

If we do not introduce the cut off function, under this transformation the change of the

action S[t, Y] := [ d*z L[, ¥](x) is
AsS[, 9] = S, Y]~ S[h, Y]

/d4 {6’4,[)7”( ")/S_Q(X( )"p( ))m -+ (E(gj)zr%_)‘\?l_aea(x))ﬂ(sgix)}
/d4x0a($){8“(@b7p75—;1/)) — 2m0i$75§¢}($)' (35)

Here = implies that this is an identity in function space. (i.e. This holds for any function

W, . ) 35 means right functional differential, -%= means left functional differential.

? 6¢
Using the equation of motion &2 5 ¢ ﬁ = 0, we can see from Eq.(3.5) that the axial current
5, satisties the well-known PCAC relation
- A
s, = 2moz¢fy57¢, (3.6)
— P
ng = waN'YS—é—d) (37)

This axial current is the same as in QCD. In various effective models, however, we will see
that the form of the axial current is modified. For conventions, we call Jg,,, defined by Eq.(3.7)

the naive axial current.

3.2 Cut off regularization

If we introduce the cut off function, under the local chiral transformation the change of the

action is

a

881,71 = [ 02T 7027 + £ 1

— amgig OV IO, X | 83)
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Since the kinetic term 1 f (6?)i@e is globally chiral invariant, the first term in the braces in the
right hand side of Eq.(3.8) can be written in the form 0*Ig, with the new current Ig, which

satisfies the PCAC relation:
£(2%) + f(8%) A

HIE, = 2mgi 5 Y55 ¥ (3.9)
@ = [ 90w’ =0)
(0= @ulp— )= )55 pla)e 4" (3.10)
with
fl(_pé,_qz) _ f(=p") -QF f(=a) o) = f(-—;&—_];(z)—f) (3.11)

where [, denotes [ (—2‘%7 Formally all the effects of the cut off function are confined in the
replacement

F(8Y) + f(8%)  A®
9 iy

U
Tou = Iy, Pvs5 = 9 P (3.12)

Thus new current I§, defined by Eq.(3.10) is conserved in the chiral limit and called a generalized
Noether current in the appendix of Ref.[10].[10, 6] In this paper we call this current Ig, the
effective or modified azial current owing to the regularization.

This current Ig, looks dangerous because f(z) — oo for z > A%y. One must be careful

about it in using in the concrete equations. We will return to this problem in Sec.6.

3.3 Locally chiral variant interaction

Let us next consider the KG model introduced by Aoki, Kugo, Bando, Mitchard and Nakatani.|2]
This model incorporates the asymptotic free property according to QCD and also gives a charge
universality (or the vector Ward identity Z; = Zy(= 1)) at the rainbow SDE level with the
Landau gauge condition. The latter is proved in 8.4. However the interaction is not locally
chiral invariant and the axial Ward—Takahashi identity should be modified as we will see. This
was shown in Ref.[15] at the ladder BSE level. In this subsection we do not introduce the cut

off function f(z) for simplicity.
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This model with the Landau gauge condition has the following interaction form:

_ A, WY, R, SR 7
T | )

2 ’ 2
Xamz(yll),l/)m(y2>;;n(x1)wn2(xz) (313)
R'mn,ngmz (p, k,‘) - gQ(p, k)Z'D“V(p _ k)(,.yMTa)mzm(,yuTa)nnz (314)
— g2 KV
iDw(p) = —L L PP (3.15)
p
F(p,k) = 0(v% — k)9’ (pE) + 0(k% — p5)g” (kE) (3.16)
- 3(4)? ( 1
20,2
. ————— | O(tip — 0t —t .
P08 = g (e = + 0 — ) ) (3.17)
2
p
t:=In AQE —1 (3.18)
QCp-
Here the symbol * in Eq.(3.13) means @1, z3,¥1,ys — @ after all derivatives are operated. pg
and kg denote Euclidian momentum,(i.e. p% = —p?), and the indices m,n,- - are combined
indices m := (a, 1, f), n := (b,7,9), - - with Dirac indices a,b,--- and color indices 1, j,- - - and

flavor indices f,g,---. T is a generator of color SU(Ng¢).
This interaction is globally chiral iﬁvariant, but it is not invariant*?under the local chiral
transformation as follows.

The change of the action under the infinitesimal chiral transformation becomes

« @

NS, ] = /dllxga(a’){a”@%%%lb) - 2m0@’)’5%¢ (3.19)

» o 4tk gtk _p_ﬂ__p_ﬂ)
Z/p’q’k7l(g<p+2,q+2 g ip 2,61 5

«

XD+ QTR IR T (D] o0 |

The third term in the braces should be written down in the form 8"1{3 with a current Kﬁ'

because the interaction is globally chiral invariant. In fact, K is given by

K :/ G kol 3.20
\H Joakel N(pa(b a) ( )

xiD (p + q)[ib(p)y, T"¥(9)] W(k’)%’ysT“gw(l)]e—"(”q*’““)“’,

*2We consider whether the interaction term is invariant or not under the local chiral transformation. We do

not consider the local chiral invariance of the total lagrangian. Each effective model we treat in this paper is

not a chiral gauge theory, the total lagrangian is always locally chiral variant.
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p+qg+k+1),

Gﬂ(p7Qakvl> = (p+q+k+l)2

_ +k q+k p+l p+1
AP (p+ I+ B0 ) - (- - ) | .
{gp+2,q+2 N Al (3.21)
Again using the equation of motion we obtain the modified PCAC relation
« v A? <]
o Jg, = 2moz¢’y5-—é~1/1 + K. (3.22)
We notice the naive axial current Jg, is not conserved even in the chiral limit mg — 0. If we
define the current jg‘p = Jg, — K}, it is conserved in the chiral limit
~ — A
B“Jg‘p = 2m02w757¢' (323)

This new current fgu is also a generalized Noether current as is the effective axial current owing
to the regularization Ig, in the previous subsection. We call this current jf?u is the effective
or modified axial current. When the cut off function is employed the definition of the effective
axial current is ngﬂ := If, — K7 instead. This approach can be used for other effective models

which has a locally chiral variant interaction.

3.4 Low energy relations

Now we get the (partially) conserved current jg'# 1= Jg, — K. When the cut off function is
employed the definition is ig; =I5, — Kj instead*®. In this subsection, however, we do not
employ the cut off function f(z) without other specified.

Once we get the (partially) conserved current ~5“”, the Ward-Takahashi identities can be

derived. In the path integral form, the Green function is given by

OIT () F)I0) = N [ DyDFexp(iSlh, F)(=)B(y) (3.24)
= N [ Dy DPexp(isy!, P ()7 (v)
= N [ DYDFexp(iSl, B+ ids STy, B)) (3.25)
(L i @ W@TG) + 65 ()

*3To avoid the confusion, we use the following notations. The naive axial current J¢&,(x) is defined by Eq.(3.7)
model independently. The effective axial current owing to the regularization I, 5"’”(”0) is defined by Eq.(3.10) which
depends on only the regulariza,tioﬁ function f(z). The effective axial current jg"“('v) is a (partially) conserved

current which depends on a full lagrangian of a model.
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where A is a normalization factor. Throughout this paper we do not consider the anomaly and
assume the measure invariance DyYDy = DY/ D1y’

Using
iAsS[h, P = i / d*z0*(z){0" g, — 277102‘%52—%}(3;) (3.26)

and comparing Eq.(3.24) with Eq.(3.25), we obtain the Ward—Takahashi identity for the mod-

ified axial current

«

(OIT*4(2# J5,(0) — 2y 4(0)) () (w) ) (327)
+.i25 5 OTU(ETW0)5*(2) + OTYB0)[0)ine 5y 5%(y) = 0

or
: — | %a — A —
=10 (0| T(@)p(y) 5, (0)|0) = 2mo{0|Tys—-(0)9(2)3(y)[0) (3.28)
A — — A
+ 175 5 (01T (@) (9)]0)8" (2) + (O[T ()b (9)]0)irs 56 ().

We note here that the above derivation does not use the axial charge Q5 := [ d3xj§L:0(x)
which may be the generator of the transformation. The specific form of the (partially) conserved
current in the effective model makes the discussion difficult using canonical comutation relations
of the field operator. But anyway, when the spontaneous symmetry breaking occurs the charge
Qs is an ill defined object. The above treatment, however, does work safely. We will comment

on this topic at the end of this section.

The pion decay constant can be defined in two ways,

Jg, =t —faOum -, (3.29)
Je =t —fulumt (3.30)
where - -- means the higher state contributions. f; is the conventional definition, and fois

defined for the modified axial current. We will see that the modified decay constant f,r plays
the role of f, in the effective models.

In the momentum space, the LHS of Eq.(3.28) is given by

LHS of (3.28) = P*{0|Ty|P) > P|Jg |0y + - (3.31)

7
2 _M7%<
PZ iPgX ¢
= p2_ Mze—l B2 = (P, Pp)x(q; Pp) + -+ (3.32)

where x(q; Pp) is the Bethe—Salpeter amplitude defined by
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X( Pg) i= ™% [ d'(w — ) 0T () ()| P) (3.33)

where X := £¥ jg the position of center of mass of the bound state |P) with normalization
condition (PIP') = (27)%2Ppo6*(P—P’') and Py := (1/ M2 + P?, P) is the on-shell momentum
corresponding to P := (Py, P). fy(P, Py) is defined by

(P, Pa) = " (PLTEO)0) (3.34)

and satisfies PI'E%B f(P,Pg) = fr.

In the chiral limit the first term of the RHS of Eq.(3.28) disappears. If M, # 0 the LHS
diverges in t-he on-shell limit P2 — M2. This contradicts with the RHS, which converges.
Therefore we conclude M, = 0, and the Nambu—Goldstone theorem holds. Furthermore in
the soft limit P — 0, all the higher state contributions can be neglected in Eq.(3.32). So one

obtains
LHS of (3.28) — frx(¢;0). (3.35)
On the other hand in the momentum space the RHS of Eq.(3.28) in the same limit should be
RS of (3.28) — {i% 1, Sv(a)} (3.36)

where Sp(q) = F.T.(0|T%(2)¥(y)|0). Then one can get the Nambu-Goldstone solution of the
Bethe-Salpeter amplitude from Eqs.(3.35) and (3.36)

x(¢;0) = %{i%i%, Sr(9)}- | (3.37)

This is a realization of the Nambu—Goldstone theorem. The dynamical mass generation

{2’75A2—Q, Sr(g)} #0 (3.38)
indicates the existence of the NG boson. The normalization constant is £, not f:!.

It is known that the solution (3.37) of the BSE contains only the information of the soft
limit of the massless particle and therefore is not enough to calculate o, for instance. We need
to solve the BSE explicitly for M, # 0, because fx is related to the derivative by M, (or Pp)
of the BS amplitude (in the chiral limit). On the other hand, Pagels and Stokar proposed a
formula[16] to calculate the decay constant approximatly using Eq.(3.37), which is shown in

7.6.
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Finally we give the Gell-Mann, Oakes and Renner’s mass formula. Operating (P] and |0)

to the equality
- N Y
0"J5, = — fxOm = Zmoihys 59, (3.39)

one obtains

M2 fr = _27n0i/tr[Y(Q;PB)’Yo?]- (3.40)
q .
In this paper we call this equality PCAC relation too. Then approximating the Bethe—Salpeter

amplitude of the RHS of Eq.(3.40) by Eq.(3.37) we obtain

Mf? ~ =2mo(P)o, (P / 67[SF(q)moo] (3.41)

where SF(q)m,=o is the full propagator in the chiral limit. Indeed this is the GMOR mass
formula. |

Three remarks follow.

The first is that when the cut off function f(z) is introduced, we should use the current

5, = Ig, — K and replace Eq.(3.40) by

M2y = —omi [ 1 ~ ) (g P ), (3.42)
N _ . _ DI
G+ = a4t - =g o (3.43)

Similarly we replace the definition of pair condensation in Eq.(3.41) by

/ f tl [SF )mo:O] (344)

The second is that the formal definition such as Eq.(3.30) is not sufficient for a concrete
calculation. Because the modified current jg‘“ contains a non-local 4-fermi interaction term, we
can’t evaluate the modified decay constant f. directly even if the Bethe-Salpeter amplitude is
obtained. In Sec.b we will give a systematic procedure to calculate fr for the approximated
SDE-BSE system.

The third is whether the modified decay constant f,r is really a decay constant in the meaning
of weak decay 7™ — p* + 1, or not. This is a difficult problem because our formulation is only

for a strong interaction. We discuss this problem in 7.8.
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3.5 How about the Noether Charge?

Up to present we did not discuss the Noether charge ). We believe that the Noether charge
should be the generator of the transformation, but it is not trivial to see this.
- In the true theory, the classical lagrangian L.(¢,0¢) is a starting point of all. After a

suitable quantization procedure, one obtains the Feynman’s formula for the generating function

ZlJ] = No/DﬁDqﬁexp%/d%{qu— H(m,$)] (3.45)
= W [Doexp [ dalLy(4,00) + J@)d()), (3.46)
e |

by which various Green functions are derived. Usually the quantum lagrangian £, in Eq.(3.46)
is same as the classical one L according to the Matthews theorem.[17]

In effective models, we treat lagrangians which contain higher derivative terms. Then the
| Quantum lagrangian may be different from the classical lagrangian or the quantization proce-

dure may be obscure.

For example, in Ref.[10] where the NJL model with cut off function f(z) =1+ Azc Was

studied, the original fermion field is divided into three component fields for which the 1\1/igher
derivative terms disappear and the conventional quantization is possible. In this case, the
quantum lagrangian rewritten by the original fermion field is same as the classical lagrangian,
but again the conjugate momentum field of the original fermion field is obscure.

We here employ an ’interpretation’ that the lagrangian of the effective model is only a
dummy which imitates the quantum lagrangian in Eq.(3.46). The lagrangian of the effective
model revives a same feature of the true theory to some extent, but it is a different object. The
integral of the conjugate momentum in Eq.(3.45) has been already performed, and the gauge
degrees of freedom has been averaged. We do not know how to come from the classical theory
through a quantization but we can only go to the classical theory in the limit i — 0.

In fact, as far as quantum effects are calculated with Feynman rules derived from formula
Eq.(3.46), every result respects the property of ’classical action’ of the qucmtﬁm lagrangian (or
the lagrangian of effective model).

Therefore our approach can’t confirm whether the Noether charge is a generator of the

transformation or not directly. Nevertheless the fact that the Ward—Takahashi identity does
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hold and the current algebra is based only on the symmetry may imply that the Noether charge

is a generator of the transformation.

29



4 CJT Effective Action Formulation

4.1 Preliminary

The Cornwall, Jackiw and Tomboulis’s (CJT) effective action formulation is one of the most
powerful methods to derive the Schwinger-Dyson equation and the Bethe-Salpeter equation
consistently.[18, 19]

Especially the CJT formulation is fitted for a DCSB problem. Non-dynamical SCSB is well-
described by ’Qhe effective action T'[¢] for a local ficld ¢. As mentioned in 1.1, the picture that
the wine bottle potential brings a SCSB is so clear. But the DCSB is more complicated. The
CJT action T'®T[Sp] is the generalization of effective action for local field, and is an effective
action for bilocal Green function Sp(z,y) = (0]Tw(x)(y)|0).

In this section, we review the CJT formulation[6, 5] and derive the Bethe—Salpeter equation

systematically.

4.2 Generating Functionals
The definition of the generating functional of the Green function is
Z10] =N / DYDY exp {iSkp, 9] +Te[pB7]}. (4.1)

Here we use the notation Tr[yepJ] := [dizd*ytr[w(y)d(z)J(z,y)] and Jum(z,y) denotes a
bilocal external source.

Z[J] can be expanded as power series of the external source
Z[J] = GO (zy)J(yx) + ;—2!@(2)(3313/1; zoy2)Jd (y171)J (4272)
+ ;_?)!G(3)($1f9135523/2;x3y3)J<ylm1)J(y2x2)J(y3$3) e | (4.2)
G™(@yy1s 5 Tatn) = (O|T(z1)%(y1) - - - ()P (yn)|0) " (4.3)

where we omit the color, flavor, Dirac indices for simplicity.

The definition of the generating functional for the connected Green function is

W[J] = —ilnZ[J]. | (4.4)
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W([J] can be expanded as power series of the external source

,L'2

2|Gg)($ly1§5E2y2)J(y1x1)J(y2x2)

W = iGP(xy)J(yz) +
'3

3

+ —?ng’)(arlyl; mayY2; 3y3)J (Y121)J (Yaw2) J (ysa3) + - - . (4.5)

Comparing Eq.(4.2) and Eq.(4.5), we obtain

1
GY(zy) = —Z-G(”(wy), (4.6)
1 1
G w1y 2agp) = 7@ @y 2292) — 3G (@190)G D (wage), (4.7)
where Z := Z[J]|,_,. It is clear that Ggl)(xlyl; -+ TpnYy ) denotes the connected Green function

indeed.
From now on we use the notation Sp(z,y) :== G (z,y) i.e.

§W1J]

Sr(z,y) := (0|TP(z)(y)|0) = 5700

The effective action is introduced as a Legendre transform of W[J]:

From this definition, the conjugate relation
SU[Sr]
65an(ya T)

holds. This equation is called the Schwinger-Dyson equation(SDE).

J 65
From a trivial relation Eﬁ =1, the equation

I 62T(S}] o
7 (SSan(y, x)éSFn/nl,(xl, yl) Cin'm!'m!n!t

holds. This equation is called the inhomogeneous Bethe-Salpeter equation(BSE). The operator

in the LHS of Eq.(4.11)

— T, y) | (4.10)

(23 y"2") = Smtmbpnn 6(y" — y)8(x — ") (4.11)

@ 1 6°T[S¥]

1': ") = N e
mnnm (yiL', Y ) 1 (SSan(ya x)(SSFn'm'(x/’ y/) ( )

is often called the BS operator.
Throughout this paper, we treat SDE and BSE only when the external source J,n(z,y)

vanishes.
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Fig.4-1: Feynman diagram in ¢['joe,[SF]
0000¢

Fig.4-2: Feynman diagram in i['j,0,[Sp]

4.3 The CJT action

The CJT action is the representation of I'[Sp| and given by
LTSy = TrLn[Sp] — iTr[Sy 1S F] + Tioop[Sr] (4.13)
where Sy means the bare propagator defined by

155 (,y) = 55551& ! w =0 /f )(p — mg)e =Y (419
where f(z) is a cut off regularization function introduced in 2.5.

Here after we write I'[Sp] as the CJT action simply.

The last term of Eq.(4.13) is the residual term. Multiplying a factor 7, iDeep[Sr] is given by
the sum of all the Feynman amplitudes of 2-loop or higher loop 2-particle irreducible vacuum di-
agrams in which every bare Fermion propagator Sonm (%, ) is replaced by the full one Sppm (2, y).
A few examples of the Feynman diagrams in iT'j,.,[Sr] are shown in Figs.4-1,4-2,4-3. In Fig.4-3
'FM’ implies a flavor mixing term introduced in 2.6.

"The proof of the derivation of Eq.(4.13) is given by Cornwall, Jackiw and Tomboulis.[4]

Instead we prove Eq.(4.13) in the diagrammatic viewpoint.
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Fig.4-3: Feynman diagram in iI'j,0p,[SF]

Fig.4-4: Feynman diagram in iW[J]

Some examples of the Feynman diagrams which cosist of the generating functional W /[J]
are Figs.4-4,4-5,4-6. More complicated examples are Figs.4-7,4-8. In this paper, we call
the quark 1-loop which connects separated two or more parts of a diagram as ’articulation
loop’. In Figs.4-4,4-5, 4-6 the dotted lines imply the articulation loops. We call the bare quark
propagators on an articulation loop the ’legs of the articulation loop’ if two of them connect
the separated 2 parts of the diagram. In Figs.4-4,4-5 every bare quark propagator is a leg of

an articulation loop. In Fig.4-6 each bare quark propagator connected to an external source is

Fig.4-5: Feynman diagram in iW[J]
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Fig.4-6: Feynman diagram in iW[J]

-~
—~—
-
-—

—— ——

Fig.4-8: Complicated example in iW[J]
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Ng Ny Mg Ng N
Figd4|1 -2 2 0 1
Figd5|2 —4 2 1 1
Figd6|1 -3 2 1 1
Fig47|2 -5 3 1 1
Fig4-8 |4 -9 4 2 1

Table 4-1: Counting Number

a leg of an articulation loop. In Fig.4-7 each bare quark propagator connected to an external
source is a leg but two bare quark propagators in the gluon vacuum polarization are not legs.
For an articulation loop, one can draw the lines from the center of the articulation loop to
each leg. We call these lines for an articulation loop as ’separation tree’. In Figs.4-7,4-8, the
‘separation trees are shown by dashed lines.

Of cource the number of the articulation loops is equal to number of the separation trees.

For each diagram in iW|[J], we introduce counting numbefs Ng, N, Ne, g as following.

ng 1s the number of articulation loops. That is to say, n, specifies how many times the
diagram is contained in —TrLn[SF|. For Figs.4-4,4-6, n, = 1, for Figs.4-5,4-7, n, = 2 and for
Fig.4-8, n, = 4.

(—np) is the sum of all the legs in all articulation loops. That is to say, (—ny) is the number
how often the diagram is contained in — T[Sy Sr]. For Fig.4-4, ny = —2, for Fig.4-5, n, = —3,
for Fig.4-6, n, = —4, for Fig.4-7, n, = —5 and for Fig.4-8, n, = —9.

n. is the number of external sources. That is to say, n. represents how often the diagram is
contained in ¢Tr[SpJ]. For Figs.4-4,4-5,4-6, n, = 2, for Fig.4-7, n, = 3 and for Fig.4-8, n, = 4.

ng is a number how many times the diagram is contained in tI',0p[Sp]. For Fig.4-4, ng = 0,
for Figs.4-5,4-6,4-7 ng = 1 (Figs.4-5,4-6 are contained in Fig.4-1.) and for Fig.4-8 ng = 2.

- Table 4-1 shows these counting numbers.
These counting numbers ng, 1y, n¢, ng are different from diagram to diagram. But the total

number

n = Ng + N+ Ne + Ng ‘ (4.15)
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equals to 1 for any diagram.

We conclude
iW[J] = =TrLa[Sr] + T[Sy 'SF] + 1Tt[SrJ] + Tioop|[SF)- (4.16)

From the definition Eq.(4.9), the validity of Eq.(4.13) holds. B

4.4 Homogeneous BSE

When the external source J,m(x,y) vanishes, the connected Green function GC i (EY; Y )

is rewritten by

G e @ 9'7) = (01T () () (4 ) (27)]0)

<0|T¢n( ) ( )|0><OIT¢m( ) n’(x,)l())
§2W[J]

= . 1
6J’mn(ya x)é‘]n'm’ (xla y,) J=0 (4 7)
‘This GC nmm,n,(xy y'z') can be written down with one particle physical state as
Gt a3t/ ') = [T TR E
Xrnm xy,PB)X'rmn(yx PB) ot ) )
X Z P2 M? + e + Ryt (zy;y'2'), (4.18)
Xrmm(2y; Pg) 1= (O[T (), ( P, ), (4.19)
Yr;m’n’(ylml;PB) = <P,TIT'anl/(y’)En:(m,)|0>, (4‘20)' |
(P|P'y = (27)32Pps63(P — P"), (4.21)
. ! !
X::x;—y, X’::m;y, (4.22)

P =(Py,P), Pz=(YM?2+P>P). (4.23)

Here X, X' denotes center of mass coordinate, M deontes the mass of the bound state. The reg-
ular term Rymm (2y; y'2’) denotes the contributions from higher physical states. X» m(2Y; PB)
and X‘r;m,n,(y #'; Pg) are BS amplitude and its conjugate respectively. For simplicity we often
omit the symbol r which distinguishes degenerate one particle physical states. The validity and
remark of Eq.(4.18) are discussed in 7.2.

Substituting Eq.(4.18) into inhomogeneous BSE (4.11), we obtain the homogeneous BSE
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Fig.4-9: Homogeneous Bethe-Salpeter Equation

82T S|
(5San(y, x)éan'm' (.’L”, y/)

It is useful to write the homogeneous BSE (4.24)

Xt (2 '; Pg) = 0. (4.24)

S;ﬁn,(i, )Xt ('Y PB)Sgﬁl,m(y'y) + Kot (Y25 'Y X (2 Pg) = 0 (4.25)

where the operator defined by

/y/) = 52P100P[SF]
(SSan(ya x)(sSFn’m’ (xla y/>

is called BS kernel. Fig.4-9 shows this homogeneous BSE (4.25).

Konaro (Y23 @ (4.26)

4.5 Normalization of BS Amplitude

In this subsection we review the normalization condition of BS amplitudes. Firstly we define
(2)

the Fourier transformation of the connected Green function Gy, (¥'2'; 7y), the BS kernel

Kotmmn (@'Y y2), the BS amplitude xmn(y'z’; Pg) and its conjugate X,,.(zy; Ps).

G(C?')n’m’mn(mly/; yr) =: / e~ Y Haly—) tPO-X0} g (0 0 P, (4.27)
’ pa,P : ' :
Km/;llnm(ylxl;ﬁl?y) — / e—i{p(:p’_y’)—l-q(y—ilf)-l-P(X’__X)}[{m,n,nm(p,q; p), . (4.28)
pq,P
Xnm(zy; Pp) =: e 78X / e @)y, (¢, Pp). (4.29)
q
R (Y05 Pg) = €X' [~z (q; Py), (430)
a

The inhomogeneous BSE (4.11) in momentum space becomes

/p’ q, Gg;)nmmlm (p,P/, P)Dmlnlnzmg (P’, q,, P)G(C?;)nzmzm:;ng (ql, q, P)

=~ (202G s (2 G5 P), | (4.31)

Cinmmgns
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_ P P
Dopynyngmy (p’, q; P):= SF1111712 (pl + E)SFqlnzm] (p’ - 5)54(27/ - ql)

1
+ (_271_—)4[‘711117.17127712 (p,a qlv -P) (432)

Substituting the Fourier transformation of Eq.(4.18)

(p’ PE)Ym’n’(q; PB)

G(Q) . — . Xnm
(p,q; P) =1 DT M2 4 e

Cinmm'n’

+ Rummn (D, ¢; P) (4.33)

into Eq.(4.31), we obtain

X (25 P )Xoy, (75 P3) . .
/p’ q [Z.' P2 - M21-|1-ZE +anm1“1(p’pl)P)] Dmlnlngmz(p,aq,)P)

>‘< [Z Xnama (€ 'PB)YTn:;n:;(q; Pg)
P2 — M2 + e

Xnm (D3 PB)Ximgns (4 )

+ Rngmgmsng (q,? Q’ P):I

Here we omit the index r, which specifies the degeneracy of the one particle state, in order to
‘avoid the unnecessary complexity.
From Eq.(4.34) we extract the dominant term in the on-shell limit P — Pp. Using the

homogeneous BSE

im /lenl(p';PB)Dmmmm(p’,q’;P) = 0, (4.35)
— I’ pl
A Dinyngngmy (25 €5 P)Xnama (¢ PB) =0, (4.36)
—Pg Jg

we obtain the normalization condition

: ‘lem (pl; PB)Dmlmnzmz(pI? ql; P)anmz (ql; PB) — 12 ~
PlgII}B s i P2 I+ ic = —(2m) (4.37)
or equivalently
. — 0 12
PlLI%B v Xmyny (s ) [ﬁDmlnznzmz (', q; P)] Xnama (43 Pp) = —(21) *2Pp,.  (4.38)

We introduce the norm of x(g; Pg) defined by

1 1
. 2., _ :
X(CLPB)H = w(2ﬂ_>12 PIEEB 2 p2
— 0
X /p’ J melm(p/; PB)P” [513” Dm1n2’)‘l.2'l’nz<p,? ql) P):I Xngma (C_Z', PB) (439)

The normalization condition is rewritten by
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|Ix(g; Ps)l| = 1. | (4.40)

Note that the norm Eq.(4.39) is defined only for the solution of the BSE. The norm may
be 0 or negative for the function which does not satisfy the BSE. For example, let us con-
sider Eq.(5.20) in 5.2. In the chiral limit (my = 0 and M, = 0), neglecting the higer state
contributions R, inmem(p, ¢; P) and taking the on-shell limit P — Pp we obtain

. i 1/, A° PB PB Al
Xmn(8; Pr) = —E(m?&(p - —2~))mn + (Sr(p+ 7)%7)% : (4.41)

This Xmn(g; Pp) does not satisfy the BSE and its norm equals to 0. The reason is that generally
one can not'neglect the higher state contributions, except for the soft limit P — 0 after the

on-shell limit P — Pg.
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5 Approximation of SDE-BSE System

5.1 Preliminary

In this section we check whether the CJT action formulation derived in Sec.4 preserves the chiral
properties of the effective model given in Sec.3. Simultaneously we confirm that the results given
in Sec.3 are correct within the SDE-BSE approach. And we will derive a formula to calculate
the decay constant of NG boson which is our main result. Although the approximation may
violate the property of the chiral symmetry, our formula still preserves it. This is due to the
systematic ai)proximation in the CJT action formulation.

The CJT action is given by
T[Sp] := (TrLu[S] — iTx[S; ' S#] + Tioop|Sr] (5.1)

The last term of Eq.(5.1) is the residual term. Multiplying a factor ¢, i['j5op[SF] is given by the
“sum of all Feynman amplitudes of 2-loop or higher-loop 2-particle irreducible vacuum diagrams
in which every bare Fermion propagator Sy is replaced by the full one Sr. It resembles to
the usual perturbative expantion, but in this case there is no small expantion pa,rameter‘(i.e.
coupling constant in the perturbation theory.) For this reason it is impossible to check the
Ward-Takahashi identity order by order. We will show that the truncation of the loop expantion
preserves properties of the chiral symmetry.

The SDE and the inhomogeneous BSE introduced in 4.2 are given by

8T[SF]

— 5.2
6Sr(z,y) % . ) (52)

1 8Tiss

§ 55 rn (9, 8 Smmr ) C Crmemr (24 4'5") = b 84" = )6 — ") (53)

respectively where Gc rrmimine (YY) is defined by

G (@Y YE) 1= (O TYn(@) () ()P (2)]0)

= (01T (%) (9)10) 01T o ()b (2)]0)
§2W[J]
’ 5Jmn(ya x)éjn’m'(xlay/) J=0
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The G(g;)n,n,m,,n,,(:v'y' ;9y"2") can be written down by one particle physical state as

Cinmm/n/

GO it (2,439, 2) = / e~ (P=PB)X+i(P—Pp)X'
P

>“.,\/nm(a:y; P )X (Y’ Pp)

e L e 69
! !
X::x;-y, X’::x;y, (5.6)

P =(Py,,P), Pg=(y/M2+ P?P). (5.7)

Here X, X' denotes the center of mass coordinate, M, denotes the mass of the bound state.
The regular.term R (2y; y'2") denotes the contributions from higher physical states. We
omit the index r for simplicity.

The homogeneous BSE is given by

52T'[S]
5San (y, x)é‘S’F'n’m’ (-7;/7 Yy

- The question is whether the chiral properties of the effective model are preseved when one

/)Xn’m’(x,) y,; PB) =0. (58)

truncates the sum in ‘].“loop [Sr]. To answer this question we use the Munczek’s technique.[18]

Let us ﬁrst consider the infinitesimal global chiral transformation of Sg(z,y).

LAY LAY
Sr(z,y) — Sp(z,y) == (1+ @7579 )Sr(@,y)(1+ Z’Y5~2—9 ) (5.9)
If the lagrangian of the effective model is globally chiral invariant, both the CJT action and
each term of the sum in Dioop[SF] are also globally chiral invariant. Then the change of the
CJT action under this global transformation is

OT[S A o
oo g 0 SelomE0 (510

= 0. (5.11)

Here = denotes that this is an identity in the function space. (i.e. This holds for any Sp)
Differentiating this identity by Spma(y, ) one obtains an identity |

8T [Sr] e
Sz o
(SSan(’y, x>6SFn’m'(£U/,y’) {275 9 F} (a; y)

(5= ’m(Snm’ 5n'm. 5 /nm! = 0. 5.12)
88 prrm (y, ) () + b (1757 o) | (5.12)
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Using the SDE (5.2) the second term of the left hand side of Eq.(5.12) vanishes. We get the

equation*!

6°T'[Sr] A
5~ S n!'m! /7 ! =0, .
65an(y’x)(sSFn'm’(xl,y/) {/V)’ 2 F} (ZU y ) 0 (5 13)

and comparing it with homogeneous BSE (5.8) we obtain the Nambu—Goldstone solution

Xnmi!(Z,y; Pp = 0) := N{i%%i, Sr e (2, Y) (5.14)
where N is a normalization constant. Here we use the fact that the right hand side of Eq.(5.14)
depends only on  — ¥, the left hand side must also depend only on x —y, which implies Pg = 0.
So we concluae that even if one truncates the sum in T'op[SF], the dynamical chiral symmetry
breaking produces a solution of BSE for a massless particle. We remark that though the global
chiral symmetry breaking implies the existence of pseudo-scalar Nambu—Goldstone particle in
this way, the normalization constant can’t be determined.

Let us next consider a local infinitesimal chiral transformation of Sr(z,y).
! . )\Ot [2] ' )\01 o = =S
Sr(z,y) — Sp(z,y) = (1+ 275?0 (2))Sr(z,y)(1+ z*y576’ (v)) (5.15)

Under this local transformation, the change of the CJT action is

6T[SH . A
———————{iy5—0%, Sp }min 5.1
(5SFm/nl(yl, ){ ° F} (J x> : (O 6>

2
The following equation holds.

5(AsT'[Sx])
C - ”5[)” 1) — 7
TCim!'n (y J) (SSan( y)

8’T[S] xe
)55an(fvy)<5Smenf(J’x') {i755-0% Sp Y (y'2')

5P[SF] { (2) "_n A”
e 7 7 N C Nt ant _0 n!
+ 5S’Fm:n:(y’x’) TCim'n l(y z ay z )(7’75 ( ))l

e
+ (w570 (y,))m'lG(C?;)m“n“ln (yllx”’ yz )}

A
= Z.{'i’)’5-2—00[, SF}mun//('y”a?H). : (517)

n_n,
m"n"nm(y Try

= g%

Here to derive the last form we use the SDE (5.2) and the inhomogeneous BSE (5.3). Eq.(5.17)

is a starting equation from which we examine the SDE-BSE system.

*1Eq.(5.13) is not an identity but an equation, because it holds only for the solution of SDE (5.2).
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5.2 Amnalysis for the CJT action

In this subsection we consider the c@se that the cut off function is not introduced and the
interaction term is locally chiral invariant.

In this case each term of the 'y, [SF] is also locally chiral invariant. Then only the second
term ~iTr[Sy ' Sr] in Eq.(5.1) is locally or globally variant in the CJT action, Eq.(5.17) reduces

in momentum space
)\a
2 .
/q Gt (P € P)(Z%?(Qmo +7))

= 7;.(2;’)’5-)\2—(155'(}7 - —g‘))m“n” + Z(Sp(p + —gﬂ)i’)’g,)\—;)m“n”. (5.18)

mn

Here the Fourier transformation of G(C?;Llln,nm(y’ z'; xy) is given by

Connm(330) = [ TV IXINGE (5, g P). (5.19)

Cim'n'nm P Cim'n'nm
2

Using Eq.(5.5), Eq.(5.18) becomes

[e3

Xm!'n!! (p7 PB)ynm(Qa PB) . . A
/q [Z PT_ M2 4ic T LG P )] (#7155 (2mo + 1))

mn

. A® P , P.. )\
= - 1(2"/5?5’17‘(27 - ~2—)>ﬁ”n” + Z(Sp(p + 5)2’)’57)“1%”, (5.20)
)_(nm(xy; PB) = eiPBX /e_iq(x_y)Ynnz<Q; PB)) (521)
q
Xmn(y'2'; Pg) = e—iPBX'/e—iq(y"‘”l)xm/n/(% Pg). \ (5.22)
q .

The Chiral Limit

In the chiral limit mq — 0, the CJT action is globally chiral invariant. Then a massless Nanlblk
Goldstone particle will appear because if M, # 0 the left hand side of Eq.(5.20) diverges in the
limit P2 — M?2, while the right hand side converges. In this case the left hand side of Eq.(5.20)
becomes
7 A
LHS Of Eq(520) = / ']D—ztr[Y(Q;PB)’L’Y57F]XmNnH<p;PB)
q :
A"

+ /qu”n”nm(p7 q; P)(Zryf)_é—ip)mn (523)

If we take in the soft limit P — 0 after taking the on-shell limit P — P (i.e. Py — V. P?), the

second term of Eq.(5.23) vanishes and the first term becomes
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1st term of Eq.(5.23) — i frXmmnn (05 0), (5.24)

P—Ppg

fr = lim PL tr[x(q; Pp)ivs f’] (5.25)

Here we use the definition of the decay constant given by Eq.(3.29). On the other hand the
right hand side of Eq.(5.20) becomes |

PR
RHS of Eq.(5.20) - Z'{'L.”/5?, SF(p)}mnnu (5.26)

in the same limit. Then we obtain the equation

a4

This is the same equation as Eq.(3.37) which was derived from the axial Ward—Takahashi

identity. Note that to derive Eq.(5.27) we used only SDE and BSE.

For a Finite Quark Mass

When mgy > 0, the first term in the brackets of Eq.(5.20) will diverge in the on-shell limit

P — Pgy. Then the equation

. A®
/tr[j{(q; PB)W5~2—(2m0 + Ps)) =0 : (5.28)
q
must be satisfied and we obtain
2 - — A” | .
MEfy = ~2moi [ be[x(a; Pa)rs ] (5.29)
q

where f, is given by Eq.(5.25). This equation is again same as Eq.(3.40). The GMOR relation

is now re-derived

M2 o —2mo(Fy)e,  (P)o / 62S5(q)maol- (5.30)

We again insist that we use only SDE and BSE to derive Eqgs.(5.29),(5.30). Thus we have
proved that taking finite number of terms of I',op[SF] preserves the low energy property of the

effective model.
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5.3 Cut off Regularization

When the cut off function is introduced, one can derive the low energy formulae using only

SDE and BSE in the same way. From Eq.(5.17) we must replace

i75)\2—a(2m0 +P) (5.31)
o 42 2
~ iy (el EEHIER) g o) (5:32)
Py— P Py— P
-=q-g, G=gty (5.33)

in the previous subsection. The definition of the decay constant f, is now modified

te[xta oyins s { LRI p gty - peag)] 0

) 1
fx = Plgga ﬁ

as Eq.(3.29) with replacement Jg, — Ig,. As mentioned in 3.2, one must be careful about
Eq.(5.34) because f(x) — oo for z > A%y
Therefore the PCAC relation Eq.(5.29) is modified

f()

M2, = —2moi | i tx{(a; Po)s o ] (5.35)

and the definition of pair condensation is modified

/ F(=a)tr[SE(@)mo=0l- (5.36)

Under these modifications, Eq.(5.27) and Eq.(5.30) hold.

5.4 Locally chiral variant interaction

Here we consider the KG model as an exémple of locally chiral variant interaction. For simplicity
we omit the cut off function f(zx).

In this case the effective axial current jg‘“ is different from the naive axial current Jg, shown
in Sec.3. In the same way, the conserved current for the flamework of the approximated SDE
and BSE equations must be modiﬁed from the naive form. For simplicity we employ the lowest
order(lowest loop) approximation of I'oep[SF] such that
(ia“’? — 0% —i0" + 2'83"2>

2 ’ 2
X [S Prmmy (Y25 Y1) SFryn (22, ©1) ~ Srma(Y2, 1) SPaym, (2, y1)] .-

(5.37)

1 o m
ToolSe] = =3 / i frmmomam
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Note that this approximation corresponds to the rainbow-ladder approximation shown by
Figs.4-1 and 4-2.

In this case Eq.(5.17) reduces in momentum space to

, A o
| G0 P) (1767520 + P+ B P))

. A P . P ..\
= 1(2’75751?(]9 - 5))1”””” + Z(SF(p + '5‘)1’}’57)”1,%”, (538)
~ P ~ P, X
Eglm(Qa P) = /Ic I:{I&nmm'n'(k + 5, q) - I\)nmm’n'(ka q— 5)}(7'7575F(k))m’n’
‘~ P -~ P A
'I".{I{nmmln'(k - ‘2—, Q) - -Knmm’n’(ka q + 5)}(517(]6)275?)1)1%’] . (539)

One sees that £¢(g; P) — 0 in the limit P — 0.
Using Eq.(5.5), Eq.(5.38) becomes

Xmttn! ,P _nm ,P A @
/ [Zx L IREICTE LI S P)] (v @ma+ P)+ B°(q; P))
\ m

P2 — Mz + ’1:6 n
. A P , P..A°
= i(i1 5500~ 5), e TE(SEB+ ST e (5.40)

Chiral Limit
In the chiral limit, the global chiral symmetry breaking implies the existence of the Nambu—

Goldstone particle' again. Then we obtain
i _A° N
LHS of Eq.(5.40) = q ﬁtr[y(q; PB)(z%?I’ + E%(q; P))| Xminr (p; Pr)
A
+ / Rinitnm (D, ; P)(Ws,?l]’)mn- (5.41)
q

holds. Tdking the soft limit P — 0 after the on-shell limit P — Py (i.e. Py — VP?) the

second term of Eq.(5.41) vanishes and the first term becomes

1st term of Bq.(5.41) — & s xmimn (p; 0), | | (5.42)
o= lim — [ 6elx( Pe) s P+ B9 (q; P)) (5.43)
fo = Jim Pz/q t[x(g; Po)(i755 (¢; P))] o 5.

We note that this definition of f, may not necessarily coincide with that from Eq.(3.30).
On the other hand the right hand side of Eq.(5.40) becomes

RHS of Eq.(5.40) — i{i’)@%, Sp(p)}munu (5.44)-
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in the same limit. Then we get the equation

A
an(Q; 0) = %{2757, SF(Q)}mn- (545)

This is the same equation as Eq.(3.37) which was derived from the axial Ward-Takahashi

identity. Therefore we conclude the definition of f,r in Eq.(5.43) is equivalent to the definition

Eq.(3.30).

Finite Quark Mass |

When mg > 0, the first term in the brackets of Eq.(5.40) diverges in the on-shell limit P — Pg.
Then the equation
A N
/qtr[??(q; Pp)(is5-(2mo + Pp) + B*(q; Pp))] = 0 (5.46)
must hold. We obtain

~ . )\a
M2 fr = —2myi / 6 [x(a; )75 ] (5.47)
q

where f is given by Eq.(5.43). This equation again coincides with Eq.(3.40) and implies that
our choice of f in Eq.(5.43) is consistent with Fq.(3.30). The GMOR relation is written as

M22 o —2mo (Yo,  (B)g = — / 62[S7(@)mool- (5.48)

Thus we have proved that the truncation of I'j,o,[Sr| preserves the low energy property of the
effective model if one use the suitable formula of the deay constant like Eq.(5.43).

Up to now we have treated the lowest order (rainbow-ladder) approximation. When we use
the higher order approximation, the definition Eq.(5.43) should be modified to an appropriate
form. Then we can prove that truncation of I'i,.p[Sr] preserves the low energy property of the
effective model with locally variant interaction if one uses the appropriate formula of the decay

constant like Eq.(5.43).

5.5 Formula of the decay constant

We summarize this section briefly and derive our main result, a formula of the decay constant.
Under the infinitesimal local chiral transformation, the change of the classical action can be

written down formally as
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AsS[p, ) = / dtz0°(z) (0" JE, [0, P)(2) — MO[p, ¥)(z)). (5.49)

Here M%[t), ¥](z) comes from the globally variant terms, such as the fermion mass term and
jg"# [¥, ¥](2) is a effective axial current.
The change of thie CJT action corresponding to the classical action must be written down

formally as
AsT[Sy] = / d'20°(x) (0" T[S F) (@) — MO[SF(2)). (5.50)

Again M?[SF](x) comes from the globally variant terms and jgj‘L[SF](:z:) is a proxy of the
effective axial current in the CJT action. Both Eq.(5.49) and Eq.(5.50) hold by the same
mechanism.

When the effective axial current jg‘ﬂ[w,—@](m) has a non-local interaction term, the exact
proxy jg;;[s p](z) is a sum of infinite Feynman amplitudes which come from the expansion of
Tioop[SF]. If one truncates the expansion of I'ep[Sr|, the approximated proxy jgz[S rl(z) is
built of a sum of finite Feynman amplitudes.

For example, for the KG model with cut off function f(z), at the lowest loop approximation

Eq.(5.37), Wé obtain
~ . « P
G (5el2) = [ e [ e ) {alping g See,2)] - lfSi(e, ine g

_/ d'z / iks frmnamy [ 10%2 — 10 —i0"™ +i9” [
k 9 ; 5

«@ «

S Frma (Y2, yl){e_’km”%?SF(M, ) + e~ 15F($2,$1)W5—2—}

non

. (5.51)

*

. . P _ ‘ PR
- San(yz,xl){e_lkm@’)’s*Q‘SF(%,xl) +e kylSF(xz,yl)Wrz—} ' ]
n9M2

ME(Sp)(2) = —m [ d's /,, ¢~ iHe=) f(pQ){tr[z'“y?%SF(z,x)] + tr[sF(x,z)mA;]}. (5.52)

Then to calculate the decay constant, we derive the formula

y . 1P# To =
fr = PI-HEB -P_2<P|J5'U[1/},¢](O)IO>
o 875,1¢1(0)
] - | 57215¢)(0) 5.53
Pl_lfgs P2 xnm(:r,.y, B>55an(x,y) | |
o 60+ I [SF)(0)
P1—1—>I%B sznm(x’y’PB) 5,5’an($,@/) ( O )
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Therefore systematically approximated f,r can be obtained for any approximation of I'iep[SF].
Eq.(5.53) is perfectly consistent with both the chiral symmetric feature of effective models and
the approximation methods of the nonperturbative SDE-BSE approach.

Simultaneously we have proven that the formal analyses for the effective models in Sec.3
hold. Tn Sec.8 we will introduce an ExKG model. The explicit formula of the decay constant

for the ExKG model is given in 8.10.
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6 Regularized Equations

6.1 Preliminary

In this section, using the cut off regularization function f(9%) we show the integral equations
which avoid the divergence and are well-defined. Although this approach is general, We con-
centrate on the KG model with a finite quark mass within the rainbow ladder approximated
SDE-BSE system as an example. In such a model with the asymptotic free property, the run-
ning coupling constant g has a function of regularization to some extent. But the convergence is
too slow, and every result contains an order (g(A%y))® error (« is a suitable positive constant)
which goes to zero in the limit Ayy — 00.[20]

We use the notation P = (/M2 + P, P) for simplicity instead of Pp in the previous sections.

A few examples‘ of the cut off function are

flz) = 1+ Xaf;— (6.1)
uv
flz) = 14+ Mb0(z—A2%y), M — oo (6.2)

In the cut off function a scale parameter Ayy is needed. The fermion mass my is evaluated in
this scheme and at this scale.

The first choice Eq.(6.1) makes a smooth cut off and is useful for the non-renormalizable
model like the NJL model.

The second choice Eq.(6.2) makes a sharp cut off and is useful for a numerical calculation of
asymptotically free models like the KG model. In this scheme, every integral region (in Euclid
space) is finite. The second term of the left hand side of Eq.(6.13) in the next subsection

~ disappears.

6.2 Regularized Equations
The Schwinger-Dyson equation (5.2) is
Srmn(0) = Soma(Q) + /p K™™' (¢, p)S pmin (D), (6.3)

1 )
(=¢*) §—mo

So(q) = 7
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The regularized propagators are defined by

(

R (2 _ -

SO (Q) i f( q )SO((D d“ 7n0a (60)

SHa) = f(=4")Sr(q)- (6.6)
Then Eq.(6.3) can be rewritten with regularized propagators
1 . ~, 1ot SR / /(p)

S mn S mn + t I&’nm’nl " ) —&L@——*' 6.7

Fon(0) = 580 (@) + 5 | (0.9) (6.7)

The cut off function f~*(—p?) in the integrand can control the integral to converge. The other
relations are'bbtained in the same way.

The pair condensation Eq.(3.44) is given in terms of 9% by

<:§Z¢>O = /f tl[SF mo=0]
- /q $[SE(Q)moo]- (6.8)

“We note that this (1)) is defined only in the chiral limit. Eq.(6.8) is well-defined even in the
NJL like model if a suitable cut off function f(—g¢?) like Eq.(6.1) is chosen. Because for a factor
f~Y(—q?) in front of the integral of the right hand side of Eq.(6.7), the integrand in Eq.(6.8)
becomes small as ¢ grows. “

The homogeneous Bethe-Salpeter equation (5.8) is given by

SE}IM (q+)Xn1m1 <q’ P)SE}nlm(q—> =~ //C K’mn’nlml(q, k)Xn'm'(k; P) : (69)
with ¢4 1= ¢+ P/2,q_ == q— P/2.

We define the regularized Bethe—Salpeter amplitude

Xon(€ P) 1= F(@3)Xam(a; P)f(d2)- (6.10)
Then Eq.(6.9) can be rewritten as

— mn,n’ Xn/m/! k?'P)
gnnll(q-i-)Xmml(% ) lem ——Z/‘k o m ____(____ ) (611)

f (k3)f(k2)
The normalization condition of the Bethe-Salpeter amplitude is derived from the inhomo-

geneous Bethe-Salpeter equation (5.3) as
. - 0 /o 1 ,
z/quml(q; P)Xmgng(q;P)_a?;(SFn2n1(q+)SFm1mg(Q—>) = _*ZPH' . (612)
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This condition is now rewritten with the regularized function

a3)f(-

/ q+y’ &) f(— (1) (g )t (=a2) F(=2)

g (=) (=)

X Xty (6 P)S Pk, (q )Xﬁznz(q;P)Sﬁmll(%) = —2P,. (6.13)

1 _ 0
/ f( 2 /n1ﬂ11 (q’ P)Xﬁznz(q’ )ap‘u (Sfl‘?'nzlnl( )ng}’mz (q")>
+1

The modified decay constant f, (see Eqs.(5.34),(5.43)) is given by

fo= P%/qimn(Q;P) [i'ys%(i{f(_q%) + f(_qi)l}”

2
+(f(—q:°;)—f(—q3))ﬂ}+E“(q;P)Lm 619)
B e 1 N
T P2 / X3 P [z”57{(f<~qi> ik
1 1

E%(q; P)] : (6.15)

nm

1
* (f(—q?.) f=q >M} D)

E?.(q; P) defined by Eq.(5.39) is also written with regularized propagator

P A
mn / f ](72 [{I\mnm 'n! 2 )Q) I nmm'n' (k q— 5 )}(275 SF(k))m’n’
P Roiv. A%
‘|" {I&nmm In! (k/' - 2 ) I\nmm nl(l\z q + 2 )}(SF(k‘)nyf)_Q“)m’n'] . (616)
The quantity which appears in the PCAC relation Eq.(5.35) is
f(= Ao
/ )t [x(q; PB)V5§‘] | (6.17)
1 1 1 R 2\
= — /= + tr[x?(q; P 2 6.18
/«12 (f(—q+> f(~q3)> g Po)1s ] (6.18)

All these integrals are finite due to the cut off function. The conserved current Eq.(3.10)
looks dangerous because it contains a divergent function f(g?). However, as in Eq.(6.15), fris

finite and therefore the conserved current Eq.(3.10) is appriate.
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7 Related Topics

7.1 Preliminary

In this section, we discuss some topics concerning our study.

7.2 Extraction of Pole Contribution

In Eqs.(4.18) and (5.5) we write down the connected Green function G(C?;)n’n’m”n”(x Y5 y"x") in

“terms of one particle physical state. In the momentum space, it is given by

‘ nm ,-P ,P
G2 (g P) = iXem (P P8 )Xo (& P)

Cinmm'n! Pz _ M2 n ie + anmlnl (p, q; P), (71)
(P|P') = (21)°2Pyo6*(P — P'), (7.2)

P=(P,P), Py=(yYM?2+P%P). (7.3)

Here we prove Eq.(7.1).

- The complete set is

| i FV K+ E ) = 1 4

where |A) denotes the two or more particle states.
Using Eq.(7.4), we obtain

| 2 4 2 Z; K
[CO s mmtnt (D @ P)] pole /(lzldzzdzge i(p21+qza+Pz3) / —_QW ok

{0 O B, (VKT (6, (50}
+ (=20} O (0 Vo (0 (K T ()7, (1)1 0)}
iPzs dK
- /ngGP /(271')32f(30
X {9(Z3o)é_il(BXX71m(P; KB )Xo (¢; K p)e' 2 X’
+ 0(_Z30)6~”(BXIXm’n’ (Q; Kp )Ynm(p; A’B)eiKBX}
/dZ?,/ 27-‘- BQI{BO {0(230)62.(13_1(8)23Xﬂm(p; [(B)—Xm’n’v(Q; I(B)

+ 0(_230)61(P+I&B)Z3 Xmin! (Q) [{B )Ynm (p> I{B)}

53



{e<zgo>ei<P°—PB°>mxnm<p; Py)Xrns (@ Pp)

/ dz L
305 Pro

+ 0(_230)ei(P0+PB0)230Xm’n’(q; (PB)P)Ynm(]% (PB)P)} | (75) ‘
where
T+y T +Y
X = X = :
2 2 (7.6)
ni=r—y, 2=y -2, m=X-X (7.7)
(PB)p I:(\/M2+P2,—P). (78)
Substituting
1 oo eizaos
B(z30) = =— / d .
(230) 271 J o0 Ss — i€ (7.9)

into Eq.(7.5) we obtain
1 1 1
G0 P)] = [ 2 — [d
[ Cinmm/n (p’ (b )] pole 730‘2PB0 o SS e
X {ei(3+Po-—-PBo)Z3o Xnm(pa PB)Ynz’n’(Q; PB)

+ ei(—s+{’o+PBo)zso Xm’n’(Q; (PB)P)Yan); (PB)P)}

11 1
= N nm ;P_m'n’ >P
2PBoi{—Po+PBo—z‘eX (05 P) X (05 P)
1
e (@ (PB)P) X (25 (PB)p) b | 1
My o— (¢; (PB)P)Xom (5 ( B)p)} (7.10)

The second term in the braces in RHS of Eq.(7.10) is finite in the on-shell limit P — Pg. Then
Py + Ppo Xom (D5 PB)Xomrw (45 Pi)

G? . (p,qP)= R (. q; P 11
C',nmm n (p’ Q’ ) [ 2PBO P2 _ M2 + 'Z:f + (p’ Q7 ) (7 )
‘Xnm(p;PB)Ym’n’(q; PB) .
P s 2 gie T Lo (P45 P) (7.12)
holds. .

Note that the regular term in Eq.(7.12) is different in Eq.(7.11). It is clear from Eq.(7.11)
that when Pgy = \/P2 ’+ M? = 0 this pole extraction is not valid. One must be careful to treat
the massless M = 0 boson. For the analyses of massless boson, we must not take the soft limit
P — ( before taking the on-shell limit P — Ppg. For the numerical study, it should be noted
that one calculates every physical quantity with a temporary mass Mimp # 0 and then make

extrapolation for the real mass M.



7.3 Property of BS Amplitude

Here we consider the property of BS amplitude x,(g; P) for the pseudo-scalar boson. In this

subsection we use the notation |P,r) or |Pp, ) for

P = (yM2+ P P), (7.13)
Pp = (YM?2+ P? -P). (7.14)

Index r distinguishes the mass degeneration and introduce an index 7 denotes anti particle
state of r.

Generall-y BS amplitude for (pseudo) scalar boson can be expressed as

Xr(@; P) = (I + Jly, + K y0) + (S + Vv + W0 )75, (7.15)
Vv 1= M—”%lﬁ (7.16)
with
I, = IL(¢ P*qP), (7.17)
JE = ¢t TN P2 qP) + PHIB(, P? qP), (7.18)
K" = (Pt¢ — ¢"P")K,(¢* P? qP), (7.19)
S, = S.(¢* P% qP), (7.20)
VE = VAP, PP qP) + PHV,P (¢, P gP), (7.21)
WH = (Ptg — ¢*P"W,(¢? P% qP). (7.22)
Parity Transformation
Let’s first consider the parity transformation
P(z) = PY(z)P~ = yoip(zp), (7.23)
P(z) — PY@)P' =4(zp)n, | (7.24)
z = (t,z), zp = (t,—x). (7.25)
Under this transformation the pseudo-scalar boson state |P) transforms
|P,r)y — P|P,7) = —|Pp,T). , (7.26)
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Then we derive the property of BS amplitude

(@, y; P) = (O (@)b(y)|P,7)
= (0[P PTY()g(y)P~"P|P,r)
= —x-(@p,yr; Pp)Y0
or in momentum space
xr(¢; P) = —v0x+(ap; Pp)Y0-

Substituting. Eq.(7.15) into Eq.(7.30), we obtain

L=J'=Jf=K =0

Charge Conjugation
Next consider the charge conjugation

Pz) - CP(z)C = CF (x),
P(z) = CYP(x)C! = T (2)Ct

where C denotes the charge conjugation matrix which satisfies

cic=1,c"=-C.

(In both the chiral representation and the Dirac representation C = i724°.)

Under this transformation the pseudo-scalar boson state |P,r) transforms as

|P,7) v C|P,r) = | P, )

where 7, 7 denote anti particle states each other.

Then we derive the property of BS amplitude
Xe(@, s P) = (O[T (2)(y)|Pyr)
= (0lcTiCTy(x)p(y)CT'CI P, )
= —CO|TP" (z)9T(y)|P,7)CT,
= Cx;(y,4; P)C"
or in momentum space
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(7.27)
(7.28)
(7.29)

(7.30)

(7.31)

(7.32)
(7.33)

(7.34)

(7.36)

(7.37)



xi(¢; P) = Cxt(=¢; P)C". (7.38)

Substituting Eq.(7.15) and Eq.(7.31) into Eq.(7.38) we obtain

Si(q*, P*,qP) = Si(¢* P%,—qP), (7.39)
VA, P?qP) = -V P?—qP), (7.40)
VA& P2 qP) = V(& P? —qP), (7.41)
W.(¢? P?,qP) = Wi(¢? P? —qP). (7.42)

If the symmetry exists among the quark and anti-quark composing a bound state, these scalar

functions can be written by

S:(¢®, P?qP) = S5.(¢* P? (¢P)?), (7.43)
VA$, P qP) = (¢P)WVA, P (aP)), (7.44)
V(¢ P’ qP) = V(¢ P (¢P)), (7.45)
Wi(¢?, P*,qP) = W,(¢* P? (aP)?). (7.46)

7.4 Conjugate BS Amplitude

In this subsection we derive the relation between the BS amplitude and its conjugate.

We use the symbol © as C PT transformation. © is an anti unitary operator which satisfies
(i) ©(al4)+ BB)) = a*0|A) + 50| B),
(if) (A[0|B) = (0A|B)* = (B|OA),
(iii) o' = o,
For a state | P,r)
O|P,r) =|P,7) (7.47)
holds where an index 7 is introduced in 7.3 and for a Dirac field ¢(z)

OY(2)0! = —irso¥ (~2) (7.48)
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holds.

Let us consider the conjugate BS amplitude.

Xomn (U, T P) = (P, [Tt ()9} (2)|0)70
= (O[(Tom(y)p} ()| P, 1),
= (O[T 4w ()5 ()P, 7Y Yo
= Yot (0T () ()| P, )40,

P
= Yot O T (2) e (9) | P 7)Y (7.49)

(0|T1/)n( ) (W) P,7)* = (0|070(T o ()1, (y))O1O| P, 1)
= (0|0(T 4w (x),, (y))O!|P,7)
= —(V570 ) (O T (=) mu(

= —(1570)ntnt Xrmrran (=Y, =25 P)(V570 )mitm (7.50)

—Z’)‘P, 77)(7570)m”m'

Then we obtain

Yr;mﬁ(yam;P) - (75)mm’X1";m’n’(”“@/, -, P)(75>n’n _ (751)

or in momentum space

X (@5 P) = (8)mm Xezmin (=@ P) (V8 )nin = Xrzmn (@ —P). (7.52)

7.5 Representation of BS Amplitude

From 7.3 and 7 .4, we can write down the BS amplitude and its conjugate as
om0 P) = 85 B2 [ (85005 P) + 650 PU + 956 PP
V5 <
—o&(q: P - — 7.53) .
+ 5056 PXPA—4P) 23] (7.53)

(05 P) = b5 502 [ (35005 P) — (e P + 03 PP
1 5 :
+ 5050 ><M%¢>)%}bd- (7.54)
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7.6 Pagels—Stokar Formula

Pagels and Stokar proposed a useful formula for the decay constant f, in the chiral limit in

term of the constituent quark mass function B(g?) of the Schwinger-Dyson equation. It is

o ﬁg/w » o B(=a)[2B(~a}) + 4 B'(~a})] (755)
VRN T (6% + B(—q3))?
where B(—q%) is defined by
)

4~ B(¢*)

This formula can be derived from an approximation to the BS amplitude in the following way.

Sr(9) = —F—= (7.56)

As we mentioned in 3.4, the BS amplitude is given by
)\O{

5 Se()} (7.57)

Xnm(q; 0) = %;{1'75

from (modified) axial vector Ward-Takahashi identity in the chiral limit, but this solution is
- not enough to calculate fr, because f,r is related to the derivative of the BS amplitude with
respect to the total momentum P.

The amputated BS amplitude(or BS vertex) ynm(¢; P) is defined by

. _ P _ P

Xnm(q; P) = SFflm’(q + E)Xn’m’(q; P)SFrln'm(q - 5)) (758)
and in the chiral limit, we obtain from Eq.(7.57)

. .. A% 4

an(Q; O) = f_{z’%?, SF (Q)}nm- (759)
Let’s consider an ansatz for the BS amplitude as

' P, . P
X'E?STL((.L P) = San’(q + E)Xn’m’((ﬁ O)SFm’m(q - E) (760)
1 P .. X P
= "f—San’(q + 5’){27571 SFl(Q)}n’nt’SFm’nz(q - E) (761)

In this paper we call this the Pagels—Stokar ansatz. This has a dependence on the total
momentum P. Therefore using this ansatz one can estimate the (modified) decay constant
without solving the BS equation, for instance using our formula Eq.(5.54). But the validity of
this ansatz Eq.(7.61) is questionable.

Let us next substitute Eq.(7.61) to Eq.(5.25). Neglecting the effect of the cut off regular-

ization function and assuming the SD solution as Eq.(7.56)*', one obtains
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i = i\/’g/wd s o B(—a}))[2B(~a}) + (3 B'(—d})]
AR TR R (7 + BX(—qh))?

(7.62)

In the case f, = f, or assuming it, Eq.(7.62) reduces to Eq.(7.55). So the original Pagels—
Stokar formula holds on the three assumptions: (i) the BS amplitude is approximately given
by the ansatz Eq.(7.61), (ii) the SD solution is given by the form as Eq.(7.56) (iii) the naive

axial current Jg,, is close to the effective axial current Jy,.

7.7 A problem of the Normalization of the Quark Fields

We use the cut off function f(z) for the regularization. So there are no divergences and the
system seems to be well-defined. But it gives a problem of the normarization of the quark fields
concerning the chiral properties.

To see this we consider a simple chiral symmetric lagrangian

LI, 9] = PF(0)(i ~ mo)y + GlPyuv] [y ] (7.63)
for simplicity. Under the infinitesimal local chiral transformation
. \a
P(a) = ¢'(2) = (L +ip—0%() Ji(2) (7.64)

the change of the action is

AsS[y, ) = / d'o{ wiix)(i7552—a~0“(x)¢(x))m+(E(a:)i755;9a(x))n%—)} (7.65)
=/ At () (15, — 2moipd ) * / (32)%52%}(3;), (7.66)

@) = | B ~0)+ (0= )= )l =) 75wl (1.67)

f(_p2> - f(_q2) (768)

fi(=1, =) = - R = T

as mentioned in 3.2. The PCAC relation

*1The general form of the SD solution is

i

¥ = B
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—

f(0%) + £(0%) A

O, = 2mgitp : w65

is derived from Eq.(7.66).

On the other hand, we consider the new variable

=y f(9*)(x)

The lagrangian Eq.(7.63) is rewritten with %, to
Lltpry ) = 9, (i — mo)r
+ GI(F 20D )1 (f 2OV I(f VP (f (0% )].

Under the infinitesimal local chiral transformation for new variable

(41

() = Y(x) = (L i s 0 o)

- the change of the action is

Bsslin ) = [ delg s (g e @),

_ e 59
+ (B@ g 0) )
= /d‘lmé’“(:c){a"lgﬁ - ZmOin_ﬂy);@br}(a:)

where

— A% ip+g+k+1)
ro( ) 1= B, vvs —Ur(2) + 2G
I5u(®) = %775 7 ¥ (@) /p,q,kz (p+q+k+1)?

KB Db By ins (D] 04407

Then the PCAC relation

O”Ir —2m0z¢r”y5 @DT

is derived from Eq.(7.74).
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{0+ g+ B = T+ g+ D))

(7.69)

(7.70)

(7.72)

(7.73)

(7.74)

(7.75)

(7.76)



The two PCAC relations Eqs.(7.69) and (7.76) are different. The current IF? is rewritten
with ¥ to

o N T er a2 _)ﬁ p+qg+k+1) 1/ 12/
@) =TIy 0@ 426 [ S PR )

){VE R (o 4 g 1) = £+ g+ D2}

X [P(p) v (@)][(k) i /\2—al/)(l e~ prathte (7.77)

which is different from the current Ig,. This is a problem of the normalization of the quark fields.
This stemmed from the difference of the two chiral transformation Eq.(7.64) and Eq.(7.72).

Therefore the two definitions of the decay constant

I, = —felum+- (7.78)
Iy = —frOum+-- (7.79)

are possible. To choose the correct decay constant, one must consider the connection of the
| decay constant and the physical phenomena, for example the pion weak decay process.
Although there is such ambiguity in the definition of the current or the decay constant, the

same regularized SDE and BSE are dervied from both lagrangians (7.63) and (7.71).

7.8 Gauging of the Effective Model

In this thesis we concentrate the s;trbng interaction. It is a natural question how quark field of
the effective models interacts with the gauge field photon.

To see this, we consider a simple chiral symmetric lagrangian

L, 9] = pF(0*)(if — mo)yp + G, 4] [¥r" Y] (7.80)
same as in 7.7. Under the infinitesimal local U(1) phase transformation

W) = (@) = (14 () s
the change of the a,ctioﬁ defined by |

S, = [ oLl () (7.82)
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is

AT = [ do{ s msib(e)bae) - Folalio(o) 5lii$)} (7.83)
= / do0(x) 9 J,(2) (7.84)

where
Ju(z) = /p . POY Y fi(=p%, — ) + (0= Q) (P — §+2m0) fo =17, —?))(q)e ™"+ (7.85)

fil=p%—¢?) = f(=p) ‘;‘ f(—q2)’ fol—p?, —¢?) = f(=p*) - f(—qg).

2(p? — ¢?)

(7.86)

We call this conserved current j“(x)ﬂthe effective electromagnetic(EM) current. If we do not
introduce the cut off function f(z), the effective EM current J,(x) reduces to the naive EM

current J,(z) defined by

Tu(@) = Pr(a) (7.87)
Let us introduce the gauge field A, (z) and consider the infinitesimal U(1)gy gauge transfor-
mation
P(z) — (@)= (1+8(z))p(a), (7.88)
1
Au(z) = A(z):=Au(2) + E(’),ﬁ(x). (7.89)

Under this transformation, whether the total action*3defined by
ST, B, Al = S[, F] + e / Ao A ()T () (7.90)

is invariant or not?
If we do not introduce the cut off function, the naive EM current J,(z) is invariant under
the local U(1)gy transformation. In this case the total action Eq.(7.90) is invariant. But in

general, the effective EM current jﬂ(a:) is not invariant but transforms as

Ju(z) — jL(x) = J,(z) + /d4y0(y)8;j“,,(a:,y) | (7.91)

*21f we employ the locally U(1) gy variant interaction like KG model, fu(a:) depends on not only the cut off
regularization function but also the interaction term. The generalization to such a case is straight forward.

*3Here we omit the kinetic term —%F # Fy, of the gauge field for simplicity.
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where jp,,(a:, y) satisfies conservation laws 9/ J,,(z,y) = 0 and 8y”jw(a:, y) = 0. In this case the
change of the total action Eq.(7.90) is
A S, 5, Al = e / diad'y 0(y) AH(2)00 T u (2, ). (7.92)

If J:W(x, y) is invariant under the gauge transformation, the total action defined by
~ 2 ~
St, B, 4] = 51, T +e [ deat(@)u(0) + 5 [ dadiya @) A W) Tule,y)  (7.93)

instead of Eq.(7.90) is invariant. But in general, jw,(zz:, y) is not invariant but transforms as

Tulw,9) = Ty (,9) = Tl y) + [ d26(200 Jun(2,9,2). (7.94)

Then the action Eq.(7.93) is not yet invariant.
This is a feature of the effective model. Generally the gauge invariant action is an infinite

sum of the interaction between the matter field and the gauge field as

Sl 9, Al == S[, 9]
+e / deAF(2) ], (z)
2 ~
+ 5 [ diadtyar(@) A (y) Ju(z,v)
3
+ %/d4xd4yd4zA“(a:)A”(y)A’\(z)J#,,A(a:,y,vz)
SRR . (7.95)
For the pion electromagnetic decay m® — 2+, one has to take account of the third term of the
RHS in Eq.(7.95).
Up to now we consider only the U(1)gy gauge transformation. The same situation occurs

for the electro-weak SU(2)w x U(1)y gauge transformation. In this case, the quark—anti-quark-—

gauge interaction is
L = pFEM | 9w pt W e JWi gw VA
Lmt eA J,u + 2\/§(W y + /.t ) + COS 9W n

+ [higher terms] - (7.96)

where Oy is the Weinberg angle. Introducing six flavors and using the notation

v = (u,d,c,s,tb)7, (7.97)
b = (wet), | (7.98)
Ya = (d,s,b)7, | (7.99)
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*4]

the effective currents ij , JZXV , J:f are given™*by
JM(2) = /,, q@(p)Qf (p, Q)p(q)e P (7.100)
T (@) = /,, Lu(p, q) = Toulp, @) tbu(q)e ™ 0H0e (7.101)
HONSE /pﬂ{iﬁ( o) = T, )ula)
~ Tup)U @) — Polo, )0 la) b0 (7.102)
— sin? GWZ?M(x)
where
Tulp,q) = Wh(=p", =)+ (- @)u(p— ﬂi+2mo)f2( 2 —q%), (7.103)
Psu(p, ) = (hi(=p% =)+ (0 = 0u(d — D) fo(=0* =) (7.104)

The symbol @ in Eq.(7.100) denotes the diagonal charge matrix defined by

for u,c,t
Q= (7.105)
= —% for d, s,b

Lalne

and the symbol U in Eqs.(7.101) and (7.102) denotes the Kobayashi-Maskawa mixing matrix
defined by
¢ 51C3 $183
U:=| —sjca cicoC3 — Sos3e®  ¢jcos3 + socse®® . (7.106)

—S182  C1S2C3 + Co83€% 18983 — cocgetd
182 €1 3

¢;:=cosb;, s, :=sinb; (1 =1,2,3). (7.107)

For this interaction form, the pion weak decay mode nt — ut 4+, through one weak boson
W exchange is parametrized by the modified decay constant f,r defined by Eq.(3.30) even in
the framework of the effective model. Therefore it seems to be natural to call f,r the modified
decay constant. |

All the above treatments are in calssical. Quantization of them is a future problem.

*4 As mentioned in the footnote of p. 63, these currents are modified when we use the more complicated

interaction.
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7.9 The color confinement

In the non-abelian gauge theory, it is believed that all the physical states are color singlet.
In fact, there found no colored states experimentally. However, the mechanism of the color
confinement is very difficult. In this subsection, we review some studies of the color confinement

in effective model approach.

Asymptotically Free Property

"The first sign of the color confinement is an asymptotically free property of the running coupling
constant. Asymptotically free property is a result of the perturbative renormalization group
equation. Since the running coupling constant is so strong in the low energy region, the force
between the quark and anti-quark is strong at the long distance. Effective models like KG
model equip the running coupling constant. There is a possiblity of the confinement property

to some extent in them.

Quark Mass Pole

In the NJL model, the solution of the SDE is a constant solution. The quark propagator
posesses a mass pole. This is not the case in effective models with asymptotically free property.
Fig.7-1 shows the typical solution of the SDE in KG model. The solid line is a solution of the
SDE in the space like region. The dashed line is a on-shell line p> = B2(p?) in the time like
region. It seems that the solution of the SDE does not contact the on-she]l line. If it is the

case, the quark can’t become on-shell. It may be a sign of the confinement of the quark.

Linear Confining Force

If the color flux is squeezed, the potential V(r) between the quark and anti-quark may be
V(r) ke 4 (7.108)

phenomenologically at a large distance 7.[23] In this case, the corresponding gluon propagator

is

.
D#(p) = _guy_%zfz_ . (7.109)
; _
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chiral limit, tr=-0.5A cp=400 MeV
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Fig.7-1: SD solution

at small p?. This type of the gluon propagator is called confining gluon propagator.
The studies of the SDE for the gluon propagator (and ghost propagator) seem to suggest the
confing gluon propagator.[24, 25] The studies of the chiral symmetry breaking in the effective

model with confining gluon propagator are reported in Ref.[26, 27, 28].

Gluon Confinement

For the confinement of the gluon itself, one of the ideas is that the gluon propagator has no

pole or less singular than 1/p? for p?> — 0. For example, the gluon propagators

v . P P
D*(p) = (¢ — > )zm, (7.110)
p,upl/ 1 1_"f(P2) )
D¥(p) = (g* — p—z) (ﬁ) with 0 < f(p®) <1forp>~0, (7.111)
HU (N Y z
D (p) - Dfree(p)(l — e ) (7112)
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satisfiy this property. These gluon propagators are called confined gluon propagator. But it is
reported that above three examples of the confined gluon propagators can’t confine the quark.
(Here the confinement of the quark means that there are no linear confining force.)[24] It is
challenging to see how gluon propagator posesses both the confined and confining properties.

In Ref.[33] a phenomenological gluon propagator which satisfies both properties is presented.

[

Confinement of Color Octet Meson

All the mesons in real world are color singlet. It is a natural question whether a color octet
meson state (i.e. its color structure is T*) exists or not as the solution of the Bethe-Salpeter

equation. To study it, we consider a simple colored model
[ oLl i) = W
+3 [ iD"a-H) [¢<—k + DnT(a - B)] [F-a+ Dot + D) (113)
Using the standard derivation, the ladder Bethe—Salpeter equation is written down by

X(@;P) = [ Se(an)nT" x(k: P) 31" Sr(g-) D" (k = (7114)

P
with g4 == q =% X ki =k=+ g— If the color structure of the BS amplitude x(g; P) is a singlet
form 6;;, Eq.(7.114) reduces to |

N2 o
X P) =~ / Sr(as) 1 x(k: P) 7. Sr(a_) D" (k — q) (7.115)
owing to
N2-1_ |
(T°T*); = 2CN Bij. (7.116)

If the color structure of the BS amplitude is a octet form T®, Eq.(7.114) reduces to

. |
x(q; P) = ——/SF(Q+)% x(k; P)7,Sp(q-) D" (k — q) (7.117)
2NC k
owing to
1
T bra P a 7.118
(T°T*T), oL | (7.118)

Then we see the relative sign between the Eqs.(7.115) and (7.117) is different. So there is no

color octet solutions in the ladder Bethe—Salpeter equation level.
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Confinement of Diquark

The diquark is a (bound) state of two quarks and is a color anti-triplet state. Although it should
not appear physically, there exists often a diquark state in the framework of the ladder Bethe—
Salpeter equation. Bender and Roberts have reported in Ref.[30] that this solution vanishes
if one proceeds beyond the ladder approximation. To review its argument, we again consider
the simple colored model Eq.(7.113). The color structure of the diquark BS amplitude A(q; P)
is (Y*);; := € where ¢ denotes a totally anti-symmetric tensor. (We treat the N = 3 case
although it seems for a general N in the following argument.) The ladder Bethe-Salpeter

equation is -

Mg P) = [ Selge)nT* Alk; P) 7 (1) SF(=g-)D"(k - g) (7.119)
derived through thé similar method for a meson case. This can be rewritten by

A%(g; P) = — [ Selan)nT* A°(h P)u(T°)" S (q-) D" (k — q) (7120)

with A%(q; P) := A(q; P)C where C denotes the charge conjugation matrix. For the color

structure of the A(q; P), this reduces to

Ne+1 ) ‘
A(g; P) = C /SF ¢4 )7 A° (k5 P)7,8r(q-) D" (k — q) (7.121)
owing to
(TyHToT), = -2 L, (7122
2Ng

Comparing Eqs.(7.115) and (7.121) with N¢ = 3, the strength of the BS kernel for a diquark
is a half for a meson. Then there is a possibility of the existence of the diquark state.

Then we go beyond the ladder approximation. Including the Feynman diagram shown in
Fig.7-2 in the BS kernel for the next to ladder approximation, the BS equation for a color

singlet meson is given by

NZ -1 ) .
x(GP) = == / Sp(a4 ) x(k; P)7,Sp(g-) D" (I — q) (7.123)
NZ — 1 o »

T TANZ /ICISF(Q+)’)’V5F(Q+ + U, Se(ks + Dyox(k; P)vuSr(g-) D (1) D" (k — q)
C y .
NG -1 4+ + ks _ q- +k_
=g Sl uSr (= Dy PomSe (== ~ noSi(a-)
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Fig.7-2: BS Kernel next to the ladder

XD”#(M _ l)pm(@ +1)
2 2
Ng —1 - ”
~ Nz /lep(qu)%x(k;P)%SF(k_ + O Sp(a- + 1)7,8r(g-) D7 () D (k — q)
owing to
NZ -1
arpbrpaby | - _ C
(T“T*T°T*);, N (7.124)

On the other hand, the BS equation for a diquark is given by

Neg+1 ‘
A%(q; P) = QCNC /kSF(Q+)7u AC(k; P)7,Sr(q-)D**(k — q) (7.125)
N +1 ) )
- 40]\/'% /]CISF(CH)’YVSF(CH + 0,56 (kg + Dye AS(k; P)y,Sr(q_) D" (1)D**(k — q)
- 20 / 5F(Q+>’)’VSF(‘—*'—Q+ £+ 0)y,AC (k; P)%SF(Q — Do Sr(q-)
R =)
N +1 . ) )
_ ___—__ng /leF(Q—l-)’YuAO(k; P)v,Sp(k_ + l)’y“SF(q_ + Z)’)’,;SF(Q_)DP (D" (k = q)
owing to
aribrpa Neg +1
(TT*T*Y™(T*)")y5 ng ("), (7.126)
3 .
Ty = S L\Qfév s (7.127)

We compare the Eqs.(7.123) and (7.125) with No = 3. The strength of the BS kernel for a

diquark is again a half for a meson except for the third term. The third term of the BS kernel
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for a diquark is g times larger than that for a meson. Bender et. al. showed that only the
third term in the above BS kernel is repulsive in the 0=, 1, 0%, 1% channels in both meson and
diquark states. Then the large contribution of this term can eliminates diquark bound states.

We assume that the same argument can be applied to the present model.
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8 Application

8.1 Preliminary

In this section, we study a concrete model called extended Kyoto group(ExKG) model.

8.2 Lagrangian for ExKG model

The ExKG model is defined by the KG model plus a KMT flavor mixing interaction. Its

lagrangian is-the following:
E[‘P,—TZ] = 'Cfree[qvbaw] + LGE["#)E] + EFM["%J], (81)
V= (u,d,s)T. (8.2)

We treat the case of three colors, No = 3, and three flavors, Ny = 3.

Ltreo[®, 3] is the free part, given by

Lol B = B9~ mo)e, (8.3)
flx) =1+ M8(z - Ay), M — oo, (84)
mo = diag(m,, mq, m). ' (8.5)

f(z) is a regularization function discussed in 2.5,3.2,5.3 and 6.1. The bare mass matrix m
is diagonal in flavor space and s quark bare mass m, is different from u,d quark bare mass
My 1= My, : M.

Lgg[w, ] is a gluon exchange interaction with Landau gauge condition:

—0"2 4401 0% — z'(?y?>

A 1~fmn712'm2
Conlt M(a) = — e (L2 0

X Wy (10 )P (v )1 ) na (2) (8.6)
K (p, k) = g*(p, kYD (p = k) (3T ™ (0, 7)™, | (8.7)
iDW(p) = —g“”p;:r Py (.8)
7(p, k) = 0(v%, — k5)g*(vh) + 0(KE — )9 (k%), | (8.9)

72



L1 for tip < ¢

Bo 14t
20,2\ . __ _to)2
9°(pg) = 2_20'(1__{_#)_2 [3tIF —to+2— (—ttIF——Tt).;] for tg <t <t (8.10)
I 3tp—to+2 .
% (14ir)? for# < to
) ,
. PE
t:=1n 12 -1, (8.11)
QCp
1 11Ng — 2N;
- 8.12
Bo (an)? 3 (8.12)
Here the symbol * in Eq.(8.6) means 21, %9, y1,y2 — = after all derivatives are operated. pgp
and kg denote Euclidian momentum.(i.e. p% = —p?), and the indices m,n,--- are combined
indices m = (a,1, f), n := (b,4,9), - - with Dirac indices a,b,--- and color indices 1, 7, - - and
flavor indices f,g,---. T® is a generator of color SU(N¢). This gluon exchange interaction are

discussed in 2.3 and 5.4.
The behavior of the running coupling constant is slightly different from that of 3.3. In this
section, the infrared behavior of the running coupling constant is parameterized by tg and tp.

Lrm[th, Y] is a flavor mixing interaction with weight function:
2 2 2 2 2 2
a-'cl + ayl + amZ + 8:’/2 + 8‘7’3 _I_ 8@/3)
2

['FM[Qp,—@E](x) — %GDeflfzfaeglgzgsw (
${ 205 () F (02)0 1 ()] () )]
+ 3[4, (1)1, (Y)I[¥ g (2) 1505 (92)] [, (373)7511)1”3(@/3)]} K (8.13)

w(p?) = exp(—ru?). (8.14)

This interaction was introduced in 2.6. Note that for our choice of the Gaussian weight function
the association rule
w(=p* — ¢ ~ k) = w(—p*)w(-¢")w(-k?) (8.15)

holds.
The lagrangian £, ] is invariant under the SU(Np)r x SU(Np)g X U(1)y but not under
the U(1)4. There are 5 parameters |

QCD scale parameter : Aqep,
Infrared parameters . to, tiw,
Flavor mixing parameters : Gp, &
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in this model other than quark bare masses and UV cut off Ayy.

There is an additional comment. This ExKG model is well-defined in space like region but
perhaps is inéppropriate in time like region where the values of the running coupling constant
7%(—p?) and the weight function w(—p?) are not reliable. Therefore in this section we use the
traditional Euclidean formulation and do not discuss whether the Euclid formulation is justified

or not.

8.3 CJT Action for ExKG model

We take the 2-loop diagrams with gluon exchange interaction I'qg and 3-loop diagrams with

flavor mixing interaction I'ry as the expansion term Ioo,[Sy] of CJT action. Then the CJT

action is
T[Sr] = /TXLn(Sy] — Ta{Sy"S] + anlSr] + TeulSel, (5.16)
; L gm0 =10V —10™ 4 09%
TeelSF] = /d zK < - , . )
X [Sme2 (yQ’ yl)SFnZH(xZ’ xl) - ‘S'an(yZa xl)Sanmz (51327 yl)] |* )
o 82 82 82 82 82 82
PFM[SF] = C;D refil2fs cnnig2gsy, ( + 0y, + —;— + + ) (8.18>

X{ - tr(DC)[SFflgl(ylﬁxl)]tr [SFfzgz (y2,x2)]tr [SFf3g3(y3,£l73)]
+ 3131‘( ©) [SFfwz (yla L2 SFfzgl (y27 xl)]t [SFfsga (y37 333)]

— 26PD (S 0, (1, %2) Sppagy (Y2, ©3) S g (U3, 71)]
— 3tI‘(D )[SFf

)
)
y1, 2) [t 15k 16, (2, 22) 880 (155w 1y g4 (43, %3]
)
+ 3t [S g (v1, 201tV 58 p 1,65 (U2, 28) V5 395 (3, %2)]
)

(
A
+ 6t O[S p s, gy (1, 72 ’)’55Ff2J1(yQ,$1)]tr(DC)[ 55F 395 (Y3, 73))]
(
(

— 6trP[Spp, g, (y1, 22 755Ffzgs(y2:333)75SFf391<y3’m1)]}

Since the flavor mixing term I'py[SF] is still complicated, we take only the dominant term

~ about 1 /N expansion.

| 02 + 2 + 02 + O, + 02, + 02,
FFM[SF] — %2/d4x6f1f2f369192J3 ( TOo, t T Oy ) (8.19)

2
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X{ - tr(DC) [SFfl.(ll (yla xl)]tr(DC)[‘S'Ffzm (y2a xQ)]tr(DC)[SFfags<y37 1‘3)]

— 3tr(P¢) [SFflgl (ylv xl)]tr(DC) [’758Ff292 <y27 xQ)]tr(DC) [755["]"395 (y3> 373)] }
In this approximation, the global chiral symmetry is again preserved. In the rest of this section

we use Eq.(8.19) instead of Eq.(8.18).

8.4 Schwinger-Dyson Equation

The SDE introduced in 4.2
T [SF]

8Spma(y, )

can be written in momentum space by

iSin(@) = S5 (@) + | K0, 0)S 1 (7)

- GD%.éabefflszgglgz /k w(—q2 —p? = k2)
Pk

X tr(DC)[SFglfl (p)]tr(DC)[Sngfz(k)] = 0. (8.21) '

=0 (8.20)

Generally the quark propagator is written by
Srn(p) =
2 PAw(p*) — Bn(p?)
where h is the flavor index and we omit the Dirac and color indices. Both Aj(p?) and By (p?)

(8.22)

are scalar functions.

For these scalar functi‘ons, SDE becomes

ZA 2\ _ 2-|-ZC /—2 , DM _ (pQ)gu,u - QI/pu "—quMA 2 — 0, 823
q (I(q ) q F pg (q p) (q p) pQAg(pQ) _ Bg(pz) ‘I(p ) ( )

2402 2 2y VDR (g — ) PO~ Py~ Puly () = 94
CAG) = +iC [P0, p)iD™ (g - ) ALY = 0 (824)

and
By(¢*) = mg+iCp /p 7(¢,p) (p_lq)Q = Agz;l;(fp ;)g(pQ) (8.25)
2 2
26 [ ot = )t e B
Bi(a) = mo+iCr /p 7(a) (p —1 q)* pZAEZPil)%—(p;).?(pZ) (8:26)
+ 32Gp N2 /p’k w(—¢* —p* — kQ)pzAg(gg(]iz)Bg(pz) szg(]gq)(kfi;’g(w)
(8.27)
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where Cr denotes the second Casimir constant for color SU(N¢)

I N
Cri==5— =3 (8.28)

Note that in Eqs.(8.23),(8.24) the flavor mixing term does not appear. Here we use the Wick
rotation. The third term of Eq.(8.23) or Eq.(8.24) vanishes after the angular integration in the
Euclid space. This is a result of the Higashijima-Miransky approximation under the Landau

gauge condition. Then we obtain
Af=3) = A(~3) = 1. | (8.20)

This implies the charge universality or the vector Ward identity(Z; = Z,). Eq.(8.29) is ob-
tained in the Buclidean space. The analytic continuation gives that A,(—s), As(—s) equal to
identically 1 also in the time like region s < 0. We use this result following subsections. Strictly
speaking, however, since the Higashijima-Miransky approximation is not analytic, the validity
~ of the analytic continuation is obscure.

Using Eq.(8.29), SD equations (8.25) and (8.26) become in the Euclid space

Bq(;8> = 16 1672 /°° drg’ B(,Q(T) ] {0(7’ —3) + 20(3 - 7’)}

GpNZw(s) i rBy(—r) [ [B,(=1)
-2 /0 dru(r) Bg(—r)/o o) g (8.30)
3Cp [ o By(—1) T
BS(“‘S) = S—I—-]__G—F/‘O dTg (S,T)m {9(7"—8)+ g&(S-’I")}
GpNEw(s) [ rBy(—r) [ 1B, (—1)
- — drw(r)————— ) —————. 8.31
87T4 0 7w(7)’r—|—Bg(-T)./0 dlw( )l-i-Bg(—l) ( )
These integral equations are solvable numerically.
8.5 Homogeneous Bethe—Salpeter Equation
The homogeneous BSE introduced in 4.2
62F[SF] )t ‘
o (2,3 Pg) = 0 8.32
55’an(3/,$)55Fn'm'(37’,y’)x (z',y B) ( )
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Fig.8-1: Homogeneous BSE in ExKG model

for the pion or the 7 meson is given in momentum space by

P

_ P _
SFv%nl (q + ‘Q‘)Xmml (q; P)SFinlm(q - E)

_ _Z-/Krmn,nzmz(k,q)anmz(k;P)
k

! Pt P2
+ 2iGpedhl ¢fha 6 w (—p2 — -k - ?>
) pak'

xtr PO Spren(0){ (1)t 115 X1 (3 P)] + Luats @i (k; P . (8.33)

This is shown by Fig.8-1 graphically. For the kaon one must introduce the center of mass
parameter and the BSE is more complicated.

The second term in the braces of RHS of (8.33) vanishes for the property of the BS amplitude
for a pseudo-scalar particle.

Let us substitute

a5 P) = 652008 [ (300 ) 4 g3 )

2

+ 9ok P)P + -;—05%(16; P)(Pk - M”))%} . (8.34)

= 53"(%;)” [(¢3(k;P) + 787" (k; P) + v;tuqb%&“”(k;P))fys] o (8.35)
Srwa(p) = ;%3 (8.36)

into Eq.(8.33). Here we use SD solution Ax(p?) = 1 from Eq.(8.29) and the scalar functions
form Eq.(7.53) of the BS amplitude.
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Multiplying vs, 1577, 757"’ and taking traces for Dirac indices, respectively we obtain

P? B;+B
O)at (= + 1+ ByBy)o — ZLE28(Pg5) — (B; - By)(agh) + 20,25
. -3
= —zCF(Aa)gf/kQQ(CI,k)mﬁ(k;P)

+ 32CDNC€thN 'y’ (5],/] (}\ )g 1l /k

?

1 By (p?
(=it = ¢ = 1 = 5P g5 ), (8.37)
p? .
OV [(@ = 2+ BB — (PLE2pe 4 (B, — B))g
AP T0P, 4 (By + B g + - (Pa) — 207(as)| (5.38)
oo [ 2 2g—kPlg— Kooy
= ~iCp(A )gf/ng(q,k){(q _Vk)z + TEYL v },

o P2 o o oN Lo

O )ug [2062 = -+ By Bo) g + (P07 = #P7)5
B — B (e 0 s o0

- S SUP — Pg) = (By + B8 — 40| (8.39)

- —i(A%)gsCr / #q

2657 Ha—k)- P pr
X{(q—k)2+(q—k) (¢ = K)o + (a — k)73 )}

with

B, = By((a+ 5P)), By = Byl(a~ 3PY) (5.40)

8.6 Nambu—Goldstone solution

« «

A A
We multiply 757 from left and V5 from right to SDE (8.21) and take their sum, we obtain

e e o e
{7’")/5_ SF ( )}nm - {275?7501<Q)}nm = _—Z/I;I( " 2(Q>p){Z’Y5—é‘aSF(p)}n2m2

+ GDéjiéba <%69'f1f2€f9192 + c9f1fz f'9192 ()‘C;)f’f)

X / . w(—¢* = p* = Bt Spy, , ()19 Sy 1, (K)). (8.41)

1
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In the chiral limit the second term of LHS vanishes and furthermore if A% is an octet matrix

ie. tr[A?] = 0,

(A)gg' o grgs A ) g1
( Qgg'fg hiaglaigr 4 e9fifeef QIQQT 89111892 13

o _4€9f1f2€fg1925g1f ()‘a)gafz (8 42)
1 2 .

holds. In this case, Eq.(8.41) becomes

AT AT : [N, N2 M2 » A
{1955 S5 (@ }am = {89557 55 (@) }am = 1 / R (g, p) {17555 S#(P) Y mama
2 2 P 2

_I_.‘QZ'GD(sjiébaegflﬁefglm /pk w(~q2 _ p2 . k}2)

LA
x 1P [S g, 1, (PN 15 {i75 5, Sp(K)} ) (8.43)

Comparing homogeneous BSE (8.33) in which P = 0 and Eq.(8.43), we obtain the Nambu-~

Goldstone solution

«

Xom(@; P = 0) = N{i25 %5, Sr(0)} (8.44)

where N is a normalization constant. This is a same equation as Eq.(5.14). Therefore in
the framework of this model, we verified the realization of the Nambu—Goldstone theorem.

Eq.(8.44) does not hold for a singlet matrix A i.e. tr[A] # 0.

8.7 Bethe—-Salpeter Equation for the Pion

For a pion state, only @ = 7 component in Eq.(8.34) exists.

We introduce the scalar amplitudes ¢%(g; P), #%(q; P) and ¢35, (¢; P) defined by

. PP + (By(g-) = By(g+))e"
LY . 2 q q T .
+ ¢ % (q; P) + P*¢3.(q; P), (8.45)
. —PHgY + ¢HPY
o (q; P) = - o%(q; P
PR = TE T maman) D |
+ (P*¢" — ¢"P")¢%(q; P) (8.46)
where
P P N
Bq(Q‘l') = Bq((q + 5)2)a Bq(q_) = Bq((q - 5)2) (8.47)



Then we obtain the BSE for pion written by four scalar amplitudes ¢%(q; P),¢%(g; P),
9% (¢; P) and ¢, (q; P).

1 {
4 = ¢* + By(q—)B,(q+)
_ %(Bq(q—) + By(q+))’ P2 ~ (Bi(a-) - Bi(a+))(Pg)
— (By(a=) = BygH) ¢ — (Pg)? +P2q2}]¢§(q; P)

‘ d‘k =3 e
= —icy [ G (@R s P)

- dp [ dk , . P2 By
“‘32GDNC/_—/(27T)4(}7 q_k—2>2 B(g) (kP)

[~ 4 T BB +

(2m)* p
+ (BQ(Q_) ;r By (q+)(PQ) + (By(g-) = By(g+) )q2> ¢%(¢;
+ (BQ(Q‘) ‘; Bq(9+)P2 + (B Pq)> o1 (
+2(P*¢* — (Pg)*)d%(g; P) (8.48)

: 1 pb P2 :
% (q; P) = E{P2B§(q—)B§(q+) + P2¢* + —(Pq)* - 2¢*(Pg)?

16 2(
- (Bia-) + Bya)) (P~ (P4)") [ D P)

LB B (e pgey

Ar 2
n <%4 _ quz gt - Bg(q—)Bg(qu)) (Pq)}DS(q; P)

o _A_l;{Bq(q_) ; By(q+) (Pqu(q—)Bq(Q‘*‘) + %4 + P?¢% — 2(Pq)2>
i (Bq(q“) i Bq(q+))(Pq) (Bq(q—)Bq(q—l-) + P; - q2> }Dg(Q; P) (8.49)

AT 9
- %<B§<q—) — B2(¢+))(P*¢" - (Pq)2>}Df<q; P)

b = L Bam + Bitar) P - o)

R O L S L

50:7) = 3{ (5 - B+ - BB (Po)
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1 {Bq(q_) ;‘ Bq((]"")(Pq) (Bq(q—)Bq(cH-) + PTz _ q2>
(e - Bute) (T (Bua ) + I+ ) - 520?) i

o(0+) (Bq(q—)Bq(q+)q2 - %qZ —-q¢'+ %(Pq)z)

+ 7(Boa=) = By(a+))(Pg) <q - 1—1— — By(q-) q(q+)> }Dg(q; P)

Big=)BXq+) - 15 ~ — - d*+ (Paf) Di(a; P) (851)

A = (- BB ) (@ + 2 - o) - (Pu)

= Bi(a+) + (P0))(P*¢* ~ (Pg)?) | (8.52)
Di(g; P) := ~7?CF/ (;l ];492( ¢, —k?)
o {M’f’—q“—*wq) + (By(k=) = By(k+))(gh)
(¢ — k)2 P _ k24 B B
+ (g0)% (ks P) + (P90 (k; P)}

2(¢* — qk) {
(g — k)
BB (Py — PR) + (By(k—) — By(k+))(gh — k)
2 — k2 4 By(k—)B,(k+)

+ (gk = B)85 (ks P) + (Pg = PRk P) | (853)

¢5(k; P)

ot

¢5(k; P)

D3(q; P) == ——iC’F/(;l 133492( ¢, k)

[ 1 {&““—HM-ZPM(B o(k=) = By(k+))(Pk)
(g —k)? — k% 4+ By(k~)B,(k+)

+ (PR)$%(k; P) + PP¢(k; P)

X

bs(k; P)
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M{
(g — k)"
BASMER) (g — PR 4 (By(h=) ~ By(k))(ak — )
— k? + Bq(k_)Bq(l‘H—)

+ gk = K% (k; P) + (Pg = PE)45 (5 P) |

¢5(k; P)

. dk
Dg(q; P) = ~1Cp (2 ) 2
1

x| (-2 + 2POPR) - (0P

+4(Pq - PRYG(PE) - (ak)(P0)) — 4(ak — )(P¢* — (P?)}

-1 (1. (1.
x {2(1_;; - kQ+Bq(k_)Bq(k+))¢s<k,P>+¢Z<A,P>}

( "kQ)

8.8 Bethe—Salpeter Equation for the n meson

(8.54)

For the  meson, o = 0 and 8 components are mixed. Then we represent the BS amplitude as

()‘qq)gf qq ( )gf A5

" (¢ P) = 6 XY(q; P) + 6;; P
Xnm(q ) J \/5 Yb (q ) 7 \/§ ( )
LG P) 0 0
= 6| 0 ddE@P) 0 |
0 0 Xoal s P) /4y

W@ p) = [(% ( P)+ 6} (a5 P + 8 (4 P)P
+ 50 P)PA - #1) f]
= [(¢’§h(k;P)+"m¢v’(  P) + wqﬁ'm”‘”(k;P))"rs]

ba

where h = ¢, s. The following equation are obtained in the same way as pion BSE.

hh p(q ) — B_h(i—)____éﬂf;(qﬂpp + (Bh(Q'—) - Bh(Q""))qH I‘Sl'h(q. P)
E — ¢+ Bu(q—)Bu(q+)
+ g% (q; P) + P ¢4 (q; P)
" — Pl + ¢“ P "
St (g Py = $i(g; P)
2(Z - ¢ + Bilg=)Bu(a+))

+ (P = ¢"P*)$5'(¢; P)
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; {
& — @+ By(g-)B(a+)
~ 2(Bola=)+ By(a )PP  (B2(g=) — Bi(a))(Py)
= (Byfa=) = By(a+)a* = (P9 + P} | 6¥(a; P)

. d*k —92 —3 q9(1,.
= —ZCF/ (2 )49 ((_7 k)(q_k)2¢.9 (k)P)

P2
|- ¢+ -+ Bila-)Bifg+) +

+32Gp NG / %/%w(—ﬁ ~ ¢~k - %2)—% (k; P)
+32\/—GDN0/ (34) /(g:; w(=p® —¢* — k* - ——) q<p ()p 95 (K P)

i (BB py) 4 (5 4-) - B0 ) ¥

+ (B"(q_) Bt pi (g - Bq<q+>><Pq>> #9(; P)

+ 2P - (Pg))%(; P) (5.6

2 P2 1
[_—q +T+BS(q )B(q+) 2—|—B( )B<q—|—>{

_ i( By(g—) + Bs(q—l-))QPz — (BX(q=) = Bi(¢+))(Pq)
~(Bla=) = Bat)d = (Pa) +P¢*} |95 (a; P)
. d4k/‘ _92 -3 S$8( 1.

- -0 | G e

4 4 2 2
+32\/§GDNC/ dp /(d bl — ¢ ~ k- %)—B(——)«qﬁ‘”(k P)

o) @y B7)

i+ (BB pg) 1 (8.(0-) - Bila)i?) 6365

i (BB o (5, -) - B0 )P ) 56 P)

+ 2P — (Pa))o5(s;P) (5.3

e | PB Bl -
~ (Bia-) + Bila)(P*¢* - (PaP) } DI (g p)

i Alhh{ _ Bi(g-) = Bi@t) p2p _ (pgy)

(g; P) = P+ L (Pq)2 2¢*(Pg)?
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+ (P—4 PZ T g Bi(q )Bz?(ﬁ)) (PQ)}DSh(CJ;P)

16
B e (O
# (B0 + Bulan) (Po) (Bl Butaen) + o = ) foep) s

¢ (g; P) = ﬁ{ (113—6 P2 +q¢" - B)(q )B%(Q‘l’)) (Pq)

- 2(B}a-) - Bia)(P¢ ~ (Pg))} DI P)

+ Zlh—h-{ - %(B,%(q—) + Bi(a+)) (P*¢ = (Pg)’)
+ (-]1—); —¢* + Bilq )B%(q+)> ¢+ (‘B; * (12_2> (PQ)Z}Dgh(q; ?)

Al’h{(B"( =)+ Bu(a+)) (—Bh(q—)Bh(q+)q2 +IpR gt - (P—Q)j)

4 2
+3(Bua) - Bulan)(P0) (- Buta-)Bula) - T+ )}l Py (86
#(6iP) = g { 2L p) (B0 mate+) + - ¢

+ (B0-) - Bulan) (5 (Bula-1mutes) + T+ ) = 5(P0F) }0 @)

N Alhh{ 3 Bi(q-) -g Br(q+) (Bh(q—)Bh((H)qz _ _]j_;qz — + %(Pq)2>
+ 3B - Bule)(Po) (2 - 5 - Bua)man)) J i)
g (B Ba) — T - T gty (Po) D ) (8.60)
A= (=2 BB (¢ + o - Bian) - (P)
x(¢+ o~ Blat) + (P0) (P4 ~ (Pg)) | (8.67)
4
D{zh(q, P) .= zCF/ (27:;&2(_(12 _k;:z)

! {M:):ztﬂ@(]?q) + (Bu(k=) — Bu(k+))(gk

) hh
(ks P
P _ g2+ B B 5'( ),

84



+ (gE) (ks P) + (Po)d (5 P) |
2(¢” — qk)
M k)* {
Bt Bulbt) (py — Pl + (Bu(k—) — By(k+))(gk — k2)
£ — k2 + B(k—)By(k+)

+(gk = K6 (k; P) + (Pq = PR (1, P)}|

¢5"(k; P)

DYMgsP) 1= ~iCr [ G (~e2, )

X[ 1 {Mtzﬂ (Bu(k=) — By(k+))(Pk)
(g —k)? L — k2 + By(k—)By(k+)
+ (PE)M(k; P) + P2l (k; P)}

2(Pq — Pk){
(g — k)
DELBEL (pg — Pk) + (Bu(k—) — By(k+))(gk — k2)
— k% + By(k—)By(k+)

+(gk = KGR P) + (Pg — PR)O 5 P)}|

i (k; P)

W (k; P)

. 'k
Dg™q; P) := —zCF/ (2w)492(-—q2,—k2)

1

2+ AI(PO(PE) — (b))
+4(Pq = PEXG(PK) = (ah)(Pg)) ~ gk — K)(P*¢ ~ (Po)")}
-1
x {2(1_1_3 — k24 Bh(k-)BhUH-)) gh(]{;,P) + ¢%h(k;P)}

8.9 Normalization

The normalization of the BS a,mplitude x(g; P) discussed in 4.5 is given by

Jutw I = 52 X o
{(Pq)ff1+—]-;—-m+P }¢s¢s

/ 2 P2q? L o2 o 2y | por 1o

+{ (o + 5wy - (PP - 2(Pa) 4305
Pt P*

+ { PPy + o + - b
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2 2

H{ = Pam = S+ T H(Pa — P

+{(PoPs+ (P + —-(P0)} (20305

+{ = Bt (= D)Pams — Lol(Pay — Pt 20505)

+ { - %3%3 +((Pg)* - %)f%}(?(ﬁgéb%)

+((Pq)? - P*q*)(24545)

+{ = g s = s (Pa)” - P20 (265505)

+{ = (Pawo — Zma }(Po)? - Pra?) (20505)] =1

(8.71)
where

k1 = By(q2)Bi(a®) — Ba(¢})Bh(d2), (8.72)
ke = B} (¢3)Bu(¢®) + Bn(q})B(d%), (8.73)
k3 = Bu(qt)+ Bu(d®), (8.74)
Ky = Bh(cﬁ) — Bu(d%), (8.75)
ks = By(a})+ Bi(d?), (8.76)
ke = Bi(q})— Bi(d2), (8.77)
gy =g+ g, g- =g~ g- (8.78)

For the pion, the summation is only @ = 7 and the flavor index h = ¢. For the eta, the -

summation is o = gq, ss and the flavor index h = ¢, s respectively.

8.10 PCAC and the decay constant

Corresponding the flavor mixing term, the conserved current of the ExKG model is more difficult

than that of KG model. We introduce

F2 (q; P) = 20D(75)ab§ij /kltT(DC)[Sngfz(k)]
3

x[{w(—(q—§)2—k2——lz)—w(—qQ—ZPQ—k2~Z2+Pl)}
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t . Aa
x ¢l f2f3 99293 ¢,(DC) [(Spi '—)ga fs ()]

2
) P 2 12 2 352 2 g2
+{u(- g+ 5P -8 F) —u(- ¢ - P - 12 -2 - Pi)]
% effzfaeggzgstr(DC)[(i%5F>g3f3(1)]], : (8.79)

A% (g, P) i= —36"°Gp(75)wbij A ltr(DC)[Sngfz<k)]
P ’ o
X [w( ~ (¢ - 5)2 — k- 52) el f2s 99201, (DC) [(SFi%)gsfs(l)]

P A¢
t (= (g+5)7 = K = 1)l Bl esmon iy OO T80, 1 (1] (8.80)

For a factor 6*°, A2 (q; P) is non-zero only when o = 0. In the limit P — 0, E2, (¢; P) vanishes

but Ag,,(g; P) does not. A

mn

(g; P) corresponds to the lack of the global U(1)4 symmetry.
We obtain

A
| G0 P) (35 (2mo + ) 4 (s P) + F*(; P) + A°(g; P)

mn

= z(z'y5/\2—05p(p - g))m” it + Z(Sp(p + ;))Z’)%)\?a)m”n” (881)

where E2 (q; P) is given by Eq.(5.39).

The decay constant is given by

fo=tot iy 5 [ {ule P)E"(q P+ ulxle PP PY} (5.52)

where f, is given by Eq.(5.34).
The PCAC relation is

M2 2fr + Ar = —2[mo&], (8.83)
Ar = Jim / te[x(g; P)A%(q; P)], (8.84)
moe] = i+ [ LEEE I i Py 3, | (589
4 =q— g, ¢ =g+ g- (8.86)
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9 Numerical Results

9.1 Preliminary

In this section we show our numerical results for the solutions of SDE and BSE for pseudoscalar
mesons, 7 and 7 in ExKG model. We use the regularization procedure discussed in Sec.6.
Our aim in this section is to verify the discussion in the previous sections numerically.

Therefore we do not adjust the model parameters so that the experimental data are reproduced.

- 9.2 Nutﬁerical Result

In the numerical calculation, we set the off-shell soft limit momentum Pp = (Mg,0,0,0). The

integral equation

x(¢; Mg) = /kfi'(q,k;Mé)x(k;ME) (9.1)

has no solution for a real Mg because Mg is an Buclid mass. (Note that a solution should exist
for M3 = —~M2 < 0).

Instead we solve an eigenvalue equation
MME)x(q; M) = K(g,k; M3)x(k; M) | (9.2)

and plot the A\(M3%) as a function of M% and extrapolate it to the plysical region M2 =
—M? < 0. In the present calculation, we extract only the maximum eigenvalue using the
iteration procedure. The solution of Eq.(9.1) corresponds to M3 = —M? where \(—M?2) = 1.
Fig.9-1 shows this state. |
We calculate fr(M2), fx(M2), E-(M2) and R.(M3%) as functions of M. Here £(M3%) and
Ro(M%) are defined by

SW(M?;) = Z/q fee) ; f(_qi)tr[fz(q; PB)'75‘)\';"] (9.3)
and
2y . —Mpfa(M)
Re(Mp) := 2 EQME) (9.4)
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respectively. &, appears in the RHS of the PCAC relation Eqs.(3.40), (3.42), (5.29) and (5.47).
Rr should be equal to 1 for a on-shell mass M% = —M? due to the PCAC relation. We fix
to = —3.0. The quantities myg, (Gg) and &, depend on the renormalization point which equals
to Ayy in this paper. Each physical quantity is extrapolated to the time like region M? >0
independently. The validity of the extrapolation depends on the property of the functions.
Table.9-1 shows the physical quantities for various m, with Gp = 0. M, grows as m, increases.
M? is almost proportional to m,. This result indicates the GMOR mass formula holds almost
for a finite quark mass. This is not trivial result. Since both f, and &, grows as mg increases,
the ratio of‘M,? /my is almost constant due to the PCAC relation (R, = 1). Comparing f, and
fx, one notices that fy is smaller than f, near the chiral limit and f, depends on Mg more
strongly than f,.

R, is close to iunity as far as m, is small. This implies that our approach in the previous
sections works well. The small violation of the PCAC relation(5%—10%) seems mainly due
to the extrapolation to the time like region. The extrapolation is more difficult for larger m,.

Indeed the error grows as m, increases.

e data

extrapolation line

eigenvalue

. o0 o1 o2
M’z Mg [GeV]

Fig.9-1: EIGEN VALUE

The masses of the pion and the 7 meson are shown in table 9-3 for various 4 which is

defined by
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Ratio

data

extrapolation line

, 01
M? [GeV]

Fig.9-2: The ratio R,(M3%)

AQCD = 400 [MGV], tip = —0.5, AUV = 2.0 [GGV]

Mg2gev My fr Fr (79)2cev Er2Gev Ry | M2/m,

MeV] | [MeV] | [MeV] | [MeV] |  [MeV? [MeV2] [GeV]

0.0 — 985 | 57.3 | —0.753 x 107 | —1.33x10° | — | —

—(196)3

5.0 157 100 | 60.0 — ~1.38x 105 | 1.04 | 5.0
(25 x 10%)2

20.0 320 104 | 69.0 — ~1.51x105|1.06| 5.1
(102 x 103)2

40.0 467 108 | 84.4 — ~1.61%x 105 | 111 | 5.4
(218 x 10%)z

70.0 662 122 | 122 — | -209x10° 114 | 6.2
(438 x 10%)2

100.0 - 830 152 | 198 — 2928105 122 83
(690 x 10%)7

Table 9-1: The physical values for some m,.

90




AQCD =400 [MGV], tIF = —0.5, AUV = 2.0 [GGV]
Msogey = 150[MeV], Gp = —30 x A p[MeV9]

Mg 2ceV M, fr fr (09)2cev Eragev Rr | MZ/m,
[MeV] [MeV] (MeV] | [MeV] [MeV3] MeV?] [GeV]
0.0 — 98.5 | 59.6 | —0.764 x 10" | —1.33 x 105 | — —

—(197)3
5.0 153 100 62.5 — —1.38 x 10% | 1.03 4.7
1(23.5 x 10%)3
20.0 - 312 104 71.5 — —1.50 x 10° | 1.05 4.9
(97.4 x 10%)2
40.0 467 108 86.6 — —1.59 x 10° | 1.10 5.0
(206 x 10%)2
Table 9-2: The physical values for some m,.
. Gp
ig = —m.

We fix k = 6.25[MeV~%]. The extrapolation method to obtain table 9-3 is slightly different
from that for table 9-1. For this reason the pion masses in these tables are slightly different.

The mass difference of the pion and the n meson grows as ig increases. But both f, and fr

are almost independent of ¢g.
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Ayy=2.0 [GeV], radius x angle = 80 x 55
mg = 5 [MeV], my = 150 [MeV], Aqep = 400 [MeV], tip = —0.5
G | My MM, fo [ Ex
[MeV] MeV] [MeV]  [MeV?]
0 158 1.00 100 60.0 —1.38x 10°
5 158 1.08 100 60.4 —1.38 x 10°
10 | 157.7 1.16 100 60.9 —1.38x 10°
20 | 156.5 1.31 100 61.7 —1.38 x 10°
30 | 155.6 1.45 100 62.5 —1.38 x.10°
50 | 153.7 1.71 100 64.2 —1.38 x 105
100 | 149.3 2.28 100 68.2 —1.38 x 10°

Table 9-3: pion and 7 meson masses

[GeVz] = T v T
0.1F yd i
i
B v 4
A
B / -
7 -
0.0s} s
/ .
R %
e 2
L ] . . . . ) . . . . 1 7
0 - 100
iG

" Fig.9-3: pion and 7 meson masses
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10 Conclusion

In this thesis we study the DCSB. The picture of the non-dynamical SCSB is well-described by
wine bottle potential. So the non-dynamical SCSB is clearly understood. However the DCSB
is more complicated. At the DCSB the dynamical mass generation of a quark field and the
appearance of the Nambu—Goldstone boson as a composite field occur simultaneously. The
former is described by the SDE, and the latter is described by the BSE respectively. One must
be careful with the consistency between the SDE and the BSE. One of the powerful ways to
keep this consistency is the CJT action formulation. The CJT action is a generalization of the
1-particle irreducible effective action for a local field to a 2 point Green function. We apply
this method to effective models. Our main works are in Secs.3, 5, 8 and 9.

| In Sec.3 we examine the chiral properties of the effective models. Under the local chiral

(axial) transformation, a conserved current (effective axial current) jg‘p(x) introduced by

A5, 9 = [ da0°(@){0" 5,10, F)(2) ~ M=, ¥](x)} (10.1)
is often different from the naive axial current Jg,(z) defined by
N _ )\a
@) = P (@) (102)

which is conserved in QCD. There are two reasons. One is the cut off procedure. Even if
one uses the cut off procedure which respects the global chiral symmetry,: the local chiral
property is changed and the conserved current is modified. The other is the locally chiral
variant interaction. We study the KG model as an example. So we found that the conserved
current is modified from the naive axial current due to Higashijima-Miransky approximation of
the running coupling constant. When the conserved current is modified; the Ward—Takahashi
identity, the PCAC relation and the GMOR mass formula should be also modified. We found

that introducing the ‘modified decay constant f, as

Je(x) = = frdum(z) + - | (10.3)

each relation can hold as the modified version. In Sec.5 we study the properties of the chiral
symmetry in the framework of the CJT action. We found that the truncation of the CJT action
still preserves the chiral relations of effective models discussed in Sec.3. Under the local chiral

transformation of the propagator Sp(z,y), the CJT action changes as
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AsT[S#] = / dtu6%(2){ 0 T [Sr] — MO (@)[SF] } (@), (10.4)

In this equation, we call Jg;t [SF] a proxy of the effective axial current. Our formula of the decay

constant is

8J5,15¥](0)
8Spnm(T, )

This is a main result of this thesis. This formula is useful for an effective model with a locally

fo= Jim (PTG ()8, (0)]0) (10.5)

chiral variant interaction. In this case, although the conserved current is complicated form, our
formula qu‘ks well.

In Sec.8 is an application. We consider the ExKG model which is composed of the KG
model and the KMT flavor mixing interaction. This model has a SU(3)p x SU(3)g x U(1)y
chiral symmetry just like QCD and a possibility to study the 7' meson problem to some extent
perhaps. We verify the existence of 8 Nambu—Goldstone solutions due to the dynamical chiral
symmetry breaking to SU(3)y x U(1)y. Applying the methods in Sec.5, the PCAC relation is
derived. ‘

In Sec.9 we report the numerical result. Although the numerical result is not enough in
accuracy yet, we think that our formulations are justified numerically. We hope our further
numerical study and want to go to the next stage where more quantitative discussions are

available,
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