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Abstract

We have investigated the early stage of the planetary accumulation which is one of the main
themes of the study on the origin of the solar system. Since the number of planetesimals is
quite large in the early stage, a direct N-body simulation is too hard to be performed. For
the description of the planetary accumulation in that stage, the statistical method is widely
used. However, in previous works authors did not check carefully the validity and accuracy of
the used methods. In the present study, incorporating the latest results on the planetesimal
dynamics, we develop the statistical method by which the planetary accumulation can be
simulated accurately. To test our method, we compared our numerical results with those of the
N-body simulation and found that these results coincide well each other within a surprising
high accuracy.

Using our numerical method, we have performed the simulations of the planetary accumula-
tion and found that the growth of protoplanets is divided into two stages. At first, protoplanets
increase their masses exponentially, which is named the exponential growth. After the mass
of a protoplanet reaches a certain critical mass, the growth of the protoplanet slows down.
We have also showed that the runaway growth starts at the beginning of the accumulation
and the orderly growth does not occur although it is believed that planetesimals start their
growth through the orderly growth. Furthermore, we have derived the non-dimensional ba-
sic equations describing the planetary accumulation, which contain only one non-dimensional
parameter. Combining the scaling law derived from the non-dimensional basic equations with
the results of the numerical simulations, we have found that, irrelevant to the adopted physical
‘parameters of the planetary accumulation (i.e., the surface density of solid materials, the initial
average mass of planetesimals, and the semimajor axis), planetesimals grow through the two

modes of the planetary accumulation.
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1. Introduction

The Kyoto model (Hayashi et al. 1985) is nowadays widely accepted as the standard model of
the origin of the planetary system. According to the Kyoto model, the planetary accumulation
proceeds as follows. After a disk-like gaseous nebula is formed around the central star (ie.,
the protosun), dust grains sink toward the equatorial plane of the gaseous nebula and form a
dust layer. When the density of the dust layer becomes high enough, the dust layer becomes
gravitationally unstable owing to the self-gravity (Safronov 1969, Hayashi 1972, Goldreich and
Ward, 1973) and fragments into a number of small bodies (which are called planetesimals). For
the minimum mass solar nebula (Hayashi 1981), the typical initial mass of planetesimals mg is
evaluated as (Hayashi et al. 1985)

a \3/?2
1 x 10 (———) g (a<27AU),

1AU

1 x 10% (-3—)3/2 (a > 2.7AU)
5a0/) © AR

where a is a distance from the protosun to a region considered. Planetesimals go around the
protosun in the nebular gas and occasionally collide mutually to coalesce. As a result, they
grow gradually to a small number of protoplanets. Assuming that a planetesimal grows through
mutual collisions with other planetesimals with comparable masses, we obtain the growth time

T, of the planetesimal as (Hayashi et al. 1985)

o m__ (dmpn /3
& dm/dt  gr? (1 + (vesc/v)Z) Osolid

Tx, (1.1.2)

where ogpq is the surface density of solid component, m and pr, are, respectively, the mass and
the material density of a planetesimal, v is the relative velocity between planetesimals, and Tk
is the Keplerian time at the orbit considered. Furthermore, ves. is the surface escape velocity

given by
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where 7 is the radius of the planetesimal with mass m. Hayashi et al. (1985) and Ohtsuki et

al. (1993) show that v is approximately given by the escape velocity vese. Putting v = Vese, We

obtain T as
NN
8.8 x 10° (1\7@) (W) years (a < 2.7AU),
I, = (1.1.4)
m 1/3 a 3
10 (o) )
2.7 x 10 <10M®) Ty, Yeers (a > 2.7AU)

In the above, we adopt the minimum mass nebular model (Hayashi 1981, Hayashi et al. 1985)
in which ogna 1S given by
a \-3/2 )
7.1 ( ) g/cm (a < 2.7AU),

1AU
Osolid = (115)

a \-3/2 )
30 (5@) g/cm (a > 2.7TAU).

Note that the discontinuity at a = 2.7 AU relates to the condensation of icy materials. After
the core mass of the proto-Jovian planets becomes about 10 Earth’s mass, they capture the
nebula gas as their envelop to form the present Jovian planets as we observe.

Although the Kyoto model seems to give a satisfactory scenario on the formation of the
planets of our solar system, two important problems are left unsolved. First, we cannot suc-
ceed in explaining of the "wide spacing” between the planets (difficulty of planetary spacing).
According to the Kyoto model, too many tiny planets (say, 20 planets) are formed in the region
of the terrestrial type planets. Secondly, we are faced with difficulty of formation time of the
Jovian planets. As readily known from Eq. (1.1.4), the formation time becomes long with an
increase in the distance from the protosun to a planet considered. For example, the formation

time of the proto-Neptune with 10Mg is 5.8 x10° years which is about 10 times as long as



the age of the solar system. Furthermore, observations of the T Tauri stars presume that the
dissipation time of the solar nebula is within 1 X 107 years (Adams et al. 1987, 1988). The
gowth of the proto-Jovian core is too slow to capture a large amount of the nebular gas before
the escape of the gaseous nebula.

In order to overcome these serious difficulties, i.e., difficulty of planetary spacing and diffi-
culty of formation time, many detailed investigations are made. Stewart and Wetherill (1988)
and Ida (1990) make clear that the velocity of a large body is suppressed through the gravita-
tional scatterings with small bodies (this effect is called the dynamical friction) and suggest the
occurrence of the runaway growth of the planets. The runaway growth means that the growth
of only some bodies are much faster than that of other bodies and is expected as a mechanism to
solve the problem of formation time of the Jovian planets. Wetherill and Stewart (1989, 1993)
perform the numerical simulation of the planetary accumulation on the basis of the statistical
method and confirm the occurrence of the runaway growth. On the other hand, Ohtuki et al.
(1993) investigate the growth of planetesimals and give the following picture as the planetary
accumulation process. Initially orderly growth, which means that the growth rates of all plan-
etesimals are not so different from each other, is observed. After relatively large planetesimals
grow to a certain critical mass and the effect of the gravitational focusing is important, the
runaway growth starts and only some planetesimals (protoplanets) grow rapidly. However, by
the use of the N-body simulation, Kokubo and Ida (1996) reconfirm that the runaway growth
starts in the early stage of the planetary growth. Furthermore, it is shown that a runaway
body grow at almost the same growth rate as that of next runaway bodies keeping the distance
from them at about 10 Hill radii (Kokubo and Ida 1998). This growth mode is called oligarchic
growth.

Clearly, there exists a conflict among the previous works. Because of a simple estimation,

the explanation of Ohtsuki et al. may not be realistic, or otherwise the numerical procedure



developed by Wetherill and Stewart may not be suitable to describe the planetary accumulation
process. Anyway, for overcoming the serious two difficulties mentioned earlier it is very impor-
tant to make clear whether planetesimals start to grow through the stage of the orderly growth
or not and when the runaway growth starts. In the runaway growth, the growth equation of a

protoplanet is given by (Kokubo and Ida 1996)

dM
— % M*3e;2, (1.1.6)

where M is the mass of a protoplanet and e, is a typical eccentricity of planetesimals. If the
runaway growth starts when the mean mass of planetesimals is still small, the growth rates of
protoplanets becomes quite fast because small planetesimals suffer strongly from the gas drag
due to the solar nebula and have very small e,,. For example, Wetherill and Stewart (1993)
show that the formation time of a protoplanet with lunar mass is about 3 x 10° years at 1
AU and that, if we take the effect of collisional fragmentation of planetesimals into account,
the formation time is shorten to 1 x 10° years. After the Kyoto model, the growth time of a
protoplanet with lunar mass is about 2 x108 years (see Eq.(1.1.4)) and is about 10 times as
long as that obtained by Wetherill and Stewart. Therefore, in order to understand the growth
of the protoplanets precisely, it is necessary to fit the starting time of the runaway growth
correctly, as pointed out by Wetherill (1990).

Recent observations of extra-solar planets suggest that there is a wide variety of planetary
systems (Mayor and Queloz 1995, Butler et al. 1997). It is difficult for the Kyoto model to
bring about such a variety; the Kyoto model stands on the less massive nebular model, say,
0.01 to 0.02 M. Observations of the T Tauri stars also show that a typical dust disk mass is
between 1 x 10~% and 1 x 1073 My (Beckwith and Sargent 1996). This tells us that a typical gas
disk mass is of 1 x 1072 or 1 x 1071 M since the total mass of gas is 100 times larger than that

of solids. On the other hand, Cuzzi et al. (1993) assert that dust grains cannot sink within a



narrow-plane of the protoplanetary nebula owing to the turbulent flow in the nebular gas and
planetesimals cannot be formed by the gravitational instability. Instead of the gravitational
instability, Stepinski and Valageas (1996, 1997) consider the formation of planetesimals by the
direct collision of dust grains though it is uncertain if their theory is correct. Thus, there is no
established theory about the formation of planetesimals yet and, hence, the initial mass of a
planetesimal is not definite, either. The physical parameters such as the surface density of solid
component, the gas density of the solar nebula, and the initial average mass of planetesimals
must influence essentially the final masses, positions, and the formation time of the planets.
Hence, in order to understand a wide variety of planetary systems, the formation process of
the planets should be studied by changing extensively the values of the physical parameters.
Despite of the importance, nobody studies the formation process over the wide ranges of the
parameters, probably because of the hardness of the numerical calculations.

As is well known, the accumulation process of the planets has so far been investigated
by alternative methods: the N-body simulation and the statistical method. In the N-body
simulation (e.g., Lecar and Aarseth 1986, Beaugé and Aarseth 1990, Aarseth et al. 1993,
Kokubo and Ida 1996), they integrate numerically the orbits of all bodies (planetesimals)
rotating around the protosun taking account of the mutual gravitational force precisely and
describe the planetary growth assuming that the contacting two bodies merge to one with
mass of their total. In the N-body simulation, they do not use any approximation other
than the perfect accretion (i.e., contacting two bodies merge always to one), so that the N-
body simulation can describe the accumulation process precisely. However, for the sake of the
computational ability, it takes a long computing time even for only one calculation and the
number of bodies treated is limited to 1 x 10* at most. In the early stage of the planetary
growth, on the other hand, the number of planetesimals is inferred to be 1 x 10!® (Greenberg

et al. 1978, Hayashi et al. 1985). Therefore, it is impossible to describe the early stage of the



accumulation process by the N-body simulation.

To investigate the planetesimal accumulation in the early stage, instead of the N-body sim-
ulation, many researchers adopt the statistical method (e.g., Greenberg et al. 1978, Nakagawa
et al. 1983, Ohtsuki et al. 1988, Barge and Pellat 1991, Spaute et al. 1991, Wetherill and
Stewart 1989, Weidenshilling et al. 1997). In the statistical method, the time evolution of the
distribution function of planetesimals is calculated. This method has two merits: First, it is
possible to calculate the evolution of a number of bodies because it does not treat the individual
physical quantities of all bodies but only the average quantities. Secondly, the computing time
of the accumulation process is very short compared with the N-body simulation. At the same
time, the statistical method accompanies some risks. In this method, physical quantities, which
characterize the mass distribution and the kinetic behaviors of planetesimals, are all replaced
by their suitable averages. If we make averages carelessly, the obtained solution is disturbed
seriously and fails to predict, even qualitatively, the planetary accumulation process since it is
one of the strongly non-linear phenomenon. Furthermore, as mentioned earlier we face, sooner
or later, the stage of the runaway growth which cannot be described by the statistical manner
without a special device. Thus, it is very important to establish the numerical procedures of
the statistical code which can pursue precisely and efficiently the accumulation process in order
to obtain a correct picture of the planetary growth.

The aims of our present study are

(1) to develop and establish the statistical numerical code which can pursue the accumulation

process of the planets with sufficiently high accuracy
and

(2) to answer, by the use of the established numerical simulator, the following key problems

in relation to the early stage accumulation of planetesimals:



a) Do planetesimals experience orderly growth? Or, does the runaway growth start at
Yy &

the early stage of the accumulation process?

(b) How do the parameters (such as the surface density of solid materials, the initial
mass of a planetesimal, and the distance from the protosun) influence the growth

time of the protoplanets in the case without nebular gas?

On the basis of Wetherill and Stewart (1989), we have already developed the statistical
numerical code which can describe the accumulation process quantitatively (Inaba et al. 1999).
The statistical code contains some parameters controlling the accuracy and the efficiency of
the practical numerical computation. Among these, two parameters are essentially important:
the mass division parameter which determines the mass ratio of the adjacent mass batches and
the time division parameter which controls a time step of numerical integration. Through a
number of numerical simulations for the simple cases where the collision rate depends only on
masses of colliding bodies; Inaba et al. (1999) check the validity of their statistical code by
comparing the analytical solutions to the stochastic coagulation equation and find a suitable
set of the two parameters for the simulations of the accumulation process. The real planetary
accumulation process is more complex since the collision rate depends strongly on the kinetic
behavior of planetesimals as well as the masses of colliding bodies. Recently, Stewart and
Ida (1999) derive new expressions describing the velocity evolution of planetesimals and find,
by comparing with the results of the N-body simulations, that their method gives reliable
results. Adopting the expressions of the velocity evolution by Stewart and Ida and the collision
rate by Greenzweig and Lissauer (1992) who take account of the effect of the central star
(i.e., the protosun), we complete the statistical code which calculates the velocity evolution of
planetesimals simultaneously. In our present study, we compare the numerical results obtained
by our statistical code with those of the N-body simulation and check the reliability of our

numerical code for a realistic system of planetesimals.
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In section 2, we will review the statistical coagulation equation as well as the basic equa-
tions relevant to the processes of the planetary accumulation, that is, (1) coalescence between
planetesimals, (2) enhancement of the random velocity due to the gravitational stirring, and
(3) its dissipation due to the gas drag as well as collisions. The numerical method which is
developed by Inaba et al.(1999) will be explained in section 3. In section 4, we will compare the
numerical results obtained by our statistical method with those of the N-body simulation to
test the validity of our statistical method. We will see that our statistical code gives the same
results as the N-body simulations and can describe the accumulation process with sufficiently
high accuracy.

If we can simulate the planetary accumulation processes with various physical parameters
(e.g., the surface density of solid, the gas density of the solar nebula, and the initial average
mass of planetesimals), we seem to explain the variety of the planetary system observed in ex-
trasolar objects. However, it is difficult practically to perform the simulations because of many
parameters. In section 5, we will first rewrite the basic equations into non-dimensional forms
and find a scaling law describing the growth of planetesimals in an early stage. Furthermore,
by using our code, we will investigate the planetesimal accumulation for the case without neb-
ular gas. It will be shown that the runaway growth starts irrelevant to the adopted any initial
conditions. If we consider the effect of nebular gas on the planetary growth, the nebular gas
decreases the random velocities of planetesimals and the collisional probability between plan-
etesimals increases. As a result, the growth rates of planetesimals become large. This suggests
that the runaway growth occurs in general. We will also justify in this section the validity of
the scaling law, found above, by comparing with the results of the numerical simulations with
various physical parameters.

The results of our present study will be summarized briefly in section 6.



2. Basic equations describing the planetary accumulation process

In the statistical method, the accumulation process is described as a time evolution of the
mass distribution function of planetesimals based on the statistical coagulation equation. In
subsection 2.1, we describe the coagulation equation for the planetary accumulation. In sub-
section 2.2, we present the collision rate (which we mean the rate of coalescence) between two
planetesimals. The collision rate depends on dispersions of eccentricities and inclinations of
planetesimals’ orbifs, which are the measure of deviations from a circular and planer orbit. In
subsection 2.3, we introduce equations describing the time evolution of dispersions of planetes-
imals’ eccentricities and inclinations due to their mutual gravitational interaction and the gas

drag force.

2.1. Statistical coagulation equation

We consider a large number of bodies (i.e., planetesimals) rotating around a central star
with mass M.. We assume that the masses of bodies, m, are much smaller than M.. We also
assume that the eccentricity e and the inclination ¢ of each body are much smaller than unity.
In such a case, the bodies form a disk-like system around the central star because 7 < 1.

As a result of coalescences between planetesimals, planetesimals with various kinds of mass
are formed. We denote the surface number density of planetesimals with masses between m and
m + dm by ng(m)dm. Generally, the function ns(m) depends on a distance from the central
star. Henceforth we are concerned with the accumulation process in a ring-like region with
a major radius ¢ and a narrow width Ace and assume that ng(m) is uniform throughout the
ring-like region.

Let us consider collisions between two populations of planetesimals which belong to mass

ranges (my, mi + dmq) and (ma, my + dmy). The collision rate depends on the distributions



of eccentricity, e, and inclination, 7, in each population. As shown by Ida and Makino (1992),
the distribution function of e and ¢ is approximately given by the Rayleigh-type distribution

function fr(e,1;e*,%*):

2 2
€ 1 \dedi, (2.1.1)

fr(e, i;e*,1")dedi = 6*22.*2€XP( o2

where e*? and *2 are the dispersions of e and 4, respectively. From now on, we denote e* and
i* of planetesimals with mass m; by e} and 7, respectively. The averaged number of collisions
between two populations of planetesimals per unit area of the disk and per unit time, (TCeot) 125

is given by (Nakazawa et al. 1989, Ohtsuki 1999)
(Teo)12 = h2,a2Qxns(ma)ns(ma)dmydma(Peo)12, (2.1.2)

where (Peor)12 is the mean collision rate between planetesimals with masses m; and m» (i.e.,
the collision rate, P, averaged by the distribution function fr(e, i;e*,i*) in each population),
a is the semimajor axis, Qx is the Keplerian angular velocity, and hy, is the reduced Hill radius
of two planetesimals with masses m; and m, given by

my + mg\ /3
h12=(—1§ﬂ—2‘) : (2.1.3)

Formally speaking, the mean collision rate (Pe)12 is obtained by averaging FP.oi by two
distribution functions (i.e., those in two populations). However, as shown by Ohtsuki (1999),
if the distribution functions of e and i are of the Rayleigh-type, the mean collision rate (Peoi)12

is simply obtained by averaging over a single Rayleigh-type distribution function:

<Pcol>12 = /Pcol(ea i)fR(ea l‘ 612: ZIQ)dedl, (214)
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where the dispersions e*? and 4*2 are given b
12 12

*2 *2 *2

612 = 61 + 62 )
(2.1.5)

iff = if? + i
Greenzweig and Lissauer (1992) investigate numerically the collision rate between planetesimals
with the Rayleigh-type distribution of eccentricities and inclinations in detail and obtain an
approximate formula of (P.o1)12. In our present study we use their results which are presented

in the next subsection.

Using Eq. (2.1.2), we can readily derive the coagulation equation for the disk system:

dns (ml) m1

dt

1 o0
= % dm /0 dma(haaa) s (ma) s (ms) (Peot) 26 (ma — mg — ma)

— Qung(m) /0 * dma(hiaa)?na(ma) (Peot)ra: (2.1.6)

The coagulation equation is the basic equation describing the evolution of the mass distribution

function ns(m).

2.2. Collision rate between planetesimals
Prior to the description of the mean collision rate, we introduce the reduced eccentricity, €,
and the reduced inclination, 7, for the later convenience, which are defined as (Nakazawa et al.
1989) !
€ =e/h;; and i =1i/his, (2.2.1)
respectively, where Ay is the reduced Hill radius given by Eq. (2.1.3). The reduced dispersions

52 and 7*? are also defined by the same manner. When &,7 3> 1, such a body (case) is called

1For the sake of simplicity we frequently abbreviate “reduced” from the naming of é or 7 as long as there is

no possibility of confusion.
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that of the high-velocity regime whereas it is called that of the low-velocity regime for the case
of &1 < 1.

Now, the collision rate between planetesimals is studied analytically or numerically by many
researchers (e.g., Ida and Nakazawa 1989, Greenzweig and Lissauer 1990,1992, Dones and
Tremaine 1993). Almost all of these works give not analytical expressions of the collision
rate but numerical results. Greenzweig and Lissauer (1990, 1992) investigate numerically the
(mean) collision rate among planetesimals and, at the same time, give an approximate analytic
formula of the mean collision rate in the limit of high-eccentricity. According to Greenzweig and

Lissauer (1990), in the high-velocity regime (¢,7 > 1) the collision rate P, is approximately

given by
Peot(8, Dhigh = g—i— (F(I) + %Gg)> , (2.2.2)
where
7y = Tlhj;:z’ (2.2.3)

and r; and 7, are the radii of colliding planetesimals and [ = i/é. Functions F(I) and G(I)

are defined, respectively, by

F(I):é———\’l;_pE(k) and G(I)=7\/—14_:I—2K(k), (2.2.4)

where K (k) and E(k) are the complete elliptic integrals of the first and the second kind,
respectively, and k? = 3/(4 +4I?). Averaging over the distribution function, we have the mean

collision rate (P} given by Eq. (2.1.4) (Greenzweig and Lissauer 1992):

{Peol Jhigh = T (f(f*) + ;g([*)) , (2.2.5)

o2 gx2

where I* = 1*/&* and functions F(I*) and G(I*) are given, respectively, by



I*_8/ A‘mE(V Q=272 e QI*—S/ o EWSE=AN2) g

I*2 I*2 )\2 I*Z + (1 I*Z /\‘2)

In Eq. (2.2.5), the second term denotes the enhancement of the collision rate due to the gravita-
tional focusing. This term becomes larger than the first term whenever we observe the runaway
growth (Wetherill 1990, Ohtsuki et al. 1993).

On the other hand, Ida and Nakazawa (1989) show that when &,i < 1, the collision rate

P., is approximately given by

Pu(6=7=0)=113/f,. = (2.2.7)

Thus, for the low-velocity regime (i.e., &*,7* < 1), the mean collision rate is simply given by

<Pcol>low = 113\/5 (228)

In a system of planetesimals, it is known that #* is of the same order of magnitude as e*.
So, it is sufficient for us to cover only three cases: (i) e, * > 1, (ii) e*,7* < 1, and (iii) the
intermediate case. After some trials we find that the mean collision rate is well approximated

by the following expression over the three cases:

<PCOI> - (( COl)hlgh + (Pcol>low Tz, (229)

In Fig. 2.1, we compare the mean collision rate evaluated by the above expression with the
results obtained by the 3 body numerical calculations (Greenzweig and Lissauer 1992), for the
cases of &* = i*,2:*, and 47*. Clearly, approximate formula (2.2.9) can almost reproduce the
pumerical results within an accuracy of factor 2. In our present study, we use this expression

for the mean collision rate between planetesimals.

13



2

1 llllllll

L_L lJlIII

<

<
=
N
2K

L3R lllllll

e =21 %

] Illlllll L llllllll i llll]l][

10-4 Ll Lorvd ol
102 10! 10° 10’
'é’*

Fig. 2.1. Comparison of the mean collision rate (Peo1) evaluated from the approximate formula (curves)
with those of the corresponding numerical solutions (circles, triangles, and crosses). The mean
collision rate is shown as a function of &* for the cases of & = 2i* (panel (a)) and &* = 7* and 4i*
(panel (b)). Solid, dashed, and dotted curves indicate the mean collision rate for 7, = 0.1, 0.005,

and 0.0012, respectively.
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2.3. Velocity evolution of planetesimals

Since the mean collision rate between planetesimals depends on the dispersions of eccen-
tricities and inclinations (i.e., &2 and *?) of a swarm of planetesimals, we have to calculate
them at every moment of the growth of planetesimals. In this subsection, we summarize the
equations describing the evolution of & and i*2 of planetesimals. As readily conjectured, the
dispersions depend on the mass of planetesimals and, hence, we have to evaluate the dispersions
&% and 452 for each mass m;. They are enhanced by the gravitational perturbations due to
other planetesimals and decreased by the drag due to the nebular gas and collisions. The time
variation of the dispersions is given, as the sum of these three effects, by

des? _ (déf) N <dé§2> N (déf)

dt At ) gean dt /o dt ).

di _(dP\ () (4
dt dt di dt '
grav gas col

where terms with subscripts 'grav’, ’gas’, and ’col’ express the time variations due to the

(2.3.1)

gravitational perturbation, the gas drag, and the collisions, respectively. In our present work, we
concentrate ourselves to the study of the planetary accumulation for the case without the solar
nebula. In this sense, we need not include the effect of the gaseous drag in Eq. (2.3.1). However,
as will be presented in section 4, we make a comparison with previous works quantitatively to
confirm the validity of our statistical method. Since the gas drag due to the solar nebula is
taken into account in most previous works, we also include the effect of the gas drag in our
statistical code.

Note that, hereafter, we call simply & (or #*) “the random velocity” in place of “the
root mean square of eccentricities (or inclinations)”. Such a naming is due to the facts that
(8*2 4+ *?)1/? is almost equal to the mean (non-dimensional) random velocity of a planetesi-
mal circulating around the protosun and that in most cases we have &* ~ i* in a swarm of

planetesimals.
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2.3.1. Velocity evolution due to gravitational interaction

Ida (1990), Ohtsuki (1999), and Stewart and Ida (1999) investigate the evolution of the dis-
persions of eccentricity and inclination due to the mutual gravitational interaction. According
to them, time variations of &2 and 7*? of planetesimals with mass m, are described, respectively,

as

myes? — my &)

dé;? 2 hiyma :
-0 L () (Pyg) + (P 3.
(55),., = [ amentom) A o)+ (el 25 (232

and

Tx2 Tx2
Maly” — M1ty

%2 9
(dzl ) = QI{QZ/deTLS(m2) h12m2 5 <7’TL2<QVS> + <QDF>-T-> . (233)
grav

dt (my + ms2) 12

In the above, ng(my)dm, is the surface number density of planetesimals with masses between
my and my + dmy and hys is the reduced Hill radius given by Eq. (2.1.3). The first terms in
the brackets represent the changing rate by the viscous stirring due to encounter with other
planetesimals. The second terms correspond to the changing rate by the dynamical friction
which leads to the energy equipartition among planetesimals with different masses. Note that
the definitions of {Pys), (Ppr), {(Qvs), and (Qpr) are of Ohtsuki (1999) and are different from
those of Stewart and Ida (1999) by a factor of hf,.

Tanaka and Ida (1996) and Stewart and Ida (1999) derive analytic expressions of the mean
viscous stirring rates, (Pys) and (Qvs), and the mean dynamical friction rates, (Ppr) and
(Qpr). In the present study, we use the expressions of Stewart and Ida. According to them,

the mean viscous stirring rate, (Pys), consists of two parts:

(Pys) = (Pys, close) + (Pvs. dist) (2.3.4)

where {Pys. close) 18 the viscous stirring rate brought by close encounter with other planetesimals

and (Pys, gist) is that by distant encounter. They are given by
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’

<PVS, close) = =9

AZ+1
< (2.3.5)
exp( B (m5) — exp(g ) B ()

where

2(1 = A)E(,/3(1 — A2)/2)
K(/3(1—X)/2) - e
(I*Z + (1 _— 1*2))\2) ’

(2.3.6)

A= (T +1)E7+%)/8, (2.3.7)

and E(k) and K (k) are the complete elliptic integrals. Furthermore, E;(z) is the exponential

integral function given by
=] e“t

B, (z) = / -t (2.3.8)
and is expressed approximately as (Abramowitz and Stegun 1972):

Ei(z)=—lnz+ap+a12+ asz? + aszd + agzt + asz®, (2.3.9)

where

o = —0.57721566, ay = 0.99999193, a, = —0.24991055,
(2.3.10)

a3 = 0.05519968, a4 = —0.00976004, and a5 = 0.00107857

The mean viscous stirring rate for %2, (Qvs), is given by the similar functional form, that

is,

2
(Qvs) = f[* — <1n (A2 + 1) - Fﬁ:) Ji, (2.3.11)
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where

2(1 = A1) E(4/3(1 = 22)/2)
K(y3(—A%/2) = (1+3)2)
T2+ (1 - I2)N2)

(2.3.12)

Note that we neglect a term due to the distant encounter in Eq. (2.3.11) since the effect of the
distant encounter to the viscous stirring rate for i*2 is quite small (Stewart and Ida 1999).
The mean dynamical friction rates (Ppr) and (Qpr) are given, respectively, by (Stewart

and Ida 1999)

18 5

(PDF) = 077‘75*_&5111 (A + 1) He (2313)

and
(Qpr) =0 — 2 <A2 + 1) H, (2.3.14)

DF . \/—7?]*6*2 iy v
where

i 327 1 (1 - A2)E(y/3(1 = A2)/2) 0315
©T /T Jo (43I + (1= I (2:3.15)

and

g2 N E(y/3(1 - A?)/2) (2.3.16)

T Vm b ) (I + (1= AT

In the above, J., Ji, H., and H; are all functions of J*. Prior to the simulation of the planetary
growth process, we calculate numerically these functions for the typical values of I* and prepare

the numerical tables. In making a simulation we use the values interpolated from these tables.
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2.3.2. Velocity evolution due to gas drag

Adachi et al. (1976) investigate extensively the gas drag effect on the motion of a planetesi-
mal rotating around the protosun. They obtain the approximate formulae of the time evolution
of the semimajor axis, a, the eccentricity, e, and the inclination, 4, averaging over one Keplerian
period. Assuming that one of e, ¢, and 7 is much larger than others and retaining the leading

terms, they obtain the approximate equations:

(8), - ), o
T (de _ 2F 2. 3
. (ELS - - (76 + i+ 517) , (2.3.18)
and
T (di 1 /2E 8 .
- <a>gas =—3 (—W—e + 3—7Tz + 77) , (2.3.19)

where E = E(3/4) and K = K(3/4). In the above, 7 is a parameter denoting a measure of

importance of the radial pressure gradient in the gaseous disk and is defined as

VK — Vgas '
n=——82° (2.3.20)
VK

where vk and vg,s are the Keplerian velocity and the circular velocity of gas, respectively. The

characteristic time for the drag dissipation, 7, is given by
1 -1
T = (5C’D7r7‘2pgasaQK/m> ) (2.3.21)

where Cp is the drag coefficient, 7 and m are the radius and mass of a planetesimal, respectively,

and pgas is the gas density of the solar nebula.

2As indicated by Kary et al. (1993), there is an error in the expression of de/dt (Eq. (4.12)) of Adachi et al.

(1976).
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As conjectured from the way of derivation of Eqs. (2.3.17) to (2.3.19), errors of these equa-
tions become large when e, 4, and 7 are comparable with one another. Hence, instead of them,

we propose the following new equations:

1/2

T (da 2B+ K \* /2\*
E(E)gas = —277(( 3 6) +(;’L> +’f]> , (2322)
&)
e \ dt
gas

: (%)g& = —-;- ((%?—ey + <§8;i>2 + 772) . (2.3.24)

Although we cannot show the validity of the new equations mathematically, we can confirm
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(2.3.23)

and

N

numerically that the errors of the new equations are small compared with those of Adachi et
al. In Fig. 2.2, we compare the time evolution of a, e, and ¢ calculated from the equations of
Adachi et al. (1976) and our new equations with the results of the orbital calculation (the test
calculations are made under the condition that 7 = 2007k and 7 = 0.01 and start from the
initial condition where e = ¢ = 0.01 and @ = 1AU). As seen from this figure, our equations
reproduce the results of the orbital calculation much better than those of Adachi et al.
Averaging each term separately by the distribution function of e and 7 (i.e., the Rayleigh-
type distribution function) and summing up them in the similar way to Eqs. (2.3.22) to (2.3.24),

we obtain the following equations (note that the dispersions are not of the “reduced” type):

T de*Q 9 2 %2 1-*2 9 2 M2 g
) ( = > =-2 (4—7;E e+ i 4 o ) (2.3.25)
gas
and
7 [ di*? 1 o A, \MY? .
;*—2—<dt> :—(;Ee + = +n> . (2.3.26)
gas

The above equations will be referred to in section 4.
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Fig. 2.2. Time evolution of the semimajor axis, a, the eccentricity, e, and the inclination, ¢, due to
gaseous drag. These are calculated from the equations derived by Adachi et al. (1976) (dashed
curves) and the new equations (dotted curves) as well as the orbital calculation (solid curves).
For the initial condition we choose e = ¢ = 0.01 and a = 1AU and for 7 and n we put to be

7 =200T% and n = 0.01.
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2.3.3. Velocity evolution due to collisional dissipation

We have also to consider the effect of the collisional dissipation on the kinetic behavior
of planetesimals. When two planetesimals (with masses m; and my) coalesce, the orbit of a
merged planetesimal is given by that of the center of mass. The eccentricity E;; and inclination
I, of the barycenter’s orbit are given by

2 2
m; m 2m;m
El = (—————J——) e? + (———k——> el + (_—‘_J—_IE—"ejEk cos(T; = Te),

m; + my m; + my m; + myg)?
(2.3.27)

2 2
m; . Mg . 2mymy ..
2= —2 ) 24| —=—) it + ——ijikcos(w; —
7 (mj + mk) I * m; + Mg k (mj + mk)2 e (wj wk)’

where 7; and w; are the longitudes of the perihelion and the ascending nodes, respectively.
Assuming the random distribution of the phase angles 7; and w; and averaging by the Rayleigh-

type distribution (2.1.1), we obtain the dispersions of Ejx and [j; as

(2.3.28)

Remember that the averaged number of collisions between two populations of planetesimals
per unit area and per unit time is given by Eq. (2.1.2). Noting that coalescent bodies have the
dispersions given by Eq. (2.3.28), we have for the variation rate of &? and ;2 of planetesimals

with mass m; due to coalescence

de;? _ Ok ,
( dt >Col - 2ns(my) /de/dmk(hjka) ns(m;)ns(my)

x(e]% = B3R ){(Peol) j1b(my — m; — my) (2.3.29)

and
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di*? 0
( dlt >col - 2715(1:711) /dmj/dmk(hjka)2ns(mj)ns(mk)

x (452 — D Peot) j18(my — m; — my). (2.3.30)

23



3. Methods of the simulation

In this section, we explain the numerical procedures of the statistical simulation code for
the planetary accumulation. The statistical simulation code for describing the accumulation
process, especially, describing the runaway growth of the planets, is first developed by Wetherill
and Stewart (1989) and presented in more detail in Wetherill (1990). The statistical code
includes some technical parameters which determine the accuracy and the efficiency of the
numerical simulation. Though they treat the technical parameters carefully in their works,
they do not check how the statistical code can reproduce the exact solutions to the stochastic
coagulation equation (Marcus 1968, Tanaka and Nakazawa 1993) and how the accuracy depends
on the technical parameters. Inaba et al. (1999) reconstruct the statistical simulation code
according to Wetherill and Stewart and test the accuracy of the code very carefully by comparing
the numerical results with the analytical solutions to the stochastic coagulation equation. They
make clear the validity and usefulness of the code and find the suitable range of the technical
parameters to describe the accumulation process precisely. In subsection 3.1, we present briefly
the numerical procedures of our code for simulating the accumulation process.

In order to simulate the planetary growth, we have to pursue the time evolution of the ran-
dom velocity, €* and 7, simultaneously since the collision rate between planetesimals depends
essentially on their random velocities as mentioned in section 2. Though, in most previous
works, the time evolution of the random velocity is treated by a simple (and, hence, an inaccu-
rate) manner, we describe it as precisely as possible taking account of the recent results found
in the N-body simulations. The numerical method for calculafion of the time evolution of the

random velocity is explained in subsection 3.2.
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3.1. Evolution of the mass distribution

To describe the mass distribution of planetesimals, we use a set of discrete mass batches
instead of the (continuous) mass coordinate. The mass m; of the j-th batch is given by a

geometric series:

m; = Mo 51) j=0,1,"',nb—2 (311)

where mp is the total number of batches and § (>1) is a certain constant (one of the technical
parameters) of the order of unity. When the value of § is too large, physically realistic descrip-
tion of the accumulation process might fail. When it is very close to 1, on the other hand, we
are forced to prepare a large number of numerical batches and spend a long computing time
though the simulation could describe _the accumulation process precisely. Thus, we have to
choose the value of § appropriately in the numerical simulations. Inaba et al. (1999) show that
the simulation with § < 1.3 can describe the runaway growth precisely. In our present study,
we choose the value of 6 to be 1.1

Let N,; be the surface number density of planetesimals belonging to batch j (i.e., with the
mass m;). A set of the surface number densities {/V; ;} describes the mass distribution function
ns(m) mentioned in the previous section. From Eq. (2.1.6), we can readily write the equation
describing the time evolution of the surface number density in each batch:

dNs,
dt

1
= 50 3" (hxa)* NoyNo(Peot) v = QaclNoa 3 (h10) N 5 Peot) 1, (3.1.2)
i ;

where 3, ;' expresses the sum over the pair of batches j and k which satisfy (m; +my_1)/2 <
m; + my < (my + myy1)/2. In the simulation, instead of the surface number density /Ns;, we

calculate the number of planetesimals in the ring-like region we consider, V;, which is given by

N; = 2ralAalj, (3.1.3)
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where a and Aa is the major radius and the width of the ring-like region, respectively.
We calculate the evolution of {IV;} as follows. The number of collisions during a (numerical)
time interval 6t between bodies belonging to a target batch (7) and a projectile batch (k; k < 7),

8 Nco jk, is given by

6Ncol,jk = h?kazﬂKNs,ij (Pcol>jk5t- (314)

The growth of bodies belonging to batch j in a time interval 6t is treated in two ways. When
the mass of merged bodies, m; + my, is smaller than (m; +m;11)/2, the bodies still belongs to
batch j; the number of bodies in batch k& is decreased by 6N jx and the number of bodies in
batch j remains unchanged whereas the total mass in batch j is increased by mg6Ncol,jx and
the total mass in batch k is decreased by my6Ncoi ;5. On the other hand, when the combined
mass, m; + Mg, is greater than (m; + mjy1)/2, the merged bodies are placed to a higher batch
(say, batch [); the numbers of bodies in both batches j and k are decreased by 6Neol;x and
the total masses in batches j and k are decreased by m;6Ncoyjx and mgdNeol ji, respectively.
Furthermore, the number of bodies in batch [ is increased by §/Ne, jx and its mass is increased
by (m; + mk)0Neoi jk-

We make the above procedures for all of pairs of batches j and k using N} at time t = tn,
through which we can calculate the net changes in the number 6N; and the mass §M; for each

batch. The number of bodies of batch j at time ¢, = t, + 6t is then given by
N*L = N} +6N;. (3.1.5)

Furthermore, a new average mass of batch j is evaluated by dividing the newly obtained total

mass by the newly obtained number of bodies contained in the batch. That is,
mItt = (MT + 6M;)/N;*. (3.1.6)

J

In order to keep the number of planetesimals N; to be an integer, we make § N.o jx an integer
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according to Wetherill and Stewart (1993). When 6Neoljx < 2 X 10°, 6 Neo1 i 1s replaced by
8N % = [6Ncot k] + €, (3.1.7)

where [6Nco1 ;1] is integer part of Nl ;% and € is given by

1 : ONeol jk — [6Ncorjx] > ¢,
€= (3.1.8)

0 : 5Ncol,jk - [5Ncol,jk] <.

In the above, ¢ is a random number between 0 and 1 created by the random number generator
if necessary. On the other hand, when §Ncoyjx is equal to or greater than 2 x 10°, we permit
§Neorjk to be a fractional value.

Furthermore, another device is introduced to describe properly the growth of the runaway
bodies. As seen in the results of the N-body simulation (Kokubo and Ida 1998), some runaway
bodies are formed in a swarm of planetesimals and the radial separation of their orbits is about
10 times as large as the Hill radius of bodies. Their orbits are almost circular and coplanar
because of the dynamical friction due to small bodies. As a result, orbits of the runaway bodies
never cross and they cannot collide each other. According to Wetherill and Stewart(1993), we
take account of this isolation of the bodies by the following way. Let N, be the number of
the largest runaway bodies which cannot collide each other. Then Ny, should be so defined
that the sum of their orbital separation 6a; is equal to the width of the computation zone, Aa.
In the simulation, the bodies contained in all batches heavier than batch j' is assumed to be

isolated; the batch number j' is defined by the condition

b b
Z Niéai < Aa< z Niéai, (319)
i=j'+1 i=j'

where n, is the total number of batches. By the use of j' Ny, is given by

b
Niwn = 3 Ni. (3.1.10)

i=j’
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Furthermore, the orbital separation, da;, is defined by

— 1/3
m; + Mrun

where numerical factor, 10, comes from the results of Kokubo and Ida (1998) and 77y, is the

mean mass of the runaway bodies:

p
Meun = Z miNi/Nrun- (3112)

=
In the runaway growth as well as the oligarchic growth, masses of the runaway bodies do not
differ so much that it is adequate to adopt the mean mass of runaway bodies in Eq. (3.1.11).

In section 4 we will justify such a choice of the separation a;.

3.2. Evolution of eccentricity and inclination
From Egs. (2.3.2) and (2.3.3), we can readily write the equations describing the time evo-
lution of &% and i}? of planetesimals belonging to batch [ due to the gravitational interaction:

they are

der? (N, — 6, him; m;E5% — myér?
( ) — QKCL2 Z ( J Jl> ( gl - <mj<PVS_> + <PDF>-7J—~*2_I_61_> (3.2‘1)
j=1

2rala | (mj+m)

T . 2 ' ~
(dz,z) _QKa22< ) him; <mj<QVS> (QDF>T_n_J_l7_ml_Z‘_). (3.2.2)

2rala ) (mj+m)? i

Except the runaway bodies, we use Eqgs. (2.3.4), (2.3.11), (2.3.13), and (2.3.14) as (Pys), (Qvs).
(Ppr), and (Qpr) of the above equations, respectively. We have to pay special attention to the

gravitational interaction between the runaway bodies since they exist away from each other.
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In such a case, for the expressions of the stirring rate and the dynamical friction rate we use

those of the distant encounter given by (Hasegawa and Nakazawa 1990)

(Pys) = ?517? (3.2.3)
and
(Ppr) = (Qvs) = (Qor) =0, (3.2.4)

where da; is the orbital separation given by Eq. (3.1.11).

In order to check the validity of the above-mentioned procedures for calculating e* and
i* we compare the results with those of the N-body simulation by Stewart and Ida (1999).
They postulate two components of planetesimals. The mass and the number of planetesimals
of component 1 (which is hereafter called planetesimal 1) are 1 x 10*4g and 1000, respectively,
whereas those of component 2 are 1 x 10%g and 100. We consider the same situation as theirs
and pursue the time evolution of e* and * by our code. The results are shown in Fig. 3.1
together with those of the N-body simulation by Stewart and Ida. From this figure we see that
¢* and ¢* of planetesimals 1 and 2 increase with time owing to the gravitational interaction
and that both e* and * of planetesimals 1 are larger than those of planetesimals 2 owing to
the dynamical friction. Such results are quite reasonable for a planetesimal system composed
of two populations. Anyway, Fig. 3.1 shows that our code can reproduce well the results of the
N-body simulation.

As described in 2.3.2, &* and ¢* decrease by the gas drag as well as the collisional dissipation.
Their time evolution due to the gas drag is calculated according to Egs. (2.3.25) and (2.3.26).
Furthermore, evolution of e and ¢; due to the collisional effect are described, respectively, by
Egs. (2.3.29) and (2.3.30). In our numerical simulation, the new values of &? and i}? of batch

| are given, respectively, by
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0.015 e

t [103 year]

Fig. 3.1. Time evolution of the random velocity obtained by our method (solid curves). The cor-
responding time evolution found from the N-body simulation (Stewart and Ida 1999) are also

shown by dashed curves. Subscripts 1 and 2 show values of planetesimals 1 and 2, respectively.
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- er2(Ny = i '8Neoljk) + Lj " E5E6 Neol
2w 5 (3.2.5)
and

’i*2 — 172(Nl - Zj,k IéNcol.jk) + Ej,k: /I;IS(SNcol,jk

l,new Nl ) (326)

where 3, has the same meaning as that in Eq. (3.1.2). Furthermore, § Neop jx is the number

of collisions defined by Eq. (3.1.4) and both E}¢ and I3} are already given by Eq. (2.3.28).
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4. Test of accuracy of the statistical simulation code

In order to test the accuracy of our statistical simulation_code, we perform numerical sim-
ulations and compare the results with those of the N-body simulations in subsection 4.1. We
will see that our statistical simulation code can describe the accumulation process with high
accuracy. We also compare our numerical results with those of previous studies based on
the statistical simulations and discuss a difference between ours and others in subsection 4.2.

Important results are summarized in short in subsection 4.3.

4.1. Comparisons with the N-body simulation

Kokubo and Ida (1999) perform the N-body simulations of the planetary accumulation in a
ring-like region around ¢ = 1 AU. As the width of the ring-like region they consider two cases,
i.e., cases of Aa = 0.092 AU and 0.021 AU, and examine the effect of the boundary condition on
the accumulation process by simulating for such two cases. In order to test quantitatively the
accuracy of the numerical results due to the statistical method by comparing with those of the
N-body simulation, we perform the numerical simulation with the same physical parameters
as theirs. The adapted parameters are given in Table I.

As pointed out by Inaba et al. (1999), in a single simulation the mass distribution changes
discontinuously owing to the stochastic behavior of coalescence. In order to avoid this trouble, it
is necessary to take an ensemble mean obtained from a large number of independent numerical

simulations. The ensemble mean of a quantity X at time ¢, X, is given by

1 X

X = A S X, (4.1.1)

m=1

where N, is the number of the independent simulations (in our present study, we adopt N, =

100) and X™ is the quantity at time ¢, obtained by the m-th numerical simulation. Furthermore,
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in order to compare the results obtained by the different methods in a quantitative manner, we

introduce a standard deviation, oy, defined as

N,
z (Xm _ X)?
ox = 4| B2 N : (4.1.2)

Table I. Adopted parameters for the test simulation. In the table, 7 is a non-dimensional

parameter defined by Eq. (2.3.20).

Quantity Symbol Value
Distance from the protosun a 1AU
Ring width Aa  0.092AU (Case 1)

0.021AU (Case 2)

Material density of a planetesimal  pmat 2g/cm®
Gas drag coefficient Cb 2
Nebular gas density Pgas 2 x 10%/cm®

n 1.85 x 1073

As for X, we consider four physical quantities: the cumulative numbers of the mass distribu-
tion, the root mean squares of the eccentricity and the inclination of a swarm of planetesimals,
the root mean square of masses of planetesimals, and the mass of the largest planetesimal. The

cumulative number N ; is defined as the sum of the number of planetesimals with mass larger

than my;

np
N.; = > N, (4.1.3)

k=j
where n; is the total number of batches. The root mean squares of eccentricities and inclinations

of planetesimals are given by

33



(e)/? = (4.1.4)
and
(@) = (4.1.5)
respectively. The root mean square of mass of all planetesimals is defined by
(4.1.6)

4.1.1. Case of Aa=0.092 AU

Kokubo and Ida (1996) show that the mass distribution of planetesimals is described by a
single power law as ns(m)dm o« m~25dm just after the runaway growth starts. According to
Kokubo and Ida (1999), we calculate the accumulation process from the power-law initial mass
distribution; The minimum mass of the distribution, mo, is put to be 2 x 10?* g and the mass of
the largest body is 20mg. The total mass of planetesimals is set to be 6507mg. The dispersions

of the eccentricities and the inclinations of planetesimals are assumed to be
er =2 x it = 0.002. (4.1.7)

We show the snapshots of the cumulative number as well as the relative velocity e* and ¢*
att=1x 10%,2 x 10°, and 4 x 10° years in Figs. 4.1a and 4.1b. The initial mass distribution
(t = 0 year) is shown in the snapshots at t =1 x 10° years by the dashed curve. At t =1 x 10°
yeérs, bodies with mass larger than 100m begin to be formed; e* and * are suppressed by

the dynamical friction due to small bodies. Small bodies with mass between 1 mo and 10
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mo have almost constant e* and i* independently of mass. The mass range of planetesimals
with constant e* and ¢* spread with time and the eccentricity and the inclination increase
monotonously owing to the formation of the larger bodies. At ¢ =4 x 10° years, planetesimals
with masses smaller than 200m, have the almost same e* and ¢* which are 1.6 times larger than
those at t = 1 x 10% years. |

From Fig. 4.1a, we see that in the mass range of 1 to 10 mg the cumulative numbers
calculated from the N-body simulation and the statistical method coincide each other almost
completely at any time. For the relatively large bodies, there is a minor difference in the
cumulative numbers. The cumulative number of planetesimals with 30mg given by the N-body
simulation is 1.7 times smaller than that of the statistical method. The differences may come
from the discontinuous change of the numerical results obtained by the N-body simulation due
to the statistical fluctuation. As seen from Fig. 4.1b, e* and 7* of small bodies in the N-body
simulation agree with those of the statistical method. For large bodies, it is difficult to compare
them because they scatter for the case of the N-body simulation. However, the trends of the
two results resemble each other.

In Fig. 4.2a, we show the time evolution of the mass of the largest body, M. and the
root mean square of mass of all planetesimals, (m?)!/2. Initially the mass of the largest body
is 20mg and becomes about 1000m, at t = 5 x 10° years. In Fig. 4.2a, together with the
ensemble mean Mpay, curves of Mpax + 0pr and Mpax — 0a are also shown where oy, is the
standard deviation of the mass of the largest body. Despite of the discontinuous change of
the results of the N-body simulation, the mass of the largest body of the N body simulation
almost exist within the region bounded by Mmax + 0ar and Mpax — op. Furthermore, Fig. 4.2b
shows the time evolution of the root mean squares of eccentricities, (€*?)!/?, and inclinations,

(*2)4/2, of planetesimals. They increase monotonously with time. As in the case of the mass of

the largest body, we show the ensemble mean (e*?)1/2 and (i*2)1/2 as well as (e*2)1/2 & ¢, and



Cumulative number

. 104l
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Fig. 4.1. Comparison between the numerical results obtained from the statistical method and the
N-body simulation at t = 1x10%, 2x10%, and 4x 10° years. The cumulative numbers are shown
in panels (a) for the cases of the statistical method (dotted curve) and the N-body simulation
(solid curve). Initial mass distribution is also shown by the dashed curve in the top of panels
(a). Furthermore, e* and 1* calculated by the statistical method (solid and dashed cures) and

the N-body simulation (circles and triangles) are illustrated in panels (b).
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(i*2)1/2 + ;. The root mean squares obtained by the N-body simulation fall on the regions
bounded by Wiae and Wioi. Thus, we can say that the statistical method succeeds
in reproducing the results of the N-body simulation.

In the above calculation, the orbital separation of the runaway bodies éa;, which is one of the
‘technical parameters of our numerical code, is put to be 10 Hill radii of them as mentioned in
subsection 3.1 (see Eq. (3.1.11)). We perform two additional simulations with different orbital
separations, da; = 5 and 15 Hill radii, to see the dependence on the adopted orbital separation.
Figure 4.3 shows the expectation values of the mass of the largest bodies obtained by the
statistical simulations with different orbital separations and that of the N-body simulation.
In the case of da; = 15 Hill radii the mass of the runaway body becomes too large since the
simulation does not prevent large bodies from coagulating compared with those with other
orbital separations, while the growth of the runaway bodies is decelerated in the case of 5 Hill

radii. Only for the case of 10 Hill radii we can simulate properly the growth of the runaway

bodies in accordance with the result of the N-body simulation.

4,1.2. Case of Aa =0.021 AU

We make briefly a comparison with the N-body simulation for the case of a narrow region
~with Aa = 0.021 AU (see Table I). In accordance with Kokubo and Ida (1999), the initial mass,
mo, and the total number of planetesimals are put, respectively, to be 1 x 10%® g and 3000. The
initial dispersions of eccentricities and inclinations are given by e} = 2 x 4§ = 0.0043. !

The time evolution of the mass of the largest body, Mmax, and the root mean squares of

1 As described in section 2, e* and i* are enhanced by the gravitational scattering with other planetesimals
and are damped by the gaseous drag in the solar nebula. As a result, ¢* and i* approach their equilibrium

values. The above initial values of e* and i* are of the equilibrium ones.
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Fig. 4.2. Time evolution of the mass of the largest body, Mmax and the root mean square of mass,
(m?)}/2 (panel (a)). The dotted and dashed curves correspond t0 Mmax and Mpay =0 obtained
by the statistical method, respectively where Mmax and oy are the ensemble mean and its
standard deviation deduced from the statistical simulations. The solid curves are of the /N-
body simulation. Time evolution of the root mean squares of eccentricities and inclinations of

planetesimals is shown in panel (b).
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Fig. 4.3. Evolution of the expectation value of the mass of the largest body obtained by the statistical
method with different three orbital separations. The result of the N-body simulation (Kokubo

and Ida 1999) is also shown by the solid curve.
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eccentricities, (¢*2)!/2, and inclinations, (i*?)'/2, are shown in Figs. 4.4a and 4.4b, respectively.
In these figures, Mmay and Mpax & 0 pmay Obtained by the statistical method are shown by the
same manner as Fig. 4.2. At the end of the calculation (f =3 x 10° years), M., attains about
400 myo and (e*2)}/? becomes 3 times as large as the initial value. For the mass of the largest
body, the statistical method give the same evolution curve as that of the N-body simulation.
On the other hand, the root mean squares of eccentricities and inclinations obtained by the
N-body simulation are smaller than W — o, and (i*?)/? — g;, respectively (o, and o; are
the standard deviations of the root mean squares of e* and +* defined by Eq. (4.1.2)). But the
difference is quite small (it is confined within a factor of 1.2). Thus, regardless of the width of
the computation region where planetesimals distribute, our statistical method can describe the

growth process of planetesimals as well as their kinetic behaviors.

4.2. Comparison with previous statistical simulations

As described in Introduction, a number of simulations of the planetary accumulation are
carried out by many researchers on the basis of the statistical method. Recently, Wetherill
and Stewart (1993) study the accumulation process of planetesimals using their own velocity
evolution equation, in which the effect of the solar gravity is taken into account, and including
the effect of the collisional fragmentation. They show that the collisional fragmentation of
planetesimals accelerates the runaway growth of protoplanets.

Since our code is based on their method, if we adopt the same collision rate and velocity
evolution equation, we must have the same results as theirs. Unfortunately, Wetherill and
Stewart (1993) give little information on the velocity evolution and the collision rate formula
so that we cannot reproduce the same situation as theirs. Nevertheless, it is meaningful to

make a comparison with the result of Wetherill and Stewart (1993) for a case without the
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Fig. 4.4. The same as Fig. 4.2, but for the case of Aa = 0.021 AU.

41



collisional fragmentation because we can see the effect of our improvement where we use the
new velocity evolution equation developed by Stewart and Ida (1999) and the formula for the
collision rate due to Greenzweig and Lissauer (1992). In this simulation we reset the orbital
separation, da;, by the same way as Wetherill and Stewart (1993) in place of Eq. (3.1.11), i.e,,
6a; = 2v/3hm.m.0 + 2ae; where e; is the eccentricity of runaway body i. The initial mass, mo,
is put to be 4.8 x 108 g.

Figures 4.5a and 4.5b show the snapshots of the relative velocity e*, and the cumulative
number, respectively. At t = 5 x 102 years, both results coincide well each other. At ¢ =1x 10*
years, however, larger planetesimals are formed in Wetherill and Stewart (1993); the mass of
the largest body is about 1.8 x 10% g in their case whereas 6 x 10%* g in our case. In reflection
of this difference of the planetary growth, the relative velocity e* differs greatly between two
studies. Furthermore, at ¢ = 1.5 x 10° years, the runaway bodies are larger in their case and, as
a result, the number of the runaway bodies is small compared with ours. At the same time, the
cumulative number for m < 1 x 10% g deviates quite largely between two results though the
distribution of e* is very similar. It is important to seek the reason(s) of these differences since
the planetary accumulation is the strongly non-linear phenomena; a numerical error, even a bit,
leads inevitably to the qualitatively different picture of the planetary growth. Unfortunately,
to find the reason of the differences is difficult because Wetherill and Stewart (1993) give little
information on their numerical procedures. Anyway we can say, at least, that the accuracy of

Wetherill and Stewart (1993) is not enough.

4.3. Summary of the accuracy test

In this section, we test our statistical method by comparing with the N-body simulations,
performed by Kokubo and Ida (1999) for the two cases where planetesimals distribute within

a ring-like region with relatively wide width (Aa =0.092 AU) and with narrow width (0.021
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Fig. 4.5. Snapshots of the cumulative number and the relative velocity e* at 5 x 102, 1 x 10%, and
1.5 x 10° years. The numerical results obtained by our code are shown by the dotted curves and

those of Wetherill and Stewart (1993) by the solid curves.
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AU). From the comparison in the case with a wide width, we find that the results of the
statistical method agree well with that of the N-body simulation. For the case of a narrow
width, the root mean squares of eccentricities and inclinations in the statistical simulation are
slight larger than those in the N-body simulation but the deviation is small. Consequently, we
conclude that the statistical method can describe the accumulation process with a sufficiently
high accuracy. Furthermore, we make a comparison with the previous statistical simulation
given by Wetherill and Stewart (1993). From the comparison, we find that the accuracy of

their numerical procedures is not enough and their results contains some errors.
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5. Accumulation process without nebular gas

Recent observations of the extra solar planets reveal that there exist various kinds of plane-
tary systems (Mayor and Queloz 1995, Butler et al. 1997). The variety of the planetary systems
may come from the differences in the physical parameters of the protoplanetary system (e.g.,
the surface density of solid materials, gas density of the solar nebula and others). Therefore,
it is necessary to examine the accumulation processes with different parameters of the gaseous
nebula and the planetesimal disk. Since there are many parameters which affect the accumu-
lation process of the planets, it is hard to perform the numerical simulations of all sets of the
parameters. Rather, it is fruitful to find an appropriate scaling law in the accumulation process.

As the first step of our investigation, we examine the accumulation process without the
nebular gas. By neglecting the effect of the nebular gas, the number of parameters to be
considered decreases and the problem is simplified. Despite of the simplification, since nobody
knows if the accumulation of the terrestrial planets proceeds in the nebular gas, this calculation
itself may be of great value.

In subsection 5.1, we will first derive a scaling law which describes the early stage accu-
mulation process of planetesimals and show that there is a non-dimensional parameter which
governs the growth process of planetesimals. In subsection 5.2, making the simulation of the
accumulation process by our statistical simulation code, we will show that the accumulation
process is divided into two stages, i.e., the first stage where runaway bodies increase their mass
exponentially and the second stage where the mass of the runaway body exceeds a certain
critical mass and the growth rate decreases. Furthermore, it will be shown that a small number
of planetesimals grow rapidly, not through the orderly growth stage, from the beginning of the
accumulation process. In subsection 5.3 we will show that the scaling law is well satisfied until
the mass of the runaway body approaches the critical mass and that the growth of runaway

bodies does not depend appreciably on the non-dimensional parameter.
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5.1. The scaling law in the planetary accumulation process

We rewrite the basic equations into the non-dimensional forms, introducing non-dimensional
variables. As a unit of mass, we adopt the initial mean mass of planetesimals, mo. The accumu-
lation process in a disk system is characterized by the surface number density of planetesimals.

The unit of the surface number density, ng, is suitably given by
ng = 0s/Ma, (5.1.1)

where o, is the surface density of the planetesimal disk. Furthermore, the time is normalized

by the characteristic collision time of planetesimals, f., which is defined by
tc. = (7107((27“0)291()_1, (5.1.2)

where rg is the radius of a planetesimal with mass mq and {2k is the Keplerian angular velocity.
The eccentricity and the inclination of planetesimals are properly scaled by the ratio, vesco JvK,
where vy is the Keplerian velocity and vesc is the (surface) escape velocity from a planetesimal

with mass my, given by
Vesc,0 = \/ 2C;'m'O/TO' (513)

Using these typical values, we normalize the mass, the surface number density, the time, and

the random velocity as follows:
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t = ngm(2r)*Qxt,
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(5.1.4)

Using the non-dimensional variables introduced above and assuming that the eccentricity

and the inclination are much larger than the reduced Hill radius of planetesimals (i.e., &, >

1), we rewrite the coagulation equation (2.1.6) as

dfis(1h)

dt

where

™y

9(123) My + M3
(-7:(—723) i ex? +ex2 ma/® +
i s (1) / dmgns(mg)(ml/3 y/?)?
x g(‘[12) ml + Th?
X (-7‘-(]12)'*" PR PRV

i [ a5+ 0

) §(y — My — 7hs)

) , (5.1.5)

(5.1.6)

and F(I%) and G(I},) are given by Eq. (2.2.6). In the above, the term 7 ) 1/ expresses

the sum of the radii of the colliding bodies normalized by 2ry and, hence, the dependence of

Eq. (5.1.5) on the material density of planetesimals disappear. In Eq. (5.1.5), for the mean

collision rate (P}, we adopt the expression in high-velocity regime (Eq. (2.2.5)). Note that

no non-dimensional parameter is included in the normalized coagulation equation (5.1.5). In

high-velocity case, we rewrite Egs. (2.3.2) and (2.3.3) as



* ¥2 _ %25 [o2 3 [ o* ~;
dey? 1 /dmms(m)mg( Je N 1.4H, e} —el2m1/m2> In(R i3,(e3% +1413))

di ~ on3/? 6%2_}_6%2 e:{2+e%2 6%2_{_6%2 IC
(5.1.7)
and
di 1 . J LAH, 52 — %9, /i, ) 1n(R &%, (82 + i%2
—ﬂl— = W/dmzﬁs(mZ)m% = - ~ + —= l,. 2 = 1 }/m2 D.(R 112(612+112)),
dt 2n iIQ +i§2 i’{2+’L§2 Z’{2+’i;2 I
(5.1.8)
where

87erat0«3
R=y S (5.1.9)

and J., H., Ji, and H; are given by Eqgs. (2.3.6), (2.3.15), (2.3.12), and (2.3.16), respectively.
Equations (5.1.7) and (5.1.8) include only one non-dimensional parameter R. When M. = 1Mo,

R is given numerically by

R =65 x 10° [ —Pmat >1/2( ¢ )3/2 0
— 6.5 x 108 [ L=t LR N 5.1.1
<3g/cm3 1AU ( )

If we perform a simulation of the accumulation process with a value of R, we can tell the other
accumulation processes with the same value of R as long as these basic equations are valid for
the description of the accumulation process.

It should be noted that R will not affect seriously the results of the simulation of the
planetary accumulation since R is included only in the logarithmic form. In this sense, we can
presume that the mode of the planetary accumulation in the early stage hardly depends on
the adopted physical parameters (i.e., the surface density, the initial mean mass, the material
density, and the semimajor axis). In fact, these will be justified in subsection 5.3 by performing

simulations with various values of K.
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5.2. The modes of the planetary growth

In order to see in detail the planetary growth in the early stage, we perform the simulation
of the accumulation process of planetesimals which distribute randomly in a ring-like region.
Initially all planetesimals have the same mass, mo, and the initial dispersions of the random

velocities are given by

vk, (5.2.1)

where o is the radius of a planetesimal with mass mg. Other conditions are shown in Table

II.

Table II. Adopted parameters for simulation

Quantity Symbol Value
Distance from the protosun a 1AU
Material density of a planetesimal  pmat 3g/cm®
Surface density of solid Os 7.1g/ cm?
Initial mass me  1x10'g
Ring width Aa 0.20 AU

Figure 5.1 shows the cumulative numbers and the dispersions of eccentricities at ¢t = 1 and
5 x10% years. At t = 1 x10* years, the mass distribution is approximately given by the power
law, N, o« m™®, where the exponent a is about 1.5. At ¢t =5 x10* years, a bulge, which consists
of about 30 runaway bodies, is formed at the high mass end of the distribution. Formation of
a bulge corresponds to the start of the oligarchic growth proposed by Kokubo and Ida (1998)
where some large bodies grow at the similar growth rate keeping their orbital separation of

10 Hill radii. The eccentricities of relatively large planetesimals are almost determined by
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the energy equipartition and small planetesimals have almost constant eccentricity since the
equilibrium eccentricity weakly depends on mass of a planetesimal (Ida and Makino 1993).

In Fig. 5.2, we show the time evolution of the mass of the largest body, the average mass,
and the root mean squares of the eccentricities and inclinations of planetesimals. Until the
mass of the largest body, M.y, attains to about 2 x 10%my, it increases exponentially. Such a
growth is called the exponential growth from now on. By applying the least squares fit to the

growth of Mpax, we find that Mmax is approximated by
Moy = 1.7 x 1070 exp(8.9 x 107%¢). (5.2.2)

The increase of the average mass is much slower than the growth of the largest bodies. T his
means that the runaway growth occurs from the beginning of the planetary accumulation.
The mass of the largest body at the stage where the exponential growth stops is estimated as
2 x 10%mg (see the next paragraph). The exponential growth stage is followed by the stage of
the oligarchic growth as we observe in Fig. 5.1. The growth rate of the largest body becomes

small and is expressed approximately as
Moax = 2.3 x 10°mg t°9, (5.2.3)

which we find again by the use of the least squares fit. As mentioned in the previous subsection,
the non-dimensional coagulation equation (5.1.5) is based on the regular functional forms of
the mean collision rate (P.y) and the distribution function ns(m) and, hence, cannot describe
the stage of the oligarchic growth of the planetary accumulation where the runaway bodies do
not collide each other. This suggests that, if we rewrite Eq. (5.2.2) in non-dimensional form,
the numerical coefficients appearing in the equation are universal as long as we are concerned

with the cases with same value of the non-dimensional parameter, R. On the other hand, the
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Fig. 5.1. The cumulative numbers (panel (a)) and the dispersions of the eccentricities (panel (b))
at t = 1 x10* years (solid lines) and 5 x10* years (dotted lines). The dashed lines denote

N. & m~3/2 in panel (a) and e* oc m~1/2 in panel (b).
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coefficients appearing in Eq. (5.2.3) will depend on the physical parameters such as the surface
density of solid components and the initial (mean) mass of planetesimals.

The root mean square of the eccentricities increases monotonically and, at the end of the
simulation (¢ = 5000 years), it becomes 50 times as large as the escape velocity of the planetes-
imal with mass mg. Because of the large eccentricity (i.e., the large relative velocity), colliding
bodies does not always coalescence but probably fragment. Such a problem will be discussed
briefly in the last of this section.

The transition mass from the exponential growth to the oligarchic growth is readily es-
timated as follows. As the runaway growth starts, the surface number density relaxes and

approaches the distribution described by the single power law (Kokubo and Ida 1996):

oo [ m\"5?
ns(m)dm = 0.5— <——) dm (mo € m < Mpax)- (5.2.4)
my \Mg

As stated in subsection 3.1, in the stage of the oligarchic growth, one runaway body occupies

a ring-like region with the width, 6a, which is approximately given by (see Eq. (3.1.11))

2 Miar |
=10 . 2.
ba=1 (BM@> a (5.2.5)
Thus, we have
Mmax
/ 2ra fa ng(m)dm = 1. (5.2.6)
Mmax /2

From Egs. (5.2.4), (5.2.5), and (5.2.6), we can readily derive

Miax \! 3/1 1
=9 % 10° _Us_(l_ﬂj_g ( 4 ) L , (5.2.7)
mo 7.1g/cm 1AU 10'g

where, according to Hayashi (1981), o5 is put to be

a \-3/2
os = g5(1 AU) <1AU) ) (5.2.8)
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Fig. 5.2. Time evolution of the mass of the largest body, Mmax, and the average mass (m) (panel (a))
and the root mean squares of the eccentricities and inclinations, (e?)!/2 and (:2)!/2. (panel (b)).
The approximate growth curves of M.y evaluated from Egs. (5.2.2) and (5.2.3) are also shown
by the dashed lines in panel (a). The critical mass which determines the end of the exponential

growth is shown by a circle in panel (a).
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Hereafter, the transition mass given by Eq. (5.2.7) is called the critical mass and denoted by
Mes. Note that the lower limit of integral (5.2.6) is put to be Mmax/2 but mey; does not change
so much (within a factor of about 2) by another choice (say, Mmax/€).

As the growth mode of planetesimals, there is another mode called the orderly growth (Oht-
suki et al. 1993). In the orderly growth, the growth rates of all planetesimals are almost the
same. As stated in subsection 2.2, when the gravitational focusing is effective, the runaway
growth occurs; otherwise the growth mode is orderly. The term of the gravitational focus-
ing becomes effective when the random velocity evk is smaller than the escape velocity (see
Eq.(2.2.2)). Figure 5.3 shows the root mean square of the eccentricities normalized by the
escape velocity of the largest body. Immediately the value decreases owing to the rapid growth
of the largest body and becomes smaller than the unity. Hence, it is quite natural to say that
the mode of the accumulation is the runaway growth. Even if we consider the effect of the gas
drag of the solar nebula on planetesimals, the growth mode will certainly be a runaway-type
since the gas drag decreases the eccentricities and the gravitational focusing becomes effective.
Hence, we conclude that planetesimals always start their growth through the runaway growth
from the beginning and orderly growth does not occur in the planetary accumulation.

Finally, we will add a short comment on the collisiorial fragmentation. In this study, we
assume the perfect accretion (i.e., the colliding bodies become one body with the sum of their
masses) and do not consider the effect of the collisional fragmentation of planetesimals. How-
ever, as stated in the above, the relative velocity between small planetesimals becomes much
larger than their escape velocity (see Fig. 5.3). In such a case collisions between them lead
to fragmentation and the assumption of the perfect accretion breaks down. We perform the
more realistic simulation, adopting the following “imperfect accretion model”: if the relative
eccentricity e}, is larger than 2 x ve./vk, we make the colliding bodies not to coalescence. In

Fig. 5.4, the time evolution of the mass of the largest body and the average mass in that simu-
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Fig. 5.3. Time evolution of the root mean square of the eccentricities of planetesimals normalized by

the escape velocity from the largest body.
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Fig. 5.4. Time evolution of the mass of the largest body, Mmax, and the average mass, (m), for tha

cases of the imperfect accretion (dotted line) and of the perfect accretion (solid line)

lation are shown. Since small bodies cannot coalesce owing to their large relative velocities, the
average mass is small compared with the case of the perfect accretion after 2 5 x 10° years.
In the stage of the exponential growth, we cannot find the effect of the imperfect accretion on
the growth of protoplanets. But after that, the growth rate of the largest body becomes small
since it captures smaller bodies. Detailed study of the effect of the collisional fragmentation

should be made.
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5.3. Check of the scaling law

As shown in subsection 5.1, the basic equations (i.e., Eqgs. (5.1.5), (5.1.7), and (5.1.8)) are
derived on the assumption that the mean collision rate is well described by that of the high-
velocity limit. Before we confirm the scaling law mentioned in the previous subsection, we will
first investigate how the numerical results depend on the initial dispersions of eccentricities, es,

and inclinations, 1. As e} and 23, the following three cases are considered:

et =2x1 =1, 08, and 0.5. (5.3.1)

Other parameters are fixed to be the same as in the case of subsection 5.2. Figure 5.5 shows
the time evolution of the mass of the largest body, the average mass, and the root mean square
of eccentricities of planetesimals. In spite of the difference of e, the numerical results are very
similar. The memory of the different choice of e} seems to disappear at { = 1, which corresponds
to the mean collision time of planetesimals with my.

As the planetary accumulation proceeds and enter the phase of the oligarchic growth, a
small number of large planetesimals are formed. Then the coagulation equation (5.1.5) can-
not describe the accumulation process since it stands on the assumption that there exist a
sufficiently large number of planetesimals in each relevant mass range. Inversely, the scaling
law should be satisfied until a small number of large planetesimals appear. In order to verify
this statement we make the simulations of the planetary accumulation with various physical
parameters. The adopted parameters for the simulations are presented in Table III. Initially all
planetesimals have the same mass which is denoted by mg. Cases 1 to 5 have the same value

of R (R = 6.50 x 10%) and cases 6 and 7 have the different values of R. In the above we show

' that the choice of e does not affect the results of the simulation. So e} is put to be 1 for the

' all cases.
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Fig. 5.5. Time evolution of the mass of the largest body, Mmax, and the average mass, (/) (panel (a))
and the root mean square of eccentricities, (6;2)1/ 2 (panel (b)) obtained from the simulations

with three different values of eag.
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Table III. The adopted parameters for the simulations

Case | myq [g] | 05 [g/cm?] | @ [AU] | pmat [g/cm®] R
1 | 1x10v7 7.1 1 3 6.5 x 108
2 |1x10 7.1 1 3 6.5 x 10°
3 | 1x10™ 7.1 1 3 6.5 x 10°
4 |1x10Y 71 1 3 6.5 x 103
5 |1x10Y 0.71 1 3 6.5 x 108
6 |1x10Y7 2.7 5 1 4.2 x 10*
7 | 1x 107 0.18 30 1 6.2 x 10°

First, we present the results of the simulations for cases 1, 2, and 3 and examine how the

different initial mass mg of planetesimals affects the numerical results. In Fig. 5.6, the time

evolution of the mass of the largest body, the average mass, and the root mean square of

eccentricities are shown. Clearly, the time evolution of the average mass is scaled completely

and no difference is observed among the three cases. Until the mass of the largest body reaches

the critical mass which determines the end of the exponential growth, the growth of the largest

body is well scaled. The critical masses evaluated from Eq. (5.2.7) are

Merit

mo

r

1.3 x 107 (mo = 10Mg),
9.2 x 10° (mg = 10%%g),
2.5 x 10° (mo = 10'7g).

(5.3.2)

After the mass of the largest body reaches each critical mass, the growth curve of the largest

body diverges each other and the growth rate becomes small. The root mean squares of the

eccentricities are almost the same for the three cases and are scaled almost completely. The
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average quantities (e.g., the average mass and the root mean square of eccentricities) are well
scaled although the growth of a small number of large planetesimals cannot be described by
the scaling law.

As alternative test to confirm the scaling law, the simulations with different surface densities
of solid, o, are carried out (cases 1, 4, and 5). As same as in the case of Fig. 5.6, the time
evolution of the average mass is completely scaled (see Fig. 5.7). As to the largest body, the

scaling law is satisfied until the mass of the largest body approaches the critical mass given by

,

1.8 x 108 (0, = Tlg/cm?),
Merit _ ) 2.5 x 10° (0, = 7.1g/cm?), (5.3.3)
mg
3.5 x 10* (0, = 0.71g/cm®).
{

In these cases, the difference of the root mean squares of eccentricities seems to be large after
Moax > Meris/Mo in comparison with the cases of Fig. 5.6. This is due to the fact that the
difference of the masses of the largest planetesimal becomes large compared with that in Fig. 5.6.
From Figs. 5.6 and 5.7, we can readily confirm that the scaling law is realized until a small
number of large planetesimals are formed.

The above simulations have the same value of R (R = 6.50 x 103). To examine the effect
of the adopted value of R on the accumulation process, we perform the numerical simulation
with different values of R (i.e., R = 4.2 x 10* and 6.2 X 105, which correspond to the regions of
orbits of Jupiter and Neptune, respectively). The value of R at the orbit of Neptune is about
100 times as large as that at Earth’s orbit. Figure 5.8 shows the time evolution of the mass of
the largest body, the average mass, and the root mean square of the eccentricities. Despite of
the different values of R, the average mass is well scaled. On the other hand, the growth rate of '

the largest body becomes small with an increase of R. In other words, when the growth of the
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Fig. 5.6. Time evolution of the mass of the largest body, Mumax, and the average mass, (1) (panel (a))
and the root mean square of eccentricities, (e;z)l/ 2 (panel (b)) obtained from the simulations
with different initial mass of planetesimals, mg. The critical masses which determine the end of

the exponential growth are shown by circles in panel (a).
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largest body is expressed as Momax < exp(a 1), the value of o decreases as R increases. Using

the least squares fit, we find

a =6.5—0.66 x log R. (5.3.4)

This shows that o depends on R very weakly.
Circles attached to Figs. 5.6 to 5.8 indicate the critical mass, M, introduced in subsection
5.2, across which the mode of the planetary growth changes from the runaway growth to the
oligarchic growth. As seen from the figures, the growth rates of the largest body become small
 beyond the circles. This means that the critical mass given by Eq. (5.2.7) is properly evaluated
and that the scaling law, which is assumed in deriving the expression of mcy, is valid as long

as the mass of the largest body is smaller than the critical mass.
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Fig. 5.8. The same as Fig. 5.6, but for the cases with different values of R.
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6. Conclusions and concluding remarks

In the present study, we have checked the validity of the statistical code, developed by us,
for describing the planetary accumulation process by comparing with the numerical solutions
obtained by the N-body simulations. As shown in section 4, the statistical code developed
by us can reproduce the numerical results of the N-body simulation with sufficiently high
accuracy. Furthermore, we have made a simulation of the planetary accumulation under the
same situation as Wetherill and Stewart (1993) and obtained the different results from theirs.
Although we cannot make clear the reason of the differences because of little information of
their numerical method, it seems to be difficult to describe precisely the planetary accumulation
process by their method.

In order to understand the early stage of the planetary accumulation process, we have
studied the planetesimal growth under the limited condition that there exists no nebular gas.
As the preparation we have first rewritten the basic equations describing the time evolution
of the mass and velocity distributions into non-dimensional forms and shown that the non-
dimensional basic equations contain only one non-dimensional parameter, R. Furthermore, it
has been shown that the planetesimal growth depends weakly on R.

Next, we have simulated the planetary accumulation process of the early stage for the
various cases with different physical parameters such as the surface density of solid of materials,
the initial mean mass of planetesimals, and the semimajor axis. The obtained results are

summarized as follows:

(1) The planetary growth is divided into two modes: From the beginning of the accumulation
of planetesimals the runway growth starts and the runaway bodies increase their mass
exponentially. When the mass of the runaway body exceeds a certain critical mass, the

growth mode changes to the oligarchic growth with a small growth rate.



(2) By the different choice of the physical parameters we have different growth time. However,
the mode of the planetary accumulation, mentioned above, is not affected by the adopted

parameters.

(3) In the stage of the runaway growth, the growth rates of runaway bodies are completely
scaled by the initial (mean) mass, mo, and the mean collision time, t., of a planetesimal

with mass mg as long as we consider the planetesimal system.

(4) The critical mass, mqy, which divides the mode of the planetary accumulation can be
written in an analytical form as a function of the physical parameters. This functional

form is consistent with the numerical result.

(5) The previous works reported that the planetary accumulation starts as, so called, the or-
derly growth in the early stage. However, as mentioned above, the planetary accumulation

starts as the runaway growth.

The above results which we have obtained in this study throw new light on the study of
the planetary formation. Especially, conclusions (1) and (5) suggest strongly that we have to
investigate extensively and carefully the various process in the very early stage of the planetary
formation, i.e., formation mechanism of planetesimals, initial mass distribution of planetesimals,
material properties of planetesimals in relation to their collision, spatial variation in mass and
number of planetesimal, and other important problems. Until now, it is believed that we are
not so interested in the detailed picture of the planetesimal formation because the planetary
growth starts as the orderly growth and, hence, does not depend on the adopted initial stage of
the planetesimal system. But our results break such an easy conjecture: the planetary growth
starts as the runaway growth from the beginning and depends on the initial condition. The

problems mentioned above are hoped to be solved in near future.
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