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CHAPTER 1
Introduction

Fuzzy set theory was initiated by Zadeh [53] giving the concept of
fuzzy sets to aggregations of objects of indistinctness. This was an at-
tempt to provide general frameworks for dealing theoretically with such

aggregations or the constituting object itself. Since then, many kinds
of fuzzy concepts have been introduced and applied in diverse areas as
logical foundations for treating intrinsic indefiniteness or impreciseness
of our judgment, ways of behavior, linguistic information, measurement
of uncertainty, etc. Regarding mathematics, for instance, the theory has
presented numerous topics of concern to such fields as algebra, topology
and analysis in connection with specific motivations behind them.

On the other hand, as is well-known, nonlinear functional analysis has
~ suddenly progressed over the past few decades. It has provided versatile
and crucial methods to various mathematical fields for investigating each
of the characteristic (and inherent) nonlinear problems. As things stand
today, it is no longer a subsidiary of linear cases but it is independently
and firmly established as a discipline in the broad field of mathematics,
both pure and applied. The aim of this thesis is to study some problems,
which have arisen in the applications of the theory of fuzzy sets, in the
framework of nonlinear functional analysis.

Let X be a nonempty set. A fuzzy set in X is a function of X
into [0,1]. Let A and B be fuzzy sets in X. We shall write A = B if
A(z) = B(z) for all z € X. Let X be a topological space and let A be a
fuzzy set in X. The r-level set of A is a subset of X, which is denoted
by A, and is defined by A, = {z € X : A(z) > r} for every r € (0,1]
and by Ay = Cl{x € X : Alz) > 0} for r = 0, respectively, where clK
denotes the closure of an arbitrary subset K of X. Then A is said to be
closed if for each 7 € (0,1], Ay is a closed subset of X. Let X be a linear
topological space and let A be a fuzzy set in X. Then A is said to be
convex if for each r € (0,1], A, is a convex subset of X.

. In Chapter 2 of this thesis, we study the concept of shadows of fuzzy
sets in a real normed linear space, which was introduced by Zadeh [53] in
the finite dimensional real Euclidean space and was later, generalized by
Takahashi and Takahashi [47] to the case of a real Hilbert space. We may
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employ this concept for obtaining sufficient conditions for the equality of
fuzzy sets.

Let X be a real normed linear space. We shall denote by X* the dual
of X, that is, the space of all continuous linear functionals defined on X.
Then a closed hyperplane H in X is defined by

H={zeX: f(z)=c}
for any nonzero continuous linear functional f € X* and any real con-
stant c. :

Let A be a fuzzy set in a real Hilbert space X and let H be a closed
hyperplane in X. The shadow Sy [A] of A on H is a fuzzy set in H defined
by

SulAl(z) = sup{A(z) : Pu(z) = 2}
for every z € H, where Py denotes the metric projection from X onto
H, namely, the mapping of X onto H defined by the relation '

lz = Pr (o)l = min |z — y|

for every z € X; see, for instance, [50].
In [53], Zadeh presented the following result, which gave a sufficient
condition for the equality of convex fuzzy sets; see also [54]:

Let A and B be two convex fuzzy sets in the finite di-
mensional real Euclidean space R™. If Sy[A] = Sy[B]
for every hyperplane H in R", then A = B.

However, it was later shown that this admitted a counterexample
(see [47] and Section 3 of Chapter 2, p. 21 for instance). In [47], Taka-
hashi and Takahashi studied the shadows of fuzzy sets in a real Hilbert
space and then, by imposing the closedness on the convex fuzzy sets,
deduced the following revised version of Zadeh’s above result.

THEOREM 2.1 (Takahashi-Takahashi, [47]). Let A and B be two con-
vex fuzzy sets in o real Hilbert space X. If both A and B are closed and
if SglA] = Sy[B] for every closed hyperplane H in X, then A= B.

The main purpose of Chapter 2 is to extend the above result of Taka-
hashi and Takahashi to the case of a real normed linear space. So, we first
state some results concerning the shadows of fuzzy sets in a real Hilbert
space and then, prove a theorem which is logically equivalent to the above
theorem. Next, for the completeness of the purpose, we introduce the
new concept of fuzzy sets in a real normed linear space corresponding to
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the shadows of fuzzy sets in a real Hilbert space without using the metric
projections. This shall be done as follows.

Let X be a real normed liner space, let A be a fuzzy set in X and let
Hj be a closed hyperplane in X* containing 0 € X*. Then we define a
fuzzy set ,SA’HS [A] in X with respect to Hg by

SuslAl(@) = sup{A(2) : z € M (z)}
for every z € X, where M, z(z) is a subset of X defined by

Myg(z)= [V {z€X: f(z) = ()}

FeH:

for every z € X.
Using the above concept, we shall prove the following theorem.

THEOREM 2.3. Let A and B be two convex fuzzy sets in a real normed
linear space X. If both A and B are closed and if Sys[A] = Sgz[B] for
every closed hyperplane Hf in X* containing 0 € X*, then A = B.

In Chapter 3 of this thesis, we discuss fixed point theory for fuzzy
mappings in connection with that for set-valued maps in the context of
a generalization.

Let X be a nonempty set. We shall denote by 2% the class of all
subsets of X. Then a mapping from X into 2% is called a set-valued
map on X. Let T’ be a set-valued map on X. Then an element zo € X
is said to be a fixed point of T" if zy € Tzg. We shall also denote by
F(X) the family of all fuzzy sets in X. Then a mapping from X into
F(X) is called a fuzzy mapping on X. This enables us to regard an
arbitrary fuzzy mapping on X as a two variable function from X x X
into [0,1]. Then, for any fuzzy mapping, we shall think of the value at
the first variable as the value of the fuzzy mapping itself (for details, see
Section 2 of Chapter 3, p. 26). Let F' be a fuzzy mapping on X. Then
an element zg € X is said to be a fixed point of F'if F(zg, o) = 1.

From the above, we may consider fixed point theory for fuzzy map-
pings to be a generalization of that for set-valued maps. Indeed, we can
always associate any set-valued map 7" on X with the fuzzy mapping F'
on X defined by

F(x,y) = 1Tm(y)

~ for every z,y € X, where 1y denotes the characteristic function for an
arbitrary set K, that is, the function of X into {0,1} defined by the
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relation .
1 ifze K,
L (z) = { 0 ifzdK
Then, it is obvious that F(zo,zo) = 1 if and only if zg € Tz, which
implies that fixed point theorems for set-valued maps can be derived
from those for fuzzy mappings. This is a primary fact that motivates
us to study the theory of fixed points for fuzzy mappings in the present
thesis. In fact, we prove, in Section 3 of Chapter 3, some generalized fixed
point theorems for fuzzy mappings on a complete metric space, which
guarantee the existence of the fixed points of (almost) all the mappings
of contractive type, both set-valued and fuzzy (for specific descriptions
of the mappings of this type, see Section 1, pp. 24, 26 and Section 3,
p. 34). For stating one of them, we need some definitions and notations.
Let X be a metric space with metric d, let K be a nonempty subset
of X and let z € X. Then, the distance from z to K is defined by

d(z, K) = inf{d(z,y): y € K}

Let f: X — (—00,00] be a function. domf denotes the subset {z €
X : f(z) < 0o} of X and f is called proper-if domf # §. Let F be a
fuzzy mapping on X. Then [F'z]; denotes the 1-level set of the fuzzy set
F(z,-) € F(X), that is, the subset {y € X : F(z,y) =1} of X.

As one of our theorems, the following shall be proved.

THEOREM 3.5. Let X be a complete metric space with metric d, let
f X — (—00,00] be a proper function bounded from below and let F be
a fuzzy mapping on X. Assume that for each x € X, there exists y € X
such that F(z,y) = 1 and f(y) + d(z,y) < f(z). Further, assume that
for any z € X with F(z,z) # 1, n}g}f{{d(m,z) + d(z, [Fz]1)} > 0. Then

there exists Tg € X such that F(zg,xo) = 1.

In the rest of Chapter 3, we prove in Section 4 a fixed point theorem
for fuzzy mappings on.a Complete metric space by employing the concept
of w-distances (see Section 2, p. 26) which was introduced by Kada,
Suzuki and Takahashi [27] as a generalized concept of distances.

THEOREM 3.7. Let X be a complete metric space, let f + X —
(—00, 00] be a proper, lower semicontinuous function bounded from below
and let F' be a fuzzy mapping on X . Assume that there exists a w-distance
p on X such that for each x € X, there isy € X with F(z,y) = 1 and
f(y)+p(z,y) < f(z). Then there exists xg € X such that F(zg, zo) = 1.



1. INTRODUCTION 5

Further, by applying well-known Fan’s fixed point theorem [19] (see
Section 2, p. 27), we prove in Section 5 a fixed point theorem for fuzzy
mappings on a locally convex linear topological space. '

THEOREM 3.8. Let C be a compact convex subset of a locally convex
linear topological space and let F' be a fuzzy mapping on C such that for
every x € C, F(z,-) is a convez fuzzy set in C. Suppose that for every
z € C, there exists y € C such that F(z,y) = 1 and that the function
F:CxC —|0,1] is upper semicontinuous on C x C. Then there exists
zo € C such that F(xg, o) = 1.

We shall also observe that this is logically equivalent to the above
Fan’s fixed point theorem.

Let X be a real normed linear space, let C be a convex subset of X
and let f be a real-valued function on C'. Then f is said to be convex if for
any z,y € Cand any A € [0,1], f(Az+ (1= N)y) < Af(z)+ (1= ) f(y).
f is called concave if —f is convex. Let C, I be nonempty sets and let
¢ be a real-valued function on G' x I. Then ¢ is called concavelike in
its second variable if for any y1,y2 € I and any A € (0, 1), there exists
yo € I such that p(z,y0) > Ap(z, 1) + (1 — N(z,ys) for all z € C.

Chapter 4 of this thesis deals with the concepts of fuzzy numbers and
fuzzy-valued maps [15, 22] (see Section 2, p. 46 and Section 3, p. 47).
These were introduced as fuzzy analogues of real numbers and real-valued
functions and have led to fuzzy optimization problems with constraints
(for details, see Section 4, pp. 53-55). In relation to ordinary optimization
problems, such problems may naturally be formulated as follows:

C being a nonempty subset of a topological space (de-
scribing the constraints) and F' being a mapping on C
with value of fuzzy numbers, find 2y € C' such that
F(zg) < F(z) for all z € C, ‘

where < stands for a partial order relation on the set of all fuzzy numbers
(which shall be defined below). In Chapter 4, we prove some theorems in
reference to the above problems in the framework of nonlinear analysis,
in particular, convex analysis.

Let us first give some definitions and notations regarding fuzzy num-
bers. We shall use the letter R to denote the real line as well as the set
of all real numbers.

Let A and B be fuzzy sets in R. By Zadeh’s extension principle [55],
we define the addition @ to yield a fuzzy set A ® B in R by

(A®B)(z)= sup min(A(z), B(y))

: z=x+y,T,yeR
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for all z € R. Also, we define the multiplication ® to yield a fuzzy set
A® B in R by
(A®B)(z)= sup min(A(z),B(y))
z=zy,z,y€R :

for all z € R.

We know that, if both A and B are convex, then A @ B is convex.
For related results, we may refer to [36].

Let A be a fuzzy set in R. Then A is said to be a fuzzy number [15]
if it satisfies the following conditions:

(i) A is convex;
(ii) there exists a unique real number m € R such that A(m) = 1;
(iii) Ap is a bounded subset of R.
We shall denote by F the set of all fuzzy numbers. Then, for any
A € F and any A € R, we shall write AA (respectively AN) instead of
1(a} © A (respectively A ® 1(yy). We also know that for any A € F and
any A € R, AA belongs to F (for details, see Section 2, p. 47).
Let A,B € F. Then we define an order relation < on F as fol-
lows [41]:

A 2 Bif and only if sup A, < sup B, and inf A, < inf B, for all r € [0, 1].

" In [41], Ramik and Rimének introduced the concept of L-R fuzzy
numbers. This is a convenient representation for fuzzy numbers in the
form of three parameters and is known to be useful for practical cal-
culations of fuzzy numbers such as the comparison (the order relation)
and the algebraic operations of the addition and the multiplication; see
also [15].

Let S be a function from R to (—oo0, 1] satisfying the following con-
ditions:

(i) For every o € R, the set {z € R: S(z) > a} is a convex subset
of R;
(ii) S(z) =11if and only if z = 0;
(iii) the set {z € R:S(z) > 0} is a bounded subset of R;
(iv) S(z) = S(—=) for all z € R.
Then the function S is said to be a shape function. Let S,T be shai)e

functions, let m € R and let o, 8 > 0. Then the L-R fuzzy number p is
a fuzzy number defined as follows:

L[ max(S(£1),0) iz <m,
plz) = max(T(%3%),0) iz >m.
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Then, we shall say that x is generated by the shape functions S and T
Further, we shall denote p by ’

W= (m” &, /B)LSRT

in the form of a parametric representation. In the applications of our
results, we shall use the concept of L-R fuzzy numbers.

Let X be a nonempty set. Then a mapping from X into F is called a
fuzzy-valued map on X. Let F' be a fuzzy-valued map on X. Then, for
any r € [0,1], " and g denote the real-valued functions on X defined
by fF(z) = sup[F(z)], for every x € X and by g/ (z) = inf[F(z)]
for every z € X, respectively, where [F(x)}r denotes the r-level set of
the fuzzy number F(z) € F. We shall also denote by P the family
{fF,gF : v €[0,1]} of real-valued functions on X. Let C be a convex
subset of a linear space and let F' be a fuzzy-valued map on C. Then F'
is said to be convex if for every z,y € C and every A € (0, 1), .

Fz+ (1= Ny) 2 AF(z) ® (1 - N)F(y).

Let X be a topological space and let F' be a fuzzy-valued map on X.
Then F is said to be lower semicontinuous on X if for every r € [0, 1],
both fI and g are lower semicontinuous on X.

For our purpose of this chapter, we first study, in Section 3 of Chap-
ter 4, the convexity of fuzzy-valued maps and give the characterization
of the convexity of them on a convex subset of a linear space, which shall
ensure the standpoint of convex analysis. In the course of discussion, we
shall prove the following three theorems.

THEOREM 4.2. Let C be a convez subset of a linear space and let F°
be a convez fuzzy-valued map on C. Then, for every r € [0,1], fF is
CONVEL.

THEOREM 4.3. Let C' be a convex subset of a linear space and let F
be a convex fuzzy-valued map on C. Then, for every r € [0,1], g is
CONVEL.

THEOREM 4.4. Let C' be a convex subset of a linear space and let F'
be a fuzzy-valued map on C. Assume that for every r € [0,1], both fF
and g are convez. Then F is conves.

We remark that Theorems 4.2, 4.3 and 4.4 give the characterization
of the convexity of a fuzzy-valued map F' in the sense that F' is convex
if and only if for every h € P¥, h is convex.
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As an immediate consequence of the above theorems, we shall prove
the following theorem on the convexity of fuzzy-valued maps with value
of L-R fuzzy numbers generated by the same shape functions.

THEOREM 4.5. Let C be a convez subset of a linear space, let m : C —
R, let a, B : C — [0, 00) be functions on C and let S,T : R — (—o0, 1] be
shape functions. Let F' be a fuzzy-valued map on C such that for every
z € C, F(z) is an L-R fuzzy number denoted by

F(z) = (m(z), o(z), B(2)), p.

in the form of‘a parametric representation. Assume that both m and f3
are conver and that o is concave. Then F' is convez.

Concerning the lower semicontinuity of fuzzy-valued maps of this
type, we shall prove, in Section 4 of Chapter 4, the following theorem.

THEOREM 4.6. Let C' be a nonempty subset of a topological space, let
m:C — R, leta,f:C —|[0,00) be functions on C and let S,T : R —
(—o0, 1] be shape functions. Let F' be a fuzzy-valued map on C such that
Jor every z € C, F(x) is an L-R fuzzy number denoted by

F(z) = (m(z), a(z), B(z)); p.

in the form of a parametric representation. Assume that both m and (8
are lower semicontinuous on C and that o is upper semicontinuous on
C. Then F is lower semicontinuous on C.

In the rest of Chapter 4, we deal with minimization problems for
fuzzy-valued maps in reference to fuzzy optimization problems with con-
straints (mentioned on page 5) of the form:

C being a nonempty compact subset of a topological
space and F' being a lower semicontinuous fuzzy-valued
map on C, find zy € C such that F/(zy) < F(z) for all
z e C.

Then, by the definition of the order relation <, we can immediately
resolve the above problem into the following form:

C being a nonempty compact subset of a.topological
space and P¥ being the family of lower semicontinu-
ous real-valued functions on C, find zg € C such that
h(zg) < h(z) for all h € P¥ and all z € C.
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Based on this (which is a primary motivation for studying the topics of
this section), we establish, in Section 4 of this chapter, some minimization
theorems for fuzzy-valued maps on a compact topological spacé.

- One of our theorems shall be obtained as follows.

THEOREM 4.8. Let C' be a compact and convexr subset of a linear
topological space, let F' be a lower semicontinuous and convex fuzzy-valued
map on C. Let ¢ be a real-valued function on CxPF defined by p(z, h) =
h(z) — ﬁiglz(u) for every (z,h) € C x PF. Suppose that ¢ is concavelike

in its second variable, that is, for every hi, hy € PF and every X € (0, 1),
there exists hg € PY such that ’

W(wa hO) = )\QD(Q’,’, hl) + (1 - )\)(,O(CL’, ]7‘2)
for all z € C. Then there exists zo € C such that F(zo) = F(z) for all
ze€C. '

We shall, at the end of this section, provide an example of fuzzy-
valued maps satisfying the assumptions in the above theorem.
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CHAPTER 2
Generalization of Shadows

1. Introduction

In [6, 7], Zadeh introduced the concept of shadows of fuzzy sets with
a view to obtaining sufficient conditions for the equality of fuzzy sets.
Indeed, he stated the following result for convex fuzzy sets in the finite
dimensional real Euclidean space R™ :

Let A and B be two convex fuzzy sets in the finite di-
mensional real Euclidean space R™. If Sg[A] = Sy[B]
for every hyperplane H in R", then A = B, '

. where Sy[A] is the shadow of A on H.

However, it was later shown that this admitted a counterexample.
In [3], Takahashi and Takahashi gave a counterexample to Zadeh'’s above
result (see also Section 3 of the present chapter, p. 21) and then, proved
the following revised version of it, which were discussed in a real Hilbert
space.

THEOREM 2.1 (Takahashi-Takahashi, [3]). Let A and B be two con-
vex fuzzy sets in a real Hilbert space X. If both A and B are closed and
if Su[A] = Sy[B)] for every closed hyperplane H in X, then A = B.

In this chapter, we extend the above result of Takahashi and Taka-
hashi to the case of a normed linear space. So, we first study the shadows -
of fuzzy sets in a real Hilbert space and prove a theorem which is logically
equivalent to Theorem 2.1. Next, we extend our result (and equivalently,
Theorem 2.1) to the case of a normed linear space. In the course of our
discussion, we shall introduce a fuzzy set in a normed linear space, which
is in essence a generalization of the shadows of fuzzy sets.

2. Preliminaries

Throughout this chapter, all linear spaces are real and if X is a
normed linear space, then X* denotes its dual, that is, the space of
all continuous linear functionals defined on X. We shall also denote by
R the set of real numbers and use the letter R to denote the real line as
well.
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2. PRELIMINARIES 15

Let X be a nonempty set. A fuzzy set in X is a function of X
into [0,1]. Let A be a fuzzy set in X. Then the complement of A is
denoted by A’ and is defined by A'(z) = 1 — A(z) for every z € X.
Let A and B be fuzzy sets in X. We write A = B if A(z) = B(z) for
all z € X. Let X be a topological space and let A be a fuzzy set in
X. The r-level set of A is a subset of X, which is denoted by A, and
is defined by A, = {z € X : A(z) > r} for every r € (0,1] and by
Ay = cl{a: € X : A(z) > 0} for r = 0, respectively, where clK denotes
the closure of an arbitrary subset K of X. Then A is said to be closed
if for each r € (0,1], A, is a closed subset of X. Let A be a fuzzy set
in a topological linear space X. Then A is said to be convex if for each
r € (0,1], A, is convex in X. |

Let X be a normed linear space. A closed hyperplane H in X is
defined by

H={zeX: f(z)=c}
for any nonzero continuous linear functional f € X* and any real con-
stant ¢ € R. Let X** denote the dual of X*. Then, we note that X

can be embedded in X** by virtue of the natural embedding, that is, an
isometric isomorphism £ from X into X** defined by

2(f) = f(=)

for every z € X with any f € X*; see [2] for instance. Therefore, for any
nonzero element z € X and any real constant ¢ € R, the set

H ={feX": f(x)=c}

can be regarded as a closed hyperplane in X*.

Let C be a closed convex subset of a Hilbert space X. Then, it is
well-known that for each z € X, there exists a unique element Po(z)
such that

o — Po(@)ll = inf{Jlz = yll sy € C}.
The mapping Pg is called the metric projection of X onto C. For the
metric projections, we know the following; see, for instance, [4, 5].

PROPOSITION 2.1. Let C be a convex subset of a Hilbert space X, let
r € X and let zg € C. Then the following two conditions are equivalent:

(1) Pu(z) = zo; A
(i) (z — zo, 20 —y) > 0 for ally € C.
We also know the following two separation theorems; see [2] for in-
stance.
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PROPOSITION 2.2. In a locally convex linear topological space, an
open convex subset and an arbitrary convex subset which are disjoint can
be separated by a nonzero continuous linear functional.

PRrROPOSITION 2.3. In a locally convex linear topological space, two
disjoint closed convez subsets, one of which is compact, can be strongly
separated by a nonzero continuous linear functional.

3. Generalization of Shadows of Fuzzy Sets

Let A be a fuzzy set in a real Hilbert space X and let H be a closed
hyperplane in X. The shadow Sy[A] of A on H is a fuzzy set in H defined
by

SulAl(w) = sup{A(2) : Pa(z) = o}
for every x € H, where P denotes the metric projection of X onto H.

In this section, we first discuss some results concerning the shadows
of fuzzy sets in a Hilbert space. Let C be a closed convex subset of a
Hilbert space X. Then we shall denote by Pz the metric projection of
X onto C. Let us begin with proving the following two lemmas.

LEMMA 2.1. Let Hy be a closed hyperplane in a Hilbert space X con-
taining 0 € X and let H be a closed hyperplane in X which is parallel to
Hy. Then for every xz € H,

{z€ X : Pyy(z) = Pyy(z)} = {z € X : Py(z) =z}.
Proor. We observe that for every 2 € X and every p € H,
(z — Pyy(2),p) =0 and (z — Py(z),p) = 0.
Let z € H be fixed arbitrarily. Then, put
A={z€ X : Pyy(z) = Puy(z)}
and put :
B = {z € X : Py(z) = m}

We first claim that A C B. Let z € A and let y € H. Then, since
Py, (#) = Puy(x) and @ — y € Hy, we infer by the above observation that

(z—x,x—y) = (Z_PHQ(F'Z)"I'PHO(’Z)_x)m“y)
(2 = Puy(2) + Puo(z) — 2,3 — y)
(z = Pyo(2),2 — y) + (P, (z) — 2,2 — )
= (.

Since y € H is arbitrary, this implies that Pg(2) = z, that is, z € B.
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Conversely, let z € B and let y € Hy. Then, since Py(2) = = and
Py, (z) —y € Hy, it follows that

(z = Puy(z), Puy(x) —y) = (2 — Pul(2) + Pu(z) — Puy(x), Pu,(z) — y)
= (z_PH(Z)+$_"PH0(37)’PH0($)_y)

)

which implies that Py,(z) = Pp,(z), that is, z € A. Therefore, we have
that B C A. [

Let A be a fuzzy set in a Hilbert space X and let H be a closed
hyperplane in X. Then, we define a fuzzy set Sy[A] of A in X with
respect to H by

SulAl(e) = sup{A(z) : Pa(2) = Pa(@)}

for every z € X.

LEMMA 2.2. Let A, B be fuzzy sets in a Hilbert space X, let H be the
class of all closed hyperplanes in X and let Hy be the class of all closed
hyperplanes in X containing 0 € X. Then the followmg two statements
are equivalent:

(1) SH[A] = SH[B] for all H € 'H,;
(11) S’H()[A] = S'HO[B] for all Hy € H.

ProoF. (i) = (ii): Let Hy € Hg and let € X. Then, there exists
H € H such that H contains  and is parallel to Hy. Then it follows
from Lemma 2.1 that

Su[Al(z) = Sup{A(z) : Pry(2) = Py () }
= Sup{A z): Py(z) =z}
SulA)(z)
= Sp[B|(z)
= sup{B(z) : Py(z) =z}
= sup{B(z) : Py, (2) =‘PH0 (m)} = S’HO [B](z).

Therefore, we have that Sy, [A] = Su,[B).
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(ii) = (i): Let H € H and let x € H. Then, we can take Hy € Ho
such that Hy is parallel to H. Then it follows from Lemma 2.1 that
SulAl(z) = sup{A(z): Pu(z) ==}
— sup{A(2) : Puy(2) = Pao())

= SulAl(w)

= Spuo[Bl(z)

= sup{B(z) : Pu,(2) = Pu,(z)}

= sup{B(z) : Pu(2) = z} = Su[B)(z).

Hence, we have that Sy[A] = Sy |[B]. O
Using Lemma 2.2 and Theorem 2.1, we obtain the following theorem.

THEOREM 2.2. Let A and B be two convex fuzzy sets in a Hz'lljert space
X. If both A and B (or A" and B') are closed and if Sy[A] = Sy[B)] for
each closed hyperplane Hy in X containing 0 € X, then A = B.

We also prove the following lemma.

LEMMA 2.3. Let E be a closed subspace in a Hilbert space X and let
x € X be fixed arbitrarily. Then

ﬂ{z €X:(p2)=(pa)}={z€X:Pyz) = Pg(z)}.

peE
Proor. Put
A={zeX:(p,2) = (po)}
peEE '
and put

B={z€ X : Pg(z) = Pg(z)}.
Then, the relation B C A is obvious. So, we prove that A C B. Let
z € A and let p € E. Since Pg(z) — p € E, we infer that

lz = plI* = ||z = Pp(z)|* > 2(Pp(z) —p,z ~ Pp(z))
= 2(Pg(z) —p = — Pp(z))
> 0.

This implies that Pr(z) = Pr(z) and hence, that z € B. O
We now extend Theorem 2.2 to the case of a normed linear space.
Before doing it, we give a definition.
"Let A be a fuzzy set in a normed linear space X and let Hy a closed
hyperplane in X* containing 0 € X*. Then we define a fuzzy set SHS [A]
of A in X with respect to Hy by

S'Hg [A](z) = sup{A(2) : z € AZ[H; (z)}
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for all z € X, where M m: (1) is a subset of X defined by

Muy(z) = () {zeX: 9(z) = g(z)}

geHS

for all z € X.
THEOREM 2.3. Let A and B be two convex fuzzy sets in a normed

linear space X. If both A and B (or A" and B') are closed and if S’Hg [A]

gHé“ [B] for every Hi € H§, then A= B.
ProoF. It is sufficient to show that, if there exists an element zg € X

such that A(zo) # B(zo), then there exists Hj € Hj such that
St[Al(z0) # Su[Bl (o).

We may assume that
a = A(zg) > B(zg) = 0.

Then, let
G={z€X:B(z) >}

and consider the following two cases : (i) G is empty; (ii) G is nonempty.
(i) In this case, it is obvious that for each Hg € Hg, Sys[B](zo) < B.

Further, since g € ]\Z/Hg (2o), we have that S'Hg [A)(zo) = a > f. Hence,

we deduce that
SglAl(wo) # Sz [B(o).

(ii) First, suppose that both A" and B’ are closed. Then G is an open
convex subset of X, so that, there exists a nonzero continuous linear

functional f € X* such that
sup{f(2) : z € G} < f(zo).

Put : »
F={zeX:f(z)=f(z)}.

Then, since G is open and convex and since f is continuous and linear,

we infer that

z € G= f(2) < f(zo)

and hence, that
2€F=2¢G= B(2) <p.

Define a closed hyperplane H} € Hj by
Hy ={g€ X" :g(p) =0},



3. GENERALIZATION OF SHADOWS OF FUZZY SETS 20

where p is a nonzero element of X such that f(p) = 0. Then, since

]\AJHS(iEo) = m {Z e X : g<z) = 9(370)}

gEH] '
C {zeX:f(z)=flz)} =F
we have that
Sz [Bl(zo) = sup{B(2):z€ MH; (o) }
sup{B(z):z € F}
5 i
On the other hand, since zg € ]\;[Hg (zg), it follows that
ggg[A](xo) = sup{A(z):z € ]\Z/Hg (zo) }
> A(zg) =a > p.

IA A

Thus, we deduce that
Sz [Al(wo) # Suz [B] (o).

Next, suppose that both A and B are closed. Then there exists € > 0
such that a > f+e€. Let ‘

Ge={z€X:B(z) >f+e¢}.

Then, since G, is a nonempty closed convex subset of X, there exist
continuous linear functional f € X™* and a real constant ¢ € R such that

sup{f(z): 2 € G} < c < f(m).
Put
Fo={2€ X : f(2) = f(z0) }
and define a closed hyperplane H{ € Hj by
Hi={ge X":g(p)=0},

where p is a nonzero element of X such that f(p) = 0. Then we infer
that

S’Hg [B)(zq) = sup{B(z) A ]\;[Hg (370)}
< sup{B(s): 2 € F.)
< pie
On the other hand, it follows that
gHg [A](z0) = sup{A(z) 1z € JVng(xO)}
> Alwg)=a>f+e.
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Thus, we deduce that
Sus [Al(o) # Sus[B(wo)-

This completes the proof. . O
We remark that the above proof of Theorem 2.3 implies that Theo-
rem 2.2 is logically equivalent to Theorem 2.1. Therefore, Theorem 2.3
is a generalization of Theorem 2.1 to the case of a linear space.
We conclude this section by giving a counterexample to Zadeh'’s re-
sult, which is different from the one presented in [3].

EXAMPLE 2.1. Let X = R? let
K= {x = (21,73) ER* 1 11,13 > 0,21 + 15 < 1} C X,

let :
L={z=(11,20) ER* 12y + 2, =10z, <1} C K

and let Ky = K\L. Define a fuzzy set A in X by

1, ifx e I{(),

Alz)=4 3, ifzel,

0, ifz¢K
for every x € X and define a fuzzy set B in X by
1, ifx e ]{0,

B(z)=4 3, ifzel,

0, ifex ¢ K

for every x € X. Then, it is straightforward to see that both A and
B are convex fuzzy sets in X. Further, it is obvious that for every
hyperplane Hp in X containing 0 € X and every z € Hy, Sy,[A](z) =
S, [B](z). Therefore, we evidently deduce that for every hyperplane H
in X, Sg|A] = Su[B]. However, A # B.

4. Summary and Further Problems

In this chapter, we have proved a theorem (Theorem 22) which is log-
ically equivalent to the result of Takahashi and Takahashi (Theorem 2.1)
and extended it to the case of a normed linear space (Theorem 2.3) with-
out the completeness of the space. In the course of the discussion, we
have introduced the new concept of a fuzzy set in a normed linear space
corresponding to the shadows of fuzzy sets in a Hilbert space. This fuzzy
set is defined on the whole space, whereas the shadows of fuzzy sets are
defined on a closed hyperplane. With this in mind, we can present the
following problems for topics of our next study.
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PROBLEM 1. To define the shadow of fuzzy sets in a normed linear
space.

PrOBLEM 2. To improve the result of the case of a Hilbert space
(Theorem 2.1 or Theorem 2.2) by methods used in the discussion of this
chapter. For instance, to prove a theorem of the following form:

Let A and B be two convex fuzzy sets in a Hilbert space X. If both A
and B (or A’ and B') are closed and if Sg,[A] = Sg,[B] for every closed
hyperplane Hy in X containing 0 € X, then A = B.
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CHAPTER 3
Fixed Point Theorems for Fuzzy Mappings

1. Introduction

The basic concern of the theory of fixed points for fuzzy mappings is
to extend fixed point theorems for set-valued maps to the case of fuzzy
mappings. So, let us begin with a brief survey of fixed point theorems for
set-valued maps of contractive type on complete metric spaces. We shall
denote by H(K7, K,) the distance between nonempty bounded closed
subsets K and K5 of a metric space (see Section 2, p. 26).

In [26], Nadler introduced the concept of contractive set-valued maps
on a complete metric space and showed the following fixed point theorem
which was a set-valued analogue of the well-known contraction principle
of Banach.

THEOREM 3.1 (Nadler, [26]). Let X be a complete metric space with
metric d and let T' be a set-valued map on X such that for every x € X,
Tz is a nonempty bounded closed subset of X. Suppose that there exists
k <1 such that H(Tz,Ty) < kd(z,y) for all x,y € X. Then there exists
2o € X such that xq € Txg.

The above concept has been discussed expansively introducing various
set-valued maps of contractive type. Amongst these, Papageorgiou [27]
obtained the following theorem.

THEOREM 3.2 (Papageorgiou, [27]). Let X be a complete metric space
with metric d and let T' be a continuous set-valued map on X such that
for every x € X, Tx is a nonempty bounded closed subset of X. Let
¢ :R3 — Ry be a function satisfying the following properties:

(i) For any p,q € R}, ¢(p) < ¢(a) f p < q;
(i) there exists k € [0,1) such that ¢(t,t,t) < kt for allt > 0;
(ili) ¢ is upper semicontinuous,

where Ry = [0, 00). Assume that for every z,y € X,
H(Tz,Ty) < ¢(d(z,y), d(z, Tz),d(y, Ty)).

Then there exists xg € X such that zo € Txg.

24
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For further investigation concerning fixed points of set-valued maps
of this type, we may refer to [3, 4, 25] for instance.

' On the other hand, the concept of contractive fuzzy mappings was

introduced by Heilpern [16] as a fuzzy analogue of contractive set-valued

maps. Since then, various fuzzy mappings of contractive type have been

introduced and numerous fixed point theorems for them have been ob-

tained by many authors [6, 9, 10, 12, 21, 22, 23, 28, 29, 31].

In [19], Kada, Suzuki and Takahashi introduced the concept of w-
distances (see Section 2, p. 26), which was a generalized concept of dis-
tances, and improved Caristi’s fixed point theorem [8], Ekeland’s varia-
tional principle [13] and the nonconvex minimization theorem according
to Takahashi [34]; see also [32, 36].

The purpose of this chapter is to discuss fixed point theorems for fuzzy
mappings in connection with those for set-valued maps in the context of a
generalization. In Section 3, we prove some theorems on complete metric
spaces, which can be applied to guarantee the existence of fixed points
of (almost) all the mappings of contractive type, both set-valued and
fuzzy. In Section 4, we prove a fixed point theorem for fuzzy mappings
in a complete metric space in terms of the concept of w-distances. In
Section 5, we prove a fixed point theorem for fuzzy mappings on a locally
convex linear topological space by using Fan’s fixed point theorem [14]
(see Section 2, p. 27).

2. Preliminaries

Throughout this chapter, we denote by N the set of positive integers,
by R the set of real numbers and by 1 the characteristic function for an
arbitrary set K. Let f be a function of a nonempty set X to (—oo, 00 ].
domf denotes the set {a: eX: flz)< oo} and f is said to be proper if
domf # {. ' ,

Let X be a nonempty set. A fuzzy set in X is a function of X
into [0,1]. Let X be a topological space and let A be a fuzzy set in
X. The r-level set of A is a subset of X, which is denoted by A, and
is defined by A, = {z € X : A(z) > r} for every 7 € (0,1] and by
Ao =cl{z € X : A(z) > 0} for r = 0, respectively, where clK denotes
the closure of an arbitrary subset K of X. Then A is said to be convex
if for each r € (0, 1], A, is a convex subset of X.

Let X,Y be nonempty sets and let K(Y') denote a class of subsets of
Y. Then, a mapping from X into K(Y) is called a set-valued map from
X into K(Y). Let T be a set-valued map from X into K(X). Then an .
element o € X is called a fixed point of T" if zq € Txg.
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Let F(X) denote the family of all fuzzy sets in X. Then a mapping
from X into F(X) is called a fuzzy mapping on X. This enables us to
consider each fuzzy mapping on X to be a two variable function from
X x X into [0,1]. In fact, let F' be a two variable function from X x X
into [0, 1]. Then, we can define a fuzzy mapping G on X by

Gz = F(z,-)

for every x € X. Inversely, if G is a fuzzy mapping on X, then we can
define a two variable function from X x X into [0, 1] by

| F(z,y) = (Gz)(y)

for every (z,y) € X x X. So, it is natural to regard in the same light
with a fuzzy mapping on X a two variable function from X x X into
[0,1].. Then, we shall think of the value at the first variable for z as the
value of the fuzzy mapping itself at . Let F' be a fuzzy mapping on X.
Then an element z € X is said to be a fixed point of F' if F(zg, zo) = 1.

Let X be a metric space with metric d. Then, for any z € X and any
subset K of X, we define the distance from z to K by

d(z, K) = inf{d(z,y) : y € K}.

We shall denote by CVB(X ) the class of all nonempty bounded closed
subsets of X. Then, for any K;, Ky € CB(X), H denotes the Hausdorff
distance with respect to d (see [35, 36] for instance), that is,

H(K1, Ky) = max{ sup d(u, K»), Sup d(v, K1)}

ueK .

Let z,y € X and let K;, K, € CB(X). Then we see at once that
d(z, K1) < d(z,y) + d(y, K1). Also, it is easy to check that d(z, K1) =0
if and only if z € K; and that, if = belongs to Kj, then d(z, K;) <
H(Ky, K,). Moreover, we note that for every sequence {Kj}nen of
nonempty subsets of X, hm d(x K,) = 0 if and only if there exists a se-
quence {Zy }nen of clements of X such that z, € K, and hm d(:cn, z)=0.

Let T' be a set-valued map from X into CB(X). Then T is said to

“be k-contractive if there exists £ < 1 such that

H(Tz,Ty) < kd(z,y)

for all z,y € X. If for any z,y € X, H(Tz,Ty) < d(z,y), T is called
nonexpansive. Then, we know that, if 7" is nonexpansive or k-contractive,
the real-valued. function g on X defined by

9(z) = d(z,Tz)

for every z € X is continuous; see, for instance, [35, 36].
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Let p : X x X — [0,00) be a function. Then p is said to be a
w-distance on X [19] if it satisfies the following: '

(i) p(z,2) < p(z,y) + p(y, 2) for any z,y,z € X;
(ii) for any z € X, p(z,-) : X — [0, 00) is lower semicontinuous;

(iii) for any € > 0, there exists 6 > 0 such that p(z,z) < § and

p(z,y) < 6 imply d(z,y) <e.

Some examples of w-distances were stated in [19, 36]. Further, the
following result was obtained in [19].

ProOPOSITION 3.1. Let X be a metric space with metric d and let T' be
a continuous mapping from X into itself. Then a functionp: X x X —
[0, 00) defined by

p(z,y) = max{d(Tx,y), d(Tz, Ty)}
for every x,y € X is a w-distance on X. _

Let X,Y be topological spaces and let T" be a set-valued map from X |
into the class of subsets of Y such that for each € X, Tz is a nonempty
closed subset of Y. Then, T is said to be upper semicontinuous on X
if for every x € X and every open subset V of Y containing Tz, there
exists a neighborhood U of x such that Ty C V whenever y € U.

We know the following; see [35] for instance.

PrOPOSITION 3.2. Let X be a topological space, let'Y be a compact
Hausdorff space and let T' be a set-valued map from X into the class of
all nonempty closed subsets of Y. Then, T is upper semicontinuous on
X if and only if the graph of T', namely, the set

GT)={(z,y) € X xY :y €Tz}
s a closed subset of X x Y.

We also know the following Fan’s fixed point theorem [14].

THEOREM 3.3 (Fan, [14]). Let C be a compact conver subset of a
locally convez linear topological space and let T' be an. upper semicontin-
uous set-valued map from C' into the class of all nonempty closed convex
subsets of C. Then T' has a fized point.

3. Fixed Point Theorems for Fuzzy-mappings
in Complete Metric spaces

. We first prove the following fixed point theorem for fuzzy mappings
on a complete metric space.

THEOREM 3.4. Let X be a complete metric space with metric d and
let T be a continuous mapping from X to itself. Let f: X — (—o0, 0]
be a proper, lower semicontinuous function bounded from below and let
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F be a fuzzy mapping on X. Suppose that for each x € X, there ex-
ists y € X such that F(Tz,y) = 1 or F(Tz,Ty) = 1 and f(y) +
max{d(Ta:,y),d(Tx,Ty)} < f(z). Then there exists zq € X such that
F(zg, zo) = 1.

PROOF. Suppose that F(z,z) # 1 for all z € X, and let u be an
element in X such that f(u) < oo. Then, we shall inductively define a
sequence {u, }, starting with ug = u. Suppose that u,_, € X is known,
and let k

Sy = {w eX: flw)+ max{d(w,Tun_l), d(Tw,Tunal)} < f(un_l)}.
Then, by our assumption, there exists w € Snl such that
w # Tup—q or Tw # Ty,
Therefore, since
0 < max{d(w, Tun-1),d(Tw, Tup_1)}

S f(un—l) - f(’lU)
< flup—y1) — inf f(z),

TESH

we can choose u, € 5, such that
N . 1 .
() Flun) < g f(z)+ 5 {F(nms) — 108 f(2)}

We claim that this is a Cauchy sequence. Indeed, if m > n, we obtain
the following three inequalities:

m—1
A(Tun, Ttin) <> d(Tuig, Tups)
k=n
m—1
< O {f(uk) = flure)}
k=n
(ﬂ) = f(“n) - f(um)’
(111) d(uma T'U'm—l) S f(um—l) - f(um)1
and
m—1
d(unaTum—l) < d(umTun—'l) + Z d(Tuk—la Tuk)
k=n
m—1
S f(un—l) - f(un) + Z{f(uk—l)‘—— f(uk)}
k=n

(W) = flun-1) = fun) + f(un-1) — fum-1).
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Therefore, we deduce from (iii) and (iv) that
d(um um) S d(una Tum—l) + d(TU'm—h um)
__<_ f(un—l) - f(un) + f(un—l) - f(um—l) + f(um—l) - f(um)

and hence, that {u,} is a Cauchy sequence. Let u, — v. Then if m — oo
in (ii), we have that

ATun, Tv) < fl) =l floim)

v) < flu) — ).

On the other hand, by our hypothesis, there exists z € X such that
F(Tv,z)=1or F(Tv,T=z),

and

(vi) F(z) + max{d(z, Tv),d(TzTv)} < f(v).

We may assume that z # Tv or Tz # Tv. Then, by (v) and (vi), we infer
that

1) < ) - d(zTo)
< flv) —d(z,Tv) + f(u,) — f(v) = d(Tuy, Tv)
< flun) = f(2,Tun),
and that
f(z) < f(v) —d(TzTv)
< f(0) = d(T2,T0) + () = £(0) — (T, T0)
< flun) — (T2, Tun)

Consequently, it follows from these two inequalities that
f(z) + max{d(z, Tun), d(Tz, Tun) } < flun),
which implies that z € S,,. Using (i), we have that
2 () ~ Fanr) < inf F(2) < f(2)
and thus, that
£(2) < £(0) < Jim flun) < £(2).

This is a contradiction. Hence, there exists zy € X such that F(zg, ) =
1. O

Putting 7' = I (an identity operator on X) in Theorem 34, we im-
mediately obtain the following corollary.
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COROLLARY 3.1. Let X be a complete metric space with metric d. Let
f: X — (—o0,00 | a proper, lower semicontinuous function, bounded
from below and let F' be a fuzzy mapping on X. Suppose that for each
z € X, there existsy € X such that F(z,y) = 1 and f(y)+d(z,vy) < f(x).
Then there exists xg € X such that F'(zg,xo) = 1.

Using Corollary 3.1, we can prove the following Nadler’s fixed point
theorem (Theorem 3.1, p. 24).

COROLLARY 3.2 ([26]). Let X be a complete metric space with metric
d and let T' be a k-contractive set-valued map from X into CB(X). Then,
T has a fized point.

PRroOF. Let F' be a fuzzy mapping on X defined by

F(m,y) = 1T$(y)

for every =,y € X. Suppose that d(x,Tz) > 0 for all z € X and choose
€ > 0 with € < % — 1. Then for each x € X, there exists y € Tz such
that

d(z,y) < (1+¢€)d(z, Tz).
Then, since
H(Tz,Ty)
kd(z,y)
k(1 +¢e)d(z, Tx),

d(y, Ty)

IAIA A

we infer that

1
— > — k
d(z,Tz) — d(y,Ty) > Hgd(:v,y) k(z,y)

_ <1J1r€ - A> d(z,7).

Thus, we deduce that for every z € X, there exists y € X such that
F(z,y) =1 and f(y) + d(z,y) < f(z), where f is a continuous real-
valued function on X defined by

1

flz) = <1—;—€ - A) " de. Ta)

for every x € X. Therefore, by Corollary 3.1, there exists zo € X such
that F'(z, zo) = 1, that is, d(@o, Tzo) = 0. This is a contradiction. [

For studying further, we next prove a fixed point theorem for fuzzy
mappings in a complete metric space without the lower semicontinuity
of the function f.
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Let X be a metric space and let F' be a fuzzy mapping on X. Then,
for any z € X, we denote by [Fz]; the 1-level set of the fuzzy set F(z,-) €
F(X), that is, the subset {y €X:Flz,y) = 1} of X.

THEOREM 3.5. Let X be a complete metric space with metric d, let
f: X — (—o0,00] be a proper function bounded from below and let F'
be a fuzzy mapping on X. Assume that for each x € X, there isy € X
with F(z,y) =1 and f(y) +d(z,y) < f(z). Further, assume that for any
z € X with F(z,2) # 1, iél}f{{d(%, z)+d(z, [Fz]1)} > 0. Then there exists
zo € X such that F(xg, o) = 1. :

PROOF. Let u be an element of X such that f(u) < co, and we set
up = u. Then, we shall inductively define a sequence {uy,} of elements of
X, starting with ug. Suppose that u,_; € X is known. Then there exists
Uy € X such that

Ftn-1,un) = 1 and f(un) + d(tn_1,Un) < f(tn-1).
The latter inequality implies that f(u,) < f(ty_ 1) so that, the sequence
{f(un)} of elements of R is convergent. Let r = hm f (un) We claim

that the sequence {u,} is a Cauchy sequence. Indeed 1f m > n, then

m—1

A(tn, Um) < Zd(ukauk+l)

m—1

(vii) < Z{f (ur) = f(ura) } = fun) = f(Um)

and hence, {u,} is a Cauchy sequence. Let u, — xg. Then, if m — oo
in (vii), we have that

(viii) | d(Un, o) < flug) — 7.

On the other hand, the equality F'(up—1,un) = 1 obviously implies
that d(up—1, [Fun-1]1) < d(tp-1,un). We shall show that F(xq, zo) = 1.
In order to do it, let us suppose that F'(zg, o) # 1. Then, by hypothesis,
(vii) and (viii), it follows that

0 < inf {d T, To) + d(z, [Fx]l)}
< mf{d( o) + d(Un, [Fuyl) }

neN
1nf {d(un, o) + d(Un, Unt1) }
111f{f(un) — 7+ fu,) =7} =0.

neN

IN

IN

This is a contradiction. Hence, we have that F(zg,zg) = 1. O
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Using Theorem 3.5, we obtain the following corollary which is a fuzzy
analogue of Aubin’s result [5].

CoRrOLLARY 3.3 ([5]). Let X be a complete metric space with metric
d, let f: X — (—o0,00] be a proper function bounded from below and let
F be a fuzzy mapping on X such that the set {(z,y) € X x X : F(z,y) =
1} is @ nonempty closed subset of X x X. Assume that for each z € X,
there is y € X with F(z,y) =1 and f(y) + d(z,y) < f(z). Then there
exists ©o € X such that F(zg,zo) = 1.

Proo¥r. By Theorem 3.5, it is sufficient to show that for any z € X
with F(z,z) # 1, in)f{{d(ac,z) + d(z,[Fz]1)} > 0. For doing it, suppose
fAS

that there exist 2 € X and a sequence {z,} of elements of X such that
F(z,2) # 1 and d(zp, 2) + d(zn, [Fzs)1) — 0

as n — 00. The latter implies that d(z,, 2) — 0 and d(z,, [Fz,];) — 0 as

n — oo, and consequently, that d(z, [F'z,];) — 0 as n — oco. Therefore,

we infer that there exists a sequence {y,} of elements of X such that

Yn € [F'zy]; and d(yn, 2) — 0 as n — oco. Hence, by the hypothesis of F,

we have that F'(z, z) = 1. This is a contradiction. O
Also, we prove the following theorem.

THEOREM 3.6. Let X be a complete metric space with metric d and
let F' be a fuzzy mapping on X such that for each x € X, [Fx]; belongs to
CB(X). Assume that there exists k € [0,1) such that for any up € X and
anyuy € [Flug)y, there isug € [Fug)y with d(u1, us) < kd(ug, u1). Further,
assume that for any z € X with F(z,z) # 1, ;él)f{{d(m, z)+d(z, [Fz)i)} >

0. Then there exists xg € X such that F(zg, o) = 1.

PROOF. Suppose that F(z,z) # 1 for all z € X, and choose € > 0
such that ¢ < ¢ — 1. Then, since d(x,[Fz];) > 0 for any z € X, we
infer that for each z € X, there exists y € [Fz]; such that d(z,y) < (1+
g)d{z, [Fz];). By hypothesis, we have yo € [Fy|; with d(y, y0) < kd(z,v),
which implies that d(y, [F'y];) < kd(z,y). Then it follows that

1

d(z, [Fz]1) —d(y, [Fylh) 2 ﬁ;d(m,y)—kd(w,y) = (m - /»> d(z,y).

Thus, we deduce that for each z € X, there exists y € X such that
F(z,y)=1and f(y)+d(z,y) < f(z), where f is a real-valued function
on X defined by

1
1+¢

oy = (1= - k>_1d<x, [Pay)
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for every x € X. Hence, by Theorem 3.5, we have zo € X such that
F(zg,zo) = 1. This is a contradiction. 0
By Theorem 3.6, we obtain the following result due to Papageor-
giou [27] (Theorem 3.2, p. 24) without the continuity of a set-valued
map T and the upper semicontinuity of the function ¢ of R% to R..

COROLLARY 3.4 ([27]). Let X be a complete metric space with metric
d and let T be a set-valued map from X into CB(X). Assume that for
every x,y € X, , '

H(Tz,Ty) < ¢(d(z,y), d(z, Tx),d(y, Ty)),

where ¢ : RY — Ry satisfies the following properties:

(i) For anyp,q € RS, é(p) < ¢(q) #fp < g
(ii) there exists k € [0,1) such that ¢(t,t,t) < kt for allt > 0.

Then there exists zo € X such that zy € T'zo.
PROOF. Suppose that z ¢ Tz for every x € X. Define a fuzzy
mapping F' on X by
F(z,y) = 114(y)
for every z,y € X. Then we have F(z,z) # 1 for every z € X. Let

ug € X and uy € [Fug)y, and take k; € R such that k < k; < 1. Then we
have ug # u1, d(ug, [Fugl1) > 0. Moreover, we have that

d(ur, [Fur]y) < H([Fuly, [Fuil)

gb(d(uo, uy), d(ug, To), d(uy, Tuy))
¢ (d(uo, ur), d(ug, ur), d(uy, Tuy))
kmax{d(uo, u1), d(uy, Tuy) }
kmax{d(uo, w1), d(uy, [Fuil1) }

ki max{d(uo, w1), d(ur, [Fu]r) }

INIAN A IA

I

AN

and hence, that d(uy, [Fui]1) < kid(ug,u1). Therefore, there is uy €

[Fui]y with d(uy, us) < kid(uo,u1). Further, we deduce that for every

z€ X, in}f{{d(ac, z)+d(z, [Fz])} > 0. For this, let us suppose that there
z€

exist z € X and a sequence {z,} of elements of X such that
d(zn, 2) + d(Tn, [Fap)1) — 0

as n — oco. Then, we have that d(z,,z) — 0 and d(z,, [Fz,]1) — 0 as
n — oo and thus, that d(z, [Fz,];) — 0 as n — oo0. Therefore, we infer
that there exists a sequence {y,} of elements of X such that y, € [Fz,];
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and d(yn,2) — 0 as n — oco. Since y,, belongs to [F'z,];, it follows that
d(yn, [F'2]1) H([Fzy]s, [FZ] )

( ),d(z,Tz), (xn,Ta:n))

d(@n, 2), d(2,T2), d(2n, Yn))

A(Zn, 2) + d(2,yn) + d(z,T2))

d(Zn, 2) + d(2z,yn) + d(z, [Fz]l))

d(xp, 2

(VANEE VAR VANRR VAN
=

#(
#(
o
“(

Thus, we have that
0 < d(z[Fz1)
< d(z7yn) + d(yn) [Fz]l) '
< (14 k)d(yn, 2) + kd(2n, 2) + kd(z, [F'2]1).

This implies that 0 < d(z, [Fz]1) < kd(z, [Fz]1). This is a contradiction.

Hence, by Theorem 3.6, we have zq E X such that F(xg,z0) = 1. This

is a contradiction. 0
Furthermore, we obtain the following corollary; see [22]

COROLLARY 3.5 ([22]). Let X be a complete metric space with metric
d and let F' be a fuzzy mapping on X such that for each z € X, [Fx];
belongs to CB(X). Assume that for any ug € X, any u; € [Fug)y and
any vg € X, there exists v1 € [Fvgly such that d(uy,v1) < ard(ug, u1) +
azd(vo, v1) + azd(vo, u1) + asd(ug, v1) + asd(uo, vo), where ay, aq, as, as, as
are nonnegative real numbers satisfying a1 + ag + az + a4 +as < 1 and
az > ag. Then there exists g € X such that F(zo, zo) = 1.

PRroOOF. Suppose that F'(z,z) # 1 for every z € X. Putting r =
a1+a4+a5, it is obvious that 0 < r < 1. Let ug € X and let uy € [Fug);.

l—az—a4
Then, by hypothesis, there exists uy € [F'ui]; such that

d(ui, ug) < ard(uo, u1) + agd(ur, us)

+azd(ug, ur) + agd(uo, uz) + asd(ug, u1)
ard(ug, uy) + agd(u, ug) |
+as{d(uo, ur) + du1, u2) } + asd(uo, ur).

IA

This implies that d(uy, ug) < 7d(uo, u1). Moreover, we show that for any
z € X, in)f{{d(x,z) + d(z, [Fz]1)} > 0. If not, there exist z € X and a
xe

sequence {z,} of elements of X such that such that
d(xn, 2) + d(Tn, [F2n)1) — 0

as n — oo. Then we have d(zy,2) — 0, and d(z, [F'z,];) — 0 as n — oo.
This implies the existence of a sequence {y,} of elements of X such that
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Yn € [Fxp)1, and d(yn, 2) — 0 asn — oo. Then it follows from hypothesis
that for any n € N, there exists z, € [F'z]; such that
d(yna Zn) < a'ld(xm yn) + azd(Z, Zn)
tasd(z,yn) + a4d(xn, 2,) + asd(xy, 2)

< al{d(xm Z) + d(z)yn)} + G’Q{d(’zvyn) + d('yna Zn)}
+a'3d(z: yﬂ) + a4{d(mn, Z) + d(Z, y’n) + d(y'n; Zn)}
+asd(zy, 2)
and thus, that d(yn, 2,) < k(d(2,yn)+d(zn, 2)), where k = M
—az—a4

Since z, € [Fz]; for any n € N, we infer that
0 < d(z, [Fzh) < dlz,2) < d(2,yn)+d(n, 70) < (b+1)d(, yo)+kd(@n, 2),

which implies that 0 < d(z, [Fz];) < 0. This is a contradiction. There-
fore, by Theorem 3.6, we have zq € X such that F'(zo,z9) = 1. This is a
contradiction. L]

We remark that in the applications of Theorem 3.4, the technical
difficulties essentially arise in the proof of the lower semicontinuity of
f. In fact, as we have observed above, if we negate each of the conclu-
sions of the above corollaries, we can simply obtain a proper function
f satisfying the assumption represented in the form of the inequality in
Theorem 3.4. However, the verification of the lower semicontinuity of
f is not so straightforward. This is a primary reason why we need to
obtain a theorem (Theorem 3.5 or Theorem 3.6) without assuming that
f is lower semicontinuous.

We conclude this section by showing an example which implies the
generality of our results. ’

ExaMPLE 3.1. Let X = [0,00) and let A, = [n,n + 1) for every
n € NU{0}. Let fy: Ay — Ap be a function such that {0} U fo(Ao) #
Ag, and for every n € N, let f, : A, — A, be a function given by
fn(z) = fo(z — n)+n for every z € X. Then we define a fuzzy mapping
F: X x X —[0,1] as follows:

1, if(z,y)e A, x Ay and y € {ntU{fu(z)},
Flz,y)=< %, if(z,y) € 4, x Ap and y ¢ {n} U {fa()
0, if(z,y) € An x Ay for m # n.

Further, assume that there exists 7 € [0,1) such that |fo(z) — fE(z)] <
rlz — fo(z)| for all z € Ay and that for any z € X with z # fo(2),

ienff {lz = 2| + |z — fo(z)|} > 0. Then, F satisfies the following two
TEAQ )

conditions;

3
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(i) For every ug € X and every u; € [Fug|y, there exists ug € [Fus]y
such that |ug — ug| < 7lug — u1l;
(ii) for any z € X with F(z, z) # 1, 1161}f({|a: — 2|+ |z — [Fz]|} > 0.

o .
Proor. Note that X = UA"' We first prove that F' satisfies condition

n=0

(). Let up € X and let u; € [Fugly. Then, without loss of generality,
we may suppose that up € Ag. We have that if u; = 0, then [Fu;]; =
{0} U {fo(0)} and that if u; = fo(uo), then [Fus]y = {0} U {fo(u1)}. In
the case where u; = 0, our claim is obvious since u; € [Fuq];. ‘So, we
may assume that u; = fo(ug) and then, let uy = fo(u;). By hypothesis,
we infer that |u; — ue| = |fo(uo) — f&(uo)| < 7luo — foluo)| = rlup — u.
This is the desired conclusion.

Next, we show that F' satisfies condition (ii). Indeed, if there exists
z € X with F(z,2) # 1 such that ;g)f({]x — 2|+ |z — [Fahh|} = 0,
then we deduce that there exist z,, € X and y,, € [Fzy]; such that
|Zm — 2| — 0 and |z, — Y| — 0 as m — oo. By our assumption,
we may also suppose that 0 < z < 1. Then we infer that there exists
mo € N such that 0 < z,, < 1 and 0 < y,, < 1 for any m > mg and
consequently, that v, € {0} U { fo(xm)} for any m > mg. This implies
that ym = fo(zy) for any m > mg and lience, that fo(z,) — 2z as
m — co. We remark that z # fy(2). Therefore, by hypothesis, we have
that 0 < miéljlfoﬂx——zl-f—[w—fo(m)l} < 7-nié17£0{'$m—2|+l$m—fo($m)|} = 0.
This is a contradiction. 0

In the above example, let fy be given by

i, ifOS:z:<—;—,<
fole) =4 1 ifz=1
0 - %) — o
x4+, ifi<z<l

Then, by letting r = %, it is easy to check that F', which is defined as in
the above example, satisfies the assumptions and that every element of

[e o}
the subset U {n}U{n-+5}U{n+1} of Ris afixed point of . However, F

n=1
does not satisfy the assumption in Corollary 3.5. In fact, let us suppose

that there exist ay,ap,as,aq4,a5 > 0 with a1 + a9 + a3 + a4 + as < 1
such that for any ug € X, any u; € [Fugl; and any vy € X, there
exists v; € [Fup)y such that |u; — vi| < arfue — wi| + agvg — w1 +
aslvo — u1| + asluo — v1| + asluo — vo|. Letting ug = § and vy = 1,
‘we have [Fug); = {0} U{3} and [Fuoli = {1}. By our assumption,

for u; = § € [Fug)1, we infer that there exists v; € [Ful; such that



4. FIXED POINT THEOREMS IN TERMS OF W-DISTANCES 37

|u1 —’Ull < alluo—u1| +a2|’Uov—’Ul| +a,3l’l)0 —u1| +CL4|U0 —'Ull -|-a5"U,o——Uol
and consequently, that |3 — v1| < as]l — v1] + 3a3 + adli — v + 1as.
However, since [Fug]; = {1}, this implies that as +as + a4 + a5 > 1. This
is a contradiction.
By the same way, we also observe that a set-valued map T on X
defined by T'z = [Fz]; for every x € X does not satisfy the assumption
in Corollary 3.4.

4. Fixed Point Theorems for Fuzzy Mappings
in Terms of w-distances

In this section, by employing the concept of w-distances, we prove a
fixed point theorem for fuzzy mappings, which generalizes Theorem 3.4
and the result of Kada, Suzuki and Takahashi [19]. Before doing it, we
need to prove a lemma.

, LEMMA 3.1. Let X be a complete metric space with metric d and let

{K,} be a sequence of nonempty closed subsets of X such that K, D K11
for alln € N. Assume that there exist a sequence {u,} of elements of X
and a w-distance p on X such that

sup max{p(un, z),p(tn,y)} — 0
z,y€EKn

o0
as n — o0o. Then ﬂKn consists of one point.
n=1 .

PROOF. Put 8y, = sup{d(z,y) : z,y € K,} for every n € N. Then
it is sufficient to show that dg,, — 0 as n — oco. Let € > 0 be given. The
definition of a w-distance guarantees the existence of ¢ > 0 such that
plu,w) < § and p(u, 2) < § imply d(w, z) < e. Therefore, there exists

ng € N such that for all n > ng, sup max{p(us,z),p(us,y)} < 6.
z,y€Ky

Then, it follows that for any n > ng and any =,y € K, p(un,z) < ¢
and p(uy,,y) < 6. This implies that for any n > ng and any z,y € K,,
d(z,y) < €. Hence, we have proved that for any € > 0, there exists ng € N
such that for all n > ng, dk, <e. |

THEOREM 3.7. Let X be a complete metric space with metric d, let
[+ X — (—o00,00] be a proper, lower semicontinuous function bounded
from below and let F' be a fuzzy mapping on X . Assume that there exists
a w-distance p on X such that for each x € X, there sy € X with
Flz,y) =1 and f(y) + p(z,y) < f(z). Then there exists zg € X such
that Fxg, z0) = 1 and p(zo, z9) = 0.
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PROOF. Let u be an element of X such that f(u) < co and put
Uug = u. Then we set

S = {w € X : f(w)+ plug, w) < f(uo)}.
We shall construct a sequence {Sn} of subsets of X by induction, starting
with S;. Suppose that S, C X is known. Then we take u, € S, such
that '

flum) < inf £+

ZESn
and set
Snir = {w € X & f(w) + plun, w) < f(un) }.
Then, since u, € Sy, it is clear that
f('u"n,) S f(’U,n> +p(un—1aun) S f(un—l),

so that, the sequence { f(un)} of elements of R is convergent. We claim
o0

that mSn consists of one point. Indeed, .S, is obviously a nonempty

n=1
closed subset of X for every n € N. Further, since

WE Spp1 = fw) + plun,w) < fluy)
= f(w) + P(un-1,Un) + P(tn, w) < f(n) + p(tin_1,un)
= f(w) +p(un-1,0) < f(un) + p(tn-1,un) < f(un-1)
= wE S,

we have that S, D Spy1. Moreover, putting a, = f(up-1) { f(un) —},
it follows that for any n € N and any w € Sy,

P(tn-1,w) < ftn- 1)_f( ) < flun- 1)"z1€11f f(z) < an,

which 1mphes that sup max{p ’U,,7 1y w),p(un_l, Z } S Qpy — 0asn—
w,zE€5,

0o. Thus, we deduce from Lemma 3.1 that ﬂSn consists of one point.

n=1

Let ﬂSn = {zo} and we set

n=1
S = {w € X : f(w) + plzo, w) < f(xo)}.
Then there exists w € S such that F(xg, w) = 1. Further, since
weS = flw)+plxy,w) < flxg)
= f(w) + p(tn-1, o) + p(z0, w) < f(20) + P(un-1, To)
= f(w) 4+ p(un_1,w) < f(20) + p(tn-1,20) < f(Un-1)
= W E Sy,
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we have that S C S,. This implies that S = {zo} and hence, that
F(xg, o) = 1 and p(zg, zo) = 0. This completes the proof. O

Applying Theorem 3.7, we have the following, which was obtained in
the previous section (see Theorem 3.4, p. 27).

COROLLARY 3.6. Let X be a complete metric space with metric d
and let T be a continuous mapping from X into itself. Let f : X —
(—00, 0] be a proper, lower semicontinuous function bounded from below
and let F' be a fuzzy mapping on X. Suppose that for each x € X, there
erists y € X such that F(Tz,y) = 1 or F(Tz,Ty) = 1 and f(y) +
max{d(Tz,y),d(Tz, Ty)} < f(z). Then there exists o € X such that
F(Q?(], 370) =1, '

PROOF. Since T is continuous, a function p : X x X — [0, co) defined
by

p(z,y) = max{d(Tz,y), d(Tz, Ty) }
for every z,y € X is a w-distance on X. Let
S(z)={weX: F(Tz,w)=1}U{we X : F(Tz,Tw) =1}
for every z € X, and define a fuzzy mapping G on X by

G(x’ y)_: 1S(m) (y)

for every z,y € X. Then it follows that for each z € X, there exists
y € X such that G(z,y) = 1 and f(y) + p(z,y) < f(z). Therefore, by
Theorem 3.7, there exists zo € X such that G(zo, zo) = 1 and p(zo, zo) =
0, that is, F'(Tzo, z9) = 1 or F(T'zo, Txo) = 1, and T'xg = zo. Hence, we
have zg € X such that F(zg,zo) = 1. ' O

We also have the following corollary proved in [19], which was a
generalization of the result of Takahashi [34].

COROLLARY 3.7 ([19]). Let X be a complete metric space with metric
d and let f:X — (—o00,00] be a proper, lower semicontinuous function
bounded from below. Assume that there exists a w-distance p on X such
that for each © € X with ilel)f(f(u) < f(x), there isy € X withy # z
and f(y) + p(z,y) < f(z). Then there ezists g € X such that f(zo) =
inf f(u).

ueX .
PROOF. Suppose that 11€1)f{f(u) < f(z) for all z € X. Let

S)={we X :w#za}
for every z € X and define a fuzzy mapping ¥ on X by
F(z,y) = Ls@)(y)
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for every z,y € X. Then we deduce from hypothesis that for each z € X,
there is y € X with F(z,y) = 1 and f(y) + p(z,y) < f(z). Therefore,
by Theorem 3.7, we have o € X such that F(zo,z9) = 1, that is,
zo € S(zp). This is a contradiction. Hence, there exists zo € X such

that f(zg) = Jg}f{f(u) O

5. Fixed Point Theorems for Fuzzy Mappings
in Locally Convex Linear Topological Spaces

In this section, we prove a fixed point theorem for fuzzy mappings
on a locally convex linear topological space by using Fan’s fixed point
theorem [14] (Theorem 3.3, p. 27).

THEOREM 3.8. Let C be a compact convez subset of a locally convex
linear topological space and let F' be a fuzzy mapping on C such that. for
everyz € C, F(z,-) is a convex fuzzy set in C. Suppose that for each

z € C, there exists y € C such that F(z,y) = 1 and that the function
F:CxC —10,1] is upper semicontinuous on C x C. Then there exists
zo € C such that F(xg, x) = 1.

ProoF. Define a set-valued map 7" on C by
Tz ={y e C: F(z,y) =1}

for every z € C. Then for each z € C, Tz is a nonempty closed convex
subset of C. Further, putting

G(T) ={(z,y) € C xC: F(z,y) =1},

G(T) is a closed subset of C x C. In fact, let (24, %) — (,y) and
(Za Yo) € G(T'). Then, since

1> F(z,y) > infsup F(zg,yp) = 1,
& pa

we have that (z,y) € G(T). This implies that G(T') is closed in C x C
and hence, that T is upper semicontinuous on C. Therefore, by Fan’s
fixed point theorem, there exists zo € C such that zo € Tzg, that is,
F(z0,70) = 1. This completes the proof. (]

Further, we can also show that Theorem 3.8 is a generalization of
Fan’s fixed point theorem as follows: Let C be a compact convex subset
of a locally convex linear topological space and let 7' be an upper semi-
continuous set-valued map from C into the class of all nonempty closed
convex subsets of C. Define a fuzzy mapping F' on C by

F(z,y) = 1a(y)
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for every z,y € C. Then F' is upper semicontinuous. In fact, if o < 0,
then the set
{(z,y) e Cx C: F(z,y) > o}

is obviously C' x C' and if & > 1, then the set is empty. Moreover, if
0 < a < 1, we infer that {(z,y) € Cx C: F(z,y) > a} = G(T) is a
closed subset of C' x C. Therefore F' is upper semicontinuous. Herce,
by Theorem 3.8, there exists zo € C such that F(zo,zo) = 1, that is,
g € T'xg.

6. Summary and Further Problems

In this chapter, we have proved some generalized fixed point theorems
for fuzzy mappings, both in a complete metric space and in a locally
convex linear topological space. In connection with the previous papers
on these topics [6, 9, 10, 11, 12, 20, 21, 22, 23, 28, 29, 31| and.the
references therein, we can present the following problem for a topic of
our next study.

PROBLEM 1. To prove common fixed point theorems for families of
fuzzy mappings of contractive type on complete metric spaces.

Further, we may state the following.

PROBLEM 2. To construct (fuzzy) standard mathematical models to
which our theorems can he applied. '
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CHAPTER 4

Convexity of Fuzzy-Valued Maps
and Minimization Theorems

1. Introduction

The concept of fuzzy numbers was introduced by Dubois and Prade [4]
as a natural way of dealing mathematically with indefiniteness or impre-
ciseness of our judgment about the objects (data) under consideration.
This was a fuzzy analogue of the concept of real numbers and led to
optimization problems with fuzzy constraints of the form (see Section 4
of the present chapter, pp. 53-55):

C being a subset (describihg the constraints by fuzzy
numbers) of a linear space and F being a mapping de-.
fined on C with value of fuzzy numbers, find zo € C
such that F(z¢) < F(z) for all z € C,

where =< denotes the partial order relation on the set of all fuzzy numbers
(see Section 2, p. 46).

So far, the problems, which can be considered to be fuzzy analogues
of linear programming problems, have been studied by many authors [3,
5, 11, 12, 13] to a considerable extent because, by employing certain
useful concepts (L-R fuzzy numbers for instance; see Section 3, p. 51),
these can be transformed to ordinary (nonfuzzy) linear cases.

However, regarding the problems formulated from a standpoint of
convex .analysis, much more still remain to be done. For instance, min-
imization theorems for fuzzy-valued maps, which may imply the exis-
tence of solutions to those problems, have yet to be proved as of now;
see also [9)].

With this in mind, we study, in this chapter, the convexity of fuzzy-
valued maps and establish some minimization theorems for fuzzy-valued
maps. In Section 3, we prove some theorems connected with the convexity
of fuzzy-valued maps on a convex subset of a linear space. Then we shall
have a necessary and sufficient condition for fuzzy-valued maps to be
convex, which shall be the fundamental result throughout the rest of this
chapter. In Section 4, after a brief introduction of optimization problems
with fuzzy constraints, we define the lower semicontinuity of fuzzy-valued

45
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maps on a topological space and obtain a sufficient condition for them to
be lower semicontinuous. Next, we establish some minimization theorems
for lower semicontinuous fuzzy-valued maps on a compact subset of a
topological space in connection with the existence of solutions to the
above mentioned problems.

2. Preliminaries

Throughout this chapter, all linear spaces are real, and we denote by -
R the set of real numbers and by 1x the characteristic function for an
arbitrary set K. We shall also use the letter R to denote the real line.
Let X be a linear topological space and let C, D be subsets of X. Then
clC denotes the closure of C, and there is defined C+ D ={c+d:ce
C, d€ D} and A\C = {Ac:c € C} for any A € R.

Let A be a fuzzy set in R. We denote by A, the r-level set of A,
which is a subset of R and is defined by A, = { € R: A(z) > r} for
every 7 € (0,1) and Ag = cl{z € R : A(z) > 0} for r = 0, respectively.
Then A is said to be convex (respectively closed) if for every r € (0,1],
A, is a convex (respectively closed) subset of R.

Let A and B be fuzzy sets in R. By Zadeh’s extension principle [17],
we define the addition @ to yield a fuzzy set A ® B in R by

(A®B)(2) = sup min(A(z), B(y))
: z2=z+y,2,yER
for all z € R. Also, we define the multiplication ® to yield a fuzzy set
A® B inRby '
(A®B)(2) = sup min(A(z), B(y))
z=zy,x,y€R
for all z € R. Then [A® B], and [A® B, denote the r-level sets of A®B
and A ® B for every r € [0, 1], respectively. Note that, if both A and B
are convex, then A @ B is convex; see [10].

Let A be a fuzzy set in R. A is said to be a fuzzy number [4, 7] if it

satisfies the following conditions:
(i) A is convex; \
(ii) there exists a unique real number m € R such that A(m) = 1,

(ili) Ap is a bounded subset of R.

Then the symbol F denotes the set of fuzzy numbers. Note that for any
A€ F, Agis a compact convex subset of R and that for every A, B € F,

A @ B belongs to F.
Let A, B € F. We define an order relation < on F [11] as follows:

- A X Bif and only if sup A, < sup B, and inf A, <inf B, for all r € [0,1].
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Note that the order relation = satisfies the axioms of a partial order
relation. Let A € F and let A € R. For the sake of convenience, we
shall write A =< X instead of A < 17,}. Similarly, we shall write A @ X
(respectively AA, AX) for A @ 1y (respectively 11y © A, A ® 1py).
Then we observe that if A # 0, then (AA)(z) = A(Z) for all z € R
and that (04)(2) = 1i0)(2) for all z € R. Consequently, it follows that
[AA], = M\A, for all r € [0, 1] and hence, that \A € F.

Let C be a convex subset of a linear space and let f be a real-valued
function on C. f is said to be convex if f(Az + (1 — Ny) < Mf(z) +
(1= XN)f(y) for any z,y € C and any A € (0,1). f is called concave if
—f is convex. Moreover, f is said to be quasi-concave if for every ¢ € R,
{x eC: f(z)> c} is a convex subset of C'. Let C, I be nonempty sets
and let ¢ be a real-valued function on C'x I. Then ¢ is called concavelike
in its second variable if for any y1,y2 € I and any A € (0, 1), there exists
yo € I such that o(z,y0) > Ao(z,y1) + (1 — N)p(z,y2) for all z € C. We
know the following Fan’s minimax theorem [6)].

THEOREM 4.1 (Fan, [6]). Let C be a compact conver subset of a
linear topological space, let I be a nonempty set and let ¢ be a real-valued
function on C X I satisfying the following conditions:

(i) Foreachy € I, the function z — ¢(z,y) is lower semicontinuous
and convez,
(i) ¢ 4s concavelike in its second variable.

Then the following holds:

supminp(z,y) = 111111 supp(, y).
yel ©€C €C yer

3. Convexity of Fuzzy-Valued Maps

Let X be a nonempty set. A mapping F': X — F is called a fuzzy-
valued map if for every z € X, F(z) belongs to F. Let C be a convex
subset of a linear space and let F' be a fuzzy-valued map on C. F' is said
to be convex [9] if for every z,y € C and every A € (0, 1),

F(Az+ (1= Ny) 3 AF(z) & (1— A F(y).
In this section, we study the convexity of fuzzy-valued maps on a
linear space. We first have the following two lemmas.

LEMMA 4.1. For every A € F, we have

11111 sup A, = sup Ag and hmo inf A, = inf A,.
T

PROOF. It is easy to see that for every 7,75 € (0,1] with r; >
re, Ay, C A;, C Ag. So, we have that sup A,, < sup4,, < sup 4.
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Therefore, since Aq is a nonempty bounded subset of R, limo sup A, =
r—+

sup sup A, exists. Put n = lin+10 sup A, and & = sup Ag. Then, by virtue
>0 L
of the above, it is clear that n < £. Conversely, let us take any 2 € R with

A(z) > 0. Then, by choosing ro > 0 such that A(x) > ro > 0, we observe

that = belongs to A,, and hence, that z < sup 4,, < supsup 4, = 7.
: >0

Consequently, since z € R with A(z) > 0 is arbitrary, we deduce that

for every y € Ay, y < 1. This implies that & < n. Thus, we have proved

that ¢ = 7. Similarly, we show that 111110 inf A, = inf A,. O
, r—

LEMMA 4.2. For every A € F and every r € (0,1], we have

lim As = infsup As = sup A, and lim As = supinf As = inf A,.
G-~17—0 é<r d—r— S<r

PRrROOF. Let 7 € (0,1] be fixed arbitrarily and take any 6 > 0 with

§ < r. Since A, C As, we see at once that JlimoA(; = i_nf sup As exists.
—r— <r

Set £ =sup A, and 5 = (15121" sup As. Then, by the above observation, the
T

inequality & < 7 evidently follows. In order to prove that the inverse

inequality holds, let us assume that & < 7. Then there exists zo € R

such that & < zp < 7. We infer that

infAs <infA, <supA, =& <o <n= (isnf sup As < sup As
<r

and hence, by convexity of a subset As of R, that zy belongs to As. Since

& < r is arbitrary, this implies that zg € ﬂA(; = A,. Consequently, we

o<r
have that zo < sup 4, = € < zp. This is a contradiction. So, we deduce

that & = 7. By the same way, we have that 6limoinf As = supinf As =
T a<r

inf A,. O
By Lemmas 4.1and 4.2, we obtain the following lemma.

LEMMA 4.3. For every A, B € F and every r € [0, 1], we have
’ sup[A @ B, = sup A, + sup B, and inf[A @ B], = inf A, + inf B,.
PrROOF. Let A, B € F. We know that A® B belongs to F. Let us fix
an arbitrary r € (0,1]. Then the inequality sup[A® B], > sup A, +sup B,
is obvious. Indeed, if z € A, + B,, then there exist x5 € A, and y, € B,
such that z = zy + yo. Since A(zg) > 7 and B(yg) > r, we infer that

(A® B)(z) = sup  min(A(z), B(y))
2=z+y,2,y<R '
> min(A(zo), B(yo)) > 7
and hence, that z € [A @ BJ,. This implies that [A ® B], D A, + B, and
consequently, that sup[A @ B], > sup(A, + B,) = sup A, + sup B,.
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We next claim that the inverse inequality holds. Let z € [A® B), and
choose any § > 0 with § < r. Since (A® B)(z) > §, there exist zg, yo € R
such that min(A(zo), B(yo)) > 6 and z = z + yo. This implies that
z € As + Bs and consequently, that [A & B|, C As + Bs. Hence, we have
that sup[A @ B], < sup As + sup Bs. Therefore, since § > 0 with § < r is
arbitrary, it follows from Lemma 4.2, that sup[A® B], < sup A, +sup B,.

Thus, we deduce that sup[A@ B], = sup A, +sup B, for all r € (0, 1].
Further, by applying Lemma 4.1 to both sides of the above equality, we
have that sup[A® Bly = sup Ag+sup By. By the same method, we prove
that inf[A® B], = inf A, +inf B, for all r € [0, 1]. Hence, we have proved
the lemma. O

Let F' be a fuzzy-valued map on a nonempty set X. Then [F(az)]r
denotes the r-level set of F'(z) € F for every z € X and every r € [0, 1].

We now prove the following theorem.

THEOREM 4.2. Let C' be a convex subset of a linear space and let F'
be a convex fuzzy-valued map on C. Then, for any r € [0,1], the real-
valued function f, on C defined by fr(x) = sup [F(m)]r for every x € C
is convez.

PRrROOF. Let z,y € C, let A € (0,1) and let 7 € [0,1]. We know
that [)\F(a:)}r = A[F(z)], and that AF(z) € F. Since F is convex, it is
obvious that

fr(Adz+(1=XNy) = sup [F()\m + (1 - )\)y)JT

< sup[AF(z) ® (1 — M) F(y)]

Moreover, we infer by Lemma 4.3 that
sup[AF(z) @ (1 — N\)F(y)], = sup[AF(z)] +sup[(1—A\)F(y)]
= sup )\[F(:c)L +sup(l — A) [F(y)}r
= Asup[F(z)] + (1 —A)sup[F(y)]. .

Hence, we deduce that for any r € [0, 1],
fr()‘x + (1 - )‘)y) < Afel@) + (1= N fe().

This completes the proof. U
By the same way, we prove the following theorem.

r

T

THEOREM 4.3. Let C be a convex subset of a linear space and let F
be a conver fuzzy-valued map on C. Then, for any v € [0,1], the real-
valued function g, on C defined by g,(z) = inf [F(x)]r for every z € C
is convet.

Let A, B € F and let us assume that both A and B are closed, that
is, for every r € [0, 1], both A, and B, is a closed subset of R. Then



3. CONVEXITY OF FUZZY-VALUED MAPS 50

we know that [A @ B], = A, + B, for all r € [0,1], so that, the proof
of Theorems 4.2 and 4.3 is straightforward; see [10]. However, if both A
and B are not closed, we can not use this assertion. Indeed, the following
example implies that if A is not closed, then there exists r € [0, 1] such

that [A @ B], # A, + B;. '
EXAMPLE 4.1. Define A € F by

0, if x < —1,
CA(z)=< 1—|z[, if- 1<:1:<
0, 1f <z,
and define B € F by
0, if x < —5,
Blz)=1< 1—|z+1|, if-3<z<0,
0, if 0 < x..

Then we observe that (A & B)(0) = sup 111111(A(x),B(¥a:)) = % and

consequently, 0 € [A ® B] On the other ha,nd since Ay = [—%,1) and
By =[-%, -3 it follows that 0 ¢ [-2,0) = A+ B% Therefore, we

have that [A ® Bly # Ay + By.

Let F be a fuzzy-valued map on a nonempty set X and let r € [0, 1].
Throughout the rest of this chapter, fI" and g denote the real-valued
functions on X defined by ff(z) = sup [F(ac)]r for every x € X and by
9F'(z) = inf[F (x)]r for every z € X, respectively. '

Using Lemma 4.3, we also have the following theorem.

THEOREM 4.4. Let C be a convexr subset of a linear space and let F'
be a fuzzy valued map on C. Assume that for every r € [0,1], both fF
and g&' are convez. Then F is conver.

- Proor. Let z,y € C, let A € (0,1) and let r € [0, 1] By Lemma 4.3,
we infer that

sup[AF(z) & (1 — /\)F(y)]r = sup [)\F(m)]r +sup|[(1 - /\)F(y)]r
= Asup[F(z)] + (1—X)sup[F(y)]
= My (@) + (1= N ().

Therefore, it follows from hypothesis that
sup [F()\sc +(1— )\)y)] = fFz+(1=Ny)

< M @)+ (1 -0 W)
= sup[AF(z) @ (1 - A F(y)],.

r
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Similarly, we deduce that

inf [F(Ax (1 A)y)} < infAF(z) @ (1 - \)F(y)]..

T

Hence, we have proved the theorem. ]

We remark that Theorems 4.2, 4.3 and 4.4 give the char actenzatlon
of the convexity of a fuzzy-valued map F' in the sense that F' is convex
if and only if for every r € [0,1], both ff and g are convex.

- For further comprehension, let us employ the concept of L-R fuzzy

numbers [11].

Let S be a function from R to (—oo, 1]. S is called a shape function [7]
if it satisfies the following conditions: '

(i) For every a € R, the set {x € R: S(z) > a} is a convex subset
of R;
(i) S(z) =1if and only ifz=0;
(iii) the set {z € R: S(z) > 0} is a bounded subset of R;
(iv) S(z) = S(—xz) for all z € R.
Then, for.any shape function S and any r € (0, 1] Sy and Sy denote the
subsets {:1: eR:S5(z)> 7"} and cl{a: eR: S(z) > O} of R, respectively.
Moreover, for every r 6 [0, 1], we put k2 = supS € [0, 00).
Let S,T be shape functions, let m € R and let o, 3 > 0. Then the

L-R fuzzy number p is a fuzzy number defined by
_f max(S(=™),0), ifz<m,
M=) =\ max T(%5"),0), ifz=>m.

Then we shall say that u is generated by the shape functions S and 7'
Further, we shall denote the L-R fuzzy number u by

H= (m) «, /B)LsRT

in the form of a parametric representation. :
We should mention that the above definition of i includes the cases
where o« = 0 and [ > 0 for instance. In these cases, we define p by

| 1y (), if z <m,
M(CE):{ (m} ()

maX(T(mBm), 0), ifz>m.

Further, in the case where a, 8 = 0, 1 is defined by p = 1gy.

As an immediate consequence of Theorem 4.4, we obtain the follow-
ing theorem regarding the convexity of fuzzy-valued maps whose range
consist of L-R fuzzy numbers generated by the same shape functions.

THEOREM 4.5. Let C' be a convex subset of a linear space, let m be
a real-valued function on C, let o, f : C — [0,00) be functions and let
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S, T : R — (—o0,1] be shape functions. Let F' be a fuzzy-valued map on
C' such that for every x € C, F(x) is an L-R fuzzy number denoted by

F(z) = (m(z), a(z), B(z)); 5,
in the form of a parametric representation. Assume that both m and [
are convex and that o is concave. Then F' is conver.

Proor. Without loss of generality, we may assume that S(z) > 0
and T(xz) > 0 for all z € R. Let z € C and let r € [0,1]. We observe
~that ,

[F(x)]r = (m(z) + a(z)S,) U (m(z) + f(2)T;)
and therefore, that
fF(z) = sup [F(:U)]r =m(z) +sup T, 6(z) = m(z) + kI B(x).

Similarly, we have that g/'(z) = inf[F'(z)] = m(z)+inf S,a(z). Further,
we infer by the definition of a shape function that k5 +inf S, = sup S, + -
inf S, = 0 and consequently, that gZ'(z) = m(z) — kSa(x). Hence, since
k3, kT > 0, we deduce from the assumptions of m,a and § that both
fF and g are convex. Thus, by Theorem 4.4, we have proved that F' is
convex. 0

We next present the following result relating to the comparison of
two L-R fuzzy numbers of the same type, which was essentially stated
in [7, 11].

PRrROPOSITION 4.1 ([7, 11]). Let m,n € R, let o, 8,7,6 > 0 and
let S, T be shape functions. Then, for two L-R fuzzy numbers A and
B denoted respectwvely by A = (m, o, B)Lgry and B = (n,7,0)Lgr, @
the form of a parametric representation, A < B if and only if sup A; <
sup B1, sup Ag < sup By and inf Ag < inf By.

Proor. For the sake of completeness, we give a proof. Since the
“only if part” is obvious by the definition of the order relation =, it
suffices to prove the “if part”. Let r € [0,1]. We observe that sup A, =
m + kI and sup B, = n + kX6. Therefore, since sup A; = m and
sup By = n, we infer that

ki (sup A, —sup B,) = ky (m-+kiB—(n+k'65))
=, kg (m—n)+k ki (B—0)
= (kf — kF)(sup A; — sup By)
+kT (sup Ag — sup By).
It is obvious that k' > kX > 0, so that, we have that sup 4, < sup B,.

By the same way, we deduce that inf A, < inf B,. This completes the
proof. 0
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Applying Lemma 4.3 and Proposition 4.1, we simply obtain the fol-
lowing result, which was essentially presented in [7].

PROPOSITION 4.2 ([7]). Let C be a convez subset of a linear space, let
m be a real-valued function on C, let o, : C' — [0, 00) be functions and
let S,T : R — (—o00,1] be shape functions. Let F' be a fuzzy-valued map
on C such that for every © € C, F(z) is an L-R fuzzy number denoted
by
F(x) = (m($)7a(x)7ﬂ(x))LSRT

in the form of a parametric representation. Then, F' is convex if and
only if ff', fI' and gf are conver.

Proor. Let z,y € C and let A € (0,1). By Lemma 4.3 and Propo-
sition 4.1, we infer that F(Az + (1 — N)y) <X AF(z) ® (1 — A\)F(y) if and
only if f{*(Az+ (1= N)y) < A (2)+ (1= N ), f§7(Az+(1-Ny) <
M (@) + (1= 2 (y) and g§' (Az + (1 = Ny) < Mg (z) + (1 = \)gg (v).
This completes the proof. ' O

4. Minimization Theorems for Fuzzy-Valued Maps

In this section, we establish some minimization theorems for fuzzy-
valued maps on a compact topological space. First, let us begin with a
brief introduction of optimization problems with fuzzy constraints, which
were discussed in the previous papers (see [3, 5, 11] for instance).

Let X =R", let E = R% = [0,00)" C X, let c1,¢p,..., ¢, € R and let
f be a real-valued function on F defined by

f(z) =c1m1 + camo + -+ + Cny

for every © = (@1, %2,...,%,) € E. Let a;; € R for every 1 =1,2,...,m
and every j = 1,2,...,n, let g1, 92, ..., gm be real-valued functions on E
defined respectively by

9i(z) = au®1 + apzy + -+ Ay
for every z = (z1,2y,...,2,) € E and every 4 = 1,2,...,m and let
Ey = {x € E:glz) <b,i= 1,2,...,m},

where b; € R. Then, as a usual linear programming problem, we know
the following:

Find z¢ € Ep such that f(zo) < f(z) for all z € Ey.
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However, in actual problems, the coefficients of the constraint func-
tions g; are often fuzzy because of, for instance, vagueness or imprecise-
ness of our judgment (estimation, evaluation or measurement) about the
data. The concept of fuzzy numbers might be applied to these cases.

Let S, T be shape functions and let A;; be L-R fuzzy numbers denoted
by Aij = (aij, 2, Bij)Lsry in the form of a parametric representation for
every i = 1,2,...,m and every j = 1,2,...,n, where ay;, 8;; > 0. Then
we define fuzzy-valued maps G1, G, . .., G, on E respectively by

Gi(z) = A1 @ Aipza @ - - @ Ay,
for every £ = (%1, %Z2,...,2,) € E and every : = 1,2,...,m and let
By ={z € E: Gyz) <b,i=1,2,...,m}.

Then, as a contingent plan, the following fuzzy optimization problem can
be stated:

Find zo € Ey such that f(zg) < f(z) for all z € E.

In the above, the objective function f is nonfuzzy, whereas the con-
straint functions are fuzzy. So, it could be appropriate to consider that
the objective function is also fuzzy, namely, a fuzzy-valued map on E. In
that situation, we might for instance employ a fuzzy-valued map F on E
instead of f defined by

F(z)=Ciz1 ®Coxg @ - & Cprz,
for every z = (21,%q,...,2,) € E, where C1,Cy,...,C, are L-R fuzzy
numbers denoted respectively by
Ci = (¢i, %, 0i)LsRer
in the form of a parametric representation for every i =1,2,...,n, where

7,8 > 0. Consequently, the following minimization problem has been
presented: '

Find zo € Ey such that F(zg) < F(z) for all z € E).

It may be said from the above discussion that these problems are
fuzzy analogues of linear programming problems. Naturally, the following
optimization problem in terms of fuzzy-valued maps arises as a fuzzy
analogue of convex problems of the generalized form; see also [9, 14]:

C being a convex subset of a linear space and F' being
a convex fuzzy-valued map on C, find z¢ € C such that
F(zy) X F(z) for all z € C.
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In the rest of this chapter, we shall prove some theorems in reference
to the above problems. First of all, let us give a definition of the lower
semicontinuity of fuzzy-valued maps on a topological space.

Let F' be a fuzzy-valued map on a topological space X. F'is said to
be lower semicontinuous on X if for every r € [0, 1], both fI and ¢ are
lower semicontinuous on X. \

Next, concerning the concept of L-R fuzzy numbers, we prove the fol-
lowing theorem, which gives a sufficient condition for fuzzy-valued maps
on a topological space to be lower semicontinuous.

THEOREM 4.6. Let C be a nonempty subset of a topological space, let
m be a real-valued function on C, let a, f: C — [0,00) be functions and
let S, T : R — (—o0,1] be shape functions. Let F' be a fuzzy-valued map
on C_such that for every z € C, F(z) is an L-R fuzzy number denoted
by

F(z) = (m(m), a(m),ﬂ(az))LSRT
in the form of a parametric representation. Assume that both m and
are lower semicontinuous on C and that o 1is upper semicontinuous on
C. Then F is lower semicontinuous on C. ‘

PrOOF. Let z € C and let 7 € [0, 1]. Since ff'(z) = m(z) + kX B(z),
we infer by the assumptions of m, [ that f, is lower semicontinuous on
C. Similarly, by the equation ¢ (z) = m(z) — kZa(z), it follows from the
assumption of a that g, is lower semicontinuous on C. This completes
the proof. (]

Moreover, we need the following definition and notation. Let X, I be
a nonempty set and let {h; : 4 € I'} be a family of real-valued functions
X. zo € X is sald to be a common minimizer of {h; : ¢ € I} in X if
hi(zo) < hy(z) for every x € X and every 4 € I. Let F be a fuzzy-valued
map on X. We denote by PF the family { JE,of +r € [0,1]} of real-
valued functions on X. Then, for any zq € X, it is easy to check that
F(zo) X F(z) for every z € X if and only if 2 is & common minimizer
of PF in X.

Now, we establish the following minimization theorem.

THEOREM 4.7. Let F' be a lower semicontinuous fuzzy-valued map
on a compact topological space X. Suppose that every finite subfamily of
PE has a common minimizer in X. Then there exists o € X such that
F(xg) =X F(x) for every z € X.

PrOOF. For every 7 € [0,1], let C, = {z € X : ff'(z) = ;g)f{ff(y)}
and let D, = {z € X : ¢['(z) = ;él)f{ 95 (y)}. We observe that both

C, and D, are nonempty closed subsets of X. Further, we infer by
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hypothesis that the family {C, N D, : r € [0,1]} has finite intersection
property. Therefore, we deduce that ﬂ (C’T N Dr) # (). This implies
rel0,1
that there exists zo € X such that for eve.ly z € X and every r € [0, 1],
fF(xo) < fF(z) and gF(zo) < gl (), that is, zo is a common minimizer
of PF in X. Hence, we have zo € X such that F(zo) = F(z) for every
x € X. This completes the proof. O
Further, we obtain the following minimization theorem for lower semi-
continuous and convex fuzzy-valued maps on a compact convex subset of
a linear topological space. '

THEOREM 4.8. Let C' be a compact convex subset of a linear topo-
logical space and let F' be a lower semicontinuous and convex fuzzy-
valued map on C. Let ¢ be a real-valued function on C x PF defined
by p(z,h) = h(z) — Lr.leigh(u) for every (z,h) € C x PF. Suppose that v
18 concavelike in its second variable. Then there exists xo € C such that
F(zo) X F(z) for allz € C. A

PROOF. By the hypothesis of F, we deduce from Theorems 4.2
and 4.3 that for every h € PF, the function z — ¢(x,h) is convex.
Therefore, we infer that ¢ satisfies the assumptions of minimax theorem.
Hence, we have that

sup ming(z, h) = min sup @(z, h)
hepF #€C 2€C pepr

and consequently, that min sup 90(:13, h) = 0. This implies that there ex-
reC hE’PF

ists zg € C such that p(zg,h) < 0 for all h € PF, that is, h(zg) <
1;11Eigh(u) for all h € P¥. This completes the proof. ’ O
Moreover, we prove the following two theorems relating to the concept
of L-R fuzzy numbers. ’
Let F' be a fuzzy-valued map on a nonempty set X. The symbol Pf
denotes the family { i e } of real-valued functions on X.

THEOREM 4.9. Let C be a nonempty subset of a topological space, let
m be a real-valued function on C, let o, B : C — [0,00) be functions and
let S,T: R — (—o00, 1] be shape functions. Let F' be a fuzzy-valued map
on C such that for every z € C, F(z) is an L-R fuzzy number denoted
by
F(o) = (m(x), ale), Bz)), 5.
in the form of a parametric representation. Then there exists xq € X

such that F(xg) <X F(z) for all x € X if and only if there exists zo € X
such that o is a common minimizer of P§ in X.
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Proor. Let zo € X. By Proposition 4.1, it is easy to verify that
F(zy) X F(z) for all z € X if and only if for every z € X, ff(zg) <
ff(z), fE(zo) < f&(z) and gf (z0) < ¢f(z), that is, 7o is a common
minimizer of P{ in X. This completes the proof. (]

THEOREM 4.10. Let C' be a compact convex subset of a linear topo-
logical space, let F' be a convex fuzzy-valued map on C such that for every
z € O, F(z) is an L-R fuzzy number generated respectively by the same
shape functions. Suppose that for every h € PL, h is lower semicontin-
uous on C and that the real-valued function pg on C X PE defined by
wo(z, h) = h(z) - Iuréigh(u) for every (z,h) € C x P is concavelike in its
second variable. Then there exists zy € C such that F(zg) < F(z) for
allz € C.

PRrOOF. Applying minimax theorem, we have that

hset;)% 1;1%151(,00(:1:, h) = min hseup% wo(z, h).
Consequently, we deduce that there exists zo € C such that wo(zo, h) <0
for all h € PL, that is, h(zg) < Eleigh(u) for all h € PF. Hence, by
Theorem 4.9, the statement ensues. O

By the above discussion, we remark that, when we impose on a fuzzy-
valued map F' being “L-R fuzzy-valued”, we can confine ourselves to the
family PL.

We conclude this section by providing an example of fuzzy-valued
maps satisfying the assumptions in Theorem 4.10.

ExXAMPLE 4.2. Let C be a compact convex subset of a linear topolog-
ical space, let m : C' — R be a lower semicontinuous and convex function,
let @, > 0 and let 5,7 : R — (—o0, 1] be shape functions. By virtue of
Theorems 4.5 and 4.6, let us define a lower semicontinuous and convex
fuzzy-valued map F on C by the relation

F(z) = (m(x), a, ﬂ) LR
for every z € C. Then we infer that for every r € [0,1], fF(z) =

m(z)+kL B and gF' (z) = m(z)—kJa and therefore, that g is concavelike
in its second variable.

5. Summary and Further Problems

In this chapter, we have dealt with the concepts of fuzzy numbers
and fuzzy-valued maps in connection with fuzzy optimization problems
and proved some minimization theorems for fuzzy-valued maps in the
framework of nonlinear analysis, in particular, convex analysis. So, in
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connection with ordinary convex problems, we can present the following
problem as a topic of our next study.

ProBLEM 1. To introduce the concept of derivatives of fuzzy-valued
maps.

Moreover, we have observed that problems on the solutions of fuzzy
optimization problems are logically equivalent to those on the common
minimum solutions of a family of real-valued functions (see Section 4,
p. 55). Therefore, we can also state the following.

ProBLEM 2. To study mathematical areas to which our theorems or
our methods used in the proofs may be applied.
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