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1 Introduction

Motivation In -a system of many identical particles, several quantum states can
be generated from a given state by interchanging particles. These states however
describe the same physical state. When we interchange two particles, the state
vector either does not alter or it acquires a factor of —1. The idea mentioned above
leads us naturally to the concept of boson and fermion.

The procedure of second quantization reflects this property. In the path-integral
formalism, we have to sum over all possible field configurations. Bose fields take
values in the real or complex numbers. Fermi fields, however, take values in the
grassmann numbers. Grassmann numbers play the role of producing the statistical
factor of fermi particles.

In recent investigations of three dimensional field theories, for example the non-
linear o-model with the Hopf term or the Chern-Simons term, it is pointed out that
the statistics of the particle is changed by interactions [1]. The O(3) non-linear
o-model, or the C P! model in three dimensions describes a low-energy behaviour of
antiferromagnetic magnons in two dimensions. For example, we can derive the C P!
model in three dimensions as the effective theory of the Heisenberg antiferromagnets
in two dimensions [7]. The C P! model consists of several charged scalar fields and
a U(1) gauge field. There are no kinetic terms for the U(1) gauge field. In this
case the magnons are described by these bosonic variables and obey bose statistics.
However if the effective theory contains a U{(1) Chern-Simons term (or the Hopf
term), the statistics of the magnons is transmuted.

One of the simplest examples of how particles acquire a statistical factor through
interactions, is a system of two scalar particles in two spatial dimensions interacting
with the Chern-Simons gauge field. The equations of motion inform us the fact
that a magnetic flux is present only at positions of the particles: the field strength
vanishes at all other points. If one particle goes around the other, a wave function
of the two particles acquires a phase factor due to the Aharonov-Bohm effect. This
phase is proportional to the strength of the magnetic flux which depends on the
coefficient of the Chern-Simons action. Let us consider what happens if the phase

were to take the value 7 when one particle winds a half times (which corresponds



to interchanging of particles). In this case, the wave function acquires the factor
of —1 by interchanging particles. This provides a clue as to how the statistics of
scalar particles is transmuted into fermi statistics by the interaction. If the phase
takes the value am (where « is not an integer) when one particle turns a half times
round the other, these particles interacting with the Chern-Simons gauge field obey
‘fractional statistics’ and are called ‘anyons’.

It is an attractive problem to construct spin systems whose low-lying excitations
are described by anyons. Answers are not apparent because the Chern-Simons action
violates parity invariance. If the (microscopic) hamiltonian of a system is invariant
under parity transformation, the parity invariance has to be spontaneously broken.
Wen, Wilczek and Zee have constructed such a model of a two-dimensional antifer-
romagnetic spin system [5]. There are not only nearest neighbour interactions but
also next-nearest ones in this model. They have explicitly shown in the mean-field
approximation that magnons in this system obey fractional statistics. There are
many investigations on the statistical properties of anyons. Readers are referred to
ref.[8] for the review of this topic. We do not treat this subject in the text.

If statistics-changing-interactions of particles in an effective theory are generated
by a topologically invariant term, there is a possibility that this theory has parity
invariance. For example, suppose that interactions are generated by a Hopf term,
which is a topological invariant. With the proper choice of coefficients, this term
takes the value (2n+1)x,n € Z for all field configurations. In this case the partition
function of the theory remains unchanged even if the parity transformation changes
the sign of the Hopf term because el?*t1)™ = ¢=(2n+1)™ — _1  So far a spin system
in two dimensions of which an effective theory contains the Hopf term has not yet
been constructed . In one dimension however, there exists a spin system whose
effective theory (which is described by a two-dimensional field theory) contains a
topological term.

A topological term such as the Hopf term produces the interaction which changes
the statistics of particles in three-dimensional field theories. On the other hand, in
two dimensional field theories, a topological term can change the energy spectrum

of particles. For.example, consider the topological term in the O(3) o-model in



two dimensions (called the ‘G-term’). We can obtain the O(3) o-model with the
f-term as an effective action of the Heisenberg antiferromagnets in one-dimension
[6, 7]. The f-term produces the difference between qualitative properties for integer
spin and half-integer spin in the Heisenberg antiferromagnets. If the Heisenberg
hamiltonian has integral spin, the f-term takes the value 2min,n € Z for all field
configurations. This implies that the #-term does not contribute to the partition
function of the effective theory. It is well known that the energy spectrum of the
O(3) o-model without the #-term has a gap. In the other case, namely if the
hamiltonian has half-integral spin, the #-term takes the value win,n € Z. We have
to take account of an effect of the §-term. The #-term is expected to give important
effects. In fact, the Heisenberg antiferromagnets with spin 1 has a gapless spectrum.
This implies that an excitation spectrum is changed by the #-term. Note that the
effective theory has parity invariance even if the sign of the #-term changes under
the parity transformation.

In relativistic quantum field theories the statistics of particles is closely related to
their spin. The question arises in relativistic theories whether interactions changing
the statistics of the particles also transmute their spin. Polyakov has dealt with the
C P! model in 3 ;:_ﬁmensions coupled with the Chern-Simons gauge field. This is re-
garded as an effective theory of a strongly correlated electron system in 2 dimensions
[2]. He calculates the propagator of the charged scalar particle in the long-wave-
length limit. The claim is that the self-energy of the particle generates spin degrees
of freedom and that the bosonic propagator is transmuted into a fermionic one.

He first describes the propagator in terms of a functional integration over tra-
jectories of a particle. The particle interacts with the Chern-Simons gauge field.
Corrections coming from matter-loops are ignored in the long-wave-length limit.
Next he takes the average over the Chern-Simons gauge field and the self-energy
correction is estimated in a certain regularization. The resulting self-energy is equal
to the torsion of the trajectory. Since the torsion term contains higher derivatives of
the particle coordinates, the particle may acquire new degrees of freedom associated
with the unit tangent vector along the path [9]. He rewrites the torsion as a spin fac-

tor which gives the commutation relation of spin to the unit tangent vector. Due to



the spin factor, the propagator of the scalar particle, dressed with the Chern-Simons
gauge field becomes the Dirac propagator.

In this argument, however, there are several unclear points. The measure in
the path integral is not clearly defined. And the regularized self-energy seems to
depend on the regularization procedure: the result may change if we take other
regularization schemes [11]. For this reason, the relationship between the self-energy
and the spin factor is not obvious. The results of Polyakov refer to the one particle
sector, for this reason it has not been explicitly shown whether the statistics of the
charged scalar particle are also transmuted by the Chern-Simons term.

The main purpose of this thesis is to elucidate these problems. We justfy
Polyakov’s argument. Further, we obtain an exact result on bose-fermi transmu-

tation in second quantized field theories.

Organization of the thesis In the next section, we treat systems of free scalar
and free Dirac fields. We discuss that the path-integral representations of partition
functions and the free energies [3]. The partition functions are obtained by integra-
tion over all possible configurations of fields, and the free energies, by integration of
all possible trajectories of particles. In the path-integral description of free energies,
the action is determined in the bosonic case by the lengths of paths. In the fermionic
case on the other hand, the spin factor is added to the bosonic action . We also
comment on the path-integral representation of the propagators of both particles
[2, 4, 17, 18, 19, 20, 22].

In section 3 we deal with a system of many scalar particles coupled with the
Chern-Simons gauge field. Here we analyze the relative energy between different
particles and the self-energy. The relative energy is found to be topologically invari-
ant and its value is quantized. On the other hand, the self-energy is not completely
topologically invariant. However its value is quantized if the trajectories lie on a
certain plane. The relationship with the spin factor, which plays an important role
in section 4, is clarified through this feature [14, 16, 24].

In section 4 the result obtained in section 2 is extended to the case where these

systems are coupled to an external gauge field. Then a bosonic system coupled to



the Chern-Simons field is studied. Here it is shown that the partition function of
the system is identical with that of a free fermion theory. This is the result on the
bose-fermi transmutation in relativistic quantum field theories [24, 25]. The last

section contains our conclusion and discussions.



2 Path-integral representation of partition functions and

free energies

In this section we show that the partition functions and free energies of second
quantized systems can be represented in terms of functional integrations. Partition
functions can be described by a summation over all configurations of a field while

the free energies are described by summing over closed random paths of a particle.

2.1 A scalar field

Partition function In this paragraph we compute the following path integral (or

the functional integral) over a complex scalar field
Zp = / DD =55, (2.1)

where the action is defined by

(2
SB - -[) dwo/de{laﬂqS]z + m2|¢|2}1 b= 01 1: - D. (22)

The field ¢(z% x)} is assumed to satisfy the periodic boundary condition ¢{0,x) =
#{8,x). We wish to show that the above formula is identical with the partition

function of the relativistic bose gas. The field ¢(z°?,x) is expanded as follows:

de 21m ik.
$(z%,x) = Ef(2 S Gae BTk (2.3)
The action Sp is written in terms of momentum representation:
dPk 0
$5= 52 [ Grp el + B (2.4)

where w, = 2mn/f, and Fy = v'k? 4+ m?2. The measure of the path integral eq.(2.1)

is determined by the following norm of a functional space:

8
561F = ["da® [ aPxisg(a®, )P
de

= —Z f o AL (2.5)

Therefore

Dé*Dgﬁ ¢‘nk




This shows that integration variables are not ¢, but i"/;—: Substituting eq.(2.4)

and eq.(2.6) into eq. (2.1), we can perform the following Gaussian integral:

D
7 = [Tl eel-3 [ oS« b

= const. [ [(w? + E})™*
n, K

= const. exp{— 212 In(w? + E¢)}. (2.7}

Next we consider the summation over n in the above equation:
> Inf{w? + E?). (2.8)
We rewrite this in the following way.
E? s 1
(28) = Zf W e

E2d2 1
= t
'6/ ﬁcheﬂ"—-l —z2 42

5[ a0 f ) (29)

271'2

where the contour C encircles the imaginary axis in z-plane. Since we have no inter-
est in additive constants, the lower limit of the integrated interval is not specified.
We sec that a contribution to the contour integral comes from the residues at » = +#

after deforming the contour C. Then the last formula in the above equation becomes
B2 dz
2 —
ﬂ/ dt c 2m'g(z)

B2
= —ﬁf dt2{ReSz-—-t g(Z) + Resz:-—-t g(z)}

B "ﬂf dtz T 1"e-ﬁtl—1)
- ﬁf dt(eﬁt-1 - 6—5‘1—1)
= 2(In(l —e™PB) 4 %E). (2.10)
Inserting eq.(2.10) into eq.(2.7) we obtain
Zp = const. exp {— QﬁV/ (de {1 In(1 — e #5k) + %—k}}, (2.11)



where V denotes the volume of the D-dimensional space. The exponent in the above
equation is identical with the free energy of the ideal relativistic bose gas (up to the
factor —f3). The term %k corresponds to the zero-point energy. Therefore Zg is the
partition function of this system. q.(2.11) indicates that Zp gives a functional-
integral form of the partition function.

The product in the second line of eq.(2.7) can be alternatively described by the

product over eigen values of momentum operators:

Zp o [J(wi + BR)™ = det™ (B3 + B* +m?), (2.12)
n,k
or
Zp o [[(wy + EX)™ = exp{—TrIn(8} + p* + m?*)}, (2.13)
nk

2rn

G
in the above formula is taken using the following orthonormal basis:

where pp has the discrete spectrum 222 and p has the continuous one, k. The trace

R 27n
pg]n > = Tln > < n]m = 6'nm;
pk> = klk>, <klk'>=§k-k). (2.14)

Then
Trln(pg + p? + m?) = /deZ < n|®@ < k|In(} + p* + m*) |k > ®|n >

- dik21 ( 2”—”)2+k2+m ) < klk >
dPk LTI
= V/(2 )DZI (G + 1+ m?). (2.15)
This is the same formula as in the last line of eq.(2.7). Thus we find

Zp = const. exp{—TrIn(52 + p* + m?)}. (2.16)

If # = oo, the summation over n appeared in eq.(2.15) are replaced by an inte-
gration over a continuous variable because po has a continuous spectrum as well as
pP. In this case

dky dPk

s MU+ ), (2.17)

Trin(p) + p* + m?) = V.. f

10



where V,;. = BV. The factor § = oo is absorbed by V, ;. Eq.(2.13) implies that the

formula
dko dPk
2r (2 )P
expresses the free energy per unit volume at § = co of this system (see below). In

———= In(kZ + k¥ + m?) (2.18)

the following we try to rewrite this quantity into a functional integral over random

paths.

Free energy ! The partition function Zp and the free energy Wy are related with
the following formula:

Zp =P8, (2.19)

In this section we treat the free energy per unit volume wg = Wg/V rather than

Wpg. From eq.(2.16) and eq.(2.19), we have

Zp = const.exp{—TrIn(52 + p%+ m?)}

= exp{—pVuws}. (2.20)
This equation shows
wg = ﬁ_VTl In(2 + p* + m?). (2.21)
From eq.(2.17), the above equation becomes
dko dP k
/2; ol n(k2 + k2 + m?) (2.22)

when 8 = oo.
The purpose of this paragraph is to show that wg at # = co can be written in

terms of a functional integration over closed particle trajectories %

1 .
wp = const./ Vf‘ft exp{—mofo dry X?}. (2.23)

A closed trajectory of the particle is described by X*(r)(¢ = 0,---,D) which
satisfy X(0) = X(1). The action mq [ drv/ X2 is invariant under the following

reparametrizations (or local transformations):

7= f(r), f(0)=0 f(1)=1 % > 0. (2.24)

! Our discussion in this paragraph is restricted to the case of # = oo.
2From here we use the D+1-dimensional ‘relativistic’ notation %2 = ()P + ()%, DX = Hf:u DX, a-
b=ab=a" +a.b, etc.

11



In eq.(2.23), Vi (called the gauge volume) denotes the volume of the transformations.
Since X (7) and X (f(7)) represent the same path, summation over X(f(7)) varying
f(r) means infinitely counting contributions from one path. The gauge volume Vjz
in the denominator in eq.(2.23) eliminates this redundancy.

The above equation (2.23) is a formal expression since both sides of this equation
have divergences. These have to be regularized in order to make sense. Following

the asymptotic expansion
odt _,,
- / ?e = In ez + regular terms of ¢, (2.25)
. €

we shall regularize the free energy wg:
dky dPk 9 12 0
wg = gw 1]1(]80 + k + m )

dPH1f  peo dL

= wh. (2.26)

We notice from eq.(2.11) that the free energy at # = oo is the summation of zero
point energies of oscillators with eigen-modes Fy. As the cut-off parameter ¢ tends
to zero, 1t diverges to +oco.

We have to regularize the r.h.s. of eq.(2.23) as well. In this section dynamical
variables in functional integrations are treated as those depending on a continu-
ous parameter 7 and high-frequency modes are cut off. In section 4, a different
regularization will be adopted.

First we write eq. (2.23) in the following more convenient form:

?”f‘fth exp {—-% j: dav‘()j(“)h_1 +mah)}, (2.27)
where h(7) is an einbein which transforms under these local transformations (or the
gauge transformations) (2;24) as follows: 3

W) = K(f), hr) = K(F() L. (2.28)

We shall explain the equality between r.h.s. of eq.(2.23) and eq.(2.27). In classical
theory, the equality is easily checked by using the equation of motion for A(7). In

33ee appendix A.

12



quantum theory, A can be integrated by using the gauge-invariant measure (see

below) and by the formula

d&: aZe—b? / \/7? —2ab
VT = 2—em Y, 2.2
0 ‘\/_ a ¢ ( 9)
Then we turn back to the original formula eq.(2.23).

The measure in eq.(2.27) should be determined in a gauge-invariant way. This

can be done on the basis of the following gauge invariant norms [3, 18].

6611 = [ drh(r)(69)" (230)
for a scalar 64,
sl = [ dri(r)(=(r)on(r))? (2:31)
for a covariant vector én,
661 = [ drh(r)(h(r)se(r))? (232)

for a contravariant vector 8€. Note that a scalar or a vector is determined by its
transformation law under the general coordinate transformation in one dimension®.

Next we change the integration variable Dh. For any einbein h(7) there exists
some gauge transformation such that the einbein after the transformation is 7-
independent. In fact, for a given einbein A(r) we can do this by choosing the

following local transformations
flr) = f dr'h(r'), L= f(1). (2.33)
Then the transformed einbein becomes
K{(f)=L. (2.34)

This shows that the einbein can be parametrized by a pair (L, f(7)). In fact, from
eq(2.28):

af
h(r) = s (2.35)
A small deformation 6k is also parametrized by the new variables:
af | pdéf
8h = 6L L—
(7) s
= (6L + L6+, (2.36)

*The transformation properties of these quaniities are summerized in appendix A.

13



or
h~Y(r)éh({r) = L~Y6L + 6§, (2.37)
where the dot means d/df. The gauge invariant norm ||64|| follows eq.(2.31) ®:
1 . .
I8IP = [ Ldf(L-2(6L) + L (8L)6S + (65)7)

= [ o@en + eh?
§L2
T

where the second term in the first line vanishes because 6f(0) = §f(1) = 0. Since

+ [ arnesh, (2.39)

6 f is a contravariant vector(see appendix A), the norm ||§f]|* should be determined
by eq.(2.32):

BosiE = [ arwwssy

1 3 '
- / df (L36F). (2.39)
0
From eq.(2.38) and eq.(2.39), we get

where det’ is the product of the eigenvalues except for the zero-eigenvalue. This
determinant can be calculated under the regularization previously mentioned [3].

The result is (see‘ appendix B)
det’%(—L*%z = N(e¢) e/ L, (2.41)
where € is an ultraviolet cut-off parameter. The constant factor IV diverges as € — 0.
It is easily seen that the action in eq.(2.27) does not contain f(r)} when we
use the parameter (L, f(7)). The gauge volume in the denominator in eq.(2.27)
means eliminating the integration over a redundant variable such as [Df. The
gauge volume Vg contains not only f[Df but also the volume of the translation
T —=7+a, 0 <a <1. Infact, h(7) and k(7 + a) describes the same einbein because

of the periodic boundary condition A(0) = A(1). The gauge invariant norm ||da|[? is
subject to eq.(2.32). Therefore

Ve = [Df]d(L%a) - L%/Df (2.42)

5See appendix A *

14



From eq.(2.40), eq.(2.41) and eq.(2.42) we get

[Dh  J4EDf det3(—L725)

Ve o L [Df
- N /:o% g~ (2.43)

Employing eq.(2.43) and the parametrization eq.(2.35), we now calculate the
path integral eq.(2.27). The action is described as follows:

/0 YA (XL 4+ maL). (2.44)

Note that the action does not contain the zero mode. This fact is checked as follows.
According to the periodic boundary condition X(0) = X(1), we can expand X(f)

as follows:

X(f) = X+ ane®™™f
ns#0
= X.+Y(f), (2.45)

where X, is a constant which corresponds to the zero mode. Other modes are
described by Y(f). Thus

Eﬂ@%*+%@=£#@%*+%). (2.46)

Next we treat the measure DX. The particle coordinates X(f) transform as a

scalar under reparametrizations. The measure is determined by the norm eq.(2.30):
l6X1? = [ hdr(sx)?
- fL#MXP

= / df(L36X 2. (2.47)

This implies that the integrated variables are [3X rather than X. Further we
decompose the measure DX into the measure of the zero mode and that of other

modes:

/ DX = ] dPH(L3X,) / DY
= 1%V, / DY, (2.48)

15



where the integration over X, gives the factor V; ;. We can perform the integration

over Y as follows:

JoyetIE — [pyessfonhie

_ /Dye-—%f(YL%)( ~L2 &) (v L3)

1_ D41 _ d2
= const.det ~ 72 (L 23?-2- (2.49)
Eqs.(2.46)-(2.49) give the following calculation:
DXDh 11 ;
[ @ b m?
VGI/s.t. exp{ 2-/(; T( +m0h)}
. oo dL =L D+1 1 ]' 1 2 —1
- N_/Ez LVH eTvRe /d (LzXc)/DYexp{——/ df (V2L + m2L))

= constf —L tdet' ( L‘zdfz)exp{ 2(\/_6 ma)L}

o L
— const. f aL o exp(—5m?), (2.50)

where a physical mass m has been defined in the last line:

m’ =md — cozst. (2.51)
Another calculation gives
ah = - [ o [ E (L 4}
= ()P [T e (). (2.52)

Comparing eq.(2.50) and eq.(2.52), we obtain eq.(2.23).

2.2 A Dirac field

Partition function Next we consider a functional integration over a Dirac field

ZF: 6

Zr = f DFDY &5+, (2.53)

Sp = ]: dr / dPxP(iv 8, — m)ep.

8Our convention for the v matrices is 7I = —p, {Yu W} =-=26%.

16



In this case the fields (2 x) and 9(z° x) take values in grassmann numbers and
satisfy the anti-periodic boundary condition, %(0,x) = —¥(8,%). We expand the
field ¥(z°,x) following the above boundary condition:

de j2m(ndl) 0 fex
P(z°,%) = E/ (@m)D Vrke mEkx, (2.54)

The action S is described by 1,y and %, in momentum space:

D
178 kD Gy + 7+ ) (2.55)
=82 @r

where &,, = 2—’};& After the same calculation as in the case of the scalar field, the

integration measure in eq.(2.53) becomes

'l.bn k "wbn,k

)d( /)

Before computation of the path integral eq.(2.53), we review integrations over

DYyDp = H d(

(2.56)

grassmann variables.
Let us consider two grassmann numbers ¢ and ¢. These satisfy the following
relation:

c&c=cc=¢+cc=0. (2.57)

Integration over € and ¢ obeys the following rule:

jdc:/dé=0, fdcc=fd55= 1. (2.58)

Note that grassmann numbers and their differentials anticommute each other. For

example we compute the following integral:
f dz de e, (2.59)

where a is a complex number. According to the anticommutation relation eq.(2.57),

we notice

e =1 — zac. (2.60)

This leads to

/ dedce™™ = f dede(1 — 2ac) = +a ] dezdec = a. (2.61)

17



Sirnilarly one can show
/ T1 de:de;e=54% = det A, (2.62)

where ¢ and ¢; are grassmann numbers (¢,7 = 1,---,n) while 4 is an n X n matrix
whose entries take values in complex numbers.
Now we turn back to our problem. We can perform integration over grassmann

fields 1,3 and P,y following the same rule as eq.(2.58):

Zyp = de(¢”k (% xp{— Zf dk%( 0~n+7’k+m)1’f;3k}

= const. | [ det(y°@, + v-k +m). (2.63)
nk

In the second line, det means taking the determinant of an s X s matrix, where s
denotes the number of components of the Dirac field. The determinant in the above

equation should be invariant under the change n,k — —n, —k. Therefore

det(y°®, + vk +m)
= det? {(1°@n + vk + m)(—1°G — vk +m)}
= det?(@? + K® +m?)I
= (@} + ER)%, (2.64)
where we have used the relation {v,,v,} = —26,,. In the second line I stands for
the s x s unit matrix. Inserting this result into eq.(2.63) we have
Zp = const. [[(&* + E})3
n,k
= const. exp{f Z In(@? + EE)}

o + E)). (2.65)

Next we take the summation over n in the above formula as we have done in the

case of the scalar field:

1
1 ~2 2 —
zn:n(w + 5 ﬁf meeﬂz—i-l —z2 412
1
= — dt —
ﬁ/ (eﬁ‘—]—l e'm—l—l)

= 2(ln(1 + e #F) + %). (2.66)

18



Substituting this into eq.(2.65) leads to the final result:

D
Zp = const. exp{sﬂVf ¢’k {1 In(1 4+ e#Fx) 4 —Eélc-}} (2.67)

Thus Zr is the partition function of the free Dirac field.
The partition function Zg is also calculated introducing the first-quantized op-

erators Py and P as we have discussed in the previous case:

Zp = const.det{y’Hy + vp +m)
= const. exp{%Tr In(y°po + v-p + m)}. (2.68)

The eigen-value of the operator f, which is determined by the boundary condition
for the fields, becomes @, = (2n + 1)7 /8 instead of w, = 2nx/B. These values lead
to the change in sign of e "k in the integrand of eq.(2.67)(see eq.(2.11)). Note that
the power of the determinant in the first line of eq. (2.68) has the opposite sign to
that for the scalar field in eq.(2.12). This gives the statistical factor for a fermion
loop.

As was shown in the scalar theory, the free energy of the Dirac field can also
be described by a functional integral over closed paths of a particle. Paths of a
spinning particle are usually described employing grassmann variables [3]. Here
we give a description in terms of bosonic ones. Although a bosonic description is
possible in arbitrary dimensions [12], here we only consider it for D +1 = 3. In this
case, s = 2 and we can choose v* = —io*, where ¢¥* are the Pauli matrices. The
partition function Zg at 8 = oo can be written as

Zp = const.exp{Trln(—ic-p+ m)}

Ak
(27)

where fr means taking the trace over spin indices. The main difference from the

= const. exp{Vs.t.

wgtrin{—io -k +m)}, (2.69)

scalar particle is in the fact that we have to take the trace over the spin indices. For

this purpose it is convenient to use SU(2) coherent states [15].

SU(2) coherent states In this paragraph, we shall explain SU(2) coherent states.

These are parametrized by the unit vector e = (sin @ cos ¢, sin 8 sin ¢, cos 6):
le >= e 5| J, J >, (2.70)
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where u = (sin ¢, — cos ¢,0). The spin generators S* satisfy [S#, §¥] = i¢®V*$* and
[J, J > is the highest weight state in the spin-J representation. The SU(2) coherent

states have the following three properties (see appendix C):

1
Partition of unity : jzi: sin 8dfdgle >< e| = 1. (2.711)

Inner product: < e+ bele >= elAleteeecl 4 O((e)?), (2.72)

where Ale + e, e,eg] is the area of a spherical triangle with vertices e,e + e and
eo = (0,0,1).
Expectation value: < e]§*le >= Je*. (2.73)

Employing these properties, the amplitude

L
< es|Texp fo dts - T)e: > (2.74)
can be written as a functional integral:
N-—1
(2.714) = 1\11_{1:010 < e ;[;_](; (1 4+ ALS - T(%:))|e: >
L
= /‘De exp (iJ Aley, e;, €o) —I—/O dte - J), (2.75)

where J is a c-number source. Since L is a gauge invariant quantity, AL plays a

role of gauge-invariant cut-off. Therefore the measure

N-1
De= lim [] 2/ +1
N—oo i=0

sin 0(t;)d0(t;)dé(t:) (2.76)

is determined in a gauge-invariant way. In the last equality in eq.(2.75), Aley, e, eo)
1s the area on the sphere encircled by the curve e(¢) and two geodesics. One geodesic

connects ep and e;, the other connects ey and ep. In particular, when e; = ¢y,
Aley, e;, e0] = ®[e] becomes the area encircled by the loop e(f). We shall call ®[e],

the spin factor. An integral representation of the spin factor is given by *
1 1
Ble] = / dr / dT’E””Aé'”(T, 7a,€" (T, T')&,:EA(T, '), (2.77)
o 0
where &(7,7’) is an extension of e(r) satisfying

&(7,0) = eo, &(7,1) = e(7), &(0,7") = &(1, 7). (2.78)

"Here we change the variable ¢ to T such that r = /L
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Different extensions lead to spin factors which differ by an integral multiple of
4. This is explained as follows. Eq.(2.78) shows that the parameter space (7,7}
can be regarded as a disc. Let us consider the two different extensions &(r,7') and
&(r,7'). Parameter spaces of € and & are denoted by D, and D_ respectively.
Since € and € take the same value on each boundary, we can make a sphere from
the two discs identifying one boundary with the other (Dy U D_ ~ $?), and define

the continuous map &: 5% — 5%

_ g€ pebD
&(p) = { 3 T (2.79)
g peD_

The difference of two spin factors can be rewritten as follows:

/ ¢ ehde” A de* — ] i A dg = j e rerdet Aded (2.80)
Dy 52

The r.h.s. of the above equation counts how many times the image & wraps the

sphere. Therefore

fs e ghde A de = drn, n € L. (2.81)

This result shows that exp {¢J®[e]} is independent of the choice of extension if J
is an integer or a half-integer. Note that the spin factor can also be represented in

Free energy Now we discuss the free energy of this system. From eq.(2.68) we

notice that the free energy (per unit volume) is expressed as follows

1
wp = —g—=Trln(%0 + 7B +m). (2.83)
s.t.

At B = oo the spectrum of $o becomes continuous. We shall define the regularized

free energy w§ in the same way as w (in the D +1 = 3 case): ®

e . L s © dL .
wp = Vs_t_ZTr N exp{—L(p-v+m)}
wdl r &k .
= t:r./c T Wexp{ul}(~zk-a+m)} (2.84)

#Since ¢ has the dimension of length we have introduced the cut off ¢ instead of €2
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Since the zero-point energy has the opposite sign to that of the scalar system (see
eq.(2.11) and eq.(2.67)) the free energy at 8 = oo diverges to —co as the cut-off
¢ tends to zero. Now we derive the expression corresponding to eq.(2.23) for the

fermionic case,

1 . =
wg = const. VD;{ exp{—j drmey X2 4+ ¢ JO[X [V X2}, (2.85)
GVa.dt. 0

where J is fixed at 1/2. The equivalent expression for the r.h.s. in eq.(2.85) is given
by

DuDh oS =

e = Ky, (2.86)
where
D = DXDkDe, (2.87)
and
s=| " dr{moh + ik, (X* — he*)} — iJ B[] (2.88)

We shall explain the equivalence between eq.(2.85) and eqs.(2.86)-(2.88). Since
e’ is a unit vector, it is integrated over a solid angle at each 7. The variable k(7)
plays a role of a Lagrange multiplier so that 6(X — eh) is obtained after integrating
out k. Then e and h are integrated, we obtain the r.h.s. of eq.(2.85). The measures
DX, Dk and De are determined by the gauge invariant norm eq.(2.30).

Now let us compute the path integral K;. The action eq.(2.88) does not contain
the zero mode of X. Then it becomes (after integrating by parts)

S = /0 “df{mol — ik - Y — ik - eL)} — iJOfe], (2.89)

where Y is defined by eq.(2.45). We have used the parametrization eq.(2.35) for the
einbein % in the above equation. Next eq.(2.43) is inserted into eq.(2.86). Then

© dL
I{f—N-/c Lvs.t.

Since the action does not contain the zero mode X, we separate the measure DX

=21
eI / Dpe5. (2.90)

into d(L7X,) and DY as we have done in the case of the scalar particle. We have

o dT, —L 1
- e 3 2 -8
K; = N ] e / B(LEX,) j DY DkDee
o dl ~r 3
p— —_— e [.2 o
N j e L / DY DEDe x
1 .
exp{— j; df{mol — ik - Y — ik - eL} + s J®le]} (2.91)
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Next we turn to the integration over Y. It should be noted that the integration

variable is Y L7
K; = N f - dTLeﬁ%L%DkDea((kL%)L—l) x
exp{~ [ “df{moL —ik-eL} +iJ8[]}. (2.92)
We can easily perform the integration over & due to the delta functional. However

the zero mode of k (denoted by k,) still remains since the delta functional does not

contain it. Therefore K; becomes

odl - 3 1 3 &2
— —_—p2/rc [ 2 3 z —af__ _2_.._.
K; = N ] Fe ALk Dedet~H (=L )
1
exp{— fn df {moL — ik, - eL} +iJ®[e]} (2.93)

Inserting eq.(2.41) we get
oo 1
K;=N-? j dL / Pk De exp{—Lm — / df{—ike-eL} +5J0[e]},  (2.94)
€ L 0

where the physical mass m is defined by

m = mg — 22 (2.95)
Finally employing eq.(2.75), we complete the calculation:
o dl
K;=N~%r ] = f &Pk, exp{—(m — ik, - o)L} (2.96)

Comparing this result to eq.(2.84), K; is proportional to the regularized free energy
w.

We have shown path-integral representations of both partition functions and
free energies. In the case of partition functions, integration variables are fields. This
means that partition function_s contain many-particle contributions. On the other
hand, free energies of free field theories contain single particle contributions since

these are described by one-particle coordinates. A relationship between partition

functions and free energies is given by the formula:
1
Z=eP¥ =14 (—pW)+ 5(—{3W)2 Sy (2.97)
This shows that contributions from the n-particle sector to the partition function
Z are represented in terms of the product of the free energy W". In section 4, we

analyzed the partition function of a scalar system coupled with the Chern-Simons

gauge field using the particle-number expansion.
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2.3 Propagators

We comment on the random-walk description of propagators. The propagators
can be written in path-integral form, as in eq.(2.27) and eq.(2.86). The boundary
condition however is different X (0) = X;, X(1) = X}, etc. The particle coordinates

X can be expanded as
X)) =Q1-nX;+7X;+Y(7), (2.98)

which means the zero mode of X(7) is fixed. Other modes Y (7) are integrated. The
different boundary condition changes the value of the determinant det{—L?d®/df?) °:

d?

y f2) N'(¢) ez~ /L. (2.99)

det? (—L72—

Moreover, the gauge volume does not contain the volume of the translation. For

these reasons eq.(2.43) is changed as follows:

I Dh

=N / dL e5v%:. (2.100)
Ve

Following these facts, we can check that the path-integral eq.(2.27), with the bound-
ary conditions X (0) = X;, X(1) = X, gives the propagator of the scalar field [3, 18]:

/ dL e3vee f DY exp{—= f df(Y?L + (Xf — X;)? +m2L)}
/ dLdet™5F (1" F)exp{ L \/_ +m2)L — L7YX; — Xp)%)

= N2 [ dLL—+ exp{—5(Lm® + I (X, ~ X:)")}

1
- et Xi—Xi
= const. f (27]')D+1 P f )m. (2101)

In the Dirac theory, the path integral eq.(2.86) (with fixed boundary conditions)
reduces to the Dirac propagator {2, 17, 19, 20, 21, 22]:

N f ¥ ALt ] DY DkDee—Sh=I]
4]
, o dl, -L P S
_ —_— 13
N ]0 en / DkDes((kLF)L™) x

exp {/01 df (ik(X s — X;) + kel —mL) + %‘I)[e]}

9See appendix B.
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V[ dLeTFEdet.z(L‘ 7 ) [ @(Eék)De x

exp { / dfik(X; — X;) + ikeeLl —mL) + 5@[61}

3
= const. e ke 1 P& =Xile . 2.102
< 1| (2x)Pm—ik.-o les > ( )

Finally we remark on the random-walk properties of both theories [3, 4]. The
parameter L represents the length of a path. For the scalar theory, we can see from
€q.(2.50) that the typical length of a path is L ~ m~2. The correlation length R of
the system is also determined by the physical mass R ~ m~1. Therefore L ~ RZ.
This indicates that the scalar particle mainly goes in a zigzag such that its path
covers an area. On the other hand, it is found that R ~ L for the Dirac particle.
This implies the typical path of the Dirac particle is extremely smooth compared to
that of the scalar particle. This fact is also confirmed by computing the expectation
value of the velocity. We consider the periodic boundary condition. Let us consider

a path with length L. For the scalar particle we obtain
. . . - Ld X2
< XPR)X(E) >= fDXX”(t)X”(t’)e'fo ST SE(E = ). (2.103)

This indicates < X (£)? > diverges for all £. On the other hand, for the Dirac particle,
we get

< XHOXM(E) >=< (D) () >=ot0” ~ 8 (2.104)

Comparing eq.(2.23) and eq.(2.85), we can understand that the difference arises

from the presence of the spin factor. In section 4, we will examine more closely this

fact.
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3 Self-energy in Chern-Simons gauge field and the spin

factor

In this section, we deal with a system of many particles interacting with the Chern-
Simons gauge field 1°. In particular, the relative and the self energy of the particle are
studied. It is found that these energies are related to links and knots of trajectories
of particles. Consequently, the relationship between the self-energy and the spin

factor is clarified. Once again we restrict ourselves to the case D +1 = 3.

3.1 Particles coupled to C.S. field

Here we discuss a relativistic n-particle system coupled to the Chern-Simons gauge

field. The action of the Chern-Simons gauge field Sg s, is defined by

1

Scs = W

/dasce’“”\A#@,,A,\, (3.1)

where J is some ‘constant. This action is invariant under U(1) gauge transforma-

tions A, - A, + 0,A. Let us consider the following amplitude for closed paths
X1, , Xy

kL] 1 .
K(Xy, -, Xn) =N f DAexp{i 3 jo drA(X,) - X, +iScs), (3.2)
r=1
where X,(0) = X,(1). The normalization factor N is determined by

N = j DAdSes.. (3.3)

We take the average over the gauge field !

K(Xy,-,X5) =exp{—JE\I’pq—gZ\Ilw}, (3.4)
and
JU,, = /0 dr fo dr' XH(T) X2 () < A (T AKX (1)) > . (3.5)

®The argument in this section and in the next section is based on ref. [24]
UWe have used the following formula which is derived from Wick’s theorem:

< expy >=exp(3 < pp >), where ¢ = - fol drA(Xp) - Xp.
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These quantities are evaluated by using the propagator in the covariant gauge(see

appendix D):
A LA
< Au(2)AL(y) >= iJe i’; - 5I3' (3.6)

The term Upe(p # ¢) in eq.(3.4) represents the relative energy between the p-th and

the g-th particle, while ¥, represents the self-energy of the p-th particle. In the

following, we investigate these energies respectively.

3.2 Relative energy

We first treat the relative energy. The propagator eq.(3.6) leads to

1 1 ) . X’\('r) —- X’\('f")
—_ ropb i vt P q
JO, = J [0 dr jﬂ e R X (e S R e (3.7)
For convenience we introduce a unit vector e#(7, 7'} defined by
X¥(r) — XH(+
e(r,7") = £ (7) () (3.8)

[ Xp(7) = Xo(7))]
We assume that two loops X,(7) and X,(7') have no intersecting points. This
assumption guarantees that e®(7,1') is well-defined on the whole parameter space.
(Due to the periodic boundary condition, the parameter space can be identified with

torus, T2.) The relative energy can be written in terms of the unit vector
1 1
U, = / d*r/ dr'e* e 8, e" Ope’. (3.9)
) 0

The integrand is the surface element on S%. It is known that a continuous map
T? — 57 is classified by an integer which represents how many times the image
¢(r,7") envelopes the sphere. Therefore ¥,, takes a value of 47n,n € Z (where n is
called the mapping degree). (47)~'W,, is known as the Gauss linking number, which
is a topological invariant of the link (X,(7), X,(7")). Note that if J is an integer or
a half-integer, ‘

exp{zJ U, [e]} = 1. (3.10)

This means that there are no interactions between two different particles!
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3.3 Self-energy

Let us turn to the self-energy. Here we assume that no loops have self-intersecting
points. The same expression as in the previous case is obtained as follows:
X;‘(T) — XI’,\(T')
Xo{1) = Xp(T)PP

1 1 FoprAyvn SN
J U,y =J fo dr /0 ' X () R (), (3.11)

Both the denominator and the numerator vanish at 7 = 7’ in the above expression,
so that we have to check carefully if this integral is divergent or not. If 7 ~ 7, the

numerator can be expanded as follows:

A KB(7) %
() + (7 =R + 55 =V K (7) +-) x
(=G =) XN) — ' = VR - %(T' RN+
~ M — TEXE() XY () KM )+ - (3.12)

4 as 7" — 7 while the de-

This indicates that the numerator behaves like (7 — 7)
nominator behaves like (7 — 7')°. Therefore the integrand vanishes at 7 = 7'. Thus
we find that the self-energy takes a finite value for an arbitrary non-self-intersecting
loop [13, 14, 24].

We introduce the variable e(7,7') in the relative-energy case. In this case how-

ever, e(7,7') is discontinuous at r = /. That is, if we define a unit tangent vector

e(r) by

= 1 !
e(r) = 7_1_1,1114-0 e(r, 1), (3.13)
then
. n_
T'-}:‘IEPI-!-O e(r,7') = —e(r). (3.14)

In order to remove the discontinuity, we change the parameter space as follows (see

fig.1):

, (r,7) fr<r
(o,0') = (3.15)
(r+14,7) 7' >

and define

(0,0 e(o,0") ifo<1 (3.16)
&lo,0') = . :
e(c —1,0") ifeo>1
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T i )

Figure 1: In {7,7') - plane, e is discontinuous along the dotted line. So we shift the
left-upper-half part to T - direction. The resulting space is parametrized by (¢,0”).

Hereafter we omit the ” from &(o, ¢'). The unit vector e(a, o'} becomes continuous

on the whole parameter space D, and satisfies the following boundary conditions:
e(o,0) = e(o), e(o,0 +1) = —e(0), e(o,0) = e(a,1). (3.17)
The self-energy is written in terms of e(o, ¢):
U[e] = fD dodo’'e* (5, 0")0, " (5, 0" )0 (0, 0"), (3.18)

where ¥, [e] is abbreviated to ¥[e] for simplicity. A small deformation ée of (o, o)
gives
80 = § /D e Aetde’ A det

= /D eMbetde” A de’ + 2e dbe’ A de?)

= 2/1) e‘“’"d(e“ée"de")

= 2/ dle™e”e’bie?, (3.19)

8D

where [ parametrizes 3D. In the second line of the above equation, we have used the
fact that e**§e#de” A de* = 0 since the three vectors e, d,¢ and 9,¢ lies on a plane
perpendicular to'e. If D ~ T2, its boundary 8D is empty. Consequently, §¥ = 0
and the value of ¥ is quantized. This is what happens in the case of the relative
energy. However, the second equation in eq.(3.17) shows that the parameter space

D cannot be regarded as torus. A small deformation of a boundary value changes

the value of W[e]. The self-energy is therefore not quantized.
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3.4 The relationship between the spin factor and the self-energy

Comparing the self-energy ¥[e] to the spin factor ®[e], we notice that the integrand
has the same form but that the boundary conditions for the unit vector are different.
See €q.(2.78) and eq.(3.17). The unit tangent vector of a trajectory lives on the
boundary (o,0) U (o,0 + 1) in the case of the self-energy, and on (7,1) in the case

of the spin factor. Consider the following quantity
Ule] — 29[¢]. (3.20)

A small deformation of a closed path changes the value of ¥[e] and 2®[e] but these

changes cancel each other out:

2 f A et de* — 4 A gt e’ det
(oy0)u(o,0+1) (m1)
= 4/ A eteVde® — 4 A et e de?
(o.0) ('r,l) '
= 0. (3.21)

§U[e] — 260[e] =

We have used the result obtained in eq.(3.19) in the above equation. We can con-
struct the knot diagram of a loop by deforming the loop on a plane without changing
the value of eq.(?;.QO) provided that vector fields &(7,7') and e(o,0’) changes con-
tinuously. Note that at crossing points of the projected loop one line should be
infinitesimally lifted from the other, as in fig.2.

The question of what values the quantity ¥[e] —2®[e] takes for all loops in space
becomes that of what values it takes for all possible knot diagrams on the plane. Let
us consider the following two loops (fig.2), which are different from each other only
at the crossing point. Non-zero contributions to the integrand arise in the case where
one point X(7) lies on the upper line near the crossing point. As the other point
X(7') goes along the loop, e(7,7’) the unit vector joining X (') to X(7) describes
a solid angle of 27 (fig.3). Since the same contribution is added when X (7') lies on
the upper line (fig.4), ¥ takes the value +4# for loop A. On the other hand, for
loop B, it takes the value —4x (figs.5, 6). Thus we can see that every crossing
point of a loop contributes £47 to the self-energy ¥. The sign of its value depends
on the crossing. As for the spin factor @, we can see from eq.(2.82) that its value

depends on the number of times the tangent vector of a loop rotates.
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Loop A Loop B

Figure 2: Two loops on a plane, whose tangent vectors are almost the same but whose

linkings are different.

k e(r, ')
~ I~
— O —
/l\

Figure 3: The crossing point for loop A in fig.2. A non-zero contribution to the integrand
arises in the above situation. The figure on the right shows e{r,7’) covers the hemisphere

around the crossing point.

Figure 4: The second contribution at the crossing point of loop A. The figure of right

shows that the contribution is the same as in fig.3.

31



X(™)

e(,r, 'r') X (T)

Figure 5: For 1001; B. Since the orientation of the covered hemisphere is the opposite of

that for the loop A, the contribution to the self-energy is —2w.

X(r')

Figure 6: For loop B. Combining the contribution from this figure and fig.5, the self-energy

takes the value —4mw.
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(a) (b)

Figure 7: Simple examples of a loop on the plane.

To illustrate, we shall evaluate eq.(3.20) for several loops on the plane. First we
consider a simple loop ~ S* (fig.7(a)). The self-energy vanishes since there are no
crossing points. On the other hand, the spin factor takes the value of +27. Next we
consider a nested loop (fig.2). As we have explained above, the self-energy takes the
value £4x. The spin factor takes the value +4x, since the tangent vector rotates
2 times. At last we consider a figure of eight (fig.7(b)). Since there is one crossing
point and the tangent vector does not rotate, the self-energy and the spin factor
takes the value +47 and 0 respectively. To summarize we get the following table of

results.

U o T — 29
circle 0 | L2« +4x
nested loop | &dw | £dn | £127, +4dx

figure of eight | 47 | 0 +4x

We can evaluate eq.(3.20) for an arbitrary loop .in this way. First the loop is
projected on some plane without changing the value of eq.(3.20). Suppose that
the projected loop on a plane (called the knot diagram) has M crossing points
and that the tangent vector rotates N times. Then the self-energy takes the value
47 M (mod 87) and the spin factor 27N (mod 4«). It can be shown that N — M is
an odd number for an arbitrary knot diagram. Therefore we get [14, 16, 24]

Ule] - 2@[e] = 47 (mod 8). (3.22)
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Note that if J is a half-integer,
exp {i%lll[e]} = —exp {iJO[d]}. (3.23)

The minus sign in the r.h.s. plays an important role in the next section.

The spin factor does not make sense if the coefficient J is neither an integer
nor a half-integer since the value of exp{iJ®} depends on an extension of the unit
tangent vector. On the other hand, the self-energy does not have such an ambiguity.
Therefore it is a well-defined problem to investigate a system interacting with the
Chern-Simons field even if J takes another value. However, this is a more diffi-
cult problem because non-local interactions between different particles remain and

because we have to analyze the self-energy without using the spin factor.
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4 Bose-Fermi Transmutation

We have seen in section 2 that the free energies can be represented by path-integrals
over trajectories. In this section we first show that similar representations are derived
even if an external gauge field is turned on. Next we deal with the system of a scalar
field interacting with both a Chern-Simons gauge field and an external field. The
partition function of this system is shown to be equivalent to that of the Dirac system
in the external field. This means that an arbitrary n-point correlation function of
currents has the same form in both theories.

We shall comment on the regularization adopted in the following calculation.
The average over the Chern-Simons gauge field is taken subject to the condition
that all variables depend on the continuous parameter 7. There remain ‘fields’ in
one dimension after the average is taken. In section 2, these fields have been treated
without the need to descritize the interval. This regularization led to an evaluation
of the determinant eq.(2.41). In the following calculation we regularize the einbein
h(r) in the same way, treating it as a continuous field. After gauge fixing, the
interval [0, L] is divided into equal pieces of length €, and the remaining dynamical

variables are treated as living at each breaking point.

4.1 Free energies in an external field

12 We have obtained the path-integral description of the free energies in section 2.
In this part we extend the result to the case where an external electro-magnetic field

is present.

A scalar field Let us begin with the complex scalar system considered in section 2.

Now an external gauge field C,, is switched on. We wish to show that the following

12We shall comment on the term free energy in this section. Here we investigate a system in an external
gauge field. This system generally does not have translational invariance. This implies that the free energy
does not acquire the factor of the volume of the system. Further we deal with a covariant theory including
the temperature direction. For this reason, we shall call W, which is defined in the following formula, the
free energy of the system: exp{—W} = Z, where Z is the partition function of this system.
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path integral
1 ; .
?/—X exp {] dr(—moV X2 +:C - X)} (4.1)
fe] 0
gives the free energy of the system. In the above equation particle coordinates X (7)

satisfy the periodic boundary condition X(0) = X(1). We take the following more

convenient expression instead of eq.(4.1):

DuDh .1
7 exp{—S, + zjo drC - eh},
1 .
S, = /0 dr(moh + ik - (X — eh)) (4.2)

where the measure Dy is defined as in eq.(2.87). Note that the action S, is the
J = 0 case in eq.(2.88). We can make the replacement X — ek in the interaction
term because of the delta functional (X — eh). After k,e and h being integrated
out, we go back to eq.(4.1). We remove the redundant variables using eq.(2.43).

© 4L bzl tmo)
—_ T/me L0
N / — e KslL),
L .
KplL] = f Dpexp] /0 dt(ik(e — X) +iCe)}, (4.3)

where ¢ is the proper time defined by

#(r) = ]U " dr'h(r). (4.4)

We shall regularize Xg[L] by splitting the interval [0, L] into equal pieces AL. Since
L is cut off at ¢, it is reasonable to set AL = e. Note that this regularization does
not violate gauge invariance because AL = hA7 {3]. The measure Dy is treated

under the regularization as in finite dimensional integration:

Do =TT %25 L i cos0,)dgs (4.5)
H= 1 1(271')3 . cosv; 13 .

where Ne¢ = L. The discretized action is given by 13

1 N-1 N-1
—Sp + Z./O drCeh — — 2 {’iki(XH_l — X;) - z'k,'e,-e} +i E C(X{)C{G
) t=0 =0
_ N-1
= —5F 143 C(X)ee, (4.6)
=0

*Note that the mass term is absorbed by the exponent in front of Kz[L].
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where all dynamical variables satisfy the periodic boundary condition such as Xy =

Xn. First we integrate e; in Xp[L] (up to fourth order in €).

N-1

1:!; jde, exp{i(k; + C(X;))eie}
N-1

~ I expf—gk+ C(X) €, (4.7)

i=0

where we have used the following formulae:
/de = fﬁd(cos 6;)dé; =1

/dee"‘ =0
1

This leads to

KslL] = ] Hd?'X exp{ £k C(X)) — k(X — X))

N-
- / [1 &X; <X,+1|exp{——(38 CYYX; >

=0

= Tr exp{—gL(ia — ).
(4.9)
Substituting this into eq.(4.3), we complete the calculation of eq.(4.2):

Ve EX7

= —NWg[C], (4.10)

/D,u.Dh e—Sb-i-ij: drc. X = NTr © dL’ —L’(—D2+m2)

where D = (8 — iC) and € = const.c. The regularized free energy Wg[C] has been
defined in the same way as eq.(2.26). The physical mass m is defined by

2 const. const.
m = (mo —
€

). (4.11)

We have reduced the variable L with L in eq.(4.10), where L' = eL. This implies
that the length of typical paths L’ has the same dimension as R? where R is the

€

correlation length in this system. From the first equality in eq.(4.10) we find that

the dominant length of paths is determined by L'm? ~ 1, which means
el ~ R2. (4.12)
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Let us regard e as the unit length and put L = eN and R = eM. The above
relation tells us how many steps the particle needs to take to go back to the starting
point: N ~ MZ?. As a result, as we have mentioned in section 2, pathological paths

dominate in the path integral eq.(4.1).

A Dirac field In this case, we have to add the spin factor to the previous action:

DuDh [t .
/ G exp{—Sr+ 2/0 drC - X}, (4.18)
Sf = Sb - %(I)[e]
After dividing the gauge volume, we have
(19) = N [T HG i,
€ ) . ;
Krlll] = /D,u exp{—f0 dr{ik(X — eL) —iCeL} + 5@[6]}. (4.14)

As we have done in the previous paragraph, KXg[L] is computed using the finite
dimensional regularization. Introducing the proper time ¢, a discretized action ij"“

for eq.(4.14) is given by

_ }J‘!:sc = _Slcahsc + EA[&H_I, €;, 30],
) N-1 N-1
_S?tsc + 2 Z C(Xz')eie = Z {iki(Xi-l-l _— X,‘) — ie(ki + C(Xz)) - € +
i=0 i=0
)
5./4[51'-[-1) €4y BD]}: (4.15)

where all variables satisfy the periodic boundary condition as in the case of the

scalar theory. Employing the formula

< X5+1|® < 6,‘+1| exp{(zﬁ -0+ Zé . O')C}IE,‘ > ®I.Xg >

dk; ) .
. exp{—zkg . ((Xi+1 — X,)) + Zﬁ(k,' + C(X,)) - e

2 Aleisa, € o]}, (4.16)

K becomes
A N-1 .
f H dX;de; < X{+11® < e,—+1|exp {ez(ﬁ + C) . a}]e,- > ®IX1 >
i=0
= Trexp(i(p+C)-ol) ] ‘ (4.17)
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Substituting eq.(4.17) into eq.(4.14) we get

. % dI, ;
D;;/fhe_s - N /E = Tre—L{m+(0-iC)-c}

= NWE[C), (4.18)

where we have used the physic—al mass m defined by

(4.19)

We see from the above formula that the typical length of paths is 1/m, which means
N ~ M. Again, we have got the same result as we derived in section 2.

The difference between random-walk properties for a scalar particle and a Dirac
particle originates from the following facts. When the unit vector e is integrated,

the term of order ¢ vanishes in the case of the scalar particle:
ipe;e 1 2 2
/de;ep' NI—EPE + - (4.20)

Then the length of the path L is ‘renormalized’ by ¢, and as a result, complicated
paths dominate. On the other hand, the order of ¢ term remains due to the spin

factor in the case of the Dirac particle

j deereictadlenneial ¢ o 1 ip.get---le; > . (4.21)
This shows that the spin factor suppresses the pathological paths [3], which dominate
in the case of a scalar particle.
4.2 Equivalence of partition functions

Here we introduce the Chern-Simons gauge field A, to the system of the scalar field.
The external field C, is still present. We investigate the partition function of this

system. The second quantized action is given by
S = [ @{ID, g +m?|'} — iScs, (4.22)

where D, = 0, —iA, — iC,. The Chern-Simons action S¢ g is defined by eq.(3.1).
The value of J in S¢g, is fixed at 1/2. Now the partition function of the system is
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written in the form of a particle-number series:

7 = / DAD$ Dde=S
- ] DAdet™ (=D, D, + m?)eSes

= < e~ Wa[C+A] >4

_ %(—WB[C’ A > (4.23)

Namely, Wg contains n-charged-scalar particles. Let us consider the 1-particle sec-

tor. The free energy (the regularized free energy),

< NWg[C+ A] >4
"1 DuDh .t .
—< [E e (-5 +i jc dr(C+A)-X} >4 (eq.(4.10))

Ve
: . _
- D’;,fh exp{—S; + %‘I’ -+ z']l; drC - X} (eq.(3.4))
1 .
f D;fh exp{—5s +iJ® + z'/o drC - X} ~ (eq.(3.23))
NWz[C]. (eq.(4.18)) (4.24)

Note that the minus sign appeared in the third equality. This originates from the

diffenence between the self-energy and the spin factor discussed in section 3. We

have seen in section 2 that the zero-point energy of the scalar system is positive

while in the Dirac system it is negative. We notice that the Chern-Simons gauge

field changes the positive zero-point energy into the negative one. Moreover this

interaction produces the spin factor. Thus the free energy of the scalar.system

coupled to the Chern-Simons gauge field is equal to that of the Dirac system. Next

we consider many-particle sectors. As we have shown in section 3, the relative

energies between the scalar particles vanish if J = 1/2. Therefore we get

< (NW3[C + A])" >4
(1 [ T 222 (3-S5 + [ drO(X,) - X,)

p=1 VG

LA NEFST R M%)

p=1 r<q
/ f[l D—’;;c—?—hexp{é(—Sf i [ o) 1)+ iJzz @,[c]}
(NWE[C])", (4.25)
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where Dy, and Sf are the measure and the action for the p -th particle respectively.
In particular,

< e~ WslC+4] 4= e~ WrIC] (4.26)

This is our main result for the bose-fermi transmutation of relativistic field the-
ories [24, 25]. The result implies that arbitrary n-point functions of currents are

equivalent:

< Jf; (zy)--- Ji(mn) >=< Jf;(:nl) . --Ji(wn) >, (4.27)

where J2(z) = i¢*0,¢ — i9,¢*¢ and JE (2) = ihyup.

4.3 Extension to a non-abelian external field

We can extend the above result to the case where the external field is a non-abelian

gauge field. The functional integration corresponding to eq.(4.2) is

[

" where g € SU(N) and I* =< ¢|T*lg >. Generators of the su(N) algebra are

1
exp{—S; + i jo dr(I°C* - eh— < 0lg~'§]0 >)}, (4.28)

represented by anti-hermitian matrices 7*. The state |¢g >, what is called an SU(N)
coherent state, is defined in the latter part of appendix C. The state |0 > denotes the
highest weight state of the representation to which a particle belongs. The term g=*§
is the ‘SU(N) spin factor’, which gives the Poisson bracket {Z%,7°} = if%T¢ [23)].
After introducing the proper time ¢, we define the above formula by discretization

as in the abelian case. The discretized action is given by

N-1
— Gise 4 Z {iT¢Ce;6— < 0|97 (gign — )]0 >}. (4.29)

=0

In appendix C, the following formulae are proven:

exp{Z; Ceie— < Olgi ™ (giy1—6:)|0 >} =< giya| exp{T°C*e;e}|g; > +0O(€?), (4.30)

and
[ dailgi >< g =1. (431)
Therefore we can easily integrate g;. The resulting action is given by
) N-1
—Sfe 11 (X)) T ese. (4.32)
i=0
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This differs from the abelian case in that C° is replaced by C*T*. However, the
same calculation as eq.(4.7) still holds. Therefore we can conclude that the path
integral eq.(4.28) gives the free energy. I we add the spin factor to the action in
eq.(4.28), we obtain the free energy of the Dirac system. Arguing as we did in the
previous case, we. get the same result when the system lies in a non-abelian external

gauge field, as in an abelian one. *

4.4 Remarks

Finally we make a couple of remarks on bose-fermi transmutation.

Transmutation into a spin 1 particle So far we have fixed the value of J at -;-
In this part, we shall discuss the J = 1 case [17]. In this case the Chern-Simons
gauge field transmutes the scalar particle into a spin 1 particle. Since the epsilon
tensor plays the role of su(2) generator for J = 1, the corresponding field theory is

a "massive Chern-Simons theory” (see eq.(2.102)):
L = B*(i€,un8” + mé,,)B*. (4.33)

The propagator for the spin-1 particle is

1
v
e (=pr + —p'p" + m&™).

In the canonical formalism the Hamiltonian is 1%
1
H = m{Bf -+ Bg + E(&Bg — 62.81)2}, (4:34)

and the commutation relation is

[Bi(e), Bi(w)lsr. = 5O (o — ). (4.35)

By can be solved for B; (i = 1, 2). The Hamiltonian being bilinear in B;, it is easy
to diagonalize and show that the spectrum is that of a free massive particle with

mass m.

*The result is first obtained by Ttoi.[10]

3 Here we treat this problem in the Minkowski metric.
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Transmutation of the propagator ® When we discuss the transmutation of n-
point functions of fields, we have to treat open paths of particles. In this case, the
relationship between the self-energy and the spin factor is not so clear. We now

consider eq.(3.20) in the case of an open path:

A= %11:[6] _ Jo[d, (4.36)

where X(0) = X;,X(1) = Xy, in addition, the tangent vectors at these points are
assumed to be fixed. If X(7) is a straight path connecting X(0) and X(1), both
Ule] and ®le] vanish and A = 0. Under a continuous deformation of a path the
variation of A does not vanish since the boundary of the parameter space is not
empty. In eq.(2.86) the dominant contributions to the path integral comes from
those paths whose lengths L(P) satisfy L(P) — Ly < =, where Ly = |X (1) — X(0)|.
For these paths, as Ly becomes large §A decreases generally as L2, Therefore in
the long distance limit of Ly where Ly 3> L, the self-energy Z¥[e] can be identified
with the spin factor J®[e]. For this reason we conclude that at J = 1/2 the dressed
propagator of the charged scalar particle becomes that of a spinning particle in the
long distance limit. On the other hand, if Lo ~ -+, the self-energy is far from the
spin factor. In this case, the dressed propagator seems to be neither that of a free

spinning particle nor that of a free scalar particle.

15This topic is investigated in ref.[25]
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5 Conclusion

In this thesis we have shown that the partition function of a charged scalar system
coupled with a U(1) Chern-Simons gauge field is equivalent to that of the free Dirac
system. The result also holds when the two systems couple to an external (abelian or
non-abelian) gauge field. This indicates that arbitrary n-point functions of currents
in these systems are identical.

In order to get the above result, we have used the path-integral forms of the free
energies. These are described by a summation over all closed trajectories (loops).
The action in the path-integral is determined by the length of paths in the case
of scalar particles. On the other hand, the action for the Dirac particles contains
the spin factor as well. We have shown that the spin factor changes the character
of dominant paths: paths of the Dirac particle are much smoother than bosonic
ones. The propagators of these particles are also written in the form of a path
integral over random paths. The measures are determined in such a way that the
reparametrization invariance is maintained. We have regularized the path integrals
in two ways. One of these is to treat all dynamical variables as functions of a
continuous parameter, and high-momentum modes are cut off. In the other way all
dynamical variables except the einbein are regarded as variables defined on discrete
points.

We have also discussed the interaction energy of the charged scalar particle cou-
pled to the Chern-Simons gauge field. We have found that the relative energy of the
particle is equal to the Gauss linking number. It vanishes when the coefficient of
the Chern-Simons gauge field takes certain values. We have shown the relationship
between the self-energy and the spin factor. This result has been related to knot
diagrams. When a path lies on a plane, the value of the self-energy is determined
by the number of crossing points, and the value of the spin factor, by the winding
number of the unit tangent vector. This relationship shows that the self-energy
generates not only the spin degrees of freedom but also the statistical factor for a

fermion loop.
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Appendix A On the one-dimensional general coordinate

transformation

We summarize a transiormation law under the one-dimensional general coordinate
transformation. A scalar or a vector (or a tensor) is determined by its transformation
properties.

First we review these quantities in the case of four dimensions. Let us consider

the following coordinate transformation:
z* — fA(2®,. .., 2%). (A.1)
The differentials of the coordinates are related with the following formula:

dz* — df*, df* = %dw”. (A.2)

A contravariant vector A* is defined as a quantity which transforms like the coordi-

nate differentials:
' , ar+ .,
A4(z) = A(f), A(f(z)) = S A () (A3)

The derivatives B—Z; transform under the coordinate transformation as follows:

o 8 9 _of o
dzr  Ofr’ Ozt Baxr OfY

(A4)

A covariant vector B, is defined as a quantity which transforms like the derivatives:

Bu(z) = By(f), Bule) = 92 B(f(=)) (A5)

A scalar ¢(z) is defined as a invariant quantity under the coordinate transformation:

¢(z) = ¢'(f), ¢(z) = ¢'(f(2)). (A-6)

A second or a higher rank tensor is defined as a quantity which transforms like
products of vectors. For example a metric tensor, which is a second-rank covariant

tensor, transforms under the coordinate transformation in the following rule:

(@) = D)y (@) = 229 g (1(2). (A7)
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A wvierbein (or a tetrad) e!(f), which is a covariant vector labeled by the index a(a =

0,---,3), is introduced as a quantity which represents a metric tensor g, as follows:
e el nas = g, (A8)

where 74 = diag{+, —, —, —). Each eff) transforms as follows:
(&) — ), d(e) = Ll 1(z)). (A9)

According to the transformation laws eq.(A.2) and eq.(A.T), the invariant volume
element under a coordinate transformation is not d*z but /— det g,,d*z. The in-
variant volume element is also written using the vierbein instead of the metric.

Indeed,

— det G = — det(ej(f) 6z(fb)nﬂb)
= _—det eg‘) det 6I(,b) det 45
— (det ey (A.10)

Hence

y/—det g, d*z = det el d*z (A.11)

Let us turn to the one-dimensional case. Coordinate transformations r — f(7)
are alternatively called reparametrizations or gauge transformations in the text. A

scalar or a vector is defined in the same way as in the four-dimensional case.

o A contravariant vector A(T)
A = (1), K7 = Lam) (A12)
e A covariant_vector B(7)
, df _,
B(r) » B(f), B(r) = S-B(f(r)). (A.13)

o A scalar C(7)
C(r) = C'(f), C(7) = C'(f(7)). (A.14)

* A metric tensor g(7)

o(r) = 90, o) = (Lyg (5. (A15)
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Now we introduce an einbein et(,o)(r), which plays the same role as the vierbein in

the four-dimensional case.
edelno0 = (e§7)? = g. (A.16)

From now on, we rewrite ego)(r) into h(7) which stands for an einbein in the text.

Since h(7) is a covariant vector, its transformation is determined as follows:

() — K (), hr) = LR (f(r). (A1)

An invariant volume element under reparametrizations is Adr because det h = h. We
can make scalars using the einbein k. For example, A(7)A(7), B(7)h~1(7), etc. Since
f is a coordinate, the infinitesimal difference §f transforms like contravariant vector.

Combining the invariant volume element k(7), we can obtain a gauge invariant norm

16F1? as in eq.(2.32):
617 = [ drh(r)(h(r)os(r)?
= [ g1sse)y
= [ arutsre)y, (A.18)

where h(7) is parametrized by (L, f(7)) which is used in the text. Other gauge

invariant norms defined in section 2 are also obtained in a similar way.
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Appendix B Computation of the determinant

In this appendix, we derive the determinants eq.(2.41) and eq.(2.99) following ref-

erence [3].

Open paths FPirst let us compute the determinant for open paths. Since the op-
erator —L~2d?/df? acts on a function ¢(f) satisfying #(0) = ¢#(1) = 0, we take

sin(n7 f) as eigen functions. Then

det(—L*—) H An = €xp Z In A, (B.1)
df n=1 n=1
where A, = 7. Following the asymptotic expansion eq.(2.25), we introduce the

regularized expression as

S, — _EL e~

n=1 'n.'—l

- E f 98 ontn? (B.2)

n=1 /L)z

!

If we regard e as the lattice spacing, wave lengths shorter than the lattice size are

\/_ 3 e (B.3)

M=—00

neglected. Poisson’s formula

leads to the following estimate.

i —on?n? 1 & ez 1
I R
1 /1 1
- )= _ = —cfz
o\ 7z 2+O(e ) (B.4)

We rewrite eq.(B.2) as follows:

_Z-/e ool

a=1Y (/L) T

1 dx —pnin2 1 1 1
SRy 0 R

fLP T 5 L

1 dz 1 1 o dy 2 a0
Sy = (2V}5_§)+/1 ?Ee (B.5)

n=1
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The above estimate enables us to puf € = 0 in the first term. Only the second term

has an L-dependence:

1 de,1 /1 1 1L €
- (=)= = 2) = const. — /=2 —In—. .
(/1) = (2 L 2) cons \/;e fn L (B-6)
As a result, we obtain
) _ d2 -L
det(—L dfz) = const.es7 [ (B.7)

Closed paths Next we evaluate the determinant for closed paths. We take "/

instead of sinnwf as eigen functions because the operator acts on a function ¢(f)
satisfying ¢(0) = ¢(1). We have

det'(—L?—=)=[[ Aa=exp_Ink,, (B.8)
df n#£l n#0

where X, = 222 Comparing to the case of open paths, the number of modes doubles

and each eigen-value occurs twice. This implies that the formula corresponding to

eq.(B.6) is
1 dz 1 1 1L 2e
2 o/ip T (2\/;5 - 5) = const. — 1,;—; —2In 7 (B.9)

Therefore we get

det’(— L'2?5) — const.e=s L2, (B.10)
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Appendix C On the Coherent states

C.1 The properties of SU(2) Coherent states

The purpose of this part is to prove the three properties of the SU(2) coherent state
employed in section 2 [15].

Partition of unity The definition of the SU(2) coherent states is given by eq.(2.70).
We start with the J = 1/2 case. Explicit calculation gives

g . .0 1
e > = {cos~2-+z(u-cr)sm§}|+§>

6 1
boin— | — =
sm2| 5> - (C.1)

= cos 6 | + E > —¢*
- Paltg ot
Substituting this into the r.h.s. of eq.(2.71), we obtain

1 1 1 1
/de|e><e|-—-|+§><+§|+|—§><—§|—1, (C.2)

where de = %‘r‘—ld(cos 8)dé.
The higher spin representation can be made from the spin 1/2 representation.

The coherent state can be expanded in terms of eigenstates of S*:

(J + m)i(J —m)

m=—J

J 2J)! :
le>= 3 \l (2J) !(Cos g)J+m(—e‘¢’ sin g)J‘mU,m > (C.3)
Using this we get

jde < Jymle>< el k>

_ (2J)! P(J+m+1)I(J —m+1)
- (2J+1)(J+m)!(J_m)! 2T+ 9) Srmk
= Ok (C.4)

The above result expresses the partition of unity.

Inner product Next we prove the inner product eq.(2.72). We introduce the op-
erator U(%):
U(t) = e WHHHtH 1700y = 1 (C.5)
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This satisfies the following differential equation:
Ult) = -U)eHsHeH
k
= _U@®{6H+4[6H,H|+---+ .. 6H,H].--H},  (C.6)
k! ——

& times

where we have used Baker-Cambell-Hausdorff formula. The above equation can be

solved by iteration. We get (up to the order of O({6H)?))
Ul)=1- fol dt{6H + t[§H, H] +---}. (C.7)
Now we put H = —26u - S. The Lh.s. of €q.(2.72) becomes
< e+ dele >=< J,J|JUL|J,J > . (C.8)
The operator H can be written in the following form.
+0 4.4

m_St+m,S”, my = e (C.9)

Since H does not contain 5%, terms containing an odd number of commutators are
proportional to 5. The others are written in linear combinations of S*. For this

reason, terms proportional to ¢2* vanish in the r.h.s. of eq.(C.8). The result is
<JJUANLT> = 1+ Ji&'&qﬁfol d sin 6
= 1+44J6¢(1 — cos@). (C.10)
The second term is equal to an infinitesimal area on the sphere. Thus we obtain

eq.(2.72).

Expectation value Finally let us prove eq.(2.73). This can be done in a similar
way to the previous case. For example,
<elS*le> = < L Jle 5t | T >
= < JJJ|(ST+[SH H+-- ) J>. (C.11)
In this case, the odd terms vanish. Then
< ¢|S*|e >= Jsinfe®. (C.12)
Similarly one can show:

< elS7|e >= Jsinfe™, < ¢|5%|e >= J cos 6. (C.13)

52



C.2 SU(N) Coherent States

Next we explain the SU(N) coherent states which appeared in section 4 [15, 23]. Let
us consider the representation space of an su(N) algebra. Generators are represented

by anti-hermitian matrices T*. These satisfy the commutation relation defined in

the algebra: [T, T%) = febeT*. The SU(N) coherent state is defined as follows:
lg >=gl0 >, < g|=<0lg7", g=¢", we su(N), (C.14)

where |0 > stands for the highest weight state in the representation. The partition

of unity is easily constructed if we use the invariant measure dg:

1= fdg|g >< gl (C.15)

In fact we can check that the r.h.s. is commutative for arbitrary h € SU(N). A
simple calculation shows that the infinitesimal kernel < g+ 8g|exp{T*T*¢}|g > can

be expressed as follows:

< g+ 6glexp{T"T"e}|g >
= 1— < 0|g”'8g|0 > + < g|T*T¢|lg > +O(€?)
= exp{— < 0l¢g7%6g|0 > +T°T%} + O(?), (C.16)

where J¢ is a c-number source and 7° =< ¢|T%|g >.
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Appendix D The propagator of the Chern-Simons gauge
field

In this appendix, we derive the propagator eq.(3.6). Let us consider the following

action: .
f P = 4,0, 40+ J,Ay), (D.1)

where the first term is the Chern-Simons action S¢ s, having appeared in section 3

and J, is an external source. The above action leads to the following equation of

motion: .
_t wPa v
¢ O ha+ T =0, (D.2)
or
L (0,00 — Abue)An + €9, =0, (D.3)

drJ

where A is the three-dimensional laplacian. Here we take the gauge condition
0,A, =0. Then
AA, = —4miJe" 9\ J". (D.4)

Solving the above equation, we have

X ‘

Az) = iJ / dsye”’\”aAJ”(y)lm —
= ~iJ/d3ye”A”J"(y)(|z—:33ﬁ. (D.5)

This implies that the propagator, or the Green function is

<AL AY) > = —igewlE=il

|z —y[?

PN Gk ).}
iJe Py (D.6)

We can derive the same result starting from the following gauge fixed action Sgp:
) 1
Ser =iSo.s.+ 5 / P (5,42, (D.7)

where « is a gauge-fixing parameter. The generating functional of connected Green

functions W[J] is defined as follows:
P S— s
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After performing the integration of A, we have:

exp(W]} = exp{—5 [ Podylu( @K —9) L)), (D)

where the operator K} is the inverse of K,

i

Ku(z—y) = (4 Je“lva)\ - —3 d ) (z—y)
Bp e :
BER v om

The propagator < A,(z)A,(y) > is obtained using the generating functional:

6 ]

< ARAW) >= 7S 570

W] = ~K Mz — ). (D.11)

After a Fourier transformation, we wish to obtain the inverse operator in the fol-
lowing form:

K} (p) = apupy + b8, + ce*p;. (D.12)

We can find the unknown parameters @, b and ¢ using the definition K, (p) K, (p) =
6,,- The result is

o dwd
a4 = _F, b= 0 c= —'—1'9"5" (D.].?))
Substituting this result into eq.(D.11), we get
& .
<AAW > = - [ GEE e
_ d3p Ofp#pu + 47TJ€“A PAP —rp(z—y) (D 14)
(2 ) p* ' '

We can easily integrate over p in the a = 0 gauge:

uAv .
< A@)A) > = 4xJ f Ep NPy _ipeny)

(2r)®  p?
dp 1
— pAv —ip(z—y)
driJe 3)\/(211_)3 >
= iJe*V L
|z — y]
- iJe‘”’"H. (D.15)

Thus we have got the desired result.
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