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ABSTRACT

We have investigated the evolution of a circumplanetary disk and accretion
of satellite(s) from the disk by N-body simulations. As for formation of the
Moon, it is considered that a giant impact between rocky planets (terrestrial
planets) generate a debris disk, and the Moon is accreted from the disk.
Satellites around a gas giant planet are also considered to be formed from
a disk around the planet, and satellites and rings are by-products of planet
formation. Several senarios had been considered as the origin of a proto-
satellite disk. In this paper, we investigate satellite accretion process from a
disk which is initially distributed within Roche limit. Radial redistribution of
the disk mass is important for the process. We consider not only a massive
disk relative to mass of a host planet, which results in a large single satellite
such as the Moon, but also a less massive disk that produces low mass multiple
satellites. We derived the condition of an initial disk for formation of multiple
satellites. Through semi-analytical arguments and N-body simulations, we
find the mass of a primary satellite as a function of initial disk parameters
(disk mass Mg, and specific angular momentum ). The mass of the
satellite M, is regulated by the balance between viscous spreading of the disk
and disk-satellite interaction. When the satellite grows enough, it opens a gap
between the disk and itself, to halt its growth. In the case that M/ My 21,
where Mge is the mass of the remaining disk, disk-satellite interaction clears
the disk, and a single satellite remains. In the case that M,/ Mgq < 1, the
disk repels a primary satellite outward, and extends beyond Roche limit to
form a next satellite. Since we find that M, o< (M3, /M.)?, where M, is the
mass of the host planet, a less massive disk leads to multiple satellites. The

condition for formation of a secondary satellite depends on M3, and 15,

From a debris disk with {3, ~ 0.8y/GM_Rpg, where Ry is the Roche radius, a
single satellite would be formed if M%_, > 0.03M,, while two or more satellites
would be formed if Mg, < 0.03M.. When a two-satellite system is formed,
these satellites are locked in the 2:1 orbital resonance in our simulation range.
Extrapolating the above results to further less massive disks, we find that
satellite system similar to the Galilean satellites of Jupiter (4-5 satellites with
mass M, ~ 107*-107°M_) may be formed from a disk with M3 ~ 0.003M..
The diversity of satellite systems in the solar system may come from the
different initial circumplanetary disks relative to the host planet’s mass.
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1. INTRODUCTION

Most of the planets in the solar system have satellite systems around them. A
satellite system with relatively high mass ratio compared to the central planet, such as
Earth/Moon system (M,/M. ~ 0.012, where M, and M, are mass of a satellite and a
central planet) or Pluto/Charon system (M;/M, ~ 0.1), has only one satellite. On the
other hand, a gaseous planet has multiple satellites. A satellite system with multiple
satellites has small mass ratio compared to the host planet. We show masses and orbital
radii of satellites of gaseous planets in Figs. 1. The horizontal and vertical axes are
orbital radii and masses of satellites, which are normalized by the radius and mass of
each host planet R, and M,. Panels (a)-(d) are for Jupiter, Saturn, Uranus, and Neptune
respectively. In general, gaseous planets have several satellites with substantial mass
M,/M. ~ 107*-107% in a region from 5 to 30 R.. One exception is Neptune. It is often
considered that the satellites of Neptune is lost by a capture of Triton. Near the host

planet, many small satellites exist, and the inner satellite has the smaller mass in general.

The satellites mentioned above have prograde orbit and low inclination. In the cases
of gaseous planets, they are called regular satellites. In general, it is considered that
regular satellites are accreted from a circumplanetary disks. Diversity of satellite systems
would come from diversity of proto-satellite disk. About origin of satellite systems, one
question is that how significant amount of material is emplaced in orbit around a pro-
toplanet, and another question is how a satellite system with suitable mass and number
of satellites is formed from the proto-satellite disk. In this paper, we concentrate on
a dynamical aspect of satellite accretion process from proto-satellite disk, expanding a
method of N-body simulations for a massive satellite formation process (Ida, Canup &

Stewart 1997) to a less massive region.

As for an origin of the proto-satellite disk, following four models are considered
(e.g. Lunine & Tittemore 1993, Pollack, Lunine, & Tittemore 1991, Stevenson, Harris,
& Lunine 1986).

(a) Accretion disk: A gaseous giant planet grows by rapid gas accretion of proto-
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Fig. 1.— Masses and orbital radii of satellites of gaseous planets. The horizontal and
vertical axes are orbital radii and mass of satellites, which are normalized by the radius
and mass of each host planet (R. and M.). Masses of smallest satellites of outer planets
are not yer determined exactly. In this figures, we estimated the masses of satellites by
their observed sizes. Horizontal bar represents 5ry of each satellite.
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planetary nebula after a core grows massive enough. Mixture of gas and dust flows into

the Hill’s sphere of the planet, and this can form an accretion disk about the protoplanet.

(b) Spin-out disk: Initially, a radius of a gas giant planet is much larger than the
present radius. As the inflow from the protoplanetary nebula slows down, the planet

contracts, and material of the envelope is left behind in a form of a disk.

(c) Blow-out disk: A giant impact can blow out material of the impactor and the

target to the orbit about the protoplanet.

(d) Co-accretion disk: Collisions of planetesimals within the Hill’s sphere of the

protoplanet will generate a debris disk about the protoplanet.

Since model (d) predicts a disk whose size is comparable to the Hill’s sphere of the
planet, which is orders of magnitude larger than the extent of observed regular satellites,
it may be excluded (Pollack, Lunine, & Tittemore 1991). Models (a) and (b) are often
considered as the origin of the proto-satellite disks of gaseous planets. In the case of lunar
origin, model (c) is most favored (Hartmann & Davis 1975; Cameron & Ward 1976), and
this model is also compelling for Uranus, whose axial tilt is considered to be an outcome
of a giant impact. However, there is no consensus of the origin and the properties of a

proto-satellite disk.

In this paper, we concentrate on the accretional process of satellite(s) from a proto-
satellite disk. We perform N-body simulations and investigate the evolution of a disk
which is initially within the Roche limit. This is a limit of a radially compact disk. In
such a system, redistributions of mass and angular momentum of the disk are important.
In a context of lunar origin, N-body simulations showed that a single large satellite such
as the Moon is formed from a radially compact and relatively heavy disk (Ida, Canup &
Stewart 1997). We will expand this work to a less massive region, and show that a multiple
satellite system is formed from a less massive disk. The difference between a system with
a single massive satellite and that with multiple small satellites comes from the difference
of the initial condition of a proto-satellite disk. The evolution of a less massive disk has

not been studied in previous N-body simulations about lunar formation. This i1s because
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particle number needed to properly express the debris disk increases with decreasing
disk mass (see section 2.4.2). Moreover, the time scale of disk evolution increases with
decreasing disk mass. We performed N-body simulations with large number of particles
(initial N = 10°), using GRAPE-5 system (Kawai, Fukushige, Makino & Taiji 2000) for
calculations of mutual gravity. We found that in a case that initial disk mass is relatively
small, a secondary satellite is formed from a residual disk after a primary satellite is
formed. In our parameter range of the simulations, the secondary satellite has smaller
mass than the primary satellite by a factor 0.3-0.6, and the satellite orbits are locked in

2:1 resonance.

Here, we briefly summarize the accretional process of satellite(s). In the case of lunar
formation, it is considered that a giant impact between the proto-Earth and a Mars-sized
planetesimal generated a debris disk around the proto-Earth (Hartmann & Davis 1975;
Cameron & Ward 1976), with most of its mass within the Roche limit. The accretion
from an impact generated massive disk is also a strong candidate for the origin of Charon,
which is the satellite of Pluto and has larger satellite-planet mass ratio (~ 0.1) than Earth-
Moon system (~ 0.012)(Kokubo, Ida & Makino 2000). The disks for Moon and Charon
would initially have mass a few times as massive of them: M%, ~ 0.02-0.04 M, for Moon
and 0.2-0.4 M, for Charon, where M3, is the mass of an initial disk. In an optically
thick debris disk, which is within the Roche limit, the gravitational instability leads to
development of trailing spiral structure, which carries angular momentum outward. The
development of spiral structure is a common feature of an optically thick debris disk,
from a massive protolunar disk to a much less massive planetary ring such as Saturnian
ring (Salo 1995; Daisaka & Ida 1999). With the angular momentum transfer, the disk
spreads radially, and materials diffuse out from the Roche limit. Angular momentum
transfer rate depends on surface density of the disk, and the time scale of diffusion of
such a massive disk as a protolunar disk is as short as 1 month (Kokubo, Ida & Makino
2000; Takeda & Ida 2001). A satellite forms outside the Roche limit with the materials
transfered outside the Roche limit. The reason why a single large satellite is formed is
that a satellite seed just outside the Roche limit grows preferentially, fed by the mass

diffused out from the disk. In the simulations of lunar formation, most of the material in
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the initial disk is consumed for lunar formation or falls to the Earth.

However, as shown in following sections, multiple satellite system is formed from a
less massive disk. The formation of a two satellite system is as follows. As the satellite
mass increases and disk mass diminishes, the satellite forms a gap between the disk and
itself, and the growth of the satellite stops. This mechanism is an analogue to the gap
formation of Jovian planets in protoplanetary nebula or shepherding of the ring by a
satellite in Saturnian ring (Lin & Pringle 1993; Goldreich & Tremaine 1980). Thus,
the satellite mass has an upper limit. After the gap is formed, tidal torque between the
disk and a satellite carries angular momentum from the disk to the satellite (e.g., Lin
& Pringle 1993). Through the interaction, the satellite gains angular momentum from
the disk and migrates outward, while the disk loses angular momentum. The outcome
depends on the mass of the satellite and the mass of the remaining disk. If the satellite
is massive comparing with the remaining disk, the disk falls to the central planet. In this
case, final outcome is a single satellite system (Ida, Canup & Stewart 1997; Kokubo, Ida
& Makino 2000). In the case that the satellite mass is small compared with the remaining
disk, the satellite migrates well beyond the Roche limit. Then, disk mass spreads beyond
the Roche limit again, and the disk spawns a secondary satellite near the Roche limit.
The orbits of two satellite formed in this way are in 2:1 resonance in most runs of our
simulations. This comes from the resonance interactions between a satellite and the disk

(Goldreich & Tremaine 1978).

In this paper, we investigate the mass and number of satellites which are formed
from a proto-satellite disk, expanding the theory of satellite formation from a massive
debris disk for the lunar formation in Ida, Canup & Stewart (1997) and Kokubo, Ida &
Makino (2000) to a less massive disk. Especially, we derive a criterion between the single
satellite system formation and the two-satellite system formation. We perform N-body
simulations and show that a multiple satellite system is formed from a debris disk with
Mgy < 0.03M. We predict number and masses of the satellites as functions of initial
mass Mg, and specific angular momentum 3, of the disk. Satellites which resemble

Galilean satellites of Jupiter are formed from a disk which has mass of 0.3 % of Jupiter.
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In discussion, we apply the result to formation of multiple satellite system like Galilean

satellite system.

In section 2, we describe angular momentum transfer processes in the disk, and
summarize the properties of angular momentum transfer. In section 3, we describe the
method of numerical simulations. In section 4, we first show overview of viscous evolution
of a disk, and we describe gap formation, and investigate the relation between mass of a
satellite and the remaining disk when the growth of the satellite stops. In section 5, we
describe formation of a secondary satellite and derive the criterion for formation of two-
satellite system, and compare them with the results of N-body simulations. In section 6,
we discuss the relations between a satellite and an initial proto-satellite disk, extending
the results to a further less massive disk, and compare them with the satellite system of

the solar system. This would give a clue for the diversity of satellite systems.
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2. VISCOUS EVOLUTION OF THE DISK

2.1. Viscous Spreading of the Disk and Accretion of a Satellite

We investigate the evolution of a radially compact disk, which is initially confined
within the Roche limit. Roche limit is a limit within which the tidal force of the central
planet is stronger than the self gravity of an orbiting body. Within the Roche limit, an
aggregate of particles is sheared apart by tidal effect. Thus, no satellite can be formed
within the Roche limit. However, the disk radially spreads, and satellite accretion occurs
outside the Roche limit eventually. Once a satellite is formed outside the Roche limit,
the satellite grows with mass spreaded out beyond the Roche limit, until the gravity of
the satellite forms a gap between the disk and itself. The gap formation is regulated
by balance between spreading of the disk and satellite-disk interaction. Thus, viscous
evolution of the disk is essential for satellite formation process. In this section, we describe

viscous spreading of a particulate disk within the Roche limit.

2.1.1. Roche limit

The radius of the Roche limit is given as
~1/3
Ry = 2.456 <-p—) R., (1)
pe

where p, p. and R, are a mass density of the disk material, a mass density of the central
planet and a radius of the central planet. The width of a region [R.-Rg] depends on
the ratio of the mass density of the disk material and the central planet. Note that the
Roche radius is a radius of the Roche limit, and not a radius of the Roche lobe. Roche
lobe denotes a region within which the gravity of the planet dominates over the gravity
of the sun and the centrifugal force of the rotation around the sun. The radius of the

Roche limit is a few R., while the radius of Roche lobe is orders of magnitudes larger.

3 and p = 3.3 g cm™3, which are

In the case of a lunar formation, p. = 5.5 g cm™
the present Earth’s and lunar bulk densities, so that Rg = 2.9R., or R, = 0.34Rg. In

our simulations, we adopt the relation R, = 0.34Rg, because a comparison with the
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N-body simulations of lunar formation is easier. However, multiple satellite systems are
common in outer solar system, so that we mention Jovian and Saturnian system briefly
here. Assuming that particles are of mixture of rock and ice with p ~ 2, which is about a
material density of Ganymede, the radius of Jupiter is R; ~ 0.45Rg, and assuming that
p ~ 1.5, which is about a material density of Dione, the radius of Saturn is Rg ~ 0.53 Rg.
In outer solar system, the region R. < r < Rg is narrower than the terrestrial case.
However, since outer edge of a disk is more important in the satellite formation process,

the result of this paper can be appliable to outer solar system with small modifications.

2.1.2.  Angular momentum transfer and viscous spreading

The spreading of a disk is regulated by angular momentum transfer. If angular
momentum is transfered outward, inner material loses angular momentum and migrates
inward, while outer material gains angular momentum and migrates outward (Lynden-
bell & Pringle 1974). Thus, the spreading of a disk can be described by outward angular
momentum transfer. In sections 2.2 and 2.3, we summarize angular momentum transfer
processes in a self-gravitating particulate disk, and derivation of these angular momentum
transfer rates in our numerical simulations, following Takeda & Ida (2001). In section

2.4, we show the properties of angular momentum transfer.

2.2. Basic Equations of Angular Momentum Transfer

Number density distribution function f(@,v,m) satisfies the Boltzmann equation,

where &,v, and m denote position, velocity and mass of particles, respectively:
af of 0@ of (of af
E“"axa_axaava’(E e ) (2)
where the derivatives with suffix (0X/8t). and (8X/0t), mean that the change of a

quantity X is due to mutual collisions and gravitational interactions. ® is the external

potential from the central planet. We multiply eq. (2) by m and integrating it over m.
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Since 0®/0z, does not depend on m, an equation for mass density g is
dg dg 0® dg  (Jg Jdyg
R axa“axaava_(ﬁ \a) ®)

where g(e,v) = [mfdm. In this paper, we will simulate an equal-mass (m,) system,

then ¢ = myf.

We integrate eq. (3) in cylindrical coordinates over z, § and v. After some partial

integrations, we obtain the equation of continuity:

5, 10 0 0
5 (27X) + . (27rYu,) = (6t27r2)c + (EQWZ)Q , (4)

where 3(r.t) and u(r,t) are surface mass density and averaged velocity defined by

27 0

X(r,t) = 51}—/0 d@/ dz/dvg, (5)
27 00

= -—1—/ dH/ dz/d'vvg. (6)
T Jo -0

Since collision and gravitational force do not change the location of particles discontinu-

ously, the right hand side of eq. (4) is 0.

Similarly, eq. (3) multiplied by vy with integrations over z, 8 and v leads to the 6

component of equation of motion,

2, 0 a
En (27 Luy) —|-———< / d0/ dz/dvvrvgg) (at27r2uo> +(a27r2u€>g. (7)

Multiplying eq. (7) by r?, we obtain the equation of angular momentum,

0 _ OFum
gy (2rr¥rug) = — o (8)
where
FAM = -Ftra.ns + Fcol + Fgra.v + Mdjskh (9)
27 o]
Firans = / rdﬂ/ dz / dvv,rvgg — Mg h, (10)
0 —00

" ! 8 ! !
Fga=- /;min dr (527”" Yr ug)c, (11)
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Fpoaw = —/ dr’ (%2#7"27"1@) . (12)
T g

We introduced specific angular momentum A = ruy and advective term Mdjsk = 2nrXu,,
which expresses angular momentum carried by mean radial flow. Since Fyu appears in
eq. (8) as the form 0Fanm/0r, the minimum range of integration ry;, is a free parameter.
We choose rmin as the radius of inner boundary of the disk, so that Fi, and Fy,, are
0 inside of inner boundary and outside of outer boundary of the disk. Since Mdjsk =

2rr¥iu, = 02” rdd ffooo dz [ dvu,rugg,

2 00
Firans = / rdO/ dz/dv(v, — u,)r(vg — ug)g. (13)
0 —0o0

This term is angular momentum transfer due to random motion of particles, analogous
to that due to molecular viscosity (Goldreich & Tremaine 1978). Wisdom & Tremaine
(1988) and Araki & Tremaine (1986) called it “local” and “translational” transfer, re-
spectively. We will call this flux as “translational” angular momentum flux and use suffix

“trans”.

Combining eq. (4) and eq. (8),

. Oh oh 0
Mdiskgr'_' - *27T7~E§ - E (Ft,ra.ns + Fcol + Fgrav) . (14)
As long as Mg € M., ug is Keplerian, ug = v = /GM./r, and 8h/8t = 0. Then
1 0

. isk = 37 74 o Fra.ns col F, av ) 15
Maisk = = 57757 g (Firans + Feat + Frar) (15)

where 8h/dr = Qr/2.

Angular momentum transfer is often expressed in terms of viscosity v (e.g. Lynden-

bell & Pringle 1974; Pringle 1981). In a viscous accretion disk,

. oXv
sk = — , 16
Md.lk 37T<EV+2TC{’T'> ( )
Faum = Mdiskh + 3rr? 0. (17)

Comparing egs. (9) and (15) with egs. (16) and (17), effective viscosity v is given by

3%27‘2\91/ - -Ftra.ns + Fcol + Fgrav- (18)
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2.3. Derivation of Angular Momentum Transfer Rates in Numerical
Simulation

In this subsection, we derive expressions of Fians, Fuol and Foay in a particle disk,
generalizing the procedure in Wisdom & Tremaine (1988). Particle ¢ is represented as
é6(x —@;)6(v —;)6(m —m;) in phase space (x,v,m), where x;, v; and m; are the position
of mass, velocity and mass of particle ¢, and § is delta function. Mass density distribution
g(z,v) is

g:/dmf: Zmié(az—wi)é(v — ). (19)

With eq. (19), we rewrite Fiocal, Frol and Feray in particle image as below.

2.3.1. Translational angular momentum transfer
Substituting eq. (19) into eq. (13), we obtain

Firans(r) = /o 7rrdG [w dz/d'v (vr —up(r)) 7 (v — ug(r)) g
= Z m;i(vyi — ur (7)) (ve; — ug(r))8(r — ;). (20)

1

It is convenient to average Fiyays over finite range [r — 370s7 + 2ro], where r, < ro < 1

(rp: particle physical radius). In our numerical simulation, we adopt rg = 0.02Rg.

Averaged translational angular momentum transfer is

1 [rt3r ,
Era.ns(r) = ;‘; . dr,Erms(T)
=370

1
= - Z mi(vri — Uri)7i(vei — ugi), (21)
0
where summation is taken in the region r — %ro <r;<r+ -;-ro, and wu, is field velocity at
;.

We must define the averaged velocity u;. Substituting eq. (19) into eqs. (5), and

(6), we obtain ¥(r) and u(r) in particle image. We average them over ro. The averaged
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surface density ¥ = X(r) and averaged velocity u = u(r) are

1 'r+ ro
Y= dé dvg = 22
27rry [_ Lro / / dz/ vy = 27rrr0 Zm], (22)

1 'r;+ 570
- - 3
u 27rrrﬁ)/£ dr/ dﬂ/ dz/d'v'ug 2wr022’ujm], (23)

where the summations are taken over all particles in the range [r — 1ro,r 4 1r].

2.8.2. Collisional angular momentum transfer

From equation (11),

b 2 oo 8
F= —/ dr'/ r’d0/ dz/d'vr'vg (__-2) ) (24)
Tmin 0 —0o0 8t c

Collision term (dg/dt). is the sum of the change of distribution function g over all colli-
sions in a unit time. During a collision between particle A and B, the locations of the par-
ticles do not change, and the velocity of each particle changes as v — vs +Avs , v —

vy + A’UB (mAA'vA + mBA'vB = 0) Thus, Fcol is

Fcol = Z dY‘ {mA(S(r — T'A)A’UQA + mB(S(T' — T'B)A'UQB} = Z mArAAng, (25)

col ¥ 7min col

where we assumed ry < rp without loss of generality and used maAva + mpAvg = 0.

Summation (Z) is done for all collisions with ry < r < rg during a unit time.

col

We also average F., over the region [r — %ro, r4 %ro] to be consistent with Fjoca and

for the summation to have enough number of collisions. Introducing Al = —mgrsAwvga,
Fa=Y 2l (26)
To

col

where summation is taken over all collisions in the region [r — ro,r + 2ro], during a unit
time, and S is radial distance by which angular momentum Al is transferred, i.e., rg —ra.
To avoid duplicate counting, S = rg — (r — 57"0) or S=(r+ %rg) — r4 for the collisions
which straddle the boundary r — %ru orr+ 57'0.
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2.3.3. Gravitational angular momentum transfer

Substituting equation (19) into equation (12), we obtain Fg,, in particle image as

T 2mr [o'e) 8
Faa(r) = "/ d7"/ﬂ r'd0/ dz/dvr'vo (3—?)
r —o0 g

min

= =Y mn (%vaﬂ-) =) TF™, (27)
g

ri<r ri<r

where TF™" is the torque exerted on particle 7 by mutual gravity. Apparently, —Floray 18

total torque exerted on particles inside the radius r. Since the same amount of torque is

exerted on particles outside 7 as recoils, Fi,y 1s the angular momentum flux through a
1

cylinder of radius r. We also average Fi,, over the range [r — 370, T + %ro],

T c—(p—1
Fom(r) = = 318 - 3 2 0= 570 g 8)

To

where the first summation is taken over all particles with r; < r — %ro, and the second

summation is taken over all particles in the range [r — 1ro, 7 + %ro].

2.4. Properties of Angular Momentum Transfer

In a spatially uniform particulate disk with high optical depth, F., is important
(Araki & Tremaine 1986), since the sum of particle radii is larger than a mean free path
of particles, so that more angular momentum is directly transfered by collisions, than by
the excursions of the particles. In the region near planet’s surface, where a tidal effect
of the central planet is large, distribution of particles tends to be spatially uniform and
F1 dominates angular momentum transfer (Takeda & Ida 2001; Daisaka, Tanaka & Ida
2002). However, in most region of the disk, spiral structure develops if the optical depth
is high enough (Salo 1995; Daisaka & Ida 1999), and the disk is not spatially uniform (see
snapshots of our simulations in Figs. 4). In this case, angular momentum transfer rate
is regulated by surface density of the disk through the spiral structure (Takeda & Ida
2001; Daisaka, Tanaka & Ida 2002), and Fiaps and Fyp,y dominate the angular momentum

transfer.
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2.4.1. Angular momentum transfer rate when the spiral structure develops

Under WKB approximation, spiral structure transfers angular momentum outward

(Lynden-Bell & Kalnajs 1972) as

F,

grav

= gGrz)\H2 sinz cos? ¢, (29)

where ¢, H, and X are a pitch angle, a density amplitude, and a wave length of the spiral

(Larson 1984). In the linear theory, the wave length is (e.g. Binney & Tremaine 1987)

21:GY
A= a7 (30)

With numerical results H ~ ¥ and sinzcos®: ~ O(1),

e (31)

When spiral structure develops, each spiral arm moves as if a super particle with
collision frequency ~ 2, and Toomre’s @ value (= v,2/7GE) (Toomre 1964) is ~ O(1)
(Salo 1995; Daisaka & Ida 1999), where v, is radial random velocity of particles. Thus,

TG
~ . 32
vl‘ Q ( )

Analogously to molecular viscosity, viscosity due to random motion is of the order of

v2Q~1. Thus, from egs. (18) and (32),

riys, (33)

Note that egs. (31) and (33) have the same form.

In the case that spiral structure develops, Fgray and Firans dominate over Fi,. Thus,

angular momentum transfer rate has a form (eq. (18))

3¢72
G* ,

3rXriQu = C a7 " ¥3, (34)

where C is a numerical factor. In terms of viscosity,

Crie

=3 (35)

14
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The form of eq. (35) is consistent with a form of turbulent viscosity predicted by a
dimensional analysis in Lin & Pringle (1987) or Ward & Cameron (1978). In general, C
depends on r and about 2-10 within the region r = [0.6 — 1.0]Rg, (Daisaka, Tanaka &
Ida 2002; Takeda & Ida 2001).

2.4.2. Validity of the equation (34)

Expression eq. (34) assumes that the spiral structure regulates angular momentum
transfer. This assumption is valid if the disk consists of many particles with number
enough to represent the spiral structure. The validity of the expression eq. (34) depends

on optical depth 7. A surface density ¥ and an optical depth 7 are given as

4
Y= gwprin, (36)
3
T =7rin = , (37)
P 4pr,

where n is a surface number density. The number of particles in a scale of structure is
nA?. From eq. (30), (36), and (37),

2 64m2p*rS .

n)\ —9—]‘4627'

(38)

The number nA? must be greater than some numerical factor, which is greater than 1 at

least. We denote this factor by f,. Thus, the condition that eq. (34) is valid is
1 (3M\*®
o= fUB___ [ ZZC 39
T > Tmm f'r 4:77' ( pT3 ) b ( )

where f, is a numerical factor of order 2> 1.

In Figs 2, we show the dependency of numerical factor C on optical depth 7 at
r = 0.7TRg. The figures are from Takeda & Ida (2001). C, and C represent the
contributions to C of Fypay and Fipans respectively. In this region, 7in given by eq. (39) is
0.16f2/°. Numerical results that C takes a constant value of order of 1 with large 7 2> 0.2

is consistent with above arguments.
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Fig. 2.— Relations between numerical factors C, and C; against optical depth 7 (Figures
from Takeda & Ida (2001)).

With a given disk mass, optical depth is an increasing function of particle number
N. A disk consists of large number of particles has larger 7, while a disk consists of small
number of particles has smaller 7. Since C is constant in the region 7 > 7Tyy,, viscous
evolution of two disks with different number of particles are similar, if eq. (39) is satisfied
in both disks. Thus, we have no need to simulate the evolution of a disk with countless
number of particles. Instead, we only have to simulate a disk with minimum number of
particles which satisfies eq. (39). A minimum number of particles is given as follows.
The averaged optical depth within a disk with an outer edge at Rp is

2/3
__ Nxr? _ 1 3Maga \ Y N3 (40)
m(R% — R?) 1-0.342 \4npR}

Thus,

Mga \ 7
N > 1.5 x 10°2;, (0 S ) (41)

is a minimum number of particles needed to express the disk. If we take 7, = 0.25,
particle number must be greater than 20,000 for the disk with Mg = 0.01M.. However,
more particles are in need initially, since particle number decreases with time. In our
simulations, above condition is satisfied in the cases that a secondary satellite is formed
until the formation time. However, this condition is not satisfied in the very last stage of

somme runs.
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are chosen to be just before tg,, for each run.

We compare the factor C in our numerical simulations with the previous results. We
show the distribution of C in our simulations in Fig. 3. The points in the figures show
C as a function of r. These points are taken from the runs A-2, A-3, A-4, A-5, B-3 and
B-4. The sampling times are the time at which the growth of a primary satellite stops
(see below), and these points are taken only if optical depth > 0.15. The factor C is

within the range [2-10], and C increases with r. This is consistent with the result of local

2.4.3.

Comparison with numerical result

N-body simulations (Daisaka, Tanaka & Ida 2002).
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2.5. Diffusion Time Scale and Satellite Accretion

When disk materials diffuse beyond the Roche limit, particles begin to coagulate to
form satellite seeds. The time scale of viscous evolution is given as ~ Ar?/v, where Ar
is a radial scale length of a disk. From eq. (35), the time scale of the evolution of a disk

within Roche limit is given as (Kokubo, Ida & Makino 2000; Takeda & Ida 2001)

-2 2 -9/2
fo, o 07 & AryT k. (42)
c \001M.R?) \Rs) \Em

In the case of a protolunar disk, t., is of order of 10 — 1007.

Satellite seeds grow with particles which diffuse beyond the Roche limit. In most
cases, one of the satellite seeds grows to a single large satellite. In the simulations of
Kokubo, Ida & Makino (2000), a second massive moonlet with mass more than 20% of
the most massive satellite is formed in only 6 of 60 runs. These second massive satellites
survive from the collision to the largest satellite by being in a horse shoe orbit of the
largest satellite. Growth of the satellite continues until the satellite becomes massive
enough to form a gap between the disk and itself, and supplies of mass from the disk

stops. We describe gap formation process in section 4.
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3. NUMERICAL METHODS AND MODEL

3.1. Numerical Methods

Here, we briefly describe the simulation method used in the present study. We
simulated the evolution of a debris disk by N-body method. We used 100,000 particles
to represent the disk. We followed the orbital evolution of all particles by integrating the

equations of motion:

d’v,'
dt

N
x; T, —x;
= _GMCEI—3 - ; ijm. (43)
The method of simulation and analysis of angular momentum transfer are nearly the same
to the previous paper Takeda & Ida (2001) except for integrator. In the previous paper,
we have used GRAPE-4 system (Makino, Taiji, Ebisuzaki, & Sugimoto 1997) which is a
high-speed single-purpose computer for calculation of gravitational interaction between
multiple particles. Since this system returns accelerations d?x;/dt? and jolts d*z,/dt®, we
had adopted 4th ordered Hermite scheme (Makino & Aarseth (1992)). In this paper, we
use GRAPE-5 system (Kawai, Fukushige, Makino & Taiji 2000) which does not return

jolts, so that we use 2nd ordered scheme with a smaller interval between each time step.

We include the collisions of particles in the calculation. When we detect |@; — @;|
becomes smaller than sum of particle radii (r; + r;), we change velocities of particles
according to restitution coefficient. We assume that all particles are perfectly smooth
spheres, with tangential restitution coefficient ¢; = 1 (free slip condition), neglecting the
exchange between orbital angular momentum and spin angular momentum (Kokubo, Ida
& Makino 2000). We use constant value 0.1 for normal restitution coefficient ¢,. The
specific choice of €, does not effect angular momentum transfer in a disk much, as long
as €, < 0.6 (Takeda & Ida 2001). For detailed adjustment of collision and rebounding
to avoid numerical difficulty, we follow Richardson (1994).

Outside the Roche limit, particles coagulate and form aggregates, which we call
satellite seeds. To represent them, we adopt rubble pile model without any artificial
accretion between particles. This is because satellite seeds often migrate or be scattered

into the Roche limit by mutual interactions. Using rubble pile model, we can treat the
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destruction of these seeds when they reenter Roche limit. However, rubble pile model is
time consuming, so that we change an aggregate to a single large particle if the aggregate

is well outside Roche limit and the peril of reentering to the Roche limit no longer exists.

In this work, we assume that the central planet is spherical, neglecting deformation.
We concentrate on a particulate disk, and neglect the gas component of the disk. We
also neglect disruption, melting or vaporization of particles by collisions. Note that they

would be important in a massive disk such as a protolunar disk.

In our simulations, we use M., Rr and Tk /27 as units of mass, distance and time
respectively, following Ida, Canup & Stewart (1997). In this case, the gravitational
constant G becomes 1. For our adopted disk material density p (3.3 gcm™?), Kepler time

at r = Rpg is about 7 hr (which we denote as Tk).

3.2. Parameters, Models and Initial Conditions

In this work, we perform two sets of simulations. In one set of runs, particles are
initially distributed from 0.4Rg to 1Rr with surface density ¥(r) oc r~2. For simplicity,
particle size are all equal. With this surface density distribution, {3, = 0.78/GM_Rg.
We call this set of runs as set A. We performed 7 runs of set A with initial disk mass M3,
from 0.0098 to 0.0463 M.. In another set, which we call set B, we initially put a satellite
seed with mass M? about 1.2 Rg. In this set, we allow artificial accretions between
the satellite and particles. In this way, distinction between satellite and disk particles is
easier, and we can use larger number of particles than set A to represent the disk, while
artificial accretion reduces particle number quickly and allows faster calculation. We have
confirmed that the existence an artificial satellite seed does not change the results as long
as MY? is initially not large enough to form a gap, and the artificial satellite seed does not
enter the Roche limit in its course of the growth. In set B, we performed three series of
simulations with different initial specific angular momentum I3, = 0.73,0.78, and 0.83
respectively. The initial surface density of each series is ¥(r) x r®, with a = -2, -3,
and —4. We performed 5 runs with {3, = 0.78, which has the same [, with the runs
of set A, and 4 and 3 runs with {§, = 0.73 and 0.83 respectively. We describe initial

conditions of each run in Table 1.
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Table 1. Parameters of initial disks

RUN M c?.isk M, Y M d_Jsol? l(Oiisk

S

RUN A-1 0.046 - - 0.78
RUN A-2  0.037 - - 0.78
RUN A-3  0.027 - - 0.78
RUN A-4  0.022 - - 0.78
RUN A-5  0.017 - - 0.78
RUN A-6  0.012 - - 0.78
RUN A-7  0.0098 - - 0.78

RUN B-1  0.0390 0.0025 0.046 0.78
RUN B-2  0.0293 0.0025 0.036 0.78
RUN B-3  0.0195 0.0025 0.027 0.78
RUN B-4 0.0146 0.0025 0.022 0.78
RUN B-5 0.0145 0.0010 0.017 0.78
RUN B-6 0.0677 0.0020 0.075 0.73
RUN B-7 0.0484 0.0030 0.060 0.73
RUN B-8 0.038 0.0025 0.048 0.73
RUN B-9 0.0290 0.0020 0.036 0.73
RUN B-10 0.0295 0.0030 0.036 0.83
RUN B-11 0.0196 0.0020 0.024 0.83
RUN B-12 0.0147 0.0010 0.017 0.83
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4. RELATION BETWEEN SATELLITE MASS AND DISK MASS

As described in section 1, whether a single satellite system or multiple satellite system
is formed depends on the mass of a satellite and the mass of the remaining disk. If the
mass of a satellite were small compared with the remaining disk, the satellite migrate
outward and a secondary satellite would be formed from the disk near the Roche limit. In
this section, we show numerical results, and describe the relation between satellite mass
and initial disk mass. In section 5, we determine the conditions to secondary satellite

formation.

4.1. Overview of Disk Evolution and Satellite Accretion

In this subsection, we show typical evolution of disks for both cases that a single

satellite is formed and that two satellites are formed.

4.1.1.  Formation of a primary satellite

At first, we show the formation process of a primary satellite. In Figs. 4, we show
the evolution of run A-3 (run without an artificial satellite seed). The circle at the center
of each panel represents a central planet with R, = 0.34Rg, while the largest circle
represents r = 1RR. Spiral structure develops in the disk immediately. At ¢ = 10 (panel
(a)), several satellite seeds are formed outside the Roche limit. By the time ¢ = 30 (panel
(b)), one large satellite is formed. After a few Kepler times, the satellite begins to migrate
outward and the growth rate of the satellite decreases (see below). At ¢ = 80 (panel (c)),
a clear gap is formed between the disk and the satellite. The growth of the satellite is
already stopped and the satellite is migrating outward. We show a snapshot at ¢ = 30
in r — z coordinates in panel (d). Large three circles indicate r = R.,0.5Rg, and 1Rg
respectively. The satellite exists at r = 1.2Rg. The scale height of the disk is smaller
than the satellite size, so that the two-dimensional treatment of disk-satellite interaction

is reasonable.
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It is known that a satellite and a disk repel each other by mutual interaction (Gol-
dreich & Tremaine 1979). After the primary satellite is formed, it migrates outward,
while disk particles fall to the central planet and disk mass diminishes. The outcome of

the disk evolution depends on the mass of a primary satellite and the disk.

4.1.2. The case that only one satellite is formed

We show the evolution of disks after the formation of a primary satellite. In this
subsection we show the case that another satellite is not formed. In Figs. 5, we show the
evolution of run B-2 (a run with an artificial satellite seed). Panel (a) shows the snapshot
of an initial disk and the satellite seed (¢t = 0Tk). At t = 207k, a gap is formed and the
growth of the satellite stops, and the satellite begins to migrate (panel (b)). Initially, the
edge of the gap moves outward as the satellite migrate outward (panel (c) at t = 3007x).
However the disk edge never crosses the Roche limit well (panel (d) at ¢ = 8007k). At
this time, the disk has only 35% of the satellite mass, and the entire disk is within the
Roche limit. A secondary satellite of considerable mass would no longer be formed from
the disk. We stopped the simulation of this run at ¢ = 8007k. The final outcome is a
single satellite and some remnant disk materials, which does not have enough mass to
spawn a secondary satellite with considerable mass. The disk would be cleared away by

the satellite eventually (Ida, Canup & Stewart 1997; Kokubo, Ida & Makino 2000).

4.1.3.  The case that a secondary satellite is formed

In this subsection, we show the case that a secondary satellite is formed. Figures 6
show the disk evolution of run B-4. The disk is less massive one than that of run B-2,

and we initially set a satellite seed.

Panel (a) shows a snapshot at t = 507k. By this time, a gap is formed, and growth
of the satellite stops. Panel (b) shows a snapshot at ¢ = 2007k. Considerable mass is
already outside the Roche limit, and temporal aggregates are formed. However, the disk

edge is near 1:2 resonance of the primary satellite, and these aggregates have relatively
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t=29.98Tk

——

| 1=79.98Tk

Fig. 4.— Snapshots of (a) run B-3 at ¢t = 10, (b) ¢t = 30 and (c) ¢ = 80. We draw three
circles at center in each panel with r = Rp, r = 0.5Rg and r = Ry as a guide. Panel (d)
is snapshot in -z plane. the meaning of three circles are the same.
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Fig. 5.— Snapshots of run B-4 (run with an artificial satellite seed). panel (a)-(d) are
snapshots at ¢t = 0,20,300,8007% respectively. Three circles in each panel indicates
r =R, r=0.5Rg and r = Rg. A relatively large particle just outside Roche limit in
panel (a) is a satellite seed of the primary satellite.
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Fig. 6.— Snapshots of run B-4 (run with an artificial satellite seed). Panel (a)-(f) are
snapshots at ¢ = 50,200,400, 4507, respectively. Three circles in each panel indicates
r = R., r = 0.5RR and r = Ry as before.
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large eccentricities and enter the Roche limit at pericenter, and are destroyed. Thus, a
secondary satellite is not formed yet. Panel (c) shows the snapshot at ¢ = 4007k. The
Primary satellite migrates further away and formation of a secondary satellite begins at
the disk edge. Att = 4507k (panel (d)), the formation of the secondary satellite is almost

complete, and a two-satellite system is formed.

4.1.4. Mass of a primary satellite

Whether multiple satellite system is formed or not depends on the mass of the
primary satellite and the disk mass. In Fig. 7, we show the relation between the initial
disk mass M3, and final satellite mass of runs of set A (runs without artificial satellite
seed). Filled circles are the mass of the most massive aggregate at the end of each
simulation. Mass of the satellite decreases with decreasing disk mass. Satellite mass is
roughly proportional to square of the disk mass [M; oc (M3,)?]. As shown below, the
mass ratio between the satellite M, (tsop)/ Maisk(tstop) also decreases as M3, decreases.
Here we denoted a time at which growth of a satellite stops by ts.p. The satellite and the
remaining disk repel each other. If M(tsop)/ Maisk(tstop) Were large, disk particles would
fall to the central planet by disk-satellite interaction. If M(tstop)/Maisk(tstop) were small,
the satellite would be repelled outward instead. If the primary satellite migrates enough,
the edge of the disk reaches the Roche limit again, and a secondary satellite would be
formed near the Roche limit. This leads to two different outcomes of the evolution of a

debris disk, depending on the disk mass:

(a) A massive disk forms a relatively massive satellite. In this case, disk mass falls
to the central planet, while satellite is repelled by the disk outward only a little. The
decrease of disk mass and its viscosity are faster than the satellite migration. Therefore,
the disk mass does not reach the Roche limit, and all disk materials are lost to the central

crit

planet finally. Thus, if M$,, is larger than a certain critical mass M§t, the final outcome

is a single satellite.

(b) From the less massive disk, a less massive satellite is formed. Thus, satellite
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Fig. 7.— Relation between the initial disk mass and the final satellite mass.

migrates by large distance before disk mass decreases considerably. Thus, satellite mi-
gration is faster than decrease of disk mass and its viscosity, and the disk edge moves
outward as the satellite migrates outward. When the disk edge migrates enough, sec-
ondary satellite formation occurs outside the Roche limit. Thus, if M3, is smaller than

M | the outcome is a multiple satellite system.

Our purpose is to quantitatively determine a critical mass M. Since the disk
evolution is regulated by the relation of satellite mass and disk mass, we investigate the

relation between them.
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4.2. Conservation Laws of Mass and Angular Momentum

Satellite mass and disk mass are related by the conservation laws of mass and angular

momentum (Ida, Canup & Stewart 1997):
Mg = Mian(t) + Maiai(t) + Mi(2), (44)

laisc M = Tt () Mean(t) + laia(t) Masac(1) + L () Mi(2), (45)

where Mgisk, Ms, laisk, and [ are mass and specific angular momentum of the disk and the
satellite, and Mgy and lg,y are cumulative mass and average specific angular momentum
of particles which fall to the central planet. Index 0 indicates ¢t = 0. Here, we neglect the
mass escapes from the system for simplicity. In general, lgy is a constant about r2(r.).

We summarized the notations in Table 3.

In the case of lunar formation, a massive satellite is formed from a protolunar disk
and all disk material falls to the Earth by disk-satellite interaction (Ida, Canup & Stewart
1997). In this case, M3 = 0. Then, from eqgs. (44) and (45),

9 — 1
MSIDA97 = M> = disk — “fall Mgisk‘ (46)
[ — I
We denote final state (¢ = oo) by index oco. If the satellite is massive enough, the

migration of the satellite is small, and final location of the satellite is near the Roche
limit. In this case, r$® ~ 1.3Rg, and since eccentricity of the satellite is small, {* is
about (r&)*(re°) (1da, Canup & Stewart 1997). Thus, final satellite mass is uniquely
determined as a function of M$,, and 1%,. We show MIPA% in Fig. 7 by dotted line.
Note that MP4%7 is proportional to M, while dependency of satellite mass on M2, is
stronger in numerical simulations. This difference comes from that assumptions M$2, =

and r° ~ 1.3Rg break down in the case of lower M., .

Final location of a primary satellite depends on the satellite mass and disk mass at
tstop, and whether a secondary satellite would be formed or not depends on the location of
the primary satellite. Our first purpose is to derive Myisk (tstop) @and laisk(2stop) s functions
of M;(tstop). With these relations, we can derive M(tstop) and Maie(tstop) as functions of

M3, and 3, using eqs. (44) and (45). Both Mk (tsiop) and lgisk(tstop) are determined
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by the gap formation condition between the satellite and the disk. We investigate the gap
formation condition and give the relation between satellite mass and initial disk mass in

the next subsection.

4.3. Gap Formation

A satellite grows with mass supply from the disk. However, as mentioned above, a
satellite and a disk repel each other by mutual interaction (Goldreich & Tremaine 1979).
Thus, as the satellite mass increases to a certain limit, it forms a gap between the disk
and itself. Consequently, there exists an upper limit to the satellite mass which is formed
from a circumplanetary disk which is initially confined within the Roche limit. The loca-
tion of the disk edge is determined by the equilibrium between satellite-disk interaction
and viscous spreading of the disk. Since the viscosity is determined by the disk surface
density, the condition for gap formation is determined by the satellite mass and disk mass.
In subsection 4.3.1 and 4.3.2 we describe the basic equations and disk-satellite interac-
tion. We describe the surface density distribution and show detail of growth of satellites
in numerical simulations in subsection 4.3.3, and describe gap formation conditions in

subsection 4.3.4.

4.8.1. Basic equations of gap formation

In the following subsections, we derive the condition for gap formation. Viscous

spreading of the disk is determined by viscous torque (egs. (15) and (18)):

1 0

Masc = = 57757 v

3rTriQy). (47)

The term —(8/9r)37Xr?Qv is angular momentum deposited by a viscous torque on a
cylinder with the width of unit length at radius r. If a gap is formed, viscous torque
works to fill the gap. With existence of external torque exerted on the disk, eq. (47)

becomes

My = __1 {32 (371'21"291/) - TS} , (48)
r
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where T is a torque density exerted on the disk. When a satellite grows massive enough,
the external torque T, from the satellite becomes important. By the interaction, angular
momentum is transfered from the inner disk to the outer satellite (Goldreich & Tremaine
1980). Such an interaction acts to open a gap between a satellite and a disk, while the
viscous torque acts to fill the gap. Thus, gap formation depends on balance between the

viscous torque and the torque from the satellite.

We summarize here the properties of viscous torque again briefly. When a particle
disk is optically thick enough, spiral pattern due to the gravitational instability develops.
Then, angular momentum transfer rate is determined by the spiral pattern, which is
regulated by surface density. Viscous angular momentum transfer rate is written as

342
™G* ,

3rEriQu = C gz " ¥3, (49)

The numerical factor C is increasing function of r. Within the region r = [0.6 — 1.0]Rg,

C takes value from 2-10.

4.8.2.  Satellite-disk interaction

The derivation of disk-satellite interaction is given in several literatures (e.g., Gol-
dreich & Tremaine 1982; Lin & Pringle 1993). We first consider the encounter of a disk
particle and the satellite. We assume that M. > M, > m,, where m, is mass of a par-
ticle, and a coplanar encounter, and that the orbit of the satellite is circular. Assuming
that the semimajor axes of the satellite and the disk particle are close, relative motion
can be described by Hill’s equation (e.g., Nakazawa, Ida & Nakagawa (1989)). In this
equation, time is scaled by the Keplerian angular velocity €y given by Q2 = GM,/a3,
where ag is reference semimajor axis, which we define to be equal to the semimajor axis
of satellite r, here. Distance is scaled by the Hill radius hr, where b is defined as

A -

We adopt % including the factor 373, Note that some literatures adopt & without the

factor 3-1/3,
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We consider the orbit of a particle whose radial separation is b to the satellite. Since
a disk particle is on an inner orbit, it overtakes the satellite. After an encounter, the
radial separation becomes b+ Ab. The change of radial separation Abin the lowest order

of b1 is given as (Petit & Hénon 1984; Hasegawa & Nakazawa 1990)
128 -
Ab [2K0( )+ Ki(= )]2b 5, (51)

where K, and K; are modified Bessel functions. Though above formula is for the case
that orbits of particle and satellite are initially circular, average of Ab is also given by
eq. (51) when the longitudes of pericenter of particles are distributed uniformly (Petit
& Hénon 1984; Hasegawa & Nakazawa 1990). In general, an encounter changes the
longitude of pericenter at the next encounter. However, assuming that inter particle
interaction smears out the effect of an encounter, we can derive the angular momentum
transfer rate as successive distant encounters. This may be good approximation except
near major resonances (Petit & Hénon 1984). Since m, < M;, the satellite moves outward

(mp/Ms)Ab during an encounter, while disk particle moves inward —Ab.

Since the interval of conjunction between the particle and the satellite is Tgyne =

(47 /3hb), the rate of the change of semimajor axis of particles is

dr —4
pm = eb *h, (52)
where
32 . 2
= 9r [230( )+ 1(1(5)]2 =T.2. (53)

Note that above formulation assumes large b. Equation. (51) underestimates Ab when
b is not so large (Ida 1990). We show Ab derived from numerical integration of 3-body
problem in Fig 8. Solid line represents the Ab estimated by eq. (51). Filled circles are
derived by numerical integration of 3-body problem. At large limit of b, eq. (52) and
numerical result coincide. However, numerical result is larger than eq. (52), up to factor
~ 5 at b ~ 2.5. Since gap formation occurs in this region, we should multiply some factor
to eq. (53). In our numerical simulations, surface density distribution is well explained

when we adopt € = 14.4 (see below).
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Fig. 8.— Comparison between analytical evaluation of Ab and numerical result. Solid line
represent the estimated Ab (eq. (51)). Filled circles are derived by numerical integration
of 3-body problem.

In the region b > 2.5, Ab has the same sign with b, so that disk-satellite interaction
works as if it were a repulsive force. In the region b < 2.5, an encounter becomes a
close encounter (Ida & Nakazawa 1989). A particle enters to the potential well of the
satellite (Hill’s sphere). In the region 2.3 < b < 2.5, Ab has the opposite sign to b and the
interaction works as an attractive force. Being near the Roche limit, physical radius of
the satellite and the radius of the Hill’s sphere are comparable, so that most of particles
which enter the Hill’s sphere collide to the satellite. In the case that b < 1.8, particle
takes a horse shoe orbit and turns back. Accretion of particles to a satellite occurs in
the region 1.8 < b < 2.5. Particles in the region [r, — 1.8hr,,ry + 1.8h7,] remain long in

the numerical simulations (Fig. 6 panel (d)), being in horse shoe orbits. However, most
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of them diffuse from this region by particle-particle interaction eventually. Thus, we call

the region [rs — 2.5hrs, 75 + 2.5h7] the feeding zone of the satellite.

From the relation that the specific angular momentum of a particle { = v/GM,r, the
change of specific angular momentum of a particle is dl/dt = (I/2r)dr/dt. Torque density
is given by 27Xr(dl/dt). From eq. (52), torque density on the disk in the normal unit is

-4 2 2 —4
- Ts— T 2202 _ € [7rk GM; rs—T
T, = 7rer52< e ) heriQg = 5 ( 7 ) ( 2 ) ( - > . (54)

Here we replaced r by r unless they appear in the form r — r,. Note that we can obtain

a similar result to eq. (54) by averaging interactions of many resonances in the vicinity

of the satellite (Goldreich & Tremaine 1980).

4.8.3.  Surface density distribution

Since disk particles and a satellite repel each other, disk-satellite interaction works
to clear out the disk near the satellite. On the other hand, viscous spreading of the
disk works to fill the cleared region. As the satellite grows, the effect of disk satellite-

interaction increases, and the satellite clears the disk particles and forms a gap.

In this subsection, we derive the surface density distribution when the satellite torque
and the viscous torque are in equilibrium, using eq. (49) for viscous spreading and eq.
(54) for satellite torque. In an equilibrium structure, ¥ decreases and becomes 0 near
the satellite. The location where ¥ becomes 0 is the estimated location of the disk edge,
which we denote by 7¢y. The estimated width of the gap, ry —r.q depends on the satellite
mass and surface density of the disk far from the satellite. As explained in the previous
section, when the gap width is smaller than 2.5hr,, eq. (54) breaks down. In this case,
the particles near the disk edge closely encounter the satellite and collisions occur. Thus,
the growth of the satellite continues if ry — req < 2.5hr5. As the satellite grows and
surface density decreases, the estimated width of the gap increases. When gap width
reaches 2.5hr,, the growth of the satellite stops. At this time, the location of the disk

edge in numerical simulation (reqg), and estimated location r., are in agree as shown
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below. Finally, we derive a satellite mass at which ry — req reaches 2.5hr,, which is an

upper limit of the satellite mass.

Evolution of a surface density is regulated by viscosity of a disk and disk-satellite
interaction. From the equation of continuity and eq.(48),

8 1 8[ 1 (9
— = — —(3rEr* W) —T, ¢ . 55
8t 2nr or [ah/ar {8r( wZrv) }] (55)

If time scale of mass depletion of a disk and a migration time of a satellite are much
longer than a relaxation time of surface density, a quasi-stationary state is achieved and
we can approximate as 3X /3t = 0. This assumption is generally valid since the outward
migration of the satellite begins after a gap is well formed. Then

#/37‘ {%(37(27‘201/) - TS} = const. (56)

Since viscous torque and T are 0 outside the disk edge, the constant in eq.(56) is 0.
Assuming that the torque from the satellite is important only in the vicinity of the

satellite, we substitute eqs.(49) and (54) to eq.(56):
10 sy € [ M? re —r\ .
2

M2
(CY3a53%)? = —5 ( ;) /eC‘l/sa_5/3(1 — a) *da, (58)
7?2

The solution to eq.(57) is

where a = r/rs.

Since the interaction is important only near the satellite, we simplify eq. (58) by
replacing o in the integral by 1 except for the terms in the form 1—a. Also we approximate

C as a constant. Introducing F(«) as

Fla) = /(1 —a) *da = %(1 —a)7?, (59)

~5/3
Y= (M;> c-1/3 (L) \/A — (;2_6_) C-1/3F (1>’ (60)
7T’ Ts 27 Ts

eq. (58) is
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Fig. 9.— (a) Evolution of mass of a satellite for runs A (runs without an artificial satellite
seed), and (b) evolution of semimajor axis of a satellite for run A-2, A-3 and A-6.

where A is a constant of integration. Defining ¥* as

s = (Mo C13/4, 61
) o

Ty

()G () () @

In this subsection, we confirm the validity of surface density distribution given by eq.

eq. (56) is

(62), comparing the surface densities in numerical simulations with eq. (62) at t = ty0p.

In the next subsection 4.3.4, we will derive a relation between ¥* and satellite mass at

t = tstop-

To compare eq. (62) to numerical result at ¢ = tg,p, Wwe must determine ty,, in
numerical simulations. We show evolution of masses and semimajor axes of satellites of
runs of set A in Figs. 9. The satellite is defined as the most massive aggregate in each

run.

Panel (a) shows the mass growth of satellites of numerical simulations from run A-1
to A-7. Initially, the satellite grows rapidly, then its growth rate decreases gradually
and stops. In panel (b), we show the evolution of semimajor axis of run A-2, A-3 and
A-6. Initially, a satellite seed does not migrate outward, or rather migrates inward.

This is because the satellite grows with the disk particles whose orbital specific angular
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momentum is smaller than the satellite. Sometimes, it reenters the Roche limit and
is disrupted (see the peak in mass growth of run A-5 in panel (a)). As the growth of
satellite slows down, outward migration begins and growth of satellite stops eventually.
Since the growth of satellite slows down gradually, it is not easy to determine ty,,, clearly.
Here we use the fact that outward migration begins just before gap formation. The filled
circles in panel (b) represent the time at which the satellite begins to migrate outward
(we denote this time as ¢mig). In panel (a), we put two points for each line. Small points
represent fmig, and large points represent tg.. defined as follows. When the migration
of satellite begins (f = tp;;), the growth of the satellite is nearly finished, though the
satellites continue its growth somewhat after ty;; in all runs. Thus, we defined #4,p in
numerical simulations as tsop — tgrow = 1.5(tmig — tgrow), Where torow is a time at which
rapid growth of the satellite begins. We summarized the satellite mass and disk mass at

stopping time in Table 2.

We show the surface density distribution at ¢ = t4op in Fig. 10, and we compare
them with eq. (62). Panel (a) shows surface density of run A-2 at ¢ = 40 and panel (b)
shows surface density of run A-6 at ¢ = 90. Solid lines are surface densities in numerical
simulations, and dotted lines are surface density estimated by eq. (62). Here, we use
surface density which is defined by the semimajor axes of particles rather than r, because
the structure of the disk edge is clearer in this way. The constant of integration X* is
determined by fitting eq. (62) and surface density of numerical simulation at r = 0.8 Ry.
This particular value is chosen so that it is apart from the disk edge and gradient of
surface density is small, and in this region the spiral pattern well develops and the eq.
(34) is valid. We also show the semimajor axis of the satellite of each run in the figure.
In the estimation of eq. (62), we used C = 5 from the numerical result, and ¢ = 14.4,
which is two times larger than eq. (53). In both cases, estimations and surface densities
in numerical simulations are in agreement in the region r > 0.7Rg, and 7eq ~ Tedge-
This indicates that gap formation is well described by the equilibrium between viscous
torque and satellite torque. Numerical result shows somewhat steeper surface density

distribution, which would come from r dependency of C.
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Fig. 10.— Solid line is surface density distribution defined by semimajor axis of particles,
and dotted line is surface density estimated by eq. (62). Panel (a) is for run A-2 at ¢t = 40
and (b) is for run A-6 at ¢t = 90.

4.8.4. Gap width and satellite mass

In this subsection, we determine the relation between the satellite mass and disk

surface density. Equations. (59) and (62) show that ¥ vanishes at r = req, where req is

defined b
y 9¢ \1/3 M 2/3
—_ = [ = i . 63
s ™ Tea (810) (Wrszz*) s (63)

As long as eq. (52) is valid, r., expresses the radius of disk edge.

If b=rs —req < 2.5hrg, the satellite-disk interaction is attractive but not repulsive.
Hence, the satellite torque no longer equilibrates with the viscous torque. Gap is not

formed in this case. In other words, the condition for gap formation is

M\
Ts — Teq = 2.5hrg = 2.5 (3]& ) Ts. (64)

The distance between r, and re, increases as the satellite mass increases and the disk
surface density decreases as shown in eq. (63). When M, exceeds some critical value, gap

is formed. From eq. (63) and eq.(64), the critical satellite mass M; is given by

E* 2\ 2
M, =X ( M”) M., (65)

X =(2.5)° (?E) : (66)

where

2€
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Fig. 11.— The relation between M, in numerical simulations, and M, estimated by eq.
(65), with ¥* evaluated from the numerical simulations. A solid line show a line at which
both M, are equal.

So far ¥* has been a constant of integration. In the below, we analytically evaluate
2. Before that, we confirm eq. (65) with ¥* obtained by fitting the result of N-body
simulation with eq. (62). We compare satellite mass Ms(ts0p) and M, estimated by eq.
(65) with the numerically derived £* at t0p. In Fig. 11, we show the result. Horizontal
axis is M; estimated by eq. (65), and vertical axis is M,(ts0p) in the numerical simulation.
Filled circles are results of runs of set A. Solid line show the line at which both M, are
equal. If eq. (65) is valid, circles should be along the line. Numerical results and
estimations are in good agreement, indicating that eq. (65) is valid. One circle near
M, = 0.01 is apart from the line exceptionally. In this run (A-7), a large aggregate with
considerable mass is formed in a horse shoe orbit of the satellite. If we add the mass of

this aggregate to M(tstop), the circle becomes to be along the line.
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Now we analytically evaluate £*. As shown in eq. (62), ¥ = Z*(r/r,)~5/® in the
region far from r,. Approximating this ¥ distribution holds in the entire disk from ry, to

Tedge, the mass of the disk is

Tedge
Mk = 2%2*7'3/3/ r=23dp = Brriy®, (67)

in

r=o{(2)- ()} “

M. 1/3
Tedge ~ [1 —-25 <3M ) } rs. (69)

Substituting eq. (67) into eq. (65), we obtain M, as a function of My,

where

and

Mg\’
M =X M.. 70
y (BMC> ( )

Since we need to derive M, as a function of M§,, and 3, we substitute eq (70) into egs.

(44) and (45). In eq. (45), lask is given by

275" sps [ ~1/6 2 Tesége — Ti5r{6
ldjsk = T‘s . GMCT dT = '5— GMC T.IT——lfg . (71)

Misk

edge in

The equation which gives the relation between M, and M$,, and I3, is

M.\? M,
(f — lgan)? (M ) — [2(ts = Ian)Y1 + (laisk — lan)*X ' B?] (ﬁ) +Y?=0, (72)
where Mo
Vi = () (282 )
In the limit that M3, /M. and M,/ M, are small, eq. (72) becomes a simple quadric:
2y-1p2 [ M 0 2 [ M3\’
laisk — | - ° = (lgier — ¢ —==x ). 74
(laisk — lran)" X ™" B (M‘:)um (Lisk — lran) ( 7 ) (74)

Thus,

B/ lan — 1\ [ M\
-2 disk/ “fall disk
. M..
(My)iimit = X B (ldjsk T 1) ( Mc> (75)
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Fig. 12.— Panel (a) shows the relation between satellite mass M, and disk mass Mg
at t = typ. Filled circles represent numerical results. Dotted line is estimated Mg by
eq. (70) Panel (b) shows specific angular momentum of the remaining disk at t = ts0p.
Filled circles represent numerical results. Dotted line is estimated lgq by eq. (71).

In this case, Tegge in laisk [eq. (71)] is ro. As M3, decreases, M decreases with (Mg )?,

IDA9S7
M,

while is proportional to M3, .

We compare the above formulae with numerical results of runs of set A. Fig. 12
(a) shows Maigk in numerical simulations at ¢ = ts0p and Mggk given by eq. (70) with
rs = 1.25 and r,, = 0.35RR ~ R.. In panel (b), we show g of numerical simulations at
t = tstop and lgisk given by eq. (71). Here, numerical l4sx are calculated by all particles in
the region r < a[l —2(M,/3M,)'/?], where we chose a factor 2 since it is greater than 1 and
smaller than 2.5. They show good agreement. Note that we assumed that ¥ oc %3 in
this section. In numerical simulations, viscosity C has r dependency and surface density
distribution is steeper than ¥ o r~5/3 (Figs. 10), while ¥ decrease near the planet’s
surface. As a whole, the estimation slightly underestimate Mgg. The difference of lgig

is smaller since outer region has larger weight of angular momentum than mass.

In Fig. 13, we compare the relation between final satellite mass and MY, in the
numerical simulations, and M, given by eq. (72). We show the results of runs with initial
surface density with I3, ~ 0.78 (runs A-1 to A-7, and runs B-1 to B-5). We assumed that
satellite is formed at r = 1.25Rg and particles falls to the central planet have semimajor
axes r = R.. Then, I, and Iy are 1.12 and 0.59 in a unit of \/GMRR. Substituting

these factors to eq. (72) and solving it, we obtain M, as a function of MJ,. A solid
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Fig. 13.— The relation between M$, and M,. Filled circles show M, of runs A, and
open circles are M; of runs B. We used M35 instead of M3, for runs B. M, are values at
the end of simulations, which is slightly larger than M, at ¢ = ty., (Fig. 9 (a)). Crossed
points indicate the sum of the mass of satellite and second largest aggregates, which 1s

in horse shoe orbit or outside the orbit of the largest satellite. Dotted line shows the
satellite mass evaluated with eq. (46).

line represents M, given by eq. (72). Filled and open circles are result of runs of sets
A and B. In some runs of set A, an aggregate with considerable mass is in horse shoe
orbit or outside the orbit of the satellite. We also show the sum of the mass of satellite
and second largest aggregate by crossed points. The results of runs B and runs A (runs
with and without an artificial satellite seed) are similar. The numerical results and eq.
(72) show good agreement. As a comparison, we also show MPA97 given by eq. (46) by
a dashed line. In the case with M2, appropriate to protolunar disk (M3, = 0.04M,),

difference between eq (72) and eq.(46) is small. However, M; given by eq. (72) is always
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Fig. 14.— The relation between {3, and M,. Open circles show M, of runs B-2, B-9 and
B-10.

IDA97
M,

smaller than , since some fraction of mass remains in the disk.

We also compare the relation between satellite mass and ;. In Fig. 14, we show
the dependency of M; on [3.,. Runs B-2, B-9 and B-10 have a same M3 = 0.036M,,
while they have different J,, = 0.78, 0.73 and 0.83 respectively. Here, M3 ¥ is disk mass
including the existence of artificial satellite seed (see section 5.2). A solid line represents
M; given by eq. (72), and filled circles represent M, in numerical simulations. They are

in agreement.

The mass M, in numerical results are somewhat smaller than eq. (72) systematically.
Some of this would come from the neglection of particles which escape from the system,
and that we do not include the mass or particles scattered outside the Roche limit but

not accreted to the satellite.
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Table 2. satellite mass and disk mass at the stopping time

RUN M= M., M,, Mk

*

RUN A-1 0.046 0.0075 - 0.0168
RUN A-2 0.037 0.0064 - 0.0140
RUN A-3 0.027  0.0039 - 0.0122
RUN A-4 0.022  0.0028 - 0.0111
RUN A-5 0.017  0.00154 - 0.0095
RUN A-6 0.012  0.00117 - 0.00753
RUN A-7 0.0098 0.00052 - 0.00627

RUN B-1 0.046  0.00852 - -
RUN B-2 0.036  0.0075% - -
RUN B-3 0.027  0.0038> 0.00124 0.0051
RUN B-4 0.022  0.0031°> 0.00118 0.0041
RUN B-5 0.017  0.0018> 0.00094 0.0061
RUN B-6 0.075  0.01542 - -
RUN B-7 0.060 0.01112 - -
RUN B-8 0.048  0.0075% - -
RUN B-9 0.036  0.0040°> 0.00142 0.0072
RUN B-10 0.036  0.0125* - -
RUN B-11  0.024  0.0069* - -
RUN B-12  0.017  0.0042* - -

2M;, at the end of the simulation

5M,, just before the formation of the secondary
satellite



- 45 ~

Table 3. Notations

Notation Meaning

M. Mass of the central planet

M3, Mass of the debris disk at ¢ =0

M gk Mass of the debris disk

Mgy Mass of the initial debris disk, introduced in the runs
with artificial satellite seed (see section 5.2)

Mg Critical disk mass for the formation of secondary satellite

My Cumulative mass that falls to the central planet

M, Mass of the satellite

M? Initial mass of the artificial satellite seed

M, Mass of the k-th satellite

S Specific angular momentum of the debris disk at t =0

Lk Specific angular momentum of the debris disk

lean Specific angular momentum of materials
which fall to the central planet

{ Specific angular momentum of the satellite

Lk Specific angular momentum of the k-th satellite

Ry radius of Roche limit

R, Radius of the central planet

Ts Semimajor axis of the satellite

Ts k Semimajor axis of the k-th satellite

Tedge Location of the disk edge

Tk Kepler time at r = Ry

Lstop Time at which the growth of the satellite stops

tmig Time at which the outward migration of the satellite begins

Time at which the rapid growth of the satellite begins
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5. THE CONDITION FOR SECONDARY SATELLITE FORMATION

In this section, we describe the orbital evolution of a primary satellite, and formation
of a secondary satellite. Finally, using the relation between the disk mass and satellite
mass discussed in previous section, we derive a condition for the formation of multiple

satellite system, and compare them with numerical results.

5.1. Migration of a Primary Satellite and Formation of a Secondary
Satellite

5.1.1. Migration of a primary satellite and increase of gap width

A primary satellite migrates outward after tni;. Since viscous torque and satellite
torque are in equilibrium, increase of angular momentum of the satellite is equal to the
viscous angular momentum flux given by eq.(49). Thus, increase of specific angular

momentum 1s

dl, =3G*

dt 02
Using the relation dl,/dt = (1/2)rQ(dr./dt), replacing ¥ by £*(r/rs)~*/3, and substitute
eq. (65) to eq. (76), the migration rate is

dr 1 Tr2y*
~ T =) 8. 77
7 2X < 7 ) rsf) (77)

riO3MT. (76)

Since My is proportional to ¥*, (eq, (67)), the time scale of migration of satellite
re/(dry/dt)~" is proportional to M3} . On the other hand, time scale of the diffusion of
the disk is proportional to ©=2 (eq. (42)), i.e. proportional to M;3. The time scale of
migration of the satellite is faster than the time scale of diffusion in a less massive disk.
This is because satellite-disk mass ratio decreases as disk mass decreases. Thus, the gap

width between the disk and satellite increases.

Then, we consider the maximum gap width. Torque from a satellite on a disk
is deposited at resonance radii (Goldreich & Tremaine 1980). In the vicinity of the
satellite, there are many m : m — 1 resonances. Note that eq. (52) can be obtained

by averaging interactions of many resonances in the vicinity of the satellite (Goldreich
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& Tremaine 1980). However, these resonances become sparse as the distance from
the satellite increases, and beyond the 2:1 resonance at r = 0.63r,, there is no m :
m — 1 resonance. Thus, disk-satellite interaction decreases drastically if reqge < 0.637.
When the maximum gap width is achieved, the disk edge comes to be about 0.63r,. In
the parameter range of our simulations, this relation is achieved (see Figs. 5). Also,
the negative angular momentum deposited at resonance tends to pile up particles near
the resonance (Figs. 6 panel (b)). Goldreich & Tremaine (1978) pointed out that
this mechanism would encourage the formation of another satellite and may account for
the formation of resonant pairs of satellites. As shown below, satellites formed in our
simulations are locked to 2:1 resonance relation immediately after the formation of a

secondary satellite.

5.1.2. Formation of secondary satellite

We show the evolution of semimajor axes and masses of the primary and the sec-
ondary satellites of in Figs. 15. Panels (a) and (b) show semimajor axes of the primary
satellite in runs B-1 and B-2. In these runs, the disks do not have enough mass to repel the
primary satellite enough, and disk remains within the Roche limit and the formation of a
secondary satellite does not occur. Panels (¢) and (d) show semimajor axes of satellites
in runs B-3 and B-4, and panels (e) and (f) show mass growth of satellites in the same
runs. When r, reaches about 1.8 Ry, formation of a secondary satellite begins. Initially,
a secondary satellite grows rapidly. After a gap is formed between the secondary satellite
and the disk, the growth of the secondary satellite slows down and outward migration of

the satellite begins.

We also give secondary satellite mass M, and disk mass Mg at stopping time
tstop,2 10 Table 2. To be consistent with ¢, of a primary satellite, stopping times tp 2
are determined as tyop 2 — tgrow,2 = 1.5(fmig2 — tgrow,2), Where tgy 5 is determined as the
time that rapid growth of the secondary satellite begins. Stopping times are shown in

Figs 15 (c), (d), (e}, and (f) by filled circles.
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Fig. 15.— Evolution of semimajor axes of the primary and the secondary satellites for
runs B. Panels (a), (b), (c), and (d) are for runs B-1,2,3 and 4 respectively. Panel (e)
and (f) show mass growth of the primary and the secondary satellites of runs B-3 and

B-4 respectively.
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5.1.3. Resonance pairs of satellites

After a secondary satellite is formed, the secondary satellite migrates outward, gain-
ing angular momentum from the remaining disk (Figs. 15 (c) and (d)). Disk-satellite
interaction decays with the distance between the satellite and the disk. Thus, disk
satellite interaction between the disk and the secondary satellite, which is near the disk
edge, is stronger than the interaction between the primary satellite and the disk, unless
M, < M, ;. In such a system that two satellites migrate outward with different rates
d(rs1/7s2)/dt < 0, satellites fall to the m:n resonance relation when Q(r,,)/Q(r; ;) be-
comes m/n, unless the initial eccentricity is larger than a critical eccentricity (e.g., Peale
1986). When two satellites are locked in a resonance, a fraction of angular momentum
transfered to the inner satellite from the disk is passed to the outer satellite through the
resonance interaction (e.g., Peale 1986). This interaction keeps the resonance relation of
two satellites. In our simulations, secondary satellite is formed near the 2:1 resonance of

a primary satellite, and their orbits are locked into the resonance immediately.

The resonance relation is described by a resonant angle. We will show the evolution
of resonant angles in the numerical simulations. Here, we briefly describe the meaning of
resonant angle. We introduce orbital elements A, @w. They are mean longitude, longitude
of pericenter respectively. We consider coplanar orbits, so that longitude of ascending
node is not important here. We consider configurations of satellites at every conjunction,
at which A; = X,. If two satellites are in resonance, they are in similar configuration
at every conjunction. For example, if a secondary satellite is at its pericenter at every
conjunction, the mean anomaly of the secondary satellite (M; = Ay — w3) is 0 when
A1 = A, The mean anomaly of satellites at every conjunction are described by resonant

angles. In the case of 2:1 resonance, resonant angles are
1 =2A1 — Ap — @, (78)
Yo = 2)\1 hae /\2 — Wao. (79)

At every conjunction (A; = );), each resonant angle is equal to the mean anomaly of

each satellite:
©1= A — w1 = M, (80)
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Fig. 16.— Evolutions of a resonant angle ;. Panel (a) is for run B-3 and panel (b} is
for run B-4. In both cases, satellites are captured into 1:2 resonance soon after secondary

satellite formation.

Q02:A2—'W2:M2. (81)

If p; or , is 0, two satellite are in an exact 2:1 resonance. Near the exact resonance, ¢,
or ¢, librates around 0. In this case, satellites are in resonance relation. If ¢; and ¢,

increase or decrease monotonically, satellites are not in resonance relation.

We show the evolution of resonance angle ¢, = 2X\; — Ay — @y of run A-3 and
A-4 in Figs. 16. The secondary satellites are fully formed at about 300 Tx and 420
Tx respectively (see Figs. 9). Initially, the resonant angles decreases monotonically.
However, soon after the secondary satellite is fully formed, resonance angle ¢, begins to
oscillate around 0, indicating that two satellites are in 2:1 resonance relation. At every

conjunction, the secondary satellite is near its pericenter (Ms = Ay — o = @ ~ 0).
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This rapid formation of a resonance pair implies that the secondary satellite is formed
just inside the 2:1 resonance. This comes from that a secondary satellites is formed by
particles piled up at 2:1 resonance. As mentioned above, a satellite tends to migrate
somewhat inward when it is growing, so that it tends to be inside the resonance when
its outer migration begins. Thus, the secondary satellite approaches the resonance from

inside, and the satellite is captured to the resonance.

Through the resonance interaction, angular momentum from the disk to the sec-
ondary satellite is transfered to the primary satellite. Thus, the entire system expands

after the secondary satellite formation (Figs. 15 panel (c) and (d)).

5.2. The Condition for Secondary Satellite Formation

The formation of a secondary satellite depends on whether the disk edge passes
through the Roche radius again. In this section, we derive a necessary condition for
secondary satellite formation, considering how far the primary satellite migrates, which is
determined by the mass of the satellite and the remaining disk. As the primary satellite
migrates outward, disk edge migrates outward. However, mass of the disk decreases
with time, while mass of the satellite does not decrease. Satellite-disk interaction would
eventually clear the remaining disk to the central planet, though it would take relatively

long time to clear the disk inside 2:1 resonance (Fig. 5 panel (d)).

At first, we derive the maximum orbital radius of a primary satellite. Assuming that
all disk material falls to the central planet by disk-satellite interaction, conservation laws

of mass and angular momentum are written as
lgiskM(?isk = lfﬂ-u(Mgisk - MS) + l;)OMS’ (82)

where % is specific angular momentum of the primary satellite at ¢ = co. Substituting
M, given by eq. (72) to eq. (82), and using the relation i; = /GM,rs, the final location
of the primary satellite 7 is given as a function of M3, . We show the resulting r2° in
Fig. 17. We adopted the numerical factors € = 14.4,C = 5,5, = 0.78/GM_.Rg, and
ltan = 0.59/GM_Rp as before. A solid line represents r°.
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Fig. 17.— Solid line is final location of the primary satellite r>® given by eq. (82).

Dotted line shows riix (eq. (91)). The necessary condition for the formation of secondary

satellite is that r¢ > SRg. Horizontal line represents 1.1 Rg.

Next, we consider the location of the disk edge (reqg). Gap width is initially
2.5(M,/3M.)'/® and increases. Maximum of gap width is Tedge ~ 0.63r>°. Then, the max-

imum of regge is given as rige = [1 — 2.5(M,/3M.)'/?]r>, while minimum r;’(‘ij;e = 0.63r2°.

For the formation of secondary satellite, riget must exceed the Roche limit. Thus,

the necessary condition for secondary satellite formation is

roe(l - 2.5(M,/3M)3)r™ > BRg, (83)

where 3 express the location where secondary satellite formation becomes possible. Em-
pirically, # = [1.1-1.25]. Since we consider necessary condition here, we adopt 1.1 for 3

here. We show 3% by a dotted line, while 1.1Rg by a horizontal dotted line in Fig. 17.



— 53 -

In this case that {., = 0.78/GM_Rg, the secondary satellite would be formed if initial
disk mass is

M3, < MY ~ 0.04M,. (84)

In the case of a massive disk appropriate to a protolunar disk (M3, 2> 0.04), r Tedge < BRR,
so that secondary satellite can not be formed from the remaining disk, being consistent
with previous works of lunar accretion (Ida, Canup & Stewart 1997; Kokubo, Ida &
Makino 2000). Note that eq. (84) is a necessary condition for secondary satellite for-
mation, so that true Mg would be somewhat smaller. However, eq. (84) is a good
approximation. This is because M, decreases with decreasing M3, so that r® increases
rapidly as Mg, decreases. And also, the difference between iy, and redge 1s small when

M2, ~ MY so that the choice of r™ ze does not matter much.

We can similarly evaluate MY for different 3. We show ML as a function of

laisk in Fig. 18 (solid line), and we compare M (15, ) with the numerical results.

Before that, we must introduce initial disk mass M3 including mass of satellite seed,
since we put an artificial satellite seed in runs B. Assuming that a disk with M2, and
satellite seed of mass M? are formed from a primal disk with mass M35, the conservation
laws of mass and angular momentum are MY = M2, + M3, + M2, and I3 ML =
RuaMpy + Gia M3 + 2M2. Assuming that I35 = 13, these two equations give

. 0 _
M3® = Mgy + (ﬁ) M. (83)

In our simulation, we chose such M3, and M? that MY of run B-n are equal to My,
of run A-n, where n is from 1 to 5 (see Table 1). We use M35 instead of M3, when
we compare the result of runs B with the estimations. Note that we already used M3

instead of M$,, for runs B in Figs. 13 and 14.

We compare the numerical result and M$ analytically estimated. Open circles
in Fig. 18 represent the runs in which two satellite system is formed, and filled circles
represent the runs in which single-satellite system is formed. In the case that M3, ~
MS3 | the mass of the remaining disk becomes too small when the primary satellite

migrate enough for secondary satellite formation. In this case, the number of disk particles
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Fig. 18.— Solid line shows the critical initial disk mass Mg, as a function of 3, .
Open circles represent the runs in which a secondary satellite is formed, and filled circles
represent the runs in which a secondary satellite is not formed. Triangles represent the
runs in which a primary satellite migrates up to 1.75 Rg, though a secondary satellite is

not formed.

becomes too small to satisfy the condition eq. (41) in the last stage of simulations,
while the time scale of disk evolution becomes longer. Thus, it is somewhat difficult to
determine whether a secondary satellite would be formed or not. By triangles, we denote
the cases that the primary satellite reaches 1.75Rg = (1.1/0.63) Rg, though an aggregate
with considerable mass is not formed until ¢ = 20007k in the simulation. The estimations

and numerical results agree well.
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5.3. Mass of a Secondary Satellite

We estimate the mass of secondary satellite in this subsection. The conservation law

of mass and angular momentum are
M((i)isk = Mdisk + Mfall + Ms,l + Ms,Zv (86)

BiacMBiae = lascMaisk + lan Mean + L i M1 + L2 M 5. (87)

The relation between disk mass Mg and satellite mass M, at top2 is determined by
eq. (70). Thus, the equation which determines the mass of the secondary satellite, which

corresponds to eq. (72), is

2 Ms,2 2 2 yv-1pn2 Ms,2 2
(ls,2 — lan) u — [2(ks2 — lan) Yz + (laisk — lan)* X' B?] | === ) + Y7 =0, (88)

M.

where X and B are given by egs. (66) and (68) and Y5 is

MY M,
Yy = ({Gig — lran) (—A%k) — (Is1 — lgan) ( M’l) . (89)

The mass of the primary satellite Ms; is given in previous sections. We assume that a
secondary satellite is formed at ro 2 = SRR, and [, is given by ;2 = 7"52,29(1"5,2). The only
unknown factor is l;; = 72,9Q(rs1). This factor indicates how far the primary satellite

migrates when a secondary satellite is formed.

: : : oo : max min
In the previous section, we first derived r2°, and derived rZg% and rggg, consequently.

Here, we assume reqqe 1s at SR, and then derive ry;. In the limit that gap width is 2.5

(Ms,1/3Mc)1/37'5,1, rs, has a minimum value:
[1 — 2.5(M,,/3M.)"/?r™" = BRg. (90)

If we assume that the gap width increases until reqge reaches 2:1 resonance between the

primary satellite and disk edge, rs; has a maximum value:
0.637, 7" = BRR. (91)

Note that if M,; > 0.0097 A/, rf,‘lin exceeds ri™.
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Fig. 19.— Solid lines are estimated masses of primary and secondary satellites, estimated
by 75% of of eq. (72) and eq. (88). Dashed line is M, ; estimated with ™", and dotted
line is M, estimated with rJ**. Open and filled circles show the mass of primary and
secondary satellites respectively in numerical simulations runs B-3, B-4 and B-5.

In Fig. 19, we show the masses of satellites of runs B-3 to B-5, which are runs with
1%, = 0.784/GM_.Rg and a secondary satellite is formed. Empirically, 8 = [1.1-1.25],
so that we adopt 1.175 (mean value) as 3. Since M3, is near M, M., depends on
M;,; sensitively. In numerical results, M, tends to be smaller than eq. (72), so that
we estimate M, by 75% of eq. (72). Solid line shows M, 1, given by 75% of eq. (72).
Dashed line is M, estimated by eq. (88) with %", and dotted line is M, , estimated
with r#*. Open and filled circles are the masses of primary and secondary satellites at
their stopping times in numerical simulations respectively. The mass of the secondary

satellite is well predicted by eq. (88), as long as M, is given properly.
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An important feature is that the mass ratio between the primary satellite and the
secondary satellite approaches to 1 in a less massive disk. The mass of a satellite is
determined by the disk mass at the formation time of the satellite. The difference of disk
mass at the formation of a primary satellite and a secondary satellite is small in the less
massive disk case, leading to the formation of satellites with the similar masses. Note
that the choice of ™ and r™™ does not change M, much. This is because difference
between rer. and r:‘li“ is small in the case that M, is large. In the case that M, is

small, disk mass does not decrease much, so that M,; ~ M, in anyway.
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6. CONCLUSION AND DISCUSSION

6.1. Conclusion

6.1.1. Multiple Moons or Single Moon ¢

In this paper, we investigated the evolution of a circumplanetary debris disk, which
is initially confined within the Roche limit. We have shown that whether a single satellite
system, such as the Earth/Moon system or Pluto/Charon system, or a multiple satellite
system is formed from the disk depends on the initial disk mass. If the proto-satellite disk
is initially spread well beyond the Roche limit, multiple satellite system would be formed
there. We have shown that multiple satellite system can be formed even from a disk which
is centrally condensed and most of the mass is within the Roche limit. Since accretion
is inhibited within the Roche limit, radial redistribution of mass is essential for satellite
formation. A satellite forms with particles which are transfered beyond the Roche limit
by viscous spreading, and mass of satellites are determined by balance between viscous
spreading of the disk and satellite-disk interaction. We found that mass of satellite(s)
formed in this way depends on disk mass as M, o« M2, (Fig. 7). Numerical simulations
for lunar accretion process (Ida, Canup & Stewart 1997; Kokubo, Ida & Makino 2000)
demonstrated that a disk which is sufficiently massive for lunar formation makes a single
satellite. However, this is not the case for a less massive disk. Mass of satellite formed
from the debris disk is much smaller if an initial disk is less massive. If the ratio of the
satellite mass and the remaining disk mass is small enough, the disk repels the satellite
outward by large distance, and the formation of another satellite occurs. In this paper,

we semi-analytically derived the condition for secondary satellite formation:
ngsk < Ms;:]t? (92)

where M$,, is an initial disk mass. The critical mass M depends on {3, , which is initial
specific angular momentum of the disk (Fig. 18). The critical mass M decreases as
19, increases. We carried out N-body simulations with various M$,,, and I3,. Numerical

simulation show a good agreement with above condition.
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6.1.2. Orbital resonance

We investigated satellite forming process from an initially confined disk. From such
a disk, satellites are formed from inside, and they migrate outward in turn due to an
interaction with a remaining disk. Satellites formed in this way migrates by large distance
if initial disk is not so massive as the plotolunar disk. If another satellite exists outside,
their orbits would be captured into resonance. In our simulations, all satellite pairs are in
2:1 resonance relation. This is because a primary satellite wipes disk material up to 2:1
resonance, and a secondary satellite is formed by the material piled up there. Satellite-
disk interaction may account for existence of many satellites pairs in resonance in the

solar system.

6.2. Evolution of a further less massive disk

In our simulation range, a third satellite with considerable mass would not be formed
since mass of the remaining disk is too small compared with primary and secondary
satellites. However, in the case of a further less massive disk, mass of primary and
secondary satellites would be further smaller [oc (MJ,,)?]. If disk mass remains enough
compared with primary and secondary satellites, it would repel the secondary satellite

enough, and the formation of third and forth satellites would be possible.

Difference between secondary satellite formation and third satellite formation lies in
the existence of a primary satellite outside the secondary satellite. For the third satel-
lite to be formed, both primary and secondary satellites must be pushed away outward
enough. (Here we assumed that both satellites are in stable orbits, and that the outer
satellite migrates together as the inner satellite is pushed away from the disk). Thus,
condition for the formation of the third satellite is harder than eq. (84), and the for-
mation of the fourth satellite is further harder. Finally, all disk mass would fall to the

central planet and satellite formation would stop.

In this subsection, we extrapolate our results to further less massive disks. We

neglect orbital evolution due to tidal effect between the satellites and the central planets
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(Canup, Levison, & Stewart 1999), which could be important, because disk evolution is

slow in a less massive disk. Inclusion of the tidal evolution is a future issue.

6.2.1. Successive formation of satellites

The mass of n-th satellite can be estimated by repeating the procedure similar to

section 5.3 successively. Conservation laws of mass and angular momentum should be

MG = Maiae + Mean + Z M, (93)
k=1
BicM 3 = laiok Maiek + ltan Mean + Z L M i (94)
k=1

where subscript k£ denotes the k-th satellite. Specific angular momentum of n-th satellite

2

is given by r2 Q(r,,), as before (section 5.3), and masses of outer satellites M, ;(k =

1,2,...,n — 1) are given. Then, the mass of n-th satellite is given by eq. (88), modifying

Y, to Y,,, which is given as

MY, — M,
Y, = (i — lan) ( A}Jk) - Z(ls,k — lgan) ( M”‘ ) . (95)
C k c

To evaluate I, 4 (k = 1,2, ...,n — 1), we here assume that outer satellites are pushed away

through the resonance interactions. Then € ; /€ k+1 remains constant. Consequently,
lsk/ls k41 and 74 /75 k41 remain constant. With this assumption, the evolution of r,; can
be calculated in each step. Thus M, and ry; can be calculated successively until the

disk mass becomes 0.

In the following discussion, we assume that rs,—; and n-th satellite are in 2:1 orbital
resonance. Fig. 20 shows the resulting satellite system, with [, = 0.784/GM_Rg. The
unit of distance if Rg. Panels (a), (b) and (c) show results for M3, = 0.03,0.01, and
0.003M. respectively. Note that the adjacent satellites are in 2:1 resonance relation,
which comes from the above assumption. From a debris disk with M3, > 0.03M., only
one large satellite is formed, though a secondary satellite with M, < M, could be
formed. This is consistent with the fact that planets with a large satellite M; = 0.01M,
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Fig. 20.— Estimated final state of the disk with {3, = 0.78\/GM_.Rg. Panel (a), (b)
and (c) show results for M3, = 0.03,0.01, and 0.003M, respectively. Panel (d) shows
the Galilean satellites of the Jupiter.

has only one satellite (Earth/Moon system and Pluto/Charon system). From a debris
disk with M3, ~ 0.003M,, four or five satellites with mass of order of 10~%-10=5M. are
formed. We compare this satellite system with Galilean satellites in Jovian system as a
sample of multiple satellite system. Masses of Galilean satellites are 107%-10~5M,, and
their number is 4. We show the four satellites of Jupiter (lo, Europa, Ganymede, and
Callisto) in Panel (d). Panel (d) is scaled by Ry as well as panel (a)-(c). Here we used
the relation R; ~ 0.45Rp, assuming p ~ 2 for Jovian system. Note that Io-Europa pair
and Europa-Ganymede pair are actually in 2:1 resonances respectively, which means that

Tsk+1 ~ 0.63r, . The satellite system formed from a disk with M3, = 0.003M, resembles
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Galilean satellites. Note that the satellite system of Uranus resembles the satellite system
of Jupiter (Figs. 1), and the satellite system of Saturn also resembles them, though Titan

may be exceptionally large.

While the satellites are formed from the disk, the disk mass diminishes and satellite
formed from the disk becomes smaller. If the satellites are much smaller than the satellites
in our simulations, disk-satellite interaction would be much smaller and they would not
able to wipe the disk mass up to 2:1 resonance. Thus, the masses of satellites and their
intervals would become smaller as the disk mass diminishes. This tendency is consistent
with the observed tendency that the inner satellites has the smaller mass. This may
account for the existence and its distribution of small satellites in the inner part of
satellite system, and the ring of Saturn may be a remnant of the proto-satellite disk.

More investigations are needed.

A disk with mass M3, ~ 0.003M, could form a satellite system with number and
satellite mass similar to Galilean satellites. In the case of Jupiter, the mass 0.003M, is
about the Earth mass 1 M. In the final stage of solar system formation, it is considered
that protoplanets are formed from the swarm of planetesimals. In the theory of oligarchic
growth, protoplanets of ~ 7Mg would be formed with orbital separation ~ 2 AU in the
region of r ~ 7 AU (Ida & Kokubo 1998). Considering that two of them grows to
Jupiter (R; ~ 5.2 AU) and Saturn (Rs ~ 9.5 AU) by the onset of gas accretion, several
protoplanets which failed in gas accretion would remain nearby. Thus, it may be possible
that a grazing collision of a protoplanet with mass ~ TMg with a giant planet Jupiter

makes a disk with Mg,

In this paper, we investigated the satellite formation from a disk which is radially
compact. We consider the case that the initial disk is radially spreaded to a scale of a
present regular satellite system. In this case, satellite would be formed in a similar way to
a planetary formation. A relatively large object would grow in a runaway manner, until
the materials in a collisional zone accumulate into a single body. The intervals between
such proto-satellites depends on a time scale of accretion. If a time scale of accretion

is short comparing with the time scale of orbital repulsion, the interval Ar is (Lissauer
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1987) Ar ~ 3.5ry. If the time scale of accretion is slow, its factor increases up to 5-10
(Kokubo & Ida 1995). In a case of satellite accretion, a particles occupies much larger
fraction of its Hill’s sphere than a case of planetary accretion, so that accretion would be
fast. In Figs. 1, we have shown the range within 5 ry of each satellite by a horizontal
bar. As have shown in Figs. 1, present intervals of satellites are much larger than 3.5ry.
From a disk with the scale of present regular satellite system, much more small proto-
satellites would be formed. In this case, long term instability (Chambers, Whetherill,
& Boss 1996) and giant impacts between proto-satellite may leads to a satellite system

similar to present ones.

6.3. Future Works

The evolution of the massive debris disk is rather simple, since it is mainly regulated
by the viscous spreading of the disk. However, as the disk becomes less massive, the
time scale of viscous spreading increases, and tidal orbital evolution, which we do not
take into account in the present paper may also be important. To explore the evolution
of less massive disks, which would result in the multiple satellite system, coupled orbital
evolutions due to disk-satellite interaction and tidal interaction between the satellite and
a central planet must be investigated. Also, the stability of the multiple satellite system
must be investigated, including the effect of tide from the central planet (Canup, Levison,

& Stewart 1999).
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