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Abstract

Cosmology based on general relativity explains phenomena of present universe successfully,
such as present abundance of light elements and temperature (anisotropies) of cosmic microwave
background. But when you try to understand the early universe such as in the period of creation
of universe, 4-dimensional general relativity is not available anymore. More precisely, general
relativity predicts the presence of the initial singularity, which leads violation of general relativity.
This also means that our universe was extremely small in a very high-energy state at the beginning.
The high-energy physics beyond the general relativity is thus essential. One of the candidates for
such theories is superstring theory.

Recently there was a great discovery of D-brane, which is a membrane and defined by the collec-
tions of the endpoints of open strings. From this, we can have a new picture of the early universe.
That is, gravity is higher dimensional rather than 4-dimensional and the matters are confined only
on the membrane. This idea is called “braneworld”. Therein our universe is membrane itself float-
ing in the higher dimensional bulk space.

In braneworld model, Randall and Sundrum'’s one proposed in early 2000 is very attractive be-
cause the self-gravity of the membrane was carefully considered. Therefore, we can discuss the
cosmology using it. Moreover, their model gives us a solution to the gauge hierarchy problem.

Though Randall-Sundrum model has been studied very intensively, its model is limited to 5-
dimensional case. Noting that the string theory is formulated in 10 dimensions, the braneworld
model with the total number of dimensions higher than 5 needs to be considered. Thus, as a
next step we will proceed from the 5-dimensional “toy model” into the 6-dimensional model of
braneworld.

There are two problems in constructing the higher dimensional model. One is the problem of
the cause of the singularity and the other is the problem of the stabilization of extra dimensions.
The former is generally known to arise by increasing the number of co-dimensions. We will solve
these problems by introducing the capped regularization and flux. Then, we will derive the 4-
dimensional effective theory using long-wavelength approximation and confirm the recovery of
the conventional Einstein theory.
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Chapter 1

Introduction

Where did our universe come from? Suchwveaguestions of the origin and nature of our uni-
verse have long been one of the greatest interests of human being since ancient era. With the
developments of geometrical picture of gravity (General relativity) and particle physics, the scien-
tific investigation of the very early universe becomes possible. According to the results of recent
study, the very early universe might be governed by superstring theory which suggests that our
universe should be dealt with higher dimensional space-time more than 4 dimensions. Original
idea of extra dimension is first introduced by Kaluza and Klein [1] in rather different context, such
as unification between gravitation (general relativity) and electromagnetism. They noticed that
gravitational interaction and electromagnetic interactions are so alike, and treated as if both come
from the same origin, that is, 5-dimensional Einstein equation. Subsequently, some extensions to
non-Abelian gauge fields were considered. Though this type of unification of gravity and electro-
magnetism itself is not succeeded after all, the idea of compactification used in this Kaluza-Klein
(KK) theory is stillimportant for cosmology of the early universe, based on/inspired by superstring
theory.

In particle physics theory, beyond the standard model of particles, superstring theory is pro-
posed. The superstring theory is considered to be one of the candidates for the unification theories
including gravity. In this theory, the fundamental objects are strings, not point particles. Super-
string theories are formulated in 10 or 11 dimensions. In this context to obtain 4-dimensional
theory like that of our world, 6 or 7 extra dimensions should be compactified somehow. If not,
exotic particles appear easily and such particles are not permitted from experiments/observations.
To avoid this disaster the size of extra dimensions should be very small. Thus, the compactification
is very crucial in string theory.

Recent developments in string theory have large influences on the study of gravity and cosmol-
ogy. Especially the D-brane which is the collection of endpoints of open strings (corresponding to
matter), provides us with a remarkably new picture of our universe. This naturally implies that the
matter should be localized on the D-brane and closed string (corresponding to graviton) need not
localize on the brane. This picture will give “braneworld” idea, that is, our world (4-dimensional
space-time) is regarded as a membrane existed in the higher dimensional space-time.

Let us see the first braneworld model proposed by Arkani-Hamed, Dimopoulos and Dvali (ADD)
[5]. They bring this braneworld picture into solving the gauge hierarchy problem. The gauge hi-
erarchy problem is the mystery of the huge discrepancy of two fundamental scales, weak mass
scale & 10°[GeV]) and Planck mass scale (L0'°[GeV]). In their model, this discrepancy can

1



2 CHAPTER 1. INTRODUCTION

be explained by the volume factor of the large extra dimension which makes the original Planck
scale smaller and by which the Planck scale is adjusted to TeV scale. Their assumption is that the
gravity is propagating not only our world but also extra dimensign®.([mm]), while matters

are confined to our world and never propagate away to the extra dimensional directions. This as-
sumption is motivated by the nature of D-brane. In this model, below some scale specified by extra
dimensions the law of gravitation should be modified. For example, in the 5-dimensional case,
the extra-dimensional scale reaches alm@t] ~ 10*3cm|, which contradicts our experimental

facts. Thus, in Arkani-Hamed, Dimopoulos and Dvali (ADD) model the number of dimension is
required to be 6 or higher. More detail will be discussed in the next chapter.

Now let us see another model proposed by Randall and Sundrum (RS) [6]. An essential differ-
ence is that they consider the self-gravity due to the existence of brane tension and the number of
whole space-time is five. In their model, therefore, extra dimension is highly warped. Note that
this model also makes the original Planck scale be the same order with the TeV scale but the rela-
tion of the volume factor is very different compare to the Arkani-Hamed, Dimopoulos and Dvali
(ADD) model. The warped extra dimension gives exponential suppression of Planck scale, which
allows to explain gauge hierarchy problem.

A lot of authors investigated Radall-Sundrum models because we can discuss the cosmol-
ogy. However the string/M-theories are formulated in 10/11 dimensions. This means that the
5-dimensional picture of Randall-Sundrum (RS) model is a “toy model”. Therefore, we need to
extend this model to higher dimensional models. We will investigate 6-dimensional braneworld as
a next step.

There are two problems in constructing a higher dimensional model. One is the problem of the
cause of the singularity and the other is the stabilization of extra dimensions. The former is due
to the self-gravity of brane. It is generally known that higher co-dimension brane produces worse
singularity and that in fact only pure tension brane can be accommodated on the co-dimension-2
brane. We will solve these problems by introducing the capped regularization and flux. The capped
regularization is realized by introducing the co-dimension-1 wrapped brane, whose one extra di-
mension is compactified in the traditional Kaluza-Klein (KK) manner and where arbitrary matter
can be accommodated. Introducing a certain action for the brane 5-dimensional general covariance
will be broken spontaneously, so that we can essentially obtain 4-dimensional covariant theory. In
flux compactification, repulsive flux and gravitational attraction are balanced, which gives the sta-
bilization of the 2 extra dimensions. Then, we will derive the 4-dimensional effective theory using
long-wavelength approximation and confirm that it is indeed the conventional Einstein theory.

The plan of this paper is as follows.

Chapter 2:

In the next chapter, we will briefly review Arkani-Hamed-Dimopoulos-Dvali (ADD) [5]. Then we
focus on Randall-Sundrum (RS) models [6] in the details. First we will introduce the geometrical
projection method [9] to understand the gravitational theory on the brane. In addition, we will
explain the long-wavelength approximation which is useful for looking at the low energy regime.

The rest of this chapter is dedicated to the preparation for the discussion of 6-dimensional
braneworld model. First, we will confirm that theTma construction of co-dimension-2 brane
is impossible through the example of [15]. Next we will consider the stabilization mechanism by
flux based on [18] and [19]. Generally, this instability tends to be more noticeable in higher co-
dimension space-time and this mechanism will be important for the construction of 4-dimensional
effective theory from higher dimensional background. Thirdly, we will briefly review the pro-



cedure of regularization scheme. As seen from the concrete example in co-dimension-2 brane,
singularity occurs when we put arbitrary matter on co-dimension-2 brane. We adopt the regular-
ization scheme called “capped regularization” [28] which is described at the end of this chapter.
Chapter 3:

This chapter is the main part. We will construct the effective theory on the co-dimension-1 wrapped
brane. Note that the extra dimension is stabilized by flux. Then we solve 6-dimensional Einstein-
Maxwell system by long-wavelength approximation. We succeed in obtaining the conventional
4-dimensional effective equation on the brane.

Chapter 4.

In this chapter, we will summarize all the results and make some concluding remarks.

The contents of this dissertation is based on “Low energy effective theory on a regularized
brane in six-dimensional flux compactifications”, S.Fujii, T.Kobayashi and T.Shiromizu, Phys.Rev.D76
104052(2007) [35].



Chapter 2

Braneworld model and its extension

In this chapter we will give a review on braneworld models. Then we will discuss
fundamental things in 6-dimensional space-time which will be useful for the discus-
sion in the main part.

2.1 Review of braneworld

Here, we introduce two models, namely Arkani-Hamed, Dimopoulos and Dvali (ADD) model
and Randall-Sundrum (RS) model. Although they are different from the original Kaluza-Klein
(KK) theory, we briefly sketch the fundamental concept and terminology of Kaluza-Klein (KK)
theory.

Kaluza-Klein compactification

We begin with the Kaluza-Klein (KK) theory in 5-dimensional space-time. Kaluza-Klein (KK)
compactification is characterized as identification

y~y+L, (2.1.1)

wherey is the coordinate of the extra dimension dnt the compactification scale of one extra
dimension. This compactification scdleshould be very small. If not, unobserved extra modes

of particles are excited easily. This seems to conflict with the results obtained through the exper-
iments/observations. To see this, let us see the case of real massless scalar field in 5-dimensional
flat space-times. Then, metric is

ds = dy? + nuydxtdyx’, (2.1.2)
wheren,y is the metric of 4-dimensional Minkowski space-time and the Greek indices running

asu =0,1,2,3. They-coordinate is supposed to be periodic as the condition of Eq. (2.1.1). The
action is given by

1
S= 5 [ d%/ 500 lp(y.x)*Clp(y.), (2.1.3)

5



6 CHAPTER 2. BRANEWORLD MODEL AND ITS EXTENSION

where capital Latin indices run 5 dimensioAss= 0,1, 2, 3,4 in this section.
From the periodicity, the real scalar figflp can be decomposed by the mode functions,

Ooyx) =5 “mxet?. (2.1.4)
Substituting this into the action and integrating oygwe have

S— —% [ 40030044

n=co
= [ a3 {0300 6.0 + M oy @X)G-n(X) }. (2.1.5)
n=1
where we defingp, := v/2rL % (x) and

2
MRk (n) = (@) : (2.1.6)

The first line and second line in Eq. (2.1.5) are corresponding to 4-dimensional massless and
massive scalar fields respectively. The former massless mode is called zero-mode and the latter
massive mode is called Kaluza-Klein (KK) mode. In very low energy only zero mode kinetic term

is excited. But if we have large enough energy, say much largerrtihan KK modes will be
excited. This may be regarded as exotic particles which we cannot usually observe in the low
energy. To prevent the excitation of KK modes, the size of the extra dimension should be very
small. As a summary we can say that to be consistent with no observational evidence of massive
scalar particles, the size of the extra dimension should be very small.

2.1.1 Arkani-Hamed-Dimopoulos-Dvali (ADD) model

Arkani-Hamed, Dimopoulos and Dvali (ADD) [5] proposed the first version of braneworld
model. They explain gauge hierarchy model by assuming the large number of extra dimensions
and the localization of standard model particles except “graviton”. The localization of matter is
motivated by superstring theory. The key object is D-brane. In the superstring theory, there exist
open strings (matter) and closed strings (gravity). D-brane is corresponding to the collection of
endpoints of open strings which turned out to be fundamental objects.

1The original braneworld model is made by Akama. But in the context of string theory Arkani-Hamed, Dimopoulos
and Dvali (ADD) model can be regarded as the first.
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our
world—

ADD Model

Figure 2.1.1: ADD model.

As in the Kaluza-Klein (KK) theory, we consider the space with topologly= X* x R4. X*
denote our world andR? denotesg-dimensional extra dimension. At very small scale« R,
whereR is compactification scale), gravitational potential becomes

Glatomim

V() ~ r(a+1)

(r <R), (2.1.7)

whereG 4, q) is the gravitational constant inr4g-dimensional space-times. At much lager scale,
(forr > R), the potential will be Newton’s one

Ggymimp

V(r) ~ (r>R). (2.1.8)

Note that this difference of two potentials can be explained as schematically shown in fig. 2.1.2.

: :largel scale: 4D

L.

Figure 2.1.2: The behavior of gravitational force line.

At the intermediate scale ¢ R) both potential will have the same value, that is

Cargmme  Gymm
R TR

From this we can have the relation betwé&n, ) andG 4

(2.1.9)

Giarq ~ Ga)R. (2.1.10)
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Introducing the energy scales associated with the strength of the gravitational fidlig, gs~

1/Gzijq andM4) ~ 1/G2 then we see that the above relation becomes

MZ,) ~ Mzﬁq R, (2.1.11)

Thus the gauge hierarchy problems can be solved by imposing
M(4+q) ~ MeWw. (2.1.12)
In this case, the size of extra dimensions is determined as

2

_ 1TeV\ Ha

R~ 109 x (mE—e) "o, (2.1.13)
W

Using this, we have the constraint on current model. For exarmgpiel case, we see
R~ 10%[cm] ~ 1[AU]. (2.1.14)
This case is not permitted from the observation. ¢er 2, the size of extra dimension becomes
R~ 0.1]mm. (2.1.15)
This is marginally permitted for the tabletop experiments. ¢or3
R < 0.1[mm|. (2.1.16)

This shows that modification of gravity may occur in the sub-millimeter scale.

2.1.2 Randall-Sundrum (RS) models

In Randall-Sundrum (RS) models the self-gravity of brane tension is taken account of and its whole

space-time is 5 dimensions while in Arkani-Hamed-Dimopoulos-Dvali (ADD) model self-gravity

of brane is not considered and the number of extra dimensions is arbitrary more than 2. Randall
and Sundrum proposed two types of models. One is called RS1 model which is composed of

two branes and solves the gauge hierarchy problem. And the other model is so called RS2 model
which is composed only single brane in 5-dimensional space-time and it has infinite size of extra

dimensions. Both cases propose quite a new picture of the universe and the extra dimension is
strongly warped due to the self-gravity of branes.

Randall-Sundrum 1 (RS1) model

The total action for this system is given by

- 2 /d5 5P 20 )+s++& (2.1.17)
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WheI’EK(25), GR and/\ 5 are 5-dimensional gravitational coupling, the 5-dimensional Ricci scalar,
and the 5 dimensional (bulk) negative cosmological constant, respectively. Here, “bulk” means
that the higher dimensional space-time where brane is imbeddesl iandS_ are respectively

the action of branes with positive and negative tension

S, = / d*xy/ —det4g(—A + Zratted (2.1.18)

and

s — / d*x\/ —det4f(A + Lo, (2.1.19)

where) is positive constant which represents tensiéfi, ., is the Lagrangian for matters con-

fined on the branes. As seen soon, the introduction of the bulk negative cosmological capgtant

is essential to realize flat brane geometry. From now on, let us focus on the vacuum branes and we
employ the following metric ansatz

ds” = dy? +a2(y) Ny (X)dxHdx’, (2.1.20)

wherey is the coordinate of the extra dimensiap,, is the metric of the 4-dimensional Minkowski
space-time. In this coordinate the positive and negative tension branes are supposed to be located
aty = 0 andy = L, respectively. In addition, we assurdg-symmetry across each brane and the
extra dimension is compactified to B& The(u,v)-component of Einstein equation for the bulk
space-time is

1 oya oya 2 N(s)
——o| =)= =—. 2.1.21
2(0)-(3) % ea21)
The (y,y)-component of Einstein equation becomes
da aa\’ g
—ol—=—-==) =—. 2.1.22
5(%)-(%) - 2122
Using Egs. (2.1.21) and (2.1.22) we have
da_ =N
- =V 5 (2.1.23)
and the solution is given by
aly) = e, (2.1.24)
where/l .= %. As a result, the bulk space-time is 5-dimensional anti-de Sitter {As{$ace-

time. The presence of branes implies the so-called junction condition

dya} 15
— = ——K&A, (2.1.25)
{ a y=0 3 (5)
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oya 1
{L} = 2KG5A, (2.1.26)
a

y_
which[Q],_, is defined as the subtractioQfy—o+¢ — Q|y=o0-¢ for example. See appendix A for the
derivation of the junction condition in general cases. Tlrsymmetry and Eq. (2.1.24) implies
the relation between the bulk curvature sdasnd the tension .

1 1,

ek

(2.1.27)

Y

positive tension negative tension

y=0 y=L
<+—> >
Z,-Symmetry Z,-Symmetry

Figure 2.1.3:S'/Z, compactified space and two branes.

Next we will look at the relation between 5-dimensional gravitational skkig = K(_S)% and
the Planck scale. This consideration gives us how to solve the gauge hierarchy problem. To do so,
we have to consider the fluctuation from the background space-times. For this purpose, we will
employ the following metric ansatz without justification

A2 =dy? +e 7 hyuy (x)dxHdx, (2.1.28)

wherehyy (X) is the induced metric of the positive tension brane. Notedpat= e " huv(X) is
the induced metric on the negative tension brane. Substituting this metric ansatz into the action
and integrating ovey, we obtain

2L

UG /d4 _det*g*R(q). (2.1.29)

This equation can be regarded as the effective 4-dimensional gravitational action on the negative
tension brane. From this we obtain the relation betwdgrandMs) as

M3 = M, (e —1). (2.1.30)

pl —
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By requiring following values
¢ ~0.1[mm]| ~ 10~ 3eV] M) ~ 1[TeV], (2.1.31)

we can obtain the following requirement for the ratio of the brane distance to the bulk curvature
scale.

% ~ 19, (2.1.32)

Then the gauge hierarchy problem is explained geometrically with the comparatively small com-
ponents: ~ O(10).

Randall-Sundrum 2 model and geometrical projection method

There is another type of Randall-Sundrum (RS) model. In this model only the positive tension
brane exists and the extra dimension is not compactified. To see the feature of this model, we will
employ the geometrical projection method developed by [9]. Then we will be able to have the
4-dimensional gravitational equation without any approximations.

Let us introduce the following coordinate locally

d<? = dY2+ (g, dxtdx’, (2.1.33)

where Greek indices run 4 dimensiops= 0,1, 2,3, and capital Latin indices run 5 dimensions,
A

A=0,1,23,4. The brane is located ¥t= 0 and its normal vector is describedrs= (%)

and note thaﬁ‘”qw(o, X) is the induced metric on the brane. The key relation is Gauss equation

UR" 5,5 = PRPacpqhds dy ds” +KGKgs — KGKgy, (2.1.34)

Where(“)R"By(; is the 4-dimensional Riemann tensor dAB gcp is the 5-dimensional Riemann
tensor.K,,y is the extrinsic curvature defined by

1
Kuyv = Eofn(él)%v (2.1.35)
— (5}]“(5){1\/7 (2.1.36)

where.#,Q denote the Lie derivative @ with respect to the tangent vectaf.
Taking the trace of Eq. (2.1.34), 5-dimensional Ricci tensor can be expressed as

@ uv = (SPAquAqVB - (S)Rg\chAtuanvD + KKy — K“a Kva, (2.1.37)

Then, taking the combination of 4-dimensional Einstein tensors in the left hand side we have

1
(4)Guv = ((S)RAB - E(S)QAB(SP> qquvB + (5>RABnAnB(4)quv +KKpy — Kup Kvp

1
— 50 <K2 - K"BKGB> — CRcpnang 2q,”, (2.1.38)
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where Einstein tensor is defined @8, := “Ry, — 3*g,,“R. Using the 5-dimensional Einstein
equation

1
®Rag — 5°bas °R = k5 Tas, (2.1.39)

we can replace the 5-dimensional Ricci tensor in Eq. (2.1.38) by the bulk energy-momentum tensor.
And the last terms includes Weyl tens8Eascp, Which characterizes gravitational wave degree
of freedom. More precisely the Weyl tensor is included in the 5-dimensional Riemann tensor as

2 1
®Ragcp= 3 ((S)QA[C(S)RD]B - (S)QB[C(S)RD}A> - é(s)gA[C(s)gD]B(S)R‘f' GCagcop,  (2.1.40)

where®gac®gps = 3 (Cgac®ope — Cban®acs) and®hac®Ros = 3 (Cgac®Ros — Chan®Res).
By substituting the 5-dimensional Einstein equation and Eq. (2.1.40) into Eqg. (2.1.38), we obtain

23 1
5

—%(%W(KZ—KGBKaB)—Em (2.1.41)
whereE,, is the projected Weyl tensor defined by
Euv := CRcpnana,2a,n. (2.1.42)
Next we will consider the Codacci equation
“UDaKY — “DyK = CRagn*g 2, (2.1.43)

Where("')Du is the covariant derivative with respect @d}w. Using the 5-dimensional Einstein
equation the Ricci tensor in the right-hand side is replaced by energy momentum Tgg s,

“DgKY, — DK = KkE, CMagn’q,. (2.1.44)

So far our argument is very general. From now on we will focus on the geometry on the brane.
In our system we have (5-dimensional) bulk cosmological constgst,and energy momentum
tensor localized on the brang,,. S,y is composed from brane tensidnand 4-dimensional
energy momentum tensay,,.

N
Tag = — —22 Blag + Suwalag 8(Y), (2.1.45)
5)

(
“huy + Tuv- (2.1.46)

> X

Sw =~

Next let us see the junction condition for extrinsic curvatkg. (See appendix A for the deriva-
tion.)

[Kpvly=y: = _K(25) (Spv - %(4)(1;1\/3) . (2.1.47)
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Due to theZp-symmetry, that i, = —K;,, and then

2

K 1
Kt = _g (s,w _ §<4)qw3) . (2.1.48)
Substituting this and the bulk stress tensor into Eq. (2.1.41), we obtain [9]
WGy = —Nett iy +8MGerr Ty + {5 Ty — Epv- (2.1.49)
This may be regarded as the 4-dimensional effective Einstein equation. Each term is defined by
1 1 4
KA A
N )
Geff 1= 2.1.51
eff 487T ) ( )
1
7'[“\, - —ZTHQTC‘Y/ + 12TT[JV + )unTaBT B 4(4)unT2' (2152)

Neti IS the net 4-dimensional cosmological constant. If one wants to realize the flat brane, that is,
Nett =0, A\(5) = —%K(A'E))/\ 2 is required.Gef is the 4-dimensional effective gravitational constant.

To see the recovery of the 4-dimensional Einstein equation we examine the order of the magni-
tude. If one is interested in the energy scaldlofve can evaluate some ratios as

K T M4
LWN_M (2.1.53)
|8nGeﬁT“\/| MA
_Bwl (M) (_<5>) , (2.1.54)

whereM, ~ A -1, E.v is evaluated by the corrected Newton potential in Randall-Sundrum 2 (RS2)

ME, 1\ 2
modelV (R) ~ G mlmz <1+ ( 1) ) [7], [8]. From these we can see that, andE,, are

4
M)\r

negligible at low energy scalg')l—’g < 1)
@Gy ~ ey + 8MGeft Ty - (2.1.55)

Long-wavelength approximation

Let us consider the Randall-Sundrum 1 (RS1) model again. For RS1 model it is knovi), fhat
has main contribution to the effective theory at even low energy. Therefore, we have to evaluate
E,v carefully. To do so, we should solve the full system somehow. We will describe the long-
wavelength approximation which will be used in the next chapter. Here we will apply this method
into RS1 model for simplicity.

Let us see the detail now. Here, we begin with definition of the expansion parameter

@R [0\?
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where/ is the 5-dimensional (bulk) curvature scale dnds the typical scale in which one is
interested.

For the present purpose we use the following metric ansatz
ds® = e20Xdy? + g, (y, X)dxtdx”, (2.1.57)

where we suppose that positive and negative tension branes are locgtedyatandy =vy_,
respectively. The metric and extrinsic curvature is expanded as

1)
guv(y,x) = a(y) (huv(x)+ huv (y,x)+-~) : (2.1.58)
(0) 1)
= Ouy+ Opuy +-- (2.1.59)
and
(0) (1)
KK =KH+Kh +---. (2.1.60)

The equation which we have to solve is 5-dimensional Einstein equation with junction condition.
The junction condition gives us the boundary condition on the brane.

To solve the bulk it is convenient decompose evolution equations into traceless/trace part.
The traceless part @i, v)-component of Einstein equation is

e PR + KKH = R, 1 (<4>D“(4>DV¢ + (4)D“¢(4DV¢> . (2.1.61)
traceless
where tilde denote the traceless part of quantities suttfias K%, — 164K and“R, = @R}, —

304 AR. 4D, is the covariant derivative with respect to induced méftig,,. Since we assume
Z>-symmetry across the brane, the junction condition becomes

K2
- —%S“ﬁ (2.1.62)

(K% - 5L‘I’K)y=yi -
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And the trace part oft, v)-component Einstein equation is

_ 1, oo 2
e POk + K2+ RARS = ~SNe+ R+ <<4>D2¢ + (<4ba¢)2) . (2.1.63)

whereAs) = —5, “R:=R% andK := (*K%. The (y,y)-component implies the Hamiltonian
constraint

32 paph_ (g, L2

K2 —KGRg = P+£—2. (2.1.64)

The(y, u)-component does
- 3
“DgKY, — Z("’)D,JK =0. (2.1.65)

It is ready to solve the Einstein equation using the long-wavelength approximation.
At the Oth order, Egs. (2.1.61), (2.1.63), (2.1.64) and (2.1.65) become

9, 09
e %9, Kh+ KKK, =0, (2.1.66)
oo 1 9 © 2
e %9, K +5+ K% Ko = —3Ne) (2.1.67)
3, 9 9 12
i K =K% Kof = v (2.1.68)
and
ap. 2o 3up ©
a K%~ 5Dy K=0, (2.1.69)

where (4)Du is the covariant derivative with respect ¢p,. From Eq. (2.1.61) Israel junction
condition at the Oth order is

2

) (0) K
(}2’3 — st E) - i%)\ St (2.1.70)
y=Yy+

Let us solve the above equations. From Eg. (2.1.66),

Q 09
e %9, KH, = — KKK, (2.1.71)

)
It is easy to check that the solution of traceless pét}(y, x) is given by

RE (%) = C’f((jg, (2.1.72)

whereCH, (x) is the integral constant. But by the junction condition it becomes

©)
KA (Y., X) = 0. (2.1.73)
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This implies
ch(x)=o0. (2.1.74)

Thus,

RH 1 (y,x) = 0. (2.1.75)

From Eq. (2.1.64) the Hamiltonian constraint becomes

30, 12

- K =—. 2.1.7
2K =5 (2.1.76)
From Eq. (2.1.73), the trace part of the junction condition is
0) 2
K (Yy,X) = —§K(25)/\. (2.1.77)
Thus, we see
0 4 2 5
As a short summary, we obtain
0) 1
K = —Zéﬁ‘,. (2.1.79)

. . 0 . . -
We can also obtain metric at the Oth ordky, from this solution of extrinsic curvature. Remem-
bering the definition

<0> 1
uv=— E ay guv, (2180)
@ .
duv is given by
© 5
gup=a (y)huv(x)7 (2.1.81)

wherea(y) = e ¥ andd(y,x) := JJe?YXdy. Note that the Oth order solution (2.1.79) auto-
matically satisfies momentum constraint at the Oth order.

Now let us move to calculation at the 1st order. At the 1st order Egs. (2.1.61), (2.1.63), (2.1.64)
and (2.1.65) become

@, o
e %9, Kh+ KKH, = —““RY (gw re?" (%“ “pB, qb) . (2.1.82)

traceless

e¢dy +212é Ry g 9" (<4>(82¢), (2.1.83)

3 oW (0)
5 KK= “R(9) (2.1.84)
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and

o Y 3,0
DK, - Z(%“K: 0. (2.1.85)

The junction condition at the 1st order gives us the boundary condition
(1) (1) K& )
(K“V _ ! K) —Cr (2.1.86)
_ 2
Y=Y+

Let us solve the above equations. Using the Hamiltonian constraint of Eq. (2.1.84), we can elimi-
nate®Rin Eq. (2.1.83), we obtain

G 1O (0)
e K —5 KK= S <<4>D2¢) . (2.1.87)

Where("')Du is the covariant derivative with respectdg,. Using

1 2 ( M,
“P“V(g):;{(“*?“(hHZ “Dvd+ Lok Bedy 2 (D“DVd—a‘é(Dd>2>},

and

1 (hy,, () 1/, 0 )
4pHD ef = ?ay{oﬂ Dvd+ (D"‘d D d— 56‘(,(00, d)2> } (2.1.89)
EqQ. (2.1.82) becomes

@3

~ (h) (h)
ay(a RH,) = —L3,(a2) R — ), {az (B“ By d+ 2 Bed B, d) } . (2.1.90)
2 t traceles

W . L . . . .
whereDy, is the covariant derivative with respectlp, and 4-dimensional traceless part@f, is
defined by{ Q) }raceless= Qv — 384 Q%. Its solution is obtained by simple integration

RH(y,x) = — a2 (h) — a <D)“ By d+ = DHd B, d> xR ). (2.1.91)
2 K traceless

where X’f,(x) is the integral constant of the above traceless part of evolution equation. From the
Hamiltonian constraint, we obtain the solution to the trace part of the extrinsic curvature as

(1) / 1 /iy 1
— _t (4 - 24— 2
K (%) =5 R(h) = <D d-(Dd) > (2.1.92)

These results are summarized as

L) (1) 9 3.,
Kh—oh K = K — Z(S’\‘, K (2.1.93)
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i R {i:h))“ Bud 8% B+ ; <([h>)“d B d+58%(Ba d)z) }

+xHa 4. (2.1.94)

Let us consider the junction conditions. From the junction conditions ory the/, brane, we
obtain

K& () 14
_% TH _é(%uV(h) +xH. (2.1.95)

On the other hand, the junction conditionyat y_ brane yields

Kig) () l W)
5 g ) = —Lag 24 () - a2 (D“d B, do) ixh (21.96)

Eliminating x*, from the above two equations, we obtain the gravitational equation at low energy
scale

2 (WS (h) 1/m (h) 1 (h)
+Za% {D“d Dy do — 6% D?do + 7 (D“do Dy do+ Ecs’é(D"ol)Z) } ,
(2.1.97)

We would like to remind reader that this procedure to obtain the low energy effective theory will
be employed in the next chapter.
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2.2 Toward the construction of higher-dimensional braneworld

Braneworld picture is motivated by superstring theory. The superstring theory is formulated in 10
dimensions. Thus, the well-studied 5-dimensional model is still “toy model”. As a next step, we
will consider 6-dimensional model. And the rest of this chapter is dedicated to the study of this
6-dimensional gravity. In 6 dimension, in order to construct effective theory on the brane we have
to overcome the singularity problem arise from the self-gravity of co-dimension-2 brane. We will
discuss capped regularization scheme for a remedy of this problem. Additionally, there is another
problem, that is, the size of extra dimension is unstable. We can stabilize the extra dimension by
simply introducing flux in the system.

2.2.1 Occurrence of singularity and the idea of its avoidance

In co-dimension-2 braneworld, it is known that we cannot put arbitrary matter on the brane. Let us
see the difficulty of co-dimension-2 braneworld using concrete model discussed in [15]. We begin
with the following metric ansatz

ds = —N2(y)dt? + M%(y)&;dxdx + B2(y)dy? + L2(y)d¢?. (2.2.1)

wherey and ¢ are the coordinate of extra dimensions. To see the feature of singularity, let us
suppose that the most wrong behavior appeari@zmg and we can ignoréyM, a,L, dyN, d,B.
Then we obtain following equations (See appendix B for full equations)

32M 221 2
- TV'(BSO_ yL(g): nG(@EZ((?,;pNZ(Y)fS(Z)(y)’ (2.2.2)
GMY) | GN) | HLY) B2Y) par2ier s 52

My TNy T Ly BTGz, PM )8 87 ), (2.2.3)
LMY NY) ore

T My) Ny

They are derived front0,0), (i, j) and (6, 8)-components of 6-dimensional Einstein equation
respectively. Note that we put the perfect fluid matter as localized one, not Nambu-GotP tgpe.
the pressure. From the above equations we have the following two

2M
—4— <y(§’ ) — G o B2y) (0 + P12 ). (2.2.5)
oyM(y)  G7L(Y)

_ y y _ 2 P52
+ = 8nG B P)d : 2.2.6
( My T L) 6B (V) (P —P)3(y) (2.2.6)

If the equation of state of tensionfs= —p := —u, then

OZM(y) ~ dN*(y) ~ 0, (2.2.7)
02L(y) ~ 81Gg) U2 (y). (2.2.8)

The solution to Eq. (2.2.8) is given by Minkowski space-time with deficit angle

ds? = —Cydt? + Cp8j dX dX! + Cady? + (1 — 811G g )y’ dlgp?. (2.2.9)
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This is the well-known solution for co-dimension-2 pure tension brane which can be analyzed.
Therefore this case does not yield any problems.

What happens if other matters, suchPag —p (non-Nambu-Goto type) are put on the 3-brane?
In this case each second derivative will not vanish, that is

M AN oZL 1
YL LT YT 5@y~
M N ke’ y5(y), (2.2.10)
which implies
MOy:, NOy, LOy" (2.2.11)

This solution is not under control of physics because the induced metric on the brane vanishes.
From this example, we can say that arbitrary matters cannot be put on the co-dimension-2 brane.

Capped regularization

In order to treat co-dimension-2 braneworld model, we need some regularization scheme. Let us
introduce the essence of capped regularization scheme used in the next chapter.

The procedure of this scheme is as follows. At first the singular region around the pole is
removed (0),@). Then we introduce 5-dimensional special bra@® @nd by way of the brane,
new regular space is glued into original bulk space instead of the removed singula@patké
detail will be described in the next chapter.

<% A
5 .2

Figure 2.2.1: “Bulk surgery” : procedure for capped regularization.

2.2.2 Stabilization of extra dimensions by flux

When the number of extra dimension is increased, extra dimensions will be unstable in general.
Here, we will introduce the Freund-Rubin stabilization mechanism by using flux [18]. This idea
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will be partially cured in the construction of 6-dimensional braneworld given in the next chapter.
(See appendix C for some details)
The model we consider here is

sz/quxw p+q)g(p+QP 2l ) (2.2.12)

whereF is theg-form field. Let us start from following metric ansatz
dg = (Pg,,dxtdx’ + O;dXdx! (2.2.13)
= e P 2%0h,,dxidx’ + Mgy dXdx, (2.2.14)

wheregyy is the p-dimensional space-time metric amg} is the metric ofg-dimensional unit
sphere. The solution of Maxwell equation can be obtained as

FMl"'Mq = fEMl...Mq(O'), (2.2.15)

where we assume the magnitude of fliuis constantgy,..m,(0) is the perfect anti-symmetrized
tensor with respect tg-dimensional sphere.
Substituting Eq. (2.2.14) and (2.2.15) into Eq. (2.2.12) we omacitimensional action

Sk = /dp+qx —(p+ay (D+Q)R( ) — — 2q| ) (2.2.16)
_ EQq-/dpx\/—_h (PRh)

_d(p+9-2) 29(p—1)
S (D 9P+ = oS Do), (22.17)
whereQq is the volume ofj-dimensional sphere and
f2/ q(p—1) 1) _2prq-2) 2(p-1)q
V(g) = — o 9 4 g Tpa O )> 2.2.18
@ = 5 (-aP e + 2219

The typical shape of potential is depicted in Fig.2.2.2. Due to the tension of the magnetic flux , the
size of extra dimensions are stabilized.

V(9)

06

Figure 2.2.2: Effective potentisd(¢) with flux. (p=4,q=2)
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For comparison with the above case, let us see the potential without flux. The potengal for
becomes

2q(p— (P+a-2)
V(g) = —%%52 e, (2.2.19)

As seen easily, the size of extra dimension is not stabilized without flux.

_4b

Figure 2.2.3: The effective potentil ¢) without flux (p = 4,q= 2).



Chapter 3

Low energy effective theory on a
regularized brane in six-dimensional flux
compactifications

We have seen the study of braneworld model in previous chapter through Arkani-
Hamed-Dimopoulos-Dvali (ADD) model and Randall-Sundrum (RS) models.
Randall-Sundrum model (RS) is attractive model due to including self-gravity in itself
but it is limited to only 5-dimensional space-time. From the viewpoint of the string
theory formulated in 10 dimensions we need higher dimensional braneworld model.
Thus, we will study 6-dimensional model as a next step. We will employ capped
regularization and flux stabilization mechanism to resolve some problems occurred in
6-dimensional models. Then we discuss the gravitational theory on the brane.

This chapter is composed of four sections. In next section 3.1, we describe the sys-
tem and the basic equations. In section 3.2, using long-wavelength approximation, we
approximately solve Einstein and Maxwell equations in the bulk. Then in section 3.3,
we derive the junction conditions which give the part of boundary conditions for the
above solutions. Finally, we will derive effective equations on the brane and we will
confirm that the conventional 4-dimensional gravitational theory is recovered. Before
closing this chapter we will discuss the counting of degree of freedom because we
have a lot of equations, variables and boundary conditions.

3.1 Model and basic equations

In this section we will describe our 6-dimensional braneworld models. As the schematic picture
drawn in Fig. 3.1.1, we employ the capped regularization and then introduce the two 4-branes for
capped regularization. The full action is given by

M4 1 1
6
S = /d6X\/ —g{% <(6P— L_IZ) - ZFABFAB} +%rane+ S[_)rane (311)

whereF? := FagF”B and Fag := daAs — dpAn is the field strength of theJ (1) gauge fieldAa.
The capital Latin indices numerate the 6-dimensional coordinat®s; 0,1, 2, 3,4, 5 while hatted

23
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Greek indicegt are restricted to the 5-dimensional coordinatgss 0,1,2,3,4 and the Greek
indices u are restricted to the 4-dimensional coordinatess: 0,1,2,3. This action describes
the Einstein gravity and Maxwell field with the positive cosmological consfantM(G) is the

|

fundamental scale in 6 dimensior&., .are the action for 4-branes.
We consider the following action for each 4-brane [28]:

2 “n
S‘écrane = _/dsx (/\i—{—%(0,}21—eA’g)(o"'OZi—eA))@g“V) +S$atten (3.1.2)

whereA. is the brane tension,. is the vacuum expectation value of the brane Higgs field2and
is its Goldstone modeSt represents the matter action on the brane. The brane action necessarily
couples taA; in order to account for the jump of the Maxwell field at the braBg e, are the
action for usual matters localized on the branes.

We assume the axial symmetric metric ansatz as follows

2
gapdX'dx® = %eﬂ X dy? 4 220V £ (y)dB2 4 gy (. y)dxHdX, (3.1.3)

wherel determines the scale along tlelirection and we write dowgy (Y, X) as

Guv (¥:X) = @(y)huy (X, ). (3.1.4)

North-region {
Y. North-brane
Middle-region{

. South-brane

South-region{

Ys

Figure 3.1.1: Map of two extra dimensions and two branes.

Andy denotes the radial direction of two extra dimensions @mgnotes angular direction of two
extra dimensions (See Fig.(3.1.1y) andys denote the position of the poles whdrgn) = 0 and
f(ys) = 0.y, andy_ are supposed to be the position of 4-branes.

The variation of (3.1.1) with respect to metffigag leads 6-dimensional Einstein equations in
the bulk

2L2 |\/|4

OA — — = A4 <F - 5AFCDFC) (3.1.5)
)

or we can write down as

1
6)F(AB_4L2 B+M(6) (F e _ééAFCDFC > (549
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To prepare for solving the evolution along thelirection, we decompose 6-dimensional Einstein
equations into thg-direction plus the component orthogonaltd\Noting

(GPﬁO _ 5)Ru ——5yK“ %_ BphGp., o — S)DﬂZ'(SbOZ, 3.1.7)
Ny

the ({1, V)-component Einstein equation becomes

ORE ——ayK“ RKA — GpHGDsz — Gpi¢. Gy
Ny

1 i 1,
] U C HEe=CD
——4L25 +—?) (FCFO ~g%%F FCD), (3.1.8)

where®Dy, is the covariant derivative with respect ®ygp, ny = b—'TeZ is y-component of nor-

mal (dual) vectom,, K% is the extrinsic curvature of =constant hypersurfaces aKdis its 5-
dimensional trace(.5P“O Is the 5-dimensional Ricci tensor. The extrinsic curvature is defined by

1
Koo = Egn(S)gﬂ\“/ (3.1.9)

= ®4g;5hy, (3.1.10)
wheren? is the normal vector to the brane.

The (y,y)-component of Eq. (3.1.5), which leads Hamiltonian constraint

B |_2 |v|4 4

BR4 KaK — K2 = 1 2 (FVFC 1FCDFCD). (3.1.11)
(6)

The 5-dimensional Ricci scal&tR can be written in terms of 4-dimensional quantities as
OCR=R—24D*4D,y — 34Dy - “DYy, (3.1.12)

where?D,, is the covariant derivative with respect(tdy,, and where we used

(5R8, — —(4D,(4Day — 24D gy - 4Dy,
{ (5RL — (4R_ (ApH(Ap, g — ApHy. (4D, . (3.1.13)

The (y, i1)-component of Einstein equation gives us the momentum constraint
g (K4~ 8%K) = %FﬁMFyMny. (3.1.14)

Not only gravity but also Maxwell field should be solved at the same time. Maxwell equations
are given by

GO FENM = 0, (3.1.15)
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where(GDN is the covariant derivative with respect to the 6-dimensional metric.
Let us look at the Israel junction conditions

N P 1 N
[KE — 0 K]y—y, = —%s"o. (3.1.16)

S‘AJO is the total energy-momentum tensor computed from the brane action and then

Kne:= Tio — A+ B +V2 ((%Zi —eAy)(OpZL —eny) — %(S)on(ﬁazi — eAa)2> :
(3.1.17)

WhereTfo is the energy-momentum tensor of the usual matter fields on each brane. We assume
thatTfy =T5, =0.
The junction condition for Maxwell field is given by

[yFYH)yy, = —eVB g% (0534 —ehy). (3.1.18)

3.2 Long-wavelength approximation

We employ the long-wavelength approximation to solve the 6-dimensional bulk geometry [33].
Let Z be a bulk curvature scale ahde a curvature scale on the brane, wHeRe~ 1/L.2. Assum-
ing that/ is not so different froni, the small expansion parameter is defined as the ratio of the
bulk curvature scaléto the 4-dimensional intrinsic curvature scale

0\ 2
€= ([) = (?|R. (3.2.1)
Then we expand all the variables as follows:
l‘U _ w(l)( —_ 7(1 An — <9)A (})A
- y7X)+"'7 Z(yvx>_z (X)+a guv—guv+guv"‘»
(0) (1) 0) (1) (0) (1)
gyyzgyy+gyy+"‘7() Kuv =Kpv + Ky +---, Kgg =Kgg + Kgg +--,
1 1
(SPﬂ0:0+{(5pﬁo} T AIJ:ALZ)JF"H Ag =AY Al 1.
© @ (3) )
Fye :Fy9+F1y9’ Fuo =Fug +---, Fuy=Fuy +---,
F[,lV :O—’—FLSV)—’—.

From Eq. (3.1.13), 5-dimensional Ricci tensor can be expanded by the first order

(5RE, = O(e?), (3.2.2)
BRI, — ea—lz(“P(h(O)) +0(ed). (3.2.3)

Now we are ready to expand and solve the equations iteratively.
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3.2.1 Bulk solutions at the Oth order

At zeroth order, the evolution equations and the Hamiltonian constraint are

f(y) [ d%a o,f d,a aa\?l 1 o>y9

L2 { a T ta 2\a) (T 4L2+4|v|g‘) Fve: (3.24)
115, 2 1 31 B

LZ{ A yayf}_ a7 amg C oD 829
W) )R e
L a ‘a f L M()

Note that the momentum constraint is automatically satisfied at the Oth order.
The 6-component of Maxwell equation is

0 (0
OF Y8+ Ka BY0 — o, (3.2.7)

Note that the onl\8-component remains.
Let us solve equations. Egs. (3.2.4) and (3.2.6) imply

dza(y) =0, (3.2.8)
and the solution is given by
aly) =y. (3.2.9)
Next we will solve Eq. (3.2.7). It is easy to see that the solution is
0
Reo= M(ZG)E y% (3.2.10)

whereQ is the integral constant. Substitution of these solutions into Eqg. (3.2.4) yields

<>{0yf<y> 1} 1 1@
+3 = (3.2.11)
yfly) " TY2[ AR APy
Then we have the solution ty) as
Y o Q@

f(y) :—%Jrﬁ——lzyg, (3.2.12)
whereu andQ are integral constants.

We consider the parameter region (@, 1) so thatf(y) = 0 has two positive rootsyy and
ys(< yn). As seen lately = yy andys will be the position of north and south poles. Since

Ro= dy o= M2 gya (3.2.13)
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. (0)
the vector potentiahg becomes

o MG
AY = 3();+a,<°). (3.2.14)

wherel specifies the region (see Fig.3.1.1) to which the solutions belonga,(gx%@ the integral
constant. Imposing th#g vanishes ay = yn, we arrive at

IM2.Q
Oy _ Mg~ (1 1
Ag =3 <y§ vk (3.2.15)

3.2.2 Bulk solutions at the first order

Going to the first order in the long-wavelength approximation we will obtain the gravitational

field equations that govern the behavior of the 4-dimensional rrhﬁfﬁicAlthough we start from

the block-diagonal metric ansatz, only assuming axial symmetry the metric should still have non-
diagonal components. In such case the equations at the first order may contain terms such as
1/2) (1/2

I(:/“%:(,; and%2> KZQ However, in Appendix D we analyze tlms%) equations and show that

the long-wavelength approximation Bfy and K‘é in fact begins WithO(E%). Therefore, in the
following we will drop the contributions from such terms. At the first order, from Eqg. (3.1.8) the
(u,v)-component of the evolution equation becomes

a8 (330 R0 ko kot~ Lo L0 L v
+\/L—|T g <%+%Tf+%—%%? 20 Fye) s =0, (3.2.16)
where we defined the useful combination
Fi= (R BeF>e). (3.2.17)

Let us solve the traceless part of Eg. (3.2.16). Taking the traceless part of Eq. (3.2.16) yields

1 &) L -
Way (y“\/? K“v> = \/—'_f(“P“\,(azh). (3.2.18)
Then, the solution is found to be
Q)H SH ~H ( )
K — LR +—C 3.2.19
v — 3y\/—f IRy y4\/_f ( )

, @ (1) (1)
where we defined the traceless part of the relevant tensafdas—K*, — (1/4)3% Ié“a and
RH, = R, — (1/4)8%,“R. CH (x) is the integration “constant ” to be fixed by the boundary
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conditions. Of courseC!, (x) is traceless by the definition.
The 4-dimensional trace part of the evolution equations is

(1) 8 f (1)
ayK%,+(y (;yf)K%+ K9

y
Li (a2 1 Loy, Vi1, 284f 16 Lf 10,0
—— hy————.% A S W A Fo | =0.
Nii (ah) YNNG T f+yf % M&)fF vo | =0
(3.2.20)
The (8, 8)-component of the evolution equation is
<> 0yf D)y 4 f\we 31 L
Vi, (28f 1/af\* 1 312 10,0
Ly el ) tartamg 7 he ) 70
(3.2.21)
The Hamiltonian constraint is
g VTf8Pe  Hf 68,y 1 oq
R - {yK9+( Y +y)Ka} 7. (3.2.22)

. (1) . . :
Let us see how to determine ti&y. Since we do not need concrete expression of this for
deriving effective equation on the brane, we will briefly look at the procedure. At first, let us
rememberZ () which is

©
Pac £y g R + £y 2 R . (3.2.23)
Noting
(1 O\ @ (D) Do) L)
F)ye — gwgee (_2 UFy6 —2 {Fyo+ Fy6> (3.2.24)
7 (1) ; -
Z % is expressed bR as
<1><0> (1)
ZF0 _ \/e< Fye YR+ Fye>~ (3.2.25)

This expression means thl(elfrg is determined if we can determing(D) by solving the evolution
equations (3.2.20), (3.2.21) and the Hamiltonian constraint (3.2.22). After finding the bulk profile
of the extrinsic curvature an& (y), we will be ready to solve the Maxwell equations.

In order to derive an effective theory on the brane, we do not need to solve the complicated

. (1) (1) i . ) . .
equations forK §, and K%. As will be shown in next section 3.3 it suffices to solve the bulk
evolution with the combination of variables at the first order such as

3 1 L o0 frof 1\ ©
= 2 Kot K%+ W\/_IT FY0 Ag +\LFI (% —~ )—/) y. (3.2.26)
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. . . . (1) . L.
Note that this variable# (U is including gaugefy and coordinate degree of freedafhin its
definition. Then 4-dimensional trace part g 0)-evolution equation are combined to give one
simple equation

W _1h @ge
oA v (“R(a”h) — ay(y*/ ) (3.2.27)
It is rearranged as
1L 4.2
y4 <y4\/_Ji/ ) v (4R(ah). (3.2.28)
The solution for this is given by
a0 1 gyt 3.2.29
2y T +y4ﬁx(><)7 ( )

wherex (X) is an integral constant to be determined by the boundary conditions.
Then Egs. (3.2.19) and (3.2.28) give us

(1)
ot = e (R - SR ) ¢ e

Before the closing this section, let us consider the momentum constrainju-€benponent of
the momentum constraint at the first order is

(] 1 ©
“DgKY, — D, ( a+K9>+\|{|T<;L/ nyf><b“(w>:M4\/T \/94)3,1 Ag,

—ohx). (3.2.30)

which can be simplified using? (V) to
@)
“DgKY, —“Dy ™ =o0. (3.2.31)
Eq. (3.2.31) and the Bianchi identit{#D [(4)R“u —10694R| =0, imply the constraint for the
integration constants:
“DaCY —“Dyx =0. (3.2.32)

So far we focused on solving the bulk Einstein/Maxwell field equations and we have not imposed
the boundary conditions. In the next section we will give the boundary conditions carefully. Then
we will obtain the low energy effective theory on the branes.

3.3 Boundary conditions: regularity and the junction condi-
tion

The metric functionf (y) vanishes ayn andys. These points develop conical singularities in
general and they are regarded as source of 3-branes. To avoid the singularities, we replace each
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of the conical branes with a wrapped 4-brane. The geometries of the north-, middle- and south-
region are described by the 6-dimensional solutions obtained in the previous section with different
cosmological constant& ( (L_) for the north-region(south-region) ahg for the middle region).

Near the poley =yp (p =N, S), we havef(y) ~ d,f|y—y,(y—Yp). The metric (3.1.3) can be
approximated as

N'-_Izz(dyz o 2222 2
dsz_f,<yp)e2 y_yp+LI2f(yp)e2 (y yp)de), (3.3.1)

wheref’(yp) := dyf(y)ly=y,. By transforming to the new coordinate= ,/y—yp, we have

4L Z o Py %,
dsz_mez (dY +L_|ZTY de? |, (3.3.2)

To be regular ayp, we impose

01 f
LI ¢

=1 3.3.3
= , (3.3.3)

Y=Yp

where0 takes the value within & 8 < 27t. Clearly, it is required thag/(x,yp) — {(X) = constant.
Without loss of generality we can set this constant contribution to be zero. Furthermore, we require
Y(x,yp)=constant and (x)=constant. Then, we hawgl) < (y—Yyp) and W< (y—Yp) near

Y =Yp.

Each of the regions is glued together so as to satisfy the Israel junction conditions [31] and
the junction conditions for the Maxwell field. We start with assuming that the brane location is
given by ax-dependent functioy = ¢(x). The brane induced metric is given kgydx*dx’ =
2£($(x))d62 + p2(x)hiSdxdx” +O(e).

Before discussing the junction conditions we have to solve the brane scalar. fighé equation
forZis

(5p, (a“’ >, —eA ) —0. (3.3.4)

The Eq. (3.3.4) at the Oth order becomes
g
Jg| 0”21 ) =0, (3.3.5)

and hencei(io) =ny0+ aio). Here,n. must be integer becauge. is the phase of the Higgs

field and sogZ(8+2mx) — dZ(6X)  This property should hold at any order in the long-wavelength
approximation. Therefore, the solution Bincluding corrections at the higher order should be of
the form

Se=n0+00X)+ o)+ (3.3.6)
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3.3.1 The junction conditions at the Oth order

We shall show now that the brane location is in fact independexit & do so, let us consider
the 8-component of the Maxwell junction conditions at the zeroth order. From Eg. (3.1.18) the
junction condition at the Oth order for the gauge field is
(0 ) ©
[ny FE’G] = —e 0909z —en). (3.3.7)
Y=Y+
where[A] == Aly_¢+¢ — Aly—p—e andnM is the unit normal to the brane. At this order, we have
nM ~ (nY,0). So the right hand side is independentxadnd hence the brane location must be
y = constant=: y. ). The Israel junction conditions are given by Egs. (3.1.16) and (3.1.17). The
junction condition at the Oth order for gravity are

(©) 5 A V3 © © © 0,
(K -a4RO] = LB (3y 3 —ep)(0° 3 —ep’) (338
Y=Y+ M(6) 2M(6)
and
O >0 As Vi 9 0
— K% —K A L B 5)Y e ng) (09T —en?), (3.3.9)
[ } y=y= MG 2MG,
f ~
whereK := K%, K, — 6hKO = — {T(;ﬁ—dy )andKe KO = —\(—73.

For later use, Iet us derive the relation between tendioand the scalar/gauge field at the Oth
©) (0 . . . .
order3/Ag. Using the explicit expression of extrinsic curvature, Egs. (3.3.8) and (3.3.9) become

1 3 of At Vi ©) () 6 © g
L f 3 VIR TV R R 0”5 — 3.3.10
[Ll]y Vi (y+ 27~ ME‘& ZM?G)( b L —€AMg)(0” = —eA”) ( )

and

1 y Ar V& © O, a0 O
— Op 3 — 0° 5 — 3.3.11
[u]y_yi 4\/T< +2|v|g‘)( b X —€A)(0" Z €A )>’ ( )

respectively. EIiminating{L—ll] from the aboves, we have
Y=Y+

y(3 &f\( A V& © © a0 O
4<y+2f)< M?6)+2M€6)(692 epg)(d° s —en?)

A V2 © (0
—M—f - 2sz (Fg = —epg)(d° 5 —eA9). (3.3.12)

(6) (6)

. " 0) ©
Thus, we can expregs. with respect to the quantities on the brane suciz andA®.

© ) © )

7.
‘1‘ 993 —eng) (0% s —eA?)|yy.. (3.3.13)

Ay =—

af 5
fi
af 2
f

y
8
_Y
7178

This relation will be used to simplify the junction condition at the 1st order.
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3.3.2 The junction conditions at the first order

We go on to specifying the boundary conditions at the first order at the poles and branes. As to
the regularity conditions at the poles, it is required that

&9 (1) 1)
K“V7 Kaav KBQ §|y_)/p|% (3314)

With this, the evolution equations for the extrinsic curvature (3.2.19), (3.2.2ay (3.2.21) are
(1) (1)
regular at the poles. We also require thBjg | < « aty = yp. This implies thatag S (y—Yyp) near

M
the pole. Noting that/ < (y—y,), we haver @ < |ly—y,|2 neary =y,
The (u,v)-component of Eq. (3.1.16) is
2

N 1 Vv © Qg B - ©
K=Ky, = — T {e(c?ez@ —efng) 9% Ao+ U (0p = —eAe)z}-
(6) (6)
(3.3.15)
The traceless part of the above becomes
2 1 zu
[K V} S (3.3.16)
Y+ M(G)

Using Egs. (3.3.8), (3.3.13), (3.3.15) and (3.1.18), we can have the following compact form junc-
tion condition

1) 1

KE _ 5H (1) _ __~ TH
|: v V% :|y_yi M(46) Vs
(3.3.17)
where.# () is defined as
AL -_9&)04_&)9 gVl 1of +ii 9’9 X (3.3.18)
T4 o~V L \y 2 f MZ‘G)\/T ak ~
The trace part of Eq. (3.3.17) becomes
1
@D =719, 3.3.19
[% i|yi 4ME16) a ( )

The junction conditions (3.3.16) and (3.3.19) together with the momentum constraint (3.2.31)
imply the local conservation law for the energy-momentum tensor of brane localized matter:

4D THI =0, (3.3.20)
Also note that the Maxwell junction condition at the 1st order becomes
(1 D (EV Y
Lﬁ(FW— (PP = —ed(ds 5 —eho), (3.3.21)
' Y=y
which should be satisfied for the solutions.

. . . . . ) . . .
LAs will be seen in next section, regularity condition %o‘i‘a does not need to be imposed. There, we will confirm

. n . .
the behavior 0#(“0, is automatically converged.
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3.3.3 The low energy effective theory on a brane

Now we are ready to fix the integration constants of original bulk solution (3.2.29) and then we
derive the low energy effective theory on a brane.

From the regularity condition at the north pole one can determine the integration constant in the
north-region and we have

KH §y4\/y_§ LRy (ys <y< ) (3.3.22)

And the original bulk solution on middle-region is written as

~ 1

KH = Lo R~ +—c“ Yo <Y<VYi), (3.3.23)

i o | *)

and imposing the Israel junction conditions at the north brane leads

X —YP)Ls +y3 Lo Tt

CH =— s 3 TR, v VT |v|4’ (3.3.24)

wheref, := f(y;). Similarly, the regularity at the south pole determines the extrinsic curvature
in the south-region as

I I
K =2Z_IS| RN (ys<y<y.). (3.3.25)
BTN (¥s )
The Israel junction condition gt=y_ implies
VL.~V lowsu ~ TH
v y§)3 v O(4P“V—C“',:y‘l\/f_M;X. (3.3.26)
EliminatingC, from Egs. (3.3.24) and (3.3.26) we have
4P“ Ve (yi fLTH v /F T“) (3.3.27)
where
YN
2=y / Liy2dy (3.3.28)
Ys
andf_:= f(y_).

Obviously, for the trace part we have the same relation as (3.3.27) with the substitjtion
R/4 andTt, — —TZ, /4 (and thus the constraint for the integration constants (3.2.32) is trivially
satisfied). We have three bulk solutions as well,

f;il/ﬁ%'-+44pa Y+ <Y< YN)
() _ \/TLO (4RY + 4),41\/TC"r (Y- <y<yi) . (3.3.29)
YR (aRa (Ys<y<y-)

124F
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The junction conditior{%(l)] = 4%\/'7?— gives two equations

Y=Y+ (6)
(+>

Ly +y3L
CC{,(b):— Vi12+ v Q4R (h yi\/_4M4 (3.3.30)
(3.3.31)

and

(V2 —y3L_ — y3|—0 a
312 (4R (h) =y \/f_,4M4. (3.3.32)

Then eIiminatingJ%(b), we have

&

4—€()Ra:—4M4 (yi\/uT Ly /T T ) (3.3.33)
Since the induced metric on the north brangi,,,, the Ricci tensor on the north brane is given

by Z2%, = (4)R“V/y§r. Using Egs. (3.3.27) and (3.3.33), we finally arrive at the low energy effective
gravitational equation on the north brane

(+) N
0 (g+>__6 v (9+) _K+ T“v‘*’yiK T, (3.3.34)
+
where we defined the 4-dimensional gravitational coupling at each brane as
2 ygt
K:l: .— W, (3335)

()
and the energy-momentum tensor integrated alon@+tiection asT ~, := 2t/ T+ %)“V

Eq. (3.3.34) shows that gravity at low energies is described by 4-dimensional general relativity
(when matter on the south brane can be neglected.) This generalizes the perturbative analysis
of [28, 34] to the nonlinear regime. The effect of the extra scalar mode that appears in [28, 34]
is at higher order in the long-wavelength approximation and hence is not observed in the present
leading order analysis.

It is interesting to note that we can still have the conventional 4-dimensional effective theory
even if one takes the limit of the brane location to the poles keeping the averaged stres§{gnsor
finite.

3.4 Consistency check

3)
For the derivation of the effective theory on the branes, it was enough to compilteandK*,.
We did not need to solve the Maxwell equation at the first order explicitly. Therefore, we have to
check no extra conditions from the gauge fields. We first check the behavior of other geometrical

e M . e
quantitiesk", andk % because they are contained i together witha,.
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: M g g
3.4.1 Behavior ofKG and K%

. " & M
While we know that#" (1) can be regulated at the poles, it is not clear whekfgrandk %, well
behaves or not at the poles. Using Egs. (3.2.20) and (3.2.21), we have the following equation

o7 3LRMN) 1 4 1 02 -9 f o, f
2 y _ OHRUD 27 (D) it 4 y
020 - a0 { T +8y( )

f f 2
() 0 sl e
f f o2 f 03 f
1099, f 63  gf 3 AR AN (3.4.1)
8?2 f 283 8f2 4 8 f
where
(1)01
0 Ka\/T ’ (3.4.2)
VToy T>
and
3l = 1 (3.4.3)

Vo T(ya, —21)7

Then it turned out that the solution is given by

i dy 3L, 4P( )
Rl (2) 3, ayz( y(YZ))

y,1 (y2) 3, (_\/f(yz)> 16 f2 8yz \ f
2

Q= CL(X) +C2001 ) + [ dysdyy ()

(1)
—ZL—IO() /yd)ﬁdyll (Y1)

Y2

1090ny 63 4,f 3 7052f 1037?’2f} (3.4.4)

&2 f 28 82 yof 4y, £ 8 f

. . _ (1) .
Once we obtain the solution @, the solution foné% can be also obtained through Eq. (3.2.20)
with Eqg. (3.2.22).

(
At first, let us check the behavior @?"(’, near the poles. Sinc&(y) ~ f'(yp)(y—Yyp) near the

(€D .
poles,K % is approximated as

(1)

K% = Cy-ki+Ca-ka(y—yp)Z +3LiR(h)ks(y —yp)
W

+L—|(k4(y—y|o)5Jrks(y—yp)g Ke(y = Yp)? +ka(y— yp)%) (3.4.5)

Nl
Nlw
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where

f'(Yp) 4 2
ka(yp) = -2 kp= —24— k= —2—
(yp) 2y 2 y%zf’(yp)% 3 = Sy%

Vo)—2V, 109f " (yp)-+yp f"(y, 126f
p) P kg = (Yp) pl(p)7 ke = )
3ypf'(yp)2

Y

1
?
l
2

—

Ky = ypf” (yp)+38f’
f'(yp)

(3.4.6)

Y

NI

ky =

~loo

. . (1) . :
From this we see that there are no divergende fn So it is automatically regular at the poles.
)
Next, let us see the behavior m%. From Eq. (3.3.33) we have

{—klcl< o) gloly—yp) E+ 2y yp) - 3LR(N)

) } (3.4.7)
_ Yo" (yp)+2yp+61(vp) - o g
wherekg = ; . From this, we can see tht% diverges at the poles. Thus, we
2ypt’(yp) 6

A
oD
12
SIS
<
<
©

NH—‘

¢ 13 ke
+L—|<k8(y—y> +y—2——(y Yp)~

: . LW
have to impose the regularity condition B[r%.

3.4.2 Trace part consistency check

. : . L
In the previous subsection we saw that the regularity condltloKPQrat the poles, but not for

(1) . : L .
K%. Then we must check the consistency between the number of the regularity/continuity/junction

conditions and the total number of independent variables. Since traceless evolution equation is
rather trivial, we will focus on trace part hereafter.

Integral constants:

(1) O 0w o .
5(for K§,.KI,AW{ ) X3regions =15

Boundary conditions:
(1) @ @

3 regularity (for K; qu// ) X2poles =6
+2 continuity (for Ag,(// ) X2 branes = 4
o o o
+3 junction (for K¢ K2 FY) X2branes = 6

®
-1 junction (for K? ) x1 =-1

Figure 3.4.1: Summary of counting
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1
So far, we have 5 variables such %%,(y,x), ié)%(y,x), (,&9 (Y, X), &/)| (y,x) and (Z)| (x). Each
variable has one integral constant for each region (north/south/middle region). Thus the net number
of variables or integral constants amounts to = 15.
On the other hand, let us count the number of boundary conditions. We have three kinds of
conditions, that is, continuity, regularity and junction conditions. As in the discussion of previous

(1)
subsection, the regularity conditions are required excepkff(y,x). Then we have %X 2 =16

" . o ) (1) _
conditions for regularity. About the continuity conditions (y,x) andy; (y,x) are imposed on.
Thus we have X 2 = 4 continuity conditions. About the junction conditions, three conditions

for %%(y,x), ié)“a(y,x) and I(:l;,Q per north/south brane. Therefore the total number of junction
conditions is 3x 2= 6. However one of them is used for the derivation of the effective theory.
Thus, 6— 1 = 5 junction conditions can determine the integral constants/variables. As a result
the total number of the boundary conditions i$- 8 +5 = 15. This is exactly the same with the
number of the integral constants. Summary of this subsection is given by Fig. 3.4.1.



Chapter 4

Summary and discussion

In order to study the physics of the early universe, the high-energy physics such as the super-
string theory cannot be ignored. Motivated by the recent progress in superstring theory, a new
picture of our universe was proposed. Therein, our universe is a brane located in the higher di-
mensional space-times and then a lot of models of this braneworld have been discussed. Among
them Randall-Sundrum (RS) model is intensively studied. This is because the effect of self-gravity
is seriously treated and then we can discuss the cosmology in this model. However RS model is
5-dimensional model and on the other hand, superstring theory is formulated in 10/11 dimensions.
Our study is to extend RS braneworld model into higher dimensional model. As the first step we
studied the 6-dimensional model.

The raising of the co-dimensions will arise some problems, that is, the singularity problem due
to the self-gravity of higher co-dimension branes and the instability problem in the size of extra
dimensions. These problem are resolved by introducing flux and capped regularization scheme.
The regularization scheme is developed by making use of the well-behaved property of the co-
dimension-1 brane. The brane action we adopt includes the property needed for the surgery of the
bulk with flux and gravity, and the property of spontaneously breaking the 5-dimensional general
covariance which makes the theory 4-dimensional one. This model has been actively investigated
[28], [34]. But these studies were focused on linear perturbation analysis. Since we are interested
in the non-linear regime, we employed another approximation scheme, that is, long-wavelength
approximation which is useful for the low energy scales. The small parameter is taken to be the
ratio of the curvature length of the extra dimension to the 4-dimensional scale which we are inter-
ested in. As aresult, up to the first order of the long-wavelength approximation, we confirmed that
the conventional 4-dimensional theory is recovered even at the non-linear regime. Interestingly,
we can have the conventional effective theory even if the brane is taken to the poles keeping the
averaged stress tensor on the brane finite.

As remaining problem, we have to check the higher order correction terms of long-wavelength
approximation. Can we still construct the regular model up to higher orders? This is the rather
non-trivial question. Especially, in the case of the limit where the co-dimension-1 brane is taken
to the poles.

This model is partly motivated by the warped flux compactification model in superstring the-
ory [38]. However the self-gravity has not been treated carefully in such models and the validity
of the discussion for cosmology is still debatable. So our study may be regarded as a toy-model
for this model. The extension of our toy model to this direction may give some information to

39
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the string inspired cosmology. Although our model is still far from the original model of string
cosmology, the further extension of effective theory on the brane is urgently expected.
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Appendix A

Derivation of Israel junction condition

In this appendix, the junction condition is derived. To discuss concretely, we show the derivation of
Israel junction condition in the general case where the number of the dimensions of whole space-
time isd with co-dimension-1d — 1-dimensional) brane.

Using the decomposition af-dimensional Ricci tensor, the Israel junction conditions can be
obtained. Let us take the block-diagonal metric ansatz (A.0.1) as in [9]

ds? = n2dY? + (@1, dxdx’. (A.0.1)

a
where normal vector tp=constant hypersurfacesi&= nY (%) and(“g,, is the induced metric

onY =constant hypersurfaces. This induced metric satisfies
gaB := —NANB + JaB, (A.0.2)
wheren”*na = 1 andn*gag = 0. Then generally, we have
DReoaSa” = Ry — ZKuy — KKyy + 2K, Kgu, (A.0.3)

where capital Latin indices rurisdimensional space-tim&=0,--- ,d — 1 and Greek indices run
(d —1)-dimensional space-timg, =0, --- ,d — 2. Ky is the extrinsic curvature defined by

Kyv = éa%n Quv (A.0.4)
11 (@1
_ En_ydy( )quw (A.0.5)
Then, YR} is decomposed as
1
(AR = (@-1RK _ n—q“ao"yKaV — KKK 4+ 2KH K, (A.0.6)
y
1
= (@-1RH _ n—ayKP; —KKH. (A.0.7)
y

In Randall-Sundrum (RS1) case, the total action is
1 1 d d-1 _
s = T(Zd)/dyod x/~0g (R-2Ag) =4 [ do a1y,
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(+) (=)
+A B ddilx\/ —(dflbf—l- Smatter+ Smatter (A.0.8)

y=y-

where positive (negative) tension brane is locategt aty, (y =y_). Then Einstein equation
becomes

1 1
(d)RAB——(d)gAB(d)RZ d)gAB )\qAB) 5()/ Y+)+K( ))‘q,(AB) 5(3/ y-)
+KETiy da B—6<y yi)+ K Thy dfad B—6<y ye), (A.0.9)
where \/_(d(_dgg A is used. Note thatyy, = 0 andqyuy = O by the definition Eq. (A.0.2). The
(u,v)-component of the above can be re-written as
1 2 KA 1 K 1
d—1)H u Mo poy (D7 s (d)™ su
( )Rv—n_yayKv—KKv = dTZ/\(d)5v+ d_25vn—y5(y—Y+)— d—26 y5(y y-)
2 (+)IJ 1 IJ <+)a 1 2 (_>u 1 I“l (_)a 1
+Kia) <T v—d—_25v T n_yé(y_W—)‘f’K(d) T —Tzfsv T n_y5(y—Y—)~
(A.0.10)

By integration of Eqg. (A.0.10) within infinitesimally small interval around brane we obtain

" Kig A s (G 1y Gy
[Kv]y:yi:ch_z v—Kp({ Tv—5—5%v Tq |- (A.0.11)

Now let us consider symmetric case. When the metric has reflection symmetry around the brane,
the metric is said to have ti®-symmetry at the location of brane. Now we imp@esymmetry
on this system. Then

[K }y:er = ZKl\J/‘y:yH (A012)
—2KK =y - (A.0.13)

Thus the junction condition becomes

u K(Zd)A u Ké) T 1 ou
K2 ) 1 €3)
_ Mo (S“V_d_zélé s‘{,), (A.0.15)

&)
where Syv:= £A @1, + Ty



Appendix B
Appendix of Sec. 2.2.1

In this appendix, the derivations of Eqgs. (2.2.2), (2.2.3) and (2.2.4) in section 2.2.1 are given.
Following [15] we will consider co-dimension-2 braneworld model

S— / dPxy/— g CR+ / d%\/ (48 Zinater (B.0.1)

The second term represents the matter on the co-dimension-2 brane. Note that if the matter is lim-
ited to pure tension casp= —p the brane action becomes Nambu-Goto t)[pé“,x\/ — (4. L matter=

—u [ d*xy/—(4g. Here we include more general case with the equation of ptgte-p.
We assume axial symmetry and diagonal type metric ansatz

ds’ = —N2(y)dt? + M?(y)&;dxXdx + B?(y)dy? + L2(y)d6?, (B.0.2)

where(y, 8) denote two extra dimensions. From this model, we have the 6-dimensional Einstein
equation

OGag = 3,/ 3" T 3@ (y). (B.0.3)

Each component becomes

s o VW) { LMY M) L) FLY) ,4M(y) GM(Y)
00 ~ - L e

B2(y) M(y) M(y)L(y) L(y) M2(y)
aBaM  A,BaL(y)
+38(3/) M(y) " B(y) L(y) }
= pN2(y) 53 (y), (B.0.4)

AN(Y) GLly) | HLY) 3B ALY
N N(y) L(y) L(y) B(y) L(y)

LBy gM(y) | (gM(Y)\*  8B(y) N

>“Bly) M) *( )

= PM2(y) ;52 (y), (B.0.5)
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O, LAY) (M) Ny _gBY) GM(Y) . (dMY)\* 3B(y) aN(y)
Gos BN Ny 2 By M) +3< M(y)) B(y) N(Y)

W _
5 }_o (B.0.6)

and

A (AMI)NZ | AMBL(Y)Y | AN(Y) AL(Y) | 4M(y) N(y)
ny_3{<K/I(y)> M )T Ny T My NG~ %Be)

In order to see the behavior of this solution, we pick up only the main contributing term, that is,
angAB. Ignoring the first order derivative terms, we can obtain Egs. (2.2.2), (2.2.3) and (2.2.4)

BEM(y)  A3L(Y) B2Y) 5 s
By Ly " Ceinzy) PN M), (B.0.8)
02M(y)  92N(y) afL(y)N B2Y) 2 s A2

M(y) + N(y) L(y) —8nG(6)M2(y‘)PM (¥)&j 6 (y) (B.0.9)

and
GMY) NG
M(y) N(y)

Note thatGyy-component yields trivial relation in this evaluation.

(B.0.10)



Appendix C

Some calculations in the Freund-Rubin
compactification

In this appendix we will derive Egs. (2.2.15), (2.2.17) and (2.2.18) in Sec. 2.2.2. Let us remember
the total action

s — / dP+x, /—(p+ay (p+qr<<) i ) (C.0.1)

The metric ansatz is
42 = e 7 2%h,,dxidx’ + 99 g dXdxd (C.0.2)
= guudxdx’ 4 gijdxdx, (C.0.3)

where whole space-time s+ g-dimension. The number of extra dimensiong and its topology
is g-sphere. Note that scalar fiele(x)! determines the size aj-sphere and induced metric on
unit g-sphere gij; depends on only angular components. Latin indices suc¢hjas- denoteg-
dimensional extra space and Greek indiges, - - - showsp-dimensional space-time.

First, we write down some useful results for Ricci tensor

(PHIR; (g) = (R (g) +e 77 * Doy, (C.0.0)
1

AR jk¢(0) Ulkaje—ijUie), (C.0.5)

() 2 L) 0
(PrIR,y () = (p)Ruv(g)_quDu @+ qu2< 2Dy ¢ Dy 0—huw(9a9)?) —q Dy ¢ Dy 0,
(C.0.6)

(h) () (h) 2 M 0

PRuv(9) = PR (1) +aDuDy 9+ - 5huy D9+ 15 By 9 Dy 9~ 5D 90

(C.0.7)

whereR is the radius of}-sphere. Then from Egs. (C.0.6) and (C.0.7) we have

+ 2) iy (h)
(IR () = PRy (h) — % Dy @Dy @+ pq D 20 -hyy. (C.0.8)

1As we are only interested in zero mode of this metyidependence oq is ignored to bap(x), [19].
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Then from Egs. (C.0.4), (C.0.5) and (C.0.8) we have
(PHAR(G) = guv (P+IR, () + g (PHIR; (g)
— ep 29 (PR(h) + 2 qP( )

280 ( AP+g—2) n LAp-1) @
tens (—p_2 (Da )2+ o2 D%p).  (C.09)

We start fromp + g-dimensional Einstein equations

1 1 1
(P+aRAR — EQAB(pJFq)R = 2q-1) (FAMz...Mq FBM2 Ma EQABF 2) : (C.0.10)

The(u,v)-component can be written as

(p+q — (p
Ry q(p+q 3 GuvF2. (C.0.11)

The(i, j)-component becomes

1 q-1
(ptop, _— . ~ memy  4-1
RJ 2(q—1)! (Fimz...n'tle q!(p+q_2)9|j|: > (C.0.12)
(C.0.13)

Secondly, let us solve Maxwell equation

a (/- pragr e ) o (€.0.14)

Then this solution can be obtained easily
FMl...Mq = fEMl...Mq(O'), (C.0.15)

where f is constant anotMl...Mq(o) is the Levi-Civita tensor of unigj-dimensional sphere. We
have one more relation between the size-sphereR and the strength of flux,

2_ 29-1)(p+9-2)
R(p-1)

(C.0.16)

which can be adjusted by using stabilized background solution. Substituting Egs. (C.0.9), (C.0.15)
into the original action we have

S = /dp+qx p+q (p+q>R() 24 ) (C.0.17)

- /qu\/__O /dpx (p)R( ) - f2 ( S(f;_l)zew(p(x)+e_2<g‘§>q¢(x)))
(C.0.18)




Appendix D

The leading order of Ky and Fo

Let us se€, 6)-evolution equation noted in Sec. 3.2.2 more concretely. Here we consider the
following non-diagonal metric ansatz

2
ds? = %eﬂ X dy? + 2e2¥0X) £ (y)dB2 4 20by (v, X)dOAXH + gy (x,y)dxHdx’  (D.0.1)

with the assumptions

1/2p(1/2) 12 H Ay
bIJ:E/bM +ee Ke:g/ K6+"" Fo =Fyo +eFg +---.

We shall show in this appendix that the leading order terms in the gradient expanﬂé@am‘d

FHY are in factO(%/2).
The u-component of th@©(£1/2) Maxwell equations reads

0y(y4 (Fl/yz‘)‘> =0, (D.0.2)

and thus we have

i OO

FEY— M3, v (D.0.3)
The O(£1/2) evolution equation reduces to
11 a2 1 © 42
i T FoEHY
L|y46y(y4ﬁKe) = FoyF
CN
e 1yéx), (D.0.4)
which can be integrated to give
(1/2) 1 L EQCH X
KK = T [_ '3 1yg>+cg(x) . (D.0.5)
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(1/2) (1/2)
TheO(¢) evolution equations contain terms likg,F ¥ h,, C}CE /[y8f (y)]. Thus, in the cap
regions it is required tha(tf(north) =0 andCf(south = 0 because otherwise this term would show

(1/2)
a singular behavior at the poles. Similarly, to ensure the regular beha\/lid“é @it the poles we
imposecg(north) =0 andcg(soum = 0 in the cap regions. To fix the integration constants in the
middle-region, we invoke the junction conditions at the branes. The junction conditions of the

Maxwell field and Israel junction conditions imply, respectively,

S 1/2)
[nyFW} — e (dHz —eaH)1/2) (D.0.6)
Y=Y+
(1/2) 2
H _ v 0) _ an@) (gls _ anly(1/2)
K Q}yyi 7 (960 —en)) (95— eat) M2, (D.0.7)
(1/2) (1/2)

Combining these two equations and noting ﬂh%t: 0, FY*=0in each cap, we obtain two linear

algebraic equations f@f(midme) andcg(middle):
(1/2) 1 (1/2)
[K% - (592(0) _ eAgO)> ny Fyu] =0. (D.0.8)
Y=Y+
Thus, it is now clear that bomf(midme) andcg(middle) vanish in the bulk.

To sum up, we have shown in this appendix that
u 3/2 (3/51)
KK = 32Kk 4., (D.0.9)
(3/2)
FYH = g32pWH 4 ... (D.0.10)
and that

(0Hx —eAH)1/2 =0 on the branes (D.0.11)



Appendix E

Brief summary of derivation of basic
equations and junction conditions for the
gauge fields

In this appendix, we will give a brief derivation of each basic equation and junction condition
in Sec. 3.1. The model we start is the extended Randall-Sundrum type model in 6-dimensional
space-time

—— (M 1\ 1
5= /d6X _(eb{$ ((6>R_ L_IZ) N Z].FABFAB} + Ssrl’ane—’— Sl;rane (E'O'l)

where

Spane=— [ &/ -5 ()\i+—g’”((9 T.— ey (39T — em) (£02)
The metric ansatz is

ds? = L2e¥ <V7X>f(—>; + 260X £ (y)d6? + a2 (y)hyy dxHdx’, (E.0.3)

— (B, dxPds®, (E.0.4)

where 6y := det(gag). By variation of the total action (E.0.1) with respect to metfigag and
0gS= 0 leads 6-dimensional Einstein equations,

1
BIGA, — = A FARL — 5A|:CD|:C E.0.5
B~ 2L2 M§6)< (E0.5)
then
1
(6pA _ _Llsacp
R = 4L2 +|v|4) (F 85 AF FCD> (E.0.6)

(6
From the(f1, V)-component of Eq. (E.0.6), we can have the evolution equation

1 N N . R N
n—yayKF3 = ORE —RKE -~ ODAGD,¢ — D7 Gy - P’g
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1 1
v (F’éFVC g0 F R ) (E.0.7)
(6)
We also note other useful expressions
1. ~ A - .
(R = —n—yayK —K&Ky — D7 ®Da¢ - b, D¢ (E.0.8)
R= R niyanyg, R KK —2(19D4ED,7 + 5DIZ - 5D4¢ )
(E.0.9)
1 " N
CRua = = (“Dak — D4R (E.0.10)
By Egs. (E.0.8) and (E.0.9),

1 ; 1 22, iy B
6 _ 6 6 _ 5 2 B
%G,y = Soy(ORY,—ORG) = —sayy (PR-RZ+KEKS). (E.0.11)

Using the above equations, 6-dimensional Einstein equation yields following three equations

e Results of 5+1 decompositicr ~
Evolution equations is
1 [ SpH Rkl (515 (5 (5 SH
n—yayK0 = OR{ KKK —5DAGD, 7 —CDAZ .| >DZ—4L|2 5
1 (eipc_lsicco
(6)
Hamiltonian constraint is
3 1 2 1
CRyKIKF _RZ2= = — FYR.C— SFPRyp ) . E.0.1
Momentum constraint is
- - 1
5 5 C
®DsK% — DK = M—4FﬁCFy ny. (E.0.14)
L (6)

J
Next we will briefly look at the junction condition for the gauge fields. The variation of total
action (E.0.1) with respect to the gauge figldand its extremum yield another junction condition

&S = —> / dfx ( >g4FAB) OnOAG

2 . _(5
_ / dSx 46@‘% 2057 (02 . — ey (~eABAR) ¥ —
Note that

- / dx\/— (OgFABas0A = / dPx,/— (6

(E.0.15)

(og

5(y). (E.0.16)

(og

(aAFAB+ gCDaAgCDFAB> dAs, (E.0.17)
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= / d®xy/ —(6yg <(ny0yFyB +nYoynyFY8 + nyKFY®) + 9,F B

+%gCDﬁag(;DFaB> 5Ag. (E.0.18)
ThendpS= 0 yields
nYay (nyFYB) + (---) + V2. gP% (05 — eAa)niyé(y) =0, (E.0.19)
then
dy (yFYB) + () + @A gP (95 2+ —ePy)3(y) =0, (E.0.20)

where termg- - -) in Eq. (E.0.20) vanish by the integration. Integration around brane leads junction
condition for 6-dimensional Maxwell fields
Junction condition for Maxwell field

[yFY8lyy, = —eVigPY (05 Z: — ehy). (E.0.21)
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