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Abstract

Cosmology based on general relativity explains phenomena of present universe successfully,
such as present abundance of light elements and temperature (anisotropies) of cosmic microwave
background. But when you try to understand the early universe such as in the period of creation
of universe, 4-dimensional general relativity is not available anymore. More precisely, general
relativity predicts the presence of the initial singularity, which leads violation of general relativity.
This also means that our universe was extremely small in a very high-energy state at the beginning.
The high-energy physics beyond the general relativity is thus essential. One of the candidates for
such theories is superstring theory.

Recently there was a great discovery of D-brane, which is a membrane and defined by the collec-
tions of the endpoints of open strings. From this, we can have a new picture of the early universe.
That is, gravity is higher dimensional rather than 4-dimensional and the matters are confined only
on the membrane. This idea is called “braneworld”. Therein our universe is membrane itself float-
ing in the higher dimensional bulk space.

In braneworld model, Randall and Sundrum’s one proposed in early 2000 is very attractive be-
cause the self-gravity of the membrane was carefully considered. Therefore, we can discuss the
cosmology using it. Moreover, their model gives us a solution to the gauge hierarchy problem.

Though Randall-Sundrum model has been studied very intensively, its model is limited to 5-
dimensional case. Noting that the string theory is formulated in 10 dimensions, the braneworld
model with the total number of dimensions higher than 5 needs to be considered. Thus, as a
next step we will proceed from the 5-dimensional “toy model” into the 6-dimensional model of
braneworld.

There are two problems in constructing the higher dimensional model. One is the problem of
the cause of the singularity and the other is the problem of the stabilization of extra dimensions.
The former is generally known to arise by increasing the number of co-dimensions. We will solve
these problems by introducing the capped regularization and flux. Then, we will derive the 4-
dimensional effective theory using long-wavelength approximation and confirm the recovery of
the conventional Einstein theory.
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Chapter 1

Introduction

Where did our universe come from? Such naı̈ve questions of the origin and nature of our uni-
verse have long been one of the greatest interests of human being since ancient era. With the
developments of geometrical picture of gravity (General relativity) and particle physics, the scien-
tific investigation of the very early universe becomes possible. According to the results of recent
study, the very early universe might be governed by superstring theory which suggests that our
universe should be dealt with higher dimensional space-time more than 4 dimensions. Original
idea of extra dimension is first introduced by Kaluza and Klein [1] in rather different context, such
as unification between gravitation (general relativity) and electromagnetism. They noticed that
gravitational interaction and electromagnetic interactions are so alike, and treated as if both come
from the same origin, that is, 5-dimensional Einstein equation. Subsequently, some extensions to
non-Abelian gauge fields were considered. Though this type of unification of gravity and electro-
magnetism itself is not succeeded after all, the idea of compactification used in this Kaluza-Klein
(KK) theory is still important for cosmology of the early universe, based on/inspired by superstring
theory.

In particle physics theory, beyond the standard model of particles, superstring theory is pro-
posed. The superstring theory is considered to be one of the candidates for the unification theories
including gravity. In this theory, the fundamental objects are strings, not point particles. Super-
string theories are formulated in 10 or 11 dimensions. In this context to obtain 4-dimensional
theory like that of our world, 6 or 7 extra dimensions should be compactified somehow. If not,
exotic particles appear easily and such particles are not permitted from experiments/observations.
To avoid this disaster the size of extra dimensions should be very small. Thus, the compactification
is very crucial in string theory.

Recent developments in string theory have large influences on the study of gravity and cosmol-
ogy. Especially the D-brane which is the collection of endpoints of open strings (corresponding to
matter), provides us with a remarkably new picture of our universe. This naturally implies that the
matter should be localized on the D-brane and closed string (corresponding to graviton) need not
localize on the brane. This picture will give “braneworld” idea, that is, our world (4-dimensional
space-time) is regarded as a membrane existed in the higher dimensional space-time.

Let us see the first braneworld model proposed by Arkani-Hamed, Dimopoulos and Dvali (ADD)
[5]. They bring this braneworld picture into solving the gauge hierarchy problem. The gauge hi-
erarchy problem is the mystery of the huge discrepancy of two fundamental scales, weak mass
scale (∼ 103[GeV]) and Planck mass scale (∼ 1019[GeV]). In their model, this discrepancy can

1



2 CHAPTER 1. INTRODUCTION

be explained by the volume factor of the large extra dimension which makes the original Planck
scale smaller and by which the Planck scale is adjusted to TeV scale. Their assumption is that the
gravity is propagating not only our world but also extra dimensions (≤ 0.1[mm]), while matters
are confined to our world and never propagate away to the extra dimensional directions. This as-
sumption is motivated by the nature of D-brane. In this model, below some scale specified by extra
dimensions the law of gravitation should be modified. For example, in the 5-dimensional case,
the extra-dimensional scale reaches almost 1[AU] ∼ 1013[cm], which contradicts our experimental
facts. Thus, in Arkani-Hamed, Dimopoulos and Dvali (ADD) model the number of dimension is
required to be 6 or higher. More detail will be discussed in the next chapter.

Now let us see another model proposed by Randall and Sundrum (RS) [6]. An essential differ-
ence is that they consider the self-gravity due to the existence of brane tension and the number of
whole space-time is five. In their model, therefore, extra dimension is highly warped. Note that
this model also makes the original Planck scale be the same order with the TeV scale but the rela-
tion of the volume factor is very different compare to the Arkani-Hamed, Dimopoulos and Dvali
(ADD) model. The warped extra dimension gives exponential suppression of Planck scale, which
allows to explain gauge hierarchy problem.

A lot of authors investigated Radall-Sundrum models because we can discuss the cosmol-
ogy. However the string/M-theories are formulated in 10/11 dimensions. This means that the
5-dimensional picture of Randall-Sundrum (RS) model is a “toy model”. Therefore, we need to
extend this model to higher dimensional models. We will investigate 6-dimensional braneworld as
a next step.

There are two problems in constructing a higher dimensional model. One is the problem of the
cause of the singularity and the other is the stabilization of extra dimensions. The former is due
to the self-gravity of brane. It is generally known that higher co-dimension brane produces worse
singularity and that in fact only pure tension brane can be accommodated on the co-dimension-2
brane. We will solve these problems by introducing the capped regularization and flux. The capped
regularization is realized by introducing the co-dimension-1 wrapped brane, whose one extra di-
mension is compactified in the traditional Kaluza-Klein (KK) manner and where arbitrary matter
can be accommodated. Introducing a certain action for the brane 5-dimensional general covariance
will be broken spontaneously, so that we can essentially obtain 4-dimensional covariant theory. In
flux compactification, repulsive flux and gravitational attraction are balanced, which gives the sta-
bilization of the 2 extra dimensions. Then, we will derive the 4-dimensional effective theory using
long-wavelength approximation and confirm that it is indeed the conventional Einstein theory.
The plan of this paper is as follows.
Chapter 2:
In the next chapter, we will briefly review Arkani-Hamed-Dimopoulos-Dvali (ADD) [5]. Then we
focus on Randall-Sundrum (RS) models [6] in the details. First we will introduce the geometrical
projection method [9] to understand the gravitational theory on the brane. In addition, we will
explain the long-wavelength approximation which is useful for looking at the low energy regime.

The rest of this chapter is dedicated to the preparation for the discussion of 6-dimensional
braneworld model. First, we will confirm that the naı̈ve construction of co-dimension-2 brane
is impossible through the example of [15]. Next we will consider the stabilization mechanism by
flux based on [18] and [19]. Generally, this instability tends to be more noticeable in higher co-
dimension space-time and this mechanism will be important for the construction of 4-dimensional
effective theory from higher dimensional background. Thirdly, we will briefly review the pro-
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cedure of regularization scheme. As seen from the concrete example in co-dimension-2 brane,
singularity occurs when we put arbitrary matter on co-dimension-2 brane. We adopt the regular-
ization scheme called “capped regularization” [28] which is described at the end of this chapter.
Chapter 3:
This chapter is the main part. We will construct the effective theory on the co-dimension-1 wrapped
brane. Note that the extra dimension is stabilized by flux. Then we solve 6-dimensional Einstein-
Maxwell system by long-wavelength approximation. We succeed in obtaining the conventional
4-dimensional effective equation on the brane.
Chapter 4:
In this chapter, we will summarize all the results and make some concluding remarks.

The contents of this dissertation is based on “Low energy effective theory on a regularized
brane in six-dimensional flux compactifications”, S.Fujii, T.Kobayashi and T.Shiromizu, Phys.Rev.D76:
104052(2007) [35].



Chapter 2

Braneworld model and its extension

In this chapter we will give a review on braneworld models. Then we will discuss
fundamental things in 6-dimensional space-time which will be useful for the discus-
sion in the main part.

2.1 Review of braneworld

Here, we introduce two models, namely Arkani-Hamed, Dimopoulos and Dvali (ADD) model
and Randall-Sundrum (RS) model. Although they are different from the original Kaluza-Klein
(KK) theory, we briefly sketch the fundamental concept and terminology of Kaluza-Klein (KK)
theory.

Kaluza-Klein compactification

We begin with the Kaluza-Klein (KK) theory in 5-dimensional space-time. Kaluza-Klein (KK)
compactification is characterized as identification

y∼ y+L, (2.1.1)

wherey is the coordinate of the extra dimension andL is the compactification scale of one extra
dimension. This compactification scaleL should be very small. If not, unobserved extra modes
of particles are excited easily. This seems to conflict with the results obtained through the exper-
iments/observations. To see this, let us see the case of real massless scalar field in 5-dimensional
flat space-times. Then, metric is

ds2 = dy2 +ηµνdxµdxν , (2.1.2)

whereηµν is the metric of 4-dimensional Minkowski space-time and the Greek indices running
asµ = 0,1,2,3. They-coordinate is supposed to be periodic as the condition of Eq. (2.1.1). The
action is given by

S= −1
2

∫
d5x

√
−(5)g∂A

(5)φ(y,x)∂ A(5)φ(y,x), (2.1.3)

5



6 CHAPTER 2. BRANEWORLD MODEL AND ITS EXTENSION

where capital Latin indices run 5 dimensions,A = 0,1,2,3,4 in this section.
From the periodicity, the real scalar field(5)φ can be decomposed by the mode functions,

(5)φ(y,x) =
n=∞

∑
n=−∞

(4)φn(x)e
2πın

L y. (2.1.4)

Substituting this into the action and integrating overy, we have

S= −1
2

∫
d4x∂µ φ̂0(x)∂ µ φ̂0(x)

−
∫

d4x
n=∞

∑
n=1

{
∂µ φ̂n(x)∂ µ φ̂−n(x)+m2

KK(n)φ̂n(x)φ̂−n(x)
}
, (2.1.5)

where we definêφn :=
√

2πL(4)φn(x) and

m2
KK(n) :=

(
2πn
L

)2

. (2.1.6)

The first line and second line in Eq. (2.1.5) are corresponding to 4-dimensional massless and
massive scalar fields respectively. The former massless mode is called zero-mode and the latter
massive mode is called Kaluza-Klein (KK) mode. In very low energy only zero mode kinetic term
is excited. But if we have large enough energy, say much larger thanmKK , KK modes will be
excited. This may be regarded as exotic particles which we cannot usually observe in the low
energy. To prevent the excitation of KK modes, the size of the extra dimension should be very
small. As a summary we can say that to be consistent with no observational evidence of massive
scalar particles, the size of the extra dimension should be very small.

2.1.1 Arkani-Hamed-Dimopoulos-Dvali (ADD) model

Arkani-Hamed, Dimopoulos and Dvali (ADD) [5] proposed the first version of braneworld
model1. They explain gauge hierarchy model by assuming the large number of extra dimensions
and the localization of standard model particles except “graviton”. The localization of matter is
motivated by superstring theory. The key object is D-brane. In the superstring theory, there exist
open strings (matter) and closed strings (gravity). D-brane is corresponding to the collection of
endpoints of open strings which turned out to be fundamental objects.

1The original braneworld model is made by Akama. But in the context of string theory Arkani-Hamed, Dimopoulos
and Dvali (ADD) model can be regarded as the first.
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our 
world

ADD Model

Figure 2.1.1: ADD model.

As in the Kaluza-Klein (KK) theory, we consider the space with topologyM = X4×Rq. X4

denote our world andRq denotesq-dimensional extra dimension. At very small scale (r ≪ R,
whereR is compactification scale), gravitational potential becomes

V(r) ∼
G(4+q)m1m2

r(q+1) (r ≪ R), (2.1.7)

whereG(4+q) is the gravitational constant in 4+q-dimensional space-times. At much lager scale,
(for r ≫ R), the potential will be Newton’s one

V(r) ∼
G(4)m1m2

r
(r ≫ R). (2.1.8)

Note that this difference of two potentials can be explained as schematically shown in fig. 2.1.2.

:small scale: 5D

:largel scale: 4D

Figure 2.1.2: The behavior of gravitational force line.

At the intermediate scale (r ∼ R) both potential will have the same value, that is

G(4+q)m1m2

Rq+1 ∼
G(4)m1m2

R
. (2.1.9)

From this we can have the relation betweenG(4+q) andG(4)

G(4+q) ∼ G(4)R
q. (2.1.10)
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Introducing the energy scales associated with the strength of the gravitational fields asM(4+q) ∼

1/G
1

2+q

(4+q) andM(4) ∼ 1/G
1
2
(4), then we see that the above relation becomes

M2
(4) ∼ M2+q

(4+q)R
q. (2.1.11)

Thus the gauge hierarchy problems can be solved by imposing

M(4+q) ∼ mEW. (2.1.12)

In this case, the size of extra dimensions is determined as

R∼ 10
30
q −17×

(
1TeV
mEW

)1+ 2
q

[cm]. (2.1.13)

Using this, we have the constraint on current model. For example,q = 1 case, we see

R∼ 1013[cm] ∼ 1[AU]. (2.1.14)

This case is not permitted from the observation. Forq = 2, the size of extra dimension becomes

R∼ 0.1[mm]. (2.1.15)

This is marginally permitted for the tabletop experiments. Forq≥ 3

R< 0.1[mm]. (2.1.16)

This shows that modification of gravity may occur in the sub-millimeter scale.

2.1.2 Randall-Sundrum (RS) models

In Randall-Sundrum (RS) models the self-gravity of brane tension is taken account of and its whole
space-time is 5 dimensions while in Arkani-Hamed-Dimopoulos-Dvali (ADD) model self-gravity
of brane is not considered and the number of extra dimensions is arbitrary more than 2. Randall
and Sundrum proposed two types of models. One is called RS1 model which is composed of
two branes and solves the gauge hierarchy problem. And the other model is so called RS2 model
which is composed only single brane in 5-dimensional space-time and it has infinite size of extra
dimensions. Both cases propose quite a new picture of the universe and the extra dimension is
strongly warped due to the self-gravity of branes.

Randall-Sundrum 1 (RS1) model

The total action for this system is given by

S =
1

2κ2
(5)

∫
d5x

√
−(5)g

(
(5)R−2Λ(5)

)
+S+ +S−, (2.1.17)
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whereκ2
(5),

(5)R andΛ(5) are 5-dimensional gravitational coupling, the 5-dimensional Ricci scalar,
and the 5 dimensional (bulk) negative cosmological constant, respectively. Here, “bulk” means
that the higher dimensional space-time where brane is imbedded in.S+ andS− are respectively
the action of branes with positive and negative tension

S+ =
∫

d4x
√
−det(4)g(−λ +L +

matter), (2.1.18)

and

S− =
∫

d4x
√

−det(4)g(λ +L −
matter), (2.1.19)

whereλ is positive constant which represents tension.L ±
matter is the Lagrangian for matters con-

fined on the branes. As seen soon, the introduction of the bulk negative cosmological constantΛ(5)
is essential to realize flat brane geometry. From now on, let us focus on the vacuum branes and we
employ the following metric ansatz

ds2 = dy2 +a2(y)ηµν(x)dxµdxν , (2.1.20)

wherey is the coordinate of the extra dimension,ηµν is the metric of the 4-dimensional Minkowski
space-time. In this coordinate the positive and negative tension branes are supposed to be located
at y = 0 andy = L, respectively. In addition, we assumeZ2-symmetry across each brane and the
extra dimension is compactified to beS1. The(µ,ν)-component of Einstein equation for the bulk
space-time is

−1
4

∂y

(
∂ya

a

)
−

(
∂ya

a

)2

=
Λ(5)

6
. (2.1.21)

The(y,y)-component of Einstein equation becomes

−∂y

(
∂ya

a

)
−

(
∂ya

a

)2

=
Λ(5)

6
. (2.1.22)

Using Eqs. (2.1.21) and (2.1.22) we have

∂ya

a
=

√
−Λ(5)

6
, (2.1.23)

and the solution is given by

a(y) = e−
|y|
ℓ , (2.1.24)

whereℓ :=
√

6
−Λ(5)

. As a result, the bulk space-time is 5-dimensional anti-de Sitter (AdS5) space-

time. The presence of branes implies the so-called junction condition[
∂ya

a

]
y=0

= −1
3

κ2
(5)λ , (2.1.25)
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[
∂ya

a

]
y=L

=
1
3

κ2
(5)λ , (2.1.26)

which [Q]y=0 is defined as the subtraction :Q|y=0+ε −Q|y=0−ε for example. See appendix A for the
derivation of the junction condition in general cases. Then,Z2-symmetry and Eq. (2.1.24) implies
the relation between the bulk curvature scaleℓ and the tensionλ .

1
ℓ

=
1
6

κ2
(5)λ , (2.1.27)

0=y Ly =

negative tensionpositive tension

Z2-Symmetry Z2-Symmetry

lLe
2−

∝

Figure 2.1.3:S1/Z2 compactified space and two branes.

Next we will look at the relation between 5-dimensional gravitational scaleM(5) = κ− 3
2

(5) and
the Planck scale. This consideration gives us how to solve the gauge hierarchy problem. To do so,
we have to consider the fluctuation from the background space-times. For this purpose, we will
employ the following metric ansatz without justification

ds2 = dy2 +e−
2|y|
ℓ hµν(x)dxµdxν , (2.1.28)

wherehµν(x) is the induced metric of the positive tension brane. Note thatqµν = e−
2|L|
ℓ hµν(x) is

the induced metric on the negative tension brane. Substituting this metric ansatz into the action
and integrating overy, we obtain

S∼
M3

(5)

2
ℓ(e

2L
ℓ −1)

∫
d4x

√
−det(4)g(4)R(q). (2.1.29)

This equation can be regarded as the effective 4-dimensional gravitational action on the negative
tension brane. From this we obtain the relation betweenMpl andM(5) as

M2
pl = M3

(5)ℓ(e
2L
ℓ −1). (2.1.30)
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By requiring following values

ℓ ∼ 0.1[mm] ∼ 10−3[eV] M(5) ∼ 1[TeV], (2.1.31)

we can obtain the following requirement for the ratio of the brane distance to the bulk curvature
scale.

L
ℓ
∼ 19. (2.1.32)

Then the gauge hierarchy problem is explained geometrically with the comparatively small com-
ponentsL

ℓ ∼ O(10).

Randall-Sundrum 2 model and geometrical projection method

There is another type of Randall-Sundrum (RS) model. In this model only the positive tension
brane exists and the extra dimension is not compactified. To see the feature of this model, we will
employ the geometrical projection method developed by [9]. Then we will be able to have the
4-dimensional gravitational equation without any approximations.

Let us introduce the following coordinate locally

ds2 = dY2 + (4)qµνdxµdxν , (2.1.33)

where Greek indices run 4 dimensions,µ = 0,1,2,3, and capital Latin indices run 5 dimensions,

A = 0,1,2,3,4. The brane is located atY = 0 and its normal vector is described asnA =
(

∂
∂Y

)A

and note that(4)qµν(0,x) is the induced metric on the brane. The key relation is Gauss equation

(4)Rα
βγδ = (5)RA

BCDqα
Aq B

β q C
γ q D

δ +Kα
γKβδ −Kα

δ Kβγ , (2.1.34)

where(4)Rα
βγδ is the 4-dimensional Riemann tensor and(5)RA

BCD is the 5-dimensional Riemann
tensor.Kµν is the extrinsic curvature defined by

Kµν =
1
2
Ln

(4)qµν (2.1.35)

= (5)∇µ
(5)nν , (2.1.36)

whereLnQ denote the Lie derivative ofQ with respect to the tangent vectornA.
Taking the trace of Eq. (2.1.34), 5-dimensional Ricci tensor can be expressed as

(4)Rµν = (5)RABq A
µ q B

ν − (5)RA
BCDnAq B

µ nCq D
ν +KKµν −K α

µ Kνα , (2.1.37)

Then, taking the combination of 4-dimensional Einstein tensors in the left hand side we have

(4)Gµν =
(

(5)RAB−
1
2

(5)gAB
(5)R

)
q A

µ q B
ν + (5)RABnAnB(4)qµν +KKµν −K ρ

µ Kνρ

−1
2

qµν

(
K2−Kαβ Kαβ

)
− (5)RA

BCDnAnCq B
µ q D

ν , (2.1.38)



12 CHAPTER 2. BRANEWORLD MODEL AND ITS EXTENSION

where Einstein tensor is defined as(4)Gµν := (4)Rµν − 1
2
(4)gµν

(4)R. Using the 5-dimensional Einstein
equation

(5)RAB−
1
2

(5)gAB
(5)R= κ2

(5)TAB, (2.1.39)

we can replace the 5-dimensional Ricci tensor in Eq. (2.1.38) by the bulk energy-momentum tensor.
And the last terms includes Weyl tensor(5)CABCD, which characterizes gravitational wave degree
of freedom. More precisely the Weyl tensor is included in the 5-dimensional Riemann tensor as

(5)RABCD =
2
3

(
(5)gA[C

(5)RD]B− (5)gB[C
(5)RD]A

)
− 1

6
(5)gA[C

(5)gD]B
(5)R+ (5)CABCD, (2.1.40)

where(5)gA[C
(5)gD]B = 1

2((5)gAC
(5)gDB−(5)gAD

(5)gCB) and(5)gA[C
(5)RD]B = 1

2((5)gAC
(5)RDB−(5)gAD

(5)RCB).
By substituting the 5-dimensional Einstein equation and Eq. (2.1.40) into Eq. (2.1.38), we obtain

(4)Gµν =
2κ2

(5)

3

(
TABq A

µ q B
ν +

(
TABnAnB− 1

4

))
+KKµν −K α

µ Kαν

−1
2

(4)qµν(K2−Kαβ Kαβ )−Eµν , (2.1.41)

whereEµν is the projected Weyl tensor defined by

Eµν := (5)RA
BCDnAnCq B

µ q D
ν . (2.1.42)

Next we will consider the Codacci equation

(4)DαKα
µ − (4)DµK = (5)RABnAq B

µ , (2.1.43)

where(4)Dµ is the covariant derivative with respect to(4)qµν . Using the 5-dimensional Einstein
equation the Ricci tensor in the right-hand side is replaced by energy momentum tensor,TAB as

(4)DαKα
µ − (4)DµK = κ2

(5)
(5)TABnAq B

µ . (2.1.44)

So far our argument is very general. From now on we will focus on the geometry on the brane.
In our system we have (5-dimensional) bulk cosmological constant,Λ(5) and energy momentum
tensor localized on the brane,Sµν . Sµν is composed from brane tensionλ and 4-dimensional
energy momentum tensorτµν .

TAB = −
Λ(5)

κ2
(5)

(5)gAB+Sµνq µ
A q ν

B δ (Y), (2.1.45)

Sµν = −λ (4)qµν + τµν . (2.1.46)

Next let us see the junction condition for extrinsic curvatureKµν . (See appendix A for the deriva-
tion.)

[Kµν ]y=y± = −κ2
(5)

(
Sµν −

1
3

(4)qµνS

)
. (2.1.47)
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Due to theZ2-symmetry, that isK+
µν = −K−

µν and then

K+
µν = −

κ2
(5)

2

(
Sµν −

1
3

(4)qµνS

)
. (2.1.48)

Substituting this and the bulk stress tensor into Eq. (2.1.41), we obtain [9]

(4)Gµν = −Λeff
(4)qµν +8πGeffτµν +κ4

(5)πµν −Eµν . (2.1.49)

This may be regarded as the 4-dimensional effective Einstein equation. Each term is defined by

Λeff :=
1
2

(
Λ(5) +

1
6

κ4
(5)λ

2
)

, (2.1.50)

Geff :=
κ4

(5)λ
48π

, (2.1.51)

πµν = −1
4

τµατα
ν +

1
12

ττµν +
1
8

(4)qµνταβ ταβ − 1
24

(4)qµντ2. (2.1.52)

Λeff is the net 4-dimensional cosmological constant. If one wants to realize the flat brane, that is,
Λeff = 0, Λ(5) = −1

6κ4
(5)λ

2 is required.Geff is the 4-dimensional effective gravitational constant.
To see the recovery of the 4-dimensional Einstein equation we examine the order of the magni-

tude. If one is interested in the energy scale ofM we can evaluate some ratios as

|κ4
(5)πµν |

|8πGeffτµν |
∼ M4

M4
λ
, (2.1.53)

|Eµν |
|8πGeffτµν |

∼
(

M
Mλ

)2(
M(5)

Mλ

)6

, (2.1.54)

whereMλ ∼ λ− 1
4 . Eµν is evaluated by the corrected Newton potential in Randall-Sundrum 2 (RS2)

modelV(R) ∼ G(5)m1m2

r

(
1+

(
M3

(5)

M4
λ

1
r

)2
)

, [7], [8]. From these we can see thatπµν andEµν are

negligible at low energy scale (M
Mλ

≪ 1)

(4)Gµν ≃−Λeff
(4)qµν +8πGeffτµν . (2.1.55)

Long-wavelength approximation

Let us consider the Randall-Sundrum 1 (RS1) model again. For RS1 model it is known thatEµν
has main contribution to the effective theory at even low energy. Therefore, we have to evaluate
Eµν carefully. To do so, we should solve the full system somehow. We will describe the long-
wavelength approximation which will be used in the next chapter. Here we will apply this method
into RS1 model for simplicity.

Let us see the detail now. Here, we begin with definition of the expansion parameter

ε :=
(4)R
∂yK

∼
(

ℓ

L

)2

≪ 1. (2.1.56)
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whereℓ is the 5-dimensional (bulk) curvature scale andL is the typical scale in which one is
interested.

L l

l〉〉L

For the present purpose we use the following metric ansatz

ds2 = e2ϕ(y,x)dy2 +gµν(y,x)dxµdxν , (2.1.57)

where we suppose that positive and negative tension branes are located aty = y+ and y = y−,
respectively. The metric and extrinsic curvature is expanded as

gµν(y,x) = a2(y)
(

hµν(x)+
(1)

hµν (y,x)+ · · ·
)

, (2.1.58)

:=
(0)
gµν +

(1)
gµν + · · · (2.1.59)

and

Kµ
ν =

(0)

K
µ
ν+

(1)

K
µ
ν + · · · . (2.1.60)

The equation which we have to solve is 5-dimensional Einstein equation with junction condition.
The junction condition gives us the boundary condition on the brane.

To solve the bulk it is convenient decompose evolution equations into traceless/trace part.
The traceless part of(µ,ν)-component of Einstein equation is

e−ϕ∂yK̃
µ
ν +KK̃µ

ν = (4)R̃µ
ν +

(
(4)Dµ (4)Dνϕ + (4)Dµϕ(4)Dνϕ

)
traceless

, (2.1.61)

where tilde denote the traceless part of quantities such asK̃µ
ν = Kµ

ν − 1
4δ µ

νK and(4)R̃µ
ν = (4)Rµ

ν −
1
4δ µ

ν
(4)R. (4)Dµ is the covariant derivative with respect to induced metric(4)gµν . Since we assume

Z2-symmetry across the brane, the junction condition becomes

(
Kµ

ν −δ µ
νK

)
y=y±

= −
κ2

(5)

2
Sµ±

ν . (2.1.62)
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And the trace part of(µ,ν)-component Einstein equation is

e−ϕ∂yK +
1
4

K2 + K̃α
β K̃ β

α = −2
3

Λ(5) +
(4)R+

(
(4)D2ϕ +((4)Dαϕ)2

)
, (2.1.63)

whereΛ(5) = − 6
ℓ2 , (4)R := Rα

α andK := (4)Kα
α . The (y,y)-component implies the Hamiltonian

constraint

3
4

K2− K̃α
β K̃ β

α = (4)R+
12
ℓ2 . (2.1.64)

The(y,µ)-component does

(4)Dα K̃α
µ − 3

4
(4)DµK = 0. (2.1.65)

It is ready to solve the Einstein equation using the long-wavelength approximation.
At the 0th order, Eqs. (2.1.61), (2.1.63), (2.1.64) and (2.1.65) become

e−ϕ∂y

(0)

K̃µ
ν+

(0)

K
(0)

K̃µ
ν = 0, (2.1.66)

e−ϕ∂y
(0)

K +
1
4
+

(0)

K̃α
β

(0)

K̃α
β = −2

3
Λ(5), (2.1.67)

3
4

(0)

K2−
(0)

K̃α
β

(0)

K̃α
β =

12
ℓ2 (2.1.68)

and

(4)Dα
(0)

K̃α
µ − 3

4
(4)Dµ

(0)

K= 0, (2.1.69)

where (4)Dµ is the covariant derivative with respect togµν . From Eq. (2.1.61) Israel junction
condition at the 0th order is(

(0)

K
µ
ν −δ µ

ν
(0)

K

)
y=y±

= ±
κ2

(5)

2
λδ µ

ν . (2.1.70)

Let us solve the above equations. From Eq. (2.1.66),

e−ϕ∂y

(0)

K̃µ
ν = −

(0)

K
(0)

K̃µ
ν (2.1.71)

It is easy to check that the solution of traceless part.
(0)

K̃µ
ν(y,x) is given by

(0)

K̃µ
ν(y,x) =

Cµ
ν(x)√
−(4)g

, (2.1.72)

whereCµ
ν(x) is the integral constant. But by the junction condition it becomes

(0)

K̃µ
ν(yy±,x) = 0. (2.1.73)
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This implies

Cµ
ν(x) = 0. (2.1.74)

Thus,

(0)

K̃µ
ν(y,x) = 0. (2.1.75)

From Eq. (2.1.64) the Hamiltonian constraint becomes

3
4

(0)

K2 =
12
ℓ2 . (2.1.76)

From Eq. (2.1.73), the trace part of the junction condition is

(0)

K (y+,x) = −2
3

κ2
(5)λ . (2.1.77)

Thus, we see

(0)

K= −4
ℓ

= −2
3

κ2
(5)λ . (2.1.78)

As a short summary, we obtain

(0)

K
µ
ν = −1

ℓ
δ µ

ν . (2.1.79)

We can also obtain metric at the 0th order
(0)
gµν from this solution of extrinsic curvature. Remem-

bering the definition

(0)

Kµν=
1
2

e−ϕ∂y
(0)
gµν , (2.1.80)

(0)
gµν is given by

(0)
gµν= a2(y)hµν(x), (2.1.81)

wherea(y) = e−
d(y,x)

ℓ andd(y,x) :=
∫ y

0 eϕ(y′,x)dy′. Note that the 0th order solution (2.1.79) auto-
matically satisfies momentum constraint at the 0th order.

Now let us move to calculation at the 1st order. At the 1st order Eqs. (2.1.61), (2.1.63), (2.1.64)
and (2.1.65) become

e−ϕ∂y

(1)

K̃µ
ν+

(0)

K
(1)

K̃µ
ν = −(4)R̃µ

ν(
(0)
gµν)+e−ϕ(1)

(
(4)(0)

Dµ (4)(0)

Dν ϕ
)

traceless
, (2.1.82)

e−ϕ∂y
(1)

K +
1
2

(0)

K
(1)

K= (4)R+e−ϕ(1)
(

(4)(0)

D2ϕ
)

, (2.1.83)

3
2

(0)

K
(1)

K= (4)R(
(0)
gµν) (2.1.84)
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and

(4)(0)

Dα
(1)

K̃α
µ − 3

4
(4)(0)

Dµ
(1)

K= 0. (2.1.85)

The junction condition at the 1st order gives us the boundary condition(
(1)

K
µ
ν −δ µ

ν
(1)

K

)
y=y±

= ∓
κ2

(5)

2

(±)

T
µ
ν (2.1.86)

Let us solve the above equations. Using the Hamiltonian constraint of Eq. (2.1.84), we can elimi-
nate(4)R in Eq. (2.1.83), we obtain

e−ϕ∂y
(1)

K −1
2

(0)

K
(1)

K= e−ϕ(1)
(

(4)(0)

D2ϕ
)

. (2.1.87)

where(4)Dµ is the covariant derivative with respect togµν . Using

(4)Rµ
ν(g) =

1
a2

{
(4)Rµ

ν(h)+
2
ℓ

(h)

Dµ (h)

Dν d+
1
ℓ

δ µ
ν

(h)

D2d+
2
ℓ2

(
(h)

Dµ (h)

Dν d−δ µ
ν(

(h)

D d)2
)}

,

(2.1.88)

and

(4)Dµ (4)Dνeϕ =
1
a2∂y

{
(h)

Dµ (h)

Dν d+
1
ℓ

(
(h)

Dµd
(h)

Dν d− 1
2

δ µ
ν(

(h)

Dα d)2
)}

, (2.1.89)

Eq. (2.1.82) becomes

∂y(a4
(1)

K̃µ
ν) = − ℓ

2
∂y(a2)(4)R̃µ

ν −∂y

{
a2

(
(h)

Dµ (h)

Dν d+
1
ℓ

(h)

Dµd
(h)

Dν d

)
traceless

}
, (2.1.90)

where
(h)

Dµ is the covariant derivative with respect tohµν and 4-dimensional traceless part ofQµ
ν is

defined by{Qµ
ν}traceless:= Qµ

ν − 1
4δ µ

νQα
α . Its solution is obtained by simple integration

K̃µ
ν(y,x) = − ℓ

2
a−2R̃µ

ν(h)−a−2
(

(h)

Dµ (h)

Dν d+
1
ℓ

(h)

Dµd
(h)

Dν d

)
traceless

+ χµ
ν(x). (2.1.91)

whereχµ
ν(x) is the integral constant of the above traceless part of evolution equation. From the

Hamiltonian constraint, we obtain the solution to the trace part of the extrinsic curvature as

(1)

K (y,x) = − ℓ

6a2
(4)R(h)− 1

a2

(
(h)

D2d− 1
ℓ
(
(h)

D d)2
)

. (2.1.92)

These results are summarized as

(1)

K
µ
ν −δ µ

ν
(1)

K =
(1)

K̃µ
ν −

3
4

δ µ
ν

(1)

K (2.1.93)
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= − ℓ

2
a−2(4)Gµ

ν(h)−a−2
{

(h)

Dµ (h)

Dν d−δ µ
ν

(h)

D2d+
1
ℓ

(
(h)

Dµd
(h)

Dν d+
1
2

δ µ
ν(

(h)

Dα d)2
)}

+χµ
νa−4. (2.1.94)

Let us consider the junction conditions. From the junction conditions on they = y+ brane, we
obtain

−
κ2

(5)

2

(+)

T
µ
ν = − ℓ

2
(4)Gµ

ν(h)+ χµ
ν . (2.1.95)

On the other hand, the junction condition aty = y− brane yields

−
κ2

(5)

2

(−)

T
µ
ν(g(−)) = − ℓ

2
a−2

0
(4)Gµ

ν(h)−a−2
0

(
(h)

Dµd
(h)

Dν d0

)
+ χµ

ν . (2.1.96)

Eliminatingχµ
ν from the above two equations, we obtain the gravitational equation at low energy

scale

(1−a2
0)

(4)Gµ
ν(h) =

κ2
(5)

ℓ

(
(+)

T
µ
ν(h)+a−2

0

(−)

T
µ
ν(h)

)
+

2
ℓ

a2
0

{
(h)

Dµd
(h)

Dν d0−δ µ
ν

(h)

D2d0 +
1
ℓ

(
(h)

Dµd0
(h)

Dν d0 +
1
2

δ µ
ν(

(h)

Dαd)2
)}

.

(2.1.97)

We would like to remind reader that this procedure to obtain the low energy effective theory will
be employed in the next chapter.
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2.2 Toward the construction of higher-dimensional braneworld

Braneworld picture is motivated by superstring theory. The superstring theory is formulated in 10
dimensions. Thus, the well-studied 5-dimensional model is still “toy model”. As a next step, we
will consider 6-dimensional model. And the rest of this chapter is dedicated to the study of this
6-dimensional gravity. In 6 dimension, in order to construct effective theory on the brane we have
to overcome the singularity problem arise from the self-gravity of co-dimension-2 brane. We will
discuss capped regularization scheme for a remedy of this problem. Additionally, there is another
problem, that is, the size of extra dimension is unstable. We can stabilize the extra dimension by
simply introducing flux in the system.

2.2.1 Occurrence of singularity and the idea of its avoidance

In co-dimension-2 braneworld, it is known that we cannot put arbitrary matter on the brane. Let us
see the difficulty of co-dimension-2 braneworld using concrete model discussed in [15]. We begin
with the following metric ansatz

ds2 = −N2(y)dt2 +M2(y)δi j dxidxj +B2(y)dy2 +L2(y)dφ2. (2.2.1)

wherey and φ are the coordinate of extra dimensions. To see the feature of singularity, let us
suppose that the most wrong behavior appears in∂ 2

y gAB and we can ignore∂yM, ∂yL, ∂yN, ∂yB.
Then we obtain following equations (See appendix B for full equations)

−3
∂ 2

y M(y)
M(y)

−
∂ 2

y L(y)
L(y)

≃ 8πG(6)
B2(y)
N2(y)

ρN2(y)δ (2)(y), (2.2.2)

2
∂ 2

y M(y)
M(y)

+
∂ 2

y N(y)
N(y)

+
∂ 2

y L(y)
L(y)

≃ 8πG(6)
B2(y)
M2(y)

PM2(y)δi j δ (2)(y), (2.2.3)

3
∂ 2

y M(y)
M(y)

+
∂ 2

y N(y)
N(y)

≃ 0. (2.2.4)

They are derived from(0,0), (i, j) and (θ ,θ)-components of 6-dimensional Einstein equation
respectively. Note that we put the perfect fluid matter as localized one, not Nambu-Goto type.P is
the pressure. From the above equations we have the following two

−4
∂ 2

y M(y)
M(y)

= 8πG(6)B
2(y)(ρ +P)δ (2)(y), (2.2.5)

−2

(
∂ 2

y M(y)
M(y)

+
∂ 2

y L(y)
L(y)

)
= 8πG(6)B

2(y)(ρ −P)δ (2)(y). (2.2.6)

If the equation of state of tension isP = −ρ := −µ, then

∂ 2
y M(y) ≃ ∂yN

2(y) ≃ 0, (2.2.7)

∂ 2
y L(y) ≃ 8πG(6)µδ (2)(y). (2.2.8)

The solution to Eq. (2.2.8) is given by Minkowski space-time with deficit angle

ds2 = −C1dt2 +C2δi j dxidxj +C3dy2 +(1−8πG(6)µ)y2dφ2. (2.2.9)
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This is the well-known solution for co-dimension-2 pure tension brane which can be analyzed.
Therefore this case does not yield any problems.

What happens if other matters, such asP ̸=−ρ (non-Nambu-Goto type) are put on the 3-brane?
In this case each second derivative will not vanish, that is

∂ 2
y M

M
∼

∂ 2
y N

N
∼

∂ 2
y L

L
∼ δ (2)(y) ∼ 1

y
δ (y), (2.2.10)

which implies

M ∝ y2, N ∝ y2, L ∝ y2. (2.2.11)

This solution is not under control of physics because the induced metric on the brane vanishes.
From this example, we can say that arbitrary matters cannot be put on the co-dimension-2 brane.

Capped regularization

In order to treat co-dimension-2 braneworld model, we need some regularization scheme. Let us
introduce the essence of capped regularization scheme used in the next chapter.

The procedure of this scheme is as follows. At first the singular region around the pole is
removed (⃝1 ,⃝2 ). Then we introduce 5-dimensional special brane (⃝3 ) and by way of the brane,
new regular space is glued into original bulk space instead of the removed singular space(⃝4 ). The
detail will be described in the next chapter.

① ②
③ ④

Figure 2.2.1: “Bulk surgery” : procedure for capped regularization.

2.2.2 Stabilization of extra dimensions by flux

When the number of extra dimension is increased, extra dimensions will be unstable in general.
Here, we will introduce the Freund-Rubin stabilization mechanism by using flux [18]. This idea
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will be partially cured in the construction of 6-dimensional braneworld given in the next chapter.
(See appendix C for some details)

The model we consider here is

S=
∫

dp+qx
√

−(p+q)g

(
(p+q)R− 1

2q!
F2

)
, (2.2.12)

whereF is theq-form field. Let us start from following metric ansatz

ds2 = (p)gµνdxµdxν + (q)gi j dxidxj (2.2.13)

= e−
2q

p−2φ(x)hµνdxµdxν +e2φ(x)σi j dxidxj , (2.2.14)

wheregµν is the p-dimensional space-time metric andσi j is the metric ofq-dimensional unit
sphere. The solution of Maxwell equation can be obtained as

FM1···Mq = f εM1···Mq(σ), (2.2.15)

where we assume the magnitude of fluxf is constant,εM1···Mq(σ) is the perfect anti-symmetrized
tensor with respect toq-dimensional sphere.
Substituting Eq. (2.2.14) and (2.2.15) into Eq. (2.2.12) we obtainp-dimensional action

Seff =
1
2

∫
dp+qx

√
−(p+q)g

(
(p+q)R(g)− 1

2q!
F2

)
(2.2.16)

=
1
2

Ωq ·
∫

dpx
√
−h

(
(p)R(h)

−q(p+q−2)
p−2

(
(h)

Dα φ)2 +
2q(p−1)

p−2

(h)

D2φ −V(φ)
)
, (2.2.17)

whereΩq is the volume ofq-dimensional sphere and

V(φ) :=
f 2

2

(
− q(p−1)

p+q−2
e−

2(p+q−2)
p−2 φ(x) +e−

2(p−1)q
p−2 φ(x)

)
. (2.2.18)

The typical shape of potential is depicted in Fig.2.2.2. Due to the tension of the magnetic flux , the
size of extra dimensions are stabilized.

-0.5 0.5 1.0 1.5 2.0
Φ

-0.6

-0.4

-0.2

0.2

0.4

0.6

V HΦL

Figure 2.2.2: Effective potentialV(φ) with flux. (p = 4,q = 2)
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For comparison with the above case, let us see the potential without flux. The potential forφ
becomes

V(φ) = − f 2

2
q(p−1)
p+q−2

e−
2(p+q−2)

p−2 φ(x). (2.2.19)

As seen easily, the size of extra dimension is not stabilized without flux.

-0.5 0.5 1.0 1.5 2.0
Φ

-4

-3

-2

-1

V HΦL

Figure 2.2.3: The effective potentialV(φ) without flux (p = 4,q = 2).



Chapter 3

Low energy effective theory on a
regularized brane in six-dimensional flux
compactifications

We have seen the study of braneworld model in previous chapter through Arkani-
Hamed-Dimopoulos-Dvali (ADD) model and Randall-Sundrum (RS) models.
Randall-Sundrum model (RS) is attractive model due to including self-gravity in itself
but it is limited to only 5-dimensional space-time. From the viewpoint of the string
theory formulated in 10 dimensions we need higher dimensional braneworld model.
Thus, we will study 6-dimensional model as a next step. We will employ capped
regularization and flux stabilization mechanism to resolve some problems occurred in
6-dimensional models. Then we discuss the gravitational theory on the brane.

This chapter is composed of four sections. In next section 3.1, we describe the sys-
tem and the basic equations. In section 3.2, using long-wavelength approximation, we
approximately solve Einstein and Maxwell equations in the bulk. Then in section 3.3,
we derive the junction conditions which give the part of boundary conditions for the
above solutions. Finally, we will derive effective equations on the brane and we will
confirm that the conventional 4-dimensional gravitational theory is recovered. Before
closing this chapter we will discuss the counting of degree of freedom because we
have a lot of equations, variables and boundary conditions.

3.1 Model and basic equations

In this section we will describe our 6-dimensional braneworld models. As the schematic picture
drawn in Fig. 3.1.1, we employ the capped regularization and then introduce the two 4-branes for
capped regularization. The full action is given by

S =
∫

d6x
√
−g

{
M4

(6)

2

(
(6)R− 1

L2
I

)
− 1

4
FABFAB

}
+S+

brane+S−brane, (3.1.1)

whereF2 := FABFAB andFAB := ∂AAB− ∂BAA is the field strength of theU(1) gauge fieldAA.
The capital Latin indicesA numerate the 6-dimensional coordinates,A= 0,1,2,3,4,5 while hatted

23
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Greek indicesµ̂ are restricted to the 5-dimensional coordinates,µ̂ = 0,1,2,3,4 and the Greek
indices µ are restricted to the 4-dimensional coordinates,µ = 0,1,2,3. This action describes
the Einstein gravity and Maxwell field with the positive cosmological constant1

L2
I
. M(6) is the

fundamental scale in 6 dimensions.S±braneare the action for 4-branes.
We consider the following action for each 4-brane [28]:

S±brane := −
∫

d5x

(
λ± +

v2
±
2

(∂µ̂Σ±−eAµ̂)(∂ν̂Σ±−eAν̂)(5)gµ̂ ν̂
)

+S±matter, (3.1.2)

whereλ± is the brane tension,v± is the vacuum expectation value of the brane Higgs field andΣ±
is its Goldstone mode.S±m represents the matter action on the brane. The brane action necessarily
couples toAµ̂ in order to account for the jump of the Maxwell field at the brane.S±mattrer are the
action for usual matters localized on the branes.

We assume the axial symmetric metric ansatz as follows

gABdxAdxB =
L2

I

f (y)
e2ζ (x)dy2 + ℓ2e2ψ(x,y) f (y)dθ 2 +gµν(x,y)dxµdxν , (3.1.3)

whereℓ determines the scale along theθ direction and we write downgµν(y,x) as

gµν(y,x) = a2(y)hµν(x,y). (3.1.4)

South-brane

+y

−y

Ny

Sy

North-brane

θ

North-region

South-region

Middle-region

Figure 3.1.1: Map of two extra dimensions and two branes.

And y denotes the radial direction of two extra dimensions andθ denotes angular direction of two
extra dimensions (See Fig.(3.1.1)).yN andyS denote the position of the poles wheref (yN) = 0 and
f (yS) = 0. y+ andy− are supposed to be the position of 4-branes.

The variation of (3.1.1) with respect to metric(6)gAB leads 6-dimensional Einstein equations in
the bulk

(6)GA
B = − 1

2L2
I

δ A
B +

1

M4
(6)

(
FA

CF C
B − 1

4
δ A

BFCDFCD

)
(3.1.5)

or we can write down as

(6)RA
B =

1

4L2
I

δ A
B +

1

M4
(6)

(
FA

CF C
B − 1

8
δ A

BFCDFCD

)
. (3.1.6)
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To prepare for solving the evolution along they-direction, we decompose 6-dimensional Einstein
equations into they-direction plus the component orthogonal toy. Noting

(6)Rµ̂
ν̂ = (5)Rµ̂

ν̂ −
1
ny

∂yK
µ̂
ν̂ − K̂K µ̂

ν̂ −
(5)Dµ̂ (5)Dν̂ζ − (5)Dµ̂ζ · (5)Dν̂ζ , (3.1.7)

the(µ̂, ν̂)-component Einstein equation becomes

(5)Rµ̂
ν̂ −

1
ny

∂yK
µ̂
ν̂ − K̂K µ̂

ν̂ −
(5)Dµ̂ (5)Dν̂ζ − (5)Dµ̂ζ · (5)Dν̂ζ

=
1

4L2
I

δ µ̂
ν̂ +

1

M4
(6)

(
F µ̂

CF C
ν̂ − 1

8
δ µ̂

ν̂FCDFCD

)
, (3.1.8)

where(5)Dµ̂ is the covariant derivative with respect to(5)gµ̂ν̂ , ny = LI√
f
eζ is y-component of nor-

mal (dual) vectorna, K µ̂
ν̂ is the extrinsic curvature ofy =constant hypersurfaces and̂K is its 5-

dimensional trace.(5)Rµ̂
ν̂ is the 5-dimensional Ricci tensor. The extrinsic curvature is defined by

Kµ̂ ν̂ =
1
2
Ln

(5)gµ̂ ν̂ (3.1.9)

= (5)∇µ̂
(5)nν̂ , (3.1.10)

wherena is the normal vector to the brane.
The(y,y)-component of Eq. (3.1.5), which leads Hamiltonian constraint

(5)R+Kα̂
β̂ Kα̂

β̂ − K̂2 =
1

L2
I

− 2

M4
(6)

(
Fy

CF C
y − 1

4
FCDFCD

)
. (3.1.11)

The 5-dimensional Ricci scalar(5)Rcan be written in terms of 4-dimensional quantities as

(5)R= (4)R−2(4)Dα (4)Dαψ −3(4)Dαψ · (4)Dαψ , (3.1.12)

where(4)Dµ is the covariant derivative with respect to(4)gµν and where we used{ (5)Rθ
θ = −(4)Dα

(4)Dαψ −2(4)Dαψ · (4)Dαψ,
(5)Rµ

ν = (4)R− (4)Dµ (4)Dνψ − (4)Dµψ · (4)Dνψ.
(3.1.13)

The(y, µ̂)-component of Einstein equation gives us the momentum constraint

(5)Dα̂

(
Kα̂

µ̂ −δ α̂
µ̂ K̂

)
=

1
M4Fµ̂MFyMny. (3.1.14)

Not only gravity but also Maxwell field should be solved at the same time. Maxwell equations
are given by

(6)∇NFNM = 0, (3.1.15)
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where(6)∇N is the covariant derivative with respect to the 6-dimensional metric.
Let us look at the Israel junction conditions

[K µ̂
ν̂ −δ µ̂

ν̂ K̂]y=y± = − 1

M4
(6)

Sµ̂
ν̂ . (3.1.16)

Sµ̂
ν̂ is the total energy-momentum tensor computed from the brane action and then

Sbrane
µ̂ ν̂ := T±

µ̂ ν̂ −λ±
(5)gµ̂ ν̂ +v2

±

(
(∂µ̂Σ±−eAµ̂)(∂ν̂Σ±−eAν̂)− 1

2
(5)gµ̂ ν̂(∂α̂Σ±−eAα̂)2

)
,

(3.1.17)

whereT µ̂
±ν̂ is the energy-momentum tensor of the usual matter fields on each brane. We assume

thatTµ
±θ = Tθ

±ν = 0.
The junction condition for Maxwell field is given by

[nyF
yµ̂ ]y=y± = −ev2

±gµ̂α̂(∂α̂Σ±−eAα̂). (3.1.18)

3.2 Long-wavelength approximation

We employ the long-wavelength approximation to solve the 6-dimensional bulk geometry [33].
Let ℓ be a bulk curvature scale andL be a curvature scale on the brane, where(5)R∼ 1/L2. Assum-
ing thatℓ is not so different fromLI , the small expansion parameter is defined as the ratio of the
bulk curvature scaleℓ to the 4-dimensional intrinsic curvature scaleL,

ε :=
(

ℓ

L

)2

= ℓ2|(4)R|. (3.2.1)

Then we expand all the variables as follows:

ψ = ψ(1)(y,x)+ · · · , ζ (y,x) = ζ (1)(x)+ · · · , gµ̂ ν̂ =
(0)

gµ̂ ν̂ +
(1)

gµ̂ ν̂ · · · ,

gyy =
(0)
gyy +

(1)
gyy + · · · , Kµν =

(0)

Kµν +
(1)

Kµν + · · · , Kθθ =
(0)

Kθθ +
(1)

Kθθ + · · · ,
(5)Rµ̂ ν̂ = 0+

{
(5)Rµ̂ ν̂

}(1)
+ · · · , Aµ = A

( 1
2)

µ + · · · , Aθ = A(0)
θ +A(1)

θ + · · · ,

Fyθ =
(0)

Fyθ +
(1)

Fyθ , Fµθ =
( 1

2)

Fµθ + · · · , Fµy = F
( 1

2)
µy + · · · ,

Fµν = 0+F(1)
µν + · · · .

From Eq. (3.1.13), 5-dimensional Ricci tensor can be expanded by the first order

(5)Rθ
θ = O(ε

3
2), (3.2.2)

(5)Rα
α = ε

1
a2

(4)R(h(0))+O(ε
3
2). (3.2.3)

Now we are ready to expand and solve the equations iteratively.
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3.2.1 Bulk solutions at the 0th order

At zeroth order, the evolution equations and the Hamiltonian constraint are

f (y)
L2

I

{
∂ 2

y a

a
+

∂y f ∂ya

f a
+3

(
∂ya

a

)2
}

= − 1

4L2
I

+
1

4M4
(6)

(0)

Fyθ (0)

Fyθ , (3.2.4)

1

L2
I

{
1
2

∂ 2
y f +

2
y

∂y f

}
= − 1

4L2
I

− 3
4

1

M4
(6)

(0)

Fyθ (0)

Fyθ , (3.2.5)

f (y)
L2

I

{
−12

(
∂ya

a

)2

−4
∂ya

a

∂y f

f

}
=

1

L2
I

− 1

M4
(6)

(0)

Fyθ (0)

Fyθ . (3.2.6)

Note that the momentum constraint is automatically satisfied at the 0th order.
Theθ -component of Maxwell equation is

∂yF
yθ+

(0)

K α
α

(0)

Fyθ = 0. (3.2.7)

Note that the onlyθ -component remains.
Let us solve equations. Eqs. (3.2.4) and (3.2.6) imply

∂ 2
y a(y) = 0, (3.2.8)

and the solution is given by

a(y) = y. (3.2.9)

Next we will solve Eq. (3.2.7). It is easy to see that the solution is

(0)

Fyθ= M2
(6)ℓ

Q
y4 , (3.2.10)

whereQ is the integral constant. Substitution of these solutions into Eq. (3.2.4) yields

f (y)
L2

I

{
∂y f (y)
y f(y)

+3
1
y2

}
= − 1

4L2
I

+
1

4L2
I

Q2

y8 . (3.2.11)

Then we have the solution tof (y) as

f (y) = − y2

20
+

µ
y3 −

Q2

12y8 , (3.2.12)

whereµ andQ are integral constants.
We consider the parameter region of(Q,µ) so that f (y) = 0 has two positive roots,yN and

yS(< yN). As seen later,y = yN andyS will be the position of north and south poles. Since

(0)

Fyθ= ∂y
(0)

Aθ= M2
(6)ℓ

Q
y4 , (3.2.13)
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the vector potential
(0)

Aθ becomes

(0)

A
(I)
θ =

ℓM2
(6)

3
Q
y3 +a(0)

I . (3.2.14)

whereI specifies the region (see Fig.3.1.1) to which the solutions belong anda(0)
I is the integral

constant. Imposing thatAθ vanishes aty = yN, we arrive at

(0)

A
(N)
θ =

ℓM2
(6)Q

3

(
1

y3
N

− 1
y3

)
. (3.2.15)

3.2.2 Bulk solutions at the first order

Going to the first order in the long-wavelength approximation we will obtain the gravitational
field equations that govern the behavior of the 4-dimensional metrich(0)

µν . Although we start from
the block-diagonal metric ansatz, only assuming axial symmetry the metric should still have non-
diagonal components. In such case the equations at the first order may contain terms such as
(1/2)

Fµy
(1/2)

Fνy and
(1/2)

K θ
α

(1/2)

Kθ
α . However, in Appendix D we analyze theO(ε

1
2) equations and show that

the long-wavelength approximation ofFµy andKµ
θ in fact begins withO(ε

3
2). Therefore, in the

following we will drop the contributions from such terms. At the first order, from Eq. (3.1.8) the
(µ,ν)-component of the evolution equation becomes

∂y
(1)

K
µ
ν +

(
4
y

+
∂y f

2 f

)
(1)

K
µ
ν +

1
y
(

(1)

K α
α+

(1)

K θ
θ )δ µ

ν −
LI√

f
(4)Rµ

ν −
1
4

1

M4
(6)

LI√
f
F (1)δ µ

ν

+
√

f
LI

ζ (1)

(
4
y2 +

1
2y

∂y f

f
+

1
4 f

− 1
4

L2
I

M4
(6)

1
f

(0)

Fyθ (1)

Fyθ

)
δ µ

ν = 0, (3.2.16)

where we defined the useful combination

F :=
1

M4

( (0)

Fyθ
(1)

Fyθ+
(1)

Fyθ
(0)

Fyθ
)
. (3.2.17)

Let us solve the traceless part of Eq. (3.2.16). Taking the traceless part of Eq. (3.2.16) yields

1
y4
√

f
∂y

(
y4

√
f

(1)

K̃µ
ν

)
=

LI√
f

(4)R̃µ
ν(a2h). (3.2.18)

Then, the solution is found to be

(1)

K̃ µ
ν =

1
3y
√

f
LI R̃

µ
ν +

1
y4
√

f
C̃µ

ν(x), (3.2.19)

where we defined the traceless part of the relevant tensors as
(1)

K̃ µ
ν :=

(1)

K
µ

ν − (1/4)δ µ
ν

(1)

Kα
α and

(4)R̃µ
ν := (4)Rµ

ν − (1/4)δ µ
ν
(4)R. C̃µ

ν(x) is the integration “constant ” to be fixed by the boundary
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conditions. Of course,̃Cµ
ν(x) is traceless by the definition.

The 4-dimensional trace part of the evolution equations is

∂y
(1)

K α
α +

(
8
y

+
∂y f

2 f

)
(1)

K α
α +

4
y

(1)

K θ
θ

− LI√
f

(4)R(a2h)− 1

M4
(6)

LI√
f
F (1) +

√
f

LI
ζ (1)

(
1
f
+

2
y

∂y f

f
+

16
y2 − L2

I

M4
(6)

1
f

(0)

Fyθ (1)

Fyθ

)
= 0.

(3.2.20)

The(θ ,θ)-component of the evolution equation is

∂y
(1)

K θ
θ +

∂y f

2 f

(1)

K α
α +

(
4
y

+
∂y f

f

)
(1)

K θ
θ +

3
4

1

M4
(6)

LI√
f
F (1)

+
√

f
LI

ζ (1)

(
2
y

∂y f

f
+

1
4

(
∂y f

f

)2

+
1

4 f
+

3
4

L2
I

M4
(6)

1
f

(0)

Fyθ (0)

Fyθ

)
= 0.

(3.2.21)

The Hamiltonian constraint is

(4)R−
√

f
LI

{8
y

(1)

K θ
θ +(

∂y f

f
+

6
y
)

(1)

K α
α

}
= − 1

M4
(6)

F (1). (3.2.22)

Let us see how to determine the
(1)

Fyθ . Since we do not need concrete expression of this for
deriving effective equation on the brane, we will briefly look at the procedure. At first, let us
rememberF (1) which is

F (1) =
(0)

Fyθ (1)

Fyθ +
(1)

Fyθ (0)

Fyθ . (3.2.23)

Noting

(1)

Fyθ =
(0)
gyy

(0)
gθθ

(
−2

(1)
ψ

(1)

Fyθ −2
(1)

ζ
(0)

Fyθ+
(1)

Fyθ

)
. (3.2.24)

F (1) is expressed by
(1)

Fyθ as

F (1) = 2
(0)

Fyθ
(
−

(1)

ζ
(0)

Fyθ −
(1)
ψ

(0)

Fyθ +
(1)

Fyθ

)
. (3.2.25)

This expression means that
(1)

Fyθ is determined if we can determineF (1) by solving the evolution
equations (3.2.20), (3.2.21) and the Hamiltonian constraint (3.2.22). After finding the bulk profile
of the extrinsic curvature andF (y), we will be ready to solve the Maxwell equations.

In order to derive an effective theory on the brane, we do not need to solve the complicated

equations for
(1)

K α
α and

(1)

K θ
θ . As will be shown in next section 3.3 it suffices to solve the bulk

evolution with the combination of variables at the first order such as

K (1) :=
3
4

(1)

Kα
α+

(1)

Kθ
θ +

1
M4

LI√
f

(0)

Fyθ (1)

Aθ +
√

f
LI

(
∂y f

2 f
− 1

y

)
(1)
ψ . (3.2.26)
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Note that this variableK (1) is including gauge
(1)

Aθ and coordinate degree of freedom
(1)
ψ in its

definition. Then 4-dimensional trace part and(θ ,θ)-evolution equation are combined to give one
simple equation

∂yK
(1) =

1
4

LI√
f

(4)R(a2h)− 1
y4
√

f
∂y(y4

√
f )K (1). (3.2.27)

It is rearranged as

1
y4
√

f
∂y

(
y4

√
fK (1)

)
=

1
4

LI√
f

(4)R(a2h). (3.2.28)

The solution for this is given by

K (1) =
1

12y
√

f
LI

(4)R+
1

y4
√

f
χ(x), (3.2.29)

whereχ(x) is an integral constant to be determined by the boundary conditions.
Then Eqs. (3.2.19) and (3.2.28) give us

(1)

K̃µ
ν −δ µ

νK (1) =
LI

3y
√

f

(
(4)Rµ

ν(h)− 1
2

δ µ
ν
(4)R(h)

)
+

1
y4
√

f

(
C̃µ

ν −δ µ
ν χ

)
. (3.2.30)

Before the closing this section, let us consider the momentum constraint. Theµ-component of
the momentum constraint at the first order is

(4)Dα
(1)

K̃α
µ − (4)Dµ

(
3
4

(1)

Kα
α+

(1)

Kθ
θ

)
+

√
f

LI

(
1
y
−

∂y f

2 f

)
(4)Dµ

(1)
ψ=

1
M4

LI√
f

(0)

Fyθ (4)Dµ
(1)

Aθ ,

which can be simplified usingK (1) to

(4)Dα
(1)

K̃α
µ − (4)DµK (1) = 0. (3.2.31)

Eq. (3.2.31) and the Bianchi identity,(4)Dα

[
(4)Rα

µ − 1
2δ α

µ
(4)R

]
= 0, imply the constraint for the

integration constants:

(4)DαC̃α
µ − (4)Dµ χ = 0. (3.2.32)

So far we focused on solving the bulk Einstein/Maxwell field equations and we have not imposed
the boundary conditions. In the next section we will give the boundary conditions carefully. Then
we will obtain the low energy effective theory on the branes.

3.3 Boundary conditions: regularity and the junction condi-
tion

The metric functionf (y) vanishes atyN andyS. These points develop conical singularities in
general and they are regarded as source of 3-branes. To avoid the singularities, we replace each
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of the conical branes with a wrapped 4-brane. The geometries of the north-, middle- and south-
region are described by the 6-dimensional solutions obtained in the previous section with different
cosmological constants (L+ (L−) for the north-region(south-region) andL0 for the middle region).
Near the poley = yp (p = N,S), we have f (y) ≃ ∂y f |y=yp(y− yp). The metric (3.1.3) can be
approximated as

ds2 ≃ L2
I

f ′(yp)
e2ζ

(
dy2

y−yp
+

ℓ2

L2
I

f ′(yp)2e2ψ−2ζ (y−yp)dθ 2
)

, (3.3.1)

where f ′(yp) := ∂y f (y)|y=yp. By transforming to the new coordinateY :=
√

y−yp, we have

ds2 ≃ 4L2
I

f ′(yp)
e2ζ

(
dY2 +

ℓ2

L2
I

f ′(yp)e2ψ−2ζ

4
Y2dθ 2

)
, (3.3.2)

To be regular atyp, we impose

ℓ

LI

|∂y f |
2

eψ−ζ
∣∣∣∣
y=yp

= 1, (3.3.3)

whereθ takes the value within 0≤ θ ≤ 2π. Clearly, it is required thatψ(x,yp)−ζ (x) = constant.
Without loss of generality we can set this constant contribution to be zero. Furthermore, we require
ψ(x,yp)=constant andζ (x)=constant. Then, we haveψ(1) . (y− yp) andζ (1) . (y− yp) near
y = yp.

Each of the regions is glued together so as to satisfy the Israel junction conditions [31] and
the junction conditions for the Maxwell field. We start with assuming that the brane location is
given by ax-dependent functiony = ϕ(x). The brane induced metric is given byqµ̂ ν̂dxµ̂dxν̂ =

ℓ2 f (ϕ(x))dθ 2 +ϕ2(x)h(0)
µνdxµdxν +O(ε).

Before discussing the junction conditions we have to solve the brane scalar fieldΣ. The equation
for Σ is

(5)Dα̂

(
∂ α̂Σ±−eAα̂

)
= 0. (3.3.4)

The Eq. (3.3.4) at the 0th order becomes

∂θ

(
∂ θ

(0)

Σ±

)
= 0, (3.3.5)

and henceΣ(0)
± = n±θ + σ (0)

± . Here,n± must be integer becauseΣ± is the phase of the Higgs
field and soeiΣ(θ+2π,x) = eiΣ(θ ,x). This property should hold at any order in the long-wavelength
approximation. Therefore, the solution forΣ including corrections at the higher order should be of
the form

Σ± = n±θ +σ (0)
± (x)+σ (1)

± (x)+ · · · . (3.3.6)
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3.3.1 The junction conditions at the 0th order

We shall show now that the brane location is in fact independent ofx. To do so, let us consider
the θ -component of the Maxwell junction conditions at the zeroth order. From Eq. (3.1.18) the
junction condition at the 0th order for the gauge field is[

ny
(0)

Fyθ
]

y=y±
= −ev2

±
(0)
gθθ (∂θ

(0)

Σ −e
(0)

Aθ ). (3.3.7)

where[A] := A|y=ϕ+ε −A|y=ϕ−ε andnM is the unit normal to the brane. At this order, we have
nM ≃ (ny,0). So the right hand side is independent ofx and hence the brane location must be
y = constant(=: y±). The Israel junction conditions are given by Eqs. (3.1.16) and (3.1.17). The
junction condition at the 0th order for gravity are

−
[(0)

K
µ
ν −δ µ

ν K̂(0)
]

y=y±
= − λ±

M4
(6)

−
v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ ) (3.3.8)

and

−
[(0)

Kθ
θ − K̂(0)

]
y=y±

= − λ±
M4

(6)
+

v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ ), (3.3.9)

whereK̂ := Kα̂
α̂ ,

(0)

K
µ
ν −δ µ

ν K̂(0) = −
√

f
LI

(3
y + ∂y f

2 f ) and
(0)

Kθ
θ − K̂(0) = −

√
f

LI

4
y.

For later use, let us derive the relation between tensionλ± and the scalar/gauge field at the 0th

order
(0)

Σ/
(0)

Aθ . Using the explicit expression of extrinsic curvature, Eqs. (3.3.8) and (3.3.9) become[ 1
LI

]
y=y±

√
f (

3
y

+
∂y f

2 f
) = − λ±

M4
(6)

−
v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ ) (3.3.10)

and [ 1
LI

]
y=y±

=
y

4
√

f

(
− λ±

M4
(6)

+
v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ )
)
, (3.3.11)

respectively. Eliminating
[

1
LI

]
y=y±

from the aboves, we have

y
4

(
3
y

+
∂y f

2 f

)(
− λ±

M4
(6)

+
v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ )

)

= − λ±
M4

(6)
−

v2
±

2M4
(6)

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ ). (3.3.12)

Thus, we can expressλ± with respect to the quantities on the brane such as
(0)

Σ and
(0)

Aθ .

λ± = −
7
4 + y

8
∂y f

f

1
4 −

y
8

∂y f
f

v2
±
2

(∂θ
(0)

Σ −e
(0)

Aθ )(∂ θ (0)

Σ −e
(0)

Aθ )|y=y±. (3.3.13)

This relation will be used to simplify the junction condition at the 1st order.
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3.3.2 The junction conditions at the first order

We go on to specifying the boundary conditions at the first order at the poles and branes. As to
the regularity conditions at the poles, it is required that

(1)

K̃µ
ν ,

(1)

Kα
α ,

(1)

Kθθ . |y−yp|
1
2 . (3.3.14)

With this, the evolution equations for the extrinsic curvature (3.2.19), (3.2.20)1, and (3.2.21) are

regular at the poles. We also require that|
(1)

Fyθ | < ∞ aty = yp. This implies that
(1)

Aθ. (y−yp) near

the pole. Noting that
(1)
ψ. (y−yp), we haveK (1) . |y−yp|

1
2 neary = yp.

The (µ,ν)-component of Eq. (3.1.16) is

[Kµ
ν −δ µ

ν K̂](1)
y=y± = − 1

M4
(6)

Tµ
ν −

v2
±

M4
(6)

{
e(∂θ Σ(0)−e

(0)

Aθ )
(0)
gθθ (1)

Aθ +
(1)
ψ (∂θ

(0)

Σ −e
(0)

Aθ )2
}

.

(3.3.15)

The traceless part of the above becomes[(1)

K̃µ
ν

]
y±

= − 1

M4
(6)

T̃µ
ν . (3.3.16)

Using Eqs. (3.3.8), (3.3.13), (3.3.15) and (3.1.18), we can have the following compact form junc-
tion condition [(1)

K̃µ
ν −δ µ

νK (1)
]

y=y±
= − 1

M4
(6)

Tµ
ν ,

(3.3.17)

whereK (1) is defined as

K (1) :=
3
4

(1)

K α
α+

(1)

K θ
θ −ψ(1)

√
f

LI

(
1
y
− 1

2
∂y f

f

)
+

1

M4
(6)

LI√
f

(0)

Fyθ (1)

Aθ . (3.3.18)

The trace part of Eq. (3.3.17) becomes[
K (1)

]
y±

=
1

4M4
(6)

Tα
α . (3.3.19)

The junction conditions (3.3.16) and (3.3.19) together with the momentum constraint (3.2.31)
imply the local conservation law for the energy-momentum tensor of brane localized matter:

(4)DαTµα = 0. (3.3.20)

Also note that the Maxwell junction condition at the 1st order becomes[√
f

LI
(

(1)

Fyθ−
(1)

ζ
(0)

Fyθ )
]

y=y±

= −ev2
±(∂θ

(1)

Σ −e
(1)

Aθ ), (3.3.21)

which should be satisfied for the solutions.

1As will be seen in next section, regularity condition for
(1)
Kα

α does not need to be imposed. There, we will confirm

the behavior of
(1)
Kα

α is automatically converged.
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3.3.3 The low energy effective theory on a brane

Now we are ready to fix the integration constants of original bulk solution (3.2.29) and then we
derive the low energy effective theory on a brane.

From the regularity condition at the north pole one can determine the integration constant in the
north-region and we have

K̃µ
ν =

y3−y3
N

3y4
√

f
L+R̃µ

ν (y+ < y≤ yN). (3.3.22)

And the original bulk solution on middle-region is written as

K̃µ
ν =

1
3y
√

f
L0

(4)R̃µ
ν +

1
y4
√

f
C̃µ

ν (y− < y < y+), (3.3.23)

and imposing the Israel junction conditions at the north brane leads

C̃µ
ν = −

(y2
N −y3

+)L+ +y3
+L0

3
(4)R̃µ

ν +y4
+
√

f+
T̃µ
+ν

M4 , (3.3.24)

where f+ := f (y+). Similarly, the regularity at the south pole determines the extrinsic curvature
in the south-region as

K̃µ
ν =

y3−y3
S

3y4
√

f
L−

(4)R̃µ
ν (yS≤ y < y−). (3.3.25)

The Israel junction condition aty = y− implies

(y3
−−y3

S)L−−y3
−L0

3
(4)R̃µ

ν −C̃µ
ν = y4

−
√

f−
T̃µ
−ν

M4 . (3.3.26)

EliminatingC̃µ
ν from Eqs. (3.3.24) and (3.3.26) we have

ℓ2
∗
ℓ

(4)R̃µ
ν =

1
M4

(
y4
+
√

f+T̃µ
+ν +y4

−
√

f−T̃µ
−ν

)
, (3.3.27)

where

ℓ2
∗ := ℓ

∫ yN

yS

LIy
2dy (3.3.28)

and f− := f (y−).
Obviously, for the trace part we have the same relation as (3.3.27) with the substitutionR̃µ

ν →
R/4 andT̃µ

±ν →−Tα
±α/4 (and thus the constraint for the integration constants (3.2.32) is trivially

satisfied). We have three bulk solutions as well,

K (1) =


y3−y3

N
12y4

√
f
L+

1
4
(4)Rα

α (y+ < y≤ yN)
1

12y
√

f
L0

(4)Rα
α + 1

4y4
√

f
C̃α

(b)α (y− < y < y+)
y3−y3

S
12y4

√
f
L−

(4)Rα
α (yS≤ y < y−)

. (3.3.29)
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The junction condition
[
K (1)

]
y=y±

= Tα
α

4M4
(6)

gives two equations

Cα
α(b) = −

(y2
N −y3

+)L+ +y3
+L0

12
(4)Rα

α(h)−y4
+
√

f+

(+)

T α
α

4M4 (3.3.30)

(3.3.31)

and

(y3
−−y3

S)L−−y3
−L0

12
(4)Rα

α(h)−Cα
α(b) = −y4

−
√

f−

(−)

T α
α

4M4 . (3.3.32)

Then eliminatingCα
α(b), we have

ℓ2
∗

4ℓ
(4)Rα

α = − 1
4M4

(
y4
+
√

f+
(+)

T α
α +y4

−
√

f−
(−)

T α
α

)
. (3.3.33)

Since the induced metric on the north brane isy2
+hµν , the Ricci tensor on the north brane is given

by Rµ
ν := (4)Rµ

ν/y2
+. Using Eqs. (3.3.27) and (3.3.33), we finally arrive at the low energy effective

gravitational equation on the north brane

Rµ
ν(g+)− 1

2
δ µ

νR(g+) = κ2
+

(+)

T µ
ν +

y2
−

y2
+

κ2
−

(−)

T µ
ν , (3.3.34)

where we defined the 4-dimensional gravitational coupling at each brane as

κ2
± :=

y2
±

2πℓ2
∗M4 , (3.3.35)

and the energy-momentum tensor integrated along theθ -direction as
(±)

T µ
ν := 2πℓ

√
f±

(±)

T
µ
ν .

Eq. (3.3.34) shows that gravity at low energies is described by 4-dimensional general relativity
(when matter on the south brane can be neglected.) This generalizes the perturbative analysis
of [28, 34] to the nonlinear regime. The effect of the extra scalar mode that appears in [28, 34]
is at higher order in the long-wavelength approximation and hence is not observed in the present
leading order analysis.

It is interesting to note that we can still have the conventional 4-dimensional effective theory
even if one takes the limit of the brane location to the poles keeping the averaged stress tensorT̄µ

ν
finite.

3.4 Consistency check

For the derivation of the effective theory on the branes, it was enough to computeK (1) and
(1)

K̃µ
ν .

We did not need to solve the Maxwell equation at the first order explicitly. Therefore, we have to
check no extra conditions from the gauge fields. We first check the behavior of other geometrical

quantities,
(1)

K
µ
ν and

(1)

Kθ
θ because they are contained inK (1) together with

(1)

Aµ .
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3.4.1 Behavior of
(1)

Kα
α and

(1)

Kθ
θ

While we know thatK (1) can be regulated at the poles, it is not clear whether
(1)

Kα
α and

(1)

Kθ
θ well

behaves or not at the poles. Using Eqs. (3.2.20) and (3.2.21), we have the following equation

∂ 2
y Ω−

∂ 2
y I

∂yI
∂yΩ =

3LIR(h)

y3 f ∂y

(√
f

y

) − 1
LI

ζ (1) 4

∂y

(√
f

y

){
1
16

∂ 2
y f ·∂y f

f 2 +
5
8y

(
∂y f

f

)2

+
109
8y2

∂y f

f
+

63
2y3 +

∂y f

8 f 2 +
3
y f

+
7
4y

∂ 2
y f

f
− 1

8

∂ 3
y f

f

}
, (3.4.1)

where

Ω :=
(1)

K α
α

√
f ∂y

(√
f

y

) , (3.4.2)

and

∂yI :=
1

y9
√

f (y∂y f −2 f )2 . (3.4.3)

Then it turned out that the solution is given by

Ω = C1(x)+C2(x)I(y)+
∫ y

dy1∂y1I(y1)
∫ y1 dy2

∂y2I(y2)
3LI

(4)R(h)

y3
2 f (y2)∂y2

(√
f (y2)
y2

)
−ζ (1)(x)

LI

∫ y
dy1∂y1I(y1)

∫ y1 dy2

∂y2I(y2)
4

∂y2

(√
f (y2)
y2

){
1
16

∂ 2
y2

f ·∂y2 f

f 2 +
5

8y2

(
∂y2 f

f

)2

+
109

8y2
2

∂y2 f

f
+

63

2y3
2

+
∂y2 f

8 f 2 +
3

y2 f
+

7
4y2

∂ 2
y2

f

f
− 1

8

∂ 3
y2

f

f

}
. (3.4.4)

Once we obtain the solution toΩ, the solution for
(1)

K θ
θ can be also obtained through Eq. (3.2.20)

with Eq. (3.2.22).

At first, let us check the behavior of
(1)

K α
α near the poles. Sincef (y) ∼ f ′(yp)(y− yp) near the

poles,
(1)

K α
α is approximated as

(1)

K α
α ≃C1 ·k1 +C2 ·k2(y−yp)

1
2 +3LIR(h)k3(y−yp)

3
2

+
ζ (1)

LI

(
k4(y−yp)

1
2 +k5(y−yp)

3
2 +k6(y−yp)

5
2 +k7(y−yp)

7
2

)
, (3.4.5)
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where

k1(yp) = f ′(yp)
2yp

, k2 = 4

y12
p f ′(yp)

3
2
, k3 = 2

3y3
p f ′(yp)

1
2
,

k4 = yp f ′′(yp)+38f ′(yp)−2yp

f ′(yp)
1
2

, k5 = 109f ′(yp)+yp f ′′′(yp)

3yp f ′(yp)
1
2

, k6 = 126f ′(yp)
1
2

5y3
p

,

k7 = 8
7.

(3.4.6)

From this we see that there are no divergence in
(1)

K α
α . So it is automatically regular at the poles.

Next, let us see the behavior of
(1)

K θ
θ . From Eq. (3.3.33) we have

(1)

K θ
θ ≃

yp

4

{
−k1C1(y−yp)−1− 1

2
k2(y−yp)−

1
2 +

k3

2
(y−yp)

1
2 ·3LIR(h)

+
ζ (1)

LI

(
k8(y−yp)−1 +

13
y2

p
− k4

2
(y−yp)−

1
2

)}
, (3.4.7)

wherek8 = yp f ′′(yp)+2yp+6 f ′(yp)
2yp f ′(yp)

. From this, we can see that
(1)

K θ
θ diverges at the poles. Thus, we

have to impose the regularity condition on
(1)

K θ
θ .

3.4.2 Trace part consistency check

In the previous subsection we saw that the regularity condition for
(1)

K θ
θ at the poles, but not for

(1)

Kα
α . Then we must check the consistency between the number of the regularity/continuity/junction

conditions and the total number of independent variables. Since traceless evolution equation is
rather trivial, we will focus on trace part hereafter.
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Figure 3.4.1: Summary of counting



38
CHAPTER 3. LOW ENERGY EFFECTIVE THEORY ON A REGULARIZED BRANE IN

SIX-DIMENSIONAL FLUX COMPACTIFICATIONS

So far, we have 5 variables such as
(1)

K α
α(y,x),

(1)

K θ
θ (y,x),

(1)

Aθ (y,x),
(1)
ψI (y,x) and

(1)

ζ I (x). Each
variable has one integral constant for each region (north/south/middle region). Thus the net number
of variables or integral constants amounts to 5×3 = 15.

On the other hand, let us count the number of boundary conditions. We have three kinds of
conditions, that is, continuity, regularity and junction conditions. As in the discussion of previous

subsection, the regularity conditions are required except for
(1)

Kα
α(y,x). Then we have 3× 2 = 6

conditions for regularity. About the continuity conditions,
(1)

Aθ (y,x) and
(1)
ψI (y,x) are imposed on.

Thus we have 2× 2 = 4 continuity conditions. About the junction conditions, three conditions

for
(1)

Kθ
θ (y,x),

(1)

Kα
α(y,x) and

(1)

Fyθ per north/south brane. Therefore the total number of junction
conditions is 3×2 = 6. However one of them is used for the derivation of the effective theory.
Thus, 6− 1 = 5 junction conditions can determine the integral constants/variables. As a result
the total number of the boundary conditions is 6+ 4+ 5 = 15. This is exactly the same with the
number of the integral constants. Summary of this subsection is given by Fig. 3.4.1.



Chapter 4

Summary and discussion

In order to study the physics of the early universe, the high-energy physics such as the super-
string theory cannot be ignored. Motivated by the recent progress in superstring theory, a new
picture of our universe was proposed. Therein, our universe is a brane located in the higher di-
mensional space-times and then a lot of models of this braneworld have been discussed. Among
them Randall-Sundrum (RS) model is intensively studied. This is because the effect of self-gravity
is seriously treated and then we can discuss the cosmology in this model. However RS model is
5-dimensional model and on the other hand, superstring theory is formulated in 10/11 dimensions.
Our study is to extend RS braneworld model into higher dimensional model. As the first step we
studied the 6-dimensional model.

The raising of the co-dimensions will arise some problems, that is, the singularity problem due
to the self-gravity of higher co-dimension branes and the instability problem in the size of extra
dimensions. These problem are resolved by introducing flux and capped regularization scheme.
The regularization scheme is developed by making use of the well-behaved property of the co-
dimension-1 brane. The brane action we adopt includes the property needed for the surgery of the
bulk with flux and gravity, and the property of spontaneously breaking the 5-dimensional general
covariance which makes the theory 4-dimensional one. This model has been actively investigated
[28], [34]. But these studies were focused on linear perturbation analysis. Since we are interested
in the non-linear regime, we employed another approximation scheme, that is, long-wavelength
approximation which is useful for the low energy scales. The small parameter is taken to be the
ratio of the curvature length of the extra dimension to the 4-dimensional scale which we are inter-
ested in. As a result, up to the first order of the long-wavelength approximation, we confirmed that
the conventional 4-dimensional theory is recovered even at the non-linear regime. Interestingly,
we can have the conventional effective theory even if the brane is taken to the poles keeping the
averaged stress tensor on the brane finite.

As remaining problem, we have to check the higher order correction terms of long-wavelength
approximation. Can we still construct the regular model up to higher orders? This is the rather
non-trivial question. Especially, in the case of the limit where the co-dimension-1 brane is taken
to the poles.

This model is partly motivated by the warped flux compactification model in superstring the-
ory [38]. However the self-gravity has not been treated carefully in such models and the validity
of the discussion for cosmology is still debatable. So our study may be regarded as a toy-model
for this model. The extension of our toy model to this direction may give some information to
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the string inspired cosmology. Although our model is still far from the original model of string
cosmology, the further extension of effective theory on the brane is urgently expected.



Acknowledgments

I am enormously grateful to many people for their continuous help and support for the whole
period of my Ph.D. student. First, I deeply thank my supervisor Tetsuya Shiromizu for his con-
tinuous support and help over my research life during the master and doctor course. He has given
many opportunities to study general relativity through group’s seminar and researches on the ap-
plications of braneworld and its extension. And I also deeply thanks to Akio Hosoya, my present
supervisor. After the movement of Tetsuya Shiromizu, he gave me some valuable comments for
my future study and life. Special thanks also go to my collaborators: Hirotaka Yoshino and Tsu-
tomu Kobayashi . I would like to thank Masaru Siino for his daily encouragement and useful
discussions. I would like to acknowledge Claudia de Rham, who visited our group and studied
together about brane collision and its new approximation, and Dainiele A. Steer, who gave me
some opportunities to have some discussions in APC (cosmology and gravitation grou) of Paris
7th university during the brane meetings held in 2007 and 2008.

I would like to acknowledge Tetsuya Shiromizu, Akio Hosoya and Masaru Shino for useful
discussions and comments in seminars in Tokyo Instituite of Technology. I have enjoyed having
various interesting conversations and had the pleasure of sharing many refreshing talks.

During writing this Ph.D. thesis, I visited Theoretical Astrophysics group in Kyoto University.
I deeply thank for the hospitality of all the members of the group.
During the master and doctor course, in particular, I had had helpful discussions with many people
for which I am very grateful, including Shinya Tomizawa, Yuki Uchida, Shintaro Sawayama, Ak-
ihito Shirata, Yosuke Okudaira, Shuto Yamamoto, Yukinori Iwashita, Masahiro Degami, Satoshi
Maeda, Yutaka Shikano, Seiki Ohashi, and all other members of the Theoretical Astrophysics
Group in the Tokyo Institute of Technology. Especially Shinya Tomizawa’s strong support and
strict discussion is very impressive and gave me a good milestone to grow my “amature” attitude
to physics research into more standard attitude needed to be a physicist. Finally, I would like to
thank my parents, Kouichi and Naomi, and my brother, Eiji and my sister, Keiko and Eiji’s wife
Hiroko for their love, support and taking care of me over these years.

41



Appendix A

Derivation of Israel junction condition

In this appendix, the junction condition is derived. To discuss concretely, we show the derivation of
Israel junction condition in the general case where the number of the dimensions of whole space-
time isd with co-dimension-1 (d−1-dimensional) brane.

Using the decomposition ofd-dimensional Ricci tensor, the Israel junction conditions can be
obtained. Let us take the block-diagonal metric ansatz (A.0.1) as in [9]

ds2 = n2
ydY2 + (d−1)qµνdxµdxν . (A.0.1)

where normal vector toy=constant hypersurfaces isna = ny
(

∂
∂Y

)a
and(4)qµν is the induced metric

onY =constant hypersurfaces. This induced metric satisfies

qAB := −nAnB +gAB, (A.0.2)

wherenAnA = 1 andnAqAB = 0. Then generally, we have

(d)RCDq C
µ q D

ν = (d−1)Rµν −LnKµν −KKµν +2K α
µ Kαν , (A.0.3)

where capital Latin indices runsd-dimensional space-time,A= 0, · · · ,d−1 and Greek indices run
(d−1)-dimensional space-time,µ = 0, · · · ,d−2. Kµν is the extrinsic curvature defined by

Kµν =
1
2
Ln

(d−1)
qµν (A.0.4)

=
1
2

1
ny

∂y
(d−1)qµν . (A.0.5)

Then,(d)Rµ
ν is decomposed as

(d)Rµ
ν = (d−1)Rµ

ν −
1
ny

qµα∂yKαν −KKµ
ν +2KµαKαν (A.0.6)

= (d−1)Rµ
ν −

1
ny

∂yK
µ
ν −KKµ

ν . (A.0.7)

In Randall-Sundrum (RS1) case, the total action is

S =
1

2κ2
(d)

∫
dydd−1x

√
−(d)g

(
(d)R−2Λ(d)

)
−λ

∫
y=y+

dd−1x
√

−(d−1)g+
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+λ
∫

y=y−
dd−1x

√
−(d−1)g−+

(+)

Smatter+
(−)

Smatter, (A.0.8)

where positive (negative) tension brane is located aty = y+ (y = y−). Then Einstein equation
becomes

(d)RAB−
1
2

(d)gAB
(d)R= −Λ(d)

(d)gAB−κ2
(d)λq(+)

AB
1
ny

δ (y−y+)+κ2
(d)λq(−)

AB
1
ny

δ (y−y−)

+κ2
(d)T

(+)
µν qµ

Aqν
B

1
ny

δ (y−y+)+κ2
(d)T

(−)
µν qµ

Aqν
B

1
ny

δ (y−y+), (A.0.9)

where
√

−(d−1)g√
−(d)g

= 1
ny

is used. Note thatqyy = 0 andqµy = 0 by the definition Eq. (A.0.2). The

(µ,ν)-component of the above can be re-written as

(d−1)Rµ
ν −

1
ny

∂yK
µ
ν −KKµ

ν =
2

d−2
Λ(d)δ

µ
ν +

κ2
(d)λ

d−2
δ µ

ν
1
ny

δ (y−y+)−
κ2

(d)λ
d−2

δ µ
ν

1
ny

δ (y−y−)

+κ2
(d)

(
(+)

T
µ
ν −

1
d−2

δ µ
ν

(+)

T α
α

)
1
ny

δ (y−y+)+κ2
(d)

(
(−)

T
µ
ν −

1
d−2

δ µ
ν

(−)

T α
α

)
1
ny

δ (y−y−).

(A.0.10)

By integration of Eq. (A.0.10) within infinitesimally small interval around brane we obtain

[
Kµ

ν
]
y=y±

= ∓
κ2

(d)λ
d−2

δ µ
ν −κ2

(d)

(
(±)

T
µ
ν −

1
d−2

δ µ
ν

(±)

T α
α

)
. (A.0.11)

Now let us consider symmetric case. When the metric has reflection symmetry around the brane,
the metric is said to have theZ2-symmetry at the location of brane. Now we imposeZ2-symmetry
on this system. Then [

Kµ
ν
]
y=y+

= 2Kµ
ν |y=y+, (A.0.12)[

Kµ
ν
]
y=y−

= −2Kµ
ν |y=y−. (A.0.13)

Thus the junction condition becomes

Kµ
ν |y=y± = ∓

κ2
(d)λ

2(d−2)
δ µ

ν −
κ2

(d)

2

(
(±)

T
µ
ν −

1
d−2

δ µ
ν

(±)

T α
α

)
(A.0.14)

= −
κ2

(d)

2

(
(±)

S
µ
ν −

1
d−2

δ µ
ν

(±)

Sα
α

)
, (A.0.15)

where
(±)

Sµν := ±λ (d−1)qµν +Tµν .



Appendix B

Appendix of Sec. 2.2.1

In this appendix, the derivations of Eqs. (2.2.2), (2.2.3) and (2.2.4) in section 2.2.1 are given.
Following [15] we will consider co-dimension-2 braneworld model

S=
∫

d6x
√
−(6)g(6)R+

∫
d4x

√
−(4)gLmatter. (B.0.1)

The second term represents the matter on the co-dimension-2 brane. Note that if the matter is lim-
ited to pure tension case,p=−ρ the brane action becomes Nambu-Goto type,

∫
d4x

√
−(4)gLmatter=

−µ
∫

d4x
√

−(4)g. Here we include more general case with the equation of statep ̸= −ρ.
We assume axial symmetry and diagonal type metric ansatz

ds2 = −N2(y)dt2 +M2(y)δi j dxidxj +B2(y)dy2 +L2(y)dθ 2, (B.0.2)

where(y,θ) denote two extra dimensions. From this model, we have the 6-dimensional Einstein
equation

(6)GAB = δ µ
A δ ν

B Tµνδ (2)(y). (B.0.3)

Each component becomes

(6)G00 ∼
N2(y)
B2(y)

{
−3

∂ 2
y M(y)
M(y)

−
∂yM(y) ∂yL(y)

M(y)L(y)
−

∂ 2
y L(y)
L(y)

−3
∂yM(y) ∂yM(y)

M2(y)

+3
∂yB ∂yM

B(y) M(y)
+

∂yB ∂yL(y)
B(y) L(y)

}
= ρN2(y)δ (2)(y), (B.0.4)

(6)Gi j ∼
M2(y)
B2(y)

{
2

∂ 2
y M(y)
M(y)

+
∂yM(y) ∂yL(y)

M(y) L(y)
+

∂ 2
y N(y)
N(y)

+
∂yN(y) ∂yL(y)

N(y) L(y)
+

∂ 2
y L(y)
L(y)

−
∂yB ∂yL(y)
B(y) L(y)

−2
∂yB(y) ∂yM(y)

B(y) M(y)
+

(
∂yM(y)
M(y)

)2

+
∂yB(y) ∂yN(y)

B(y) N(y)
+2

∂yM(y) ∂yN(y)
M(y)N(y)

}
= PM2(y)δi j δ (2)(y), (B.0.5)
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(6)Gθθ ∼ L2(y)
B2(y)

{
3

∂ 2
y M(y)
M(y)

+
∂ 2

y N(y)
N(y)

−3
∂yB(y) ∂yM(y)

B(y) M(y)
+3

(
∂yM(y)
M(y)

)2

−
∂yB(y) ∂yN(y)

B(y) N(y)

+3
∂yM(y) ∂yN(y)

M(y) N(y)

}
= 0 (B.0.6)

and

Gyy = 3
{(

∂yM(y)
M(y)

)2

+
∂yM ∂yL(y)
M(y) L(y)

}
+

∂yN(y) ∂yL(y)
N(y) L(y)

+3
∂yM(y) ∂yN(y)

M(y) N(y)
= 0.(B.0.7)

In order to see the behavior of this solution, we pick up only the main contributing term, that is,
∂ 2

y gAB. Ignoring the first order derivative terms, we can obtain Eqs. (2.2.2), (2.2.3) and (2.2.4)

−3
∂ 2

y M(y)
M(y)

−
∂ 2

y L(y)
L(y)

≃ 8πG(6)
B2(y)
N2(y)

ρN2(y)δ (2)(y), (B.0.8)

2
∂ 2

y M(y)
M(y)

+
∂ 2

y N(y)
N(y)

+
∂ 2

y L(y)
L(y)

≃ 8πG(6)
B2(y)
M2(y)

PM2(y)δi j δ (2)(y) (B.0.9)

and

3
∂ 2

y M(y)
M(y)

+
∂ 2

y N(y)
N(y)

≃ 0. (B.0.10)

Note thatGyy-component yields trivial relation in this evaluation.



Appendix C

Some calculations in the Freund-Rubin
compactification

In this appendix we will derive Eqs. (2.2.15), (2.2.17) and (2.2.18) in Sec. 2.2.2. Let us remember
the total action

S =
1
2

∫
dp+qx

√
−(p+q)ĝ

(
(p+q)R(g)− 1

2q!
F2

)
. (C.0.1)

The metric ansatz is

ds2 = e−
2q

p−2φ(x)hµνdxµdxν +e2φ(x)σi j dxidxj (C.0.2)

:= gµνdxµdxν +gi j dxidxj , (C.0.3)

where whole space-time isp+q-dimension. The number of extra dimensions isq and its topology
is q-sphere. Note that scalar fieldφ(x)1 determines the size ofq-sphere and induced metric on
unit q-sphere,σi j depends on only angular components. Latin indices such asi, j, · · · denoteq-
dimensional extra space and Greek indicesµ,ν , · · · showsp-dimensional space-time.

First, we write down some useful results for Ricci tensor

(p+q)Ri j (g) = (q)Ri j (g)+e
2(p+q−2)

p−2 φ(x) (h)

D2φσi j , (C.0.4)

(q)Ri jkℓ(σ) =
1
R2(σikσ jℓ−σ jkσiℓ), (C.0.5)

(p+q)Rµν(g) = (p)Rµν(g)−q
(h)

Dν
(h)

Dµ φ +
q2

p−2
(−2

(h)

Dµ φ ·
(h)

Dν φ −hµν(∂αφ)2)−q
(h)

Dµ φ ·
(h)

Dν φ ,

(C.0.6)

(p)Rµν(g) = (p)Rµν(h)+q
(h)

Dµ
(h)

Dν φ +
q

p−2
hµν

(h)

D2φ +
q2

p−2

(h)

Dµ φ ·
(h)

Dν φ − q2

p−2
(
(h)

Dα φ)2,

(C.0.7)

whereR is the radius ofq-sphere. Then from Eqs. (C.0.6) and (C.0.7) we have

(p+q)Rµν(g) = (p)Rµν(h)− q(p+q−2)
p−2

(h)

Dµ φ
(h)

Dν φ +
q

p−2

(h)

D 2φ ·hµν . (C.0.8)

1As we are only interested in zero mode of this metric,y-dependence onφ is ignored to beφ(x), [19].

47



48APPENDIX C. SOME CALCULATIONS IN THE FREUND-RUBIN COMPACTIFICATION

Then from Eqs. (C.0.4), (C.0.5) and (C.0.8) we have

(p+q)R(ĝ) := gµν (p+q)Rµν(g)+gi j (p+q)Ri j (g),

= e
2q

p−2φ(x)(p)R(h)+e−2φ(x)(q)R(σ)

+e
2q

p−2φ(x)
(
−q(p+q−2)

p−2
(
(h)

Dα φ)2 +
2q(p−1)

p−2

(h)

D2φ
)
. (C.0.9)

We start fromp+q-dimensional Einstein equations

(p+q)RAB−
1
2

gAB
(p+q)R=

1
2(q−1)!

(
FAM2···MqF

M2···Mq
B − 1

2q
gABF2

)
. (C.0.10)

The(µ,ν)-component can be written as

(p+q)Rµν = − q−1
q!(p+q−2)

(p)gµνF2. (C.0.11)

The(i, j)-component becomes

(p+q)Ri j =
1

2(q−1)!

(
Fim2···mqF

m2···mq
j − q−1

q!(p+q−2)
gi j F

2
)

. (C.0.12)

(C.0.13)

Secondly, let us solve Maxwell equation

∂M

(√
−(p+q)gFM1M2···Mq

)
= 0. (C.0.14)

Then this solution can be obtained easily

FM1···Mq = f εM1···Mq(σ), (C.0.15)

where f is constant andεM1···Mq(σ) is the Levi-Civita tensor of unitq-dimensional sphere. We
have one more relation between the size ofq-sphere,R and the strength of flux,f

f 2 =
2(q−1)(p+q−2)

R2(p−1)
, (C.0.16)

which can be adjusted by using stabilized background solution. Substituting Eqs. (C.0.9), (C.0.15)
into the original action we have

Seff =
1
2

∫
dp+qx

√
−(p+q)g

(
(p+q)R(g)− 1

2q!
F2

)
(C.0.17)

=
1
2

∫
dqx

√
−σ ·

∫
dpx

√
−h

(
(p)R(h)− f 2

2

(
− q(p−1)

p+q−2
e

2(p+q−2)
p−2 φ(x) +e−

2(p−1)q
p−2 φ(x)

))
(C.0.18)



Appendix D

The leading order ofKµ
θ and Fθ µ

Let us see(µ,θ)-evolution equation noted in Sec. 3.2.2 more concretely. Here we consider the
following non-diagonal metric ansatz

ds2 =
L2

I

f (y)
e2ζ (x)dy2 + ℓ2e2ψ(y,x) f (y)dθ 2 +2ℓbµ(y,x)dθdxµ +gµν(x,y)dxµdxν (D.0.1)

with the assumptions

bµ = ε1/2b(1/2)
µ + · · · , Kµ

θ = ε1/2
(1/2)

Kµ
θ + · · · , Fyθ =

(0)

Fyθ +ε
(1)

Fyθ + · · · .

We shall show in this appendix that the leading order terms in the gradient expansion ofKµ
θ and

Fµy are in factO(ε3/2).
Theµ-component of theO(ε1/2) Maxwell equations reads

∂y

(
y4

(1/2)

Fyµ
)

= 0, (D.0.2)

and thus we have

(1/2)

Fµy= M2
(6)

Cµ
1 (x)
y4 . (D.0.3)

TheO(ε1/2) evolution equation reduces to

1
LI

1
y4∂y

(
y4

√
f

(1/2)

K µ
θ

)
= − 1

M4

(0)

Fθy

(1/2)

Fµy

= ℓQ
Cµ

1 (x)
y8 , (D.0.4)

which can be integrated to give

(1/2)

Kµ
θ=

1
y4
√

f

[
−LIℓQ

3
Cµ

1 (x)
y3 +Cν

2 (x)

]
. (D.0.5)
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TheO(ε) evolution equations contain terms like
(1/2)

Fνy

(1/2)

Fµy∝ hνλCλ
1 Cµ

1 /[y6 f (y)]. Thus, in the cap
regions it is required thatCµ

1(north) = 0 andCµ
1(south) = 0 because otherwise this term would show

a singular behavior at the poles. Similarly, to ensure the regular behavior of
(1/2)

Kµ
θ at the poles we

imposeCµ
2(north) = 0 andCµ

2(south) = 0 in the cap regions. To fix the integration constants in the
middle-region, we invoke the junction conditions at the branes. The junction conditions of the
Maxwell field and Israel junction conditions imply, respectively,[

ny

(1/2)

Fyµ
]

y=y±
= −ev2(∂ µΣ−eAµ)(1/2) , (D.0.6)[(1/2)

Kµ
θ

]
y=y±

= − v2

M4

(
∂θ Σ(0)−eA(0)

θ

)
(∂ µΣ−eAµ)(1/2) . (D.0.7)

Combining these two equations and noting that
(1/2)

Kµ
θ= 0,

(1/2)

Fyµ= 0 in each cap, we obtain two linear
algebraic equations forCµ

1(middle) andCµ
2(middle):[

(1/2)

Kµ
θ − 1

eM4

(
∂θ Σ(0)−eA(0)

θ

)
ny

(1/2)

Fyµ

]
y=y±

= 0. (D.0.8)

Thus, it is now clear that bothCµ
1(middle) andCµ

2(middle) vanish in the bulk.
To sum up, we have shown in this appendix that

Kµ
θ = ε3/2

(3/2)

Kµ
θ + · · · , (D.0.9)

Fyµ = ε3/2
(3/2)

Fyµ + · · · , (D.0.10)

and that

(∂ µΣ−eAµ)(1/2) = 0 on the branes. (D.0.11)



Appendix E

Brief summary of derivation of basic
equations and junction conditions for the
gauge fields

In this appendix, we will give a brief derivation of each basic equation and junction condition
in Sec. 3.1. The model we start is the extended Randall-Sundrum type model in 6-dimensional
space-time

S=
∫

d6x
√

−(6)g

{
M4

(6)

2

(
(6)R− 1

L2
I

)
− 1

4
FABFAB

}
+S+

brane+S−brane, (E.0.1)

where

S±brane= −
∫

d5x
√
−(5)g

(
λ± +

v2
±
2

gµ̂ ν̂(∂µ̂Σ±−eAµ̂)(∂ν̂Σ±−eAν̂)
)

. (E.0.2)

The metric ansatz is

ds2 = L2
I e2ζ (y,x) dy2

f (y)
+ ℓ2e2ψ(y,x) f (y)dθ 2 +a2(y)hµνdxµdxν , (E.0.3)

:= (6)gABdxAdxB, (E.0.4)

where(6)g := det(gAB). By variation of the total action (E.0.1) with respect to metric(6)gAB and
δgS= 0 leads 6-dimensional Einstein equations,

(6)GA
B = − 1

2L2
I

δ A
B +

1

M4
(6)

(
FA

CF C
B − 1

4
δ A

BFCDFCD

)
(E.0.5)

then

(6)RA
B =

1

4L2
I

δ A
B +

1

M4
(6)

(
FA

CF C
B − 1

8
δ A

BFCDFCD

)
. (E.0.6)

From the(µ̂, ν̂)-component of Eq. (E.0.6), we can have the evolution equation

1
ny

∂yK
µ̂
ν̂ = (5)Rµ̂

ν̂ − K̂K µ̂
ν̂ −

(5)Dµ̂ (5)Dν̂ζ − (5)Dµ̂ζ · (5)Dν̂ζ − 1

4L2
I

δ µ̂
ν̂
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− 1

M4
(6)

(
F µ̂

CF C
ν̂ − 1

8
δ µ̂

ν̂FCDFCD

)
(E.0.7)

We also note other useful expressions

(6)RyAy
A = − 1

ny
∂yK̂−Kα̂

β̂ K β̂
α̂ − (5)Dα̂ζ · (5)Dα̂ζ − (5)Dα̂

(5)Dα̂ζ . (E.0.8)

(6)R= (5)R− 2
ny

∂yK
α̂
α̂ − K̂Kα̂

α̂ −Kα̂
β̂ K β̂

α̂ −2
(

(5)Dα̂ (5)Dα̂ζ + (5)Dα̂ζ · (5)Dα̂ζ
)

(E.0.9)

(6)Rµ̂Ay
A =

1
ny

(
(5)Dα̂Kα̂

µ̂ − (5)Dµ̂ K̂
)

(E.0.10)

By Eqs. (E.0.8) and (E.0.9),

(6)Gyy =
1
2

gyy

(
(6)Ry

y− (6)Rα̂
α̂

)
= −1

2
gyy

(
(5)R− K̂2 +Kα̂

β̂ K β̂
α̂

)
. (E.0.11)

Using the above equations, 6-dimensional Einstein equation yields following three equations.
Results of 5+1 decomposition¶ ³

Evolution equations is

1
ny

∂yK
µ̂
ν̂ = (5)Rµ̂

ν̂ − K̂K µ̂
ν̂ −

(5)Dµ̂ (5)Dν̂ζ − (5)Dµ̂ζ · (5)Dν̂ζ − 1

4L2
I

δ µ̂
ν̂

− 1

M4
(6)

(
F µ̂

CF C
ν̂ − 1

8
δ µ̂

ν̂FCDFCD

)
(E.0.12)

Hamiltonian constraint is

(5)R+Kα̂
β̂ K β̂

α̂ − K̂2 =
1

L2
I

− 2

M4
(6)

(
Fy

CF C
y − 1

4
FCDFCD

)
. (E.0.13)

Momentum constraint is

(5)Dα̂Kα̂
µ̂ − (5)Dµ̂ K̂ =

1

M4
(6)

Fµ̂CFyCny. (E.0.14)

µ ´
Next we will briefly look at the junction condition for the gauge fields. The variation of total

action (E.0.1) with respect to the gauge fieldAA and its extremum yield another junction condition

δAS = −1
4

∫
d6x

(√
−(6)g 4FAB

)
∂AδAB (E.0.15)

−
∫

d6x
√
−(6)g

v2
±
2

·2gBν̂(∂ν̂Σ±−eAν̂)(−eAδAB)

√
−(5)g√
−(6)g

δ (y). (E.0.16)

Note that

−
∫

d6x
√
−(6)gFAB∂AδAB =

∫
d6x

√
−(6)g

(
∂AFAB+

1
2

gCD∂AgCDFAB
)

δAB, (E.0.17)
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=
∫

d6x
√

−(6)g
(
(ny∂yF

yB+ny∂ynyF
yB+nyK̂FyB)+∂αFαB

+
1
2

gCD∂αgCDFαB
)

δAB. (E.0.18)

ThenδAS= 0 yields

ny∂y
(
nyF

yB)+(· · ·)+ev2
±gBα(∂α̂Σ±−eAα̂)

1
ny

δ (y) = 0, (E.0.19)

then

∂y
(
nyF

yB)+(· · ·)+ev2
±gBα(∂α̂Σ±−eAα̂)δ (y) = 0, (E.0.20)

where terms(· · ·) in Eq. (E.0.20) vanish by the integration. Integration around brane leads junction
condition for 6-dimensional Maxwell fields

Junction condition for Maxwell field¶ ³
[nyF

yB]y=y± = −ev2
±gBα(∂α̂Σ±−eAα̂). (E.0.21)µ ´
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