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Genus zero Lefschetz fibrations on the Akbulut
cork and Akbulut-Yasui plugs

Takuya Ukida



Abstract

We first construct a genus zero positive allowable Lefschetz fibration over the
disk (a genus zero PALF for short) on the Akbulut cork and describe the mon-
odromy as a positive factorization in the mapping class group of a surface
of genus zero with five boundary components. We then construct genus zero
PALFSs on infinitely many exotic pairs of compact Stein surfaces such that one
is a cork twist of the other along an Akbulut cork. The difference of smooth
structures on each of exotic pairs of compact Stein surface is interpreted as
the difference of the corresponding positive factorizations in the mapping class
group of a common surface of genus zero.

In the second part of this thesis, we construct a genus zero PALF on the
Akbulut-Yasui plugs. We then construct genus zero PALFs on pairs of manifold
such that one is a plug twist of the other along an Akbulut-Yasui plug.

Thanks to a result of Lisca and Mati¢ and a refinement by Plamenevskaya,
it is known that on a 4-manifold with boundary Stein structures with non-
isomorphic Spin® structures induce contact structures with distinct Ozsvath-
Szabé invariants. In the third part of this thesis, we give an infinite family
of examples showing that converse of Lisca-Mati¢-Plamenevskaya theorem does
not hold in general. Our examples arise from Mazur type corks.
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Chapter 1

Introduction

Gompf [9] proved that compact Stein surfaces can be characterized in terms of
handle decompositions, or more precisely, Kirby diagrams. Akbulut and Yasui
[6] introduced corks and plugs, which are compact Stein surfaces themselves,
and constructed various exotic smooth structures on Stein surfaces by using
cork twists and plug twists together with Gompf’s characterization and Seiberg-
Witten invariants. On the other hand, Loi and Piergallini [15] proved that every
compact Stein surface admits a positive allowable Lefschetz fibration over D?
(a PALF for short), which enables us to investigate compact Stein surfaces in
terms of positive factorizations in mapping class groups (see also Akbulut and
Ozbagci [5], Akbulut and Arikan [2]).

In this paper we first construct a genus zero PALF on the Akbulut cork and
describe the monodromy as a positive factorization in the mapping class group
of a fiber. The Akbulut cork is the pair (Wi, f1) of the manifold W; shown in
Figure 1.1 and an involution f; on Wj (see Definition 2.5.2). The manifold W;
is often called the Mazur manifold.

Theorem 1.0.1. The manifold W1 admits a genus zero PALF. The monodromy
of the PALF is described by the factorization to,tasta,ta,, where ty is a right-
handed Dehn twist along a simple closed curve a on a fiber and ay,...,a1 are
stmple closed curves shown in Figure 1.2.

Note that the genus of a PALF on the manifold W; which is obtained by

Figure 1.1: Kirby diagram for W,
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Figure 1.3: Kirby diagram for C;(m,1,3,0)

applying any known method (cf. [5] and [2] ) is much larger than zero.

Akbulut and Yasui [7] proved that the compact Stein surfaces C;(m,1,3,0)
and Cy(m, 1,3,0) (m < —5) shown in Figure 1.3 and Figure 1.4 are homeomor-
phic but not diffeomorphic to each other. It is easily seen that Co(m,1,3,0) is
a cork twist of Cq(m, 1, 3,0) along an obvious Akbulut cork.

We next construct PALFs with the same fiber on Cq(m, 1, 3,0) and Ca(m, 1,3,0)
for each integer m less than —4. The common fiber is a surface of genus zero
with —m + 5 boundary components.

Theorem 1.0.2. The manifolds C1(m,1,3,0) and Cs(m,1,3,0) (m < —5)
shown in Figure 1.8 and Figure 1.4 admit genus zero PALFs. The monodromy
of the PALF on Cq1(m,1,3,0) is described by the positive factorization

t57m+5 s t511t510t59t58t57t,36t55 t54tl33tﬁ2tﬁl

Figure 1.4: Kirby diagram for Cs(m, 1,3,0)



Figure 1.5: Vanishing cycles of a genus zero PALF on Ci(m, 1,3,0)

while that for Ca(m, 1,3,0) is described by the positive factorization

U5y - - t6110610t 80 L5 o7 bystystyalystyaty
, where B;,7; are simple closed curves shown in Figure 1.5 and Figure 1.6.

The difference of smooth structures on Cj(m,1,3,0) and Cy(m,1,3,0) (or
the effect of cork twisting the former to obtain the latter) is reflected in the
corresponding positive factorizations as the difference between partial factoriza-
tions 1g,tg,t5,16,t3,15, and bystrystyatystyatyg -

In Chapter 2 we briefly review definitions of Mapping class groups, PALF,
Stein surfaces, and corks, and recall several known results. We prove Theorem
1.0.1 and Theorem 1.0.2 in Section 2.6.

We next study PALF on Akbulut-Yasui plugs in Chapter 3. In Chapter
3, we construct a genus zero PALF strucuture on each of plugs introduced by
Akbulut and Yasui [6] and describe the monodromy as a positive factorization
in the mapping class group of a fiber.

Theorem 1.0.3. For anym > 1,n > 2, Akbulut-Yasui plug (W n, frn.n) admit
genus zero PALF structure. The monodromy of the PALF is described by the
factorization ty,, . - ta,, wherety is a right-handed Dehn twist along a simple

closed curve o on a fiber and aopim, . ..,01 are simple closed curves shown in
Figure 1.8.

In addition, we show that example of two 4-manifolds A and B which is
obtained from A by plug twist of A. The manifolds A and B admit genus zero
PALF structure, and have following propaties:

Theorem 1.0.4. The manifolds A and B which are showed by the Kirby dia-
grams in the Figure 1.9 have following propaties.
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Figure 1.6: Vanishing cycles of a genus zero PALF on Cs(m, 1,3,0)
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n

Figure 1.7: Kirby diagram for W, ,,

A2n4+m—1

Ao2n4+m

Figure 1.8: Vanishing cycles of a genus zero PALF on Wy, .




-1 0 0 -1

Figure 1.9: Kirby diagrams for A and B.

(1) B is obtained by plug twist of A along Akbulut-Yasui plug (W12, f1,2).
(2) A, B admit genus zero PALF' structure.

(8) Betti numbers of A and B are 2, and Homology groups of A and B are
isomorphic.

(4) The boundaries of A and B are diffeomorphic.

(5) A, B do not have isomorphic intersection numbers. Especially A and B
are not homeomorphic.

(6) The monodromy representation of genus zero PALF' structures which Wi o
admits s to,tastasta, » Where oy is a simple closed curve in diagram 1.10,
and tq, 1s right-handed Dehn twist along o;. Monodoromy representations
of genus zero PALF structure of A, B areto,tastasta,tg andta,tastastarty,
where B, 7 is simple closed curve in the diagram 1.11, 1.12.

Figure 1.10: Vanishing cycles of a genus zero PALF on W 5.

The results in Chapter 4 of the thesis are based on joint work with Cagr
Karakurt and Takahiro Oba.

For any contact structure £ on a 3-manifold Y, let ¢ (£) € HFT(-Y') denote
its Ozsvath-Szabd invariant. Recall Lisca-Mati¢-Plamenevskaya theorem:
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Figure 1.11: Vanishing cycles of a genus zero PALF.

Figure 1.12: Vanishing cycles of a genus one PALF.



Theorem 1.0.5. [14, Theorem 1.2] [19, Theorem 2] Let W be a smooth compact
4-manifold with boundary W equipped with two Stein structures J, and Jo with
associated Spin® structures 1 and so on W, and the induced contact structures
& and & on OW. If s1 and sy are not isomorphic then & and & are not

isotopic; In fact ¢t (&1) # ¢t (&2)

In the light of the above theorem a natural question to ask is whether the
Spin® structure of a Stein filling completely determines the Ozsvath-Szabd in-
variant of the induced contact structure. An evidence towards a positive answer
was provided in a work of Karakurt [12, Proposition 1.2] where it was shown
that the Ozsvath-Szabd invariant depends only on the first Chern class of the
Stein filling on W when the total space of the filling is a special type of plumb-
ing. Our main result suggests that the answer is in general negative. To state
it let 7 : HFY(—=0Y) — HF,¢q(—0Y) be the natural projection map from the
plus flavor to reduced Heegaard Floer homology.

Theorem 1.0.6. There exists an infinite family {W™ : n € N} of compact
contractible 4-manifolds with boundary and Stein structures Ji' and J3 on W™
satisfying the following properties:

1. The Spin® structures s7 and sy associated to JI* and J3', respectively, are
the same for every n € N.

2. The induced contact structures £ and €5 on OW™ have distinct Ozsvdth-
Szabé invariants, in fact w(cT (1)) # 0 and w(cT(€8)) = 0, for every
n € N.

3. the Casson invariant of OW™ is given by A(OW™) = 2n for every n € N.
4. OW™ is irreducible for every n € N.

Our examples W™ are Mazur type manifolds obtained from the symmetric
link L™ in Figure 1.13 by putting a dot on one of the components and attaching
a O-framed 2-handle to the other component as in Figure 1.14. Note that the
manifold W1 is the Akbulut cork. A Stein structure JJ* on W™ can immediately
be obtained by drawing a Legendrian representative of the attaching circle of
the 2-handle and stabilizing as necessary to make the framing one less than
the Thurston-Bennequin framing. Even though the choice of stabilizations is
not unique, and different stabilizations potentially yield Stein structures with
distinct Ozsvath-Szabé invariants, the direct computation of these invariants
does not seem plausible. Hence we take a different approach and construct
the second Stein structure J3 using the Loi-Piergallini-Akbulut-Ozbagci corre-
spondence between Stein structures and positive allowable Lefschetz fibrations
(PALFs in short). Our key observation is that W™ admits a planar PALF, that
is, a PALF with planar fiber. This was already shown for the Akbulut cork W'
by author [20]. The main result for W* then immediately follows by bringing to-
gether some known facts in the literature (see our proof below). One can easily
promote author’s example to an infinite family by repeatedly taking boundary
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sums of W1'. The irreducibility of OW™ shows that our examples do not arise
in this manner. In the body of our work we generalize author’s planar PALF
construction to W", and compute the Casson invariants to distinguish OW™’s.
Along the way we also prove that 9W™ is obtained from S® by 1/n-surgery on
a knot, a fact we find interesting in its own right.
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Figure 1.13: Symmetric picture of L™. The indicated involution exchanges the
components.

=
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I

Figure 1.14: The handlebody W™ = W(L™). The box indicates n full left twists.
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Chapter 2

A genus zero PALF on the
Akbulut Cork

In this chapter, we recall a definitions of Kirby diagrams, Mapping class groups,
PALF, and Stein surfaces. We next prove Theorem 1.0.1 and 1.0.2.
The results in Chapter 2 of the thesis are based on [20].

2.1 Kirby diagrams

In this section we review the definitions of Kirby diagrams (for details, see [10]).

Definition 2.1.1. For 0 < k£ < n, an n-dimensional k-handle h is a copy of
DF x D"~*_ attached to the boundary of an n-manifold X along D x D"~
by an embedding ¢ : 9D* x D"7% — 9X. We will call ¢ the attaching map,
OD¥* x 0 the attaching sphere, 0D* x D™ F the attaching region and 0 x D"~ *
the belt sphere.

Definition 2.1.2. Let X be a compact n-manifold with boundary 0.X decom-
posed as a disjoint union 91 X [JO-X of two compact submanifolds (either of
which may be empty). If X is oriented, orient 94+ X so that 0X = 0, X [[0-X
in the boundary orientation. A handle decomposition of X (relative to 9_X)
is an identification of X with a manifold obtained from I x 0_X by attaching
handles, such that 0_X corresponds to 0 x J_X in the obvious way. A mani-
fold X with a given handle decomposition is called a relative handlebody built
on 0_X, or if 0_X =it is called a handlebody.

Every smooth, compact manifold pair (X,0_X) admits a handle decompo-
sition by Morse Theory.

Fact 2.1.3. Any handle decomposition of a compact pair (X,0_X) can be mod-
ified (by isotoping attaching maps) so that the handles are attached in order of
increasing index. Handles of the same index can be attached in any order (or
sitmultaneously).
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Fact 2.1.4. A (k — 1)-handle hx_1 and a k-handle hy (1 < k < n) can be
cancelled, provided that the attaching sphere of hy intersects the belt sphere of
hi_1 transversely in a single point.

Definition 2.1.5. Given two k-handles h; and ks (0 < k < n) attached to X,
a handle slide of hy over ho is given by the following procedure. Isotopo the
attaching sphere A of hy in 9(X U hg), pushing it through the belt sphere B of
hs. At the intermediate stage, the spheres will intersect in one point p (with
T,A&T,B of codimension 1 in T,,0(X Uhy)). We will have a choice of directions
for pushing A off of B. One direction gives the original picture, and the other
gives the result of the handle slide.

Theorem 2.1.6. [14] Given any two relative handle decompositons (ordered by
increasing index) for a compact pair (X,0_X), it is possible to get from one to
the other by a sequence of handle slides, creating/annihilating cancelling handle
pairs and isotopies within levels.

Definition 2.1.7. A Kirby diagram is a description of a 4-dimensional (relative)
handlebody by a diagram in R3.

In the Kirby diagram, the attaching region SY x D3 of 1-handle is represented
by the pair of round balls. The 2-handle is represented by a knot with framing.

2.2 Mapping class groups

In this section we review a precise definition of mapping class groups of surfaces
with boundary and that of Dehn twists along simple closed curves on surfaces.

Definition 2.2.1. Let F’ be a compact oriented connected surface with bound-
ary. Let Diff ™ (F, OF) be the group of all orientation-preserving self-diffeomorphisms
of F fixing the boundary OF point-wise. Let Diffl (F,0F) be the subgroup of
Diff* (F,0F) consisting of self-diffeomorphisms isotopic to the identity. The
quotient group Diff* (F,dF)/ Diff] (F,0F) is called the mapping class group of

F and it is denoted by Map(F, OF).

Definition 2.2.2. A positive (or right-handed) Dehn twist along a simple closed
curve a, t,, : I — F'is a diffeomorphism obtained by cutting F' along o, twisting
360° to the right and regluing.

2.3 PALF

Definition 2.3.1. Let M* and B? be compact oriented smooth manifolds of
dimensions 4 and 2. Let f : M — B be a smooth map. f is called a positive
Lefschetz fibration over B if it satisfies the following conditions (1) and (2):

(1) There are finitely many critical values by, ..., by, of f in the interior of B
and there is a unique critical point p; on each fiber f~1(b;), and
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surface

regular value
critical valnes

Figure 2.1: PALF

(2) The map f is locally written as f(z1, 22) = 27+ 235 with respect to some lo-
cal complex coordinates around p; and b; compatible with the orientations
of M and B.

Definition 2.3.2. A positive Lefschetz fibration is called allowable if its all
vanishing cycles are homologically non-trivial on the fiber. A positive allowable
Lefschetz fibration over D? with bounded fibers is called a PALF for short.

The following Lemma is useful to prove Theorem 1.0.1.

Lemma 2.3.3 (cf. Akbulut-Ozbagci [5, Remark 1]). Suppose that a 4-manifold
X admits a PALF. If a 4-manifold Y is obtained from X by attaching a Lefschetz
2-handle, then Y also admits a PALF.

The Lefschetz 2-handle is defined as follows.

Definition 2.3.4. Suppose that X admits a PALF. A Lefschetz 2-handle is a
2-handle attached along a homologically non-trivial simple closed curve in the
boundary of X with framing —1 relative to the product framing induced by the
fiber structure.

2.4 Stein surfaces

In this section, we recall a definition of Stein surfaces. The question of which
smooth 4-manifolds admit Stein structures can be completely reduced to a prob-
lem in handlebody theory.

Definition 2.4.1. A complex manifold is called a Stein manifold if it admits a
proper biholomorphic embedding to C”.
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Definition 2.4.2. Let W be a compact manifold with boundary. The manifold
W is called a Stein domain if it satisfies following condition: There is a Stein
manifold X and a plurisubharmonic function ¢ : X — [0,00) such that W =
©~1([0,a)) for a regular value a of .

Definition 2.4.3. A Stein manifold or a Stein domain is called a Stein surface
if its complex dimension is 2.

2.5 Corks

Corks are Stein surfaces and they are useful for constructing exotic manifolds.

Definition 2.5.1. Let C be a Stein domain. Let 7 : 9C — 9C be an involution
on the boundary 0C of C.

(1) (C,7) is called a cork if T extends to a self-homeomorphism of C, but does
not extend to any self-diffeomorphism of C.

(2) Suppose that C is embedded in a smooth 4-manifold X. The manifold
obtained from X by removing C' and regluing it via 7 is called a cork twist
of X along (C, 7).

(3) The pair (C,7) is called a cork of X if the cork twist of X along (C,7) is
homeomorphic but not diffeomorphic to X.

In this paper, we investigate Akbulut cork (W7, f1) ([Ak]).

Definition 2.5.2. Let W; be a smooth 4-manifold given by Figure 1.1. Let
f1: OW; — OW; be the obvious involution obtained by first surgering S* x D3
to D? x S? in the interiors of Wi, then surgering the other imbedded D? x §?
back to S x D?2.

Theorem 2.5.3 (Akbulut [1]). The pair (W1, f1) is a cork.
Akbulut and Yasui constructed infinitely many exotic pairs.

Theorem 2.5.4 (Akbulut-Yasui [7, Theorem 3.3(2)]). C1(m,n,p,0) and Cz2(m,n,p,0)
are homeomorphic but not diffeomorphic to each other, for 1 < n < 3,p > 3
and m < p?—3p+1.

2.6 Proofs of Theorems 1.0.1 and 1.0.2.

We write Theorem 1.0.1 once again here.

Theorem 1.0.1. The manifold Wy admits a genus zero PALF. The monodromy
of the PALF is described by the factorization to,tastasta,, where ty s a right-
handed Dehn twist along a simple closed curve a on a fiber and ay,...,a1 are
simple closed curves shown in Figure 2.5.
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Section 2.6. Proofs of Theorems 1.0.1 and 1.0.2.

Figure 2.4: Kirby diagram for W,
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Figure 2.5: Vanishing cycles of a genus zero PALF on W;

Proof of Theorem 1.0.1. Let F' be the compact oriented surface of genus zero
with 5 boundary components and «y, . .., a4 be the curves on F' shown in Figure
2.5. We denote the right-handed Dehn twists along a1,..., a4 by tay,...,ta,,
respectively. Let f : X — D? be a Lefschetz fibration over D? with monodromy
representation (tu,,...,ta,). Since each curve «; is homologically non-trivial
on F, we see that f is a PALF with fiber F'.

We now show that X is diffeomorphic to Wj. The obvious Kirby diagram
for W7 is given by Figure 2.4. We draw it as in Figure 2.6(a), and create the
cancelling pair to get Figure 2.6(b). We slide the O-framed 2-handle over the
1-framed 2-handle to get Figure 2.6(c). We get Figure 2.6(d) by sliding the —3-
framed 2-handle over the 1-framed 2-handle. By 1-handle slide, we get Figure
2.6(e). We slide the —4-framed 2-handle over the 1-framed 2-handle, and erase a
cancelling 1-handle/2-handle pair to get Figure 2.6(f). We create the cancelling
pairs to get Figure 2.6(g). We get Figure 2.6(h) by creating the cancelling pairs.

The Kirby diagram for X corresponding to the monodromy representation
tays---»ta, 1S given by Figure 2.6(h).

Therefore we conclude that X is diffeomorphic to Wi, which implies the
theorem.

O
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Figure 2.6: Kirby calculus for Wy
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Figure 2.8: Kirby diagram for Cs(m, 1,3,0)

We write Theorem 1.0.2 once again here.

Theorem 1.0.2. The manifolds Cy(m,1,3,0) and Cy(m,1,3,0) (m < —5)
shown in Figure 2.7 and Figure 2.8 admit genus zero PALFs. The monodromy
of the PALF on C1(m,1,3,0) is described by the positive factorization

(2 I N NN TN 2 N T RN T N

while that for Ca(m, 1,3,0) is described by the positive factorization

t57m+5 s t511t510t59t58t57t76t75t74t%t’¥2t’¥1
, where B;,7v; are simple closed curves shown in Figure 2.9 and Figure 2.10.

Proof of Theorem 1.0.2. Let Fg,(m,1,3,0) (1 = 1,2) be the compact oriented
surface of genus zero with —m + 5 boundary components and Si,...,B_m+ts5
and 71, ..., Y—m+5 be the curves on Fg, (. 1,3,0) shown in Figure 2.9 and Figure
2.10, respectively. Let g1 : Xy (m,1,3,0) = D? (resp. g2 : Xcy(m,1,3,0) = D?) be
a Lefschetz fibration over D? with monodromy representation (tg_, 5.---,ts )
(resp. (ty_,.is5,---+t~,)). Since each curve f; (resp. ;) is homologically non-
trivial on Fg, (m,1,3,0) (tesp. Fey(m,1,3,0)), We see that g1 (resp. go) is a PALF
with fiber Fcl(m71’3’0) (resp. FCg(m,l,S,O))'

The Kirby diagram for Cy(m,1,3,0) is given by Figure 2.7. We get Figure
2.11(a) by isotopy. We create a cancelling pair to get Figure 2.11(b). We slide the
O-framed 2-handle over the 1-framed 2-handle to get Figure 2.11(c). By sliding
the —3-framed 2-handle over the 1-framed 2-handle, we get Figure 2.11(d). We
get Figure 2.11(e) by 1-handle slide. We obtain Figure 2.11(f) by handle slides
and cancellation. By handle slide and creating a cancelling pair, we get Figure
2.12(g). We get Figure 2.12(h) by handle slide and creating a cancelling pair.
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-m—25

Figure 2.9: Vanishing cycles of a genus zero PALF on C;(m, 1,3,0)

Figure 2.10: Vanishing cycles of a genus zero PALF on Cy(m, 1, 3,0)
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We slide the m-framed 2-handle over a —1-framed 2-handle to get Figure ??(7).
In Figure 2.12(7), creating a cancelling pair gives Figure 2.12(j). We create
cancelling pairs to get Figure 2.13(k).

The Kirby diagram for X¢, (;m,1,3,0) corresponding to the monodromy repre-
sentation tg_, . .,...,ts, is given by 2.13(k).

The Kirby diagram for Cy(m, 1,3,0) is given by Figure 2.8. We get Figure
2.14(a) by isotopy. We obtain Figure 2.14(b) by handle slides and cancellation
(see the proof of Theorem 1.0.1). By creating cancelling pairs, we get Figure
2.14(c). We slide the m-framed 2-handle under a 1-handle to get Figure 2.14(d).
In Figure 2.14(d), handle slides gives Figure 2.14(e). We create cancelling pairs
to get Figure 2.15(f).

The Kirby diagram for X¢,(n,1,3,0) corresponding to the monodromy repre-
sentation t,_ ..,...,t,, is given by Figure 2.15(f).

Therefore we conclude that the manifolds C;(m,1,3,0) and Cs(m,1,3,0)
admit genus zero PALFs. O
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Figure 2.11: Kirby calculus for C;(m, 1,3,0)
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Figure 2.12: Kirby calculus for C;(m, 1,3,0)
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The manifold Cy(m,1,3,0) admits genus zero PALF









Chapter 3

Genus zero PALF on
Akbulut-Yasui plugs

In this chapter, we give the definition of plug and prove Theorem 1.0.3 and
Theorem 1.0.4.

3.1 Plugs

Definition 3.1.1. (Akbulut-Yasui [6, Definition 2.3.]) Let W, ,, be a smooth
4-manifold given by Figure 3.1. Let f,, , : OW,, n, = OW,yy, ,, be the obvious
involution obtained from first surgering S* x D3 to D? x S? in the interiors
of Wy, then surgering the other imbedded D? x S? back to S* x D? (i.e.
replacing the dot in Figure 3.1).

Theorem 3.1.2. (Akbulut-Yasui [6, Theorem 2.5(2)]) For m > 1 and n > 2,
the pair (Win, fm.n) is a plug.

3.2 Proofs of Theorems 1.0.3 and 1.0.4.

We write Theorem 1.0.3 again here.

Theorem 1.0.3. For anym > 1,n > 2, Akbulut-Yasui plug (W, n, fin.n) admit
genus zero PALF structure. The monodromy of the PALF is described by the
factorization ty,, .. - - ta,, where ty is a right-handed Dehn twist along a simple
closed curve o on a fiber and aontm, ..., o1 are simple closed curves shown in
Figure 3.2.

Proof of Theorem 1.0.5. Let F,, ,, be the compact oriented surface of genus
zero with 2n +m boundary components and a4, ..., agn4m the curves on F, ,
shown in Figure 3.4 (a). Note that Figure 3.2 and Figure 3.4 (a) show the
same PALF. We denote the right-handed Dehn twists along aq, ..., a2,14m by

24
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Figure 3.1: Kirby diagram for W, ,,

Qo2n+m

Figure 3.2: Vanishing cycles of a genus zero PALF on W, .
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()

Figure 3.3:

tays -« stag,,m, Tespectively. Let f: X, , — D? be a Lefschetz fibration over
D? with monodromy representation (fa,,,,.,---,ta;). Since each curve a; is
homologically non-trivial on Fy, ,,, we see that f is a PALF with fiber F, .

We now show that X, , is diffeomorphic to Wi, .

The Kirby diagram for X,, , corresponding to the monodromy representa-
tion (tag,yms---»>ta,) is given by Figure 3.4 (b). We slide the —1-framed 2-
handles over —1-framed 2-handles and erase cancelling 1-handle/2-handle pairs
to get Figure 3.4 (¢). We get Figure 3.4 (d) by sliding the —m-framed 2-handle
over —1-framed 2-handles and sliding the —n-framed 2-handle over —1-framed
2-handles and erasing cancelling 1-handle/2-handle pairs.

The Kirby diagram for W, ,, is given by Figure 3.3 (a). We slide the 0-
framed 2-handle under the 1-handle to get Figure 3.3 (b).

Since Figure 3.3 (b) and Figure 3.4 (d) are the same, we conclude that X,, ,,
is diffeomorphic to W, ,, which implies the theorem. [J
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We write Theorem 1.0.4 again here.

Theorem 1.0.4. The manifolds A and B which are showed by the Kirby dia-
grams in the Figure 3.5 have following propaties.

(1) B is obtained by plug twist of A along Akbulut-Yasui plug (W1 2, f1.2)-

(2) A, B admit genus zero PALF' structure.

(8) Betti numbers of A and B are 2, and Homology groups of A and B are
isomorphic.

(4) The boundaries of A and B are diffeomorphic.

(5) A, B do not have isomorphic intersection numbers. Especially A and B
are not homeomorphic.

(6) The monodromy representation of genus zero PALF structures which Wi o
admits 1s tagsta,tastasta, s where o; is a simple closed curve in diagram
3.6, and t, is right-handed Dehn twist along o;. Monodoromy represen-
tations of genus zero PALF structure of A, B are togta,tastastatp and

tastastastasta, by, where B, v is simple closed curve in the diagram 3.7,
3.8.

_ 0 0 _
B A | B d
R e

A B

Figure 3.5: Kirby diagrams for A and B.

Figure 3.6: Vanishing cycles of a genus zero PALF on W .
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Figure 3.7: Vanishing cycles of a genus zero PALF.

Figure 3.8: Vanishing cycles of a genus one PALF.
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Proof of Theorem 1.0.4. (1) The plug twist of A along (W7 2, f1,2) is represented
by replacing the dot with 0 matually by the definition of the Akbulut-Yasui plug.
Therefore B is obtained from A by plug twisting along (Wi 2, fi1,2).

(2) First, we transform the Kirby diagram of A as in Figure 3.12. Figure 3.12
(a) is the Kirby diagram of A. We slide the 0O-framed 2-handle under the 1-
handle to get Figure 3.12 (b). We get Figure 3.12 (c¢) by creating cancelling 1-
handle/2-handle pairs. We create cancelling pairs to get Figure 3.12 (d). Then
we consider the 4-manifold with genus zero PALF structure as in Figure 3.7.
The obvious Kirby diagram for this manifold is given by Figure 3.9. Therefore,
the manifold A admits a genus zero PALF structure. Similarly, we transform
the Kirby diagram of B as in Figure 3.13. Figure 3.13 (a) is the Kirby diagram
of B. We slide the O-framed 2-handle under the 1-handle to get Figure 3.13
(b). We get Figure 3.13 (c) by creating cancelling 1-handle/2-handle pairs. We
create cancelling pairs to get Figure 3.13 (d). Then we consider a 4-manifold
which admits a genus zero PALF strucure as in Figure 3.8. The obvious Kirby
diagram for this manifold is given by Figure 3.11. Therefore, the manifold A
admits a genus zero PALF structure.

(3)We give a handle decomposition of A andB with one 0-handle, two 2-handles
as in Figure 3.5. Therefore, Hy(A;Z) = Ho(B;Z) =2 Z, H1(A;Z) = H1(B;Z) =
{0}, Ha(A;Z) =2 Ho(B;Z) 2 Z® Z, and H;(A;Z) = Hy(B;Z) = {0} (i > 3).
The second Betti numbers of A and B are equal to 2.

(4) By the Kirby diagrams of A and B (Figure 3.5), both of the boundaries of A
and B are represented by integral surgery diagrams. Therefore the boundaries
of A and B are diffeomorphic to each other.

(5) We transform the Kirby diagrams of the manifolds A and B by Kirby calclus
in Figure 3.14 and Figure 3.15. We obtain the intersection matrices

(3 %)m(55)

of A and B from the diagrams, respectively. The former is even and the latter
is odd. Therefore A and B do not have isomorphic intersection form, especially
A and B are not homeomorphic.

(6) The genus zero PALF structure on Wi 5 is obtained from a trivial surface
bundle over D? by attaching Lefschetz 2-handles along simple closed curves in
Figure 3.6. The genus zero PALF structure A (respectively B) is obtained from
surface bundle over D? by attaching Lefschetz 2-handles along simple closed
curves in Figure 3.7 (respectively Figure 3.8). Therefore the monodromy repre-
sentation of the PALF on A (respectively B) is tosta,tastasta,ts (respectively
tastastastasta,ty) (Where ¢, is right-handed Dehn twist along the simple closed
curve o). O
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Chapter 4

Genus zero PALF and Stein
structures with distinct
Ozsvath-Szabo invariants
on cork

4.1 Proof of Theorem 1.0.6

The results in Chapter 4 of the thesis are based on joint work with Cagri
Karakurt and Takahiro Oba [13].
We write Theorem 1.0.6 once again here.

Theorem 1.0.6. There exists an infinite family {W™ : n € N} of compact
contractible 4-manifolds with boundary and Stein structures Ji* and J3 on W™
satisfying the following properties:

1. The Spin® structures s and sy associated to J{* and J3', respectively, are
the same for every n € N.

2. The induced contact structures £ and &5 on OW™ have distinct Ozsvdth-
Szabé invariants, in fact w(cT (&) # 0 and w(cT(&8)) = 0, for every
n € N.

3. the Casson invariant of OW™ is given by A(OW™) = 2n for every n € N.
4. OW™ is irreducible for every n € N.

First recall the terminology from [4]. Let L be a link in % with two compo-
nents K3 U Ky. We say that L is an admissable link if it satisfies the following
conditions:

1. Both K; and K5 are unknotted.

34
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180°

~2000C

half
left
twist

half
left

twist

Y\
3

i

Figure 4.1: Symmetric picture of L™. The indicated involution exchanges the
components.

N\ ©

C )

Figure 4.2: The handlebody W™ = W/(L™). The box indicates n full left twists.
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2. An involution of S3 exchanges K; and K.
3. The linking number of K; and Ks is +1.

4. Carve out a disk bounded by K; and regard Ky C S! x S? = (St x
B?) equipped with the unique Stein fillable contact structure. Then the
maximal Thurston-Bennequin number of K5 is at least +1.

From an admissible link, we can construct an obvious contractible Stein handle-
body W (L) by putting a dot on K7, and attaching a 2-handle along some Leg-
endrian representative Ko with framing one less than the Thurston-Bennequin
framing (this is possible thanks to the last condition).

As in the introduction, let L™ be the link given in Figure 4.1, and let W™ :=
W(L™) denote the corresponding handlebody obtained by putting a dot on one
of the components and 0 on the other one as in Figure 4.2.

Proposition 4.1.1. For every n € N, the link L™ is admissible.

Proof. In Figure 4.1 the 180° rotation about the dashed axis exchanges the
components of L™. It is also clear from the figure that both components of L™
are unknotted and the linking number of these components is +1. We must
check that the handlebody W™ is Stein. By Eliashberg’s characterization, it
suffices to show that the attaching circle of the 2-handle has maximal Thurston
Bennequin number TB > 1 in S' x S2. In Figure 4.3, we draw a Legendrian
representative of the attaching circle of the 2-handle on S' x §2. From the figure
we see that the writhe is 2n+ 1 and half the number of cusps is 2n — 1, implying
that TB > 2. Hence a stabilization of the figure gives a Stein handlebody
picture of W™,

=Sz
right
cusps

Figure 4.3: Cork W™ as a Stein handlebody (Need to stabilize the 2-handle
once).

O

Denote the corresponding Stein structure on W (for any choice of stabiliza-
tion) by JJ*, and the induced contact structure on 9W™ by £'. The following
result shows that 7(ct(£7)) # 0.
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Theorem 4.1.2. [4, Theorem 4.1] Let L be an admissible link, W (L) be the
corresponding Stein handlebody and & the induced contact structure on OW (L).
Then w(cT(€)) # 0.

It is important for the above theorem that the Stein structure is the one
coming from the handlebody picture associated to an admissible link.

Proposition 4.1.3. The manifold W™ admits a planar PALF for every n € N.

Proof. For n = 1, this result was proved by author in [20]. We generalize
author’s argument in an obvious manner. We apply the handlebody moves
indicated in Figure 4.4. Clearly the last diagram gives the total space of PALF
whose fibers are disks with n + 3 holes and monodromy is the following product
of right handed Dehn twists totptcta, - - - ta, where a, b, ¢, dy .. .d, are the curves
indicated in Figure 4.5. O

Now that we know W" admits a planar PALF, by results of Loi-Piergallini
[15] and Akbulut-Ozbagci [5] there is a corresponding Stein structure on W"
which we denote by J3'. Let £ be the induced contact structure on OW™. Note
that £5 is supported by a planar open book. The next result which is due to
Ozsvath-Stipsicz-Szabd implies that w(¢™(€5)) =0

Theorem 4.1.4. [18, Theorem 1.2] Let Y be a 3-manifold and & a contact
structure on'Y . Suppose that £ is supported by a planar open book decomposition.
Then w(cT(€)) = 0.

We have just observed that the Ozsvath-Szabd invariants of £ and &5 satisfy
the required properties. It is clear that the induced Spin® structures s7 and s
are the same since W™ is contractible. To prove the rest of the theorem first
we observe that the boundary of each W™ is the manifold S} /n(K ) which is
obtained from S by 1/n-surgery on the knot K on the left hand side of Figure
4.6.

Lemma 4.1.5. We have OW™ = Sf/n(K) for all n € N.

Proof. This was proved for n = 1 by Akbulut and Kirby [3, Proposition 1-
(3)]. One can easily modify their argument to see the proof in the general case.
Alternatively we can apply the handlebody moves depicted in Figure 4.7 and
Figure 4.8 to show that OW™ is obtained from S® by 1/n-surgery on a knot.
It is easy to see that the knots in Figure 4.6 and at the end of Figure 4.8 are
isotopic. O

Now the irreducibility of OW™ follows from a result of Gordon and Luecke
[11] which says that if a reducible manifold appears as a surgery on a knot in
S3 then one of its summands must be a lens space. Since W™ is an integral
homology sphere, it cannot have any non-trivial lens space summands.

Lemma 4.1.6. The Alexander polynomial of the knot K is given by Ak (t) =
2% — 5t + 2.



Chapter 4. Genus zero PALF and Stein structures with distinct
Ozsvath-Szabd invariants on cork 38

0 _ - o o ,
fT (=) [

[ 1
I

isotopy

c:\

creation

— O H-1 [ |
q&;)f\)l = L’ B
— )

isotopy &
creation
-1-1 -1
DD D
YRAVANAD
N N I O )
-

n cancelling pairs
Figure 4.4: Handlebody moves applied to W™
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Figure 4.5: Our planar PALF on W™

s &
B I |

_ o

Figure 4.6: The knot K is on the left. The Seifert surface of K together with
its homology generators are on the right.
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Proof. We use the Seifert surface of K that is indicated on the right hand side
of Figure 4.6. With respect to the homology generators «, 3, the Seifert matrix

is given by
3 -1
s=[2 1],

Then the Alexander polynomial is Ak (t) = Det(S —tST) =2t2 =5t +2. O

From the above Lemma we conclude that the Casson invariant of OW™ is
given by
A@W™) = gA}’((l) = 2n,

which finishes the proof of Theorem 1.0.6.
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