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In this thesis, we study contact manifolds and Stein domains via topological material. One of
such approaches was introduced by Thurston and Winkelnkemper, who constructed a contact
structure on a closed 3-manifold compatible with its given open book decomposition. This
construction was generalized by Giroux to higher dimensions. Similar to the case of contact
manifolds, thanks to results of Loi and Piergallini and, independently, Akbulut and Ozbagci,
it is known that the total space of a 4-dimensional Lefschetz fibration over a 2-disk admits
a Stein structure. In fact, this holds true for higher dimensions. From a different point of
view, Loi and Piergallini also showed that there is a Stein structure on the simple branched
cover of a 4-disk branched along a certain surface

Topological descriptions such as open books, Lefschetz fibrations and branched coverings have
yielded curious contact manifolds and Stein domains. For example, about open books and Lefschetz
fibrations, one of the reasons for this result is that they can be studied by the mapping class
groups of the pages of open books and the fibers of Lefschetz fibrations. In particular,
group—theoretical arguments of mapping class groups work effectively to construct concrete
examples.

We show the following results in this thesis by virtue of these topological tools: First, we
construct a family of (real) 4-dimensional Stein domains realized as simple branched covers
of a 4-ball with the same branch set such that they are mutually diffeomorphic as smooth
4-manifolds, but their complex structures have distinct first Chern classes. Next, we consider
the unit cotangent bundle of a closed surface equipped with the canonical contact structure
We exhibit various explicit open book decompositions adapted to this contact manifold. Finally,
we give a family of higher—dimensional contact manifolds with infinitely many Stein fillings
via open books and Lefschetz fibrations
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