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Non-Completeness of Zograf-Takhtajan’s Kahler metric

for Teichmiiller space of punctured Riemann surfaces

Kun1o OBITSU*

Department of Mathematics, Tokyo Institute
of Technology, Meguro, Tokyo 152-8551, Japan

ABSTRACT. A new Kahler metric on the Teichmiiller space Ty n(n > 0), Zograf and
Takhtajan introduced in calculating the first Chern form of the Quillen metric for
families of §-operators. The metric is described in terms of the Eisenstein-Maass
series. We prove that it is incomplete. And we also give an alternative proof of
non-completeness of the Weil-Petersson metric. For that, we use the pinching family,
constructed by Wolpert, whose tangent vectors are always represented by using the
relative Poincaré series associated with the pinched geodesic.

§0. INTRODUCTION

We consider the Teichmiiller space Ty, and the Teichmiiller curve 7, , of Rie-
mann surfaces of type (g.n) (i.e. of genus g with n > 0 punctures). We shall
assume that 2g — 2 +n > 0. The projection 7 : Ty, — Ty n forms a holomorphic
family. Let dm : TTyn — TTgn be its differential. We denote the kernel of dr
by T}, 7¢,n- The bundle p : T,75,, — T4 is defined as the vertical tangent bundle
of the fibration 7 : Ty, — Ty . Its restriction to the fibre of 7 ( i.e. a Riemann
surface of type (g,n) ) corresponds to the holomorphic tangent vector space of the
surface. Thus the Poincaré metric on the Riemann surface defines a metric in the
bundle p, by which p may be considered as a holomorphic hermitian line bundle.

Now, we are interested in the family of Jx-operators acting on k-differentials
on Riemann surfaces (that is cross-sections of Tv_k'@,n la=1() = 7 1(p)). Then,
for the determinant line bundle \; =det(ind Jx)=A™**Kerdx ® (A™**Cokerdy )1
naturally defined on T, .. Quillen ([6]) introduced a metric, called the Quillen
metric (in the case n > 0, as the determinant of the Laplacian we shall use Z(k),
values of the Selberg-zeta function on positive integers). When n > 0, Zograf and
Takhtajan ([7], [8]) discovered the following surprising formula

6k2 — 6k + 1 1
1272 B 6“’”

Here, wwp denotes the 2-form of the Weil -Petersson metric, and wzr denotes
the 2-form of a new Kéahler metric, represented by using the Eisenstein-Maass series,
that they defined first in their papers. Also they showed that the new metric (after
this we denote it by Z-T metric for simplicity) was Kahlerian and invariant under

c1(Ax) =
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2 K. OBITSU

the natural action of the Teichmiiller modular group Mod, , as the Weil -Petersson
metric (we denote it by W-P metric) was. The W-P metric is known to have a
negative curvature and be incomplete([9], [10]). The following problem that I have
considered seems to remain unsolved yet,

Conjecture: The curvature of the Z -T metric is negative.

In the present paper, we shall show that the Z-T metric is incomplete too.

We consider that it may be difficult to apply the method of Wolpert [9] directly
for the Z-T metric. For the W-P metric, he evaluated the norm of the tangent
vector of a curve approaching 87, , with using the duality of the spaces of Beltrami
differentials and quadratic differentials on Riemann surfaces (originally using the
duality, the inner product of the W-P metric was defined). But it is hard to get the
estimate for the Z-T metric because the inner product of the metric contains a term
of the Eisenstein-Maass series ((1.4), (1.5)). It also makes the problem harder that
in defining the inner product for the Z-T metric we must use the tangent vectors
represented by harmonic Beltrami differentials. Furthermore another difficulty lies
In examining how the Eisenstein-Maass series may depend on a parameter of a
pinching deformation.

Here we shall pay attention to a new fascinating pinching family constructed in
[11]. The length of a simple geodesic on Riemann surfaces in the family moves so
that I(t) = le' (t ; 0 — —oc) and the tangent vector field formed by the family
is always represented by the harmonic Beltrami differential which is described as
the dual of the quadratic differential expressed as a relative Poincaré series con-
cerning the pinched geodesics. The series has a striking property that values of the
norm of it as quadratic differential reflect the behavior of the length of the pinched
geodesic. Then using the pinching deformation, we shall give another proof of
non-completeness of the W-P metric (§2.) and get the main theorem that the Z-T
metric is incomplete too.

The Z-T metric can be defined only in the case n > 0. Thus using the existence of
cusps, we consider a uniformized model describing the pinching family in the upper
half plane H, where we shall analyze how the relative Poincaré series depends on
the pinching parameter ¢ and the coordinate of H (§3. Lemma 3., 5.). In §4, we
estimate the size of the tangent vector for the Z-T metric and show that the length
of the curve formed by the pinching deformation is finite.

In fact as in (1.5), the inner product for the Z-T metric can be rewritten in
the form of an integral containing no terms of the Eisenstein-Maass series. This
makes it easy to estimate the integral over a cusp corresponding to each Eisenstein-
Maass series (Lemma 5.). Also we must show how the Eisenstein-Maass series
on the "half-width” collar around the pinched geodesics depends on the pinching
parameter (Lemma 4.).

From now on, we should next consider whether the Z-T metric can be extended
to the compactified Moduli space in any form. For this, the author thinks that it
is important to discover a formula of the representation of the Z-T 2-form by the
Fenchel-Nielsen coodinate like the Wolpert’s formula for the W-P metric (3] and
believes that such a formula exists.

The content of this paper is the following.

In §1., we recall necessary facts from Teichmiiller theory and introduce the W-P
and Z-T metric. And we refer to a lemma in hyperbolic geometry necessary for §2.
(the collar lemma for non-compact Riemann surfaces) and some properties of the
relative Poincaré series associated with simple geodesics.
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In §2., we mention the construction of the new pinching deformation by Wolpert
and its properties, and give another proof of non-completeness of the W-P metric.

In §3., we restrict ourselves to the case n > 0. Here we will construct an uni-
formized model and give some estimates in it for the Eisenstein-Maass series and
the relative Poincaré series.

In §4., we shall give the main theorem. Our estimates give different orders of
magnitude for the W-P and Z-T lengths of the same curves. The information could
help in a future study of the Z-T kahler form.

The author would express his gratitude to the referee for painful reading of the
first version of this manuscript and some useful comments. He would express thanks
to Professor H. Shiga for his tenacious encouragement. He would express thanks to
Professor K. Matsuzaki for pointing out a fault in a previous version of the present
paper and making him notice that Lemma 4. surely holds.

§1. NOTATIONS AND SOME FACTS

Let X be a Riemann surface of type (g,n) with 29 —2-+n > 0. We can represent
it as a quotient H/T of the upper half plane H = {2z € C [ Imz > 0} by the action
of the first kind Fuchsian group I' C PSL(2,R) ; T is described as follows.

g n
P <Ak,Bk, S; € PSL(2, R) | H[Ak,Bk]HSi = Id>
k=1 i=1
Here let Ax, By be 2g hyperbolic transformations, let S; be n parabolic transfor-
mations (k=1,2,...,9;1"= 1,2, ....,0).

I = (S;) (¢ =1,2,--- ,n) are cyclic subgroups of I'. The fixed point of S; is
denoted by z; € R U {oo}. We can select o; € PSL(2,R) so that ¢,(c0) = z;,
<0’1-_1350'g> =(z— 2+ 1).

A Riemann surface Xo ~ H /Iy introduces the Teichmiiller space with the base
point Xy, denoted by Ty n(T'g). The Teichmiller modular group Mod, »(T'g) acts
on Ty,(Ig) properly discontinuously. The Moduli space can be represented as a

quotient space
Mg,n iy Tg,n (rg) / MOdg,n (rg)

. Here we define the following several spaces of automorphic forms.
A complex valued function f on H is called an automorphic form with the
weight (21,2m) for T if for any z € H, andy €T,

flz)' (2)' 7' (2)™ = f(2).

Such a form corresponds to a tensor of type (I, m) on the Riemann surface X ~ H/T.
p(2)|dz|* denotes the Poincaré metric y~2(dz® + dy*) on H. Let’s denote by
Hb™ the Hilbert space of automorphic forms of the weight (2, 2m) with the scalar

product
0 f f fFprimml = f f ATy m=2dgdy
H/T H/T

We denote by (') the space of all holomorphic cusp forms of weight 4 (correspond
to meromorphic 2-differentials on the Riemann surface H/T" with poles of order not
exceeding 1 only at punctures).
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2,(T') is a Hilbert subspace of H*° and (3g-3+n) dimensional as we easily get
from the Riemann-Roch theorem.

Denote by B(I') the Banach space of all measurable I'-invariant forms of weight
(-2,2) with supremum norm

lplloo = ess.sup.em|u(z)|

The elements of B(T") are called Beltrami differentials.

Let HB(T) be the space of all elements of B(T') that can be represented as y°%
with ¢ € Q4(I"). HB(T') is a Banach subspace of B(I') and its elements are called
harmonic Beltrami differentials.

Here we consider the natural Kodaira-Serre pairing

B(T) x %(T) — C ; () — //Mw-

N(T) = Q(I')* is the space of all elements of B(T") so that for any ¢ € Q5(T),

/ pp =20
H/T

holds. Then, It follows that ([3])

(1:1) B(I') = HB(I') & N(T'), in particular HB(T') ~ B(I")/N(T).

Next we consider the Bers projection.

By B;(I') we denote the space of all elements of B(I') with the norm < 1.

The Bers projection ® : B;(I'g) — T (L) is a holomophic submersion. Its
differential d®|y : B(T'y) — T (T4,n(Lo)) is a surjective homomorphism. Here
the following fact is known ([3]).

(1.2) Kerd®|, = N(To),
in particular,
d®lo : B(To)/N(To) = To(Tyn(To)).

From (1.1) and (1.2) we get the following diagram

To (Tg,n(To)) x Tg (Tgn(lo)) — C

(1.3) 2 12"
B(I'g)/N(To) x Qz(ro) — C.

Now choose a basis { p1,p2,...,H30-3+n } 0 HB(To) and let k(t) = t1uy +tous+
wrt 30 3umag-3+n (6 €C , §=1,2,.:. ;39— 3+n).

Let U be an enough small neighborhood of the origin in C3¢~3+". For x(t) with
t = (t1,t2, ' ,t3g—3+n) € U, there exists unique diffeomorphisms f*® : H — H
satisfying the Beltrami equations

afn(t) afn.(t}

dz 0z
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and fixing the points 0, 1, cc.

Set I'*(t) = fr(tip, (_;F"‘(‘))_1 and X~ = H/T*®). By [X*1)] we denote the
point in Ty »(T'p) whose representative is a pair (X*®) f=(t)),

The map U 3 (t1,t2,... ,t3g-84n) [.X"‘(‘)] € Tyn(To) defines a biholo-

morphic coodinate in a neighbourhood of the origin in T, () (Ahlfors-Weill’s
theorem).

The Weil-Petersson metric dg?, the Z-T metric (is defined only in n > 0)
dh(D2, dh%T? are defined from the following inner products ([7],[8]).

(1.4)
8 8 it
9501 = ¢ ('55’ E) . ffmrg w3 (2) e (2)y~2dedy = (g, prdy,,

(1.5)

@Dy —pi) (O 8 =f/ (i) oy
K30 =1 (o) = [ B9 2 sy

oo 1 :
=f0 fouj(asz)#k(mz)d-’rdy=<uj=uk)§—-j

B 6 n 2 n :
ZT 0\ = 2T ( 2 . Y e N 1 o \TEP
hix(Q) =h (at_.,-’ Btk) = Z h.£(0) = i§=l (g )1, = tso ),

=1

Here, E("(2,2) = 3, (s, pIm(o; 'v2)? is the Eisenstein-Maass series with re-
spect to each cusp z; ([5], [8]). This series is a sum of positive terms, hence the

pairings "), h%7T are positive definite. The series has the asymptotic behavior near
cusps z;

Em(%‘z: 2) = 5ijy2 =" '25:'3'(2)3}_1 +0(e~?"¥) for z near cc.
These metrics have the following properties ([8], [9], [10]).

a) dg®,dh? dh?T? are all Kahlerian.

b) dg? is incomplete.

¢) dg® has negative curvature.

d) dg?,dh?"? are invariant under the natural action of M 0dg n(To) , while

we can not define the action of Mod, ,(T'g) for dh'¥?. ( Because the action
can provide a permutation of punctures.).

In the present paper, we prove that the claim b) with dg? replaced by dh(92, dh2T?
is true (§ 4.). Still the author conjectures that the claim ¢) with dg* replaced by
dh'D2 dh?T? would be true. but this has not been solved yet.

Now consider only the case n > 0. Any element of Q5(I') is called a cusp
form for T, has the following Fourier expansion around each cusp 2; ([4]). Let
p=y*@,v =y*y for ¢,y € Qy(T). Then,

o0 o0
Lp(o‘,-z)a;(z)z Wl zatt)e?n\/—_liz, ¢(aiz)cr,;(z)2 - bea)ezwﬁ?tz (1,2,... ,n),

=] =]
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where,az(i) =fnlga(aiz)o';(z) 271'\/__Izdz b(:) _fo (0:2)0, (z) —2my/=1lz 4,
In fact by using the Rankin L-series

0 ')b('}
L (u,v;s) =

(1.4),(1.5) can be described as follows ([8]].

(1-6) (p'! >WP (4?:)3 (g -1+ g) ReSIsztiL(i)(;u‘: v, 3)
) = s L, i9)

Next, from [1] we quote the collar lemma for non-compact Riemann surfaces nec-
essary for § 2..

The collar lemma for non-compact Riemann surfaces. Let X be any Rie-
mann surface of type (g,n) with 29 — 2 +n > 0. The length of a stmple closed
geodesics v on X with respect to the Poincaré metric denotes L(7).

C(7), the collar neighbourhood of v consists of all points p satisfying

d(p,v) < sinh™’ (1 /sz’nh%[(—y))

, where d(-,-) denotes the hyperbolic distance. It is embedded in X .

Then the next assertions follow.

(i) Xhas n cusp regons C*,C?,... .C™which are embedded inX.These are disjoint.
(i) let v any simple closed geodesic on X . Then C(v),CL,C%, ... ,C™ are disjoint
each other.

(#91) Denote by By, B2, ... ,Br all simple closed geodesics on X having length <
2sinh~*1.Then C(8,),C(B2),... ,C(Bx) are all disjoint.

Moreover, for anyp € X — (C(B1)U---UC(Bx) UC U---UC™) the injectivity
radius of p satisfies T,(X) > sinh™'1.

In particular, from the above we have the next claim.

Any non-trivial simple closed curve o with length < 2sinh™'1, is included
in C(f1) UC(Ba) U---UC(Br)UCT UC?U---LC™.

We call 2sinh='1 the short geodesics constant. And geodesics with length<
2sinh~'1 are called short geodesics. We shall end this section with introducing
the relative Poincaré series associated to a closed geodesic to construct a pinching
family of Riemann surfaces in §2. ([3]). The series was considered first by H.
Petersson.

We choose an element A € I' that covers a closed geodesic o on X ~ H/I'. Set

(2}
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with detA = 1, trA4? # 4. Define
N tr?4 -4
(cz2 + (d— a)z— b)*

Denote by p,q the fixed points of A. Then w4 above can be also represented in the
following form

P | - |
(z-p)*(z—q)?

Moreover for any B € PSL(2,R), the identity

(1.7) wp-14p = (wa©B) B

holds. In particular, if p = 0, ¢ = oc, w4 can be reduced to

1

(18) wyg = 3—2-

Consider the relative Poincaré series
(19) 90 — Z Wp-14p = Z (u)AOB]B 2.
Be(A)\T Be(A\T

Denote by [, the hyperbolic length of a. When we consider [/, as a function on
Tyn(T), the next follows ([3])

2
(L.10)  dla(e) = (dla, ) = 2Re [f 63 , for sy jue BIT).
T JJH/T,

The series (1.9) converges absolutely and uniformly on any compact set and is
an element of (2,(I"). Here we quote Wolpert’s result (Lemma 2.2,2.3 in [11]).

Lemma 1. Let X ~ H/T be any Riemann surface of type (g,n) with2g—2+n > 0.
Select any short geodesic o on X with hyperbolic length l,. Denote by A, the
one of elements of I' that cover o and by & the azis of A, ( i.e. the geodesic arc
joining between the fized points of A, in the upper half plane H ).
We take a standard collar of o as follows

C(o) = {z < H[d(z,&) < sinh™! (1/37:1:%;»,) }/(AU).

For any z € C(0), let p(z) be the injectivity radius at z in C(c) and let §(2) be the
distance from z to the boundary of C(o).
Now there is an absolute constant Cy such that for any short geodesic o (i.e.
lo < 2sinh™'1), then
(1.11) p(2)e?®) > .
Furthermore there exist absolute constants Cy, Co such that
Y Jwnmi 4y (Im2)? | < Calop(2) 6459, for 6 = (4,)\T,2 € H,
YEG
Moreover,
(1.12)
for z¢ Clo) , p(z) e 4®9) < Cyl, ,  holds and
(1.13)
for z € C(o) ,the sum overG = (4,)\I' — (4,) is bounded by Cy12.
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Remark. 1. From now on, assume that "absolute constants” should imply the
universal constants independent of g and n, and Moduli.
2. In (1.13), we can not replace C(o) by the collar for any other element €
B <Acr>-

Lemma 2. Let X,0 be as in Lemmal. Then

(1.14) (05,00)p = lo +O (I2), with an absolute for the O-term

proof. We may assume that A, (z) = elsz. According to (1.8),

// 10, |? (Imz)*dzdy = f/ 0,= Imz)2dmdy
H/T jidn B

Set z = re*? and expand the integral,

.t ]
<I'zl<elo <|ZI<EI“ (A )\r! <Aa

< 2lg +Cil2 ff fl—‘“if = 21, + 7Cyl3.
2 1<jz|<ele |21 2

Here we used Lemma 1(1.13). O

Imz

2
Wa—14_~ (?) d:cdy

We concluded our preparation.

§2. A CONSTRUCTION OF THE PINCHING FAMILY BY WOLPERT

Set Xo = H/T'q. We consider the Teichmiiller space Ty, ,(I'g) with the base
surface X5. Without losing generality, we may assume that X, has short geodesics.
Let o be one of short geodesics on Xg. Following [11], we now construct a smooth
pinching family

{[X:] € Tg,n(To)|oo < t < 0,[Xo] = [H/To]}

such that the length of the geodesic o; on X; (corresponds to o on Xj) changes
so that I(t) = ,(X;) = le*. Denote by I'; a Fuchsian group uniformizing X;.

Definition. The tangent vector 7(t) € HB(Ly) can be defined as follows
@) O =pt) @A) T GueR), R[] 0o} =Tu),
X

where dA; is a hyperbolic area element, ©F, 1s the series of ( 1.9 ) on X, associated
with o4, ;.

We now explain that the definition above is well-defined. We easily get p(t) =
1+ O (1(t)?). For due to Lemma 2, we have

) / /X |02 |° (dAy) ™ = p(t) (O, OL )y,

= p(t) { Ut) + OB } -
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it follows that
(2.2) p(t) = (1+0(()%) ™" = 1+ 0(()?).
Further from (1.10), (2.1), we get

T =@ =2 [[ et =i

Integrating from —oo to t, we have I(t) = le’.

Therefore, we see that 7(t) is defined in —oc < ¢t < 0 and it induces the
smooth pinching family suitable for our purpose. It gives us a simple proof of
non-completeness of the W-P metric.

Corollary. The Weil-Petersson metric is incomplete.

Proof. The above constructed family forms the curve in Ty ,(To) as denoted by
c(t). Let ]gd—flwp be the line element associated with the W-P metric. Due to (1.4),
(2.1), we get

de
dt

It follows that o

2
- f / p(t)©% (dATY)|* dA = p(t)Zlet = O(e!).
WP H/T, 2
0
f EE dt < Const.f eidt < oo.
—o0 dt WP —o0

Thus the length of the curve c(t) for the W-P metric is finite. 0O

§3. A UNIFORMIZED MODEL OF THE PINCHING FAMILY AND SOME ESTIMATES

In this section, we will prepare for the proof of non-completeness of the Z-T
metric. From now on, always assume that n > 0. First, we choose X to contain
a short geodesics. If necessary , by taking a conjugation, we can assume that the
Fuchsian group I'g uniformizing X, contains a linear transformation p(z) = z + 1.
Next choose an element of I'y covering a short geodesic ¢ and denote it by the same
letter o, too. Let ag ( resp. by ) be the repelling (resp. attractive) fixed point of ¢.
If necessary, by taking the inverse, we can assume that by < ap. Further without
losing generality, assume that by < 1 < ag.

Now choose an unique lift of a quasiconformal mapping associated with X; such
that f*: H - H fixes 0,1,00. Set I'y = ffT'o(f*)~*. Then X, can be given by
H/T,. Andset p, = ftopo(ft)~', 0, = ftooo ()=, ar= f*(ao) , b = f*(bo) .
Noticing that p; is a parabolic transformation of PSL(2, R ) and satisfies p;(o0) =
oo, p¢(0) = 1, at last we know that p,(2) = p(z) = 2 + 1. 0y can be described as

O‘t(Z) - ﬂrt = {(t}z "I avt

W) )l =

(o<t L0).

Moreover from considering the action of I'; on the axis of g, we easily get

(3.2) O<b<l<a<?2, op—b<l1

ft(m)=m for any m € Z.
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As above we got an uniformized model (H/T;) (~oc0 <t < 0) (Fig. 1).
The Eisenstein-Maass series associated with cusp oo, E®(z,2), the relative
Poincaré series of (1.9) can be described as

EPlz,2)= 3 . [imizf
deE<p: >N\T

B:(2) = Z Wo=14,7(2).
ye<o: >NT

Lad i

0 b[ 1 a; Z

Remark. Figure 1.

Let f*, g* be two normalized lifts of different quasiconformal maps defining [X,).
Then f'|g = ¢'|g, forany y €T, floyo(ff)~! =g*oyo(g*) ! are known to
hold ([3]).

From now on, all objects and discussions depending on ¢ are determined only
by f*lm and T';. Therefore, they do not depend on which quasiconformal maps
associated with the family we will choose. Here, one will present three lemmata on
prior estimates.

Lemma 3. There ezists an absolute constant C3 such that a;—b; < Czet (t —
—oo ) In particular, it follows that lim;_, o a; = limy_, oo by = 1.

Proof. As in Fig. 2, the distance between the geodesic oy and the boundary of the
cusp region associated with oo is greater than the length of the width of the collar
C(o¢) = sinh~! (1/sinh31(7)). (from the collar lemma for non-compact type). In
the uniformized model(H,T';) above, the neighbourhood

{z € Cld (2, {Imw = 1}) < —logl(t)}

of the boundary of the cusp region corresponding to co must not touch the orbits
of the axis of g, by < p(z) > (Fig. 3). Therefore we get ﬂ‘g—bl < I(t). From this,
the claim of the lemma easily follows. [J

Due to Lemma 3, we can control several values in the model (H,I';). Next
we shall understand at some degree how the Eisenstein-Maass series behaves as
t - —oo. Here from Kubota’s book, we quote the remarkable theorem about the
eigenfunction of the Laplacian ([5], Theorem 1.3.2).

A linear operator T on the space of complex valued functions on H is called an
invariant operator if for any function f on H , any v € PSL(2, R),

T (f(vz)) = (Tf) (vz), z€H
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A

b

Lol

0 by 1 a 2

Figure 2. Figure 3.

holds. A linear operator L is called an integral operator if it is represented by a
kernel function k(z,z') so that

!
(L7)z) = f / (2:2) d-‘;iy for any suitable function f.
Thus we easily know that a kernel function k(z, z’) defines an invariant integral

operator if and only if k is invariant under the diagonal action of PSL(2,R), i.e
k(vz,7z") = k(z, 2') holds for any v € PSL(2,R).

Remark.

Now it is enough for our purpose to assume that k is smooth, PSL(2, R)-invariant
and k(-,z’) has a compact support for z’ fixed.

Fact. Let f(z) be a twice differentiable function on H satisfying Df = Af, where
D = ¢* (-g—’;; - 5%35) is the hyperbolic Laplacian and A\ is a complez number and

let L be an invariant operator. Then there ewists a constant Ap()\) depending on L
and A not on the individual function f such that Lf = Ap()\)f.

From using this, we can show the next lemma about the behavior of the Eisen-
stein series on the ” half-width collar” of the pinched geodesic.

Lemma 4. Let (H,I'y) be the uniformized model of the pinching family, constructed
in §2.. Let C'(oy) be a "half-width collar” around the geodesic oy

!

1
C (o¢) = {z € Hl|d(z,6¢) < %sz’nh"l (l/sinhil.,)}/< ot > (refer to §1.).
Then the Eisenstein-Maass series associated with oo ts estimated from above so that

EP®(2,2) = Z (Imé2)® < C4e™7 on z€ C'(oy).
6€<P>\Ty

Proof. First we may assume that [(¢t) < 2sinh~'1. Notice that for any o ¢
PSL(2,R) D{(Imoz)?} = 2(Imoz)* holds. Here we define a PSL(2,R)- invari-
ant kernel function _ :

{1, if d(z,2') <e

k(z,2") = 1
#:2) 0, otherwise



12 K. OBITSU

where € > 0 is an enough small fixed constant (smaller than isinh='1). Ac-
cording to Fact. above, there is a constant A,(2) depending only on k(z,z') and

eigenvalue 2 such that
/
2)Im(cz)? ff (2,2') Imo*z)zdxdy.

For any 2,5, we get

Ae(2) > (Imdz)®= > /f k(zo0, 2) Iméz)zdzdy

de<P, >\T, <P, >N\T,

= F f / E(520087) (Ruda)f = d"”dy

SE<P>\T;

e / E(B%0,2) Imz)zdxdy

de<P >N\TI

= 2 f/ dedy = (x) .

se< P >\T {ze H|d(dzg,2z)<e}

Here we set B(620,€) = {z € H|d(820,2) <€}, B=Usccps 1, B(020:€).
Noticing that if B(zq,€) N B(d20,€) # ¢ then d(zg,02¢) < 2¢, we know that the
multiplicity of the projection B(zg,€) — B(zo,€)/T is at most ¢p~*(zp) for a fixed
zo € C'(0¢)(C {—1 < Rez < 2}) (according to the collar lemma). From simple
consideration, the multiplicity of the points of the union B are at most cp™*(z).

Then,
(*) < ep™(20) f[ dzdy,
BN{—1<Rez<2}

Noticing that B is included in a set (refer to Lemma 3)
9= {w € H|d(w,{Imz =1}) > —-;—logl(t) - e},

we have the further bounds

<é zu ff dzdy = cp~ 1(20 /f _1<z<2 dzdy
RN{—1<Rez<2} O<y<e* I{t
= “1(z0)\/1(t) following Lemma 1. (1.11),
< C"eﬁ(zn)\/m—
< C'UB) WA = ClU(t) 2 = O(e?).
Here we used 6(z9) < —logl(t) (¢ : small enough). O

The last lemma concerns about the behavior of the relative Poincaré series (1.9)
near cusp oc. Since the series ©4(z) is a cusp form and invariant under the action
of p(z) = z + 1, it has the Fourier expansion around co as stated in §1..

1
Zat 21r\/_n.. ai’:/ @t(z)e—%r\/—_lnzdz’ 2 H
0

The next estimates hold.
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Lemma 5. ( 1) a, < Cyl(t)%€?*™ (n = 1,2,...,n), where C; is the absolute
constant in Lemma 1..

(2) [©:(2)(Im2)?| < Csl(t)*y*e 2™ holds for Imz = y > 2, where Cs is an
absolute constant.

Proof. (1) now consider only the case Imz = y > 1. Since {Imz > 1} is a cusp region
in particular is outside of the collar C(o¢) of the geodesic oy, we get, according to
Lemma 1 (1.12),

27ny

We note that a function G(y) = <7~ (y = 1) has a minimum G(1) = ¢*™
Finally we get |al,| < C,l(t)%e*™.
(2) now restrict ourselves to {Imz > 2}. From the Fourier expansion,

©¢(2)(Imz)?| < y* > |ab|e™>™ , following (1) ,

n=1

o0
< y2 Z Cll(t)2e2ﬂne—2ﬂny

n=1

5 T
=Gty Y {erre-ol
n=1
= Cy1(t)%y2e? (-9 {1 L e21r(l—y]}_1
and since the last term is bounded on {y > 2},

< Csl(t)2 2 —2sry

§4. NON-COMPLETENESS OF ZOGRAF-TAKHTAJAN'S METRIC
We begin a proof of the main theorem.

Theorem. Zograf-Takhtajan's metrics dh'V? dh%T? (i = 1,2,... ,n) are incom-
plete.

Proof. Tt is enough to consider only the case where a cusp z; = oc. Let ¢(¢) be the
curve in T »(I'o) , formed by the family {X;}, and let —fﬁl be the line element
of the tangent vector with respect to dh°?. Then we d1v1de the next integral into

three parts.
- [[. . lpoeIms me 9 5

_—_// +/f +// =14 11+ III.
C'(ae) C(a¢)—-C'(a¢) H/T'=C(o1)










Chapter 2

The asymptotic behavior of Eisenstein series and
o comporison, of fhe Weil-Retersson and the
ZograF-Takhtojon mettics



The Asymptotic Behavior of Eisenstein Series and a Comparison

of the Weil-Petersson and the Zograf-Takhtajan Metrics

Kunio OBITSU*

ABSTRACT. The asymptotic behavior of Eisenstein series for degenerating hyper-
bolic surfaces with cusps is of interest to us . In order to investigate it we use
integral representations of eigenfunctions for the Laplacian, the collar lemma, the
interior Schauder estimates, the maximum principles for subharmonic functions and
the Harnack Inequalities. As an application, we will compare the Weil-Petersson and
the Zograf-Takhtajan metrics near the boundary of moduli spaces.

§0. INTRODUCTION

The Quillen metric defined for the determinant line bundle of the Laplacian over
the Teichmiller space T, of compact hyperbolic surfaces with genus g has played an
important role in the moduli theory ([14]). The metric is described as the product
of a special value of the Selberg zeta function and the usual L2-fibre metric with
respect to the Poincaré metric. The first Chern form of the metric is represented
by the Weil-Petersson two-form for T,, whose formula has been shown by various
methods.

Zograf and Takhtajan proved the formula by quasiconformal deformation theory.
Moreover they defined the regularized metric for the determinant bundle of the
Laplacian for the Teichmiiller space Ty ,, of hyperbolic surfaces with cusps of type
(g9,m) and calculated its first Chern form, which is described in terms of the Weil-
Petersson metric and a new Kahler metric as called Zograf-Takhtajan metric. They
showed in [16] that the Zograf-Takhtajan metric is Kdhlerian and invariant under
the action of the mapping class group as the Weil-Petersson metric is. It has been
recently shown that the Zograf-Takhtajan metric is incomplete for T} ,, as the Weil-
Petersson metric is ([13]). The proof has been accomplished by showing that the
length of a curve approaching the boundary of T, , with respect to the Zograf-
Takhtajan metric is finite. The construction of the curve is due to Wolpert ([25]
II).

On the other hand, recently Fujiki and Weng shed new light on the geometry
of the moduli spaces of punctured Riemann surfaces and the Zograf-Takhtajan
metric ([4],[19]). From Arakelov geometric points of view, Weng found an arith-
metic Riemann-Roch theorem for singular metrics, and established a generalization
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of Mumford type isometries. Fujiki and Weng have observed that the Zograf-
Takhtajan metric is algebraic, and Weng proposed a general arithmetic factoriza-
tion in terms of the Weil-Petersson metric and the Zograf-Takhtajan metric and
Selberg zeta functions.

Therefore the asymptotic behavior of the Zograf-Takhtajan metric near the
boundary of moduli space is of importance and of interest for studying compact-
ifications of moduli spaces of punctured Riemann surfaces. In the previous paper
([13]), we observed that the metric is incomplete. In that proof we obtained an
estimate of Eisenstein series of index 2 just around pinching geodesics, which is
regrettably very rough and far from the precise asymptotic behavior, and a rough
estimate of the Zograf-Takhtajan metric ([13]).

In this paper we find the asymptotic behavior of Eisenstein series of index s with
Re s > 1 in Theorem 1 and 2. As a simple application, we improve an estimate of
the Zograf-Takhtajan metric near the boundary of the moduli space (Theorem 3).
As a result it turns out that the magnitude of the Zograf-Takhtajan norm is less
than or equal to that of the Weil-Petersson norm.

We outline the content of this paper. In §1, we review elementary properties
of Eisenstein series and definitions of the Weil-Petersson metric and the Zograf-
Takhtajan metric and Wolf’s degenerating family of Riemann surfaces with cusps
by constructing infinite-energy harmonic maps which are defined to be maps from
a hyperbolic surface with nodes into smooth hyperbolic surfaces (Though he has
constructed the harmonic map for the degenerating family of compact Riemann
surfaces in [21], we can use it for punctured Riemann surfaces. cf. [26]). One of
the important features of Wolf’s construction is that the term of the Eisenstein
series of index 2 associated to the nodes appears in the asymptotic behavior of the
pull-back of hyperbolic metrics of target surfaces by the infinite-energy harmonic
maps (1.7). The infinite-energy harmonic map w' : Sg — S; converges uniformly
to id in the C*—norm on compact subsets of Sy ([21]). And (w')*A;, the pull-back
of the negative hyperbolic Laplacian A; on S; by w' converges uniformly to Ay,
the Laplacian on Sy also in the same sense as above ([24], [25] II, [26], cf.[9]). We
will apply the nice parameterization of the degenerating family to a search of the
asymptotic behavior of Eisenstein series (Theorem 1 and 2).

In §2, we shall prove two fundamental lemmas. In Lemma 1, we give an estimate
of the Eisenstein series for punctured hyperbolic surfaces on any horocycle around
the associated cusp. Amazingly it is independent of the complex structure and
the topological type of the surfaces. To prove this, we use integral representations
of eigenfunctions of the Laplacian that turn out to be very powerful ([10]). By a
similar way we give an estimate of the Eisenstein series on a collar neighborhood
of a separating pinching geodesic, which shows the order of convergence of the
Eisenstein series to 0 on the component of Sy not containing the associated cusp
(cf. Theorem 1 (2)(iz), Theorem 2).

In §3, we shall prove one of the main theorems. Now for simplicity, we assume
here that there exists just one pinching geodesic I, separating S’ into two parts.
Let E:f,(z, s) be the Eisenstein series associated to a cusp p for S'. We consider
(w')*EL(z,s), the pull-back of E(z,s) by w' : So — S\{I}. So is now divided
into two parts; So 1 containing p, and the other component Sp . Then Theorem 1
claims that (w')*E](z,s) converges on So 1 to E), the Eisenstein series associated
to p for So, and (w')*El(z,s) converges to 0 on Sp».
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The outline of the proof is as follows. Denote by C(a) the cusp region around p
with length 1/a horocycle. First of all we can obtain the uniform boundedness of the
sup-norm of (w')*El(z, s) over a region So — C/(a) by using the maximum principles
for subharmonic functions. Then using the interior Schauder estimates, taking an
exhausting family of compact sets for Sy and by the standard diagonal argument,
we have obtained a convergent subsequence to a limit function Fy(z,s). Noticing
the zeroth Fourier coefficient of Eisenstein series and Fy(z, s) around all cusps of
So, we can see that Fy(z,s) that is independent of how to choose subsequences. In
Theorem 2, we shall show that a subsequence of (w')*El(z, s) multiplied with some
constants K;, which could go to oo, converges on Sp 2 to the Eisenstein series for
So,2 associated to the new cusp arising from the pinching geodesic [.

In §4, we shall apply the asymptotic behavior of the Eisenstein series and com-
pare the magnitudes of two norms near the boundary of the moduli space along the
degenerating family constructed by S. Wolpert. It follows that the magnitude of the
Zograf-Takhtajan metric is less than or equal to that of the Weil-Petersson metric.
The author believes that the two metrics are comparable near the boundary of the
moduli space, which has not been proved. The most difficult point is to analyze the
asymptotic behavior of (w')*E] (2, s) near the pinching geodesic I because EJ(z, s)
assumes 0 at the node of Sy. This theme is what we should investigate in the future.

We close this chapter with surveying and proposing some approaches to studying
the asymptotic behavior of the Eisenstein series. Wolpert has investigated Eisen-
stein series E(z,s) with {s € C|Re s = 1, s # 1}, while we shall investigate that

for Re s > 1 ([25] I). He has shown that a subsequence of E(z,s), the normalized
Eisenstein series, the L?—norm of which on a thick part of S; could be constant,
converges to a non-trivial sum of the Eisenstein series for Sy. The beautiful proof
has been accomplished by investigating Legendre functions and showing his original
Schauder-type inequalities. It seems hard to apply our method directly to the case
where Re s < 1. The reason for difficulty is that we can not use the maximum
principles because F(z,s) with Re s < 1 is not subharmonic, and we can not ex-
tend Lemma 1 to the case of Re s < 1, and E(z,s) has poles on {s € [0,1]} (For
example, we have observed that the constants M;(Re s,a) assumes the infinity at
Re s = 1). What we have to study seems the behavior of the scattering matrix
®(s) in (1.4).

The reader is also referred to the recent manuscript of T. Falliero ([3]). She
has investigated the asymptotic behavior of hyperbolic Eisenstein series, which is
introduced by S. Kudla and J. Millson, for pinching the associated simple closed
geodesic.

The author would like to thank Professors T. Ohsawa and K. Yoshikawa for their
valuable comments that encouraged him to study the topic of this paper. He would
express his gratitude to Professor T. Oda for explaining to him A. Selberg’s work
on Eisenstein series. He is also grateful to Professors Y. Gotoh, T. Nakanishi and
H. Shiga for their interest in his work and some discussions.

§1. PRELIMINARIES

1.1 Eisenstein Series.

Let S be a punctured hyperbolic surface of type (g,m) (n > 0). It can be
represented as a quotient H/I' of the upper half plane H = {2z € C|Imz > 0}
by the action of a torsion free finitely generated Fuchsian group I' € PSLy(R).
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The group is generated by 2g hyperbolic transformations A, By,...,A,, B, and
parabolic transformations Py, ... P, satisfying the relation

A1BiAT By AGBJ AT B P P, =1

The fixed points of the parabolic elements P, ... P, will be denoted by z1, 22,

.y zn € RU{oo} respectively and called inequivalent cusps. The projection of the
cusps 21, 22,---,2n are the punctures pi,ps,... ,pn of S. For each i = 1,... n,
denote by I'; the stabilizer of z; in I" that is the cyclic subgroup of I' generated by
P;. Pick g; € PSLy(R) such that o;00 = 2; and (0 'Pio;) = (2 + 2+ 1). Then,
for a > 1, the a—cusp region C;(a) associated to p; is represented as a quotient
(07 'Pio;)\{z € H|Imz > a} ~ T\{z € H[Imz > a}, equipped with the metric
ds® = (dy?® + dz?) /y%;

C;i(a) ~ [a,00) x S*.

Let A : C*(S) — C*°(S) be the negative hyperbolic Laplacian of S. Regarded
as an operator in L?(S) with domain C§°(S), A is essentially self-adjoint. Denote
by A the unique self-adjoint extension (that is, the Friedrichs extension). Then
the continuous spectrum of A can be described in terms of the Eisenstein series
([6]Chap.VII, [10]Chap.V,[17]§3.2).

The Eisenstein series attached to z; is defined by

Ei(z,s) = Z Im(o; 'y2)°%, Re s > 1.
YE(PONT

We remark that the sum is independent of how we choose each representative in
the coset decomposition above. The series is absolutely convergent in the upper
half-plane and in the half-plane Re s > 1 and it satisfies

(1.1) AE;(z,s) = s(s — 1)E;i(z, s).

A. Selberg originally showed that the series admits meromorphic continuation to
the whole complex s-plane, is continuous on {Re s = %}, and satisfies a system of
functional equations ([15]§7). Several mathematicians also verified this by the var-
ious methods ([2],[6] Th.11.6, [10]pp.23 — 46, [12]). E;(z,s) has Fourier expansions
at the punctures p;, ([6/Prop.8.6 , [10]§2.2,[11]§8,[17]§3.1)

_s 1 v/ —1mz
(12)  Ei(oz,8) = 0iy° + ¢ij(s)y'~* + D em(s)y> Koy (2w|mly)e> v ~me,
m#0

K,_1(z) the MacDonald-Bessel function ([18], p.78) which has the following asymp-

s

totics ([18], p.202)

(1.3) y%KS_;(y) ~ \/ge_y, as y(€ R) — oo, for any complex s.

2

The scattering matrix ®(s) =( ¢;;(s) ) enters in the functional equations
([6]Th.11.8, [10]Th.4.4.2, [15](7.36), [17]Th.3.5.1),

(1.4) E(z,s) = ®(s)E(z,1 — s), D(s)®(1 —s) =1,

where [E(z, s) is the vector of the Eisenstein series.
Thanks to Y. C. de Verdiére’s keen observation, the Eisenstein series turns out
to have the following characterization ([2],[12]).
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Claim. For Re s > %,3 g (%,1] Ei(z,s) is a unique solution of the equation
AE;(2,8) = s(s — 1)Ej(z,s) such that Ei(z,s) — Im(o] '2)*X|c,(1) is square in-

tegrable on the whole surface, where X|c,(1) is the characteristic function of C;(1).

Remark. We will use the above Claim just for the case where Re s > 1 (Theorem
1 and 2).

1.2 The Weil-Petersson and the Zograf-Takhtajan Metrics.

Denote by Ty ,, Teichmiiller space of hyperbolic surfaces of type (g,n). Now we
consider the tangent and cotangent spaces at S of Ty ,. The cotangent space is
Q(S), the integrable holomorphic quadratic differentials on S. Let B(S) be the
L*°-closure of I'-invariant, bounded, (—1,1)-forms, i.e. the Beltrami differentials
for S. For u € B(S), ¢ € Q(S) the integral [ ¢ defines a paring, let Q(S)* be
the annihilator of Q(S). The tangent space at S to T, ,, is B(S)/Q(S)* ~ HB(S),
the Serre dual space of Q(5), i.e. the harmonic Beltrami differentials on S. Then
for u,v € HB(S), the Weil-Petersson and the Zograf-Takhtajan metrics are defined
as follows ([16]),

(1.5 o = [ we ot Yo dz

(16) oy = [ B E0te) Ve 1 iz

(b, V)zr = Z (s ) 3y »

=1

where p(z)|dz|? denotes the Poincaré metric on S.
Both the Weil-Petersson and the Zograf-Takhtajan metric are Kahlerian and
incomplete ([13], [16]).

1.3 Degenerating Parameters and Infinite-Energy Harmonic Maps.

In this part, we consider degeneration of hyperbolic surfaces. Denote by (S;(l >
0), pi(w)|dw|?) a degenerating family of hyperbolic surfaces of type (g,n). We as-
sume that several disjoint simple closed geodesics 1,2, ... , I, on S; will be pinched
(We denote their hyperbolic lengths by the same notations). Let A; be the nega-
tive Laplacian of S;. To compare functions on the limit surface (Sg, p(z)|dz|?) and
(S1, pi(w)|dw|?), we use the infinite-energy harmonic maps w' : So — S\{I1, 1, ...,
Im} constructed by M. Wolf ([9],[21],[26]). A node on Sy is a pair of cusps and
distinct nodes involve distinct cusps.

We can select simple closed geodesics {l;,41,... ,I3g—3+n} so that the set {l4,...
A U {lmt1, - - ,l3g—34n} is a pair of pants decomposition for S;. Let {64, ... , 0.,
Om+1,--- ,039-3+n} be twist angles around the corresponding geodesics. Then
{l1,... ,l3g—3+n,01,... ,039—34n} represent the Fenchel-Nielsen coordinates that

. —
are global real analytic for T,,. Here we set | = (l1,l2, - ,l39-34n), and

—
6 = (01)"' a93g—3+n)-

Then precise real-analytic parameterization is obtained by Wolf ([21], [26])
(1.7) () pldw]? = @(T, 0)dz2+ (H(T, O)+L(T, 0))pld=?+ (T, 0)dz2,

where (7', §) = pwtul, H(T, 9) = [p(w! (2) /p()lwl P, L(T, 0) =

[o1(w! (2)/ p(2)]Jw].
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Choose a real basis {¥1,... ,¥n,¥mi1,. .- ,¥g—6+n—m} Of quadratic differen-
tials on Sy with the property that, for 1 < ¢ < m, ¥; has a second order pole
at the ¢—th node with leading coefficient equal to one and is otherwise regular
or has at worst first order poles at the other nodes and punctures, and is the
only basis that has a second pole at the :—th node; and furthermore, for : > m,
{¥m+1,--- ,¥g—6+n—m} forms a real basis of integrable holomorphic quadratic dif-
ferentials on S.

Wolf finds also that LP(?, ?) in (1.7) can be described in terms of the above
basis as
— — iy bg=8tn-m — _,
(1.8) (U, 0)=) o+ » (1, 0)y
=1 j=m+1

where tj(?, 7) is real analytic in (?, 7) ([21], p.535).

The Beltrami differential of w' is y; = wt/w! = ¥/pH. Wolf shows that when
S; degenerates to Sy, the Beltrami differential y; converges uniformly to zero on
compact subsets of Sy, and the harmonic map w' converges uniformly to id on
compact subsets of Sy.

Of interest to us now is the behavior of A;. We review the discussion of Wolpert
([24],[25],[26]). There exists a basic map o : L*(S;) — L?(Sy), for f € L?(S)),
oi(f) = f(w'). Define (w')*A; = o;A0; ", Then (w!)*A; is real-analytic family
([24], p-450, [25], p.98,[26], pp.254-258). From [24] Lemma 5.3, we easily see that
for any k£ € N in the C*-norm on compact subsets of components of So, (w!)*A,;
converges uniformly to Ag that is defined to be the formal sum of the hyperbolic
Laplacians for components of Sp.

Many mathematicians investigated, by various parameterizations, degeneration
of hyperbolic surfaces and the asymptotic behavior of several functions; for ex-
ample, Green’s functions ([7],[8],[9],[20]), eigenfunctions of the Laplacian and its
eigenvalues ([7],[8], [9],[25], [26]), the Riemann matrix and Faltings invariant ([20]).

Remark. Basically those various parameterizations turn out to be almost the same
powerful tools. But what we should pay attention to is that the parameters
by the infinite-energy harmonic maps are independent of twist-angles around the
pinching geodesics. Nevertheless, the family S; with pairs of opened collars glued
by adequate twist-angles agrees with R; constructed by Wolpert [25], pp.103-104
([23], Appendix, [26], pp.251-252).

§ 2. SOME ELEMENTARY ESTIMATES OF EISENSTEIN SERIES

We give key lemmas which play important roles in the proof of the main theorem
(cf. [13], Lemma 4).

Lemma 1. We use the same notations as in § 1. Let the index of Fisenstein series
Res>1. Foranyt=1,2,... ,n and any a > 1,

|Ei(z,s)| < My(Re s,a), on 0C;(a).

Here M1(Re s,a) is a constant depending only on Re s,a, independent of complex
structure and topological type of the surface.
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Proof. We recall a fundamental fact. For e > 0, set a PSLy(R)-invariant kernel

function

1, if d(z,2") <€
0, otherwise.

ke(z2,2') = {

Then there exists a constant A.(s) depending only on € and the index s such that
for any o € PSLy(R),

sdx'dy
y'?

, (' =2 +4).

(2.1) Ae(5)Im(o2)® = / /H ke(z, #)Im(o2")

([10], Theorem 1.3.2).
Now without losing generality, we may assume that (P;) = (z — z + 1).
For any zp € 0C;(a) , we get

Ac(s)Ei(20,5) = Ae(s) > (Imdz)°
SeE<P;>\T

- ¥ / /H ke(z0, 2) (Tmoz)* 920

y2
de<P;>\T

= Y[ o0 amazy

SeE<P;>\T y

= X ] kelbz0,) (ma)

SeE<P;>\T

= Z // y* 2dzdy .
B(620,€)

de<P;>\T

Here we set B(dz0,€) = {z € H | d(620,2) < €}.

Due to the Shimizu-Leutbecher lemma, we select €9 = €g(a) > 0 depending only
on a > 1 so that the injectivity radius at any point on dC;(a) could be larger than
€0-

Because B(dzo,€9) (6 €< P; > \I") are mutually disjoint and >,  B(dzo,

se<P>\T
€0) C{z€ H—1<Rez<2, 0<Imz < 2a} (replacing ¢y by a smaller positive
number if necessary, and taking appropriate representatives § if necessary), we see

A, (Re s)|E;(z0, )| < A, (Re s)E;(20,Re s) = // YRS 2 dxdy
Z B(520,60)
Se<P; >\T

S //_1<;1;<2 yRes_2d$dy
0<y<2a

3. 2Res—1

— Res—1
Res—1

Finally we conclude the proof of this lemma with setting

3. 2Res—1aRes—1

M = . O
1(Re s,a) (Re s — 1)A, (Re s)
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Let I4,... ,l, be pinching geodesics on S;. For 0 < k <land j=1,...,m, set
L
Ny, (k) = {p € Si|d(p,l;) <k sinh—1(1/sinh5])},

the collar neighborhood around /; in S; ( [1],4.1 ). Here we quote an important
claim due to S. Wolpert ([25] II, Lemma 2.1).

Claim. Let p(z) be the injectivity radius of S; at z. There is an absolute positive
constant Co such that for | < 2sinh~'1, and any z € N;(1), then p(z)ed#oNi(1) >
Co.

We improve the estimate of the Eisenstein series in [13], Lemma 4 just for the
case where there exist separating pinching geodesics on S;. Let E!(z,s) be the
Eisenstein series attached to p; for Sj.

Lemma 2. Let the index Re s > 1. Assume that there is only one pinching geodesic
Il =1y on S;, separating S; into two parts; S;1 containing the puncture p; and the
other component S; 5. Then for | < 2sinh™'1,

|EL(z,5)| < My(Re s) [Res(1+k)=2 on ON; (k) NS 2.

Here Ms(Re s) is an absolute constant depending only on Re s.

Proof. Without losing generality, we may assume that (P;) = (z — 2z + 1). First
we fix a constant € = €; < sinh™'1. As in the proof of Lemma 1, for any z; €
ON,(k) N Si,2, we apply (2.1) for ¢;. We have

M Bl = Y f /B y*~2dady.

se<P;>\T (921,€1)

Next we repeat the same discussion in the proof of [13], Lemma 4. Notice
that if B(z1,€1) N B(dz1,€1) # ¢ then d(z1,621) < 2¢1. And we easily see that
the multiplicity of B(z1,2¢1) — B(z1,2¢1)/T is at most cp~1(21) (c is an absolute
constant). Here we set B = U  B(dz1,€1).

SE<P>\T

Thus from simple consideration, the multiplicity of the points of B are at most

cp~1(21). Another important fact is that B is included in the set

R={z€H |d(z,{Imz=1}) > —(1+k)logl — e } (See [25]II, p.102 ).
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Combining the above arguments, we have obtained

A, (Re 8)|E!(21,5)] < Ac, (Re 8)E!(z1,Re 5) = 3 / / yEe =2 dy
B

se<P;>\T (0z1,€1)
SCP(Zl)_l // yRes_2dxdy
B

<ep(z1)7! // Yy 2 dady
RN{—1<Rez<2}

< CP(Zl)_lff C1<a<z YR T 2dzdy
0

<y<e€1 ll-l—k

Res—1)e
< (ed(z1,0Ni (1)) 3'}:; 1) ' [(Res—1)(1+k) (cf. Claim in §2)
s —
3. 6(Res—1)61
< 17(-Fk) = [(Res—D)(+k) ( By d(z1,dN;(1)) ~ —(1 — k)log 1)
es—1
_ 3 e(Res—De [Res(14+k)—2
Res—1 '
We may set

3. e(Res—l)q
My (R =c . O
2(Re s) = ¢ (Re s — 1) A, (Re s)

Remark. For any s with Re s > 1, thereis 0 < k < 1 such that Re s (1+k)—2 > 0.

§ 3. THE ASYMPTOTIC BEHAVIOR OF EISENSTEIN SERIES

Our aim is to prove one of the main theorems. From now on, the cusps of Sy
that arise from the cusps of S; are called the old cusps and the cusps of Sy that
arise from the pinching geodesics of S; are called the new cusps.

Theorem 1. We set the same notations as in §1. Let the index Re s > 1.
(1) If {l4, ... , L} do not separate Sy, then for anyi=1,... . n, asly,... ln —
0,

(3.1) (wl)*Ef(z, s) —  E2(z,s)

uniformly on any compact subset of So. Here E?(z,s) is the FEisenstein series
attached to the old puncture p; for Sp.

(2) Assume that {l1,...l;} separate S;. Denote by S§ | and S§ , respectively the
component of S containing p; and the union of the components of So not containing
pi. Let ¢; (j =1,...,m) be the new cusp arising from 1. Denote by C;(b) (b > 1)
be the cusp region around gq; in So, each composed of usual two b—cusp regions.
Then
(¢1) Foranyi=1,... ,n, asly,... ,lp, =0,

(3.2) (wl)*Ef(z, s) —  E2(z,s)

uniformly on any compact subset of 5’6’1. Here E?(z,s) is the Eisenstein series
attached to p; for 5’8’1 .
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(1) For anyi=1,... ,n and anyb> 1, asly,... Iy — 0,
(3.3) (w)*El(z,5) — 0

uniformly on Sf , — U;nzl C;(b).
Furthermore, for b > 1 fized,

|(wl)*E£(Z,3)| = O ( max l](-z_é)Res_z), for any small 6 > 0

j=1,...,m

on Spo = Uiy Ci ().

Proof. (1) First of all, we estimate |E!(z,s)| on S; — C;(a). It is easily seen that
|EY(z,8)] < E!(2,Re s). Since the index Re s > 1, E!(2,Re s) clearly turns out to
be a subharmonic function of z (Cf. (1.1)). Thanks to this property, we can apply
the maximum principle and Lemma 1. Then observing that E!(z, s) vanishes at all
the cusps except for the i-th cusp since Re s > 1, we obtain

1B (2, 8)lloo si-cu(ay) < I1EH(2,Re s)lloo(si—ci(ay)
(3.4) < sup E!(z,Re s) < Mi(Re s,a).
2€0C;(a)

For any region 2 CC Sy, we select a = a(2) > 1 such that w!(Q) cC S; — C;(a).
From (3.4), for sufficiently small Iy, ... ,l,,

(35) () Bz, 9)loney < Mi(Re s,0).
For z € ), from the definition of (w')*A; in §1,1.3,
(w')* A = s(s = 1)) (w')*E{(z,s) = 0.

As stated in §1.1.3, (w')*A; converges uniformly to Ag in the C2-norm on com-
pact subsets of  as ly,...,l,, — 0. Then by (3.5) and the interior Schauder
estimates ([5], Theorem 6.2), for any 0 < o < 1 and Q CC €, there exists a
positive constant L' = L’(Q', Q, s, a) such that

1) Bz, 8) llgaeqary < L

By the standard compactness argument ([5]), and taking an exhausting family
oflcompact subsets of Sy, the diagonal method and (3.4), there is a subsequence
{1,...,12.} such that

lim (wlj)*Efj (z,8) = Fy(z,s)

j—oo

in the C?-norm on compact subsets of Sy for a function Fy(z,s) € C?(Sy), which
satisfies on Sp,

(Ag — s(s — 1)) Fy(z,s) =0.

3.6
(3.6) |1 Fo(z,8) [lco(so—ci(a)) < M1(Re s, a).
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By elliptic regularity, it turns out that Fy(z,s) € C*(Sp). We have to show
just that the limit function Fy(z,s) equals to E?(z,s) and is independent of how
we choose choose subsequences.

From [10],Theorem 3.2.1, we see that the Fourier expansion of Fy(z,s) at any
cusp of 'y (we set Sg ~ H/T'p) is of the form

coy® + cgyl_s +0 (6_2”‘/__1 Y, as y — 00.

It should be noted that w' converges uniformly to id on compact subsets of S,
(8§1,1.3), and the 0-th Fourier coefficients of E!(c,z2,s) at the old cusps (1.2) are of
the form

l]y +¢m / E O'JZ S

Thus by the above remarks, Lemma 1, (1.2) and (3.6), we easily see that the 0-th
coefficients of Fy(z,s) at the old cusp p; and at the other old and the new cusps
are respectively of the form y* + cy' =%, ¢'y'~° with constants c, ¢’. The conclusion
follows from the above observation, (3.6), Claim in §1.

(2) (i) We can show (3.2) in much the same way as in the proof of (3.1).

(2) (i¢) First we prove the convergence on compact subsets of Sy as in (1). We

can obtain the limit function fo(2, s) of a subsequence of { (w!)*E!(z, s) }, satisfying

(Ao = s(s = 1)) fo(z,5) = 0.

3.7
(3.7 1£0(2+5) lleocse_cuiay < Mi(Re s,a).

From the inequality in (3.7), we can show that the 0-th Fourier coefficients
of fo(z,s) at all cusps of S§, are of the form b”y'~*, which means that fo(z, s)
is square integrable. Thus fo(z,s) is clearly included in the domain of the self-
adjoint extension of the Laplacian Ag. Since —s(s — 1) is not an eigenvalue of Ay,
(Ag — s(s — 1)) has a densely defined bounded inverse. By the above arguments
and the equation in (3.7), we obtain fy(z,s) = 0.

Next we prove the uniform convergence on S, — |J C;(b) for any b > 1. We

already know

sup |(w')*El(z,s) | < sup (w')*E!(z,Re s)
€50,0— 'CJ1 C;(b) 2653,2_ ,CJI C;(b)

< max { sup (w')*Ei(z,Res)}.
j=1,...,m 2€0C; (b)

Because we have observed that the last term in the above inequalities converges
to 0, the conclusion easily follows.

Finally we give another proof of (2)(i) that gives us the order of convergence. As
is stated in the remark following lemma 2, for any given s = s; with 1 < Re s1, we
can find 0 < k = ky < 1 such that Re s1(1 + k1) —2 > 0. Then for any b = by > 1,
we easily see that for sufficiently small [4,... 1,

m

w'(Sh o — UC (b1)) C w'(S5) — U

J=1 J=1
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Then
sup [(w!)*El(z,51) | < sup E'(w,Re s1)
zESé’Z—'le C;5(b1) weq,,z(sg,z)_t_]l Ni; (k1)
< max sup E'(w,Re s7)
I=Lees™ ON, - (k1 )Nw! (8§ )
(3.8) < Ms(Re 51) max [ or0HR)=2

j=1,...,m

From this we clearly obtain that (w')*E!(z,s;) converges uniformly to 0 on

m
62— U Cj(by) for any b = by > 1 with the order of its convergence as in (3.8). [
j=1
Theorem 2. We set the same assumption and notations as in Theorem 1 (2). Pick
R one of the components ofSé’z, which has the new cusps q1,qs, - - . , ¢, arising from
the pinching geodesics ly,... ,l,, on S;, and has the old cusps which may be denoted
by p1,...,pu, differing from p;, replacing the enumeration if necessary. Denote by
E, (2, s) the Eisenstein series attached to q; for R (j =1,...,t).

q;
Then there exist some constants K; — oo and a subsequence lgh) =...= lﬁ,’i) =

1) 0,

1(R) 1(R)
i

Kym(w” )*E; (z,8) — Go(z,s)

on any compact subset of R, where Go(z,s) is a non-trivial smooth function on R
satisfying
(Ag —s(s—1)) Go(z,8) =0 on R.

And lliné K, 12(Res=1)=6 — oo for any § > 0.
%

Moreover Go(z, s) is of the form,

t
(3.9) Go(z,8) = ZBqui (2,5),
j=1
where Bj (j =1,...,t) are some constants.

Proof. Let Cy(a), C7'(a) (a > 1) be respectively the a—cusp regions around p,, g; in
u t
Rw=1,...,u,j=1,...,t). Foranya > 1,set Q(a) = R— U C7(a)— U C7}(a).
Now we set constants K; > 0 such that

K; sup (w)*E!(z,Re s) = K| x sup (w')*E!(z,Re 5) = 1.
z€0(1) e U ace(u U a0 (1)
v=1 Jj=1

Then we can show the following.

Lemma 3. For any a > 1 fized,

Li(a) = K| sgp (w)*EL(z,Re s) = K x sup (w')*E!(z, Re s)
=€0(a) ze () 9C3(a)u U 9C7 (a)
v=1 Jj=1
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18 uniformly bounded asly = ---=1,, =1 — 0.

Proof of Lemma 3. let a > 1 be fixed.Then taking a region ' DD Q(a) and
applying Cor. 8.21. in [5], we have a constant C = C'(2(a), ') such that for [ small
enough, the Harnack inequalities

sup K;(w')*E!(z,Re s) < C’Si).‘r(lf) K;(w)*E!(2,Re s)
Q(a) @

hold. Thus we get

Li(a) = 5321(1;; K;(w")*E!(2,Re 5) < Cs‘izl(ltf) Ki(w)*E!(z,Re s)

< C inf Kj(w')*E!
_CS}ZI(ll) 1(w')*E;(z,Re s)

< Csup K;(w')*E!(z,Re s)
(1)
=C < o0.

We have concluded the proof of Lemma 3.

We continue to the proof of Theorem 3. In the same way in the proof of Theorem
1, we take an exhausting family of compact subsets of R and apply the maximum
principles, the interior Schauder estimates and the standard diagonal method to

{K; (w)*E!(2,Re s)}. Thus we observe that there is a subsequence lgh) =...=
I = %) 5 0 and Ko,

1(R)

lm Ko (w )*Ef(h)(z,s) = Go(z,s)

h—o0

uniformly on any compact subset of R, for a non-trivial function Go(z, s) satisfying
(3.10) (Ag — s(s—1)) Go(z,5) = 0.

Take a region D in R such that for sufficiently small I1,. .. , I, w'(D) C w!(R)—
U Ny, (1). By Lemma 2, we see
j=1

sup |(w))*El(z,5)| < max sup E!(w,Re s)
2€D j=1,... ., m Bsz (1)

l?(Re s—1)

<Mz(1,Res) max [}

j=1,...,m

By the above inequality, it is necessary that K; > ¢ {=2(Re 5=1) for a constant ¢é.

All we have to show is just that Go(z, s) is of the form (3.9). From [10],Theorem
3.2.1, we see that the Fourier expansion of Go(z,s) at any cusp of I'g (we set
R~ H/Ty) is of the form

coy® + ey T+ D em(s)y? K,y (27|m|y)e> Y TIme,
m#0

ony > 1. Here K, 1 is the MacDonald-Bessel function.
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Because for any v=1,... ,u,

sup K |(wl)*Ef(z, s)| < sup K (wl)*Ef(z,Re s) < Li(a)
z€C°(a) 2€8C2(a)
holds, we see that Gy(z, s) is bounded in C?(a).

Therefore by (3.10), Claim in §1, the discussion of the proof of Theorem 1 (2) (i)
and the above observations, we have seen that Gy(z,s) is a linear sum of the

Eisenstein series attached to the new cusps ¢i,...,q. It follows that there are
constants By, ..., B; such that
t
Go(z,5) = Y _BjEy(2,5). O
i=1

§ 4. A COMPARISON OF THE W-P AND THE Z-T METRICS

We review the construction of the degenerating family of punctured surfaces
{e(t) = [Sip) € Tgn | —o0 <t <0} in [13] (cf. [25] II). For simplicity assume
that there is only one pinching geodesic on Sj) as denoted by [(t). The feature
of the construction is to initiate with defining the vector field of the degenerating
family that is represented as harmonic Beltrami differential as follows.

Set I'y C PSLy(R) such that S;) ~ H/T;. Let A; be the one of primitive
hyperbolic elements of T'; that cover the pinching geodesic [(t). Define a relative
Poincaré series associated to [(t),

© = Y, (wa0B)B?
Be(A)\Tt

where w,, = 1/22, if A; is normalized to fix 0, co. We remark that ©; is indepen-
dent of how we choose each representative in the coset decomposition above. Then
we define a tangent vector 7(t) € HB(I't),

dil(tt) o) = plt) (dp)-1B //Sm) r(£)0: = ZU(t),

where dp; is the hyperbolic area element for Sj). It should be noted here that
p(t) is defined by the integration above. Then as is discussed in [13],§2, we have
obtained the resulting behavior of p(t) and I(t) as follows,

p(t) = 1+0((t)?)
(4.1) %’f) = (di(t),7) = 3// 0, = U(t),  1t) = le".

Theorem 3. The Weil-Petersson and the Zograf-Takhtajan metrics have the fol-
lowing behavior near the boundary of Ty, along the degenerating family of hyper-
bolic surfaces constructed by Wolpert. That is, let T be the vector field formed by
the degenerating family with only one pinching geodesic for simplicity. Then the
norms of T with respect to the Weil-Petersson and Zograf-Takhtajan metrics satisfy

I1Tllzr < né||T|lwp as | — 0.
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where ¢ 18 an absolute constant.

Proof. Evaluate the norms of the tangent vectors 7(¢) in terms of the Weil-Petersson
and the Zograf-Takhtajan metrics respectively,

dc
15 =[] 1nOF o
t Si(t)

(4.2) .
1G08 = [ B2 im0 do
Sit)

From ([25] IT Lemma 2.3 and [13] Corollary), we have seen that

de
(4.3) ||%||%VP ~ 1(t), as [(t) — 0.

Therefore we have to just show that the second norm in (4.2) has the same order
as (4.3). Divide the Zograf-Takhtajan’s norm in (4.2) into three parts as in [13]
Theorem,

||@||?=// +// +// — 1 4+1II +IIL
dt M) JImo-nme s -nmo)

Since we have already shown in [13] that
II =0 (I(t)?), TIII =0 (I(t)h), as I(t) — 0

(that is, small enough), we may just concentrate on estimating the main term I.
From Lemma 1 and (4.1), it follows that

1= [[ B2 FOP
Ni(3)

= [[ B2 o e do
Ni(3)

< My(2,1) // 2(dp) " G ~ U(t),  asl(t) 0. O
Sit)
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