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Abstract

We examine an application of the kernel-based interpolation to numerical solutions
for Zakai equations in nonlinear filtering, and aim to prove its rigorous convergence. To
this end, we find the class of kernels and the structure of collocation points explicitly
under which the process of iterative interpolation is stable. This result together with
standard argument in error estimation shows that the approximation error is bounded by
the order of the square root of the time step and the error that comes from a single step
interpolation. Our theorem is well consistent with the results of numerical experiments.
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1 Introduction

We are concerned with numerical methods for Zakai equations, linear stochastic partial dif-
ferential equations of the form

(1.1) du(t,x) = Lou(t,z)dt + 2 Liu(s,z)dWy(t), 0<t<T,
k=1

Here, for each k = 0,1, ..., m, the partial differential operator L is given by

d 2 d
Lof(x) = % .Zl aqjax](aw(w)f(x» + Z ¢
ij=

d
Lef (@) = B @) + Y el 1), k=1,m
i=1 """



where a = (a;;) is R %valued, b = (b;) is Ré-valued, 8 = (B) is R™-valued, v = (i) is
R¥>*™_valued, and wug is R-valued, all of which are defined on R%. The conditions for these
functions are described in Section [2] below.

It is well known that solving Zakai equations is amount to computing the optimal filter
for diffusion processes. We refer to Rozovskii [17], Kunita [I3], Liptser and Shiryaev [14],
Bensoussan [4], Bain and Crisan [2], and the references therein for Zakai equations and its
relation with nonlinear filtering. It is also well known that for linear diffusion processes the
optimal filters allow for finite dimensional realizations, i.e., they can be represented by some
stochastic and deterministic differential equations in finite dimensions. For nonlinear diffusion
processes, it is difficult to obtain such realizations except some special cases (see Benes [3]
and [4]). Thus one may be led to numerical approach to Zakai equations for computing
the optimal filter. Several efforts have been made to obtain approximation methods for the
equations during the past several decades. For example, the finite difference method (see
Yoo [20], Gyongy [9] and the references therein), the particle method (see Crisan et al. [6]),
a series expansion approach (Lototsky et al. [15]), Galerkin type approximation (Ahmed and
Radaideh [I] and Frey et al. [7]) and the splitting up method (Bensoussan et al. [5]).

In this paper, we examine the approximation of u(¢,z) by a collocation method with
kernel-based interpolation. Given a points set I' = {z1,...,zx} < R? and a positive definite
function ® : R — R, the function

1f|F l‘—l’j), :L‘ERd,

||M2

interpolates f on I'. Here, A = {®(xj — x¢)}j =1, N, flr is the column vector composed of
f(zj), 5 =1,...,N, and (A712); denotes the j-th component of A~'z for z € RY. Thus,
with time grid {to,...,%,}, the function u” recursively defined by

uh(ti, iL‘) = h(ti_l, ) + Lo[(uh(ti_l, )(l‘)(tz — ti—l)

+ Z Lid (uP(ti 1, ) (2) (We(t;) — Wi(ti1)), i=0,...,n, zeR?

is a good candidate for an approximate solution of . The approximation above can
be seen as a kernel-based (or meshfree) collocation method for stochastic partial differential
equations. The meshfree collocation method is proposed by Kansa [11], where deterministic
partial differential equations are concerned. Since then many studies on numerical experi-
ments and practical applications for this method are generated. As for rigorous convergence,
Schaback [I8] and Nakano [16] study the case of deterministic linear operator equations and
fully nonlinear parabolic equations, respectively. However, at least for parabolic equations,
there is little known about explicit examples of the grid structure and kernel functions that
ensure rigorous convergence. An exception is Hon et.al [I0], where an error bound is ob-
tained for a special heat equation in one dimension. A main difficulty lies in handling the
process of the iterative kernel-based interpolation. A straightforward estimates for |I(f)(z)|
involves the condition number of the matrix A, which in general rapidly diverges to infinity
(see Wendland [19]). Thus we need to take a different route. Our main idea is to introduce



a condition on the decay of ]Ai_jll when |i — j| becomes large and to choose an appropri-
ate approximation domain whose radius goes to infinity such that the interpolation is still
effective. From this together with standard argument in error estimation we find that the
approximation error is bounded by the order of the square root of the time step and the error
that comes from a single step interpolation. See Lemma [3.7] and Theorem [3.4] below.

The structure of this paper is as follows: Section 2] 1ntroduces some notation, and describes
the basic results for Zakai equations and the kernel-based interpolation, which are used in
this paper. We derive an approximation method for the filter and prove its convergence in
Section [3] Numerical experiments are performed in Section [4

2 Preliminaries

2.1 Notation

Throughout this paper, we denote by a' the transpose of a vector or matrix a. For a = (a;) €

R’ we set |a| = (Zle(ai)Q)l/Q. For a multiindex @ = (a1, ..., aq) of nonnegative integers,
the differential operator D% is defined as usual by
D — olal

aq ag
02§t o

with |al; = a1 + --- + ag. For an open set O — R? we denote by C*(O) the space of
continuous real-valued functions on O with continuous derivatives up to the order x € N,
with the norm

[ fllex(o) = max sup | D f(z)].

lal1<K zeO

Further, we denote by Ci°(R?) the space of infinitely differentiable functions on R% with
compact supports. For any p € [1,00) and any open set O c R%, we denote by LP(O) the
space of all measurable functions f : O — R such that

1/p
fllo(o) = { j@ | f(x)|pd:n} -

For k € N, we write H"(O) for the space of all measurable functions f on O such that the
generalized derivatives D®f exist for all |a|; < k and that

1 oy = D5 ID¥f 720y < o

laji<k

In addition, for 0 < r < 1, we write H**"(QO) for the space of all measurable functions f on
O such that the generalized derivatives D“u exist for all \a|1 x and that

Daf Daf 2
Hf”%{nﬂ(@) = Hf”?{n Z J f o — |d+2r( y) drdy < .

lafi=

For x € R we use the notation |z = max{n € Z : n < z}. By C we denote positive constants
that may vary from line to line and that are independent of h introduced below.



2.2 Zakai equations
We impose the following conditions for the equation (|1.1):

Assumption 2.1. (i) All components of the functions a, b, 3, v, and ug are infinitely
differentiable with bounded continuous derivatives of any order.

(ii) For any x € R?,
M (alz) —v(@)y(@))E=0, EeR™

It follows from Assumption (1) and Gerencsér et.al [8, Theorem 2.1] that there exists
a unique predictable process {u(t)}o<t<r such that the following are satisfied:

(i) u(t,-,w) e HY(R?) for any (t,w) € [0,T] x Qo, where Qy € F with P(€) = 1 and for
any v € N;

(ii) for ¢ € CF° (RY),
(2.1)

(u(t).0) = (un.9) + [ (0G5, L) ds+2f ) LEQ)dWi(s), 0<t<T, as

Here, (-,-) denots the inner product in L?(R?), and for each k = 0,1,...,m, the partial
differential operator Lj is the formal adjoint of Lj. Moreover, u(t, z) satisfies

E | sup Jult Mo | < Cllol ey, ven.

0<t<T

Further, as in [I7, Proposition 3, Section 1.3, Chapter 4], there exists a version u, with respect
to x, of u such that a(t,z,w) € CP(R?) for (t,w) € [0,T] x Q and that for any » € N and
lali <k

(2.2)

t mo ot
Du(t,z) = Dam(:c)—i-f DO‘Loﬂ(s,:c)d:v+2 f DeLii(s,z)dWi(s), as., (t,x)e [0, T]xR%
0
In particular, @ is a solution to the Zakai equation in the strong sense, i.e., @ satisfies
t mo ot
u(t,z) = up(x) —|—f Lotu(s, x)dx + Z f Lya(s,z)dWyi(s), as., (t,x)e[0,T]x R%
0 — Jo

We remark that in (2.2 the stochastic integral is taken to be a continuous version with
respect to (t,x). With this version, (2.2)) holds with probability one uniformly on [0, 7] x R.



2.3 Kernel-based interpolation

In this subsection, we recall the basis of the interpolation theory with positive definite func-
tions. We refer to [I9] for a complete account. Let ® : R? — R be a radial and positive
definite function, i.e., ®(z) = ®(—=z) for all x € R? and for every £ € N, for all pairwise
distinct y1,. ..,y € R? and for all a = (a;) € RA\{0}, we have

l
Z OéiOéj(I)(yi — yj) > 0.
=1
Let I' = {x1,--- ,2x} be a finite subset of R? and put A = {®(x; — 7;)}1<ij<n. Then A is
invertible and thus for any ¢ : R — R the function

N
2 Yglr);@(z —x;), zeRY,

interpolates g on I'. If ® € C(R?) n L*(R%), then
Na(R?) := {f e C(RY) A LYRY) : f/V D e LQ(]R{d)} ,
called the native space, is a real Hilbert space with inner product

—d)2 f@%d
) R P(¢) ¢

and the norm Hijqu)(Rd) = (f, [)nyp(ra)- Here, for f e L'(R?), the function f is the Fourier
transform of f, defined as usual by

(fs O Np(ray = (27

fle)=@m | f@e T e, ger

Moreover, R? x R? 5 (z,5) — ®(z — y) is a reproducing kernel for Np(R%). If & satisfies

(2.3) a(l+ €)™ <€) < el + €))7, €eRY,

for some constants cj,ca > 0 and £ > d/2, then we have from Corollary 10.13 in [19] that
H5(R?) = Ng(R?) and

(2.4) 1l fleay < |l npray < 2l flemay, f e HY(RY).

Namely, the native space Ng(R?) coincides with the Sobolev space H*(R%) with equivalent
norm. Further, we mention that (2.4)) and Corollary 10.25 in [19] implies

(2.5) 11(9)l s gty < Clale@ay: 19 =19 an@ay < Clglaneay, g€ HHR?).



The so called Wendland kernel is a typical example of ® satisfying (2.3)—(2.5)), which is
defined as follows: for a given 7 € N, set the function ®4, satisfying ®q,(x) = ¢4 (|2]),
x € R%, where

o8] o0
G (r f T‘Tj T 1J rgf rymax{l —ry,0} dridry---dr;, =0
T—1

r To

with v = |d/2] + 7 + 1. For example,
b1.2(r) = max{1 —r,0}°(87 + 5r + 1),

13(r) = max{1 — r,0§7(3157% + 28512 + 105 + 15),

1,4(r) = max{l —r, O} (57607“ + 679573 + 355572 + 94571 + 105),
(r) =
(r) =

© S

$2.4(r) = max{1 — r,0}'°(9009r* 4 945073 + 44107 + 10507 + 105),
$2.5(r) = max{1 — r,0}1%(215040r° + 283185r* + 172620r° + 59430r% + 11340r + 945),

where = denotes equality up to a positive constant factor.
Then, &4, € C?"(R?) and Ny, (RY) = H™H@HD/2(RY). Furthermore, ®4, satisfies

([2.3)—(2.5) with kK = 7+ (d + 1)/2.

3 Collocation method for Zakai equations

Let us describe the collocation methods for . In what follows, we always consider the
version of u, and thus by abuse of notation, we write u for 4. Moreover, we restrict ourselves
to the class of Wendland kernels described in Section Suppose that the open rectangle
(=R, R)? for some R > 0 is the set of points at which the approximate solution is to be
computed. We take a set of grid points That is, we choose a set I' = {z1,...,zx} consisting
of pairwise distinct points such that

—{z1,...,zn} © (R, R)%.

To construct an approximate solution of Zakai equation, we first take a set of time dis-
cretized points such that 0 =ty <ty < --- <t, = T. The solution u of the Zakai equation
approximately satisfies

u(ti,z) = ultiog, x) + . Lyu(tiog, ©) AW (t:),
k=0

where W[)(t) =t and AWk(tZ) = Wk(tz> — Wk(ti—1)~ Since Lku(ti_l, x) ~ ka(u(ti_l, ))((L‘),
we see

(tlvx) - ’LL i—1, L + Z LkI tiz1,- )(.%')AWk(tl)

Thus, we define the function u*

a parameter h > 0, by
u"(to, ) = uo(x), weR%,

, a Cand1date of an approximate solution parametrized with

3.1
( ) ’U,h(ti,l') = u ti—1,2 2 LkI tz_l, ))(.’B)AWk(tz), X € Rd, 1= 1, N N



With this definition, the N-dimensional vector u? = (U?,p R uf N)T of the collocation points
satisfies . -
ug = (uo(x1),...,uo(zn)) ",

ull ZAkA ul VAWL(t), i=1,...,n.

Here, we have set Ay, = (Ay jo)1<je<n With Ay jo = Ly ®(x — 2¢)|2=s;. This follows from
N
L (ti, 25) = D (AT ) Lp® (2 — 20)|oma; = (ApA™ uf);.
/=1

To discuss the error of the approximation above, set At = maxj<i<n(t; — ti—1) and
consider the Hausdorff distance Ajz between I'" and (—R, R)d, and the separation distance
Asz defined respectively by

. 1 .
Ajz= sup min |z —zj|, Agx= 5 Win |z; — ;).
ze(—R,R)4 7=1,.., 1#]

Then suppose that At, R, N, Ajz and Asx are functions of h.

Assumption 3.1. (i) The parameters At, R, N, and Ajx satisfy At — 0, R — oo,
N — o0, and A1x — 0 as h N\, 0.

(ii) There exist c1, o, c3, ¢4 and A, positive constants independent of h, such that

(Agz)?

(A Nyl < a N

for i,j € {1,..., N} with |i — j| > c2(A22)™*%, and that
03(A2$)_(1+)\)d < R1/2 < C4(A11‘)_(7_3/2)/d.

Remark 3.2. Notice that Asx < CAqx. Thus the condition A1z — 0 implies Asxz — 0 as
h ™\, 0.

Remark 3.3. Suppose that I' is quasi-uniform in the sense that
esRN~Y4 < Agx < cgRNV4, LRNV4 < Az < yRN V4

hold for some positive constants cs, cg, ¢k, ¢5. In this case, a sufficient condition for which the
latter part of Assumption (ii) holds is

C7N(1—1/(1+2d(1+)\))% <R< CSN(l—d/(d+2T—3))§

with 7 = 3/2 + (1 + \)d?, for some positive constants c¢; and cg.

The approximation error for the Zakai equation is estimated as follows:



Theorem 3.4. Suppose that Assumptions 2.1] and [3.1] hold. Suppose moreover that T = 3.
Then, there exists hg > 0 such that

‘max sup E [|u(tz,:n) - uh(ti,:n)|2] < C(At+ (A12)* %), h<hg.
i=1,...n ze(—R,R)d

The rest of this section is devoted to the proof of Theorem [3.4] To this end, for every
e (—R,R)¢, put
I(x) ={ie{l,...,N}: |z — x| < 1}.

In what follows, #/X denotes the cardinality of a finite set K.

Lemma 3.5. Suppose that Aqx < 1. Then there exists v € N such that
#I(x) <v|¢"Y, ze(-R,R).

Proof. Fixz € (—R, R)d. Put ¢ = Asx for notational simplicity. It follows from the definition
of Z(x) that

U By o) © Byjo(w).
i€Z(x)

Further, {Bg/5(2i)}iez(z) is disjoint. Indeed, otherwise, there exists y € R? i, j € Z(x) such
that |y—x;| < ¢/2 and |y—x;| < ¢/2. This implies |z;—x;| < ¢ = (1/2) mlnlx?é] |wy —a ], and
so x; = x;j. Since we have assumed that x;’s are pairwise distinct, we have ¢ = j. Denote by

Leb(A’) for the Lebesgue measure for A’. Then we have C#Z(x)q” = Leb(Ujez(z) By2 (1)) <
Leb(Bs/o(r)). Thus, #Z(r) < Cq~? for some C' > 0 that is independent of . O

Lemma 3.6. Suppose that Assumption (i) and 7 = 3 hold. Then, there exists hg > 0
such that for any multi-index o with |a|; < 2 and f € HTH@HD2(RY), we have

|D*f = DI(f)| po(—pmye < C(A12) 270 £ s ainyogay, 7 < ho.

Proof. This result is reported in [19, Corollary 11.33] for more general domains. However, a
simple application of that result leads to an ambiguity of the dependence of the constant C
on R. Here we will confirm that we can take C to be independent of R.

Let f € H™H@D/2(RY) with flp = 0. Set T' = {z1/R,...,2n/R} and f(y) = f(Ry),
y € (—1,1)% Then, f|z = flr = 0 and

. Yy Al.%'
sup min|{ —y| = sup Imn - - =

ye(—1,1)d gel ye(— RR)dj R R R
Since Ajz/R — 0 as h \, 0 and 7 = 3, we can apply [19, Theorem 11.32] to f to obtain
(32) 1D f(y)| < C(Arz/R) 21N Fl s avne g ayey, B < ho

for some hg > 0. Here, for an open set O and g € HT+(d+1)/2((9),

[D%g(x) — Dg(y)|*
|9|H(d+1)/2+7 Z f J \m— J]4725 dxdy

|laf=Fk




with k being the smallest integer that exceeds 7+ d/2—1/2 and s =k — (7 +d/2—1/2). It
is straightforward to see that

D°f(y) = RPM(D)(Ry), |flaess1nyay = B 72| flpess (r.p)a)-
Substituting these relations into (3.2)), we have
(3.3) 1D f(y)] < C(Aa) V2N fl s mopya-
This and ({2.5)) yield

IDYf = DL(f)ll oo (= r,r)2) < C(Ayz)THH/2leh f — I(f) @~ g, ry)
< C(Alx)‘rJrl/Q*\Olh Hf“HT"'(d‘*'l)/Q(Rd)'

Thus the lemma follows. O

Observe that for any f: RY — R,

N N
= N A flr) @ — ) = ) f(2)Qi(z), weRY

7j=1 Jj=1
where
N
Q](x) = Z(A_I)Z]q)(:v - xl)a J = 17 7N
=1

The following result tells us that the process of iterative kernel-based interpolation is
stable, which is a key to our convergence analysis.

Lemma 3.7. Suppose that Assumption[3.1 and 7 = 3 hold. Then,

sup  sup Z |1DQj(x)| <00, |aji <2
h>0 ze(~R,R)4 ;=

Proof. Fix 7 € (=R, R)? and |a|; < 2. Set ¢ = Agx for simplicity. First consider the set
J(@) = 1{je{l,....N} i = jl > e2g™, i€ Z(2)}.

Then, by Assumption (ii),

, JjeJ@), i€eI(Z).

2\%

ERES

This together with Lemma [3.5] leads to

Z 1D*Q;(z) Z | Z i DT —2:)| < C Z Z |(A71)1

JeJ (%) JjeJ () €L(z jeJ (&) i€Z (%)

q* _qq®

jeJ () icT()

(3.4)



Now again by Assumption (ii) and Lemma there exists 7 € N such that
#j:J ¢ T(@)} < PRV

Then, by Kergin interpolation (see Kergin [12]) there exists a polynomial p on R? with degree
at most 7| RY/?| that interpolates sgn(D“Q,; (7)) at x; for all j ¢ J(%). This leads to

(3.5) Y, 1DQi(@) = ) sen(D°Q;(¥))DQ;(E) = ), plx;)DQi().
J#T (&) %7 (@) i#7(7)

By Corollary 3.9 in [19], this polynomial p satisfies |p(z)| < 2 for € (—R, R)?. This together
with Proposition 11.6 in [I9] and Assumption (ii) implies that

max sup |D%(z)| < Cy
lali<1 ze(~R,R)?

for some Cy > 0 that is independent of R and Z. In particular, p is Lipschitz continuous on
(=R, R)? with Lipschitz coefficient Cy. Hence the function

= inf + Cylr — yl|}, e RY,
pla)i= dnf )+ Cole —yl}, @

is Lipschitz continuous on R? with the same Lipschitz coefficient and satisfies p = p on
(=R, R)?. Further, for £ > 0 to be specified later, define the function p on R? by

pla) = [ i (”” . y) dy,

where ¢ is a C®-function such that 0 < ¢(x) < 1 for x € R, ((z) = 1 for |z| < 1, and
((x) = 0 for |z| > 1 + ¢ for some ¢ > 0. It is straightforward to verify that this function
satisfies

(3.6) p(2) - B()| < Cre,  |D°B(@)| < Cre™ 0, Jafi < w1, zeR

for some Cy > 0 that is independent of R and €. Here v1 =7+ min{k € Z : k = (d + 1)/2}.
Then consider the function p € H*' (R?) defined by p(z) = p(z)¢(z/R), € R?. With these
modifications and in view of (3.4])—(3.6)), we obtain

N N
2 [D*Q;(z Z p(z;)D*Q;(Z Z p(z;)D*Q;(F) — Z p(z;)DQ;(x) + C
Jj=1 j¢J(i) J=1 jeJ (%)

N

< D p(x)DQ;(E) +2 > |D°Q;(@)] +C

Jj=1 jeJ(:?:)

N

< D p(x)DQ; (& 2 P(z;)DQ;(%) + Che 2 |DQ; (%) + C.

j=1 j=1 Jj=1



Setting ¢ to satisfy Cie < 1, we obtain

N
D”‘ DI (p)(z .

Moreover, by Lemma and (3.6)),
|DI(p)(2)| < [DI(p)(2) — D*p()| + |[D"p(%)|
< C(Alx)T_:S/ZHﬁ”HT-{—((i-Fl)/Q(Rd) +C
< C(A12)*2|p| g (140 R 14y R)e) + C
< Cp] g (ray R (A1) %2 + C.

Assumption (ii) and the boundedness of [p[cv, (rey now lead to the conclusion of the
lemma. O

Proof of Theorem[3.4) First, for i =0,...,n —1 and x € R, we have

(u(tivr, ) = u"(tis1,2))° = (u(ti,x) = u"(t,2))% + (Siv1(2))? + (O (2))?
+ Q(U(tivx) ( (2 ))SH ( ) + 2 z+1(x)si+1(x)
)

+ 2(u(ts, ) — ul(t;, )01 ().
Here, for i = 0,...,n — 1 and z € R,
Sit1(x ZLIJ ut () (2) AW,

Ori(z) = Y J " (Leuls, ) — Ll (u(t)) (@) dW™.
k=0*"

It is straightforward to see that
E(Sit1(z))?

= E|Lo (u(t:) — u"(8:)) (@) (tiv1 — t:)* + D EILiT (u(ti) — u(t:))(2)*(tis1 — t:)
k=1

<C ) EIDI(u(t;) —ul(t:))]PAt.

o1 <2

11



By Cauchy-Schwartz inequality and Lemma

N

Z (z;)D*Q;(z

E| DI (u(t;) — ul(t;

E[(u(ti, ;) — u" (ti, 25)) (u(ti, 20) — u"(ti, 2¢)) ] D*Qj(x) D*Qy ()

(Elu(ti, ) — u(ti, ;) P) P (Elulti, w0) —u"(ti, 20)]*) 2| D*Q; (2)|| D* ()|

2
< sup E‘u(t’wy) - tl: <Z ’DQQJ )

yE(—R,R)d

yE(—R,R)d

Hence,

(3.7) E(Si+1(2))? <O sup  Elu(ti,y) —u" (i, y)[PAt.
ye(vaR)d

Next, it follows from It isometry that

E|©;11(z)[
tit1 2 mo oty 2
< 9E f (Lou(s, ) — LoI(u(t))(x))ds| + 2E 2 f (Lyu(s, 2) — Ll (u(t,))(x))dW*
t7;+1 i+1
2AﬂEf |Lou(s, z) — Lol (u(t;))(z)|*ds + 2 Z J |Lru(s, z) — LpI (u(t;))(z)|*ds
t;
i+1 9
<C > f |D%u(s, z) — DI (u(t;))(z)|?ds.
|a\1<2
Again by It0 isometry,
E|D%(s,z) — D%u(t;,z)]* = E Z D%u(r, x) de <C Z |DaLku r,xz)|2dr
k=0t t
< OB sup [u(t) o) (5 — ).
0<t<T

This and Lemma means
E[D%u(t;, x) — D*I(u(t;))(z)|* < C(Alx)%—i:&EHu”?{ﬂ'+(d+1)/2(]Rd)'
Thus,

(3.8) E|@i+1($)’2 < C(At)Q + C(Alw)QT_SAt.

12



The arguments used in the estimations above yield
E(u(ts, z) — u"(t;, 2))Si1(z)
= E(u(ti, x) — u" (i, 2)) Lol (u(t;) — u"(t:)) (2) (141 — ti)

(3.9) < (Elu(ts, z) — u(t;, ) )2 (E| Lo (u(t;) — u(1:)) (z)[2) V2 At
< C sup ]E|u(tla y) - uh(ti7 y)|2At
yE(—R,R)d

Furthermore, we obtain

E(u(ts, ) — u(t;, 2))O41(z)

= E(u(t;, z) — u(t;, a:))J (Lou(s,x) — Lol (u(t;))(x))ds

ti

LHl(Lou(s, z) — Lol (u(t;))(z))ds

o\ 1/2
< (Blulti, z) — u(t;, x)*) " (E )

1/2
|Lou(s, z) — Lol (u(t;))(z)|? ds)

ti+1
< (Blu(t,o) - (1, ) (212
t

i

tit1 1/2
= (E|u(t;, z) — uh(ti, x)]ZAt)l/Q (EJ |Lou(s, x) — LOI(u(ti))(x)|2 ds)
t;
ti+1
< 2B|u(ts, x) — ul(t;, 2)|? At + QEJ |Lou(s, ) — Lol (u(t;))(z)|? ds.
t;
and so
E(u(t;, z) — uh(ti, z))O;4+1(x)
(3.10) <2 sup  Elu(ti,y) — u"(t;, y)|)At + C(AL)? + C(A1z)¥ 3AL.
ye(vaR)d

Then, from (3.7)—(3.10) we have, for i =0,...,n — 1,

sup  Elu(tisr, z) — u(tis1, )]
ze(—R,R)4

<(1+CAY  sup  Blulty o) — vt 2) P + C(ADE + C(Arm)¥ A
ze(—R,R)4

A simple application of the discrete Gronwall lemma now leads to what we aim to prove. [

4 Numerical experiments

In this section, we apply our collocation method to the one-dimentional Zakai equation

1 0? 0
du(t,z) = | z=z=u(t,r) — —(tanh(z)u(t,x)) | dt + u(t,x)dW(t), 0<t<1,
(4.1 <i - - é;3/62 )
u(0,z) = mcosh(x)e .

13



The unique solution u(t, x) to (4.1) is given by

2
ult, z) = \/12? cosh(z) exp (W(t) _ % _ 2(|1“'|H)> |
We use the Wendland kernel ¢; 4 scaled by some positive constant for the performance
test. As suggested in Remark we take the uniform grid points on [-R+2R/(N + 1), R—
2R/(N + 1)] where R = (1/5)NU~1/(27=2)) To check the validity of Assumption (i), we
plot
t(N) = min{|i — j] : ]Ai_jl\ < Agx/N}

in Figure We can see that «(N) > 1/(2Aqx) for 30 < N < 100. Thus, Assumption

R
— — 1428
10+ -
HHHHE
8 HHHH
e
6 HHHH
FHHH B N
afh vy
=
2 HH
+H
2 4 60 8

Figure 4.1: Plotting ¢«(N) and 1/(2A9x) for N =1,2,...,100.

(ii) is satisfied with ¢; = 1, co = 1/2, and A = 1 for the sequence of the tuning parameters
defined by N from 30 at least to 100. This is consistent with the condition 7 > 3/2+ (14 \)d?
in Remark 3.3

Figure plots sample paths of u(-,z) and u”(-,2) for several spacial points. Figure
plots snapshots of the time evolutions of w(t,-) and u"(t,-). The both show that our
collocation method yields a good approximation as well as the accumulation of the error
near the time maturity cannot be negligible. To compare an averaged performance, we
compute the root squared mean errors averaged over 10000 samples, defined by

n 41 10000

1
ME = ) ()2,
RS 10000 x 41(n + 1) 25; ; ug(ts, &5) — up (ti, &)

for several values of N and n. Here, uy, and u? are the exact solution and approximate
solution at ¢-th trial, respectively, and {&1,...,&41} is the set of evaluation points consisting
of the equi-spaced grid points on [—2,2]. Table shows that the resulting root squared
mean errors are sufficiently small for all pairs (N, n) although its decrease is nonmonotonic.
We can conclude that Theorem is well consistent with the results of our experiments
especially for the case of N > 2°.
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Figure 4.2: Comparing the exact solution (solid line) and the approximated one (dashed line)
at x = —1,—1/2,1/2,1, in the case of N = 2% and n = 25,
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Figure 4.3: Comparing the exact solution (solid line) and the approximated one (dashed line)
at time = 2'At, 23At, 25At, 27At, in the case of N = 25 and n = 28,
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N R (Ax)3%? n /At RSME

24 20159 0.0274 26 0.1250 0.0714
28 0.0625 0.0726
210 0.0312 0.0745

25 3.5919 0.0221 26 0.1250 0.0323
28 0.0625 0.0252
210 0.0312 0.0234

26 6.4000 0.0172 26 0.1250 0.0333
28 0.0625 0.0261
2100 0.0312 0.0241

Table 4.1: The resulting RSME’s for several pairs (N, n).
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