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Abstract

To solve the energy issue and the global environmental problem, automakers have devel-

oped high functional engines. Although engine control systems have been complicated, the

development period is becoming shorter to meet market needs. It is difficult to develop

products satisfying requirements in a short term through conventional development environ-

ments. For such a background a model based development (MBD), which is a development

approach using virtual models and simulators, attracts much attentions as one solution to

the problem.

To reduce CO2 emission, a control region for automotive engine system is pushed toward

a boundary between normal and abnormal engine operations such as knocking and misfir-

ing. The abnormal operation may damage engines seriously. Therefore a control method

satisfying the boundary constraints robustly is highly demanded. To design such a controller

through MBD, indeed, accurate numerical models of these boundaries are required. To iden-

tify the boundaries on an engine test bench, conventional methods need a lot of time and

are costly. The goal of this research is to obtain accurate boundary models with an efficient

input design algorithm.

In a field of automotive engine design, we usually consider static cases. This means that we

obtain experimental data after an engine reaches steady states. The approach to determine

input data is called design of experiment (DoE). The most common approaches to design the

control region are a convex hull-based methods (e.g. Rapid Hull Determination Algorithm)

and a way that minimizes the variance of the parameters (e.g. D-optimal design). However,

since the static boundary models cannot deal with transient responses, they cannot be used

directly for control system designs. In order to obtain accurate control models, it is necessary

to use new identification methods of the dynamical system including the boundary detection

signal.

In this paper, we develop a series of methods for the efficient engine system identification

using statistical model such as Gaussian process (GP). Identification of the dynamical engine

model can be divided into four phases : identification of static boundary model, acquisition

of data using dynamical DoE, identification of dynamical model and online learning.

In the phase of the static boundary identification problem, we propose a DoE strategy

based on the GP classifier with an expectation propagation algorithm. This method can

describe accurate boundary models and provide an efficient input design algorithm using the

generated model. This method can describe non-convex boundary and can determine the

next measurement points near the boundaries. By this direct determination of additional

inputs as points, the calibration time is expected to be much shorter.



In the phase of training data acquisition, we propose a new dynamical DoE method based

on GP. This method is a model-based online algorithm that sequentially designs the next

input by using GP models. Since the input design is performed while estimating dynamical

boundary, it is not too conservative. In this algorithm, the input sequence design problem

is formulated as an optimization problem that maximizes the sum of long-term prediction

variances of the output with the static boundary constraint.

Then we propose a dynamic model structure based on a nonlinear auto-Regressive with

exogenous inputs model as a control model of the automotive engine systems. This model

is learned using a deep learning or a GP regression. Furthermore, we clarify relationships

between the number of learning data, prediction / estimation accuracy and learning time

by using numerical simulations. This approach is useful for deciding how to select a model

learning method with respect to the number of training data. As a result, it is shown that

when the number of learning data is small, the model based on GP is effective, and in the

case where the number of learning data is large, the model using deep learning is suitable.

In the phase of online learning, we propose a robust recursive Gaussian process (RGP)

as an effective online learning algorithm even when observed values are contaminated by

outliers. GP model is suitable for identifying engine models that require modeling with a

small amount of data. On the other hand, when online learning is performed using data-

based approach such as GP and deep learning, outliers adversely affect model learning. In

online learning of automotive engines, it is impossible to avoid the occurrence of outliers.

Therefore a robust and fast online learning method is required. As a robust Kalman filter

does, robust RGP explicitly estimates outliers by using l1 regularization to the RGP update

optimization problem.

The validities of the proposed strategies are demonstrated by using an engine benchmark

problem provided by the joint research committee of the Society of Automotive Engineers

and Society of Instrument and Control Engineers, where the empirical combustion profiles

with engine operating conditions and the knock model are implemented in this benchmark.
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Fig 1.2: Characteristic of torque as a function of spark advance.
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Fig 1.5: Identification of engine dynamical systems
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5 , NARX ,

.

,

.

, . 3

, .

,

,

.

.

6

6 ,

, . ,

,

, ,

. ,

,

. ,

, .

,

.

7
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2.1

(Gaussian Process, GP)[20]

, Society of Automotive Engineers (JSAE) Society of Instrument and Control Engineers

(SICE)

. GP ,

, ,

. ,

.

, .

2.2

2.2.1

GP . ,

, ,

GP , ,

,

, x∗
y∗ N , X =

[x1,x2, . . . ,xN ] ∈ Rnx×N , y = [y1, y2, . . . , yN ]T ∈ RN×1 ,

D = (X,y) . k(·, ·) GP

f(x) ∼ GP(0, k(x,x′)) . σ2, y|x ∼
N (f(x), σ2) . ,

( A.1). [
f

f∗

]
∼ N

(
0 ,

[
k(X,X) k(X,x∗)
k(x∗,X) k(x∗,x∗)

])
(2.1)

10
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Fig 2.1: Example of Gaussian process regression. The predicted value can be represented by

Gaussian distribution.

[
y

f∗

]
∼ N

(
0 ,

[
k(X,X) + σ2I k(X,x∗)

k(x∗,X) k(x∗,x∗)

])
(2.2)

, f = [f1, f2, . . . , fN ], fi = f(xi) . ,

.

y∗|x∗,D ∼ N (y∗|μf∗, σ2f∗ + σ2I)

μf∗ = k(x∗,X)(K + σ2I)−1y

σ2f∗ = k(x∗,x∗)− k(x∗,X)(K + σ2I)−1k(X,x∗)

(2.3)

, K = k(X,X) , X k(·, ·)
.

k(X,X) = [kij ], kij = k(xi,xj)

k(x∗,X) = [k(x∗,x1), · · · , k(x∗,xN )] = k(X,x∗)T

GP k(x,x′)
, SE(Squared Exponential) ,

k(x,x′) = cov{f(x), f(x′))

= exp

(
−(x− x′)T(x− x′)

2l2

)
(2.4)

σ θ = [l2, σ2]

θbest = argmax
θ

log(p(y|X, θ))

log(p(y|X, θ))

= −1

2
yT(K + σ2I)−1y − 1

2
log |K + σ2I| − N

2
log 2π

(2.5)
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O(N3) , GP

.

GP Fig 2.1 .

, .

, GP GP GPML Matlab Code [26] , MATLAB R2017a

.

2.2.2

GP σ2 ,

. ,

, (Heteroscedastic Gaussian

Process, HGP)[27]-[30] .

y|x ∼ N (f(x), σ2n(x)) (2.6)

v = log(σ2n(x)) ∼ GP(mn(x), kn(x,x
′)) (2.7)

p(v|D) ,

. , [28] .

3 , , v p(v|D)

q(v|D) ,

. .

kn(x,x
′) = exp(−1

2
(x− x′)Tv−1(x− x′)) (2.8)

x∗ y∗ q(v∗|x∗,D) = N (μv∗, σ2v∗)
.

p(y∗|x∗,D) =

∫
p(y∗, v∗|x∗,D)dv∗

=

∫
p(y∗, |v∗)q(v∗, |x∗,D)dv∗

(2.9)
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, y∗ .

y∗|x∗,D ∼ N (μ∗, σ2∗)

μ∗ =
∫∫

y∗p(y∗, |v∗)q(v∗, |x∗,D)dy∗dv∗ = μf∗

σ2∗ =

∫∫
y2∗p(y∗, |v∗)q(v∗, |x∗,D)dy∗dv∗ − μ2∗

=

∫
(f2∗ + exp(v∗))q(v∗, |x∗,D)dv∗ − μ2∗

= σ2f∗ +
∫

exp(v∗)q(v∗, |x∗,D)dv∗

= σ2f∗ + exp(μv∗ + 0.5σ2v∗)

(2.10)

.

Fig. 1.3 , 150 HGP Fig. 2.2

. GP , HGP ,

.

GP ,

. , HGP ,

GP .

2.3

GP

[31]

f∗ , M

U = [u1,u2, . . . ,uM ] , M N ,

. Fig. 2.3a

,

p(f∗,f) ≈ q(f∗,f) =
∫

q(f∗|U )q(f |U )p(U )dU (2.11)

p(f∗|y)

p(f∗|y) =
∫

p(f∗,f |y)df =
1

p(y)

∫
p(f∗,f)p(y|f)df

≈
1

p(y)

∫
q(f∗|U )

∫
p(y|f)q(f |U )df p(U )dU

(2.12)



14 2
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(a) Knock probability (2D view).

(b) Knock probability (3D view).

Fig 2.2: Example of heteroscedastic Gaussian process regression (150 data points).

q(f |U )

(Subset of Regressors, SoR) [32][33]

(Fully Independent Training Conditional, FITC) [34] .
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(a) Pseudo input (b) FITC

Fig 2.3: Graphical model for GP using pseudo input.

2.3.1

SoR 1 . u f∗ f

, .

qSoR(f |U ) = N (KX,UK−1
U ,UU ,0)

qSoR(f∗|U ) = N (k(x∗,U )K−1
U ,U ,0)

(2.13)

, KX,X ′ = k(X,X ′) . SoR .

qSoR(f , f∗) = N
(
0 ,

[
QX,X QX,x∗

Qx∗,X Qx∗,x∗

])
(2.14)

, QX,X ′
�
= KX,UK−1

U ,UKU ,X ′ .

.

y∗|x∗,D ∼ N (y∗|μf∗, σ2f∗ + σ2I)

μf∗ = Qx∗,X(QX,X + σ2I)−1y

σ2f∗ = Qx∗,x∗ −Qx∗,X(QX,X + σ2I)−1QX,x∗

(2.15)

, SoR GP ,

(Fig. 2.4).

kSoR(x,x
′) = k(x,U )K−1

U ,Uk(U ,x′) (2.16)

,

.

2.3.2

FITC . SPGPs (Sparse

Pseudo-input Gaussian Processes) [34]. Fig. 2.3b
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Fig 2.4: Concept of SoR approximation.

fi , .

qFITC(f |U ) = Πn
i=1p(fi|U ) = N (KX,UK−1

U ,UU , diag[KX,X −QX,X ])

qFITC(f∗|U ) = p(f∗|U )
(2.17)

SoR , f U .

, FITC .

qFITC(f , f∗) = N
(
0 ,

[
QX,X − diag[QX,X −KX,X ] QX,x∗

Qx∗,X Kx∗,x∗

])
(2.18)

.

y∗|x∗,D ∼ N (y∗|μf∗, σ2f∗ + σ2I)

μf∗ = Qx∗,X(QX,X − diag[QX,X −KX,X ] + σ2I)−1y

σ2f∗ = Kx∗,x∗ −Qx∗,X(QX,X − diag[QX,X −KX,X ] + σ2I)−1QX,x∗

(2.19)

, FITC GP , .

kFITC(x,x
′) = kSoR(x,x

′) + δx,x′
(
k(x,x′) + kSoR(x,x

′)
)

(2.20)

FITC , O(M2N +M3) ,

O(M), O(M2) . U

, ,

[33][34]. , SoR FITC

M , M

(Fig. 2.6a, Fig. 2.6b) , M

.

2.4

GP (2.5) (K +σ2I)−1y log |K +σ2I|
, [35][36] [37]
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, . ,

, . , SoR FITC

GP ,

GP KISS-GP(Kernel interpolation

for scalable structured Gaussian processes)[38] .

2.4.1

xi 1 ,

k(x, x′) = k(x− x′) (2.21)

.

,

( B). GP (2.5) .

(K+σ2I)−1y O(N logN) , log |K+σ2I|
O(N2) .

2.4.2

(xi ∈ χ1 × · · · ×
χP ⊂ RP ) .

k(x,x′) =
P∏

p=1

k(x(p),x′(p)) (2.22)

. N N =
∏P

p=1 np(np )

. K , K = K1 ⊗ · · · ⊗KP

. , Kp . , Kp

Kp = QpVpQ
T
p , Q = Q1 ⊗ · · · ⊗QP V = V1 ⊗ · · · ⊗ VP

K = QV QT . O(PN
3
P ) .

, (K + σ2I)−1y = (QV QT + σ2I)−1y = Q(V + σ2I)−1QTy log |K + σ2I| =∑
i log(Vii + σ2) , V ,

. (K+σ2I)−1y O(PN1+ 1
P )

.
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Fig 2.5: Concept of local kernel interpolation using SKI (linear case).

2.4.3

GP

,

. 1 , ,

M , M � N .

, (Structured Kernel Interpolation, SKI)[38]

(Fig. 2.5).

, ,

. .

KX,U ≈ WKU ,U (2.23)

, W N ×M . 3

[39] ,

. 3 ,

(Fig. 2.6c, Fig. 2.6d).

, SoR (2.16) , K .

K
SoR
≈ KX,UK−1

U ,UKU ,X ≈ WKU ,UK−1
U ,UKU ,UW T

= WKU ,UW T = KSKI

(2.24)

SKI . KSKIy ,

O(N+M2) , O(N+

M logM), O(PM1+ 1
P ) . FITC (2.20)

, M > N GP SoR

.
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(a) FITC approximation (N=50, M=20)
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(b) FITC approximation (N=50, M=10)
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(c) KISS-GP (N=50, M=30, linear)
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O
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Data
Full
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Pseudo-input

(d) KISS-GP (N=50, M=30, cubic)

Fig 2.6: Examples of toy model training using GP approximation methods.

GP , SKI

KISS-GP . , nx

, M ,

.

2.5

(Deep Neural Network, DNN)

GP . DNN

.

KISS-GP . ,

.

GP , (Deep Belief Network,

DBN) GP[40](DBN-GP), DNN GP[41][42](DNN-GP) . DBN-
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Fig 2.7: The illustration of DNN-GP model.

GP , DBN

, . DNN-GP

, [41] KISS-GP

. DNN-GP Fig. 2.7 .

GP .

kDNN (x,x′) = k(ϕ(x), ϕ(x′)) (2.25)

, DNN W , γ = {θ,W }
GP . , DNN .

.

L = log(p(y|X, γ))

= −1

2
yT(KDNN + σ2I)−1y − 1

2
log |KDNN + σ2I| − N

2
log 2π

= −1

2
yTK−1

γ y − 1

2
log |Kγ | − N

2
log 2π

(2.26)

.

∂L
∂θ

=
∂L
∂Kγ

∂Kγ

∂θ

∂L
∂W

=
∂L
∂Kγ

∂Kγ

∂ϕ(x)

∂ϕ(x)

∂W

∂L
∂Kγ

=
1

2
(K−1

γ yyTK−1
γ −K−1

γ )

(2.27)

,
∂ϕ(x)
∂W DNN .
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Fig 2.8: Example of toy model training using DNN-GP. DNN-GP can express discontinuous

functions.

DNN , .

KISS-GP

,

. , DNN

KISS-GP ( DGP

). , DNN GP

, .

, KISS-GP , DGP

,

.

Fig. 2.8 . DNN-GP GP

.

,

. , .

2.6

JSAE-SICE

[11] [12] ,

.
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2.6.1

,

. ,

.

, , 2

. , h : Rnx → R xk ∈ Rnx

.

h(xk)

⎧⎪⎨
⎪⎩

> 0, outside of admissible domain

= 0, on boundary

< 0, inside of admissible domain

(2.28)

k , H := {xk|h(xk) ≤ 0}
. , , h(xk) ≤ 0 ,

( ) , .

2.6.2

,

(Fig 2.9, Fig 2.10, Table 2.1) . MathWorks

MATLAB/Simulink ,

.

A.

, 4 ,

, , , ,

, . ,

, ,

.

R KC ∈ Rl M HC ∈ Rl, Tor ∈ Rl

,

. , l . , i = 1, 2, . . . , l

. , i Tori . ,

,

. , ,
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Fig 2.9: Configuration of the engine simulator.

.

z ∈ Rnz=3l .

z = [ R KCT , M HCT , TorT ]T (2.29)

, ,

.

, ,

. ,

1 .∫ t

tis

1

φ1Pc(t)φ2 exp
(
− φ3

Tc(t)

)dt (2.30)

tis , Pc , Tc , φ1, φ2, φ3

.

, ,

.



24 2

Fig 2.10: Overview of engine model.

Table 2.1: Definition of main variables.

Cateory Symbol Name

θt
evt VVT

esa

egr EGR

ω

θ

mt

α A/F

pm

R KC

M HC

Tor

B.

2.9 , Engine Control Unit (ECU) 5 4

, . ,

θ ,

. , 4

1 ,

. , u
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y .

u = [ θt, evt, esa, egr ]T (2.31)

y = [ ω, mt, α, pm ]T (2.32)

, (Air/fuel ratio, A/F) α

, ,

, . ,

, . ,

.

• ω : 600[rpm] 3000[rpm]

• θt : 0[deg] 90[deg]

• : 90[deg]/150[ms]

• VVT evt : 0 [deg] 60 [deg]

• EGR egr : 0[mm] 10[mm]

2.6.3

,

[2].

.

, , .

,

.

, Nonlinear Auto-

Regressive with eXogenous inputs (NARX) . ,

(2.33) NARX ,

.

yk+1 = f(xk) +wk

zk = g(xk) + vk (2.33)

xk = [yT
k , · · · ,yT

k−po ,u
T
k , · · · ,uT

k−pi ]
T
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, po ∈ N pi ∈ N NARX , yk ∈ Rny , zk ∈ Rnz

, xk ∈ Rnx , nx = ny(po + 1) + nu(pi + 1) , wk ∈ Rny

vk ∈ Rnz . f( ) : Rnx → Rny , g(

) : Rnx → Rnz . R KC

M HC , 0 , ,

g , h .

NARX , ,

. , , , ,

.

,

,

.
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3.1

, ,

. ,

. , ,

.

, . ,

(e.g. Rapid Hull Determination Algorithm [44])

(e.g. D [45]) .

(Fig. 3.1),

,

.

Fig 3.1: Non-convex admissible domain and conventional convex hull boundary model.

27
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[46] ,

. ,

,

. ,

(Gaussian Process Classifier, GPC)[20][47]-[49] ,

.

, .

, ,

. Society of Automotive Engineers

(JSAE) Society of Instrument and Control Engineers (SICE)

[11][12] .

3.2

, (2.28) h(xk) ,

, xk

. ,

.

.

, y∞ ∈ Rny ,

u∞ ∈ Rnu , .

hS

([
y∞
u∞

])⎧⎪⎨
⎪⎩

> 0, outside of admissible domain

= 0, on boundary

< 0, inside of admissible domain

(3.1)

, y∞ u∞ ,

. y∞
, h(u∞) .

h(u∞)

⎧⎪⎨
⎪⎩

> 0, outside of admissible domain

= 0, on boundary

< 0, inside of admissible domain

(3.2)

(3.2) .

, Rapid Hull Determination Algorithm

[44] D [45] .

, , ,
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Fig 3.2: Example of boundary modeling strategy. To avoid engine damage, the inputs are

changed slowly and usually in small discrete steps.

, . z = u∞
Fig. 3.2 .

3.3 GP

, GP , [20][47]

. n D = {(zi, ai)|i = 1, . . . , n} .

, zi ∈ Rnu , ai ∈ {−1, 1}
. , Z = [z1 z2 · · · zn] a = [a1 a2 · · · an] ,

D = (Z, a) . GPC , D , z∗
p(a∗|D, z∗) .

GPC , z f(z) ∈ R

. , 2 , p(a = +1|z, f(z),D) = p(a = +1|f(z))
. a = +1 f(z) ,

. fi = f(zi)

,

p(ai = +1|fi) =
{

1
1+exp(−aifi)

, logistic function

Φ(aifi), probit function
(3.3)

. , Φ Φ(z) =
∫ z

−∞(1/
√
2π) exp(−(z2/2))dz .
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z∗ f∗ .

p(a∗ = +1|D, z∗) =
∫

p(a∗|f∗)p(f∗|D, z∗)df∗ (3.4)

2 z , f = [f1 f2 · · · fn]

.

p(f∗|D, z∗) =
∫

p(f∗|Z, z∗, f)p(f |D)df (3.5)

p(f |D) , .

p(f |D) = p(a|f)p(f |Z)/p(a|Z)

=

(
n∏

i=1

p(ai|fi)
)

p(f |Z)/p(a|Z) (3.6)

p(a|f) , (3.3) . p(a|Z)
, p(f |Z) GP , .

p(f |Z) = 1

(2π)n/2 |K| 12
exp
{
−1

2
(f − μ)TK−1(f − μ)

}
(3.7)

μ μ = 0 . Kij zi zj k(zi, zj)

. ,

.

3.4

, , (3.4) (3.5)

, , .

,

[20][48] .

p(f |D) q(f |D)

KL(p(f |D)‖q(f |D)) .

p(f |D) .

p(f |D) =
1

L
p(f |Z)

n∏
i=1

p(ai|fi) (3.8)

L p(a|Z) . ,

fi ti .

p(ai|fi) ∼= ti(fi|L̃i, μ̃i, σ̃
2
i ) = L̃iN (fi|μ̃i, σ̃2i ) (3.9)
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L̃i, μ̃i, σ̃
2
i .

.

n∏
i=1

ti(fi|L̃i, μ̃i, σ̃
2
i ) = N (μ̃, Σ̃)

n∏
i=1

L̃i (3.10)

μ̃ = [μ1 μ2 · · · μn]
T , Σ̃ = diag

[
σ̃21 σ̃22 · · · σ̃2n

]
. p(f |D)

, ,

q(f |D) =
1

LEP
p(f |Z)

n∏
i=1

ti(fi|L̃i, μ̃i, σ̃
2
i ) = N (μ̃,Σ)

with μ = ΣΣ̃−1μ̃ and Σ = (K−1 + Σ̃−1)−1 (3.11)

. , LEP = p(a|Z) . ti

.

q−i(fi) ∝
∫

p(f |Z)
∏
j �=i

tj(fi|L̃j , μ̃j , σ̃
2
j )dfj (3.12)

, −i i . 4

.

1. .

q−i(fi|zi, ai) = N (fi|μ−i, σ
2
−i)

with μ−i = σ2−i(σ
−2
i μi − σ̃−2

i μ̃i)

and σ−i = (σ−2
i − σ̃−2

i )−1 (3.13)

2. ,

r(fi) = q−i(fi|zi, ai)p(ai|fi) (3.14)

3.

q̂i(fi) = L̂iN (μ̂i, σ̂
2
i )

∼= r(fi|zi, ai)

L̂ = Φ(zi), μ̂i = μ−1 +
aiσ̂

2
−iN (zi)

Φ(zi)
√

1 + σ2−i

σ̂2i = σ2−i −
σ̂4−iN (zi)

(1 + σ2−i)Φ(zi)

(
zi +

N (zi)

Φ(zi)

)
with zi = aiμ−i/

√
1 + σ2−i (3.15)



32 3

4. ti ,

μ̃i = σ̃2i (σ̂
−2
i μ̂i − σ−2

−i μ̃−i), σ̃i = (σ̂−2
i − σ−2

−i )
−1

L̃i = L̂i

√
2π
√

σ2−i + σ̃2−i exp

(
(μ−i − μ̃i)

2

2(σ2−i + σ̃2−i)

)
(3.16)

3.4.1

z∗ ,

p(a∗ = +1|D, z∗) ∼= q(a∗ = +1|D, z∗) (3.17)

=

∫
p(a∗|f∗)q(f∗|D, z∗)df∗

,

μ∗ = k(z∗,Z)(K + Σ̃)−1μ̃ (3.18)

σ2∗ = k(z∗, z∗)− k(z∗,Z)(K + Σ̃)−1k(Z, z∗) (3.19)

.

q(a∗ = +1|D, z∗) = Φ

(
μ∗√
1 + σ2∗

)
(3.20)

3.4.2

θ .

, θ .

LEP

LEP = q(a|Z, θ)

=

∫
p(a|Z, θ)

n∏
i=1

ti(fi|L̃i, μ̃i, σ̃
2
i )df (3.21)

logLEP =− 1

2
log |K+ Σ̃| − 1

2
μ̃T (K+ Σ̃)−1μ̃

+

n∑
i=1

log Φ

⎛
⎝ aiμ−i√

1 + σ2−i

⎞
⎠+

1

2

n∑
i=1

log(σ2−i + σ̃2−i)

+

n∑
i=1

(μ−i − μ̃i)
2

2(σ2−i + σ2−i)
(3.22)
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θ∗ (3.22)

.

3.5

GPC , ,

. , .

, a ,

. , −1 ,

+1 , p(a∗ = +1|D, z∗)
. l Algorithm 1

. , Fig. 3.3 . , P ∈ R

, ,

. , ,

,

.

Algorithm 1 Static Boundary DoE Based on Gaussian Process Classifier

1: Step 0: Set some classified points.

2: Loop: For k = 0, 1, . . . , l − 1, perform:

Step 1. Generate a predictive probabilities model by GPC algorithm and estimate the

admissible domain Hk := {z|p(a∗ = +1|D, z∗) < P}.

Step 2. Determine a next measurement point zk+1 = argmaxz∗∈Hk
σ∗ (e.g. in (3.19)).

Step 3. Apply the point zk+1 to the system and get an output data ak.

End loop

3: Output: Generate a predictive probabilities model by GPC and estimate the boundary

model h(z∗) =: p(a∗ = +1|D, z∗)− P .

3.6

GPC , ,

. GPC

, .
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Fig 3.3: Input design based on GPC. This approach can determine the next measurement

”point” near the boundaries.
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Fig 3.4: Initial condition of unit circle modeling. We set some classified points.

, (Automated Relevance Determination,

ARD) [20].

k(zi, zj) = θ0 exp

{
−1

2

nu∑
p=1

θm(zpi , z
p
j )

}
(3.23)

zmi zi m .

. GPML Matlab

Code [26] , MATLAB R2017a .

3.6.1

2

, .

GPC [20][47]

, .

Fig. 3.4 .

,

. 10

, (2σ), Fig. 3.5 . Fig.

3.5 ,

. .

,
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(a) Laplace approximation

(b) Expectation propagation algorithm

Fig 3.5: (a) GPC with Laplace approximations, and (b) GPC with EP approximations (10

additional inputs). GPC-EP provides large score near the boundary.

, .

.

3.6.2

2 , .

, 2 1 3 1 .

A. 2

, 2

Fig. 3.6 . , GPC-EP(P = 0.3) .

GPC , ,

.
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Fig 3.6: Example of static boundary identification with Algorithm 1 (2 input case).
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B. 3

, , 3 , GPC-

EP(P = 0.3) . Fig. 3.7 .

, 0, 100

. ,

. , ,

, . ,

Fig. 3.8 .

, 900 .

Fig. 3.9 .

, ,

. , ,

.

,

. pref , N

m .

PN (m) =

(
N

m

)
pNref (1− pref )

(N−m) (3.24)

Algorithm 1 p = 0.5 , PN (m) =

0.5 N m , N ,

m +1 , m −1

. , 1 N

, ,

pref .

3.7

,

GPC

. ” ”

, , .

, ,

, .

.
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(e) Input data after 150 iterations (f) Static boundary model after 150 iterations

Fig 3.7: Example of static boundary identification with Algorithm 1 (3 input case).
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(a) Static boundary model after 150 iterations
(ω = 1500[rpm], egr = 0[mm])

(b) Static boundary model after 150 iterations
(esa = 0[deg], egr = 0[mm])

Fig 3.8: Example of static boundary identification models (3 input case).

Fig 3.9: Classification accuracy between the identified boundary model and test data. The

accuracy is validated with True Positive (TP) and True Negative (TN). The False Positive

(FP) is 0.3-1.0 % of test data set.
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4.1

, , ,

.

, , Nonlinear Auto-Regressive with eXogenous

inputs (NARX) , .

, NARX ,

(2.33) , GP

. ,

, . ,

, GP

FITC

. , ,

. Society of Automotive Engineers (JSAE) Society

of Instrument and Control Engineers (SICE)

[11] [12] . ,

,

.

4.2

NARX (2.33) ,

. , ,

[50]-[53]. ,

, .

, ,

. ,

, (Recurrent Neural Network, RNN)

. , , long short-term memory

41
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(LSTM)[54], NARX-RNN [55] , .

4.2.1 NARX-DNN

, (Deep Neural Network, DNN)[56] , NARX

(2.33) NARX-DNN . NARX-DNN ,

RNN . ,

, 1 , 1

, ,

DNN , . , xk, yk+1 zk

DNN . , ,

, (Fig. 4.1).

4.2.2

, NARX NARX-DNN

. NARX-DNN , wk vk .

, ,

ω , . , ω =1500 [rpm],

, NARX-DNN

, . MATLAB R2017a Neural Network

Toolbox , DNN .

10000, 300

Fig. 4.2 . , DNN , ,

, po pi ,

, po = pi = 10 . Fig. 4.2(a)-(c) , NARX-DNN 1

, f . Fig. 4.2(d)-(f) , 1

, , g . Fig. 4.2

, NARX-DNN

. , (Fig. 4.3),

. ,

, .
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Fig 4.1: NARX-DNN model.

4.3

NARX GP .

(Gaussian Process Latent Variable Model,

GPLVM)[57] [58][59] GP[60]

. , GP[61][62] ,

, ,

. ,

, .

, NARX ,

. , ,

y x .

, .

4.3.1

GP k(X,X) ,

, (Automated Relevance Determination, ARD)

k(x,x′) = cov{f(x), f(x′)),

= λ2 exp(−1

2
(x− x′)TΛ−1(x− x′)).

(4.1)
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Fig 4.2: Modeling example using DNN (training data: 10000 cycles).
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Fig 4.3: Modeling example using DNN (training data: 1000 cycles).
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Λ = diag(l21, l
2
2, . . . , l

2
nx
) x λ2

θ = [l21, l
2
2, . . . , l

2
nx
, λ2, σ2]

, (2.5)

, l21, l
2
2, . . . , l

2
nx

,

. ,

, , .

, ARD , .

4.3.2 NARX

NARX-DNN , xk, yk+1 zk , NARX

. NARX-GP , wk vk

. ,

, ,

. ARD ,

, , DNN

.

, GP DNN , . ,

, ARD

. , ,

.

, , ,

[63] ,

.

4.3.3

, NARX NARX-GP

Fig. 4.4 . Fig. 4.4 , , 95%

. , NARX-DNN

. ARD , po = pi = 5 , Fig. 4.2

, 1000 . 10 1

, Fig. 4.4(a)-(c),(f) , .

, Fig. 4.4(d)-(e) , . ,

,

, . ,
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, 95% , GP

.

(a) Predicted mt (b) Predicted α

(c) Predicted pm (d) Estimated R KC

(e) Estimated M HC (f) Estimated Tor

Fig 4.4: Modeling example using GP (training data: 1000 cycles).

4.3.4

GP , , N

, O(N3) . ,
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. , 4 , NARX-GP

.

a) Fully Independent Training Conditional method (FITC) [31][34] :

N M GP , GP

. O(M2N +M3) ,

.

b) DNN−GP with KISS−GP (DGP)[41] : DNN

, , O(N +h(M))( h(M) M

) KISS-GP . M

, FITC M N . DNN

, DNN

KISS-GP . , https://people.orie.cornell.edu/andrew/code/

, Python Keras

.

c) Recursive Gaussian Process (RGP)[65][66] : RGP GP

, ,

f . 6.2 . ,

, O(m2N) . m

,

.

d) RGP with FITC : RGP , FITC

(2.20) . m

, RGP . 6.2 .

4.4

Fig. 4.2, 4.4 NARX-DNN NARX-GP

. ,

. , , NARX-DNN

NARX-GP ,

. , ,

.

,

. , ,

, ,

, .
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, 1

. ω =1500 [rpm],

, 300 . , DNN, GP, FITC(M=500),

DGP(M=200, :2), RGP(M=1000), RGP+FITC(M=500) 6

. , , po = pi = 5

, , . , RGP

N=1000 GP

, . , RGP+FITC

N=1000 FITC(M=500)

, . 50 5000

Fig. 4.5-4.7 .

.

• 1000 , GP DNN

. DNN ,

,

. , GP ,

.

• , GP , GP

. FITC ,

RGP . FITC RGP

, DNN . ,

, ,

.

• DGP KISS-GP ,

,

. m , DNN GP

, .

• 5000 , DNN

, RGP+FITC GP .

, GP , DNN

.

, 10000 , GP

.



50 4

, ,

NARX-DNN . , NARX-

GP , , NARX-

GP . ,

, FITC , RGP+FITC

. RGP+FITC

1 , 1

5.0[ms] ,

.

Fig 4.5: Relationship between the number of training data and estimation accuracy.
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Fig 4.6: Relationship between the number of training data and learning time.

Fig 4.7: Relationship between learning time and estimation accuracy.
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Fig 4.8: Extracted features from a DBN on engine simulator dataset.

4.5

4.5.1

, DNN KISS-GP DGP

,

. DNN

. , (Deep Belief Network,

DBN)[50][51] 3 Fig. 4.8 .

MATLAB R2017a Toolbox[67] , Fig. 4.2 10000
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. ,

,

.

, DNN DNN

,

.

4.5.2

NARX , DNN

.

[68] DNN .

,

, ECU .

, .

.

.

x(k + 1) = f(x(k),u(k)),

y(k) = Cx(k). (4.2)

x(k) ∈ Rn, u(k) ∈ Rm, y(k) ∈ Rl k ,

, , f : Rn → Rn , C ∈ Rl×n .

ξ ∈ Rla ,

.

ỹ(k) =

[
y(k)

ξ(k)

]
∈ R

lz . (4.3)

, .

Du =
[
u(0) u(1) · · · u(N)

]
,

Dỹ =
[
ỹ(0) ỹ(1) · · · ỹ(N)

]
. (4.4)

.
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Fig 4.9: Statistical linear approximation using nonlinear auxiliary variables.

[69] . N4SID [70]

.

z(k + 1) = Ãz(k) + B̃u(k) +Ke(k),

ỹ(k) = C̃z(k) + e(k), (4.5)

, z ∈ Rnz (nz ≤ lz) . Ã ∈ Rnz×nz

, B̃ ∈ Rnz×m , C̃ ∈ Rlz×nz . K ∈ Rnz×lz

, e(k) ∈ Rlz p(e(k)) = N (0,Σe) .

, (4.5)

. ,

, (Fig. 4.9).

, . ,

, DNN .

.

z(k + 1) = Ãz(k) + B̃u(k),

ỹ(k) = C̃z(k). (4.6)

, C̃ . Δy(k) = ỹ(k + 1)− ỹ(k), C̃# ∈ Rlz×nz

C̃# = (C̃T C̃)−1C̃T ,

.

Δy(k) = (C̃ÃC̃# − I)ỹ(k) + C̃B̃u(k) (4.7)

, (4.6) , , Δy(k) ỹ(k)

ũ(k) . , Fig. 4.10
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Fig 4.10: Illustration of the architecture of auxiliary variable training. The feature of last

hidden layer generates a candidate for an auxiliary variable by training the neural network.

,

.

, Δy(k)

. ,

. , ,

Algorithm 2 . , D

.

D =
[
DT

u DT
ỹ DT

Δy

]T
(4.8)

DΔy =
[
Δy(0) Δy(1) · · ·Δy(N)

]
(4.9)

D rank(D) = rank([DT
u DT

ỹ ]
T )

, (4.6) ,

. , [71]

, . Fig. 4.11 , Δz(k) = z(k+1)−z(k)
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Algorithm 2 Auxiliary variable selection using DNN

1: : ỹ0(k) = y(k) ∈ R
l , imax .

2: Du, Dỹ0, D0 .

3: , rank(D0) = rank([DT
u DT

ỹ0]
T )

4: for i = 1 : imax

5: (Fig. 4.10)

6: featurei(k) , .

ỹi(k) =

[
ỹi−1(k)

featurei(k)

]
∈ R

lzi=l+i (4.10)

7: Dỹi, Di .

8: , rank(Di) = rank([DT
u DT

ỹi]
T )

9: end

Fig 4.11: Graphical model representation of a Bayesian linear regression.

.

Δz(k) = AV z(k) +BV u(k) + e

= [AV BV ]

[
z(k)

u(k)

]
+ e

= WZ(k) + e. (4.11)

AV ∈ Rnz×nz (Ã− I) , BV ∈ Rnz×m . ,

Z(k) = [z(k)T u(k)T ]T ∈ Rnz+m , W = [AV BV ] ∈
Rnz×nz+m .

Fig. 4.12 ,
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Fig 4.12: A pendulum system and the Bond Graph associated with the system.

. ,

.[
θ(k + 1)

θ̇(k + 1)

]
=

[
θ(k)

θ̇(k)

]
+

[
θ̇(k)

− c
J − mLg

J sin θ(k)

]
Δt+

[
0
1
J

]
τ,

y(k) = x(k) = [θ(k), θ̇(k)]T (4.12)

Algorithm 2 Fig. 4.13 . 5

, θ̇(k) (4.12)

. , 0 .

, 2σ

.

, .

,

.

[72] ,

,

.

4.6

, JSAE SICE ,

, .

NARX , DNN GP

. GP , , RGP FITC
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Fig 4.13: Comparison between true response value and one step predicted value of output

with uncertainty models. True response can be approximated well near the training data.

. , , DNN, GP,

GP NARX ,

. , ,

.

, , NARX-GP

. ,

NARX-DNN ,

NARX-GP . ,

, FITC , RGP+FITC
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, DNN .

.
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5.1

, (Dynamical Design of Experiment,

DDoE) . 4 , NARX-GP

. , 3

. GP ,

. , NARX-GP

, . 3

,

. , ,

, NARX-GP

.

.

5.2

, .

, [25][73][74].

.

5.2.1 ( )

DDoE ,

[75].

.
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Fig 5.1: Example of APRBS signal.

• : ,

.

• :

.

• : , ,

.

• : , ,

.

Amplitude modulated Pseudo Random Binary Sequence

(APRBS) [76](Fig. 5.1) [73][74].

,

(Fig. 5.2). DDoE

, ,

.

5.2.2 ( )

DDoE 1 , .

DDoE

, 3 ,

. [25] ,

,

(Fig. 5.3).
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Fig 5.2: Input singal for offline model-free DDoE (2D case). (a) Example of input space

using APRBS signals. (b) Correction result to satisfy operable constraints.

Fig 5.3: Comparison of dynamical input space, model-free offline DoE and online DDoE :

N. Tietze (2015)[25]

. DDoE

.

5.2.3 ( )

DoE ,

. ,

, D [45] . ,
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,

. ,

, .

5.2.4 ( )

DDoE ,

,

. NARX

, D-

DDoE [73][74][77][78].

5.3

DDoE

. 4 GP

, NARX-GP DDoE

. [79] GP

[80] , .

2 , X = [x1,x2, . . . ,xN ] ∈ Rnx×N ,

x ∈ H y = [y1, y2, . . . , yN ]T ∈ RN×1 . F (X)

f y = f + εN , εN ∼ N (0, σ2I) I(y; f) ,

H .

F (X) = I(y; f) = H(y)−H(y|f)
H(A) = −

∑
a∈domA

p(a) log p(a)

H(A|B) = −
∑

a ∈ domA
b ∈ domB

p(a, b) log p(a|b)
(5.1)

y f . ,

.

H(N (μ,Σ)) =
1

2
log |2πeΣ| (5.2)

, , .

I(y; f) = I(y;f) =
1

2
log |I + σ−2K| (5.3)
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f N NP

, k xk = argmaxx∗∈H F (Xk−1 ∪ {x∗})
[81]. ,

xk = argmax
x∗∈H

F (Xk−1 ∪ {x∗})

= argmax
x∗∈H

1

2
log |I + σ−2KXk−1,Xk−1|

× |σ−2k(x∗,x∗)− k(x∗,Xk−1)(I + σ−2KXk−1,Xk−1
)−1k(Xk−1,x∗)|

= argmax
x∗∈H

σ2f∗|x∗,Xk−1,yk−1

(5.4)

. , Xk = [x1,x2, . . . ,xk] yk = [y1, y2, . . . , yk]
T . ,

DoE .

(5.4) GPDoE . (5.4)

,

. GPDoE Fig. 5.4 .

, .

.

, NARX-GP

. ym m ,

H(y1, . . . ,yn)

H(y1, . . . ,yn) =

n∑
m=1

H(ym) (5.5)

, ,

xk = argmax
x∗∈H

n∑
m=1

σ2f∗|x∗,Xk−1,y
m
k−1 (5.6)

GP .

,

.

, x y , T

H(yk) = H(yk−1) +H(yk|yk−1) (5.7)

,

I(yN+T ;yN+T ) =
1

2

T∑
k=1

log(1 + σ−2σ2N+k(xk)) (5.8)
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(a) Result of GPDoE (N=7) (b) Result of GPDoE (N=8)

(c) Result of GPDoE (N=15) (d) Random data (N=15)

Fig 5.4: Exmple of GPDoE (Initial data number N0 = 5).

.

5.4

GPDoE x y ,

, NARX (2.33) ,

. ,

, .

5.4.1

hs(u) ,

(Fig. 5.5). ,

, , Algorithm 1 GPC

. , GPC ,
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Fig 5.5: Example of the static boundary model and the input sequence generated by a

DDoE. In this case the input dimensions are three (ω = 1500[rpm] egr = 0[mm]). The

engine operating conditions are divided into 100×100×100 grids.

, ,

.

, DDoE

.

5.4.2

, ,

. NARX .

yk+1 = f(yk, · · · ,yk−po ,uk, · · · ,uk−pi) +wk (5.9)

t ft

yk+t = ft(yk, · · · ,yk−po ,uk+t−1, · · · ,uk−pi ,wk+t, . . . ,wk) +wk+t (5.10)

. wk w ,

ck−1 = [yT
k , · · · ,yT

k−po ,u
T
k−1, · · · ,uT

k−pi ]
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, f̃t .

yk+t|ck−1,w = f̃t(uk+t−1, · · · ,uk) (5.11)

, (5.8)

.

rm ∈ RT ,

smk =

T∑
i=1

rmi ym
k+i

sk|ck−1,w = F (uk+T−1, · · · ,uk)

s ∈ Rny F . , T

. . NARX (2.33)

, F GP

, GP . GP

GPDoE . NARX-GP

, DDoE .

smk =

T∑
i=1

rmi ym
k+i

bmk =

T∑
i=1

pm
i zm

k+i−1

sk = Fgp(ck−1,uk+T−1, · · · ,uk)

bk = Ggp(ck−1,uk+T−1, · · · ,uk)

(5.12)

, T ≥ po + 1 T ≥ pi + 1 . , pm ∈ RT

. k Fgp F̂k, Ggp

Ĝk .

, (5.12) GPDoE . ,

k , U∗
k , Uk = [uT

k+T−1, · · · ,uT
k ]

T
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.

Uk
∗ = argmax

Uk

(
ny∑

m=1

σ2sm
k
+

nz∑
m=1

σ2bmk

)
,

s.t. smk ∼ N(μsm
k
, σ2sm

k
),

sk = F̂k(ck−1,Uk),

μbκk ≤ εb, 0 < εb, κ = 1, . . . , 2l,

bmk ∼ N(μbmk , σ
2
bmk
),

bk = Ĝk(ck−1,Uk),

hs(ui) ≤ −εh, i = k, . . . , k + T − 1, 0 ≤ εh,

Δumin ≤ Δuj ≤ Δumax,

Δuj = uj − uj−1, j = k, . . . , k + T − 1,

(5.13)

, εb εh , Δumin Δumax

. (5.13) , u∗
k k

, .

GP F̂k Ĝk ,

. GP (2.3) ,

(K + σ2I)−1 , ,

( A.3).

,

.

. , ,

.

Algorithm 3 .
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Algorithm 3 Dynamical DoE Based on GP

1: Preparation:

2: Stationary inputs are added to obtain a static boundary model hs(u) using Algorithm

1.

3: Acquire initial training data set D0,0 with the constraint hs(u) ≤ −εh, 0 ≤ εh.

4: Dynamical DoE:

5: Outer Loop: For t = 0, . . . , lO, perform:

6: Initialize the experiment environment

7: Calculate hyperparameters θt and GP model (F̂0,t, Ĝ0,t) with training data D0,t.

8: Inner Loop: For k = 0, . . . , lI , perform:

9: Determine a next input u∗
k,t in (5.13).

10: Apply the input point u∗
k,t to the system and obtain an new training data Dk,t.

11: Update GP model to F̂k+1,t and Ĝk+1,t with training data.

12: End

13: End

14: Output:

15: Generate GP-NARX models (2.33) with input and output data.

5.5

, [82][83].

C , .[
x1(k + 1)

x2(k + 1)

]
=

[
θ1x1(k) + θ2(1− x22(k))u

θ3x2(k) + θ4(1− x22(k))u

]
(5.14)

h(k) =

(
Pc(k)

α

)2

+

(
Tc(k)

β
− 1

)2

(5.15)

s.t. 0 ≤ u(k) ≤ 1 (5.16)

, k , θ1, θ2, θ3, θ4, α, β , Pc(k) = x2(k), Tc(k) = x2(k)/x1(k)

, x1(k) x2(k) . h(k) , h(k) > 1

. ,

, h(k) ≤ 1 .

h(k) ≤ 1

. x2(k) , y(k) = x2(k + 1) − x2(k)

Fig. 5.6 . APRBS , GPDDoE

. u− x2 y

, APRBS 50

, y(k) = fgp(x2(k), u(k)) GP
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(a) Input space using APRBS signal (b) GP model using APRBS signal
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(c) Input space using GPDDoE (d) GP model using GPDDoE

Fig 5.6: Comparison result between GPDDoE and APRBS without boundary constraints.

. , GPDDoE

, GP .

y(k) = fgp(x2(k), u(k)) , (5.12)

GPDoE(5.4) y

. GPDDoE APRBS 10

, T = 3 50

. MATLAB R2017a

”particleswarm” .

.

0 ≤ u ≤ 1 . ,

,

. Fig. 5.7 APRBS , GPDDoE
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(a) Abnormal operation signal excited with
APRBS signal

(b) Abnormal operation signal in GPDDoE with
constraint

(c) GP model of the boundary function using GPDDoE.

Fig 5.7: Result of boundary identidication using GPDDoE with boundary constraints.

. APRBS

. GP

. GPDDoE APRBS

. GPDDoE GP

.

Fig. 5.8 y

GP .

. GP
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(a) Input space using GPDDoE with constraint (b) GP model using GPDDoE with constraint

Fig 5.8: System model identidication using GPDDoE with boundary constraints.

.

lO = 1 , lO

.

5.6

, .

,

ω = 1500[rpm] . , 1 1

, .

5.6.1

Algorithm 3 , GP .

, 200

. 6 (Fig. 5.9) ,

50 . 500

. , GP-NARX

, po = pi = 5 , T = 6 .

, uk = ui, i = k+ 1, . . . , k+ T − 1,

.
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Fig 5.9: Example of the input sequence generated by the dynamical DoE based on GP-NARX

model.

5.6.2 GP-NARX

GPDDoE , GP-NARX ,

. [31][34], GP

RRGP . Table. 5.1 500

GP-NARX . , Fig. 5.10

. 4

. , Algorithm 3 GPDDoE ,

, GPDDoE

. pm
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, pm GP-NARX (5.12)

, pm .

, . Fig. 5.11 6

(t = 6) GPDDoE ,

. , ,

, .

Table 5.1: Result of accuracy of the GP-NARX model (The number of training data points

is 500)

Predicted Uniform random Algorithm 3

signal input (MSE) (MSE)

mt 2.515 e-05 1.922 e-05

α 1.642 e-01 6.833 e-02

pm 3.637 e-01 3.080 e-02

R KC1 7.019 e-04 9.200 e-04

M HC1 1.216 e-06 1.180 e-06

Tor1 3.208 e+01 3.163 e+01

5.7

. NARX-GP

,

. ,

. ,

, . ,

,

.
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(a) Estimated R KC

(b) Estimated M HC

(c) Estimated Tor

Fig 5.10: Modeling result using GPDDoE (training data: 500 cycles).

(a) Estimated M HC (b) Estimated R KC

Fig 5.11: Result of abnormal operation signal using GPDDoE.
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6.1

,

,

. ,

. GP

.

Fig 6.1: Concept of model update.

GP ARD ,

. ,

, . GP

, ( ,

) . ,

.

75
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, ,

. ,

,

. ,

,

. ,

GP , (Robust Recursive Gaussian

Process, RRGP)[84] . GP

, ECU

(Fig. 6.1).

Society of Automotive Engineers (JSAE) Society of Instrument and Control Engineers

(SICE)

[11][12] .

6.2

(Recursive Gaussian Process, RGP)

[65][66][84], .

,

. 4 RGP GP

, .

, GP , D = (X,y) f = f(X) . f

p(f) = N (f |μf
0 ,C

f
0 ) GP . μf

0 = 0,Cf
0 = k(x,x)

, GP . GP ,

, RGP , xt = [xt
1,x

t
2, . . . ,x

t
nt
] ∈ Rnx×nt

yt = [yt1, y
t
2, · · · , ytnt

] ∈ R1×nt

. y1:t p(f |y1:t) .

t− 1 , t

p(f |y1:t) =

∫
p(f ,ft|y1:t)dft

=

∫
ct · p(yt|f ,ft) ·

︷ ︸︸ ︷
p(ft|f) · p(f |y1:t−1)︸ ︷︷ ︸ dft

(6.1)

, ft = f(xt) , ct .
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6.2.1

(6.1) .

p(f ,ft|y1:t−1) = p(ft|f) · p(f |y1:t−1)

= N (ft|μp
t ,Bt) · N (f |μf

t−1,C
f
t−1)

(6.2)

,

μp
t = Jt · μf

t−1 (6.3)

Bt = k(xt,xt)− Jt · k(X,xt) (6.4)

Jt = k(xt,X) ·K−1 (6.5)

. 2 , .

p(f ,ft|y1:t−1) = N (p,P ) ,

p =

[
μf
t−1

μp
t

]
, P =

[
Cf

t−1 Cf
t−1J

T
t

JtC
f
t−1 Cp

t

]
(6.6)

, p(ft|y1:t−1) μp
t = Jt · μf

t−1, Cp
t = Bt + JtC

f
t−1J

T
t

. GP (6.1) f

t

p(yt|y1:t−1) =

∫
p(yt|ft) ·

∫
p(ft|f) · p(f |y1:t−1)dfdft (6.7)

p(yt|y1:t−1) = N (yt|μp
t ,C

p
t + σ2I)

6.2.2

yt p(yt|ft) = N (yt|ft, σ2I) , ft yt f

p(yt|f ,ft) = p(yt|ft) . ,

p(f ,ft|y1:t−1) = p(ft|y1:t−1) · p(f |ft,y1:t−1) .

yt , p(yt|ft) p(ft|y1:t−1)

,

p(ft|y1:t) = N (ft|μe
t ,C

e
t ) .

μe
t = μp

t +Gt(y
t − μp

t )

Ce
t = Cp

t −GtC
p
t
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, Gt = Cp
t · (Cp

t + σ2I)−1 .

, f p(ft|y1:t) p(f |ft,y1:t−1) ft

. ,

μt =

[
μf
t

μe
t

]
, Ct =

[
Cf

t LtC
e
t

Ce
tL

T
t Ce

t

]
(6.8)

,

μf
t = μf

t−1 + G̃t · (yt − μp
t ) (6.9)

Cf
t = Cf

t−1 − G̃tJtC
f
t−1 (6.10)

G̃t = Lt ·Gt = Cf
t−1J

T
t · (Cp

t + σ2I)−1 (6.11)

Lt = Cf
t−1J

T
t (C

p
t )

−1 (6.12)

. , Algorithm 4 2

.

Algorithm 4 Recursive Gaussian Process

1: Prediction: t− 1 , t p(yt|y1:t−1) =

N (yt|μp
t ,C

p
t + σ2I) .

μp
t = Jtμ

f
t−1

Bt = k(xt,xt)− Jtk(X,xt)

Jt = k(xt,X) ·K−1

Cp
t = Bt + JtC

f
t−1J

T
t

2: Update (RGP): yt , f .

μf
t = μf

t−1 +Gt · (yt − μp
t )

Cf
t = Cf

t−1 −GtJtC
f
t−1

Gt = Cf
t−1J

T
t · (Cp

t + σ2I)−1

6.2.3

RGP ,

GP . , RGP
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Fig 6.2: Examples of toy model training using RGP.

, GP RGP

. RGP

, .

Fig. 6.2 RGP .

,

.

6.2.4 RGP

μf

μf
t = Inμ

f
t−1 (6.13)

yt = Jtμ
f
t +wt (6.14)

wt ∼ N (0,Wt) (6.15)

μf ∈ Rnx , y ∈ Rnt Wt = B + σ2I
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,

μf
t = μf

t−1 +Lt · (yt − Jtμ
f
t−1) (6.16)

Cf
t = Cf

t−1 −LtJtC
f
t−1 (6.17)

Lt = Cf
t−1J

T
t · (JtC

f
t−1J

T
t +W )−1 (6.18)

, Cf (6.9)-(6.12)

,

, (6.15)

μf
t = argmin

μf

wT
t Wtwt + (μf − μf

t−1)
TCf

t−1(μ
f − μf

t−1) (6.19)

s.t. yt = Jtμ
f +wt (6.20)

6.2.5

RGP SoR FITC SKI

. , Algorithm 4

. RGP M , N

O(M2N) , ,

. RGP ,

,

.

Fig. 6.3 .

, GP

. , FITC RGP

, ,

RGP .

6.3

, ( D) ,

. , nt = 1

.



81

-10 -5 0 5 10
Input

-4

-2

0

2

4

6

8

O
ut

pu
t

Data
True
FITC-RGP
Pseudo-input

(a) RGP+FITC

-10 -5 0 5 10
Input

-4

-2

0

2

4

6

8

O
ut

pu
t

Data
True
KISS-RGP
Pseudo-input

(b) KISS-RGP

Fig 6.3: Examples of toy model training using RGP with approximation methods.

6.3.1

, . ,

ft = f(xt) .

p(yt|y1:t−1) =

∫
p(yt|y1:t−1,xt

k)p(xt|y1:t−1)dxt

=

∫
p(yt|ft)

∫
Ext|y1:t−1

[
p(ft|y1:t−1,xt)

] · p(f |y1:t−1)dfdft

(6.21)

, Ext|y1:t−1

[
p(ft|y1:t−1,xt)

] ∼ N (μpt , B
t) ,

μpt = Jtμ
f
t−1 (6.22)

Bt = λ2 − tr
[
(K + σ2I)−1Q

]
+ σ2 + βTQβ − μpt

2
(6.23)

Jt = qTK−1 (6.24)

q Q , (D.6) (D.9) . , (6.22)−(6.24)

(6.3)−(6.5) , (6.6)

. , RGP .

p(yt|y1:t−1) = N (yt|μpt , Ct + σ2)

Ct = Bt + JtC
f
t−1Jt

T
(6.25)

6.3.2

, yt . (6.25) p(ft|y1:t−1) =

N (μt, Ct) , 4.1.2 . , ct = 1/p(yt|y1:t−1)
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.

p(f |y1:t−1, yt) =

∫
p(f , ft|y1:t−1, yt)dft

=

∫
ct · p(f , ft, yt|y1:t−1)dft

=

∫
ct · p(yt|f , ft) · p(f , ft|y1:t−1)dft

=

∫
ct · p(yt|ft) ·

∫
p(ft|f ,xt) p(x

t|y1:t−1)dxt · p(f |y1:t−1)dft

=

∫
ct · p(yt|ft) · Ext|y1:t−1

[
p(ft|y1:t−1,xt)

]︸ ︷︷ ︸
(6.22) ∼ (6.24)

p(f |y1:t−1)dft

p(f |y1:t−1) ∼ N (μft−1, C
f
t−1) , .

μf
t = μf

t−1 +Gt · (yt − μpt ) (6.26)

Cf
t = Cf

t−1 −GtJtC
f
t−1 (6.27)

Gt = Cf
t−1Jt

T · (Ct + σ2)−1 (6.28)

, Algorithm

5 .

6.4

. ,

RGP[84] RRGP [85]-[87]

RGP l1

6.4.1

, (6.15) zt

μf
t = Inμ

f
t−1 (6.29)

yt = Jtμ
f
t +wt + zt (6.30)

wt ∼ N (0,Wt) (6.31)
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Algorithm 5 Recursive Gaussian Process with Uncertain Input

1: Prediction: t− 1 , t p(yt|y1:t−1) =

N (yt|μp
t , C

t + σ2) .

μp
t = Jtμ

f
t−1

Bt = λ2 − tr
[
(K + σ2I)−1Q

]
+ σ2 + βTQβ − μp

t
2

Jt = qTK−1

Ct = Bt + JtC
f
t−1Jt

T

xt = N (xt|μ̃t, Σ̃t)

β = (K + σ2I)−1y

qi = λ2|Σ̃kΛ
−1 + I|− 1

2 exp

[
−1

2
νT(Σ̃t +Λ)−1ν

]
νi = (xi − μ̃t), i = 1, · · · , N

Qij = |R|− 1
2k(xi, μ̃t)k(xj, μ̃t) exp

[
1

2
· zTij T−1zij

]
R = 2Σ̃kΛ

−1 + I

T = 2Λ−1 + Σ̃−1
t

zij = Λ−1(νi + νj)

2: Update (RGP): yt , f .

μf
t = μf

t−1 +Gt · (yt − μp
t )

Cf
t = Cf

t−1 −GtJtC
f
t−1

Gt = Cf
t−1Jt

T · (Ct + σ2)−1
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zt l1 ,

(6.20) l1

μf
t , ẑt = argmin

μf ,zt

wT
t Wtwt + (μf − μf

t−1)
TCf

t−1(μ
f − μf

t−1) + λ||zt||1 (6.32)

s.t. yt = Jtμ
f +wt + zt (6.33)

, λ . , , ẑt

.

ẑt = argmin(et − zt)
TΣt(et − zt) + λ||zt||1 (6.34)

, et = yt − Jtμt−1, Σt = (JtC
f
t−1J

T
t +Bt + σ2I)−1 . ,

, .

ẑt =

⎧⎪⎪⎨
⎪⎪⎩
et − λ

2Σt
( λ
2Σt

≤ et)

0 (− λ
2Σt

≤ et <
λ

2Σt
)

et +
λ

2Σt
(et < − λ

2Σt
)

(6.35)

6.4.2 RGP

Fig 6.4: Outlier estimation using robust recursive Gaussian process regression.

λ

, . RRGP RGP 95%

, λ = 4
√
Σt (Fig 6.4).

RRGP . RGP

.
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Update (RRGP):

μf
t = μf

t−1 +Lt(et − ẑt) (6.36)

et = yt − Jtμ
f
t−1 (6.37)

Cf
t = (I −LtJt)C

f
t−1 (6.38)

Lt = Cf
t−1J

T
t (JtC

f
t−1J

T
t +Bt + σ2I)−1 (6.39)

ẑt =

⎧⎪⎪⎨
⎪⎪⎩
et − κt (κt ≤ et)

0 (−κt ≤ et < κt)

et + κt (et < −κt)

(6.40)

κt = 2(Cp
t + σ2I)

1
2 (6.41)

6.4.3

GP , RRGP

.

[84] ,

. ,

, ,

, .

, ,

. , RRGP ,

, GP

.

6.4.4 RRGP

RRGP

. , pm .

Fig. 6.5 ,

. ,

,

, 5 Algorithm 3 .

Fig. 6.5 Fig. 6.6 . RRGP-NARX 1

, GP-NARX 1000
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Fig 6.5: Training and test data.

. , GP

, , . ,

RRGP-NARX .

Fig. 6.7 . RGP RRGP 1

, GP 50 . , GP ,

. , RRGP

, , MSE

GP ,

. RRGP-NARX ,

GP x

. ,

, , 2

. ,

,

[88].

, 500 , 1 Simulink
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(a) RGP-NARX

(b) RRGP-NARX

(c) RRGP with Uncertain Input-NARX

(d) GP-NARX

Fig 6.6: One-step ahead prediction value of pm when the output includes outliers (The

number of training data points is 1000).
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R2017a (Core i7-4770S, RAM:16.0GB) 1[ms] .

m , O(m2) ,

, .

6.5

NARX-GP
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A

A.1

, μ ∈ RD, Σ ∈ RD×D

.

p(x|μ,Σ) =
1

(2π)D/2 |Σ| 12
exp
{
−1

2
(x− μ)TΣ−1(x− μ)

}
(A.1)

Σ . , x ∼ N (μ,Σ)

p(x) = N (μ,Σ) .

x , 2 xA,xB , p(x) = p(xA,xB)

. , xA p(xA) .

p(xA) =

∫
p(xA,xB)dxB (A.2)

, p(xB) > 0 , p(xA|xB) p(xB|xA)

.

p(xA|xB) =
p(xA,xB)

p(xB)
=

p(xA)p(xB|xA)

p(xB)
(A.3)

xA,xB .

x =

[
xA

xB

]
∼ N

([
μA

μB

]
,

[
A C

CT B

])
(A.4)

xA xA ∼ N (μA,A) , xB xA

[20].

xA|xB ∼ N (μA +CB−1(xB − μB),A−CB−1CT ) (A.5)
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A.2

K(θ) [89]. θ

.

∂ log |K|
∂K

= K−1

∂ log |K|
∂θ

= tr

(
K−1∂K

∂θ

)
∂aTK−1b

∂K
= −K−1abK−1

∂K−1

∂θ
= −K−1∂K

∂θ
K−1

(A.6)

A.3

A ∈ RD×D A−1 .

A =

(
P Q

R S

)
, A−1 =

(
P̃ Q̃

R̃ S̃

)
(A.7)

, A−1 [20][90].

P̃ = P−1 + P−1QMRP−1

Q̃ = −P−1QM

R̃ = −MRP−1

S̃ = M

M = (S −RP−1Q)−1

(A.8)

,

P̃ = N

Q̃ = −NQS−1

R̃ = −S−1RN

S̃ = S−1 + S−1RNQS−1

N = (P −QS−1R)−1

(A.9)
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B

N 1 d ,

(2.21) . , [35][36] K−1y

. .

k(x, x′) = k(x− x′) = k(dτ) = kτ .

K ∈ RN×N .

K =

⎡
⎢⎢⎢⎢⎢⎢⎣

k0 k1 · · · kN−2 kN−1

k1 k0 · · · kN−3 kN−2
...

...
. . .

...
...

kN−2 kN−3 · · · k0 k1

kN−1 kN−2 · · · k1 k0

⎤
⎥⎥⎥⎥⎥⎥⎦ (B.1)

C ∈ R2(N−1)×2(N−1) .

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k0 k1 · · · kN−2 kN−1 kN−2 kN−3 · · · k2 k1

k1 k0 · · · kN−3 kN−2 kN−1 kN−2 · · · k3 k2
...

...
. . .

...
...

...
...

. . .
...

...

kN−2 kN−3 · · · k0 k1 k2 k3 · · · kN−2 kN−1

kN−1 kN−2 · · · k1 k0 k1 k3 · · · kN−3 kN−2

kN−2 kN−1 · · · k2 k1 k0 k1 · · · kN−4 kN−3

kN−3 kN−2 · · · k3 k2 k1 k0 · · · kN−3 kN−2
...

...
. . .

...
...

...
...

. . .
...

...

k2 k3 · · · kN−2 kN−3 kN−4 kN−3 · · · k0 k1

k1 k2 · · · kN−1 kN−2 kN−3 kN−2 · · · k1 k0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

[
K S

ST A

]

(B.2)

C c ∈ R2(N−1) . C λ

v , K−1y |C| . ,

ωm 1 m , [91].

λm =

N−1∑
t=0

ctω
t
m = DFT[ct] = c̃m

vm = N−1/2[1, ωm, . . . , ωN−1
m ]T

ωm = exp
(
−2πim

N

)
m = 0, . . . , N − 1

(B.3)
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, c (Discrete Fourier Transform, DFT)

, . , z

DFT[zt] = z̃m , (Inverse DFT, IDFT)

Cz =
1

N

∑
m

exp
(
2πimt

N

)
c̃mz̃m

= DFT−1[c̃mz̃m]

(B.4)

. r ∈ R(N−1) z = [r,0]T ,

Cz = C

[
r

0

]
=

[
Kr

0

]
(B.5)

. , Cz Kr ,

K−1y . , DFT IDFT

, K−1y O(N logN) .

C

ICEM(In-Cycle Engine

Model) , ,

. (Fig. C.1)

, (Mean Value Engine

Model, MVEL) .

Fig C.1: Overview of simple engine model.
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C.1

4 . Vm, pm,

ρm, Tm , pa, ρa, Ta .

mt, mc, fm,

Rm . ,

.

d

dt

[
pm/Tm

pm

]
=

[
Rm

Vm
mt − Rm

Vm
mc

fm+2
fm

Rm

Vm
Tamt − fm+2

fm
Rm

Vm
Tmmc

]
(C.1)

mt = d{1− cos(θt)}
{
1−
(
pm
pa

)2
}

mc =
pm

RmTm
Vh

ω

π

(C.2)

d , , Vh

, ω , θt . mt

,

. , .

d

dt

[
x1

x2

]
=

[
θ1x1 + θ2(1− x22)u

θ3x2 + θ4(1− x22)u

]
(C.3)

u = 1− cos(θt) (C.4)

θ1, θ2, θ3, θ4 , x1 = p/T , x2 = p . p = pm/pa,

T = Tm/Ta .

C.2

, .

h =
(
p

α

)2
+

(
T

β
− 1

)2

− 1 (C.5)

α, β .

, . h > 0

, h ≤ 0

(C.2).
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Fig C.2: Example of control result using discrete model predictive control. This indicates

that knocking has occurred.

D

(Long-Term Prediction) ,

. ,

, .

,

, .

,

. ,

[63][64]

.

, xk = N (xk|μ̃k, Σ̃k) .

p(yk) =

∫∫
p(f(xk)|xk)p(xk)dfdxk (D.1)

. , μk Ck

.

μk =

∫
f(xk) ·

∫
p(f(xk)|xk)p(xk)dxkdf (D.2)

Ck =

∫
(f(xk)− μk)

2

∫
p(f(xk)|xk)p(xk)dxkdf (D.3)
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(D.2) .

μk = Exk

[
Ef [f(xk)|xk]

]
= Exk [μ(xk)]

= βT

∫
k(X,xk)p(xk)dxk = βTq (D.4)

β = (K + σ2I)−1y (D.5)

, q = [q1, . . . , qN ]T . , (4.1)

, N (xk|Xi,Λ) N (xk|μ̃k, Σ̃k) 2 .

qi = λ2|Σ̃kΛ
−1 + I|− 1

2 exp
[
−1

2
νT(Σ̃k +Λ)−1ν

]
νi = (xi − μ̃k), i = 1, · · · , N

(D.6)

, (D.3) .

Ck = Exk

[
varf [f(xk)|xk]

]
+ Ef,xk

[
f2(xk)|xk

]− μ2k (D.7)

Ef,xk

[
f2(xk)|xk

]
, .

Ef,xk

[
f2(xk)|xk

]
= Exk

[
Ef [f(xk)|xk] · Ef [f(xk)|xk]

]
=

∫
μ(xk) · μ(xk) · p(xk)dxk = βTQβ (D.8)

Q =

∫
k(X,xk)k(xk,X)p(xk)dxk

,

Qij = |R|− 1
2k(xi, μ̃k)k(xj , μ̃k) exp

[
1

2
· zTij T−1zij

]
R = 2Σ̃kΛ

−1 + I, T = 2Λ−1 + Σ̃−1
k

zij = Λ−1(νi + νj)

(D.9)

, Exk

[
varf [f(xk)|xk]

]
= λ2− trace

[
(K + σ2I)−1Q

]
+ σ2 ,

.

Ck = λ2 − tr
[
(K + σ2I)−1Q

]
+ σ2 + βTQβ − μ2k (D.10)
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