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Abstract

Driven by the critical demands of intensive computation in a variety of fields, an old and
heavily-researched parallel computer architecture, namely systolic array, is being revived
in the post-Moore’s law era, e.g. Google’s Tensor Processing Unit (TPU), Nvidia’s Ten-
sor Core. Such a kind of domain-specific processors can provide extremely high TOPS
(TeraOps/Second) and TOPS/Watt for compute-intensive algorithms, i.e. convolution, dense
matrix multiplication, AI-purposed computation, Discrete Cosine Transform (DCT). In the
last decade, we witnessed the emergence of Graphics Processing Units (GPU). As one of
the most popular accelerators recently, GPUs are adopted to speed up the computation in
a wide range of fields, i.e. scientific, engineering. Taking the latest TOP500 rankings in
High-Performance Computing (HPC) for instance, more than half of the FLOPS comes from
the Nvidia Tesla GPUs.

A systolic array is a network of processing elements (PEs) that rhythmically compute,
accumulate and transfer data through the system. In typical systolic arrays, all of the PEs
are often nested as a two-dimensional mesh. The systolic array architecture is simple yet
very effective to achieve both computation and energy efficiencies with very limited memory
bandwidth. Inspired by the mechanism of the hard-wired systolic arrays, we innovate a
versatile execution model on the top of CUDA architecture for optimizing applications on
GPUs. More specifically, we mimic the behavior of systolic arrays by CUDA warp, register
files, and shuffle instruction. It is noteworthy that the three key techniques contribute to our
model. First, register cache; second, partial sums accumulation and transfer; third, in-register
computation. Our model improves the performance of regular memory-bound kernels by
taking advantage of thread-private registers as a cache to perform the efficient in-register
computation and employing the shuffle intrinsic to exchange partial sums between CUDA
threads within a single CUDA Warp. Our model can be viewed as Software Systolic Array
Execution Model (SSAM). In other words, we build a virtual systolic array on the top of
CUDA architecture.

Regarding most of the scientific applications (or kernels), the increasing flops-to-bytes
ratio of GPUs makes their computational performances bounded by the memory bandwidth.
Memory-bound kernels that have a regular pattern of computation are particularly challenging
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since they appear to be simple, yet they require very complex data reuse schemes to effectively
utilize the CUDA memory hierarchy, e.g. global memory, shared memory, register memory,
etc. Typically, advanced GPU implementations for memory-bound kernels on structured
grids rely on the optimized use of fast on-chip scratchpad memory: the programmer uses
this user-managed scratchpad memory for reducing the global memory access. Indeed, there
exists a plethora of work proposing variations and combinations of the three locality schemes
that rely on scratchpad memory: spatial blocking, temporal blocking, and a wavefront
pipeline. Those complex locality schemes enabled strides in performance improvements.
However, they essentially moved the bottleneck from the global memory to the faster, yet
smaller, scratchpad. The objective of this study is to yet again move the bottleneck from the
scratchpad to a faster resource: register files. Hence, we prioritize to use register files to cache
data rather than shared memory, resulting in better data locality and higher computational
efficiency.

A wide class of memory-bound kernels (or applications) can benefit from this execution
model. In this study, we focus on mapping typical memory-bound kernels in SSAM, i.e. 2D
convolution, 2D/3D stencils, Summed Area Tables (SAT). There is a strong motivation to
optimize these kernels on GPUs. The 2D convolution and SAT computation become increas-
ingly important in the Deep Learning workload. The stencil is a fundamental computation
pattern in most of the scientific applications. To further improve the dependency graph in
SSAM, we propose a novel algorithm to transpose the register cache locally (termed as
BRLT). Unlike 2D convolution and stencils, we propose a collection of SSAM-based algo-
rithms for SAT computation by the BRLT algorithm. To insight the performance advances of
SSAM-based algorithms, we build performance models to analyze their mechanisms while
using micro-benchmarking to measure some constant variables of GPUs.

The contributions in this study are as follows. First, we design and formulate a soft-
ware systolic array on the top of CUDA architecture for speeding up the computation of
memory-bound kernels with regular access on GPUs. Second, we analyze the data reuse and
redundancy schemes to quantify the efficiency and limitations of SSAM. Third, we evaluate
the proposed model for a wide variety of 2D/3D stencils, 2D general convolution, and SAT
kernels on the latest Nvidia Tesla GPUs and demonstrate that SSAM-based algorithms
outperform the top reported state-of-the-art libraries, e.g. NPP, Arrayfire, OpenCV. Fourth,
we propose a novel algorithm to transpose the register matrix (used as register cache) locally
and concurrently, resulting in improving the program dependency graph in SSAM for better
locality and higher parallelism. Finally, we pave a novel way for code automation on GPUs
due to the versatility and simplicity of SSAM for optimizing a large variant of algorithms.
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Chapter 1

Introduction

In the past decades, the development of the semiconductor industry followed the Moore’s
Law, which was formulated to predict the trend of manufacture in two aspects : on one
hand, the density of the transistors approximately become double in every two years; on the
other hand, the frequency (or the speed of the clock) may be doubled in every 18-24 months.
However, in recent years, Moore’s Law is significantly slowing down or ending for many
semiconductor segments. In other words, we are already in the era of Post Moore’s Law
due to we reach the physical limits of both processors clock and power consumption as in
literature [16, 153].

In recent years, to scale the performance of the processors, several processors employed
manycore architecture and were emerged to provide increasingly computing throughputs,
i.e. Intel Xeon Phi [144], Nvidia GPUs. Note that GPUs were originally designed for
rendering real-time images and became a popular programmable device recently, known as
General-Purpose computing on Graphics Processing Units (GPGPU). Driven by the critical
demanding of Big Data workload, GPUs become one of the most popular accelerators to
speed up such kind of computing-intensive workload. Taking the latest TOP500 rankings
in High-Performance Computing (HPC) for instance, over half of the additional FLOPS is
contributed by the Nvidia Tesla GPUs.

To compete with GPUs for optimizing the Deep Learning applications, systolic array,
an old parallel processing architecture, is adopted for providing extremely high TOPS
(TeraOps/Second) and TOPS/Watt [66], e.g. Google Tensor Processing Unit (TPU) [66]. and
Nvidia Tensor Cores. The typical systolic array is a well-organized network with multiple
processing elements. The architecture of systolic array is regular and simple, yet it can
achieve very high computing performance, i.e. Google claimed that the TPU is an order of
magnitude faster than Nvidia GPUs. Despite the outstanding performance is available to be
achieved by the systolic array as mentioned earlier, the disadvantage of the systolic array can
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not be ignored. More specifically, the systolic arrays are domain-specified hardware, taking
TPU and Tensor Core for example, they can only perform the matrix-multiplication for Deep
Learning workload. Furthermore, Nvidia Tensor core can only perform computations using
half-precision.

Inspired by the hardwired systolic array, we innovate to build a virtual systolic array
on the top of CUDA architecture, targeting to optimize a class of memory-bound kernels.
Hence, we formulate a software systolic execution model (termed as SSAM) and illustrate the
mechanism of our model by mapping several typical memory-bound algorithms. It is worth
mentioning that we focus on memory-bound kernels with regular memory access patterns in
this study. Kurzak et al. [83] developed a virtual systolic array for the QR decomposition
while mapping their algorithm to a large distributed memory system. Such a virtual systolic
architecture offers a simple, yet effective, computational model. However, it is specified for
the strong scaling of the QR decomposition at thousand core-count regimes.

The remaining part of this chapter is organized as follows. In section 1.1, we introduce
the background. Section 1.2 describes the challenges. Section 1.3 shows an overview of the
proposed algorithms. In Section 1.4, we present the achieved performance. In Section 1.5,
we list our contributions. Finally, Section 1.6 concludes.

1.1 Background

In this section, we firstly introduce the background of Nvidia CUDA. Then, we illustrate the
motivation of employing register cache rather than shared memory cache. Next, we present
the shuffle intrinsic that was used for efficient intra-warp communication. Finally, we show
the bases of systolic array architecture.

1.1.1 Nvidia CUDA

In recent years, GPUs become one of the most important hardware components in computer
systems. Initially, the purpose of a GPU (or video card) was to take a stream of binary data
from CPU and create realtime images for output to display. However, modern GPUs are
engaged as programmable devices for the most complex computations, e.g. big-data, data
mining, and AI. Over several decades, the GPUs evolved from a single-core and function-
specified hardware (solely used for graphics) to a collection of programmable many-cores.
Nvidia Compute Unified Device Architecture (CUDA) is a parallel computing platform and
application programming model.
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Execution hierachy In this section, we introduce the Execution hierarchy of Nvidia GPUs.
Nvidia GPU is built on a collection of multi-threaded Streaming Processors (SMs) running
thousands of threads. Massive thread-level parallelism is running in a single instruction
multi-thread (SIMT) model. The threads in CUDA are grouped into warps, blocks, and
grids. Thousands of threads are created, scheduled, and executed concurrently. Unlike the
latency-optimized CPUs, GPUs are a throughput-optimized processor. More specifically,
GPUs are capable of executing a massive number of threads concurrently.

CUDA memory hierarchy This section presents the CUDA memory hierarchy. To ap-
proach the peak performance of GPU, it is essential to implement applications that efficiently
utilize CUDA’s memory hierarchy, i.e. global, shared, constant, and registers memory. Each
thread has a set of dedicated register files, which is the fastest on-chip memory. Threads
within a CUDA block share a fast, block-private scratchpad (namely shared memory). The
performance characteristics of shared memory are similar to L1-cache due to L1-cache shares
the space with shared memory. Shared memory uses 32 memory banks and thus avoiding
bank conflict is essential to the throughput of shared memory access. In the same kernel, all
threads share global GPU memory. Accesses to the global memory are cached via L1 and L2
caches.

1.1.2 Motivation of using register cache

Table 1.1 Shared Memory and Register Files on GPUs

Tesla GPU Shared Memory/SM 32-bit registers/SM SMs
K40 16/32/48 KB 65536 15
M40 96 KB 65536 24
P100 64 KB 65536 56
V100 up to 96 KB 65536 80

This section shows the strong motivation of using register files as a cache to optimize
applications by comparing the details of registers and scratchpad. Register cache is an
approach in which a single warp builds a virtual cache layer on top of register files for
low-latency data access [8]. As Table 1.1 shown, in the latest GPUs, the capacity of register
memory per SM is 256KB (65536*4B) and is more than (256KB

96KB ≈)2.7 times larger than
shared memory.

Using register files as a cache can greatly improve applications’ performance. Especially,
since the number of SMs in modern GPU generations has increased, the gap between the
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capacity of shared memory and registers files is becoming larger. It is important to mention
that careful design of algorithms is required to avoid bank conflicts when using shared
memory. Otherwise, the performance may drop dramatically.

To avoid overemphasize the use of register memory, it is important to note that we also
take advantage of scratchpad as a cache to increase the data reuse and employ scratchpad to
perform the inter-warp communication within a CTA.

1.1.3 CUDA shuffle intrinsic

CUDA provides efficient intra-warp communication intrinsics that is called shuffle. Shuffle
intrinsics bring another way of sharing data among threads within the same CUDA Warp. The
purpose of shuffle intrinsics is to read the specified registers which are held by other threads
within the same Warp. More specifically, without using the shared or global memory, threads
in a single Warp can exchange registers with each other directly. In terms of computing
efficiency, using shuffle for in-register computation is superior in performance to the other
memory types, due to its low latency and high throughput [22]. However, using these
intrinsics has its limits that is related to the characteristics of the CUDA architecture, e.g.
at most 32 threads (namely a single Warp) can be performed by the shuffle intrinsic call,
introducing register pressure since the number of used registers increases, CUDA kernels
become more intricate due to the use of the thread and lane indexing.

1.1.4 Systolic Array architecture

Typically, a systolic array consists of a large homogeneous network of primitive processing
elements (PEs) which can be hardwired or software configured for a specific computational
task. In other words, the systolic array, a parallel computer architecture, is built as a
monolithic network of tightly coupled data processing elements (or units). As introduced in
literature [126, 20, 80, 81, 44], the systolic array architecture was invented by H. T. Kung
and Charles Leiserson and successfully applied for many dense linear algebra computations
(banded matrices), e.g. solving systems of linear equations, matrix multiplication, LU
decomposition. In the past decades, systolic arrays have been well researched. The authors
in [77, 129, 169, 92, 23] have proposed well-structured systolic arrays architectures. A
hardware systolic array is a computing pipeline network with physical interconnects between
PEs. As Figure 1.1 shows, all of the PEs are connected with their neighbors. The PEs
compute, store, and transfer their partial results to downstream neighbors in parallel.
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Fig. 1.1 Hardware systolic array.

1.2 Problem statement

GPU accelerators have been increasingly adopted to meet the exponentially growing compu-
tational requirements in various fields, such as scientific simulations and machine learning.
The systolic array is an old yet revived parallel computing architecture. Recently, it becomes
more and more attractive to be used for speeding up the compute-intensive applications, i.e.
Deep Learning. We innovate a virtual systolic on GPUs (namely implement a systolic array
using the software) to solve the commonly occurring computational motifs in HPC (and
occasionally deep learning): memory-bound regular computation on a structured grid [2].
Memory-bound kernels that have a regular pattern of computation are particularly challeng-
ing, since they appear to be simple, yet they require very complex data reuse schemes to
effectively utilize the memory hierarchy. Typically, advanced GPU implementations for
memory-bound kernels on structured grids rely on the optimized use of fast on-chip scratch-
pad memory: the programmer uses this user-managed scratchpad memory for reducing the
global memory access. Indeed, there exists a plethora of work proposing variations and
combinations of the three locality schemes that rely on scratchpad memory: spatial blocking,
temporal blocking, and a wavefront pipeline (the reader can find some of the notable work
at [101, 106, 114, 146, 170, 100]). Those complex locality schemes enabled strides in per-
formance improvements. However, they essentially moved the bottleneck from the global
memory to the faster, yet smaller, scratchpad. The objective of this work is to yet again move
the bottleneck from the scratchpad to a faster resource (namely register files) while building
a general model to leverage our methodology. To our best knowledge, this is the first work
to employ a general and versatile model to optimize applications on CUDA-enabled GPUs.
The following are some of the challenges one has to consider when building a model that
mimics the mechanism of a systolic array.
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1.2.1 Challenges in CUDA

The following are some of the challenges one has to consider when optimizing algorithms on
Nvidia GPUs.

(I) To achieve the peak performance of GPUs, it is essential to fully take advantage of the
complex memory hierarchy, e.g. global memory, shared memory, register files.

(II) Global memory is the largest but slowest off-chip memory, it is critical to design
suitable data layout (or placement) to meet the requirement of the caching mechanism
of L1/L2.

(III) Multiple CUDA threads on GPUs are managed as Warps, each Warp (32 threads
execute in a group) performs operations in a SIMD (Single Instruction Multiple Data)
fashions. Suitable tiling (or blocking) method benefits to increase the computational
parallelism and decrease the intra-warp divergence.

(IV) To tolerate the latency of streaming processors, sufficient concurrency is fundamentally
required to meet the number of physical cores.

1.2.2 Challenges in building a virtual systolic array

Before building a virtual systolic array on GPUs, it is required to understand the mechanism
of the hardware systolic array. The architecture of the systolic array is simple and regular,
yet it is not easy to exchange register data between threads as the PEs in a systolic array. we
rely on the Warp shuffle primitives that provide low-latency register exchange within a single
Warp [119] as that different threads in a Warp compute the partial sums, before moving the
partial sums to the downstream neighbor thread to be accumulated.

To match the high throughput of shuffling the partial sums, we fully utilize the registers
for caching the computed partial sums. Accordingly, our model can perform structured
grid memory-bound computations at low latency and high throughput. As a result, we can
decrease the dependency on scratchpad or cache memory and thus improve the application’s
performance by avoiding the scratchpad and cache bottleneck. To avoid overemphasis on
intra-warp communication, it is necessary to clarify that we do not limit the use of scratchpad
for inter-warp communication.

Kernels that can be mapped in SSAM should have a regular memory access pattern.
However, several challenges should be addressed to implement an efficient software systolic
model on the top of partial sums accumulation/exchange, and register caching. First, the
algorithms must be expressed in the way the systolic array can process. Second, the total
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number of threads executed together in a working unit (i.e. CUDA warp) is relatively small1.
Hence, this enforces a limit on the systolic array size and parallelism. We have to rely on
Instruction Level Parallelism (ILP) and in-thread data reuse to provide enough concurrency
in each node (i.e. thread) in the systolic array. Finally, the shuffle primitives work only for
a single warp: a redundancy method for halo layers, along with a redundancy analysis, is
necessary.

1.2.3 Challenges in building performance model

To understand the characteristics of the proposed systolic array model, a performance model
is fundamentally required for the theoretical performance analysis. It is important to point
out that most of the applications could be mapped to the virtual systolic array in the same
pattern, yet the details of the analysis may vary from case to case. More specifically, we need
to create micro-benchmarking to measure the constant parameters of GPUs, e.g. the latency
of shuffle intrinsic and arithmetical pipeline. According to the proposed algorithm, we also
need to formulate the performance model to investigate the mechanism of the proposed
algorithms, i.e. understanding the impact of different parameters on the performance of our
virtual systolic array. Thereby, we can justify the validation of achieved performance via
such a performance model.

1.3 Proposed algorithms

In this study, we propose a versatile systolic execution model (namely SSAM) for improving
the performance of memory-bound kernel with regular access patterns. The reader can find
a detailed illustration of SSAM in Chapter 3. On CUDA-enabled GPUs, a wide class of
kernel and applications can benefit from this model, i.e. scan/reduction operator, Summed
Area Tables, convolution, stencils, etc. The systolic array model is based on the transfer and
accumulation of partial results (or summations) in the thread-private registers. Meanwhile,
we take advantage of the register files as a user-managed cache to avoid using the scratchpad
altogether. As introduced by Ben-Sasson et al. [9], there are several advantages of employing
such a warp-centric approach :

• Divergence-free warps. The cost of divergence between warp is very lightweight.

• SIMD-optimized warp execution. All threads in a single warp perform the same
instruction in a lock-step.

1WarpSize is equal to 32 on all Nvidia GPU generations
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• Non-synchronization between threads within a warp. No requirement of synchroniza-
tion between threads in a warp. we can avoid __syncthreads overhead since it is often
required when using shared memory.

To leverage such a warp-centric approach, the SSAM can simplify the designation of
algorithms. Register cache can be a general technique that can replace shared memory
with the shuffle. As concluded by Ben-Sasson et al. the use of register cache can improve
application performance by 50% in his experiment.

1.3.1 Register cache

Register cache [85, 41, 59, 8] is a widely used approach to optimize algorithm on GPUs. To
decrease the global memory access and increase the data reuse in fast on-chip memory, we
employ register files to cache data that are moved from/to the global memory and thus, we
can perform the efficient in-register computations and operations as will be addressed in later
paragraphs.

To avoid overemphasize the use of register memory, it is important to note that we also
employ the shared memory as a cache to increase the data reuse and perform the inter-warp
communication within a CUDA block. Note that using shared memory as a user-managed
cache is the vendor recommended programming model. Taking the 2D convolution for
instance, the input image data is cached by registers, the filter weights are cached by shared
memory; Using the collection of proposed SAT implementations as examples, the shared
memory is used to accumulate the partial sums, it is also used to transpose the register matrix
of size 32×32. In the stencil computation implementation, the shared memory is employed
to cache the partial results and performs inter-warp communication.

1.3.2 Partial sums computation and transfer

All registers in SSAM can mimic the functions of PEs in the hardwired systolic array as
mentioned earlier. Different threads in a warp compute the partial results (or sums), move
the partial sums to the downstream neighbor thread as a PE in the systolic array for further
accumulation. Importantly, the partial sums that are held by registers can be exchanged
within a single warp efficiently.

To accumulate and transfer partial sums using thread-private registers, in a SIMT fashion,
different groups of threads operate over different input points, with some data redundancy
that we introduce to account for the halo layers. All threads in a single Warp performs in a
SIMD fashion, the register cache strategy also benefits to the global memory access since
their access pattern meet the requirement of L1 and L2 cache on GPUs.
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Within a single thread, there is not any cost to transfer the partial sum due to the registers
can naturally be accessed by the specified thread; Within a single Warp, the thread-private
registers can be accessed by other threads by the lightweight cost of using shuffle intrinsic.

In order to transfer the partial sums efficiently and increase the computational parallelism,
we innovate a novel algorithm (named as BRLT in chapter 6) to improve the dependency
of the algorithm for SSAM by transposing the register matrix locally. That being said, we
can further improve the performance of the SSAM-optimized applications by tuning their
algorithmic dependencies.

1.3.3 Efficient in-register computation

Similar to the hardware systolic array, the proposed software systolic array is also capable of
optimizing algorithms to achieve a very high TOP/s, as will be presented in the later sections.
The advance of using register cache is that we can perform in-register computation efficiently
as much as possible due to all of the data and partial sums are held by register memory, which
is the fastest on-chip memory. In other words, we can fully use the advance of registers:
High-throughput and Low-latency.

1.4 Results

In this study, we map three typical kernels in SSAM, namely 2D convolution, stencils, and
SAT, which are typical memory-bound kernels with regular memory access on GPUs. Using
the latest Tesla P100 and V100 GPUs in a single compute node, the SSAM-based algorithms
are evaluated in detail as will be illustrated in the later chapters. We use the same SSAM
model to optimize all algorithms, yet the details vary from algorithm to algorithm. It is
because the dependencies of all algorithms are distinct. Regarding the SAT implementation,
we proposed a collection of SSAM-based algorithms that adjust the dependencies with each
other.

1.5 Contributions

In this study, we propose a novel and versatile systolic array execution model on GPUs. We
also optimize a collection of typical memory-bound kernels by mapping those algorithms in
SSAM. The contributions of this study are as follows:
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• Inspired by the hardwired systolic arrays architecture, we illustrate A formulation,
design, and implementation of a virtual systolic model on GPUs (called SSAM) for
efficiently computing memory-bound kernels with regular access pattern.

• We present a detailed analysis of the data reuse and redundancy schemes to quantify
the efficiency and limitations of SSAM.

• Evaluation of the proposed model for a wide variety of iterative 2D/3D stencils and 2D
general convolution on Nvidia Tesla P100 and V100 GPUs. Our model outperforms
the top reported state-of-the-art implementations, including implementations with
sophisticated temporal and spatial blocking techniques.

• SSAM-based convolution is up to 2.5× faster than Nvidia’s NPP library, and up to
1.5× faster than the highly-optimized ArrayFire library.

• We propose a novel Block-Register-Local-Transpose (BRLT) algorithm. To our knowl-
edge, this is the first algorithm to apply the register cache method to compute SAT.

• We propose another efficient SAT computation algorithm that relies on an optimized
intra-thread serial scan method to reduce inter-thread communication.

• Performance evaluation on the latest Tesla P100 and V100 GPUs demonstrates that
SSAM-optimized SAT implementation outperforms the production-level OpenCV and
Nvidia NPP libraries.

1.6 Dissertation Outline

The rest of dissertation is organized as follows. In Chapter 2, we introduce the overview of
the background, e.g. Nvidia CUDA, Systolic array, GPU-oriented code automation, typical
memory-bound kernels, etc. In Chapter 3, we describe the formulated software systolic array
model (namely SSAM) and discuss mapping algorithms to SSAM. In Chapter 4, we map the
2D convolution algorithm in SSAM. In Chapter 5, we map the stencil algorithm in SSAM,
including the spatial blocking and temporal blocking approaches. In Chapter 6, we map the
Sumed Area Tables algorithm in SSAM. Chapter 7 shows some discussions, e.g. polyhedral
analysis, code automation. In Chapter 8, we conclude this study. Chapter 9 discuss the future
work. Note that we show the outline of this study as in Figure 1.2.
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Chapter 2

Background

In this chapter, firstly, introduce the concept of Nvidia GPUs the related Compute Unified
Device Architecture (CUDA), e.g. memory hierarchy. Secondly, we illustrate the motivation
of using registers as a cache to optimize applications. Thirdly, we list the shuffle intrinsics for
efficient intra-warp communication. Fourthly, we revisit the hardware systolic array. Fifthly,
we present the GPU-oriented code automation tools. Finally, we show the memory-bound
kernels on GPUs.

2.1 Nvidia GPUs

In this section, we introduce Nvidia GPUs. A Graphics Processing Unit (GPU) is a pro-
grammable electronic circuit designed for display functions, e.g. accelerating the generation
of images for the output display device. In contrast to Central Processing Units (CPUs),
which are often employed for general computations and system control, GPUs are often
dedicated to massive parallel applications. In other words, CPUs is latency-oriented pro-
cessor and GPUs is a throughput-oriented processor. To maximize the overall throughput,
GPU is designed by even sacrificing the sequential performance on many operations. More
details can be found in the CUDA programming guide as in [30]. As Figure 2.1 shown, the
computational performance (namely TFlop/s) increases dramatically year by year to meet
the critical demanding for a large variety of fields, i.e. HPC, Artificial Intelligence (AI).

2.1.1 GPUs history

As introduced in [157], GPU is conventionally a specialized electronic circuit designed for
rapidly (even realtime) creating images in a frame buffer for output to a display. This section
describes the GPU history and the popularity of GPGPU.
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Fig. 2.1 GPU performance in single precision.

The commodity hardware is always designed to meet the specific requirements of its
customers. As one of the most important hardware components in our computer systems,
GPU was born (or developed) with the demanding of drawing high-quality images for
video-game players. As early as the 1970s, a graph-specialized chip had been adopted
in the arcade system boards as in [156]. At that time, it is mainly because the random-
access memory (RAM) was too expensive to be utilized as the frame buffers for rendering
the video games. The Fujitsu’s MB14241 video shifter [160] was an exact example that
was designed to speed up the rendering of sprite graphics for a variant of arcade games,
e.g. Gun Fight, Sear Wolf, etc. In 1981, the monochrome and color display adapter, a
particular computer component designed for displaying video, was adopted in IBM PCs.
However, it is far from a modern GPU. In 1985, Array Technology Inc was created by
three Hong Kong immigrants in Canada. it is soon renamed as ATI Technologies. This
company was soon renamed as ATI Technologies and leads the market for many years with
its graphics boards and chips. From early 1990, software-assisted 3D graphics were more
and more popular in the arcade and computer games, which results in the high demand
for hardware-optimized 3D graphics, i.e. Sega Model, Playstation video game consoles,
etc. In the same period, OpenGL [165] interface emerged as a specified API for graphics
programming. Noteworthy that early OpenGL was implemented by software, but soon
improved by hardware implementation. Meanwhile, DirectX, a graphics API for Windows
platform, was published for game developers. Driven by the requirement of realtime rendering
from the market, the 3D accelerator cards start to evolve rapidly beyond the conventional
rendering pipeline, resulting in borning the first genuine GPU, namely Nvidia Geforce 256
product. GeForce 256, a single-chip processor, is capable of processing at least ten million
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polygons in a second. Nvidia in 2001 released the first GPU that supported programmable
shading in the series of Geforce 3. Later in 2002, ATI announced Radeon 9700, the first
Direct3D 9.0-supported GPU. Importantly, Radeon 9700 was programmable to implement
both single-precision operations and loops with its pixel and vertex shaders. In the coming
years, GPUs became more flexible for programming, while achieving orders of magnitude
performance speedup. Nvidia GeForce 8800 proved to be more flexible for programming by
integrating generic streaming processing units. The increased programmability and flexibility
led to the popularity of GPGPU as nowadays.

2.1.2 GPUs for HPC

High-performance computing capability is always highly demanded, especially for lots of
the emerging applications, e.g. scientific simulations, data mining, big data processing, high-
resolution image reconstruction, real-time video processing, large scale machine learning,
virtual reality, computational financing, etc. Conventionally, most of the applications are
executed in CPUs (Central-Processing Units). However, the ever-growing demanding for
compute capability was substantially out of the scalability of the performance of CPUs.
Hence, a variant of accelerators is introduced, e.g. Nvidia GPUs (Graphics Processing Units),
Intel Xeon Phi [25], FPGAs (Field Programmable Gate Arrays). Among these accelerators,
GPUs become most popular to be used in a wide field, e.g. High-performance computing
(HPC), Artificial Intelligence (AI), etc.

Originally, GPUs, a domain-specified device, is designed for rapidly rendering images
from graphics. However, with the critical demanding of computing capability, GPUs grad-
ually become programmable for accelerating the performance of common applications.
Such kind of programming model is known as General-purpose computing on graphics
processing units (termed as GPGPU). As the reported results for many CUDA-optimized
applications [149, 69, 97], GPUs can achieve a magnitude of order faster than CPUs.

Despite GPUs achieves outstanding performance and demonstrates better performance
scalability as illustrated in literature [30], the ever-growing demanding for the computing
capability still enforces strong pressure over the performance scalability of GPUs. Adopting
a completely divergent design principle, the GPUs, as a throughput-oriented accelerator,
incorporates a much larger volume of streaming processors, that can launch thousands of
light-weighted threads to hide the operation latency. In other words, GPU is different from
the latency-oriented CPUs, which employs a large portion of the on-chip area for building
the complex cache hierarchy, i.e. L1, L2, and L3.
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2.1.3 Nvidia CUDA

Nvidia Compute Unified Device Architecture (CUDA) is a parallel computing platform and
application programming model.
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Fig. 2.2 CUDA execution hierachy.

CUDA execution hierachy In this section, we introduce the CUDA architecture. As
Figure 2.3 shown, CUDA is built on an array of multi-threaded Streaming Processors (SMs).
Massive thread-level parallelism is abstracted into a hierarchy of threads running in a single
instruction multi-thread (SIMT) fashion. The threads in CUDA are grouped into warps,
blocks, and grids. Thousands of threads are created, scheduled, and executed concurrently.
Unlike the latency-optimized CPUs, GPUs are a throughput-optimized processor. More
specifically, GPUs are capable of executing a massive number of threads concurrently and
thus, can be seen as a coprocessor to the host device (or main CPU).

(I) CUDA Warp. In all generations of Nvidia GPUs, 32 threads execute in a group, called
Warp. A warp executes the same instruction in lockstep. In other words, all threads in
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a warp perform in a Single Instruction Multiple Data (SIMD) fashion. As a result, the
divergence within a warp should be avoided. The total number of threads in a single
Warp is defined as WarpSize1.

(II) CUDA lane The CUDA lanes are referred to as the threads in a warp and many labeled
by an index between 0 to WarpSize-1. In other words, each thread in a warp is assigned
an ID, called laneId, which ranges from 0 to 31.

(III) CUDA Block. CUDA block is implemented by a cooperative thread array (CTA),
which is a collection of concurrent threads executing the same CUDA kernel. A thread
block is composed of multiple warps on the hardware side. In the latest GPUs, the
maximum number of threads in a single block is fixed as 1024.

(IV) CUDA Grid. Thought the maximum number of threads that a block can contain is
restricted, blocks can be batched together in a CUDA grid of blocks. Multiple blocks
can execute concurrently (sequentially or in parallel), depending on the specified device
and platform.

SM-0
Register 

Filers

L1 SMem

L2

Global Memory

SM-1
Register 

Filers

L1 SMem
⋯⋯⋯⋯

SM-N
Register 

Filers

L1 SMem

Fig. 2.3 GPU memory hierachy.

Table 2.1 GPU Memory Features

Memory Type On/Off Chip Cache Access Scope Lifetime
Global Off L1/L2 Read/Write per-thread Thread

Constant Off N/A Read only kernel host allocation
Shared On N/A Read/Write CTA CTA

Registers On N/A Read/Write per-thread Thread

CUDA memory hierarchy This section presents the CUDA memory hierachy. To ap-
proach the peak performance of GPU, it is essential to implement applications that efficiently
utilize CUDA’s memory hierarchy, i.e. global, shared, constant, and registers memory.

1WarpSize=32, through all generations of Nvidia GPUs
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(I) Global memory. The largest off-chip memory with the highest R/W (Read/Write)
latency. A coalesced access pattern is required for the CUDA kernels to achieve the
highest bandwidth. As Figure 2.3 shown, the access to the global memory is via both
L1 and L2 caches, which are fast on-chip memory with very limited capacities.

(II) Shared memory. A fast on-chip scratchpad memory, which shares space with the L1
cache as Figure 2.2 shows. The access scope is limited to a single CUDA block and
thus, it is often used as a fast intra-block communication interface. Shared memory
has 32 banks, which are organized as that successive 32-bit words map to successive
banks. The bandwidth of each bank can achieve 32 bits per clock cycle. Note that
shared memory has two addressing modes: 64-bit mode and 32-bit mode.

(III) Constant memory. As a special part of the global memory, constant memory is a
fast off-chip and read-only memory, which is often used to store data that does not
change while executing kernels. The capacity of constant memory is 64KB for all
GPU generations. However, the constant memory is accessed via constant cache rather
than L1/L2 (as will introduced in later paragraphs). Note that the specially designed
constant cache is 8KB/10KB.

(IV) Register files. GPUs have a very large amount of register files and thus it is the
motivation of building a virtual cache on the top of registers. Each SM has a set of 32-
bit registers (as in Table 2.2) that are partitioned among all active warps, and data cache
or scratchpad is partitioned among the CTAs (or blocks). In other words, registers
are the fastest on-chip and thread-private memory. The access scope is restricted in a
single thread.

(V) L1 & L2 cache. As Figure 2.3 shown, the global memory access that is cached in
L1/L2 is performed with 128 bytes memory transactions. A cache line is 128 bytes
and maps to a 128 bytes aligned segment in GPU memory. However, global memory
accesses that are cached in L2 are only performed with 32-bytes memory transactions.
Therefore, over-fetch can be reduced by caching in L2, e.g. the scattered memory
accesses.

2.1.4 CUDA shuffle intrinsic

CUDA provides efficient intra-warp communication intrinsics, namely, shuffle. The purpose
of shuffle intrinsics is used to read the specified registers which are held by other threads
within the same warp. More specifically, without using the shared or global memory, threads
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in a single warp can exchange registers with each other directly. In other words, the warp is
a parallel unit that operates in lockstep as that all memory accesses and computations are
performed in a SIMD fashion for all threads within a single warp. In terms of computing
efficiency, using shuffle for in-register computation is superior in performance to the other
memory types, due to its low latency and high throughput [22].

There are four different types of shuffle instrinsics as follows :

(I) shfl_sync. Directly copy data from the specified lane via laneId.

(II) shfl_up_sync. Copy data from the specified lane with lower laneId relative to the
caller (or thread). shfl_up_sync can be substituted by shfl_sync as in Listing 2.1.

Listing 2.1 shuffle_up intrinsic
1 #define MASK 0xffffffff
2 #define shfl_up_sync(MASK, var) shfl_sync(MASK, var, laneId - var)

(III) shfl_down_sync. Copy data from the specified lane with higher laneId relative to the
caller (or thread). Same to shfl_up_sync, the shfl_down_sync can be substituted as in
Listing 2.2.

Listing 2.2 shuffle_down intrinsic
1 #define shfl_down_sync(MASK, var) shfl_sync(MASK, var, laneId + var)

(IV) shfl_xor_sync. Copy data from the specified lane based on bitwise XOR operation
of own laneId. The typical usecase of this intrinsic is the FFT primitive as in litera-
ture [128].

In CUDA architecture, shuffle is a kind of intrinsic for Warp-wide communications. The
more detail on other warp-wide intrinsic, e.g. __any, __all, __ballot, __brev, __clz, __ffs,
__popc, can be found in literacture [30], since this study focuses on building a model by
shuffle intrinsic.

2.2 Systolic Array

In this section, we illustrate the systolic array architecture and the typical applications.
A systolic array is a network of processing elements (PEs) that rhythmically compute,
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accumulate and transfer data through the system. The name of the systolic array is derived
from drawing an analogy to how blood rhythmically flows through a biological heart as
the data flows from memory in a rhythmic pattern passing through many elements before
it comes back to memory. In other words, it is exactly a parallelized pipelining. Note that
the mechanism of a PE shows in Figure 2.4, each PE is connected with the other PEs (as in
Figure 1.1) and also has limited private storage. The systolic array was introduced in the
1970s and was successfully applied in CMU’s processor (Warp-based computer and termed
as iWarp [44, 125]) in 1990. There are several advantages of systeolic array :

PEMemory

Fig. 2.4 A Processing Element (PE).

• The high degree of parallelism results in an extremely high throughput.

• Both data and control flow are very simple and regular.

• The architecture is highly robust and compact.

The disadvantages of systolic array are as follows:

• It is often hardwired for the specified problems.

• Inefficient to build a systolic array for the varied problems.

2.2.1 Systolic Array architecture

In a systolic array as Figure 1.1 shown, there are a set of identical yet simple Processing
Elements (PEs), which can be hardwired for the specified computation (as will be introduced
in Section 2.2.2). Typically, a systolic array consists of a large homogeneous network of
primitive PEs, which can be hardwired or software configured for a specific computational
task. In other words, the systolic array, a parallel computer architecture, is built as a
monolithic network of tightly coupled data processing elements (or units). As introduced in
literature [126, 20, 80, 81, 44], the systolic array architecture was invented by H. T. Kung
and Charles Leiserson and successfully applied for many dense linear algebra computations
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(banded matrices), e.g. solving systems of linear equations, matrix multiplication, LU
decomposition. In the past decades, systolic arrays have been well researched. The authors
in [77, 129, 169, 92, 23] have proposed well-structured systolic arrays architectures. A
hardware systolic array is a computing pipeline network with physical interconnects between
PEs. As Figure 1.1 shows, all of the PEs are connected with their neighbors. The PEs
compute, store, and transfer their partial results to downstream neighbors in parallel. To sum
up, we list some characteristics of a systolic array architecture as follows:

• A massive parallel and pipelined computing network

• Local communications between neighboring PEs

• Synchronous operations for both computation and communication

• Memory are reused multiple times

• A well-suitable architecture for implementation on VLSI and FPGA (as will be intro-
duced in Section 2.2.2)

2.2.2 Systolic Array Application

This section presents the hardwired systolic array applications. To meet the critical demand-
ing of high-performance for the domain-specified applications, the systolic array is the often
adopted parallel computing architecture due to it is regular and easy to be implemented. A
systolic array is ideally qualified for a specific computing purpose : e.g., matrix multiplica-
tion [76], convolution [78], DCT [89], data sorting tasks [37, 87, 141] . . . etc. In other words,
a systolic array is often hard-wired network [81] for the specific operations (i.e. multiply
and accumulate) to perform massively parallel computations. The authors in [89] presented
an efficient approach to design VLSI-based 2 discrete cosine transform (DCT) using the
improved discrete Fourier transform (DFT) algorithm for the input sequence. In [124], the
authors presented their implementations of one-dimensional and two-dimensional discrete
wavelet transforms by systolic array architecture.

The systolic array is also employed in dynamic programming algorithms, e.g. DNA and
protein sequence analysis [117]. Kung et al. [82] presented how to map real-time signal,
image processing and scientific computing algorithms to the systolic arrays in VLSI [159]
systems. Lam et al. [86] implemented an optimizing compiler on the Warp systolic computer
(as introduced earlier) at CMU for high-performance computing. Iyengar et al. [60] presented
a combined systolic array-content addressable memory architecture for real-time Gabor

2VLSI denotes Very Large Scale Integration.
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decomposition, which is attractive for image compression due to the basis functions match
the human visual profiles. The authors in [139] demonstrated a systolic array architecture
for implementing a fast parallel decoding algorithm of one-point AG codes. To optimize the
computation of Convolutional neural networks (CNNs) on FPGAs, Wei et al. [155] presented
an automated solution to generate systolic array and achieved outstanding performance as
that 461 GFlops for single precision and 1.2 Tops for 8∼16 bits fixed point. The authors
in [116] discuss several types of systolic array architecture with applications for motion
analysis. Such pipelined architectures are designed for rapid motion detection, i.e. velocity,
acceleration, and jerk.

2.3 GPU-oriented Code Automation

In this section, we introduce the main-stream code automation tools for GPUs. In applica-
tion developing a workflow, code automation benefits to applications in many aspects, e.g.
saving time, conserving resources, reducing errors and ensuring consistency. Generating
code for GPUs is a convenient and inexpensive approach to improve the performance of
applications due to that the programmer can take advantage of the massively parallelized
architecture, namely GPUs, without knowing the details of the complex CUDA architecture
and programming method. However, there often exists a significant gap between the achieved
performance and the peak one in lots of the generated kernels, especially, for some memory-
bound kernels. Hence, in this study, we focus on proposing a versatile execution model to
improve the performance of such kinds of memory-bound kernels, allowing building a bridge
between code automation and optimization. In the following sections, we introduce some
state-of-the-art code automation tools for GPUs.

2.3.1 PPCG compiler

Verdoolaege et al. [151] presented a state-of-the-art Polyhedral Parallel Code Generation
(termed as PPCG) for GPUs. PPCG is a general and robust source-to-source compiler based
on polyhedral analysis techniques. More specifically, PPCG translates general C code to
CUDA or OpenCL [145] accelerator code for GPUs. In PPCG, the affine transformations are
extracted for data parallelism while using a code generator to orchestrate such parallelism
over multiple levels of memory and parallelism. Constrained by the strict memory and
concurrency, PPCG contributes to narrow the gap between parallelizing compilation for multi-
core processors and code generators for many-core accelerators. Regarding the generated
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codes on GPUs, PPCG can automate codes in both OpenCL [145] and CUDA interfaces. It
is worth mentioning we focus on discussing its CUDA code in this study.

2.3.2 Halide

Halide is a programming language designed to generate high-performance image and array
processing code on a variant of processors (e.g. CPUs, GPUs) and Platforms (e.g. Linux,
Windows, etc). For simplification, Halide is a domain-specific language (DSL) designed to
generates pipelines for image processing [111]. Halide is easy for programming since it is
embedded in C++. More specifically, the C++ code that mixes an in-memory representation
of a Halide pipeline can be compiled to an executable binary at the same time for the specified
processor and platform. It is noteworthy that this study focuses on discussing the automated
CUDA code that is generated by Halide.

2.4 Memory-bound kernels on GPUs

Table 2.2 Memory type and bandwidth of Tesla GPUs

Tesla GPU Memory type Bandwidth (GB/s)
M2060 GDDR5 148

K40 GDDR5 288
M40 GDDR5 288
P100 HBM2 732
V100 HBM2 894

In this section, we introduce the typical memory bound kernel on GPUs. Memory-bound
kernels refer a class of computational problems and the required time of solving such kind
of kernels on the specified processor is decided primarily by the memory access speed
(or efficiency). As Figure 2.1 shown, the ratio of Flop/s and Bytes/s can be as high as
23.3. In real-world, the required performance for Flops/s is endless due to the large scale
computational workload, it makes sense to provide as high performance as possible by
the limited power consumption. However, few algorithms can achieve such a high rate of
Flops/Bytes and thus, most of the computations are bounded by the memory access rather
than the computation on GPUs. Though the P100 and V100 GPUs improve the balance of
significantly by adopting the High Bandwidth Memory (HBM), which performs over 2.5
times faster than the DDR5-based memory as the Table 2.2 shows. Hence, the requirement
for improving the performance of memory-bound kernels is a prevalent motif. In this study,
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we focus on a collection of a memory-bound kernel with regular memory access, e.g. Scan
operator, convolution, stencils, and Summed Area Table. Furthermore, we map algorithms
to a virtual systolic array which is built on the top of CUDA architecture. All detailed
illustrations will be presented in the later sections.



Chapter 3

Software Systolic Array Execution
Model

This chapter firstly presents the background and motivation of building a virtual systolic
on the top of CUDA architecture. Then, we formulate a virtual systolic array, termed as
Software Systolic Array Execution Model (SSAM). Finally, using two illustrative examples,
we show the details of expressing algorithms in SSAM.

3.1 Background & Motivation

This section illustrates the background of CUDA optimization and the motivation for building
a general execution model. To achieve the peak performance of GPUs, understanding the
detailed CUDA architecture and utilizing the complex memory hierarchy as introduced in
earlier sections are of fundamental and critical for optimizing CUDA applications. More
specifically, several considerations are significant in achieving high performance on GPUs :
(1) Coalesced access to global memory; (2) Reuse of data in the fast on-chip memory, i.e.
registers, scratchpad; (3) Sufficient concurrency to meet the requirement of physical cores;
(4) Effective use of limited registers and shared memory. Note that their capacities are listed
in Table 1.1.

3.1.1 Bandwidth optimization

As discussed in literature [58, 49], Amdahl’s law is often be used to predict the theoretical
maximum improvement possibility by optimizing a particular part of a parallel computing
system that uses multiple processors. Indeed, it answers the question that what should be
optimized or parallelized for the CUDA-optimized applications? Regarding the prevalent
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memory-bound kernels on GPUs, reducing the global memory access and increasing the
data reuse may significantly improve the performance of such kernels on GPUs due to the
improved memory bandwidth. Theoretically, this effection can be justified by the Roofline
model [163] easily; The strategies of optimizing memory memory access on GPUs, i.e. spatial
blocking (as in Section 5.1.3), temporal blocking (as in 5.1.4), register cache [85, 41, 59, 8],
are fundamentally adopted in a variant of applications.

3.1.2 Locality optimization

To fully take advantage of registers to perform the efficient in-register computations at high
throughput and low latency, we build a virtual cache on the top of register files (termed as
register cache). Note that the concept of register cache can also be introduced in literature [85,
41, 59, 8]. More specifically, register cache, a software abstraction, is implemented by CUDA
shuffle intrinsic. Regarding kernels with regular memory access, the cached data often been
reused multiple times and thus, the global memory access can be reduced. It results in
performance improvement in two aspects. One is the higher memory bandwidth available,
the other is that we can perform more in-register computation rather than using scratchpad or
global memory.

3.2 SSAM: Software Systolic Array Model

In this section, we propose an execution model, named Software Systolic Array Execution
Model (SSAM), that enhances the performance of regular memory-bound kernels on GPUs.
SSAM is a generic model that could be utilized by many applications. we first introduce a
formulation of systolic arrays. Then, we discuss how our CUDA implementation leverages
the device features to realize SSAM. Next, we discuss a formal method for how specific
algorithms can be expressed in this model. Finally, we elaborate on how the convolution and
scan operator [26, 53] use cases are expressed in SSAM.

Our work is motivated by the recent revival of systolic arrays and similar architectures
such as Tensor cores of Nvidia GPUs, Intel TBB [137] data flow graphs, and wavefront
accelerators (mainly FPGAs [70] and ASICs [12]). Tensor cores are specially optimized for
matrix multiplication, however, SSAM is a general model that is applicable to a wide range
of algorithms.
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3.2.1 A Formulated Processing Element in Systolic Array

A systolic array [79] is a structured computing model composed of many interconnected,
yet independent, Processing Elements (PEs) as shown in Figure 1.1. In parallel, all PEs
compute the partial results for a specified function, store results locally, and then send them
to neighbor PEs for the next cycle. The computational and data storage behavior of each PE
can be formulated as

s←ctrl(r⊗x)⊕s (3.1)

where s is a partial result held by each PE, r is an external coefficient (e.g. for convolution r
is the weights), and x is an input value. Both ⊗ and ⊕ are basic arithmetic operations, and
ctrl(E) is a control function having the value of 0 or E, i.e. the output of ctrl(E) is 0 or E.

In addition, as illustrated in Section 2.2, the variable of s in Equation 3.1 performs the
function of memory in each PE as in Figure 2.4.

Connection by 
shuffle

Connection in 
a thread

reg reg reg reg

reg reg reg reg

reg reg reg reg

CUDA threads in a warp

Fig. 3.1 Software Systolic Array on CUDA.

3.2.2 SSAM: Software Systolic Array Model

SSAM is built as an execution model to express a variety of algorithms, with regular access
patterns, in a systolic array fashion. In other words, it stimulates the mechanism of hardware
systolic arrays in CUDA architecture. Our target in this paper is to improve the performance
of memory-bound kernels with regular memory access patterns. However, SSAM, in general,
is not limited to memory-bound kernels and could be extended to compute-bound kernels,
such as GEMM. In this section, we present SSAM’s formulation and discuss motivating
examples. Three core techniques contribute to the SSAM model:

• Efficient in-register computation via register cache;
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• Fast intra-warp communication via shuffle instructions;
• Parallel accumulation of partial sums.

We build a software systolic array on the top of a virtual register cache that is used for
efficient data access and reuse. In addition, the shuffle instructions are used for low latency
communication between threads in a warp. As Figure 3.1 shows, each register performs
the same function as a PE in Figure 1.1. It is important to iterate that the registers (PEs) in
the vertical direction belong to the same CUDA thread, while the registers in the horizontal
direction belong to different threads.

In this paragraph, we describe more details of the Figure 3.1. The reg is a register and
the arrows mean connections. In the vertical direction, registers are in the same thread. In
the horizontal direction, registers are exchanged by the shuffle instruction. In other words,
similar to the hardwired systolic array in Figure 1.1 like that: in the vertical direction, the
registers are connected with their neighboring elements naturally; in the horizontal direction,
the registers are connected with their neighboring elements by shuffle intrinsic. Note that all
registers are employed to simultaneously compute, store, and transfer their partial results to
the downstream neighbors.

The similarity between systolic array PEs and our registers can be listed as follows: (i) the
ability to execute any arithmetic operations by oneself (ii) the ability to store partial result
by oneself (iii) the ability to pass the partial result to neighbors (direct register access in the
vertical direction, and using shuffle in the horizontal direction), (iv) most importantly, all of
the operations are performed simultaneously.

It is worth mentioning that the use of in-register computing and partial sums have been
proposed in specific implementations of individual algorithms (as will be discussed in the
related work in Section 7). On the other hand, the model proposed in this paper is a robust and
versatile model that can be leveraged by a wide variety of problems with different patterns of
data dependency, as will be demonstrated in the following sections.

3.2.3 What is SSAM?

As explained earlier, SSAM is built as a software systolic array on the top of CUDA
architecture. SSAM mimics the behavior of hardwired systolic by CUDA warp, register
cache, and partial sums as Figure 3.2 shows. Since the use of register cache, the partial sums
can be computed efficiently, e.g. loading data from register cache, storing data to register
cache. Except for partial sums computation, partial sums operation includes partial transfer,
which mimics the PEs communicate with their neighbors as in Figure 1.1.
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Warp

Partial sums

Fig. 3.2 SSAM.

For simplification, a CUDA warp can be seen as a small systolic array (or SSAM) and
thus, CUDA is made of several such kinds of soft systolic arrays due to CUDA can launches
thousands of warps concurrently. Since SSAM is implemented by software, the inter-SSAM
communications are required to be performed via shared memory or global memory. However,
intra-SSAM communication can be performed by efficient shuffle intrinsic as Figure 3.1
shows. Comparing with hardware systolic array, SSAM is more flexible for programming.
SSAM can perform all of the arithmetic operations, e.g. sqrt, mod, etc. In addition, we can
freely perform intra-SSAM communications that are different from the hardware systolic
since the communication patterns in hardware systolic array are fixed in advance. It is
noteworthy that the complex communication patterns in SSAM can be found in Figure 3.3
(scan operator) and chapter 6 (SAT computation).

3.2.4 Expressing Algorithms in SSAM

In order to express algorithms in SSAM, we build an algorithmic formulation that extends
the prior work in the literature [109]. From the perspective of a CUDA warp, an algorithm
can be formulated as a four-tuple

J = (X ,Y,O,D) (3.2)

where

• X : input variables of J
• Y : output variables of J
• O : computing operations of J
• D : dependencies of J

In the model J, the register cache is used for storing X and Y (more details about register
cache will be discussed in Section 4.3.2), their ranges of values in J are R. In contrast to
hardware systolic arrays, SSAM can perform computing operations O like Equation 3.1,
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i.e. all arithmetic and intrinsic operations supported by CUDA. In addition, the graph
representing the dependencies D can take any shape and is not limited to a structured mesh.
This is due to the fact that the shuffle operation allows arbitrary threads in a warp to exchange
values held in registers. It is worth mentioning that the partial results are updated as specified
in Equation 3.1, and are passed according to the dependency graph D. There are several
methods to extract the dependency graph D. We briefly introduce one of those methods in
Section 8.1.1 : using the polyhedral model [43] to represent D.

3.2.5 Motivating Example 1: 1D Convolution

We use 1D convolution as a motivating example to illustrate how an algorithm can be
expressed in SSAM. Given an input array A = [a0, · · ·,an−1] and filter F = [ f0, f1, f2], the
output of convolution is an array B = [b0, · · ·,bn−1], such that bi = ∑

i+1
z=i−1 az · fz. We use

registers to cache the input data, with one thread computing one element. In SSAM, we map
the 1D convolution to a warp (Equation 3.2) such that the input X = [ak, · · ·,ak+WarpSize−1]

and output Y = [bk, · · ·,bk+WarpSize−1], where 0≤ k≤n−WarpSize. For the computation O
(in Equation 3.1) where r∈F,⊗ and⊕ are multiplication and addition operations, respectively.
The dependency graph D can be represented as in Figure 4.4, where the ctrl()≡ 1 is fixed.

The 1D convolution is simple to some extent. Furthermore, the complex case of 2D
convolution (or 2D stencil), is proven to benefit of a systolic model optimization similar to
SSAM, more details can be found in the later chapter 4.

3.2.6 Motivating Example 2: Scan Operator

1 1 1 1 1 1 1 1

1 2 2 2 2 2 2 2

1 2 3 4 4 4 4 4

1 2 3 4 5 6 7 8
Fig. 3.3 Eight elements KS-scan [72].

Scan operator is the sums of prefixes (running total) of an input sequence [72, 53].
Even though we do not evaluate Scan operator in this paper, we choose Scan operator as an
example of mapping algorithms in SSAM to demonstrate its versatility. Given an input array
[a0, · · ·,an−1], the output of Scan is an array [b0, · · ·,bn−1], such that bi = ∑

i
0 ai. For simplicity,

we use registers to cache the input data where each thread holds one element. In our model,
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we map the Scan operation to a warp in SSAM such that the input X = [ak, · · ·,ak+WarpSize−1],
and output Y = [bk, · · ·,bk+WarpSize−1], where 0≤ k ≤ n−WarpSize. As to the computation
operations O, in each computing stage (Equation 3.1), r ≡ 1, ⊗ is a multiplication and ⊕ is
an addition operation. Since we use the Kogge-Stone Scan algorithm [72], the dependency
graph D is similar to Figure 3.3, namely the arrows in Figure 3.3 can be expressed as ctrl() in
Equation 3.1. Note that the algorithmic computation of several parallel scan operators can be
found in Section 6.2.1.

A one-dimensional scan operator is simple to some extent. Furthermore, the complex
case of two-dimensional scan, known as Summed Area Tables (SAT), is proven to benefit
of a systolic model optimization similar to SSAM, we give a detailed illustration in chapter 6.





Chapter 4

Two-dimensional Convolution in SSAM

In this chapter, we present the SSAM-based 2D convolution implementation. In Section 4.1,
we overview the background of 2D convolution. In Section 4.2, we illustrate the motivation.
In Section 4.3, we present the detailed implementation. In Section 4.4, we build a performance
model for our implementation. In Section 4.5, we demonstrate the achieved performance. In
Section 4.6, we conclude.

4.1 Background

Convolution-based operators, namely filtering, are of fundamental importance to a vast
range of digital signal and image processing applications. For example, the Gaussian-filter
and Laplace-filter are widely used to enhance image quality as Figure 4.1 shows. More
specifically, Difference of Gaussian (DOG) is commonly applied for Scale-Invariant Feature
Transform (SIFT) [96] to detect robust local-features in images. In the domain of artificial
intelligence, convolution is also a core technology of Deep Neural Networks (DNN). Using
multiple convolutions to extracting sparse features from the input matrix, Convolutional
Neural Networks (CNN) [75] achieves outstanding performance in many challenging tasks,
e.g. text indexing, voice recognition, and image classification.

4.2 Motivation

As a typical memory-bound algorithm, to the author’s knowledge, convolutions often become
the bottleneck of the computation in many applications. Hence, it is significant to improve
the performance for convolution to meet low latency demand. Many effective ways have been
introduced to speed up the 2D convolution computations. FFT-based approaches [150] [73]



34 Two-dimensional Convolution in SSAM

(a) Original (b) Gaussian (c) Edge detection 

Fig. 4.1 Image processing by 2D convolution.

reduce the computation complexity from O(N4) to O(N2 log2 N) regardless of the variance in
filter sizes; it is particularly suitable for convolutions with larger filters. As for some filters
with special sizes, Winograd’s algorithm [88] can also reduce the computation to some extent.
Another popular approach is that of unrolling the input data and filter coefficients to two
matrices [21], which are stored by the workspace buffer, then applying the highly optimized
General Matrix-Matrix Multiplication (GEMM) [67] function to accelerate the convolution
computation. All of those methods have been incorporated as parts of the cuDNN’s [24]
convolution functions.

GPU is suitable for optimizing the 2D convolution in many aspects. For computa-
tional efficiency, GPUs provide a huge computing capability over conventional CPUs as
mentioned in earlier chapters, and have been successfully used in High-Performance Com-
puting (HPC) [142] applications. Also, GPUs are widely used to accelerate Deep Learning
(DL) workloads [11] [61]. Hence, GPUs, especially CUDA-enabled GPUs, are well-suited
many-core accelerators for computing convolutions with high throughput.

According to the memory hierarchy of CUDA architecture [28], caching data by explicitly
managed scratch-pad memory is effective in hiding the latency of accessing global memory.
Naturally, this technology is widely used to optimize the application’s performance (including
convolution) by many state-of-the-art libraries, such as ArrayFire [168].

We use a 2D convolution algorithm, a typical memory-bound algorithm, as a detailed
example to explain how to implement a systolic array-liked kernel. namely, we propose an
algorithm that directly computes convolution without relying on scratchpad or cache memory.
More specifically, we manually cache data by register files directly, accumulate the partial
correlation results, and communicate the partial results via shifting register files with CUDA’s
shuffle_up instruction. Results show that our algorithm achieves the highest efficiency for
computing 2D convolution, compared to existing state-of-the-art libraries.
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4.2.1 2D Convolution definition

Mathematically, convolution combines two linear functions to form a third one to measure
the correlation of overlap between functions. As Figure 4.1 shown, convolution is often
used for image processing, e.g. smoothing, denoising, sharpening, and edge detection. The
canonical form of 2D convolution is

( f ∗w)(x,y) =
d

∑
t=c

b

∑
s=a

f (x− s,y− t)·w(s, t)

Where ∗ and · are convolution and multiplication operators, respectively. f(x, y) denotes a
2D matrix, while w is a filter of size (M, N) applied to the image, where M=b-a+1, N=d-c+1.
Hereafter, we assume that the size of the 2D matrix is (W, H) where W is the image width
and H is its height.

Note that throughout this chapter, we use W, H, M, N as defined in this section.

4.3 Implementation of 2D convolution in SSAM

Detailed techniques required in implementing the SSAM model are illustrated in this section,
such as coalescing global memory accesses, caching data by register files, computing and
transferring partial sums, and overlapped blocking. Using 2D convolution as a motivating
example, we discuss the implementation of SSAM. Additionally, we mention the special
considerations given to stencil operators when necessary.

4.3.1 Mapping 2D Convolution to SSAM

Using the SSAM model introduced in the previous section, we implement an efficient 2D
convolution algorithm. Regarding the mapping of algorithms to SSAM as J (Equation 3.2),
the input X and output Y are addressed in Section 4.3.2. The computing operation O is
discussed in Section 4.3.3, and the dependency graph D is discussed in Section 4.3.4. The
detailed 2D convolution implemented by SSAM model is shown in Listing 4.1:

(i) All of the filter weights are stored into shared memory (lines 7∼12).

(ii) A subset of the image data residing in global memory is cached into registers (lines
13∼14). Since registers are a limited resource, the register cache is managed with
careful consideration. For this purpose, we introduce a sliding window scheme (more
details on that in the next section).
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Listing 4.1 SSAM-based 2D Convolution: CUDA kernel. M, N, W, H are defined in
Section 4.2.1, P, B and C are illustrated in Section 4.3.2.

1 template<typename T, int B, int P, int M, int N>
2 __global__ void 2Dconvolution(const T* src,
3 T* dst, int W, int H, const T* weight) {
4 const int C = P + N - 1;
5 //register files
6 T data[C];
7 __shared__ T smem[N][M];
8 T* psmem = &smem[0][0];
9 //1, Load filter weights to shared memory

10 for (int i=threadIdx.x; i < N*M; i += B)
11 psmem[threadIdx.x] = weight[threadIdx.x];
12 __syncthreads();
13 //2, Load data from global memory to registers
14 data[...] = src[...];
15 //3, Compute convolution via registers
16 #pragma unroll
17 for (int i=0; i<P; i++) {
18 T sum = 0;
19 #pragma unroll
20 for (int m = 0; m < M; m++) {
21 if (m > 0)
22 sum = __shfl_up_sync(0xffffffff, sum, 1);
23 #pragma unroll
24 for (int n = 0; n < N; n++) {
25 sum = MAD(data[i + n], smem[n][m], sum);
26 }
27 }
28 data[i] = sum;
29 }
30 //4, Store Result to Global Memory
31 dst[...] = data[...];
32 }

(iii) As shown in Figure 4.2, according to the sliding window1 position and filter height, we
fetch both sub-vector v and w from the register cache and filter coefficients, respectively.
Next, we compute the partial sums by the fused multiply-add operator MAD (lines
24∼26) and transfer the partial sums to the neighbor threads via the shuffle primitive
(line 22).

(iv) Repeat step (iii) M times for all of the sub-vectors (w1, . . . , wM), then store the final
partial sums to the register cache again (line 28).

1We use a sliding window to compute several output points per thread. This method improves both data
reuse and ILP
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(v) We move the sliding window step by step for a total of P times (line 17) in Listing. 4.1.
At each step, we repeat the convolution computation, namely (iii) and (iv).

(vi) Finally, the convolution results, which reside in the register cache, are stored back to
global memory (lines 30∼31).

The following sections elaborate on the steps of the algorithm.

4.3.2 Register Cache & Coalesced Memory Access
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Fig. 4.2 Register Cache.

In Figure 4.2, we illustrate computing 2D convolution by a single warp to 32×C register-
cached words and M×N filter matrix.

In SSAM and CUDA best practice in general, it is crucial for performance to account for
coalesced global memory access. Hence, we make sure that all of the threads in a warp read
data from global memory contiguously (one element per thread) as shown in Listing 4.1. The
operation is repeated to cache multiple lines of data from global memory into register files,
line by line. As illustrated in Figure 4.2, each thread in a single warp caches C elements as

C = N +P−1 (4.1)

Where N is the filter size. Each thread computes the output of P elements using a sliding
window. The sliding window is designed such that a portion of the data in the register
cache can be reused when computing the neighboring output points. More specifically, the
computation of the convolution of point P in a thread can reuse the data in the register cache



38 Two-dimensional Convolution in SSAM

loaded when computing the convolution of point P-1. Using this scheme, at any given point,
a WarpSize×C register matrix is stored in the register cache.

In Figure 4.2, the left side of the figure illustrates how to populate the register cache for a
warp. In a single warp, each thread reserves C registers for storing data. The register cache
size, and systolic array size, in each warp is equal to WarpSize×C. The right side of the
figure shows how to cache the filter matrix. We store the filter coefficients in shared memory,
then compute the convolution by moving the sliding window step by step P times. At each
step we compute the inner products of [vi, vi+1, ..., vi+N−1] with w1, w2, ..., wM as shown
in Fig 4.3. Next, we shift the partial inner product to the neighboring threads as shown in
Figure 4.4. As introduced in earlier section, the total number of threads executed together
in a working unit (i.e. CUDA warp) is relatively small. Hence, this enforces a limit on the
systolic array size and parallelism. Fortunately, this challenge is tackled by such a sliding
window technique that is simple yet effective.

4.3.3 Computing Partial Sums

𝑣1
𝑣2

⋯
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𝑠2
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A CUDA thread

⋯

𝑤
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Fig. 4.3 Computing Partial Sums.

In Fig 4.3, V and S are register data and filter coefficients, respectively. Fig 4.3 illustrates
an example of computing partial sums in parallel.

In this section, we describe the computation of partial sums. Computing the partial sum
for 2D convolution by Equation 3.1 is similar to the 1-D convolution example in Section 3.2.5.
More specifically as seen in Figure 4.3, all threads simultaneously, in a systolic fashion,
compute the partial sum (sumk) between a register vector v ([vi, vi+1, ..., vi+N−1]) and a
column of filter w1, w2, ..., or wM. Additionally, the vector v is held by each thread and w is
managed by shared memory. It is necessary to access the filter weights in the same order as
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the data is stored in register cache: namely, unit-strided access in the vertical direction as
shown in Figure 4.3. The partial sum requires N multiplications and N-1 addition operations.
The multiplication and addition operations are typically optimized to fused-multiply-add
(MAD instruction in CUDA [30]). For the M×N filter, the inner products are computed M
times (as shown in Figure 4.2) to process a single output element of convolution (Listing 4.1
line 20∼27).

4.3.4 Transferring & Accumulating Partial Sums

e0 e1 e2 e4 e5 e6 e30
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⋯
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Convolution Results

e31
+

+

Fig. 4.4 Transfer Partial Sums in parallel.

In Fig 4.4, ei is a partial result computed by thread i. Threads (0∼31) represent all threads
in a warp. The indicator #i points to the ith time of shifting partial sums in a warp. ⊕ is an
addition operator.

In the SSAM model, all of the threads within a single warp accumulate and transfer the
partial sums. We use the shuffle instructions to transfer the partial results to the downstream
neighbor threads for further accumulations. In Figure 4.2 the M×N filter is decomposed
into M vectors, namely w1, w2, ..., wM. Each partial sum is computed between register
vector v ([vi, vi+1, ..., vi+N−1]) and filter vector w. Then, all of the inner products, namely
partial sums, are shifted to the right side neighbor thread within a single warp using the
CUDA shuffle_up function. In Figure 4.4, all of the registers are shifted only once at each
step (Listing 4.1 line 22). Next, the shifted partial results are added to the accumulated
results by each thread (Listing 4.1 line 25). This process is repeated M-1 times (Listing 4.1
line 20∼27). Finally a row of convolution results could be attained from a group of threads,
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namely whose laneIds [30] ranges from M-1 to WarpSize-1. By moving the sliding window
once, each warp of threads computes WarpSize-M+1 convolution results.

4.3.5 Overlapped Blocking Scheme

WarpSize

C

C

WarpSize

Valid Output

Cached Block

Overlap Block

Fig. 4.5 Overlapped Blocking.

In Figure 4.5, the cached block size is WarpSize×C, the valid output size is (WarpSize-
M+1)×P. Overlapped block size is a function of the specified filter size.

The overlapped blocking scheme is widely adopted to improve the concurrency in time-
tiled stencils computations [174, 74]. We use this scheme to eliminate warp-divergence,
which can have negative performance effects. As Figure 4.5 shows, we design our overlapped
blocking algorithm to avoid intra-block communications that may cause branching when
computing the partial sums and shifting of the register. Using multiple loops for computation
is the heaviest and most complex part of computing the 2D convolution (Listing 4.1 lines
16∼27). The overlapped blocking scheme enables all of the threads in our CUDA kernel
to perfectly execute without any branching. Halo layer(s) overhead is introduced when
using overlapped blocking due to that the shuffle primitives work only for a single warp:
a redundancy method for halo layers, along with a redundancy analysis, is necessary. We
provide an elaborate analysis of the halo layers impact on performance ( performance model
in Section 4.4.3).

4.3.6 Caching Filter Coefficients

We cache filter weights by shared memory. Filter weights are often tens of bytes (e.g. 36B for
3×3 and 100B for 5×5). Since the weights are shared by all of the threads in a CUDA block,
it is reasonable to access the weights via shared memory. It is also possible to use other
kinds of memory, such as constant memory and texture memory. A small number of weights
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could also be passed to the CUDA kernel directly as arguments. However, considering our
commitment to scaling to large filter sizes, we use shared memory in our implementation.
Our algorithm performs a broadcast read pattern to the shared memory: all threads in a
CUDA block access the same address of shared memory. This assures no bank conflict
problems, as described by CUDA guide [30].

4.3.7 Number of Required CUDA Blocks

We use a one-dimensional block in our implementation, BlockDim=(B, 1, 1). B is equal to
blockDim.x, both blockDim.y, and blockDim.z are 1. In each CUDA block, its warp count is
defined as WarpCount = B/WarpSize. The required CUDA grid dimensions are expressed as

GridDim.x = ⌈ W
WarpCount ∗ (WarpSize−M+1)

⌉

GridDim.y = ⌈H
P
⌉= ⌈ H

C−N +1
⌉

GridDim.z = 1

4.4 Performance Model

In this section, we introduce a performance model to analyze the effectiveness of SSAM over
the conventional scratchpad memory implementations. Also, we analyze the overhead of
processing the halo area required in the overlapped blocking scheme (in Section 4.3.5). For
most of the memory-bound regular applications that could be implemented with SSAM, the
analysis results should be valid, yet the details of the analysis may vary from case to case.
We use 2D convolution as a motivating example in the following discussions.

4.4.1 Micro-benchmarking

We rely on micro-benchmarking to better understand the characteristics of GPUs. Previous
work investigated some details about memory latencies and throughput of GPUs [164, 104].
We further extended and improved the the work in [164] (known as cudabmk) to measure
the shuffle instruction and shared memory access latencies. As Listing 4.2 shown, we
implement a extended cuda kernel for estimating the latency of shuffle instruction. In line
6, REPEAT _N(x) is a macro, which continuously copies its variable (namely x) N times,
and N is set as 256 in our measurements. To avoid dead code elimination to line 6, we use a
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Listing 4.2 CUDA Kernel for estimating __shfl_up latency
1 start_time = stop_time = 0;
2 for (;start_time >= stop_time;){
3 for (int i=0;i<iterative;i++){
4 __syncthreads();
5 start_time = clock();
6 REPEAT_N(t2=__shfl_up(t1); t1=__shfl_up(t2);)
7 stop_time = clock();
8 }
9 }

10 out[0] = (unsigned int )(t1 + t2);
11 result[...] = start_time;
12 result[...] = stop_time;

dummy output (out variable in Listing 4.2) as a trick to the compiler in line 10. At the end of
the kernel, the recorded execution time (namely start_time and stop_time) are returned to
host side. Finally, the average execution time of shuffle instruction can be calculated as

AvgTime =
stop_time− start_time

2∗N
(4.2)

since N is sufficiently large, the overhead of calling clock() function can be eliminated by
averaging as Equation 4.2. In our evaluation, the value of iterative (line 3) is set as 2 and,
thus only the last iteration result is used as output. Since shuffle instruction is a warp operator,
for its latency evaluation only one block and one warp are launched for execution.

The measured latency values are listed in Table 4.1, All of the latency values are measured
by our micro-benchmarks in the unit of cycles/warp. Tsmem_read is the latency of reading
shared memory As reported by Nvidia’s official programming manual [121], the through-
put of shuffle, addition and Boolean AND operations are 32, 64 and 64 operations/clock,
respectively.

4.4.2 Efficient In-register Partial Sums Computation

In this section, we demonstrate the benefits of using SSAM by comparing the latency of
computing a single output element of 2D convolution using SSAM versus the conventional
shared memory implementation.

We define the following parameters for modeling the compute time. Tsmem_read is the
latency of reading shared memory, Treg is the latency of reading/writing register, Tsh f l is the
latency of shuffle instruction, Tmad is the latency of MAD operation, Tgmem_read and Tgmem_write

are respectively the latency of reading and writing global memory. Suppose M×N filter
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Table 4.1 The latency of different operations.

GPU Operation Latency (clocks/warp)
shfl_up_sync 33

shfl_down_sync 32
Tesla P100 shfl_sync 31

ADD, SUB, MAD, AND 6
Tsmem_read 33

shfl_up_sync 22
shfl_down_sync 22

Tesla V100 shfl_sync 22
ADD, SUB, MAD, AND 4

Tsmem_read 27

coefficients are cached in shared memory in advance. Conventionally, the image data is
cached in shared memory, the latency of computing an output element is

Lsmem = M·N·(Tmad +2·Tsmem_read +2·Treg)

Where 2·Tsmem_read is the time to perform one load of a filter weight plus one store of cached
data from shared memory to registers. In the case of SSAM, the image data is cached in
register cache, the latency may be expressed as

Lreg = M·N·(Tmad +Tsmem_read +2·Treg)+(M−1)·Tsh f l (4.3)

It is worth mentioning that we require (M-1) shuffle instructions for intra-warp commu-
nication: no shared memory is required for intra-warp communication. The difference of
computing an output element between the shared memory method and register cache can be
derived as

Di fsmem_reg = Lsmem−Lreg

= M·N·Tsmem_read− (M−1)·Tsh f l
(4.4)

Based on the metrics in Table 4.1, The result is Di fsmem_reg≫0, where M≥2 and N≥2.
In conclusion, the register-based partial sums computation method is more efficient than

the shared memory method.

4.4.3 Halo Layer(s) Overhead

In this section, we analyze the benefits and overhead of using overlapped blocking (as
shown in Section 4.3.5) by comparing the shared-memory-cache implementation with SSAM.
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The input 2D data residing on global memory is divided into many contiguous blocks as
Fig 4.5 shows, with overlapping areas to account for the halo layers. Since the cache size
is considerably smaller than the original 2D data, the halo data must be stored into cache
memory multiple times. Note that the required halo data is loaded from global memory
and stored to cache and incurs no additional computation: the halo data does not generate
redundancy in the convolution computation.

The following parameters are defined in our analysis: Tg2rc is the required time of loading
data from global memory to register in the case of using the register cache method. When
using the shared memory method, Tg2rs is the required time for loading the data from global
memory to registers and Tr2s is required time of storing data from register to shared memory.

Loading the halo layer data is a redundant operation that could penalize performance. We
compare the penalizing effects of halo layers between SSAM and shared memory. We define
the ratio of halo for SSAM as HRrc = (S·C− (S−M)·(C−N))/(S·C), where S is WarpSize.
Hence, we can further derive that HRrc < (S·N +C·M)/(S·C). We define HRsmc as the ratio of
shared memory used for the halo layers, where HRsmc∈[0,1), we can reach that Tg2rc/(1+HRrc)

approximates Tg2rs/(1+HRsmc). Since the shared memory can be accessed within a CUDA
block, while the register can be only within a warp, HRrc≫HRsmc becomes true. Suppose
that the shared memory caches the global memory without halo layers as HRsmc=0, we can
achieve the ideal caching pattern as Tg2rc≈(1+HRrc)·Tg2rs. The difference in time between
using the shared memory method versus the register cache for loading and storing data
may be expressed as Tdi f _mem_io = (Tg2rs +Tr2s +Tr2g)− (Tg2rc +Tr2g), where Tg2rc is the time
required to store the convolution result of W*H elements back to the global memory. Hence,
Tdi f _mem_io = Tr2s−Tg2rs·HRrc. Suppose that each thread processes P elements and loads C
elements, the difference of using shared memory and register cache to compute convolution,
while accounting for the halo layers is

Di f ≈ Tr2s−Tg2rs·HRrc +P·Di f _smem_reg

> Tr2s−Tg2rs·(N/(N +P−1)+M/32)+P·(M·N·Tsmem_read− (M−1)·Tsh f l)

for each thread loading C elements from global memory. The difference of execution time
on average can be expressed as

AvgDi f = Di f/C > Tr2s/C−Tg2rs/C·1/(N/(N +P−1)+M/32)

+P/C·(M·N·Tsmem_read− (M−1)·Tsh f l)

In comparison to HRrc, HRsmc is relatively small since Tr2s/C is purely dominated by the
shared memory latency. Considering Tg2rs/C as the global memory read latency, we reach
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(Tr2s/C) = Tsmem≫ Tsmem_read and (Tg2rs/C)≈Tgmem_read , thus

AvgDi f >Tsmem_read−Tgmem_read ·(N/(N +P−1)+M/32)

+P·M·N·Tsmem_read/(N +P−1)− (M−1)·Tsh f l

Since Tgmem_read is 200∼400 cycles/warp for coalesced access [118]. We can conclude that
AvgDi f≫0, where M≥2 and N≥2.

To sum up, in comparison to the shared memory-based algorithms, the overhead of
handling the halo layers in register cache method is marginal.

4.4.4 The Importance of Dependency D in SSAM

In this section, we present the importance of dependency (namely D) in SSAM. Our perfor-
mance model proves the bases for why the SSAM improves the performance of memory-
bound kernel. Based on former discussions and the Equation 3.2, we can conclude the
following:

(i) The in-register partial sums computing operation (O) achieves higher computing efficiency
in comparison to the conventional methods.

(ii) Coalescing access to global memory and efficient register cache make the input (X) and
the output (Y) operations perform data Read/Write efficiently.

(iii) However, the partial sums transfer path (D) varies from one algorithm to another. Ex-
ploring the correct dependency is critical to algorithm performance and thus we need a
careful design of the data transfer paths in SSAM. In other words, D should be mapped
carefully to the register communication pattern within a single warp, e.g. Fig 3.1 shows
that exchanging registers in the horizontal direction is more expensive than vertical.
Hence, decreasing the transfer of partial sums in the horizontal direction is essential
for expressing algorithms efficiently in SSAM. More specifically, we can determine the
best D by computing and comparing the latency of variants of SSAM-based kernels via
micro-benchmarking, e.g. computing the latency of 2D convolution as in Equation 4.3.

4.5 Evaluation

This section is dedicated to reporting the achieved performance of our execution model using
the latest Nvidia GPUs. The performance of 2D convolution is analyzed in detail.
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4.5.1 Software & Hardware Setup

The experimental results presented here are evaluated by two Tesla P100 and V100 GPUs.
The CUDA driver is 410.48, we use CUDA 10.0 (including NPP/cuFFT and cuDNN v7.4),
GPU memory is 16GB, and the OS is CentOS 7.6. ECC option for GPUs is on. Nvidia
nvcc and gcc-5.4 are used to compile the CUDA kernel and host codes, respectively. The
applied compiler option of nvcc for Pascal and Volta architectures is as follows : -gencode
arch=compute_60,code=sm_60 -gencode arch=compute_70,code=sm_70.

4.5.2 2D Convolution Results

In Figure 4.6, we evaluate 2D convolutions using single-precision for various filter sizes,
which ranges from 2×2 to 20×20. The input image size is fixed as 8192×8192. It is
noteworthy that P=4, B=128 are used as parameters. We use the OS-independent cudaEvent
function to measure the execution time for all of the convolution computations, and ignore
the data transfer time between host and device. Note that although in our experiments we
only show square-shaped filters (i.e. M=N), a simple change in a template function in our
implementation enables the computation of 2D convolution for any filter shape (M̸=N) as
well.

(i) ArrayFire [168]. ArrayFire is a highly optimized library by CUDA. We report the
performance of the fastest 2D convolution kernel, called kernel::convolve2, in which
the shared memory and constant memory are employed to cache image data and filter
weights, respectively. Its filter size limitation is 16×16. Note that there are no official
documents about this value, which was found out by analyzing source code and lots of
tests.

(ii) NPP [30]. The Nvidia Performance Primitives (NPP) library is a closed-source
library, thus we investigate it by the nvprof profiling tool. NPP does not use any
shared memory as cache. Note that NPP particularly optimizes the convolution com-
putation for filters of size 3×3 and 5×5 using dedicated kernels, the kernel names
are FilterBorder32f3x3ReplicateQuadNew and FilterBorder32f5x5ReplicateQuadNew,
respectively.

(iii) cuFFT [30]. The Nvidia CUDA Fast Fourier Transform (cuFFT) library provides a
constant, yet relatively high, run time regardless of the filter size.

(iv) Halide [111]. The Halide is a domain-specific language (DSL) designed to generates
pipelines for image processing [111]. It is difficult to instrument its pipeline to measure
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the kernel execution time, so we use the Nvidia nvprof profiling tool to report the
kernel execution time.

(v) cuDNN [24]. cuDNN is a GPU-accelerated library by Nvidia for deep neural networks.
We evaluate it by a special parameter that an image with a single channel is convolved
by a single filter. Several algorithms are implemented in cuDNN, and we only report
the result with the best performance. Note that the supported filter sizes in cuDNN
must be odd numbers, e.g. 3×3, 5×5.

Figure 4.6 gives indications of the accuracy of the findings of the performance model
(Section 4.4). Equation 4.4 indicates that given a fixed output size of 2D convolution, while
the increasing size of filters, the performance difference between SSAM and other kinds of
implementations (not only shared memory-based algorithm) becomes increasingly larger.
Such a conclusion can be verified by observing the difference in the performance of the
graphs in Figure 4.6.

4.6 Summary

We present the implementation of the SSAM-based 2D convolution algorithm. All key
techniques of the SSAM are used in our implementation. We use registers and shared
memory to cache the image data and filter weights, respectively. The register cache improves
the data locality and increases the data reuse for the in-register computation. We adopt
overlapped tiling to increase the parallelism and decrease the intra-warp divergency. The
partial sums are accumulated efficiently due to the in-register computation. Furthermore, the
partial sums are shifted within the virtual systolic array efficiently by the shuffle intrinsic.

To justify the validation of the achieved performance, we build a performance model
and measure some of the constant variables in GPUs, e.g. the latency of shuffle intrinsic.
Meanwhile, we prove the overhead of the halo-layer is insignificant in our implementation.

Using the latest Tesla P100 and V100 GPUs, we compare the SSAM with a lot of state-
of-the-art implementations, e.g. Nvidia NPP, ArrayFire. Our implementation is as simple as
a single kernel, yet outperforms other libraries. Our implementation can be used in a large
variant of image processing applications to meet the requirement of real-time processing.
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Fig. 4.6 2D Convolution performance and scalability.



Chapter 5

Stencils in SSAM

In this chapter, we firstly introduce stencil computation and discusses its importance, then
review the related work and present how to map the stencils in SSAM. Finally, we evaluate
the performance of the SSAM-based 2D/3D stencil implementations using spatial blocking
and temporal blocking techniques.

5.1 Background & Motivation

Stencil computations are one of the core problems of scientific applications in many do-
mains [108, 71] and their performance is critical to the scientific community. Several works
are targeting optimizing stencils using the latest accelerators, i.e. many-core CPUs, Intel
Xeon-Phi, FPGA, GPUs. In this study, we focus on Nvidia GPUs due to GPUs is widely
applied accelerator in many fields, e.g. HPC, AI, etc. A lot of effective methodologies are
achieved to speed up the stencil computation, e.g. spatial blocking (as in Section 5.1.3),
temporal blocking (as in 5.1.4). Such kinds of algorithms are mostly employed to improve
data locality and reduce access to global memory. Spatial blocking, also known as tiling, is a
significant transformation to enhance the temporal reuse of data and thus, can be used for the
reduction of the amount of data movement between host and GPUs. Regarding the memory-
bound kernels, this kind of approach is a straightforward way to improve the performance of
stencil kernels. Many recent efforts focus on GPU register optization [132, 134], i.e. tuning
register allocation, alleviating register pressure, etc.

5.1.1 2D Stencils

In 2D stencils, each cell is typically updated by the inner product of a set of stencil coefficients
and its neighboring cells’ values, which are determined by the stencil shape and radius.
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Fig. 5.1 2D/3D stencils.

Figure 5.1a shows a typical first-order 2D diffusion 5-point stencil (also known as 2D
Jacobi stencil). In each iteration, the dual buffers are applied by swapping pointers as to the
input/output or output/input buffers. Mathematically, the 2D diffusion stencil is defined as

si+1(x,y) = si(x−1,y)·West + si(x,y−1)·North

+ si(x,y) ·Current + si(x,y+1)·South+ si(x+1,y)·East

where (x, y) is a relative position, si is a cell’s value at the ith iteration, and · is the multiplica-
tion operator. West, North, Current, South, and East denote the stencil coefficients.

5.1.2 3D Stencils

Regarding 3D stencils, taking the 7-point diffusion stencil as an example (Figure 5.1b), two
vertical points (namely Above and Below) are added to the 2D 5-point stencil. The stencil
is computed by adding si(x,y,z− 1)·Above and si(x,y,z− 1)·Below, where (x, y, z) is the
cell position. It is worth mentioning that different stencil shapes/sizes appear in scientific
simulations.

The 3D stencil can be extended from the previous 2D stencil. Same to 2D stencil, 3D-7pt
stencil can be computed iteratively as:

si+1(x,y,z) = si(x−1,y,z)∗West + si(x,y−1,z)∗North

+ si(x,y,z)∗Current + si(x,y+1,z)∗South

+ si(x+1,y,z)∗East + si(x,y,z−1)∗Above

+ si(x,y,z−1)∗Below

(5.1)
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where (x,y,z) means position, si is a cell’s value of at the ith iteration, West, North, Current,
South, East, Above and Below are seven points of stencil coefficients.

5.1.3 Spatial Blocking Methodology

For typical stencil computations, due to the neighboring cells are regularly reused one or
more times, the grids are carefully blocked in multiple dimensions, which result in full spatial
reuse and significant reduction of redundant memory access to the high-latency memory,
e.g. global memory in CUDA. In this scenario, the redundant accesses will occur at the
boundaries of the blocks. This approach is termed as spatial blocking (or tiling). Such a
blocking technique is an effective way to improve the data locality due to the neighboring
cells are reused in stencil computations. Furthermore, blocking can significantly improve the
concurrency in time-tiled stencils as illustrated in [174, 74].

5.1.4 Temporal Blocking Methodology

The temporal block method was proposed by Leonardo et al. [102, 103] to overcome the
GPU memory limitation while overlapping sub-domains (like our overlapped blocking in
Section 4.3.5). More specifically, to reduce the cost of data movement between host and
GPUs, the domain is decomposed to several small sub-domains, which are moved to GPUs
for computing multiple time steps. Even using the spatial blocking technique, most of the
stencil computations are still bounded by the memory traffic in the latest accelerators. Such a
scenario motivates researchers to further optimize the stencil computations by reducing the
required memory bandwidth. There are two characteristics in the real stencils. One is that the
computation relies on thousands of iterative computations; the other is the read-after-write
dependency between the iterations. Hence, it makes sense to extend the temporal blocking
on the top of spatial blocking to further reduce the required external memory accesses in
stencil computations.

5.2 Implementation of stencil in SSAM

In this section, we focus on the implementation of the stencil in SSAM. Similar to mapping
the 2D convolution algorithm in SSAM, we implement efficient yet simple stencil kernels
using the key techniques of SSAM, e.g. register cache, partial sums, shuffle intrinsic, etc.
We will analyze in the later sections, the optimization must meet the requirement of CUDA
architecture as follows : Access global memory in a coalesced fashion; To tolerate the latency
of memory access, launch sufficient concurrency; Increase the data reuse in the fast on-chip
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memory, e.g. scratchpad, registers; Perform data communication between threads efficiently.
we present the details of SSAM-based 2D/3D stencils.

5.2.1 Mapping 2D Stencil to SSAM

In this section, we describe mapping 2D stencils to SSAM. In Listing 5.1, all variable
definitions are the same as Listing 5.1, i.e. T, B, P, W, H, C, etc... West, North, Current, South
and East are stencil coefficients. The definitions of other variables are same to Listing 4.1.
In Listing 5.1, the SSAM-based 5-point stencil kernel differs slightly from the convolution

Listing 5.1 2D 5-point stencil CUDA kernel.
1 template<typename T, int B, int P>
2 __global__ void 2d5pt(const T* src, T* dst, int W, int H)){
3 const int C = P + N - 1;
4 //register files
5 T data[C];
6 //1, Load data from global memory to registers
7 data[...] = src[...];
8 //2, Compute Stencil Results
9 #pragma unroll

10 for (int i=0; i<P; i++) {
11 T sum = 0;
12 //1st column
13 sum = MAD(data[i + 1], West, sum);
14 sum = __shfl_up_sync(0xffffffff, sum, 1);
15 //2nd column
16 sum = MAD(data[i + 0], North, sum);
17 sum = MAD(data[i + 1], Current, sum);
18 sum = MAD(data[i + 2], South, sum);
19 sum = __shfl_up_sync(0xffffffff, sum, 1);
20 //3th column
21 sum = MAD(data[i + 1], East, sum);
22 data[i] = sum;
23 }
24 //3, Store Result to Global Memory
25 dst[...] = data[...];
26 }

example in Listing 4.1. First, the stencil coefficients are divided into three groups as {West},
{North, Current, South}, and {East}. Then we compute in parallel the partial sums between
the coefficients groups and the cached data. Finally, the partial sums are shifted to the
neighbor threads like Section 4.3.3. In 2D convolution, we cache the filter coefficients
by shared memory to account for the cases of large filters. Stencils typically have fewer
coefficients than convolutions, so we directly transfer the stencil coefficients to the kernel as
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arguments (namely Current, . . . , East). It is important to note that SSAM is not limited to
low order stencils such as the 5-point stencil. SSAM, as will be shown, is highly effective for
different shapes of stencils of the high order.

This paragraph describes the detailed implementation of 2d5pt stencil implementation in
Listing 5.1 as follows:

(i) A subset of the cells’ data residing in global memory is cached into registers (lines
6∼7).

(ii) According to the sliding window position, we compute the partial sums by CUDA
MAD intrinsic and transfer them between threads by shuffle intrinsic (lines 13∼21).
Note that sliding window scheme is same to 2D convolution as in Listing 4.1

(iii) We move the sliding window step by step for a total of P times (line 10).

(iv) Finally, the computed results, which reside in the register cache, are stored back to
global memory (lines 24∼25).

It is worth mentioning that we ignore the details of the uppon steps on computing and
shift partial sum due to they are same as the implementation of 2D convolution as illustrated
in Section 4.3.1.

5.2.2 Mapping 2D Stencil to SSAM by temporal blocking

This section describes how to map 2D stencil to SSAM by temporal blocking technique.
In Listing 5.2, we show the SSAM-based 2D stencil implementation by temporal blocking
technique (called 2d5pt_tb). the definition of the parameters is same to the earlier illustration
in Listing 4.1, i.e. T, B, P, W, H, C, etc.. The S is defined as the temporal time-steps and thus
the line 9 of Listing 5.2 indicates the iteration of 2d5pt stencil computation repeats S times.
Note that the 2d5pt stencil computation for a single iteration (line 11∼24) is full same to
Listing 5.1.

5.2.3 Mapping 3D Stencil to SSAM

This section discusses how to map 3D Stencil to SSAM. We divide the 3D grid into many
3D sub-grids with overlapping blocks (to account for the halo layers as in Figure 4.5). Each
sub-grid is processed by a CUDA block, and each warp in a CUDA block processes a 2D
slice in the X-Y plane as in Figure 5.1b. Regarding the threads accumulating the final result
si+1(x,y,z), since in the Z direction values of si(x,y,z−1) and si(x,y,z+1) are inaccessible
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Listing 5.2 2D 5-point stencil CUDA kernel by temporal blocking.
1 template<typename T, int B, int P, int S>
2 __global__ void 2d5pt_tb(const T* src, T* dst, int W, int H)){
3 const int C = P + N - 1;
4 //register files
5 T data[C];
6 //1, Load data from global memory to registers
7 data[...] = src[...];
8 #pragma unroll
9 for (int s=0; s<S; s++){ //S is iterative time-steps

10 #pragma unroll
11 for (int i=0; i<P-s*order*2; i++) { //order is stencil order
12 T sum = 0;
13 //#1st column
14 sum = MAD(data[i + 1], West, sum);
15 sum = __shfl_up_sync(0xffffffff, sum, 1);
16 //#2nd column
17 sum = MAD(data[i + 0], North, sum);
18 sum = MAD(data[i + 1], Current, sum);
19 sum = MAD(data[i + 2], South, sum);
20 sum = __shfl_up_sync(0xffffffff, sum, 1);
21 //#3rd column
22 sum = MAD(data[i + 1], East, sum);
23 data[i] = sum;
24 }
25 }
26 //3, Store Result to Global Memory
27 dst[...] = data[...];
28 }

(i.e. residing the registers of neighbor warps), we use the shared memory to accumulate the
partial sums, which are computed by corresponding warps. In this scenario, SSAM performs
intra-warp communication using the shuffle instruction and inter-warp communication using
shared memory.

In Listing 5.3, Listing 5.4, Listing 5.5, and Listing 5.6, the src and dst are defined as
input and output of stencils, respectively. The data and sMem are registers and shared
memory, respectively. _Fxxx is stencil coeficients, e.g. _F111 is the Center as introduced
in Section 5.1.2, _F110 is West, _F112 is East, _F110 is North, _F112 is South, _F011 is
Above, _F211 is Bottom. It is noteworthy that we mixed __shuffle_up and __shuffle_down in
all implementations to emphas that any shuffle intrinsic can be used in SSAM for transferring
the partial sums within a single warp. The difference between __shuffle_up, __shuffle_down,
and __shuffle can be found in Section 2.1.4.
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Listing 5.3 3d7pt stencil CUDA kernel.
1 //1, load data from global memory to register and shared memroy
2 data[...] = src[...][...][...];
3 sMem[...][...][...] = data[...];
4 __syncthreads()
5
6 for (int i = 0; i < P; i++) {
7 T sum = 0;
8 //1st column
9 sum = MAD(data[i + 1], _F110, sum);

10 sum = __shfl_up_sync(0xffffffff, sum, 2);
11 //3th column
12 sum = MAD(data[i + 1], _F112, sum);
13 sum = __shfl_down_sync(0xffffffff, sum, 1);
14 //2nd column
15 sum = MAD(data[i + 0], _F101, sum);
16 sum = MAD(data[i + 1], _F111, sum);
17 sum = MAD(data[i + 2], _F121, sum);
18 //top & bottom
19 sum += sMem[...][...][...] * _F011;
20 sum += sMem[...][...][...] * _F211;
21 data[i] = sum;
22 }
23 //store to global memory
24 dst[...][...][...]=data[...];

In Listing 5.3 and Listing 5.4, we present the SSAM-based 3d7pt stencil computation
using spatial blocking and temporal blocking, respectively. In Listing 5.5 and Listing 5.6,
we list the SSAM-based 3d19pt stencil computation using spatial blocking and temporal
blocking, respectively. Similar to the 2D convolution in Section 4.3.1 and 2D stencils in the
earlier sections, our 3D stencil implementations perform in the same workflow that loading
data from global memory to registers, performing the SSAM computation as illustrated in
Section 4.3.1, and storing data from registers to global memory. Hence, it makes sense that
the SSAM code can be automated by DSL or compiler despite we do not show the real
implementation in this study.

5.3 Evaluation

This section is dedicated to reporting the achieved performance of SSAM-optimized sten-
cils using the latest Nvidia GPUs. The performance of 2D/3D stencil computation with
Temporal/Spatial Blocking technique is analyzed in detail.
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Listing 5.4 3d7pt stencil CUDA kernel by temporal blocking.
1 //1, load data from global memory to register and shared memroy
2 data[...]=src[...][...][...];
3 for (int s = 0; s < S; s++) {
4 //load data to shared memory
5 sMem[...][...][...] = data[...];
6 __syncthreads()
7
8 for (int i = 0; i < P-order*2*s; i++) {
9 T sum = 0;

10 //1st column
11 sum = MAD(data[i + 1], _F110, sum);
12 sum = __shfl_up_sync(0xffffffff, sum, 2);
13 //3rd column
14 sum = MAD(data[i + 1], _F112, sum);
15 sum = __shfl_down_sync(0xffffffff, sum, 1);
16 //2nd column
17 sum = MAD(data[i + 0], _F101, sum);
18 sum = MAD(data[i + 1], _F111, sum);
19 sum = MAD(data[i + 2], _F121, sum);
20 //top & bottom
21 sum += sMem[...][...][...] * _F011;
22 sum += sMem[...][...][...] * _F211;
23 data[i] = sum;
24 }
25 __syncthreads(); //sync threads
26 }
27 //store to global memory
28 dst[...][...][...]=data[...];

5.3.1 Stencil Results

Table 5.1 Stencil benchmark.

benchmark k FPP benchmark k FPP benchmark k FPP
2d5pt 1 9 2d9pt 2 17 2d13pt 3 25

2d17pt 4 33 2d21pt 5 41 2ds25pt 6 49
2d25pt 2 33 2d64pt 4 73 2d81pt 4 95

2d121pt 5 241 3d7pt 1 13 3d13pt 2 25
3d27pt 1 30 3d125pt 2 130 poisson 1 21

In Table 5.1, the FPP is FLOP per point. The domain sizes of the 2D and 3D stencil
are 81922 and 5123, respectively. A detailed description of the benchmarks can be found in
literatures [132, 133].

In Figure 5.2, the x-axis is the stencil benchmarks defined in Table 5.1. The y-axis
is the performance in a unit of GCells/s. The "original", "reordered", and "unrolled" are
implemented by Rawat et al. as open-source [132, 133], the "ppcg" is auto-generated from
the C code using the ppcg compiler [151].

To better understand the performance of SSAM-based stencil computations, we evaluate
a diverse collection of 2D/3D stencil benchmark (listed in Table 5.1) and compare the
performance with a variety of CUDA implementations on the latest GPUs. Note that the
stencils in the experiments include both low order and high order stencils. High-performance
stencil libraries rarely provide a consistent performance advantage for both low and high
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Listing 5.5 3D 19-point stencil CUDA kernel.
1 //load data from global memory to registers
2 data[...] = src[...][...][...];
3 for (int i=0; i<P; i++){ //1st SSAM
4 T sum = 0;
5 sum = MAD(data[i + 1], _F110, sum); //1st column
6 sum = __shfl_up_sync(0xffffffff, sum, 2);
7 sum = MAD(data[i + 1], _F112, sum);//3th column
8 sum = __shfl_down_sync(0xffffffff, um, 1);
9 sum = MAD(data[i + 0], _F101, sum);//2nd column

10 sum = MAD(data[i + 1], _F111, sum);
11 sum = MAD(data[i + 2], _F121, sum);
12 sMem[...][...][...] = sum; //accumulate
13 }
14 __syncthreads(); //sync threads
15 for (int i=0; i<P; i++){ //3th SSAM
16 T sum = 0;
17 sum = MAD(data[i + 1], _F210, sum);//1st column
18 sum = __shfl_up_sync(0xffffffff, sum, 2);
19 sum = MAD(data[i + 1], _F212, sum);//3th column
20 sum = __shfl_down_sync(0xffffffff, um, 1);
21 sum = MAD(data[i + 0], _F201, sum);//2nd column
22 sum = MAD(data[i + 1], _F211, sum);
23 sum = MAD(data[i + 2], _F221, sum);
24 sMem[...][...][...] += sum; //accumulate
25 }
26 __syncthreads(); //sync threads
27 for (int i=0; i<P; i++){ //2nd SSAM
28 T sum = 0;
29 sum = MAD(data[i + 0], _F100, sum);//1st column
30 sum = MAD(data[i + 1], _F110, sum);
31 sum = MAD(data[i + 2], _F120, sum);
32 sum = __shfl_up_sync(0xffffffff, sum, 2);
33 sum = MAD(data[i + 0], _F102, sum);//3th column
34 sum = MAD(data[i + 1], _F112, sum);
35 sum = MAD(data[i + 2], _F122, sum);
36 sum = __shfl_down_sync(0xffffffff, um, 1);
37 sum = MAD(data[i + 0], _F101, sum);//2nd column
38 sum = MAD(data[i + 1], _F111, sum);
39 sum = MAD(data[i + 2], _F121, sum);
40 data[i] = sMem[...][...][...] + sum;//accumulate
41 }
42 //store data from registers to global memory
43 dst[...][...][...]=data[...];

order stencils since high order stencils are typically bound by the registers. For instance,
temporal blocking is effective for low order stencils [174], while register re-ordering schemes
are effective for high order stencils [132, 133].

Figure 5.2 shows three implementations: "original", "reordered", and "unrolled", with
state-of-the-art performance results by Rawat et al. [132, 133]. The "original" is a basic
CUDA implementation," reordered" is register-optimized version for "original", "unroll"
is the unroll-optimized method. Note that we adapted Rawat’s source code to P100/V100
GPUs, ran multiple tuned configurations and only report the result with the best performance.
We also compare with the latest ppcg (0.08 version) compiler [151] and Halide [111].

We use GCells/s and not GFlops/s as the performance metric in all our stencil experiments
since we observed that different libraries count FLOPS differently. Additionally, the achieved
GFlops/s can be obtained by multiplying the reported GCells/s with the corresponding FPP
factor (as in Table 5.1). Note that the execution time of all stencil kernels is measured by
Nvidia nvprof profiler.
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Listing 5.6 3D 19-point stencil CUDA kernel by temporal blocking.
1 //load data from global memory to registers
2 data[...] = src[...][...][...];
3 for (int s = 0; s < S; s++) {
4 sMem[...][...][...] = data[...];
5 for (int i=0; i<P-2*order*s; i++){ //1st SSAM
6 T sum = 0;
7 sum = MAD(data[i + 1], _F110, sum); //1st column
8 sum = __shfl_up_sync(0xffffffff, sum, 2);
9 sum = MAD(data[i + 1], _F112, sum);//3th column

10 sum = __shfl_down_sync(0xffffffff, sum, 1);
11 sum = MAD(data[i + 0], _F101, sum);//2nd column
12 sum = MAD(data[i + 1], _F111, sum);
13 sum = MAD(data[i + 2], _F121, sum);
14 sMem[...][...][...] = sum; //accumulate
15 }
16 __syncthreads(); //sync threads
17 for (int i=0; i<P-2*order*s; i++){ //3th SSAM
18 T sum = 0;
19 sum = MAD(data[i + 1], _F210, sum);//1st column
20 sum = __shfl_up_sync(0xffffffff, sum, 2);
21 sum = MAD(data[i + 1], _F212, sum);//3th column
22 sum = __shfl_down_sync(0xffffffff, sum, 1);
23 sum = MAD(data[i + 0], _F201, sum);//2nd column
24 sum = MAD(data[i + 1], _F211, sum);
25 sum = MAD(data[i + 2], _F221, sum);
26 sMem[...][...][...] += sum; //accumulate
27 }
28 __syncthreads(); //sync threads
29 for (int i=0; i<P-2*order*s; i++){ //2nd SSAM
30 T sum = 0;
31 sum = MAD(data[i + 0], _F100, sum);//1st column
32 sum = MAD(data[i + 1], _F110, sum);
33 sum = MAD(data[i + 2], _F120, sum);
34 sum = __shfl_up_sync(0xffffffff, sum, 2);
35 sum = MAD(data[i + 0], _F102, sum);//3th column
36 sum = MAD(data[i + 1], _F112, sum);
37 sum = MAD(data[i + 2], _F122, sum);
38 sum = __shfl_down_sync(0xffffffff, sum, 1);
39 sum = MAD(data[i + 0], _F101, sum);//2nd column
40 sum = MAD(data[i + 1], _F111, sum);
41 sum = MAD(data[i + 2], _F121, sum);
42 data[i] = sMem[...][...][...] + sum;//accumulate
43 }
44 __syncthreads();
45 }
46 //store data from registers to global memory
47 dst[...][...][...]=data[...];

In Figure 5.2, SSAM mostly outperforms the other implementations using the latest
GPUs in both single and double precision runs. The performance advantage of SSAM is due
to the better register locality, less global memory access and efficient threads communication.
Such a result is consistent with the performance of 2D convolution (as in Figure 4.6) and is
further explained by the performance model.

There are two important observations in Figure 5.2. One is that in comparison to the
P100 GPU, the performance variance on V100 become smaller, and the other is that when
using double precision on the V100 GPU, few of the SSAM-based stencils do not achieve
the highest performance. The reason behind that is that Volta’s architecture is different in
many aspects, which will be discussed in Sec 8.1.3.
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5.3.2 Comparison with Temporal/Spatial Blocking Libraries

SSAM is a versatile model that enables temporal blocking without much change to the
implementation: the use of register cache and shuffling in SSAM does not limit the use of
temporal blocking. It is worth to mention that temporal/spatial blocking algorithms are widely
used to improve the performance of stencil computation by reducing the required memory
bandwidth. In this section, we focus on comparing SSAM to state-of-the-art temporal
blocking libraries for stencils.

StencilGen We compare the performance with StencilGen [134]. To the author’s knowl-
edge, StencilGen reports the highest performance among temporal blocking libraries. As
Figure 5.3 shows, in the majority of benchmarks, SSAM performs better than StencilGen.
However, register pressure can limit our performance in some cases. It is important to
mention that StencilGen is optimized for stencil computations only, while SSAM is more
versatile and general for different types of kernels. Besides, it is important to point out that
SSAM provides a consistent performance advantage for both low and high order stencils.
Some approaches, such as those proposed in [133, 134], can further be adopted by SSAM to
improve the performance for the specific cases of deep temporal blocking.

Diffusion The authors in [174] report a competitive performance of the 3d7pt stencil
(highly optimized by shared memory as proposed in [101], called Diffusion in Figure 5.3) as
92.7 GCells/s and 162.4 GCells/s using single precision on P100 and V100 GPUs, 30.6 GCell-
s/s and 46.9 GCells/s using double precision on P100 and V100 GPUs, respectively. This
performance is significantly lower than SSAM.

Bricks Bricks is a general stencil library targeting both CPUs and GPUs [173]. The
performance of Bricks on P100 is reported to be 41.4 GCells/s and 24.25 GCells/s for
single and double precision, respectively. As seen in Figure 5.3a and Figure 5.3b, SSAM
outperforms Bricks on P100. Since Bricks is not publicly available, we can not compare our
result for the V100 GPU.

5.4 Summary

In this chapter, we introduce the importance of stencil computation and map a variant of
stencil kernels in SSAM using spatial blocking and temporal blocking techniques. We
evaluate our implementations on the latest Nvidia Tesla GPUs and compare the performance
with the state-of-the-art libraries.
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5.4.1 Limitation

Though we achieve outstanding performance for stencil computations in some of the com-
putational patterns as the earlier section shows, there are some limitations in SSAM-based
stencils that should be taken into considerations. Since we fully rely on registers to cache data
and perform the in-register computation, register pressure limited the performance scaling
when using more registers. To be more precise, the registers we used are register variables
in all implementations and is not the physical GPU registers, because the NVCC compiler
is closed-source, the register allocation is black-box to programmers. Note that PTX, a
parallel thread execution (PTX) instruction set architecture (ISA) for programming CUDA
applications, performs as an intermediate representation as CUDA C/C++ without control of
the physical registers on GPUs. It results that the versions of both CUDA driver and NVCC
compiler may affect the final performance of our implementation to some extent.

5.4.2 On-going work

Using stencil as an illustrative example, we justify the versatility of SSAM model. Though
there are many limitations in SSAM as analyzed in the earlier section, the stencil kernels that
are mapped in SSAM are very simple yet highly efficient in computation. Meanwhile, there
are several directions in future work as follows. (i) Due to the generality of SSAM, we can
automate the SSAM-based code by polyhedral analysis as will be discussed in Section 8.1.1.
(ii) We only demonstrate the stencil kernel with simple input that the cells are organized a
single array, it is required to tackle complex stencils as presented in literature [132, 133],
e.g. derivative [107], SW4 (Geodynamics Seismic Wave SW4 application) [38]. (iii) We can
integrate the SSAM-based kernels into real-world stencil applications. (iv) Optimizing the
usage of the on-chip resource (e.g. registers, scratchpad memory) is crucial to the overall
performance of the GPUs, finding out the balance between such resources and performance
is a promising and significant work. (v) We plan to leverage SSAM to FPGA applications by
high-level synthesis as in literature [35], e.g. OpenCL.
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(a) Single precision on Tesla P100 GPU.
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(b) Single precision on Tesla V100 GPU.
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(c) Double precision on Tesla P100 GPU.
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(d) Double precision on Tesla V100 GPU.

Fig. 5.2 Performance evaluation for the 2D and 3D stencil benchmarks on Tesla P100 and
V100 GPUs. the x-axis is the stencil benchmarks defined in Table 5.1. The y-axis is the
performance in a unit of GCells/s.
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Fig. 5.3 Performance evaluation for the 2D and 3D stencil computation using temporal
blocking. the x-axis is stencil benchmark, the y-axis is the performance in the unit of
GCells/s.



Chapter 6

Summed Area Tables Primitive in SSAM

In this chapter, we first provide the background of Summed Area Tables primitive, e.g. the
definition of SAT, the SAT-based applications. Secondly, we introduce the one-dimensional
scan operator (e.g. parallel scan and serial scan), and the two-dimensional scan (or SAT).
Thirdly, we present the proposed algorithm by illustrating the details of mapping SAT compu-
tation in SSAM, i.e. ScanRow-BRLT, BRLT-ScanRow, and ScanRowColumn. Fourthly, we
employ a performance model to prove the advance of the BRLT algorithm, which transposes
a batch of matrixes of size 32×32. Fifthly, using the latest Nvidia GPUs (P100 and V100),
we demonstrate the computational efficiency of the proposed algorithm by comparing the
performance with two state-of-the-art implementations, namely OpenCV and NPP. Finally,
we conclude our work and show the direction of future work for SAT-related applications.

6.1 Background

Summed Area Tables (SAT)1, is an intermediate lookup table, which stores the sum of
all elements in an input matrix between the left-top corner and the current location, and
allows fast computation of rectangular summation at a constant time regardless of the area of
subregions. In the following sections, we first introduce the typical applications that use SAT
to speed up computational performance. Next, we illustrate the motivation of optimizing the
SAT on the CUDA-enabled GPUs.

6.1.1 Introduction

A wide range of different applications proposed and utilized algorithms for efficient SAT. For
instance, it is crucial to design efficient SAT algorithms in order to accelerate the computation

1SAT is a 2D scan operation also called Integral Image in image processing field.
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(a) Face detection [152]. (b) Objection recognition [5].
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Fig. 6.1 SAT Applications.

pipeline in a vast range of real-time computer vision [29, 152, 52, 55, 5, 56, 17, 105, 113,
123, 143] and Deep Learning workloads [166, 42, 68] as Figure 6.1 shows. The importance
of SAT makes it imperative to design SAT algorithms that would scale vertically (i.e. on
one node), as well as horizontally (i.e. on the entire system). In this study, we focus on the
acceleration of the SAT at the node level using a scalable method, with respect to problem
size.

In this paragraph, we summarize some of the high-performance computer vision and
machine learning applications that are based on the SAT to illustrate the importance of
accelerating the computation of the SAT. Crow et al. [29] innovated the idea of summed area
table to implement an algorithm for general texture filtering in the computer graphics field.
Hensley et al. [56] applied SAT to dynamically compute image-based lighting from high-
dynamic-range maps. Lewis et al. [90] successfully implemented a fast template matching
algorithm based on integral imaging. Viola and Jones [152] demonstrated a real-time face
detection cascade network by speeding-up the haar-liked feature computation. For visual
tracking, Han [52] et al. applied an integral imaging technology to speed-up the local
feature computation. Bay et al. [5] implemented an efficient and accurate object recognition
algorithm based on SAT. The authors in [154] used integral imaging to speed-up a HOG-LBP
human detector and achieved outstanding performance. Nehab et al. [113] presented an
efficient recursive filtering implementation using summed area tables.
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This section presents the motivation of optimizing SAT primitive on CUDA-enabled
GPUs. In recent years, GPUs have played an important role in high-performance computing
by providing superior computing capability over conventional CPUs. For some compute-
intensive algorithms, GPUs can offer an order of magnitude improvement in performance
compared to CPUs. However, to achieve high performance with GPUs, it is essential
to optimize algorithms that meet the requirements and limitations of the complex GPU
architecture. Typically there are two classes of SAT algorithms on GPUs. One is the scan-
scan algorithm (and its variations). The other is the scan-transpose-scan algorithm, which
adopts three or four steps to compute the SAT. The algorithms from the second class require
a regular coalesced access pattern of the device global memory in one of the steps, and an
expensive matrix transpose operation is applied in another step (e.g. [13, 123]).

6.1.2 Challenges & Proposed algorithms

In this section, we discuss the challenges of optimizing the SAT by SSAM and overview the
proposed algorithms. Register cache is a promising, yet complex technique, to improve the
performance of memory-bound GPU applications [34, 85, 41]. In this work, we implement a
collection of efficient algorithms that compute the SAT by register cache. More specifically,
we manually cache data by register files. Also, we propose a novel Block-Register-Local-
Transpose methodology (BRLT) and an efficient parallelized serial scan algorithm, which
is more efficient than conventional approaches, due to the reduction in inter-thread com-
munication and arithmetic instructions. The use of register cache to compute partial prefix
sums, an implicit in-register transpose and a serialized computation of the prefix sum in
one dimension differentiates the algorithms proposed in this paper from the prevalent SAT
algorithms on GPUs. On the contrary, the existing methods typically rely on scratchpad
memory and transposition of the matrix in-between the prefix sum in each dimension.

The bottleneck of The SAT computation is data movement. Efficiently accessing global
memory in a coalesced pattern is critical to the algorithm’s performance. Additionally, it
is essential to design algorithms that reduce the global memory access. To reduce the data
movement, we rely on the register cache method since registers in GPUs provide more
advantages than scratchpad memory: higher throughput, higher capacity, and lower latency.
However, it is a challenge to effectively use the registers while avoiding contention. Moreover,
the technology for communicating registers between threads, known as shuffle instruction,
works only within a single warp (a set of threads executed together in CUDA). Hence, we
adapt our algorithm to do the scan at the warp level while avoiding intra-warp communication.
In this work, we propose three SAT computation algorithms. Using Nvidia Pascal P100 and
Volta V100 GPUs, the evaluation result shows that our fastest algorithm outperforms the
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state-of-the-art libraries, OpenCV and Nvidia NPP, in addition to being generic to all kinds
of data types.

6.1.3 Contribution

The contributions in this chapter are as follows:

• According to our SSAM model, we implement a collection of SAT algorithms on
CUDA-enabled GPUs.

• We propose a novel Block-Register-Local-Transpose (called BRLT) algorithm, which
contributes to improving the dependency graph in SSAM. To our best knowledge, this
is the first algorithm to apply the register cache method to compute the SAT.

• We propose another efficient SAT computation algorithm that relies on an optimized
intra-thread serial scan method to reduce inter-thread communication.

• We achieved outstanding performance on computing SAT as that SSAM-based imple-
mentation outperform the production-level OpenCV and Nvidia NPP libraries using
the latest Tesla P100 and V100 GPUs.

6.2 Scan operator & SAT computation

SAT computation performs the scan2 algorithm twice on an input matrix. First, we perform
rows (namely horizontal) scan on the input matrix, then we perform a scan on the columns
(namely vertical) of the result matrix of the first step. Because different rows (and columns)
are independent of each other, the scan operation of different rows or columns can be
computed in parallel.

Summed Area Tables is an effective and quick algorithm used to compute the summation
of values over an arbitrary rectangular region. Formally, the inclusive SAT is defined as

J(x,y) =
y

∑
j=0

x

∑
i=0

I(i, j) (6.1)

while the exclusive SAT is defined as

J(x,y) =

0 x=0 or y=0,

∑
y−1
j=0 ∑

x−1
i=0 I(i, j) others

(6.2)

2Scan is also known as all-prefix-sum: the sums of prefixes (running totals) of an input sequence
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Fig. 6.2 Summed Area Table illustration.

Algorithm 1 Naive serial inclusive SAT algorithm
Input: 2D matrix I of size H×W
Output: 2D matrix J of size H×W

1: J[0][0]← I[0][0]
2: for i = 1; i <W ; i++ do
3: J[0][i]← I[0][i]+ J[0][i−1]
4: end for
5: for j = 1; j < H; j++ do
6: sum← 0
7: for i = 0; i <W ; i++ do
8: sum← sum+ I[ j][i]
9: J[ j][i]← J[ j−1][i]+ sum

10: end for
11: end for

where I is an input 2D matrix of size H×W . J is the output SAT matrix with the same
size as I. A point in the 2D space is indicated as (x,y), where 0≤x <W and 0≤y < H. The
inclusive and exclusive SAT can be transformed easily to one another. In this paper, we only
consider the inclusive SAT computation; the more general case of SAT. Algorithm 1 shows
the naive serial inclusive SAT computation. For the input matrix of size H×W , 2∗H ∗W
addition operations are needed.

In Figure 6.2, the size of the SAT is H×W. The values a, b, c, and d denote the four values
at the corners of the shaded rectangle. In the original matrix, the summation of the data in
the shaded rectangle can be calculated efficiently as a+d−b− c, which needs only four
accesses of the SAT lookup table and three arithmetic operations to obtain the summation of
a specified rectangular area in the original 2D matrix.
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6.2.1 Efficient Scan Algorithms

1 2 3 4 5 6 7 8

1 ෍1. . 2 3 ෍3. . 4 5 ෍5. . 6 7 ෍7. . 8

1 ෍1. . 2 ෍1. . 3 ෍1. . 4 5 ෍5. . 6 ෍5. . 7 ෍5. . 8

1 ෍1. . 2 ෍1. . 3 ෍1. . 4 ෍1. . 5 ෍1. . 6 ෍1. . 7 ෍1. . 8

Fig. 6.3 Parallel Kogge-Stone scan for 8 elements [72].
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Fig. 6.4 Parallel LF-scan for 8 elements [84].

Scan (or prefix sum), a fundamental primitive, is defined as an associative and binary
operator

⊕
, where given a sequence of N elements V ={v1, v2, v3......vN}, an inclusive scan

on vector V computes a new array U ={u1, u2, u3......uN}, where ui =
⊕i

j=1 u j. On the
other hand, exclusive scan computes ui =

⊕i−1
j=1 u j. For simplification, scan operation is a

partial sum of a sequence as introduced in literature [158]. In this study, we only focus the
discussion on the inclusive SAT computation since it is the general case.

Serial Scan Algorithm As Figure 6.5 and Algorithm 4 shown, given a vector V with N
elements, we require N-1 stages of computation and N-1 addition operations to compute
the output array. A naive serial scan is performed by a single thread, hence the computing
efficiency is very low. More specifically, regarding the scan operation, the naive serial scan is
simple yet inefficient due to it can not be parallelized for a vector with a small size.
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Algorithm 2 Kogge-Stone scan by a CUDA warp
Input: data, laneId ▷ data is a register
Output: prefix sum of data.

1: #pragma unroll ▷ unroll loop
2: for i = 1; i <= N; i∗= 2 do
3: val← sh f l_up_sync(0x f f f f f f f f ,data, i,WarpSize)
4: if laneId > i then
5: data← data+ val ▷ in parallel
6: end if
7: end for

Algorithm 3 LF-scan by a CUDA warp
Input: data, laneId ▷ data is a register
Output: prefix sum of data.

1: #pragma unroll ▷ unroll loop
2: for i = 1; i <= N; i∗= 2 do
3: val← sh f l_sync(0x f f f f f f f f ,data, i−1, i∗= 2)
4: if (laneId & ((i∗2)−1)))≥ i then
5: data← data+ val ▷ in parallel
6: end if
7: end for

Parallel Scan Algorithm Unlike the serial scan, parallel scan computes prefix sum in
parallel. The authors in [36] implemented several kinds of CUDA-optimized scan algorithms,
such as Brent-Kung pattern [19] [14], Kogge-Stone pattern [72], Han-Carlson pattern [50],
and Ladner-Fischer Pattern (namely LF-scan) [84]. In theory, the LF-scan achieves the
highest computing efficiency with log2N stages and Nlog2N

2 addition operations as Figure 6.4
shows, where N indicates the size of the input array. Kogge-Stone scan, shown in Algorithm 2,
is a widely adopted algorithm. In comparison, it needs log2N stages to compute and each
stage has Sk = N−2k addition operations, where k indicates the kth stage of computation.
We summarize more details of Kogge-Stone scan and LF-Scan as follows:

(i) Figure 3.3 presents the workflow of Kogge-Stone scan and Algorithm 2 shows the
computation on CUDA using a single warp.

(ii) Figure 6.4 presents the workflow of LF-scan and Algorithm 3 shows the computation
on CUDA using a single warp.

It is worth mentioning that the work proposed in this paper is the first to apply the LF-scan
algorithm to the SAT computation workload. The serial scan is not as efficient as the parallel
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Fig. 6.5 Serial scan for 6 elements.

Algorithm 4 Serial scan to a vector
Input: 1D vector V of size N.
Output: 1D vector U of size N.

1: U [0]←V [0]
2: for i = 1; i < N; i++ do
3: U [i]←V [i]+U [i−1]
4: end for

scan algorithms to a specified one dimension array, yet the serial scan can be utilized perfectly
to accelerate two-dimensional SAT computation on GPUs (as will be shown in Section 6.3.2).

6.2.2 Terminology in chapter

Throughout this paper, we define T to represent a data type. Regarding data types, 8u is an
unsigned char, 32u is an unsigned int32, 32s is an int32, 32f is a float32, 64f is double. TATB

means the input data type is TA and the output data type is TB. For example, 8u32u means
that the input data type is 8u, after computation the output data type is 32u. For the size of
matrices, W denotes width, and H is height. we use the name warp-scan to describe a single
warp performing a scan operation.

6.3 Map SAT Computation in SSAM

This section introduces how to map the SAT algorithm in SSAM using the key techniques,
e.g. register cache, partial sums computation, and communication. Except employing the
efficient in-register computation, we innovate an algorithm to transpose the register matrix
and thus, we improve the dependency of scan computation for better parallelism.
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Using CUDA, we implement three algorithms to compute SAT efficiently. The three
algorithms are listed as follows : ScanRow-BRLT, ScanRowColumn, and ScanColumn. Our
algorithms compute the prefix sum (scan) twice, namely, row scan then column scan. More
specifically, given an input 2D matrix I, we first compute the rows prefix sums of I to a
temporary matrix L, then compute the columns prefix sums of L to output 2D matrix Y. To
explain how to map SAT computation in SSAM in detail, we summary three key technologies
in the proposed algorithms as follows.

Register cache We illustrate how to cache data by register files in this paragraph. Global
memory access is critical to the performance of CUDA applications. We seek to minimize
the data transfer from global memory as much as possible. In CUDA, all threads in a
single warp execute simultaneously in a SIMT fashion. Since SAT computation is bound
by memory-bandwidth, we use the registers such that each CUDA thread caches multiple
words to the registers to increase data reuse. As Algorithm 5 line 1 shows, each thread uses
32 registers to cache global memory data that is declared as T data[32]. Note that registers
cannot be used as a dynamic array, i.e. the array size residing in registers must be determined
at compile time. In a single warp, a 32×32 register matrix is built up by the threads in the
warp. During computation, the data can be fetched from registers without accessing global
memory. By carefully designing the register cache, the global memory and caches accesses
can be greatly reduced. Since the register’s scope is limited to a single thread, we exchange
data between threads in a warp using the CUDA shuffle instruction.

Block-Register-Local-Transpose Method We propose a novel Block-Register-Local-
Transpose (BRLT) parallel algorithm to perform transposing a matrix residing in registers.
We build asymmetric register matrix where each CUDA thread reserves 32 registers to cache
data. Since the WarpSize is fixed as 32, each warp holds a register matrix of size 32×32.
For each register matrix, we use an independent shared memory matrix of size 32×33 as
a temporary buffer to transpose the register matrix. As shown in Algorithm 5, we reserve
S blocks in shared memory depending on the number of batches in a single transposition
and with consideration to the available capacity of shared memory. For instance, the size
of shared memory on Tesla P100 GPUs is 64KB (as listed in Table 1.1) and the maximum
block size (BlockSize=1024) is used to achieve the highest occupancy if the data type T is
32f or 32s. To avoid register pressure we use a block size (BlockSize=512) instead when T is
double. The S can then be computed as S=32/sizeof(T). This indicates that S varies between
4 and 8 according to the data type of T. It is worth mentioning that we avoid shared memory
bank conflicts by setting the sMem stride to the size 33 rather than 32 (shown in line 2 in



72 Summed Area Tables Primitive in SSAM

Algorithm 5), due to the shared memory is divided into 32 banks, the mechanism is similar to
the banks in Dynamic Random Access Memory (DRAM) and each bank responses only one
request each time. A simple application of the BTLT method can be found in later Figure 6.7.

Algorithm 5 Block-Register-Local-Transpose (BRLT)

1: T data[32]; ▷ an array of 32 registers
2: __shared__ T sMem[S][32][33] ▷ S is tuned to the shared memory size
3: for i = 0; i <WarpCount; i+= S do
4: if i ⩽ warpId < i+S then
5: k← warpId− i
6: #pragma unroll
7: for j = 0; j < 32; j++ do
8: sMem[k][ j][laneId] = data[ j] ▷ in parallel
9: end for

10: #pragma unroll
11: for j = 0; j < 32; j++ do
12: data[ j] = sMem[k][laneId][ j] ▷ in parallel
13: end for
14: end if
15: __syncthreads();
16: end for

In Algorithm 5, the variable of data represents registers rather than an array and thus, it is
necessary to use data as registers explicitly and unroll the loops in compiling time, i.e. we
use "#pragma unroll" instruction in both line 7 and line 11. The overhead of such a matrix
transpose is very lightweight, as will be proven by our performance model in Section 6.4. It
is noteworthy that all 32×32 register matrixes are processed in parallel.

Partial Sum Computation This paragraph presents the partial sums computation for Scan
operator in a CUDA Block. There are two levels of the computation of the partial sum:
warp level and block level. Algorithm 4, Algorithm 2, and Algorithm 3 illustrate three kinds
of scan algorithms for the computation of the partial sum using a single warp. It is very
important to note that all these algorithms can be parallelized on GPUs. The block-level
partial sum computation will be presented in later sections.

In Figure 6.8, we illustrate how to compute the partial prefix sum of each warp using
the shared memory. There are three steps. Step #1 we store the partial sum (last row of the
register matrix) from registers to shared memory according to their warpId: in total, we
populate a WarpCount×WarpSize matrix on shared memory. Step #2 we compute the prefix
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sum of data which is stored in shared memory. Finally, step #3, in each block, each warp
fetches the specified values from shared memory and accumulates them to the corresponding
registers.

6.3.1 SSAM-based ScanRow-BRLT Method

In this section, we introduce the SSAM-based ScanRow-BRLT algorithm. SSAM-based
ScanRow-BRLT algorithm is the improvement of the scan-transpose-scan SAT algorithm
as in literature [13]. The original scan-transpose-scan SAT algorithm saves the row scan
result to global memory and executes a transposing operation on global memory explicitly.
It is clear that the cost of writing and reading data via global memory is very heavy since
the lowest throughput of global memory as introduce in Section 2.1.3. On the contrary, in
our SSAM-based ScanRow-BRLT algorithm we use register cache to perform the parallel
warp-scan and apply BRLT to the prefix sum result. Hence, we can fully take advantage of
the register to perform the in-register computations. More specifically, before the row scan
data is stored in global memory, the BRLT is performed. Finally, the stored result in global
memory is the row prefix sum result that is already transposed.

In the ScanRow algorithm, the warp-scan is crucial to the performance of SAT computa-
tion and thus, we employ the shuffle based warp scan to avoid using shared memory as in
Algorithm 2 and Algorithm 3. In other words, we employ the shuffle intrinsic to perform the
intra-warp communication (transfer the partial sums).

6.3.2 SSAM-based BRLT-ScanRow Method

In this section, we present the SSAM-based BRLT-ScanRow algorithm. As Figure 6.6, 6.7, 6.8
shown, the BRLT-ScanRow method computes the prefix sum of all rows and transposes
the input matrix in the same step, without using the global memory as a temporary buffer
(as in [13][123]). The input 2D matrix is divided along the column as Fig 6.6 shows. For
instance, given sizeof(T) is 4, we would use

BlockDim.x = 1024

BlockDim.y = 1

BlockDim.z = 1



74 Summed Area Tables Primitive in SSAM

W

H

32

32

𝐶𝑈𝐷𝐴
𝑏𝑙𝑜𝑐𝑘𝐷𝑖𝑚 = 1024,1,1
𝑔𝑟𝑖𝑑𝐷𝑖𝑚 = (1,𝐻/32,1)

Input 2D Matrix

sub-block of 2D 
matrix
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GridDim.x = 1
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⌉

GridDim.z = 1

In Figure 6.6, we illustrate how to map CUDA grids and blocks to the input 2D matrix, the
detailed computation is as uppon formulations. As Fig 6.7 shown, first we build a register
matrix of size 32×WarpSize for each warp (each thread holds 32 elements of data using
registers). Next, we apply the BRLT method to transpose the register matrix in each CUDA
block. Then, we apply a serial scan in each CUDA thread to compute the prefix sum. After
that, as Fig 6.8c shows, the partial prefix sum of each warp is stored to the shared memory
of size WarpCount×WarpSize and compute prefix sum in the shared memory. Finally, the
data stored in the shared memory is parallelly aggregated to all the values held in the register
cache in their respective warpId.

In Figure 6.8, we present how to perform inter-warp communication by shared memory.
Since the size of a single Warp is very limited and thus, the size of the processed data
by a warp at each time is restricted as 32×32. Hence, using inter-warp communication,
the computational efficiency of scan operation can be improved. As the step #1 shown in
Figure 6.8, the partial sums which are held by all warps in a CUDA block are stored to shared
memory. Next, in step #2, we perform the serial on the shared memory. Then, in step #3, the
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Fig. 6.7 BRLT-ScanRow algorithm: illustration of how to use the BRLT algorithm and serial
scan.

accumulated partial results in shared memory are accumulated back to the 32×32 register
matrix which is held by all warps again. In all of the uppon steps, all threads perform in
parallel without any inter-thread communication. The advance of such kind of serial scan
can be justified by the evaluated result. Furthermore, we build a performance model to
elucidate its mechanism as will be shown in Section 6.4. Also, the 32×32 shared memory
we used in Figure 6.8 is the same shared memory buffer that is used in the BRLT operation.
In other words, the same shared memory is used for both BRLT operation and the inter-warp
communication due to they perform in sequential order without any conflicts of operations.

It is noteworthy that we simply repeat the BRLT-ScanRow process twice, where the
first output matrix becomes the input of the second computation, and the final result is
the required SAT result. Though both ScanRow-BRLT and BRLT-ScanRow perform the
same scan operation to the input matrix, the biggest difference between them is the order
of operations. In ScanRow-BRLT, we firstly perform scan operation, then use the BRLT
algorithm. However, in BRLT-ScanRow, we first perform the BRLT operation then execute
the scan operation.
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Fig. 6.8 BRLT-ScanRow algorithm: illustration of using shared memory in the intra-block
communication and accumulating the partial-sum of each warp.

6.3.3 SSAM-based ScanRowColumn Method

This section introduces the ScanRowColumn algorithm. Similar to the BRLT-optimized
methods in the earlier sections, ScanRowColumn also uses the key techniques in SSAM,
e.g. register cache, shuffle intrinsic, shared memory, etc. However, in ScanRowColumn
algorithm, we avoid using the BRLT method, which can be seen as the overhead of the SAT
computation. To be simple, ScanRowColumn algorithm performs the SAT computation
without using BRLT method.

SSAM-based ScanRow Method SSAM-based ScanRow method is used to compute the
prefix sum of rows (horizontal direction) for the input matrix as Fig 6.6 shows. The input
matrix is divided into multiple successive blocks along the column. Each CUDA block
computes a subset of the input matrix of size WarpCount×W. To avoid intra-block communi-
cation, each CUDA warp caches and processes successive data in a row of the input matrix.
Because each thread caches C elements (C=32 is used), each warp can cache and process
data of size WarpSize*C=1024 elements at each step. If the input matrix width is bigger than
1024, the warps repeat the same process to the data after 1024.
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#1 parallel warp-scan
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#2 parallel warp-scan

⋯⋯⋯⋯

Partial sum for 32 elements The first element

#C parallel warp-scan

shuffle
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#C-1

shuffle

#1

Fig. 6.9 Using ScanRow to compute the prefix sum of a row in the input 2D matrix by a
single warp.

As Figure 6.9 shows, a parallel warp-scan algorithm is applied to the first 32 elements
as step #1, the last partial sum is added to the first element of the next 32 elements (the
shuffle instruction is used for intra-warp communication), then we repeat the same parallel
warp-scan to the elements as shown in step #2. After repeating this process C times, a row of
prefix sum results of size C*WarpSize can be obtained. We use the following values when
launching our CUDA kernel:

BlockDim.x = 1024∗ sizeo f ( f loat)
sizeo f (T )

BlockDim.y = 1

BlockDim.z = 1


GridDim.x = 1

GridDim.y = ⌈ H
WarpCount

⌉

GridDim.z = 1

In Figure 6.9, we illustrate how to perform ScanRow computation by a single Warp and
how to accumulate the partial sums. It is very important to point out that before performing
a parallel warp scan in the next step, the current partial sums are sent to the first thread via
shuffle intrinsic directly and accumulate the partial sums in the first element in an array of
size 32 (namely WarpSize) only.

SSAM-based ScanColumn Method Similar to Section 6.3.3, the input matrix is divided
into multiple blocks along the row (horizontal direction). The SSAM-based ScanColumn
method is used to compute the prefix sum along the columns by serial warp-scan method
rather than parallel warp-scan. Because serial warp-scan performs much better in the column
direction, the detailed discussion is reserved to a later section (Section 6.4.1). Each thread
caches C elements of data, then each warp builds a register matrix of size C×WarpSize
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Fig. 6.10 Illustration of the ScanRowColumn algorithm by ScanRow and ScanColumn
operations.

(namely 32×32) at each step. For each CUDA block, at each step, the prefix sum of size
BlockSize×C can be computed. When the H (namely height) of the input matrix is larger
than BlockSize, this process will be repeated for all the rows. We use the following values
when launching our CUDA kernel: 

BlockDim.x = 32

BlockDim.y = 32

BlockDim.z = 1
GridDim.x = ⌈W

C
⌉

GridDim.y = 1

GridDim.z = 1

As Figure 6.10 shown, to be simple, first we use the ScanRow algorithm to process the input
matrix where the CUDA block is mapped as in Figure 6.6; Next, we use ScanColumn to
process the output from the previous step where the CUDA block is mapped as the figure in
the bottom left.
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6.4 Performance Model

We analyze the benefit of using a serial scan on each CUDA thread: a main overhead in
the BRLT algorithm. We prove that this overhead is negligible by analyzing its effects.
Additionally, based on the architecture details of GPU, we give a deep insight into the
performance-improving details of our algorithms. It is noteworthy that we rely on micro-
benchmarking to better understand the characteristics of GPUs and the measured values are
listed in Section 4.4.1.

6.4.1 Single Warp and Single 32×32 Register Matrix

Our application’s optimization strategy is to use a single warp to process a register matrix of
size 32×32 (namely C×WarpSize, C = 32) at each step. We apply three kinds of methods
to compute the prefix sum in the column or row directions. Since the latency of registers is
as small as 1 clock, we ignore its effect on performance and focus on discussing the shared
memory access and arithmetic operations.

Transpose Operation To locally transpose the register matrix of size 32×32 efficiently,
we use the shared memory of size 32×33 as a temporary buffer (Algorithm 5) by moving
the data from the registers to the shared memory row by row before loading the data from
shared memory column to column again. The total number of accesses shared memory (both
load and store) is

Ntrans_store_smem = Ntrans_load_smem =C ∗WarpSize

It is very clear that Ntrans_store_smem = Ntrans_load_smem = 1024. The number of required
operation stages is

Nscan_row_stage =C+C

We can obtain that Nscan_row_stage=64 since C is 32 as introduced earlier. Based on the shared
memory latency we have measured, the latency of transposing a register matrix of size
32×32 can be estimated as

Ltranspose = Nscan_row_stage ∗Tsmem (6.3)

Where Tsmem is the latency of shared memory access as presented in Section 4.4.1.
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Scan Row Operation Using parallel warp-scan to compute the prefix sum of 32× 32
registers in-place, at least the number of required stages (e.g. Kogge-Stone scan and LF-scan)
maybe written as

Nscan_row_stage = log2(WarpSize)∗C

We can derive that Nscan_row_stage=160. The number of addition operations in Kogge-Sone
scan is

NKogge−Stone_add =C ∗
log2(WarpSize)

∑
i=0

KS_addi

Where, KS_addi is defined as the number of addition operations in each stages of Algorithm 2.
Obviously, the log2(WarpSize) is constant as 5 and KS_addi in uppon equation can be
counted in Algorithm 2. To be simple, NKogge−Stone_add = (31+ 30+ 28+ 24+ 16) ∗C =

4128. The number of the shuffle instructions in both parallel warp-scan (Algorithm 2 and
Algorithm 3) in a warp is

Nscan_row_s f l = Nscan_row_stage

namely, Nscan_row_s f l=160. The number of addition operations in LF-scan is

NLF_add =C ∗
log2(WarpSize)

∑
i=0

L_addi

Where, L_addi is defined as the number of addition operations in each stages of Algorithm 3.
Simillary to the calculation of NKogge−Stone_add , the L_addi can be counted in Algorithm 3.
For simplication, NLF_add = (16+16+16+16+16)∗C = 2560. In a scan row algorithm
the latency that comes from shuffle instructions and addition operations is

Lscan_row = Nscan_row_stage ∗ (Tshu f f le +TADD) (6.4)

However, additional boolean AND operations are needed as shown in Algorithm 3 line 4

NLF_and = (WarpSize∗Nscan_row_stage)∗C

We can derive that NLF_and is as constant as 5120.

Scan Column Operation In each warp, we compute the prefix sum in the column direction
using the serial warp-scan method (Algorithm 4). The number of needed stages is

Nscan_col_stage =C−1
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It is notable that Nscan_col_stage is a constant value, namely 31. Since each thread in a
warp executes the serial warp-scan without both any intra-warp communication and thread
divergence, the total number of concurrent addition operations is

Nscan_col_add =WarpSize∗Nscan_col_stage

We can easily obtain that Nscan_col_add is const as 992. The latency of scan column can be
estimated as

Lscan_col = Nscan_col_stage ∗TADD (6.5)

6.4.2 Analyzing Latency and Throughput

We analyze the latency and throughput of compute a 32×32 matrix in this section. On one
hand, based on the Equation 6.3∼6.5, we can find out that

Ltranspose +Lscan_col ≪ Lscan_row (6.6)

It means the latency of transposing the register matrix and serial scan for column is very low.
On the other hand, we consider the aggregate throughput for warps in a CUDA kernel. The
number of active warps can be computed as

Nwpb = ⌊
BlockSize
WarpSize

⌋ (6.7)

Nactive_warps = Nsm ∗min(⌊ Reg_sm
Reg_thread ∗WarpSize

⌋,

⌊ Smem_sm
Smem_block

⌋∗Nwpb,Nwpb ∗Nmax_blk_sm);
(6.8)

where Nwpb denotes warp count per SMs, Nactive_warps is the total warp count of our CUDA
kernel, Nsm is the total count of SMs, Smem_sm is the available shared memory size per
SMs, Smem_block is the used shared memory in our CUDA kernel, and Nmax_blk_sm is the
maximum available block count per SM. The shared memory bandwidth for each active warp
can be expressed as

BWwarp =
BWSmem

Nactive_warps
(6.9)
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where BWSmem is the shared memory bandwidth. In our CUDA kernel, the time required to
transpose a register matrix of size 32×32 is

Ttrans =
(Ntrans_store_smem +Ntrans_load_smem)∗ sizeo f (T )

BWSmem
(6.10)

Using serial warp-scan, the time of arithmetic operations may be written as

Tscan_col_add =
Nscan_col_add

BWadd
(6.11)

Using parallel warp-scan, the required time for shuffle instructions can be expressed as

Tshu f f le =
Nscan_row_s f l

BWshu f f le
(6.12)

where BWshu f f le is the shuffle instruction throughput. The required time for the arithmetic
pipeline varies from method to another. Take the Kogge-Stone scan for example

TKogge−Stone_add =
NKogge−Stone_add

BWadd
(6.13)

where BWadd indicates addition operations throughput. We can easily derive that

TKogge−Stone_add +Tshu f f le≫ Ttrans +Tscan_col_add (6.14)

Similarly, we can obtain the function also as

TLF_add +TLF_and +Tshu f f le≫ Ttrans +Tscan_col_add (6.15)

Note that to Equation 6.14 and Equation 6.15, we suppose the shared memory access
achieves the peak of memory bandwidth without bank conflicts. Otherwise, the shared
memory throughput will dramatically degrade, and our model would have to be adjusted
accordingly. Finally, the bandwidth of shared memory we use in our model is 9519GB/s on
P100 and 13800GB/s on V100 as reported by [63], respectively.

To sum up, we prove the overhead of BRLT is insignificant. Furthermore, due to the
utilization of BRLT algorithm, the serial scan performs greatly better than the parallel scan
(i.e. Kogge-Stone scan and LF-scan) due to the efficient in-register scan operation for the
32×32 matrix.
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6.5 Evaluation

We report the performance of the proposed algorithms and discuss comparisons with NPP
and OpenCV libraries. It is noteworthy that both of the two libraries will be introduced in a
later section.
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Fig. 6.11 Speedup (we use OpenCV’s implementation as the baseline) and execution time of
SAT on a single Tesla P100 GPU.

6.5.1 Experimental Setup

Our algorithms are implemented by Nvidia CUDA Toolkit 9.0. To obtain the highest accuracy
of CUDA kernel execution time (often tens of us), the nvpro f with print-gpu-trace option



84 Summed Area Tables Primitive in SSAM

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Sp
ee

du
p 

ra
tio

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
NPP
OpenCV

(a) Speedup of 8u32s on Tesla V100 GPU.

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k

0

10

20

30

40

50

Ex
ec

ut
io

n 
tim

e 
(m

s)

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
NPP
OpenCV

(b) Execution time of 8u32s on Tesla V100 GPU.

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k

1.0

1.5

2.0

2.5

3.0

3.5

Sp
ee

du
p 

ra
tio

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
OpenCV

(c) Speedup of 32f32f on Tesla V100 GPU.

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k

0

2

4

6

8

Ex
ec

ut
io

n 
tim

e 
(m

s)

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
OpenCV

(d) Execution time of 32f32f on Tesla V100 GPU.

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k

1

2

3

4

Sp
ee

du
p 

ra
tio

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
OpenCV

(e) Speedup of 32u32u on Tesla V100 GPU.

1kx1k
2kx2k
3kx3k
4kx4k
5kx5k
6kx6k
7kx7k
8kx8k
9kx9k
10kx10k
11kx11k
12kx12k
13kx13k
14kx14k
15kx15k
16kx16k
17kx17k
18kx18k
19kx19k
20kx20k

0.5

1.0

1.5

2.0

Sp
ee

du
p 

ra
tio

ScanRow-BRLT
BRLT-ScanRow
ScanRowColumn
OpenCV

(f) Speedup of 64f64f on Tesla V100 GPU.

Fig. 6.12 Speedup (we use OpenCV’s implementation as the baseline) and execution time of
SAT on a single Tesla V100 GPU.

is used to observe the CUDA kernel execution. SAT functions that are implemented by
the OpenCV 3.4.1 [18] and Nvidia NPP 9.0 [121] libraries are adopted for performance
comparison. Nvidia Tesla P100 and V100 GPUs are used for performance evaluation and the
ECC option is ON. Different sizes (1k×1k ∼ 16k×16k) and data types are evaluated, e.g.
8u, 32u, 32f and 64f. It is worth mentioning that precision loss and overflow can happen in
scan operators. It depends on the problem size, data type, and the input values. It is outside
the scope of this work to address such a problem on a case-by-case basis (as in [55, 138]).
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Table 6.1 NPP CUDA kernel details

kernel blockSize gridSize Regs SSMem DSMem
scanRow (256,1,1) (1,H,1) 20 2.25KB 0
scanCol (1,256,1) (W +1,1,1) 18 2.25KB 0

6.5.2 Performance Overview

Both our algorithms and OpenCV implement the SAT by C++ template functions, so we
can compare performance with OpenCV for all kinds of data types. In our experiments, we
evaluate both the Kogge-Stone scan and LF-scan. However, they achieve nearly the same
computing efficiency in our implementation. To simplify, in Figure 6.11 and Figure 6.12,
Kogge-Stone method is applied for parallel warp-scan to compute all of the results. For some
data types, the performance graphic nearly the same, so we report one of them: e.g. 8u32s,
8u32u, and 8u32f. When comparing the execution time with other libraries, we report the
execution time for different data types, such as in Figure 6.11b, Figure 6.11d, Figure 6.12b
and Figure 6.12d.

Nvidia NPP The NVIDIA Performance Primitives (NPP) is an optimized library for per-
forming CUDA accelerated computations. The SAT function provided by NPP is nppIntegral.
However, only two kinds of input and output data type are provided by NPP: 8u32s and
8u32f. Considering that NPP is closed-source, we investigated its binary by the nvprof
and cuobjdump tools, which are provided by Nvidia. The investigated results are listed in
Table 6.1. Regs is the number of registers used per CUDA thread. SSMem and DSMem are
the static and dynamic shared memory allocated per CUDA block, respectively.

OpenCV Library OpenCV (Open Source Computer Vision Library) is a highly optimized
library designed for efficient computation and real-time applications. We use the latest version
v3.4.1 for our evaluation. The SAT function integral() is implemented by OpenCV using the
scan-scan algorithm, their functions are vertical_pass() and horisontal_pass(). Additionally,
using shuffle instruction, OpenCV specifically optimizes 8u (namely unsigned char) input
data for the horizontal scan, the function name is horisontal_pass_8u_shfl. It is worth
mentioning that horisontal_pass_8u_shfl employs two optimization strategies, one of them is
using the SSAM-based parallel Kogge-Stone scan algorithm, the other is that each thread
loads 16 bytes data to registers using uint4 data type, then applies a serial-scan to these 16
elements on each threads. However, horisontal_pass_8u_shfl is customized and works only
for 8u input data.
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6.5.3 Speedup

Figure 6.11 and Figure 6.12 show several comparison results. The execution times are
measured by nvprof. We disregard the data copy time between host and device since it
is the same for all libraries. We manually accumulate the two compute kernels (namely
row and column prefix sum) and average 10 executions. Register pressure results in the
speedup disappear when matrices go to larger. Even though we evaluated matrix sizes up
to 20k×20k, in real applications, the matrix sizes are typically smaller than 8k×8k (as
in [123, 113, 110, 40, 127]). On a single Tesla P100 GPU and V100 GPU, our best algorithm
performs up to 2.3× faster than OpenCV, and 3.2× than NPP.

Kogge-stone Scan and LF-scan In our experiments, both Kogge-stone scan and LF-scan
are evaluated. Since the SAT computation is memory-bound, we can not gain speedup from
LF-scan as in [36].

Generality & Simplicity Our fastest algorithm, namely BRLT-ScanRow, is implemented
as a single CUDA kernel and repeatedly called twice to compute an SAT. It is simple to
be implemented and general to all of the data types. However, NPP, OpenCV and other
implementations [13, 32] use multiple CUDA kernels, often customized to different data
types.

32f32f for Deep Learning As discussed earlier, OpenCV’s implementation varies from
one data type to another. For image processing computation, the data type 8u is widely used
to represent the image data. However, in Deep Learning computation, 32f is the prevalent
data type. Our 32f32f outperform OpenCV as shown in Figure 6.11c and Figure 6.12c.

64f64f Figure 6.11f and Figure 6.12f shows that our implementation performs better than
OpenCV for up to image matrix size 6k×6k.

6.5.4 Model Verification on BRLT Overhead

In this section, we analyze the BRLT overhead by displaying the breakdown of the SSAM-
based SAT computations, and justify the validity of our performance model as introduced in
Section 6.4.

In Figure 6.13, we display the detailed execution time of the two steps of computation.
Since the BRLT algorithm is used to improve the SSAM-based SAT computations, the
BRLT-ScanRow and ScanRow-BRLT function is called twice. ScanRow and ScanColumn
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are used once to compute the prefix sum of rows and columns, respectively. In this section,
T denotes the execution time. We can verify our performance model as

1. TScanColumn < TBRLT−ScanRow. After BRLT finishes, ScanColumn and BRLT-ScanRow
compute the column prefix sum similarly, so we can easily derive that BRLT is the
overhead operation.

2. 2∗TBRLT−ScanRow < TScanRow +TScanColumn indicates some benefits from BRLT opera-
tion in computing SAT.

3. TBRLT−ScanRow > TScanRow−BRLT means that our serial warp-scan(Algorithm 4) method
is more efficient than shuffle-based parallel warp-scan(Algorithm 2, Algorithm3).

6.6 Summary

SAT is a widely used primitive in many applications. In the past two decades, the SAT
successfully accelerated many image filtering and local feature extracting algorithms, and
recently boosted many deep learning workloads also.

In terms of hardware architecture and computing efficiency, it is challenging to optimize
the SAT implementation on GPUs. Based on our SSAM algorithm (e.g. register cache
technology), we implemented three kinds of algorithms for fast SAT computation on CUDA-
enabled GPUs. With our novel BRLT method that can improve the dependency of SSAM,
we can transform the scan problem from horizontal operations to vertical, which results
in reducing both the arithmetic computation and communication between threads, while
achieving coalesced access to global memory. Furthermore, the BRLT overhead is shown
to be negligible. We provide a deep insight to register cache and shared memory cache for
programming CUDA-enabled GPUs. The BRLT method is general and can be applied to
optimize many other algorithms, such as Fast Fourier Transform (FFT), Wavelet Transform,
Discrete Cosine Transform (DCT), etc.
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Fig. 6.13 Performance breakdown of computing 32f32f ranging from 1k× 1k to 4k× 4k
input matrices. For the specified input matrix, the 1st and 2nd computing time are displayed:
namely 1st scan and 2nd scan.



Chapter 7

Related Work

In this chapter, we discuss the related work. Firstly, we introduce the concept of register
cache and list literature that uses register cache methodology. Secondly, we outline the
register optimization research on GPUs. Thirdly, we display the research on optimizing
stencil kernels. Fourthly, we discuss the partial sums methodology in the related work.
Finally, we summarize related work.

7.1 Register cache

Register cache, an application optimization technique on GPUs, was named by Ben-Sasson
et al. [8]. The motivations of using registers as a cache are as simple as that registers
are the fastest on-chip memory with very huge capacity as explained in Table 1.1. In
fact, Register cache methods are widely used on GPUs to boost individual application’s
performance [85, 41, 59, 8] with a variant of names.

Most notably, a technology called register packing was presented by Davidson et al. [34]
on how to avoid shared memory communication for improving Cyclic Reduction perfor-
mance. More specifically, the authors employed register packing technique to deal with
the Cyclic Reduction (a tridiagonal solver with downsweep pattern) without using shared
communication on GTX 460 GPU and achieved outstanding performance as that: 3∼4.5
and 1.5∼3 faster than the original CR implementation and other GPU tridiagonal solvers,
respectively.

Lai and Seznec [85] suggested a method named register blocking to explore the potential
peak performance of SGEMM on Fermi and Kepler GPUs. To estimate GPU applications’
performance upper bound, the authors presented an analytical performance model with
assembly code level benchmarking. We display the reported performance as follows: the
optimized SGEMM implementations achieve about 5% better performance than CUBLAS
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for large matrices on GTX580. The achieved performance is about 90% of the estimated
upper-bound performance on GTX580 GPU. On GTX680 GPU, the achieved performance is
about 77.3% of the estimated performance upper bound.

Enfedaque et al. [41] proposed a register-based implementation to optimize a Discrete
Wavelet Transform (DWT) algorithm for fast image processing. Due to the heavy improve-
ment of reuse data, such a programming strategy can significantly improve the performance
of applications. The experimental results denote that the register-based method is more than
4× faster than the best GPU implementation of the DWT.

The binary finite field multiplication algorithm was implemented by Eli Ben-Sasson
et al. [8] yielded up to 138× speedup than the popular Number Theory Library. It is
very important to note that the key to efficient implementation is a novel performance
optimization methodology, named as register cache by the authors. The authors presented
how to using shuffle intrinsic to perform intra-warp communication for replacing shared
memory utilization. In other words, Eli Ben-Sasson et al. developed the register cache
abstraction on GPUs and illustrated how to use it in their targeting applications. Also, using
the 1-D stencil as a simple example, Eli Ben-Sasson et al. illustrate how register cache and
shuffle instruction works.

In literature [59], Hou et al. presented a registered-based sort algorithm that adaptively
combines or splits segments of different sizes for load-balanced operations on GPUs. The
experimental results demonstrate that the register-based sort algorithm performs greatly faster
than existing methods on NVIDIA K80-Kepler and TitanX-Pascal GPUs.

7.2 Register optimization

Register optimization is an important approach to improve the performance of a variant
of applications due to the benefit in many aspects: increasing the ILP, alleviating register
pressure, tuning register allocation and instruction scheduling.

In [132], Rawat et al. present a register optimization framework for multi-statement
and high-order stencil stencils. Such complex stencils are treated as a collection of trees
with significant data reuse across nodes and achieved performance gain by reducing register
pressure and improving register allocation. Note that register pressure is reduced by de-
creasing the simultaneously live ranges of nodes. In addition, a set of optimized stencils are
evaluated in Section 5.3.1 and the performance comparison with SSAM, NVCC, PPCG, and
Halide is displayed in Figure 5.2. The statement reordering framework (namely reordered in
Figure 5.2) achieves better performance than NVCC, PPCG, and Halide.
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Furthermore, using the reordering framework that proposed In [132], Rawat et al. demon-
strated its effection for performance improvement by relieving register pressure in litera-
ture [133]. Using multiple popular compilers (i.e. GCC, Clang/LLVM) and target platforms
(i.e. Intel Xeon Phi, and Intel x86 multi-core CPU), the experimental results demonstrate the
advance of the proposed algorithms.

It is well-known that the performance of the application can be significantly improved
by GPUs and thus, Zhang et al. [171] proposed a register-only algorithm for the 3D 7-point
stencil computation.

7.3 Optimizing stencil kernels

Stencils are a class of typical computation patterns in the scientific field and thus, a plethora
of work contributes to the optimization of stencil kernels. To reduce the required memory
bandwidth by exploring data reuse, spatial blocking and temporal blocking methods are
commonly used approaches. Furthermore, several tiling approaches, e.g. overlapped tiling,
diamond tiling [15], hybrid tiling [46, 45], are also adopted to improve the computational
parallelism.

The 3.5-D blocking algorithm, a combination of 2.5-D spatial blocking and 1-D temporal
blocking, was innovated by Nguyen et al. [115] for modern CPUs and GPUs. The key
techniques of 3.5-D blocking are overlapped tiling and streaming-based temporal blocking.
To leverage the applications of 3.5D blocking, Rawat et al. implemented DSL frameworks,
termed as ARTEMIS [130] and StencilGen [135]. Furthermore, to alleviate the pressure due
to the exhaustive usage of GPUs resources (i.e. registers and shared memory), in another
work [131], Rawat et al. analyzed the required amount of such resources and presented an
improved algorithm, namely streaming + registers algorithm (for more details reader can refer
to Alg 3 in [131]), in which the thread-private registers are used to store partial summations
instead of the temporal value at the specified time step. To author’s knowledge, there are still
some inefficiencies in such kind of schemes. First, as the fastest on-chip memory, a large
number of registers are only employed to store the accumulated partial summation while
shared memory is leveraged to perform the arithmetic operations, e.g, multiplication, addition.
Second, compared to the operation of direct registers access, loading shared memory to
register is implicit yet cost. Finally, the aggregate utilization of memory fence operations
degrades the performance of CUDA-based stencil kernels. Hence, we proposed SSAM
to achieve to improve the stencil computation on some extent as demonstrated by several
stencils in Section 4.5
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As one of the most important algorithms for reducing the redundant computation in
stencils, hybrid tiling combines both hexagonal tiling and wavefront tiling as in literature [45–
47]. In [74], Krishnamoorthy et al. used overlapped tiling optimization for the stencil to
preserve concurrency in time-tiled computations. This strategy is adopted by SSAM as
Figure 4.5 shows. Note that the negative effection of the redundant computation (known
as halo layer) is proved to be insignificant by performance model (as in Section 4.4.) and
evaluation.

In literature [175], Zumbusch et al. implemented vectorized kernels for high order finite
stencils targeting several processor architectures, i.e. AMD/Intel CPUs, Nvidia GPUs. In
addition, a collection of optimizing techniques is employed for improving the computational
performance, e.g. combination of vectorization, loop unrolling, an interleaved data layout,
spatial and temporal loop tiling methodology, and parameter tuning in one to three spatial
dimensions, etc.

Rawat et al. [132, 133] proposed a reorder framework to optimize register allocation for
both CPUs and GPUs as the performance comparison in earlier sections. StencilGen [134], a
state-of-the-art DSL implementing advanced temporal blocking for stencils.

There exist several approaches aiming to simplify the programming of stencils. Code
automation tools are used for stencil optimizations, including stencil-specific DSL or EDSLs
(Embedded DSLs), e.g. HLSF [39], Pochoir stencil compiler [147], Halide [111], Poly-
Mage [112], PPCG [151]. Note that both halide and PPCG are introduced in Section 2.3.
Halide is a DSL and ppcg [151] is general code-to-code transformation framework. Both
generate code for GPUs, yet the automated code does not always yield the ideal performance
as demonstrated in literature [134] and our evaluation in Section 4.5.

Hagedorn et al. [51] expressed stencils and their optimizations in LIFT, which is a data-
parallel, hardware-agnostic intermediate language. By extending two primitives to gather
neighboring stencil elements (named as a slide) and define boundary conditions (named
as pad), LIFT can optimize complex stencils allowing higher-level DSLs to be defined by
these primitives. Comparing the PPCG polyhedral GPU compiler, LIFT achieved better
performance in many cases.

7.4 Partial sums method

Partial sums method is a simple yet effective optimization methodology for a wide range of
applications. In SSAM, we take advantage of registers to accumulate the partial sums due to
its characteristics of high throughput and low latency.
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In [3], Basu et al. incorporate partial sums methodology into CHiLL compiler for gener-
ating SIMD-optimized code for CPUs. Using four different Jacobi smoothers, i.e. 7pt, 13pt,
27pt, and 125pt, the authors obtained 4× speedup on the smoothers themselves and up to a
3× speedup on the multigrid solver.

To parallelize sequential loops with recurrences, Jiang et al. [65] proposed a novel
sampling-and-reconstruction method to speed up their computations in an automated fashion,
involving refined runtime-checking rules and resulting in reducing the overhead of reprocess-
ing. In [167], Xia et al. proposed methods to merge partial results in parallel on GPUs and
achieve linear scalability for optimizing loops with recurrences.

Parallel scan operators highly rely on the partial sums accumulation as details in Al-
gorithm 4, Algorithm 2, and Algorithm 3. In [94], Lui et al. presented an efficient one-
dimensional scan (called LightScan) on CUDA-enabled GPUs. To perform the in-register
partial sum accumulation, their algorithm employs shuffle intrinsic to perform the fast intra-
warp computation and uses globally coherent L2 cache and the associated parallel thread
execution (PTX) assembly instructions to realize lightweight inter-block communication.
Evaluated on a single Tesla K40c GPU, the results demonstrate that LightScan outperforms
state-of-the-art algorithms and libraries as up to 2.1, 2.4, 1.5 and 1.2 faster than CUDPP,
Thrust, ModernGPU and CUB implementations, respectively.

The conventional algorithms for SAT computation use shared memory to accumulate the
partial sums, e.g. OpenCV [18], Nvidia NPP. The demonstrated performance in Section 6.5
shows the advance of SSAM-based implementations using registers rather than shared
memory.

7.5 Modeling GPU performance

A performance model suitable for runtime estimation of modern GPUs often needs to
characterize the complex interactions of the most important hardware and software features,
e.g. GPU resources, CUDA driver, compiler. In [33], Dao et al. presented a linera and
an ML-based performance estimation model for GPUs with considering GPU caches. By
running a wide range of benchmarks with several OpenCL kernels on Nvidia GPUs and
AMD GPUs, the linear model outperforms state-of-the-art models and achieves error rate
less than 10%. The ML-based model performs extremely well as the error rate less than 5%.

In [48], Gupta et al. presented an algorithm that combines offline data collection and
online learning to construct an adaptive runtime performance model for GPUs. Extensive
evaluations on a commercial platform by several GPU benchmarks indicate the achievement is
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that in average mean absolute errors of 3.1% in frame time and 3.9% in frame time-sensitivity
prediction.

In [99], Ma et al. develop an integrated analytical framework by combining two existing
models (asymptotic models and calibrated models) for modeling scheduling mechanisms
of GPUs and incorporating both the computation complexity and memory complexity. By
doing so, it builds a bridge between the two models for performance analysis of applications
on many-core GPUs.

In [98], the authors presented a GPU performance model for Deep Learning Applications
with In-depth Memory System Traffic Analysis, termed as DeLTA. The evaluation indicates
that DeLTA can model the expected performance of a convolution layer on a GPU and can
be used to explore the design space for tuning resource provisioning for CNNs.

Employing the collaborating filtering based modeling technique, the authors in [140]
extended an analytical model to predict the performance of a variant of applications that
are optimized on GPU systems. Using and seven Nvidia GPUs, the evaluation of a set of
well-known micro-applications demonstrated the model can predict with 90.6% accuracy on
average.

7.6 Summary

The majority of the work above is limited in scope to specific applications (e.g. stencil),
and architectures. Moreover, they lack performance models for the redundancy and do not
optimize for reuse in register cache. In [91], Li et al. proposed a general model for all
generations of GPUs, called Warp Consolidation, however, it is focused on improving the
Cooperative-Thread-Array execution on GPUs.

Using a Stateful DataFlow multiGraph (called as SDFG) to optimize HPC applications,
Ben-Nun et al. [7] demonstrated a very general IR (Intermediate Representation) for several
accelerators, e.g. CPUs, GPUs, FPGAs. SDFG is reported to achieve high performance by
considering more characteristics of GPU architectures.

To the best of our knowledge, this work is the first to propose a completely generic
and versatile method, driven by a performance model, to use locality-optimized aregister
cache and shuffle instruction for directly computing different filter/stencil sizes for both 2D
and 3D grids. Last but most importantly, we pave a novel way to optimize algorithms on
CUDA-enabled GPUs: mapping the CUDA cores to software systolic arrays. Thereby, we
build a bridge between code automation and optimization.



Chapter 8

Discussion & Conclusion

In this chapter, we discuss SSAM-based optimization and its suitable applications as follows.
First, we explain how to extract the program dependency (the D in SSAM) and represent it
in the polyhedral model that is a computable framework. Second, we present the possibility
of generating SSAM-optimized code automatically. Third, we show the novel optimization
approach that improves the dependency of SSAM, resulting in better performance as the
use of BRLT in SAT computation. Fourth, we insight into Pascal and Volta architecture
for explaining why SSAM performs differently on them. Fifth, we leverage SSAM to the
popular accelerators, e.g. CPUs, AMD GPUs, etc. Sixth, we analyze applications that are
suitable for SSAM. Finally, we conclude.

8.1 Discussion

In this section, firstly we present our insights into Pascal and Volta architecture. Secondly,
we discuss the available algorithms that can be mapped in SSAM.

8.1.1 Automation and Extracting Dependency (D) for SSAM

This study proposes a method for executing kernels with regular data-access behavior in a
systolic fashion. The study is dedicated to explaining the method in a comprehensive way that
covers the systolic representation/mapping, a performance model, detailed implementation,
and a broad range of experiments and comparisons. It is important to note that all kernels
evaluated in earlier chapters are strictly implemented as Listing 4.1 and Listing 5.1 without
extra manual optimization. Taking Figure 4.6 for instance, Listing 4.1, a single template
kernel function, is used for all SSAM-based 2D convolution evaluations.
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That being said, it is a non-trivial task for users to manually apply SSAM in large
codebases made of tens kernels. An ideal case would be to automate SSAM, by using a DSL
or code transformation. We argue that code transformation is the more practical approach
since users can be reluctant to move to new DSLs. To apply SSAM as an automated code
transformation, extracting the dependency and mapping it to SSAM is an important point
to consider when generalizing SSAM to different types of algorithms. Automatic code
generation by SSAM is future work that is outside the scope of this study, and the nontrivial
body of work required to extract dependencies and map them to SSAM for any given kernel.

In this paragraph, we briefly discuss the possibility of representing the dependency graph
(namely the D in Equation 3.2) using the polyhedral model [162, 43, 95]. The polyhedral
model is a well-researched mathematical framework for performance optimization [10],
which often involves nested loops and large numbers of operations, i.e. convolution, matrix
multiplication. According to our formulation in Equation 3.2, and motivational examples in
earlier sections, such a parametric representation can be analyzed for mapping algorithms
and code, i.e. C/C++, to the SSAM-based intermediate representation (IR).

8.1.2 BRLT algorithm in SSAM

This section discusses the BRLT algorithm in SSAM optimization. As introduced in Sec-
tion 6.3, we innovate the BRLT algorithm that transposes the register matrix of size 32×32
locally. It is very important to note that we take advantage of the register matrix of size 32×32
to cache data and benefit from the transpose operation as that increasing the parallelism and
reducing the arithmetic computation. Despite the BRLT operation is overhead in the original
algorithm, its negative affection to the overall performance is ignorable as proved by the
performance model (as in Section 6.4) and evaluated results (as in Section 6.5). Furthermore,
the BRLT algorithm enhances the importance of Dependency (D) (as in Equation 3.2) in
SSAM as discussed in Section 4.4.4. It is because the BRLT improves the algorithm de-
pendency that we can use the simple serial scan rather than the parallel warp scan in SAT
computation. Except for taking advantage of in-register partial sum computation in SSAM,
BRLT provides a special for application optimization. Hence, BRLT can be used in several
algorithms that can be mapped in SSAM, e.g. FFT, DCT, Wavelet Transformation, etc.

8.1.3 Insight into Pascal and Volta architecture

In this section, we outline the reasons why SSAM performs differently on Tesla P100 and
V100 GPUs for all evaluated applications, e.g. convolution, stencils, and SAT primitive. The
main finding is the improvement of L1/L2 cache on V100 GPU as follows.
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(i) The L1 cache in Volta is significantly enhanced. (1) According to Nvidia user
guide [120], the capacity of L1 cache in Volta has increased up to 128KB, which
is more than 7× larger than Pascal; (2) Regarding the access latency of L1 cache,
V100 is about 2.8× faster than the P100 (as reported in [62]: V100 is 28 cycles vs.
P100 is 82 cycles). This narrows the gap between applications that are manually
optimized by caching data in registers (or shared memory) and those that access global
memory directly. Hence, the difference in performance between the SSAM and other
implementations become smaller on the V100 GPU.

(ii) The improvement of L2 cache also contributes to the change in performance behavior
between P100 and V100 GPUs. According to the experiments in [62], in comparison
to P100, the capacity of L2 cache in V100 increases by 50% (P100 is 4096KB vs.
V100 is 6144KB), the access latency improves by up to 10% (P100 is ≤234 cycles vs.
V100 is ≤193 cycles).

(iii) As Jia et al. [64] illustrated, due to register bank conflict in Volta architecture, MAD
instruction (accessing 3 registers in the same cycle) results in one clock stall. More
specifically, in Volta, registers are divided into two banks. However, other generations
(e.g. Pascal, Maxwell, Kepler) have four banks [1, 172]. Finally, SSAM performs as
well as Pascal in Maxwell and Kepler architectures.

8.1.4 Applications that are suitable for SSAM

We analyze the applications suitable for SSAM optimization in this section. The algorithms
that can benefit from SSAM optimization have characteristics as follows.

• Memory-bound kernel

• Regular memory access

As introduced in Section 3.2, we take advantage of register files to cache data from
global memory, resulting in increasing the data reuse and performing efficient in-register
computation, namely register cache in SSAM. To meet the requirement of regular memory
access for memory-bound kernels, we employ register cache in SSAM with the following
considerations. (i) Coalesced memory access is the basic requirement for improving the
read/write performance of global memory. As illustrated by Ben-Sasson et al. [8], register
cache performs at warp-level and thus, the regular memory access fashion is suitable for the
mechanism of register cache since the successive threads in a single warp can access the
contiguous global memory. It is clear that such an approach also meets the access requirement
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of L1/L2 caches as introduced in Section 2.1.3. (ii) Due to the utilization of register cache,
the memory traffic for global memory access can be greatly reduced. The memory-bound
kernel can benefit from such a technique easily. Note that such a scenario can be easily
proved by The roofline model as we discussed on the memory bandwidth optimization in
Section 3.1.1.

Meanwhile, the algorithms that can be implemented by hardware systolic are also suitable
for SSAM since SSAM is a virtual yet versatile systolic array. Regarding PEs in hardware
systolic array, the operation is as simple as addition and multiply operations. However,
SSAM can perform any operations, namely the O in model J (as in Equation 3.2) that are
provided by CUDA architecture, e.g. sqrt, exp, etc. It is worth mentioning that we list some
hardware systolic array applications in Section 2.2.2 and those algorithms are available for
SSAM-based optimization theoretically.

8.1.5 Wider Warp

SSAM is a warp-centric approach and benefits from the mechanism of warp as follows.
(i) A single warp performs in a SIMD fashion. (ii) Regarding the overall performance, the
intra-warp synchronization within a warp is very costly, but inter-warp synchronization is
very light-weight. However, the WarpSize is limited as 32 due to the CUDA architecture
restrictions. In other words, the maximal number of threads in a single warp is 32. SSAM
can benefit from the wider warp in many aspects. (i) Better parallelism for the SIMD-liked
computation (ii) Smaller halo-layer for the overlapped tiling technique(as in Section 4.3.5)
It is noteworthy that the tendency of the bits in a part of Intel products (as Table 8.1 shown)
can enhance the benefits of wider warp in some extent.

Table 8.1 Bits of SIMD in Intel products.

Year Product SIMD bits
1999 Pentium III SSE 64
2000 Pentium 4 SSE2 128
2003 Pentium M SSE3 128
2007 Intel Core 2 SSE4.1 128
2008 Intel Core i7 SSE4.2 128
2011 Intel Core i7 AVX 256
2013 Intel Core i7 AVX2 256
2016 Xeon Phi AVX-512 512
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8.2 SSAM for other accelerators

SSAM is not limited to Nvidia GPUs and can be easily extended to other popular accelerators,
e.g. Intel CPUs, Arm-based CPUs, AMD GPUs, FPGAs, etc.

8.2.1 AMD GPUs

In this section, we focus on discussing leveraging SSAM to AMD GPUs. Note that on AMD
GPUs, Graphics Core Next (GCN) [161] abstracts both of the micro-architecture and its
instruction set. GCN was developed by AMD for its GPUs as the successor of the TeraScale
micro-architecture and instruction set.

On Nvidia GPUs, the basic execution unit is called Warp; On AMD GPUs, such a basic
execution unit is called Wavefront as introduced in literature [136]. For simplification, both
Warp and Wavefront are SIMD vectors. On Nvidia GPUs, all threads in a Warp perform in a
locked step. Unlike the low-level implementations of CUDA Warp, in a single Wavefront,
there are 64 parallel work items (or thread), called lanes. However, the actual hardware is
implemented as 16-wide SIMD and thus, a Wavefront decomposes into groups of 16 lanes
(termed as Wavefront rows), which are required four consecutive cycles for execution. In
Listing 8.1, a 64-points scan operation is implemented by GCN instructions using a single
Wavefront. More specifically, we only take 7 steps to achieve the prefix-sum result without
using scratchpad memory. Note that the more details on GCN instructions can be found
in [136].

Listing 8.1 Parallel scan by a single Wavefront using GCN at single precision.
1 v_add_f32 vec1, vec0, vec0 row_shr:1 bound_ctrl:0 // step 1
2 v_add_f32 vec1, vec0, vec1 row_shr:2 bound_ctrl:0 // step 2
3 v_add_f32 vec1, vec0, vec1 row_shr:3 bound_ctrl:0 // step 3
4 v_nop // avoid a data hazard
5 v_nop
6 v_add_f32 vec1, vec1, vec1 row_shr:4 bank_mask:0xe // step 4
7 v_nop // avoid a data hazard
8 v_nop
9 v_add_f32 vec1, vec1, vec1 row_shr:8 bank_mask:0xc // step 5

10 v_nop // avoid a data hazard
11 v_nop
12 v_add_f32 vec1, vec1, vec1 row_bcast:15 row_mask:0xa // step 6
13 v_nop // Add two independent steps to avoid a data hazard
14 v_nop
15 v_add_f32 vec1, vec1, vec1 row_bcast:31 row_mask:0xc // step 7
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8.2.2 CPUs with vectorized instructions

Modern CPUs (e.g. Intel CPUs, AMD CPUs, ARM-based CPUs) increasingly rely on paral-
lelism to improve the computational performance. Task parallelism is one of the well-known
approaches and is often supported at the hardware level, i.e. multi-core, hyperthreading, etc.
However, another popular approach is at the instruction level, namely Single Instruction
Multiple Data (SIMD). SIMD technique indicates that the CPUs can execute multiple same
instructions simultaneously within a single thread. In other words, CPUs are capable of
deploying a set of vector operations by SIMD intrinsics, e.g. operating on 4 or 8 inputs and
yielding 4 or 8 output in a single cycle.

As introduced earlier, CUDA Warp and GCN Wavefront perform operations in a SIMD
fashion. Hence, SSAM can be easily extended to SIMD-supported CPUs. As Listing 8.2
shown, we display the implementation of a BRLT-based parallel scan for a matrix of size
4×4 using SSE intrinsic (BRLT can be found in Chapter 6). The shuffle intrinsic is used
to transpose the register matrix as in function transpose4x4 (line 2∼12), the add operation
intrinsic is employed to accumulate the partial sums as in function ScanRow4x4 (line 15∼22).
It is noteworthy that BRLT can be used to transpose the register matrix with larger sizes, e.g.
8×8, 16×16, etc.

Listing 8.2 Parallel scan row for a matrix of size 4×4 at single precision by SSE intrinsic.
1 //transpose a register matrix of size 4x4
2 void transpose4x4(__m128& Row0, __m128& Row1, __m128& Row2, __m128& Row3)
3 {
4 __m128 Var0 = _mm_shuffle_ps(Row0, Row1, 0x44);
5 __m128 Var2 = _mm_shuffle_ps(Row0, Row1, 0xEE);
6 __m128 Var1 = _mm_shuffle_ps(Row2, Row3, 0x44);
7 __m128 Var3 = _mm_shuffle_ps(Row2, Row3, 0xEE);
8 Row0 = _mm_shuffle_ps(Var0, Var1, 0x88);
9 Row1 = _mm_shuffle_ps(Var0, Var1, 0xDD);

10 Row2 = _mm_shuffle_ps(Var2, Var3, 0x88);
11 Row3 = _mm_shuffle_ps(Var2, Var3, 0xDD);
12 }
13
14 //parallel scan row for a matrix of size 4x4
15 void ScanRow4x4(__m128& Row0, __m128& Row1, __m128& Row2, __m128& Row3)
16 {
17 transpose4x4(Row0, Row1, Row2, Row3); //transpose
18 Row1 = _mm_add_ps(Row0, Row1); //Row1 = Row0 + Row1;
19 Row2 = _mm_add_ps(Row1, Row2); //Row2 = Row1 + Row3;
20 Row3 = _mm_add_ps(Row3, Row2); //Row3 = Row2 + Row3;
21 }
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8.3 Conclusion

In this study, we present a virtual systolic array that is built on the top of CUDA architecture
and explains how to map a set of algorithms in SSAM by three illustrative examples,
i.e. convolution, stencils, and SAT primitive. To explain the performance advance of the
SSAM-based algorithms, we build performance models to insight the internal mechanism of
SSAM-optimized applications. Furthermore, we demonstrate the outstanding performance of
SSAM-based algorithms using the latest Nvidia Tesla P100 and V100 GPUs in comparison
with state-of-the-art libraries, e.g. NPP, OpenCV, Arrayfire.

GPU accelerator In the past a few years, GPU becomes a more and more important
many-core accelerator in a variant of fields, i.e. scientific computation, machine learning.
Taking the TOP500 [148] list in June 2019 for example, both the first and second powerful
supercomputers use Nvidia Tesla V100 GPUs, i.e. Summit and Sierra supercomputers.
As one of the most popular accelerators, GPU accelerates a large number of scientific
and engineering applications. However, it is not easy to obtain the peak performance for
applications running on GPUs. It is because GPUs have a complex execution and memory
hierarchy. Unlike the latency-oriented CPUs, GPUs are throughput-oriented processor and
thus, it is fundamentally crucial that launching sufficient threads to meet the requirement of
concurrency in all physical cores. In the perspective of execution hierarchy, a large number
of CUDA blocks and grids are needed to be allocated. Also, there are a few different types
of memories and caches, e.g. global memory, shared memory, constant memory, register
memory, L1 and L2 cache, etc. Each type of memory or cache has its characteristics, e.g.
latency, throughput, capacity, supported access pattern, and read/write restrictions. Hence, it
essential to take advantage of this memory hierarchy to optimize the applications on GPUs.

Systolic array A systolic array is an old yet revived parallel computing architecture.
Recently, it is commonly adopted as a co-processor to speed up the domain-specified Deep
Learning workload, e.g. Google TPU, Nvidia Tensor Core. We list some advantages of a
systolic array as introduced in Section 2.2. Using a set of PEs to compose a two-dimensional
network, the systolic array architecture is very simple and regular; A systolic array is capable
of achieving extremely high Flop/s with the limited power consumption.

Inspired by the mechanism of the systolic array architecture, we proposed a novel
execution model (namely SSAM) on CUDA-enabled GPUs. The SSAM can be seen as
a virtual systolic array building on the top of CUDA. It is because SSAM mimics the
processing of a systolic array. In other words, we simulate the systolic array using a software
implementation. More specifically, we use GPU registers to mimic the processing of PEs,
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take advantage of shuffle intrinsic to perform the partial sums communication between the
virtual PEs. Since SSAM benefits from characteristics of registers, namely high throughput
and low latency, SSAM-optimized applications can achieve very competitive performance as
demonstrated in the earlier chapters. Also, as one of the important challenges, the coalesced
access for global memory is absorbed in SSAM, namely the X and Y in the formulated
Equation 3.2.

8.3.1 SSAM : A virtual systolic array

There is a strong motivation to build a model to formulate the application optimization
technique that uses register cache and shuffle intrinsic. To the author’s knowledge, all prior
researches analyzed and optimized the specified problem on a case-by-case basis. e.g. Eli Ben-
Sasson et al. [8] optimized the binary finite field multiplication algorithm, Lai and Seznec [85]
suggested a method named register blocking to explore the potential peak performance of
SGEMM. Hence, we leverage these optimization techniques by the formulated SSAM model.
As demonstrated in the earlier chapters, all examples (i.e. convolution, stencil, SAT) are
implemented in a simple and plain style. Furthermore, the register matrix of size 32×32 can
be transposed by the BRLT algorithm and thus it results in the improvement of dependency
for the arithmetic pipeline. At the ignorable cost, the BRLT algorithm can improve the
dependency graph which is a key competency in SSAM (as in Equation 3.2).

In this study, we focus on the memory-bound kernels with regular memory access due
to memory-bound is a prevalent computing pattern for most of the application on GPUs
(as introduced in Section 2.4). SSAM is a versatile and general model for application
optimization. It is worth mentioning that the compute-bound problem is also applicable to
SSAM and the problems with irregular access pattern is still a challenging work for SSAM
as will be our future work. We present details on mapping algorithms in SSAM, i.e. 2D
convolution, 2D/3D stencil, and SAT primitive. Note that all of these examples are typical
memory-bound kernels with regular memory access. In comparison with the state-of-the-art
implementations, we demonstrate the outstanding performance of SSAM-based applications.
To justify the validity of SSAM for application optimization, we build a performance model
to analyze the mechanism of all detailed parts of the implementations. Using a collection
of micro-benchmarks, the latency of arithmetic computation and shared memory access are
measured and then applied in the analytical performance model.

Convolution 2D convolution is fundamental in many image processing and Deep Learning
applications and a plethora of work contribute to the optimization of 2D convolution. In
comparison with the highly optimized libraries, SSAM-based 2D convolution achieves
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the best performance in many aspects, e.g. execution time and scalability. Using 2D
convolution as a detailed example to illustrate how to map algorithms in SSAM, we list some
important techniques, e.g. coalesced access to global memory, partial sums accumulation,
and communication, in-register computation, etc.

Stencils The stencil is an important computing pattern and commonly employed scientific
applications, e.g. weather, wave, and fluid simulations. Researches have been working for a
long time to improve the performance of stencil computations. To improve the parallelism,
several tiling algorithms are applied, e.g. overlapped tiling, diamond tiling, hexagon tiling,
etc. Considering the characteristics of the GPU architecture, e.g. SIMT execution model
and coalesced access to global memory, we adopted overlapped tiling in all of the SSAM-
optimized applications. Note that such a strategy is also applied in the highly optimized
libraries, e.g. StencilGen. Spatial blocking and temporal blocking are widely used techniques
to improve the data locality and data reuse for stencil computations. Using a serial imple-
mentation and evaluation, we demonstrate such techniques are applicable in SSAM and are
capable of optimizing stencil code for high performance.

SAT primitive Similar to FFT computation, SAT, an important primitive, is critical to the
performance of a variant of applications, e.g. real-time face detection, image recognition.
We map the SAT to SSAM by a collection method and innovate an efficient algorithm
to transpose the small register matrix of size 32×32. We proposed three SSAM-based
algorithms to improve the SAT computation, i.e. ScanRowColumn, BRLT-ScanRow, and
ScanRow-BRLT. The proposed BRLT method is general and can be applied to optimize
many orthogonal transformation algorithms, such as Fast Fourier Transform (FFT), Wavelet
Transform, Discrete Cosine Transform (DCT), etc.

8.3.2 Register pressure

Since SSAM highly relies on the GPU register cache, the performance of the SSAM-
optimized application may be affected by versions of CUDA drivers and NVCC versions.
The major reason is that we can not control the physical register allocation or map the
register variables to the physical ones. What makes it more difficult is that the NVCC
compiler is closed-source and the low-level assembler for GPUs is inaccessible. Additionally,
the architecture difference of GPUs also affects the performance of the SSAM-optimized
applications. The improved L1 and L2 caches may narrow the gap between SSAM and other
kinds of implementations, e.g. directly access global memory.
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8.3.3 Code automation

The simplicity and generality of SSAM denote the availability of SSAM for code automation.
Using the polyhedral dependence analysis, several applications can be mapped to SSAM.
To be emphasized that the application is required to access memory in a regular pattern.
In this study, we only present three typical examples of how to map them in SSAM and
generating SSAM-optimized code for GPUs will be our future work. The evaluation shows
that SSAM-optimized code outperforms the state-of-the-art tools, e.g. PPCG, Halide. This is
one of the strongest motivations for code automation in SSAM. The DSL-based StencilGen
can generate stencil code while achieving extremely high performance. However, it is only
specified in stencil computation while SSAM is more general and versatile.



Chapter 9

Future Work

This chapter discusses the future work for SSAM. It is noteworthy that SSAM is not the
replacement, however, the enhancement of the shared memory-based programming
model, which is the recommended by Nvidia and is a widely used model in CUDA-
optimized applications. To leverage SSAM for more and more applications, there are still
several works in the future. In the coming years, research on SSAM code automation and
application optimization will potentially play an important role in tackling various challenges
of both scientific and HPC fields. We will leverage SSAM as a fundamental technique for
tuning many kinds of applications while overcoming its limitations, e.g. finding a solution for
alleviating register pressure. In addition, we will extend SSAM to other popular accelerators,
e.g. FPGA, ARM-based CPUs.

9.1 SSAM code automation

This study focus on improving the performance of the memory-bound kernels with regular
memory access by mapping such algorithms to a virtual systolic array, namely SSAM. In
the future, we will consider the compute-bound problems (e.g. Matrix Multiplication [93]),
even the more challenging problems that memory-bound kernels with irregular memory
access (e.g. Sparse matrix-vector multiplication [6], Sparse matrix-matrix multiplication [31],
triangular matrices [57].). We will also provide a tool that can generate SSAM-based codes
using polyhedral analysis.
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9.2 Warp specification for hiding memory latency

We will use warp specification [4] technique for hiding memory latency. Regarding X and
Y in model J (as in Equation 3.2), their operations can be further optimized. Tuning the
performance of GPU kernels is primarily about managing the restricted resources, e.g. regis-
ter and shared memory, instruction issue, and memory bandwidth. Warp specialization is
an optimizing method allowing subsets of threads within a CUDA block to execute for a
particular purpose, which results in more efficient consumption of the limited resources. Sev-
eral techniques within Warp Specification are listed in literature [4]. Using the fine-grained
synchronization and buffering techniques, the compute Warps and DMA Warps execute in
parallel, which results in hiding the memory access latency within the computations.

9.3 Alleviate register pressure

As introduced in Section 2.1.3, registers are the fastest on-chip memory and constrained with
a limited capacity. Due to a large amount of use of register files, alleviating register pressure
is considered a promising way to improve the performance of applications on GPUs. Rawat
et al. proposed a method, called Associative Instruction Reordering, to achieve this goal by
optimizing the register allocation at the compiler level. We plan to incorporate this technique
into our SSAM model.

9.4 A virtual systolic array on CPUs

The proposed SSAM model can be extended to vectorized CPUs. Since a single Warp
performs in a SIMD fashion, such a virtual systolic array is capable of emulated on CPUs by
the SIMD instructions. However, the architecture of GPUs is completely different from the
CPUs, it is required to improve the SSAM model to meet the constraint of CPUs.

9.5 Automate systolic array on FPGA

FPGA [54, 122], a reconfigurable logic arrays, allows for synthesizing a variant of virtual
circuits. Authors in [155] leverage systolic array architecture on FPGAs for Convolutional
Neural Networks (CNNs) workload and achieve high clock frequency under high resource
utilization. Cong et al. [27] proposed an automatic systolic array generation (called as
PolySA) that can generate high-performance systolic array architectures on FPGAs using
high-level synthesis. Using matrix multiply and CNN as an illustrative example, PolySA
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demonstrates the possibility of generating systolic array architectures on FPGAs. Thereby,
we can challenge to generate a systolic array on FPGAs via the SSAM model and thus,
leverage SSAM-based optimization on FPGA applications.

9.6 Performance modeling

With the exponential growth of SMs in the latest GPUs, how to analyze and optimizing its
performance becomes very challenging. In the future, we will extend and apply our analytical
model to more general applications. Thereby, we can guide the programmers to identify the
bottleneck of their applications. Note that not only the SSAM-based applications but also
any other general ones. More specifically, we will model more details of CUDA architecture,
e.g. L1 and L2 caches, compute-units.

9.7 Multi-GPUs optimization

To tackle increasingly complex problems, we can utilize multiple GPUs to solve such
problems. Facilitated by the SSAM-optimized CUDA kernels, we can achieve higher
performance in computations. However, the communications between GPUs may become a
bottleneck of such kind of implementations and thus, it becomes a case-to-case analysis.
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