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Abstract: We report that cylindrical hyperbolic metamaterials (CHMMs) exhibit superscattering
(SSc) in the visible region, based on analytical and numerical calculations. It has normalized
scattering cross-section (NSCS) twice as large as that from cylinders consisting of homogeneous
materials. This large NSCS is due to constructive interference of multipolar resonances. Finite-
difference time-domain calculations revealed that the spatial field-distribution at the SSc condition
is similar to that of a whispering gallery mode (WGM), suggesting that the WGM-like field
distribution is responsible for the large scattering. It is also reported that the SSc can be achieved
in CHMM of epsilon near zero materials.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Optical superscattering (SSc) from a subwavelength nanostructure is a phenomenon in which
the scattering cross section exceeds the single-channel limit i.e. normalized scattering cross
section (NSCS) is greater than unity [1], due to the constructive interference of multipolar
resonances. It can be applied in sensing, spectroscopy, bio-medical imaging, energy harvesting
and other applications which involve the manipulation of scattering of light [2]. Recent studies
have demonstrated SSc from several structures, such as radially anisotropic nanowires [3,4],
multilayered cavities [5], core-shell nanowires [6,7], nanospheres [8,9] and structures with
phase-change materials [10,11]. In general, SSc is observed in a narrow spectral band, and
depends strongly on the losses in the materials. Research in this area has become even more
promising after a recent experimental demonstration in the microwave regime [12].

In this paper we predict SSc from cylindrical hyperbolic metamaterials (CHMMs) consisting
of materials known to exist in the real world, at visible wavelengths. The CHMM is made up
of metal and dielectric layers with a thickness of 6 – 30 nanometer. CHMMs have been widely
studied for various applications, including invisibility [13], broadband absorption [14] and optical
hyperlens [15,16]. We have briefly reported SSc from a CHMM [17], but no detailed mechanism
or design of the CHMM have yet been reported. We report here the mechanism of SSc in suitably
designed materials on the basis of analytical and numerical calculations. SSc is found to stem
from constructive interference of the multipolar resonances. It was also found that the SSc
condition is attained in CHMMs consisting of metallo-dielectric and epsilon-near-zero (ENZ)
materials in the visible region. Our FDTD calculation shows that the spatial field distribution in
the SSc condition is similar to a whispering gallery mode (WGM), suggesting that the WGM-like
electric-field distribution leads to high scattering efficiency. WGM-like field distributions have
been reported for spherical hyperbolic cavities in the infrared [18], and for a further metamaterial
structure in the GHz region [19], but no study has yet been made for CHMM in the visible region.
CHMMs are promising materials for SSc, and maybe applied in sensing, beam shaping, energy
harvesting and other applications.
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2. Calculation

The CHMM consists of a cylindrical core (permittivity εcore and a 50-nm radius ρcore) coated
alternately with multilayers of dielectrics (permittivity εd) and metals (permittivity εm), as shown
in Fig. 1(a). All layers are taken to be of the same thickness, t. CHMM in which the core and
the outermost layer material are silver is denoted CHMMm, and CHMM in which the core and
outermost layer comprises dielectric is denoted CHMMd. The ambient permittivity εamb is set to
unity. CHMM with 6 layers (three pairs of dielectric/metal layers) and t = 10 nm is the main
focus of this analysis, because 6 layers is sufficient for SSc (see the next section). The z-axis is set
along the long axis of the cylinder. The cylinder is assumed to be of infinite length, for simplicity.
The light is incident along the x-axis. We consider transverse electric (TE) polarization (polarized
in the y-direction) whereby the electric field has polarization along y-axis, because the SSc
phenomenon is efficient only with incident TE polarization.

Fig. 1. (a) Schematics of CHMMm and CHMMd. Light with TE polarization is incident
along the x-axis. (b) Density plot of NSCS as a function of wavelength and the dielectric
permittivity (εd), for (b) CHMMm (c) CHMMd. (d) NSCS spectra for various cylinders of
equal outer diameter 220 nm: CHMMd, CHMMm, silver and TiO2.

For analytical calculations of the optical response from the CHMM, we used the Lorentz-Mie
method with a transfer matrix approach [17,20–22]. The NSCS, σ, is considered as a figure of
merit for scattering of subwavelength structures. For cylinders, it is calculated asσ =

∑+∞
n=−∞ |dn |

2,
where dn is the scattering coefficient and n is the mode order. For the SSc phenomenon, σ>1.
The detailed equations used for NSCS calculation are presented in Appendix A.



Research Article Vol. 28, No. 2 / 20 January 2020 / Optics Express 1509

The numerical calculations were carried out according to the two-dimensional FDTD method,
using the Lumerical FDTD Solutions, so as to obtain the electric field distribution. Conformal
mesh type 1 was used, with a mesh size of 0.1 nm in each direction. A perfect-matched layer was
taken as the boundary condition. The CHMM was illuminated by a pulse having a broadband
light spectrum (400 nm to 700 nm). The permittivity of silver and TiO2 is taken from the
literature [17].

3. Results and discussion

3.1. Structures consisting of normal materials

We first consider the optical response of CHMMm, which has a silver core. Silver (Ag) was used
because it is a metal having small imaginary permittivity. The dielectric material is determined as
follows. Figure 1(b) shows a density plot of the NSCS of CHMMm as a function of wavelength
and the permittivity (εd) of the dielectric material. When the dielectric permittivity is between 6
and 10, a narrow region of large NSCS (greater than 4) is observed, shown by the dashed line.
CHMMm alone, at limited permittivity and wavelengths, exhibits SSc. There is no low-NSCS
region (NSCS < 0.5), indicating that no invisible CHMMm is possible.
Figure 1(c) shows a density plot of the NSCS of CHMMd. In contrast to CHMMm, the high

NSCS region (NSCS > 4) is large. The NSCS is particularly large for dielectric permittivity
between 6 and 10 at wavelengths of 400 – 450 nm. A low-NSCS region (NSCS < 0.5) occupying
a large area is also present, in which the CHMMd is invisible. Further investigation of the
invisibility of the CHMM is in process and will be reported elsewhere. As titanium dioxide
(TiO2) has suitable permittivity for the SSc, we chose it as the dielectric material. Figure 1(d)
summarizes the scattering spectra of different structures of the same dimension (outer diameter
of 220 nm). Clearly, CHMMd and CHMMm show a scattering peak at about 420 nm, and the
NSCS peak has around double the scattering intensity than that of bare silver or TiO2 cylinders
with the same diameter. Hence, we conclude that SSc can be achieved with CHMM.

Figures 2(a) and 2(b) show far-field radiation profiles of scattering for (a) CHMMd and (b)
CHMMm, at the NSCS peak wavelengths of (a) 415 nm and (b) 422 nm. These are plotted as a
function of radiation angle, and the direction of illumination is defined as 0 degree. The profiles
were calculated by the FDTDmethod. They are shown together with the profiles for homogeneous
TiO2 and silver cylinders. These profiles show large forward scattering of CHMMd and CHMMm,
relative to those from the homogeneous TiO2 and silver cylinders. The unidirectional enhanced
scattering (for angles around 0 degree) from CHMM is suitable for nano antennas and scatterers
for random lasers.

Fig. 2. Comparison of far field radiation patterns for (a) CHMMd at 415 nm and (b)
CHMMm at 422 nm.
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Figures 3(a) and 3(b) show NSCS spectra for differing numbers of layers (2 – 10 layers), N, so
as to find the necessary number of layers for (a) CHMMd and (b) CHMMm. The total thickness
of the shell, T , is fixed at 60 nm so that the thickness of each layer is T/N. Upon increasing
the number of layers N from 2 to 6, the scattering spectra change and the magnitude increases.
Further increase of N above 6 does not lead to any significant change in the spectra in either the
CHMMd or CHMMm profile. We conclude that the optimum number of layers is 6 for achieving
enhanced scattering.

Fig. 3. Analysis of NSCS for differing numbers of layers in the CHMM shell structure. (a)
CHMMd and (b) CHMMm.

The NSCS enhancement can be explained by degenerate resonances and by overlapping of
different resonance modes of confined surface waves, such as the magnetic dipole mode (n = 0),
and the electric dipole (n = ±1) and electric quadrupole (n = ±2) and other higher modes, as
discussed in previous reports [1,3]. Figures 4(a) and 4(b) show the overlapping of different modes
of resonances for CHMMd and for a homogeneous TiO2 cylinder. The peak of the CHMMd
at wavelength 415 nm is composed of overlapping modes with n = ±1, n = ±2 and n = ±3.
This overlap results in significant enhancement of the NSCS (> 5). There is no such multipolar
interference for the homogeneous TiO2 cylinder. CHMM allows us to tune the different resonant
modes so as to achieve enhanced scattering. Additionally, CHMM with an air core can also
show SSc by following the same mechanism. [13,17] Moreover, some reports have analyzed
the scattering property of plasmonic nanostructure [23] and graphene based superscatterers
[24] using Bohr model, which is a phenomenological model. However, it was found that the
model is more applicable to the graphene based superscatterers due to ease of determining the
effective radius. Hence, we think that it is tedious to apply the Bohr model for our structure,
considering the complexity of determining the effective radius for the multi-layered structure and
the limitations of the model.

Furthermore, we obtained the electric field distribution of the CHMMd structure at wavelengths
of 415, 500 and 615 nm (indicated by arrows in Fig. 4(a)). The field distribution at 415 nm is
similar to that of WGM [25], for which the electric field is localized at the outer surface and
has low mode volume with the hexapolar symmetry, like the WGM at mode order q = 3. A
detailed analysis is given by Chihhui Wu et al [18] for WGM in hyperbolic cavities operating in
the near infrared region, and by Diaz-Rubio et al [19] for metamaterial structures operating in
the GHz region. CHMMd supports WGM of symmetry q = 3 irrespective of the smaller size
and possibility of enhancement of photonic density of states. Existence of WGM like surface
waves at the SSc condition can also be related to the non-Rayleigh diverging scattering behaviour
observed in the anisotropic cylinders [26]. However electric field distribution at 500 nm, shown
in Fig. 4(d), is mostly on the surface as if it behaves as a metallic cylinder. At 615 nm the field is
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Fig. 4. Multi polar resonance modes of (a) CHMMd and (b) homogeneous TiO2 cylinder.
(c) Electric field (|E |2) profile showing evidence of WGM of hexapolar symmetry (q = 3) at
415 nm, (d) |E |2 distribution at 500 nm, (e) at 615 nm showing cavity mode with quadrupolar
(q = 2) symmetry. |E |2 profile for TiO2 cylinder at different wavelengths (f) 413 nm, (g)
446 nm, and (h) 500 nm.

localized inside the core showing similarity to the cavity mode. The maximum magnitude of
the electric field is lowest at a wavelength of 500 nm. Hence, it is concluded that CHMM can
support multiple modes like WGM and cavity modes. For comparison we also show the electric
field distributions in TiO2 cylinder for different wavelengths shown in Figs. 4(f)–4(h). It can be
observed that the strength of the field in TiO2 is lower than at the SSc condition of CHMMd but
comparable to that of at non-resonant (500 nm) case of CHMMd.

To design a CHMM for SSc, we calculate the NSCS of a structure comprising a cylindrical core
(radius 50 nm) with alternate coatings of lossless materials of 10-nm thick layers A and B. The
permittivity of the layers A and B is denoted εA and εB, respectively. CHMMd has a TiO2 core
and CHMMm has a silver core. Figures 5(a) and 5(b) are density plots of the NSCS of CHMMd
and CHMMm at 415 and 422 nm, respectively, as a function of εA and εB, by which we can
visualize the NSCS and consider the choice of the materials. CHMMd has regions of large NSCS,
but CHMMm does not have such a high NSCS region. When CHMMd consists of metals and
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dielectrics (εAεB<0), as shown in the second and fourth quadrants, a high NSCS region exists.
The choice of the layer material, silver/TiO2, is marked in the profile indicated as the intersection
point of the dashed lines in Fig. 5(a), as Re(εsilver) = −5.94 (ignoring the imaginary part) and
εTiO2 = 7.84. A narrow region with high NSCS is observed in the third quadrant, in which both
εA and εB are negative, suggesting that SSc can be achieved with alternate deposition of metallic
materials. Since the effective permittivity values for these combinations will be negative, the
SSc observation can be related to the previous studies reporting anomalous diverging scattering
condition for anisotropic cylinders [26,27].

Fig. 5. NSCS profile as a function of εA and εB, for (a) CHMMd at 415 nm, and (b)
CHMMm at 422 nm.

Both CHMMd and CHMMm have regions of low NSCS (less than 0.5). However, CHMMd
has large area with low scattering region when compared to CHMMm. These regions correspond
to low scattering phenomenon like invisibility, all dielectric cloaking [28] and plasmonic cloaking.
The analysis confirms that the scattering property of CHMMd is tunable by appropriate design.

3.2. Structures consisting of ENZ materials

We now extend the SSc analysis to CHMM of alternate layers of silver and ENZ. We consider two
kinds of structures with different core materials, one with Ag core is named as CHMMzm and
the other with core of ENZ material is named as CHMMzz. ENZ materials have been studied
previously in combination with high dielectric permittivity materials in cloaking applications
[29,30], but SSc has not so far been reported for CHMM consisting of ENZ materials. Figure 6(a)
shows a density plot of the NSCS for CHMMzm (structure shown in the inset of Fig. 6(c)) as a
function of wavelength and the permittivity of ENZ, εenz. There are a few high NSCS branches
(NSCS > 4). Similarly, NSCS is plotted for CHMMzz, although it shows areas with NSCS>1
but does not have high NSCS regions as present in CHMMzm. Based on this observation we
will focus only on CHMMzm for SSc analysis. In addition we can notice that for CHMMzm and
CHMMzz there exist large areas where NSCS is low. So, we can infer that structures consisting of
ENZ materials along with metal can also exhibit very low scattering of light. This observation is
different from the commonly reported structures of ENZ materials combined with high dielectric
materials for cloaking applications [29,30].

To highlight the tuning capability of the CHMM, we set εenz = 0.3 and compare the scattering
spectra with that of the homogeneous silver cylinder, in Fig. 6(b). The NSCS of CHMMzm is
upto nearly four times that of the homogeneous silver cylinder at a wavelength near 500 nm.
The resonance modes n = 0,±1, ±2 and ±3 are also plotted. These overlap, and enhance the
NSCS at 505 nm. The broad NSCS band is assigned to significant contributions of lower modes
(n = 0,±1, ±2) having broad peaks.
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Fig. 6. SSc of CHMMs with ENZ material in CHMMz. (a) NSCS for different values
of εenz, for CHMM based on Ag core (CHMMzm), where the dashed line represents
εenz = 0.3 (b) NSCS for CHMMz with core of εenz (CHMMzz) (c) scattering spectra of
the homogeneous silver cylinder and CHMMzm (εenz = 0.3), including multi polar modes
of CHMMzm shown by dashed lines. (d) the far field of CHMMzm and the homogeneous
silver cylinder at wavelength 505 nm. |E |2 profiles for CHMMzm at different wavelengths
showing drastic confinement of the field in the ENZ layers, for (e) 505 nm, 600 nm and 683
nm.

The electric field profile of CHMMzm at different wavelengths is shown in Figs. 6(e)–6(g).
The electric field is strongly localized inside the thin layers of ENZ material, similar to the
squeezing effect of the electromagnetic waves [31]. Additionally, the field intensity at resonant
wavelengths (505 nm and 683 nm) are comparatively higher than at non-resonant condition (600
nm). In Fig. 6(d), we compare the far-field profile of CHMMz with that of the homogeneous silver
cylinder at 505 nm. The profiles show unidirectional SSc in the ENZ-based metamaterials. Hence,
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we have demonstrated that by using ENZ materials in CHMM we can achieve SSc behavior, and
that the spectrum can be tuned by selecting ENZ materials of appropriate permittivity. Recently
some promising materials such as Indium tin oxide, Titanium nitride etc. showing ENZ property
were reported [32] which maybe helpful to realize ENZ materials based superscatterers in the
visible region.

4. Conclusions

Enhancement of scattering using hyperbolic metamaterial structures has been demonstrated. The
NSCS of CHMMd is twice that of the NSCS of a homogeneous cylinder. If we further use
ENZ material, the enhancement factor is ∼ 4. These SSc properties derive from constructive
interference of the multipolar resonances. A finite-difference time-domain (FDTD) calculation
shows that the spatial field distribution for the SSc phenomenon is similar to a whispering gallery
mode (WGM). This finding strongly suggests that the WGM-like field distribution brings about
the large scattering.

Appendix A. Details of calculation of NSCS

Following methodology is used to calculate the NSCS for the multi-layered structure (shown
in Fig. 1(a)) when light is incident in TE-mode. The radius of the core is indicated as ρ0, the
distance of l-th layer from the center as ρl and of last layer as ρL. The magnetic field of the
incident plane wave is expressed as,

Hin = ẑH0 exp(ikx) = ẑH0

+∞∑
n=−∞

inJn(kρ) exp(inφ) (1)

where ρ and φ are the radial and azimuthal cylindrical coordinates, respectively, H0 is a constant
amplitude, Jn is the Bessel function of the first kind and order n, k = k0

√
ε and k0 = ω/c is the

wavenumber in the vacuum. The scattered magnetic field, for ρ>ρL, can be written as

Hsca = ẑH0

+∞∑
n=−∞

dninH(1)n (kρ) exp(inφ) (2)

where H(1)n is the Hankel function of the first kind and order n. The magnetic field in a given l-th
layer of the CHMM (for ρl−1<ρ<ρl) can be expressed as,

Hl = ẑH0

+∞∑
n=−∞

in[bn,lJn(klρ) + cn,lH(1)n (klρ)] exp(inφ) (3)

where kl = k0
√
εl. For kc = k0

√
εc, εc represents permittivity of the core medium, the magnetic

field in the core of the structure can expressed as (for ρ<ρ0)

Hc = ẑH0

+∞∑
n=−∞

indnJn(kcρ) exp(inφ) (4)

The coefficients an, bn,l, cn,l and dn are determined by applying boundary conditions for the
continuity of electric and magnetic field between the layers. The boundary conditions between
the layers, applied at ρ = ρl can be expressed in the matrix form as

Dn,l(ρl).

bn,l

cn,l

 = Dn,l+1(ρl).

bn,l+1

cn,l+1

 (5)
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where the matrix Dn,l can be explained as

Dn,l(ρl) =


εlJn(klρl) εlH(1)n (klρl)
√
εlJ ′n(klρl)

√
εlH′(1)n (klρl)

 (6)

J ′n and H′(1)n denotes the derivative. We also define a matrix Tn,

Tn =


Tn,11 Tn,12

Tn,21 Tn,22

 (7)

Tn = Dn,1(ρ0).{
L∏

l=1
[Dn,l(ρl)]

−1.Dn,l+1(ρl)} (8)

Relation between the scattering coefficients is expressed as,
an

dn

 =
1

Tn,12y − Tn,22x


−Tn,11Tn,22 + Tn,12Tn,21

xTn,21 − yTn,11

 (9)

where, x = εcJn(kcρ0) and y = √εcJ ′n(kcρ0). Finally, the NSCS is calculated as

σ =

+∞∑
n=−∞

|dn |
2 (10)

Appendix B. Effect of geometrical variations and material losses on SSc

It is evident from previous reports [4,12] that the practical realization of superscattering can
be limited by the geometrical variations and presence of material losses. We analyzed our
proposed CHMMd structure for these factors which is presented in Fig. 7. With the variation in
the thickness of each layer in ML model the overall shell thickness varies which results in the
shift of resonant position but the NSCS value is nearly same. Next we compare the NSCS of
CHMMd by varying the material loss, where ξ is the imaginary part of the silver’s permittivity
(ε′Ag = Re[εAg] + i ∗ ξ) which represents the material loss factor. From Fig. 7(b) deterioration of
the SSc property with the increase in material loss is evident.

Fig. 7. (a) Effect of geometrical variation on the superscattering behaviour, values in
parentheses denotes the overall thickness of shell (b) reduction of SSc performance with
increase in material loss.
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