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Abstract

The ex-post realized Sharpe ratio and the information ratio using an ex-ante
forecast return distribution—possibly different from the ex-post realized
distribution—are studied in this thesis. Forecasting power measurements are
proposed, as are attribution formulas and methods. The proposed methods
enable the ex-post realized Sharpe ratio and information ratio to be
decomposed into realized market conditions, the ex-ante predictability of
returns, the risk magnitude, and the risk factors. The methods enable a fair
and direct comparison of the proposed measurement of the ex-ante return
and ex-ante risk, quantitative identification of the main source of the
reduction in the Sharpe ratio from the achievable Sharpe ratio, and a
reduction in the information ratio from the achievable information ratio. The
proposed method performs an excess Sharpe ratio attribution analysis that
simultaneously evaluates the qualities of a portfolio and the benchmark.
Numerical examples of the attributions are provided using sector indices.
The examples show that the ex-ante risk forecast has a different effect
between the predictability of the Sharpe ratio and the predictability of the
information ratio. As an application of the provided measurement, an
implication in the optimal confidence level in the Black-Litterman model is
provided.
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Chapter 1

Introduction

1.1 Sharpe ratio and information ratio in modern portfolio theory

Making an investment is a decision-making process. A portfolio that has
investable assets with uncertain performance is selected based on an investor’s forecasts
at the beginning of an investment period. The portfolio is exposed to various economic
and market conditions. The portfolio’s achieved performance refers to the investment
results during and at the end of the investment period, and the performance is evaluated.
In this thesis, relations between forecasts at that moment of portfolio selection and
measurements that evaluate performance are studied, and the causes of the performance
are studied. Forecasts of the returns and risks of the investable assets are set as the forecast,
and measurements of the return per unit of risk are set as the measurements. The Sharpe
ratio and the information ratio are studied as the measurements.

Markowitz (1952) states that “the investor does (or should) consider expected
return a desirable thing and variance of return an undesirable thing” in the process of

selecting a portfolio. Thus, expected returns and variance of returns are important



concepts in modern portfolio theory, and an optimal portfolio is constructed from the
investor’s expected returns and risk. In modern portfolio theory, the variance of returns is
recognized as a measure of risk.

Performance evaluations are important activities for portfolio managers and
investors regarding investments. Elton and Gruber (1987) state that “an integral part of
any decision-making process should be the evaluation of the decision. This is equally true
whether investors make their own investment decisions or employ a manager to make
them.” Farrell (1983) states, “Performance evaluation aims not only at assessing the
success of the investment process in achieving the overall investment goals but also at
diagnosing the contribution of the individual elements that have made possible
achievement of the overall goal.” Grinold and Kahn (1999) similarly state, “a
sophisticated performance analysis system can provide valuable feedback for an active
manager.” Performance evaluations are important activities for future investments, as
previously mentioned. Furthermore, the importance of analyzing the contribution of the
individual elements of investment decisions is widely acknowledged. Performance
attribution analyses that identify strengths and weaknesses of the elements are performed
in many aspects of investment analysis.

The Sharpe ratio is an important measure of the return per unit of risk. Lo (2002)
states, “One of the most commonly cited statistics in financial analysis is the Sharpe ratio,
the ratio of the excess expected return of an investment to its return volatility or standard
deviation. Originally motivated by mean-variance analysis and the Sharpe-Lintner
Capital Asset Pricing Model, the Sharpe ratio is now used in many different contexts,
from performance attribution to test of market efficiency to risk management.” Chan
(2017) similarly states, “The Sharpe ratio and the maximum drawdown are two of the
most important tools to measure the risk of an investment. Since Sharpe introduces the
Sharpe ratio, which is the excess return per unit of volatility, it is widely used to evaluate
the performance of portfolios.”

The Sharpe ratio is defined as the quantity of excess return per unit quantity of

risk.

the excess return

Sharpe ratio =
P the standard deviation of the excess return

Excess return is defined as the return of a portfolio minus the return of a risk-
free asset. Additionally, risk is measured by the standard deviation of the excess return.

In performance analyses, a portfolio’s performance is often compared with a



benchmark performance. Especially, a portfolio which declares its benchmark is always
compared with the benchmark. Additionally, there are investments called as enhanced
index investments. These investments propose to achieve a return of its benchmark’s one
plus more positive return. In such cases, a portfolio’s performance is evaluated using the
information ratio. The information ratio is defined as the quantity of a portfolio’s excess
return against the return of a benchmark per unit quantity of risk. Additionally, risk is
measured by the standard deviation of the excess return. Thus, the information ratio is

defined as the quantity of excess return per unit quantity of risk.

Information ratio
the excess return against the benchmark return

~ the standard deviation of the excess return against the benchmark return

Regarding the expanded uses of the information ratio, Grinold and Kahn (1999)
state, “The institutional investor in the United States and to an increasing extent
worldwide cares about active risk and active return. For that reason, we will concentrate
on the more general problem of managing relative to a benchmark.” They continue to
state as follows. “In fact, analyzing investments relative to a benchmark is more general
than the standard total risk and return framework.”

Additionally, Sharpe ratio and the information ratio are widely accepted as
important risk-adjusted performance measures in fields of investment business practices.

Studies on the information ratio follow the study in this thesis of the Sharpe ratio.



1.2 Organization of this thesis

A portfolio that has investable assets with uncertain performance is selected
based on an investor’s forecasts at the beginning of an investment period, and the
portfolio’s achieved performance refers to the investment results during and at the end of
the investment period, and the performance is evaluated. The investor’s forecasts at the
beginning of the period are ex-ante forecasts, and it is natural that the forecasts are not
necessarily identical to the performance of investable assets during the period. Therefore,
the portfolio’s achieved performance is brought from the performance of investable assets
during the period. The performances of the assets are ex-post realized returns which are
observed at the end of the period. This thesis studies the relations between ex-ante
forecasts of the future performance of investable assets at the beginning of an investment
period and measurements of the portfolio’s ex-post performance analysis. Ex-ante
forecast returns and risk of investable assets are set as the ex-ante forecasts, and the ex-
post realized Sharpe ratio and the information ratio are set as measurements of the ex-
post performance analysis.

The causes and sources of the performance and analysis of risk and return are
important issues for performance evaluation. Studies on attribution analyses in the
performance analyses of portfolios are another important theme of this thesis.

Related previous works are reviewed in Chapter 2. Themes on portfolio
construction and performance analyses are often independently studied in textbooks, such
as those written by Farrell (1983) and Elton and Gruber (1987). Nevertheless, Steiner
(2011) studies a Sharpe ratio attribution analysis, which represents research on the
relation between the elements of a portfolio at that moment of its construction and ex-
post Sharpe ratio attribution. Steiner decomposes the Sharpe ratio into risk weights,
diversification effects, and asset Sharpe ratios—elements of the portfolio’s properties at
the beginning of the investment period.

In this thesis, ex-ante forecast returns and risk are set as the elements of a
portfolio at that moment of its construction. As Markowitz (1952) states, “the ex-ante
forecast returns and risk provide the weights of the investable assets in the portfolio.” The
weights of the investable assets provide the risk weights and diversification effects
described in Steiner (2011). Thus, ex-ante forecast returns and risk as the sources of the
weights are objects of study in Chapter 3 and Chapter 4.

Grinold and Kahn (1999) study the cause of an information ratio. They show that
the coefficient between signals that predict returns of investable assets in a future

investment period and returns realized in the investment is one source of the cause of the



information ratio. In Grinold and Kahn (1999), this property is called the fundamental
law of active management.

Menchero (2016) studies the cause of reducing an information ratio. He
investigates effects brought by differences of information contained in forecast returns
and risk which an investor uses in constructing the optimal portfolio using the mean-
variance approach. He shows the effects by empirical exercise using historical data
samples. Chan et al. (2017) show an upper bound for ex-post Sharpe ratio. The result is
an inequality which is a formula of parameters about time series of returns given, which
include the maximum drawdown of the returns. Additionally, they show numerical
analysis using historical data. However, these studies do not focus on investor’s forecasts
for construction of optimal portfolios.

The formulation of this study is provided in Chapter 3 and is composed of two
steps. The first step is summarized in Theorem 3.1. If an investor constructs an optimal
portfolio that achieves the expected maximum Sharpe ratio based on ex-ante forecast
returns and risk, Theorem 3.1 indicates the returns that provide the identical portfolio to
the optimal portfolio under ex-post risk, for which the investor constructs the optimal
portfolio by using the mean-variance approach of modern portfolio theory. The second
step is calculating the Sharpe ratio achieved by the optimal portfolio under ex-post
realized returns and risk. In the second step, a measurement that evaluates the power of
an ex-ante forecast in predicting future returns and risk is proposed. In this thesis, we call
the measurement the predictability-based measurement, which is a number between one
and negative one. The highest Sharpe ratio is achieved when this number is one, and the
lowest Sharpe ratio when this number is negative one. Additionally, we find that the
Sharpe ratio is the product of the proposed predictability-based measurement multiplied
by the absolute value of the market Sharpe ratio. The absolute value of the market Sharpe
ratio during the investment period is recognized as market conditions of the period. The
first contribution in Chapter 3 is to formulate Theorem 3.1, which connects an optimal
portfolio based on ex-ante forecast returns and risk and an optimal portfolio based on ex-
post realized returns and risk. The second contribution is to introduce a predictability-
based measurement to simultaneously evaluate the ex-ante forecast risk and return. The
third contribution is to propose the predictability-based measurement, which is
independent of market conditions.

Numerical examples are provided in Chapter 3. S&P sector total return indices
are used for numerical examples. S&P indices are recognized as one of the widely used
indices for evaluating investment markets, equity markets, fixed income markets, and so

on. S&P Dow Jones Indices (2018) states, “Our sector and industry indices measure the



performance of the widely-used Global Industry Classification Standard (GICS®) sectors
and sub-industries. GICS enables market participants to identify and analyze a
customized group of companies using a common global standard.” Additionally, many
index-type investment vehicles, index funds, exchange-traded funds, and investment
accounts exist and with performances that mimic index performances. Thus, the sector
total return indices are almost investable. The proposed predictability-based
measurements of the three sample forecast returns are evaluated for five years. In the
examples, we find the importance of independence from market conditions for the
proposed predictability-based measurement.

Investments during one period are discussed from Chapter 3.1 to 3.4. The
discussions are extended for multi-period investments in Chapter 3.5. Under a certain
assumption, similar discussions are completed for multi-period investments. Analysis
described in Chapter 3 has been published in Shimizu, M. (2017).

A Sharpe ratio attribution to the ex-ante forecast returns and risk is studied in
Chapter 4. First, the ex-post realized Sharpe ratio is attributed to the ex-ante forecast
returns and risk. Next, the ex-ante forecast risk is attributed to risk factors and the risk
magnitudes of the risk factors.

Risk factors are often studied in modern portfolio theory. Fama and French
(1993) study five common risk factors in stock and bond returns. Three stock-market
factors exist: an overall market factor and factors related to firm size and book-to-market
equity. They state that stock returns have shared variations given the stock-market factors.
Ross (1976) proposes arbitrage pricing theory, which is based on a multi-factor model.
The Barra risk model is a widely used risk model in investment practices. Regarding a
risk model, MSCI (2018) states, “We need measures of security dispersion and co-
movement. These are contained in the covariance matrix of security returns. There are a
number of ways of estimating the covariance matrix of security returns. Substantial gains
are made by recognizing that covariance is driven by common sources of returns across
securities. These common sources of returns are called common factors. Estimating the
covariance matrix of security returns thus depends on estimating a factor model for
security returns.”

Therefore, the attribution of ex-ante forecast risk decomposes into the attribution
of risk factors and of the risk magnitude of the risk factors. The first contribution in
Chapter 4 is to provide an ex-post realized Sharpe ratio attribution to ex-ante forecast
returns and risk. The second contribution is to provide the attribution using a formula.
Furthermore, we decompose the predictability-based measurement of the risk into the

predictability-based measurement of the risk factors and the predictability-based



measurement of the magnitudes of the factors. This attribution formula enables us to
quantitatively compare the predictability-based measurement of the return with the
predictability-based measurement of the risk. The third contribution is to provide the
excess Sharpe ratio attribution against a given benchmark using the predictability-based
measurement of the implied returns forecast of the benchmark portfolio. Hence, we find
the relative strength of an investor’s portfolio against a benchmark and the absolute
strengths of the portfolio and the benchmark, respectively. Consequently, the proposed
attribution analysis derives rich information. Numerical examples are also provided in
Chapter 4. Analysis described in Chapter 4 is published in Shimizu, M. (Forthcoming).
An outline and results of this chapter of the thesis is described because of including the
contents published in the future in Shimizu, M. (Forthcoming).

In Chapter 5, an application of the proposed predictability-based measurement
for the Black-Litterman model is provided.

The Black-Litterman model is introduced because problems are encountered in
the mean-variance optimization in practice. Regarding mean-variance optimization in
practice, Fabozzi et al. (2006) state, “Consequently, these ‘optimized’ portfolios are not
necessarily well diversified and exposed to unnecessary ex post risk. The reason for these
phenomena is not a sign that mean-variance optimization does not work, but rather that
the modern portfolio theory framework is very sensitive to small changes in the input,”
and, “In practice, the Black-Litterman model has proven successful in mitigating
estimation errors in the mean-variance framework. The Black-Litterman model does not
require that the portfolio manager provide forecasts on all the securities in the universe
managed. Rather, it ‘blends’ any views (this could be a forecast on just one or a few
securities, or all them) the investor might have with market equilibrium.”

The Black-Litterman model has a key parameter, which is the confidence level
of the investor’s view. The confidence level of the investor’s view indicates the relative
importance of equilibrium versus the views. The confidence level varies the proposed
predictability-based measurement of expected returns brought by the Black-Litterman
model. In Chapter 5, a numerical example of this phenomenon is provided in which strong
investor confidence reduces the realized Sharpe ratio and not the maximum Sharpe ratio.
The phenomenon in the numerical example indicates an issue when considering the
confidence level of the Black-Litterman model.

In Chapter 6, the relation between ex-ante forecast returns and risk and the ex-
post realized information ratio is studied. A measurement that evaluates the power of an
ex-ante forecast that predicts the ex-post realized information ratio is proposed, similar to

the case of the Sharpe ratio. In this thesis, we call the measurement the predictability-



based measurement for the information ratio and is a number between one and negative
one. An attribution of the ex-post realized information ratio is studied, similar to
discussions in Chapter 3 and Chapter 4. Active portfolios are discussed in Chapter 6,
where they are defined as the excess weight vectors against the weight vector of a
benchmark portfolio. First, Theorem 6.1 is provided, which shows the returns for the
optimal portfolio that achieves an information ratio under an ex-post risk identical to the
information ratio of the optimal portfolio that an investor constructs under ex-ante returns
and risk using the mean-variance approach. Theorem 6.1 also shows that the
predictability-based measurement of the perfect ex-ante forecast, with forecast returns
and risk identical to the ex-post realized returns and risk, is not necessarily equal to one.
The ex-post realized information ratio is attributed to the ex-ante forecast returns and risk,
similar to Chapter 4. Numerical examples are also provided in Chapter 6. The first
contribution in Chapter 6 is to formulate Theorem 6.1. The second contribution is to
provide an ex-post realized information ratio attribution to the ex-ante forecast returns
and risk. Furthermore, we decompose the predictability-measurement of risk into risk
factors and the risk magnitude of the risk factors. The third contribution in Chapter 6 is
to show that the predictability-based measurement of the perfect forecast is not
necessarily equal to one. This result indicates that applying other performance measures
such as the Sharpe ratio in addition to the information ratio to evaluate the predictive
power of a forecast is desirable.

In Chapter 7, we summarize the studies and find that future studies are needed.

The Appendices that provide the derivations are included at the end of this thesis.



Chapter 2

Related previous works

2.1 Sharpe ratio attribution analysis

Steiner (2011) points out that “classical performance attribution approaches,
e.g. Brinson decompositions, ignore risk aspect altogether.” Steiner proposes a Sharpe
ratio contribution analysis that has “information on portfolio constituents available to
analysts” and considers risk aspects.

In this section, we review the Sharpe ratio attribution analysis in accordance
with Steiner (2011). The Sharpe ratio S,, of portfolio P is defined as the quotient of
portfolio excess return 7, and portfolio volatility g,

s, =L, (2.1.1)

Op

1, is decomposed linearly into asset contributions and is calculated as asset weights w;
multiplied by asset excess return 7; for the i — th asset in the portfolio. Therefore, we

have



s, =) Y (2.1.2)
" o 1.
Because volatility is a linear homogenous function, the weighted marginal contributions
to volatility sum up to portfolio volatility:

o, = Z W-a&. (2.1.3)
P i 0w
The marginal contribution of an asset to portfolio volatility is its covariance g;, with
the overall portfolio. From the definition of covariance, it follows that the marginal
contribution of an asset to portfolio risk can be expressed as
g;:z = Zl—: = Pip0;, (2.1.4)
where p;,, is the correlation coefficient. This expression can be summarized with the

following portfolio volatility decomposition

op = Z_Wipi,pai. (2.1.5)
L
From (2.1.5), we have
W;iT; Wipi ,0; O Wipino; 1 1;
Sp _ iTi WiPi p0i D =z iPip i~ n (2.1.6)
i Op Op  WiPip0i i Op Pip0i

Equation (2.1.6) is an additive decomposition of the Sharpe ratio, in which an asset’s

contribution consists of three components:

Risk weights W‘;—”" (2.1.7)
p
Diversification effects p;. (2.1.8)
ip
Asset Sharpe ratios % (2.1.9)
Equation (2.1.7) are weights because they sum to unity:
Z PipTi _ 4 (2.1.10)
i Op

Equation (2.1.8) reflects the interaction of the assets when added to the portfolio.
Steiner decomposes the Sharpe ratio into risk weights, diversification effects,
and asset Sharpe ratios.

10



2.2 The fundamental law of active management

Grinold and Kahn (1999) discuss the information ratio and provide a formula
that expresses the ratio using two parameters. One parameter is the correlation between
the returns of risk assets and the values that forecast the returns. In Grinold and Kahn
(1999), the values that forecast the returns are called signals. The correlation is called an
information coefficient (IC). The other parameter is the number of signals, called breadth
in Grinold and Kahn (1999). They show that the information ratio is expressed as the
product of the IC and the breadth of the square root of the strategy. Grinold and Kahn
(1999) provide a formula called the fundamental law of active management. In their
discussion of the IC, the returns are residual and specific returns that do not result from
systematic risks, such as market risk. We note that the IC is not necessarily the coefficient
of residual returns. In Farrell (1983), we find an IC between the actual attractiveness of
the rankings and the forecast attractiveness of the rankings for investable assets.

In this section, we provide a brief review of the fundamental law of active
management in accordance with Grinold and Kahn (1999). Detail derivations are given
in Appendix 2.4.

Suppose that the residual return 8 for n risky assets is described by

0 = Ax (2.2.1)

X1
X = < : ) (2.2.2)
xn

and x; represents random variables under a normal distribution N(O0, 1). Further, each

where

pair x; and X; is assumed to be independent.

4
Suppose that an investor has BR signals z = ( : ) for the residual return 6
ZBRr
and that
z=Ey (2.2.3)
where
Y1
y=|( ¢ | (2.2.4)
YBR

and y; represents the BR random variables under N(0, 1). Further, each pair y; and
¥; is assumed to be independent.

11



We consider that the signals z have information for the residual returns 0,
which indicates that we have the regression analysis result of 8; = a + bz; + ¢;. Let
Ppnpn=1,--,nb=1,---,BR be the correlation of each signal element Yj with the
basis element x;. Using the approximation formula for a matrix, we define the sum of

the correlation of each signal with the basis element over the basis element:

N
2 = Z pZ,. (2.2.4)
n=1
By assuming that all the signals have equal value
{Z = p? =1C?, (2.2.5)
Grinold and Kahn (1999) provide the fundamental law of active management:
IR? = BR - IC? (2.2.6)

The derivation uses a matrix inversion approximation and the assumption that

all signals have equal value.
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Chapter 3

A predictability-based measurement for the

Sharpe ratio

3.1 Introduction

Improving the Sharpe ratio is an important goal of sponsors and portfolio
managers. Investors manage their portfolios by relying on their ex-ante forecast return
distributions for investable assets at the beginning of an investment period. As such, it is
natural that the ex-ante forecast return distribution differs from the ex-post return
distributions or the realized future distributions.

Consider a one-time investment in n risky assets, where expected returns are
distributed according to an n-dimensional normal distribution. The purpose of the
investment is to maximize the Sharpe ratio using the mean-variance approach. After the
investment period, we evaluate the ex-ante forecast.

Grinold and Kahn (1999) introduce the information coefficient (IC) as a measure
of forecasts. They define the IC as the correlation of each forecast with its actual outcome.
If the IC is the same for all forecasts, Grinold and Kahn (1999) use the fundamental law

13



of active management to show that the information ratio is the product of the IC and the
breadth of the square root of the strategy. Here, the breadth is defined as the number of
independent forecasts that generate the exceptional returns that an investor makes per
year. They then analyze the relationship between a risk-adjusted performance
measurement and measurements that appear in the investment process.

Originally, the IC is the correlation between the residual return of each forecast
and its actual outcome. However, we also evaluate how closely we forecast the ex-post
return of each investable asset. Furthermore, only a close ex-ante forecast return cannot
achieve a high Sharpe ratio. We also need a risk forecast that uses the mean-variance
approach, which plays an important role in portfolio construction processes.

For example, we assume that we have three investable assets: Asset A, Asset B,
and Asset C. We assume that Asset A has an ex-post return of 7, = 6%, Asset B of 15 =
3%, and Asset C of 1, = 1%, respectively. Regarding their ex-post risks of returns, the
three assets show the ex-post standard deviations g4 = 8%, o5 = 8%, and o, = 2%, the
returns of Asset A and Asset B have the correlation p,5 = 0.6, the returns of Asset A and
Asset C are independent, and the returns of Asset B and Asset C are also independent.
Given these return distributions, we can construct the optimal portfolio that is 31% long
on Asset A, 4% short on Asset B, and 73% long on Asset C. The optimal portfolio has a
maximum Sharpe ratio of 0.91.

Suppose an investor has a perfect ex-ante return forecast and an imperfect ex-
ante risk forecast. We assume that the investor forecasts that Asset A has an ex-ante return
of 1, = 6%, Asset B of 15 = 3%, and Asset C of 1. = 1%, respectively. Additionally,
we assume that the investor forecasts the ex-ante standard deviations g4 = 10%, o =
5%, and o, = 2% and that each pair of returns is independent. However, the investor
must construct the optimal portfolio from his or her ex-ante forecast return distribution
using the mean-variance approach. The investor builds the optimal portfolio with 14%
long on Asset A, 28% long on Asset B, and 58% long on Asset C positions. The optimal
portfolio achieves a Sharpe ratio of 0.70 under the ex-post realized return distribution.
The optimal portfolio delivers a Sharpe ratio that is approximately 75% of the maximum
Sharpe ratio of the optimal portfolio from the ex-post realized distribution. This simple
example shows that it is not enough to only evaluate the ex-ante forecast return.

We consider a measure that evaluates the ex-ante forecast with respect to risk
and return. We first show that the optimal portfolio based on an ex-ante forecast return
distribution 1is identical to the optimal portfolio based on the “risk basis transposed
forecast return” and the ex-post realized covariance matrix; the “risk basis transposed

forecast return” is introduced in the second section. Theorem 3.1 summarizes this fact.
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Note that the “risk basis transposed forecast return” includes information on the ex-ante
forecast return as well as the difference between the ex-ante and ex-post covariance
matrices. Next, we calculate the Sharpe ratio for an optimal portfolio based on the return
and the achieved ex-post realized covariance matrix. We then introduce a measure to
evaluate the return. Applying the “risk basis transposed forecast return” to the measure,
we obtain a measure that evaluates the ex-ante forecast with respect to risk and return.
The measure is a number between one and negative one. The highest Sharpe ratio is
achieved when this number is one, and the lowest Sharpe ratio when this number is
negative one. Additionally, as the number increases, the Sharpe ratio of the portfolio
increases. Finally, we show that the Sharpe ratio is the product of the measure multiplied
by the absolute value of the Sharpe ratio of the market, indicating that the measure is
separate from market conditions.

The first contribution of this chapter is to propose a measure to evaluate
simultaneously the ex-ante forecast risk and return. The second contribution is to achieve
a better understanding of the Sharpe ratio and show that this ratio is the product of the
introduced measure multiplied by the absolute value of the market Sharpe ratio. Finally,
we highlight the importance of both the risk and return forecasts.

This chapter is organized as follows. In Section 3.2, we introduce the formulas
and Theorem 3.1. In the third section, we introduce a measure to evaluate an ex-ante
forecast distribution, which is calculated at the end of the investment period, and describe
the properties of the measure. Then, we provide numerical examples of the measure using
an investment in ten weekly S&P sector total return indices by evaluating three ex-ante
forecasts that are implied from the market weight portfolio, the equal weight portfolio,
and the minimum variance portfolio. Furthermore, we recognize the importance of
evaluating the forecast separate from market conditions that investors cannot consider at
the time of portfolio construction. Finally, we discuss the implications for practical
investment actions and the need for further research. The derivations are provided at the

end of this paper.

3.2 Formulation

We consider one-period investment in a non-leveraged long/short portfolio. We
have 7 risky assets and construct the portfolio using the mean-variance approach without
leverage to maximize the expected Sharpe ratio. For simplification, we assume a

constituent with a small investment in the portfolio and trade without friction. For this
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paper, “return” refers to the excess return to the risk-free return. We also suppose that the
rank of the covariance matrix of both the ex-ante and ex-post n-dimensional normal
distributions is n. Therefore, both distributions have n orthonormal risk factors.

Suppose that the n risky assets behave according to an n-dimensional normal
distribution N(r,X). First, we must find the optimal portfolio to maximize the expected
Sharpe ratio under the distribution N(r,ZX).

Let w = (wy, -+, w,)" beavector of the portfolio weights of risky assets, where
x' denotes the transposed vector of x. For a given number h, we find the minimum-
variance portfolio as the solution to the following quadratic programming problem:

minimize w'Zw,

s.t. Yw=h,ande'w =1, (3.2.1)
where e = (1,:-+,1)". Suppose that the solution to (3.2.1) is wy,. The Sharpe ratio of the
portfolio is f(h) = h/ \/m and is a function of h. Then, we find h,, which
provides the maximum value of f(h) under the condition that e’X~1r is positive. Let
w, be w when h = hy. Indeed, w, is the weight vector of the optimal portfolio that
achieves the maximum Sharpe ratio. In that case, we obtain (see Appendix 1):

1
T ey

Suppose we have an ex-ante forecast on # risky assets in the future investment

W, (3.2.2)

period. Therefore, we have an ex-ante forecast with an n -dimensional normal
distribution N(rg, Xf) at the beginning of the investment period. Although the » risky
assets behave according to an ex-post realized n-dimensional normal distribution
N(rg,Zg) during the period, we do not have perfect information about the future. That
Tr is not identical to rp and Xy is not identical to Xy is natural. From (3.2.2), we
have the optimal portfolio wr based on the ex-ante forecast distribution N(rg, Zr)

-1
ZprE

Wi = (3.2.3)

e rplry

Recall the assumption for the rank of the two-covariance matrix. We can find the
orthonormal matrixes Kg,and Kp such that they diagonalize X, and Xp, respectively.
Then, we obtain

K;lz'FKF = O'FZ,KI_glzRKR = O'RZ, (324)
where
or(1) 0 or(1) 0
0 op(n) 0 or(n)

Indeed, Ky = (CF(l),---,cF(n)) is a matrix that contains the orthonormal ex-ante
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forecast factor risk basis cp(1),:--,cp(n) as the column vectors, and Kp =
(CR(l), +,CR (n)) is a matrix that contains the orthonormal ex-post realized risk factor
basis cg(1),::+,cg(n) as the column vectors.
We introduce a “risk basis transposer” @ as follows:

® = ogKp'Kpop 1, (3.2.6)
where @ is an orthonormal basis transposer Kz1Kp that transposes a vector
expressed in the space that spans the ex-ante forecast risk factor vectors cg(1), -,
cr(n), to a vector expressed in the space that spans the ex-post realized risk factor
vectors cg(1),:++, cg(n). Additionally, ® changes from a value per ex-ante forecast
risks to a value per ex-post risks by aF~1 and . Therefore, we call
Kror®op 'K7lrp the risk basis transposed forecast return. Note that Kyplry is the
ex-ante forecast factor return vector, and o~ Kzlrp is the ex-ante forecast factor

Sharpe ratio vector. Thus, we have Theorem 3.1 (see Appendix 2.1).

Theorem 3.1:

The optimal portfolio wy, which is based on the ex-ante forecast return
distribution N(rp, ZF), is identical to the optimal portfolio w, based on the return
distribution N (K rORPOr Kplrp, X R) whose parameters are the risk basis
transposed forecast return Kpop®or 'Kzlrp and the ex-post realized covariance

matrix Xp.

3.3 The Sharpe ratio achieved by an optimal portfolio

First, we consider the maximum Sharpe ratio of the optimal portfolio based on
the ex-post realized return distribution N(rg, Xg). From (3.2.2), we have the optimal
portfolio wp:

-1
Zp'rg

Wi = (3.3.1)

e'Xplry

The Sharpe ratio, which is achieved by the optimal portfolio previously described, is:
wr'r rg' Zpir
SR = ———=-—2"F_L = /rR’z,ger. (3.3.2)
\/WR ZRWR JTR'EEITR

From (3.2.4), we have X! = Kpoz2Kg!. Substituting it into (3.3.2), we have

SRy = \/TR’KRGEZK;% = J (ox'Kgr'rr)' (07 Ki'rr) = [[o%"Kg'|. (33.3)
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Note that Kplrg is the ex-post realized factor return vector, and ox Kzlrg is the ex-
post realized factor Sharpe ratio vector. Indeed, we find that ||a§1K Eer” indicates
the magnitude of the absolute level of the realized market Sharpe ratio. Next, we
consider the Sharpe ratio of an optimal portfolio based on a return distribution with
parameters of an arbitrary return forecast u and ex-post realized covariance matrix

X g, where u # 1rp. As with the previous discussion, we have the optimal portfolio w,,
based on the forecast distribution N(u, Zg)

Zgu (3.3.4)
W, =———. 3.
Y oe'Zplu
From (3.2.4), the Sharpe ratio from the optimal portfolio is
w,'T u'Zlr op Kz'u) (og*Kglr
SR, uTR RR_(RR)(RRR) (3.3.5)

VWi Ea Ju’zalu J(aalKalu)’(afelK;lu)

Note that Kplu is the forecast factor return vector, and oz Kz u is the forecast
factor Sharpe ratio vector, which is derived from u. From (3.3.5), we have
SR, = ||lor*Kz'rr||(h, 9), (3.3.6)
where
b= or'Kz'u  ox'Kgi'rg
~ o Ketull'? ~ o' Ketrall

and (h, g) is the inner product of h and g. Note that h is the normalized forecast

(3.3.7)

factor Sharpe ratio vector and that g is the normalized ex-post realized factor Sharpe
ratio vector.
Suppose we have two return forecasts, u; and u,.Let SR, and SR,, represent the
Sharpe ratios from the return forecasts u; and u,. We then calculate h; and h, from
(3.3.7). From (3.3.6), we obtain

SRy, < SRy, © (hy,g) < (h,, g). (3.3.8)
Assuming that an investor achieves a higher Sharpe ratio when he or she has a stronger
forecast is natural. Thus, we derive Property 3.1.

Property 3.1:

The inner product (h, g) is a measure for evaluating the power of the return forecast u.

We calculate the factor Sharpe ratio vector derived from the risk basis transposed
forecast return Kgrop®op 'Kzlry as follows:
or Kg' (Kror®ay 'Kp'rp) = ®op Kp'ry. (3.3.9)

Therefore, the normalized factor Sharpe ratio vector f derived from the risk basis
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transposed forecast return Kpop®op 'Kplry is:
®(op K5t
f= (o5 flr") . (3.3.10)
|®(oF 1Kz re))|

From (3.3.6), we derive Property 3.2.

Property 3.2:
The Sharpe ratio SRy, which is the optimal portfolio based on the ex-ante forecast return

distribution N(rg, Xr), is expressed by the following:
SRr = |lox " Kz'r||(f, 9)- (3.3.11)

Given that f includes information on the ex-ante forecast return and the difference
between the ex-ante forecast covariance matrix and the ex-post realized covariance matrix,

we derive Property 3.3.

Property 3.3:

The inner product of the normalized factor Sharpe ratio derived from the risk basis
transposed ex-ante forecast return and the normalized ex-post realized factor Sharpe ratio
(f, g) is a measure that simultaneously evaluates the ex-ante forecast risk and return.
Subsequently, we refer to the measure as the predictability-based measurement.

From (3.3.11), we show that the realized Sharpe ratio is the product of the
introduced measure multiplied by the absolute level of the realized market Sharpe ratio.
Because f and g are both normalized, the measure is a number between one and
negative one, which does not include information on the absolute value of the market
Sharpe ratio. We can separately evaluate the ex-ante forecast from the market conditions

using the measure.

3.4 Numerical examples of the measurement

We calculate the predictability-based measurement using a historical data sample.
We use an investment of ten weekly S&P sector total return indices.

First, we need the sample forecast return distributions that are evaluated by the
predictability-based measurement. We use the forecast distributions that have some
meaning instead of arbitrary distributions. Note that the forecast return distribution has
the forecast return vector and the forecast covariance matrix. First, we assume that a test

forecast covariance matrix for the next year at the end of the current year is identical to
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the realized covariance matrix of the current year. Second, remember that we can
construct an optimal portfolio from the given forecast return vector and the given risk
model using the mean-variance approach under modern portfolio theory. Then, for a given
portfolio, forecast return vectors lead the portfolio as the optimal portfolio using the
mean-variance approach and the test forecast risk. In this paper, we call these forecast
return vectors the implied forecast returns. We can then calculate the implied forecast
return of a given portfolio as the return vector, which gives us the mean-variance optimal
portfolio (see Appendix 2.2).

We use the market weight portfolio, the equal weight portfolio, and the minimum
variance portfolio as the three given portfolios as of the end of each year from 2010
through 2014 (see derivations of the minimum variance portfolio weight in Appendix 2.3).
Second, we calculate the implied forecast return of the three portfolios at the end of each
year using the mean-variance approach and the test forecast risk. These are derived from
the three portfolio weights and the test forecast risk, which is in fact the realized risk of
the current year. Thus, we have three sets of risk and return forecasts at the end of each
year. Additionally, we note that the equal-weight portfolio has an interesting property that
its performance is identical to the theoretical average of all investment strategies (see

Appendix 3).

Let Tp mke(t), TF gq(t), and 7p p, (t) denote the forecast return vector for
year t implied by the market weight portfolio, the equal weight portfolio, and the
minimum variance portfolio, respectively, at the end of year t — 1. Furthermore, let
X (t) denote the forecast risk for year t atthe end of year t — 1, and let Zz(t) denote
the realized risk during year t.Indeed, Zz(t) is the covariance calculated from the fifty-
two weekly returns of the ten weekly S&P sector total return indices during year t. Using
the test forecast risk, Zp(t) = Zz(t — 1).

For example, we calculate the forecast distribution implied by the market weight
portfolio FMkt, the equal weight portfolio F_Eq, and the minimum variance portfolio
F Min at the end of 2010 as follows:

F Mkt: N (rF_Mkt(2011),Z'F(2011)), (3.4.1)
F Eq: N(rF_Eq (2011),2F(2011)), (3.4.2)
F Min: N (rF_Min(zon),zF(zon)). (3.4.3)

Let Wy (t), Wgq(t), and wy;, () denote the weight vectors of the market portfolio,
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equal weight portfolio, and minimum variance portfolio, respectively, at the end of year
t . From the test forecast risk, Zp(2011) = £;(2010) . Additionally, we have
Tr mie(2011) = Z£(2011)w)p (2010) = ZR(2010) w4, (2010) (Appendix 3).

Table 3.1 indicates the Sharpe ratios for one-year buy-and-hold investments of
the three portfolios without friction such as transaction costs for the years 2011, 2012,
2013, 2014, and 2015. These ratios also indicate the investment results of the optimal
portfolios from the three implied forecasts that maximize the Sharpe ratio using the mean-
variance approach.

Table 3.1 Predictability-based measurement
of the three implied forecasts

Year Sharpe ratio Market Predictability-based
t of the portfolio condition measurement of implied
|lor* Kz'rR|| forecast

at the end of the previous year

f.9)

Market  Equal ~ Minimum F Mkt F Eq® F Min®

weight  weight variance
2015 -0.000 -0.022 0.030 0.375 -0.001 -0.058 0.081
2014  0.195 0.194 0.309 0.671 0.290 0.289 0.461
2013 0.475 0.438 0.348 0.853 0.557 0.514 0.408
2012 0.168 0.168 -0.014 0.403 0.415 0.416 -0.035
2011 0.014 0.026 0.187 0.504 0.028 0.053 0.371

(1) F_Mkt: Implied forecast based on the market weight portfolio at the end of the previous year.

(2) F_Eq: Implied forecast based on the equal weight portfolio at the end of the previous year.

(3) F_Min: Implied forecast based on the minimum variance portfolio at the end of the previous
year.

The implied forecast from the market weight portfolio at the end of 2012
achieved the highest Sharpe ratio for the next year, or 0.475. The implied forecast from
the equal weight portfolio at the end of 2014 achieved the lowest Sharpe ratio of the next
year, or —0.022. Additionally, the best forecast is the implied forecast from the market
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weight portfolio at the end of 2012. The predictability-based measurement of the implied
forecast is 0.557. The worst forecast is the implied forecast from the equal weight
portfolio at the end of 2014. The predictability-based measurement is —0.058. The best of
these forecasts achieves the highest Sharpe ratio, and the worst achieves the lowest Sharpe
ratio, which is natural.

However, we find some interesting cases. We compare the predictability-based
measurement of the implied forecasts based on the market weight portfolio at the end of
2011 with the measure of the implied forecasts based on the market weight portfolio at
the end of 2013. The former is 0.415, and the latter is 0.290. However, the Sharpe ratio
of the market weight portfolio at the end of 2013 is 0.195 for the next year, whereas the
Sharpe ratio of the market weight portfolio at the end of 2011 is 0.168 for the next year.
Thus, the Sharpe ratio in 2014 is relatively higher than that in 2012 despite the lower
value of the predictability-based measurement. This result comes from the difference in
market conditions between the two years. We recall that the market conditions indicate
the magnitude of the absolute level of the Sharpe ratio ||a§1K§1rR||, a number that
reflects the economic environment. For example, a lower number in 2015 is recognized
as a reflection of the China shock. The value in 2014 is 0.671, and the value in 2012 is
0.403. Therefore, the market conditions affect the previously described situation. Other
similarities exist between these forecasts, such as the pair of implied forecasts based on
the equal weight portfolios at the end of 2011 and 2013. The predictability-based
measurement of the implied forecasts based on the former is 0.416 and based on the latter
1s 0.289. However, the Sharpe ratio of the equal weight portfolio at the end of 2013 is
0.194 for the next year, whereas the Sharpe ratio of the equal weight portfolio at the end
of 2011 is 0.168 for the next year. We find one more case, which is the pair of implied
forecasts based on the minimum variance portfolio at the end of 2012 and 2013. The
predictability-based measurement of the implied forecasts based on the former is 0.408
and based on the latter is 0.461. However, the Sharpe ratio of the minimum variance
portfolio at the end of 2012 is 0.348 for the next year and at the end of 2013 is 0.309 for
the next year. From these cases, we recognize the importance of evaluating the forecast

separately from the market conditions.

3.5 Sharpe Ratio for multi-period investments

In investment practices, investors often rebalance their portfolio by every fixed

period, for example monthly, that each period is adequate for the investment. Indeed, they
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re-organize their portfolio based on their same forecasts unless their forecasts are changed.
Additionally, investment results during multi periods are usually analyzed for
performance evaluation for the investment. In this section, discussions are extended for
multi periods investment.

Suppose a simple case of multi periods investment that there are T equal
periods and ex-post realized returns are not change unless the ex-ante forecast returns are
change. Suppose that the return r of the n risky assets in an investment period has the
normal distribution N(u,X) and there are continuing T investment periods of this.
Indeed, suppose that the risky assets have return r(t) inthe t — th period and that the
returns r(t) are independent of each other and identically distributed (we use the
notation “idd”).

The observed Sharpe ratio during whole T periods is calculated using the
sample returns of r(t),t = 1,---,T. For example, we calculate the Sharpe ratio using the
monthly returns of a given investment result to evaluate the quality of the investment. In
this case, we have T = 12.

Suppose we have a portfolio w at the beginning of each investment period
because of the assumption that the ex-ante forecasts are identical in each investment
period. After each period, the investment results are

w'r(t), (3.5.1)
because of the assumption that the ex-post realized returns are not change unless the ex-
ante forecast returns are change. Therefore, we have the average return during whole T

periods

1
?th’r(t), (3.5.2)

and the unbiased estimator of standard deviation from sample returns

5 (W) — pZw'r(®)
T-1

2
. (3.5.3)
From r(t)~N(u, ),

5 (wr® - 2 Eowr©)

w'iw

~x*(T - 1), (3.5.4)

where y2(m) is the chi-squared distribution with m degrees of freedom.

Therefore, the observed Sharpe ratio during the whole period SRyp:
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FTwr(D)

SROb = =
\/Zt (W'T(t) - %Zt w’r(t))
T—-1
1 )
_ TZtW r(t)
2
\/W'Z'W 2t (W'rr(t) - %Zt w'ry (t))
w'Zw T—1
- wiw (3.5.5)
1 ' 1 , 2
\/m& (W rr(t) —F 2w TT(t))
T-1

has the noncentral # distribution with T — 1 degrees of freedom and noncentrality
parameter & = w'u/\/w'Zw.

Finally, the expectation value of the observable Sharpe ratio is the first-order
moment of the distribution noncentral # distribution with T — 1 degrees of freedom and

noncentrality parameter § = w'u/vVw'Zw:
1/2

o) =)

rk

where I'(n) is the Gamma function. Note that the noncentrality parameter is the ex-post

E[SR,,] = (3.5.6)

Sharpe ratio achieved by the optimal portfolio based on the ex-ante forecast return.

Typically, we use monthly return data in the performance analysis. Additionally,
we sometimes have time series of returns that have different time horizon lengths.
Therefore, we observe the difference in the observable Sharpe ratio measured by the
sample monthly returns relative to the Sharpe ratio of the return distribution. Again, note
that the returns r,(t) are iid.

Suppose that we have a Sharpe ratio measured by some length of investment
periods. The noncentrality parameter is the ex-post Sharpe ratio. Therefore, the
expectation value of the observed Sharpe ratio is the product of the ex-post Sharpe ratio

and the coefficient from (3.5.6). Numerical calculations of the coefficient:
NY? (T—1
z) r=)

ria)

(3.5.7)

for some cases are following.
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Case of T = 6, half a year,

6 re @@ @) 35
r ©) 2-1-T(D) 201
= V3V z — = 1151, (3.5.8)
Casesof T = 6,8,and 10,
B re @@ @) 35
r® ©) 2-1-T(D) 201
=3V 2 — = 1151, (3.5.9)
B rt @@ @) 33
r(g) r () 3-2-1-T(1) 3.2-1'"
= \/Z\/Eﬁ =~ 1.108,and (3.5.10)
D@ erG) vw53rE) o 333 o
(@ rG) 432 1T1) 4321
=\/§\/E4_2_Z:§_2_251.084. (3.5.11)

We summarize the sample results as follows (more samples in Table A4.1 in Appendix 4).

Table 3.2: Overestimation of observed Sharpe ratio

The number The
of periods coefficient
12 1.0684
24 1.0327
36 1.0215
60 1.0127

Again, we suppose that there are some lengths of equal periods and ex-post
realized returns are not change unless the ex-ante forecast returns are change. Indeed, this

means that the ex-post realized returns r(t) are iid during the periods. Under the
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assumption, the observed Sharpe ratio converges to the ex-post realized Sharpe ratio
achieved by optimal portfolio based on the ex-ante forecast when the number of periods
becomes longer (see Appendix 4). The observed Sharpe ratio shows an over value of the
ex-post realized Sharpe ratio. Additionally, the over value becomes smaller when the
length longer. Therefore, the observed Sharpe ratio measured by a small number of
periods may overestimate the potential Sharpe ratio that the portfolio achieves.

For example, if the samples are monthly returns, we may have an almost seven percent
overestimation of the Sharpe ratio for twelve months of data, three percent
overestimation for two years of data, and two percent overestimation for three years of
data.

3.6 Summary

In this chapter, we offer the predictability-based measurement that evaluates the
ex-ante forecast risk and return. We also show that the predictability-based measurement
evaluates an ex-ante forecast separate from market conditions. Finally, we show that the
Sharpe ratio that reflects the optimal portfolio achieved by the forecast is the product of
the predictability-based measurement multiplied by the absolute value of the market
Sharpe ratio.

We find that the normalized ex-ante forecast Sharpe ratios are crucial to the
investment results. This finding indicates that conducting additional relative analysis to
discern the attractiveness of the investable assets is important. In addition, we recognize
the importance of both the risk and the return forecasts. We observe many practical
investment cases in which return forecasts are the top priority, followed by risk forecasts.
However, our discussion indicates that for investors to develop and use in-house risk
models that forecast the risk factors and their risks with a high degree of accuracy may
be advantageous.

In addition, the predictability-based measurement that evaluates forecasts
separate from the market conditions may become a useful analytical tool for portfolio
managers and sponsors.

Additional research should be performed on the applications of the properties
discussed in this paper. For example, Property 3.2 shows that multiple strong forecasts
achieve a high Sharpe ratio, which may indicate the possibility of multiple methods that
create strong forecasts. Additionally, we observe how changes in risk factors and their

risks affect forecast quality. Property 3.2 provides a better understanding of the Sharpe
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ratio, which may facilitate a more practical analysis. Finally, further research is required
to determine the effectiveness of the properties from different aspects of the investment

process.
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Chapter 4

Attribution of ex-post realized Sharpe ratio
to predictability-based measurement of ex-

ante forecast returns and risk

4.1 Introduction

As was mentioned in the previous chapter, improving the Sharpe ratio is an
important goal of portfolio managers and sponsors. This Sharpe ratio is based on portfolio
performance under an ex-post realized return distribution. However, investors construct
portfolios based on ex-ante forecast return distributions for investable assets at the
beginning of an investment period by using the mean-variance approach. As such, it is
natural that the ex-ante forecast return distribution differs from the ex-post return
distributions and realized future distributions. Investors recognize that attribution analysis
of past investments is important for their future investments. Therefore, we need to

attribute the Sharpe ratio to the ex-ante forecast return distribution after the investment
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period.

In this chapter, brief reviews are again provided for the predictability-based
measurement for the Sharpe ratio as introduced in the previous chapter. Additionally, the
realized Sharpe ratio is decomposed into the market condition, the predictability-based
measurement of returns, and the predictability-based measurement of risk, which is
further decomposed into the predictability-based measurement of magnitude of risk and
the predictability-based measurement of risk factors.

Regarding Sharpe ratio attribution analysis, Steiner (2011) decomposes the
Sharpe ratio of a portfolio into risk weights, diversification effects, and asset Sharpe ratios,
as reviewed in Chapter 2. The risk weight is defined as w;p; , 0;/0,, where w; is the
weight of the ith asset in portfolio p, p;, the asset covariance with the overall portfolio,
o; the volatility of the asset, and o, the volatility of the portfolio. However, ex-ante
forecast returns and risk lead to the weight of ith asset of the portfolio in the mean-
variance approach. It is thus important to analyze the sources of the input that lead the
weight of ith asset of the portfolio. As such, a Sharpe ratio decomposition that directly
uses the forecast returns and risk instead of the weights is discussed.

The first contribution of this chapter is proposing an ex-post realized Sharpe ratio
attribution to ex-ante forecast returns and risk. The second contribution is providing the
formula for the attribution. To this end, we decompose the predictability-based
measurement of risk into the predictability-based measurement of magnitude of risk and
the predictability-based measurement of risk factors. This attribution formula enables us
to compare predictability-based measurement of return and predictability-based
measurement of risk, in a quantitative way. The third contribution is identifying the excess
Sharpe ratio attribution against a given benchmark using the benchmark portfolio’s
predictability-based measurement of the implied returns forecast. As a result, we find the
relative strength of the optimal portfolio against the benchmark, as well as the absolute
strengths of the portfolio and benchmark. Consequently, our attribution analysis can be
applied to diverse situations and to derive rich information.

We here illustrate a simple example of a Sharpe ratio attribution analysis which
is similar as in the previous chapter. We assume that we have three investable assets: Asset
A, Asset B, and Asset C. We assume that Asset A has ex-post returns of r4, = 6%, Asset
B of 13 = 4%, and Asset C of 1. = 1%, respectively. Regarding their ex-post risks of
returns, the three assets have ex-post standard deviations g4 = 8%, o5 = 8%, and g, =
2%, the returns of Asset A and Asset B have the correlation p,p = 0.6, the returns of
Asset A and Asset C are independent, and the returns of Asset B and Asset C are also

independent. Given this return distribution, we can construct the optimal portfolio, which
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is 25% long Asset A, 3% long Asset B, and 72% long Asset C. The optimal portfolio has
a maximum Sharpe ratio of 0.90. Suppose that an investor has a perfect ex-ante return
forecast and an imperfect ex-ante risk forecast. We assume that the investor forecasts that
Asset A has an ex-ante return of 7, = 6%, Asset B of 13 = 4%, and Asset C of 7, =
1%, respectively. Additionally, we assume that the investor forecasts the ex-ante standard
deviations of gy, = 10%,05 = 6%,and o, = 2% while pairs of returns are
independent. However, the investor must construct the optimal portfolio from his or her
ex-ante forecast return distribution using the mean-variance approach as 14% long on
Asset A, 26% long on Asset B, and 59% long on Asset C. The optimal portfolio achieves
a Sharpe ratio of 0.79 under the ex-post realized return distribution. The optimal portfolio
delivers a Sharpe ratio that is 87% of the maximum Sharpe ratio of the optimal portfolio
from the ex-post realized distribution. We first decompose the realized Sharpe ratio of the
optimal portfolio of 0.79 into the product of the realized market conditions of 0.90, which
is the achievable maximum Sharpe ratio by an investor, and into the predictability-based
measurement of ex-ante forecast of 0.87, based on Shimizu (2017). Additionally, we
decompose the predictability-based measurement of ex-ante forecast into the
predictability-based measurement of ex-ante return forecast of 1.0 and into a
predictability-based measurement of ex-ante risk forecast of 0.87. It is natural that the
predictability-based measurement of ex-ante return forecast is 1.0 because the investor
has perfect return forecasts. Furthermore, we decompose the predictability-based
measurement of risk of 0.87 into a predictability-based measurement of the magnitude of
risk of almost 1.0 and a predictability-based measurement of the risk factors of 0.82. From
the above example, the realized Sharpe ratio reduction is caused by weak risk
predictability despite the perfect return predictability.

This chapter is organized as follows. In Section 4.2, we determine that the ex-
post realized Sharpe ratio is attributed to the realized market conditions, predictability-
based measurement of returns, predictability-based measurement of risk magnitude, and
predictability-based measurement of risk factors. In Section 4.3, we provide numerical
examples of the attribution analysis using an investment of ten weekly S&P sector total
return indices.

In Section 4.4, we discuss the excess Sharpe ratio attribution against a given
benchmark. Assuming the implied return forecast of the benchmark portfolio, we
decompose the excess Sharpe ratio into the effect of the predictability-based
measurements of return and that of the risk. Additionally, we provide numerical examples
for the excess Sharpe ratio attribution analysis, assuming the investor’s optimal portfolio

is the equal weight portfolio and the benchmark portfolio is the market weight one. We
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observe rich information from the attribution analysis.

* An outline and results of this chapter of the thesis is described below because of

including the contents published in the future in Shimizu, M. (Forthcoming).

4.2 Attribution of Sharpe ratio

We consider a one-period investment in a non-leveraged long/short portfolio. We
have n risky assets and construct the portfolio using the mean-variance approach without
leverage to maximize the expected Sharpe ratio. We suppose that the returns of the » risky
assets behave according to an n-dimensional normal distribution N(r,ZX), where 7 isa
vector of the returns of the risky assets and X' is a covariance matrix of the returns. We
also suppose that the covariance matrix of the n-dimensional normal distribution has a
full rank.

Denote SR(rp, Zp | TR, Zg) as the ex-post realized Sharpe ratio that the optimal
portfolio from the ex-ante forecast return distribution N(rg, Zr) achieves under the ex-

post realized return distribution N(7g, Zg). From Property 3.2, we have

o, Kplr
SR(rp, Zp | T, Zg) = |07 Kz 7| <”¢0F_1Kf lrF”, ) (4.2.1)
F F 'F
where
o Kplr
® = oz Kz'Kpor ', g = ”(T‘_*lK—’_‘er” (4.2.2)
R R 'R

and (x,y) istheinner product of vector x and vector y and ||x|| = m the norm
of x.

Recall that the inner product is the predictability-based measurement of ex-ante
forecast returns and risk. We introduce the quantity P_SR(rf, 0, Kr), which has three
parameters, rg, 0p, and Kg, for the ex-ante forecast distribution defined by the inner
product between the normalized vector of ®or 'Kyzlry and g, thatis,

®op ' Kplrp >
|®orKetre]| ™)

P_SR(rg, 05, Kfp) = < (4.2.3)
Indeed, P(rf, 0F, KF) measures the predictability-based measurement of the overall ex-

ante forecast return and risk. Substituting or and Ky with og and Kpy, respectively,

into (4.2.3), we get:
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-1-1 -1-1
Pop Kl_glrF ) ) (aR—I(:rF’g> (424)
|®or Kz | |lor 1Kz 5|

Similarly, we define the predictability-based measurement for the Sharpe ratio

P_SR(TF, Op, KR) = (

of the ex-ante forecast risk magnitude that is not identical to the ex-post realized risk

magnitude

P_SR(rg,0p, Kg) =

( oror’Kg'rg > (4.2.5)

loror*Ke're||’

and the predictability-based measurement for the Sharpe ratio of the ex-ante forecast risk

factors that is not identical to the ex-post realized risk factors
orKRKrop ?Kyplry

| orKg'Kror 2K rg| ,g>.

Again, the vectors in these three inner products are normalized; therefore, their

P_SR(rg,op,Kp) = ( (4.2.6)

values are numbers between one and negative one. Then, we find that the value
1—P_SR(rg, 0 KF) (4.2.7)
shows the reduction in the Sharpe ratio that occurs because the ex-ante forecast
distribution is not identical to the ex-post realized distribution.
We define a quantity DTY_SR expressing the synergy effect:
DTY_SR
=(1—-P@popKp) —{(1—P(rp, o8 Kg)) + (1 — P(rg, 05 Kp))}. (4.2.8)
We call DTY_SR duplicate term Y. Therefore, we have
1—P_SR(rg,oF Kr)
= (1—P_SR(rp, 08, Kg)) + (1 — P_SR(rg, 0, Kr)) + DTY_SR. (4.2.9)
Similarly, we have
1—P_SR(rg,0r Kp)
= (1—P_SR(rg,0p,Kg)) + (1 — P_SR(rg, 05, Kg)) + DTX_SR, (4.2.10)
where DTX_SR is the duplicate term X for the Sharpe ratio. We finally derive Property
4.1.

Property 4.1:

The ex-post realized Sharpe ratio is attributed to six components. One is the absolute level
of the ex-post realized Sharpe ratio, ||a,}1K TR || , which represents the market
conditions over the investment period. The next three components are the predictability-
based measurement for the Sharpe ratio of the ex-ante forecast return, P(rf, og, Kg), the
ex-ante forecast magnitude of risk, P(rg,op Kg), and the ex-ante forecast risk
factors, P(rg, og, Kr), which an investor uses to construct an optimal portfolio with the
mean-variance approach at the beginning of the period. The others are two duplicate terms,
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DTX_SR and DTY_SR, for the Sharpe ratio.

4.3 Numerical examples of attributions

In this section, we demonstrate our attribution analysis using a historical data
sample. We use an investment of weekly ten S&P500 sector total return indices for 471
weekends from the last weekend of 2007 to the last weekend of 2017. To this end, we
need to prepare the sample forecast return distributions, which we use to analyze the
attributions. In a practical analysis, we analyze the forecast return distribution which we
use to construct the optimal portfolio at the beginning of the investment period. Here, we
evaluate a test distribution instead of an arbitrary distribution. Remember that a return
distribution has a return vector and a covariance matrix. First, we use the realized
covariance matrix of the sectoral returns for the preceding 52 weeks until a weekend as
the test covariance matrix. Next, we use the realized return vector of the next 52 weeks
with some random noises as the test return vector for the weekend. We calculate the next
52 weeks’ 10-dimensional test forecast return vector rg(t) and the 10 X 10 test
covariance matrix Xg(t) for the next 52 weeks for weekend t as:
re(t) = rp(t +52) + cs(t)e, (4.3.1)
Xp(t) = Zg(0), (4.3.2)
where 1g(t) is the 52 weeks’ 10-dimensional realized return vector until weekend t,
Zp(t) isthe 10 X 10 realized covariance matrix of the sectoral returns for the preceding

52 weeks until weekend t,

s51(¢) 0 zZ,
s(t) = LE= ( : ) (4.3.3)

0 S10(t) Z19

where s;(t) are the standard deviations of each sector’s return for the preceding 52
weeks until weekend t, z; are the random variables under N(O, 1), each pair z; and
z; is independent, and ¢ 1is a scalar coefficient. In our numerical examples, c
represents the predictability level of forecast returns.

We calculate the test forecast return vectors, test covariance matrices, realized
return vectors, and realized covariance matrices from the first weekend of 2009 to the last
weekend of 2016 in cases of ¢ = 0.1,0.3, or 0.5. The random variables are given from
the random function of Excel in each case. The diagonalizations of the covariance
matrices are performed using “eigen” function of R (R Core Team. (2016)). From the

diagonalizations, we consider the eigen vectors as the risk factor vectors and the eigen
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values as the risk of the factors. Furthermore, we perform the attribution analysis for the
test forecast returns, forecast magnitude of test risks, and test risk factors using Property
4.1 in each case. Table 4.1 summarizes the attribution analysis. The first row shows the
average for the entire period, from the first weekend of 2009 to the last weekend of 2016.
The other rows show the averages for each year, including the average values of the 53
weeks in 2009 and 2015. The remaining years show the average values of the 52 weeks
for those years.
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Table 4.1: Attribution of the Sharpe ratio
to the predictability-based measurement of the forecast return and risk

A (8) | © | (D)
Year Realized Marke: The Predictability-Based Measurement of Forecast
Sharpe Condition
Ratio (E) (F) )
Forecast Rerutn Forecast Risk Duplicate TermY
G i H i X
= c= = '\1332' Factor Tﬂ;_ c=
01| 03] 05 01 /03] 05| 01] 03] 05 Fore- jFore- e mx 01 | 03 | 05
cast cast
22%01%' 0.276| 0.163| 0.103 | 0.482 | 0.567 | 0.331 ] 0.210| 0.743{ 0.387 | 0.255 | 0.750 | 0.963 | 0.759 | -0.027 | -0.075 | -0.195 | -0.206
2016 | 0.303} 0.176 0.111] 0.543| 0.552 | 0.317 | 0.198 | 0.867 | 0.496 | 0.305 | 0.655 | 0.960 | 0.716 | 0.021 |-0.030]-0.165 | -0.238
2015 | 0.213} 0.106 | 0.072 | 0.347 | 0.616 | 0.307 | 0.213 | 0.804 | 0.427{0.303| 0.776 | 0.980 | 0.796 | 0.001 |-0.036|-0.104 | -0.134
2014 | 0.276{ 0.211} 0.176 | 0.434 | 0.635 | 0.477{ 0.403| 0.832| 0.439 | 0.311 | 0.688 | 0.965 | 0.675 | -0.048 | -0.115 | -0.350 | -0.404
2013 | 0.391{ 0.236{ 0.079 | 0.545 | 0.717 | 0.429{ 0.145| 0.824 | 0.388 | 0.160 | 0.805 | 0.964 | 0.811 | -0.030 | -0.088 | -0.236 | -0.180
2012 | 0.4051 0.2421 0.166 | 0.572| 0.703 | 0.414 | 0.268 | 0.775| 0.420] 0.294 | 0.791 | 0.943 | 0.834 | -0.013 | -0.138 | -0.204 | -0.183
2011 | 0.259{ 0.187{ 0.116 | 0.455 | 0.572 | 0.408 | 0.252| 0.710 | 0.401 | 0.260 | 0.720 | 0.974 | 0.692 | -0.055 | -0.141 | -0.287 | -0.272
2010 | 0.180 1 0.067 | 0.038 | 0.503 | 0.353 | 0.127 | 0.073| 0.456 | 0.206 | 0.124 | 0.807 | 0.968 | 0.765 | -0.073 | -0.090 | -0.114 | -0.142
2009 | 0.1851 0.081 | 0.064 | 0.461| 0.394 | 0.176 | 0.131 | 0.673 ] 0.316 | 0.278| 0.755 | 0.951 | 0.783 | -0.021 | 0.033 | -0.105 | -0.098

Data Source: Ten sector total indices. S&P Dow Jones Indices. 2018. S&P Dow Jones Indices LLC.
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In the first row in Table 1, Column (B) shows the realized Sharpe ratio
SR(rp, Zp | rg,Zg) of (4.2.1), which the optimal portfolio based on the test forecast
distribution achieves. The optimal portfolios based on the test distribution achieve 0.276
of the realized Sharpe ratio, on average, for the entire period when ¢ = 0.1. Column (C)
shows that the Sharpe ratio for the market condition is 0.482, on average, indicating that
the maximum Sharpe ratio an investor can obtain is 0.482 through a non-leveraged
long/short portfolio. Column (D) shows that the predictability-based measurement of the
test distribution is 0.567 on average when ¢ = 0.1. Further the imperfect information on
the realized distribution declines by approximately forty-three percent of the achievable
maximum Sharpe ratio, on average. Column (B) shows the natural outcome that the
optimal portfolio tends to achieve a higher Sharpe ratio when the predictability-based
measurement of the forecast is higher in Column (D). Column (E) shows the
predictability-based measurement of the test return P_SR(rp,og,Kg) of (4.2.4).
Column (F) shows the predictability-based measurement of the test risk
P_SR(rg,0F, Kf). Indeed, the predictability-based measurement of test distribution in
Column (D) is attributed to the predictability-based measurement of test returns and risks
without the duplicate term Y in Column (Y) from (4.2.9). The predictability-based
measurement of the test return is 0.743 and that the predictability-based measurement of
test risk is 0.750 when ¢ = 0.1. As such, the forty-three percent reduction is, on average,
attributed to the twenty-six percent reduction caused by imperfect information of the
realized return, and to the twenty-five percent reduction caused by imperfect information
of the realized risk. Consequently, we can compare the two predictability-based
measurements, simultaneously. The magnitude of the duplicate is 7.5 percent when ¢ =
0.1 from Column (Y). Column (G) shows the predictability-based measurement of the
magnitude of the test risk P_SR(rg,0p Kg) of (4.2.5). Column (H) shows the
predictability of the test risk factors P_SR(rg,og, Kr) of (4.2.6). The predictability-
based measurement of the test risk in Column (F) is attributed to the predictability-based
measurement of risk magnitude and risk factors without the duplicate term X in Column
(X) from (4.2.10). We find that the predictability-based measurement of magnitude of test
risk 1s 0.963 and that of the risk factors is 0.759. Similarly, the twenty-five percent
reduction caused by imperfect information on the realized risk is, on average, attributed
to the four percent reduction caused by imperfect information on the magnitude of
realized risk, and the twenty-four percent reduction caused by imperfect information on
the realized risk factors. As a result, we can identify the main source of the reduction in
the predictability-based measurement of the risk. Column (X) shows that the magnitude

of the duplicate is 2.7 percent. The predictability-based measurement of test risk factors
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causes most of the predictability-based measurement of test risk in Columns (F), (G), and
(H) of the historical data. From the attribution analyses, we can thus comparatively
identify the main source of the reduction in the realized Sharpe ratio. This information
may be useful for improving the next investments.

When comparing the rows of years 2016 and 2013, the predictability-based
measurements of the test return in 2016 is, on average, higher than in 2013 when ¢ = 0.1
and ¢ = 0.3. However, the realized Sharpe ratios in 2016 are, on average, lower than
those in 2013, although the market conditions in both years have the same level. We
identify the reason for the difference in the predictability-based measurement of the test
risks between 2016 and 2013 in Column (F). The average predictability-based
measurement of the test risk is 0.655 in 2016 and 0.805 in 2013. This difference comes
from the difference between the predictability-based measurement of test risk factors in
2016 and 2013. This shows that the risk forecast is important, as is return forecast. In

particular, we realize that forecasting the risk factors is important.

4.4 An attribution analysis against the benchmark

In this section, we discuss the attribution analysis against a given benchmark
using the above predictability-based measurement. In the usual ways of analyzing against
a benchmark, we do not evaluate the performance of the benchmark. Using the attribution
analysis above, we can simultaneously evaluate the ex-ante forecasts and the benchmark
performance. For example, we identify two explanations for the Sharpe ratio of the
optimal portfolio being higher than that of the benchmark over the investment period: one
is that the performance of the optimal portfolio is superior and the other is that the
performance of the benchmark is inferior. Indeed, we can assess the explanation that is
more acceptable in this situation using attribution analysis.

From (4.2.1), the ex-post realized Sharpe ratio achieved by the optimal portfolio
from the ex-ante forecast return distribution N(rp, Zr) under the ex-post realized return
distribution N(rg,Zgr) is SR(rp, Zp|rg, Zg). From Property 4.1, we have three
predictions to which the Sharpe ratio can be attributed the predictability-based
measurement of the ex-ante forecast returns P_SR(rp, o, Kg), that of the ex-ante
forecast magnitude of the risk P_SR(rg, 0, Kg), and that of the ex-ante forecast risk
factors P_SR(rg,oR, Kp).

Next, we discuss the realized Sharpe ratio of a benchmark. Assume we have

an n-dimensional vector of the portfolio of benchmark wgy, at the beginning of the
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investment period. Additionally, suppose that we construct the benchmark portfolio wgpy
based on an assumed n-dimensional vector of ex-ante forecast returns rgy and an
assumed n X n covariance matrix of the ex-ante forecast Xgp; using the mean-variance
approach at the beginning of the investment period. After the investment period, assume
that the benchmark portfolio gains the realized Sharpe ratio SR, over the investment
period.
From Property 3.2, we have

SRgm = SR(rpm, Zgm | TRy ZR)- (4.4.1)
In fact, we have several pairs (rgy, Zgy) that hold for the above equation. We measure
the performance of the benchmark after the investment period. Therefore, in our
attribution analysis, we assume that we construct the benchmark portfolio wgy, based
on an n-dimensional vector of ex-ante implied forecast returns rpgy; and nXn
covariance matrix Xp, which is covariance matrix of the ex-post realized returns of the
risky assets over the investment period. Indeed, this assumption indicates that we have
the following implied forecast return for constructing the benchmark portfolio at the
beginning of the investment period (see Appendix 2.3)

Tpm | = ZrWay- (4.4.2)

From (4.2.4), we have the predictability-based measurement of the implied forecast return
of the benchmark:

or Kz'r
P—SR(TBM,' O'R»KR) = <||02_1K151TZZI” '9>- (4.4.3)
R 1

By comparing P_SR(rg,0r, Kr) and P_SR (rBM_,, op K R), we can evaluate the ex-
ante forecasts that construct the optimal portfolio and evaluate the benchmark
performance.

Next, we demonstrate the attribution analysis against the benchmark using the
historical data sample, that is the weekly S&P 500 10 sector total return indices. It is
natural to use the market weight portfolio as the benchmark. For our purpose, we prepare
the sample portfolio, which is the optimal portfolio constructed by a given return and risk
forecast. When we use the mean-variance approach to analyze the performance of the
portfolio that we construct based on a given forecast return and risk, we directly use the
forecast return and risk. However, in this section, we use test returns and risk instead of
an arbitrary distribution. Here, we compare the performances of the equal weight portfolio
and of the benchmark, which is the performance achieved by the market weight portfolio.
Additionally, we use the test risk, as in the previous section, to construct the equal weight
portfolio using the mean-variance approach. The test risk is the realized covariance matrix

of the sectoral returns for the preceding 52 weeks of a weekend. Then, we also have the
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implied forecast return rgq ;, which leads to an equal weight portfolio serving as the
optimal portfolio when using the test risk and the mean-variance approach.

TEq1 = ZrWeg, (4.4.4)
where wgq = (0.1,--+,0.1)" because we have the weekly S&P 500 10 sector total return
indices as investable assets in this numerical analysis

We perform the attribution analysis when comparing the predictability-based
measurement of the implied return of equal weight portfolio with test risk and the

predictability-based measurement of the benchmark.
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Table 4.2: Sharpe ratio attribution against the benchmark

(A) (B) © (D)
Realized Sharpe Ratio Market| The Predictability-based measurement
V\éenedk during the next year Condition (E) P %)
of Rerutn Risk
Year
Portfolio Portfolio Portfolio (G H) )
Equaly | Bench | Excess Equaly | Bench | Excess | Equaly | Bench | Excess Magni- Factor Dupli- | Dupli-
qualy qualy qualy tude cate cate
Weelght- Mark Weelght- Mark Weelght- Mark ForecastiForecast; Term X| Term Y
2016 | 0.402 { 0.483 | -0.081 | 0562 | 0.716 | 0.859 | -0.143 | 0.860 { 0.859 | 0.001 0.511 0.979 0.707 0.175 | -0.345
2015 | 0169 : 0129 | 0040 | 0416 | 0407 | 0311 | 0096 | 0519 j 0311 | 0208 | 0841 | 0987 | 0847 : -0.007 | -0.047
2014 | -0.011 { 0.010 | -0.022 | 0.400 | -0.029 | 0.026 | -0.055 | -0.268 { 0.026 | -0.294 | 0.787 0.970 0.820 0.002 | -0.452
2013 | 0175 ; 0177 | -0.001 | 0597 | 0294 | 0296 | -0002 | 0415 | 0296 ; 0119 | 0666 | 0881 ; 0.642 ; -0.142 | -0.213
2012 | 0.378 { 0.407 | -0.029 | 0.675 | 0560 | 0.603 | -0.043 | 0.275 | 0.603 | -0.328 [ 0.860 0.985 0.839 | -0.037 | -0.425
2011 | 0.155 { 0.154 { 0.000 | 0.363 | 0.427 | 0.426 | 0.001 | 0.356 | 0.426 | -0.070 [ 0.813 0.943 0.835 | -0.035 | -0.258
2010 | 0.022 { 0.011 | 0.012 | 0504 | 0.044 | 0.021 | 0.023 | 0.119 | 0.021 | 0.098 0.690 0.976 0.581 | -0.134 | -0.235
2009 | 0.123 |{ 0.112 { 0.010 | 0.482 | 0.255 | 0.233 | 0.021 | -0.037 { 0.233 | -0.270 | 0.802 0.990 0.765 | -0.048 | -0.489

Data Source: Ten sector total indices. S&P Dow Jones Indices. 2018. S&P Dow Jones Indices LLC.
(Y): Duplicate Term Y of the equaly weighted portfolio
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Table 4.2 summarizes the Sharpe ratio attribution analysis against the benchmark
for equal weight portfolios for the last weekends of the eight years from 2009 to 2016. In
the first row in Table 4.2, Column (B) indicates that the equal weight portfolio for the last
weekend of 2016 is 0.402 of the realized Sharpe ratio for 2017. Additionally, the
benchmark portfolio, which is the market weight portfolio at the end of 2016, is 0.483 of
the realized Sharpe ratio for 2017. The excess Sharpe ratio of the equal weight portfolio
is —0.081 against the benchmark. In other words, the Sharpe ratio of the portfolio is
inferior to the Sharpe ratio of the benchmark. Column (D) provides the predictability-
based measurement of the portfolio and the benchmark. The predictability-based
measurement of the portfolio is 0.716 and that of the benchmark is 0.859. The inferiority
of the predictability-based measurement of the portfolio leads the inferiority of the
realized Sharpe ratio of the portfolio. Column (E) provides the return predictability-based
measurement of the portfolio and the benchmark. Both predictability-based
measurements are at the same level. Note that the returns are implied returns, indicating
that the equal weight portfolio and the benchmark portfolio are the optimal portfolios
when using the mean-variance approach. We illustrate the predictability-based
measurement of the portfolio risk and its decomposition in Columns (F), (G), and (H).
Note that the predictability-based measurement of the benchmark risk is one because of
the definition of the implied returns of the benchmark portfolio. Therefore, we realize that
the inferiority results from the lower predictability-based measurement of the risk,
especially the lower predictability-based measurement of the risk factor.

Additionally, when comparing the portfolio of the last weekend of 2016 to the
portfolio of the last weekend of 2015. The equal weight portfolio of the last weekend of
201515 0.169 of the realized Sharpe ratio for 2016. The predictability-based measurement
of the portfolio is 0.407, which indicates that the predictability-based measurement of the
portfolio for the end of 2015 is inferior to that for 2016. Additionally, the predictability
of the benchmark for the end of 2015 is 0.311. Therefore, the Sharpe ratio of the portfolio
is superior to the Sharpe ratio of the benchmark for 2016. Further, the Sharpe ratio of the
portfolio is inferior to the benchmark for 2017, although the predictability-based
measurement of the portfolio at the end of 2016 is better than that of the portfolio at the
end of 2015. We recognize that the predictability-based measurement of the benchmark
at the end of 2016 is superior to that of the portfolio at the end of 2016.

We also determine the importance of the predictability-based measurement of
risk when we observe the portfolio at the end of 2013 and its benchmark. From Column
(E), the predictability-based measurement of the portfolio return is 0.415, which is
superior to the 0.296 of the benchmark return. However, the predictability-based
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measurement of the portfolio is 0.294, which is close to the 0.296 of the benchmark from
Column (D). The predictability-based measurement of the risk of the portfolio is 0.666,
this inferior predictability of risk reducing the superior return predictability. We thus

obtain rich information from the attribution analysis.

4.5 Summary

In this chapter, we propose an attribution method of the ex-post realized Sharpe
ratio achieved by the optimal portfolio based on the ex-ante forecast return distribution.
Furthermore, we decompose the realized Sharpe ratio into the absolute value of the
market Sharpe ratio, return predictability, risk predictability, which is in turn decomposed
as the predictability of the magnitude of risk and predictability of risk factor. Additionally,
we present numerical examples of the attribution analysis.

We find that the attribution formula quantitatively enables a comparative
analysis between return and risk predictabilities. Furthermore, the predictability of the
risk has a more detailed predictability, as the magnitudes of the risk and risk factors.
Additionally, we simultaneously evaluate the quality of the investor’s portfolio and of the
benchmark against the benchmark. These attribution analyses provide rich information
for investment analysis, thus being a useful analytical tool for portfolio managers and

Sponsors.
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Chapter 5

Implication of optimal confidence level in

Black-Litterman model

5.1 Black-Litterman model

Investors face problems when they make their portfolios reflect their forecasts
using the mean-variance approach from modern portfolio theory. One of the problems is
that a resulting portfolio is too sensitive to the input parameters. A second problem arises
when a portfolio has few assets. Black and Litterman (1992) solve these two problems by
merging the confident forecasts with the market consensus forecasts from the capital asset
pricing model. Their approach has a key parameter of the confidence level for the
investor’s confident forecasts.

Fabozzi, et al. (2006) state, “In practice, the Black-Litterman model has proven
successful in mitigating estimation errors in the mean-variance framework. The Black-
Litterman model does not require that the portfolio manager provide forecasts on all the

securities in the universe managed. Rather, it ‘blends’ any views (this could be a forecast
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on just one or a few securities, or all them) the investor might have with market
equilibrium,” and, “When no views are present, the resulting Black-Litterman expected
returns are just the expected returns consistent with market equilibrium. Conversely, when
the investor has views on some of the asset, the resulting expected return deviate from
market equilibrium.”

In the Black-Litterman model, a key parameter is introduced and is a parameter
that expresses the confidence level of the investor’s view. The confidence level of the
investor’s view indicates the relative importance of the equilibrium versus the views. The
confidence level varies with the predictability-based measurement of expected returns,
and the Black-Litterman model blends the investor’s views and returns that are consistent
with the market equilibrium. A numerical sample of this phenomenon is provided in this
chapter. An implication of the phenomenon becomes a reference matter when considering
the confidence level of the Black-Litterman model.

For active investments in which investors seek returns that are superior to the
market’s average returns, investors reflect in their investment decisions their forecasts for
the returns and risk of investable assets.

In this chapter, we discuss the confidence level of an investor’s forecast in the
Black-Litterman model, which merges his or her forecasts with the confidence of some
risky assets and the consensus forecasts of a number of risky assets with the confidence
level parameter. However, the confidence level parameter affects the weight balance
between information on the confident forecasts and information on the consensus
forecasts in the merged forecasts. Because the number of risky assets that the investor
provides to the confident forecast is relatively small in general, overconfidence may affect
the proportion of the forecasted Sharpe ratios of the forecast factors in the merged forecast.
We find that overconfidence misses opportunities to obtain a higher Sharpe ratio despite
the precise forecast in the sample case.

First, we provide a brief review of the Black-Litterman model. Let puy be the
forecast returns of n risky assets. Additionally, let the investor’s forecast with
confidence be the following

Pur~N(v, ), (5.1.1)
where P is a pickup matrix that selects the factors that are forecast with confidence, v
is the forecast return, and 2 is the confidence level. For example, if an investor has
confidently forecasted that the return of the first risky asset is five percent, then P =
(1,0,--+,0),v = 5%, and 2 = w. In this case, v is a scalar and 2 is a 1 X 1 matrix
because the investor only has a confident forecast for one asset. The model refers to the

market consensus returns and risks as another forecast from the CAPM. Therefore, the
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market consensus return 1 = (7, -+, 7, )" is derived from the market risk matrix Xy,
and the current market portfolio W, as in the following

T =20xyWy, (5.1.2)

where 6 is the risk premium. As we merge the investor’s forecast with the market

consensus using the Black-Litterman model, we obtain the merged forecast of the returns

Upr(v) and therisk Xp;
ppL(v) =m+ EyP' (PXyP + 2) (v — Pn), (5.1.3)
XpL =2y — ZyP' (PXyP + Q) 1PX,. (5.1.4)

5.2 Implication of optimal confidence level

We remember expression (4.2.4) of the Sharpe ratio, which expresses the ex-post
realized Sharpe ratio that the optimal portfolio from the ex-ante forecast return
distribution N(rp, Xr) achieves under the ex-post realized return distribution
N(rg, Zg).

®do, Kplr
SR(rp, Zp | TR, Er) = || Kz'r|| <”¢0F_1Kf1:”, ) (5.2.1)
F F 'F
where
o Kplr
® = 0xK3z'Kpop 1, g = ”(T‘_*IK—’_‘er” (5.2.2)
R R 'R

and (x,y) is the inner product of vectors x and y.

Therefore, from (5.1.3) and (5.1.4), the optimal portfolio based on the merged
forecast returns and risk using the Black-Litterman model achieves the Sharpe ratio under
the ex-post realized return distribution N(rg, Zg)

SR(upL(v), Zp, | TR, ZR), (5.2.3)
under the ex-post realized return distribution N(rg, Zg). Supposing that Kz1Zp, Kp, =

0%, we have

®p0p;, ' Kglug (v)
SR(up,(v), Zpy | Tr, Zr) = ||0R KTzl <II T pp— K‘Eiﬂ“ @l ,g>, (5.2.4)
BLY BL BLMBL
where
o Kplr
®p, = 0xKz'Kp 05, g = ”0’_*11{—’_*1:” (5.2.5)
R R 'R

In contrast, the market consensus return 7 = (1, -, T, )" is derived from the
market risk matrix Xp, and the current market portfolio Wy, as in the following from

(5.1.2). That the market consensus does not necessarily have the perfect risk forecast for
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the investable assets is natural. Indeed, we suppose Xy = Xf. From (5.1.2), we have
Therefore, the market portfolio achieves the Sharpe ratio
SR(T[,ZF | TR,Z'R)
®op 'Kpln oK1 Wy
—1p—1 -1p-1
— low ittt 8 ) = o katral (25 e g ) 527)
|®or Kz || oKz Wl

From (5.2.4) and (5.2.7), we recognize that the magnitude relation between
( ®p 05, Kpiitp, (V) ) d ( orKp' Wy g)
| @505, Kpipe, ()] lorKe' Wi’
determines whether the optimal portfolio based on the merged forecast achieves a higher

(5.2.8)

Sharpe ratio than the market portfolio.

We execute a simple case study where the investor has the perfect forecast for
the risk factors and directly invests in the factors. Indeed, Kr = Ky = I. Additionally,
the investor directly forecasts the first factor return with confidence. From (5.1.3) and
(5.1.4), we have

ppL(v) = T+ o4P'(PoiP’ + 2) (v — Pm), (5.2.9)
g, = 0% — 05P'(PaiP' + 2) 1Pa3, (5.2.10)
where P = (1,0,:--,0) in this case. We have the merged forecast factor Sharpe ratio

vector o, 'Kpipng,(v) (see Appendix 2.5)

w?my + o2 (Vv ) T
oo K (1) = ( 1t 0% ' O > 5.2.11
BL BLHMBL JR(l)w\/m oz (2) or(n) ( )
We rewrite
op(1) w O'R(l)
w?my + o (Vv mtr v m@mmt ’

. (5.2.12)

or(Dw\/ o5 (1) + w? - o (1) az(1) +1 - Vi (1) + w?
R T w?

As w — 0, this value — oo because of the term on the far right, even if v is the just

precise return 15(1). Therefore, w — 0 and

®p05, ' Kpipp (V)
[®5005 Kitpis )]
BLOBL BLHUBL
In contrast, as w — oo, then

> (1,0,--+,0)". (5.2.13)

w?m, + o3 (Vv

or(Dw+/ 03 (1) + w?

as the Sharpe ratio of the first factor included the market consensus. Therefore,
Dp0p; ' Kpipp (V) - opKp ' W)y . (5.2.16)

- 1y /0x(1) (5.2.15)
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We note that cases exist in which the value of the inner product

ox'Kz'Tr >
1;0;”'ﬁ0 I;— 5217
(000 ey e
is less than the value of the inner product
< orKy'Wy  ox'Kg'rg ) (5.2.18)
lorK' Wul'lox" Kz'rell/ B

These cases indicate that investor overconfidence may cause the opportunity to achieve a

higher Sharpe ratio to be missed when using the Black-Litterman model.

5.3 A numerical example

In this section, we have a simple example. Suppose that only four factors are

investable assets and let the ex-post realized distribution of returns be as in Table 5.1.

Table 5.1 Ex-post realized distribution

Factor 1 Factor 2 Factor 3 Factor 4
Return 8.00% 5.00% 3.00% 1.00%
Risk 15.00% 10.00% 8.00% 6.00%
Sharpe ratio 0.533 0.500 0.375 0.167

The optimal portfolio based on the true distribution is
(22.2%,31.2%, 29.3%, 17.3%)’. The percentages in the parentheses are the weights of
the factors as investable assets. The optimal portfolio achieves the maximum Sharpe
ratio of 0.84. We suppose that we have the perfect risks for all factors. However, we
suppose that the market consensus forecast has an imperfect return forecast. Then, we
suppose that the return forecast of Factor 1 is 2.00%, the return forecast of Factor 2 is
5.96%, the return forecast of Factor 3 is 3.58%, and the return forecast of Factor 4 is
1.19%, respectively. Of course, these numbers are artificial. The optimal portfolio based
on the market consensus forecasts using the mean-variance approach is then
(1.47%, 39.5%, 37.1%, 22.0%)’. The optimal portfolio has a Sharpe ratio of 0.67 under
the ex-post realized distribution, which does not reach the maximum Sharpe ratio. We
suppose that an investor has a perfect forecast of the return to Factor 1 and that the
investor has strong confidence in the forecast return of Factor 1 of 8.0%. However, the

investor has no forecast for the other factors and, thus, uses the Black-Litterman model
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with the market consensus forecast. The Sharpe ratio of the portfolio converges to 0.533
as the Sharpe ratio of Factor 1 when w — 0. In contrast, suppose that the investor does
not have strong confidence. For example, if the investor has low confidence that w =
0.291, then the investor has the best portfolio (22.2%, 31.2%, 29.3%, 17.3%)".
Moreover, the investor’s optimal merged portfolio using the Black-Litterman model

achieves the maximum Sharpe ratio.

5.4 Summary

The Black-Litterman model has a key parameter, which is the confidence level
of the investor’s view. This confidence level indicates the relative importance of the
equilibrium versus the views and varies the proposed predictability-based measurement
of the expected returns from the Black-Litterman model. A numerical example is provided
in which strong investor confidence reduces the realized Sharpe ratio more than the
maximum Sharpe ratio.

An implication of the phenomenon indicates an issue in considering the

confidence level of the Black-Litterman model.
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Chapter 6

Predictability-based measurement for
realized information ratio and its attribution

to the ex-ante forecast

6.1 Introduction

Along with the Sharpe ratio, the information ratio is another important measure
of investment performance. In this chapter, we discuss the information ratio. First,
Theorem 6.1 is provided, which addresses the returns that provide an optimal portfolio
under an ex-post realized risk that achieves the information ratio identical to that achieved
by the optimal portfolio based on ex-ante forecast returns and risk.

Next, a measurement of the power of an ex-ante forecast that predicts the ex-post
realized information ratio is proposed, similar to the case of the Sharpe ratio. In this thesis,
we call the measurement the predictability-based measurement for the information ratio.

Similar to the Sharpe ratio, we find that the ex-post realized information ratio is attributed
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to the realized market conditions, the predictability-based measurement of the returns, the
predictability-based measurement of the magnitude of the risk, and the predictability-
based measurement of the risk factors. Note that these predictability-based measurements
are for the information ratio. Additionally, we provide numerical examples of the
information ratio attribution analysis and find that the forecast risk effect differs between
the reduction in the Sharpe ratio from the achievable Sharpe ratio and the reduction in the

information ratio from the achievable information ratio.

6.2 Formulation

In this chapter, we discuss the information ratio. The active portfolio, which is
defined as the excess weight vector against the weight vector of the benchmark portfolio,
plays an important role in the discussion. If an investor has a portfolio w, his or her active
portfolio is

W4 =W— Wgy. (6.2.1)
Note that the sum of the active weights of each risk asset e'w, is zero.

Investors have active portfolios because they believe that they have richer
information on n risky assets against the benchmark in the future investment period. In
the context of the mean-variance approach, the richer information is the forecast return
distribution itself. We assume that the investor has an ex-ante forecast with an n-
dimensional normal distribution N(rp, Zr) at the beginning of the investment period.
Suppose we have a benchmark portfolio wgy, at the beginning of the investment period.
The investor expects an excess return against the benchmark

re'w—rg'wgy = TE'WwW,. (6.2.2)
The information ratio is defined as the value of the excess return divided by the risk of
the excess return. The risk is measured by the standard deviation of the excess return.
Therefore, the investor constructs the optimal portfolio that achieves the maximum
information ratio by solving the following quadratic programming problem in the context
of the mean-variance approach.

For a given number h, we find an optimal active portfolio wg against the
benchmark portfolio wgy as the solution to the following quadratic programming
problem:

minimize wg'Zpwp,

s.t. rg'wr = h,and e'wp = 0, (6.2.3)
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where e = (1,---,1)".

Let ¢ be an arbitrary number. Problem (6.2.3) has the following solution (see

Appendix 2.6)

wr(c) = cZr'(aprF — Bre), (6.2.4)
where
ar=e'Zy e fr=e' 2t (6.2.5)
Note that the active portfolio wg(c) achieves the same maximum information ratio for
an arbitrary number c.
We have the following theorem between the ex-ante forecast distribution and

the ex-post realized distribution.

Theorem 6.1:
The optimal active portfolio based on the return distribution N(77pqns, Zr) according

to the information ratio, where the two parameters of the return distribution
_ 6r —-1p-1 Br
N(rrrans, Zg) are areturn ropgns = WKRGRCDGF Kr ' (aprp — fre) + —e and
ROF R

the ex-post realized covariance matrix Xg, achieves an information ratio identical to the
information ratio of the optimal active portfolio based on the ex-ante forecast return
distribution N(rp, Zr), where
ap = €'y ‘e fr=eXp ' rpyr =15 EF T 6p = apyp — BE,
e' X 'rrYr = TREZR TR Ok = aryr — f3,and
® = oxKz'Krop 1. (6.2.6)
Next, we consider the information ratio IR(rg, Zp | rg, Zg) that the optimal

— -1
agr=e'Xp e PBr

active portfolio wp(c) = cZr'( aprp — Bre) achieves under the ex-post realized return
distribution N(rg, Zg).
IR(rp, Zp | TR, ZR)

~ (‘DUF_lKEl(“FrF - ﬁpe)) '(0r™"Kg'T) (6.2.7)

\/(q)O-F_lK;l(aFrF - ﬁpe)) ' (q’UF_lKEl(“FTF - 3Fe))

We summarize this equation as the following property.

Property 6.1

The optimal active portfolio based on the ex-ante forecast return distribution N(rg, Xf)
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achieves the information ratio IR(rg, Zp | g, £g) under the ex-post realized return
distribution N(rg,Zg):

IR(rp, Zp | T, ZR) = ||07' K&'R||(f. 9), (6.2.8)

where
f= ‘I"’F—lKi(“FTF — fre) 9= a,EiK,EirR ’ (62.9)
”‘I’O'F_lKF (aFrF_.BFe)” ”"R Ky TR”

and (f, g) is the inner product of f and g. Note that f is the normalized forecast

transferred return per risk ratio vector, and that g is the normalized ex-post realized
factor Sharpe ratio vector. SR(rg, Zg | g, Zg) = ||og*Kz'rg|| from (3.3.11).
Therefore, the information ratio does not exceed the maximum Sharpe ratio from
(6.2.8).

From (6.2.8) and (6.2.9), we find a different phenomenon of the forecasting
power of the information ratio from the forecasting power of the Sharpe ratio. For the
Sharpe ratio, the optimal portfolio based on the perfect forecast achieves the highest
Sharpe ratio. From (3.3.11), remember that the Sharpe ratio SRy, which is achieved by
the optimal portfolio based on an ex-ante forecast return distribution N(rg, £r) under
an ex-post realized return distribution N(rg, Xg), is

SR = ||oz* Kz re||(f. 9. (6.2.10)
where
—1pr-1 —1p—1
= qule 1rF g = a’_‘lK’_‘lr" , (6.2.11)
||¢0F Ky rF” ”"R Kp rR”

and (f, g) is the inner product of f and g. Note that g is the normalized ex-post
realized factor Sharpe ratio vector. The perfect forecast indicates that rp =
rrand Xp = Xp. Because @ =1 in this case, we have (f,g) = (g,9) = 1. The
perfect forecast provides the highest Sharpe ratio ||a;1K ;er”. In contrast, from
(6.2.8), the perfect forecast provides the information ratio
IR(rg, Zg | TR, ZR)
= ||lo7 Kz'ra] ( or 'Kg'(agrr — Pre)  0x'Kg'rg )

||0R—1K131(“RTR - ﬁRe)” ’ ||0131K1311‘R||

1kl (agrr—Bre)  or'Kzlrg
Thevalue(aR KK R R__R
lor~ 1K' (arrr—Bre)||’ [0z K Tl

(6.2.12)

) is not necessarily one. Remember that the

value ||0',}1K TR || is identical to the highest Sharpe ratio that an investor can achieve

under a market condition.
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6.3 Attribution of information ratio

Recall that the inner product is a measure of the ex-ante forecast returns and risk.
We introduce a predictability-based measurement for the information ratio as a quantity
P_IR(rp,0F, Kr) that has the three parameters g, 65, and Kp.
@0y 'Ki ' (aprr — fre)
(”‘DO'F_lKEl(“FTF — fre) ” ' g),

P_IR(TF, or, KF) = (631)

as well as

®op 'Kg'(arry — fre)
P_IR(TF; OR, KR) = -1 Ijl - - g
||q>aR Kg (apry — ﬁpe)”

B ( or 'Kg'(agrr — €L 'rre) )
~\||or Kz (agry — e Zg trpe)||7 )

(6.3.2)

It is a predictability-based measurement of a forecast as long as the risk forecast
is perfect, Xr = Xp. Indeed, it means that the forecast of the magnitude of the risk is
perfect, o = 0pg, and that the forecast of the risk factors is perfect, Kr = Kg. In other
words, the predictability-based measurement of the ex-ante forecast returns is not
identical to the ex-post realized returns.

Similarly, we have

PIR(rg, 05 Ky) = < Pop ' Ki' (aprp — fre) ,g)
|®or Kpt (arrr — Bre)||
B ®op Kp (aprg — €' Zp '1ge)
- <||<1>F-1K;1(aFrR —e'Zp 'rge)|’ )
It is the predictability-based measurement of a forecast as long as the return

(6.3.3)

forecast is perfect.
Similarly, we define the predictability-based measurement of the ex-ante forecast
magnitude of the risk that is not identical to the ex-post realized magnitude of the risk
P_IR(rR,O'F, KR)
O'RO'F_ZKI_gl ((e,KRO'F_ZKI_gle)rR — (e'KRO'F_ZKEer)e)

- ||0'RO'F_2KI_31((e'KRO'F—ZKI—zle)rR_(e,KRo_F_ZKI_zer)e)”'g, (6.3.4)

and the predictability-based measurement of the ex-ante forecast risk factors that is not
identical to the ex-post realized risk factors
P_IR(rR,O'R, KF)

O'RKI_QlKFO'R_zKEI ((e'KFO'R_ZK;1e)TR - (e’KFO'R_ZK;1TR)e)

[erorsi(ermormiar (o] ")
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From (6.3.5), P_IR(rg,0x, Kg) = 1 does not necessarily hold because
or 'Kg'(agrrg — Bre) g)
”O-R_lKl_?l(aRrR - BRe)”’

Again, because the vectors in these inner products are normalized, their values

P_IR(TR, aRPKR) = < (636)

are numbers between one and negative one. Therefore, we recognize the value

P_IR(TR,O'R, KR) (637)
as a limit of the information ratio by the perfect forecast. Then, we find that the value
P_IR(TR,O'R, KR) — P_IR(TF,O'F,KF) (638)

shows the reduction in the maximum information ratio that occurs because the ex-ante
forecast distribution is not identical to the ex-post realized distribution. We have
P_IR(rg,0r,Kg) — P_IR(rp, 0F, KF)
= (P_IR(rg, 08, Kg) — P_IR(T5, 08, Kp))
+(P_IR(rg, 0, Kg) — P_IR(rg, 0, Kg)) + DTY_IR, (6.3.9)
where DTY_IR is the duplicate term Y for the information ratio. From (6.3.9), the
reduction is attributed to the reduction caused by the fact that ex-ante forecast returns are
not identical to ex-post realized returns, the reduction caused by the fact that the ex-ante
forecast risk is not identical to the ex-post realized risk, and the duplicate term Y for the
information ratio. Both the first and second terms of the right-hand side of (6.3.9) include
a synergy reduction caused by the fact that neither the ex-ante forecast returns nor the risk
1s identical to the ex-post realized returns and risk.
Similarly, we have
P_IR(rg,0g,Kg) — P_IR(rg,0F, KF)

= (P_IR(rg, 08, Kg) — P_IR(rg, 01, Kp))

+(P_IR(rg, 0, Kg) — P_IR(rg, 0, Kr)) + DTX_IR, (6.3.10)
where DTX_IR is the duplicate term X. Note that (P_I R(rg, o, Kg) —
P_IR(rg, 0, K F)) is the reduction caused by the fact that the ex-ante forecast risk is not
identical to the ex-post realized risk. From (6.3.10), the reduction attributes to the
reduction caused by the fact that the ex-ante forecast magnitude of the risk is not identical
to the ex-post realized magnitude of the risk, the reduction caused by the fact that the ex-
ante forecast risk factors are not identical to the ex-post realized risk factors, and the
duplicate term X for the information ratio. From (6.3.7), (6.3.8), (6.3.9), and (6.3.10), we
finally derive Property 6.2.

Property 6.2:
The ex-post realized information ratio is attributed to seven components. One is the

absolute level of the ex-post realized Shape ratio, which represents the market conditions
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in the investment period. The second is the limit of the information ratio by a perfect
forecast. The next three components are the predictability-based measurement of the ex-
ante forecast return, the predictability-based measurement of the ex-ante forecast
magnitude of risk, and the predictability-based measurement of the ex-ante forecast risk
factors, which an investor uses to construct an optimal portfolio with the mean-variance
approach at the beginning of the period. The other two are duplicate terms for the

information ratio.

6.4 Numerical examples of the attributions

We demonstrate our attribution analysis of the information ratio using the
historical data sample from the previous sections. We use ten weekly S&P500 sector total
return indices from the first weekend of 2006 to the last weekend of 2017. For our purpose,
we need to prepare the sample forecast return distributions, which we use to analyze the
attributions. Using a practical analysis, we analyze the forecast return distribution that an
investor uses to construct the optimal portfolio at the beginning of the investment period.
Here, we evaluate test distributions instead of an investor's arbitrary forecast return
distribution. Remember that a return distribution has a return vector and a covariance
matrix. First, we use the realized covariance matrix of the sectoral returns for the
preceding 52 weeks until a weekend is used as the test covariance matrix. Next, we use
the realized return vector of the next 52 weeks with some random noises as the test return
vector for the weekend. Indeed, we calculate the next 52 weeks’ test return vector rg(t)
and the test covariance matrix Xp(t) for the next 52 weeks for weekend t as the
following:

rpe(t) = rp(t +52) + cs(t)e, (6.4.1)
Xp(t) = Zg(0), (6.4.2)
where 1gx(t) is the realized 52-week return until weekend t, Zx(t) is the realized

covariance matrix of the sectoral returns for the preceding 52 weeks until weekend ¢,

s1(t) 0 zZy
s(t) = LES ( : ) (6.4.3)

0 S10(t) Z10
s;(t) is the standard deviations of each sector’s return for the preceding 52 weeks until
weekend t, z; are the random variables under N(0,1), each pair z; and z; is
independent, and ¢ is a scalar coefficient. We realize that ¢ represents a power of the

forecast returns in our numerical examples. In this section, predictability-based
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measurements indicate the predictability-based measurements for the information ratio.
We calculate the test return vectors, the test covariance matrices, the realized
return vectors, and the realized covariance matrices for year-end weekends from the first
weekend of 2007 to the last weekend of 2016 for ¢ = 0.1, 0.3, or 0.5. In each case, the
random variables are given using the random Excel function. Furthermore, in each case,
we perform the attribution analysis for the test returns, the forecast magnitude of the test
risks, and the test risk factors using Property 6.2. Table 6.1 summarizes the attribution

analysis.
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Table 6.1: Attribution of Information Ratio to Predictability of Forecast Return and Risk

(A) (B) ©) (D) (B)
Year Realized Market | The The Predictability-Based Measurement of the Forecast
end Information Condition| Limit
Ratio by (F) (G) )
the perfect Forecast Forecast Rerutn Forecast Risk Duplicate TermY
(%) H P O® X
c= c= c= I\_/:ngl Factor Dcl;i):_ c=
01| 03 | 05 0103 05|01 03] 05 Fore- 4 Fore- brormx 01 | 03 | 05
cast | cast
2016 | 0.192 | 0.058 | 0.097 | 0.562 | 62.7% | 0.308| 0.186 [ 0.085| 0.374| 0.138| 0.087 [ 0.434 | 0.564 | 0.452 | 0.046 | 0.126 | 0.242 | 0.191
2015 | 0.159 | 0.060 | 0.083 | 0.416 | 94.7% | 0.305| 0.080 | 0.207 | 0.508 |-0.005| 0.246 | 0.822 | 0.816 | 0.824 | 0.129 |-0.078} 0.211 | 0.086
2014 ( 0.109 | 0.040 | 0.010 | 0.400 | 97.9% |0.272| 0.097 [ 0.109| 0.334| 0.370| 0.164 [ 0.761 | 0.966 | 0.801 | -0.027 | 0.156 | -0.055! 0.163
2013 | 0.293 | 0.082 | 0.118 | 0.597 | 80.2% | 0.493| 0.446 [ 0.222| 0.619| 0.161 | 0.045( 0.551 | 0.795 | 0.531 | 0.027 | 0.124 } 0.536 | 0.428
2012 [ 0.357 | 0.212 | 0.109 | 0.675 | 80.0% | 0.533| 0.169 [ 0.230| 0.528 | 0.135| 0.223 | 0.717 | 0.840 | 0.697 | -0.020 | 0.089 ; 0.117 | 0.091
2011 | 0.243 { 0.113 | 0.105| 0.363 | 95.0% | 0.649| 0.303 [ 0.373| 0.441| 0.149 |-0.050( 0.813 | 0.830 | 0.828 | 0.106 | 0.344 | 0.291 | 0.560
2010 | 0.124 | 0.080 |-0.020| 0.504 | 84.6% | 0.265| 0.196 (-0.004| 0.330| 0.119( 0.027 | 0.643 | 0.980 | 0.606 { -0.097 | 0.138 | 0.281 | 0.173
2009 | 0.147 | 0.080 | 0.073 | 0.482 | 90.2% |0.283|0.071 | 0.076 | 0.288 0.142| 0.022| 0.727 | 0.925 | 0.754 | -0.049 | 0.171 | 0.104 | 0.229
2008 [ 0.198 | 0.088 | 0.082 | 0.469 | 95.2% | 0.345| 0.145( 0.016| 0.353| 0.223| 0.105 | 0.600 | 0.928 | 0.647 | -0.022 | 0.344 | 0.274 | 0.263
2007 | 0.133 | 0.083 | 0.030 | 0.468 | 87.1% | 0.280| 0.053 |-0.018( 0.458| 0.261 ( 0.080| 0.595 | 0.633 | 0.636 { 0.196 | 0.098 | 0.068 | 0.179

Data Source: Ten sector total indices. S&P Dow Jones Indices. 2018. S&P Dow Jones Indices LLC.
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We consider the first row in Table 6.1. Column (B) indicates the realized information ratio
IR(rg, 2 | TR, Zg) of (6.1.8), which is the optimal portfolio achieved by the test
distribution. We realize that the optimal portfolios based on the test distribution achieve
0.192 of the realized information ratio for the test distribution for the end of 2016 when
¢ = 0.1. Column (C) indicates that the Sharpe ratio for the market condition is 0.562, on
average. This result indicates that the information ratio does not exceed 0.562 through a
non-leveraged long/short portfolio on average. We find that the perfect forecast achieves
62.7 percent of the upper bound of 0.562, on average and that the predictability-based
measurement of the test distribution is 0.308 on average in Column (E) when ¢ = 0.1.
Moreover, the natural outcome is that the optimal portfolio tends to achieve a higher
information ratio in Column (B) when the predictability-based measurement of the
forecast is higher in Column (E). Column (F) indicates the predictability-based
measurement of the test return P_IR(rf, o, Kg) of (6.2.2). Column (G) indicates the
predictability-based measurement of the test risk P_IR(rg, 0, Kr) . Indeed, the
predictability-based measurement of the test distribution in Column (E) is attributed to
the predictability-based measurement of the test returns and of the test risks without the
duplicate term Y in Column (Y) from (6.2.9). We find that the predictability-based
measurement of the test return is 0.374 and that the predictability of the test risk is 0.434
when c¢=0.1. We can simultaneously obtain quantitative information on the
predictability-based measurements of the return and risk. From this, we can fairly and
directly compare the predictability-based measurements of the return and the risk. The
magnitude of the duplicate is 12.6 percent when ¢ = 0.1 from Column (Y). Column (H)
indicates the predictability-based measurement of the magnitude of the test risk
P_IR(rg,0F, Kg) of (6.2.4). Column (I) shows the predictability-based measurement of
the test risk factors P_IR(rg, og, Kr) of (6.2.5). The predictability-based measurement
of the test risk in Column (G) is attributed to the predictability-based measurement of the
magnitude of the test risk and of the test risk factors without the duplicate term X in
Column (X) from (6.2.10). We find that the predictability-based measurement of the
magnitude of the test risk is 0.564 and that the predictability-based measurement of the
test risk factors is 0.452. From this, we can identify the main source of the reduction in
the predictability-based measurement of the risk. We realize that the reduction in the
predictability-based measurement of the test risk factors relatively causes a reduction in
the predictability-based measurement of the test risk in Columns (G), (I), and (I) of the
historical data. We note that the situations are different from the case of the realized
Sharpe ratio. From these attribution analyses, we can compare and quantitatively identify

the main source of the reduction in the realized information ratio. This information may
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be useful for improving subsequent investments.
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Table 6.2: Attribution of Information Ratio to Predictability of Forecast Return and Risk
(In the case that the risk forecast has information on the realized risk for a half period in the future)

(A) (B) ©) (D) (E)
Year Realized Market | The The Predictability-Based Measurement of the Forecast
end Information Condition| Limit
Ratio by P (G) )
the perfect Forecast Forecast Rerutn Forecast Risk Duplicate TermY
(%) H O &
c= c= c= '\_/tlsggl Factor Dcl;r::_ c=
01 03 | 05 01{03] 05|01 03] 05 Fore- Fore- i mx 01 | 03 | 05
cast | cast
2016 | 0.192 | 0.065 | 0.053 | 0.562 62.7% | 0.327 [ 0.204 | 0.081 [ 0.303| 0.117 [ 0.122| 0.461 | 0.447 | 0.475 | 0.166 | 0.191 | 0.253 | 0.125
2015 | 0.206 | 0.083 | 0.117 | 0.416 94.7% | 0.379 | 0.240| 0.023 [ 0.265| 0.260 | 0.149| 0.768 | 0.794 | 0.800 | 0.122 | 0.293 | 0.159 | 0.053
2014 | 0.054 | 0.073 | 0.016 | 0.400 97.9% | 0.319(0.143] 0.132 | 0.507 | 0.389 | 0.270| 0.836 | 0.976 | 0.874 { -0.035|-0.045:-0.104 ;| 0.004
2013 | 0.268 | 0.146 | 0.056 | 0.597 80.2% | 0.535(0.316 | 0.344 | 0.387 | 0.162 | 0.286 | 0.505 | 0.856 | 0.529 | -0.078 | 0.445 } 0.450 | 0.354
2012 | 0.322 | 0.143 | -0.025| 0.675 80.0% | 0.483(0.159| 0.128 [ 0.493| 0.305 | 0.001| 0.759 [ 0.856 | 0.771 | -0.069 | 0.031 | -0.105: 0.168
2011 | 0.086 | 0.069 | 0.105 | 0.363 95.0% | 0.631(0.2240.331( 0.621| 0.051 | 0.037| 0.825| 0.849 | 0.847 | 0.078 | 0.135 | 0.298 | 0.419
2010 | 0.104 | 0.053 | 0.044 | 0.504 84.6% | 0.256 [ 0.074 | 0.016 [ 0.403| 0.152 [ 0.029| 0.693 [ 0.973 | 0.710 | -0.144 | 0.007 | 0.075 : 0.140
2009 [ 0.178 | 0.119 | 0.099 | 0.482 90.2% | 0.450 [ 0.058 | 0.085 [ 0.400| 0.282 | 0.104| 0.834 | 0.844 | 0.814 | 0.078 | 0.119 | -0.156 | 0.050
2008 | 0.190 | 0.082 | 0.055 | 0.469 95.2% | 0.442 | 0.217 0.286 | 0.333| 0.209 | 0.064 | 0.882 | 0.935 | 0.919 | -0.019 | 0.179 | 0.079 | 0.293
2007 | 0.188 | 0.006 | -0.030| 0.468 87.1% | 0.097 [ 0.176 | 0.341 | 0.316 | 0.400 | 0.021 | 0.677 | 0.687 | 0.676 | 0.185 |-0.026}-0.031} 0.514

Data Source: Ten sector total indices. S&P Dow Jones Indices. 2018. S&P Dow Jones Indices LLC.
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Table 6.2 indicates the case that the risk forecast has information on the realized
risk for half a period in the future. Indeed, we assume that the next 52 weeks’ test return
vector rp(t) and the test covariance matrix Zp(t) for weekend t are calculated as
follows:

rp(t) = rgp(t + 52) + cs(t)e, (6.4.4)
Zp(t) = Zgr(t+ 26), (6.4.5)
where rg(t) is the realized 52-week return until weekend t, Xgx(t) is the realized

covariance matrix of the sectoral returns for the preceding 52 weeks until weekend t,

s1(t) 0 Zy
s(t) = , E( : ), (6.4.6)

0 S10(t) Z9
s;(t) is the standard deviations of each sector’s return for the preceding 52 weeks until
weekend t, z; represent the random variables under N(0,1), each z; and z; pair is
independent, and ¢ is a scalar coefficient. In our numerical examples, we realize that ¢
represents the predictability of the forecast returns.
We find that the predictability-based measurement of the risk slightly enhances
a comparison with the case of Table 7.1. Table 7.1 shows the relative enhancement in the

predictability of the risk factors.

6.5 Summary

In this chapter, we provide a formula for the ex-post realized information ratio
achieved by the optimal portfolio for the information ratio based on the ex-ante forecast
return distribution. We propose a measurement that evaluates the power of an ex-ante
forecast that predicts the ex-post realized information ratio, such as for the Sharpe ratio.
The measurement is called the predictability-based measurement for the information ratio.
Additionally, we find that the predictability-based measurement of the perfect forecast is
not necessarily one. This result provides insights into the performance analysis of
investments. Although the information ratio is an important risk-adjusted performance
measure for evaluating investments, this result indicates that applying other performance
measures, such as the Sharpe ratio in addition to the information ratio, is desirable in
evaluating the predictive power of a forecast when comparing historically different
market conditions. Furthermore, we offer an attribution method of the realized
information ratio that evaluates the ex-ante forecast risk and return. The attribution

formula decomposes the ex-post realized information ratio into the realized market
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conditions, the predictability-based measurement of the returns, the predictability-based
measurement of the magnitude of the risk, and the predictability-based measurement of
the risk factors. Numerical examples of the attribution method are provided that the
predicting power of the risk magnitude for the information ratio is smaller than the
predicting power of the risk magnitude for the Sharpe ratio. We find that perfect forecasts
provide information ratios as high as approximately ninety percent of the maximum

information ratio in the examples.
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Chapter 7

Conclusions and future research

The first contribution of this thesis is to provide formulas that express relations
between the forecasts at that moment of portfolio selection and performance
measurements. The second contribution is to provide an ex-post realized Sharpe ratio
attribution and an ex-post realized information ratio of the ex-ante forecast returns and
risk. The third contribution is to provide attributions using formulas that enable us to
provide various quantitative performance analyses. The formulas are of the ex-post
realized Sharpe ratio achieved by the optimal portfolio based on the ex-ante forecast
return distribution and of the ex-post realized information ratio achieved by the optimal
portfolio based on the ex-ante forecast return distribution. Furthermore, we offer an
attribution method of the realized Sharpe ratio and realized information ratio. The
methods compare and quantitatively evaluate the ex-ante forecast returns and risk.

Important formulas are illustrated in the following tables.
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Table 7.1 Summary of formulas

Sharpe ratio Information ratio
1 Ex-ante forecast return distribution N(rp, Zr)
2 Optimal portfolio under ex-ante forecast 4 TF 1
o Wp=2p - wr = cZp (apTp — Bre)
return distribution Br
Ex-post realized return distribution N(rg, Zg)
4 Optimal portfolio under ex-post realized _, TR
o wg=Zg' o wg = cZg' (agTg — Bre)
return distribution Br
5  Equivalent return'” under ex-post realized 1) B
. KRO'R(I)GF_]'KEITF R KRGRCI)O'F_lKEl(aFTF —,BFe) +_Re
risk agrlp ag
6 Maximum Sharpe ratio |lor* Kr'rz||

7  Ratio achieved by optimal portfolio based
on ex-ante forecast return under ex-post ||a§1K,_31rR || (h,9) ||a§1K TR || f,9)

realized return

8 _ ®op Kilrg _ ®op 'Kl (apry — fre)
. B ”‘DUF_lK;lrF” B ”q)a'F_lKEl(a’FrF - .BFe)”
Normalized vectors
9 _ ox'Kz'rg
~ |log" Kzl

ar = €Ly e r=eZpy 'Tpyp =TpEr TR Op = apVr — PR ag = € Zp e, fr = € Lp ' rp,vg = TR'ER TR, Or = arVr — BA
® = ogKp'Kror ', Kp'2ZpKp = 0% Kg'ZgKg = 03°

(1): The equivalent return produces an optimal portfolio identical to the optimal portfolio based on the ex-ante forecast return distribution in the case of the
Shape ratio. Additionally, the equivalent return produces an optimal portfolio that achieves an information ratio identical to the information ratio achieved by

the optimal portfolio under the ex-ante forecast return distribution for the information ratio.
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Row 5: An equivalent return under the ex-post realized risk. Row 7, Row &, and Row 9:
The ratios achieved by the optimal portfolio based on the ex-ante forecast return under
the ex-post realized return and representing important formulas introduced in this thesis.

Finally, we decompose the realized Sharpe ratio into the absolute value of the
market Sharpe ratio, the predictability-based measurement of the returns, and the
predictability-based measurement of the risk, which is decomposed as the predictability-
based measurement of the magnitude of the risk and the predictability-based
measurement of the risk factors. We also show that the realized information ratio is
decomposed into the absolute value of the market Sharpe ratio, the limit by the perfect
forecast, the predictability-based measurement of the returns, and the predictability-based
measurement of the risk, which is decomposed as the predictability-based measurement
of the magnitude of the risk and the predictability-based measurement of the risk factors.
Additionally, we illustrate numerical examples of the attribution analysis.

We find that the attribution given by the formula quantitatively enables a
comparative analysis between the predictability-based measurement of the returns and
the predictability-based measurement of the risk. Furthermore, we find that the
predictability-based measurement of the risk has more detailed predictability-based
measurements, which are the magnitude of the risk and the risk factors. Additionally, we
simultaneously evaluate the quality of the investor’s portfolio and the quality of the
benchmark in the attribution analysis against the benchmark. In addition, we realize that
these attribution analyses provide rich information for an investment analysis. Therefore,
these analyses may become useful analytical tools for portfolio managers and sponsors.

However, additional research should be performed on theoretical issues and on
applications of the properties discussed in this thesis. For theoretical aspects, the first
issue is the relation of ex-ante forecast distribution and ex-post realized distribution. An
ex-post realized distribution is given independently with the ex-ante forecast distribution.
Indeed, the ex-ante forecast distribution has no information of the ex-post realized
distribution. This is the first step of the research. It is natural that the ex-ante distribution
and ex-post distribution have some information with each other or that return distributions
has a time series structure. However, there are researches that historical returns have little
information of future returns. Therefore, risk structure, risk magnitude and risk factors
which are important role in this thesis, is an object of the research. A direction of research
is an estimation of a stochastic model of the risk structure. Another direction of research
is a development of monitoring the behavior of risk structure in short term. Next, analysis
of effects of the change of risk structure to the measurement is needed. These researches

need empirical studies using historical data. These researches may give methods which
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prevent from reduction of risk adjusted performance measurement like Sharpe ratio and
information ratio. Additionally, they may give ideas of new investment products.
For applied aspects, a discussion and analysis of differences between assumptions in this
thesis and facts in investment practices are needed. Normal distributions of returns of
investment assets and full rank of covariance matrices of risk are supposed. S&P sector
total return indices are constructed from returns of the 500 assets which are well traded
and well monitored by market participants. Additionally, noises from individual assets are
eliminated from the sector indices by summing up of the return of assets. Therefore, the
empirical data using in this thesis tend to satisfy the assumptions. Analysis and evaluation
of effects where returns are different from normal distribution are needed. Additionally,
enhancement of discussion treating investment assets, which are less liquid or distress, is
an issue in application of investment practices. A framework which explains returns of
investment assets at common risk factors and others may be needed. These researches
may give more insights in investment practices.

Finally, further research is required to develop effective ways to use these
properties to analyze different aspects of the investment process and, thereby, enhance

the realized Sharpe ratio.
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Appendix 1: The optimal portfolio to maximize Sharpe ratio

We review the derivations in accordance with Shimizu (2017). First, for a given
number h, we find the minimum-variance portfolio as the solution to the following
quadratic programming problem:

minimize w'Zw,

s.t.77w=h,and e'w = 1, (A1.1)
where e = (1,::-,1)". Problem (1) has the following unique solution (Steinbach, 2001)
w=2X"1(le +kr), (A1.2)
where
— pBh ah —
PR Al Al (A13)

) 5§
a=eXlef=eXr,y=rrr,d=ay—-p% (Al4)
Thus, we obtain the risk of the portfolio given by

— 2Bh + ah?
o2 = wgw=V"2P ; . (AL5)

The Sharpe ratio of the portfolio is given by

h h
SRy = — = . (A1.6)
Ow \/y — 2Bh + ah?
5

We can obtain the maximum f(h) when h =y /B holds under the condition that S
is positive. By substituting h = y/B with (A1.3), we obtain the optimal portfolio given
from (A1.2) using

1
ez i

We obtain a greater f(h) when h becomes larger under the condition that 8 is not

W, = (A1.7)

positive. In this case, we continue the research by substituting ¥ = arg — fe for rg.
The condition holds for which the sum of the Sharpe ratios of all risk factors becomes
negative. However, predicting such a forecast from an economic thought perspective is
difficult. The optimal portfolio often has highly leveraged positions and large short

positions when h is large. Typically, investors do not hold such extreme portfolios.
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Appendix 2: Derivations

A2.1 Derivation of Theorem 3.1

We review the derivations in accordance with Shimizu (2017). From (3.2.2) and
(3.2.3), we have

ol Krop2Kzlr
wp=—ot = L FF (A2.1.1)
eXy'ry eKpopiKp'1p
From (3.2.2), (3.2.4), and the definition of &, we have
Zl_leRO'Rq)O'F_lKEITF
Wo =~ 51 11
eZ'R KRO'R(DO'F KF Trp
_ KRO.R_2KI_QIKRO'RO.RKI_I1KF0.F_10.F_1K;11'F (AZ 1 2)
- e’KRO'R_2KEIKRO'RO'RKEIKFO'F_lo'F_lK;11'F. o
From Kpop ?KprlKgrogrogKz! = I, we have
Kror ‘op 'Kilr
wo=—0st F FF _\ (A2.1.3)

e’KFO'F_la'F_lKglrF

A2.2 Implied forecast return of a given portfolio
Let w denote the given portfolio, X the forecast covariance matrix, and 7
the implied forecast return vector,

1
minimize > W ZpW — urpw,

s.t.e'w =1, (A2.2.1)
We solve this problem using the Lagrange multiplier method as follows:
1
Liw,) = EW’ZFW —urgw —1l(e'w—1) (A2.2.2)
Solving
a 1 ! ! 4
3w \zW Zew —urpw —l(e'w—1) | =0, (A2.2.3)
d 1 ! ! 4
a\z¥ Zew —urpw —l(e'w—1) | =0, (A2.2.4)
Then
a (1 | ,
I (EW Zrw — urpw) = 0. (A2.2.5)

69



We have
1

Welet u =1 because rg is subsequently normalized.

A2.3 Minimum variance portfolio

As with Appendix 1, by solving the quadratic programming problem (A1.1), we
obtain the risk of the portfolio given by
Y — 2fh + ah?
5 :

02 = WEpw = (A2.3.1)

TN

By solving L52=2 (=B + ah) = 0, we obtain h = /a. From (A1.2) and (A1.3),
dah "% 5

we obtain the weight vector w,y;,, of the minimum variance portfolio

1
Winin =~ Z5"e. (A2.3.2)

A2.4 Derivations for the fundamental law of active management
In this appendix, we review the fundamental law of active management in
accordance with Grinold and Kahn (1999).

Suppose that the residual returns for n risky assets @
6 = Ax (A2.4.1)

X1
X = ( : ) (A2.4.2)
xn

x; is the random variables under a normal distribution N(0, 1), and each pair x; and

where

X; is independent.

4
Suppose that an investor has BR signals z = ( :

) for the residual return 6
ZBRr

and that
z=Ey (A2.4.3)
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where

Y1
yE( : ), (A2.4.4)
YBR

y; represents the BR random variables under N(0,1), and each pair y; and y; is
independent. Let E = the square root of the covariance matrix of z and let J be the

inverse of E.

Var(z) = EE’' (A2.4.5)
where E’ denotes the transposed matrix of E.
Let
Q =Cov(6,z) (A2.4.6)
be the covariance matrix, which has N rows and BR colmns.
Let
P = Cov(x,y) (A2.4.7)
be the covariance matrix. It follows that
Q = APE'. (A2.4.8)
The mean and variance of @ conditional on the signal Cov(8, z)
E(0| z) = a(z) = APE 'z = AP]z (A2.4.9)

Furthermore, we have
Var(0|z) = G = A(I - PP")A’ (A2.4.10)
For a given signal z, we find the optimal portfolio h*(z) as the solution to the
following quadratic programming problem:

maximize h(z)a(z) — 2 h(z)'Gh(z) (A2.4.11)
The first-order conditions for the maximization problem (A2.4.11) are
a(z) = 24 Gh(z) (A2.4.12)
Substituting (A2.4.9) and (A2.4.10) into (A2.4.12) gives
APJz = 2JA(I — PP")A'h*(z) (A2.4.13)
Therefore, we have
A'h*(2) = % (I - PP)'PJz (A2.4.14)

From P, which is a covariance matrix, we have
1
h*(2)'A = ﬁz’]'P'((I — PP)™), (A2.4.15)
Finally, we have

h*(z)' = %z’]’P’((I — PP HAa™ 1. (A2.4.16)
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From (2.2.9) and (2.2.15), the optimal portfolio’s residual return is
1
h'(2)'a(z) = > 2J'P'(U - PP H)PJz. (A2.4.17)

From (A2.4.10) and (A2.4.15), the optimal portfolio’s residual risk is
2

1
h*(2)'Gh*(2) = (ﬁ) ZJ'P'((I-PP)Y VY)Y -PPHA(A)(I-PP)1P]z
2

- (%) Z'J'P'((I - PP) " V)PJz. (A2.4.18)

Therefore, from (A2.4.17) and (A2.4.18), the squared information ratio conditional on

signal z will be

IR*(z) = z'J'P'((I — PP)"V)PJz (A2.4.19)
Substituting (2.2.3) into (2.2.19) gives
IR?(z) = y'(P'((I — PP)"H)P)y (A2.4.20)

Because y; represents the random variables under N(0,1) and each pair y; and y;
is independent, the unconditional squared information ratio is
IR? = E{IR?(2)} = Tr{P'((I — PP") 1) P}, (A2.4.21)
where Tr{ec} is the trace (sum of the diagonal elements).
Using matrix inversion approximation

(I-PP) =1+ (PP)+ (PP'PP)+ -, (A2.4.22)
we have

P'((I-PP)"Y)P = PP’ + (PP'PP') + - (A2.4.23)
With typical correlations being extremely close to zero and the most optimistic being
close to 0.1, we can safely ignore all but the first term in (2.2.23). Therefore, the trace of
PP’ is

Tr{P'((I — PP")"V)P} = Tr{PP'} = ZN ZBR pr,, (A2.4.24)
n=1 b=1

which sums the correlations between orthonormal basis elements x of the residual
returns and independent signals y over all assets and signals.
We define the sum of the correlation of each signal with the basis element over

the basis element:

N
2= Z pZ,. (A2.4.25)
n=1
From (A2.4.21) and (A2.4.25), we have
BR
IR = 2. (A2.4.26)
b=1

Finally, by assuming that all of the signals have equal value,
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iy = p* =IC? (A2.4.27)
we find the results:
IR? = BR - IC? (A2.4.28)

A2.5 Example of Black-Litterman model

Let P =(1,0,---,0),v =v,2 = w?, and @ = (-, m, ). Then, we obtain

/a)zrrl + ag(l)v\
o5(1) + w?
upL(v) =+ ogP' (PogP' + 2) Y(v — Pm) = k T, ), (A2.5.1)
T[n
EBL =O0ORp — O'RP’(PO'RPI +.Q)_1PO'R
oz (1) w?
05(1) + w? 0
= 0 o(2) ' . (A2.5.2)
0 - 0 oF(n)

A2.6 Maximizing the information ratio

We construct the optimal active portfolio w, that achieves the maximum
information ratio based on the return distribution N(r,XZ) by solving the following
quadratic programming problem.

Problem
minimize w,'Zwy
s.t.r'wy =h ande'w, =0. (A2.6.1)

We solve this problem using the Lagrange multiplier method as follows:
Lw, A k; h) =w,'Ew, — Ae'w, — k(1r'wy — h). (A2.6.2)

Solving
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d
T (Wa'Zw, — Ae'wy — k(1r'wy — R)) =0,

d
o (Wa'Zw, — Ae'wy — k(1r'wy — R)) =0,

)
a(WAIEWA —e'wy —k(r'wy—h)) =0, (A2.6.3)
We obtain the solution:
wy = X2 (e + kr), (A2.6.4)
a= bR ot A2.6.5
Y T (A2.6.5)

where
azeXlep=e X ry=rErs=ay—p>.  (A2.6.6)
We obtain the risk of the active portfolio against the benchmark given by
2

' h
O, = WypEW, = (Z7'(Ae + kr)) Zwy (27 (Ae + k1)) = 5 (A2.6.7)

Therefore, the optimal active portfolio achieves the maximum information ratio

h ) ay — [? 2
IRy, = = |[—= \/ r—F = \/y - /3— (A2.6.8)
h2q a o a
Let ¢ = h/§, and we have the optimal active portfolio
wy(c) = cZ Y(ar — Be). (A2.6.9)
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Appendix 3: A property of the equal weight portfolio

A3.1 Number of investment strategies

Let the number of assets be N and let T be the number of times that the
portfolio is rebalanced in the time horizon, including at the start. Suppose that the weights
of the assets in the portfolio at the start and after each rebalancing are given as fractions
that have the integer M as a common denominator. Suppose that the portfolio does not
have any short or leveraged positions and that we can trade without frictions. N and T
are also integers and N >2. In addition, suppose that M > N. Let t=0 at the start.
Henceforth, we refer to these conditions by Cond.

Given these conditions, we can develop an arbitrary investment strategy at the start and
after each rebalancing using a set of weights of the assets

m m m
G 3

(A3.1)

where % is the weight of the i-th asset in the portfolio, m, is an integer, 0 < m; <

M for all i, and my + m, + -+ my = M. Therefore, the number of investment
strategies at the start and after each rebalancing equals the number of possible N-sets as
previously described. Using the conditions for m; as a basis, this number represents the
number of possible ways to allocate M “objects” to N “boxes,” that is, ;4n—1Cn—1."
Let Ldenote this number. Consequently, we have LT = (3, n_1Cy—1)7 investment
strategies in the time horizon because the number of times that the portfolio is rebalanced
in the time horizon is T, including at the start. L” represents the number of strategies in

the time horizon when M, N, and T are given.

A3.2 Equal weight rebalancing as the average of all investment
strategies

Each time the portfolio is rebalanced, L strategies exist. When ordering these
strategies, let p;(t) be the performance of the [-th strategy during the rebalancing time
t to t+1 for [ =1,2,---,L. We use the term “performance” to denote the total return.
Suppose that we select the [(t)-th strategy at rebalancing time t for t = 0,1,---,T — 1.

Then, the performance during the time horizon is as follows:
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[ [po®. (432)

We let P denote the average performance of all strategies during the time horizon. We
have a total of LT strategies and obtain

_ .
P == ¥,r[1iZ6 puin (@®), (A3.3)

where the summation is for all strategies. Indeed, all accumulated performances during

the time horizon for all combinations of strategies, p;(0)p;(1)---p,(T — 1),

p1(0)p1 (1) - p2(T = 1),..., pL(0)pL(1) -+ pr-1(T — 1), and p,(0)p, (1) - pL(T —
1), appear in the summation. Therefore, we can switch the positions of the summation

STTEY . (A34)

Let the weight of the i-th asset in the portfolio of the [-th strategy be %, and let the

and the multiplication and obtain

return of the i-th asset during the rebalancing time t to t + 1 be r;(t). We obtain the

performance of the [-th strategy during the rebalancing time t to t + 1 as follows:
pi() = 2 (1 +7(0) + -+ 22 (14 7y (). (A3.5))

Substituting this equation into Equation (A3.4), we get

_ T-1 1 L_ ) 1 N
P = 1_[ Z(Zl_llwm 1 (1 + rl(t)) + ... +Zl v 1(1 n N(t))) . (A3.6)

t=0
We calculate the summations in this equation over m instead of | to get

LM

=. (A3.7)

21L=1m1,l == ZL 1My =

Therefore, we obtain

T-1

P = (%(1 +7(6) + - +%(1 + rN(t))>. (A3.8)

t=0

The right-hand side of this equation expresses the performance of the equal weight

rebalancing strategy. Consequently, we obtain the following property.
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Property A3:
Assume that Cond hold. Then, the average performance of all investment strategies
equals the performance of the equal weight rebalancing strategy.
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Appendix 4: Convergence of Sharpe ratio for multi-period investments

From (3.5.6), the expectation value of the observed Sharpe ratio is the product
of the ex-post Sharpe ratio and the coefficient:

&) (Y

T
rz)
Suppose T = 2q, where q 1is an integer.

o(T) = , (A4.1)

c(T) = c(2q) =

_@r(f)
- r(q)

- 2 2 22
_\/E\/E (g—1)---2-1"° (A4.2)

We have
2972(q — 2)!
=217%(q-2)(q—3)(2)- (D
=2(q—2)2(q—-3)-+2-(2)-2-(1)
=2q—-4)(2q—6):-4-2. (A4.3)
Therefore,
297%(q — 2)!{(29 = 3)(2¢ = 5) -3 1}
=(2qg-3)2q—4)(2q—-5)2q—-6)--4-3-2-1
= (2q — 3)!. (A4.4)
From (A4.2) and (A4.4),
29712472(q — 2)! ¢(2q)
(2g-3)2q—4)---3-2-1
=\/E\/E (q—l)'~~'2-1

=./q \/_ (2q - 13)), . (A4.5)
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From (A4.5),
1 (2q = 3)!
- 2q-12q—2( 2)[\/_‘/_ —1)!

(2q —3)!
_\/_\/_Zq 12q Z(q 1)'((1 2)'

c(T) =c(2q)

From Stirling’ approximation formula, when n — oo,

nl - m(g)".

Substitute (A4.7) into (A4.6), when q — oo,

Iz -3 (12)

2q-3

1
c(2q) » ﬁﬁzq_lzq_z

Consequently, when g — oo,

L Een ()

2q-3

VgD (1) Ve (45

2

-

@)~ i Rl
e “z(q_l)(qel)q M(qe

ol

2q-—

3

1
q(2q — 3) 1 (2q — 3)2-3 (E)
2(q —1)(q—2)2a-12a-2 (q —1)41(q — 2)9~ 2( )q 1
e

(z

B q(2q - 3) 1 (2q —3)2173
— J2(g—1(q—2)2e-129-2(q — 1)9-1(q — 2)92

(2 ~ 2) 1 (2¢—-3)7"'(2q-3)"

2

2(1-1)(1-2)2 2" @-DT -

q q

-2

SN
2 (1 — %) (1 — %) (@ —1)91(q — 2)42
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R Y
o)) (o)) o

" RE-De3)

When g — oo, the second and the third terms converge e. Consequently, when q — oo

c(T) =c(2q) - \/ge‘zez = 1. (A4.10)
Next, suppose T = 2q — 1, where g > 1 is an integer. From (A4.1)
2 —1\"/* 2q-1-1
c(T)=c(2q—1)=( ) zr( 2 )
r(=z-)
(Zqz— 1)1/2 r(qg-1
r(*)
B (Zq - 1)1/2 (g —2)!
= — — . (A4.11)
P EPE)-@rR)

We have

(2g-4)(2q—6)-(2) =27%(q - 2).
From (14.11) and (A4.12),

o(T) = c(2q — 1) = (zq — 1)

(A4.12)

1/2 24712472(g — 2)1 (q — 2)!

29-12972(q — 2)! (Zqz_ 3) (2q2_ 5) (%)F(%)
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_ (Zq ~ 1)“2 20-12472(q — 2)! (q — 2)!
2 (2q —3)'T (%)

_ (Zq - 1)1/2 20712972(q — 2)! (¢ — 2)!
2 Vr(2q - 3)!

For examples of g’s, the coefficients are following.

(A4.13)

Table A4.1 Sample calculation of the coefficient

q T=2q icoefficient | T=20-1 icoefficient
2 4 1.2533 3 1.3820
3 6 1.1512 ) 1.1894
4 8 1.1078 7 1.1259
9] 10 1.0837 9 1.0942
6 12 1.0684 11 1.0753
12 24 1.0327 23 1.0342
18 36 1.0215 35 1.0221
30 60 1.0127 59 1.0129
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