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x 4-2 HEBRIKIRE

AAT AR R R LT
No. 2[Bs15] | 3[BS30] | 4[Bs45] |5[BS30/45]
{V : b
30° |[30 15" [[30%
‘ R O R Bk
eI gi*ﬁg%?ﬁ FRED REED
aE i 134548 =R fiif 1145 #H 5
189 299
IR
(caINJ®,u) (caINJ®,u)
g | EORO A
i ) RERA A T ARG KT
FHRMIE | ik 268 278
[kN] iﬁ}%ﬁ [S’%ﬁ( (cal N yield)
TR % = 528 494 401 445
RO
(cal N R)
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4.4.3 EEREEE

4 4-7 (2 2FRBRIR D ff - TEBMR 273, HERIAEIAEH T 28] 0Ny, REENIAE
DM ETY expd, To L. PITILFES EHO ORI /1 OFHRAE catNap,u 35 K OHESH
QDLW ) D FHEAE carlNgy,u % BEAR T L, 738 OB FE AR ) D FEBRIE epNyiels & V S
D, QDHEWH ) D FEERAE expNa,u sexpNoo,u 2 W T/ Lz, 7238, ARFEER T IIBRE 7 Btk s 03
RONRINo T, HEOBETER /) O ZBRIEIZ 2RO ERT — & 2l Lz LT,k
RS BLAVAR & 5 IRe 5 L AR AT IS T 2 HERRRIVE A T EIRIPE D 1/10 £ TIR T L7z R T
HEEEFE L2 E 7, No.2~5 B BRIKDOFE FUTIT B 00 72 12 No. 1 i BR (R D fif B -2 BIfR &
REM TR L.

TR D No.1 BRI IAREDBARETO 200kN UL THE 4-1 127 & 2 IZHEAEOD
ED 7 7 AF—FL L VW 5 72 5L & B 11 72 No.2~5 3RBR (I X BEAF 7 12 O filis
BRIk I D 2R L, W7 1 7T DB D a2V A 7 V&8 C 5 | R R o
BICEEWBBEM 23 B U iR BB 4-2 [ ORT X ) ICHEANQOMEMEDSE —7 7
A S —FLALE TR o 7o AE RN SR Z B 1) 5 2 & CREAFAhE O s
RANZ I T 2 MR & DS EROMMIH LR 215 5D Z & GRS S .

7235,2 RO OBUS A K DM OB B2 IR T E Red o 7272, OB
JEDEBIZ OV T, RETTELRT D,

BH 4-1 No.l1 REEADHZEEEBOM M BE 42 No2 RERIADIE S RO KT
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#

4 ENRTS AT O MR A A R I BE T B SR - MRAT 2 A o MERE AR
400
300 eXpN 10 u
= calNJ® U onn M
=
Z>s
g 100
epdmml
-100 50 ; (t 50 100 150
100
(a) No.1 FRERIA[N]
400 Nyo I
caINJ® W onn I ‘E,xpNyieId "y E

epNy[KN]

Nyg) s
_______ cal @ 800 S A

-100

| st %
“H
100 150 150 15

(b) No.2 #BR{A[BS15]

N expNJ® u

I exp' “yield

epNy[kN]

150
-100
(c) No.3 #RERIA[BS30]
400 Nz
caINJ®’u oo I \EIXPNyieId “ % .
expé;r[mm]
100 150
-100
(d) No.4 #RBRIR[BS45]
400 N engJ@ u

r ield
caINJ® W onn éXp e

expNy[KN]

-100

-SUL

200

expd[mm]
150

-100
(e) No.5 #kBRIR[BS30/45]
4-7 WME-ERER
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4.5 BRETLEAV-EBREROER
4.5.1 BFTETI

AT, i BRI 31T 2 7 B D WM, B A L 3 T A0 R AE T R SO W TRt &7
NERWTERET .

4-8 (ZFBRAR DN ET VLT BRIKE T L LR 2n T ML 2 1I2BI1 A EiRiE
VAR A E BEA R RS K OE - R0 kL & STl 3 BRI 72 D T o it 1R M 138
AMEE IR E LI T RAETAERA L, K 4-8OIT R fliss kA MIc BT 5
DEIEINL AR TROME carlV IR IE DT E /T aNa G20 D 5 EL O i 845 8 &
caNg 38 L OHER D G AL DR E & aNe D xy FHm HE AN TR TREND.

calNay *calNBy * calNc,y = calNy « ¢ - (4-1)

calNax + calNc x = calNB x < -+ (4-2)

calNy \Z &0 RS IBIC LT caboxs cald ny 3E CT258 S HM OEIT 181287 Ap, A8, Ac
IETFATRIND.

Ap= calOryy COSA + cal Orox sing « - (4-3)
Ag= cal5r,y COSf — calr.x SINSG < - - (4-4)
Ac= cal5r,y COSY + calOr.x SINY « « +(4-5)

a By : MIRFHER LG - RO TR L y Eho>fmr iy o £
Poyo B FERIOTTAL L y SO AT D £ B2 (AT 44 )

caINy

cal Oy

cal N A cal N Ay
(a) KX (b) fHTRZEE A REEA
4-8 REBEAETILOHDOHYEL
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ca[NA, caINBiS J: Ui\ ca]NCOD X,y jil_"ﬂéj\jj fi‘Fft/Ci% 2\5 j/bZ) .

cal Nay= KaCOS* @t ca1 Sy + Ka SiNex COS@ 1 rox - - - (4-6)
calNax= Ka SIN@ COS@ a1y + Ka SIN“ @ carrox < - - (4-7)
calNey = KgC0S’ BeaiOry — K SINB COSBeaidrox v+ (4-8)
calNex = Kg SiNB c08Bcadry — Ke SIN°Beaidin . (4-9)
calNcy = KcC0S?ycaSry + Ke SiNy COSycaidrux .+ +(4-10)
cailNcx = Kc SiNy€0sy caidry + Ke Sin*ycaidrx . e (4-11)

Ka, Kg, Kc : TR NEFS I N - A48 oD 5L O+ Hih 5 18] o i
(4-6),(4-8),(4-10) D% 1 T y FETY S vy (THE D AR IE « HTELOMONT X S 4R
ik - RO ESHEZ R LTS, — 5T, 82 BT X FAEF cadom \TFE D MR -
FRE OB L 0 A0 - Bl SN B RESHEEZ R LTV Z LT, (4-6),(4-9),4-10 X
O HBRANE « FELO y FEOFRFESHEL, &% O ORINE, A X ORI E O£
BICEVREDLZ L ZRL TN,
(4-6)~(4-1D=%& (1),2)=URA Lt catOry 1 FRTEEND.
calOrry = calNy(Kasin’ a+Kcsin® p+Kgsin® £)/{KaKc(sinacos y —cos asing)?
+ KaKg(sinacosf+cosasinf)?+K cKg(sinycos f+cos sinf)*} < - - (4-12)
calOx = calNy(Kasina cosa—Kcsinycosy+Kgsingcos B)/[{KaKc(sinacosy
— cosasing)*+ KaKg(sinacosf+cosasinf)*+KcKg(sinycoss- cosysing)’y  + » -« (4-13)
REDETE ca & IHIREHE T DL cadry B L OBEFENED L cadey IV T FRTE S
5.

cal d/ = calé‘r’y +calé‘e,y c - (419
BELERTE L y B> 1 E 0% 0 & (52 L, cudhy 12 FRTH SNLB.
calé‘e,y = caINy/ Kb s e (4'15)

Ko : BEAF A& O R 87 1) Ol
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4.5.2 HRIEPHORIE
1) RAlEDETILE

4-9 |\ RT L O TR E R KON - B 0 AL OR b 5 R IR X8R E R R A E IS

FOR - HOBEFI AR EEL, FRTE L.

Kp= /(UK 1K 5)

Ke=1/(L/K i+ 1K s+ 1/Ks £ )

Ke=1/(1/Kept UKo r+ 1Ker )

Ko=1/(1/Ko i+ 1/Ko.,)
Kam, Kem, Ko, Ko @ SR ADIE, G2 - A0 0 H ks X OWE T iE

(\ZH 1T 2 8RB B O g 1 O i
Kag @ 5 FRQ ORI D 1 il 5 [ e i
Key : ZANGHL « BB D J5 B E I il 5 [ 8
Keg @ FERIDTRL « DG ERIANME D FAL/E il 5 1) & # il
Ko,y : H26 58Q D MIME O fing A F b5 1) (& Haf
Ko : ZEIME D T RLAE R b5 1v) & # il
Ke e @ LML J5RUAE T o) & 4
DT TIiRENZNORIMEDEHIZOWTIERS.

4-9 NFOETILE

4-12

- (4-16)
- (4-17)
- (4-18)
- (4-19)
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2) #HHEREAHOKERMORBIYE

4-10 12 Kan , Ken B X O Koy OFEHOFE L2 7T 708, I 1T & BT 5,805 R
MOHBEAE 7 7 AT —FLOHLEERECH 5. g 1T O FHAZI T 5,85 Bk O #isa i)
HEITEORMSENOREDEEHR L — N ETOEITHD. Ic TR O FIZIT 5,8k
B R ORRANEL ORI R O DAL — N ETOREITHD Kam, Kew B
F O KemlZ FRATHE LT

KA,M = AAE/ IA e (4'20)
KB,M = ABE/ IB ¢ s (4'21)
Kewm = AcE/ Ic - - - (4-22)

An, A, Ac : FlITRADIETS O « FEAR D 7kt o 4 Wr i
E: Skt v o 7153

X 4-10 4#H5RER/ N DT

4-13
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3) WHREREAHOEARORMME

4-11(a)~ (T Kay, Kp 1B L O K EHIZBIT 25802~ 3.7 MEIZLL T O L 9 I0E
L7 BAEHO0 Ity M7 L— MIFFRE LT,Z2OR IITHMMRIHEO MM 7 7 2 )
— L LREDFHEN 7 7 AT —FLOHULEERE s, & L, RIFAEDFHEMN T 7 2 —F D kst
fRILO AL EERE Bay & L7 AT BL 0BG T O 7 L — MIMimEEL & L TR S I3k
WD 7 7 A F—fLOHULEIRERE 1y & U IRIZHELOWE By &A% & L7z AL oS
o7 L— MIEmEER E LR IITIHEOED 7 7 2 F—FLo O EEREE 1oy &
LBt RMlic® 2 2 2D 7 7 2 F—FLOFULERERE By & L2 KagKey B L Koy 13
THTERLE.

Kao = taBs E/ (4 a; c0s*6) . v - (4-23)
KB,J :16t3B’JBB’J E/ (|3|3ij05277) o e (4_24)
Ke.g :16tCJB3C"] E/ (|3c’j0082¢) .« « +(4-25)

O.n.¢ : FHiER X OGE « FA O TR & 52 - 4100 BufsS £4 2

(c) Kgy (d) Kp,
4-11 K DEZ
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4) WHRRESHOR - BORIK
ZE e FEIZOWTIEX 412 OFREL Y, K 4-13 O, X 4-14 OFR B OEMHE, fhiF 2K
HEBL, Kgr BEW Kep X FRTEL. ods, AR TIEL, BORS i3k E7 =4 205
DOEHE S HORES IITR T =4 ANLOEHES EEHZ L.
Kg r=1/(1/Kg 1+ 1/Kg g2+ 1/Kg r3) - - - (4-26)
Ko r=1/(1/Ke prt UKe gt 1Kc s ) - - - (4-27)
Ker1, Kepr. B« FEDIR U 0 WD LA E R o5 ) & i
Kera, Koo, 2 « A1 BT IAE 0 J5 B/ il 7 1 i 2 i
Kers, Kers 22 FEMNG B st - i miEo
TR E I s 1+ (i
FE- RO UV ITHEEAE - ORI L VAL, Kgpy BED Kep 1T FRTE L 25,
FBRTIFAEIC CT % V72D T 4-12(0) DIK 45 2 B THR U Y 50 & OMR O R
e wHH LT,
Kg r1 =GJglg/(e’sagbg cosz) .+« - (4-28)
Ke 1 =GJclo/(e°cache cosg) - - - (4-29)
Je, Jo: BAEDIR L 0 T
G : 8k DB AW IEAR S

4-12 Ky DEE
4-15



4T FENEDE B o MM AR AR R 2 B3 5 B - AT 2 O T MR REERR

o

FERCIEX 4-13 R T LD IS E - e 7 —T7 —DROMIT & L2729 K,
BLO Kep i FRTE L.
Kg r2=12E 151/ {a’sb%s(4ag+3bg)cos’ ) -« -« - (4-30)
Kc r2=12E1cIPc/{a’chc(4ac+3bc)cos’ ) -+« - (4-31)
Ig : ZOWA 2KE— AL B
lc : FEDWIHE 2 IRE— AL K

N¢
% Ng

E,lc

4-13 K, DEE

TRE ORI L EBR OZEE TIIAETH DH. L L, E R TIEX 4-14 ([TRT X 512 -
RO INT L 0 IR R LT O dhfh O G B HEM O fh 7238 U7z Keps B LY Keps 1 T
XTERLUE B, I I 7 =205 DGR HEMORHE TH 0 W% #5125
D720 5 « BHAHORERKMIIE VAL L.

Kg 5= 21*5c05° 0 /1{ cos’ib’s(ag+2ls) (Iso/ AE+ IPga/3El)} -+« +(4-32)
Kc ra= 21°csin?6 /{ cos® gb’c(ac+2lc) (Ico/AsE+ Pca/3El5)} - - - (4-33)
A, : 16 B LT8R o Wr i A
ls - 16 E H S OWrE 2 IRE— A > B

4-14 K DESE

4-16



4T FENEDE B o MM AR AR R 2 B3 5 B - AT 2 O T MR REERR

EF(4-30)~(4-33) UL AMI ST D Hifar BRI F1T DA, R DOMIINETdo 0 FAE O ik =
TVR/NGE RRSC AR M et D 5228 2 Nk L CHIME 2 SR 2 MER H 5.
5 EiFHEORIE

4-11(AIT Kpy 38 L Koy DEHOF T E2 =728, (ZEAAEDOBEA O & HHR
(D7 7 AF =L S 5. % 72 BAAEOBEAHOITT Y K7 L— b o

KD,M = ADE/ ID R (4'34)
KD‘J =16 tD‘JBSD’J E/ I3D,J L (4'35)
Ap : BETF s R O W I
# 4-3 12 No.1~5 ABR(KDRIMEZ S Lo R 2R
& 4-3 FEAIEOFERR
(K m
FALEU 4 Kam [kN/n“m] Ke,m [kN/mm] Kem [kN/mm] Kp,m [kN/mm]
15° 149 185
30° 183 157 215 62
45° 153 232
(DK,
T RES £ Ka,i [KN/mm] Kg,s [KN/mm] Kc,a [KN/mm] Kp,s [KN/mm]
15° 474 805
30° 181 419 575 118
45° 429 487
(c-DKEy
J7RLET A KA' F1 [kN/mm] KB, F1 [kN/mm] KC,Fl[kN/mm] KD, F1 [kN/rrm]
15° 73 286
30° — 47 189 —
45° 48 173
(c-2)Kg,
T RLEUS £8 KaF2 [kN/mm] KsgE2 [kN/mm] Kc k2 [kN/nTn] KD,Fg[kN/n*m]
15° 6,100 276
30° — 2,370 152 —
45° 2,230 134
(c-3)KEs3
FALEU A KaFrs [kN/mm] Kg 3 [kN/mm] KcEs [kN/mm] Kp3 [kN/mn]
15° 2,900 640
30° — 635 212 —
45° 274 113
(c-4)Ke
D7 RCEUS £4 KA,F [kN/n”m] Ks e [kN/rrm] KcEe [kN/mm] Kpr [kN/mm]
15° 70 115
30° — 43 60 —
45° 40 45
(@K
sittmat s | Ka [kN/mm Ks [KN/mn] Kc [KN/mn] Ko [KN/mn
15° 43 66
30° 91 31 43 41
45° 30 35
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4.5.3 EBRFEROER

AR U7z K5 (AR IR, i = O SlEB IR /) Nyier (69~ 2 #5075 15 0O faf B 53 HH 5 Nay,
PAND SO E S/ E Ng D y F517153 71 Ney 38 K ORI O 5k O EA 8 Ned y J7 1)
5373 Ney DEIE Nay/Nyietd » Nay/Nyiela , Ney/Nyielg & 255044 Oifit 77531 % (Load sharing ratio) &
EF LT

SRR T D i E OB BRI S 4-7 DV TR L2 gpNyierd 2 AV TE D 20O LD
i B0 FH B N 33 L UEMI D L O Fif /0 B N 1B/ — VI L D EFHIME L 0 HHH L,
Y 15310 epNgy 3 KT epNey 134 - RO H B DA EDRLZ T U CRIELZ.Z L
T ARIRAFE DO TR expNay 13 expNy 225 expNay 35 K T gpyNey 238 U TR L 72 3B
BT VOFEMEIC L D F5E ORI JIATR D caNyie 2 VWU ) 535220 T,
FEBRAE TN expNaylexpNyietd » expNeylexpNyield » expNcylexpNyiels C @ 0, BRER AT 7L 0 3 BLE 1%
calNay/caiNyietd , calNg y/calNyield » calNc.y/calNyiels T& 2.

4-15 \Z5ER X OFH DM RISV T, ERRE R & BRIAE T L OFHFEO
WA FE - Al 5B DU £ EE 3 F U Nod + 4 3RBR IR L OWE « Bl 5Bt OB f EE S 7 5
Nob FERIAKIZ SV TR 7223, FBRAE IS O W TR E S L O kLo 53R 0> B k& i &
o TR, ERFBEREMT, MITET ML ARMETLEICL VR LT D RBRET
VDRI, F97,(4-12) « (4-13) 2 CHITRANE A - A O TR & y sl DR ARy oD i & &
DOE OBAHAEE &5 L & B X (a=0,6260120) , caNy DI adN, 12 L0 £ T 2 His
BEEE DB adSy , calAd ix & KD D WIZ (4-6)~(4-11) 2 THETRAE AL - M0 J7
FLODE 53T cat ANy cal ANax scat ANBy scal ANpx vcal ANcy cat ANcx &K 6D 2 FIZ /3 2T K
0 AR U T AR I8, FE « AR D AL ORI DA L o, By %2 3R D . Z Ofef EHE Sy FHR 2 0 I
L 725 R ORBRIRET L OFHRAE % K 4-16 (2505 (X, O, A, O) TR L7z,

4-15 O EFHFER L BRI T T /L OFHRM O LLEGE R £ 0, 23BR RISV CHImITE,
M 7153 3R & 6 ICRBR KT T I X 23l CEBRE RAMRER TE TV 2 ERSN5.
7z, K RO TR OB EE DI T /3 IR~ DI SN T, BRBRIKE 7 /LT b F2HkS
F L FAIBRIT, No.3 BRBRIKD X 9 1T BE S SE LA 3225 8L & AR5 Lo i /) 4541
FPIFFFFITR D 2 L, No.b5 REBRIRD K 5 IZHS 4 AN 72 2 558 1t 1 oy I =D
HELDZ DRI

ZOBBREBLT HIDI,FK 44 12,No.3 & No5 OFRBRIARE T /L% VT RGRD o Ny 23
FAOYIT R cardNy 12 K D8 0 IR LR ORER, ca Ny= cat Nyieta (22 L 72 BROHliTR L H G H D 2T
calOray s cal Orsx ¥ I OVHI IR A&, 1 « AU D AL DB 4 FE o, By % HIEA SeAF & L C,(4-6)~(4-11)
X CHITERANE AL - R0 S Of E /M ER X O R a2 JH LR a2 R T 7258,
i EArH R (4-6)~(4-1D)ND 5 1 B3 2 HOFHRFE R bR Lz,

# 4-4(a-2),(b-2) DZETLIT DUV T,N0.3,5 BRI & H 1Ty AT caSry DSIEMANT A T, x J71H)
BN carO o VEAEA D AL ORIPEAS A L 0 E T2 b BNC A U 5.2 LT, MsRmE AL - 240
DIFELDOME: Ia, Ig, Ic 1% LT caiSny scalOrx 23/ SN2 8D A6 DIARTIRED £ FE o0, B, AL LA
FEELIFIFE LL a=0,85Luy=ns 2 5.

& 4-4(a-2),(b-2) DAE « ZARID SR OfFESHEIZ OV TIE N0.3,5 RERIKE HIZLLTFD X

N7 D, FE » BAUD SHLD x T DO E /7 & Nex, car Nex (TIEIFEFE L < 72 5. U130
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SRANEDOFAMTRED AL =0T O FFRAED X J7 1153 7] cat Nax DD T/HEE W=D TH 5.
— 5 AUD LD y F5 10 O B3 FH 5 oo Nay scat Ney P carSry (211 5 £((4-8),(4-10)dD
B 1IN & 720 el o (SFE D B((4-8),(4-10) 55 2 TE)IF Al o0 b3 fide 72 o A M
L0 RO FRIIM OB 2D IEMEE 7252 LT LIHEH 2 THOAFE i Nay ca Ney
1%, cal Nexcal Nox & FELOEATIRFO By IERE TR LM L IZITH L 2D 2072, |
RO Y FE - A O L OF AR O A LTI S IRIEE UL =L r=nllb 2 L L,
A £ 1 Bo, 1o 9V55 LA carNay , cat Ney FRIEIESE U< 72 0 B A By, o B 72 D561
cal Nay scal Ney ([CZERA LD Z L1270 5. 2 OFER L0 ME 2 1238\ TIEMnER fliE 22 5 1 (x
FIEYDEFAFED T FIOFFMNEE L 725 Z ENDND LU EDOELEREX 4-16 ITF &
HTRT.

Ehk Finc
*ﬁgﬁq‘ﬁ%é%ﬁg N y/N yield - X
ﬁgﬁﬁ%ﬁ N A,y/N yield O
Z2A0 5 Bk N B'y/N vield | T 77 A N y/ Nyield
\ | X
*}‘:1,&“%& N va/N yie|d .......... 0 E}ﬁ; 10
P
4
R
= NA,y/ Nyield
o-0Q._ 0 O O O O
0.5
NB,y/ Nyield lNC,y/ Nyield
o FOT THT TR TR TRT% TRT. T
dy[mm]
0'0 1 1 1 1

0 10 20 30 40
(b) No.3 #RBERIA[BS30]

Ny/ N\/mld Ny/ Nyleld
RV - X X, X X X
g 10 X —= X
= 5 X
/ X | X
\RR : o N%y/ Elyie'% o o 'R 7 Nay/ Nyjeiq
= E 3 o o o o o o o
0.5 05
N ,/N ield
NB,y/ Nyield ’NC,y/ Nyield By-A-)ieA--A--A--A--A'
po T T TS T TS eeegeesgesegesagesagacaganns
0.0 # ' ' Hmm] oo # N/ N oy[mm]
0 10 20 30 40 0 10 20 30 40
(c) No.4 FERIK[BS45] (d) No.5 FARIAR[BS30/45]

4-15 REEREABHROBBHIRDO LR
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calNa calNay

(b-1) ALHY

caINy

caNg

calNa caNay

cal N B,x = cal N Cx

Y RS o0 M KU AR SRR L B3 2 558k - AT & I o M RE iR

®4-4 HEBRAETILOFERER
(a=2) No.3 FRERIRDHE R
@ NZeaNyiewa | 57g || @Nay 17413 + ( -0.03 ) = 174.10
[kN] [kN]
Ka o1 || «@Nax | 010 +( 000 )= 0.10
[kN/mi] [kN]
Kg 31|| @Nev | 4470 - ( 741 )= 5211
[KN/mi] [kN]
Ke 43|| @Nex | 2578 . ( -427 )= 3005
[KN/mm] [kN]
cal Oy 195 || «@Ncyv | 6252 +(-1033 ) = 52.20
[mm] [kN]
cal O r.x 056|| @Ncx | 3503 + ( -593 )= 20.99
[mm] [kN]
o 0.03 cal N A.v/cal Nvield 62.6
[degree] [ %]
:B 29.97 cal N B.v/cal Nvield 18.7
[degree] [ %]
Y 29.88 calNc.y/ cat N yield 18.8
[degree] [ %]
(b=2) No.5 FRERIEDRE B
calNZeaNyieia| 278 || «Nay 19201 + ( -0.01 ) = 192.90
[kN] [KN]
Ka 91 @Nax | 007 +( 000)= o007
[kN/m©m] [kN]
Kg 31 @Neyv | 4953 - ( -462 )= 54.16
[kN/mim] [kN]
Ke 35 @Nex | 2855 - ( -266 )= 3121
[KN/mim] [kN]
cal Sy 216 || «Ncv | 3740 +( -6.02 )= 3138
[mm] [KN]
cal Srx 035 || @Ncx | 3720 + ( 590 )= 3121
[mm] [KN]
(24 0.02 cal N ay/ cai N yield 69.3
[degree] [ %]
)8 29.95 cal N B,V/cal N vield 19.5
[degree] [ %]
e 44.85 cat N c.y/ cai N yierd 11.3
[degree] [ %]

caINC

calN C,x/tan}’O:cal N cy

4-16

4-20

cal NA,x

cal N Ay cal N A

REBRAETIVICE DM AT ERDER

t:alN B
=0 caN By=calN sx/tanfo

cal N B,x = cal N Cx
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4-17 |2 No.2~5 BRIR DI 1) 73 FAaR D SRS R & FBR IR T 7 /L O RAE D g R &
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Friction is a complex physical phenomenon that involves the characteristics of the
surface such as surface roughness, temperature, normal stress, and relative velocity,
An example of this complexity is that quite ofien in contact problems neutral lines
develop. This mcans that along a contact surface, the material flows in one direction
in part of the surface and in the opposite direction in another part of the surface,
Such newtral lincs are, in general, not known a priori.

The actual physics of friction and its numerical representation continue to be topics
of research. Currently. in MSC.Marc the modeling of friction has basically been

simplified to two idealistic models. The most popular friction model is the Coulomb
friction model. This model is used for most applications with the exception of bulk

forming as encountered in e.g. forging processes, For such applications the shear
friction model is more appropriate.

Coulomb Friction

The Coulomb model can be characterized by:
| < e, (stick) and a; = —pa -t (slip)
where

o, 18 the tangential {friction) stress

is the normal stress

UI'I|
i iz the friction coefficient
t is the tangential vector in the direction of the relative velocity:

Ll
I = "
vl
in which ~_ is the relative sliding velocity.

Similarly, the Coulomb madel can also be written in terms of nodal forces instead
of stresses:

|t = uf, (seick) and £, = —pf, - ¢ {siip)

£}+-6
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where

f

.18 the tangential (friction) force

{ is the normal foree

When Coulomb friction is used with the stress-based model, the integration point
stresses are first extrapolated to the nodal points and then transformed, so that a

direct component is normal to the contacted surface. Given this normal stress and
the relative sliding velocity, the tangential stress is then evaluated and a consistent
nodal foree is calculated. For shell elements, the nodal force based Coulomb model
must be used. since a reduced stress state is assumed with o = 0. For continuum

elements, both the stress-based and foree-based Coulomb model can be used.

For a given normal stress or normal force. the friction stress or force has a step
function behavior based upon the value of the relative sliding velocity v, or the

tangential relative incremental displacement Au . as outlined in Figure 8-21 for a

2-1) case, where the relative velocity and incremental displacement are scalar
values.

oy or

A

—— ¥ OF A

—

Eig

Figure 8-21 Coulomb Friction Model

Since this discontinuity in the friction value may easily cause numerical difficulties.
different approximations of the step function have been implemented. They are
graphically represented in Figure 8-22 and they will be successively discussed.
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ASiorf, £, A f,
5 Au, A,
L’ ] l-——>
arciangent mode! stick-slip (modified step Bidinear ielel

Jnctiond mode!

Figure 8-22 Different Approximations for the Coulomb Friction Model

Arctangent Model

The first procedure is based on a continuously differentiable function in terms of the
relative sliding velocity:
- vl s
I

“
- Zarctan| st
G = THO, AN T CNST

for the friction stress, and:

T e ol 1 IR
f, uf, xamanl'-RVCNST.l t

for the friction force.

Physically, the value of RVONST can be seen as the value of the relative velocity
below which sticking occurs. The value of RVONST is important in determining
how closely the mathematical model represents the step function, as shown in
Figure 8-23, A very large value of RVONST results in a reduced value of the
effective friction. A very small value may result in poor convergence, It is
recommended that the value of RVCNST be 1% to 10% of a typical relative sliding
velocity, "v,"

£}-8
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The friction implementation not only affects the external force vector. but also the
stiffness matrix of the final set of equations to be solved on a global level. This
stiffness matrix contribution follows from:
af, av,

| AT S

u dv'ka)u'_

)

This later contribution, if fully implemented. would lead to a non-symmetric

system. Because of the additional computational costs. both in terms of memory
and CPU costs, the contribution to the stiffness matrix is symmetrized,

During iteration (i) of the Newton-Raphson process, the change of the friction
force af,'’ is related to the change of the relative sliding velocity &v!''. Since the
latter can be written as:

Auit=aul'""  Bul

8'(” fo
e At At

the resulting equation can still be expressed in displacement degrees of freedom.
During the very first iteration of an increment, it tums out that the convergence can
be significantly improved by using:

th LOVETIONE 2T ) 1
5\‘( n_ AU‘ = A t 2 8“1 \'(;unmm LRCVRRNT )
r At A‘l'pn'wous mereavens | At r

LEVEVIONY [ACTENTEI )
r

where v results in a contribution to the right hand side of the global

set of equations.

As aresult of the smoothing procedure, a node in contact always has some slipping.
Besides the numerical reasons, this “ever slipping node” model has a physical basis.
Oden and Pires pointed out that for metals, there is an elasto-plastic deformation of
asperities at the microscopic level (termed as “cold weld") which leads to a nonlocal
and nonlinear frictional contact behavior. The arctangent representation of the
friction model is a mathematical idealization of this nonlinear friction behavior,

A complicating aspect of the arctangent mode] is that it may be ditficult to estimate
a priori the typical relative sliding velocity. This is particularly true in quasi-static
deformable contact analyses (where the velocity is not an input quantity) and in
cases where the sliding velocity varies strongly during the analysis.
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10

RVONST = 0.1

Figure 8-23 Step Function Approximation for Different Values of RVCNST (-
10<v,<10)

Stick-slip (Modified Step Function) Model

The second procedure is based on a slightly modified step function and can be used
to simulate true stick-slip behavior. In this procedure, each node in contact gets a
friction status. being either stick or slip, Depending on this status, different
constraints are applied and after each iteration in the iterative solution process. the
correctness of the friction status is checked and if necessary adapted.

The typical parameters used (see also Figure 8-24) are the friction coeflicient
multiplier «, the slip to stick transition region i and the friction force tolerance e.

£+-10
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a: friction coeflicient multiplier

B : slip to stick transition region

£ - reduction factor ( 1x10°° )

Aw,

Figure 8-24 Stick-slip or Madified Step Function Friction Parameters

The multiplier o (with a default value of 1.05) can be seen as an overshoot
parameter used to simulate the difference between static and dynamic friction.

The slip-to-stick transition region B (with a default value of 12107 can be seen as
a tolerance on the friction solution. If a nade is in slipping mode and moves in the
direction of the friction force (which is physically incorrect), but the corresponding
relative displacement magnitude is within the slip-to-stick transition region, then

this will not cause the increment to be restarted with modified friction conditions.

Related to the parameter i, a reduction factor ¢ = 1.0x10" is used. This fixed
factor causes the product of £ and [ to be very small, so that it can be used as a
criterion to estimate if a nede is initially in slipping or sticking mode. This initial
assumption serves as the starting point of the above mentioned process of checking
and adapting the friction status, which. for a 2-D analysis. is given in Figure 8-25
(note that Au, = 0 implies [[au,f| <ef).

fF-11
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Mode
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Mode

Determine Solution
of Next eration

Y

j o e

= =]

f,eAu <0and Au > §

r
L Remain in Slipping Mode il

Remain in Sticking Mode if:
6] & enf,

fiedu >0and Au >§
mifAu|-'a0

Change to Stickmg Mode if:

oy

Change 10 Slipping Mode if:
[IF > o,

|
|
|
|
B

Figure B-25 Flow Diagram for the Stick-slip or Maodified Step Function Friction Madel

When a node is in slipping mode, the contribution to the stiffness matrix is:

(NE3

while in sticking mode constraints are applied which exactly enforce a zero relative
tangential displacement. It should be noted that in slipping mode the current friction
force is nat only a function of the current normal force and relative displacement,
but also of the friction force during the previous iteration. This generally improves
the stability of the nonlinear solution process.

As opposed to the procedure based on the arctangent model, this procedure requires
additional friction-based testing. Changes in the friction status as well as o large

changes in the friction forces compared to the previous iteration may cause the

program to perform an additional iteration. In 2-D, the latter implies that the friction

force should fulfil:

£F-12
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'l
l-¢cc—<sl+e¢e
1

where i is the friction force of the previous iteration and ¢ is the above mentioned

friction force tolerance, with a default value of 0.05. In 3-D. in addition to this
requirement on the magnitude of the friction force, a check is performed on the
change in direction of the friction force vector:

I—c<cos(gp)s|+e

in which g, is the angle between the friction vector in the current and the
previous iteration.

In order to limit the amount of friction-related iterations, the above mentioned
requirements will not cause extra iterations if the number of nodes not fulfilling the
friction requirements compared to the total number of nodes in contact is small.
This can be expressed in the friction force tolerance as:

number of nodes which do not fulfil friction tolerances &é
total number of nodes in contact

and must be true for all contact bodies in the model.

If the maximum number of iterations as defined on the CONTROL model definition
option has been reached. additional friction iterations will not be enforced and the
analysis will continue with the next increment.

The stick-slip model is always based on nodal forces. This model is not
recommended for quadratic elements in 3-D, because of the varying magnitude and
sign of nodal forces of such elements,

When using the PRINT parameter to get extra contact-related information in the
output file. the program will echo the contact status, the ratio of the magnitude of
the current and previous friction force vector (and in 3-D also the cosine of the
angle between the current and previous friction force vector), as well as the total
number of nodes with a friction contribution and the number of nodes with a
friction contribution which do not fulfil the friction tolerance criteria.

Bilinear Model

The third procedure has been introduced in MSC.Mare version 2003 and is called
the bilincar model. Similar to the modified step function model. it is based on
relative tangential displacements. Instead of defining special constraints o enforce
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sticking conditions, the bilincar model assumes that the stick and slip conditions
correspond 1 reversible (elastic) and permanent (plasiic relative displacements,
respectively. The clear resemblance with the theory of elasto-plasticity will be vsed
to derive the governing equations,

First, Coulomb’s law for friction is expressed by a slip surface 4:

g = ||l'|||—|_|f"

The stick or elastic domain is given by 4 < 0, while ¢ = 0 is physically impossible.
Mexl, the rate of the relative tangential displacement vector is split into an elastic

(stick} and a plastic {(slip) contribution according to:

u, = o +of (8-1

and the rate of change of friction force vector is related to the elastic tangential
displacement by:

f, = Do (8-2)

in which matrix D is given by:

I-I'r-ll
L]
mn = k) ;
j-I'II
LS

with & the slip threshold or relative sliding displacement below which sticking is
simulated {see Figure 8-26). The value of § is by default determined by the program
as 0.0025 times the average edge length of the finite elements defining the
deformable contact bodies.

MNow attention is paid to the case that, given a tangential displacement vector, the
evolution of 1, would result in a physically impossible situation, so ¢ » ¢. This

implies that the plastic or slip contribution must be determined.

Equations 3-1 and 8-2 yield:

= Dio,-u )
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uf,

& slip threshakd

Figure B-26 Bilinear Model

It is assumed that the direction of the slip displacement rate is given by the normal
to the slip flow potential . given by:

L L

with the ship surface, ¢, different from the slip potention. w an analogy to
nonassociative plasticity can be observed.

So that, by indicating the slip displacement rate magnitude as X :

P o

a, =2

=

f

Sinee a “force point” can never be outside the slip surface, it is required that:

T
b= (3o

In this way, the magnitude of the slip rate can be determined. To this end. the
equations above can be combined to:

.ﬂ T, _-fJ_'LI-" .
'-.-'.II‘I.] DL“n hm_l 0
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or:

( "1‘2‘.’ dy
\ar) D,

Utilizing this result, the final set of rate equations reads:

( p2¥(W)Tp
t-o_af\df i, = (DD )u
. (32) 0% P

ll

Similar to non-associative plasticity, matrix D° will generally be non-symmetric. In
MSC.Marc, a special procedure has been used which results ina symmetric matrix.
while maintaining sufficient numerical stability and rate of convergence.

The bilinear model also uses an additional check on the convergence of the friction
forces, which has been achieved if the following equation is fulfilled:

e - el

Fi
where F, is the current total friction force vector (the collection of all nodal

contributions), ¥} is the total friction force vector of the previous iteration and ¢ is
the friction force tolerance. which has a default value of 0,05,

In the output file one can find. per deformable contact body. information about the
current total friction force. the current total normal force and the total friction force
change, compared to the previous iteration,

If a node comes into contact and the structure is still stress-free. then the friction
stiffness matrix according to the derivation above will still be zero. This could result
in an ill-conditioned system during the next solution of the global set of equations,
To avoid this problem. the initial friction stiffness will be based on the average
contact bady stiffness (following from the trace of the matrix defining the material
behavior). which is determined during increment 0 of the analysis. Alternatively.
the user can define this initial friction stiffness via the PARAMETERS model
definition or history definition option.
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Limitations of the Coulomb Madel

When the normal force or stress becomes large. the Coulomb friction model may
not correlate well with experimental observations. This is caused by the fact that the
Coulomb model predicts that the frictional shear stresses increase to a level that can
exceed the flow stress or the failure stress of the material. As this is not physically
possible, a different friction calculation should be applied. The choices are either to
have a nonlinear coefficient of friction. or to introduce the friction stress limit in the
bilincar model or to use the shear based friction model.

Figure 8-27 Linear Coulomb Model versus Observed Behavior

A nonlincar friction coefficient can be defined via UFRIC user subroutine or via
table driven input.

The friction stress limit for the bilinear model (o, ) can be entered via the

CONTACT TABLE option and is used to bound the maximum friction stress, based on
the assumption that the extrapolated and averaged shear (friction) stress in a node
is proportional to the applied shear (friction) force (see Figure 8-28). If the shear

stress reaches the limit value. then the applied friction force is reduced, so that the

maximum shear stress is given by min(po,. o:"’“)_

fF-17
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Fecton Sress Limt

a
-~ ’n

Flgure 8-28 Friction Stress Limit used by Bilinear Mode!

Finally, instead of using an adapted Coulomb friction model. one may use the shear
friction model, which is the second idealistic friction model in MSC Marc.

Shear Friction

The shear based maodel states that the frictional stress is a fraction of the equivalent
stress @ in the material:

LARS m-Z (stick) and g, - —me s & (ship)

Ve J3

where m is the friction factor.

Given the similarity with the Coulomb model, this shear model is implemented
using two approximations of the theoretical step function. First, the arctangent
function to smooth out the step function is applied:

v | ’
c, = -mg::a:clalxl

.
r
' A gvensT) !

This model is available for all clements using the distributed load approach.

Second, the bilincar model has been adapted based on the assumption that the shear
{friction) stress in a node is proportional to the applied shear (friction) force. Similar
to the friction stress limit, the shear stress due to friction is limited by:

N a
U' min mﬁh. m—:,—j)
-
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Friction Coefficient

When a node contacts a rigid body. the coefticient of friction associated with the
rigid body 1s used. When a node contacts a deformable body. the average of the
cocfficients for the two bodies are used. The CONTACT TABLE option can be used
if complex situations occur,

Recalling that friction is a complex physical phenomenon, due to variations in
surface conditions, lubricant distribution. and lubricant behavior. relative sliding,
temperature, geometry, and so on, it was decided to implement the above two
friction models (Coulomb and shear). and to allow you to extend them, if necessary,
by mcans of the UFRIC user subroutine or by referencing a table. In such a routine,
vou provide the friction coefficient or the friction factor as

= pix, f, T.v,0G)
or
m = mix, f, T.v.0)
x — position of the point at which friction is being calculated

f, —normal force at the point at which friction is being calculated

T —temperature at the point at which friction is being calculated

v, —relative sliding velocity between point at which friction is being
calculated and surface

o, — equivalent stress al the point at which friction is being calculated

Glue Model

A special type of friction model is the glue option, which impaoses that there is no
relative tangential metion. The glue motion is activated through the
CONTACT TABLE option.

A novel application of contact is to join two dissimilar meshes. In such a case, by
specifying that the glue motion is activated, the constrainl equations are
automatically written between the two meshes. Unless a flag has been set, nodes in
contact via the glue option are not allowed to separate.

BE
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