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u++u−+

1

ρ̃ c̃s

(
p+− p−

))
(2.19)

ρn+1 = ρ∗+
1

c̃s
2

(
pn+1 − p∗

)
(2.20)

∗,+,− u,u+ cs,u− cs

p Fig. 2.1

˜ n

2.4.2

1 2

Method of Bicharacteristic [55]

1

2

2 (2.21), (2.22)

∂QQQ
∂ t

+
∂FFF
∂x

+
∂GGG
∂y

= 0 (2.21)

QQQ =

⎛
⎜⎜⎝

ρ
ρu
ρv
ρE

⎞
⎟⎟⎠ ,FFF =

⎛
⎜⎜⎝

ρu
ρu2 + p

ρuv
u(ρE + p)

⎞
⎟⎟⎠ ,GGG =

⎛
⎜⎜⎝

ρv
ρuv

ρv2 + p
v(ρE + p)

⎞
⎟⎟⎠ (2.22)
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1 (2.21), (2.22) (2.23), (2.24)

∂qqq
∂ t

+AAA(qqq)
∂qqq
∂x

+BBB(qqq)
∂qqq
∂y

= 0 (2.23)

AAA(qqq) =

⎡
⎢⎢⎢⎢⎣

u ρ 0 0

0 u 0
1

ρ
0 0 u 0

0 ρc2
s 0 u

⎤
⎥⎥⎥⎥⎦ ,BBB(qqq) =

⎡
⎢⎢⎢⎢⎣

v ρ 0 0

0 v 0 0

0 0 v
1

ρ
0 0 ρc2

s v

⎤
⎥⎥⎥⎥⎦ (2.24)

(2.23) x (2.25) y

(2.26)
∂qqq
∂ t

+AAA(qqq)
∂qqq
∂x

= 0 (2.25)

∂qqq
∂ t

+BBB(qqq)
∂qqq
∂y

= 0 (2.26)

x 1

(2.27), (2.28)

LLL1

∂qqq
∂ t

+ΛΛΛ1LLL1

∂qqq
∂x

= 0 (2.27)

LLL1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 − 1

c2
s

0 1 0
1

ρcs

0 1 0 − 1

ρcs
0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,ΛΛΛ1 =

⎡
⎢⎢⎣

u 0 0 0

0 u+ cs 0 0

0 0 u− cs 0

0 0 0 u

⎤
⎥⎥⎦ ,qqq =

⎛
⎜⎜⎝

ρ
u
v
p

⎞
⎟⎟⎠ (2.28)

(2.27) (2.29)- (2.31)

D
Dt

(
ρ − 1

c2
s
p

)
= 0,

dx
dt

= u (2.29)

D
Dt

(
u± 1

ρcs
p

)
= 0,

dx
dt

= u± cs (2.30)

D
Dt

(v) = 0,
dx
dt

= u (2.31)

y (2.32)- (2.34)
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D
Dt

(
ρ − 1

c2
s
p

)
= 0,

dy
dt

= v (2.32)

D
Dt

(
v± 1

ρcs
p

)
= 0,

dy
dt

= v± cs (2.33)

D
Dt

(u) = 0,
dy
dt

= v (2.34)

(2.29)- (2.34) p,u,v,ρ n+1

x y

x

pn+1 =
1

2

(
p++ p−+ρncs

(
u+−u−

))
(2.35)

un+1 =
1

2

(
u++u−+

1

ρncs

(
p+− p−

))
(2.36)

vn+1 = v∗ (2.37)

ρn+1 = ρ∗+
1

c2
s

(
pn+1 − p∗

)
(2.38)

y

pn+1 =
1

2

(
p++ p−+ρncs

(
v+− v−

))
(2.39)

un+1 = u∗ (2.40)

vn+1 =
1

2

(
v++ v−+

1

ρncs

(
p+− p−

))
(2.41)

ρn+1 = ρ∗+
1

c2
s

(
pn+1 − p∗

)
(2.42)

1 n+1

3 z w

2.4.3

Navier-Stokes Navier-Stokes

KKK = (0,0,−ρg)

∂w
∂ t

= g (2.43)
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g g = 9.8 m/s2 (2.43)

z w

2.4.4

τ μ

τ = μ
(
∇uuu+∇uuuT )

= μ

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
∂u
∂x

(
∂u
∂y

+
∂v
∂x

) (
∂u
∂ z

+
∂w
∂x

)
(

∂v
∂x

+
∂u
∂y

)
2

∂v
∂y

(
∂v
∂ z

+
∂w
∂y

)
(

∂w
∂x

+
∂u
∂ z

) (
∂w
∂y

+
∂v
∂ z

)
2

∂w
∂ z

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.44)

(2.45)

∇ · τ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂
∂x

(
2μ

∂u
∂x

)
+

∂
∂y

(
μ

(
∂u
∂y

+
∂v
∂x

))
+

∂
∂ z

(
μ

(
∂u
∂ z

+
∂w
∂x

))

∂
∂x

(
μ

(
∂v
∂x

+
∂u
∂y

))
+

∂
∂y

(
2μ

∂v
∂y

)
+

∂
∂ z

(
μ

(
∂v
∂ z

+
∂w
∂y

))

∂
∂x

(
μ

(
∂w
∂x

+
∂u
∂ z

))
+

∂
∂y

(
μ

(
∂w
∂y

+
∂v
∂ z

))
+

∂
∂ z

(
2μ

∂w
∂ z

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.45)

μ
x u

∂u
∂ t

=
1

ρ

(
∂
∂x

(
2μ

∂u
∂x

)
+

∂
∂y

(
μ

(
∂u
∂y

+
∂v
∂x

))
+

∂
∂ z

(
μ

(
∂u
∂ z

+
∂w
∂x

)))
(2.46)

y,z v,w

∇ · τ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂
∂x

(
2μ

∂u
∂x

)

∂
∂y

(
2μ

∂v
∂y

)

∂
∂ z

(
2μ

∂w
∂ z

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.47)
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2.5

(2.20) (2.38) (2.42)

φ = 1 φ = 0 φ Phase field

ρ = φρl +(1−φ)ρg (2.48)

l g

μ = φ μl +(1−φ)μg (2.49)

2.5.1 Phase field

Phase field [56] [57] DIM

Phase field

φ φ = 1 φ = 0

0 < φ < 1 VOF VOF

Phase field Gintzburg Landau TDGL: Time-Dependent

Gintzburg Landau Cahn-Hilliard TDGL

Allen-Cahn

Cahn-Hilliard

Cahn-Hilliard 4

Allen-Cahn

[28] Allen-Cahn

∂φ
∂ t

+∇ · (uuuφ) = γ̄
{

ε∇ · (∇φ)−∇ ·
(

φ (1−φ)
∇φ
|∇φ |

)}
(2.50)

Phase field

(2.50)

uuu

(2.50) ψ

φ0 =
1

2

{
1+ tanh

ψ
2ε

}
(2.51)

φ0 (2.51)
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 0

 0.2

 0.4

 0.6

 0.8

 1

-0.05 -0.04 -0.03 -0.02 -0.01  0  0.01  0.02  0.03  0.04  0.05

3Δx

Ph
as

e 
fie

ld

Level set

Equilibrium profile
0.1
0.9

(a) λ = 0.1

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.05 -0.04 -0.03 -0.02 -0.01  0  0.01  0.02  0.03  0.04  0.05

3Δx

Ph
as

e 
fie

ld

Level set

Equilibrium profile
0.01
0.99

(b) λ = 0.01

Fig.2.2: Interface parameters at equilibrium state of Allen-Cahn equation, the interface width corresiponding

to λ < φ < (1−λ ) for this figure are δ = 0.03.

(2.50) Phase field

Fig. 2.2 λ < φ < (1−λ ) δ ε

ε =
δ
4

1

tanh−1 (1−2λ )
. (2.52)

γ̄ γ̄ Phase field (2.50)

tanh

γ̄

Chiu |uuu|max

Mφ (3 j = 1,2,3) |u j|max

γ̄ j = Mφ |u j|max

2.5.2 Level Set

Level Set [58] Osher

[23] Level Set ψ ψ > 0

ψ < 0 Fig. 2.3 ψ = 0

Level Set

∂ψ
∂ t

+(uuu ·∇)ψ = 0 (2.53)



5 21

Level Set

|∇ψ|= 1 (2.54)

VOF Phase field

Level Set

|∇ψ|= 1 Level

Set

τ

∂ψ
∂τ

=−S(ψ)(|∇ψ|−1) (2.55)

S(ψ) =
ψ√

ψ2 + |∇ψ|2Δx2
(2.56)

(2.55), (2.56) Level Set
∂ψ
∂x

2

∂ψ
∂x

2

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

max

⎛
⎝(

max

(
∂ψ
∂x

−
,0

))2

,

(
min

(
∂ψ
∂x

+

,0

))2
⎞
⎠ (ψ > 0)

max

⎛
⎝(

min

(
∂ψ
∂x

−
,0

))2

,

(
max

(
∂ψ
∂x

+

,0

))2
⎞
⎠ (ψ ≤ 0)

(2.57)

∂ψ
∂x

+
x ∂ψ

∂x
−

x

1 Δτ
Δx

Δτ
Δx = 0.5

30

Level Set

2.5.3 Level Set Phase field

Sussman VOF Level Set CLSVOF [27]

VOF

Level Set

CLSVOF

VOF VOF Level Set

Phase field φ VOF CLSVOF

Level Set
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ψ > 0

ψ < 0

ψ = 0

Fig.2.3: The property of the level-set function as signed distance function.

(2.55) Level Set ψ0 Phase field (2.51)

ψ

ψ0 (φ) = ε ln
φ

1−φ
(kλ < φ < 1− kλ ) (2.58)

(2.58)

k = 1.0 (2.58) Level Set Phase field

Allen-Cahn (2.50)

∇φ
|∇φ | =

∇ψ
|∇ψ| (2.59)

(2.58) Level Set Level Set

30 15 Fig. 2.4

Level Set

Level Set

φ φ
Level Set
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Fig.2.4: The trapped phase-field value by incorrect normal vector around the end area of level-set reinitial-

ization.

∇ψ =

{
(0,0,0) (|ψ|> s)
∇ψ (otherwise)

(2.60)

s 30 15 Level Set

s = 10Δx

2.5.4

Phase field Level Set

Yokoi Level Set based density-scaled balanced

continuous surface force [59] Brackbill Continuous Surface Force

CSF [60]

Phase field
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Yokoi [59] fff s

fff s = σκ∇Hsc
α (ψ) (2.61)

σ κ Hsc
α (ψ) Heaviside ψ

Level Set Hsc
α (ψ) Heaviside Hα(ψ)

δ sc
α (ψ)

Hα(ψ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 (ψ <−α)

1

2

(
1+

ψ
α
+

1

π
sin

(
πψ
α

))
(|ψ| ≤ α)

1 (ψ > α)

(2.62)

δα(ψ) =
∂Hα

∂ψ
=

⎧⎪⎨
⎪⎩

1

2α

(
1+ cos

(
πψ
α

))
(ψ| ≤ α)

0 (otherwise)

(2.63)

δ sc
α (ψ) = 2Hα(ψ)δα(ψ) (2.64)

Hsc
α (ψ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 (ψ < α)

1

4

(
1+

ψ
α
+

1

π
sin

(
πψ
α

))
(|ψ| ≤ α)

1 (ψ > α)

(2.65)

α Phase field

balanced force algorithm[61]

(2.19)

x

fsx = σκ
1

2c

(
Hsc+

α (ψ)−Hsc−
α (ψ)

)
(2.66)

∂u
∂ t

= σκ
1

2ρc

(
Hsc+

α (ψ)−Hsc−
α (ψ)

)
(2.67)

2.5.5

” ”
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θ

Fig.2.5: The defenition of normal vectors according to the contact angle.

Sussman Level Set [62]

Level Set

Level Set

Level

Set

Level Set

∂ψobj

∂τ
+(uuuext ·∇)ψobj = 0 (2.68)

τ τ = 0.5Δx (2.68) 1 Level Set

0.5 uuuext Fig. 2.5 Level Set

nnns Level Set nnnw θ

uuuext =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

normalize

(
nnnw − nnn

tan(π −θ)

)
(s < 0)

normalize

(
nnnw +

nnn
tan(π −θ)

)
(s > 0)

nnnw (s = 0)

(2.69)

nnn = normalize(nnns ×nnnw ×nnnw) (2.70)

s = nnns ·nnn (2.71)

normalize
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Fig.2.6: Time evolution of advection equation by using semi-Lagrangian scheme.

2.6

2.6.1

n+1

(2.29)- (2.31)

Euler Lagrangian semi-Lagrangian Euler

Lagrangian

semi-Lagrangian

Fig. 2.6 n n+1 xi

f n
i , f n+1

i n+1 n Δt n+1 xi

uΔt semi-Lagrangian F(x)

(2.72)

f n+1
xi

= Fn
xi
(xi −uΔt) (2.72)

p
p+i = Fn

xi
(xi − (u+ c)Δt) (2.73)

Euler

Runge Kutta
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semi-Lagrangian

5 WENO Weighted Essentially

Non-Oscillation [63] WENO 6

3 3 Lagrange

5

Fn
xi
= wdnPdn(x)+wctPct +wupPup(x) (2.74)

w P 3 Lagrange dn,ct,up

⎧⎪⎨
⎪⎩

Δh = Δx,
fppp = fi+3, fpp = fi+2, fp = fi+1, (u ≤ 0)

fm = fi−1, fmm = fi−2

(2.75)

⎧⎪⎨
⎪⎩

Δh =−Δx,
fppp = fi−3, fpp = fi−2, fp = fi−1, (u > 0)

fm = fi+1, fmm = fi+2

(2.76)

u

Pdn(x) = adnx3 +bdnx2 + cdnx+ fi (2.77)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

adn =
fp −3( fi − fm)− fmm

6Δh3

bdn =
fp −2 fi + fm

2Δh2

cdn =
2 fp +3 fi −6 fm + fmm

6Δh

(2.78)

Pct(x) = actx3 +bctx2 + cctx+ fi (2.79)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

act =
fpp −3( fp − fi)− fm

6Δh3

bct =
fp −2 fi + fm

2Δh2

cct =
− fpp +6 fp −3 fi −2 fm

6Δh

(2.80)

Pup(x) = aupx3 +bupx2 + cupx+ fi (2.81)⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

aup =
fppp −3( fpp − fp)− fi

6Δh3

bup =− fppp −4 fpp +5 fp −2 fi

2Δh2

cup =
2 fppp −9 fpp +18 fp −11 fi

6Δh

(2.82)
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(2.77), (2.79), (2.81) 3 Lagrangian

wk

wk(x) =
αk(x)

∑l αl(x)
(2.83)

αk(x) =
Ck(x)

(βk + ε)2
(2.84)

(2.84) ε 10−10 Ck(x)

∑k Ck(x) = 1

Cdn =
(−2Δh+ x)(−3Δh+ x)

20Δh2

Cct =− (2Δh+ x)(−3Δh+ x)
10Δh2

Cup =
(2Δh+ x)(Δh+ x)

20Δh2

(2.85)

βk smooth indicator βk = ∑n
l=1

∫ xi+1
xi

Δx2l−1(P(l)
k )2dx)

βdn =
407

90
fp fp +

721

30
fi fi +

248

15
fm fm +

61

45
fmm fmm − 1193

60
fp fi

+
439

30
fp fm − 683

180
fp fmm − 2309

60
fi fm +

309

30
fi fmm − 553

60
fm fmm

(2.86)

βup =
407

90
fi fi +

721

30
fp fp +

248

15
fpp fpp +

61

45
fppp fppp − 1193

60
fi fp

+
439

30
fi fpp − 683

180
fi fppp − 2309

60
fp fpp +

309

30
fp fppp − 553

60
fpp fppp

(2.87)

βct =
61

45
fm fm +

331

30
fi fi +

331

30
fp fp +

61

45
fpp fpp − 141

20
fm fi

+
179

30
fm fp − 293

180
fm fpp − 1259

60
fi fp +

179

30
fi fpp − 141

20
fp fpp

(2.88)

2.6.2

1 z

w

wn+1 =
1

2

(
w++w−+

1

ρnc
(p+− p−)

)
+gΔt (2.89)

2.6.3

2.4.4 (2.45) 2 μ

(2.45)
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∂
∂x

(
μ ∂u

∂x

)
∂
∂y

(
μ
(

∂u
∂y +

∂v
∂x

))

{
∂
∂x

(
μ

∂u
∂x

)}
i

=

(
μ

∂u
∂x

)
i+1

−
(

μ
∂u
∂x

)
i−1

2Δx
(2.90)

{
∂
∂y

(
μ

(
∂u
∂y

+
∂v
∂x

))}
i

=

(
μ

(
∂u
∂y

+
∂v
∂x

))
j+1

−
(

μ

(
∂u
∂y

+
∂v
∂x

))
j−1

2Δy
(2.91)

(2.90), (2.91) 2

∂u
∂x

=
ui+1 −ui−1

2Δx
(2.92)

1

uvisc = uchara +

{
1

ρ

(
∂
∂x

(
2μ

∂u
∂x

)
+

∂
∂y

(
μ
(

∂u
∂y

+
∂v
∂x

))
+

∂
∂ z

(
μ
(

∂u
∂ z

+
∂w
∂x

)))}
Δt (2.93)

uchara (2.19) un+1

uvisc

2.6.4

2.5.4 (2.67) Heaviside

semi-Lagrangian

un+1 = uvisc +σκ
1

2ρc

(
Hsc+

α (ψ)−Hsc−
α (ψ)

)
(2.94)

n+1 y,z

2.6.5

2.5.5 uuu, p,ρ
Level Set

(2.68)

1 2

ψn+1
obj = ψn

obj +

(
uext

∂ψobj

∂x
+ vext

∂ψobj

∂y
+wext

∂ψobj

∂ z

)
(2.95)

∂ψobj

∂x
=

ψobji+1
−ψobji−1

2Δx
(2.96)

y,z
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Fig.2.7: The arrangement of multi-moment variables for two-dimensional domain.

2.6.6 Phase field

2.5.1 Phase field

Fig. 2.7

3 Fig. 2.8

(2.50) φ

∂φ
∂ t

+∇ · (uuuφ) = 0 (2.97)

∂φ
∂ t

= γ̄
{

ε∇ · (∇φ)−∇ ·
(

φ (1−φ)
∇φ
|∇φ |

)}
(2.98)

(2.97) CIP-

CSLR1 [64] (2.98) IDO [44] CIP-CSLR1 CIP [43]

(2.97) x x

∂φ
∂ t

+
∂uφ
∂x

= 0 (2.99)

(2.99) n+1 semi-Lagrangian

φ n+1
i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Φi(xi −udt)−
∫ tn+1

tn

(
φ

∂u
∂x

)
dt (ui ≤ 0)

Φi(xi−1 −udt)−
∫ tn+1

tn

(
φ

∂u
∂x

)
dt (ui > 0)

(2.100)
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xy
z

Fig.2.8: The arrangement of multi-moment variables for three-dimensional domain.

Φi semi-Lagrangian

φ ∗
i =

{
Φi(xi −udt) (ui ≤ 0)

Φi−1(xi −udt) (ui > 0)
(2.101)

[65].

φ n+1
i =

⎧⎪⎨
⎪⎩

φ ∗
i −

Δt
2Δx

(φ ∗
i +φ n

i )(ui+1 −ui) (ui ≤ 0)

φ ∗
i −

Δt
2Δx

(φ ∗
i +φ n

i )(ui −ui−1) (ui > 0)

(2.102)

φ xi xi+1

Δx

xφ̄ =
1

Δx

∫ xi+1

xi

φdx (2.103)

(2.99) xi xi+1

∂ xφ̄
∂ t

+
1

Δx
(ui+1φi+1 −uiφi) = 0 (2.104)

(2.104) n+1

xφ̄ n+1 = xφ̄ n − Δt
Δx

(∫ tn+1

tn
ui+1φi+1dt −

∫ tn+1

tn
uiφidt

)
= 0 (2.105)

(2.105)

∫ tn+1

tn
uiφidt =

∫ xi−uidt

xi

Φidx (2.106)

CIP-CSLR1 [64]

Φi(x) =
c0 +2c1(x− xi)+(3c2 +αβc1)(x− xi)

2 +2αβc2(x− xi)
3

(1+αβ (x− xi))
2

(2.107)
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3 u

⎧⎪⎨
⎪⎩

Δh = Δx,
φp = φi+1, (u ≤ 0)
xφ̄p =

xφ̄i+ 1
2

(2.108)

⎧⎪⎨
⎪⎩

Δh =−Δx,
φp = φi−1, (u > 0)
xφ̄p =

xφ̄i− 1
2

(2.109)

β

β =
1

Δh

(∣∣∣∣ φi − xφ̄p
xφ̄p −φp

∣∣∣∣−1

)
(2.110)

c0,c1,c2⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

c0 = φi

c1 =
γ
(
2xφ̄p −φp

)
+ xφ̄p −2φi

Δh

c2 =
γ
(−xφ̄p +φp

)− xφ̄p +φi

Δh2

(2.111)

where : {
α = 1

γ = 1+αβΔh
(2.112)

α switching parameter 0 1 α = 1 CIP α = 0 2

IDO

IDO IDO-CF

IDO-CF 3 2 4

Φ(x) =
4

∑
j=0

Cj(x− xi)
j (2.113)

Cj 3 2⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C0 = φi

C1 =−φi+1 −φi−1

2Δx
+

2
(

xφ̄i+ 1
2
− xφ̄i− 1

2

)
Δx

C2 =−3(φi+1 +8φi +φi−1)

4Δx2
+

15
(

xφ̄i+ 1
2
+ xφ̄i− 1

2

)
4Δx2

C3 =
φi+1 −φi−1

Δx3
−

2
(

xφ̄i+ 1
2
− xφ̄i− 1

2

)
Δx3

C4 =
5(φi+1 +4φi +φi−1)

4Δx4
−

15
(

xφ̄i+ 1
2
+ xφ̄i− 1

2

)
4Δx4

(2.114)
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(2.98)
∇φ
|∇φ |

∇φ
|∇φ | = (nx,ny,nz)

1 x

φ n+1 = φ n +

[
γ̄ε

∂ 2φ
∂x2

− γ̄
{

nx
∂
∂x

φ (1−φ)+
∂nx

∂x
φ (1−φ)

}]
Δt (2.115)

nx IDO

xn̄xi+ 1
2
=

(
nxi+1

+nxi

)
2

(2.116)

(2.98) xi xi+1 ,

∂ xφ̄
∂ t

= γ̄ε
1

Δx

{(
∂φ
∂x

)
i+1

−
(

∂φ
∂x

)
i

}
− γ̄

1

Δx

{
φi+1 (1−φi+1)nxi+1

−φi (1−φi)nxi

}
(2.117)

(2.117) IDO-CF

(2.117) 1

xφ̄ n+1 = xφ̄ n +

[
γ̄ε

1

Δx

{(
∂φ
∂x

)
i+1

−
(

∂φ
∂x

)
i

}
− γ̄

1

Δx

{
φi+1 (1−φi+1)nxi+1

−φi (1−φi)nxi

}]
Δt (2.118)

2.6.7 Level Set

2.5.2 Level Set (2.53)

(2.55) (2.56) 5 HJ-WENO [66] 5 HJ-WENO 3

5

(
∂ψ
∂x

)
i
= ω0

(
∂ψ
∂x

)0

i
+ω1

(
∂ψ
∂x

)1

i
+ω2

(
∂ψ
∂x

)2

i
(2.119)

⎧⎪⎨
⎪⎩

Δh = Δx,
ψppp = ψi+3,ψpp = ψi+2,ψp = ψi+1, (u ≤ 0)

ψm = ψi−1,ψmm = ψi−2

(2.120)

⎧⎪⎨
⎪⎩

Δh =−Δx,
ψppp = ψi−3,ψpp = ψi−2,ψp = ψi−1, (u > 0)

ψm = ψi+1,ψmm = ψi+2

(2.121)

v0 = (ψppp −ψpp)/Δh

v1 = (ψpp −ψp)/Δh

v2 = (ψp −ψi)/Δh

v3 = (ψi −ψm)/Δh

v4 = (ψm −ψmm)/Δh

(2.122)
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IS0 =
13

12
(v0 −2v1 + v2)

2 +
1

4
(v0 −4v1 +3v2)

2

IS1 =
13

12
(v1 −2v2 + v3)

2 +
1

4
(v1 − v3)

IS2 =
13

12
(v2 −2v3 + v4)

2 +
1

4
(3v2 −4v3 + v4)

2

(2.123)

α0 =
1

10

1

(IS0 + ε)2

α1 =
6

10

1

(IS1 + ε)2

α2 =
3

10

1

(IS2 + ε)2

(2.124)

ω0 =
α0

α0 +α1 +α2

ω1 =
α1

α0 +α1 +α2

ω2 =
α2

α0 +α1 +α2

(2.125)

(
∂ψ
∂x

)0

i
=

1

3
v0 − 7

6
v1 +

11

6
v2(

∂ψ
∂x

)1

i
=−1

6
v1 +

5

6
v2 +

1

3
v3(

∂ψ
∂x

)2

i
=

1

3
v2 +

5

6
v3 − 1

6
v4

(2.126)

IS smooth indicator IS0 = IS1 = IS2 = 0 5

ε ε = 10−10

5 HJ-WENO

3 3 Runge Kutta [67]

∂uuu
∂ t

= L(uuu) (2.127)

3 3 Runge Kutta 3

uuu(1) = uuun +L(uuu(0))Δt

uuu(2) = uuun +
1

4

(
L(uuu(0))+L(uuu(1))

)
Δy

=
3

4
uuun +

1

4
uuu(1) +

1

4
L(uuu(1))Δt

uuun+1 = uuun +
1

6

(
L(uuu(0))+L(uuu(1))+4L(uuu(2))

)
=

1

3
uuun +

2

3
uuu(2) +

2

3
L(uuu(2))Δt

(2.128)

TVD Runge Kutta
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(u, v, p, ρ)HALO (u, v, p, ρ)fluid(u, v, p, ρ)wall

Fig.2.9: The values in halo region of the computational boundary.

2.7

uuu, p,ρ Allen-Cahn

slip non-slip 2 2

slip

slip Fig. 2.9

wall
uwall = 0

uHALO =−ufluid

vHALO = vfluid

(2.129)
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pHALO = pfluid

ρHALO = ρHALO
(2.130)

non-slip

non-slip

uwall = vwall = 0

uHALO =−uHALO

vHALO =−vHALO

(2.131)

Phase field φ
Fig. 2.10

2.8 Immersed Boundary Method

Peskin

Immersed Boundary Method IBM [68] IBM

IBM 2 IBM Fig. 2.11

Level Set Solid cell Fluid cell cell Fluid cell

cell Ghost cell Ghost cell

Boundary Intercept BI BI R1 Image

Point IP Ghost cell BI R2

0 uuuBI = 0

Ghost cell uuuGC

uuuGC =−R2

R1
uuuIP (2.132)

Neumann ,

pGC = pIP (2.133)

IP IP fIP Fig. 2.11 IP 4

2 bilinear

fIP =C1xy+C2x+C3y+C4 (2.134)

3 trilinear
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Fig.2.10: Neumann condition for the multi-moment variables.

2.9

uuu Level Set

(2.53) Phase field (2.97) Δt

1.

Δtadv ≤ Δx
max(|u|+ c, |v|+ c, |w|+ c)

(2.135)

2.

Δtvisc ≤ Δx2

2ν
(2.136)
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Fig.2.11: The schematic representation of Immersed boundary method.

3.

[60]

Δtsf ≤
√

ρl +ρg

2

Δx3

2πσ
(2.137)

4. Phase field

Allen-Cahn (2.98) (2.98) IDO

[4] 1

Δtcpf ≤ 0.13
Δx2

γ̄
(2.138)

Δt Δt

Δt = min
(
CFLadvΔtadv,kviscΔtvisc,ksfΔtsf,kcpfΔtcpf

)
(2.139)
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CFL 1 CFL = 0.1,0.2 3

1 CFL

semi-Lagrangian

CFLadv = 0.9

k kvisc = ksf = kcpf = 0.2

2.10

Δt

γ
Mamax = 0.03

1. Mak =
uk
ck

xk

2. xk γk Mak = Mamax

γk =
ρku2

k
pkMa2

max

(2.140)

2.11

1

1.2

AMR 1

CFL = 0.9 CFL 1

Table 2.1

2.13.2
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Table2.1: The order of solving x-, y- directional equations for eqch time step.

Time Step 1 2 3 4 5 6 · · ·
Present x → y → z z → y → x y → z → x x → z → y z → x → y y → x → z · · ·
General x → y → z x → y → z x → y → z x → y → z x → y → z x → y → z · · ·

2.12 GPU

2.12.1 GPU

GPU CPU Single Instruction Multiple Thread SIMT

,

GPU

GPU CPU GPU

NVIDIA

CUDA Compute Unified Device Architecture [69] GPU CPU

CPU GPU

CPU-GPU GPU Fig. 2.12

MPI CPU GPU

GPU

GPU CUDA Fig. 2.13

3

GPU 3

3 2 1 1

Nx,Ny,Nz

gg,gy,gz bx,by,bz(= 1)

gx = floor

(
Nx +bx −1

bx

)

gy = floor

(
Ny +by −1

by

)

gz = floor

(
Nz +bz −1

bz

) (2.141)

floor (2.141) gx ×bx Nx

32
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Fig.2.12: The GPU-implementation of fluid computation.

Fig.2.13: The schematics of CUDA block and threads.

Warp bx = 32,by = 4,bz = 1

GPU blockDim

blockIdx threadIdx x blockDim.x

x,y,z i, j,k
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id

i = threadIdx.x+blockDim.x×blockIdx.x

j = threadIdx.y+blockDim.y×blockIdx.y

k = threadIdx.z+blockDim.z×blockIdx.z

id = i+Nx × ( j+Ny × k)

(2.142)

2.12.2 MPI GPU

GPU MPI 1 MPI

1CPU,1GPU MPI

GPU GPU

GPU GPU Direct

TSUBAME2.5 GPU

CPU 2 GPU

Fig. 2.14

HALO 5 WENO

3 3

HALO HALO GPU1 HALO 1

packing packing CPU1 CUDA API

cudaMemcpy CPU1 CPU2 MPI CPU2

CPU2 GPU2 cudaMemcpy 1

HALO unpacking GPU1 GPU2

HALO

x

y,z x HALO

2.13

2.13.1

Navier-Stokes

2.6 5 WENO semi-Lagrangian

2.6.6 semi-

Lagrangian CIP-CLSR1 CIP-CSLR1

f (t,x) 1 (2.143)

∂ f
∂ t

+u
∂ f
∂x

= 0 (2.143)
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Fig.2.14: The halo data communication between each GPUs.

f (0,x) = sin(x) N = 16,32,64,128,256,512,1024

(2.144) L1 Fig. 2.15 Fig. 2.16

L1 =
1

N

N

∑
i
| fi − fexact| (2.144)

Fig. 2.15 5 WENO semi-Lagrangian 5 Fig. 2.16

CIP-CSL2 3 CIP-CSLR1 2 3
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10-12

10-10

10-8

10-6

10-4

10-2

10-4 10-3 10-2 10-1

L1

Δ x

slope of 5th order
5th order WENO

Fig.2.15: The L1 norm error of linear advection equation solved by semi-Lagrangian scheme with 5th order

WENO scheme.

10-10

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

10-3 10-2 10-1

L1

Δx

slope of 2nd order
slope of 3rd order

CIP-CSL2
CIP-CSLR1

Fig.2.16: The L1 norm error of linear advection equation solved by semi-Lagrangian scheme with CIP-CSL2

and CIP-CSLR1 scheme.
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ρ = 1.0

p = 1.0

ρ = 0.125

p = 0.1

Fig.2.17: The initial setting of the shock tube problem.

2.13.2

1 shock tube

Sod shock tube [70] shock tube

Fig. 2.17

t = 0 1

(ρ0,u0, p0) =

{
(1.0, 0.0, 1.0) (x ≤ 0.5)

(0.125, 0.0, 0.1) (otherwise)
(2.145)

[0,1] N = 100,500 CFL = 0.9

CFL = 0.5,0.9 WENO

3 Lagrange

N = 100 t = 0.2 Fig. 2.18 shock tube Fig. 2.18 (a)

N = 100

Lagrange Fig. 2.18(a), (b) CFL = 0.5, 0.9

CFL WENO

Fig. 2.18(c), (d) CFL

Fig. 2.19 N = 500
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Fig.2.18: The density profile at t = 0.2 for the shock tube problem(N = 100). (a) 3rd order Lagrange in-

terpolation, CFL = 0.5; (b) 3rd order Lagrange interpolation, CFL = 0.9; (c) 5th order WENO

interpolation, CFL = 0.5; (d) 5th order WENO interpolation, CFL = 0.9.

CFL N = 100

Cavity flow

Cavity flow

Ghia [71]

Cavity flow Fig. 2.20 L U

x y

Ghia

μ ρ Reynolds
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Fig.2.19: The density profile at t = 0.2 for the shock tube problem(N = 500). (a) 3rd order Lagrange in-

terpolation, CFL = 0.5; (b) 3rd order Lagrange interpolation, CFL = 0.9; (c) 5th order WENO

interpolation, CFL = 0.5; (d) 5th order WENO interpolation, CFL = 0.9.

Re

Re =
ρUL

μ
(2.146)

U = 1.0,L = 1.0,ρ = 1.0 μ Ma = U
c = 0.03

c 128×128 Re = 100, 5000

Fig. 2.21 Re = 100, 5000 Reynolds Ghia
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Fig.2.20: The setting of the cavity flow problem.

Fig.2.21: The velocity profiles at steady state for the cavity flow problem. Left shows the results of Re = 100

and right shows that of Re = 5000.
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Fig.2.22: The initial setting for the Karman vortex street past a cylinder problem.

2

2 IBM 2

Reynolds

[72][73][74]

Fig. 2.22 31D×30D D = 1.0 (U,0)

Ma =U/c = 0.2 Reynolds 2

Re =UD/ν = 200 620×600

U

Neumann Neumann

Cd Cl x Fd y

Fl

Cd =
Fd

1
2 ρU2D

(2.147)
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Fig.2.23: The time history of drag and lift coefficients of cylinder for the Karman vortex street past a cylinder

problem. (a) Present, (b) E.Guilmineau et.al[75].

Table2.2: The comparison of drag and lift coefficients of the cylinder for Re = 200 with the results of exper-

iment and incompressible solvers.

Cd Cl

Present 1.25 0.62

David[74] 1.17 0.67

Liu et al.[72] 1.31 0.64

Wille(exp)[76] 1.30

Cl =
Fl

1
2 ρU2D

(2.148)

(2.149) (2.150)

Fd =
1

2
D
∫ 2π

0
(−pcosθ)dθ +

D
2Re

∫ 2π

0

(
2

∂u
∂x

cosθ +

(
∂u
∂y

+
∂v
∂x

)
sinθ

)
dθ (2.149)

Fl =
1

2
D
∫ 2π

0
(−psinθ)dθ +

D
2Re

∫ 2π

0

(
2

∂v
∂y

sinθ +

(
∂u
∂y

+
∂v
∂x

)
cosθ

)
dθ (2.150)

Cd,Cl E.Guilmineau [75] Fig. 2.23

Table 2.2 E.Guilmineau

IBM
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Table2.3: The order of solving x-, y- directions for each time-step

time step 1step 2step 3step

Present x → y y → x x → y

General x → y x → y x → y

Fig.2.24: Incorrect drag and lift coefficients without consideration of the order of solving directional equa-

tions. (a) General order, (b) E.Guilmineau et.al[75].

2.11 CFL Cavity flow

2

Table 2.3

Table 2.3 General

Fig. 2.24

Cd

CFL = 0.9 1

x,y

2.11

3

3 Reynolds
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Fig.2.25: The iso-surface of Q value for the flow around sphere problem.

Ma = 0.03,0.1 Re = 100 104

D = 1.0 m 15D×10D×10D 300×200×200

Fig. 2.25 Re = 10000 Q Q 3

(2.151)

Q =
∂u j

∂xi

∂ui

∂x j
(i, j = 1,2,3) (2.151)

Fig. 2.25 Fig. 2.26 Ma = 0.03,0.1

Re [77] Re = 103 Reynolds

Reynolds

semi-Lagrangian WENO

Re = 103

Ma = 0.03,0.1
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Fig.2.26: The relation between Re number and drag coefficient for the flow around sphere problem. (a)

Ma = 0.03, (b) Ma = 0.1.
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Fig.2.27: The setting of the diagonal advection problem.

2.13.3

Phase field Single vortex

Phase field VOF

THINC/WLIC VOF THINC/WLIC C D

uuu = (1,1) Level Set

Phase field Fig. 2.27 [0,1]× [0,1] 100×100

L = 0.2 (0.2,0.2)

2.6.6 Allen-Cahn

CIP-CSLR1 Fig. 2.28

CIP-CSL2 φ Fig. 2.29 CIP-CSLR1

Fig. 2.28 Fig. 2.29 n cycle n
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φφ

φφ

Fig.2.28: The phase-filed profile solved by using CIP-CSL2 scheme for the diagonal advection problem.

CIP-CSL2 CIP-CSLR1

Allen-Cahn Phase field φ
(2.98) δ = 0.2Δx λ = 0.1

Allen-Cahn 1 cycle 10 cycle Fig. 2.30

Fig. 2.30 φ φ 1

δ
Allen-Cahn (2.50)

∇φ
|∇φ | Phase field φ

Level Set



56 2

φφ

φφ

Fig.2.29: The phase-filed profile solved by using CIP-CSR1 scheme for the diagonal advection problem.
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φ

φ

φ

φ

Fig.2.30: The results obtained by solving the conservative Allen-Cahn equation for the diagonal advection

problem. Left shows the contour of φ and right shows 1-dimensional profile of φ on the sectional

line.
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Fig.2.31: The setting of the single vortex problem.

Single vortex

Rider Single vortex [78]

Phase field [0,1]× [0,1] 100×100

Fig. 2.31 (0.5,0.75) 0.2 (2.152)

Ψ(t,x,y) =
1

π
sin2(πx)sin2(πy)cos

(πt
T

)
(2.152)

u(x,y, t) =
∂Ψ
∂y

= 2sin2 (πx)sin(πy)cos(πy)cos
(πt

T

)
(2.153)

v(x,y, t) =−∂Ψ
∂x

=−2sin(πx)cos(πx)sin2 (πy)cos
(πt

T

)
(2.154)

T t = T/2 t = T/2

t = T T = 8

Δt = 0.1Δx 2.9 Δt

u

Fig. 2.32 t = 0 t = T/2 t = T

t = T/2 Level Set

t = T

[4] 128×128 CLSVOF THINC/WLIC Fig. 2.33
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Fig.2.32: The phase-field profiles obtained by solving conservative Allen-Cahn equation for the single vortex

problem. (a) t = 0; (b) t = T/2; (c) t = T .

Fig.2.33: The contour line of φ = 0.5 obtained by using THINC/WLIC scheme adapted from reference[4].
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THINC/WLIC Phase field

D THINC/WLIC hyperbolic tangent

VOF

VOF 0.5

VOF VOF 0.5

Phase field

VOF

THINC/WLIC Phase field

Staggered

SMAC 3

WENO 3 TVD Runge Kutta

B

2

Fig. 2.34

THINC/WLIC VOF VOF

Phase field THINC/WLIC

20 ρl = 998 kg/m3

μl = 1.0×10−3 Pa · s ρg = 1.2 kg/m3 1.8×10−5 Pa · s
[0,0.72]× [0,0.36] m 200×100 slip

THINC/WLIC Fig. 2.35 Phase field

Fig. 2.35 φ THINC/WLIC VOF Phase field Phase

field THINC/WLIC t = 3 s VOF VOF

Phase field

THINC/WLIC VOF

Rayleigh Taylor

THINC/WLIC Phase field
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Fig.2.34: The initial setting of the two-dimensional dam breaking onto wet floor problem.

Fig.2.35: The phase-field profiles obtained by using THINC/WLIC scheme for the two-dimensional dam

breaking onto wet floor problem.
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Fig.2.36: The phase-field profiles obtained by solving conservative Allen-Cahn equation for the two-

dimensional dam breaking onto wet floor problem.

[0,0.5]× [0,1.0] m 64×128 2:1 Rayleigh Taylor

0 THINC/WLIC

Fig. 2.37 Phase field Fig. 2.38 THINC/WLIC Phase

field 0.3 s

t = 9.0 s THINC/WLIC

VOF Phase field

VOF
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Fig.2.37: The phase-field profiles obtained by using THINC/WLIC scheme for the Rayleigh Taylor instabil-

ity problem.

Fig.2.38: The phase-field profiles obtained by solving conservative Allen-Cahn equation for the Rayleigh

Taylor instability problem.



64 2

Fig.2.39: The effect of the mobility parameter of conservative Allen-Cahn equation.

Phase field

2.5.1 Allen-Cahn (2.50)

ε
γ̄ = Mφ |u|max Phase field Mφ

Phase field

Mφ

2.13.3 2 Mφ Fig. 2.39 Mφ

Allen-Cahn

Mφ

Phase field

Level Set

2.5.3 Phase field Level Set

Level Set 2.13.3 Phase

field Allen-Cahn (2.50)

Level Set Phase field [0,1]× [0,1] m
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Fig.2.40: The phase-filed profiles when the normal vector is computed by using phase-field variables.

Fig.2.41: The phase-filed profiles when the normal vector is computed by using level-set function.

0.2 m δ = 2Δx λ = 0.1 Mφ = 500 |uuu|max

1.0 Allen-Cahn

Fig. 2.40 Phase field φ
Fig. 2.41 Phase field Level Set ψ

φ t = 0.2,1.0 s

φ
Level Set t = 1.0 s

Level Set



66 2

a

n2a

Fig.2.42: The initial setting of two-dimensional dam breaking onto dry floor problem.

2.13.4

2

2

Martin [79]

Fig. 2.42 a

n2a n,a

[0,0.4]× [0,0.15] m 200×75 400×150 20

slip

0 B

Fig. 2.43 200×75 400×150 Fig. 2.44
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φ

Fig.2.43: Snapshots of the 2-D dam breaking problem for 200× 75 mesh. Results of (a) the weakly com-

pressible solver and (b) the incompressible solver.

Divuuu = 0 uuumax

∂ρ
∂ t

+∇ · (ρuuu) = 0, (2.155)

Δt

Δρ
ρ

�−∇ ·uuuΔt. (2.156)

Δt = Δx/|uuumax| Fig. 2.45 ∇ · uuuΔt

Δρ/ρ 0.01 0.05

∇ ·uuu = 0 φ
Fig. 2.46 Phase field φ > 1 φ < 0 Fig. 2.46(b)

(a) φ < 0 φ = 0

2 φ 1.01520 1.00368

Fig. 2.48 Allen-Cahn
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φ

Fig.2.44: The same 2-D dam breaking problem with 400×150 mesh. Results of (a) the weakly compressible

solver and (b) the incompressible solver.

∇ · uΔt

Fig.2.45: Velocity divergence profiles of (a) 200×75 mesh and (b) 400×150 mesh for the 2-D dam breaking

problem solved by the weakly compressible scheme.
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Fig.2.46: Color contour of the phase field variable with a color map emphasized for φ < 0.0 and φ > 1.0 for

the 2-D dam breaking problem on 200×75 mesh, (a) same as Fig.2.43 (a), and (b) the result with

a twice-higher sound speed.

φ ∇ · uΔt

Fig.2.47: 2-D dam breaking problem on 200×75 mesh with a twice-higher sound speed, (a) snapshots of the

interface profile represented by the phase field variable φ and (b) profiles of the velocity divergence.

0.4%

t z h
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Fig.2.48: Total volume changes from the initial value. (a) 200×75 mesh and (b) 400×150 mesh.

Fig.2.49: Comparisons of (a) heights of water column and (b) front locations of the weakly compressible

solver based on characteristic method with those of the incompressible solver and the experimental

data[79]

g = 9.8 m/s2 Martin [79] Fig. 2.49

τ = t
√

g
a
, H =

h
n2a

,

T = nτ, Z =
z
a
.

(2.157)

Z H

slip

Hirt SOLA-VOF [24] MPS [80]
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2 [0,75]×
[0,75] mm l = 37.5 mm

20

σ = 0.07252 N/m

Lamb [81] T

T =
2π
k

k =
√

s(s2 −1)
σ

ρlr3

r =

√
l2

π

(2.158)

s s = 4

T = 0.292 Fig. 2.50

t = 0.15 s t = 0.3 s

0.3

2.5.5

3

0.2 mm

ρl = 1113.2 kg/m3 μl = 0.0161 Pa · s σ = 0.04799 N/m

non-slip

1.2×1.2×0.5 mm 60×60×20 3 Fig. 2.51

Fig. 2.52 θ = 30, 60, 90, 120, 150◦

Fig. 2.52
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Fig.2.50: Time evolution of interfaces for the droplet vibration at (a) t = 0.0 s; (b) t = 0.05 s; (c) t = 0.15 s;

(d) t = 0.30 s.
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Fig.2.51: The perspective view of contact angle problem at different angles, (a) initial condition; (b) θ = 30◦;

(c) θ = 60◦; (d) θ = 90◦; (e) θ = 120◦; (f) θ = 150◦.
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Fig.2.52: The sectional view of contact angle problem with fixed angle lines at different angles, (a) initial

condition; (b) θ = 30◦; (c) θ = 60◦; (d) θ = 90◦; (e) θ = 120◦; (f) θ = 150◦.
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x

y

Fig.2.53: The initial setting of two-dimensional bubble rising problem.

Table2.4: The physical properties of gas and liquid phase for the two-dimensional bubble rising problem.

Test case ρ1 ρ2 μ1 μ2 g σ

caseA 1000 100 10 1 0.98 24.5

caseB 1000 1 10 0.1 0.98 1.96

2

2 2

[23][82][83]

Hysing[82] Klostermann [83] Fig. 2.53

Ω1 Ω2 [0,1]× [0,2] 256×512

Table 2.4 caseA caseB

Hysing T2PD FreeLIFE MooNMD 3

T2PD Transport Phenomena in 2D Featflow[84]

Level Set FreeLIFE Free-Surface Library of Finite
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Fig.2.54: Computational shape of two-dimensional bubble rising at t = 3.0. Present (solid black), TP2D

(solid red), FreeLIFE (dotted green), and MooNMD (dashed blue)

Element Level Set

[85] MooNMD Mathematics and object-oriented Numerics

in MagDeburg [86]

Hysing [82]

Hysing Fig. 2.54 caseA

caseB Hysing

Fig. 2.55

Phase field 2.13.3

Hysing

XXXc UUUc [82]

XXXc = (xc,yc) =

∫
Ω2

xxxdx∫
Ω2

1dx

UUUc =

∫
Ω2

uuudx∫
Ω2

1dx

(2.159)

y Hysing

Fig. 2.56 Fig. 2.57 caseA caseB
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Fig.2.55: Computational shape of bubble for six different codes adapted from ”Quantitative benchmark com-

putations of two-dimensional bubble dynamics” by Hysing et. al.[82].

Fig. 2.57 Mamax = 0.03

Fig. 2.58 Mamax = 0.01

Mamax = 0.03

2
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Fig.2.56: The time history of the center of mass of the bubble compared with reference results adapted from

”Quantitative benchmark computations of two-dimensional bubble dynamics” by Hysing et. al.[82]

for the two-dimensional bubble rising problem.

Fig.2.57: The time history of rise velocity of bubble for Mamax = 0.03 compared with reference results

adapted from ”Quantitative benchmark computations of two-dimensional bubble dynamics” by

Hysing et. al.[82].
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Fig.2.58: The time history of rise velocity of bubble for Mamax = 0.01 compared with reference results

adapted from ”Quantitative benchmark computations of two-dimensional bubble dynamics” by

Hysing et. al.[82].
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3

3 Grace

3 Fig. 2.59 Grace diagram [87]

Mo =
(ρl −ρg)μ4

l g
ρ2

l σ3
, (2.160)

Eo =
(ρl −ρg)d2g

σ
, (2.161)

Re =
ρldVt

μl
, (2.162)

d Vt

Mo Eo Vt Re Grace

Annaland Grace diagmra 4

[89]

(A) Spherical : Mo = 1.26×10−3,Eo = 0.971

(B) Ellipsoidal : Mo = 0.10,Eo = 9.71

(C) Skirted : Mo = 0.971,Eo = 97.1

(D) Dimpled/Ellipsoidal : Mo = 1000,Eo = 97.1

4 Annaland Grace

Annaland ρl/ρg = 100 μl/μg = 100

g = 9.8 m/s2 Fig. 2.60 0.04× 0.04× 0.1 m

160×160×400 d0 = 10−2 m 40

Fig. 2.61 Annaland [89]

Re

Table 2.5 Grace

Annaland 3
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Fig.2.59: Grace diagram adapted from Clift et.al. ”Bubbles, Drops, and Particles”[88].
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Fig.2.60: The initial setting of the three-dimensional bubble rising problem.

Table2.5: The comparison of Re numbers computed by rise velocity estimated from simulation results with

the experimental and computed results of references.

Re (Grace) Re (Annaland) Re(present)

(A) Spherical 1.7 1.6 1.5

(B) Ellipsoidal 4.6 4.3 4.6

(C) Skirted 20 18 17.5

(D) Dimpled/Ellipsoidal 1.5 1.7 1.8
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Fig.2.61: The computed shapes of bubble for the three-dimensional bubble rising problem. The right side

panels show present results. The left side panels show Annaland’s results adapted from ”Numerical

simulation of gas bubbles behaviour using a three-dimensional volume of fluid method”[89].
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2.14

2.14.1

2

[90][91][92]

Kelvin Helmholtz [93]

Plateau Rayleigh [94] Rayleigh Taylor

Richtmyer Meshkov [95]

DIM

Fig. 2.62 0.9 mm D = 4.8 mm

5.5D× 5.5D× 2.0D 297× 297× 107

w0 = 2.8 m/s 40 cm g = 9.8 m/s2

ρl = 1000 kg/m3 μl = 1.64×10−3 Pa · s
ρg = 1.2 kg/m3 μg = 1.8 ×10−5Pa · s non-slip Fig. 2.63

Krechetnikov [95] 0.9 ms

2.0 ms

6.0 ms

Phase field
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Fig.2.62: The initial setting of the milk crown simulation

2.14.2

2.13.4

Stansby [96]

Fig. 2.64

0.72× 0.12× 0.36 m 576× 96× 288 0.15 m

L = 0.018 m g = 9.8 m/s2 20◦C

2.13.4 non-slip

Re 106

LBM

LBM

5 WENO

WENO

2.14.3 GPU

2.14.2 L = 0.018 m x y z

1152×192×576 GPU
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t = 0.0 ms

t = 2.0 ms

t = 4.0 ms

t = 6.0 ms

Fig.2.63: The predicted time evolution of gas-liquid interface, obtained at 297× 297× 108 meshes for the

milk crown simulation
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Fig.2.64: The initial setting for the three-dimensional dam breaking onto wet floor problem.

Fig. 2.66 2.14.2 567×96×288

1.27
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t = 0.2 s

t = 0.4 s

t = 0.6 s

(a) Charactetistic based weakly compressible

t = 0.2 s

t = 0.4 s

t = 0.6 s

(b) Incompressible

Fig.2.65: The predicted time evolution of gas-liquid interface, obtained at 576× 288× 96 meshes for the

dam breaking onto wet floor problem
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t = 0.2 s t = 0.3 s

t = 0.4 s t = 0.5 s

t = 0.6 s t = 0.7 s

Fig.2.66: The predicted time evolution of gas-liquid in the case of L = 0.018 m, obtained at 1152×192×576

meshes for the dam breaking onto wet floor problem.
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2.15

Navier-Stokes

1

1 semi-Lagrangian

CFL

Runge-Kutta

Phase Field

Allen-Cahn CIP

Level Set

THINC/WLIC

Single vortex THINC/WLIC

Allen-Cahn

2 Rayleigh-Taylor THINC/WLIC

Ghost cell Immersed Boundary

1.27

LBM

2019

[12] LBM

Level Set Allen-Cahn
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3

Navier-Stokes

Navier-Stokes

3.1 Navier-Stokes

Navier-Stokes Navier-Stokes T

∂ρ
∂ t

+∇ · (ρuuu) = 0 (3.1)

∂ρuuu
∂ t

+∇ · (ρuuuuuu) =−∇p+∇ · τ +FFF (3.2)

(3.1) (3.2) uuu

∂uuu
∂ t

+(uuu ·∇)uuu =− 1

ρ
∇p+

1

ρ
∇ · τ + 1

ρ
FFF (3.3)

∂ p
∂ρ

= c2
s (3.4)

(3.1)

∂ p
∂ t

+(uuu ·∇) p =−ρc2
s ∇ ·uuu (3.5)

Ma = U
cs
<< 1

δρ
ρ0

<< 1 (3.7)

Allen-Cahn
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Ma = U
cs
<< 1

∂ p
∂ t

+(uuu ·∇) p ≈ ∂ p
∂ t

(3.6)

(3.6)

[16]

∂uuu
∂ t

+(uuu ·∇)uuu =− 1

ρ
∇p+

1

ρ
∇ · τ + 1

ρ
FFF (3.7)

∂ p
∂ t

+(uuu ·∇) p =−ρc2
s ∇ ·uuu (3.8)

∇ ·uuu
0.3 cs

3.2

(3.7) 1 2.4 ρ

cs CFL (2.14)

(2.14)

30

(2.18) (2.20)

ρ̃
[3]

Navier-Stokes ρuuu

uuu

Kelvin-Helmholtz

∂u
∂x

=
1

ρ

[
∂ (ρu)

∂x
−u

∂ρ
∂x

]
. (3.9)

(3.9)
∂ρ
∂x = 0

2

u
∂u
∂x

+ v
∂u
∂y

=
1

ρ

[
u

∂ (ρu)
∂x

−u2 ∂ρ
∂x

+ v
∂ρu
∂y

−uv
∂ρ
∂y

]
. (3.10)
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vi− 1
2 , j

vi− 1
2 , j

=
(ρv)i, j− 1

2
+(ρv)i, j+ 1

2
+(ρv)i−1, j− 1

2
+(ρv)i−1, j+ 1

2

ρi, j− 1
2
+ρi, j+ 1

2
+ρi−1, j− 1

2
+ρi−1, j+ 1

2

. (3.11)

ρ Phase field i, j− 1
2

ρi, j− 1
2
=

1

2

(
ρi, j +ρi, j−1

)
(3.12)

1000

3

WENO

fx = f 1st
x +Ψ(r)

(
f WENO
x − f 1st

x

)
, (3.13)

r smooth indicator

ri− 1
2
=

⎧⎪⎪⎨
⎪⎪⎩

f
i+ 1

2
− f

i− 1
2

f
i− 1

2
− f

i− 3
2

ui− 1
2
> 0

f
i− 1

2
− f

i− 3
2

f
i+ 1

2
− f

i− 1
2

ui− 1
2
≤ 0.

(3.14)

Ψ minmod limiter [97]

3.3

2.13.4 Fig. 2.57 Fig. 2.58

10step

∇ ·
(

1

ρ
∇p

)
=

∇ ·uuu
Δt

. (3.15)

step

GPU

Red-Black SOR(Successive Over-Relaxation) ∇ ·uuu ≤ 10−7
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3.4 Allen-Cahn

2.5.1 Allen-Cahn 2.6.6

AMR

Phase field

AMR Phase field

AMR

(2.50) V 1
V

1

V

∫
V

∂φ
∂ t

dV +
1

V

∫
V

∇ · (uuuφ)dV = γ̄
{

ε
1

V

∫
V

∇ · (∇φ)dV − 1

V

∫
V

∇ ·
[

φ (1−φ)
∇φ
|∇φ |

]
dV

}
(3.16)

1

V

∫
V

∂φ
∂ t

dV +
1

V

∮
S
(uuuφ) ·nnnSdS = γ̄

{
ε

1

V

∮
S
(∇φ) ·nnnSdS− 1

V

∮
S

[
φ (1−φ)

∇φ
|∇φ |

]
·nnnSdS

}
(3.17)

S V nnnS S

Δx×Δy×Δz = ΔV

1

V

∮
S
(uuuφ) ·nnnSdS =

1

ΔV

6

∑
l=1

(uuuφ)l ΔSl

=
{[

(uφ)i+ 1
2 , j,k

− (uφ)i− 1
2 , j,k

]
ΔyΔz

+
[
(vφ)i, j+ 1

2 ,k
− (vφ)i, j− 1

2 ,k

]
ΔzΔx

+
[
(wφ)i, j,k+ 1

2
− (wφ)i, j,k− 1

2

]
ΔxΔy

}
/(ΔxΔyΔz)

(3.18)

(3.18) Flux minmod 3 MUSCL(Monotone

Upstream-centered Scheme for Conservation Law) [98]

Allen-Cahn Flux
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γ̄ε
1

V

∮
S
(∇φ) ·nnnSdS = γ̄ε

1

ΔV

6

∑
l=1

(∇φ)l ΔSl

= γ̄ε

{[(
∂φ
∂x

)
i+ 1

2 , j,k
−
(

∂φ
∂x

)
i− 1

2 , j,k

]
ΔyΔz

+

[(
∂φ
∂y

)
i, j+ 1

2 ,k
−
(

∂φ
∂y

)
i, j− 1

2 ,k

]
ΔzΔx

+

[(
∂φ
∂ z

)
i, j,k+ 1

2

−
(

∂φ
∂ z

)
i, j,k− 1

2

]
ΔxΔy

}
/(ΔxΔyΔz)

(3.19)

γ̄
1

V

∮
S

[
φ (1−φ)

∇φ
|∇φ |

]
·nnnSdS = γ̄

1

ΔV

6

∑
l=1

[
φ (1−φ)

∇φ
|∇φ |

]
l
ΔSl

= γ̄
{[

φi+ 1
2 , j,k

(
1−φi+ 1

2 , j,k

)
nx i+ 1

2 , j,k
−φi− 1

2 , j,k

(
1−φi− 1

2 , j,k

)
nx i− 1

2 , j,k

]
ΔyΔz

+
[
φi, j+ 1

2 ,k

(
1−φi, j+ 1

2 ,k

)
ny i, j+ 1

2 ,k
−φi, j− 1

2 ,k

(
1−φi, j− 1

2 ,k

)
ny i, j− 1

2 ,k

]
ΔzΔx

+
[
φi, j,k+ 1

2

(
1−φi, j,k+ 1

2

)
nz i, j,k+ 1

2
−φi, j,k− 1

2

(
1−φi, j,k− 1

2

)
nz i, j,k− 1

2

]
ΔxΔy

}
/(ΔxΔyΔz)

(3.20)

Level Set |∇ψ|= 1

nx i− 1
2 , j,k

=
ψi, j,k −ψi−1, j,k

Δx
(3.21)

(3.20) 2

φ Allen-Cahn

φ =
1

V

∫
V

φ(xxx)dV. (3.22)

3.5

Fig. 3.1

2

3.5.1

(3.13) f WENO
x 3 HJ-WENO

i
(

∂ f
∂x

)
Δx 3

HJ-WENO (
∂ f
∂x

)
i
=

fi+1 − fi−1

2Δx
+

f±x
1+2r2

(3.23)
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Fig.3.1: Configration of staggered grid system, vector conponents are defined at cell-face and scalars are

defined at cell-center.

u ⎧⎪⎨
⎪⎩

Δh = Δx,
fpp = fi+2, fp = fi+1, (u ≤ 0)

fm = fi−1

(3.24)

⎧⎪⎨
⎪⎩

Δh =−Δx,
fpp = fi−2, fp = fi−1, (u > 0)

fm = fi+1

(3.25)

f±x =
− fpp +3 fp −3 fi + fm

2Δh
(3.26)

r =
fi −2 fp + fpp + ε
fp −2 fi + fm + ε

(3.27)

ε 10−10 r r = 1

3

3.5.2

∇p 2 x u

i+ 1
2 u i+ 1

2(
∂ p
∂x

)
i+ 1

2

=
pi+1 − pi

Δx
(3.28)

3.5.3

∇ ·τ = ∇ ·{μ
(
∇uuu+∇uuuT

)}
2 μ

μ ∂
∂x

(
μ ∂u

∂x

)
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i−
1

2
, j i+

1

2
, ji, ji−

3

2
, j

(
μ
∂u

∂x

)
i,j

(
μ
∂u

∂x

)
i−1,j

[
∂

∂x

(
μ
∂u

∂x

)]
i− 1

2
,j

μ

u

(a) Same directional derivative with velocity

i, ji− 1, j

i− 1, j − 1 i, j − 1

i, j + 1i− 1, j + 1 μi− 1

2
,j+ 1

2

μi− 1

2
,j− 1

2

ui− 1

2
,j

ui− 1

2
,j+1

ui− 1

2
,j−1

(
∂u

∂y

)
i− 1

2
,j+ 1

2

(
∂u

∂y

)
i− 1

2
,j− 1

2

(
∂v

∂x

)
i− 1

2
,j− 1

2

(
∂v

∂x

)
i− 1

2
,j+ 1

2

vi,j+ 1

2

vi−1,j+ 1

2

vi−1,j− 1

2
vi,j− 1

2

[
μ

(
∂u

∂y
+

∂v

∂x

)]
i− 1

2
,j+ 1

2

[
μ

(
∂u

∂y
+

∂v

∂x

)]
i− 1

2
,j− 1

2

μ

u

v

(b) Different diretional derivative with velocity

Fig.3.2: Stencil computations of viscous term

[
∂
∂x

(
μ

∂u
∂x

)]
i− 1

2 , j
=

(
μ ∂u

∂x i, j −
(

μ ∂u
∂x

)
i−1

, j
)

Δx
(3.29)

Fig. 3.2a ∂
∂y

(
μ
(

∂u
∂y +

∂v
∂x

))
i− 1

2

u

[
∂
∂y

(
μ
(

∂u
∂y

+
∂v
∂x

))]
i− 1

2 , j
=

[
μ
(

∂u
∂y +

∂v
∂x

)]
i− 1

2 , j+
1
2

−
[
μ
(

∂u
∂y +

∂v
∂x

)]
i− 1

2 , j− 1
2

Δy
(3.30)

(3.30) Fig. 3.2b

3.5.4

(3.8) 2

(∇ ·uuu)i, j =
ui+ 1

2 , j
−ui− 1

2 , j

Δx
+

vi, j+ 1
2
− vi, j− 1

2

Δy
(3.31)

2.6.7 3 3 Runge-Kutta
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i = ist i = ist

i = ist

Fig.3.3: Boundary setting on staggered-grid system

3.6

Fig. 3.3

x x Fig. 3.3

i = ist uist i− 1
2

i, j u i− 1
2 , j v i, j− 1

2

i,j

slip/nonslip

slip nonslip

/* Boundary Type Definitions */

#define SLIP_BOUNDARY 1

#define NONSLIP_BOUDANRY -1

boundaty_type = NON_SLIP_BOUNDARY;

const int index = GetIndex( i, j );

if( i < ist ){
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// Index computations

const int id_cc = GetIndex( 2*ist -i-1, j );

const int id_nc = GetIndex( 2*ist -i, j );

// Cell -centered variables , p:pressure , r:density

p[index] = p[id_cc];

r[index] = r[id_cc];

// Cell -face variables , u,v

u[index] = -u[id_nc ];

v[index] = boundary_type * v[id_cc];

}

if( i == ist ) u[index] = 0.0;

GetIndex(i,j) x,y i, j 1

x i > ien GetIndex ist ien y

u v

3.7

- -

Level Set

Fig. 3.4a |∇ψ|= 1

[99]

κ raw =−ψ2
x (ψyy +ψzz)+ψ2

y (ψzz +ψxx)+ψ2
z (ψxx +ψyy)−2(ψxψyψxy +ψyψzψyz +ψzψxψzx)

4Δx2
, (3.32)

ψx =
∂ψ
∂x Level Set Q(ψ)

Q(ψ) = |1−|∇ψ|| . (3.33)

Fig. 3.4b Q(ψ) 0

Q(ψ) η
Q(ψ) 0

κi, j,k =

{
κ raw

i′, j′,k′ where: Qi′, j′,k′ = min
(
Qi−1, j,k,Qi+1, j,k,Qi, j−1,k,Qi, j+1,k,Qi, j,k−1,Qi, j,k+1

) (
Qi, j,k < η

)
κ rawi, j,k (otherwise) .

(3.34)
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(a) The curvature κ computed by using

standard central differnece scheme

(b) The quality Q distribution

Fig.3.4: The severe curvature error and the distribution of Q at the valley of levelset within the thin liquid

film.

η 0.05 Level Set

Phase field

Q 0

3.8

3.8.1

Navier-Stokes

Cavity flow

2.13.2 Ghia 0.03 1282

2562 Re = 100, 5000 Fig. 3.5 Re = 100

Re = 5000

Ghia
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(b) Re = 5000

Fig.3.5: Velocity profile of the cavity flow problem for the Reynolds number Re = 100 (left) and Re = 5000

(right).

3.8.2

Single Vortex

Allen-Cahn THINC/WLIC

Single vortex

Rider Single vortex 2.13.3

R = 0.2 R = 0.15

THIC/WLIC 2.13.3

Δt = Δx/10

128×128 256×256 Fig. 3.6 Fig. 3.7 Allen-

Cahn THIC/WLIC

Zalesak

Zalesak [100]

15

u =
π(50− y)

314

v =
π(x−50)

314
.

(3.35)

Δt = Δx/4 100×100 200×200 Fig. 3.8(after 1 revolution)

Fig. 3.9(after 10 revolution) THIC/WLIC
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Fig.3.6: Results of the single vortex problem by using the THINC/WLIC scheme (Left) and the conservative

Phase-field equation (Right) with 128×128 mesh.
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Fig.3.7: Results of the single vortex problem by using the THINC/WLIC scheme (Left) and the conservative

Phase-field equation (Right) with 256×256 mesh.
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Fig.3.8: Results of the Zalesak problem after 1 revolution by using the THINC/WLIC scheme (Left) and the

conservative Phase-field equation (Right) with 100×100 and 200×200 meshes.
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Fig.3.9: Results of the Zalesak problem after 10 revolution by using the THINC/WLIC scheme (Left) and

the conservative Phase-field equation (Right) with 100×100 and 200×200 meshes.
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3.8.3

Navier-Stokes

2

2.13.4 2 Allen-

Cahn 200×75

Fig. 3.10 (Fig. 2.43)

2.13.4 (2.157) Z

H Fig. 3.11

∇ · uuuΔtfluid Fig. 3.12

Δtfluid =
Δx

uuumax
Navier-Stokes

Navier-Stokes

∇ ·uuuΔtfluid ∇ ·uuuΔtfluid

2 slip

νp∇2 p

ACM

νp

[16][17] νp = 2Δx,10Δx t = 0.7 s

Fig. 3.13 ∇ ·uuuΔtfluid

νp = 2Δx νp = 10Δx

νp νp = 0
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t = 0.2 s

t = 0.5 s

t = 0.7 s

Fig.3.10: Snapshots of the 2D dam breaking problem for 200× 75 mesh obtained by solving isothermal

Navier-Stokes equation.

Fig.3.11: Comparisons of heights of water column and front locations of the weakly compressible solver

based on directly solving isothermal Navier-Stokes equation with those of the incompressible

solver and the experimental data[90]
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t = 0.2 s

t = 0.5 s

t = 0.7 s

Fig.3.12: ∇ ·uuuΔtfluid profile of the 2D dam breaking problem for 200×75 mesh obtained by solving isother-

mal Navier-Stokes equation.
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νp = 2Δx

νp = 10Δx

Fig.3.13: The effect of ∇ ·uuuΔtfluid profile on νp value for the 2D dam breaking problem.
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(a) Case A
(b) Case B

Fig.3.14: Interface shapes of a two-dimensional bubble rising problem at t = 3 by solving the weakly com-

pressible scheme ( left side of each figures (a) and (b) ) with comparison to the references( right

side of each figures (a) and (b) ).
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(b) Case B

Fig.3.15: Rising velocity of bubble over time compared to those of Ref.[82]
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3.9 Navier-Stokes

Navier-Stokes

Allen-Cahn

AMR

1/8

∇ ·uuu = 0 1step

2

2 2

2

Navier-Stokes
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4

AMR

AMR

4.1 AMR

GPU

sin

Beger AMR(Adaptive Mesh Refinement)

Beger

GPU

AMR

AMR [33] 43 83

GPU

Fig. 4.1

2 4 3

8

2 2:1

3
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Fig.4.1: The refinement procedure of tree based AMR
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Fig.4.2: Level gap interpolation of node-centered variables
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j (4.1)
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Fig.4.3: Multi-dimensional interpolation process

Fig.4.4: Interpolation to a fine mesh from a coarse mesh

⎧⎪⎪⎨
⎪⎪⎩

φ f
i =C0

xφ̄ f
i− 1

2

=C0 − 1
4 Δx

(
C1 − 1

3C2Δx
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xφ̄ f
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1
4 Δx

(
C1 +

1
3C2Δx

) (4.3)

Fig. 4.5
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4 1 Phase field

Level Set
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Fig.4.5: Interpolation in a coarse mesh and numerical fluxes between coase and fine meshes

Flux

Flux Flux

Fig. 4.7

2:1

2

4.3 AMR GPU

Fig. 4.8 AMR

CPU GPU 1

1

CPU CPU

GPU

Z-Ordering Fig. 4.9 C++

Forest

TreeNode
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Refinement

Coarsening

GPU CPU

Copy neighbor’s value

Linear interpolation

Fig.4.6: Level gap interpolation of variables on cell-center between coarse to fine mesh

Refinement

Coarsening

GPU CPU

: Copy neighbor’s value
: Linear interpolation

: Linear interpolation: Copy neighbor’s value

Fig.4.7: Level gap interpolation of variables on staggered grid between coarse to fine mesh

CPU GPU real float

double typedef NUM CHILD NUM NEIG 2 4

Fig. 4.10

BufPool T u,v, p,φ
d pool[0],d pool[1],d pool[2],d pool[3] pool d

GPU h pool
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Fig.4.8: Tree based AMR on GPU and CPU with space-filling curve

Fig.4.9: C++ class implementations for tree data structure

d pool[static cast<int>(ECellPoolID::P)] ID

BufPool

LeafBlock 42 52

Fig. 4.11

TreeBlockInfo 1 CPU TreeBlockInfo

GPU

4.3.1

(1) (2)
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Fig.4.10: C++ class implementations for buffer pool and block data structure

Fig.4.11: C++ class implementations for block information

Level Set ψ
Level Set ψΓ Level Set ψob j

nmax

min(|ψm|)<
√

3×dhn+1 ×b, (4.4)

m id n m b

(4.4) nmax = 3 Fig. 4.12 id

2 Fig. 4.12

2
√

2×dhn+1 ×b 3
√

3×dhn+1 ×b
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min (|ψ3|)

min (|ψ2|)

√
3× dhn+1 × b

min (|ψ9|)

min (|ψ8|)min (|ψ7|)

min (|ψ21|)

min (|ψ18|)

min (|ψ19|)

Fig.4.12: Mesh refinement based on signed distance function
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5,6 7,8 9

n = 3 Fig. 4.12

3 23,24,27,28 2 2:1

3 n = 4 13,14,15,16,17,19

4.3.2 CPU/GPU

1 GPU

Structure of Array AMR

cudaMalloc cudaFree

GPU

Fig. 4.13
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Fig.4.13: Adaptation and defragmentation of tree-based AMR and memory pool

4

3

4.3.3 GPU

AMR

42

42 CUDA

block thread CUDA block

block CUDA gridDim.x grid 1

CUDA block

/* Number of cells on one side */

#define CELL_N 4

void func( ...,

const unsigned int array_length /* number of leaf array elements */ ){

const dim3 thread = ( CELL_N , CELL_N );

const dim3 block = ( array_length );

some_kernel <<< block , thread >>> ( ... );

}

Fig. 4.14



3 AMR GPU 123

Fig.4.14: A extended stencils of a leaf including halo region on shared memory

shared memory WENO3 2

42 +HALO 2 82

Fig. 4.14 Fig. 4.14

/ x−/y− HALO

4.2 CUDA block

42threads 1 thread 1

1 shared memory

3.5.3

Phase field ( 3.5.3 Fig. 3.2b )
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2 Fig. 4.15

arrow0,1,2,3 arrow 52
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Fig. 4.16 arrow
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CUDA block 42threads i, j

arrow Fig. 4.16 arrow arrow 52

Fig. 4.17a x

arrow y (Fig. 4.17b)

arrow

i, j arrow0,1,2,3

3 Fig. 4.18 8 arrow

Phase field

arrow Fig. 4.19

arrow 4 x i y

y x

// arrow id setting for X+ direction

const int aid [4] = GetArrowId( EDirection ::XP ); // Detect direction by EDirection

// aid[4] = {1,3,5,7}

const int index = GetIndex( i, j );

if( i % 2 == 0 && j % 2 == 0 ){

//

for( int s = 0; s<4; s++){

//copy data of arrow[aid[s]] and distance[aid[s]]

...;

}

}else if( i % == 1 && j % == 1 ){

//copy data of arrow[aid [0]] and distance[aid [0]]

...;

}else{

int eoid [2];

SetEvenOddArrowId( eoid , aid , i, j, EDirection ::XP );

for( int s = 0; s<2 s++ ){

// copy data of arrow[eoid[s]] and distance[eoid[s]]

...;

}

}

distance[] arrow

Fig. 4.20

arrow arrow
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Fig.4.15: Arrow arrays to convert from cell-centered to node-centered variables

Fig.4.16: Prolongation from cell-centered to node-centred variables
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(a) x−directional arrow copy (b) y−directional arrow copy

Fig.4.17: Arrow copy for cell-centered to node-centered variables

xy
z

Fig.4.18: Arrow arrays to convert from cell-centered to node-centered variables for 3D
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xy
z

xy
z

Fig.4.19: Arrow copy process at leaf boundary with coarse neighbour for 3D

xy
z

xy
z

Fig.4.20: Arrow copy process at leaf boundary with fine neighbour for 3D
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Fig.4.21: Color contour of the initial phase-field variable φ (t = 0) with AMR method for the single vortex

problem.

4.4

4.4.1 Single vortex

2.13.3 Single vortex GPU CPU AMR

[101] Fig. 4.21

64×64 0 5

4×4 2,048 × 2,048

Fig. 4.21 A,B

Fig. 4.21 4×4

Fig. 4.22 t = 0.0625T Phase field Level Set

Fig. 4.22 ψ = 0 |ψ|= 0.05

Level Set 20 50

Level Set

t = T/2 Fig. 4.23 (i)

(ii) φ A,B,C

Phase field

t = T Fig. 4.24
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Fig.4.22: Level set function constructed from the phase-field variable(t = 0.0625T ) with AMR method for

the single vortex problem.

Fig.4.23: (i) Leaf lines adapted nearby the interface and (ii) Color contour of the phase-field variable φ (t =

T/2) for the single vortex problem.

AMR

0 5 t = 0.0 6,412

4×4 5×5 160,300

109,109
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φ= 0.5 (present) 

 

Fig.4.24: Color contour of the phase-field variable φ (t = T ) with AMR method for the single vortex problem.

Fig.4.25: Time history of the total mesh number with AMR method for the single vortex problem.

Fig. 4.25

Single vortex

2.13.3 Fig. 2.32 t = T/2
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Table4.1: Computational times(CPU time) for AMR mesh and uniform mesh for the single vortex problem.

Mesh CPU time from t = 0 to t = T (sec)

AMR mesh 9,511.9

Uniform mesh
(2,048×2,048)

88,058.4

4.4.2

0 5 Single vortex 2,048 ×
2,048 Single vortex

t = 0.0 t = T Table 4.1

TSUBAME3.0 Intel R© Xeon R© CPU E5-2680 v4 2.4GHz

OpenMP 28 AMR

AMR

1/38.4 100 21.9

Fig. 4.25 t = T/2 AMR

1/6.8 1/12.3

9.26

4.4.3 2

AMR

0.16×0.04 m Fig. 4.26

0.5 m/s 20◦C

Fig. 4.27(t = 0.0−0.08 s) Fig. 4.28(t = 0.10−0.20 s) 42

t = 0.02 s

t = 0.14 s

t = 0.20 s
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Fig.4.26: Initial setting of two-dimensional water flow against spoon problem
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(a) t = 0.00 s

(b) t = 0.01 s

(c) t = 0.02 s

(d) t = 0.04 s

(e) t = 0.06 s

(f) t = 0.08 s

Fig.4.27: Gas-liquid interface profile with leaf lines computed by characteristic method with AMR method

for 2D flow impinging spoon problem
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(a) t = 0.10 s

(b) t = 0.12 s

(c) t = 0.14 s

(d) t = 0.16 s

(e) t = 0.18 s

(f) t = 0.20 s

Fig.4.28: Gas-liquid interface profile with leaf lines computed by characteristic method with AMR method

for 2D flow impinging spoon problem(later time)
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Fig.4.29: Initial setting of three-dimensional water flow against spoon problem
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Re = 25500
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Fig. 4.32 t = 0.3 s 6.8%

AMR Nleaf

53 Nleaf ×53

4.5 Navier-Stokes AMR

4.5.1

AMR AMR

[79][102]

[80][24] Hu a = 0.2 m n2a = 0.4 m

0.8×0.2×0.6× m Fig. 4.33 . 20◦C

U

U =
√

gn2a � 2.0 m/s, (4.5)

Ma = 0.03 = U
cs

0.3 Ma ≤ 0.3

Fig. 4.34 t = 0.18 s, 0.39 s, 0.52 s 0.99 s

(Fig. 4.34b Fig. 4.34d)

t = 0 s

τ T

X H Fig. 4.35

τ = t
√

g
a
, H =

h
n2a

,

T = nτ, X =
x
a
,

(4.6)

h x = 0 t

[80][24]

AMR

x = Lx

AMR



5 Navier-Stokes AMR 137

(a) t = 0.80 s

(b) t = 0.16 s

(c) t = 0.24 s

Fig.4.30: Gas-liquid interface profile with leaf lines and rendered view computed by characteristic method

with AMR method for 3D flow impinging spoon problem
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(a) t = 0.28 s

(b) t = 0.32 s

(c) t = 0.36 s

Fig.4.31: Gas-liquid interface profile with leaf lines and rendered view computed by characteristic method

with AMR method for 3D flow impinging spoon problem(later time)
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Fig.4.32: The time history of mesh points for the 3D flow impinging spoon problem

Fig.4.33: Initial setting of the three-dimensional dam breaking onto a dry floor problem.
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t = 0.19 s t = 0.39 s t = 0.52 s t = 0.99 s

(a) Experimental results by Hu and Sueyoshi[102]

t = 0.19 s t = 0.39 s t = 0.52 s t = 0.99 s

(b) Simulation results by the weakly compressible scheme on Uniform mesh

t = 0.19 s t = 0.39 s t = 0.52 s t = 0.99 s

(c) Simulation results by the weakly compressible scheme on AMR mesh

t = 0.19 s t = 0.39 s t = 0.52 s t = 0.99 s

(d) Simulation results by the weakly compressible scheme on AMR mesh with leaf lines on y = Ly/2 sliced plane. Each

leaf around four black lines has 43 meshes.

Fig.4.34: Evolution of water profile for three-dimensional dam breaking problem on a dry floor.
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Fig.4.35: Comparisons of heights of water column and front locations of the weakly compressible solver

with those of the experimental data[79][102].
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4.5.2

2.14.2 Ma

U =
√

g(Lz)� 1.83 m/s. (4.7)

Ma = 0.03 = U
cs

x

Ma 0.3

AMR Fig. 4.36 t = 0.3 s

t = 0.4 s t = 0.5 s

x t = 0.6 s

AMR

AMR

AMR AMR
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t = 0.2 s

t = 0.4 s

t = 0.6 s

(a) Simulation results by the present

weakly compressible scheme on

Uniform mesh

t = 0.2 s

t = 0.4 s

t = 0.6 s

(b) Simulation results by the weakly

compressible scheme on AMR

mesh

t = 0.2 s

t = 0.4 s

t = 0.6 s

(c) Simulation results by the present

weakly compressible scheme on

AMR mesh with leaf lines

Fig.4.36: The predicted time evolution of gas-liquid, obtained at 768×128×384 uniform meshes and AMR

mesh for the dam breaking problem onto wet floor.
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(A) Spherical (B) Ellipsoidal (C) Skirted (D) Dimpled

(a) Simulation results by the weakly compressible scheme on uniform mesh

(A) Spherical (B) Ellipsoidal (C) Skirted (D) Dimpled

(b) Simulation results by the weakly compressible scheme on AMR mesh with leaf lines on y = Ly/2 sliced plane. Each

leaf around four black lines has 43 meshes.

Fig.4.37: Computed shape of bubbles by present solver

4.5.3 3

2.13.4 3 Navier-Stokes

AMR 4

AMR 160×160×400

Ma = 0.03

U =
√

gLz � 0.99 m/s, (4.8)

Lz z

Fig. 4.37 φ = 0.5 AMR

[89] AMR

4 Table 4.2

AMR
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Table4.2: Comparison of Re number of the rising bubble

Grace

(experiment)

Annaland

(incompressible)

Present

(uniform)

Present

(AMR)

(A) Spherical 1.7 1.6 1.5 1.5

(B) Ellipsoidal 4.6 4.3 4.6 4.6

(C) Skirted 20 18 19.2 18.9

(D) Dimpled 1.5 1.7 1.76 1.74

Lx = 25D

Ly = 5D

Lz = 5D

D

Slip boundary

Slip boundary

Wall

Open boundary

Inlet velocity U0

Fig.4.38: Initial setting of liquid jet breakup problem.

4.5.4 Liquid jet break up

[103] cumulant LBM [12]

Fig. 4.38 D = 0.0001 m

U0 1/4

L′
x ×L′

y ×L′
z = Lx ×Ly/2×Lz/2 = 25D×2.5D×2.5D y = Ly/2 z = Lz/2

[103] 4

ρl = 848 kg/m3, ρg = 34.5 kg/m3,

μl = 2.87×10−3 Pa · s μg = 1.97×10−5 Pa · s σ = 0.03 N/m

U0 = 100 m/s

7 AMR Δx = D/256



146 4 AMR

t∗ = t
U0

D
. (4.9)

Fig. 4.39 φ = 0.5 Rayleigh-Taylor

t∗ = 13.6 GPU

Fig. 4.40

(Fig. 4.40a)

Allen-Cahn VOF

Kelvin-Helmholtz

[104]

Fig. 4.40b LBM

LBM

AMR

t∗ = 13.6 Tesla V100 1

11 t∗ = 16 5760 cores GPU

410 [103] 5760×410×13.6/16= 2007360

GPU CPU
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t∗ = 4.0

t∗ = 8.0

t∗ = 13.6

Fig.4.39: The predicted time evolution of gas-liquid interface with 7-level AMR method for the liquid jet

breakup problem. Each leaf has 43 meshes and the width of finest mesh equals to Δx = D/256.
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(a) Incompressible solver on uniform

mesh[103]

(b) Unfiltered cumulant LBM on uni-

form mesh[12]

(c) Weakly compressible on AMR grid

Fig.4.40: The overall flow structure colored by mainstream velocity at t∗ = 7.19. (a) is adapted from ref-

erence using incompressible solver on uniform mesh[103](Δx = D/286). (b) is our results(Δx =

D/256).
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160 mm

160 mm16 mm

2 mm
0.5 mm

Fig.4.41: Initial setting of the two-dimensional soap bubble forming simulation.

Table4.3: Physical properties of two-dimensional bubble rising problem

ρl ρg μl μg g

1045.9 1.2 1.77×10−3 1.8×10−5 9.8

4.5.5 2

AMR

Fig. 4.41 Table 4.3 20%

σ = 0.02 N/m

[105] uin (y, t) x = 0

uin (y) =U
(

1− (y− yc)
2

R2

)
,

uin (y, t) = min

(
uin (y)

t
tac

,uin (y)
) (4.10)

U = 0.25 m/s yc = 0.08

R = 0.008

tac = 0.01 s 0 m/s U = 0.25 m/s

9 AMR Phase field

Fig. 4.42 t = 5.0 s Fig. 4.43 0.0195 mm
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t = 0.2 s t = 0.4 s t = 1.0 s t = 1.5 s

t = 2.0 s t = 3.0 s t = 4.0 s t = 5.0 s

Fig.4.42: The profile of phase-field variables with leaf lines for the two-dimensional soap bubble forming

simulation. Each leaf has 42 meshes.

820 t = 5.0 s

t = 0 s t = 5.0 s

7.8 Fig. 4.44 Fig. 4.45

t ∼ 1 s x y

x

y t = 1.0 s

x

x
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(a) With leaf lines (b) Without leaf lines

Fig.4.43: Enlarged views of the phase-field profile at t = 5.0 s.
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Fig.4.44: Time history of displacement of the front and top position of liquid film.
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Fig.4.45: Time history of the gradient of front and top position of liquid film.
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D = 8 mm

b
obj

 = 1 mm

b
liquid

 = 0.5 mm

L
x
 = 320 mm L

y
 =

 1
6
0
 m

m
L
z 

=
 1

6
0
 m

m

Fig.4.46: Initial setting of the soap bubble forming simulation.

4.5.6 3

2 3 Fig. 4.46

0.07825 mm

4096× 2048× 2048

σ = 0.02 N/m, σ = 0.001 N/m 2

uin (r, t) x = 0 yz 2

uin (r) =U
(

1− r2

R2

)
,

uin (r, t) = min

(
uin (r)

t
tac

,uin (r)
)

r (y,z) =
√

(y− yc)
2 +(z− zc)

2,

(4.11)

U = 0.25 m/s (yc,zc) = (0.08,0.08)

R = 0.004 tac = 0.01 s

φ = 0.5 Fig. 4.47(σ = 0.02 N/m) Fig. 4.48(σ =

0.001 N/m)

GPU AMR 2

GPU
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t = 0.10 s t = 0.15 s

t = 0.20 s t = 0.22 s

Fig.4.47: The predicted time evolution of gas-liquid with 9-level AMR method for the soap bubble forming

simulation, where σ = 0.02 N/m.

t = 0.10 s t = 0.20 s t = 0.30 s

t = 0.40 s t = 0.45 s t = 0.50 s

Fig.4.48: The predicted time evolution of gas-liquid with 9-level AMR method for the soap bubble forming

simulation, where σ = 0.001 N/m.
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4.5.7

DIM

DIM

8 AMR

D = 0.3 cm 307

1024× 1024× 2048 1.0× 1.0× 2.0 cm

z = 1.0 cm (xc,yc,zc) = (0.5,0.5,0.5) cm

20%

AMR φ = 0.5 Fig. 4.50

t = 0.50 ms

t = 0.70 ms t = 0.80 ms

t = 0.90

7
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t = 0.25 ms

t = 0.50 ms

t = 0.60 ms

(a) The gas-liquid interface with leaf lines

t = 0.25 ms

t = 0.50 ms

t = 0.60 ms

(b) The visualized results of gas-liquid interface

Fig.4.49: The predicted time evolution of gas-liquid interface with 8-level AMR method for the bubble col-

liding with the liquid surface problem.
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t = 0.70 ms

t = 0.80 ms

t = 0.90 ms

(a) The gas-liquid interface with leaf lines

t = 0.71 ms

t = 0.80 ms

t = 0.90 ms

(b) The visualized results of gas-liquid interface

Fig.4.50: The predicted time evolution of gas-liquid interface with 8-level AMR method for the bubble col-

liding with the liquid surface problem (later time).
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4.6 AMR

AMR

AMR

GPU

cudaMalloc

cudaFree

3

AMR

1/12.3 9.26

3 3 AMR

AMR

AMR

AMR

Jet flow 2007360

1GPU 11 CPU GPU

AMR

2

7.8 3

GPU

Level Set

Level Set

.
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5

FENE-CR

FENE-CR AMR

- -

5.1

Navier-Stokes

Fig. 5.1 Pseudo-plastic Fluid

Fig. 5.1 Dilatant Fluid
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Fig.5.1: Shear stress properties of Newtonian and Nonnewtonian fluids

Fig.5.2: Typical time history of viscotiy and elasticity of viscoelastic fluid

Fig. 5.2

5.2 FENE

FENE(Finite

Extendable Non-linear Elastic)

[106][107]

Fig. 5.3

m1,m2

FENE

1,2 rrr1,rrr2 RRR rrr
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r1

r2

R

m1

m2

Fig.5.3: Dumbbel model for polymer chain

uuu(rrr)

mi
d2rrri

dt2
=−ζ

(
drrri

dt
−uuu(rrri)

)
+(FFFB)i +FFFi (i = 1,2) (5.1)

1 ζ
a ηs ζ = 6πηsa

RRR Re

FFFBi FFFi

FFF = FFF1 =−FFF2 (5.1) RRR

m
d2RRR
dt2

=−ζ
(

dRRR
dt

−uuu(rrr2)+uuu(rrr1)

)
+(FFFB)2 − (FFFB)1 −2FFF (5.2)

∇uuu (5.2) 1

−ζ
(

dRRR
dt

−uuu(rrr2)+uuu(rrr1)

)
=−ζ

(
dRRR
dt

−RRR ·∇uuu
)

(5.3)

(5.1) Langevin

f (RRR, t) f (RRR, t) t RRR RRR+dRRR

tv drrr
dt

d2rrr
dt2

tv =
m

6πηsa
∼ 10−12 (5.4)
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tv

(FFFB)i =−kBT
∂ ln f
∂ rrri

(5.5)

kB T (5.2) RRR

(FFFB)2 − (FFFB)1 =−kBT
(

∂ ln f
∂ rrr2

− ∂ ln f
∂ rrr1

)

=−kBT
(

∂ ln f
∂RRR

∂RRR
∂ rrr2

− ∂ ln f
∂RRR

∂RRR
∂ rrr1

)

=−kBT
(

∂ ln f
∂RRR

+
∂ ln f
∂RRR

)

=−2kBT
∂ ln f
∂RRR

(5.6)

tv dRRR (5.1)

( (5.5)) tv
mi

d2rrri
dt2

ζ
(

dRRR
dt

−RRR ·∇uuu
)
+2kBT

∂ ln f
∂RRR

+2FFF = 0

dRRR
dt

−RRR ·∇uuu+2ζ−1kBT
∂ ln f
∂RRR

+2ζ−1FFF = 0

(5.7)

f ∂ ln f
∂RRR = ∂ ln f

∂ f
∂ f
∂RRR = 1

f
∂ f
∂RRR

f
dRRR
dt

= RRR ·∇uuu f −2ζ−1kBT
∂ f
∂RRR

−2ζ−1FFF f (5.8)

∂ f
∂ t

+
∂

∂RRR

(
f

∂RRR
∂ t

)
= 0 (5.9)

(5.9) (5.8)

∂ f
∂ t

+
∂

∂RRR

[
RRR ·∇uuu f −2ζ−1kBT

∂ f
∂RRR

−2ζ−1FFF
]

f = 0 (5.10)

Smoluchowski Fokker-Planck

(5.10) < RRRRRR >=
∫

RRR3 f RRRRRRdRRR

RRRRRR R |R| → ∞ f → 0

0 (5.10)

∫
RRR3

∂ f
∂ t

RRRRRRdRRR =
∂
∂ t

∫
RRR3

f RRRRRRdRRR =
∂
∂ t

< RRRRRR > (5.11)
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∫
RRR3

RRRRRR · ∂
∂RRR

(RRR ·∇uuu f )dRRR

=−∇uuuT ·< RRRRRR >−< RRRRRR > ·∇uuu
(5.12)

−2ζ−1kBT
∫

RRR3
RRRRRR

∂
∂RRR

· ∂ f
∂RRR

dRRR

=−4ζ−1kBT III
(5.13)

−2ζ−1
∫

RRR3
RRRRRR

∂
∂RRR

(FFF f )dRRR =−2ζ−1

[
RRRRRR ·FFF f |RRR3 −

∫
RRR3

2RRRFFF f dRRR
]

= 4ζ−1 < FFFRRR >

(5.14)

III

δ
δ t

< RRRRRR >=−4ζ−1kBT III +4ζ−1 < FFFRRR > (5.15)

δ
δ t

< RRRRRR >=
D < RRRRRR >

Dt
−∇uuu·< RRRRRR >−< RRRRRR > ·∇uuuT (5.16)

Kramers

σσσ = n
∫

RRRFFF f dRRR3 = n < RRRFFF > (5.17)

n H

FFF = HRRR (5.16) (5.17)

∂σσσ
∂ t

+uuu ·∇σσσ = σσσ ·∇uuu+∇uuuT ·σσσ − 1

λ ∗ (σ −GIII) (5.18)

λ ∗ = ζ
4H G = kBT n UCM(Upper Convected Maxwell)

Oldyoyd-B

Oldyoyd-B UCM

FENE

FFF =
HRRR

1− R2

R2
0

(5.19)

R2 = trRRRRRR R0 Peterlin

FFF =
HRRR

1−
〈

R2

R2
0

〉 (5.20)
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AAA = H
kBT < RRRRRR > AAA

δ
δ t

AAA =− 1

λ
( f (AAA)AAA− III) (5.21)

λ = 4H
ζ

FENE-CR Chilcott Rallison

FENE-CR ( f (AAA)AAA− III) f (AAA)(AAA− III)

Peterlin FENE-CR

5.3

FENE-CR

[108][109][40]

FENE-CR τττ p

3

∂uuu
∂ t

+(uuu ·∇)uuu =− 1

ρ
∇p+

1

ρ
∇ · τττs +

1

ρ
∇ · τττ p +

1

ρ
FFF (5.22)

∂ p
∂ t

+(uuu ·∇) p =−ρc2
s ∇ ·uuu (5.23)

∂AAA
∂ t

+uuu ·∇AAA = AAA ·∇uuu+∇uuuT ·AAA− f (AAA)
λ

(AAA− III) (5.24)

τττ p

τττ p =
μp

λ
f (AAA)AAA (5.25)

μp
μp = φ μp (5.26)

(5.24)

∂AAA
∂τ

= nnn ·∇AAA (5.27)

nnn Level Set (5.24) 3 WENO

2 3 3 TVD

Runge-Kutta
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0.1 m

0.1 m

0.1 m

g

w0 = −1.0 m/s

2.0D

Fig.5.4: Initial settings of viscoelastic droplet falling onto a dry floor problem

5.4

FENE-CR AMR

5.4.1

2

[40][109] Cartesian 3

Fig. 5.4

Re =
ρUL
μ0

= 5.0, Wi = λ
U
L

= 1.0, Fr =
U√
gL

= 2.26, β =
μp

μl +μp
= 0.1 (5.28)

Wi Fr β
μ0 = μl + μp L = D = 0.02

U = 1.0 Ma U 0.03 2563

D 51 M1 5123 D 102 M2

Fig. 5.5 t = 1.7
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t = 1.7 s t = 2.2 s t = 3.5 s t = 5.0 s

(a) Incompressible results by Figueiredo et.al[109]

t = 1.7 s t = 2.2 s t = 3.5 s t = 5.0 s

(b) Simulation results by the weakly compressible scheme

Fig.5.5: Evolution of profile for three-dimensional viscoelastic droplet falling onto a dry floor problem
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Fig.5.6: Time evolution of width of the viscoelastic droplet falling onto a dry floor

Fig. 5.6
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Table5.1: The viscoelastic parameter setting for the bubble colliding with liquid interface problem.

L De

Case A1 10 5

Case A2 10 10

Case A3 10 25

Case B1 2 5

Case B2 5 5

5.5

0.02× 0.04 m d = 8.0 mm (xc,yc) = (0.01,0.01) m

y = 0.02 m 9.8 m/s2

σ = 72.8× 10−3 N/m β = 0.1 De

FENE L Table 5.1

L → ∞ FENE Oldyord-B

De

De = λ
U
L′ (5.29)

U L′ L′ = d

h = 0.01 m g U =
√

gh = 0.313

AMR 512×1024

Fig. 5.7

t = 0.09 s

t = 0.212 s

Fig. 5.8 L = 10 De Case A1 Case A3 De

De = 5,10,25

De = 5,10,25

De = 10 De = 5 De

De = 25 De

De

De L Case B1 Case B2 Fig. 5.9
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t = 0.0 s t = 0.030 s t = 0.060 s t = 0.090 s t = 0.120 s t = 0.150 s

t = 0.16 s t = 0.17 s t = 0.18 s t = 0.20 s t = 0.212 s t = 0.23 s

Fig.5.7: Phase-field profile for the bubble colliding with the liquid surface and forming liquid film in New-

tonian fluid.

FENE

L

L

L

L
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t = 0.030 s t = 0.090 s t = 0.122 s t = 0.143 s t = 0.148 s t = 0.160 s

(a) De = 5

t = 0.030 s t = 0.090 s t = 0.122 s t = 0.143 s t = 0.148 s t = 0.160 s

(b) De = 10

t = 0.030 s t = 0.090 s t = 0.122 s t = 0.143 s t = 0.148 s t = 0.160 s

(c) De = 25

Fig.5.8: The effect of De to the phase-field profile for the bubble colliding with the liquid surface and forming

liquid film in FENE-CR viscoelastic fluid.
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t = 0.030 s t = 0.090 s t = 0.122 s t = 0.143 s t = 0.160 s t = 0.170 s

(a) L = 2

t = 0.030 s t = 0.090 s t = 0.122 s t = 0.143 s t = 0.160 s t = 0.170 s

(b) L = 5

Fig.5.9: The effect of L to the phase-field profile for the bubble colliding with the liquid surface and forming

liquid film in FENE-CR viscoelastic fluid.



6 FENE-CR 171

5.6 FENE-CR

FENE

De

FENE

L L

FENE

FENE-CR
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6

6.1

4.5.5

4.5.5

4.5.7

Langmuir

[110]

[111]



174 6

-

[112] Langmuir

F f

∂F
∂ t

+uuu ·∇F = DF ∇2F + jδ (ψ) (6.1)

D f
Dt

−uuu ·∇s f (uuu ·nnn)(∇s ·nnn) =−∇s · ( f uuu)+D f ∇2
f f + j (6.2)

∇s = (III −nnn⊗nnn)∇ j F f

Langmuir

j = kadF ( flim − f )− kde f (6.3)

kad flim kde (6.2) Cartesian

∂ f
∂ t

+uuu · f − f (nnn ·∇uuu ·nnn) = D f
(
∇2 f −nnn ·∇∇ f ·nnn−κnnn ·∇ f

)
+ j (6.4)

(6.4) Cartesian

Phase field f

nnn ·∇ f = 0 f [113]

∂ f
∂τ

+S(ψ)nnn ·∇ f = 0 (6.5)

S(ψ) Level Set (6.5)

F

[114]

∂F
∂τ

= S(ψ)nnn ·∇F (6.6)

(6.6)

6.2

Navier-Stokes
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[115] Langmuir

σ( f ) = σ0

[
1+

RT flim

σ0
ln

(
1− f

flim

)]
(6.7)

R T σ0 0

(6.7) Fig. 6.1 flim

−∞

σ( f ) = σ0

[
1− RT flim

σ0

f
flim

]
(6.8)

Fig. 6.1

flim (6.7)

σ( f ) = σ0

[
1+

RT flim

σ0
ln

(
1− min( f ,k f )

flim

)]
(6.9)

k k = 0.95

FFFsf = σ( f )κ +∇sσ( f )δΓ (6.10)

∇s = (III −nnn⊗nnn)∇ δΓ

Cahn-Hilliard DIM

[116] ε

δΓ ≈ 6

ε
φ 2 (1−φ)2 . (6.11)

6.3

3 Navier-Stokes 3

3 Runge-Kutta 3 WENO
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Fig.6.1: Dependence of surface tension on surfactant concentration expressed by Langmuir equation of state

2

6.4

6.4.1 Single vortex

Single

vortex 3.8.2

T = 1.0

D f = 10−3

f0 = 1.0 7 1/512

Fig. 6.2

Fig. 6.3 f f ×4×φ(1−φ)

f

Extension

DF = 0.1 kad = 100 kde = 200 flim

j = 0

1/256 D f D = D f /DF = 0.1,1.0,10.0 3

Fig. 6.4

Fig. 6.5 D f
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t = 0.0 s

t = 0.25 s

t = 0.50 s

(a) Phase-field profile with leaf lines obtanined by present

solver

t = 0.0 s

t = 0.25 s

t = 0.50 s

(b) Phase-field profile adapted from reference[117]

Fig.6.2: The phase-field profile for the single vortex problem to validate the interface surfactant transporta-

tion.
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t = 0.0 s

t = 0.25 s

t = 0.50 s

(a) The results of present solver

t = 0.0 s

t = 0.25 s

t = 0.50 s

(b) The results of reference[117]

Fig.6.3: Interface surfactant concentration for the single vortex problem
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Table6.1: Physical properties of 1-Pentanol[118]

kad[ m3/( mol · s)] β [ mol/ m3] flim[ mol/ m2] kde[ s−1]

1-pentanol 5.08 21.7 5.9×10−6 110.236

D

0 φ > 0.5

D = 0.1

D

Single vortex

Cahn-Hilliard

1step

6.4.2

[116]

1-

d = 0.35,0.45,0.75 mm

1- Table 6.1

0.69 mol/m3 Table 6.1 β
kde kad β = kde

kad
d = 0.35,0.45 mm

2.4×2.4×9.6 mm d = 0.75 mm 3.6×3.6×14.4 mm

g = 9.8 m/s2 non-slip slip

Fig. 6.6 [111]

d = 0.45 mm y

φ = 0.1−0.9 Fig. 6.7

[111]
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D = 0.1

D = 1.0

D = 10.0

(a) The results of present solver

D = 0.1

D = 1.0

D = 10.0

(b) The results of reference[117]

Fig.6.4: Bulk surfactant concentration at t = 0.5 for the single vortex problem with bulk interface coupling
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D = 0.1

D = 1.0

D = 10.0

(a) The results of present solver

D = 0.1

D = 1.0

D = 10.0

(b) The results of reference[117]

Fig.6.5: Interface surfactant concentration at t = 0.5 for the single vortex problem with bulk interface cou-

pling
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 0.3  0.4  0.5  0.6  0.7  0.8  0.9

C
D

Equivalent Diameter[mm]

Experiment(Takagi2004)
Simulation(Takagi2004)

Present

Fig.6.6: Drag coefficient of rising bubble into 1-pentanol surfactant solution

Fig.6.7: The profile of y−directional velocity and interface surfactant concentration for the bubble rising into

1-pentanol surfactant solution problem
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Extension

DIM
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Table6.2: Physical properties of Triton X-100[119]

kad[ m3/( mol · s)] β [ mol/ m3] flim[ mol/ m2] kde[ s−1]

Triton X-100 50 6.6×10−4 2.9×10−6 0.033

Table6.3: The setting of physical properties of surfactant

F0[ mol/m3] La

Triton X-100 1.0×10−4 0.15

1.0×10−3 1.5

1.0×10−2 15

6.5

AMR 2

5.5 0.02×0.04 m d = 8.0 mm

(xc,yc) = (1.0,1.0) mm y = 0.02 m

Triton-X 100[119] Table 6.2

F0

La

La =
Fkad

kde
(6.12)

Triton-X 100 1-

. La Table 6.3

t = 0 f = 0

La = 1.5,15 2

Fig. 6.8 Fig. 6.8,Fig. 6.9 0.1 < φ < 0.9

La = 1.5 La = 15 10

La = 1.5 La = 15 10

La

(6.7) Fig. 6.1
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t = 0.0 s t = 0.030 s t = 0.060 s t = 0.090 s

(a) La = 1.5

t = 0.0 s t = 0.030 s t = 0.060 s t = 0.090 s

(b) La = 15

Fig.6.8: Phase-field profile for the bubble colliding started from clean with the liquid surface and forming

liquid film in water solution.
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t = 0.12 s t = 0.15 s t = 0.18 s t = 0.212 s

(a) La = 1.5

t = 0.12 s t = 0.15 s t = 0.18 s t = 0.212 s

(b) La = 15

Fig.6.9: Phase-field profile for the bubble colliding started from clean with the liquid surface and forming

liquid film in water solution(later time).
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j = 0

Fig. 6.10 Fig. 6.11 La = 0.15,1.5,15 Phase Field La

. Fig. 6.12 0.1 < φ < 0.9 (

f/ flim) Fig. 6.12 La

[111]

Triton X-100 1×10−3 mol/m3

La = 15

t = 0.25 s

Fig. 6.13

(6.7)

La
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t = 0.030 s t = 0.060 s t = 0.090 s t = 0.120 s t = 0.150 s t = 0.180 s

(a) La = 0.15

t = 0.030 s t = 0.060 s t = 0.090 s t = 0.120 s t = 0.150 s t = 0.180 s

(b) La = 1.5

t = 0.030 s t = 0.060 s t = 0.090 s t = 0.120 s t = 0.150 s t = 0.180 s

(c) La = 15

Fig.6.10: Phase-field profile for the bubble colliding started from contaminated state with the liquid surface

and forming liquid film in water solution.
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t = 0.21 s t = 0.24 s t = 0.27 s t = 0.30 s t = 0.33 s t = 0.36 s

(a) La = 0.15

t = 0.21 s t = 0.24 s t = 0.27 s t = 0.30 s t = 0.33 s t = 0.36 s

(b) La = 1.5

t = 0.21 s t = 0.24 s t = 0.27 s t = 0.30 s t = 0.33 s t = 0.36 s

(c) La = 15

Fig.6.11: Phase-field profile for the bubble colliding started from contaminated state with the liquid surface

and forming liquid film in water solution(later time).
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t = 0.030 s t = 0.090 s t = 0.150 s t = 0.200 s

(a) La = 0.15

t = 0.030 s t = 0.090 s t = 0.150 s t = 0.200 s

(b) La = 1.5

t = 0.030 s t = 0.090 s t = 0.150 s t = 0.200 s

(c) La = 15

Fig.6.12: Interface surfactant ratio within 0.1 < φ < 0.9 for the bubble colliding from contaminated state

with the liquid surface problem.
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t = 0.25 s

Fig.6.13: Color adjusted interface surfactant ratio within 0.1 < φ < 0.9 for the bubble colliding from con-

taminated state with the liquid surface problem(La = 15).
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4.5.5 Triton-X 100

AMR 512× 1024

Eo 1/2

2.0× 10−6 mol/3 20%

Phase field

Fig. 6.14(t = 0.0 s t = 0.080 s) Fig. 6.15(t = 0.083 s t = 0.166 s)

t = 0.166 s

2.0×10−6 mol/3 Triton X-100 Triton

X-100

( 1024×2048 ) Fig. 6.16

t = 0.166 s t = 0.4 s

t = 2.0 s

La
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t = 0.0 s t = 0.030 s t = 0.050 s t = 0.060 s t = 0.070 s t = 0.080 s

(a) Without surfactant

t = 0.0 s t = 0.030 s t = 0.050 s t = 0.060 s t = 0.070 s t = 0.080 s

(b) With surfactant

Fig.6.14: Phase-field profile for the bubble colliding with the liquid surface and forming liquid film in 20%

gricelyne solution; from t = 0.0 s to t = 0.080 s.
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t = 0.083 s t = 0.090 s t = 0.100 s t = 0.130 s t = 0.150 s t = 0.166 s

(a) Without surfactant

t = 0.083 s t = 0.090 s t = 0.100 s t = 0.130 s t = 0.150 s t = 0.166 s

(b) With surfactant

Fig.6.15: Phase-field profile for the bubble colliding with the liquid surface and forming liquid film in 20%

gricelyne solution; from t = 0.083 s to t = 0.166 s.



5 195

t = 0.0 s t = 0.030 s t = 0.060 s t = 0.090 s t = 0.120 s t = 0.150 s

t = 0.2 s t = 0.4 s t = 0.6 s t = 1.0 s t = 1.5 s t = 2.0 s

Fig.6.16: Phase-field profile for the bubble colliding with the liquid surface and forming liquid film in 20%

gricelyne solution using higher resolution mesh
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2.13.3 THINC/WLIC Phase field
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Fig.B.1: Staggered grid system.
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[40] J.M. López-Herrera, S. Popinet, and A.A. Castrejón-Pita. An adaptive solver for viscoelastic incom-

pressible two-phase problems applied to the study of the splashing of weakly viscoelastic droplets.

Journal of Non-Newtonian Fluid Mechanics, Vol. 264, pp. 144 – 158, 2019.

[41] Gerris flow solver. http://gfs.sourceforge.net/wiki/index.php/Main_Page. last accessed

on 2019/12/28.
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