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Abstract

Quantum annealing is a metaheuristic, a generic approximate algorithm, for solving
a combinatorial optimization problem, i.e., the problem of determining the arguments
which minimize a function of discrete variables. In quantum annealing, we control the
quantum Ising model in a time-dependent manner to obtain the ground state of the Ising
Hamiltonian which encodes the solution to a given combinatorial optimization problem.
Traditionally, a transverse field has been used as a quantum fluctuation appended to the
Ising Hamiltonian.

The presence of a first-order phase transition is a bottleneck of quantum annealing,
because it makes the required annealing time exponentially long as a function of the system
size. One of the possible candidates for avoidance of first-order transitions is introduction
of non-stoquasticity. Here, a Hamiltonian whose every off-diagonal matrix element is
real and non-positive is called to be stoquastic, while a non-stoquastic Hamiltonian has
a positive or imaginary off-diagonal element. Although non-stoquastic Hamiltonians are
known to be difficult to classically simulate due to the sign problem, it does not necessarily
mean a speedup of quantum annealing.

In this thesis, we study three models to reveal effects of non-stoquastic interactions
on phase transitions and to compare them with those of stoquastic interactions and in-
homogeneity in the transverse field. First, we analyze the mean-field weak-strong cluster
model using a semi-classical method. We show that a non-stoquastic or stoquastic trans-
verse interaction and inhomogeneous driving of the transverse field can eliminate the
first-order transition which exists in the traditional quantum annealing, if appropriately
implemented. Second, we analyze the weak-strong cluster model with sparse interclus-
ter interactions by evaluating the partition function in the thermodynamic limit and the
zero-temperature limit. We clarify which type of transverse interaction or field removes
the first-order transition, as compared with the mean-field case. Third, we perform the
real-space renormalization group analysis to study the frustrated Ising ladder in a trans-
verse field with non-stoquastic or stoquastic transverse interactions. The resulting phase
diagram is in agreement with numerical methods at the qualitative level and shows that a
first-order transition is unavoidable in the presence of the large frustration. We also make
a rough prediction that the Hamiltonian with the optimal non-stoquastic transverse inter-
action might have a slight advantage over stoquastic Hamiltonians in quantum annealing
of the frustrated Ising ladder, in the sense that the former possibly reduces the exponen-
tial decay rate of the energy gap at the first-order transition as a function of the system
size. The analyses presented in this thesis may lead to a better understanding of when
and how non-stoquastic interactions enhance the performance of quantum annealing.
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Chapter 1

Introduction

Spin systems have attracted attention in experimental and theoretical physics. Let us
focus on the Ising model as a simple spin system. The Ising model is composed of many
spin-1/2 particles and has the energy produced by interactions between the spins and
actions of external magnetic fields on the spins. In this model, the interactions and the
magnetic fields apply only to the single direction of the spins. The strengths of the
interactions and the magnetic fields can depend on the locations of the spins.

It is important that the Ising model expresses not only a spin system but also any
system formed by degrees of freedom taking two values with two-body interactions and
one-body terms. Not confined to physics, the Ising model has practical applications to
computer science. We can regard the problem of finding the ground state of the Ising
model as that of seeking the choice which minimizes the cost. Here, the cost is the energy
of the Ising model and a number of choices correspond to configurations of the Ising spins.

The problem of finding the optimal choice, or more precisely the problem of determin-
ing the arguments which minimize a function of discrete variables, is called a combinatorial
optimization problem in computer science [1]. We can represent the cost function (i.e.,
the function to be minimized) as the energy of the Ising model by transforming the set of
discrete variables into a sequence of binary variables. Although the cost function generally
has terms of third or more order in the binary variables, it can be reduced to a function
containing up to second-order terms [2].

In most real-world applications, the cost function has an extremely complicated struc-
ture with many local minima in the configuration space of the variables, which makes
it difficult to efficiently solve the combinatorial optimization problem. In terms of the
Ising model, there can be a large number of metastable states depending on the coupling
constants and the magnetic fields determined by the original cost function.

Quantum annealing [3–9] is a metaheuristic for solving combinatorial optimization
problems. A metaheuristic is an algorithm which is generic (i.e., problem-independent)
but has no guarantee that the global optimum is output in a fixed time interval. In quan-
tum annealing, we control the transverse-field Ising model in a time-dependent manner
to obtain the ground state of the Ising Hamiltonian which is equivalent to a given cost
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2 Introduction

function. A strong transverse field is appended at the beginning of quantum annealing
and then decreased toward zero, while the strength of the Ising Hamiltonian is increased
from zero to a finite value. Finally we measure the state of the system, which is a can-
didate of the ground state of the Ising Hamiltonian. A quantum annealing machine with
superconducting flux qubits was implemented several years ago [10].

Although there is no guarantee that quantum annealing yields the true ground state in
a fixed computation time, it is possible in the framework of adiabatic quantum computa-
tion [11,12] to estimate the annealing time required to obtain the ground state of a given
Ising Hamiltonian. Adiabatic quantum computation is a class of quantum computation
in which an adiabatic evolution along the instantaneous ground state is utilized. If the
present time-dependent Hamiltonian varies sufficiently slowly, the adiabatic approxima-
tion holds. Setting the initial state to the trivial ground state of the initial Hamiltonian,
we can make the system adiabatically follow the instantaneous ground state. Then, the
final state is nothing but the non-trivial ground state of the final Hamiltonian. The re-
quired computation time of adiabatic quantum computation is evaluated as an inverse
polynomial of the minimum energy gap between the ground state and the first excited
state [8, 12].

In the setting of quantum annealing, only the transverse field constitutes the initial
Hamiltonian, which has the trivial ground state (all spins pointing in the transverse di-
rection). The final Hamiltonian is the Ising Hamiltonian, whose ground state corresponds
to the solution to the combinatorial optimization problem. Since we need the annealing
time which is an inverse polynomial of the minimum energy gap, a rapidly closing gap as
a function of the system size is harmful to successfully obtaining the ground state of the
Ising Hamiltonian. In particular, the presence of a phase transition is crucial because it
involves a vanishing energy gap. It is known from the finite-size scaling theory that the
energy gap at a second-order transition decays polynomially as the system size grows [13].
On the other hand, there is empirical evidence that the energy gap at a first-order transi-
tion closes exponentially [13]. These facts indicate that a second-order transition imposes
only polynomial annealing time, while a first-order transition demands exponentially di-
verging annealing time. Therefore, the presence of a first-order transition is one of the
bottlenecks of quantum annealing.

In the adiabatic quantum computing paradigm, it is significant to find an optimization
problem for which the minimum energy gap in the time evolution is at worst an inverse
polynomial of the problem size while classical algorithms take exponential time to solve
the problem. A possible existence of such a problem means a quantum speedup for that
problem. To define classes of quantum speedup, we should be careful what classical
algorithms are compared with a quantum algorithm. Let us introduce three types of
quantum speedup which are applicable to general quantum algorithms [14,15]: A provable
quantum speedup means that there is a rigorous proof that any classical algorithm cannot
outperform a given quantum algorithm (Grover’s search algorithm [16] belongs to this
class). A strong quantum speedup is a speedup over the best classical algorithm, whether
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such an algorithm is known or not (Shor’s factoring algorithm [17,18] is in this class). A
limited quantum speedup is a speedup over a classical counterpart of a given quantum
algorithm. The last type of quantum speedup is often used in the context of quantum
annealing. As a classical counterpart of quantum annealing, simulated annealing (the
classical Monte Carlo method in which temperature is lowered gradually) [19] or simulated
quantum annealing (the quantum Monte Carlo method with the Hamiltonian varied along
the schedule of quantum annealing) [5, 20] is usually used.

The limited quantum speedup is the weakest of the three types of speedup; neverthe-
less, even finding a problem for which quantum annealing has a computational advantage
over the quantum Monte Carlo method may be difficult. The reason is that the Hamilto-
nian in the traditional quantum annealing, namely the transverse-field Ising Hamiltonian,
belongs to the class of stoquastic Hamiltonians. Here, a Hamiltonian whose every off-
diagonal matrix element is real and non-positive is said to be stoquastic (we typically take
the standard basis, in which the Pauli operators have the ordinary matrix elements) [21].
The fact that all the matrix elements of the Gibbs density operator for a stoquastic Hamil-
tonian are non-negative (i.e., there is no sign problem) allows us to map the system onto
a classical system [22] and to apply the quantum Monte Carlo method. This suggests
a possibility that quantum annealing with the transverse-field Ising Hamiltonian can be
simulated classically. Indeed, there is much evidence that simulated quantum anneal-
ing captures essential features of quantum annealing such as computational power and
tunneling through energy barriers [5, 20,23–29].

It should be of course noticed that the absence of the sign problem does not neces-
sarily mean a classical simulatability, since the equilibration time of the quantum Monte
Carlo method could be longer than polynomials of the system size. In fact, there is an
example of a transverse-field Ising model for which topological obstructions prevent the
path-integral quantum Monte Carlo algorithm from equilibrating despite the presence of
the energy gap opening inverse polynomially [30]. In addition, an example of a stoquas-
tic Hamiltonian with an inverse polynomial gap which cannot be simulated efficiently
by the diffusion quantum Monte Carlo algorithm due to non-topological obstructions is
known [31]. In these examples, the adiabatic evolution of quantum annealing takes only
polynomial time whereas the quantum Monte Carlo method cannot efficiently simulate
its dynamics. This results in at least a limited quantum speedup over simulated quantum
annealing. Furthermore, it was shown that quantum annealing for the glued-trees prob-
lem [32] with a perturbed tight-binding Hamiltonian, which is stoquastic, can achieve a
provable quantum speedup through explicitly utilizing diabatic transitions between the
ground and first excited states [33].

Here we introduced examples of quantum annealing with stoquastic Hamiltonians
which does not allow classical simulations. However, they are still likely to be exceptional
cases. The fact that stoquastic Hamiltonians have no sign problem generally makes it
difficult to find a problem for which quantum annealing with a stoquastic Hamiltonian
outperforms simulated quantum annealing.
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Under the above circumstances, introduction of non-stoquasticity has been suggested
as a possible candidate for enhancing the efficiency of quantum annealing. A non-
stoquastic Hamiltonian has a positive or imaginary off-diagonal matrix element. The
quantum Monte Carlo simulation of a non-stoquastic Hamiltonian is difficult due to the
sign problem [34], in which the Gibbs density matrix has a negative or imaginary ele-
ment. The presence of the sign problem in classical simulation has raised the expectation
that non-stoquastic Hamiltonians have stronger quantum effects than stoquastic ones and
might achieve increased performance of quantum annealing.

Let us introduce several previous studies on quantum annealing with non-stoquastic
Hamiltonians. An example of a bit-permutation symmetric cost function for which a
non-stoquastic interaction turns exponentially long annealing time into polynomial time
was provided [35]. Numerical simulations of the time-dependent Schrödinger equation
for finite-size systems indicated that adding non-stoquastic terms increases the success
probability in a small subset of instances of the maximum 2-satisfiability problem (MAX
2-SAT) [36] and of a long-range Ising spin glass problem [37]. Analytical studies of the
ferromagnetic p-spin model and the Hopfield model (both of which are infinite-range many-
body interacting spin systems, the former containing ferromagnetic interactions and the
latter random ones) showed that a transverse antiferromagnetic interaction (which makes
the Hamiltonian non-stoquastic) is effective in removing a first-order transition [38–41],
leading to an exponential speedup over the traditional quantum annealing. In a recent
paper, Albash [42] introduced a mean-field version of the weak-strong cluster problem
(also known as the large-spin tunneling problem) [15, 27, 43, 44], which has been used as
a benchmark problem in the context of quantum annealing. He carried out numerical
diagonalization of the finite-size systems and showed that a non-stoquastic interaction
between the two clusters can remove the first-order transition which exists in the tradi-
tional quantum annealing. He also constructed a geometrically local Ising model formed
by two rings and showed numerically for the small-size systems that a non-stoquastic
Hamiltonian has an advantage over stoquastic Hamiltonians.

Another motivation for implementing non-stoquastic Hamiltonians lies in the con-
nection with universal quantum computation [45]. It is known that adiabatic quantum
computation with arbitrary Hamiltonians is equivalent to the quantum circuit model in
the sense that the latter can efficiently simulate the former [46, 47] and vice versa [48].
Significantly, the Ising Hamiltonian with a transverse field and a transverse interaction
in which the magnetic fields and the interactions have spatially inhomogeneous and time-
dependent coefficients is sufficient for universal adiabatic quantum computation [49]. On
the other hand, adiabatic quantum computation with stoquastic Hamiltonians is thought
to be insufficient for universal quantum computation [12, 21] except that utilizing ex-
cited states [50] or adaptive single-qubit measurements in non-standard bases [51] enables
universal adiabatic quantum computation with stoquastic Hamiltonians.

Toward possible improvements of quantum annealing and realization of universal adi-
abatic quantum computation, efforts have been put into hardware implementation of tun-
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able non-stoquastic interactions. Experimental demonstration of a non-stoquastic Hamil-
tonian was recently provided on a system of coupled superconducting flux qubits [52].

Of course, there remains a possibility that the efficiency of quantum annealing is
enhanced with stoquastic but non-traditional Hamiltonians. Now we introduce two non-
traditional protocols with stoquastic Hamiltonians. The first is inhomogeneous transverse-
field driving, in which the transverse field is applied inhomogeneously depending on the
spatial position of the spin, in contrast to the traditional protocol with the uniform trans-
verse field. A number of previous studies have predicted improvements of the performance
of quantum annealing with the inhomogeneous transverse field [53–57]. In addition, an-
alytical studies revealed that inhomogeneous transverse-field driving can eliminate the
first-order transition for the ferromagnetic p-spin model [58, 59] and for the Lechner–
Hauke–Zoller model [60]. Inhomogeneous transverse-field driving is partly available on
the current quantum annealing machine and yielded increased performance for several
problems [61,62].

The second is reverse annealing [63,64], in which a classical state is initially prepared
and then a transverse field is increased from zero to a finite value and decreased to zero.
The initial classical state is a candidate for the solution to a combinatorial optimization
problem and should be obtained in advance, for example by a classical heuristic. This is
in contrast to the traditional quantum annealing, which starts from the uniform super-
position of all classical states. The concept of reverse annealing lies in deriving a better
solution from the first candidate through quantum fluctuations. For the ferromagnetic
p-spin model, studies on the equilibrium statistical mechanics [65] and the dynamics [66]
showed that reverse annealing achieves an exponential speedup over the traditional quan-
tum annealing. Reverse annealing has been implemented on the current quantum anneal-
ing machine and was used for quantum simulation of a many-body quantum system [67],
though the implemented protocol is different from the framework of adiabatic quantum
computation in the strict sense [66].

It is worth continuing to explore the effectiveness of these two protocols. However, it
may be difficult in a future direction to find a problem for which one of these protocols
exhibits a quantum speedup while the traditional quantum annealing does not, since any
stoquastic Hamiltonian does not have a sign problem. This implies that studying effects
of non-stoquasticity on quantum annealing is still important toward the long-term goal
of solving hard optimization problems which cannot be solved by classical algorithms.

In spite of such an implication, when non-stoquastic Hamiltonians achieve increased
performance compared to the traditional quantum annealing and/or classical algorithms
and what types of non-stoquastic interaction enhance the efficiency of quantum annealing
are open problems. Although the transverse-field Ising model with transverse interactions
is universal in the sense of quantum computation [49], the optimal values of transverse
interactions are highly non-trivial when adiabatic quantum computation is regarded as a
metaheuristic solver of combinatorial optimization problems.

Needless to say, one of the obstacles to investigate non-stoquastic effects is the sign
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problem in the quantum Monte Carlo scheme [34]. This motivates analytical approaches
to phase transitions of spin systems with non-stoquastic Hamiltonians, which are strongly
connected with the efficiency of quantum annealing as explained above. In this direction, it
is noteworthy that quantum annealing with a non-stoquastic transverse interaction [38,39,
41] as well as inhomogeneous transverse-field driving [58,59] and reverse annealing [65,66]
gains an exponential speedup over the traditional quantum annealing for the ferromagnetic
p-spin model. However, the energy landscape of this model is extremely simple thanks
to its mean-field nature and does not represent a realistic situation. In addition, this
model has infinite-range many-body interactions, which are far from implementation on
real devices.

Hence, it is desirable in the next stage to analyze effects of non-stoquastic interactions
on phase transitions for a problem with few-body interactions of sparse connectivity. This
thesis ultimately aims to take a step toward understanding of non-stoquastic effects on
phase transitions of such spin systems.

To achieve this purpose, we study three models. All of them have only two-body
interactions and magnetic fields. For the third model, interactions are spatially local,
which means sparse connectivity. These models have transverse-field Ising Hamiltonians
with transverse interactions. We consider the Hamiltonians with non-stoquastic (anti-
ferromagnetic) transverse interactions and also compare them with the stoquasticized
Hamiltonians, which have stoquastic (ferromagnetic) transverse interactions (here, “sto-
quasticizing” means replacing the off-diagonal matrix elements with their absolute values
times minus one). In addition, we partly include inhomogeneity in the transverse field for
comparison.

The first model is the mean-field weak-strong cluster model formulated in Ref. [42].
This model is a two-body interacting quantum Ising model which consists of the weak clus-
ter and the strong cluster. There are longitudinal fields and infinite-range ferromagnetic
interactions. The longitudinal fields in the two clusters point in opposite directions and
the longitudinal field in the weak cluster has a smaller strength than that in the strong
cluster. We analyze the model by a semi-classical method and confirm the numerical
conclusion [42] that a non-stoquastic interaction between the clusters with an appropri-
ate strength eliminates the first-order transition which occurs in the traditional quantum
annealing. We also calculate the energy gap between the ground and first excited states
and find the result which is consistent with the numerical result [42]. In addition, we
see that the removal of the first-order transition is achieved either by a non-stoquastic
or stoquastic interaction depending on whether the interaction is introduced within the
weak cluster, within the strong cluster, or between the clusters. We further demonstrate
that inhomogeneous driving of the transverse field is effective in avoiding the first-order
transition. Here, inhomogeneity means that the transverse field is driven more quickly in
one of the clusters than in the other.

The second model is the weak-strong cluster model in which the interactions be-
tween the clusters are replaced with sparse (not all-to-all) interactions. We analyze the
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model using the imaginary-time path-integral formulation of the partition function and
the saddle-point method with the static ansatz. Then, we show that a non-stoquastic or
stoquastic interaction can remove the first-order transition if appropriately implemented.
In the case of the inhomogeneous transverse field, we find results which are similar to
those in the mean-field weak-strong cluster model.

The third model is the frustrated Ising ladder in a transverse field with transverse
interactions. The version without the transverse interactions was proposed by Laumann
et al. [68], who showed by numerical diagonalization of the small-size systems that vary-
ing the transverse field causes a first-order transition which originates in the topological
nature of the model. The model is a quasi-one-dimensional system and has only spatially
local two-body interactions and magnetic fields. Thus, this model is much closer to exper-
imental realization than the former two models, though no quantum annealing machine
with a transverse interaction is available to us at the present time. The Ising Hamiltonian
consists of interactions and a magnetic field which lead to frustration, and another field
which splits the energy level between different topological sectors. We analyze the model
with the transverse field and the transverse interactions by the real-space renormalization
group method. Instead of using the standard method [69], we propose a way to correctly
keep contributions of the low-energy states to the coarse-grained space in the present
system with large frustration. We unfortunately find that neither non-stoquastic nor sto-
quastic transverse interactions eliminate the first-order transition at least in the limit of
the large frustration. The resulting phase diagram is compared with the result of numer-
ical diagonalization [68] and that of the density-matrix renormalization group (DMRG)
method [70]. We finally make a rough prediction that the case of the non-stoquastic
transverse interactions might have a slight advantage in quantum annealing over the case
of no transverse interactions and that of the stoquastic transverse interactions, though
the energy gap in all of the cases is most likely to be exponentially small as a function of
the system size.

This thesis is organized as follows: Chapter 2 gives fundamentals of quantum anneal-
ing. In Chapter 3, we analyze the mean-field weak-strong cluster model after describing
a semi-classical method for an infinite-range system formed by several clusters. In Chap-
ter 4, we provide the method of analyzing a system with sparse interactions between clus-
ters and apply it to the weak-strong cluster model with sparse intercluster interactions.
Chapter 5 is devoted to the real-space renormalization group analysis of the frustrated
Ising ladder as well as a review of its basic properties. Chapter 6 concludes the thesis.

Chapters 3–5 play principal roles in this thesis. Chapters 3 and 4 are based on the
author’s work with Yu Yamashiro and Hidetoshi Nishimori [71]. Chapter 5 is grounded
on the author’s work with Hidetoshi Nishimori and Daniel A. Lidar.

In this thesis, we set the velocity of light c, the reduced Planck constant ℏ, and the
Boltzmann constant kB to unity.





Chapter 2

Quantum annealing

We provide basics of quantum annealing in this chapter. In Section 2.1, we introduce a
combinatorial optimization problem and demonstrate how to map the problem onto the
problem of finding the ground state of the Ising Hamiltonian using a well-known exam-
ple. In Section 2.2, we explain the traditional quantum annealing and its relationship to
phase transitions, in which the way to experimentally realize quantum annealing is briefly
mentioned. Section 2.3 gives the background of non-stoquasticity from the viewpoint of
quantum annealing and adiabatic quantum computation. In Section 2.4, we review how
to avoid the first-order transition in the ferromagnetic p-spin model as a simple example.

2.1 Combinatorial optimization problems

Determining the arguments which minimize a given function of discrete variables has
central importance in computer science. This sort of problem is referred to as a combina-
torial optimization problem [1]. The function to be minimized is called the cost function.
For most practical combinatorial optimization problems, the cost function has a highly
complicated structure with many local minima, so that one will experience tremendous
difficulty finding the global minimum of the cost function, i.e. the optimal solution.

Let us represent the set of the discrete variables as an N -bit binary number, which is
translated into a sequence of N Ising variables taking the values ±1. Although the cost
function is generally written as an expansion up to Nth order in the Ising variables, we
can reduce it to the sum of first- and second-order terms [2]. Then, we can regard the
cost function as the energy of the Ising model. This means that solving the combinatorial
optimization problem is nothing but the task of finding the ground state of the Ising
model with coupling constants and local magnetic fields depending on the problem.

To see the difficulty of a combinatorial optimization problem caused by a complicated
structure of the cost function, let us consider the traveling salesperson problem as a well-
known example. This problem is the question of which the shortest course is, on the
condition that a salesperson visits n cities and finally goes back to the starting point. We

9



10 Quantum annealing

show an example of the case of n = 4 in Fig. 2.1(a). Since there are n!/(2n) courses except
for the choices of the starting point and the direction in which the salesperson goes, the
number of the possible courses diverges factorially with an increase in n.

The cost function of the traveling salesperson problem is given by [72,73]

Hp({xij}) = A

n∑
i,i′,j=1

dii′xijxi′,j+1 +B

n∑
i=1

(
n∑

j=1

xij − 1

)2

+ C
n∑

j=1

(
n∑

i=1

xij − 1

)2

, (2.1)

where xij = 0, 1 (i, j = 1, . . . , n) are binary variables on which the periodic boundary
conditions xi,n+1 = xi1 are imposed for all i, dii′ are the distances between the cities i and
i′, and A, B, and C are positive parameters. The variable xij is one if the salesperson
visits the city i at the jth time and zero otherwise. We show in Fig. 2.1(b) the schematic
diagram of the matrix (xij) in the case where the salesperson visits the cities 1, 4, 3, and 2
in order (we denote this itinerary by 1 → 4 → 3 → 2 and the others by similar symbols).
By converting the binary variables into the Ising variables Zij = 1 − 2xij = ±1, we can
regard this cost function as the Ising Hamiltonian with the system size N = n2.

The first term of the Hamiltonian (2.1) is the distance through the whole of the course.
The second term represents the condition that the salesperson visits each city only once,
because this term is minimized when

∑
j xij = 1 for all i. Minimizing the third term

means that
∑

i xij = 1 for all j and imposes the condition that the salesperson can visit
only one city at the same time. Since the constraints imposed by the second and third
terms must be satisfied at any cost, the parameters B and C should be sufficiently larger
than A.

We depict in Fig. 2.1(c) the cost function (2.1) for the example defined by Fig. 2.1(a),
where we set A = 1, B = 10, and C = 10 and converted a sequence of the binary
variables x11 · · ·x14x21 · · ·x24x31 · · ·x34x41 · · ·x44 to a decimal number x. The eight red
lines in Fig. 2.1(c) indicate 2n = 8 itineraries which minimize the cost function.

Figure 2.1(d) is an enlargement of Fig. 2.1(c) near x = 33,060 = 215+28+25+22, which
corresponds to the binary number 1000 0001 0010 0100 and the itinerary 1 → 4 → 3 → 2
depicted in Fig. 2.1(b). There are many local minima in Fig. 2.1(d) in spite of much
narrower region of x than the whole region depicted in Fig. 2.1(c). This complicated
structure of the cost function makes it difficult to solve the combinatorial optimization
problem.

2.2 Quantum annealing and phase transition

Quantum annealing [3–9] is a metaheuristic which solves combinatorial optimization prob-
lems and was first proposed as a quantum version of simulated annealing [19]. To find
the optimal solution, quantum annealing utilizes quantum fluctuations while simulated
annealing uses thermal fluctuations controlled by temperature. Before quantum anneal-
ing is applied, a given combinatorial optimization problem is converted to the problem
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Figure 2.1: The traveling salesperson problem for four cities. (a) Cities are located at the co-
ordinates denoted by the sets of numbers in the parentheses. The numbers in the
circles indicate the city numbers i. The four line segments constitute the shortest
course. (b) Schematic diagram of the matrix (xij). The white and black squares
stand for xij = 0 and xij = 1, respectively. This example represents the itinerary
1 → 4 → 3 → 2. (c) The blue line indicates the cost function Hp of the decimal
variable x for the example defined by (a). We set A = 1, B = 10, and C = 10. The
red lines denote the values of x minimizing the cost function and correspond to the
itineraries 4 → 3 → 2 → 1, 2 → 3 → 4 → 1, 3 → 4 → 1 → 2, 3 → 2 → 1 → 4,
4 → 1 → 2 → 3, 2 → 1 → 4 → 3, 1 → 4 → 3 → 2, and 1 → 2 → 3 → 4 from left to
right. (d) Enlargement of (c) near x = 33,060, which corresponds to the itinerary
1 → 4 → 3 → 2.
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of determining the ground state of the Ising Hamiltonian in the manner explained in the
previous section. In the traditional quantum annealing, we append at the initial time
a strong transverse magnetic field to make the state of the system an equally weighted
superposition of all eigenstates of the Ising Hamiltonian, and decrease the transverse field
for the system to tunnel potential barriers in the cost function and to reach the ground
state of the Ising Hamiltonian.

Suppose that the cost function is written as the Ising Hamiltonian

Ĥp =
N∑

i,j=1

JijẐiẐj +
N∑
i=1

hiẐi. (2.2)

Here, Jij and hi denote coupling constants and longitudinal fields, respectively, and X̂i,

Ŷi, and Ẑi are the Pauli operators at site i = 1, . . . , N . The traditional quantum annealing
Hamiltonian is given by the time-dependent transverse-field Ising model

Ĥ(s) = K(s)Ĥp − Γ(s)
N∑
i=1

X̂i, (2.3)

where s = t/tf ∈ [0, 1] is the dimensionless time and tf is the computation time of quantum
annealing. The system obeys the time-dependent Schrödinger equation

i
d |ψ(s)⟩
ds

= tfĤ(s) |ψ(s)⟩ , (2.4)

where |ψ(s)⟩ denotes the state of the system at dimensionless time s.
At the beginning of quantum annealing s = 0, we apply the transverse field Γ(0) > 0

and set K(0) = 0, which makes all the spins point in the x-direction. Then, we decrease
the transverse field Γ(s) and increase the strength of the problem Hamiltonian K(s) ≥ 0
with time s. At the end of the computation s = 1, we remove the transverse field, i.e., set
Γ(1) = 0. The Ising Hamiltonian Ĥp (orK(s)Ĥp) is called the problem Hamiltonian, while

the transverse field −Γ(s)
∑

i X̂i is called the driver Hamiltonian. In the next section, we
will consider a driver Hamiltonian including other terms than the transverse field.

A quantum annealing machine (to be called a quantum annealer) was experimen-
tally implemented several years ago [10]. The quantum annealer is formed by rf SQUIDs
(radio-frequency superconducting quantum interference devices) [74,75], which are super-
conducting rings with Josephson junctions mounted [76] as shown in Fig. 2.2(a). An rf
SQUID has a double-well potential V (Φ) as a function of the magnetic flux Φ through
the ring and can be used as a qubit (quantum bit) because we can effectively regard the
state space of this system as a two-state space spanned by the low-energy states local-
ized at the two wells [77], as depicted in Fig. 2.2(b). A qubit is a quantum two-state
system and allows a superposition of the states α |0⟩ + β |1⟩ (α, β ∈ C) unlike a classical
bit constituted only by the two states |0⟩ and |1⟩. Although the actual rf-SQUID qubit
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(a) Φ
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(b)

Figure 2.2: (a) An rf SQUID, a superconducting ring which includes a single Josephson junction
as a weak link. The magnetic flux through the ring is denoted by Φ. (b) Double-well
potential of an rf SQUID. The ground states |0⟩ and |1⟩ for the two wells span an
effective two-state space.

used for the quantum annealer includes two superconducting loops and there are two flux
degrees of freedom per qubit, we can approximately treat this rf-SQUID qubit as a one-
dimensional system with the flux Φ for a sufficiently small inductance of the second loop
(see Supplementary information of Ref. [10]).

How long do we need to perform quantum annealing to solve a combinatorial opti-
mization problem? Now we consider the closed spin system with the transverse-field Ising
Hamiltonian (2.3) at zero temperature. Then, we can estimate the required computation
time tf for quantum annealing in its implementation as adiabatic quantum computa-
tion [11, 12]. The adiabatic approximation for the time-dependent Schrödinger equation
is valid, provided that the changes of the coefficients Γ(s) and K(s) are sufficiently slow.
In particular, the adiabatic time evolution of the system follows the instantaneous ground
state of Ĥ(s) when we set the initial state to the trivial ground state of −

∑
i X̂i (all spins

pointing in the x-direction). At the end of annealing s = 1, the system is in the ground
state of Ĥp, which is the solution to the combinatorial optimization problem.

The traditional condition for adiabaticity is written as [8]

tf ≫
1

∆n(s)2

∣∣∣∣∣
⟨
n(s)

∣∣∣∣∣ dĤ(s)

ds

∣∣∣∣∣ 0(s)
⟩∣∣∣∣∣ (∀n > 0, ∀s ∈ [0, 1]), (2.5)

where |n(s)⟩ are the instantaneous eigenstates of Ĥ(s) with the eigenvalues εn(s) (assumed
to be in ascending order ε0(s) < ε1(s) < · · · ) and ∆n(s) = εn(s) − ε0(s) are the energy
gaps between the ground state and the excited states (see, e.g., Ref. [12] for more strict
adiabatic conditions). The adiabatic condition implies that a phase transition of the
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system is detrimental to quantum annealing, because the energy gap between the ground
and first excited states ∆1(s) vanishes at the transition point and the computation time
tf diverges.

In the application to combinatorial optimization problems, the number of spins N is
finite and a positive value of the energy gap remains. Hence, how rapidly the minimum
energy gap ∆ = mins∆1(s) decays as a function of N is used for evaluating the required
computation time tf . For a second-order phase transition, the minimum gap obeys the
power law ∆ ∼ N−a with a constant a [13] and the computation time tf increases poly-
nomially as N increases. Even worse, it is empirically known that a first-order phase
transition imposes an exponential decrease on the minimum gap as ∆ ∼ exp(−bN) (b is a
constant) [13] and an exponential increase on the computation time tf , though there are
a few exceptions [78–80]. This indicates that the presence of a first-order phase transition
is a bottleneck of quantum annealing.

2.3 Introduction of non-stoquasticity

In the previous section, we explained that a first-order transition of the spin system causes
a drop in the efficiency of quantum annealing. One of the possible candidates for improving
the performance of quantum annealing is the use of a non-stoquastic Hamiltonian. Let
us define a stoquastic Hamiltonian: If a Hamiltonian obeys the condition that all off-
diagonal matrix elements in a product basis of local states are real and non-positive,
then the Hamiltonian is stoquastic [21]. Conversely, a non-stoquastic Hamiltonian has a
positive or imaginary off-diagonal element. Notice that we have the arbitrariness with the
choice of the product basis because we can change the local basis at each site unitarily.
This means that the concept of stoquasticity is dependent on what basis is chosen.

The transverse-field Ising Hamiltonian given by Eq. (2.3) is stoquastic in the standard
basis { |{Zi}⟩ ;Zi = ±1}. Here, |{Zi}⟩ =

⊗N
i=1 |Zi⟩ is the product state of the local states

|Zi⟩ in which the Pauli operators have the matrix elements

X̂i
.
=

(
0 1
1 0

)
, Ŷi

.
=

(
0 −i
i 0

)
, Ẑi

.
=

(
1 0
0 −1

)
, (2.6)

where
.
= denotes the correspondence between an operator and a matrix. How can we con-

struct a non-stoquastic Hamiltonian for quantum annealing? One of the simplest ways is
to append the transverse antiferromagnetic interaction +X̂iX̂j to the transverse-field Ising
model, which changes the Hamiltonian into a non-stoquastic one. To emphasize that this
interaction makes the Hamiltonian non-stoquastic, we call the transverse antiferromag-
netic interaction the non-stoquastic XX interaction, while the transverse ferromagnetic
interaction −X̂iX̂j is called the stoquastic XX interaction. Experimental implementation
of non-stoquastic interactions was recently demonstrated [52].

Let us explain why it has been suggested that non-stoquasticity enhances the efficiency
of quantum annealing. We are first aware that every matrix element of the Gibbs density
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operator ρ̂ = e−βĤ/Tr e−βĤ for a stoquastic Hamiltonian Ĥ and any inverse temperature
β ≥ 0 is non-negative [21]. This is because we can choose a sufficiently large constant C
such that all of the matrix elements of C − βĤ are non-negative and we find that the
operator

Zρ̂ = e−βĤ = e−CeC−βĤ = e−C

∞∑
k=0

(C − βĤ)k

k!
(2.7)

has non-negative matrix elements, where Z = Tr e−βĤ > 0 denotes the partition function.
Then, we derive the classical expression of the partition function Z by the Suzuki-Trotter
decomposition [22] if the Hamiltonian Ĥ is stoquastic:

Z = Tr e−βĤ = lim
M→∞

(e−βĤ/M)M

= lim
M→∞

∑
{Zi,µ=±1}

M∏
µ=1

⟨{Zi,µ+1}i|e−βĤ/M |{Zi,µ}i⟩ = lim
M→∞

∑
{Zi,µ=±1}

e−S, (2.8)

where we inserted the resolution of the identity in the basis { |{Zi}⟩ } between the Boltz-

mann factors e−βĤ/M , imposed the periodic boundary condition Zi,µ = Zi,µ+M , and defined

e−Hcl({Zi,µ+1}i,{Zi,µ}i) = ⟨{Zi,µ+1}i|e−βĤ/M |{Zi,µ}i⟩ , (2.9)

S =
M∑
µ=1

Hcl({Zi,µ+1}i, {Zi,µ}i). (2.10)

Since the action S is expressed in terms of the classical Ising variables Ziµ = ±1 at site
i = 1, . . . , N and discrete imaginary time µ = 1, . . . ,M , we can use the quantum Monte
Carlo method to investigate the properties of the system determined by the quantum
Hamiltonian Ĥ. We should notice that it is only when Ĥ is stoquastic that we can simulate
the quantum system classically in the above manner, because the matrix elements of the
Boltzmann factor e−βĤ/M need to be non-negative in order to represent the elements
as the exponential functions of the real classical Hamiltonian Hcl as in Eq. (2.9). The
term “stoquastic” comes from the fact that stochastic processes such as the Metropolis
algorithm [81] can efficiently simulate the quantum Hamiltonian Ĥ [21].

For a non-stoquastic Hamiltonian Ĥ, the Boltzmann factor e−βĤ/M has matrix ele-
ments with negative signs, or more generally complex elements. This is called the sign
problem. The sign problem makes it difficult to classically simulate the quantum sys-
tem [34], which implies that non-stoquastic Hamiltonians, in some sense, yield stronger
quantum effects than stoquastic ones. For this reason, it has been expected that intro-
duction of non-stoquasticity improves the efficiency of quantum annealing.

As described in the previous chapter, there are a number of previous studies on ad-
vantages of non-stoquastic Hamiltonians in quantum annealing [35–42]. In particular, the
avoidance of the first-order transition in the ferromagnetic p-spin model [38, 39, 41] will



16 Quantum annealing

be reviewed in the next section. In addition, the mean-field weak-strong cluster model
which was formulated and numerically studied in Ref. [42] is the main topic in the next
chapter.

From the viewpoint of quantum computation, introduction of non-stoquasticity is im-
portant in connection with universal quantum computation [45]. Since adiabatic quantum
computation can efficiently simulate the quantum circuit model [48] (and vice versa [46,
47]), we can perform universal quantum computation in the framework of adiabatic quan-
tum computation. Furthermore, it is known that the Ising Hamiltonian with the trans-
verse field and the XX interaction

Ĥ(s) =
N∑

i,j=1

Jij(s)ẐiẐj +
N∑

i,j=1

Ξij(s)X̂iX̂j +
N∑
i=1

hi(s)Ẑi +
N∑
i=1

Γi(s)X̂i (2.11)

is sufficient for universal adiabatic quantum computation [49]. Here, the coefficients Jij(s),
Ξij(s), hi(s), and Γi(s) are spatially inhomogeneous and time-dependent. The universality
of this Hamiltonian motivates implementation of the non-stoquastic and stoquastic XX
interactions as well as the inhomogeneous transverse field.

2.4 Avoidance of the first-order transition in the

ferromagnetic p-spin model

We review the avoidance of the first-order transition in the ferromagnetic p-spin model fol-
lowing Refs. [38,39,41]. The model is a mean-field-type p-body interacting ferromagnetic
system. The problem Hamiltonian is given by

Ĥp = −N

(
1

N

N∑
i=1

Ẑi

)p

. (2.12)

Although this problem Hamiltonian includes many-body interactions, the ferromagnetic
p-spin model is a good example to illustrate how to remove a first-order transition for its
simplicity. It is clear that the ground state of the ferromagnetic p-spin model for odd p
is the state

⊗N
i=1 |Zi = +1⟩, in which all the spins point in the (+z)-direction (we focus

only on the case of odd p, where the ground state is non-degenerate). Nevertheless, the
ferromagnetic p-spin model in a transverse field

Ĥ(s) = sĤp − (1− s)
N∑
i=1

X̂i (2.13)

for p ≥ 3 has a first-order phase transition from the quantum paramagnetic phase to
the ferromagnetic phase at s ∈ (0, 1) and the energy gap between the ground and first
excited states at the transition point is exponentially small as a function of the system
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size N [82, 83]. This means that quantum annealing to derive the ground state of the
ferromagnetic p-spin model involves exponentially long computation time.

Let us add the non-stoquastic XX interaction to the Hamiltonian:

Ĥ(s) = sλ(s)Ĥp − (1− s)
N∑
i=1

X̂i + s(1− λ(s))N

(
1

N

N∑
i=1

X̂i

)2

, (2.14)

where s ∈ [0, 1] is the dimensionless time and λ(s) is a function of the time satisfying
λ(1) = 1. The third term is the infinite-range non-stoquastic XX interaction in the
standard basis { |{Zi}⟩ } (notice that the basis transformation interchanging z- and x-
directions turns the Hamiltonian into a stoquastic one). The time evolution of quantum
annealing starts from s = 0 and arbitrary λ(0), at which the Hamiltonian contains only
the transverse field −

∑
i X̂i, and finishes at the point where the Hamiltonian is equal to

Ĥp, i.e., s = λ(1) = 1.
We show the phase diagram of the model (2.14) for p = 11 in Fig. 2.3(a). There are a

quantum paramagnetic phase (P) and two ferromagnetic phases (F and F′). The P-F and
F′-F transitions are of first order and the P-F′ transition is of second order. Notice that
the phase boundary between the F′ and F phases ends at non-zero λ. We can confirm this
behavior by examining the magnetization in the z-direction mz depicted in Fig. 2.3(b).
As we fix λ and increase s, for 0.45 ≤ λ ≤ 1 the first-order P-F transition takes place
and for 0.25 ≤ λ ≤ 0.45 the first-order F′-F transition occurs after the second-order P-F′

transition. The two ferromagnetic phases join at λ = 0.25 and for 0 ≤ λ ≤ 0.25 there is
only a second-order paramagnet-ferromagnet transition.

We can determine the first-order phase boundary by the method described in Sec-
tion 3.1.1, which is identical to that used in Ref. [39, 41] except that our method will
contain a system consisting of several subsystems. On the other hand, we can analyti-
cally derive the expression of the second-order phase boundary s = 1/(3− 2λ) [38,39,41]
by the Landau theory [69].

It turns out from the phase diagram that we can avoid the first-order phase transi-
tion in quantum annealing as indicated by the red solid arrow in Fig 2.3(a). This path
cannot be implemented in the traditional quantum annealing (the Hamiltonian given by
Eq. (2.13), or Eq. (2.14) with λ(s) fixed to one), which is indicated by the blue dashed
arrow. Introducing the non-stoquastic XX interaction allows the system to exhibit only
the second-order phase transition and reduces the computation time to a polynomial of
the system size N . This means an exponential enhancement of the efficiency of quantum
annealing. The avoidance of the first-order phase transition with the infinite-range non-
stoquastic XX interaction works for 5 ≤ p <∞. The first-order transition is unavoidable
in the exceptional cases p = 3,∞ [38], though there is a size-dependent path on which
the minimum energy gap in quantum annealing decays polynomially as a function of the
system size N for p = 3 [84].
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(a)
(b)

Figure 2.3: (a) Phase diagram of the ferromagnetic p-spin model with a transverse field and
a non-stoquastic XX interaction for p = 11. F and F′ are the two ferromagnetic
phases and P is the quantum paramagnetic phase. The solid and dotted lines in
black denote the first- and second-order phase transitions, respectively. The blue
dashed arrow indicates the path of the traditional quantum annealing without the
XX interaction, on which there is a first-order transition. The red solid arrow shows
one of the paths on which the system experiences only a second-order transition.
This diagram is identical with those in Refs. [38,39,41]. (b) The z-component of the
magnetization mz for the same model as (a).



Chapter 3

Mean-field weak-strong cluster
model

The weak-strong cluster problem (the large-spin tunneling problem) [15,27,43,44] is known
as a benchmark problem in the context of quantum annealing and adiabatic quantum
computation. This problem was used to demonstrate how tunneling effects lead to a
computational advantage on a quantum annealer [27]. We consider a mean-field version
of the weak-strong cluster problem formulated by Albash [42]. Section 3.1 provides a semi-
classical method of analyzing an infinite-range system formed by several subsystems. We
show results for the mean-field weak-strong cluster model in Section 3.2. Section 3.3
summarizes the chapter. This chapter is based on Ref. [71].

3.1 Analysis of an infinite-range system consisting of

several subsystems

We analyze an infinite-range system consisting of several subsystems. Although the mean-
field weak-strong cluster model analyzed in Section 3.2 has two subsystems, we develop a
general argument here for possible future convenience.

3.1.1 Classical limit

Let us consider a spin system consisting of several subsystems. Let N be the number of
spins and A = O(N0) be the number of subsystems. Suppose that each subsystem has an
equal number of spins. We denote the Pauli operator at site (a, r) by σ̂ar = (σ̂α

ar)α=x,y,z =

(X̂ar, Ŷar, Ẑar)
T, where a = 1, . . . , A is the subsystem index and r = 1, . . . , N/A is the site

index in each subsystem.

We consider the Hamiltonian Ĥ which is written as a function of the total spin op-
erators for the subsystems Ŝa = 1

2

∑
r σ̂ar. The operators Ŝa satisfy the commutation

19
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relations [Ŝα
a , Ŝ

β
b ] = iδab

∑
γ ϵ

αβγŜγ
a , where δab is the Kronecker delta and ϵαβγ is the Levi-

Civita symbol. Since [Ĥ, Ŝ2
a] = 0 and the initial state of quantum annealing is the state

in which all the spins point in the x-direction, the time evolution of quantum annealing
occurs in the eigenspace of Ŝ2

a with Sa =
N
2A

=: S, where Sa(Sa+1) are the eigenvalues of

Ŝ2
a. Therefore, we consider that Ŝa are spin-(S = N

2A
) operators and the system consists

of A interacting large spins.
Defining the magnetization operator for each subsystem as

m̂a = (m̂α
a )α=x,y,z =

A

N

∑
r

σ̂ar =
Ŝa

S
, (3.1)

we can write the Hamiltonian Ĥ as Ĥ = Nh({m̂a}). We assume that h({m̂a}) is a poly-
nomial of degree P = O(N0), i.e. a linear combination of m̂α1

a1
· · · m̂αp

ap (p = 0, 1, . . . , P ),
and the coefficients are of O(N0). Now we take the thermodynamic limit N → ∞ ⇐⇒
S → ∞. In this limit, the non-commutativity of the components of m̂a is negligible and
m̂2

a approaches unity:

[m̂α
a , m̂

β
b ] =

1

S
iδab

∑
γ

ϵαβγm̂γ
a → 0, (3.2)

m̂2
a =

Ŝ2
a

S2
=
S(S + 1)

S2
→ 1. (3.3)

These equations mean that we can regard the operators m̂a as classical unit vectors ma

in the limit S → ∞. Since the eigenvalues of the operator m̂α
a are −1,−1 + 1/S, . . . ,+1,

each component mα
a of the vector ma takes continuous values in [−1, 1].

Accordingly, the ground state of Ĥ in the limit S → ∞ is given by the vectors ma

which minimize the energy density h({ma}) subject to the constraints m2
a = 1. The

partial derivatives of the function h({ma}) +
∑

a
µa

2
(m2

a − 1) vanish at the minimum
point, where µa are the Lagrange multipliers:

∂h

∂ma

= −µama. (3.4)

3.1.2 Quantum fluctuation

In order to derive the energy gap, we extend the method used in Refs. [39, 85] to the
system of several large spins. First we wish to expand the spin operators Ŝa around the
classical limit. We introduce rotated spin operators Ŝ′

a whose z-components are the spin
operators in the directions of ma =: e′za . We choose unit vectors e′xa and e′ya such that
{e′αa }α=x,y,z is an orthonormal set and e′xa × e′ya = e′za . Defining the components of Ŝ′

a as

Ŝ ′α
a = e′αa · Ŝa, we obtain

Ŝ′
a = TT

a Ŝa ⇐⇒ Ŝa = TaŜ
′
a, (3.5)
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where Ta = (Tαβ
a )α,β=x,y,z = (e′xa , e

′y
a , e

′z
a ) ∈ SO(3) is a special orthogonal matrix. Then,

Ŝ′
a satisfy the commutation relations [Ŝ ′α

a , Ŝ
′β
b ] = iδab

∑
γ ϵ

αβγŜ ′γ
a .

Let m̂′
a = Ŝ

′
a/S and m̂′±

a = m̂′x
a ± im̂′y

a . We perform the Holstein–Primakoff transfor-
mation [86]

m̂′+
a =

√
2

S

√
1− 1

2S
b̂†ab̂a b̂a, (3.6)

m̂′−
a =

√
2

S
b̂†a

√
1− 1

2S
b̂†ab̂a, (3.7)

m̂′z
a = 1− 1

S
b̂†ab̂a, (3.8)

where b̂a are bosonic operators satisfying [b̂a, b̂
†
b] = δab and [b̂a, b̂b] = 0.

The fact that m̂′z
a =ma ·m̂a approach unity in the classical limit S → ∞ implies that

the number operators n̂a = b̂†ab̂a take values sufficiently smaller than S in the low-energy
states for large S. Expanding the operators in S−1 results in

m̂′+
a =

√
2

S
b̂a +O(S−3/2), (3.9)

m̂′−
a =

√
2

S
b̂†a +O(S−3/2). (3.10)

We thus obtain

m̂′x
a =

1√
S
q̂a +O(S−3/2), (3.11)

m̂′y
a =

1√
S
p̂a +O(S−3/2), (3.12)

m̂′z
a = 1− 1

S
n̂a, (3.13)

where q̂a = (b̂a + b̂†a)/
√
2 and p̂a = (b̂a − b̂†a)/(

√
2 i) are the coordinate and momentum

operators for the ath harmonic oscillator, respectively. The operators q̂a and p̂a satisfy
the canonical commutation relations [q̂a, p̂b] = iδab.

Then, we find that the original magnetization operators m̂a = Tam̂
′
a are expanded as

m̂a =ma +
1√
S
(e′xa q̂a + e

′y
a p̂a)−

1

S
man̂a +O(S−3/2). (3.14)

The Hamiltonian density operator has the expansion

h({m̂a}) = h({ma}) +
∑
a

∂h

∂ma

·
(

1√
S
(e′xa q̂a + e

′y
a p̂a)−

1

S
man̂a

)
+

1

2S

∑
ab

(e′xa q̂a + e
′y
a p̂a)

T ∂2h

∂ma ∂mT
b

(e′xb q̂b + e
′y
b p̂b) +

1

S
c+O(S−3/2), (3.15)
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where we defined the Hessian matrix as ∂2h
∂ma ∂mT

b
:=
(

∂
∂ma

)(
∂

∂mb

)T
h. In the above

equation, the c-number c arises from the non-commutativity of e′xa q̂a + e
′y
a p̂a and e′xb q̂b +

e′yb p̂b:

[(e′xa q̂a + e
′y
a p̂a)

α, (e′xb q̂b + e
′y
b p̂b)

β] = iδab((e
′x
a )

α(e′ya )
β − (e′ya )

α(e′xa )
β)

= iδab(T
αx
a T βy

a − Tαy
a T βx

a ). (3.16)

However, the value of c is not needed for determining the energy gap.

Since the magnetizations ma in the ground state satisfy Eq. (3.4) and e′xa and e′ya are
orthogonal to ma, we find the expansion of the Hamiltonian density operator

h({m̂a}) = h({ma}) +
1

S
ε̂+O(S−3/2), (3.17)

where

ε̂ =
∑
a

µan̂a +
1

2

∑
ab

[hxxab q̂aq̂b + hyyab p̂ap̂b + hxyab (q̂ap̂b + p̂bq̂a)] + c (3.18)

and

µa = − ∂h

∂ma

·ma, (3.19)

hαβab := (e′αa )
T ∂2h

∂ma ∂mT
b

e′βb . (3.20)

For α = β, hααab is symmetric under the exchange of the lower indices: hααab = hααba .

Let us diagonalize the operator ε̂. We perform the Bogoliubov transformation

b̂′a =
∑
b

(Uabb̂b + Vabb̂
†
b), (3.21)

b̂′†a =
∑
b

(V ∗
abb̂b + U∗

abb̂
†
b) (3.22)

and assume that the new bosonic operators b̂′a diagonalize ε̂:

ε̂ =
∑
a

εab̂
′†
a b̂

′
a + c′. (3.23)

Here, εa and c′ should be real numbers for ε̂ to be Hermitian and b̂′a should satisfy the
commutation relations

[b̂′a, b̂
′†
b ] = δab, [b̂′a, b̂

′
b] = 0. (3.24)
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It follows from Eq. (3.18) that

[q̂a, ε̂] = i
∑
b

[(µaδab + hyyab)p̂b + hxyba q̂b]

=
1√
2

∑
b

[(µaδab + hyyab + ihxyba )b̂b − (µaδab + hyyab − ihxyba )b̂
†
b], (3.25)

[p̂a, ε̂] = −i
∑
b

[(µaδab + hxxab )q̂b + hxyab p̂b]

=
1√
2 i

∑
b

[(µaδab + hxxab − ihxyab )b̂b + (µaδab + hxxab + ihxyab )b̂
†
b]. (3.26)

Combining these equations with Eq. (3.21), we derive

[b̂′a, ε̂] =
∑
b

(Uab[b̂b, ε̂] + Vab[b̂
†
b, ε̂])

=
1√
2

∑
b

{(Uab + Vab)[q̂b, ε̂] + i(Uab − Vab)[p̂b, ε̂]}

=
∑
c

∑
b

{[Uab(µbδbc + Z+
bc)− VabZ

−
bc]b̂c + [UabZ

−∗
bc − Vab(µbδbc + Z+∗

bc )]b̂†c}, (3.27)

where

Z±
ab :=

hxxab ± hyyab − i(hxyab ∓ hxyba )

2
(3.28)

and Z±∗
ab := (Z±

ab)
∗. On the other hand, Eq. (3.23) yields the commutation relation

[b̂′a, ε̂] = εab̂
′
a = εa

∑
c

(Uacb̂c + Vacb̂
†
c). (3.29)

Comparing the coefficients of b̂c and b̂
†
c in Eqs. (3.27) and (3.29) results in

εaUac =
∑
b

[Uab(µbδbc + Z+
bc)− VabZ

−
bc], (3.30)

εaVac =
∑
b

[UabZ
−∗
bc − Vab(µbδbc + Z+∗

bc )]. (3.31)

Notice that we can derive the equivalent equations by calculating [b̂′†a , ε̂] with Eqs. (3.18),
(3.22), and (3.23).

Let us define the A-dimensional matrices

M = (µaδab), Z± = (Z±
ab) (3.32)

and the A-dimensional vectors

ua = (Ua1, . . . , UaA)
T, va = (Va1, . . . , VaA)

T. (3.33)
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Then, the set of Eqs. (3.30) and (3.31) is written as the eigenvalue equation

ψT
a E = ψT

a εa, (3.34)

where

E :=

(
M + Z+ Z−∗

−Z− −M − Z+∗

)
(3.35)

is a 2A-dimensional matrix and ψa := (uT
a ,v

T
a )

T is a 2A-dimensional vector. Equa-
tion (3.34) shows that εa are eigenvalues of E and ψT

a are the corresponding left eigenvec-
tors.

We can show that εa ∈ R holds if |ua|2 ̸= |va|2. In the following, we assume that all of
the eigenvalues of E are real numbers. Notice that the eigenvalue equation (3.34) yields
another eigenvalue equation

ψT
−aE = ψT

−aε−a, (3.36)

where
ψ−a := (uT

−a,v
T
−a)

T := (v†a,u
†
a)

T, ε−a := −εa. (3.37)

This means that the 2A-dimensional matrix E has 2A eigenvalues ε±1, . . . , ε±A. Let
ε1, . . . , εA be non-negative eigenvalues of E , which become the frequencies of the quasi-
particles created by b̂′†a .

The commutation relations (3.24) are equivalent to the following constraints on ua

and va:
uT

au
∗
b − vTa v∗b = δab, uT

a vb − vTa ub = 0 (a, b = 1, . . . , A). (3.38)

These constraints are rewritten as the pseudo orthonormality of ψa,

uT
au

∗
b − vTa v∗b = sgn(a)δab (a, b = ±1, . . . ,±A). (3.39)

We can show that Eq. (3.34) automatically yields Eq. (3.39) if εa ̸= εb. For each de-
generate eigenvalue, we impose the constraint (3.39) on the corresponding eigenvectors.
The constraint for a = b, |ua|2 − |va|2 = sgn(a), gives the normalization condition of the
eigenvectors ψa.

When εa are real numbers for all a and the pseudo orthonormality (3.39) holds, the
energy gaps between the ground state and the low-energy excited states of the original
Hamiltonian Ĥ are given by

∆{na} :=
∑
a

∆ana (3.40)

with na ∈ {0, 1, 2, . . . }. Here,
∆a :=

N

S
εa = 2Aεa (3.41)

are the energy gaps created by the quasi-particle excitations b̂′†a . We can assume that

∆1 < · · · < ∆A ⇐⇒ ε1 < · · · < εA (3.42)
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without loss of generality. Then, the energy gap between the ground and first excited
states is

∆ = ∆1. (3.43)

Notice that our method of calculating the energy gap is not applicable to a first-order
transition point because the quasi-particle excitation b̂′†1 is a fluctuation around the single
global minimum of the classical potential h({ma}). Typically, the classical potential
h({ma}) is a double-well potential at a first-order transition and the ground and first
excited states are superpositions of the states localized at the two minima. To calculate
the gap between these states analytically, the discrete WKB (Wentzel–Kramers–Brillouin)
method or the instanton method would be needed [83,87–89].

3.2 Results for the mean-field weak-strong cluster

model

We apply the semi-classical method explained in the previous section to a quantum an-
nealing Hamiltonian for the mean-field weak-strong cluster problem, which was proposed
in Ref. [42]. The model has two subsystems (clusters) and the problem Hamiltonian is
defined as

Ĥp = −
N/2∑
r=1

(h1Ẑ1r + h2Ẑ2r)−
1

N

N/2∑
r,r′=1

(Ẑ1rẐ1r′ + Ẑ2rẐ2r′ + Ẑ1rẐ2r′), (3.44)

where N is the total number of spins (qubits) in the system and σ̂ar = (X̂ar, Ŷar, Ẑar)
T is

the Pauli operator at (a, r), with a = 1, 2 representing the cluster index and r = 1, . . . , N/2
the site index within each cluster. We set the strengths of longitudinal magnetic fields to
h1 = 1 and h2 = −0.49. We refer to the first subsystem a = 1 as the strong cluster and
the second subsystem a = 2 as the weak cluster. Notice that the strong longitudinal field
h1 and the weak one h2 point in the opposite directions. The structure of the problem is
schematically depicted in Fig. 3.1.

The ground state of Ĥp is the eigenstate of Ẑ1r and Ẑ2r with eigenvalues Z1r = Z2r =
+1 (all spins pointing up, to be called ‘state A’), while a metastable state exists with
eigenvalues Z1r = +1 and Z2r = −1 (spins in the strong cluster pointing up and those
in the weak cluster pointing down, to be called ‘state B’). The conventional quantum
annealing with a uniform transverse field, in which the Hamiltonian is stoquastic, has
a first-order phase transition when state A and state B exchange their (meta)stability,
meaning a large-scale spin flip in the weak cluster [27].

Let us construct a quantum annealing Hamiltonian for the mean-field weak-strong
cluster problem. Using the magnetization operators m̂a = (2/N)

∑
r σ̂ar, we define the
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Ferromagnetic interactions

h1 = 1 h2 = − 0.49
Longitudinal fields

Strong Weak

r

1

N/2

Figure 3.1: Mean-field weak-strong cluster problem. The circles in the left (right) side denote
the spins in the strong (weak) cluster.

Hamiltonian Ĥ(s) of the mean-field weak-strong cluster model as

Ĥ(s)

N
= −s

2
(h1m̂

z
1 + h2m̂

z
2)−

s

4

(
(m̂z

1)
2 + (m̂z

2)
2 + m̂z

1m̂
z
2

)
− 1− γ1(s)

2
m̂x

1 −
1− γ2(s)

2
m̂x

2 −
s(1− s)

4

(
ξ11(m̂

x
1)

2 + ξ22(m̂
x
2)

2 + ξ12m̂
x
1m̂

x
2

)
,

(3.45)

where s ∈ [0, 1] denotes the dimensionless time. Suppose that γ1(s) and γ2(s) are mono-
tonically increasing functions which satisfy γ1(0) = γ2(0) = 0 and γ1(1) = γ2(1) = 1, and
ξ11, ξ22, and ξ12 are constants.

The Hamiltonian Ĥ(s) consists of the problem Hamiltonian (the first line of Eq. (3.45))
and the driver Hamiltonian (the second line). The strength of the problem Hamiltonian
increases in proportion to s. The driver Hamiltonian is the sum of time-dependent trans-
verse fields and XX interactions. The strength of the transverse field in each cluster
decreases with time. We can achieve inhomogeneous driving of the transverse field by
choosing different functions for γ1(s) and γ2(s). As for the XX interactions, non-zero
ξab makes the corresponding term non-vanishing except at the beginning and the end of
annealing. When 0 < s < 1, the Hamiltonian Ĥ(s) is non-stoquastic for ξ11 < 0, ξ22 < 0,
or ξ12 < 0 and stoquastic for ξ11, ξ22, ξ12 ≥ 0.

For the moment, we assume γ1(s) = γ2(s) = s (homogeneous driving of the transverse
field) and focus on effects of the XX interactions. First consider the case of the XX
interaction between the clusters. Using the method explained in Section 3.1.1, we can
calculate the magnetization ma for each cluster in the ground state of the system in the
thermodynamic limit N → ∞. We show the magnetizations mz

1 and mz
2 as functions

of s and ξ = ξ12 for ξ11 = ξ22 = 0 in Fig. 3.2. A first-order transition occurs in the
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Figure 3.2: Magnetizations mz
1 and mz

2 of the mean-field weak-strong cluster model for γ1(s) =
γ2(s) = s and (ξ11, ξ22, ξ12) = (0, 0, ξ).

stoquastic case ξ ≥ 0 including the case without the XX interactions (ξ = 0), where the
magnetization in the strong cluster mz

1 slightly jumps and that in the weak cluster mz
2

jumps from a negative value to a positive value (a large-scale spin flip). On the other
hand, there is no transition for −5 ≲ ξ ≲ −3. This means that the non-stoquastic XX
interaction between the clusters with the appropriate strength removes the first-order
transition, while too small or too large ones cannot. This result confirms the conclusion
obtained by exact diagonalization of the finite-size systems [42].

We next calculate the energy gap between the ground state and the first excited state
by use of the method in Section 3.1.2. We show the energy gaps ∆a for ξ11 = ξ22 = 0 and
ξ12 = ξ = 0,−4,−10 in Fig. 3.3. Here, ∆a denote the energy gaps created by the quasi-
particle excitations b̂′†a above the classical ground state. We calculated ∆a by numerically
diagonalizing the four-dimensional matrix E defined as Eq. (3.35) and multiplying the
non-negative eigenvalues εa by four (see Eq. (3.41)). The smaller gap ∆1 is equal to the
energy gap between the ground and first excited states of the Hamiltonian Ĥ(s) except
at the first-order transition point. The correct energy gap at a first-order transition is
exponentially small as a function of the system size N [42], which cannot be evaluated by
our method as explained in the previous section. In general, the energy gaps ∆a calculated
by our method are discontinuous at first-order transitions due to the discontinuity of the
magnetizations ma, although we cannot clearly see a discontinuous jump in the lower
of the two gaps ∆1 for ξ = 0 at least in our precision whereas the other ∆2 shows
discontinuity. In the case of ξ = −4, the energy gaps ∆a are continuous because there is
no first-order transition.

Now we derive the minimum gap mins ∆1 for the range of ξ where there is no first-
order transition. The result for ξ11 = ξ22 = 0 and −5 ≤ ξ12 = ξ ≤ −3 is shown in Fig. 3.4.
We can see that mins∆1 is maximized at ξ ≈ −4.0, which is consistent with the result in
Ref. [42] (notice that λ in Ref. [42] is equal to −ξ/2 in our definition).
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(a) ξ = 0. (b) ξ = −4. (c) ξ = −10.

Figure 3.3: Energy gaps ∆a created by the quasi-particle excitations b̂′†a for the mean-field weak-
strong cluster model. We set γ1(s) = γ2(s) = s, ξ11 = ξ22 = 0, and ξ12 = ξ =
0,−4,−10.

Figure 3.4: Minimum energy gap mins∆1 of the mean-field weak-strong cluster model for
γ1(s) = γ2(s) = s, ξ11 = ξ22 = 0, and −5 ≤ ξ12 = ξ ≤ −3. In this region of
ξ, there is no first-order transition and ∆1 is equal to the energy gap between the
ground and first excited states of the Hamiltonian Ĥ(s) in the thermodynamic limit
N → ∞.
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Figure 3.5: Magnetization in the weak cluster mz
2 of the mean-field weak-strong cluster model

for (ξ11, ξ22, ξ12) = (ξ, 0, 0) (left) and for (ξ11, ξ22, ξ12) = (0, ξ, 0) (right). We set
γ1(s) = γ2(s) = s in both cases.

Let us move on to the case of the XX interaction in each cluster. We show the
magnetization in the weak cluster mz

2 for (ξ11, ξ22, ξ12) = (ξ, 0, 0), (0, ξ, 0) as functions of
s and ξ in Fig. 3.5. We find that the non-stoquastic XX interaction in the strong cluster
or the stoquastic XX interaction in the weak cluster removes the first-order transition,
while the other types of intracluster XX interaction do not.

We can interpret these results as follows: In the case of the non-stoquastic XX inter-
action in the strong cluster, |mx

1 | becomes smaller and mz
1 larger, which makes mz

2 larger
thanks to the ferromagnetic coupling between the clusters. In the case of the stoquas-
tic XX interaction in the weak cluster, mx

2 becomes larger and |mz
2| smaller. Both of

these types of XX interaction prevent mz
2 from being a large negative value due to the

longitudinal field h2, which reduces the possibility of a jump in mz
2.

We also found that the first-order transition cannot be removed in the case where
the XX interaction is proportional to 1

2
(m̂x

1 + m̂x
2)

2 (i.e., (ξ11, ξ22, ξ12) = (ξ/2, ξ/2, ξ))
regardless of the sign of the coefficient ξ, which is shown in Fig. 3.6. The result in
the non-stoquastic case ξ < 0 is in agreement with the numerical consequence given in
Appendix F of Ref. [42].

Finally we consider the model in which the transverse field is driven inhomogeneously
and there is no XX interaction. Then, the Hamiltonian is stoquastic. We show the
magnetization in the weak cluster mz

2 for (γ1(s), γ2(s)) = (γ(s), s), (s, γ(s)) in Fig. 3.7,
where the increasing function γ(s) can be chosen arbitrarily as long as γ(0) = 0 and
γ(1) = 1. Notice that the value of mz

2 is indefinite at s = 0 and γ2 = 1, where neither
magnetic field nor interaction is applied to the weak cluster. We find that the weaker
transverse field in the strong cluster and the stronger transverse field in the weak cluster
can remove the first-order transition in the process of quantum annealing. The mechanism
for removing the first-order transition is similar to the case of the non-stoquastic XX
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Figure 3.6: Magnetization in the weak cluster mz
2 of the mean-field weak-strong cluster model

for γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) = (ξ/2, ξ/2, ξ).

interaction in the strong cluster or the stoquastic XX interaction in the weak cluster.

3.3 Summary

We have carried out the semi-classical analysis of the mean-field weak-strong cluster
model. We showed that the first-order transition which appears in the case of the uniform
transverse field and no XX interactions can be removed either by the non-stoquastic XX
interaction between the clusters with the appropriate strength, the non-stoquastic XX
interaction in the strong cluster, the stoquastic XX interaction in the weak cluster, or
inhomogeneous field driving in which the transverse field in the weak cluster is stronger
than that in the strong cluster. The result in the case of the non-stoquastic XX interac-
tion between the clusters is consistent with the numerical consequence [42], including the
analytically calculated value of the energy gap.
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Figure 3.7: Magnetization in the weak cluster mz
2 of the mean-field weak-strong cluster model

for (γ1, γ2) = (γ, s) (left) and for (γ1, γ2) = (s, γ) (right). We set ξ11 = ξ22 = ξ12 = 0
in both cases.





Chapter 4

Weak-strong cluster model with
sparse intercluster interactions

In the previous chapter, we studied the mean-field weak-strong cluster model, which
has all-to-all interactions. We now consider the weak-strong cluster model in which the
interactions between clusters are sparse. This model has less connectivity than the mean-
field model. In Section 4.1, we analyze a semi-infinite-range system which is formed by
several subsystems and has sparse interactions between subsystems as well as mean-field-
type interactions within subsystems. Section 4.2 shows results for the weak-strong cluster
model with sparse interactions between clusters. Section 4.3 summarizes the chapter.
This chapter is grounded on Ref. [71].

4.1 Analysis of a system with sparse interactions

between subsystems

Let us analyze a semi-infinite-range spin system which consists of several subsystems and
has sparse interactions between subsystems. We denote the number of spins by N , the
number of subsystems by A = O(N0), and the Pauli operator at site (a, r) (a = 1, . . . , A;
r = 1, . . . , N/A) by σ̂ar = (σ̂α

ar)α=x,y,z = (X̂ar, Ŷar, Ẑar)
T. Differently from the mean-field

case analyzed in the previous chapter, we consider the Hamiltonian in the following form:

Ĥ = Nhm({m̂a})−
1

2

∑
ab

∑
r

σ̂ar ·Kabσ̂br, (4.1)

where the first term hm({m̂a}) is the mean-field part written as a function of m̂a =
A
N

∑
r σ̂ar and the second term is the sum of sparse interactions between the subsystems

which are determined by the matrices Kab = (Kαβ
ab )α,β=x,y,z. We assume that hm({m̂a}) is

a polynomial of degree P = O(N0) with coefficients of O(N0). We can set Kαβ
aa = 0 and

Kαβ
ab = Kβα

ba ∈ R without loss of generality, because the term with the coefficient matrix

Kaa can be included in the mean-field part and [σ̂α
a , σ̂

β
b ] = 0 for a ̸= b.

33
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Now we introduce the path-integral representation of the partition function Z =
Tr e−βĤ with inverse temperature β:

Z =

(∏
ar

∫
Dnar

)
exp

[
−
∫ β

0

dτ

(∑
ar

⟨nar(τ)|
d

dτ
|nar(τ)⟩

+ ⟨{nar(τ)}|Ĥ|{nar(τ)}⟩

)]
. (4.2)

Here, |{nar}⟩ =
⊗

ar |nar⟩ is the product state of the spin coherent states |nar⟩ determined
by unit vectors nar. The spin coherent state |nar⟩ at each site is the normalized eigenstate
of σ̂ar ·nar with the eigenvalue one. In addition, Dnar is the functional measure which is
the product of the measures on the 2-sphere over imaginary time τ ∈ [0, β].

The energy expectation value in the spin coherent state is given by

⟨{nar}|Ĥ|{nar}⟩ = N ⟨{nar}|hm({m̂a})|{nar}⟩ −
1

2

∑
ab

∑
r

nar ·Kabnbr. (4.3)

We use an approximation for the first term ⟨{nar}|hm({m̂a})|{nar}⟩. The mean-field
part of the Hamiltonian density hm({m̂a}) is a linear combination of m̂α1

a1
· · · m̂αp

ap (p =
1, . . . , P ), which has the expectation value

⟨{nar}|m̂α1
a1

· · · m̂αp
ap |{nar}⟩ =

(
A

N

)p ∑
r1,...,rp

⟨{nar}|σ̂α1
a1r1

· · · σ̂αp
aprp |{nar}⟩

=

(
A

N

)p ∑
r1,...,rp

q ̸=q′=⇒rq ̸=rq′

⟨{nar}|σ̂α1
a1r1

· · · σ̂αp
aprp|{nar}⟩+O(N−1)

=

(
A

N

)p ∑
r1,...,rp

q ̸=q′=⇒rq ̸=rq′

nα1
a1r1

· · ·nαp
aprp +O(N−1)

=

(
A

N

)p ∑
r1,...,rp

nα1
a1r1

· · ·nαp
aprp +O(N−1)

=

(
A

N

∑
r1

nα1
a1r1

)
· · ·

A

N

∑
rp

nαp
aprp

+O(N−1). (4.4)

In the second and fourth lines of this equation, we used the fact that the number of
(r1, . . . , rp) including equal indices is of O(Np−1), while the number of (r1, . . . , rp) whose
elements are different from each other is N

A

(
N
A
− 1
)
· · ·
(
N
A
− p+ 1

)
= O(Np). Therefore,

we obtain the simplified expression

⟨{nar}|hm({m̂a})|{nar}⟩ = hm

({
A

N

∑
r

na

})
+O(N−1). (4.5)
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We ignore the term of O(N−1), which yields a non-extensive correction to the energy
expectation value ⟨{nar}|Ĥ|{nar}⟩.

Combining Eqs. (4.2), (4.3), and (4.5) yields

Z =

(∏
ar

∫
Dnar

)
exp

[
−
∫ β

0

dτ

(∑
ar

⟨nar(τ)|
d

dτ
|nar(τ)⟩+Nhm

({
A

N

∑
r

na(τ)

})

− 1

2

∑
ab

∑
r

nar(τ) ·Kabnbr(τ)

)]
. (4.6)

We insert the path integral of the delta functional

1 =

∫
Dma δ

[
N

A
ma(τ)−

∑
r

nar(τ)

]

=

∫
Dma

∫
Dm̃a exp

[
−
∫ β

0

dτ m̃a(τ) ·

(
N

A
ma(τ)−

∑
r

nar(τ)

)]
(4.7)

for each a into Eq. (4.6). Then, we obtain

Z =

(∏
a

∫
Dma

∫
Dm̃a

)
exp

[
−N

∫ β

0

dτ

(
1

A

∑
a

m̃a(τ) ·ma(τ) + hm({ma(τ)})

)]

×
∏
r

{(∏
a

∫
Dnar

)
exp

[
−
∫ β

0

dτ

(∑
a

⟨nar(τ)|
d

dτ
|nar(τ)⟩ −

∑
a

m̃a(τ) · nar(τ)

− 1

2

∑
ab

nar(τ) ·Kabnbr(τ)

)]}

=

(∏
a

∫
Dma

∫
Dm̃a

)
exp

[
−N

∫ β

0

dτ

(
1

A

∑
a

m̃a(τ) ·ma(τ) + hm({ma(τ)})

)]

×

{(∏
a

∫
Dna

)
exp

[
−
∫ β

0

dτ

(∑
a

⟨na(τ)|
d

dτ
|na(τ)⟩ −

∑
a

m̃a(τ) · na(τ)

− 1

2

∑
ab

na(τ) ·Kabnb(τ)

)]}N/A

, (4.8)

where we simplified the product over r = 1, . . . , N/A as the (N/A)th power, because the
factor in the expression of Z depends on r only through nar.

Let us evaluate the asymptotic form of the partition function in the thermodynamic
limit N → ∞ by the stationary-phase approximation. We assume that the stationary
path (i.e., the set of the functions ma(τ) and m̃a(τ) for which the functional derivatives
of the integrand of Z vanish) satisfies the static ansatz

ma(τ) =ma, m̃a(τ) = m̃a. (4.9)
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Then, we can write the partition function as an ordinary integral with respect toma and
m̃a:

Z =

(∏
a

∫
d3ma

∫
d3m̃a

)
exp

[
−Nβ

(
1

A

∑
a

m̃a ·ma + hm({ma})

)]

×

{(∏
a

∫
Dna

)
exp

[
−
∫ β

0

dτ

(∑
a

⟨na(τ)|
d

dτ
|na(τ)⟩ −

∑
a

m̃a · na(τ)

− 1

2

∑
ab

na(τ) ·Kabnb(τ)

)]}N/A

. (4.10)

Replacing the path integral over na(τ) with the trace of an exponentiated operator results
in

Z =

(∏
a

∫
d3ma

∫
d3m̃a

)
exp

[
−Nβ

(
1

A

∑
a

m̃a ·ma + hm({ma})

)

+
N

A
lnTr e−βĥeff({m̃a})

]
. (4.11)

We defined the effective Hamiltonian of an A-spin system as

ĥeff({m̃a}) = −
∑
a

m̃a · σ̂a −
1

2

∑
ab

σ̂a ·Kabσ̂b, (4.12)

where σ̂a (a = 1, . . . , A) are the Pauli operators.
Applying the saddle-point method (the stationary-phase approximation) to Eq. (4.11)

in the thermodynamic limit N → ∞, we derive the expression of the free-energy density
f = − 1

Nβ
lnZ as follows:

f =
1

A

∑
a

m̃a ·ma + hm({ma})−
1

Aβ
lnTr e−βĥeff({m̃a}). (4.13)

We can calculate the order parameters ma, which are the magnetizations for the A
subsystems, and their conjugate parameters m̃a, by solving the saddle-point equations
∂f/∂ma = ∂f/∂m̃a = 0, i.e.,

ma = ⟨σ̂a⟩{m̃a} (β), (4.14)

m̃a = −A ∂hm
∂ma

. (4.15)

Here,

⟨· · ·⟩{m̃a} (β) :=
Tr e−βĥeff({m̃a}) · · ·
Tr e−βĥeff({m̃a})

(4.16)
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is the thermal expectation value for the effective A-spin system.
Let us denote the eigenvalues of ĥeff({m̃a}) by λn({m̃a}) (n = 0, 1, . . . , 2A − 1) and

the corresponding eigenvectors by |λn⟩{m̃a}. Suppose that the eigenvalues λn({m̃a}) are
sorted in ascending order and the minimum eigenvalue is g({m̃a})-fold degenerate:

λ0({m̃a}) = · · · = λg({m̃a})−1 < λg({m̃a}) ≤ · · · ≤ λ2A−1. (4.17)

Defining the gaps from the minimum eigenvalue as δn({m̃a}) = λn({m̃a}) − λ0({m̃a}),
we find that Eqs. (4.13) and (4.14) are rewritten as

f =
1

A

∑
a

m̃a ·ma + hm({ma}) +
1

A
λ0({m̃a})−

1

Aβ
ln
∑
n

e−βδn({m̃a}) (4.18)

and

ma =

∑
n e

−βδn({m̃a}) ⟨λn|σ̂a|λn⟩{m̃a}∑
n e

−βδn({m̃a})
, (4.19)

where ⟨λn|σ̂a|λn⟩{m̃a} is the expectation value of σ̂a in the state |λn⟩{m̃a}.
Now we take the zero-temperature limit β → ∞. Since the excited states of the

effective Hamiltonian ĥeff({m̃a}) do not contribute to the free-energy density (4.18) and
the saddle-point equation (4.19) in the limit β → ∞, the free-energy density f approaches
the ground-state energy density

u =
1

A

∑
a

m̃a ·ma + hm({ma}) +
1

A
λ0({m̃a}) (4.20)

and the parameters ma and m̃a satisfy

ma =
1

g({m̃a})

g({m̃a})−1∑
n=0

⟨λn|σ̂a|λn⟩{m̃a} . (4.21)

Notice that Eq. (4.15) still holds in the zero-temperature limit β → ∞.

4.2 Results for the weak-strong cluster model with

sparse intercluster interactions

We consider the weak-strong cluster model whose interactions between the clusters are
sparse. The problem Hamiltonian is defined as

Ĥp = −
N/2∑
i=1

(h1Ẑ1r + h2Ẑ2r)−
1

N

N/2∑
r,r′=1

(Ẑ1rẐ1r′ + Ẑ2rẐ2r′)−
1

2

N/2∑
r=1

Ẑ1rẐ2r, (4.22)
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h1 = 1 h2 = − 0.49
Longitudinal fields

Strong Weak

r

1

N/2

Ferromagnetic interactions

Figure 4.1: Weak-strong cluster problem with sparse intercluster interactions. The circles in the
left (right) side denote the spins in the strong (weak) cluster.

where N is the total number of spins in the system and σ̂ar = (X̂ar, Ŷar, Ẑar)
T is the Pauli

operator at (a, r) (a = 1, 2; r = 1, . . . , N/2). We set h1 = 1 and h2 = −0.49. The first
subsystem a = 1 is the strong cluster and the second subsystem a = 2 is the weak cluster.
Notice that the intercluster interactions exist only between the corresponding indices of
the two clusters. We show the schematic diagram of the problem in Fig. 4.1.

The quantum annealing Hamiltonian for this problem is given by

Ĥ(s) = sĤp − (1− γ1(s))

N/2∑
r=1

X̂1r − (1− γ2(s))

N/2∑
r=1

X̂2r

− s(1− s)

ξ11
N

N/2∑
r,r′=1

X̂1rX̂1r′ +
ξ22
N

N/2∑
r,r′=1

X̂2rX̂2r′ +
ξ12
2

N/2∑
r=1

X̂1rX̂2r

 , (4.23)

where s ∈ [0, 1] is the dimensionless time. The functions γ1(s) and γ2(s) are monotonically
increasing and are subject to γ1(0) = γ2(0) = 0 and γ1(1) = γ2(1) = 1. After taking the
thermodynamic limit N → ∞ and the zero-temperature limit β → ∞, we calculate the
magnetizations in the two clusters mz

1 and mz
2 using the imaginary-time path-integral

formulation of the partition function and the saddle-point method with the static ansatz
as detailed in the previous section.

We show the magnetizations mz
1 and mz

2 for γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) =
(0, 0, ξ) in Fig. 4.2. We find that while the uniform transverse-field driver causes a first-
order transition, both of the non-stoquastic XX interaction between the clusters and the
stoquastic one can remove the transition. In contrast to the mean-field case analyzed in
the previous chapter (see Fig. 3.2), there is no transition for large positive ξ and too large
negative ξ.



4.3 Summary 39

Figure 4.2: Magnetizations mz
1 and mz

2 of the weak-strong cluster model with sparse intercluster
interactions for γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) = (0, 0, ξ).

On the other hand, Fig. 4.3 shows that the behavior of the magnetization mz
2 in

the case of the XX interaction in each cluster, γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) =
(ξ, 0, 0), (0, ξ, 0), is similar to that for the mean-field weak-strong cluster model (Fig. 3.5).
Notice that the first-order transition is unavoidable in the case of the totalXX interaction,
γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) = (ξ/2, ξ/2, ξ), as shown in Fig. 4.4.

We next consider inhomogeneous driving of the transverse field. We set ξ11 = ξ22 =
ξ12 = 0 and (γ1(s), γ2(s)) = (γ(s), s), (s, γ(s)), where γ(s) is an arbitrary increasing
function satisfying γ(0) = 0 and γ(1) = 1. Then, it turns out that the behavior of
the magnetization mz

2 resembles that in the mean-field case (Fig. 3.7) as can be seen in
Fig. 4.5.

4.3 Summary

We have analyzed the weak-strong cluster model with sparse interactions between the
clusters by evaluating the partition function in the thermodynamic limit and the zero-
temperature limit. The analysis was performed with the spin-coherent-state path-integral
technique and the saddle-point method. We found several ways to avoid the first-order
transition, which resemble those in the case with the mean-field-type all-to-all interactions
analyzed in the previous chapter, except that not only the non-stoquastic intercluster XX
interaction but also the stoquastic one can eliminate the first-order transition.
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Figure 4.3: Magnetization in the weak cluster mz
2 of the weak-strong cluster model with sparse

intercluster interactions for (ξ11, ξ22, ξ12) = (ξ, 0, 0) (left) and for (ξ11, ξ22, ξ12) =
(0, ξ, 0) (right). We set γ1(s) = γ2(s) = s in both cases.

Figure 4.4: Magnetization in the weak cluster mz
2 of the weak-strong cluster model with sparse

intercluster interactions for γ1(s) = γ2(s) = s and (ξ11, ξ22, ξ12) = (ξ/2, ξ/2, ξ).
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Figure 4.5: Magnetization in the weak cluster mz
2 of the weak-strong cluster model with sparse

intercluster interactions for (γ1, γ2) = (γ, s) (left) and for (γ1, γ2) = (s, γ) (right).
We set ξ11 = ξ22 = ξ12 = 0 in both cases.





Chapter 5

Frustrated Ising ladder

In this chapter, we analyze the frustrated Ising ladder as a problem which has only
spatially local interactions, in contrast to the weak-strong cluster models studied in the
previous chapters. This problem was proposed by Laumann et al. [68]. The frustrated
Ising ladder is a quasi-one-dimensional Ising model defined on a two-leg ladder. One of
the important features is that the model can be mapped onto the quantum dimer model
on a two-leg ladder in the limit of infinite frustration. Laumann et al. showed by exact
diagonalization of the small-size systems that the frustrated Ising ladder in a transverse
field for large frustration has a first-order transition of essentially topological origin. The
correspondence with the dimer model is the key to understanding the topological nature
of the frustrated Ising ladder. The aim of this chapter lies in revealing non-stoquastic
effects on such an interesting system.

Since the frustrated Ising ladder is a low-dimensional system, we cannot exactly ana-
lyze the model by the semi-classical method or the saddle-point method as in the previous
chapters. We tackle the problem using the real-space renormalization group (RG) method.
Although the real-space RG approach in general is not exact, we will see that our method
extracts key features of the system as the RG transformation projects the Hilbert space
onto a low-energy subspace.

We review physical pictures of the frustrated Ising ladder in Section 5.1 and the way
of mapping onto the quantum dimer model in Section 5.2. In Section 5.3, we give the
mathematical description of the low-energy states to prepare for the real-space RG anal-
ysis. Section 5.4 provides the detailed procedure of the real-space RG transformation.
Section 5.5 demonstrates the results of the RG analysis, including the phase diagram and
discussions on quantum annealing of this problem. The results are compared with the
result of numerical diagonalization [68] and that of the density-matrix renormalization
group calculation carried out by Sota and Yunoki [70]. This chapter is summarized in
Section 5.6. Sections 5.4–5.6 are based on the author’s original work.

43
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i = 1 2 L
t (top)

b (bottom)

L + 1

Figure 5.1: Frustrated Ising ladder with transverse fields and XX interactions. Spin-1/2 par-
ticles are located at the black and white points. The solid and dashed lines are
ferromagnetic and antiferromagnetic interactions of the strength K, respectively.
There are an upward longitudinal field K at each black point and a downward longi-
tudinal field U/2 at each white point. A transverse field Γt is appended at every site
on the top row and Γb on the bottom row. An XX interaction Ξtt is applied on each
horizontal bond on the top row, Ξbb on each horizontal bond on the bottom row, and
Ξtb on each vertical bond between the two rows. The sites at the horizontal position
i = L+ 1 are identified with those at i = 1 for the periodic boundary condition.

5.1 Introduction to the frustrated Ising ladder

We consider the frustrated Ising ladder with transverse fields and XX interactions. The
version with the uniform transverse field and noXX interactions was proposed in Ref. [68].
The ladder has the top row (t) and the bottom row (b). The Hamiltonian is given by

Ĥ =
L∑
i=1

[
K(Ẑt,iẐt,i+1 − Ẑb,iẐb,i+1 − Ẑt,iẐb,i − Ẑt,i) +

U

2
Ẑb,i

− (ΓtX̂t,i + ΓbX̂b,i)− (ΞttX̂t,iX̂t,i+1 + ΞbbX̂b,iX̂b,i+1 + ΞtbX̂t,iX̂b,i)

]
, (5.1)

where X̂a,i, Ŷa,i, and Ẑa,i are the Pauli operators at the position i = 1, . . . , L on the row
a = t, b. We assume the length L to be even and impose the periodic boundary condition

X̂a,L+1 = X̂a,1, Ŷa,L+1 = Ŷa,1, Ẑa,L+1 = Ẑa,1. (5.2)

Suppose that K, U , and Γa are positive. The terms proportional to K in the expression
of the Hamiltonian Ĥ are interactions and a longitudinal field which cause frustration.
In addition, U/2, Γa, and Ξaa′ are the strengths of a downward longitudinal field on the
bottom row, transverse fields, and nearest-neighbor XX interactions, respectively. The
Hamiltonian Ĥ is stoquastic for Ξtt,Ξbb,Ξtb ≥ 0 and non-stoquastic for Ξtt < 0, Ξbb < 0,
or Ξtb < 0. We show the schematic diagram of the model in Fig. 5.1.

Laumann et al. [68] revealed the phase diagram in the case of the uniform transverse
field Γt = Γb = Γ and no XX interactions Ξtt = Ξbb = Ξtb = 0 using numerical
diagonalization of the small-size systems, as displayed in Fig. 5.2. More precisely, they
carried out exact diagonalization in the translationally invariant subspace for L = 12 and
computed Γ/U which minimizes the energy gap between the ground state and the first
excited state for each fixed K/U (notice that the translation operator is conserved and
its value is unity in quantum annealing). The phase diagram shows that a first-order
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Local quantum dynamics with matrix elements within
the flippable (w ¼ 0) sector, such as a transverse field
!
P

!x, lead to the order-by-disorder selection discussed
above. This favors a resonating state in the w ¼ 0 sector
over the rigid staggered states favored byU. As the Hilbert
space of this model is now (local and) larger than for the
dimer model, the excited state spectrum is richer and the
transition becomes more complicated. The presence of
local topological defects at energy OðKÞ breaks the strict
conservation of w seen in the dimer model, lifting the level
crossings. However, for large K=U, the first-order transi-
tion seen in the pure dimer model persists, acquiring an
exponentially small gap due to the virtual hopping of
defects around the system.

At large K $ U, the pure dimer states are energetically
well separated from the states with defects. To leading
order for the pure dimer w ¼ 0 sector, the transverse field
! on the top row acts exactly as HRVB of Eq. (6), while the
transverse field on the bottom row produces defects. Thus,
for infinite K and even L, we precisely recover the dimer
model and its first-order transition at !c ¼ U=b. At large
but finite K, the transition is shifted by the resonance
energy associated with virtual defect states. Thus, to sec-
ond order, the first-order transition curve shifts to !c ¼
U=bþU2=4Kb3, in agreement with the exact diagonal-
ization results (see Fig. 3). For odd lengths, the first-order
transition persists although the finite-size effects are more
complicated; nonetheless, the minimum gap arises due to
the production and dragging of defects around the system
and it remains exponentially small.

For K & U, the transition from staggered to translation
invariant phase persists as a second-order condensation
transition. At U $ K, !, the U field pins the bottom row
of spins to be negative, leading to an effective Hamiltonian

for the top row of an antiferromagnetic Ising chain with
couplings K in a transverse field ! and longitudinal field
heff ¼ Kð1þ h!z

botiÞ ' 2K!2=U2 at leading order. This
chain indeed exhibits the usual second-order transition at
! ' K (Oðh2eff=KÞ ¼ K (OðK!4=U4Þ [27]. In dimer
language, the liquid state at low K corresponds to a con-
densate of defects while that at higher K is a resonating
dimer liquid.
Exact diagonalization of the Ising model.—We back up

the above assertions with a detailed study of the two-leg
Ising ladder, for which we describe an interesting phase
diagram. We exactly diagonalize the zero momentum sec-
tor at even lengths L from 4 to 12 (U¼1). The points in the
phase diagram in Fig. 3 are determined by the ! corre-
sponding to the minimum gap at fixed K at size L ¼ 12.
Away from the multicritical point where the first-order and
second-order transition curves meet, this estimate is indis-
tinguishable from the estimate made by finite-size scaling
estimates; near the meeting point such estimates are sus-
pect at these small sizes.
Viewing the two-leg ladder Hamiltonian as an optimi-

zation problem for the QAA, the important feature is the
scaling of the minimum gap" as a function of L. These are
plotted in the inset to Fig. 3 for K ) 2:5 where the tran-
sition lies on the first-order curve. As expected, the
exponential fit to "ðLÞ is very good, exhibiting a decay
constant growing linearly with logðK=!Þ for K up to 8 (fit
not shown).
Algorithmic implications.—It is instructive to consider

the behavior of the classic ‘‘black box’’ optimization algo-
rithm: CSA with local spin–flip dynamics. Similar to the
quantum order-by-disorder effect, high temperature favors
the entropy of the columnar sector, which freezes out at
low temperatures due to the energetic preference for the
staggered sector. Unlike the QAA, however, CSA may
dissipate energy, so that defects in the low temperature
regime anneal out diffusively with diffusion constants
depending on temperature but not system size. This leads
to polynomial upper bounds on the expected time needed
to find the ground state.
Hence, CSA finds a ground state in the simplest incar-

nation. There are ways to fix the QAA as well, but these
appear to require insight into the nature of the solution and
are in spirit equivalent to finding the solution by knowing
something about it, i.e., solving the problem by inspection.
Conclusions.—The QAA holds much promise as a prac-

tical tool for solving hard optimization problems, and as
such has suffered a barrage of theoretical attacks over the
last decade. Here, we contribute two simple cautionary
tales to its analysis: first, that the finite-size scaling of the
Hamiltonian gap exhibited at thermodynamic quantum
phase transitions must be treated very carefully as it may
be exponentially sensitive to nonthermodynamic details
and second, that topology and entropy can overwhelm
local quantum dynamics, even in translation invariant,

FIG. 3 (color online). Phase diagram of frustrated two-leg
ladder. Points indicate position of minimum gap in k ¼ 0 sector
as a function of ! at fixed K, L ¼ 12. Dotted line ! ¼ K
indicates second-order condensation predicted to leading order
in K=U; dashed line indicates first-order transition predicted to
second order inU=K (see text). (inset) Exponential scaling of the
gap for K in the first-order transition regime. Dashed lines are
best fit exponentials to minimum gap data. From top to bottom,
K=U ¼ 2:5–5:0 in steps of 0.5.
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Figure 5.2: Phase diagram of the frustrated Ising ladder in a transverse field depicted by Lau-
mann, Moessner, Scardicchio, and Sondhi (2012) [68]. The points indicate the values
of Γ/U which minimize the energy gap in the translationally invariant subspace for
L = 12 and fixed values of K/U . The dashed line is a first-order transition line
predicted by the second-order perturbation theory in U/K combined with the re-
sult of numerical diagonalization of the quantum dimer model (see Section 5.2),
Γ/U = 1/b + U/(4Kb3) with b ≈ 0.6. The dotted line is a second-order transition
line predicted to leading order in K/U , Γ = K. Inset: Exponential scaling of the en-
ergy gap in the translationally invariant subspace at the first-order transition points,
where K/U = 2.5, 3.0, 3.5, 4.0, 4.5, 5.0 from top to bottom.

transition between the symmetric (columnar) phase and the staggered phase occurs when
Γ/U is varied with K/U fixed to a large value. For small K/U , there is a second-order
transition because the bottom spins are almost fixed to down and the top row is effectively
regarded as an antiferromagnetic Ising chain in a transverse field. Laumann et al. also
showed that the energy gap at the first-order transition which exists for large K/U decays
exponentially as the length L grows, which can be seen in the inset of Fig. 5.2.

Let us focus on the case of large K/U , which is crucial for quantum annealing since
there is a first-order transition. For Γt = Γb = Γ and Ξtt = Ξbb = Ξtb = 0, the system
is in the columnar phase for large Γ/U and in the staggered phase for small Γ/U . We
can characterize the columnar and staggered phases using the perturbation theory in
K−1. Regard the sum of the terms proportional to K in the Hamiltonian (5.1) as a non-
perturbative Hamiltonian and the sum of the other terms as a perturbation. Then, if
the leading-order part of the state is a columnar (staggered) state, we can say that the
system is in the columnar (staggered) phase. Columnar and staggered states are defined
as follows:

• Columnar states are configurations in which all the bottom spins are up and there
are no consecutive down spins on the top row, and their superpositions; and

• Staggered states are configurations in which all the bottom spins are down and the
top spins are antiferromagnetically ordered, and their superpositions.
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Here, we meant by a “configuration” a product state of local eigenstates of Ẑa,i. As shown
in Section 5.3, both of the columnar states and the staggered states are the ground states
of the non-perturbative Hamiltonian. These states are the low-energy states in the sense
that the number of frustrated terms in the Hamiltonian is minimized. The perturbation
lifts the degeneracy and causes the first-order transition. Accepting this picture, we can
intuitively follow the reason why the system is in the columnar phase for large transverse
field Γ: Some types of single spin flip are allowed in the columnar phase, while any single
spin flip is not allowed in the staggered phase. On the other hand, small Γ or large U
leads the system into the staggered phase.

Now we mention that there are only two independent staggered states, while the
number of independent columnar states is FL−1+FL−3, the sum of two Fibonacci numbers.
Here, FL is defined by the recurrence relation FL = FL−1 + FL−2 and the initial values
F1 = 2 and F2 = 3. Noticing that the Fibonacci number FL is exponentially large
as a function of the length L, we find that there are an exponentially large number of
independent columnar states. We will derive the number of the low-energy states, namely
columnar and staggered states, in Section 5.3.

When we consider the Hamiltonian (5.1) as a quantum annealing Hamiltonian, the
problem Hamiltonian is given by the first line of Eq. (5.1), whose ground states are the
two staggered states, and the driver Hamiltonian consists of the transverse fields and
the XX interactions. The coefficients in the Hamiltonian Ĥ are varied with time such
that the strength of the problem Hamiltonian increases from zero to a finite value while
the transverse fields decrease and vanish at the end of annealing. If we apply the XX
interactions Ξaa′ , their absolute values |Ξaa′| increase from zero to non-vanishing values
and decrease to zero. For example, we can set K,U ∝ s, Γa ∝ 1 − s, and Ξaa′ ∝
s(1− s) with s ∈ [0, 1] being the dimensionless time. If a first-order transition exists, the
energy gap at the transition becomes exponentially small, which requires exponentially
long computation time.

5.2 Mapping onto the quantum dimer model

In this section, we review the way to map the frustrated Ising ladder onto the quantum
dimer model following Ref. [68]. The quantum dimer model was first introduced by
Rokhsar and Kivelson [90] for studying high-temperature superconductors. An instructive
review of the quantum dimer model is found, e.g., in the lecture note [91]. Although the
mapping between the frustrated quantum Ising model and the quantum dimer model is
known for various lattices [92, 93], we focus on the quantum dimer model on a two-leg
ladder and its correspondence with the frustrated Ising ladder.

The dimer model is formed by many dimers on a lattice. A dimer is a line segment
between two nearest-neighbor sites. The model is subject to the constraint that each site
is an end point of just one dimer, not zero or multiple dimers. A dimer configuration
which satisfies this constraint is called a dimer covering. We show examples of dimer
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Figure 5.3: Examples of dimer coverings on a two-leg periodic ladder. The rightmost points are
identified with the leftmost points for the periodic boundary condition. The blue
thick line segments represent dimers. The topological number is w = 0,+1,−1 from
top to bottom.

coverings on a two-leg periodic ladder in Fig. 5.3. For the quantum dimer model, the set
of all dimer coverings constitutes the basis of the Hilbert space.

The dimer coverings on a two-leg ladder are classified into three topological sectors and
characterized by the topological number w = 0,±1. Here, the topological number w is the
difference in the number of dimers between the top and bottom rows on a fixed plaquette
(see Fig. 5.3). Notice that although a fixed plaquette is chosen arbitrarily, the definition
of w depends on whether an even- or odd-numbered plaquette is chosen: w = nt,i − nb,i

for odd i and w = nb,i−nt,i for even i, where nt,i (nb,i) is the number of dimers on the top
(bottom) row of the ith plaquette. We mean by “topological” that each dimer covering
cannot be transformed into another dimer covering which has a different w by a series of
local movements of dimers with the constraint of dimer coverings kept.

We refer to the topological sector w = 0 as the columnar sector and w = ±1 as the
staggered sectors. Dimer coverings in the columnar sector consist of top and bottom hori-
zontal dimers at corresponding positions and vertical dimers, while those in the staggered
sectors are constituted by horizontal dimers alternately put on the top and bottom rows.
We immediately find that the columnar sector w = 0 has many dimer coverings, while
each of the staggered sectors w = ±1 has only one state. As shown below, the columnar
and staggered states in the dimer model correspond to those in the frustrated Ising ladder
in a one-to-one manner. This means that the number of dimer coverings in the columnar
sector is FL−1 + FL−3, the sum of two Fibonacci numbers, which diverges exponentially
as the length of the ladder L becomes longer.

Let us explain how to map the columnar and staggered states in the frustrated Ising
ladder (5.1) onto those in the dimer model on a two-leg ladder. Since the columnar and
staggered states are the low-energy states (more precisely, the ground states of the non-
perturbative Hamiltonian proportional to K, as shown in the next section), these states
minimize the number of positive terms among the antiferromagnetic interactions on the
top row +KẐt,iẐt,i+1, the ferromagnetic interactions between the top and bottom rows

−KẐt,iẐb,i, and the upward fields on the top row −KẐt,i (notice that the ferromagnetic
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Figure 5.4: Frustrated Ising ladder and its dual lattice. The solid and dashed lines and the
black and white points denote the same things as those in Fig. 5.1. The dotted lines
constitute the dual lattice. The rightmost points are identified with the leftmost
points for each lattice, which is subject to the periodic boundary condition.

Upward field

Top horizontal dimer Vertical dimer

Antiferromagnetic 
interaction

Bottom horizontal dimer

Ferromagnetic 
interaction

Figure 5.5: Frustrations on the Ising ladder and corresponding dimers on the dual lattice. Parts
of the lattice for the Ising model and its dual lattice for the dimer model are depicted
in the same manner as in Fig. 5.4. The red arrows represent directions of the spins
and the blue thick line segments denote dimers. Notice that the upward field, the
antiferromagnetic interaction, and the ferromagnetic interaction in this figure have
the strength K.

interactions on the bottom row −KẐb,iẐb,i+1 are negative at all positions both in the
columnar states and in the staggered states). Such positive terms proportional to K
cannot entirely be removed, indicating the presence of frustrations. In order to map the
low-energy states in the Ising ladder onto states in the dimer model, we consider the dual
lattice whose position is shifted by half the unit length horizontally and vertically from
the Ising ladder, as depicted in Fig. 5.4.

We put dimers on the dual lattice according to the types and positions of frustrations.
See Fig. 5.5. Frustrations and corresponding dimers are classified into three types: First,
a top horizontal dimer is put if there is a down spin on the top row. Second, a vertical
dimer is put if there is a horizontally aligned ferromagnetic pair on the top row. Third, a
bottom horizontal dimer is put if there is a vertically aligned antiferromagnetic pair.

Then, we find that the columnar and staggered states in the frustrated Ising ladder
are mapped onto those in the dimer model on the dual lattice in a one-to-one manner.
In other words, there is a bijection between the set of low-energy states in the frustrated
Ising ladder and dimer coverings in the dimer model. Examples of the correspondence
between states in the two models are shown in Fig. 5.6.

Notice that although there are high-energy states, which are neither columnar nor
staggered states and are not mapped onto dimer coverings, in the frustrated Ising ladder
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Figure 5.6: Examples of the correspondence between low-energy states in the frustrated Ising
ladder and the dimer model on a two-leg ladder. The lattice for the Ising model
and its dual lattice for the dimer model are depicted in the same manner as in
Fig. 5.4. The red arrows are spins and the blue thick line segments are dimers. The
topological number is w = 0,+1,−1 from top to bottom, the first being a columnar
state for each model and the second and the third being staggered states.

with finite K, the existence of these states is strictly prohibited in the limit of infinite
K. In this sense, we refer to the limit K → ∞ as the dimer limit. Transition from
the columnar phase to the staggered phase in the frustrated Ising ladder with infinite
K requires flipping all the spins on the bottom row at the same time, which cannot be
achieved by a series of local spin flips. Likewise, the change between the two staggered
states demands simultaneously flipping every top spin when K is infinite. These facts
indicate that the dimer limit K → ∞ is the purely topological limit.

Now we map the perturbative terms in Eq. (5.1), which have the coefficients U , Γa,
and Ξaa′ , onto operators on the dimer model. Since the longitudinal field on the bottom
row +U

2

∑
i Ẑb,i makes energy difference U per unit length between the columnar and

staggered states, we derive the mapping

+
U

2

L∑
i=1

Ẑb,i 7→ +U

∑
|

∣∣∣ | ⟩⟨ |
∣∣∣+ 2

∑
□

∣∣∣ = ⟩⟨ =
∣∣∣
− U

2
L. (5.3)

Here, the first and second summations on the right-hand side are performed over verti-
cal lines | and plaquettes □ on the dual lattice for the dimer model, respectively, and
horizontal and vertical line segments in kets and bras denote states of dimers.

The transverse field on the top row −Γt

∑
i X̂t,i = −Γt

∑
i(|↑⟩ ⟨↓| + |↓⟩ ⟨↑|)t,i corre-

sponds to the flip of pairs of dimers in the columnar sector:

− Γt

L∑
i=1

X̂t,i 7→ −Γt

∑
□

(∣∣∣ ∥ ⟩⟨ =
∣∣∣+ ∣∣∣ = ⟩⟨ ∥

∣∣∣) . (5.4)
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Notice that this operator has no effect on the staggered states in the dimer model because
any dimer is non-flippable in the staggered sectors. The transverse field on the bottom
row −Γb

∑
i X̂b,i excites both of the columnar and staggered states into high-energy states

paying energy penalties proportional to K and thus is irrelevant in the limit K → ∞, or
in the dimer model.

As for the XX interaction on the top row

− Ξtt

∑
i

X̂t,iX̂t,i+1 = −Ξtt

∑
i

(|↓↑⟩ ⟨↑↓|+ |↑↓⟩ ⟨↓↑|+ |↑↑⟩ ⟨↓↓|+ |↓↓⟩ ⟨↑↑|)t,(i,i+1), (5.5)

the last two terms are meaningless in the dimer limit K → ∞ (recall that the presence of
consecutive down spins on the top row is not allowed) and the sum of the first two terms
yields the following type of flip of dimers:

− Ξtt

∑
i

X̂t,iX̂t,i+1 7→ −Ξtt

∑
□□

(∣∣∣ = |
⟩⟨

| =
∣∣∣+ ∣∣∣ | = ⟩⟨

= |
∣∣∣) , (5.6)

where the summation on the right-hand side is taken over double plaquettes □□ and
the symbol = | as well as | = denotes a pair of horizontal dimers with a neighboring
vertical dimer. The XX interactions on other pairs of spins, namely −Ξbb

∑
i X̂b,iX̂b,i+1

and −Ξtb

∑
i X̂t,iX̂b,i, are irrelevant in the dimer limit K → ∞. It should be noticed

that the same operator on the dimer model as in Eq. (5.6) can be derived from the Y Y
interactions on the top row, because they are decomposed as Ŷt,iŶt,i+1 = (|↓↑⟩ ⟨↑↓| +
|↑↓⟩ ⟨↓↑| − |↑↑⟩ ⟨↓↓| − |↓↓⟩ ⟨↑↑|)t,(i,i+1), whose first two terms are identical with those of

X̂t,iX̂t,i+1 and the others are irrelevant.
Consequently, the Hamiltonian of the frustrated Ising ladder (5.1) is mapped onto the

following Hamiltonian in the dimer limit K → ∞:

Ĥdimer = U

∑
|

∣∣∣ | ⟩⟨ |
∣∣∣+ 2

∑
□

∣∣∣ = ⟩⟨ =
∣∣∣
− Γt

∑
□

(∣∣∣ ∥ ⟩⟨ =
∣∣∣+ ∣∣∣ = ⟩⟨ ∥

∣∣∣)
− Ξtt

∑
□□

(∣∣∣ = |
⟩⟨

| =
∣∣∣+ ∣∣∣ | = ⟩⟨

= |
∣∣∣) , (5.7)

where a constant energy difference was ignored. It turns out that the only non-vanishing
matrix elements of Ĥdimer are those between states in the columnar sector. This indicates
that the quantum dimer model with the Hamiltonian Ĥdimer has a strict energy-level
crossing between the columnar and staggered sectors, because the energy levels in the
columnar sector vary with a change in the parameters while those in the staggered sectors
remain unchanged.

In the case of no XX interaction on the top row Ξtt = 0, the corresponding quantum
dimer model has a strict level crossing at Γt/U ≈ 1/0.6 = 1.66 · · · according to numerical
diagonalization of the quantum dimer model of small sizes [68]. For the frustrated Ising
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ladder with large but finite K, the level crossing turns into an avoided crossing thanks
to non-vanishing transition probabilities to high-energy states, but the energy gap at
the first-order transition decays exponentially as the length L increases, reflecting the
topological nature which relates to the quantum dimer model [68].

5.3 Preliminary analysis

We will analyze the zero-temperature transition of the frustrated Ising ladder (5.1) in the
dimer limit K ≫ U,Γa,Ξaa′ by the real-space RG method. This section demonstrates
why the columnar and staggered states are the low-energy states and derives the number
of the low-energy states, before the real-space RG analysis.

Since the overall energy scale does not change the statistical properties in the zero-
temperature limit, we consider the dimensionless Hamiltonian ĥ = Ĥ/K:

ĥ =
L∑
i=1

(
Ẑt,iẐt,i+1 − Ẑb,iẐb,i+1 − Ẑt,iẐb,i − Ẑt,i +

u

2
Ẑb,i

− (γtX̂t,i + γbX̂b,i)− (ξttX̂t,iX̂t,i+1 + ξbbX̂b,iX̂b,i+1 + ξtbX̂t,iX̂b,i)
)
, (5.8)

where u = U/K, γa = Γa/K, and ξaa′ = Ξaa′/K are sufficiently small dimensionless
parameters. We assume that u, γa, and ξaa′ are of the same order δ ≪ 1. We separate
the Hamiltonian ĥ into ĥ(0) = O(δ0) and ĥ(1) = O(δ1):

ĥ = ĥ(0) + ĥ(1), (5.9)

ĥ(0) =
L∑
i=1

(Ẑt,iẐt,i+1 − Ẑb,iẐb,i+1 − Ẑt,iẐb,i − Ẑt,i)

=
L∑
i=1

(
Ẑt,iẐt,i+1 − Ẑb,iẐb,i+1 − Ẑt,i

1 + Ẑb,i

2
− Ẑt,i+1

1 + Ẑb,i+1

2

)
, (5.10)

ĥ(1) =
L∑
i=1

(u
2
Ẑb,i − (γtX̂t,i + γbX̂b,i)− (ξttX̂t,iX̂t,i+1 + ξbbX̂b,iX̂b,i+1 + ξtbX̂t,iX̂b,i)

)
.

(5.11)
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Let us write the zeroth-order Hamiltonian ĥ(0) as a linear combination of projectors:

ĥ(0) =
L∑
i=1

(
− 2

∣∣∣∣∣ ↑↑↑↑
⟩⟨

↑↑
↑↑

∣∣∣∣∣− 2

∣∣∣∣∣ ↓↑↑↑
⟩⟨

↓↑
↑↑

∣∣∣∣∣− 2

∣∣∣∣∣ ↑↓↑↑
⟩⟨

↑↓
↑↑

∣∣∣∣∣+ 2

∣∣∣∣∣ ↓↓↑↑
⟩⟨

↓↓
↑↑

∣∣∣∣∣
+ 0

∣∣∣∣∣ ↑↑↓↓
⟩⟨

↑↑
↓↓

∣∣∣∣∣− 2

∣∣∣∣∣ ↓↑↓↓
⟩⟨

↓↑
↓↓

∣∣∣∣∣− 2

∣∣∣∣∣ ↑↓↓↓
⟩⟨

↑↓
↓↓

∣∣∣∣∣+ 0

∣∣∣∣∣ ↓↓↓↓
⟩⟨

↓↓
↓↓

∣∣∣∣∣
+ 1

∣∣∣∣∣ ↑↑↓↑
⟩⟨

↑↑
↓↑

∣∣∣∣∣− 1

∣∣∣∣∣ ↓↑↓↑
⟩⟨

↓↑
↓↑

∣∣∣∣∣+ 1

∣∣∣∣∣ ↑↓↓↑
⟩⟨

↑↓
↓↑

∣∣∣∣∣+ 3

∣∣∣∣∣ ↓↓↓↑
⟩⟨

↓↓
↓↑

∣∣∣∣∣
+ 1

∣∣∣∣∣ ↑↑↑↓
⟩⟨

↑↑
↑↓

∣∣∣∣∣+ 1

∣∣∣∣∣ ↓↑↑↓
⟩⟨

↓↑
↑↓

∣∣∣∣∣− 1

∣∣∣∣∣ ↑↓↑↓
⟩⟨

↑↓
↑↓

∣∣∣∣∣+ 3

∣∣∣∣∣ ↓↓↑↓
⟩⟨

↓↓
↑↓

∣∣∣∣∣
)

i,i+1

. (5.12)

Here, |↑⟩a,i and |↓⟩a,i are the normalized eigenstates of Ẑa,i with the eigenvalues +1 and
−1, respectively. Each state vector containing an array of arrows means a product state
and the positions in the array correspond to those in the ladder:∣∣∣∣∣ σt,iσb,i

σt,i+1

σb,i+1

⟩
i,i+1

:= |σt,i⟩t,i |σb,i⟩b,i |σt,i+1⟩t,i+1 |σb,i+1⟩b,i+1 (σa,j =↑, ↓). (5.13)

Since a constant energy difference is unimportant, we redefine ĥ(0) + 2 as ĥ(0):

ĥ(0) =
L∑
i=1

(
+ 4

∣∣∣∣∣ ↓↓↑↑
⟩⟨

↓↓
↑↑

∣∣∣∣∣+ 2

∣∣∣∣∣ ↑↑↓↓
⟩⟨

↑↑
↓↓

∣∣∣∣∣+ 2

∣∣∣∣∣ ↓↓↓↓
⟩⟨

↓↓
↓↓

∣∣∣∣∣
+ 3

∣∣∣∣∣ ↑↑↓↑
⟩⟨

↑↑
↓↑

∣∣∣∣∣+ 1

∣∣∣∣∣ ↓↑↓↑
⟩⟨

↓↑
↓↑

∣∣∣∣∣+ 3

∣∣∣∣∣ ↑↓↓↑
⟩⟨

↑↓
↓↑

∣∣∣∣∣+ 5

∣∣∣∣∣ ↓↓↓↑
⟩⟨

↓↓
↓↑

∣∣∣∣∣
+ 3

∣∣∣∣∣ ↑↑↑↓
⟩⟨

↑↑
↑↓

∣∣∣∣∣+ 3

∣∣∣∣∣ ↓↑↑↓
⟩⟨

↓↑
↑↓

∣∣∣∣∣+ 1

∣∣∣∣∣ ↑↓↑↓
⟩⟨

↑↓
↑↓

∣∣∣∣∣+ 5

∣∣∣∣∣ ↓↓↑↓
⟩⟨

↓↓
↑↓

∣∣∣∣∣
)

i,i+1

. (5.14)

These terms can be regarded as energy penalties for the 11 configurations of each pair
(i, i+1). A state which does not pay a penalty for any pair (i, i+1) is a ground state of ĥ(0)

if such a state exists. We find that the ground states of ĥ(0) are the columnar and staggered
states defined in Section 5.1 and their superpositions, on which no energy penalties are
imposed. In other words, the ground space of ĥ(0) is given by DL = span{ |σ⟩ }σ∈DL

, where

DL :=

{(
σt,1

↑
· · ·
· · ·

σt,L

↑

)
;
σt,1, . . . , σt,L ∈ {↑, ↓} and

(σt,1, σt,2), (σt,2, σt,3), . . . , (σt,L−1, σt,L), (σt,L, σt,1) ̸= (↓, ↓)

}

∪

{(
↓↑ · · · ↓↑
↓↓ · · · ↓↓

)
,

(
↑↓ · · · ↑↓
↓↓ · · · ↓↓

)}
. (5.15)
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Although the full Hilbert space is HL = span{ |σ⟩ }σ∈HL
with

HL :=

{(
σt,1

σb,1

· · ·
· · ·

σt,L

σb,1

)
; σt,1, . . . , σt,L, σb,1, . . . , σb,L ∈ {↑, ↓}

}
, (5.16)

ĥ(0) imposes a penalty on every state in HL \ DL. As shown in the previous section, we
can assign the elements of DL to dimer coverings on a two-leg ladder.

What is the dimension of the non-penalized subspace, dimDL = |DL|? First consider
the open-ladder counterpart of DL:

D′
L :=

{(
σt,1

↑
· · ·
· · ·

σt,L

↑

)
;
σt,1, . . . , σt,L ∈ {↑, ↓} and

(σt,1, σt,2), (σt,2, σt,3), . . . , (σt,L−1, σt,L) ̸= (↓, ↓)

}

∪

{(
↓↑ · · ·
↓↓ · · ·

)
,

(
↑↓ · · ·
↓↓ · · ·

)}
. (5.17)

In particular, we focus on the columnar states:

D′ columnar
L :=

{(
σt,1

↑
· · ·
· · ·

σt,L

↑

)
;
σt,1, . . . , σt,L ∈ {↑, ↓} and

(σt,1, σt,2), (σt,2, σt,3), . . . , (σt,L−1, σt,L) ̸= (↓, ↓)

}
. (5.18)

The number of the elements of this set FL := |D′ columnar
L | satisfies

F1 = 2, F2 = 3, FL = FL−1 + FL−2, (5.19)

which means that FL are the Fibonacci numbers (notice the values of F1 and F2). We can
obtain the recurrence relation for the following reason: If σt,L is up, (σt,1, . . . , σt,L−1) can
be regarded as an open chain of length L− 1. On the other hand, if σt,L is down, σt,L−1

should be up and (σt,1, . . . , σt,L−2) is an open chain of length L− 2.
We can express the dimension of the non-penalized subspace for the original periodic

ladder |DL| using the Fibonacci numbers. If the bottom spins are up, setting σt,L =↑
yields an open chain of length L− 1 while setting σt,L =↓ fixes σt,L−1 and σt,1 to up and
yields an open chain of length L−3. If the bottom spins are down, the top spins can take
the two antiferromagnetic states. Then, we derive

|DL| = FL−1 + FL−3 + 2. (5.20)

Since the Fibonacci sequence asymptotically behaves as

FL ∼ φL (L→ ∞) (5.21)

with φ = (1 +
√
5)/2 being the golden ratio, |DL| is exponentially large as a function of

L. Thus, the lowest energy of ĥ(0) is exponentially degenerate.
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5.4 Renormalization group transformation

In this section, we construct a real-space RG transformation for the frustrated Ising ladder
in the dimer limit. We use the notations defined in Section 5.3 (specifically, the sets HL,
DL, and D

′
L and the spaces HL and DL).

5.4.1 Hamiltonian

The original dimensionless Hamiltonian (the bare Hamiltonian) is given by Eqs. (5.9),
(5.14), and (5.11). Now we define a more general Hamiltonian, because an RG transfor-
mation will produce interactions not included in the original Hamiltonian:

ĥ = ĥ(0) + ĥ(1), (5.22)

ĥ(0) =
L∑
i=1

∑
(σi,σi+1)∈H2\D′

2

k(σi, σi+1)(|σiσi+1⟩ ⟨σiσi+1|)i,i+1, (5.23)

ĥ(1) =
L∑
i=1

u
2
Ẑb,i − γX̂t,i

1 + Ẑb,i

2
+ vẐt,i

1 + Ẑb,i

2
− ξ

(∣∣∣∣∣ ↑↓↑↑
⟩⟨

↓↑
↑↑

∣∣∣∣∣+
∣∣∣∣∣ ↓↑↑↑
⟩⟨

↑↓
↑↑

∣∣∣∣∣
)

i,i+1


+ ôP̂ (D⊥

L ) + P̂ (D⊥
L )ô

†, (5.24)

where 0 < k(σi, σi+1) = O(δ0) for all (σi, σi+1) ∈ H2\D′
2 and u, γ, v, ξ = O(δ1). The length

L is even and the position L + 1 is identified as 1 for the periodic boundary condition.
We denoted an arbitrary operator of O(δ1) by ô and the projection operator onto D⊥

L by
P̂ (D⊥

L ), where D⊥
L is the orthogonal complement of DL. The operator ôP̂ (D⊥

L )+ P̂ (D⊥
L )ô

†

in ĥ(1) will disappear after an RG transformation and is irrelevant in the sense of the RG
theory. The bare Hamiltonian can be obtained by setting γ = γt, v = 0, and ξ = ξtt.

In Eq. (5.23), we denoted configurations of two spins at each position i by

σi ∈ H1 =

{(
↑
↑

)
,

(
↓
↑

)
,

(
↑
↓

)
,

(
↓
↓

)}
, (5.25)

where H1 is defined by Eq. (5.16). Every configuration (σi, σi+1) ∈ H2 \D′
2 costs energy

of O(δ0) for each pair (i, i+ 1). Let us write down D′
2 and H2 \D′

2 defined by Eq. (5.16)
and (5.17):

D′
2 =

{(
↑↑
↑↑

)
,

(
↓↑
↑↑

)
,

(
↑↓
↑↑

)
,

(
↓↑
↓↓

)
,

(
↑↓
↓↓

)}
, (5.26)

H2 \D′
2 =

{(
↓↓
↑↑

)
,

(
↑↑
↓↓

)
,

(
↓↓
↓↓

)
,(

↑↑
↓↑

)
,

(
↓↑
↓↑

)
,

(
↑↓
↓↑

)
,

(
↓↓
↓↑

)
,

(
↑↑
↑↓

)
,

(
↓↑
↑↓

)
,

(
↑↓
↑↓

)
,

(
↓↓
↑↓

)}
. (5.27)
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The zeroth-order Hamiltonian ĥ(0) imposes an energy penalty on every state in HL \ DL.
The zeroth-order energy expectation value in a normalized state |ψ⟩ ∈ HL is

⟨ψ|ĥ(0)|ψ⟩ =
∑

σ∈HL\DL

⟨σ|ĥ(0)|σ⟩ |⟨σ|ψ⟩|2, (5.28)

where ⟨σ|ĥ(0)|σ⟩ > 0 for all σ ∈ HL \DL because σ = (σ1, . . . , σL) satisfies

σ ∈ DL ⇐⇒ (σi, σi+1) ∈ D′
2 (∀i = 1, . . . , L), (5.29)

or its contrapositive

σ ∈ HL \DL ⇐⇒ (σi, σi+1) ∈ H2 \D′
2 (∃i = 1, . . . , L). (5.30)

If and only if |ψ⟩ ̸∈ DL, there is σ ∈ HL \DL such that ⟨σ|ψ⟩ ̸= 0 and thus ⟨ψ|ĥ(0)|ψ⟩ > 0.

5.4.2 Block partition and introduction of a projector

We partition the ladder into blocks of spins as a first step of an RG transformation. A block
should contain an odd number of steps to keep the antiferromagnetic order in the staggered
phase because partition every even number of steps would change antiferromagnetic order
into ferromagnetic order. Now we partition the ladder into L̃ = L/3 blocks and project
the Hilbert space onto a four-dimensional space for each block. We write the projector as

Q̂ =
L̃⊗

I=1

Q̂I =
∑
σ∈H

L̃

|̃σ⟩⟨̃σ|, (5.31)

Q̂I =

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↑
↑

∣∣∣∣∣+
∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣+
∣̃∣∣∣∣ ↑↓
⟩⟨̃

↑
↓

∣∣∣∣∣+
∣̃∣∣∣∣ ↓↓
⟩⟨̃

↓
↓

∣∣∣∣∣


I

, (5.32)

where |̃σ⟩ =
⊗L̃

I=1 |̃σI⟩I for σ = (σ1, . . . , σL̃) and { |̃σI⟩I }σI∈H1 is a set of four orthonormal
states in the Ith block constituted by six sites (a, i) (a = t, b; i = 3I−2, 3I−1, 3I). Each

|̃σI⟩I is a superposition of

|τ3I−2τ3I−1τ3I⟩I := |τ3I−2⟩3I−2 |τ3I−1⟩3I−1 |τ3I⟩3I ((τ3I−2, τ3I−1, τ3I) ∈ H3). (5.33)

We suppose that for each σ1 ∈ H1, |̃σ1⟩I take the same form except for the difference of

the block. In other words, when we express |̃σ1⟩I as a linear combination of |τ1τ2τ3⟩I , the
coefficients are independent of I.

We expand the states |̃σI⟩I (σI ∈ H1) up to first order in powers of δ:

|̃σI⟩I = |̃σI⟩
(0)

I + |̃σI⟩
(1)

I +O(δ2). (5.34)



56 Frustrated Ising ladder

The normalization conditions of |̃σI⟩I are written as

1 = ⟨̃σII |σ̃I⟩I = ⟨̃σI
(0)

I |σ̃I⟩
(0)

I + 2Re ⟨̃σI
(0)

I |σ̃I⟩
(1)

I +O(δ2). (5.35)

Comparing each order of this equation results in

⟨̃σI
(0)

I |σ̃I⟩
(0)

I = 1, Re ⟨̃σI
(0)

I |σ̃I⟩
(1)

I = 0. (5.36)

In addition, the orthogonality of { |̃σI⟩I }σI∈H1 leads to

σI ̸= τI =⇒ 0 = ⟨̃τII |σ̃I⟩I = ⟨̃τI
(0)

I |σ̃I⟩
(0)

I + ⟨̃τI
(0)

I |σ̃I⟩
(1)

I + ⟨̃τI
(1)

I |σ̃I⟩
(0)

I +O(δ2) (5.37)

and we obtain the zeroth- and first-order equations:

σI ̸= τI =⇒ ⟨̃τI
(0)

I |σ̃I⟩
(0)

I = 0, ⟨̃τI
(0)

I |σ̃I⟩
(1)

I + ⟨̃τI
(1)

I |σ̃I⟩
(0)

I = 0. (5.38)

Expanding the product state

|̃σ⟩ =
L̃⊗

I=1

|̃σI⟩I =
L̃⊗

I=1

(
|̃σI⟩

(0)

I + |̃σI⟩
(1)

I +O(δ2)

)
, (5.39)

we find that the zeroth- and first-order parts of |̃σ⟩ are given by

|̃σ⟩
(0)

= |̃σ1⟩
(0)

1 · · · |̃σL̃⟩
(0)

L̃
, (5.40)

|̃σ⟩
(1)

=
L̃∑

I=1

|̃σ1⟩
(0)

1 · · · |̃σI−1⟩
(0)

I−1|̃σI⟩
(1)

I |̃σI+1⟩
(0)

I+1 · · · |̃σL̃⟩
(0)

L̃
. (5.41)

The renormalized Hamiltonian is given by
ˆ̃
h = Q̂ĥQ̂. In the standard real-space RG

method, the Hilbert space would be projected onto a low-energy space of the intrablock
Hamiltonian after separating the Hamiltonian into intrablock and interblock Hamiltoni-
ans [69]. However, we do not adopt this method, because the interblock interactions are
strong and diagonalization of the intrablock Hamiltonian will not yield a low-energy space
correctly (recall that the interblock operators are of O(δ0)). In the next section, we will
propose a new RG procedure in which interblock operators as well as intrablock ones are
taken into account to find a low-energy space.

5.4.3 Construction of the projector

How should we project the Hilbert space in an RG transformation? We construct the
projector Q̂ according to the following basic principles:
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• An RG transformation projects the Hilbert space onto a low-energy space for the
Hamiltonian ĥ; and

• The Hamiltonian goes toward a fixed point by RG transformations at the critical
point.

Since we will study the zero-temperature transition, the first principle is clear. The second
principle holds for the general RG theory. We should find the fixed point dominating the
phase transition and examine behavior of the system near the fixed point.

Let us construct the zeroth-order projector Q̂(0) =
∑

σ∈H
L̃
|̃σ⟩

(0)
⟨̃σ|

(0)
, where |̃σ⟩

(0)
are

given by Eq. (5.40). Now we need to consider only the penalty Hamiltonian ĥ(0). On the

basis of the two principles, we determine the forms of |̃σI⟩
(0)

I as follows:

1. Each |̃σI⟩
(0)

I is a superposition of |τ3I−2τ3I−1τ3I⟩I for (τ3I−2, τ3I−1, τ3I) ∈ D′
3 because

the states for (τ3I−2, τ3I−1, τ3I) ∈ H3 \D′
3 pay energy penalties.

2. Each |̃σI⟩
(0)

I does not include both components of

∣∣∣∣∣ · · ·↑↑↑

⟩
I

and

∣∣∣∣∣ · · ·↓↓↓

⟩
I

. If |̃σI⟩
(0)

I has

both components of

∣∣∣∣∣ · · ·↑↑↑

⟩
I

and

∣∣∣∣∣ · · ·↓↓↓

⟩
I

for at least one of σI ∈ H1, any state of

length L in which the state in the Ith block is |̃σI⟩
(0)

I has a component including ↓↑
or ↑↓ on the bottom row whether the (3I + 1)th spin on the bottom row is up or
down. This state pays a penalty.

3. We assume that

∣̃∣∣∣∣ ↑↑
⟩(0)

I

and

∣̃∣∣∣∣ ↓↑
⟩(0)

I

are superpositions of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

,∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

, and

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

, while

∣̃∣∣∣∣ ↑↓
⟩(0)

I

=

∣∣∣∣∣ ↑↓↑↓↓↓

⟩
I

,

∣̃∣∣∣∣ ↓↓
⟩(0)

I

=

∣∣∣∣∣ ↓↑↓↓↓↓

⟩
I

. (5.42)

The reason for this assumption is that we wish to study the phase transition between
the columnar and staggered phases and we should keep states in the two phases.

Notice that we do not need to take superpositions of

∣∣∣∣∣ ↑↓↑↓↓↓

⟩
I

and

∣∣∣∣∣ ↓↑↓↓↓↓

⟩
I

because

the projector Q̂(0) is independent of what superpositions of these states are taken.
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4. We require that

∣̃∣∣∣∣ ↑↑
⟩(0)

I

is a superposition only of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

and

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

, while

∣̃∣∣∣∣ ↓↑
⟩(0)

I

can be a superposition of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

, and

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

. Let us

explain the reason. The second principle implies that it is appropriate to keep the
structure of the system related to the dimer model. We can achieve this by construct-

ing a renormalized Hamiltonian
ˆ̃
h which includes an O(δ0) term imposing a penalty

on ˜|σIσI+1⟩
(0)

I,I+1 := |̃σI⟩
(0)

I |̃σI+1⟩
(0)

I+1 for any I = 1, . . . , L̃ and (σI , σI+1) ∈ H2\D′
2. To

prevent

∣̃∣∣∣∣ ↑↑↑↑
⟩(0)

I,I+1

from paying a penalty,

∣̃∣∣∣∣ ↑↑
⟩(0)

I

does not include

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

or both of

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

and

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

. If

∣̃∣∣∣∣ ↑↑
⟩(0)

I

includes

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

(
but neither

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

nor

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

)
,

then

∣̃∣∣∣∣ ↓↑
⟩(0)

I

is also a superposition of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

, and

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

to prevent

∣̃∣∣∣∣ ↑↓↑↑
⟩(0)

I,I+1

from paying a penalty. In this case, however,

∣̃∣∣∣∣ ↓↓↑↑
⟩(0)

I,I+1

does not cost

energy of O(δ0) and we cannot keep the dimer structure. In addition, there is no
reason why the (3I − 2)th spin on the top row is up for any I. It is thus reasonable

to suppose that

∣̃∣∣∣∣ ↑↑
⟩(0)

I

does not include

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

. Likewise,

∣̃∣∣∣∣ ↑↑
⟩(0)

I

will not include

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

. Therefore,

∣̃∣∣∣∣ ↑↑
⟩(0)

I

is a superposition of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

and

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

, and

∣̃∣∣∣∣ ↓↑
⟩(0)

I

is

a superposition of

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

,

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

,

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

, and

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

. Then,

∣̃∣∣∣∣ ↓↓↑↑
⟩(0)

I,I+1

pays a penalty, while

∣̃∣∣∣∣ ↑↑↑↑
⟩(0)

I,I+1

,

∣̃∣∣∣∣ ↓↑↑↑
⟩(0)

I,I+1

, and

∣̃∣∣∣∣ ↑↓↑↑
⟩(0)

I,I+1

do not. This means that

we reproduce the dimer structure after projecting the Hilbert space.
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5. Since |̃σI⟩
(0)

I are orthonormal, we obtain

∣̃∣∣∣∣ ↑↑
⟩(0)

I

= α1

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

+ α2

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

, (5.43)

∣̃∣∣∣∣ ↓↑
⟩(0)

I

= −z∗α∗
2

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
I

+ z∗α∗
1

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
I

+ β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
I

+ β∗
2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩
I

+ β∗
3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩
I

,

(5.44)∣̃∣∣∣∣ ↑↓
⟩(0)

I

=

∣∣∣∣∣ ↑↓↑↓↓↓

⟩
I

, (5.45)

∣̃∣∣∣∣ ↓↓
⟩(0)

I

=

∣∣∣∣∣ ↓↑↓↓↓↓

⟩
I

, (5.46)

where the parameters α1, α2, z, β1, β2, β3 ∈ C satisfy the normalization conditions:

⟨̃σI
(0)

I |σ̃I⟩
(0)

I = 1 (∀σI ∈ H1) ⇐⇒

{
|α1|2 + |α2|2 = 1,

|z|2(|α1|2 + |α2|2) + |β1|2 + |β2|2 + |β3|2 = 1

⇐⇒

{
|α1|2 + |α2|2 = 1,

|z|2 + |β1|2 + |β2|2 + |β3|2 = 1.
(5.47)

The set of Eqs. (5.43)–(5.46) can be regarded as a variational ansatz for the projector
Q̂(0). We will determine the variational parameters α1, α2, z, β1, β2, and β3 in
Section 5.4.6.

5.4.4 Projection of the Hamiltonian

Let us calculate the renormalized Hamiltonian
ˆ̃
h = Q̂ĥQ̂ up to first order. First, the

zeroth-order Hamiltonian ĥ(0) is projected onto

Q̂ĥ(0)Q̂ =
∑

σ,τ∈H
L̃

|̃τ⟩⟨̃τ |ĥ(0)|̃σ⟩⟨̃σ|

=
∑

σ,τ∈H
L̃

[
|̃τ⟩
(

⟨̃τ |
(0)

ĥ(0)|̃σ⟩
(0)

+ ⟨̃τ |
(0)

ĥ(0)|̃σ⟩
(1)

+ ⟨̃τ |
(1)

ĥ(0)|̃σ⟩
(0)
)
⟨̃σ|
]
+O(δ2).

(5.48)

Focus on the matrix elements ⟨̃τ |
(0)

ĥ(0)|̃σ⟩
(0)
. It is convenient to write the zeroth-order
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Hamiltonian as a summation over the block index I:

ĥ(0) =
L̃∑

I=1

ĥ
(0)
I,I+1, (5.49)

ĥ
(0)
I,I+1 =

∑
(σ1,σ2)∈H2\D′

2

k(σ1, σ2)

[
1

2
(|σ1σ2⟩ ⟨σ1σ2|)3I−2,3I−1 +

1

2
(|σ1σ2⟩ ⟨σ1σ2|)3I−1,3I

+ (|σ1σ2⟩ ⟨σ1σ2|)3I,3I+1

+
1

2
(|σ1σ2⟩ ⟨σ1σ2|)3I+1,3I+2 +

1

2
(|σ1σ2⟩ ⟨σ1σ2|)3I+2,3I+3

]
.

(5.50)

Since (τ1, τ2) ∈ H2 \D′
2 and σI ∈ H1 satisfy

(|τ1τ2⟩ ⟨τ1τ2|)3I−2,3I−1 |̃σI⟩
(0)

I = (|τ1τ2⟩ ⟨τ1τ2|)3I−1,3I |̃σI⟩
(0)

I = 0, (5.51)

we obtain

ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1 =
∑

(τ1,τ2)∈H2\D′
2

k(τ1, τ2)(|τ1τ2⟩ ⟨τ1τ2|)3I,3I+1
˜|σIσI+1⟩

(0)

I,I+1 (5.52)

for (σI , σI+1) ∈ H2. Calculation for each (σI , σI+1) results in

(σI , σI+1) ∈ D′
2 =⇒ ĥ

(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1 = 0 (5.53)

and

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↑↑
⟩(0)

I,I+1

= k

(
↓↓
↑↑

)(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩)
I

(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩)
I+1

,

(5.54)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↓↓
⟩(0)

I,I+1

= k

(
↑↑
↓↓

) ∣̃∣∣∣∣ ↑↑↓↓
⟩(0)

I,I+1

, (5.55)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↓↓
⟩(0)

I,I+1

= k

(
↓↓
↓↓

) ∣̃∣∣∣∣ ↓↓↓↓
⟩(0)

I,I+1

, (5.56)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↑↓
⟩(0)

I,I+1

= k

(
↑↑
↑↓

) ∣̃∣∣∣∣ ↑↑↑↓
⟩(0)

I,I+1

, (5.57)
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ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↓↑
⟩(0)

I,I+1

= k

(
↑↑
↓↑

) ∣̃∣∣∣∣ ↑↑↓↑
⟩(0)

I,I+1

, (5.58)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↓↑↓
⟩(0)

I,I+1

= k

(
↑↓
↑↓

) ∣̃∣∣∣∣ ↑↓↑↓
⟩(0)

I,I+1

, (5.59)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↑↓↑
⟩(0)

I,I+1

= k

(
↓↑
↓↑

) ∣̃∣∣∣∣ ↓↑↓↑
⟩(0)

I,I+1

, (5.60)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↑↑↓
⟩(0)

I,I+1

=

[
k

(
↑↑
↑↓

)(
−z∗α∗

2

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
+ z∗α∗

1

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
+ β∗

3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩)

+ k

(
↓↑
↑↓

)(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩)]
I

∣̃∣∣∣∣ ↑↓
⟩(0)

I+1

, (5.61)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↓↓↑
⟩(0)

I,I+1

=

∣̃∣∣∣∣ ↑↓
⟩(0)

I

[
k

(
↑↑
↓↑

)(
−z∗α∗

2

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
+ z∗α∗

1

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
+ β∗

2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩)

+ k

(
↑↓
↓↑

)(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩)]
I+1

, (5.62)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↑↓
⟩(0)

I,I+1

=

[
k

(
↑↓
↑↓

)(
−z∗α∗

2

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
+ z∗α∗

1

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
+ β∗

3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩)

+ k

(
↓↓
↑↓

)(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩)]
I

∣̃∣∣∣∣ ↓↓
⟩(0)

I+1

, (5.63)

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↓↑
⟩(0)

I,I+1

=

∣̃∣∣∣∣ ↓↓
⟩(0)

I

[
k

(
↓↑
↓↑

)(
−z∗α∗

2

∣∣∣∣∣ ↑↓↑↑↑↑

⟩
+ z∗α∗

1

∣∣∣∣∣ ↑↑↑↑↑↑

⟩
+ β∗

2

∣∣∣∣∣ ↑↑↓↑↑↑

⟩)

+ k

(
↓↓
↓↑

)(
β∗
1

∣∣∣∣∣ ↓↑↓↑↑↑

⟩
+ β∗

3

∣∣∣∣∣ ↓↑↑↑↑↑

⟩)]
I+1

. (5.64)

It turns out that for (σI , σI+1), (τI , τI+1) ∈ H2,

˜⟨τIτI+1|
(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1 = δ(τI ,τI+1),(σI ,σI+1)
˜⟨σIσI+1|

(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1,
(5.65)
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where the diagonal elements are

(σI , σI+1) ∈ D′
2 =⇒ ˜⟨σIσI+1|

(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1 = 0 (5.66)

and ⟨̃
↓↓
↑↑

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↑↑
⟩(0)

I,I+1

= k

(
↓↓
↑↑

)
(|β1|2 + |β2|2)(|β1|2 + |β3|2), (5.67)

⟨̃
↑↑
↓↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↓↓
⟩(0)

I,I+1

= k

(
↑↑
↓↓

)
, (5.68)

⟨̃
↓↓
↓↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↓↓
⟩(0)

I,I+1

= k

(
↓↓
↓↓

)
, (5.69)

⟨̃
↑↑
↑↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↑↓
⟩(0)

I,I+1

= k

(
↑↑
↑↓

)
, (5.70)

⟨̃
↑↑
↓↑

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↑↓↑
⟩(0)

I,I+1

= k

(
↑↑
↓↑

)
, (5.71)

⟨̃
↑↓
↑↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↓↑↓
⟩(0)

I,I+1

= k

(
↑↓
↑↓

)
, (5.72)

⟨̃
↓↑
↓↑

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↑↓↑
⟩(0)

I,I+1

= k

(
↓↑
↓↑

)
, (5.73)

⟨̃
↓↑
↑↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↑↑↓
⟩(0)

I,I+1

= k

(
↑↑
↑↓

)
(|z|2 + |β3|2) + k

(
↓↑
↑↓

)
(|β1|2 + |β2|2), (5.74)

⟨̃
↑↓
↓↑

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↑↓↓↑
⟩(0)

I,I+1

= k

(
↑↑
↓↑

)
(|z|2 + |β2|2) + k

(
↑↓
↓↑

)
(|β1|2 + |β3|2), (5.75)

⟨̃
↓↓
↑↓

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↑↓
⟩(0)

I,I+1

= k

(
↑↓
↑↓

)
(|z|2 + |β3|2) + k

(
↓↓
↑↓

)
(|β1|2 + |β2|2), (5.76)

⟨̃
↓↓
↓↑

∣∣∣∣∣
(0)

I,I+1

ĥ
(0)
I,I+1

∣̃∣∣∣∣ ↓↓↓↑
⟩(0)

I,I+1

= k

(
↓↑
↓↑

)
(|z|2 + |β2|2) + k

(
↓↓
↓↑

)
(|β1|2 + |β3|2). (5.77)
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The matrix elements ⟨̃τ |
(0)

ĥ(0)|̃σ⟩
(0)

(σ = (σ1, . . . , σL̃), τ = (τ1, . . . , τL̃) ∈ HL̃) are given by

⟨̃τ |
(0)

ĥ(0)|̃σ⟩
(0)

= δτσ

L̃∑
I=1

˜⟨σIσI+1|
(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1. (5.78)

Substituting Eq. (5.78) into Eq. (5.48), we obtain

Q̂ĥ(0)Q̂ =
L̃∑

I=1

∑
(σ1,...,σL̃

)∈H
L̃

˜|σ1 · · · σL̃⟩ ˜⟨σIσI+1|
(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1
˜⟨σ1 · · ·σL̃|

+

 ∑
σ,τ∈H

L̃

|̃τ⟩ ⟨̃τ |
(1)

ĥ(0)|̃σ⟩
(0)

⟨̃σ|+ h.c.

+O(δ2), (5.79)

where h.c. stands for the Hermitian conjugate. Equation (5.66) and

σ ∈ DL̃ =⇒ ĥ(0)|̃σ⟩
(0)

= 0, (5.80)

which follows from Eqs. (5.29) and (5.53), lead to

Q̂ĥ(0)Q̂ =
L̃∑

I=1

∑
σ1,...,σI−1,σI+2,...,σL̃

∈H1

∑
(σI ,σI+1)∈H2\D′

2

k̃(σI , σI+1) ˜|σ1 · · ·σL̃⟩ ˜⟨σ1 · · ·σL̃|

+

∑
τ∈H

L̃

∑
σ∈H

L̃
\D

L̃

|̃τ⟩ ⟨̃τ |
(1)

ĥ(0)|̃σ⟩
(0)

⟨̃σ|+ h.c.

+O(δ2). (5.81)

Here, we defined

k̃(σI , σI+1) := ˜⟨σIσI+1|
(0)

I,I+1 ĥ
(0)
I,I+1

˜|σIσI+1⟩
(0)

I,I+1. (5.82)

Since 0 < k(τ1, τ2) = O(δ0) for all (τ1, τ2) ∈ H2 \D′
2, it follows from Eqs. (5.67)–(5.77)

that if

|β1|2 + |β2|2 > 0 ∧ |β1|2 + |β3|2 > 0 ⇐⇒ (β1 ̸= 0 ∨ β2 ̸= 0) ∧ (β1 ̸= 0 ∨ β3 ̸= 0)

⇐⇒ β1 ̸= 0 ∨ (β2 ̸= 0 ∧ β3 ̸= 0), (5.83)

then
∀(σI , σI+1) ∈ H2 \D′

2, 0 < k̃(σI , σI+1) = O(δ0). (5.84)

This means that k̃(σI , σI+1) for (σI , σI+1) ∈ H2 \D′
2 will be renormalized penalties.

The projection of the first-order Hamiltonian ĥ(1) is given by

Q̂ĥ(1)Q̂ =
∑

σ,τ∈H
L̃

|̃τ⟩⟨̃τ |ĥ(1)|̃σ⟩⟨̃σ| =
∑

σ,τ∈H
L̃

|̃τ⟩ ⟨̃τ |
(0)

ĥ(1)|̃σ⟩
(0)

⟨̃σ|+O(δ2), (5.85)

where we used |̃σ⟩ = |̃σ⟩
(0)

+O(δ1). We relegate calculation of the specific form of Q̂ĥ(1)Q̂
to the next section.
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5.4.5 Hamiltonian operator on the coarse-grained space

We can regard Q̂ĥ(0)Q̂ and Q̂ĥ(1)Q̂ as operators on the coarse-grained Hilbert space HL̃ =

span{ |̃σ⟩ }σ∈H
L̃
. Omitting O(δ2) terms in Eqs. (5.81) and (5.85), we derive the expression

of the renormalized Hamiltonian
ˆ̃
h = Q̂ĥQ̂ as an operator on HL̃:

ˆ̃
h =

ˆ̃
h
(0)

+
ˆ̃
h
(1)

, (5.86)

ˆ̃
h
(0)

=
L̃∑

I=1

∑
(σI ,σI+1)∈H2\D′

2

k̃(σI , σI+1)
(

˜|σIσI+1⟩ ˜⟨σIσI+1|
)
I,I+1

, (5.87)

ˆ̃
h
(1)

=
∑

σ,τ∈H
L̃

|̃τ⟩ ⟨̃τ |
(0)

ĥ(1)|̃σ⟩
(0)

⟨̃σ|+ ˆ̃oP̂ (D⊥
L̃
) + P̂ (D⊥

L̃
)ˆ̃o

†
, (5.88)

where P̂ (D⊥
L̃
) is the projector onto the orthogonal complement of DL̃ and

ˆ̃o :=
∑
τ∈H

L̃

∑
σ∈H

L̃
\D

L̃

|̃τ⟩ ⟨̃τ |
(1)

ĥ(0)|̃σ⟩
(0)

⟨̃σ| = O(δ1). (5.89)

Notice that ˆ̃o = ˆ̃oP̂ (D⊥
L̃
) because |̃σ⟩ ∈ D⊥

L̃
for σ ∈ HL̃ \DL̃.

The zeroth-order renormalized Hamiltonian
ˆ̃
h
(0)

imposes penalties 0 < k̃(σI , σI+1) =

O(δ0) on ˜|σIσI+1⟩I,I+1 for (σI , σI+1) ∈ H2 \D′
2, which means that states in HL̃ \ DL̃ pay

energy penalties. In addition, the operator ˆ̃oP̂ (D⊥
L̃
) + P̂ (D⊥

L̃
)ˆ̃o

†
will be irrelevant.

Using Eqs. (5.24), (5.43)–(5.46), and (5.88), we obtain the specific form of the first-
order renormalized Hamiltonian:

ˆ̃
h
(1)

=
L̃∑

I=1

3
2
u

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↑
↑

∣∣∣∣∣+
∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣−
∣̃∣∣∣∣ ↑↓
⟩⟨̃

↑
↓

∣∣∣∣∣−
∣̃∣∣∣∣ ↓↓
⟩⟨̃

↓
↓

∣∣∣∣∣


− γ

2Re(α∗
2α1)

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↑
↑

∣∣∣∣∣+ 2Re[(β∗
2 + β∗

3)(β1 + zα1)− |z|2α∗
2α1]

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣
+ [(β2 + β3)α2 + z(α2

1 − α2
2)]

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↑
↑

∣∣∣∣∣
+ [(β2 + β3)α2 + z(α2

1 − α2
2)]

∗

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↓
↑

∣∣∣∣∣

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+ v

(|α1|2 + 3|α2|2)

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↑
↑

∣∣∣∣∣
+ [|z|2(3|α1|2 + |α2|2)− |β1|2 + |β2|2 + |β3|2]

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣
+ 2zα1α2

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↑
↑

∣∣∣∣∣+ (2zα1α2)
∗

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↓
↑

∣∣∣∣∣


− ξ

(β2 + β3)α1

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↑
↑

∣∣∣∣∣+ (β∗
2 + β∗

3)α
∗
1

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↓
↑

∣∣∣∣∣
− 2Re[(β∗

2 + β∗
3)zα2]

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣


I

−
L̃∑

I=1

ξ

|α2|2β∗
2β3

∣̃∣∣∣∣ ↑↓↑↑
⟩⟨̃

↓↑
↑↑

∣∣∣∣∣+ |α2|2β2β∗
3

∣̃∣∣∣∣ ↓↑↑↑
⟩⟨̃

↑↓
↑↑

∣∣∣∣∣


I,I+1

+ ˆ̃oP̂ (D⊥
L̃
) + P̂ (D⊥

L̃
)ˆ̃o

†
. (5.90)

5.4.6 Determination of the variational parameters

Now we determine the parameters α1, α2, z, β1, β2, β3 ∈ C. We should construct the pro-

jector Q̂ such that the subspace HL̃ = span{ |̃σ⟩ }σ∈H
L̃
⊂ HL is a low-energy space. One

may consider that we should minimize the sum of the eigenenergies of the renormalized

Hamiltonian, i.e., the trace of
ˆ̃
h. However, minimizing the ordinary trace Tr

ˆ̃
h is inap-

propriate for our purpose. We wish to study the transition between the columnar and
staggered states, both of which pay no energy penalty of O(δ0). This implies that we
should ignore states which cost energies of O(δ0). Hence, we minimize the restricted trace

Tr|D
L̃

ˆ̃
h. We denoted the trace in the subspace DL̃ = span{ |̃σ⟩ }σ∈D

L̃
⊂ HL̃ by Tr|D

L̃
:

Tr|D
L̃
· · · := Tr P̂ (DL̃) · · · P̂ (DL̃) = Tr P̂ (DL̃) · · · , (5.91)

where P̂ (DL̃) is the projector onto DL̃ and we used the cyclic invariance of the trace and

P̂ (DL̃)
2 = P̂ (DL̃). The projector P̂ (DL̃) has the spectral decomposition

P̂ (DL̃) =
∑
σ∈D

L̃

|̃σ⟩⟨̃σ| (5.92)
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and the restricted trace can be written as

Tr|D
L̃
· · · =

∑
σ∈D

L̃

⟨̃σ| · · · |̃σ⟩. (5.93)

Since any σ = (σ1, . . . , σL̃) ∈ DL̃ satisfies (σI , σI+1) ∈ D′
2 (∀I = 1, . . . , L̃) and thus

⟨̃σ|ˆ̃h
(0)

|̃σ⟩ = 0, we have Tr|D
L̃

ˆ̃
h = Tr|D

L̃

ˆ̃
h
(1)

. To calculate the restricted trace, we use the
formulae

Tr|D
L̃

∣̃∣∣∣∣ ↑↑
⟩⟨̃

↑
↑

∣∣∣∣∣


I

= FL̃−1, Tr|D
L̃

∣̃∣∣∣∣ ↓↑
⟩⟨̃

↓
↑

∣∣∣∣∣


I

= FL̃−3, (5.94)

Tr|D
L̃

∣̃∣∣∣∣ ↑↓
⟩⟨̃

↑
↓

∣∣∣∣∣


I

= Tr|D
L̃

∣̃∣∣∣∣ ↓↓
⟩⟨̃

↓
↓

∣∣∣∣∣


I

= 1 (5.95)

for I = 1, . . . , L̃, where FL̃−1 and FL̃−3 are the Fibonacci numbers defined by Eq. (5.19).
For the present first-order renormalized Hamiltonian (5.90), the restricted trace of the

renormalized Hamiltonian is

Tr|D
L̃

ˆ̃
h = L̃

(
3

2
u(FL̃−1 + FL̃−3 − 2)

− γ{2FL̃−1Re(α
∗
2α1) + 2FL̃−3Re[(β

∗
2 + β∗

3)(β1 + zα1)− |z|2α∗
2α1]}

+ v{FL̃−1(|α1|2 + 3|α2|2) + FL̃−3[|z|
2(3|α1|2 + |α2|2)− |β1|2 + |β2|2 + |β3|2]}

+ 2ξFL̃−3Re[(β
∗
2 + β∗

3)zα2]

)
. (5.96)

The minimization of Tr|D
L̃

ˆ̃
h is equivalent to minimizing the function

fγ,v,ξ(α1, α2, z, β1, β2, β3) = −1

2
{γ[(φ2

L̃
− |z|2)α∗

2α1 + (φ2
L̃
− |z|2)α2α

∗
1

+ (β∗
2 + β∗

3)(β1 + zα1) + (β2 + β3)(β
∗
1 + z∗α∗

1)]

+ 2v[(φ2
L̃
− |z|2)|α1|2 + |β1|2]

− ξ[(β∗
2 + β∗

3)zα2 + (β2 + β3)z
∗α∗

2]} (5.97)

on the constraints given by Eq. (5.47), where φ2
L̃
:= FL̃−1/FL̃−3. Since the difference of

φ2
L̃
from the golden ratio squared φ2 becomes exponentially small for large system size L,

we apply the approximation φ2
L̃
≃ φ2. The function fγ,v,ξ is rewritten as

fγ,v,ξ(α1, α2, z, β1, β2, β3) = −1

2
{γ[(φ2 − |z|2)α∗

2α1 + (φ2 − |z|2)α2α
∗
1

+ (β∗
2 + β∗

3)(β1 + zα1) + (β2 + β3)(β
∗
1 + z∗α∗

1)]

+ 2v[(φ2 − |z|2)|α1|2 + |β1|2]
− ξ[(β∗

2 + β∗
3)zα2 + (β2 + β3)z

∗α∗
2]}. (5.98)
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Minimizing this function determines the variational parameters α1, α2, z, β1, β2, and β3.

5.4.7 Renormalization group equations

We employ the ansatz in which the variational parameters are real: α1, α2, z, β1, β2, β3 ∈ R.
We also suppose that β2 = β3 for the sake of symmetry. Denote the Pauli operators on

span{ |̃σa,I⟩a,I }σa,I=↑,↓ by
ˆ̃
Xa,I ,

ˆ̃
Y a,I , and

ˆ̃
Za,I for a = t, b and I = 1, . . . , L̃. It follows

from Eq. (5.90) that

ˆ̃
h
(1)

=
L̃∑

I=1

1

2
{3u− γ[(β2 + β3)(β1 + zα1) + (1− z2)α2α1]

+ v[2− (1− z2)α2
1 − β2

1 ] + ξ(β2 + β3)zα2}
ˆ̃
Zb,I

+ {γ[(β2 + β3)(β1 + zα1)− (1 + z2)α2α1]

+ v[1− (1 + z2)α2
1 + β2

1 ]− ξ(β2 + β3)zα2}
ˆ̃
Zt,I

1 +
ˆ̃
Zb,I

2

− {γ[(β2 + β3)α2 + z(α2
1 − α2

2)]− 2vzα1α2 + ξ(β2 + β3)α1}
ˆ̃
Xt,I

1 +
ˆ̃
Zb,I

2

− ξα2
2β2β3

∣̃∣∣∣∣ ↑↓↑↑
⟩⟨̃

↓↑
↑↑

∣∣∣∣∣+
∣̃∣∣∣∣ ↓↑↑↑
⟩⟨̃

↑↓
↑↑

∣∣∣∣∣


I,I+1

+
1

2
{−γ[(β2 + β3)(β1 + zα1) + (1− z2)α2α1]

+ v[2− (1− z2)α2
1 − β2

1 ] + ξ(β2 + β3)zα2}


+ ˆ̃oP̂ (D⊥

L̃
) + P̂ (D⊥

L̃
)ˆ̃o

†
. (5.99)

Omitting the term proportional to the identity in
ˆ̃
h
(1)

, we arrive at the expression of
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the renormalized Hamiltonian:

ˆ̃
h =

ˆ̃
h
(0)

+
ˆ̃
h
(1)

, (5.100)

ˆ̃
h
(0)

=
L̃∑

I=1

∑
(σI ,σI+1)∈H2\D′

2

k̃(σI , σI+1)
(

˜|σIσI+1⟩ ˜⟨σIσI+1|
)
I,I+1

, (5.101)

ˆ̃
h
(1)

=
L̃∑

I=1

 ũ
2
ˆ̃
Zb,I − γ̃

ˆ̃
Xt,I

1 +
ˆ̃
Zb,I

2
+ ṽ

ˆ̃
Zt,I

1 +
ˆ̃
Zb,I

2

−ξ̃

∣̃∣∣∣∣ ↑↓↑↑
⟩⟨̃

↓↑
↑↑

∣∣∣∣∣+
∣̃∣∣∣∣ ↓↑↑↑
⟩⟨̃

↑↓
↑↑

∣∣∣∣∣


I,I+1

+ ˆ̃oP̂ (D⊥
L̃
) + P̂ (D⊥

L̃
)ˆ̃o

†
. (5.102)

The renormalized coupling constants ũ, γ̃, ṽ, and ξ̃ satisfy the following RG equations:

ũ = 3u− γ[(β2 + β3)(β1 + zα1) + (1− z2)α2α1]

+ v[2− (1− z2)α2
1 − β2

1 ] + ξ(β2 + β3)zα2, (5.103)

γ̃ = γ[(β2 + β3)α2 + z(α2
1 − α2

2)]− 2vzα1α2 + ξ(β2 + β3)α1, (5.104)

ṽ = γ[(β2 + β3)(β1 + zα1)− (1 + z2)α2α1]

+ v[1− (1 + z2)α2
1 + β2

1 ]− ξ(β2 + β3)zα2, (5.105)

ξ̃ = ξα2
2β2β3, (5.106)

where α1, α2, z, β1, β2 = β3 ∈ R are the arguments minimizing the function fγ,v,ξ given by
Eq. (5.98) on the constraints (5.47).

Of course, the penalty constants k(σ1, σ2) are renormalized into k̃(σ1, σ2) for (σ1, σ2) ∈
H2 \ D′

2. However, the specific values of the renormalized penalty constants are unim-
portant for our analysis of the zero-temperature phase transition in the dimer limit. The
only essential thing is that all the penalty constants are positive and of zeroth order in δ.
This means that any spin configuration which is not mapped onto a dimer covering does
not contribute to the leading-order part of the ground state.

5.4.8 Repeat of the renormalization group transformation

We apply the RG transformation defined by Eqs. (5.100)–(5.106) repeatedly. Let us
denote by l how many times the RG transformation has been performed. We regard the
system size and the coupling constants as functions of the “time” l. Since the scaling
factor is three, the length of the system scales as L(l) = 3−lL. The coupling constants
u(l), γ(l), v(l), and ξ(l) have the initial values

u(0) = u, γ(0) = γ, v(0) = v, ξ(0) = ξ (5.107)
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and satisfy the recurrence relations

u(l + 1) = 3u(l)− γ(l)[(β2(l) + β3(l))(β1(l) + z(l)α1(l)) + (1− z(l)2)α1(l)α2(l)]

+ v(l)[2− (1− z(l)2)α1(l)
2 − β1(l)

2] + ξ(l)(β2(l) + β3(l))z(l)α2(l), (5.108)

γ(l + 1) = γ(l)[(β2(l) + β3(l))α2(l) + z(l)(α1(l)
2 − α2(l)

2)]

− 2v(l)z(l)α1(l)α2(l) + ξ(l)(β2(l) + β3(l))α1(l), (5.109)

v(l + 1) = γ(l)[(β2(l) + β3(l))(β1(l) + z(l)α1(l))− (1 + z(l)2)α1(l)α2(l)]

+ v(l)[1− (1 + z(l)2)α1(l)
2 + β1(l)

2]− ξ(l)(β2(l) + β3(l))z(l)α2(l), (5.110)

ξ(l + 1) = ξ(l)α2(l)
2β2(l)β3(l), (5.111)

where α1(l), α2(l), z(l), β1(l), β2(l) = β3(l) ∈ R are the arguments minimizing the function
fγ(l),v(l),ξ(l) defined by Eq. (5.98) on the constraints (5.47). Writing the coupling constant
u(l) as

u(l) = 3l(u− u(l)), (5.112)

we find u(0) = 0 and

u(l + 1) = u(l) + 3−l−1{γ(l)[(β2(l) + β3(l))(β1(l) + z(l)α1(l)) + (1− z(l)2)α1(l)α2(l)]

− v(l)[2− (1− z(l)2)α1(l)
2 − β1(l)

2]

− ξ(l)(β2(l) + β3(l))z(l)α2(l)}. (5.113)

5.5 Results and their implications for quantum

annealing

Let us apply the RG transformation described in the previous section to the frustrated
Ising ladder (5.1) in the dimer limit K → ∞ and the thermodynamic limit L → ∞.
The bare dimensionless Hamiltonian is defined by Eqs. (5.9), (5.14), and (5.11) with ĥ(1)

regarded as a perturbation to ĥ(0). Comparing the bare Hamiltonian with the general
form given by Eqs. (5.22)–(5.24), we see that the bare couplings are

u(0) = u, γ(0) = γ = γt, v(0) = 0, ξ(0) = ξ = ξtt. (5.114)

The other couplings γb, ξbb, and ξtb can be set to arbitrary values. We renormalize the
coupling constants repeatedly according to the recurrence relations (5.108)–(5.111). In
addition, the coupling constant u(l) defined as Eq. (5.112) obeys u(0) = 0 and Eq. (5.113).
It follows from mathematical induction that u(l), γ(l), v(l), and ξ(l) are determined only
by the “time” l and the initial values γ and ξ, because the function fγ(l),v(l),ξ(l) and
Eqs. (5.109)–(5.111) and (5.113) are independent of u and u(l).

We show the coupling constants u(l), γ(l), v(l), and ξ(l) as well as the variational
parameters α1(l), α2(l), z(l), β1(l), and β2(l) = β3(l) as functions of l for several sets
of bare couplings γ and ξ in Figs. 5.7–5.9 (regarding u(l) and its initial value u, see the
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Figure 5.7: Coupling constants u(l), u(l), γ(l), v(l), and ξ(l) and variational parameters α1(l),
α2(l), z(l), β1(l), and β2(l) = β3(l) as functions of l for the bare couplings u = uγ,ξ =
0.51773501, γ = 1, v = 0, and ξ = 0.

next paragraph). Here, Fig. 5.7 is for the case of no XX interactions ξ = 0, Fig. 5.8
for the case of the stoquastic XX interaction on the top row ξ > 0, and Fig. 5.9 for
the case of the non-stoquastic one ξ < 0. Notice that multiplying all the bare couplings
by a positive constant c makes every renormalized coupling multiplied by c, when the
variational parameters at each l are invariant. This operation corresponds to the scale
transformation of the vertical axis of each left graph in Figs. 5.7–5.9.

We find that u(l) and v(l) converge to finite positive values and γ and ξ vanish in the
limit l → ∞. The coupling constant u(l) asymptotically behaves as

u(l) ≈ 3l(u− uγ,ξ) (l → ∞), (5.115)

where uγ,ξ := liml→∞ u(l) is the limiting value of u(l) determined by the bare couplings
γ and ξ (recall that v = 0). This asymptotic behavior shows that u(l) diverges and its
sign coincides with the sign of u − uγ,ξ. When u = uγ,ξ, u(l) converges to zero as shown
in Figs. 5.7–5.9. Therefore, the limit of u(l) is

u(l) →


−∞, u < uγ,ξ,

0, u = uγ,ξ,

+∞, u > uγ,ξ

(l → ∞). (5.116)

This indicates that the fixed points of the present RG transformation are (u, γ, v, ξ) =
(0, 0, v, 0), (±∞, 0, v, 0) with v being an arbitrary positive value. Indeed, we can confirm
that these points are fixed points by noticing that fγ=0,v,ξ=0 is minimized at α1 = β1 = 1
and α2 = z = β2 = β3 = 0 on the constraints (5.47) and substituting these values into
the RG equations (5.108)–(5.111).

The fixed points (u, γ, v, ξ) = (±∞, 0, v, 0) are stable (i.e., any coupling constant is
irrelevant around these fixed points) and these correspond to the two phases: (u, γ, v, ξ) =
(−∞, 0, v, 0) is for the columnar phase and (u, γ, v, ξ) = (+∞, 0, v, 0) for the staggered
phase. On the other hand, the fixed point (u, γ, v, ξ) = (0, 0, v, 0) for each v > 0 is
unstable for the deviation of u. Around this fixed point, u is relevant and the other
coupling constants are irrelevant.
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(a) (u, γ, v, ξ) = (0.52489031, 1, 0, 0.1).

(b) (u, γ, v, ξ) = (0.61474501, 1, 0, 1).

(c) (u, γ, v, ξ) = (2.46771358, 1, 0, 10).

(d) (u, γ, v, ξ) = (0.23570226, 0, 0, 1).

Figure 5.8: Coupling constants u(l), u(l), γ(l), v(l), and ξ(l) and variational parameters α1(l),
α2(l), z(l), β1(l), and β2(l) = β3(l) as functions of l for several sets of the bare
couplings (u, γ, v, ξ) = (uγ,ξ, γ, 0, ξ) with ξ > 0.
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(a) (u, γ, v, ξ) = (0.51144374, 1, 0,−0.1).

(b) (u, γ, v, ξ) = (0.52956828, 1, 0,−1).

(c) (u, γ, v, ξ) = (2.47583092, 1, 0,−10).

(d) (u, γ, v, ξ) = (0.23570226, 0, 0,−1).

Figure 5.9: Coupling constants u(l), u(l), γ(l), v(l), and ξ(l) and variational parameters α1(l),
α2(l), z(l), β1(l), and β2(l) = β3(l) as functions of l for several sets of the bare
couplings (u, γ, v, ξ) = (uγ,ξ, γ, 0, ξ) with ξ < 0.
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Figure 5.10: (a) Phase diagram of the frustrated Ising ladder in the dimer limit K → ∞ derived
from the real-space RG method. The horizontal and vertical axes are γ/u = γt/u =
Γt/U and ξ/u = ξtt/u = Ξtt/U , respectively. The blue plus signs indicate first-
order transition points. (b) Phase diagram of the frustrated Ising ladder of length
L = 20 for K/U = 5, Γt = Γb, Ξtt < 0, and Ξbb = Ξtb = 0, depicted by Sota
and Yunoki (2019) [70]. They carried out the DMRG calculation and found the
first-order transition points indicated by the black squares. The horizontal axis is
γ/u = Γt/U and the vertical axis is −ξtt/u = −Ξtt/U in our definition.

In addition, Eq. (5.116) shows the bare coupling u = uγ,ξ to be the critical point for
each γ and ξ, meaning that only the fine-tuned u = uγ,ξ flows into the unstable fixed
point (u, γ, v, ξ) = (0, 0, v, 0) in the sense of the RG theory. Other values of the bare
coupling u are absorbed into the stable fixed points (namely, u < uγ,ξ into the columnar
phase (u, γ, v, ξ) = (−∞, 0, v, 0) and u > uγ,ξ into the staggered phase (u, γ, v, ξ) =
(+∞, 0, v, 0)) as the RG transformation is performed many times.

Let us depict the phase diagram of the frustrated Ising ladder in the dimer limit.
Although we have the three couplings u, γ, and ξ, it is sufficient to plot the phase diagram
on the ξ/u-γ/u plane because dividing these couplings by u > 0 does not change the phase
(notice that ucγ,cξ = cuγ,ξ for any c > 0 and thus liml→∞ u(l) is unchanged under the
multiplication of every bare coupling by c). We can draw the phase diagram by marking
the critical points (γ/u, ξ/u) = (γ/uγ,ξ, ξ/uγ,ξ) for a number of sets of γ and ξ. The
resulting phase diagram is shown in Fig. 5.10(a).

We can deduce from the scaling theory [69], which is closely related to the RG tho-
ery, that the phase boundary shown in Fig. 5.10(a) is of first order as explained in the
following: Recalling that the scaling factor of our RG transformation is three and u(l)
is asymptotically proportional to 3l as shown in Eq. (5.115), we find that the scaling di-
mension of u around the unstable fixed point (u, γ, v, ξ) = (0, 0, v, 0) is yu = 1. Here, the
scaling dimension yu around a fixed point u = u∗ is defined as u(l+1)−u∗ ≈ byu(u(l)−u∗)
in the vicinity of u(l) = u∗ for any scaling factor b. The fact that the scaling dimension of
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the longitudinal field on the bottom row yu is equal to the spatial dimensionality of the
system d = 1 indicates that the phase transition is of first order, because the correlation
function on the bottom row at the critical point does not decay:

Gbi,bj := ⟨Ẑb,iẐb,j⟩u=uγ,ξ
∼ |i− j|−2(d−yu) = 1, (5.117)

where ⟨· · ·⟩u=uγ,ξ
denotes the expectation value at the critical point u = uγ,ξ and the

approximation is a consequence of the scaling theory [69]. This behavior of the correlation
function leads to the value of the anomalous dimension η, one of the critical exponents
defined by Gbi,bj ∼ |i− j|2−d−η:

η = 2 + d− 2yu = 2− d = 1. (5.118)

One may point out that the scaling law for a quantum system in general is Gbi,bj ∼
|i − j|−2(d+z−yu) with z being the dynamic critical exponent [94] (which should not be
confused with the variational parameter z) instead of Eq. (5.117). However, we find that
z = 0 for the present system since a sufficient number of the RG transformations eliminate
the transverse field γ and the XX interaction ξ and make the system almost classical.

Consequently, Fig. 5.10(a) demonstrates that there is a first-order phase boundary
separating the staggered phase from the columnar phase on the ξ/u-γ/u plane. One of
the important features of the phase diagram is that the phase boundary continues to the
vertical axis γ = 0 in each of the upper half ξ > 0 and the lower half ξ < 0. Notice that
the critical points on γ = 0, uγ=0,ξ, are invariant under the change of the sign of ξ, which
reflects the fact that flipping the signs of Ξtt and Ξbb in the system without the transverse
fields is equivalent to the gauge transformation (X̂a,i, Ŷa,i, Ẑa,i) → (−X̂a,i,−Ŷa,i, Ẑa,i) for
a = t, b and every odd i.

Now we compare the phase boundary shown in Fig. 5.10(a) with results of two numer-
ical methods. First, the transition point in the case of infinite K and no XX interactions
obtained by exact diagonalization of the quantum dimer model of small sizes, whose
Hamiltonian is given by Eq. (5.7) with Ξtt = 0, is Γt/U ≈ 1/0.6 = 1.66 · · · [68] (recall
that the frustrated Ising ladder in the limit K → ∞ is equivalent to the quantum dimer
model). Remarkably, the value derived from our method Γt/U = γ/uγ,ξ=0 = 1.9314900 is
not far from the result of numerical diagonalization in spite of the fact that the real-space
RG analysis we carried out is not an exact method.

Second, Sota and Yunoki [70] revealed the phase diagram of the frustrated Ising ladder
of length L = 20 with the uniform transverse field (Γt = Γb) and the non-stoquastic XX
interaction on the top row (Ξtt < 0 and Ξbb = Ξtb = 0) for K/U = 5, which is displayed in
Fig. 5.10(b). They numerically computed the first-order transition points by the density-
matrix renormalization group (DMRG) method [95]. It is noteworthy that the shapes of
the phase boundaries obtained by our method and the DMRG method, namely the lower
half of Fig. 5.10(a) vertically inverted and Fig. 5.10(b), resemble each other, though the
former is for infinite K and the latter for finite K.
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We finally discuss the implications of our result for quantum annealing. We showed
that the first-order transition of the frustrated Ising ladder in the dimer limit persists
as the XX interactions are implemented, unfortunately. Since our RG analysis with the
perturbation theory predicts the behavior of the system at leading order in 1/K, it is
also expected that the first-order transition is unavoidable for large but finite K, which is
partly shown by the DMRG result [70] (see Fig. 5.10(b)). This implies that the minimum
energy gap in quantum annealing of the frustrated Ising ladder for largeK is exponentially
small as a function of the length L, which becomes strictly zero in the limit K → ∞ as
explained in Section 5.2.

Let us explore the possibility of opening the energy gap through the XX interactions,
although it is exponentially small. More specifically, we make a rough prediction about
whether the XX interactions reduce the decay rate of the minimum energy gap in quan-
tum annealing as a function of the system size L. To do this, we assume the following
annealing schedule for the time-dependent couplings:

K = Cs, U = s, Γt = 1− s, Ξtt = xs(1− s), (5.119)

where C and x are constants and s ∈ [0, 1] is the dimensionless time. The limit C → ∞
corresponds to the dimer limit. The parametrization

s =
U

U + Γt

=
u

u+ γ
, x =

Ξtt(U + Γt)

UΓt

=
ξ(u+ γ)

uγ
(5.120)

allows us to convert the phase diagram on the ξ/u-γ/u plane in the limit K → ∞
depicted in Fig. 5.10(a) into that on the s-x plane in the limit C → ∞, which is shown
in Fig. 5.11(a). It turns out that for any x ∈ R there is a unique s at which the first-
order transition occurs (to be denoted by sx). Since there are first-order transitions on
γ = 0 with ξ finite (positive and negative), the limits of s in infinite |x| are given by
limx→±∞ sx = 1.

We regard Fig. 5.11(a) as the leading-order approximation in 1/C to the phase dia-
gram of the frustrated Ising ladder with large but finite C. Then, causing the first-order
transition at earlier time s lowers the strength of the frustration at the transition, K = Cs,
and may be expected to soften the avoided crossing between the two lowest energy levels
and to mitigate the decay of the energy gap at the transition as a function of L. Indeed,
the inset of Fig. 5.2 depicted by Laumann et al. [68] indicates that lowering the strength
of the frustration K decreases the decay rate of the energy gap in the case of the uniform
transverse field and no XX interactions.

Let us focus on the vicinity of the minimum of the curve sx as can be seen in
Fig. 5.11(b). We find that sx is minimized at x ≈ −1.5, where sx ≈ 0.3330 is slightly
smaller than sx=0 = 0.3411 in the case of no XX interactions. As a result, the non-
stoquastic XX interaction on the top row with the appropriate strength x advances the
time sx when the first-order transition occurs, possibly reducing the decay rate of the
energy gap at the transition as a function of the system size L.
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(a) (b)

Figure 5.11: (a) Phase diagram of the frustrated Ising ladder in the dimer limit C → ∞ on the
s-x plane. The blue plus signs indicate first-order transition points. The phase
boundary extends to (x, s) = (±∞, 1). (b) Enlargement of (a) near the point at
which the critical s is minimized as a function of x.

A similar discussion is found for a geometrically local Ising model on connected two
rings which was studied by Albash [42]. The problem Hamiltonian of this model con-
tains large couplings and a small coupling which separates the energy levels between
the ground and first excited states. Albash showed by numerical diagonalization of the
small-size systems that non-stoquastic XX interactions added to the driver Hamiltonian
make the minimum energy gap in quantum annealing larger than that in the case without
XX interactions and that in the case with stoquastic XX interactions. He argued that
the softening of the avoided level crossing with the non-stoquastic driver may partly be
explained by the perturbation theory, which predicts that the driver Hamiltonian with
the non-stoquastic XX interactions causes the level crossing earlier than that with the
stoquastic XX interactions.

Although for the frustrated Ising ladder the difference in sx between the optimal non-
stoquastic XX interaction x ≈ −1.5, its stoquasticized interaction x ≈ 1.5, and no XX
interaction x = 0 is small, it is notable that we obtained the result which implies that the
driver Hamiltonian including the non-stoquastic XX interaction on the top row with the
appropriate strength might enjoy a slight computational advantage in quantum annealing
over the stoquastic drivers.

5.6 Summary

We have analyzed the frustrated Ising ladder with transverse fields and XX interactions
in the dimer limit by the real-space RG method with the variational ansatz. We obtained
the phase diagram which indicates that we cannot avoid the first-order transition for large
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frustration, with the help of the scaling theory. Our results are comparable with the two
numerical results: First, the transition point in the case of no XX interactions is not
far from the result of numerical diagonalization [68]. Second, the shape of the phase
diagram in the case of the non-stoquastic XX interaction on the top row resembles that
obtained by the DMRG calculation for a finite amplitude of the frustration [70]. We
further predicted that the non-stoquastic XX interaction on the top row might have a
slight computational advantage in quantum annealing, by focusing on the time of the
transition.





Chapter 6

Conclusion

We have studied the phase transitions of the three quantum Ising models with the ultimate
goal of revealing when non-stoquastic drivers gain increased performance of quantum
annealing compared to stoquastic drivers which contain the stoquasticized drivers (namely,
the operators with off-diagonal elements replaced by their absolute values times minus
one) and homogeneous or inhomogeneous transverse-field drivers. The Hamiltonian of
each model consists of longitudinal fields and ZZ interactions as well as transverse fields
and XX interactions.

The first and second models are two types of the weak-strong cluster model. In these
models, the ZZ interactions are ferromagnetically applied and the longitudinal fields in the
weak and strong clusters have opposite directions and different strengths. This structure
of the problem causes a first-order phase transition in the absence of the XX interactions
or the inhomogeneity in the transverse field. The difference between the two models is the
connectivity between the clusters: One has mean-field-type all-to-all interactions between
the clusters and the other has sparse interactions.

We analyzed the weak-strong cluster model with all-to-all interactions between the
clusters by a semi-classical method and found that non-stoquastic or stoquastic XX
interactions can remove the first-order transition. More precisely, we first showed that
the transition disappears if a non-stoquastic XX interaction is appended between the
clusters with an appropriate strength while the transition persists if the XX interaction is
stoquastic, which is consistent with the already known result of numerical diagonalization
of the finite-size systems [42]. We also calculated the energy gap in the thermodynamic
limit analytically and identified the optimal strength of the non-stoquastic intercluster
XX interaction which maximizes the minimum energy gap. The result again confirms
the consequence of the numerical study [42]. In addition to the non-stoquastic XX
interaction between the clusters, we found other protocols to eliminate the first-order
transition, namely, a non-stoquastic XX interaction in the strong cluster, a stoquastic
XX interaction in the weak cluster, and inhomogeneous transverse-field driving in which
the transverse field is weaker in the strong cluster or stronger in the weak cluster.

We next investigated the model with sparse interactions between the clusters by eval-
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uating the partition function in the thermodynamic limit and the zero-temperature limit.
Then, we found generally similar results as in the case with all-to-all interactions, except
that a stoquastic XX interaction between the clusters as well as a non-stoquastic one can
remove the first-order transition.

Significantly, the results for the weak-strong cluster models are rare examples of two-
body interacting systems for which the removal of first-order transitions with XX in-
teractions or an inhomogeneous transverse field has been shown analytically. From the
viewpoint of comparison between non-stoquastic and stoquastic Hamiltonians, it is note-
worthy that the non-stoquastic intercluster XX interaction with the appropriate strength
outperforms the stoquastic one and the uniform transverse-field driver in quantum an-
nealing of the mean-field model. For the model with sparse intercluster interactions,
there is almost no difference in the efficiency of quantum annealing between the driver
Hamiltonians with the non-stoquastic and stoquastic intercluster XX interactions.

A nice property of the XX interaction between the clusters is that it is symmetric
under the interchange of the two clusters. Although we presented other types of driver
(namely, the XX interaction within one of the clusters and the inhomogeneous transverse
field whose value depends on the clusters), they are not symmetric under the interchange
of the clusters, which means that more information about the problem is reflected. In this
sense, the fact that the non-stoquastic XX interaction between the clusters eliminates
the first-order transition in both of the two weak-strong cluster models is important.

The last model we analyzed is the frustrated Ising ladder with the transverse fields
and the XX interactions. We carried out the real-space renormalization group analysis
which applies to the limit of the large frustration. In this limit, the model is equivalent to
the quantum dimer model. Obtaining the critical exponent which indicates a first-order
transition, we showed that the first-order transition is unavoidable in quantum annealing
with the XX interactions, whether they are non-stoquastic or stoquastic. Despite the fact
that the real-space renormalization group method is not exact, the transition point in the
case of no XX interactions is not far from that obtained by numerical diagonalization [68]
and the phase diagram in the case of the non-stoquasticXX interaction on the top row has
a similar shape to that derived from the density-matrix renormalization group calculation
for a finite strength of the frustration [70]. We also pointed out that the non-stoquastic
XX interaction on the top row might reduce the exponential decay rate of the energy gap
at the transition as a function of the system size.

It is significant that the frustrated Ising ladder is an example of a model with sparse
connectivity in which the non-stoquastic Hamiltonian possibly has an advantage over
the stoquastic Hamiltonians, though the energy gap closes exponentially as a function
of the length in any case considered. Although the first-order transition persists for
the present model, our real-space renormalization group method, which is in agreement
with the numerical methods at least qualitatively, may shed new light on the way to
analyze spin systems with sparse couplings. Finding a low-dimensional model whose first-
order transition is removed or reduced to a second-order transition by a non-stoquastic
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interaction is one of the possible future directions toward realization of efficient quantum
annealing with non-stoquasticity, in which the real-space renormalization group approach
might be useful.

It is generally difficult to determine the optimal strength and position of a non-
stoquastic interaction to enhance the performance of quantum annealing for a given
real-world optimization problem. However, our results imply that introduction of XX
interactions with adjustable signs and strengths as well as an inhomogeneous transverse
field is likely to be useful in the design of hardware of quantum annealing. To better
understand the effects of non-stoquastic interactions, analytical and numerical studies of
many other problems are highly desired, especially in the cases of sparse connectivity to
represent realistic situations.
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