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Abstract

The plastic zone at the crack front of an adhesively bonded double cantilever beam (DCB)

specimen is analytically expressed considering the deformation of the adhesive layer. The

plastic zone length and strain during the crack propagation are obtained, and the effect of

the traction—separation profile on the DCB test results is investigated. The fracture energy

is given by the area under the traction—separation curve and is not affected by the curve

profile. However, the crack length of the DCB specimen is strongly affected by the

adhesive deformation, leading to a calculation error in the fracture energy. Therefore,

several crack length correction methods have been proposed. An analytical approach to

describe the plastic zone at the crack front would help better understand DCB tests for

adhesives. In this study, an analytical solution for a DCB test is discussed assuming that

the adhesive layer undergoes an elastic—plastic deformation. The elastic zone of the

specimen is replaced with a beam on an elastic foundation and the plastic zone with a

beam having a uniformly distributed load. Influence of the plastic zone at the crack front

in the DCB tests is analytically described by assuming an elastic—perfectly plastic

material.

Key words: Analytical models; fracture mechanics; double cantilever beam; traction

separation law; strain rate;



Nomenclature

y: Displacement of substrate in vertical direction

x: Coordinate of substrate in horizontal (longitudinal) direction

k: Spring constant

A: Constant proportional to quarter-power of spring constant

E: Young’s modulus of substrate

I: Second moment of inertia of substrate

h: Thickness of substrate

b: Width of substrate

L: Length of substrate

E,: Young’s modulus of adhesive

v,: Poison’s ratio of adhesive

h,: Thickness of adhesive

Omax: Maximum stress, or yield stress, of adhesive

&,: Strain of adhesive

& Strain of adhesive at final fracture

ay: Displacement of adhesive at final fracture

a: Crack length



ay: Initial crack length

a.: Effective crack length

Aa: Plastic zone length of adhesive layer

|A|: Crack length correction in CBT

P: Applied load

Gic: Adhesive fracture energy, or critical energy release rate, in mode I

4: Opening displacement



1. Introduction

Adhesive joints are nowadays widely used in many structural parts, including in vehicles

such as automobiles, airplanes, and ships. An accurate strength evaluation is essential

when the adhesive joints are industrially introduced to new parts. Finite element analyses,

such as cohesive zone models, have been used to evaluate the crack propagation problems

at the joints [1-5]. The fracture energy is described using a local stress—displacement

relationship, namely the traction—separation law. The measurement technique of the

adhesive fracture energy using a double cantilever beam (DCB) specimen has been

standardized [6, 7]. The DCB test was first analyzed using beam theory considering

energy balance [8, 9]. This is a simple model; however, the results, especially the crack

length, deviate from the experimental ones. The crack length is strongly affected by the

adhesive deformation, leading to a calculation error in the fracture energy. Therefore, the

difference between the theoretical crack length and the measured one was investigated,

and the crack length correction in the corrected beam theory (CBT) [10-13] and an

effective crack length, namely compliance-based beam method (CBBM), [14, 15] have

been respectively derived. Replacing the adhesive layer with an elastic foundation, i.e.,

the Winkler foundation, closed form solutions were obtained for the DCB [15-18] and

other test methods [19, 20]. However, generally, the adhesive at the crack front deforms



plastically because of the stress concentration. Additionally, some adhesives are designed

to behave elastic—perfectly plastic (non—hardened elasto—plastic) in order to enhance

energy absorption performance. These adhesives are composed of several different

polymers, and material characteristics change with loading rate. Thus, the fracture energy

shows rate dependency. Conversely, it is difficult to experimentally measure strain rate of

the adhesive layer because of its thinness. An analytical approach to describe the plastic

zone at the crack front would help better understand DCB tests, especially rate

dependency, for such adhesives. Williams and Hadavinia discussed the non—elastic effect

using various traction—separation profiles by extending the beam on an elastic foundation

model [21]. Additionally, Yamada proposed an analytical solution considering the elastic—

plastic deformation of the adhesive layer [22, 23]. This concept was applied to other

analytical models [24, 25]. In the solution, the plastically deformed adhesive region was

replaced with a uniformly distributed load, which can be employed when the adhesive is

assumed elastic—perfectly plastic. In this paper, this concept is extended to analyze

deformation and strain rate of the adhesive layer accompanied by the crack propagation

in DCB specimens, and the effect of the traction—separation profile on the DCB test

results is discussed.



2. DCB model

2.1 Traction separation law

A triangular form is widely used as a profile for the traction—separation law. A trapezoidal

form with a constant stress stage is also used, especially for ductile adhesives [26, 27].

Figure 1 shows the stress—strain relation of a second—generation acrylic (SGA) structural

adhesive (C355-20 A/B, Denka Co., Ltd., Tokyo Japan) with a tensile test using bulk

specimens at a cross head speed of 1 mm/min. This adhesive elongate around 60% with

flat stress stage. For such kind of adhesives, it would be suitable to employ the trapezoidal

profile, shown in Fig. 2, which is of an elastic—perfectly plastic. In the case of the

triangular form, only damage process contribute to a fracture process zone (FPZ) at a

crack front. Conversely, plastic deformation process also contribute to the FPZ in the case

of the trapezoidal form. Especially when the plastic range is wide like the mentioned

adhesive, contribution of the plasticity to the FPZ is considered to be larger. Therefore,

damage process is neglected for simplification in this study.

In the mentioned trapezoidal form, the adhesive first deforms linear-elastically. When the

stress at the crack front reaches o,,,,,, a plastic zone is generated. A fracture occurs when

the displacement at the crack front reaches ay.



2.2 Model configuration

An adhesively bonded DCB specimen is considered, as shown in Fig. 3a. The elastically
deformed adhesive layer is converted to a parallel spring arrangement (see Fig. 3b). The
plastically deformed adhesive layer is converted to a uniformly distributed load (see Fig.
3c¢). Although the spring constant for adhesively bonded parts can be defined in several
different ways [15-20], a spring constant assuming the deformation of the adhesive under

a plane strain state, given as

— (1_Va) @
ke = (1-2v)(1+vy) hy’ (1)

is employed. In the calculation process, only the upper half of the deformation is
considered owing to the symmetry (see Fig. 3b). Thus, the adhesive layer with a spring
constant k is replaced with a direct connection of two springs with a spring constant

khalf7 Where 1/k = Z/khalf'

2.3 Formulation

The adhesive layer is first elastically deformed (first step) by applying a load to the end
of the DCB specimen (see Appendix). With the increase in the opening displacement, the
stress at the crack front soon reaches the maximum stress, i.e., the yield stress. At this

point, the adhesive is plastically deformed around the crack front. The plastic zone length



increases with further increase in § (second step). The deformation of the adhesive at
the crack front then reaches ay, and the crack begins to propagate (third step).

When the crack front of the adhesive layer is plastically deformed (the second and third
steps), the deformation of the substrate can be divided into three zones; a crack zone with
no adhesion, a plastic zone around the crack front and an elastic zone. The crack zone can
be assumed as a cantilever beam, the plastic zone as a beam with a uniformly distributed
load and the elastic zone as a beam on an elastic foundation. The substrate deformations
are given as

Y,=AX3+BX*+C.X+D. (2)

for the crack zone (X < 1);

Y, = WyaxX* + Ap X3 + B,X* + C,X + D, (3)

for the plastic zone (1 < X < 1 + AA); and

Y, = e84 (4 cosA'(1 + AA — X) + Bsin A'(1 + AA — X)) (4)

for the elastic zone (1 + AA < X), where AA and W,_,, are normalized as AA = Aa/a
and W, = 0pax@>/24EI, respectively. Ten unknown coefficients and the plastic zone
length are obtained by satisfying the boundary conditions at X =0, Y, =D, and

szC/ dx? =0 ; continuity conditions at X=1 , Y, =Y

L. dY/dx =

dv,/dx, d?Y,/dx? = d* Y,/dx?, and &Y, /dx3 = ¢ Y,/dx?; and continuity conditions



at X=1+A404, Y, =Y., d¥,/dx =dY,/dx, d°Y,/dx? =d*Y,/dx?, d°Y,/dx® =
d*Y,/dx3, and d4Yp /dx* = d*Y,/dx*. The results are given as follows.

Ac = AWhax + Ap, (5)

B. =0, (6)

Ce = 4Winax + Cp, (7)

DC = D5 (8)
2Winax A2
Ay = =2 (L, +1475). )

By = 6Wpay, (10)

C _ 2Whax

p = e {7 + 31,7 +3(1 - 29 (1, + D}, (11)

Dy = Whax + D, (12)

Ae = _6Wmax/ﬂ-’4a (13)

Bo = 2= (22— 1,), (14)

Al \l+1 -
and

14 14
Dy Dy2

LS +5L% + (10 — 212 + (12 — 6422 + {12 — 612 + }za +6+2 =0,

max max

(15)
where [, = A'(1+ AA). By solving Eq. (15) for [,, for example using the newton
method, the plastic zone length can be obtained.

In the first and second steps, the crack front remains at a = a,. The values of all the

10



variables can then be determined using §. Conversely, the crack propagation needs to be

considered in the third step. In this case, a becomes an additional variable. Therefore,

another condition is required to determine the values of all the variables. When the crack

propagates, the displacement at the crack front is equal to a;. Adding this condition, the

crack propagation of the DCB specimen can be described.

3. Experimental

The DCB test substrates consisting of spring steel (grade “SUP10”’) with the width 24.8

mm and the length 187.0 mm were used. The surface of the substrates were sandblasted

with Al,O; abrasives and wiped with acetone before bonding. The thickness of the

substrate was measured after the sandblasting as 1.77 mm. The SGA structural adhesive

(C355-20 A/B, Denka Co., Ltd., Tokyo Japan) was used. Curing condition was 24 °C for

1 day and then 60 °C for 2 hours. The adhesive layer thickness was measured as 0.31 mm

by subtracting the thickness of the substrates measured before the specimen

manufacturing from the total thickness of the specimen. A polytetrafluoroethylene

(PTFE) film was inserted to create initial crack. The initial crack length was measured by

the side view image as 54 mm. Because only single PTFE film was inserted, obtuse crack

front was created. Therefore, results of initial stage of the crack propagation was removed

11



from the fracture energy calculation. The fracture test of the DCB specimen was
conducted in a material testing machine (STB-1225S, A&D Co., Ltd., Tokyo Japan) at a
crosshead speed of 5 mm/min. The crack length was measured with a CCD camera. The

specimen was cohesively fractured in whole area (see Fig. 4).

4. Results and discussion

4.1 Analytical solutions

The DCB test was first analytically conducted with substrate parameters E = 207 GPa,
h=2 mm, b =24.8 mmand L = 180 mm, and with adhesive parameters E, = 500
MPa, v, = 0.37, 0. = 10 MPa, & = 0.6, and h, = 0.3 mm (denoted as case 1).
Thus, a; = &h, = 0.18 mm. The adhesive parameters are derived based on the tensile
test results (see Fig. 1). The initial crack length was set to ayz = 50 mm.

Figure 5 shows the load—displacement curve. The plastic deformation at the crack front
is observed from a relatively early stage in the load increasing region. The load decreasing
region with crack propagation is in a good agreement with the results of the conventional
DCB theory, which is expressed using the simple beam theory as

P= (g EIb3GE. %)1/4. (16)

Figure 6 shows the variation in the crack length. Figure 7 shows the plastic zone length

12



with comparison of a. —a and |A|. Although the effective crack length for the CBBM
is originally obtained using a shear corrected beam theory [14], shear effect on the
cantilever deformation is negligibly small for the analyzed condition. Therefore, it is
obtained using the simple beam theory as

a. = @, (17)

in this study. The crack length correction is obtained using a plot of cube root of the
compliance versus the crack length according to the CBT [6]. From these results, the
increase in the plastic zone length before the crack propagation is confirmed. In contrast,
the plastic zone length is largely constant during the fracture. Additionally, the corrections
regarding the crack length are found to be largely in good agreement with the plastic zone
length. Therefore, it is confirmed that crack length deviation due to the plastic zone is
correctly incorporated in the correction term.

The fracture energy of the analytical DCB test obtained by the CBT is Gjc = 1.78 kJ/m?.
Likewise, the fracture energy obtained by integrating the traction—separation curve under
the given condition is also 1.78 kJ/m?. Therefore, it is confirmed that the proposed
analytical solution can describe the crack propagation of the DCB specimen from the
viewpoint of the fracture energy.

Figure 8 shows the relationship between ¢, and § at x = 50, 51, 55, 65, 75, 100, 125,

13



150, and 175 mm. The strain smoothly increases at the initial crack point (i.e., x = 50
mm). Because Aa is approximately 7.0 mm, the adhesive layer when x < ay + Aa =
57 mm is plastically deformed before the start of the crack propagation. In this range, a
discontinuous change in the slope is observed at the start of the crack propagation (see
arrows in Fig. 8). In the remaining range, i.e., x > a, + Aa, the strain increases smoothly
after some compression. The gradient of the curves of the &,—6 relationship is related to
the strain rate because of the relationship

Figure 9 shows the relationship between de,/dS§ and . The strain rate monotonically
increases for the most part with respect to the crack propagation. The maximum strain
rate increases by approximately four times as the crack propagation begins, as shown by
an arrow in Fig. 9, though local crack propagation and micro crack generation at the crack
front would prevent such a rapid increase in practice. Conversely, the maximum strain
rate decreases with the increase in the crack length. For the quasi—static test, the opening
displacement speed is generally set under 5 mm/min. When dé§/dt = 5.0 mm/min, the
strain rate is in the range of approximately 1.7-4.2 X 1072 s’!, which is close to the
strain rate of the quasi—static tensile tests for bulk specimens. On the other hand, the

opening displacement speed is significantly higher for the dynamic DCB tests, and is a

14



few meters per second or more [28—30]. When dé&/dt = 2.0 m/s, the strain rate is in the
range of approximately 400-1000 s™!, which is a value applied to high-speed crash tests.
However, with regard to the strain rate, the change in the traction—separation law needs
to be considered. Additionally, the behavior of adhesives at high strain rates is very
complicated. Therefore, a careful discussion is required for the analysis of the strain rate
effect. Recently, digital image correlation (DIC) method is rapidly developing and is used
for the analysis of adhesive layer deformation [31]. If the resolution of the image can be
increased enough to analyze the deformation of thin adhesive layer, as well as the
movement of the crack propagation can be followed with the images, the DIC could be
one of the solutions for the experimental analysis of the strain rate effect.

The fracture energy is given by the area under the traction-separation curve and is not
related to the curve profile. Conversely, the profile is important when the deformation of
the adhesive layer needs to be considered. Here, two additional forms of the traction—
separation relationship, as shown in Fig. 10, are considered. Following are the conditions
to unify the area under the curves: case 2 for E, = 2000 MPa, v, = 0.37, 0,,.x = 20
MPa, and & = 0.3; and case 3 for E, = 125 MPa, v, = 0.37, 0,,x =5 MPa, and
& = 1.2. Because the fracture energy is the same, the load—displacement curves at the
crack propagation stage coincide with each other. Conversely, the curves at the load

15



increasing stage without the crack propagation differ, as shown in Fig. 11; the gradient
increases for higher aspect ratio profile (case 2) and decreases for lower one (case 3).
Moreover, the difference in the profiles affected the plastic zone length and the strain rate.
The average Aa changed from 7.0 (case 1) to 4.9 (case 2) and 10.0 mm (case3). Figure
12 shows the maximum strain rate at each point. Interestingly, the points well fit with the
function f(x) = cx®® for each case with different values of ¢, where ¢ is a coefficient,
though a clear physical interpretation cannot be made. The plastic zone is longer and the
strain rate is higher for the adhesive having a flatter trapezoidal form of the traction—

separation relationship given the same fracture energy.

4.2 Experimental results and discussion

The fracture energy of the prepared specimen calculated by the CBT was 2.21 kJ/m?,
which was larger than the value obtained from the traction—separation relationship
determined from the tensile test. Test condition was almost plane stress stage for the
tensile test using the bulk specimens, and it was plane strain stage for the DCB test. This
difference could be one of the reasons for the mismatch of the traction—separation
relationship. Polymers, including adhesives, highly depend on the loading rate, which
could be another reason. Conversely, it has been confirmed that system compliance effect

16



was small enough to be neglected. Whatever the reasons, it is necessary to reconfigure
the traction—separation relationship. Figure 13 shows the traction—separation relationship
where o0,,, and a; are adjusted so that the area under the curves becomes 2.2 kJ/m>.
When the traction—separation profile is changed, the plastic zone length changes as
mentioned above. Figure 14 shows the plastic zone length variation against g,,,, in the
case of G;c = 2.2 kJ/m? for the tested condition. From the experimental results, a, — a
and |A| are obtained as 6.7 and 6.1 mm, respectively. Therefore, the maximum stress at
the crack front is approximately same or slightly increases compared to the tensile test,
and it is confirmed that there is no significant change in o,,,, and ay. Figure 15 shows
the load-displacement relationship in the case of the traction—separation relationship with
Omax = 12 MPa. Analyzed and experimental results well agreed each other at the crack
propagation part because the fracture energy obtained from the experimental results was
employed for the analysis. Additionally, the results at the initial part with no crack
propagation also coincide well. Thus, it is indicated that inverse estimation of the

traction—separation relationship from Aa works effectively.

5. Conclusion
An analytical solution for a DCB test is derived assuming the substrate of the specimen

17



as a beam on an elastic foundation for the region in which the adhesive is elastically

deformed and as a beam with a uniformly distributed load for the region in which the

adhesive is plastically deformed. Although a trapezoidal form of the traction—separation

relationship is assumed, the traction—separation profile varies depending on the type of

adhesives, and some of them have hardening and/or damaging processes. Therefore, the

analytical result can only compare with the experimental ones when the actual profile

does not deviate so much from the assumption. Conversely, the tendency of the plastic

zone effect on the DCB test results can be predicted by using the proposed solution. The

load—displacement relationship during the crack propagation is in good agreement with

the conventional DCB theory. The length of the plastically deformed area and the strain

of the adhesive layer are directly obtained at an arbitrary point. The proposed solution can

analytically describe the effect of the profile on the plastic zone length and strain when

the same fracture energy is employed in the trapezoidal traction—separation relationship.

Additionally, the traction—separation relationship at the crack front can be predicted by

comparing the relationship between the plastic zone length and the trapezoidal shape with

the experimental results.

Appendix
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When the entire adhesive layer is elastically deformed (the first step), the deformation of
the substrate can be divided into two zones: a crack zone with no adhesion and an elastic
zone. The substrate deformations are given as

Y,=AX3+ BX*+C.X+ D. (19)

for the crack zone (X < 1), and as

Y, = e (4, cos A’ (1 — X) + B, sin ' (1 — X)) (20)

for the elastic zone (X > 1), where Y, X,and A’ arennormalizedas Y = y/a, X = x/a,
and A’ = al, respectively, with A = (kye/EI)Y*/v/2. Six unknown coefficients are
obtained by satisfying the boundary conditions at X =0, Y, = D, and d?Y,/dx2 =0
and continuity conditions at X =1, Y, =Y,, dY,/dx = dY,/dx, d?Y,/dx? = d*Y,/dx?,

and d%Y,/dx3 = d®Y,/dx3. The results are given as follows.

A3
Ac = (2234612461 +3)’ 1)
B.=0,(22)
3(A"+1 ZAC
C. = _%’ 23)
D. =D, (24)

Ae = A. + C. + D, (25)

and

34c

B. = -7, (26)

- 22
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where D is normalizedas D = §/2a.
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Figures
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Figure 1. Experimentally obtained stress—strain curves of SGA adhesive and stress—strain

relation for case 1.
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Figure 2. Trapezoidal form of the traction—separation relationship where o and o are
the stress and the displacement of adhesive, and fracture energy G is given by the area

under the curve.
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Symmetry

Figure 3. Schematics of (a) a DCB specimen, (b) a model for elastic deformation of

adhesive layer, and (c) a model for elastic-plastic deformation of adhesive layer.
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Figure 4. Fracture surfaces for the DCB test specimen with the SGA adhesive.
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Figure 5. Analytically obtained load—displacement curve of DCB test.
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Figure 6. Analytically obtained variations in the crack length with and without the plastic

zone length with respect to displacement.
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Figure 7. Analytically obtained variations in the plastic zone length (Aa), the difference

between the effective crack length and the crack length (a. — a), and the crack length
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correction (|A|) with respect to the displacement.
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Figure 8. Analytically obtained strain of the adhesive layer with respect to the

displacement at various points. The arrows indicate the start point of the crack

propagation.
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Figure 9. Analytically obtained de,/d§ versus displacement for various points.
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Figure 10. Three types of traction—separation profiles with the same area under the curves.
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Figure 11. Analytically obtained load—displacement curves with different types of

traction—separation relationships.
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Figure 12. Analytically obtained maximum de,/dd versus x with different types of

traction—separation relationships.
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Figure 13. Traction—separation relationships for G- = 2.2 kJ/m? with different o,,,,

and ay.
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Figure 14. Analytically obtained relationship between plastic zone length and maximum

stress in the case of G;c = 2.2 kJ/m? for the tested condition.
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Figure 15. Load—displacement relationship of the experimental results and the analytical

result in the case of the traction-separation relationship with a,,,, = 12 MPa.

34



