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EQUIVALENT MASS-SPRING MODELING METHOD 
FOR SUPER-TALL BUILDINGS OF INCREASING HEIGHT (PART 1)  

Overview of past and proposed methods for bending-shear model     

 
 

 1  2  3  4  3 
Kazuhiko KASAI, Kazuki WATAI, Shusaku MAEDA, 

Daiki SATO and Yosuke SUZUKI 
 

This paper proposes a new modeling method for an equivalent mass-spring model, the so-called “bending-shear model” that can accurately reproduce the dynamic 

characteristics of the super-tall building. The bending stiffness and shear stiffness are calculated such that the 1st mode frequency and vector as well as the 2nd mode 

frequency of the bending-shear model match with those of the member-to-member model. Instead of typical static lateral load, pure bending moment is applied to the 

member-to-member model to estimate and calibrate bending stiffness for the use in the bending-shear model. The seismic responses of the bending-shear model agree well 

with those of the member-to-member model. 

 

Keywords : Super tall building, Equivalent mass-spring system, Bending-shear model, Vibration period, Mode vector, Higher mode 
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Fig.1 Two types of story drifts at i-th story level 
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a) Horizontal loading method 
(Previous method) 

b) Pure moment loading method 
(Proposed method) 

─ 793 ─

再校構造系　772号�



1

M0

3

4.1  

2)  Δubi = ubi - ub,i-1 2.2 (9a)

pi 4.2  

2
1 , 1bi i i b i iip Δu h h Δu h  (16) 

hi = i ub0 = 0, ub,-1 = ub1, h0 = h1  
3)  pi α B(1)

EIi 4.4 2 α =1.0  

0i iEI αM p  (17) 

4)  1 Mi(1), Mi-1(1) (12) B(1)

Δ bi1 (11) Δ si1 1

Qi(1) (13) Ksi  
5)  EIi, Ksi M B(1)

1 M

2 M α

3 5 Ksi

Ksi > 0 α 4.4  
 
 
 
 
 
 
 
 
 

3.2 

80m

20 400m 80 4

1

X 80m 6

20

400m

1

400m

 

 

4.  

4.1  

M

M

1) 2) X 3) 

5

Y 2 X

80m

1, 10, 15 400m 1, 40, 70  

80m 

1

 

400m 80m

Fig.3 Loading method for pure moment 
a) Deflection mode  b) RFL Plan 

Loading points 

Story
66~80F
46~65F
26~45F
6~25F
1~5F

Edge Center
62~RF
42~61F BH-1200×600×24×50 (SM520) BH-1000×600×24×50 (SM520)
22~41F BH-1300×700×24×50 (SM520) BH-1150×700×24×50 (SM520)
2~21F BH-1400×700×24×50 (SM520) BH-1150×700×24×50 (SM520)

BH-1000×500×19×45 (SM520)

B -800×800×40 (SN490)
B -950×950×60 (SA440)

B -1100×1100×60 (SA440), CFT Fc60
B -1300×1300×80 (SA440), CFT Fc60
B -1400×1400×80 (SA440), CFT Fc100

Story Beam

Column

Table1 Cross section of members (400m model) 

a) 80m model )
Fig.4 Building plans and elevations 

b) 400m model 
B - B 

d
A - A B - B 

00
A - A 

80m 400m

Height (m) 82.0 400.0

Aspect ratio - 1.6 8.0

Story - 20 80

Natural period
 / Height (s/m) 0.044 0.022

Model

Plan

1st mode
natural period

  51.2
×35.2

  50.0
×50.0

3.648 8.987

(m)

(s)

Y

X

Y

X

a) 80m model (20-story) 

b) 400m model (80-story) 
Fig.5 Comparison of axial forces under pure moment loading 

Top moment applied to; 1) Outmost columns, 2) Interior columns 
next to the center, and 3) All columns with triangular distribution. 

X1 X2 X3 X4 X5X1 X2 X3 X4 X5

-1

0

1

X1 X2 X3 X4 X5

Normalization axial force 

Loading 1 

Pure moment

1F 
40F 

70F 

1F 
40F 

70F 

70F 
40F 

1F 

Benchmark

-1

0

1

X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X2 X3 X4 X5 X6 X7 X8 X9

Loading 1 Loading 3 Loading 2 

Loading 3 Loading 2 

15F 
10F 

1F 
15F 

10F 1F 

1, 40, 70F 

1, 10, 15F 

15F 
10F 

1F 

Benchmark Pure moment

a) 80m model ) b) 400m model 
B - B 

d
A - A B - B 

00

80m 400m

Height (m) 82.0 400.0

Aspect ratio - 1.6 8.0

Story - 20 80

Natural period
 / Height (s/m) 0.044 0.022

Model

Plan

1st mode
natural period

  51.2
×35.2

  50.0
×50.0

3.648 8.987

(m)

(s)

Y

X

Y

X

─ 794 ─

再校構造系　772号�



1

M0

3

4.1  

2)  Δubi = ubi - ub,i-1 2.2 (9a)

pi 4.2  

2
1 , 1bi i i b i iip Δu h h Δu h  (16) 

hi = i ub0 = 0, ub,-1 = ub1, h0 = h1  
3)  pi α B(1)

EIi 4.4 2 α =1.0  

0i iEI αM p  (17) 

4)  1 Mi(1), Mi-1(1) (12) B(1)

Δ bi1 (11) Δ si1 1

Qi(1) (13) Ksi  
5)  EIi, Ksi M B(1)

1 M

2 M α

3 5 Ksi

Ksi > 0 α 4.4  
 
 
 
 
 
 
 
 
 

3.2 

80m

20 400m 80 4

1

X 80m 6

20

400m

1

400m

 

 

4.  

4.1  

M

M

1) 2) X 3) 

5

Y 2 X

80m

1, 10, 15 400m 1, 40, 70  

80m 

1

 

400m 80m

Fig.3 Loading method for pure moment 
a) Deflection mode  b) RFL Plan 

Loading points 

Story
66~80F
46~65F
26~45F
6~25F
1~5F

Edge Center
62~RF
42~61F BH-1200×600×24×50 (SM520) BH-1000×600×24×50 (SM520)
22~41F BH-1300×700×24×50 (SM520) BH-1150×700×24×50 (SM520)
2~21F BH-1400×700×24×50 (SM520) BH-1150×700×24×50 (SM520)

BH-1000×500×19×45 (SM520)

B -800×800×40 (SN490)
B -950×950×60 (SA440)

B -1100×1100×60 (SA440), CFT Fc60
B -1300×1300×80 (SA440), CFT Fc60
B -1400×1400×80 (SA440), CFT Fc100

Story Beam

Column

Table1 Cross section of members (400m model) 

a) 80m model )
Fig.4 Building plans and elevations 

b) 400m model 
B - B 

d
A - A B - B 

00
A - A 

80m 400m

Height (m) 82.0 400.0

Aspect ratio - 1.6 8.0

Story - 20 80

Natural period
 / Height (s/m) 0.044 0.022

Model

Plan

1st mode
natural period

  51.2
×35.2

  50.0
×50.0

3.648 8.987

(m)

(s)

Y

X

Y

X

a) 80m model (20-story) 

b) 400m model (80-story) 
Fig.5 Comparison of axial forces under pure moment loading 

Top moment applied to; 1) Outmost columns, 2) Interior columns 
next to the center, and 3) All columns with triangular distribution. 

X1 X2 X3 X4 X5X1 X2 X3 X4 X5

-1

0

1

X1 X2 X3 X4 X5

Normalization axial force 

Loading 1 

Pure moment

1F 
40F 

70F 

1F 
40F 

70F 

70F 
40F 

1F 

Benchmark

-1

0

1

X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 X2 X3 X4 X5 X6 X7 X8 X9

Loading 1 Loading 3 Loading 2 

Loading 3 Loading 2 

15F 
10F 

1F 
15F 

10F 1F 

1, 40, 70F 

1, 10, 15F 

15F 
10F 

1F 

Benchmark Pure moment

1

 

1 3.1 1

 

4.2  

M B(1)

B(1) EIi i

B(1) pi

ubi  (i-1) 2 6a  

6a pi pi-1  B(1)

(9) θi-1 i

M

B(1) pi > 0

pi < 0, EIi < 0 (10)  

B(1) M

pi , θi-1

pi (9a) θi-1 θi-1 (9b)

(i-2) 

pi , θi-1  

M i Δubi

(9a) B(1) pi

6a

pihi2/2 pi pi

(9b) θi (9a) pi+1

6b  

7 80m, 400m

pi

B(1) pi 2 M

pi EIi = M0/pi 

(10) B(1) M

EIi

 

EIi

M

EIi

 

B(1) pi

2

3.1 2 (9a)

D 2 (16)

p1 = 2u1/h12

(9a)

(9b) (16)

M Δubi > 

(hi/hi-1) Δub,i-1  

7

2 M

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.3  

M B(1)

 

(7a) 1 M

Mci(1) (7b)

Mi-1(1) Mci(1)/ Mi-1(1) 8  

Mi-1(1)

Mci(1) Mci(1)/ Mi-1(1) < 1.0

B(1)

 

2 , 3

i-1

i-2

ub

θi-2 2
1 1
2

i ip h

θi-1 θi-2+ pi-1hi-1

i

hiθi-1

pi
< pi-1

pi
= pi-1

pi
> pi-1

Range of ub,i

ub,i-2 ub,i-1

pi
< 0

hi-1

hi

0

20

40

60

80

0 0.005 0.01 0.015

Story 

θi (rad) 

b) Rotation (400m model) a) Curvature and bending deflection ) ( )
Fig.6 Variation of rotation angle under pure moment loading 

0

5

10

15

20

0 1 2 0 0.5 1
0

20

40

60

80

-1 0 1 20 0.5 1
Curvature Bending drift Curvature Bending drift 

b) 400m model (80-story) a) 80m model (20-story) 

Fig.7 Validation of approximate curvature under pure moment loading 

(10-8 rad/cm) 

Story 

(10-6 rad/cm) ubi ubi 

Story 

Exact
Differencial filter

Exact
Differencial filter

a) 80m model ) b) 400m model 
B - B 

d
A - A B - B 

00

80m 400m

Height (m) 82.0 400.0

Aspect ratio - 1.6 8.0

Story - 20 80

Natural period
 / Height (s/m) 0.044 0.022

Model

Plan

1st mode
natural period

  51.2
×35.2

  50.0
×50.0

3.648 8.987

(m)

(s)

Y

X

Y

X

─ 795 ─

再校構造系　772号�



4.2

 

 

 

 

 

 

 

 

 

 

 

 

4.4 

5 3.1 B(1) 1

1, i1 M ω2

EIi α (<1) 400m  ( 4) α 

= 0.766 α = 1.0  

9 M j Fi( j ) = ωj2mi ij (6), (7)

B(1) Δ ij

Δ sij , Δ bij j=1 3 Δ bi1

α = 0.766 Δ bi2, Δ bi3

α = 0.766

 

4 3.1 B(1) αEIi

ω2, i2 ω3, i3 M

Ksi(2), Ksi(3) j = 2, 3 M

Fi( j ) Qi( j ), Mi-1( j ) (7) Ksi( j )

(13) 10 Ksi( j )

(13) Δ sij

10 α = 0.766 Ksi( j ) ≈ Ksi B(1)

αEIi , Ksi M ω1 , i1 ω2

i2 ω3 , i3  

M 1 3

B(1)

B(1)

 
4)

400m 8.0

α

M

2.3

 

 

5.  

5.1  
M S, B, B(1)

B(1) 5 80m, 400m

α = 0.790, 0.766 80m

M ntot = 980 S, B, B(1) n = 20, 40, 40

400m M ntot = 6865 S, B, B(1) n = 

80, 160, 160 M

1% 4% 2, 3 80m, 400m

S, B, B(1) M

±3.0 11, 12

βj B (A4) ij

βj ij, βj Δ ij  

a. 80m  

80m S, B, B(1) 1 M

B(1) 2 M

S, B

3 S

4.8% B 1.7% B 1 3

0.94 1 3

 

0

20

40

60

80

0 0.01 0.02
0

20

40

60

80

-0 .08 -0 .04 0 0.04 0.08
0

20

40

60

80

-0 .12 -0 .06 0 0.06 0.12

a) α = 1.0 

Story 
8080Story 8080Story 

 Δ i3  Δ i2  Δ i1 

Δ si 

Δ bi 

Δ i 

0

20

40

60

80

0 0.01 0.02
0

20

40

60

80

-0 .08 -0 .04 0 0.04 0.08
0

20

40

60

80

-0 .12 -0 .06 0 0.06 0.12

b) α =0.766 

Story 8080Story 8080Story 

 Δ i3  Δ i2  Δ i1 

Δ si 

Δ bi 
Δ i 

1st  
mode 

Fig.9 Decomposition into shear and bending drifts (400m model) 

2nd  
mode 

3rd  
mode 

1st  
mode 

2nd  
mode 

3rd  
mode 

0

20

40

60

80

-100 0 100 200 300
0

20

40

60

80

-100 0 100 200 300

Ks⁽¹⁾
Ks⁽²⁾
Ks⁽³⁾

Fig.10 Required shear stiffness for 1st to 3rd modes (400m model) 

00 0 100 200 3
a) α = 1.0 b) α = 0.766 

Ks(j) (103 kN/cm) Ks(j) (103 kN/cm) 

8080Story 8080Story 

0

5

10

15

20

0 0.5 1 1.5 0 0.5 1
0

20

40

60

80

0 3 6 9 0 0.5 1

Story Story 

 (106 kN m)  (106 kN m) 

a) 80m model (20-story) b) 400m model (80-story) 
Moment Mci

(1) / Mi-1
(1) Moment Mci

(1) / Mi-1
(1) 

Fig.8 Overturning moment resisted by column axial force 
under horizontal loading  

Mi⁽¹⁾
Mci ⁽¹⁾

Mi ⁽¹⁾
Mci ⁽¹⁾

─ 796 ─

再校構造系　772号�



4.2

 

 

 

 

 

 

 

 

 

 

 

 

4.4 

5 3.1 B(1) 1

1, i1 M ω2

EIi α (<1) 400m  ( 4) α 

= 0.766 α = 1.0  

9 M j Fi( j ) = ωj2mi ij (6), (7)

B(1) Δ ij

Δ sij , Δ bij j=1 3 Δ bi1

α = 0.766 Δ bi2, Δ bi3

α = 0.766

 

4 3.1 B(1) αEIi

ω2, i2 ω3, i3 M

Ksi(2), Ksi(3) j = 2, 3 M

Fi( j ) Qi( j ), Mi-1( j ) (7) Ksi( j )

(13) 10 Ksi( j )

(13) Δ sij

10 α = 0.766 Ksi( j ) ≈ Ksi B(1)

αEIi , Ksi M ω1 , i1 ω2

i2 ω3 , i3  

M 1 3

B(1)

B(1)

 
4)

400m 8.0

α

M

2.3

 

 

5.  

5.1  
M S, B, B(1)

B(1) 5 80m, 400m

α = 0.790, 0.766 80m

M ntot = 980 S, B, B(1) n = 20, 40, 40

400m M ntot = 6865 S, B, B(1) n = 

80, 160, 160 M

1% 4% 2, 3 80m, 400m

S, B, B(1) M

±3.0 11, 12

βj B (A4) ij

βj ij, βj Δ ij  

a. 80m  

80m S, B, B(1) 1 M

B(1) 2 M

S, B

3 S

4.8% B 1.7% B 1 3

0.94 1 3

 

0

20

40

60

80

0 0.01 0.02
0

20

40

60

80

-0 .08 -0 .04 0 0.04 0.08
0

20

40

60

80

-0 .12 -0 .06 0 0.06 0.12

a) α = 1.0 

Story 
8080Story 8080Story 

 Δ i3  Δ i2  Δ i1 

Δ si 

Δ bi 

Δ i 

0

20

40

60

80

0 0.01 0.02
0

20

40

60

80

-0 .08 -0 .04 0 0.04 0.08
0

20

40

60

80

-0 .12 -0 .06 0 0.06 0.12

b) α =0.766 

Story 8080Story 8080Story 

 Δ i3  Δ i2  Δ i1 

Δ si 

Δ bi 
Δ i 

1st  
mode 

Fig.9 Decomposition into shear and bending drifts (400m model) 

2nd  
mode 

3rd  
mode 

1st  
mode 

2nd  
mode 

3rd  
mode 

0

20

40

60

80

-100 0 100 200 300
0

20

40

60

80

-100 0 100 200 300

Ks⁽¹⁾
Ks⁽²⁾
Ks⁽³⁾

Fig.10 Required shear stiffness for 1st to 3rd modes (400m model) 

00 0 100 200 3
a) α = 1.0 b) α = 0.766 

Ks(j) (103 kN/cm) Ks(j) (103 kN/cm) 

8080Story 8080Story 

0

5

10

15

20

0 0.5 1 1.5 0 0.5 1
0

20

40

60

80

0 3 6 9 0 0.5 1

Story Story 

 (106 kN m)  (106 kN m) 

a) 80m model (20-story) b) 400m model (80-story) 
Moment Mci

(1) / Mi-1
(1) Moment Mci

(1) / Mi-1
(1) 

Fig.8 Overturning moment resisted by column axial force 
under horizontal loading  

Mi⁽¹⁾
Mci ⁽¹⁾

Mi ⁽¹⁾
Mci ⁽¹⁾

B, B(1) M

S

M

3 10%

 

b. 400m  

400m B(1) 1, 2 M

3, 4, 5 +0.4%, 

+1.0%, +1.3%

S, B 1 M

-6.0%, -6.8% S 3

+40.4% B 3

0.3%

 

B(1) 1 3 M

9b

S 1 3

M B M

1 2

10%

 

5.2  

400m S, B

1 M

Ai

Ai

1 14)  

1 Ai

M

1 M

150m
15)  

Ai 1

M 1

1

C 1

 

0

5

10

15

20

-0 .2 -0 .1 0 0.1 0.2
0

5

10

15

20

-0 .2 -0 .1 0 0.1 0.2
0

5

10

15

20

-0 .2 -0 .1 0 0.1 0.2

0

5

10

15

20

-1 .6 -0 .8 0 0.8 1.6
0

5

10

15

20

-1 .6 -0 .8 0 0.8 1.6
0

5

10

15

20

-1 .6 -0 .8 0 0.8 1.6

2nd 
1st 

3rd 

2020Story 

β j ij 

2020Story 

β j Δ ij β j Δ ij β j Δ ij 

β j ij β j ij 

2020Story 

2020Story 

2020Story 

2020Story 

Fig.11 Participation vector of 80m model 

S model B model B(1) model 
M model S, B, B⁽¹⁾model

b) Story drift 

a) Story 
displacement 

Table2 Comparison of vibration periods (80m model) 

M model S model B model B(1) model
(s) (s) (s) (s)

1 3.648 3.649 (+0.0%) 3.649 (+0.0%) 3.648 (+0.0%)

2 1.357 1.391 (+2.5%) 1.365 (+0.6%) 1.357 (+0.0%)

3 0.811 0.845 (+4.8%) 0.825 (+1.7%) 0.817 (+0.8%)

4 0.576 0.614 (+6.5%) 0.595 (+3.2%) 0.589 (+2.2%)

5 0.436 0.475 (+9.1%) 0.459 (+5.4%) 0.455 (+4.3%)

mode

Note:  = error exceeding ±3.0% 
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Table3 Comparison of vibration periods (400m model) 

M model S model B model B(1) model
(s) (s) (s) (s)

1 8.987 8.448 (-6.0%) 8.371 (-6.8%) 8.987 (+0.0%)

2 2.961 3.614 (+22.1%) 2.886 (-2.6%) 2.961 (+0.0%)

3 1.605 2.253 (+40.4%) 1.610 (+0.3%) 1.612 (+0.4%)

4 1.099 1.616 (+47.0%) 1.118 (+1.7%) 1.110 (+1.0%)

5 0.831 1.284 (+54.5%) 0.854 (+2.7%) 0.842 (+1.3%)

mode

Note:  = error exceeding ±3.0% 
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mode M model S model B model B(1) model

1 0.608 0.623 0.616 0.609

2 0.210 0.156 0.201 0.209

3 0.063 0.063 0.061 0.062

4 0.034 0.037 0.033 0.033

5 0.014 0.021 0.014 0.014

Table B1 Effective mass ratio 
a) 80m model b) 400m model 

mode M model S model B model B(1) model

1 0.766 0.766 0.766 0.766

2 0.123 0.118 0.122 0.124

3 0.047 0.048 0.047 0.047

4 0.023 0.024 0.023 0.023

5 0.013 0.013 0.012 0.012

b) Story drifts (BCJ-L2) a) Participation vector 

Fig.C1 Modeling accuracy of S(1) model 
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When a super tall building is designed, a member-to-member model is constructed to represent the assembly of 

columns and beams. The response history analysis using member-to-member model, however, is computationally 

expensive and produces excessive amount of data that are not necessary at the preliminary design stage. Therefore, an 

equivalent mass-spring model with a small number of elements and short analysis time is useful at the initial design 

stage. It promotes accurate and quick decision on the overall performance and economy of the super tall building at the 

critical stage where many different design options are explored.  In addition to the shear deformation typically 

considered, bending deformation becomes large as building becomes taller, which must be simulated by the equivalent 

mass-spring model. In this paper, we propose a new modeling method for an equivalent mass-spring model, the so-called 

“bending-shear model” that can accurately reproduce the dynamic characteristics of the building by using the 

information obtained from the member-to-member model. The bending stiffness and shear stiffness are calculated so 

that the 1st mode frequency and vector as well as the 2nd mode frequency of the bending-shear model match with those 

of the member-to-member model. Instead of typical static lateral load, pure bending moment is applied to the member-

to-member model, and bending stiffness is estimated and calibrated for the bending-shear-model. The displacement and 

acceleration responses of the bending-shear model agree well with those of the member-to-member model. 
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