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Abstract

Computational fluid dynamics (CFD) has been widely used in many engineering and

scientific research fields for decades. For instance, the conservative finite volume (FV)

framework, one of the classical computational fluid dynamics methods is often em-

ployed to solve the compressible flow problems. Most of the classical finite volume

schemes are based on polynomial reconstructions, which is further supplemented with

a nonlinear limiting projection, such as the TVD (Total Variation Diminishing) limiter,

WENO (Weighed Essentially Non-Oscillatory) limiter, hierarchical moment limiter, ar-

tificial viscosity, etc.

In spite of tremendous in many applications, the existing FV schemes still have some

unresolved problems. For example, the excessive numerical dissipation and numerical

oscillation still remain and are problematic for some applications. Furthermore, origi-

nal high order schemes may generate non-physical negative density or pressure (posi-

tivity failure) because of interpolation errors in the vicinity of strong discontinuities or

near-vacuum states. These problems become even more serious and challenges when

simulating the compressible Euler equations with source terms (e.g., gravity, chemical

reaction), or multiphase compressible flows involving moving interfaces. These non-

physical fluid properties might lead to blow-up of the computation and subsequent code

crash.

This thesis for doctoral degree reports my efforts and achievements made in the past

years to resolve the aforementioned problems of existing finite volume method. Sys-

tematic works have carried out to develop novel numerical methods of high-order ac-

curacy, less dissipation and preserved positivity. The major contents of this thesis are

summarized as follows.

Chapter 1: Introduction

In Chapter 1, we describe about the general background of CFD, compressible flow, as

well as the finite volumemethods. The governing equations for compressible flows such
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as Euler equations and extended Euler equations (source terms and multi-phase flows),

are presented in this section. We introduce the conventional finite volume method for

single-phase flows and finite volume wave propagation method for multi-phase flows.

Furthermore, we present two popular numerical schemes under finite volume framework

as MUSCL-type and WENO-type schemes, including the Riemann solvers that we im-

plement in this work. We also present the issues of numerical methods for compressible

flows and our research purposes in this chapter.

Chapter 2: Reconstruction approach by using MOOD and THINC method

Chapter 2 firstly introduces a novel finite volume scheme to solve hyperbolic conser-

vation laws under the multi-dimensional optimal order detection (MOOD) framework.

The concept of this method is to replace the first-order finite volume method by the

tangent of hyperbola interface capturing (THINC) scheme to capture sharply the dis-

continuities. The MOOD algorithm consists of two criteria such as physical admissible

detection (PAD) for positivity-preserving and numerical admissible detection (NAD) for

suppress numerical oscillations as well as computing errors. The numerical tests show

that the proposed scheme can achieve high order accuracy gained by polynomial based

reconstruction in smooth regions and capture discontinuous solution without spurious

oscillation and with less numerical dissipation.

Chapter 3: Solution property preserving reconstruction: BVD+MOOD scheme

In Chapter 3, we develop a general formulation of reconstruction in finite volumemethod

by integrating the boundary variation diminishing (BVD) and multi-dimensional opti-

mal order detection (MOOD) methodologies by blending of high-/low-order polynomi-

als and hyperbolic tangent reconstructions. As a concrete example, we propose a high-

resolution scheme under a three-stage cascade BVD algorithm and MOOD method to

fulfill the essentially non-oscillation, shock capturing and positivity-preserving proper-

ties. This novel algorithm is a limiting-free solution property preserving scheme and it

shows competitive performance compared to well-known high-order schemes. The new

scheme is so-called multi-stage BVD-MOOD approach. For BVD reconstruction strat-

egy, the linear fifth-order upwind or piecewise quartic method (PQM) on fourth-degree

of polynomial (P4) is implemented as one of the candidate reconstruction functions to
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capture smooth solutions. Other candidate reconstruction functions use tangent of hy-

perbola interface capturing (THINC) functionswith different controlling the slope (jump

thickness) to eliminate the numerical oscillation and to capture sharply all discontinu-

ities. Furthermore, a MOOD algorithm performs and detects a candidate solution by

PAD ensuring as such the positivity-preserving property. Verified through the numeri-

cal benchmark tests involving vacuum or near vacuum states, strong discontinuities and

also smooth flows, the present scheme is effectively able to resolve both smooth and

discontinuous solutions and preserve the positivity.

Chapter 4: BVD+MOOD scheme for compressible Euler equations with source

terms

In Chapter 4, we extend our new approach (multi-stage BVD-MOOD) for the compress-

ible Euler equations supplemented with source terms (e.g. gravity, chemical reaction).

We briefly introduce the numerical methods to solve the Euler equations with source

terms by operator splitting into convection operator and source term or reaction operator.

One of the main challenges when simulating these models is the occurrence of negative

density or pressure during the time evolution, which leads to a blow-up of computation.

According to the numerical benchmark tests, the present scheme can preserve the phys-

ical properties of the numerical solution still enduring robustness and accuracy when

and where appropriate. Moreover, it provides excellent solution quality competitive to

other existing schemes for reactive compressible gas dynamics.

Chapter 5: Implementation of BVD+MOOD scheme for compressible multi-phase

flows

The newly proposed scheme is applied to solve the five-equation model for interface

two-phase flows in Chapter 5. This scheme is implemented in finite volumewave propa-

gationmethod, which realizes the consistency among volume fraction and other physical

variables. Due to the BVD principle that selects the appropriate reconstruction operator

for the target cell, the dissipation error in numerical solution is effectively minimized.

More importantly, this approach is able to resolve discontinuous solutions which are

sharper than other existing schemes, even for a long-term computation. The numeri-

cal results demonstrate that the present scheme is able to capture sharply the material
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interface without additional “anti-diffusion” or “artificial compression” treatment.

Chapter 6: Conclusions and future work

In Chapter 6, we make conclusions for this research work. The major contributions of

the current study and discussion about the future work are highlighted. The presented

novel numerical methods are able to obtain accurate solutions for both smooth and dis-

continuous flow structures with strong robustness for complex compressible flows, as

well as interface two-phase flows. According to their algorithmic simplicity, proposed

methods can be expected as very promising numerical tools for a wide range of engi-

neering applications.



v

Acknowledgment

This research project could not have been completed without the help, encourage, advi-

sory and support. I would like to take this opportunity to express my immense gratitude

to all those persons who have given their invaluable support and assistance.

First of all, I would like to express my deep and sincere gratitude to my supervisor, pro-

fessor Feng XIAO for his guidance, instructions, help and support, so I can accomplish

my thesis. His office’s door is always opened. It is my great opportunity to be one of

his students and under his supervision. During three years and a half, I truly enjoyed

working in a good research environment that stimulates original thinking and initiative

which he created. He always shares us with his research experience and knowledge dur-

ing lab meeting as well as research seminar. I have gained a lot of experiences not only

in academic research but also my future life in the society. Thank prof. XIAO again,

and I greatly appreciate his commitment to advise me during three years and a half of

my study at his laboratory. Especially, He always support and take good care of all his

students during the hardest time of COVID-19 pandemic.

Secondly, I would like to offer my special thank to professor Raphaël LOUBÈRE in

Université de Bordeaux for patient guidance, enthusiastic encouragement and all his

efforts in research collaboration. He gave me great help, ideas and guidance during his

visit in Tokyo. He also advised me to improve the quality of my research work as well

as journal publications. I am so glad that I have good opportunity to get the instructions

from prof. LOUBÈRE.

Then, I wish to acknowledge Dr. Jin Peng who is my senior and tutor during I am a

research student for his guidance, teaching coding skills and helpful discussion on my

research project. Beside of research work, he also helps me to access and guide me to

some places in Tokyo to make me a comfortable daily life in Tokyo as an international

student.



vi

In addition, I must thank Dr. Deng Xi who is one of my senior for his help, guidance and

support. It is impossible for me to finish the work during doctoral program without his

help and guidance. He teaches me a lot about CFD. He always help me to solve many

problems that I face in my research and he always give me solution when I have trouble

with my coding program. Discussing with him and my advisor is also very enjoyable.

I thank all my and senior and fellow labmates in Xiao lab, Jin Jonghoon, Andrés, Saito,

Hashiguchi, Shimizu, Miyakawa, Koseki, Cheng, Li, Wakimura and Hirakawa. During

the finish of this thesis, they all provide me with kinds supports on both the research and

daily life. We have a lot of memories in working together and have a lot of fun during

these years.

I would like to thank Japanese International Cooperation Agent (JICA) for providing

me the scholarship and financial support that made this research work possible. Also, I

must thank to JICA’s officers (Yokohama center and Tokyo center) for their support and

help. They take good care of me during my study in Japan.

Last, but definitely not the least, I am greatly indebted to my family, specially to my

beloved wife who always stands by me to encourage and support. It was my parents,

parents-in-law and my lovely wife’s unconditional love, care and tolerance which the

hardship of doing research and writing thesis. Without their support and encourage, I do

not think that I could overcome the difficulties and accomplish this work during these

three years and a half.



Contents

Abstract i

Acknowledgments v

List of Figures xi

List of Tables xix

Abbreviations xx

1 Introduction 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Governing Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 Euler equations . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.2 Extended Euler equations with source terms . . . . . . . . . . . 3

1.2.3 Five-equation model for compressible multi-phase flows . . . . 4

1.3 Finite volume method for hyperbolic system . . . . . . . . . . . . . . . 6

1.3.1 Finite volumemethod and finite volumewave propagationmethod 6

1.3.2 Time integration . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.3 Local reconstruction processes . . . . . . . . . . . . . . . . . . 10

1.3.4 Riemann solvers . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.4 Issues of numerical methods for compressible flows . . . . . . . . . . . 18

1.5 Objectives of research study . . . . . . . . . . . . . . . . . . . . . . . 21

1.6 Outline of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

vii



viii

2 Reconstruction approach by using MOOD and THINC method 25

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Reconstruction schemes used in MOOD algorithm . . . . . . . . . . . 26

2.2.1 Piecewise parabolic reconstruction . . . . . . . . . . . . . . . . 26

2.2.2 Piecewise quartic reconstruction . . . . . . . . . . . . . . . . . 26

2.2.3 Tangent hyperbolic interface capturing function . . . . . . . . . 27

2.3 Multi-dimensional optimal order detection algorithm . . . . . . . . . . 28

2.3.1 Physical admissible detection (PAD) . . . . . . . . . . . . . . . 29

2.3.2 Numerical admissible detection (NAD) . . . . . . . . . . . . . 30

2.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4.1 Scalar conservation laws . . . . . . . . . . . . . . . . . . . . . 32

2.4.2 Euler equations . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3 Solution property preserving reconstruction: BVD+MOOD scheme 43

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.2 Numerical algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Finite Volume semi-discretization . . . . . . . . . . . . . . . . 46

3.2.2 Time integration . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3 Solution property preserving reconstruction . . . . . . . . . . . . . . . 48

3.3.1 RHO: P4 unlimited polynomial reconstruction . . . . . . . . . . 50

3.3.2 RLO: no reconstruction/P0 polynomial . . . . . . . . . . . . . . 51

3.3.3 RENO,RSHARP: THINC reconstruction with β ≤ 1.2 or β ≥ 1.6 51

3.3.4 Robustness and physical admissibility via an a posterioriMOOD

procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3.5 Illustration of the behavior of the reconstructionsR . . . . . . . 55

3.3.6 Local selection of reconstruction operator: a 3-stage BVD al-

gorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.4 Extension to 2D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.4.1 Two dimensional finite volume framework . . . . . . . . . . . 60

3.4.2 Reconstruction operators . . . . . . . . . . . . . . . . . . . . . 61



ix

3.4.3 Discussion on accuracy and efficiency . . . . . . . . . . . . . . 62

3.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.5.1 One-dimensional linear advection equation . . . . . . . . . . . 64

3.5.2 One-dimensional Euler equations . . . . . . . . . . . . . . . . 65

3.5.3 Two-dimensional Euler equations . . . . . . . . . . . . . . . . 72

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4 BVD+MOOD scheme for compressible Euler equations with source terms 88

4.1 Issues of existing high-order finite volume methods . . . . . . . . . . . 88

4.2 Solution procedure for compressible Euler equations with source terms . 90

4.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . 90

4.2.2 Operator splitting . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.2.3 Finite volume method . . . . . . . . . . . . . . . . . . . . . . 92

4.2.4 Time Integration . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.3 Review of reconstruction schemes for solution property preserving . . . 95

4.3.1 Candidate reconstruction schemes . . . . . . . . . . . . . . . . 95

4.3.2 A 3-stage BVD algorithm: local reconstruction selector . . . . . 96

4.3.3 Positivity-preserving and physical admissibility via an a poste-

rioriMOOD algorithm . . . . . . . . . . . . . . . . . . . . . . 99

4.4 Extensions to multi-space dimensions . . . . . . . . . . . . . . . . . . 100

4.5 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.5.1 Homogeneous Euler equations . . . . . . . . . . . . . . . . . . 103

4.5.2 Euler equations with gravitational source terms . . . . . . . . . 107

4.5.3 The reactive Euler equations – Detonation waves . . . . . . . . 110

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5 Implementation of BVD+MOODscheme for compressiblemulti-phase flows129

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.2 Solution procedures for compressible two-phase flows by using five-

equation model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . 131



x

5.2.2 Solution procedures with finite volume wave propagation method132

5.2.3 Time integration . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.3 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.3.1 Passive advection of a square liquid column . . . . . . . . . . . 136

5.3.2 Two-material impact problem . . . . . . . . . . . . . . . . . . 137

5.3.3 Shock interface interaction problem . . . . . . . . . . . . . . . 140

5.3.4 Gas/gas shock tube problem . . . . . . . . . . . . . . . . . . . 141

5.3.5 Gas-liquid Riemann problem . . . . . . . . . . . . . . . . . . . 142

5.3.6 Air-water shock problem . . . . . . . . . . . . . . . . . . . . . 143

5.3.7 Two dimensional shock-bubble interactions . . . . . . . . . . . 144

5.3.8 Two dimensional collapse of an air cavity in water . . . . . . . 149

5.3.9 Underwater explosion . . . . . . . . . . . . . . . . . . . . . . 150

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6 Conclusions and future work 155

6.1 Problems and research purposes . . . . . . . . . . . . . . . . . . . . . 155

6.2 Major contributions of the current study . . . . . . . . . . . . . . . . . 157

6.3 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

Bibliography 161



List of Figures

2.1 Sketch of multi-dimensional optimal order detection process . . . . . . 29

2.2 Advection of square waves with 100 uniform mesh at t = 1.0 – solid

line: Exact solution, symbol: Numerical solution. . . . . . . . . . . . . 33

2.3 Numerical results for advection of complex waves with 200-cell mesh

after one period (t = 2.0) – solid line: Exact solution, symbol: Numer-

ical solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.4 Numerical solutions for Burger’s equation with sine wave initial condi-

tion on a 100-grid cells until t = 1.5/π. – solid line: Exact solution,

symbol: Numerical solution. . . . . . . . . . . . . . . . . . . . . . . . 36

2.5 Numerical solutions for Burger’s equation with square-pulse initial con-

dition on a 80-cell grid at t = 0.2. – solid line: Exact solution, symbol:

Numerical solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.6 Numerical solutions for Burger’s equation with square-pulse initial con-

dition on a 80-cell grid at t = 0.2. – solid line: Exact solution, symbol:

Numerical solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.7 Numerical results of SOD’s problem at time t = 0.25 with 100 cells. –

solid line: Exact solution, symbol: Numerical solution. . . . . . . . . . 41

2.8 Numerical results of Lax’s problem at time t = 0.16 with 100 cells. –

solid line: Exact solution, symbol: Numerical solution. . . . . . . . . . 42

3.1 Sketch of the finite volume scheme with the reconstruction operator, the

flux computation and the Runge-Kutta iterative method. . . . . . . . . 48

xi



xii

3.2 Illustration of the Solution Property Preserving Reconstruction. RHO is

high order reconstruction operator,RENO is an essentially non-oscillatory

one,RSHARP is a sharp one. First the selector chooses between HO and

ENO to get reconstruction number 1. Then the selector picks either re-

construction 1 or SHARP to get reconstruction number 2. . . . . . . . 50

3.3 Stencil selection for the right/left interface i± 1/2 . . . . . . . . . . . 50

3.4 Left panel: Examples of THINC reconstruction qi(x) as a function of β

for q̄i = 0.4 case over unit-length cell — Right panel: Imaginary parts

of modified wave-number from THINC schemes with β = 1, 1.1, 1.2,

and 1.3. The results for some TVD schemes limited with minmod, van

Leer or superbee slope limiter are also displayed. (The picture focuses

on small wave-numbers.) . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 Sketch of the Finite Volume scheme with a posterioriMOOD procedure

which detects troubled cells (the ones where positivity is violated, or

where NaN is occurring), then recomputes the solution by a first order

Godunov scheme (no reconstruction). The neighbor cells of a troubled

cell must also be re-updated. Contrarily valid cells are accepted without

any modification. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.6 Advection of a sine profile (left panel) and a step profile (right panel)

by the FV schemes using different reconstruction operatorsR. Displays

are the results ofRHO,RLO,RENO2 ,RENO1 andRSHARP reconstructions

against the exact solution. . . . . . . . . . . . . . . . . . . . . . . . . 56

3.7 Stencil in 2D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.8 Numerical results for the advection of complex waves with 200 grid

cells after one period (t = 2.0) computed by WENO-Z scheme and the

proposed one. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.9 Numerical results for Euler equations – 123 problem – 400 cells – From

left to right: density, velocity and internal energy. . . . . . . . . . . . . 66

3.10 Numerical results for Euler equations – Sedov problem – 800 cells –

From left to right: density, velocity and pressure. . . . . . . . . . . . . 67



xiii

3.11 Numerical results for Euler equations – Sod (top) and Lax (bottom)

shock tube problems – 200 cells – From left to right: density, veloc-

ity and pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.12 Numerical results for Euler equations – Le Blanc problem – 800 cells –

From left to right: density, velocity and specific internal energy. . . . . 69

3.13 Numerical results for Euler equations – Collela-Woodward blast-wave

problem – 400 cells – From left to right: density, velocity and pressure. 70

3.14 Numerical results for Euler equations – Shu-Osher problem – Density

for 300, 600, 1000 cells from left to right – Top panels: full view –

Bottom panels: zoom. . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.15 Numerical results for Sod (top panels), Collela-Woodward blast-wave

(middle panels) and Le Blanc (bottom panels) problems – Cell number

in x axis, time iteration in y axis – Each cell (x-direction) is colored

according to the selector as a function of time-steps, red for HO, blue

for SHARP and green for ENO1 or ENO2 reconstruction – From left to

right: characteristic variablesW1,W2,W3. . . . . . . . . . . . . . . . . 71

3.16 Numerical results for Riemann problems computed by WENO-Z and

the present scheme with 400 × 400 mesh cells – 30 contours from min

to max values for density – Left: WENO-Z scheme; Right: Present

scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.17 Numerical results for Riemann problems computed by WENO-Z and

the present scheme with 400 × 400 mesh cells – 30 contours from min

to max values for density – Left: WENO-Z scheme; Right: Present

scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.18 Numerical results for Riemann problems computed by WENO-Z and

the present scheme with 600 × 600 mesh cells – 40 contours from min

to max values for density – Left: WENO-Z scheme; Right: Present

scheme, showing the Kelvin-Helmholtz instability on the shear waves. 76



xiv

3.19 Numerical results for the 2D Euler equations – Double Mach reflection

problem at time t = 0.2 simulated by the present scheme with different

mesh numbers – Density variable in color and with 30 contour iso-lines

spanning the interval [1.4, 22.5] – Top panels: 320 × 100 mesh cells;

Middle panels: 640× 200 mesh cells; Bottom panels: 960× 300 mesh

cells. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.20 Numerical results for the 2D Euler equations – Double Mach reflection

problem at time t = 0.2 simulated by the present scheme with different

mesh numbers – Density variable in color and with 30 contour iso-lines

spanning the interval [1.4, 22.5] – Left panels: 320 × 100 mesh cells;

Middle panels: 640×200mesh cells; Right panels: 960×300mesh cells. 78

3.21 Numerical results for the 2D Euler equations – Shock-vortex interaction

problem at final time – 30 contours from 0.95 to 1.35 for density – Left:

WENO-Z scheme; Right: Present scheme. . . . . . . . . . . . . . . . 79

3.22 The numerical results for 2D Sedov blast waves problem at time tfinal =

1 with 120 mesh cells — Left: Density profile along y = 0 line vs the

exact solution; Middle: 10 density contours from 0 to 6; Right: Surface

of density profile. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.23 Numerical results for the 2D Euler equations – Mach jet 80 problem at

time tfinal = 0.07 with 448 × 224 mesh cells simulated by the present

scheme. Density, pressure and temperature maps in logarithmic scales. 81

3.24 Numerical results for the 2DEuler equations –Mach jet 2000 problem at

time tfinal = 0.001 with 640× 320mesh cells simulated by the present

scheme. Density, pressure and temperature maps in logarithmic scales. 82

3.25 Numerical results for the 2D Euler equations – Shock Diffraction Prob-

lem 20 contours from 0.06 to 7.1 for density variable – Left: ∆x =

∆y = 1
32
; Right: ∆x = ∆y = 1

64
. . . . . . . . . . . . . . . . . . . . . . 83

3.26 Numerical results for the 2D Euler equations – Shock Diffraction Prob-

lem 40 contours from 0.08 to 32 for pressure variable – Left: ∆x =

∆y = 1
32
; Right: ∆x = ∆y = 1

64
. . . . . . . . . . . . . . . . . . . . . . 84



xv

4.1 Sketch of Reconstruction schemes for Solution Property Preserving and

BVD algorithm for a given cell. At stage 1, the BVD algorithm selects

between RHO and RENO reconstructions to get the most suitable of the

two, say R1. Then, At stage 2, BVD chooses either reconstruction R1

orRSHARP to getR2 as the final reconstruction to be used to update the

current cell. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.2 Sketch of FVmethod with an a posterioriMOOD algorithm. If the pos-

itivity is violated or a NaN is occurring, the Detection procedure (PAD or

NAD) marks the troubled cells. Then, those troubled cells and their di-

rect neighbors are sent back to tn for a re-computation by the first order

Godunov scheme (using P0 reconstruction). Otherwise, the valid cells

are accepted as the final solution. . . . . . . . . . . . . . . . . . . . . 100

4.3 Numerical results for 2D explosion test –Density variable—Left: bird’s

eye view of density distribution computed by present scheme; Right:

Cut-off profile along the radial direction. . . . . . . . . . . . . . . . . 104

4.4 Numerical results for Riemann problems 1, 2, 3, 4 – Density variable

— Left: WENO-JS scheme; Right: Present scheme. . . . . . . . . . . . 105

4.5 Numerical results for forward facing step problem at tfinal = 4 simulated

by the present scheme – Top-panel: Bird’s eye view of density (color

and elevation) with mesh size 1/240; Left-panel: 2D view, mesh size

1/160; Right-panel: 2D view, mesh size 1/240. . . . . . . . . . . . . . 108

4.6 Density profile with 15 iso-contour lines for the Rayleigh-Taylor insta-

bility problem at tfinal = 1.95. Left panel: WENO-JS scheme; Right

panel: Present scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.7 Numerical results for two-dimensional double rarefaction waves under

gravity – (a) 60 equally spaced contour lines of density from 0 to 60; (b)

the cutting lines along y-direction which is y = 1.7875, the solid line

is the numerical solution fo 400× 400 mesh cells and the symbol is the

numerical solution of 80× 80mesh; (c) Bird’s eye view for 3D density.

(color and elevation). ; (d) Extruded 3D pressure (color and elevation). 111



xvi

4.8 Numerical results for density, mass fraction, pressure and temperature

of Arrhenius case at time tfinal = 1.8 – Left: WENO-JS scheme; Right:

Present scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.9 Numerical results for density, mass fraction, pressure and temperature

of Heaviside model at time tfinal = 3× 10−7 – Left: WENO-JS scheme;

Right: Present scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.10 Numerical results for density, mass fraction, pressure and temperature

of interaction between a detonation wave and an oscillatory profile at

time tfinal = π
5
– Left: WENO-JS scheme; Right: Present scheme. . . . . 117

4.11 Numerical results for density, mass fraction, pressure and temperature of

collision of two detonations at time tfinal = 4 – Left: WENO-JS scheme;

Right: Present scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.12 Numerical results for density, mass fraction, pressure and temperature of

collision of two detonations at time tfinal = 6 – Left: WENO-JS scheme;

Right: Present scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.13 Numerical results for numerical convergence study – (a) Color map of

density; (b) Cut along the line y = 0.25 for density; (c) Color map of

pressure; (d) Cut along the line y = 0.25 for pressure. . . . . . . . . . . 123

4.14 2D Reactive Euler equations—Diffraction of detonation waves—Nu-

merical results of a 90o corner test case at time tfinal = 0.6 with 400 ×

400mesh cells simulated by the BVD-MOOD scheme – Top-left panel:

Density variable; Top-right panel: Pressure variable; Bottom-left panel:

Temperature variable; Bottom-right panel: Mass fraction variable. . . . 124

4.15 2D Reactive Euler equations—Diffraction of detonation waves—Nu-

merical results of 180o corner test case at time tfinal = 0.68 with 480 ×

400mesh cells simulated by the BVD-MOOD scheme – Top-left panel:

Density variable; Top-right panel: Pressure variable; Bottom-left panel:

Temperature variable; Bottom-right panel: Mass fraction variable. . . . 125



xvii

4.16 2D Reactive Euler equations—Diffraction of detonation waves—Nu-

merical results of multiple obstacles problem at time tfinal = 1.4 with

332× 400mesh cells simulated by the BVD-MOOD scheme – Top-left

panel: Density; Top-right panel: Pressure; Bottom-left panel: Temper-

ature; Bottom-right panel: Mass fraction. . . . . . . . . . . . . . . . . 126

5.1 Numerical results computed by WENO-Z scheme and present scheme

for volume fraction, density of fluid 1, pressure and velocity of passive

advection of a square liquid column at time tfinal = 10 ms. . . . . . . . . 138

5.2 Numerical results computed by WENO-Z scheme and present scheme

for volume fraction, partial densities and velocity of copper and inert

explosive impact problem at tfinal = 85µs. . . . . . . . . . . . . . . . . 139

5.3 Numerical results computed by WENO-Z scheme and present scheme

for helium volume fraction, total density, pressure and velocity of shock/interface

interaction problem at tfinal = 0.07. . . . . . . . . . . . . . . . . . . . . 141

5.4 Numerical results computed by WENO-Z scheme and present scheme

for the volume fraction, partial density (density of fluid 1), pressure and

velocity of gas/gas shock tube problem at tfinal = 0.01. . . . . . . . . . 142

5.5 Numerical results computed by WENO-Z scheme and present scheme

for the volume fraction, partial density (density of fluid 1), pressure and

velocity of gas/gas shock tube problem at tfinal = 0.2. . . . . . . . . . . 144

5.6 Numerical results computed by WENO-Z scheme and present scheme

for the volume fraction, partial density (density of fluid 1), pressure and

velocity of gas/gas shock tube problem at tfinal = 0.2. . . . . . . . . . . 145

5.7 Schematic diagram of the computational domain (mm) for the shock-

bubble interactions (air-R22 and air-He) cases. . . . . . . . . . . . . . 146

5.8 Numerical results for density computed by present scheme of air-R22

problem at four different time instants – From top to bottom: 55µs,

190µs, 250µs, and 420µs. . . . . . . . . . . . . . . . . . . . . . . . . 147



xviii

5.9 Numerical results for density computed by present scheme of air-Helium

problem at four different time instants – From top to bottom: 30µs,

245µs, 380µs, and 834µs. . . . . . . . . . . . . . . . . . . . . . . . . 148

5.10 Schematic diagram of the computational domain for the collapse of an

air cavity in water. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

5.11 Numerical results for density computed by present scheme of collapse

of an air cavity in water problem at four different time instants – From

top to bottom: 10ms, 15ms, 18ms, and 20ms. . . . . . . . . . . . . . . 151

5.12 Numerical results for density and volume fraction for underwater explo-

sion computed by the present scheme — From top to bottom: 0.2ms,

0.95ms, 1.26ms and 1.90ms— Left: Density; Right: Volume fraction. 153

5.13 Distribution of VOF function along x = 0 cross-section for underwater

explosion test — Left: 0.2ms, 0.95ms; Right: 1.26ms, 1.90ms. . . . . 154



List of Tables

2.1 Numerical errors and convergence rates for 1D advection at t = 2.0 . . 32

3.1 Table of reconstructions used in this work and their associated target

property. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2 Initial left and right states for the density ρ, velocity u and the pressure

p for the shock tube problems. The final simulation times tfinal, domain

size and the position of the initial discontinuity xd are also given. . . . . 67

3.3 Percentage of cells dealt with the SHARP,HO,ENO reconstructions for

the three characteristic variablesW1,W2,W3 and three 1D test cases. . . 72

3.4 Initial conditions for the 2D Riemann problems numbered from 1 to 5.

These further correspond to Configurations 3, 4, 6, 8 and 12 in [63] . . 73

3.5 Percentage of cells dealt with the SHARP,HO,ENO,P0 reconstructions

for the four characteristic variablesW1,W2,W3,W4 and five test cases. 85

4.1 Table of reconstructions and their associated target property. . . . . . . 96

4.2 Initial conditions for the 2D Riemann problems (RP) numbered from 1

to 4. These data correspond to Configurations 5, 7, 11 and 17 in [63]. . 106

5.1 Material quantities for copper (k = 1) and explosive (k = 2) in Cochran-

Chan equation of state Eq.(5.22). . . . . . . . . . . . . . . . . . . . . . 138

xix



Abbreviations

CFD Computational Fluid Dynamics

FV Finite Volume

EOS Equation of State

CFL Courant-Friedrich-Lewy

BVD Boundary Variation Diminishing

FCT Flux Corrected Transport

DG Discontinuous Galerkin

MUSCL Monotone Upstream-centered Scheme for Conservative Laws

TVD Total Variation Diminishing

TBV Total Boundary Variation

PPM Piece-wise ParabolicMethod

PQM Piece-wise QuarticMethod

PHO Polynomial-based High-Order

ODE Ordinary Differential Equation

PDE Partial Differential Equation

ENO Essentially Non-Oscillatory

THINC Tangent of Hyperbola INterface Capturing

MOOD Multi-dimensional Optimal Order Detection

DMP DiscreteMaximum Principle

RDMP Relaxation DiscreteMaximum Principle

PAD Physical Admissible Detection

xx



xxi

NAD Numerical Admissible Detection

NaN Not-a-Number

HLL Harten Lax vanLeer

HLLC Harten Lax vanLeer Contact

RK3 Third-order TVD Runge Kutta

SSPRK Strong Stability Preserving Runge-Kutta

WENO Weighted Essentially Non-Oscillatory

CWENO CentralWeighted Essentially Non-Oscillatory

VIA Volume-Integrated Average

VOF Volume of Fluid



Chapter 1

Introduction

1.1 Background

When a fluid flows with a speed that Mach number is much greater than zero, it is called

compressible flow which the density of fluid having significant change. The density

changes the temperature, and then the temperature changes due to the kinetic energy,

associated with the velocity changes, therefore it has influence the flow. Especially, the

compressible flow is implemented in many fields such as modern high-speed aircraft,

natural gas pipeline, gas turbine, stream turbine, rocket motors and combustion chamber

for car engine. However, the knowledges of compressible fluid flows are required due

to the significant effect of fluid compressibility. For example, in combustion engine, the

compressible flows become more complex because they involve high compressibility,

multi-components or chemical reaction. Since the complexity of the flow structures is

governing by PDEs, the analytical approaches are not available and difficultly make ex-

perimental techniques in many cases. Development of numerical methods for complex

compressible flows is an active and challenging research area.

Computational fluid dynamics (CFD) has beenwidely used inmany engineering and sci-

entific research fields for decades. CFD is the most powerful and reliable tool to solve

fluid mechanics problems in scientific research and engineering applications which in-

volve complex geometries and complex flow structures (shock waves and vortex flows),

aswell as compressible flows. For instance, the conservative finite volume (FV)method,

1
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one of the classical computational fluid dynamics algorithms is often employed to solve

the compressible flow problems because of its rigorous numerical conservation. Ac-

cording to this conservativeness, high-order accuracy both smooth and discontinuous so-

lutions, computational efficiency, robustness and flexibility with geometries, FV meth-

ods are popularly employed in numerical solvers for real-case engineering applications.

Therefore, the numerical methods have been consecutively developed over the past

decades under finite volume framework including low and high order schemes. Most

of the classical finite volume schemes are based on a (linear) polynomial reconstruc-

tion, which is further supplemented with a nonlinear limiter (slope limiter), (C)WENO

blending, hierarchical moment limiter, artificial viscosity, etc.

The main core of CFD is to provide reliable and high efficient numerical algorithms.

Thus, in CFD, the explorations of numerical methods with high-order accuracy, high

efficiency and robustness are highly demanded. In the following sections, we intro-

duce the current state of development of high-resolution numerical methods under fi-

nite volume framework, along with the issues of compressible flows that we are going

to describe in this thesis.

1.2 Governing Equations

The fundamental equations for compressible flows are presented in this section such

as Euler equations and extended Euler equations (source terms/detonations and multi-

phase flows).

1.2.1 Euler equations

The one dimensional Euler equations for compressible gas dynamics consists of conser-

vation laws of mass, momentum and total energy as following

∂U

∂t
+

∂F (U)

∂x
= 0, t ≥ 0, x ∈ R (1.1)
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where

U(x, t) =


ρ

ρu

E

 , F(U) =


ρu

ρu2 + p

u(E + p)

 (1.2)

Here ρ, u, p are the density, velocity, and pressure, respectively. E is the total energy

expressed as E = e +
1

2
ρu2 and e is the specific internal energy. For ideal gas, the

pressure can be computed by the equation of state (EOS) is defined as p = (γ − 1)ρe

where γ is the ratio of specific heats. The total enthalpy is computed byH = (E+p)/ρ.

1.2.2 Extended Euler equations with source terms

The general form of one dimensional Euler equations with source terms is defined as

∂U

∂t
+

∂F (U)

∂x
= S(U); t ≥ 0, x ∈ R (1.3)

whereU(x, t) = (ρ, ρu, E)T ,F (U) = [ρu, ρu2+p, (E+p)u]T and ρ, u, p are the density,

velocity and pressure, respectively. E is the total energy expressed as E = e +
1

2
ρu2

and e is the internal energy, they are linked to the pressure through an equation of state

(EOS) p ≡ p(ρ, e) from which we can define the sound speed a > 0. S(U) is the source

terms, i.e. gravity acceleration and detonation models of premixed reactive gases.

The time-dependent inviscid compressible flow with reaction between two chemical

states in one-dimensional space is considered. The homogeneous Euler system (1.1)

(i.e. with S(U) = 0) is supplemented with an equation on the mass fraction of the

unburnt gas α as
∂

∂t
(ρα) +

∂

∂x
((ρα)u) = K(T ) (ρα), (1.4)

whereK(T ) is the chemical reaction rate. The pressure is obtained from an equation of

state like

p = (γ − 1)

(
E − 1

2
ρu2 + R

)
, (1.5)

where R = −q0 (ρα) models the heat released from the chemical reaction processes,

and q0 denotes the chemical heat release. The temperature is computed by T = p
ρ
and
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we set the γ to 1.4, otherwise mentioned. The reaction rateK(T ) can be modeled with

the so-called Arrhenius kinetics [109] as

K(T ) = K0 exp
(
−Tign

T

)
, (1.6)

where K0 the pre-exponential coefficient and Tign the ignition (or activation) tempera-

ture are model parameters. When the source term becomes stiff, the reaction rate may

be modeled by a Heaviside kinetics as

K(T ) =


1
ξ

if T ≥ Tign,

0 if T < Tign.

(1.7)

where ξ represents the reaction time.

1.2.3 Five-equation model for compressible multi-phase flows

There are several numerical models have been proposed for simulating the compressible

multi-phase flows such as four-equation model [1] and five-equation model [4], etc.

The five-equation model is employed in this present work for simulating the inviscid

compressible two-phase flows. In this five-equation model, the velocity and pressure

of the mixture are assumed to be equilibrium for material interface. The five-equation

model consists of two continuity equations for phasic mass, a momentum equation, an

energy equation, and an advection equation of volume fraction as follows

∂

∂t
(α1ρ1) +∇ · (α1ρ1u) = 0,

∂

∂t
(α2ρ2) +∇ · (α2ρ2u) = 0,

∂

∂t
(ρu) +∇ · (ρu⊗ u) +∇p = 0,

∂E

∂t
+∇ · (Eu+ pu) = 0,

∂α1

∂t
+ u · ∇α1 = 0,

(1.8)
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where ρk andαk are the kth phasic density and volume fraction, respectively, for k = 1, 2

which αk ∈ [0, 1], u is the vector of mixture velocity, p is the mixture pressure, and E

is the total energy.

This five-equation model is not closed. To close the system, a mixture of two Mie-

Grüneisen fluids for equation of state [98] is considered

pk (ρk, ek) = p∞,k (ρk) + ρkΓk (ρk) (ek − e∞,k (ρk)) , (1.9)

where Γk = (1/ρk) (∂pk/∂ek)|ρk is the Grüneisen coefficient, and p∞,k, e∞,k are the

properly chosen states of the pressure the internal energy along some reference curves

(e.g., along an isentrope, a single shockHugoniot, or the other empirically fitting curves)

in order to match the experimental data of the examined material [77]. The parameters

Γk, p∞,k and e∞,k can be simplified as functions of density only. This Mie-Grüneisen

equation of state can be approximated awide variety ofmaterials including some gaseous

or solid explosives and solid metals under high pressure.

For conservativeness constraints, the global quantities and thermodynamical parameters

for the mixture can be defined as follows

α1 + α2 = 1,

α1ρ1 + α2ρ2 = ρ,

α1ρ1e1 + α2ρ2e2 = ρe.

(1.10)

From [98] under the isobaric assumption, the Grüneisen coefficient, reference pressure

p∞ and reference internal energy e∞ can be expressed as

α1

Γ1 (ρ1)
+

α2

Γ2 (ρ2)
=

1

Γ
,

α1ρ1e∞,1 (ρ1) + α2ρ2e∞,2 (ρ2) = ρe∞,

α1
p∞,1 (ρ1)

Γ1 (ρ1)
+ α2

p∞,2 (ρ2)

Γ2 (ρ2)
=

p∞(ρ)

Γ(ρ)
,

(1.11)
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then, the mixture pressure is calculated by

p =

(
ρe−

2∑
k=1

αkρke∞,k (ρk) +
2∑

k=1

αk
p∞,k (ρk)

Γk (ρk)

)/ 2∑
k=1

αk

Γk (ρk)
. (1.12)

These mixing rules of Eq.(1.11) and Eq.(1.12) are ensuring that the mixture pressure is

free of spurious oscillations across the material interfaces[1, 2, 96, 97, 98]. Under iso-

baric assumption [4], the sound speed of mixture could be calculated as the volumetric

average of the phasic sound speeds as

c2 = α1c
2
1 + α2c

2
2 (1.13)

Note: The time step is restricted with the local wave speed and local sound speed since

sound speed is totally different from different materials.

1.3 Finite volume method for hyperbolic system

One of the classical CFD numerical methods, the finite volume (FV) methods are popu-

larly used for compressible flows due to its rigorous numerical conservation. Hence, in

present work, the high-solution property-preserving numerical schemes are developed

under finite volume framework.

1.3.1 Finite volume method and finite volume wave propagation

method

The one dimensional scalar conservation law under the form is considered

∂U

∂t
+

∂F (U)

∂x
= 0, (1.14)

where U(x, t) is the solution variable and F (U) is the flux function. Because (1.14) is

hyperbolic, the characteristic speed α = F ′(U) is a real number in 1D.

The space computational domain is defined as Ω = [xL, xR] and divided into N cells,

Ii = [xi−1/2, xi+1/2], for i = 1, 2, ..., N . The grid size is uniform over the computational
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domain and denoted by∆x = xi+1/2−xi−1/2. The time coordinate is t and t ≤ T , where

T > 0 is the final time. The time interval [0, T ] is split into time steps [tn, tn+1], the size

of the time-step is non-uniform and denoted by ∆t = tn+1 − tn > 0.

For the standard finite volume semi-discretization, we employ the approximated volume-

integrated average (VIA) of the solution U(x, t) over a mesh cell Ii at time t as

Ui(t) =
1

∆x

xi+1/2∫
xi−1/2

U(x, t) dx, where i = 1, 2, . . . , N. (1.15)

Let us denote by U = (Ui)i=1,2,...,N the vector of discrete FV data in the mesh.

The VIA Ui(t) for each cell Ii is updated by

dUi

dt
= − 1

∆x

(
F̃i+1/2(t)− F̃i−1/2(t)

)
, (1.16)

where F̃i+1/2(t) and F̃i−1/2(t) are the numerical fluxes at cell boundaries, calculated by

a Riemann solver

F̃i+1/2(t) = F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t), (1.17)

where UL
i+1/2 and UR

i+1/2 are the left-side value and right-side value of cell boundary

respectively, given by reconstructions over left and right potentials stencils. Particularly,

the Riemann flux can be written into a canonical form as

F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t) =

1

2

(
F (UL

i+1/2) + F (UR
i+1/2)

)︸ ︷︷ ︸
Central flux

−
|ai+1/2|

2
(UR

i+1/2 − UL
i+1/2)︸ ︷︷ ︸

Dissipation

,

(1.18)

where ai+1/2 stands for the characteristic speed of the hyperbolic conservation law. The

remaining main task is how to calculate UL
i+1/2 and UR

i+1/2 trough the reconstruction

process to feed the Riemann flux as in Eq.(1.18).

Finite volume wave propagation method is known as one kind of finite volume method.

The five-equation model is a quasi-conservative system of the equations. Compared to

the conventional finite volume method, the wave propagation method can be approxi-

mate the five-equation model consistently and accurately [67, 68, 99]. From Eq.(1.16),
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denoteL(U(t)) as the spatial discretization operator for convection terms, then the semi-

discrete version of the finite volume method can be expressed as system of ODEs (Or-

dinary Differential Equations)

∂U(t)

∂t
= L(U(t)), (1.19)

where the spatial discretization operator for the convection terms in a cellCi is calculated

by

L
(
U i(t)

)
= − 1

∆x

(
A+∆Ui−1/2 +A−∆Ui+1/2 +A∆Ui

)
, (1.20)

whereA+∆Ui−1/2 andA−∆Ui+1/2, are the right- and left-moving fluctuations, respec-

tively, which enter into the grid cell, and A∆Ui is the total fluctuation within Ci. We

need to solve Riemann problems to determine these fluctuations. The right- and left-

moving fluctuations can be calculated using

A±∆Ui−1/2 =
l∑

k=1

[
sk
(
UL
i−1/2, U

R
i−1/2

)]±Wk
(
UL
i−1/2, U

R
i−1/2

)
, (1.21)

where moving speeds sk and jumps Wk of the k propagating discontinuities can be

solved by Riemann solvers [108] given the reconstructed values UL
i−1/2 and UR

i−1/2,

which are computed from the reconstruction functions Ũi−1(x) and Ũi(x) to the left

and right of the cell edge xi−1/2, respectively. Normally, the notations for the quan-

tities s± are set by s+ = max(s, 0) and s− = min(s, 0). In similar manner, the total

fluctuation can be defined by

A∆Ui =
l∑

k=1

[
sk
(
UR
i−1/2, U

L
i+1/2

)]
Wk

(
UR
i−1/2, U

L
i+1/2

)
. (1.22)

Note: l is based on the number of propagation discontinuities in approximate Riemann

solver. For instance, l = 2 is used in HLL-type solver and l = 3 is used in HLLC-type

solver. However, in this work we employ the HLLC Riemann solver, then we calculate
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the jumpWk
(
UL
i−1/2, U

R
i−1/2

)
as

W1 = U∗L
i−1/2 − UL

i−1/2,

W2 = U∗R
i−1/2 − U∗L

i−1/2,

W3 = UR
i−1/2 − U∗R

i−1/2,

(1.23)

where UL
i−1/2 and UR

i−1/2 are the reconstructed values at cell boundaries, respectively.

Also, U∗L
i−1/2 and U∗R

i−1/2 are the left-side and right-side intermediate variables, respec-

tively.

1.3.2 Time integration

Given the spatial discretization, time integration scheme can be used to solve ODEs.

In order to achieve high-order numerical accuracy in time, the time discretizations are

made by the third-order TVD Runge-Kutta (RK3) method [43, 93] and fourth-order

strong stability preserving Runge-Kutta (SSPRK)method [43, 88, 101]. More precisely,

the third-order TVD Runge-Kutta (RK3) is given by

U (1) = Un +∆tL (Un) ,

U (2) =
3

4
Un +

1

4
U (1) +

1

4
∆tL

(
U (1)

)
,

Un+1 =
1

3
Un +

2

3
U (2) +

2

3
∆tL

(
U (2)

)
.

(1.24)

Similarly, the fourth-order strong stability preserving Runge-Kutta (SSPRK) is given by

U (1) = Un + 0.391752226571890∆tL (Un) ,

U (2) = 0.444370493651235Un + 0.555629506348765U (1) + 0.368410593050371∆tL
(
U (1)

)
,

U (3) = 0.620101851488403Un + 0.379898148511597U (2) + 0.251891774271694∆tL
(
U (2)

)
,

U (4) = 0.178079954393132Un + 0.821920045606868U (3) + 0.544974750228521∆tL
(
U (3)

)
,

Un+1 = 0.517231671970585U (2) + 0.096059710526147U (3) + 0.063692468666290∆tL
(
U (3)

)
+ 0.386708617503269U (4) + 0.226007483236906∆tL

(
U (4)

)
.

(1.25)
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These time integration schemes are restricted by the CFL condition

∆t ≤ CFL
∆x

maxi (|ui| , |ui ± ai|)
, (1.26)

where CFL < 1 is a safety constant.

1.3.3 Local reconstruction processes

The first order conservative finite volume method is known as Godunov scheme [42,

108] with piece-wise constant reconstruction or no reconstruction. The resultant scheme

possesses interesting properties such as conservativeness, monotonicity, positivity-preserving

and extreme robustness. Nonetheless, it generates excessive numerical dissipation and

tends to smear out the flow structures. However, there is no limit for just piece-wise

constant reconstruction and it can be extended to high-order reconstructions.

In order to reduce the numerical dissipation and to capture shocks exempt from spuri-

ous oscillation, high-resolution conservative schemes have been developed over the last

half century. A class of non-linear schemes can effectively eliminate numerical oscilla-

tions by introducing flux or slope limiters, for instance, Flux Corrected Transport (FCT)

scheme [13, 124], Total Variation Diminishing (TVD) scheme [48, 104], and Monotone

Upstream-centered Scheme for Conservative Laws (MUSCL) [65, 66], which reach a

nominal 2nd order accuracy, but still suffer from important numerical dissipation with

a tendency to smear out flow structures, such as vortices and contact discontinuities.

Consecutively, the polynomial-based higher-order (PHO) reconstructions have been pro-

posed to achieve higher accuracy. For example, Piecewise Parabolic Method (PPM)

[27, 54], Essential Non-oscillatory (ENO) scheme [93, 94] can achieve third-order ac-

curacy and Weighted Essential Non-oscillatory (WENO) [3, 38, 56, 86] schemes can

achieve fifth-order accuracy for smooth solutions. Contrarily, when the strong discon-

tinuity occurs, the PHO reconstructions have to be projected to lower order, non-linear

scheme or piecewise constant to suppress numerical oscillations, which is limiting pro-

jection. The PHO reconstructions with limiting projectionmight also generate excessive
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numerical dissipation and tent to smear out the discontinuities in numerical solution.

These limiting projection schemes are known as a priori limiting projection.

Following the different path, a novel limiting projection scheme, known as the Multi-

dimensional Optimal Order Detection (MOOD) technique [15, 22, 34], was recently pro-

posed under the finite volume framework. The MOOD method is a posteriori limiting

scheme since the limiting projection is performed after computing a candidate solution.

In MOOD algorithm, some criterion were designed from constraints on computational

stability and physics to detect the problematic cell which has to be recomputed by decre-

menting degree of local polynomial reconstruction. This procedure ofMOOD algorithm

can let the scheme achieve high-order accuracy for smooth solutions.

Even though these a priori limiting and a posteriori limiting projections have a great suc-

cess in achieving possible highest order accuracy for smooth solutions and effectively

suppressing numerical oscillations in the vicinity of discontinuities, they still suffer from

numerical dissipation. On the other hand, high order schemes with conventional pri-

ori limiting procedure may still generate non-physical fluid properties such as negative

density or pressure, which leads to the blow-up of the computation and subsequent code

crash. Most of high order schemes fail to preserve positivity because of interpolation

errors when near vacuum states occur or in the presence of strong shocks.

Employing polynomial reconstructions in an FV context is the ultra classical path fol-

lowed by the majority of researchers to reach highly accurate FV schemes. However,

when discontinuous or step-like solutions are encountered, such polynomial reconstruc-

tions become inefficient, or, worse, counterproductive. For several years, in order to

capture such discontinuous solutions, some researchers rely on the tangent of hyper-

bola interface capturing (THINC) method which mimics a step-like function, see for

instance [99, 118, 119]. It has been shown in successive researches that with a properly

chosen steepness, THINC scheme works well as an advection scheme with accuracy

competitive to the TVD schemes [32].

In the next subsections, we introduce two popular and well-known reconstructions of

finite volume methods as MUSCL and WENO reconstructions.
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1.3.3.1 MUSCL reconstruction

MUSCL based reconstructions are piece-wise linear approximations constructed from

volume-integrated average values by using slope limited left and right extrapolated

states as follows

Ũi(x) = U i + ϕi (x− xi) , (1.27)

wherex ∈
[
xi−1/2, xi+1/2

]
andϕi is the slope defined at the cell centerxi =

1
2

(
xi−1/2 + xi+1/2

)
.

To satisfy the total variation diminishing (TVD) property, a slope limiter [65, 66, 67] is

needed to prevent spurious oscillations. The reconstructed values at left and right cell

boundaries can be defined as

UL
i+1/2 = U i + 0.5ϕ(r)(U i+1 − U i)

UR
i−1/2 = U i − 0.5ϕ(r)(U i+1 − U i)

(1.28)

where ϕ(r) is the limiter function and the difference ratio r is defined as

r =
U i − U i−1

U i+1 − U i

, (1.29)

In literature, there are several limiters which have been developed [67]. For instance,

Van Leer [111] proposed a formula of slope limiter as

ϕV L(r) =
r + |r|
1 + r

; lim
r→∞

ϕV L(r) = 2. (1.30)

The min-mod slope limiter which reported in [104] is expressed as

ϕMM(r) = max(0,min(r, 1)); lim
r→∞

ϕMM(r) = 1. (1.31)

In spite of its famous implementation in various numerical models, the MUSCL re-

construction generates excessive numerical dissipation with discontinuous solution and

tends to smear out the flow structures.



Chapter 1. Introduction 13

1.3.3.2 WENO reconstruction

Weighted essential non-oscillatory (WENO) reconstruction is an effective and popular

reconstruction scheme in which high-order but non-oscillatory interpolation by a com-

bination of several lower order polynomials. It is widely used method to construct left

and right values at the cell boundaries from the solution available at the cell centers. We

start introducing the fifth-order WENO scheme representing one in WENO family. The

basic idea of WENO scheme is to choose the smoothest function from the three candi-

date stencils. One large stencil S3 can be divided in to three sub-stencils as S0, S1, S2.

Then, we use the volume-integrated average value of each cell inside three sub-stencils

S0, S1, S2 and approximate the point value at xi+1/2 with 3rd order accuracy to construct

the solution functions. The solution function of each stencil can be recovered from the

following conditions

U i+j+k−2 =
1

∆xi+j+k−2

∫ x
i+j+k− 3

2

x
i+j+k− 5

2

U (j)(x)dx, j = 0, 1, 2, k = 0, 1, 2, (1.32)

where ∆xi+j+k−2 is the mesh or cell size. For simplicity, we assume a uniform grid

spacing, i.e. ∆xj−i = xi+j+k− 5
2
−xi+j+k− 3

2
= ∆x. Thus, the third order approximation

of Ui+ 1
2
is given respectively from solution function U (j)(x), j = 0, 1, 2 as

U
(0)

i+ 1
2

=
1

3
U i−2 −

7

6
U i−1 +

11

6
U i, (1.33a)

U
(1)

i+ 1
2

= −1

6
U i−1 +

5

6
U i +

1

3
U i+1, (1.33b)

U
(2)

i+ 1
2

=
1

3
U i +

5

6
U i+1 −

1

6
U i+2, (1.33c)

where U (j)

i+ 1
2

is the abbreviation of U (j)
(
xi+ 1

2

)
. Similarly, we can construct a 4th degree

polynomial using VIAs in large stencil S3, which can achieve the possible largest order,

by

U
(3)

i+ 1
2

=
1

30
U i−2 −

13

60
U i−1 +

47

60
U i +

9

20
U i+1 −

1

20
U i+2. (1.34)
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Furthermore, the fifth-order approximation can be written through a convex combina-

tion of the three third order approximation Eq,(1.33a,1.33b and 1.33c), namely

U
(3)

i+ 1
2

= γ0U
(0)

i+ 1
2

+ γ1U
(1)

i+ 1
2

+ γ2U
(2)

i+ 1
2

, (1.35)

where {γ0, γ1, γ2} =
{

1
10
, 3
5
, 3
10

}
. To eliminate the oscillation in the vicinity of disconti-

nuities, the coefficients γ0, γ1, γ2 should be replaced by the non-linear weights denoted

as ω1, ω2, ω3 according to the smoothness of polynomials and respect the following con-

ditions

1. ω1 + ω2 + ω3 = 1,

2. ωj, j = 0, 1, 2 should be close to zero for a non-smooth stencil and close to one for a

smooth stencil.

The fifth-orderWENO reconstructions for the left and right values at the cell boundaries

[56] are given as

UL
i+1/2 =w0

(
1

3
Ui−2 −

7

6
Ui−1 +

11

6
Ui

)
+ w1

(
−1

6
Ui−1 +

5

6
Ui +

1

3
Ui+1

)
+ w2

(
1

3
Ui +

5

6
Ui+1 −

1

6
Ui+2

)
UR
i−1/2 =w0

(
1

3
Ui +

5

6
Ui−1 −

1

6
Ui−2

)
+ w1

(
−1

6
Ui+1 +

5

6
Ui +

1

3
Ui−1

)
+ w2

(
1

3
Ui+2 −

7

6
Ui+1 +

11

6
Ui

)

(1.36)

where non-linear weights are given as

ωj =
αj

α0 + α1 + α2

, αj =
γj

(ϵ+ βj)
2 , j = 0, 1, 2, (1.37)

in which the smoothness indicators are defined as

βj =
2∑

l=1

∫ x1

x
i+1

2

i− 1
2

(∆x)2
[
∂lU j(x)

∂xl

]2
dx, j = 0, 1, 2. (1.38)
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or
β0 =

13

12
(Ui−2 − 2Ui−1 + Ui)

2 +
1

4
(Ui−2 − 4Ui−1 + 3Ui)

2 ,

β1 =
13

12
(Ui−1 − 2Ui + Ui+1)

2 +
1

4
(Ui−1 − Ui+1)

2 ,

β2 =
13

12
(Ui − 2Ui+1 + Ui+2)

2 +
1

4
(3Ui − 4Ui+1 + Ui+2)

2 .

(1.39)

where ϵ = 10−6 that is used to avoid the denominator equals to zero.

Even though theWENO reconstruction proposed by Jiang and Shu [56] has great success

but still suffer from accuracy loss in some critical regions. Several efforts have been

conducted to improve the accuracy of classical WENO scheme. For instance, WENO-

Z scheme [3] can improve the accuracy by introducing new the smoothness indicators

which are defined by

βj =

(
βj + ϵ

βj + ϵ+ τ5

)
, j = 0, 1, 2, (1.40)

where ϵ equals to 10−40 and τ5 = |β2 − β0| . The new WENO weights ωj can be then

calculated by

ωj =
αj∑2
k=0 αk

, αk =
γj
βj

, j = 0, 1, 2. (1.41)

1.3.4 Riemann solvers

After determining the reconstructed left and right values at cell boundaries by using re-

construction scheme, Riemann solvers are adopted to calculate fluxes at the cell bound-

aries. We will focus on Riemann solvers which are employed in this work.

1.3.4.1 Rusanov Riemann solver

Once left and right values at cell boundaries are reconstructed, the fluxes can be calcu-

lated based on the maximum local wave propagation speed by [87]

FRusanov
i+1/2 =

1

2

(
F (UR

i+1/2) + F (UL
i+1/2)

)
−

ai+1/2

2

(
UR
i+1/2 − UL

i+1/2

)
(1.42)
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where ai+1/2 is the local wave propagation speed which is given as

ai+1/2 = max (|u|i, |u− c|i, |u+ c|i, |u|i+1, |u− c|i+1, |u+ c|i+1) , (1.43)

where u is the velocity and c is the local sound speed.

1.3.4.2 HLLC Riemann solver

HLLC solver [108] is a modified version of HLL solver [49, 108], includes two averaged

intermediate states, U∗
L and U∗

R, separated by the contact wave of speed S∗. The HLLC

solver is more accurate by assuming a three-wave model, which can resolve accurately

contact and shear waves in the transverse directions. The three waves structure with

wave speed estimates SL, S
∗, SR, then flux is given as

FHLLC =



FL, 0 ≤ SL

F∗
L = FL + SL (U∗

L − UL) , SL ≤ 0 ≤ S∗

F∗
R = FR + SR (U∗

R − UR) , S∗ ≤ 0 ≤ SR

FR

(1.44)

where U∗
L and U∗

R are the left and right values at the contact discontinuity between two

linear waves, which can be calculated as following

U∗
k = ρk

(
Sk − uk

Sk − S∗

)


1

S∗

Ek

ρk
(S∗ − uk)

[
S∗ +

pk
ρk (Sk − uk)

]

 k = L,R. (1.45)

In order to calculate completely the numerical fluxes, the three wave speed estimates

SL, SR, S
∗ are simply determined by

SL = min {uL − cL, uR − cR} , SR = max {uL + cL, uR + cR} , (1.46a)

S∗ =
pR − pL + ρLuL (SL − uL)− ρRuR (SR − uR)

ρL (SL − uL)− ρR (SR − uR)
, (1.46b)
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where cL and cR are the sound speeds computed at the cell interface.

1.3.4.3 HLLCM Riemann solver

Although HLLC solver is proven to be a great success in resolve exactly contact and

shear waves, but it generates numerical shock instability or carbuncle phenomenon.

HLLCM solver [92] is a modification of HLLC solver without shear wave in two-

dimensional space version. The numerical flux is similar to HLLC flux computation

as in Eq.(1.44).

The averaged intermediate states in the star region are defined as

U∗
k = ρk

(
Sk − uk

Sk − S∗

)


1

S∗

v∗HM

E∗
HM,k


k = L,R, (1.47)

which imply that the solver has two states between the contact wave but has only a

common tangent velocity. We require to determine the tangent velocity v∗HM and the

specific total energy includes the normal and the tangent kinetic energy.

v∗HM =
αRvR − αLvL

αR − αL

, (1.48a)

E∗
HM,k = e∗k − V+

1

2

αRv
2
R − αLv

2
L

αR − αL

, k = L,R, (1.48b)

where αL = ρL(SL − uL), αR = ρR(SR − uR), and V = 1
2
(u2

k + v2k) which u, v are the

normal and tangent velocity, respectively. The specific total energy e∗k is defined as

e∗k =
Ek

ρk
+ (S∗ − uk) (S

∗ + pk/αk) . (1.49)

The shear velocities on both sides of the contact wave are smeared for calculating the

HLLCM flux and repalced by the average of the shear velocity v∗HM . Thus, HLLCM

solver can prevent the carbuncle phenomenon or shock instability when strong shocks
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occur.

1.4 Issues of numerical methods for compressible flows

The numerical Godunov-type schemes under finite volume framework have beenwidely

employed in compressible Euler equations. Since the strong shocks always occur in the

simulation of compressible Euler equation, there are some issues have been noticed in

the existing numerical methods.

1. Standard high-order shock-capturing schemes such as MUSCL, ENO, or WENO

scheme can resolve discontinuous solutions without numerical oscillations by feeding

extra dissipative errors or projecting to lower order. This implies that the excessive

numerical dissipation is generated by the numerical schemes when the strong discon-

tinuities occur, which noticed that still is a significant problem. For instance, the so-

called WENO-JS is able to obtain the maximal fifth-order accuracy on smooth solu-

tion, nonetheless it may lose accuracy near the critical points. In consequence, several

approaches have been proposed to improve the WENO scheme via the design of the

smoothness indicators. Although these efforts are able to achieve greatly better results

than WENO-JS scheme, but in some cases they still suffer from numerical dissipation

in vicinity of strong discontinuities.

2. In recent years, high-order schemes were developed to handle both smooth and dis-

continuous solutions with less numerical dissipation. Nevertheless, one main issue of

the original high-order schemes is that they may provide non-physical properties as neg-

ative density or pressure (positivity failure), which leads to a blow-up of the numerical

computation and subsequent code crash. Most of classical high-order schemes fail to

preserve positivity (or to maintain the physical validity of the solution) because of in-

terpolation errors in the vicinity of very strong discontinuities or when vacuum or near

vacuum states occur. On the other hand, the positivity failure is an extreme challenge

for the compressible Euler equations supplemented with source terms (e.g. gravity,

chemical reaction). Physically, both density ρ and pressure p should be positive. For

instance, high-order schemes may provide negative physical properties when they are
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applied for low density problems in computing blast waves, low pressure problems in

computing high Mach numerical astrophysical jets and gaseous detonation propagation

through different geometries.

3. In reactive Euler equations, the source term represents the chemical reactions which

may be orders of magnitude faster than the gas flow. There are several difficulties in

developing high-resolution and stable/robust numerical schemes to accurately solve a

general hyperbolic system with source terms. For example, when the source term be-

comes stiff, shock capturing numerical methods may possibly predict wrong wave prop-

agation speed of the detonation fronts or may generate spurious numerical propagation

phenomenon of the shock waves in the flow structures. For instance, the numerical

dissipation smears some discontinuities which, in return incorrectly trigger the reaction

of the source term and then produce a wrong numerical solution. Furthermore, if the

grid resolution is not sufficient enough, the enough temporal resolution cannot remove

the incorrect propagation speed of the discontinuities and non-physical spurious waves

cause by the discretization, especially in the flow with shock waves. Thus, the chemical

reaction may be triggered at a wrong location. After the late or incorrectly located reac-

tion, the new mass or energy in the vicinity of discontinuities is incorrectly captured (in

space and time), and, all subsequent computed wave speeds and plateaus may be spoiled

by excessive numerical dissipation. An other main issue in reaction flow simulations is

positivity-preserving as mentioned previously. For instance, the occurrence of negative

density or pressure is quite often encountered during the time evolution, which leads to

a blow-up of the computation.

4. In compressible multi-phase flow, the development of numerical methods is more

challenging than in compressible single phase flow. The flow structures become com-

plex when involve material interfaces between two gases or two materials of different

physical nature. Therefore, numerical algorithms have been proposed for identifying

each fluid by coupling the Euler equations with other equation such as γ-model [1, 2],

the volume fraction model [96], or a level-set function [79]. However, these models

suffer from non-physical oscillations occurred at material interfaces. On the other hand,

the numerical method for compressible multi-phase flow should obey three critical con-
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ditions [28].

- Preserve the conservativeness of total mass, momentum and energy to correctly

identify the location of material interfaces.

- Preserve numerical stability (no spurious oscillations at material interfaces)

- Maintain high-order accuracy in smooth regions of the flow

There are some difficulties in the one-fluid model when we apply solving compressible

multiphase flows. The density and energy in compressible flow have to be solved si-

multaneously with the material indication function and couple with special formulations

to maintain the physical and thermodynamical consistency as well as the pressure equi-

librium across the interface. The high-resolution shock-capturing schemes for solving

single phase compressible flow which generate numerical dissipation, then they tend to

smear out discontinuities including the material interfaces.

In solving compressible multi-phase flows, standard shock-capturing numerical algo-

rithm were also found in literature as TVD, MUSCL andWENO scheme [28, 59]. TVD

and MUSCL scheme can solve discontinuities without spurious oscillations, however,

they still suffer from excessive numerical dissipation. The excessive numerical dissipa-

tion smears out the flow fields as well as the discontinuities in mass or volume fraction

which represents the material interfaces. Otherwise, WENO scheme can generously

reduce numerical dissipation, capture well for the moving interfaces and provide high

accuracy in smooth regions. However, it may generate numerical oscillations for com-

pressible multi-phase flows with complex EOS as discussed in [28]. Commonly, the

implementation of high order shock-capturing schemes to interfacial compressible mul-

tiphase flows requires further investigations.

5. Recently, new BVD schemes have been proposed by combining high-order linear-

weight (constant-coefficient) polynomials and THINC function with multistage BVD

algorithms. The resulting schemes, so-called PnTm-BVD (polynomial of n-degree and

THINC function of m-level reconstruction based on BVD algorithm) schemes, are com-

pletely different from any existing high-resolution scheme that counts on nonlinear-

weights polynomials to suppress spurious oscillations. However, these newBVD schemes

fail to preserve the positivity of fluid properties such as density or pressure, and lead to
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blow-ups of the computation (not robust when the solution involves near vacuum or

vacuum states).

1.5 Objectives of research study

In the present work, novel high-resolution property-preserving numerical methods for

complex compressible flows will be proposed and validated via numerical benchmark

test cases involving vacuumor near vacuum states, strong discontinuities and also smooth

flows. According to the existing issues mentioned in the previous section, our objectives

of research study as following.

1. We propose a novel finite volume scheme to solve hyperbolic conservation laws un-

der the multi-dimensional optimal order detection (MOOD) framework. The concept

of this method is replacing the first-order finite volume method to the tangent of hyper-

bola interface capturing (THINC) scheme to capture sharply the discontinuities without

spurious oscillations and obtain possible highest order of accuracy.

2. Furthermore, in order to achieve high fidelity, the numerical methods should pre-

serve the solution properties such as: Accuracy on both smooth and discontinuous

profile, non-oscillatory behavior and fail-safe behavior (positivity-preserving) we de-

velop a general formulation of reconstruction in finite volume method by integrating

the boundary variation diminishing (BVD) and multi-dimensional optimal order detec-

tion (MOOD) methodologies by blending of high-/low-order polynomials and hyper-

bolic tangent reconstructions. As a concrete example, we propose a high-resolution

scheme under a three-stage cascade. For BVD reconstruction strategy, the linear fifth-

order upwind or piecewise quartic method (PQM) on fourth-degree of polynomial (P4)

[116] is implemented as one of the candidate reconstruction functions to capture smooth

solutions. Other candidate reconstruction functions use tangent of hyperbola interface

capturing (THINC) functions with different controlling the slope (jump thickness) to

eliminate the numerical oscillation and to capture sharply all discontinuities. Further-

more, a MOOD algorithm performs and detects a candidate solution by PAD ensuring

as such the positivity-preserving property.
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3. We further extend our new approach (multi-stage BVD-MOOD) for the compress-

ible Euler equations supplemented with source terms (e.g. gravity, chemical reaction).

One of the main challenges when simulating these models is the occurrence of negative

density or pressure during the time evolution, which leads to a blow-up of computation.

Therefore, the new numerical scheme should be low dissipation to capture the propaga-

tion fronts as well as to preserve the positiveness of fluid properties even in low density

or pressure test problems.

4. The newly proposed scheme is applied to solve the five-equation model for interface

two-phase flows. This scheme is implemented under finite volume wave propagation

method, which realizes the consistency among volume fraction and other physical vari-

ables. In addition, this approach is able to resolve discontinuous solutions which are

sharper than other existing schemes as well as the material interfaces and provide high

accuracy for smooth solution.

1.6 Outline of thesis

The remainder of this thesis is organized as follows. In Chapter 2, we introduce a novel

finite volume scheme to solve hyperbolic conservation laws under themulti-dimensional

optimal order detection (MOOD) technique. The main idea of this work is to replace

the first-order finite volume method to the tangent of hyperbola interface capturing

(THINC) scheme. We also introduce the local reconstruction schemes of PQM, PPM,

Godunov and THINC. Furthermore, we describe about the MOOD algorithm with fully

functions of detection criteria. MOOD algorithm consists of two criteria such as physi-

cal admissible detection (PAD) and numerical admissible detection (NAD). Finally, we

demonstrate the numerical results for both scalar conservation laws and Euler equations

comparing to original MOOD schemes as well as WENO-Z scheme.

In Chapter 3, we present a new high-resolution property-preserving scheme. It is called

multi-stage BVD-MOOD scheme. In this work, we generally blend the high/low order

polynomials reconstructions and hyperbolic tangent functions through integrating the

boundary variation diminishing (BVD) and multi-dimensional optimal order detection
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(MOOD) methodologies. In this chapter, the solution property preserving reconstruc-

tion is introduced including high/low order polynomial and THINC function. We also

describe about the robustness and physical admissibility via an a posterioriMOOD pro-

cedure and illustrate the behavior of the reconstruction operators which employed in the

propose scheme via examples of both smooth and discontinuous profile. In addition, we

address the local section of reconstruction operator known as a three-stage BVD algo-

rithm which is the main strategy and mandatory in this work. Accuracy and efficiency

of the present scheme also discussed in this part. Verified through numerical bench-

mark tests involving very strong discontinuities and vacuum or near vacuum states, the

present method is able to resolve smooth solution, capture sharply discontinuous solu-

tion and preserving positivity. Those results are comparable and competitive to existing

high order positivity-preserving schemes.

In Chapter 4, we present the extension of multi-stage BVD-MOOD scheme for com-

pressible Euler equations with source terms including gravity and chemical reaction. We

briefly introduce the numerical methods to solve the Euler equations with source terms

by operator splitting into convection operator and source term or reaction operator. In

this work, since we operator splitting technique, then we employ the RK3 time integra-

tion for saving the computational cost, however, there is no significant difference from

SSPRK time integration. Numerical results of benchmark tests show that the present

method is able to resolve both smooth solution and discontinuous solution and is ex-

tremely robust for safe failure (positivity preserving) with excellent result quality com-

petitive to other existing schemes. For instance, the reactive Euler flows with stiffness

of C-J detonation, it shows that multi-stage BVD-MOOD scheme can correctly capture

with sharp manner the reacting front of the gas detonation, while the WENO scheme

provides unacceptable solution within the same grid resolution and even smaller time

step. According to its algorithmic simplicity and robustness in simulations involving

strong discontinuities, reacting front with stiff source terms and vacuum or near vac-

uum states, we believe the proposed scheme can become as a practical and stipulating

numerical solver for complex compressible flows.

In Chapter 5, we apply the multi-stage BVD-MOOD scheme for compressible two-
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phase flows by using five-equationmodel coupling with finite volumewave propagation

method. Again, this scheme employs the high/low order polynomials reconstructions

and hyperbolic tangent functions through integrating the boundary variation diminishing

(BVD) and multi-dimensional optimal order detection (MOOD) methodologies. Due

to the BVD principle that selects the appropriate reconstruction operator for the target

cell, therefore effectively minimizes the dissipation error in numerical solution. All

state variables including the volume fraction are reconstructed by multi-stage BVD-

MOOD scheme and same finite volume wave propagation method. Numerical solutions

demonstrate that the present scheme sharply captures the material interfaces and obtain

numerical results of higher quality in comparison to other existing methods.

At last but not least, in Chapter 6, we will make a conclusion from this thesis. The major

contributions of the current study and discussion about future work will also be given.



Chapter 2

Reconstruction approach by using

MOOD and THINC method

2.1 Introduction

A novel limiting projection scheme, known as the Multi-dimensional Optimal Order

Detection (MOOD) technique [15, 22, 34, 36], was recently proposed under the finite

volume framework. The MOODmethod is a posteriori limiting scheme since the limit-

ing projection is performed after computing a candidate solution. In MOOD algorithm,

some criterion were designed from constraints on computational stability and physics to

detect the problematic cell which has to be recomputed by decrementing degree of local

polynomial reconstruction. Firstly, we implement a local polynomial reconstruction of

the highest-order (dmax) for the current time step and compute the candidate solution

of highest order for the next time step without limiting. Then the detectors of MOOD

check all cells with the prescribed criterion. For a cell where all criterion are satis-

fied, the candidate solution is accepted for next time step. Otherwise, a cell, where

the candidate solution does not satisfy the criterion, is marked as a trouble cell within

which the solution is recomputed by reducing the degree of local reconstruction poly-

nomial. This process continues for the local reconstructions of the problematic cells

with gradually degraded polynomials from high order to lower order. The piece-wise

constant reconstruction is the final candidate which leads to the first-order finite volume

25
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method that gives monotone and the most robust solution. In this chapter, we propose

a novel high-resolution scheme under MOOD method by replacing the first-order fi-

nite volume method to the Tangent of Hyperbola INterface Capturing (THINC) method

[32, 103, 118, 119]. THINC method mimics a jump-like solution and is employed to

capture the discontinuous solutions. The first-order finite volume method generates ex-

cessive numerical dissipation and smears out the discontinuous solutions, while THINC

method substantially improves the numerical solution to discontinuities.

2.2 Reconstruction schemes used in MOOD algorithm

In this section, we introduce the polynomial based interpolations (PPM and PQM)which

are employed in mutli-dimensional optimal order detection algorithm as well as non-

linear THINC function.

2.2.1 Piecewise parabolic reconstruction

The pieceiwse constant scheme results in a first-order accurate scheme which causes

large numerical dissipation. Based on the linear reconstruction (P1), second-order scheme

gains the improvement over the first-order scheme. The piecewise parabolic method

(PPM) reconstruction scheme (P2) was proposed in [27, 54, 70] to get the third-order

accuracy, where the reconstructed values at the left and right cell boundaries are denoted

as UL
i+1⁄2 and UR

i−1⁄2, respectively, and are upwinded via the formula

UL
i+1/2 =

1

6
(−Ui−1 + 5Ui + 2Ui+1)

UR
i−1/2 =

1

6
(2Ui−1 + 5Ui − Ui+1)

(2.1)

2.2.2 Piecewise quartic reconstruction

Similarly to PPM, the fifth-order accurate scheme based on piecewise polynomials of

degree four (P4), known as piecewise quadtic method (PQM) was proposed in [116].

The reconstruction values at the left and right cell boundaries are denoted as UL
i+1⁄2 and
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UR
i−1⁄2, respectively, and are upwinded via the formula

UL
i+1/2 =

1

60
(2Ui−2 − 13Ui−1 + 47Ui + 27Ui+1 − 3Ui+2)

UR
i−1/2 =

1

60
(−3Ui−2 + 27Ui−1 + 47Ui − 13Ui+1 + 2Ui+2)

(2.2)

This reconstruction is high accurate (fifth order on smooth enough profiles in one di-

mension) and, unfortunately, oscillatory when steep gradients are encountered.

2.2.3 Tangent hyperbolic interface capturing function

Being proposed originally as a VOF (volume of fluid) scheme [118, 119] to capture

moving interfaces in multiphase flows, the THINC (Tangent of Hyperbola for INterface

Capturing) method uses the hyperbolic tangent function for spatial recon-struction. The

hyperbolic tangent function is a sigmoid function and a differentiable and monotone

function that mimics well a step-like discontinuity. It has been shown in successive

researches that with a properly chosen steepness, THINC scheme works well as an ad-

vection scheme with accuracy competitive to the TVD schemes [32]. In this work, we

employ the THINC scheme to replace the first-order finite volumemethod in theMOOD

algorithm.

THINC reconstruction function is defined as

qi(x) = Umin +
JUK
2

[
1 + θ tanh

(
β

(
x− xi−1/2

xi+1/2 − xi−1/2

− x̃i

))]
, (2.3)

where Umin = min(Ui−1, Ui+1), JUK = max(Ui−1, Ui+1) − Umin and θ = sgn(Ui+1 −

Ui−1). The parameter β is used for controlling the slope and the jump thickness, i.e. if

β has a value close to zero then the profile qi converges towards the average value of
Ui−1+Ui+1

2
while, if β is large, it tends to be a step-like function.

In Eq.(2.3), the only remaining unknown, x̃i, which presents the relative location of

jump center in the cell, is calculated by solving the constraint conditionUi =
1
∆x

∫
Ii
qi(x) dx.
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The reconstructed values at left and right ends of cell boundary are given by

UL
i (xi+1/2) = qi(xi+1/2) = Umin +

JUK
2

(
1 + θ

tanh(β) + A

1 + A tanh(β)

)
UR
i (xi−1/2) = qi(xi−1/2) = Umin +

JUK
2

(1 + θA)

whereA = 1
tanh(β)

(
B

cosh(β) − 1
)
,B = eθβ(2C−1) andC =

Ui − Umin + ϵJUK + ϵ
with ϵ = 10−20

to avoid division by zero.

2.3 Multi-dimensional optimal order detection algorithm

The basic idea of MOOD algorithm [22, 34] is based on an iteratively checking pro-

cess by decrementing degree of local polynomial reconstruction from high-order (dmax)

to lower-order if the reconstruction leads to a solution that does not meet the predeter-

mined criterion. The lowest-order (di = 0) scheme is piecewise constant reconstruction

used in the first-order accurate Godunov finite volume scheme, which is monotone, ro-

bust and positivity-preserving. A set of constraints is designed to reinforce numerical

stability and desired physical properties. In MOOD algorithm, a candidate solution is

firstly computed using a high-order polynomial reconstruction. Being an a posteriori

limiting projection, the detectors of MOOD then check whether the candidate solution

satisfies the criterion for each cell. The cell, where all the criterion are satisfied, is

marked as “acceptable” cell and the corresponding solution with high-order polynomial

reconstruction is updated as Un+1
i (the solution at time tn+1) while the cells that do not

pass the detection criterion are marked as “trouble” cells. The trouble cells are locally

recomputed by a new reconstruction with a lower-degree polynomial. Analogously,

the new candidate solution is again tested by the criterion of MOOD. The decrement-

ing procedure is iterated if the new candidate solution is still not admissible regarding

the MOOD criterion. This procedure continues until the decremented local polynomial

reaches zero degree, i.e. the piecewise constant function in the first-order scheme. In

Fig. 2.1 we show a sketch of MOOD scheme.

In this work, we replaced the piecewise constant interpolation by THINC scheme which
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Figure 2.1: Sketch of multi-dimensional optimal order detection process

enables to provide sharp solution of discontinuities. The algorithm of MOOD method

is as follows:

1. Given solution Un
i at time tn for all cells, compute high-order polynomial recon-

struction (dmax)

2. Compute the numerical fluxes F̃i+1/2 and F̃i−1/2

3. Compute the candidate solutionU∗
i at time tn+1 by finite volume schemeEq.(1.16)

4. Check the candidate solution U∗
i by the MOOD criterion. If solutions in cells

are eligible for MOOD criterion, set Un+1
i = U∗

i . Otherwise, for cells where

the solutions are not admissible, decrement the degree of local polynomial and

recompute the solution through steps 2-4.

Remark 1. The decrementing procedure is adjusted only for the trouble cells and their

direct neighbors in the compact stencils need for reconstruction. For the next iterative

step, only these re-updated cells have to be checked at current time tn.

In this work, we use a cascade of scheme for the numerical experiments. For Example,

PM→P2→TH with M = 4 and TH stands for THINC method.

2.3.1 Physical admissible detection (PAD)

PAD is the first criteria based on the physical properties for admissibility. This detector

is used to ensure the positivity of fluid properties such as density and pressure values in

Euler system. We set the following algorithm of PAD as

ρ∗ > 0 and p∗ > 0 (2.4)
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If solution in cell Ii is not valid or satisfied for PAD criteria, the degree of local polyno-

mial reconstruction is decremented, otherwise the candidate solution U∗
i is admissible.

This process is ensuring positivity-preserving for density and pressure.

2.3.2 Numerical admissible detection (NAD)

NAD is the second criteria designed to suppress spurious numerical oscillations associ-

ated with high order interpolation. NAD consists of two filters namely Discrete Maxi-

mum Principle (DMP) and u2 detection process.

2.3.2.1 Discrete maximum principle (DMP)

The discrete maximum principle [17, 34] is firstly checked for the candidate solution

U∗
i for cell Ii, and DMP is defined as

min
j∈v̄(i)

(
Un
i , U

n
j

)
≤ U∗

i ≤ max
j∈v̄(i)

(
Un
i , U

n
j

)
, (2.5)

where j is index for neighbor cell Ij of cell Ii and v̄(i) is a set of compact stencils for

cell Ii.

In practice, we used the relaxation discrete maximum principle (RDMP) to obtain high-

order accuracy at smooth extrema

min
j∈v̄(i)

(
Un
i , U

n
j

)
− δ ≤ U∗

i ≤ max
j∈v̄(i)

(
Un
i , U

n
j

)
+ δ, (2.6)

The parameter δ implemented for relaxation the strict maximum principle to allow a

very minimal undershoots and overshoots, we set as

δ = max
(
δ0, ϵ.

(
max
j∈v̄(i)

(
Un
j

)
− min

j∈v̄(i)

(
Un
j

)))
, (2.7)

with δ0 = 10−4 and ϵ = 10−3. This relaxation does not affect to positivity of physical

properties because PAD performed separately.
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2.3.2.2 u2 detection process

If the candidate solution does not satisfy DMP, then we check the u2 detection process

[34]. A candidate solution U∗
i in the cell Ii violating the DMP is nonetheless eligible if

χmax
i χmin

i > 0, (2.8)∣∣χmax
i

∣∣∣∣χmin
i

∣∣ ≥ 1− ε, (2.9)

where ε = 1/2 is a smoothness parameter and χmax
i and χmin

i are the maximal and

minimal local curvatures. We calculate curvatures as χi = ∂xxŨi ∈ R which is the

second derivative of second order polynomial reconstruction, Ũi = Ũi(x, 2). Then we

set

χmin
i = min

j∈v̄(i)
(χi, χj) and χmax

i = max
j∈v̄(i)

(χi, χj) (2.10)

The algorithm of numerical admissible is following

1. A candidate solution U∗
i of cell Ii was first checked by DMP detector Eq.(2.5)

and in practice Eq.(2.6)

2. If U∗
i is not eligible DMP then perform the u2 criterion

(a) Compute χi and χj for i, j ∈ v̄(i)

(b) Check detector Eq.(2.8). If U∗
i is satisfied, set U

n+1
i = U∗

i as a solution for

next time step, else U∗
i recomputed by decrementing degree of local poly-

nomial reconstruction

(c) Check detector Eq.(2.9). If U∗
i is not smooth extrema then di of polynomial

is decremented, otherwise U∗
i is valid and set U

n+1
i = U∗

i .

Remark 2. The degree of local polynomial reconstruction is decremented until zero,

but in this work the last scheme is THINC method.
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2.4 Numerical experiments

In this section, we show the performance of proposed scheme via the numerical results

of some benchmark tests for scalar and Euler conservation laws. The numerical in-house

FV code is built on the following key tools: the reconstruction procedure is conducted

in terms of primitive variables, the Rusanov Riemann solver [87] is used for flux com-

putation, a third-order TVD Runge-Kutta (RK3) in time discretisation is employed, the

MOOD algorithm for the space reconstruction is used, and at last the THINC function

is implemented to capture sharply the discontinuities.

2.4.1 Scalar conservation laws

2.4.1.1 Linear advection equation

The linear advection equation is expressed as

∂U

∂t
+

∂U

∂x
= 0 (2.11)

Convergence test: The initial condition for smooth profile expressed by U(x, 0) =

sin(πx), x ∈ [−1, 1] is advected. The L1 and L∞ errors and convergence rates shown

in table 2.1 after one period by MOOD algorithms (MOOD_P4-P2-P0 and MOOD_P4-

P2-TH) under gradually refined mesh resolutions. By observing the results, the nu-

merical errors and convergence rates of two schemes are identical for all mesh resolu-

tion. It proves that the proposed scheme MOOD_P4-P2-TH can achieve 5th-order as

MOOD_P4-P2-P0 for smooth solution.

Table 2.1: Numerical errors and convergence rates for 1D advection at t = 2.0

N
MOOD (P4-P2-P0) MOOD (P4-P2-TH)

L1 order L∞ order L1 order L∞ order
20 1.99e-04 - 3.15e-04 - 1.99e-04 - 3.15e-04 -
40 6.34e-06 4.97 9.98e-06 4.98 6.34e-06 4.97 9.98e-06 4.98
80 1.99e-07 4.98 3.13e-07 4.98 1.99e-07 4.98 3.13e-07 4.98
160 6.3e-09 4.98 9.9e-09 4.98 6.3e-09 4.98 9.9e-09 4.98
320 2.04e-10 4.97 3.12e-10 4.98 2.04e-10 4.97 3.12e-10 4.98
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Advection of square waves: In this test, the initial condition is given by

U(x, 0) =


1, 0.3 ≤ x ≤ 0.7,

0, otherwise.
(2.12)

The numerical simulations are calculated with 100 cells with time t = 1.0 usingWENO-

Z scheme, MOOD (P4-P2-P0), MOOD (P4-P2-TH, β = 1.6), and MOOD (P4-P2-TH,

β = 2.4) in Fig. 2.2. We observe that MOOD schemes produce no oscillation near

discontinuities, which are equivalent WENO-Z scheme. However, for MOOD (P4-P2-

P0) is more diffusive by nearly 9 cells than MOOD (P4-P2-TH) by nearly 8 cells for

β = 1.6 and 7 cells for β = 2.4.

(a) WENO-Z scheme (b) MOOD (P4-P2-P0)

(c) MOOD (P4-P2-TH, β = 1.6) (d) MOOD (P4-P2-TH, β = 2.4)

Figure 2.2: Advection of square waves with 100 uniform mesh at t = 1.0 – solid line:
Exact solution, symbol: Numerical solution.

Jaing and Shu’s test: The test is proposed in [56], the initial condition consists of

both discontinuities and smooth profiles known as propagation of complex wave. The
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initial condition with computational domain Ω = [−1, 1] is defined as

U(x, 0) =



1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 ≤ x ≤ −0.6,

1, −0.4 ≤ x ≤ −0.2,

1− |10(x− 0.1)|, 0.0 ≤ x ≤ 0.2,

1

6
(F (x, α, a− δ) +G(x, α, a+ δ) + 4G(x, α, z)) 0.4 ≤ x ≤ 0.6,

0, otherwise.
(2.13)

The functions F and G are defined by

G(x, β, z) = exp
(
−β(x− z)2

)
, F (x, α, a) =

√
max(1− α2(x− a)2, 0),

(2.14)

and the coefficients are given by

a = 0.5, z = −0.7, δ = 0.005, α = 10, β = log 2/36(δ2). (2.15)

The results of Jiang and Shu’s test are shown in Fig. 2.3 comparing toWENO-Z scheme,

MOOD (P4-P2-P0), MOOD (P4-P2-TH, β = 1.6) and MOOD (P4-P2-TH, β = 2.4).

MOOD (P4-P2-TH) for both beta values can capture the sharp discontinuity without

oscillation and retain the smooth profile with high resolution as WENO-Z scheme while

MOOD (P4-P2-P0) is diffusive in both discontinuity and smooth profile.

2.4.1.2 Inviscid Burger’s Equation

Considering the 1D Burger’s equation is

∂U

∂t
+

∂U2

∂x
= 0 (2.16)

Burgers equation with smooth initial profile of sine wave: A sine wave in this test

has an initial profile [103] defined asU(x, 0) = 0.5+sin(π), x ∈ [0, 2]. Due to convex-

ity of Burgers flux, the sine wavewill develop a shockwave after the time = 1.5/π. The

numerical results are computed on a 100-cell grids at = 1.5/π in Fig. 2.4. In this case,
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(a) WENO-Z scheme (b) MOOD (P4-P2-P0)

(c) MOOD (P4-P2-TH, β = 1.6) (d) MOOD (P4-P2-TH, β = 2.4)

Figure 2.3: Numerical results for advection of complex waves with 200-cell mesh after
one period (t = 2.0) – solid line: Exact solution, symbol: Numerical solution.

we see that the shock wave can be captured within 2 grid cells for WENO-Z scheme and

MOOD (P4-P2-P0) while MOOD (P4-P2-TH) with both beta values resolved just only

one cell.

Burger’s equation with square wave as initial profile: The initial condition is given

by

U(x, 0) =


1, 0.3 ≤ x ≤ 0.75,

0, otherwise.
(2.17)

The numerical results are computed for time t = 0.2, see in Fig. 2.5. For this case,

both shock and rarefaction wave are existed. We observe that the WENO-Z scheme and

MOOD (P4-P2-TH) schemes provide high accuracy for both the shock and expansion

fan while MOOD (P4-P2-P0) gives numerical diffusion at expansion fan.
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(a) WENO-Z scheme (b) MOOD (P4-P2-P0)

(c) MOOD (P4-P2-TH, β = 1.6) (d) MOOD (P4-P2-TH, β = 2.4)

Figure 2.4: Numerical solutions for Burger’s equation with sine wave initial condition
on a 100-grid cells until t = 1.5/π. – solid line: Exact solution, symbol: Numerical

solution.

2.4.1.3 Buckley Leverett equation

one-dimensional of Buckley Leverett equation is defined as

∂U

∂t
+

∂F (U)

∂x
= 0, (2.18)

where

F (U) =
4U2

4U2 + (1− U)2
. (2.19)

The initial condition is set as

U(x, 0) =


1− 3x, 0 ≤ x ≤ 1/3,

0, otherwise.
(2.20)
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(a) WENO-Z scheme (b) MOOD (P4-P2-P0)

(c) MOOD (P4-P2-TH, β = 1.6) (d) MOOD (P4-P2-TH, β = 2.4)

Figure 2.5: Numerical solutions for Burger’s equation with square-pulse initial
condition on a 80-cell grid at t = 0.2. – solid line: Exact solution, symbol: Numerical

solution.

The numerical results are shown in Fig. 2.6 executed the computation up to time t = 0.2

on a 80-cell grid. We can observe that all schemes provide a high resolution with such

a low grid number. Furthermore, WENO-Z scheme and MOOD (P4-P2-P0) scheme

capture the shock by nearly 2 cells whileMOOD (P4-P2-TH) scheme can produce nearly

1 cells. However, for MOOD schemes still produce a little oscillation at first start of

contact discontinuity and near the shock.

2.4.2 Euler equations

The Euler equations of compressible gas dynamics consist of conservation laws of mass,

momentum and total energy.

The Euler equations in one-dimensional are expressed as following

∂U

∂t
+

∂F (U)

∂x
= 0, t ≥ 0, x ∈ R (2.21)
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(a) WENO-Z scheme (b) MOOD (P4-P2-P0)

(c) MOOD (P4-P2-TH, β = 1.6) (d) MOOD (P4-P2-TH, β = 2.4)

Figure 2.6: Numerical solutions for Burger’s equation with square-pulse initial
condition on a 80-cell grid at t = 0.2. – solid line: Exact solution, symbol: Numerical

solution.

where

U(x, t) =


ρ

ρu

E

 , F(U) =


ρu

ρu2 + p

u(E + p)

 (2.22)

Here ρ, u, p are the density, velocity, and pressure, respectively. E is the total energy

expressed as E = e +
1

2
ρu2 and e is the specific internal energy. For ideal gas, the

pressure can be computed by the equation of state (EOS) is defined as p = (γ − 1)ρe

where γ is the ratio of specific heats, and set γ = 1.4 for numerical tests in this work.

The total enthalpy is computed by H = (E + p)/ρ.

For Euler equations, the MOOD algorithm is described as follows.

1. Firstly, check each cell for primitive variables (fluid properties) such as density ρ
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and pressure p with the physical admissible detection (PAD) criterion.

ρ∗i > 0 and p∗i > 0 (2.23)

If ρ∗i and/or p∗i are not satisfied Eq.(2.23) then the degree of polynomial is decre-

mented and recomputed simultaneously its neighbor cells. Otherwise, the valid

cell continues for checking the numerical admissible detection (NAD) criterion.

2. At this stage, the candidate numerical solution is checked by the numerical admis-

sible detection (NAD). The first criterion of NAD is discrete maximum principle

(DMP) for the density of each solution cell Ii as

min
j∈v̄(i)

(
ρni , ρ

n
j

)
≤ ρ∗i ≤ max

j∈v̄(i)

(
ρni , ρ

n
j

)
(2.24)

3. If ρ∗i does not satisfy the DMP Eq.(2.24), then check with the u2 process criterion

(a) Compute χi and χj for i, j ∈ v̄(i), where χi = ∂xxρ̃i and ρ̃i = ρ̃i(x; 2)

(b) Now, ρ∗i is checked by detector Eq.(2.8). If ρ∗i is satisfied, set U
n+1
i = U∗

i as

a solution for next time step, otherwise U∗
i is recomputed by decrementing

degree of local polynomial reconstruction, where U = (ρ, ρu, E).

(c) Check detector Eq.(2.9). If ρ∗i is not smooth extrema then di of the polyno-

mial is decremented, otherwise U∗
i is valid and set U

n+1
i = U∗

i as a solution

for next time step.

We perform the numerical results of two benchmark tests for 1D Euler equations to ver-

ify our proposed scheme with Rusanov Riemann solver in [87]. For MOOD algorithm,

we implement the primitive variable reconstruction.

For instance, we simulate the 1D planar Sod shock tube problem and the classical Lax

shock tube problem to assess the ability of the schemes to capture simple waves and

suppress numerical oscillations.
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SOD’s problem: The initial condition is given by

(ρ0, u0, p0) =


(1, 0, 1), 0 ≤ x ≤ 0.5,

(0.125, 0, 0.1), otherwise.
(2.25)

The Fig. 2.7 shows the results computed by WENO-Z, MOOD (P4-P2-P0) and MOOD

(P4-P2-TH, β = 1.6) schemes at time t = 0.25 with 100-cell mesh for comparison.

We observe that WENO-Z scheme with primitive variables reconstruction produces an

overshoot and an undershoot in the vicinity of contact discontinuity and overshoot in the

front of expansion fan while WENO-Z scheme with characteristic variable reconstruc-

tion gives a smooth solution for whole computational domain. For MOOD (P4-P2-P0)

also gives the smooth solution but it produces numerical diffusion for the contact discon-

tinuity region by nearly 6 cells. Furthermore, MOOD (P4-P2-TH, β = 1.6) can resolve

better the con-tact discontinuity with only 4 cells while other schemes have nearly 6

cells but it produces an undershoot at the tail of expansion fan.

Lax’s prolem: The initial condition is given by

(ρ0, u0, p0) =


(0.445, 0.698, 3.528), −1 ≤ x ≤ 0,

(0.5, 0, 0.571), otherwise.
(2.26)

We demonstrate the numerical results at time t = 0.16 over computational domain

Ω = [−1, 1] computed by WENO-Z scheme, MOOD (P4-P2-P0) and MOOD (P4-P2-

TH, β = 1.6) in Fig. 2.8 for comparison. It is observed that both WENO-Z scheme on

primitive variables andWENO-Z scheme on characteristic variables can capture sharply

the contact discontinuity and high accuracy for smooth profile of the rarefaction wave

but an oscillation produced by WENO-Z scheme on primitive variables. MOOD (P4-

P2-P0) can resolve with non-oscillation behavior that is equivalent to WENO-Z scheme

on characteristic variables but it cannot achieve high accuracy for smooth profile and

gives numerical dissipation for the contact discontinuity by nearly 7 cells and 3 cells for

the shock. MOOD (P4-P2-TH, β = 1.6)) can resolve sharply the contact discontinuity
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(a) WENO-Z on primitive variables (b) WENO-Z on Characteristic variables

(c) MOOD (P4-P2-P0) (d) MOOD (MOOD (P4-P2-TH, β = 1.6)

Figure 2.7: Numerical results of SOD’s problem at time t = 0.25 with 100 cells. –
solid line: Exact solution, symbol: Numerical solution.

equivalent to WENO-Z scheme on characteristic variables and can better capture the

shock only 2 cells but produces an undershoot at the tail of rarefaction wave.

2.5 Summary

We have proposed a novel scheme in MOOD algorithm under finite volume framework

to solve hyperbolic conservation laws including both smooth and discontinuous solution

profiles. Being a posteriori MOOD-THINC approach, the proposed scheme is essen-

tially non-oscillatory and of high accuracy. Following the MOOD algorithm, the solu-

tion is detected with prescribed MOOD criterion. If the cell is detected as problematic

cell, we re-compute the solution by decrementing the degree of polynomial reconstruc-

tions. In proposed approach, the first order scheme is replaced by monotonic THINC
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(a) WENO-Z on primitive variables (b) WENO-Z on Characteristic variables

(c) MOOD (P4-P2-P0) (d) MOOD (MOOD (P4-P2-TH, β = 1.6)

Figure 2.8: Numerical results of Lax’s problem at time t = 0.16 with 100 cells. – solid
line: Exact solution, symbol: Numerical solution.

function to increase the accuracy at discontinuities.

The numerical simulations show that the proposed scheme can maintain high-order ac-

curacy gained by polynomial-based reconstruction in smooth profile and capture dis-

continuous solution without spurious oscillation and with less numerical dissipation.



Chapter 3

Solution property preserving

reconstruction: BVD+MOOD scheme

3.1 Introduction

In finite volume framework, several issues are appeared in high-order shock-capturing

methods such as numerical oscillations, excessive numerical dissipation when dealing

with problems involving strong discontinuities, and, safe-failure of positivity-preserving

when solving problems involving vacuum or near vacuum states.

For instace, some classical high-order schemes [3, 56, 86, 93, 94] fail to preserve the

positivity (or to maintain the physical validity of the solution) because of interpolation

errors in the vicinity of very strong discontinuities or when vacuum or near vacuum

states occur. On the other hand, the first-order finite volume so-called Godunov scheme

[42, 108] has an excessive numerical dissipation and tends to smear out flow structures.

Nonetheless, the Godunov scheme is monotone, robust, and preserves the positivity.

Recently, Zhang and Shu developed some positivity-preserving strategy to be supple-

mented with discontinuous Galerkin (DG) [127, 129], finite volume/difference WENO

scheme [128]/[130] by employing a flux limiter with a restriction on the CFL num-

ber. Other approaches based on Flux Corrected Transport (FCT) [74], cut-off limiters,

bound-preserving strategy [121] or alternative techniques are also available.

Following a different path, the Multi-dimensional Optimal Order Detection (MOOD)

43
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approach is an a posteriori limiting scheme which was proposed in [22, 34, 36], and

further used for different families of schemes: DG context [35, 112], Lagrangian and

Arbitrary-Lagrangian-Eulerian schemes [14, 15], or for other physical contexts apart

from pure Euler equations, such as Shallow-water equation [23], compressible turbu-

lence models [58], hyperbolic systems with stiff source terms [12], Navier-Stokes equa-

tions [110], etc.

The main idea in a MOOD-like algorithm consists in computing a candidate numerical

solution at the next time level. The MOOD algorithm picks out the bad cells from the

good ones, and re-compute the bad ones using a more dissipative scheme. A cell for

which the criterion of physical admissible detection (PAD) and numerical admissible

detection (NAD) are satisfied, then it is accepted for the next time step. Otherwise, if a

cell does not satisfy the criteria, it is marked as problematic and re-computed by ‘decre-

menting’ the degree of the local reconstruction polynomials, expecting that a lower order

scheme will deposit more dissipation in the troubled cells. This process of decrement-

ing the local polynomial degree continues up to the cell becomes valid, or, when the

lowest order possible reconstruction is attained (piece-wise constant is usually the last

possibility).

Using polynomial reconstructions in an FV context is the ultra classical path followed

by the majority of researchers to reach high accurate FV schemes. However, when

discontinuous or step-like solutions are encountered, such polynomial reconstructions

become inefficient, or, worse, counterproductive. For several years, in order to capture

such discontinuous solutions, some researchers rely on the Tangent of Hyperbola IN-

terface Capturing (THINC) method which mimics a step-like function, see for instance

[99, 118, 119]. Later on THINC has been used in a so-called Boundary Variation Di-

minishing (BVD) algorithm proposed in [103]. The purpose is to hybridize a WENO

polynomial reconstruction with THINC functions. The BVD principle consists in ap-

propriately selecting between these reconstructions. The diagnostics used by the BVD

algorithm to select the appropriate reconstructions rely on minimizing the jump between

the reconstructed values at the cell boundary. The BVD schemes are then capable to

resolve both discontinuous and smooth solutions with high fidelity, see for instance
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[29, 32, 103]. In more recent works [30, 31], new BVD schemes have been proposed

by combining high-order linear-weight (constant-coefficient) polynomials and THINC

function with multi-stage BVD algorithms. The resulting schemes, so-called PnTm-

BVD (polynomial of n-degree and THINC function of m-level reconstruction based on

BVD algorithm) schemes, are completely different from any existing high-resolution

scheme that counts on nonlinear-weights polynomials to suppress spurious oscillations.

Numerical verification shows that the PnTm-BVD schemes are able to achieve very high

order accuracy for smooth solution, and effectively remove numerical oscillation in

presence of discontinuity. As shown in [30], for example, a 11th order scheme can be

devised by using the 10th order polynomial as one of the candidate for reconstruction.

In this chapter, we present a general formulation of reconstruction in finite volume

method by integrating the BVD and MOOD methodologies. As a concrete example,

we propose a high-resolution scheme under a three-stage cascade BVD algorithm and

MOOD method to fulfill the shock capturing and positivity-preserving properties. For

BVD reconstruction algorithm, the linear 5th order upwind or piece-wise quartic method

based on 4th-degree of polynomial (P4) is implemented as one of the candidate recon-

struction functions to capture smooth solutions. Other candidate reconstruction func-

tions use THINC function to eliminate the numerical oscillation and to capture sharply

all discontinuities. Furthermore, a MOOD algorithm performs and detects a candi-

date solution by physical admissible detection (PAD) ensuring as such the positivity-

preserving property. In this work, we demonstrate the effectiveness of P4-THINC-

BVD-MOOD scheme, or P4T3-BVD-MOOD scheme, in resolving smooth solution,

capturing sharp discontinuous solution and preserving positivity via some benchmark

tests. The numerical results of present scheme show superior solution quality competi-

tive to other existing high-order shock-capturing schemes aswell as high-order positivity-

preserving schemes.
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3.2 Numerical algorithm

For the sake of simplicity, we introduce the numerical method thoroughly in d = 1

dimension. Its extension to multi-dimensions, here d = 2, carried on by dimension

splitting, is presented in a next section. Let us describe the finite volume method, the

reconstruction schemes and the positivity-preserving process in the following sections.

3.2.1 Finite Volume semi-discretization

Let us consider a scalar hyperbolic conservation law under the form

∂U

∂t
+

∂F (U)

∂x
= 0, (3.1)

where U(x, t) is the solution variable and F (U) is the flux function. Because Eq.(3.1)

is hyperbolic, the characteristic speed α = F ′(U) is a real number in 1D.

The computational domain in space is defined asΩ = [xL, xR] and divided intoN cells,

Ii = [xi−1/2, xi+1/2], for i = 1, 2, ..., N . The grid size is uniform over the computational

domain and denoted by∆x = xi+1/2 − xi−1/2. The time coordinate is t and 0 ≤ t ≤ T ,

whereT > 0 is the final time. The time interval [0, T ] is split intoNt time steps [tn, tn+1],

the time-step is non-uniform and denoted by ∆t = tn+1 − tn > 0, with t0 = 0 and

tNt = T .

For the standard finite volume semi-discretization, we employ the approximated volume

integrated-average (VIA) of the solution U(x, t) over a mesh cell Ii at time t as

Ui(t) =
1

∆x

xi+1/2∫
xi−1/2

U(x, t) dx where i = 1, 2, . . . , N. (3.2)

Let us denote by U = (Ui)i=1,2,...,N the vector of discrete FV data in the mesh.

The VIA Ui(t) for each cell Ii is updated by

dUi

dt
= − 1

∆x

(
F̃i+1/2(t)− F̃i−1/2(t)

)
, (3.3)
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where F̃i+1/2(t) and F̃i−1/2(t) are the numerical fluxes at cell boundaries, calculated by

a Riemann Solver

F̃i+1/2(t) = F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t), (3.4)

where UL
i+1/2 and U

R
i+1/2 are the left-side and right-side values at cell boundaries respec-

tively, given by reconstructions over left and right support stencils. Particularly, the

Riemann flux can be written into a canonical form as

F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t) =

1

2

(
F (UL

i+1/2) + F (UR
i+1/2)

)︸ ︷︷ ︸
Central flux

−
|ai+1/2|

2
(UR

i+1/2 − UL
i+1/2)︸ ︷︷ ︸

Dissipation

,

(3.5)

where ai+1/2 is a characteristic speed linked to the maximal eigenvalue of the hyper-

bolic conservation law. In this work a classical HLLC flux is employed [108] but any

approximate Riemann solver could be employed.

A reconstruction procedure is used to calculate UL
i+1/2 and UR

i+1/2 at given time t, we

denote byRi ≡ R(U, Si) the reconstruction operator in cell Ii which, given the discrete

solutionU and a stencil Si of neighbor cells provides a function in Ii. This reconstructed

function is further evaluated at boundary points xi±1/2 to get UL
i+1/2 = Ri(xi+1/2) and

UR
i−1/2 = Ri(xi−1/2) at time t.

3.2.2 Time integration

In order to improve the temporal accuracy for Eq.(3.3), the full discretization is ob-

tained by employing a fourth-order strong stability preserving Runge-Kutta (SSPRK)

developed by Ruuth and Speteri [43, 88, 101]. Defining

L(U) = − 1

∆x

(
F̃i+1/2(t)− F̃i−1/2(t)

)
, (3.6)
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then the time integration is given by

U (1) = Un + 0.391752226571890∆tL(Un),

U (2) = 0.444370493651235Un + 0.555629506348765U (1) + 0.368410593050371∆tL(U (1)),

U (3) = 0.620101851488403Un + 0.379898148511597U (2) + 0.251891774271694∆tL(U (2)),

U (4) = 0.178079954393132Un + 0.821920045606868U (3) + 0.544974750228521∆tL(U (3)),

Un+1 = 0.517231671970585U (2) + 0.096059710526147U (3) + 0.063692468666290∆tL(U (3))

+ 0.386708617503269U (4) + 0.226007483236906∆tL(U (4)).

(3.7)

In this work we design a Solution Property Preserving Reconstruction operator by in-

troducing a blending of high/low order polynomials and hyperbolic tangent reconstruc-

tions.

In figure 3.1 we sketch the principal steps of such an FV scheme, that is the Recon-

struction operator, the flux computation and the Runge-Kutta iterative method. In this

U
n

U
n+1,*

U
n+1

RECONSTRUCTION FLUX COMPUT.

RK STEP

Figure 3.1: Sketch of the finite volume scheme with the reconstruction operator, the
flux computation and the Runge-Kutta iterative method.

chapter, when Euler system of partial differential equations are considered, then the re-

constructions are performed on the characteristics variables called W1,W2,W3 linked

to the three real eigenvalues λ1 = u− c, λ2 = u and λ3 = u+ c, respectively.

3.3 Solution property preserving reconstruction

During the simulation of a hyperbolic system of partial differential equations, one gen-

erally observes large zones where the solution is regular, some discontinuities, usually

of dimension d− 1, possibly in interaction, and, few and small but extremely demand-

ing regions for which the correct physics is difficult to capture. These regions are the

places where we have to resort numerical simulation to get an idea of the true physical

solution, usually too complex to be derived as an analytical solution. Ideally, the regular

zones should be resolved with an unlimited high accurate scheme, for instance, using
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a piece-wise high order polynomial reconstruction. The discontinuous zones demand

the use of a numerical method that can capture the discontinuity in a sharp manner and

at the same time is free from spurious oscillations like a TVD 2nd order FV scheme.

At last, the demanding regions of the flow can usually be dealt only with a genuinely

dissipative scheme, the first order Godunov scheme being one of such representatives.

All of those regions are intimately related to some properties of the numerical solution

which should be preserved by the numerical scheme:

• High accuracy in regular zones −→ Accuracy on smooth profile.

• Free from spurious oscillation close to steep gradient−→ Non oscillatory behav-

ior.

• Sharp capture of discontinuity −→ Accuracy on discontinuous profile.

• Robustness for extreme situations −→ Fail-safe behavior

Therefore given the data Un, the reconstruction operator should provide a reconstructed

function in each cell which does generate (after the flux evaluation and the solution

update) a numerical solution Un+1 fulfilling with the previously list of properties. We

can see this problem of reconstruction as a chained cascade of different reconstruction

operators. We call them RHO for high order reconstruction, RENO for essentially non-

oscillatory reconstruction,RSHARP for sharp reconstruction, see figure 3.2. A key tool is

the so-called ‘selector’. The selector chooses which reconstruction is the most appropri-

ate one in a given cell. For instance, if the solution is smooth, the selector should select

RHO reconstruction, while, in the case of a step function/shock or steep gradient, then

RSHARP must be selected. Such a selector is a key point because it drives the reconstruc-

tions and, as a consequence, the numerical dissipation of the numerical method, then

its accuracy. In this work the selector is acting given two candidate reconstructions in

a cell, and chooses only one. Because we consider three different reconstructions, then

two selectors are operating in cascade, see figure 3.2. Let us first present the reconstruc-

tion operatorsRHO,RENO,RSHARP. Then the selector will be described.
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R
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ENO

R
SHARP

SELECTOR R
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1

U
n

RECONSTRUCTION

R

Figure 3.2: Illustration of the Solution Property Preserving Reconstruction. RHO is
high order reconstruction operator,RENO is an essentially non-oscillatory one,RSHARP
is a sharp one. First the selector chooses between HO and ENO to get reconstruction

number 1. Then the selector picks either reconstruction 1 or SHARP to get
reconstruction number 2.

3.3.1 RHO: P4 unlimited polynomial reconstruction

To achieve higher accuracy in space, piece-wise polynomial reconstructions were devel-

oped within FV schemes. For instance, the piece-wise parabolic method (PPM) devel-

oped in [27, 54, 70] achieves the third-order accuracy. Similarly to PPM, the fifth-order

accuracy scheme based on piece-wise polynomial of degree four (P4), known as piece-

wise quartic method (PQM) was proposed for instance in [116]. In this work we adopt

the PQM reconstruction by selecting one central stencil made of five cells surrounding

the current one, see figure 3.3, the stencil Si is therefore constituted of cell indexes i+k

with k = −2, . . . , 2. The reconstruction values at the left and right cell boundary are

denoted as UL,P4
i+1/2 and U

R,P4
i−1/2 respectively and are up-winded via the formula

UL,P4
i+1/2 =

1

60
(2Ui−2 − 13Ui−1 + 47Ui + 27Ui+1 − 3Ui+2)

UR,P4
i−1/2 =

1

60
(−3Ui−2 + 27Ui−1 + 47Ui − 13Ui+1 + 2Ui+2)

(3.8)

This reconstruction is high accurate (5th order on smooth enough profiles in 1D) and,

unfortunately, oscillatory when steep gradients are encountered.

I
i

i−1/2 i+1/2

i
S

i−1i−2 i+1 i+2

Figure 3.3: Stencil selection for the right/left interface i± 1/2
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3.3.2 RLO: no reconstruction/P0 polynomial

When considering no reconstruction, i.e. P0 ‘reconstruction’, we set UL,P0
i+1/2 = UR,P0

i−1/2 =

Ui. Such values lead to a first order FV scheme. Although it is a low accurate scheme, it

presents nonetheless an extremely robust behavior. We are using this scheme as the last

resort when extreme situations are encountered, such as a lack of positivity for Euler

equations, occurrence of NaN, etc. see Section 3.3.4. Obviously in this case the stencil

Si is made by only cell Ii.

3.3.3 RENO, RSHARP: THINC reconstruction with β ≤ 1.2 or β ≥

1.6

THINC stands for Tangent Hyperbola for INterface Capturing method, which is orig-

inally a volume of fluid (VOF) scheme employing the hyperbolic tangent function for

spatial reconstruction. Being a sigmoid, differentiable and monotone function, hyper-

bolic tangent function mimics a step-like discontinuity. In the case of strictly increasing

or decreasing set of values (Ui−1, Ui, Ui+1) then the THINC function can be expressed

as [103, 118] in Ii as

qi(x) = Umin +
JUK
2

[
1 + θ tanh

(
β

(
x− xi−1/2

xi+1/2 − xi−1/2

− x̃i

))]
, (3.9)

where Umin = min(Ui−1, Ui+1), JUK = max(Ui−1, Ui+1) − Umin and θ = sgn(Ui+1 −

Ui−1). The parameter β is used for controlling the slope and the jump thickness, i.e.

if β has a value close to zero then the profile qi converges towards the average value

of Ui−1+Ui+1

2
while, if β is large, it tends to be a step-like function, see figure 3.4. In

Eq.(3.9), the only remaining unknown, x̃i, which presents the relative location of jump

center in the cell, is calculated by solving the constraint condition Ui =
1
∆x

∫
Ii
qi(x) dx.

The reconstructed values at left and right ends of cell boundary are given by

UL
i (xi+1/2) = qi(xi+1/2) = Umin +

JUK
2

(
1 + θ

tanh(β) + A

1 + A tanh(β)

)
UR
i (xi−1/2) = qi(xi−1/2) = Umin +

JUK
2

(1 + θA)
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Figure 3.4: Left panel: Examples of THINC reconstruction qi(x) as a function of β for
q̄i = 0.4 case over unit-length cell — Right panel: Imaginary parts of modified
wave-number from THINC schemes with β = 1, 1.1, 1.2, and 1.3. The results for

some TVD schemes limited with minmod, van Leer or superbee slope limiter are also
displayed. (The picture focuses on small wave-numbers.)

where A = 1
tanh(β)

(
B

cosh(β) − 1
)
, B = eθβ(2C−1) and C =

Ui − Umin + ϵJUK + ϵ
with ϵ =

10−20 to avoid division by zero. We denote by UL,Thβ
i+1/2 = UL

i (xi+1/2) and UR,Thβ
i−1/2 =

UR
i (xi−1/2) the reconstruction values for THINC’s candidate interpolation function with

β parameter.

Remark 1. The THINC reconstruction stencil Si is constituted by the direct neighbors,

i.e. Ii−1 and Ii+1, which are only used for the computation of min and max bounds.

Remark 2.: In the case ofUi is out of the bound ofmin(Ui−1, Ui+1) andmax(Ui−1, Ui+1),

which means that Ui is a local extremum and Ui =
1
∆x

∫
I
qi(x)dx does not hold, we sim-

ply set qi(x) = Ui for all x ∈ Ii. This could be improved even further by employing a

parabolic reconstruction for instance.

Remark 3. Notice that an alternative form of Eq.(3.9) is

qi(x) = U i +
Umax − Umin

2
tanh

(
β

(
x− xi−1/2

xi+1/2 − xi−1/2

− x̃i

))
, (3.10)

from which the convergence toward U i when β tends to 0 is evident.

RENO: THINC reconstruction with β ≤ 1.2: In order to avoid oscillatory behavior

we employ THINC reconstructions with small values of parameter β. More precisely

we use β = 1.2 or β = 1.1 which are small enough values corresponding, more or less,
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to the same dissipation as a 2nd order TVD FV scheme with either the van Leer slope

limiter or the Minmod one respectively. The operator are respectively denoted byR2
ENO

and R1
ENO. The FV schemes associated to these operators RENO are therefore close to

classical 2nd order TVD numerical schemes. In other words, the FV schemes generated

byRENO reconstructions are relatively low accurate but (essentially) non-oscillatory.

In order to justify this statement, we apply the approximate dispersion relation (ADR)

analysis described in [82] to the THINC scheme with different wave numbers w. The

numerical dissipation is quantified through the imaginary parts of the modified wave

number and the results are shown on the right-panel of figure 3.4. Beyond β ≃ 1.1

the numerical scheme presents an anti-dissipative behavior. In order to compare with

other popularly TVD schemes, we also show the numerical dissipation of the 2nd order

FV scheme with Minmod, Van Leer and Superbee limiters [66]. THINC scheme with

β = 1.1 has a much smaller numerical dissipation than the TVD scheme employing the

Minmod limiter. It presents a similar or slightly better performance than the scheme

with Van Leer limiter. THINC schemes with larger parameters β = 1.2 (or 1.3) have a

similar spectral property compared to the TVD method with the Superbee limiter. They

both show a positive imaginary part at lowwave number band leading to the well-known

staircase/squaring effect [82] on the solution profile. For the purpose of designing an

essentially non-oscillatory scheme it is reasonable to choose THINC reconstructions

with β = 1.2 and possibly β = 1.1 for a more important dissipation.

RSHARP: THINC reconstruction with β ≥ 1.6: The last THINC reconstruction op-

erator in this paper uses β = 1.6 to capture sharper discontinuous profiles by employing

the staircase/squaring behavior. The associated scheme to the reconstruction operator

RSHARP is therefore anti-dissipative, leading to staircase shapes even for smooth profiles.

3.3.4 Robustness and physical admissibility via an a posterioriMOOD

procedure

The last property corresponds to the ability of the numerical method to handle extreme

physical and numerical situations, for instance the lack of positivity for density or en-
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ergy for Euler equations or the occurrence of Not-A-Number (NaN) value, etc. None of

the previous reconstruction procedures can ensure neither the positivity nor a fail-safe

behavior. For this matter we employ the so-called a posterioriMulti-dimensional Opti-

mal Order Detection (MOOD) procedure. In a MOOD algorithm, a candidate solution

at time tn+1 is tested against several goodness criteria (physical or numerical). This

detection procedure separates the cells into ‘valid’ ones for which the numerical solu-

tion is accepted, and, ‘troubled’ ones. The troubled cells are locally recomputed with a

first-order Godunov scheme, that is employing no reconstruction (i.e. a P0 polynomial).

This first-order finite volume method has an excessive numerical dissipation and tends

to smear out cell flow structures. However, it is known to be monotone, robust and

positivity-preserving. Therefore, this scheme should be used only as a last resort. The

detection criteria are split into a Physical Admissible Detection (PAD) and a Numerical

Admissible Detection (NAD)

Detect: PAD(Un+1,∗
i ), and NAD(Un+1,∗

i ), (3.11)

where ∗ denotes the fact that the solution is not the final one, but only a candidate so-

lution. A cell is marked as NAD troubled if, for instance, Un+1,∗
i = NaN, otherwise

the cell is valid. In the case of Euler equations, a cell is PAD troubled if Un+1,∗
i ≤ 0

with U = ρ, the density or ε the specific internal energy. This corresponds to ensur-

ing the physical admissibility of the solution for Euler equations. In the case of a linear

advection equation a cell is PAD troubled if Un+1,∗
i < minj(U0

j ) or U
n+1,∗
i > maxj(U0

j ).

If the cell Ii is troubled, then it is locally recomputed by the first-order Godunov scheme.

For safety reason, its direct neighborsmay also bemarked as troubled cells. In figure 3.5,

we complete the sketch of a the Finite Volume scheme with an a posteriori MOOD

procedure. Remark that only troubled cells are re-computed, which is expected to occur

only in rare events. The direct neighbors of a troubled cell (i.e. sharing a flux with Ii)

must also be re-updated for conservation purposes.
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Figure 3.5: Sketch of the Finite Volume scheme with a posterioriMOOD procedure
which detects troubled cells (the ones where positivity is violated, or where NaN is
occurring), then recomputes the solution by a first order Godunov scheme (no
reconstruction). The neighbor cells of a troubled cell must also be re-updated.

Contrarily valid cells are accepted without any modification.

3.3.5 Illustration of the behavior of the reconstructionsR

In this section, we illustrate the behavior of the FV schemes with different reconstruc-

tions, namely using RHO with the unlimited 5th order polynomial (P4), RENO2 with

THINCβ=1.2, RENO1 with THINCβ=1.1, RSHARP with THINCβ=1.6 and RLO with piece-

wise constant data (P0). Recall that the FV scheme is 1D, using a 4th order SSPRK

time discretization, a HLLC flux function and one of the reconstruction operator listed

above.

Smooth sine profile: Let us consider in 1D onΩ = [0, 1] the smooth function U(x) =

sin(2πx) subjects to a scalar advection equation with constant velocity a = 1. The

domain is meshed with 20 uniform cells and 40 time iterations with ∆t = 0.025 are

performed. Periodic boundary conditions are considered. The exact solution consists of

the same profile after one revolution. In figure 3.6 (left panel), we present the numerical

solution obtained by each of the FV scheme using one of the 5 reconstruction operators.

As expected for a smooth profile the reconstruction RHO (unlimited P4 FV scheme)

provides the most accurate results. RENO2 and RENO1 produce monotone but diffuse

results, with RENO2 results being more accurate. They match approximately TVD-van

Leer and TVD-superbee results. RSHARP results present the staircase behavior andRLO

ones are extremely diffused.
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Figure 3.6: Advection of a sine profile (left panel) and a step profile (right panel) by
the FV schemes using different reconstruction operatorsR. Displays are the results of

RHO,RLO,RENO2 ,RENO1 andRSHARP reconstructions against the exact solution.

Discontinuous step profile: Next we consider in 1D the step like function U(x) =

1/2(1 + (x− 1/4)/|x− 1/4|), discontinuous at x = 1/4. 10 time steps and 50 uniform

cells are considered. The exact solution corresponds to the initial one shifted by distance

D = 0.25. In figure 3.6 (right panel), we present the results of the FV scheme with

different reconstructions. As expected for a discontinuous profile, the reconstruction

RHO (unlimitedP4 FV scheme) generates spurious oscillations but with the discontinuity

maintained over 3− 4 cells. Accordingly RLO results are monotone but truly diffusive

(∼ 15 cells). Contrarily the reconstructionsRENO1,2 produce monotone but a somewhat

diffuse discontinuity (5−6 cells). RSHARP results presents a sharper discontinuity spread

over the same number of cells than the one obtained withRHO reconstruction.

The five reconstructions listed in table 3.1 are appropriately behaving for different sit-

uations; on regular solution, on discontinuous profile, to suppress spurious oscillations

and to handle extreme situations. As a consequence it is important to correctly choose

which reconstruction is the most appropriate one at a given time and location. This is

the goal of the ‘selector’ introduced in Section 3.3 which is designed in the following

section.
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Table 3.1: Table of reconstructions used in this work and their associated target property.

Acronym Reconstruction Parameter Solution property
HO Pk unlimited polynomial k = 4 smooth profiles
ENO2 THINC β = 1.2 (damp) spurious oscillations
ENO1 THINC β = 1.1 (kill) spurious oscillations
SHARP THINC β = 1.6 discontinuities
LO P0, no reconstruction — positivity issue

3.3.6 Local selection of reconstruction operator: a 3-stage BVD al-

gorithm

In this work, the selector relies on a 3-stage Boundary Variation Diminishing (BVD)

algorithm [30, 31, 103]. The total boundary variation (TBV) in a 1D cell Ii is defined

by the sum of the jumps generated by the reconstructed values (using reconstruction

operatorR) at the cell interfaces:

TBVR
i (U) =

∣∣∣UL,R
i−1/2 − UR,R

i−1/2

∣∣∣+ ∣∣∣UL,R
i+1/2 − UR,R

i+1/2

∣∣∣ ≥ 0 (3.12)

Each term represents the amount of dissipation introduced in the numerical flux in

Eq.(3.5) for one edge of cell Ii, therefore TBVi scales like the numerical dissipation

in the cell. When two reconstructionsR1 andR2 of the same data U are available then

the comparison of TBVR1
i and TBVR2

i allows to choose the least dissipative one in cell

Ii. BVD algorithm exploits this fact.

More precisely, in this work, the following 3-stage procedure is employed in spirit of

[30, 31]. Let us call the actual reconstruction used in cell i by ri where ri can be HO,

ENO1, ENO2, SHARP or LO.

Stage 1. Selection betweenRHO andRENO2 →RST1

For all cell i, if TBVRHO
i > TBVRENO2

i then (ri−1, ri, ri+1) = ENO2, else ri = HO.

RST1 = {ri, i = 1, . . . , N}

Stage 2. Selection betweenRST1 andRENO1 →RST2

For all cell i, if TBVRST1
i > TBVRENO1

i then (ri−1, ri, ri+1) = ENO1, else ri =



Chapter 3. Solution property preserving reconstruction: BVD+MOOD scheme 58

ST1.

RST2 = {ri, i = 1, . . . , N}

Stage 3. Selection betweenRST2 andRSHARP →RST3

For all cell i, if TBVRST2
i > TBVRSHARP

i then ri = SHARP, else ri = ST2.

RST3 = {ri, i = 1, . . . , N}

In the case of a scalar equation the selector Eq.(3.12) acts on the only variable u, while in

the case of systems of three variables, sayW1,W2,W3 being the characteristic variables

corresponding to u − c, u and u + c, respectively, we may have several options, for

instance:

• W1,W2,W3 may be considered as variables independent from each other, and,

consequently each of them goes through the selector Eq.(3.12) and the selection

of reconstruction. Numerical tests have shown that this option is too diffusive and

the solution may even get noisy.

• W1,W2,W3 are considered as variables connected each other. Extensive numer-

ical tests have shown that an acceptable strategy then consists in

Stage 1: the selector Eq.(3.12) is computed for W1,W2 and W3, their neighbor

cells will reconstructed based on the selection ofW3 use asRST1

Stage 2: the selector Eq.(3.12) is computed for W1,W2 and W3, their neighbor

cells will reconstructed based on the selection ofW1 use asRST2

Stage 3: each variable is independently sharpened use asRST3 .

Remark 4. In stage 1, if the THINC reconstruction is selected by W3 for cell Ii then

its two direct neighbors Ii−1, Ii+1 are reconstructed with the same THINC function and

also for the neighbor cells of other variablesW1 andW2.

Remark 5. In stage 2, similar to stage 1 if the THINC reconstruction is selected by

W1 for cell Ii then its two direct neighbors Ii−1, Ii+1 are reconstructed with the same

THINC function and also for the neighbor cells of other variables W2 and W3. Indeed

this cell has been selected due to a smaller TBVi which is computed with genuinely
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THINC fluxes on both sides and this implies that the neighbor cells use the same recon-

struction operator as Ii. The neighbor cells Ii−1 and Ii+1 may be mixed cells with one

flux calculated by THINC reconstruction on one side and a polynomial calculated flux

on the other.

The role of W3 in stage 1 and W1 in stage 2 could be reversed without much changes

in the results. The reason why stage 3 is treated differently relies on the fact that if

sharpening should be conducted (because the TBV selector says so) then it must be

constructed in order to steepen any interface present for any variable. This ends the

description of the 3-stage BVD algorithm.

Remark 6. The oscillation-free solution is obtained after stage 1 and stage 2 occurring.

The numerical dissipation at discontinuous/steep gradients is reduced after stage 3 if

needed. It means that the desired numerical solution properties are attained respectively

at different stages by this multi-stage BVD approach.

Remark 7. In the multi-stage of reconstruction operators HO → ENO → SHARP →

LOother TVDnumerical methods could be used in replacement of THINC functionwith

β = 1.1 or β = 1.2 (ENO). On the contrary the unlimited high order polynomial recon-

struction (HO) as well as THINCwith β = 1.6 used to sharpen discontinuities (SHARP)

are mandatory. The first one ensures the highest possible accuracy (because no dissipa-

tive mechanism is employed), while the second one allows to maintain extremely sharp

discontinuities. Up to our knowledge, we are not aware of better reconstruction op-

erators for these situations. For the same reason, the low order (LO) scheme must be

carefully chosen to ensure positivity and valid representation of numbers. In this work,

the first order accurate Godunov scheme is employed as being one of the simplest and

more robust positivity-preserving schemes.

Remark 8. We have experimented using the BVD algorithm to the primitive variables

as well. Similar to the results shown in [103], implementing BVD algorithm to primitive

variables results in more oscillatory numerical solution in comparison with the charac-

teristic variables. We use the characteristic variables in this work, which lead to more

stable solutions.
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3.4 Extension to 2D

The extension of the 2D structured grid is carried on by dimensional splitting in a

straightforward manner. Our goal with this extension is to maintain the simplicity and

efficiency of the method. Recall that our goal is to design a genuinely efficient and accu-

rate limiter-free scheme, to sharply capture shocks and steep gradients, and at the same

time to deal robustly with near-vacuum states. For this reason, some approximations

are produced from the classical high-accurate polynomial-based FV scheme. However,

it will be evident in the numerical tests, and those approximations do not deteriorate the

efficiency of our non-linear numerical method. Let us directly focus on some essential

points for this 2D extension.

3.4.1 Two dimensional finite volume framework

The computational domain is assumed to be a rectangular box Ω = [xL, xR]× [yL, yR]

divided into rectangular uniform cells Ii,j = [xi−1/2, xi+1/2] × [yj−1/2, yj+1/2]. A point

vector is denoted by a capital letter X = (x, y)t. The cell center is denoted by Xi,j =

(xi, yj)
t and the cell sizes are ∆x and ∆y with zk =

zk−1/2+zk+1/2

2
, and ∆z = zk+1/2 −

zk−1/2 where z is standing for x and y, and, k for i and j respectively. We write the 2D

equation of hyperbolic conservation law into

∂U

∂t
+

∂F (U)

∂x
+

∂G(U)

∂y
= 0, (3.13)

where F (U) and G(U) stand for the flux functions in x and y directions respectively.

The numerical solution of U(X, t) over a mesh cell Ii,j at time t is approximated by a

piecewise constant value

Ui,j(t) =
1

∆x∆y

∫
Ii,j

U(X, t) dx dy where i = 1, 2, . . . ,M, j = 1, 2, . . . , N.

(3.14)

Let us denote by U(t) = (Ui,j(t))i,j=1,2,...,N the vector of discrete FV data in the mesh.

The semi-discretization of Eq.(3.13) over cell Ii,j after the application of Green theorem
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yields
dUi,j(t)

dt
+

1

∆x∆y

∫
∂Ii,j

F(U(t)) · ni,j ds = 0, (3.15)

where ni,j is the outward pointing unit normal of the cell boundary ∂Ii,j , and F(U) =

(F (U(t)), G(U(t))). Let us call the four edges forming ∂Ii,j by ei±1/2,j and ei,j±1/2 and

rewrite the previous equation into

dUi,j(t)

dt
+

1

∆x
(Fi+1/2,j(t)−Fi−1/2,j(t))+

1

∆y
(Gi,j+1/2(t)−Gi,j−1/2(t)) = 0, (3.16)

which is then updated in time using the aforementioned Runge-Kutta scheme. The

fluxes Fi±1/2,j(t) and Gi,j±1/2(t) are computed likewise their 1D counterparts. For in-

stance to compute Fi+1/2,j(t) along the vertical edge ei+1/2,j , the left and right states,

UL
i+1/2,j and UR

i+1/2,j , are first computed by the use of left/right 1D reconstructions in

cells Ii,j and Ii+1,j . These reconstructions are both evaluated at the center point of edge

denoted by xi+1/2,j at instant t for each time level as well as Runge-Kutta sub-step.

Then, a Riemann solver is further employed to get the final value of the flux

Fi+1/2,j(t) = F Riemann
i+1/2,j

(
UL
i+1/2,j, U

R
i+1/2,j, t

)
. (3.17)

The same procedure is employed in y-direction to compute the fluxesGi,j+1/2(t). In this

work a HLLC Riemann solver is used [108]. Following the 1D section, a fourth-order

accurate SSPRK scheme [43, 88, 101] is employed for a high accurate time discretiza-

tion.

3.4.2 Reconstruction operators

As previously mentioned, the reconstructions are performed direction by direction. In

other words, the same P4 reconstructions as described in Eq.(3.8) are first made for data

aligned in x direction: Ui−2,j , Ui−1,j , Ui,j , Ui+1,j , Ui+2,j , to get the edge centered values

UL
i+1/2,j and UR

i−1/2,j for cell Ii,j . Then, the 1D reconstructions in y direction consider

y-aligned data Ui,j−2, Ui,j−1, Ui,j , Ui,j+1, Ui,j+2 to get values UL
i,j+1/2 and U

R
i,j−1/2 in cell

Ii,j . The THINC reconstructions are exactly the same as in 1D, their stencils are thus
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Figure 3.7: Stencil in 2D.

restricted to two aligned neighbor cells only. The a posteriori MOOD loop operates

also alike. The local selection of reconstruction operator follows the same algorithm

depicted in Section 3.3.6 and the selection of reconstruction operator is independent in

x and y directions. Consequently we do not repeat those descriptions.

3.4.3 Discussion on accuracy and efficiency

The 1D formulation and time discretization lead to a 5th order of accuracy for smooth

solution of linear advection equation as in [30]. However, it is noted that our scheme is

formally only second-order accurate for 1D Euler equations and in 2D due to variable

dependent selection of BVD algorithm and a simple multi-dimensional implementation.

Indeed the flux integration along the edges is calculated using only one integration point

at the edge center. This choice has been made for three reasons. First, in order to main-

tain the scheme as efficient as possible, we have not multiplied the number of function

evaluations (P4, THINC) by using Gauss quadrature points per edge, which would led

to a formal 5th order accuracy for the integration, matching the target order of accuracy

of the scheme. Unfortunately, this would also lead to a cost of 8 Riemann solvers, one

for each of the 8 integration points, and, consequently, 16 function evaluations. This is
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usually one of the costly part of a FV scheme. Contrarily, in our scheme, the number of

function evaluations is reduced to 8 for 4 Riemann solvers.

Second, in our work the P4 reconstructions are not multi-dimensional ones. Hence, the

expected 5th order of accuracy is somewhat spoiled by the dimensional splitting during

the reconstruction step. If one decides to reconstruct a true 2D P4 polynomial, then

about 25 neighbor cell values must be used for 15 polynomial coefficients, leading to a

15× 25 linear system to invert per cell.

Third, our scheme is intrinsically non-linear due to the presence of THINC reconstruc-

tions. Therefore, the formal notion of ‘order of accuracy on smooth flow’ is more com-

plicated to handle than for linear schemes. Only the accuracy at given mesh remains a

valid and comprehensive notion, and, our 2D numerical results show that the scheme is

accurate and efficient with this choice of one only integration point per edge.

Recall that the goal in this work is not to build a genuine 5th order accurate numerical

method which would certainly demand true 2D polynomial reconstructions and accurate

enough quadrature rule. On the contrary, this work is intended to build a genuine simple,

efficient, robust and accurate enough scheme emphasizing that an appropriate mixing of

linear and non-linear reconstruction operators may replace classical limiting techniques

(slope/flux limiters, artificial viscosity, WENO, etc.). The following numerical section

is intended to provide some numerical evidences.

3.5 Numerical results

In this section, we validate the numerical scheme for some benchmark tests for a linear

advection equation and the Euler equations involving strong interacting discontinuities.

In addition, we also show some typical test cases involving near vacuum states to test

the positivity-preserving property of the scheme. The numerical in-house FV code is

built on the following key tools: the reconstruction procedure is conducted in terms of

characteristic decomposition, the HLLC Riemann solver [108] is used for flux compu-

tation, a SPPRK of fourth order in time discretisation is employed, the BVD algorithm
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for the space reconstruction is used, and, at last an a posteriori MOOD loop is imple-

mented for the positivity-preservation. In order to demonstrate the performance of the

present scheme, some numerical results are compared to 5th order WENO-Z scheme

with the same reconstruction procedure and time discretization. The WENO-Z scheme

generally presents good accuracy on smooth flows and a non-oscillatory behavior near

discontinuity, see [3, 39]. The numerical results produced by the current scheme in this

work will be compared to this reference scheme. The CFL number is set to 0.4.

3.5.1 One-dimensional linear advection equation

The scalar advection equation consists in considering U as a scalar field, and F (U) =

aU with a the convective velocity. We set a = 1 in this work. As such, any profile

U(x, t = 0) is convected so that the exact solution at t ≥ 0 is given by U(x, t) = U(x−

a t, 0). For this equation the physical admissibility (PAD criteria) is set to mini(U0
i ) ≤

Un+1
i ≤ maxi(U0

i ). In order to evaluate if the present scheme can resolve different

smooth profiles and discontinuity of different kinds, one simulates the test which was

proposed in [56]. The initial condition on the computation domain [−1, 1] is defined as

U(x, 0) =



1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 ≤ x ≤ −0.6,

1, −0.4 ≤ x ≤ −0.2,

1− |10(x− 0.1)|, 0.0 ≤ x ≤ 0.2,

1

6
(F (x, α, a− δ) +G(x, α, a+ δ) + 4G(x, α, z)) 0.4 ≤ x ≤ 0.6,

0, otherwise.
(3.18)

The functions F and G are defined by

G(x, β, z) = exp
(
−β(x− z)2

)
, F (x, α, a) =

√
max(1− α2(x− a)2, 0),

(3.19)

and the coefficients are given by

a = 0.5, z = −0.7, δ = 0.005, α = 10, β = log 2/36(δ2). (3.20)
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The numerical results of the test at final time t = 2.0 and for 200 uniform grid cells are

shown in figure 3.8. This test is used to evaluate the occurrence of spurious numerical

oscillations, the preservation of smooth and discontinuous extremes and smooth profiles.

Compared toWENO-Z scheme [3]1 (figure 3.8-(left)), the proposed scheme (figure 3.8-

(right)) can better resolve the sharp discontinuous profiles, the step-like profile. It also

effectively eliminates the numerical oscillations generated by the Gibbs phenomenon.

Figure 3.8: Numerical results for the advection of complex waves with 200 grid cells
after one period (t = 2.0) computed by WENO-Z scheme and the proposed one.

3.5.2 One-dimensional Euler equations

The Euler equations of compressible gas dynamics consist of conservation laws of mass,

momentum and total energy withU = (ρ, ρu, E)T and F (U) = [ρu, ρu2+p, (E+p)u]T

and ρ, u, p are the density, velocity and pressure, respectively. E is the total energy

expressed as E = e +
1

2
ρu2 and e is the specific internal energy. For ideal gas, the

equation of state (EOS) is defined as p = (γ − 1)ρe where γ is the ratio of specific

heats. We set γ = 1.4 for the numerical tests if not otherwise mentioned. For the Euler

equations with an ideal EOS, a candidate solution is physically admissible if ρni > 0 and

pni > 0 and these are the PAD criterion checked by the MOOD loop.

3.5.2.1 Problems involving simple waves

Double rarefaction or 123 problem: The 123 problem is one of benchmark tests pre-

senting near vacuum state as it involves two rarefaction fans moving in opposite direc-
1Recall that WENO-Z has been designed in particular to avoid loss of accuracy at critical points.

Hence, for this test it can be considered as a truly appropriate and adapted numerical method.
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tion, therefore emptying a central zone. The initial condition on computational domain

Ω = [−1, 1] is given in table 3.2 [70] 400 cells are considered and the final time is set

to tfinal = 0.6. Outflow boundary conditions are implemented. The numerical results

of the current scheme are compared to the exact solution (straight line) and represented

in figure 3.9 with symbols. The numerical solution is in good agreement with the exact

solution and the quality is comparable to positivity-preserving fifth-order finite differ-

ence WENO scheme [130] and positivity-preserving DG method [127]. The spurious

peak in the internal energy profile is a classical flaw of many numerical methods when

dealing with near vacuum state [72].

Figure 3.9: Numerical results for Euler equations – 123 problem – 400 cells – From
left to right: density, velocity and internal energy.

Sedov blast-waves: We also evaluate the scheme on the Sedov blast-wave involving

low density and low pressure [91]. The initial condition is such that the density is 1,

the fluid is at rest and the total energy is 10−12 everywhere except for the center cell

where E0

∆x
with E0 = 3.2× 106 emulating a δ-function at the origin. The exact solution

at t > 0 is constituted by two shock waves emanating from the origin and traveling

in opposite directions and an exponentially rarefaction after the shocks leading to near-

vacuum states. The computational domain is set to Ω = [−2, 2] and outflow boundary

conditions are considered. The mesh size is ∆x = 1
200

and final time is tfinal = 0.001.

The computational results in figure 3.10 show that the proposed scheme provides sharp

solutions for the shocks and maintains an admissible solution throughout the simulation.

Notice that the original high-order reconstruction schemes like PQM [116] or WENO

sometimes fail due to the generation of non-admissible numerical states, which leads to

code termination. In this work such a situation is avoided by the a posteriori MOOD
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Table 3.2: Initial left and right states for the density ρ, velocity u and the pressure p
for the shock tube problems. The final simulation times tfinal, domain size and the

position of the initial discontinuity xd are also given.

Problems ρ0L u0
L p0L ρ0R u0

R p0R tfinal Ω xd

123 1.0 -1.0 0.2 1.0 1.0 0.2 0.6 [-2,2] 0
Sod 1.0 0.0 1.0 0.125 0.0 0.1 0.25 [0,1] 0.5
Lax 0.445 0.698 3.528 0.5 0.0 0.571 0.16 [0,1] 0.5
Le Blanc 1 0.0 2

3
× 10−1 10−3 0.0 2

3
× 10−10 6 [0,9] 3

loop which locally uses a first-order but extremely robust scheme to cure such situations

when they are observed by the detection criteria.

Figure 3.10: Numerical results for Euler equations – Sedov problem – 800 cells –
From left to right: density, velocity and pressure.

Sod and Lax shock tube problems: We simulate the 1D planar Sod shock tube prob-

lem and the classical Lax shock tube problem to assess the ability of the schemes to cap-

ture simple waves. The initial conditions for density, velocity and pressure are listed in

table 3.2. An exact solution for both problems can be derived from the one-dimensional

Riemann problem, see [108]. The computational domain Ω = [0, 1] is covered by 200

cells and Dirichlet boundary conditions are imposed on both ends of the domain. The

numerical solution depicted in figure 3.11 is good agreement with the exact solutions.

The shock waves are sharply captured essentially on one or two cells. More notably is

the ability of the scheme to capture the contact discontinuity over two cells only which

is a rare ability for Eulerian schemes, even for high accurate ones.

Le Blanc shock tube problem: In this test, we consider the so-called Le Blanc shock

tube problem with specific heat ratio γ = 5/3, with the initial condition given in table

3.2. The domain is Ω = [0, 9] and the discontinuity is initially at location xd = 3. This
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Figure 3.11: Numerical results for Euler equations – Sod (top) and Lax (bottom) shock
tube problems – 200 cells – From left to right: density, velocity and pressure.

test is an extreme version of a shock tube for which the jump in density is 103 while the

jump in pressure is 109 leading to violent waves, which, however are still simple waves

that can be exactly computed [108]. The numerical results at final time tfinal = 6 are

presented in figure 3.12 when 800 cells are used. The computed density and internal

energy are plotted using a log scale to enhance the structure of the solution while we

use a linear scale for the velocity. We observe that the present scheme provides a high

resolution solution with sharp discontinuities without any lack of positivity. The shock

wave is not at the exact location due to the fact that, for this extreme shock tube, 800

cells are not sufficient to reach the mesh convergence. Therefore, even if the numerical

method is conservative and converges towards a weak solution of the Euler equations,

for a coarse resolution, any numerical solution may present such misbehavior due to in-

accuracy. This is classically observed for other high resolution schemes in the literature,

see [75, 76, 73, 85] for a non-exhaustive variety of numerical results on this problem.

3.5.2.2 Problems involving interacting waves

Collela-Woodward blast-wave: This test was first introduced by Collela and Wood-

ward [27] and it involves interactions of simple waves. The initial condition is given
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Figure 3.12: Numerical results for Euler equations – Le Blanc problem – 800 cells –
From left to right: density, velocity and specific internal energy.

by

(ρ0, u0, p0) =


(1, 0, 1000) if 0 < x < 0.1,

(1, 0, 0.01) if 0.1 < x < 0.9,

(1, 0, 100) otherwise.

(3.21)

and the final time is set to tfinal = 0.38. Reflective boundary conditions are set on the

left and right ends of the computational domain. We compute the numerical results with

400mesh cells. In figure 3.13 we observe that the proposed scheme can capture sharply

the shock waves and, more notably, the contact discontinuities on very few cells (1 or 2).

Recall that contrarily to classical Eulerian FV schemes based on polynomial reconstruc-

tions (with embedded limiter), our approach considers non-polynomial reconstructions

(THINC) in conjunction with high accurate polynomial ones. This combination shows

its importance on such test case on the left-most contact discontinuity. Obviously our

approach is not exempt from drawbacks for instance the smooth region between x = 0

and x = 0.5 seems to reveal some oscillations in the velocity field. Nevertheless, our

numerical experiments show that using a smaller β in the first two stages effectively

reduces such oscillations in velocity field.

Shu-Osher oscillatory problem: This test problem [94, 103] is a particular shock tube

where the downstream flow has a sinusoidal density fluctuation ρ = 1− ε sin(λx−A)

with a wave length of λ = 50, an amplitude of ε = 0.2 and the constant value A = 25.

A Mach 3 shock front is initially located at x = 0.1 on domain Ω = [0, 1]. The left

and the right states are given by ρ0L = 3.857143, u0
L = 2.629369, p0L = 10.33333 and
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Figure 3.13: Numerical results for Euler equations – Collela-Woodward blast-wave
problem – 400 cells – From left to right: density, velocity and pressure.

ρ0R = 1 + 0.2 sin(50x − 25), u0
R = 0 and p0R = 1. The final time is tfinal = 0.18. This

problem involves small scale oscillating structures after the shock has interacted with

the initial sine wave. We present the results for 300, 600 and 1000 uniform cells against

a reference solution computed with WENO-Z scheme with 1000 cells. In figure 3.14

are presented the density variable (top panels) and a zoom on the oscillatory section

(bottom panels) for the three mesh resolutions. We can observe that, as expected when

the number of cells increases then the scheme captures more accurately the physical

oscillations. While our scheme does not outperformWENO-Z scheme on this test case,

its performance is acceptable for 1000 cells. Notice that the shock wave on the left-

most part of the domain presents a tiny oscillation. Also our approach can not produce

accurate results for 200 cells, the selector being less performing on coarse meshes.

Figure 3.14: Numerical results for Euler equations – Shu-Osher problem – Density for
300, 600, 1000 cells from left to right – Top panels: full view – Bottom panels: zoom.
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3.5.2.3 Diagnostics on reconstruction selection

In this section, we provide some figures related to the selectors. In figure 3.15, for the

Collela-Woodward blast-wave we color the cells according to the type of reconstruc-

tion selected (red for HO, blue for SHARP and green for ENO1 or ENO2) for each

of the Nt = 1605 time-steps needed to complete the simulation in y-direction . The

three characteristic variables W1,W2,W3 are displayed on left, middle and right pan-

els respectively. From this figure, it is interesting to notice that the main waves and

their interactions are somewhat captured. Moreover, a majority of cells are dealt with

the HO reconstruction (red cells), a relative important number of cells are sharpened

(blue cells), and, only few need some numerical dissipation (green cells). In table 3.3
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Figure 3.15: Numerical results for Sod (top panels), Collela-Woodward blast-wave
(middle panels) and Le Blanc (bottom panels) problems – Cell number in x axis, time
iteration in y axis – Each cell (x-direction) is colored according to the selector as a
function of time-steps, red for HO, blue for SHARP and green for ENO1 or ENO2

reconstruction – From left to right: characteristic variablesW1,W2,W3.

we present the percentage of cells dealt with the HO,SHARP, or ENO reconstructions

for Sod, Collela-Woodward and Le Blanc test cases. More precisely, one sums up for
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all time steps the number of cells using the same reconstruction and take the percentage

with respect to the total numberNt×Nc. As expected the percentages in table 3.3 do not

allow to extract a general behavior because each test case presents different flow charac-

teristics which demand the adaptation of the scheme and its reconstructions. However,

it seems that the optimally accurate HO reconstruction is chosen for 40% up to 75% of

cells. In other words those cells are updated with the 5th order of accuracy without any

dissipation mechanism. The dissipative ENO reconstructions are chosen for 10% up to

38% of cells to avoid spurious oscillations. At last, the sharp reconstruction is selected

for 2% up to 36% of cells.

Table 3.3: Percentage of cells dealt with the SHARP,HO,ENO reconstructions for
the three characteristic variablesW1,W2,W3 and three 1D test cases.

Test Nt, Nc
W1 W2 W3

SH HO ENO SH HO ENO SH HO ENO

Sod 263, 200 18.9% 43.1% 38.0% 35.8% 42.1% 22.0% 36.2% 43.8% 20.0%

Blast-w 1605, 400 15.1% 70.7% 14.3% 25.8% 64.0% 10.2% 11.0% 74.7% 14.4%

Le Blanc 1488, 800 2.2% 75.4% 22.4% 28.4% 63.4% 8.2% 8.5% 75.6% 15.8%

3.5.3 Two-dimensional Euler equations

3.5.3.1 Riemann problems

In order to verify that the multi-stage BVD-MOOD scheme is accurate, robust, and

produces non-oscillatory solutions, we test a set of two-dimensional Riemann problems

which have been introduced and widely studied in [63, 90]. Recently, Balsara et al, [5,

6, 7] have employed the 2D Riemann problems to build a genuinely multi-dimensional

HLL type Riemann Solvers. The computational domain isΩ = [−0.5, 0.5]× [−0.5, 0.5]

and the initial conditions are given by

U(x, y, t = 0) =



U1 if x > 0 ∧ y > 0,

U2 if x ≤ 0 ∧ y > 0,

U3 if x ≤ 0 ∧ y ≤ 0,

U4 if x > 0 ∧ y ≤ 0.

(3.22)
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Table 3.4: Initial conditions for the 2D Riemann problems numbered from 1 to 5.
These further correspond to Configurations 3, 4, 6, 8 and 12 in [63]

# ρ u v p ρ u v p
tfinal

x ≤ 0 x > 0

R
P1 y > 0 0.5323 1.206 0.0 0.3 1.5 0.0 0.0 1.5

0.3
y ≤ 0 0.138 1.206 1.206 0.029 0.5323 0.0 1.206 0.3

R
P2 y > 0 0.5065 0.8939 0.0 0.35 1.1 0.0 0.0 1.1

0.25
y ≤ 0 1.1 0.8939 0.8939 1.1 0.5065 0.0 0.8939 0.35

R
P3 y > 0 2.0 0.75 0.5 1.0 1.0 0.75 -0.5 1.0

0.30
y ≤ 0 1.0 -0.75 0.5 1.0 3.0 -0.75 -0.5 1.0

R
P4 y > 0 1.0 -0.6259 0.1 1.0 0.5197 0.1 0.1 0.4

0.25
y ≤ 0 0.8 0.1 0.1 1.0 1.0 0.1 -0.6259 1.0

R
P5 y > 0 1.0 0.7276 0.0 1.0 0.5313 0.0 0.0 0.4

0.25
y ≤ 0 0.8 0.0 0.0 1.0 1.0 0.0 0.7276 1.0

The initial conditions and the final solution time, tfinal, for the five configurations tested

in this chapter are listed in table 3.4. Formore information about the other configurations

the reader is referred to [63, 90]. For the computation we have employed a uniform grid

of 400×400mesh cells for both schemes (WENO-Z andmulti-stage BVD-MOOD). The

numerical solutions are illustrated for the first two and the last three configurations in

figure 3.16 and 3.17, respectively. In the left panels and the right panels we respectively

show the density profile at the final time computed by WENO-Z and present scheme,

with 30 equidistant iso-lines between the minimum and maximum values. We observe

that the computational results of two schemes equivalently produce numerical solutions

for the main flow structures of all 2D Riemann problems with this mesh.

Therefore, the multi-stage BVD-MOOD scheme performs well in capturing the discon-

tinuities without spurious oscillations and also without excessive numerical dissipation

for the smooth part of the flow structures. Furthermore, we also show the results of RP3

for both schemes with 600 × 600 mesh cells in figure 3.18. We can observe that the

present scheme has better performance than WENO-Z scheme by showing the birth of

the Kelvin-Helmholtz instability on the shear waves as an evidence of a lower dissipa-

tion scheme.
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Figure 3.16: Numerical results for Riemann problems computed by WENO-Z and the
present scheme with 400× 400 mesh cells – 30 contours from min to max values for

density – Left: WENO-Z scheme; Right: Present scheme.

3.5.3.2 Double Mach reflection

Next, we have run the 2D double Mach reflection problem of a strong shock that was

proposed by Woodward and Colella [117]. This test problem involves a Mach 10 shock

in a perfect gas with γ = 1.4 which hits a 30◦ ramp with the x-axis. Using Rankine-

Hugoniot conditions we can deduce the initial conditions (t = 0) in front of and after

the shock wave

(ρ, u, v, p)(x, y, 0) =


(8.0, 8.25 cos(π/6),−8.25 sin(π/6), 116.5), if x < x0 =

1
6
+ y√

3
,

(1.4, 0.0, 0.0, 1.0), if x ≥ x0 =
1
6
+ y√

3
,

(3.23)

on the domain Ω = [0, 3.2]× [0, 1]. Reflecting wall boundary conditions are prescribed

on the bottom and inflow and outflow boundary conditions on the left side and the right

side, respectively. The exact solution of an isolated moving oblique shock wave with
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Figure 3.17: Numerical results for Riemann problems computed by WENO-Z and the
present scheme with 400× 400 mesh cells – 30 contours from min to max values for

density – Left: WENO-Z scheme; Right: Present scheme.

Mach numberMs = 10 is imposed on the upper boundary. The location of shock-wave

at any time t on top boundary y = 1 is s(t) = x0 +
1+20t√

3
. The boundary conditions on
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Figure 3.18: Numerical results for Riemann problems computed by WENO-Z and the
present scheme with 600× 600 mesh cells – 40 contours from min to max values for

density – Left: WENO-Z scheme; Right: Present scheme, showing the
Kelvin-Helmholtz instability on the shear waves.

the top boundary are therefore given by

(ρ, u, v, p)(x, y = 1, t) =


(8.0, 8.25 cos(π/6),−8.25 sin(π/6), 116.5), if 0 ≤ x < s(t),

(1.4, 0.0, 0.0, 1.0), if s(t) ≤ x ≤ 4,

(3.24)

and the final time is set to tfinal = 0.2. The mesh is made of Nx × Ny cells with Nx =

320, 640, 960 and Ny = 100, 200, 300, respectively. Although there exists no exact

solution for this problem, it has become a classical bench-marking test in the literature

because it involves shock waves and smooth recirculating flow zones.

In figure 3.19 we present the density variable in color with 30 contour iso-lines spanning



Chapter 3. Solution property preserving reconstruction: BVD+MOOD scheme 77

the interval [1.4, 22.5] computed by three different grid resolutions, ∆x = ∆y =
1

100

for the top panels,∆x = ∆y =
1

200
for the middle panels and∆x = ∆y =

1

300
for the

bottom panels of figure 3.19. The zoomed-in part of the numerical results are presented

in figure 3.20. The results obtained by the present scheme and those simulated by high

order schemes in [39] (page 352 and figure 17) are in good agreement. Moreover, the

present scheme has properly detected the shock waves without spurious oscillations and

the vortexes along the slip line are more visible as shown by the fine grid computation.

Figure 3.19: Numerical results for the 2D Euler equations – Double Mach reflection
problem at time t = 0.2 simulated by the present scheme with different mesh numbers

– Density variable in color and with 30 contour iso-lines spanning the interval
[1.4, 22.5] – Top panels: 320× 100 mesh cells; Middle panels: 640× 200 mesh cells;

Bottom panels: 960× 300 mesh cells.

3.5.3.3 Shock-vortex interaction

Another classical test in two space dimensions is the interaction of a vortex with a steady

shock wave. Originally proposed by [84], this test involves complex flow patterns with
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Figure 3.20: Numerical results for the 2D Euler equations – Double Mach reflection
problem at time t = 0.2 simulated by the present scheme with different mesh numbers

– Density variable in color and with 30 contour iso-lines spanning the interval
[1.4, 22.5] – Left panels: 320× 100 mesh cells; Middle panels: 640× 200 mesh cells;

Right panels: 960× 300 mesh cells.

smooth features and discontinuous waves. The initial conditions, defined over the com-

putational domain Ω = [0, 1] × [0, 1], are given by a stationary normal shock wave

placed at x = 0.5 and by a vortex, which is centered at (xc, yc) = (0.25, 0.5). The left

and right states separated by the shock wave are given by

(ρ, u, v, p)(x, y, 0) =


(1,

√
γ, 0, 1), if x < 1

2
,(

γ − 1 + 1.3(γ + 1)

γ + 1 + 1.3(γ − 1)
,
√
γ −

√
2

(
0.3√

γ − 1 + 1.3(γ + 1)

)
, 0, 1.3

)
, if x ≥ 1

2
,
(3.25)

The left state is supplemented by an isentropic vortex of the form

(δu, δv) =

(
ε
y − yc
rc

eα(1−r2),−ε
x− xc

rc
eα(1−r2)

)
, δT = −ε2

γ − 1

4αγ
e2α(1−r2), (3.26)

with r2 =
∥X −Xc∥2

r2c
. The numerical simulations are performed over a uniformly

mesh using 200 grid points per direction. Transmitive boundary conditions are imposed

on the boundary and the final time is taken to be tfinal = 0.5. The remaining parameters

are set to ε = 0.3, α = 0.204 and rc = 0.05.

In figure 3.21 we present the 30 contours of density profile spanning [0.998296, 1.30234]

at final time for theWENO-Z (left panel) and [0.997274, 1.29747] for the present scheme

(right panel). We observe that both of the schemes have captured appropriately the shock

waves without spurious oscillations as well as the smooth solution region. The CPU

times observed for both schemes are 1953 seconds for WENO and 6% more expensive

for the present scheme (2070 seconds) both ran on DEV-C++ Integrated Development
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Environment. Hence, the present scheme can reproduce the quality of WENO-Z results

for a comparable CPU time.

Figure 3.21: Numerical results for the 2D Euler equations – Shock-vortex interaction
problem at final time – 30 contours from 0.95 to 1.35 for density – Left: WENO-Z

scheme; Right: Present scheme.

3.5.3.4 The 2D Sedov blast waves

For this cylindrical Sedov test [91], the computational domain is reduced to [0, 1.2] ×

[0, 1.2] where only the lower left corner cell contains the high energy of a perfect gas at

rest (γ = 1.4). The initial condition is given by

(ρ0, u0, v0, p0) =


(1, 0, 0,

0.244816

∆x∆y
), if x < ∆x and y < ∆y,

(1, 0, 0, 4× 10−13), otherwise,
(3.27)

where∆x = ∆y =
1.2

120
(120× 120 square cells) and the final time is tfinal = 1. For the

boundary conditions, an outflow boundary is applied to the right and upper boundaries

while a reflective boundary is considered on the left and bottom boundaries. Figure 3.22

shows the density profiles computed by the present scheme at final time. We can observe

that the results are in good agreement with the exact solution as a function of cell radius

on the first panel. The cylindrical waves (shock and rarefaction) is well captured and

preserved and the shock is maintained on few cells. Even though the value of density

is very low towards the origin, the present scheme can simulate the test without any
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blow-up or code crash.

Figure 3.22: The numerical results for 2D Sedov blast waves problem at time tfinal = 1
with 120 mesh cells — Left: Density profile along y = 0 line vs the exact solution;

Middle: 10 density contours from 0 to 6; Right: Surface of density profile.

3.5.3.5 High Mach number astrophysical jets

For this case we simulate some high speed of gas flows without radiative cooling, see

[44, 45, 127, 128]. Notice that negative density and pressure could occur for such flows.

We simulate two jets, a Mach 80 and a Mach 2000, described in [127] with γ = 5/3 on

a computational domain Ω. The initial condition is defined by

(ρ, u, v, p) =


(5, uin, 0, 0.4127), if y ∈ [−0.05, 0.05],

(0.5, 0, 0, 0.4127), otherwise,
(3.28)

where uin > 0 is the inflow jet set on a portion of the left boundary. The boundary

conditions are set to outflow for the right, top and bottom boundaries. The left boundary

is an inflow boundary condition.

First, we simulate a Mach 80 on Ω = [0, 2]× [−0.5, 0.5] with uin = 30. The numerical

solutions is computed up to time tfinal = 0.07 with 448× 224 mesh cells.

Figure 3.23 presents the numerical results for the density, pressure and temperature pro-

files in logarithmic scale. Even though very low density and pressure value occur in

this test, the present scheme still performs well. The numerical results are compara-

ble to those in [127]. Moreover the present scheme captures more complex small scale

structures of the flow. Second, we simulate aMach 2000 jet onΩ = [0, 1]×[−0.25, 0.25]
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Figure 3.23: Numerical results for the 2D Euler equations – Mach jet 80 problem at
time tfinal = 0.07 with 448× 224 mesh cells simulated by the present scheme.

Density, pressure and temperature maps in logarithmic scales.

by considering an inflow velocity magnitude uin = 800. The numerical solution is com-

puted up to time tfinal = 0.001 with 640 × 320 mesh cells. Figure 3.24 presents the

numerical results for density, pressure and temperature profiles in logarithmic scale.

The numerical results are comparable to those in [127, 130]. Again, the current method

seems to capture more flow structures. This flow is obviously more violent than the pre-
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vious one, emphasizing that the proposed numerical method is genuinely robust thanks

to the MOOD loop and the first-order FV scheme used as a last resort.

Figure 3.24: Numerical results for the 2D Euler equations – Mach jet 2000 problem at
time tfinal = 0.001 with 640× 320 mesh cells simulated by the present scheme.

Density, pressure and temperature maps in logarithmic scales.
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3.5.3.6 Shock diffraction problem

As a last test case, the shock diffraction problem has been simulated. We can find this test

in the literature for the DGmethod [25, 127] as well as finite differenceWENO schemes

[130]. Physically it consists of the diffraction of a shock wave at a sharp convex corner.

Yet, no general theory exists which may describe this problem completely. Numerical

simulations have been widely employed to understand the flow features generated by

the shock diffraction, and, this problem has become popular to challenge new numerical

methods. The main reason is that spurious negative density and/or pressure may be

generated below and on the right of the corner.

The computational domain is the union ofΩ1 = [0, 1]×[6, 11] andΩ2 = [1, 13]×[0, 11].

The initial condition is a pure right-moving shock of mach 5.09, initially located at

x = 0.5 and 6 ≤ y ≤ 11, and moving into the undisturbed air ahead of the shock

characterized by a density of 1.4 and a pressure of 1. The boundary conditions are set

to inflow at the left-most boundary x = 0 (for 6 ≤ y ≤ 11), outflow at the right, top

and bottom ones, 0 ≤ y ≤ 11, 1 ≤ x ≤ 13, y = 0, and 0 ≤ x ≤ 13, y = 11, and

reflective walls are considered on boundary Γ1 = {(x, y), s.t. 0 ≤ x ≤ 1, y = 6} and

Γ2 = {(x, y), s.t. 0 ≤ y ≤ 6, x = 1}. The specific heat ratio γ = 1.4 and final time of

the computation is tfinal = 2.3.

Figure 3.25: Numerical results for the 2D Euler equations – Shock Diffraction
Problem 20 contours from 0.06 to 7.1 for density variable – Left: ∆x = ∆y = 1

32
;

Right: ∆x = ∆y = 1
64
.

In figure 3.25 and figure 3.26 we present respectively the density variable in color with
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Figure 3.26: Numerical results for the 2D Euler equations – Shock Diffraction
Problem 40 contours from 0.08 to 32 for pressure variable – Left: ∆x = ∆y = 1

32
;

Right: ∆x = ∆y = 1
64
.

20 contour iso-lines spanning the interval [0.06, 7.1] and the pressure variable with 40

contour iso-lines spanning the interval [0.08, 32]. Two different grid resolutions are

considered, ∆x = ∆y =
1

32
for the left panels and ∆x = ∆y =

1

64
for the right

panels. We observe that the results are comparable to those in [25, 127, 130] for the

main flow structures. In our simulations, theMOOD loop allows to handle appropriately

the occurrence of negative density or pressure which are cured by the use of the first-

order FV scheme when needed. This allows the present scheme to become “fail-safe”

to non-admissible physical Moreover the finer grid resolution allows to observe sharper

discontinuities without the creation of spurious oscillations.

3.5.3.7 Diagnostics on reconstruction selection for 2D Euler equations

Likewise for the 1D tests, in table 3.5 we present the percentage of cells for the four

characteristic variables W1,W2,W3,W4 which are dealt with the HO, SHARP, ENO

and piece-wise constant (P0) reconstructions. The tests are the 2D Sedov Blast waves,

Mach 80 jet, Mach 2000 jet, shock-vortex interaction and shock diffraction problemwith

∆x = ∆y =
1

32
. One sums up for every 10 time steps and final time step the number of

cells using the same reconstruction and further takes the percentage with respect to the

total number:
Nt

10
×(Nx×Ny)+Nx×Ny. Each test case produces different flow patterns

and the scheme does adapt. Consequently, for the reconstructions, we can not identify

a general behavior which was expected. However, it seems that the HO reconstruction
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Table 3.5: Percentage of cells dealt with the SHARP,HO,ENO,P0 reconstructions for
the four characteristic variablesW1,W2,W3,W4 and five test cases.

Test Nt, Nx ×Ny
W1/W3 W2/W4

SH HO ENO P0 SH HO ENO P0

Shock-V 657, 200x200
6.56% 65.32% 28.12% 0% 58.72% 31.63% 9.64% 0%

10.38% 65.49% 25.06% 0% 7.94% 64.24% 27.82% 0%

Sedov 3441, 120x120
7.22% 81.41% 11.37% 0% 6.51% 81.1% 12.39% 0%

5.99% 81.79% 12.22% 0% 9.75% 80.57% 9.68% 0%

M-80 1613, 448x224
9.25% 77.9% 12.8% 0.05% 9.85% 76.49% 13.61% 0.05%

9.64% 78.09% 12.22% 0.05% 9.77% 77.28% 12.9% 0.05%

M-2000 1904, 640x320
6.95% 83.20% 9.81% 0.04% 7.58% 82.25% 10.13% 0.04%

7.27% 83.33% 9.36% 0.04% 8.00% 82.44% 9.51% 0.04%

Shock-D 1708, 416x352
8.28% 77.74% 13.98% 1E-4% 7.97% 78.14% 13.89% 1E-4%

17.06% 71.89% 11.05% 1E-4% 10.43% 76.8% 12.77% 1E-4%

(target 5th order accuracy without dissipation) is selected for about 30% up to 83% of

cells. The dissipative ENO reconstructions are selected between 9% to 28% of cells

while the sharp reconstruction is chosen for 6% up to 58% of cells. At last the piece-

wise constant reconstruction is almost never selected (maximal 0.05%). But, recall that

each time it is selected then it means that the code has created a non-physical state. In

other words the code has been simply saved from code-crashing2.

3.6 Summary

In this paper we have presented a reconstruction strategy to be employed in Finite Vol-

ume (FV) scheme which differs from classical polynomial-based with a priori limiting

strategy. Most of classical schemes are based on a (linear) polynomial reconstruction,

which is further supplemented with a non-linear limiter: classical slope limiter for piece-

wise linear reconstruction, (C)WENO blending, hierarchical moment limiter, artificial

viscosity, etc. As such the accuracy in space of such FV schemes, measured for smooth

solutions, is obtained by the accuracy with which the polynomials are reconstructed. In

other words the polynomial degree drives the scheme accuracy. Meanwhile, the robust-

ness and non-oscillatory behavior are obtained by the non-linear limiter which is often
2Note that 0.05% of the cells for the Mach 80 jet problem may seem rather small. However it corre-

sponds to about 81000 cells among the 162millions of cell updates computed during the whole simulation.
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computed just after the reconstructions.

Our approach differs because our cell-based reconstruction procedure relies on several

types of reconstructions: (1) 5th order accurate polynomials for smooth solutions, (2)

viscous non-linear THINC functions to add dissipation and (3) sharp non-linear ones

to handle discontinuity and steep gradients, and, at last, (4) no reconstruction at all for

extreme situations.

The fundamental mechanism in our approach to choose between these reconstructions

relies on the BVD (Bounded Variation Diminishing) strategy. The reconstruction in one

cell is chosen to be the one producing the smallest jumps at the cell interfaces. With BVD

the reconstruction is polynomial P4 for smooth solutions, viscous on non-smooth solu-

tion (like a limited P1 reconstruction) and adopts a step-like shape for genuine discon-

tinuous solution. Moreover, an a posteriori loop is added to the scheme to ensure that in

the case the obtained numerical solution at time tn+1 does not ensure fundamental prop-

erties like the positivity, computer representation, then, locally, the solution is recom-

puted with a first-order accurate FV scheme, i.e. without any reconstruction. As such

a solution property preserving non-linear reconstruction procedure for Finite Volume

scheme is designed. The rest of the FV scheme employs a HLLC flux, a Runge-Kutta

time discretisation and dimension splitting to avoid costly multidimensional polynomial

reconstructions. The goal is not to develop a provable optimal high accurate numerical

method for smooth flows. Rather, the purpose of this work is to provide an efficient re-

placement for the pair (polynomial reconstruction, limiter) used in classical FV scheme

(TVD, WENO, etc.). Indeed in our approach the scheme must select among several

reconstructions, the most appropriate one according to goodness criteria. Some criteria

are set a prioriwith BVD, some are verified a posterioriwithMOOD. Being fundamen-

tally 1D, the FV scheme proposed in this work is genuinely inexpensive. The numerical

results prove that the scheme can capture both contact discontinuities and shocks on

only two cells in 1D. Remarkably, such sharp interfaces can not generally be obtained

with the state of the art FV schemes of high accuracy. This behavior is confirmed on 2D

test problems for which the numerical method present genuinely sharp discontinuity for

a second-order accurate scheme according to classical numerical analysis. The scheme
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is extremely robust to positivity issues due to the a posteriori treatment and, at last, the

directional splitting yields a very reasonable cost for such apparent accuracy.



Chapter 4

BVD+MOOD scheme for compressible

Euler equations with source terms

In this chapter, the multi-stage BVD+MOOD scheme proposed in previous chapter is

extended for applying the simulation of Euler equations with source terms (e.g. gravity

and chemical reaction). The source terms of gravity and reaction are added to the Euler

equations in this chapter. The Euler equations with gravitational source terms are imple-

mented to model in several interesting physical phenomena. In the combustion process

[41], the detonation is high speed combustion waves with strong leading shocks. The

chemical reactions take place very fast and time scale of the chemical reaction is very

small compared to the time scale of the fluid flow. According to its practical impor-

tance, the detonation is still and active area of research in both theoretical studies and

numerical methods for aeronautics and astronautics engineering applications.

4.1 Issues of existing high-order finite volume methods

Existing high-order shock-capturing schemes are facing with several issues such as nu-

merical oscillations, excessive numerical dissipation and failure in positivity-preserving

when solving problems involving strong discontinuities and vacuum or near vacuum

states occur.

As mentioned above, in reactive Euler equations, the source term represents the chem-

88
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ical reactions which may move with a speed fasten than gas flow. For the problems

involving reacting fronts that become stiff (strong mass transfer and heat release), to

obtain reliable numerical results is resolving accurately and capturing sharply discon-

tinuity of reacting fronts. The spurious phenomena in simulating stiff reacting flow is

reported in [26, 115, 122, 126]. The detonation fronts may be predicted incorrectly by

standard shock-capturing methods due to numerical dissipation. For example, the nu-

merical dissipation smears some discontinuities which, in return incorrectly trigger the

reaction of the source term and then produce a wrong numerical solution. Furthermore,

if the grid is not sufficient enough, the enough temporal resolution cannot remove the in-

correct propagation speed of the discontinuities and non-physical spurious waves cause

by the discretization, especially in the shock with shock waves. Thus, the chemical reac-

tion may be triggered at a wrong location. After the late or incorrectly located reaction,

the newmass or energy in the vicinity of discontinuities is incorrectly captured (in space

and time), and, all subsequent computed wave speeds and plateaus may be spoiled by

excessive numerical dissipation.

For the last two decades, various strategies and numerical methods have been proposed

to deal with this problem in order to obtain the correct wave propagation speed. A main

strategy is to minimize the numerical diffusion in numerical scheme. A front tracking

techniques, like ghost fluid/level set method [16, 80] or locally refined grid/time step

[11, 55] and random choice scheme [20, 21] have been successfully resolved the prob-

lems of the under-resolved detonation waves. Another strategy, a simple temperature

extrapolation method [37] was proposed and as well as ignition temperature random

during reaction step [10]. Later, the random projection method [8, 9] was proposed

by replacing the ignition temperature with uniformly distributed random variable. Re-

cently, subcell-resolution [115] and fractional-step [126] methods were proposed which

solves the convection step and reaction step separately.

Although the above mentioned numerical methods have successfully resolved the cor-

rect propagation wave speed, there is a main issue that quite often encounter situations

is safe-failure in positivity-preserving. Physically, both density ρ and pressure p should

be positive. For instance, high-order schemes may provide negative physical properties
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when they are applied for low density problems in computing blast waves, low pressure

problems in computing gaseous detonation propagation through different geometries.

The occurrence of negative density or pressure is quite often encountered during the

time evolution, which leads to a blow-up of the computation.

4.2 Solution procedure for compressible Euler equations

with source terms

In this section, we introduce the solution procedure for compressible Euler equations

with source term. General compressible Euler equations with different type of source

terms are considered as models for physical situations such as gravitational source terms

and detonation waves.

4.2.1 Governing equations

We consider the general form of one dimensional Euler equations with source terms,

which is defined as

∂U

∂t
+

∂F (U)

∂x
= S(U); t ≥ 0, x ∈ R (4.1)

where where

U(x, t) =


ρ

ρu

E

 , F(U) =


ρu

ρu2 + p

u(E + p)

 (4.2)

Here ρ, u, p are the density, velocity, and pressure, respectively. E is the total energy

expressed as E = e +
1

2
ρu2 and e is the specific internal energy. For ideal gas, the

pressure can be computed by the equation of state (EOS) is defined as p = (γ − 1)ρe

where γ is the ratio of specific heats. The total enthalpy is computed byH = (E+p)/ρ.

S(U) is the source terms, i.e. gravity acceleration and detonation models of premixed

reactive gases. The source terms are possibly becoming stiff compared to the local time
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and space scales, and usually their main effect is to drastically modify the behavior of

the solution.

4.2.2 Operator splitting

To solve the above model system, the numerical solution at each time step interval [t, t+

∆t] is computed in a split way: First the homogeneous conservation law (convection

step) and, second the ODE system (source term step or reaction step). We describe

in the following the fractional step approach [108] for gravitational source terms, and,

the second order Strang-splitting method [102] for the more complex chemical reaction

source terms.

The Euler equations with gravity-like source terms: The numerical solution at time

level t+∆t is approximated by

U(t+∆t) = C(∆t)R(∆t)U(t). (4.3)

The convection operatorC(∆t) approximates the solution on the time intervalU(t+∆t)

from the approximate solution U(t), solving

∂U

∂t
+

∂F (U)

∂x
= 0, t ≤ t′ ≤ t+∆t. (4.4)

Different numerical schemes for hyperbolic conservation laws can be used at this stage.

In this work, we use the third-order TVD Runge-Kutta method [43] for time integration

and the multi-stage BVD-MOOD scheme for spatial discretization supplemented with

HLLCMRiemann solver [92] to prevent the carbuncle phenomenon or shock instability.

Other approximate Riemann solvers could be also employed for most cases.

The source term operator R(∆t) approximates the solution on a time step of the ODE

system
dU

dt
= S(U), t ≤ t′ ≤ t+∆t. (4.5)
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Then, the explicit forward Euler method is used as follows

U
n+1

R = U
n
+∆tS(U

n
), (4.6)

in which the Un+1

R is the updated value at source term step and S(Un
) is the source term.

Any ODE solver can be used to deal with such source terms.

The reactive Euler equations: The numerical solution at time level t+∆t is approx-

imated generically by

U(t+∆t) = C

(
∆t

2

)
R (∆t)C

(
∆t

2

)
U(t). (4.7)

In our numerical examples, Nr su-steps may be employed in one reaction step. There-

fore, the above equation is become as

U(t+∆t) = C

(
∆t

2

)
R

(
∆t

Nr

)
· · ·R

(
∆t

Nr

)
C

(
∆t

2

)
U(t). (4.8)

Similarly, C is the convection operator acting over time ∆t/2 and R is the reaction

operator. We use Nr = 2 sub-steps in this work. Any ODE solver can be used for

the reaction operator providing that the discontinuities are sharply dealt with during the

convective step.

4.2.3 Finite volume method

In this section, we briefly describe the fundamental algorithm under the finite volume

context for the convection step. Let us consider the computational domain in space

as Ω = [xL, xR] divided into N non-overlapping cells with Ii = [xi−1/2, xi+1/2], for

i = 1, 2, ..., N . The cell size is denoted by ∆x = xi+1/2 − xi−1/2 and is uniform over

the computation domain. Furthermore, the time variable is denoted by t and 0 < t <

tfinal, where tfinal > 0 is the terminal time for the computation. The time is split into

Nt non-uniform time steps paving the interval [0, tfinal]. The time step is denoted as

∆t = tn+1 − tn > 0, where tn is the time at nth step, likewise for tn+1. The time-step



Chapter 4. BVD+MOOD scheme for compressible Euler equations with source 93

will be restricted by a CFL condition later.

We employ the volume integrated-average (VIA) of the solutionU(x, t) using a standard

finite volume semi-discretization, over a mesh cell Ii at time t as

Ui(t) =
1

∆x

xi+1/2∫
xi−1/2

U(x, t) dx where i = 1, 2, . . . , N. (4.9)

The VIA Ui(t) for each cell Ii is updated by

dUi(t)

dt
= − 1

∆x

(
Fi+1/2(t)− Fi−1/2(t)

)
, (4.10)

where Fi+1/2(t) and Fi−1/2(t) are the numerical fluxes at cell boundaries, calculated by

a (approximated) Riemann solver

Fi+1/2(t) = F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t), (4.11)

whereUL
i+1/2 andU

R
i+1/2 are the left-side and right-side values ofU at xi+1/2 respectively.

They are computed by a so-called reconstruction procedure over left and right potential

stencils. The approximate flux in Eq.(4.11) can be written for a wide range of Riemann

solvers into the general form

F Riemann
i+1/2 (UL

i+1/2, U
R
i+1/2, t) =

1

2

(
F (UL

i+1/2) + F (UR
i+1/2)

)
−

|ai+1/2|
2

(UR
i+1/2 − UL

i+1/2),

(4.12)

where ai+1/2 varies among different Riemann solvers. As already mentioned we use the

HLLCM approximate Riemann solver, the details of which can be found in [92].

4.2.4 Time Integration

In order to achieve high-order numerical accuracy in time, the discretization in time is

made by the third-order TVD Runge-Kutta method (RK3, see [93, 43]). More precisely,

defining

L(U) = − 1

∆x

(
Fi+1/2(t)− Fi−1/2(t)

)
, (4.13)
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as the spatial operator, then the time integration corresponds to a convex combination

of three explicit steps as

U (1) = Un +∆tL(Un),

U (2) =
3

4
Un +

1

4
U (1) +

1

4
∆tL(U (1)),

Un+1 =
1

3
Un +

2

3
U (2) +

2

3
∆tL(U (2)).

(4.14)

This time integration scheme is restricted by the CFL condition

∆t ≤ CFL
∆x

maxi(|ui|, |ui ± ai|)
, (4.15)

where CFL < 1 is a safety constant.

The remaining main task (detailed in the previous chapter) is the calculation of states

UL
i+1/2 and U

R
i+1/2 at given time t through a reconstruction procedure.

In this work, we introduce a blending of high/low order polynomial and hyperbolic

tangent reconstructions. The blending serves the purpose of preserving some of the

properties of the solution. Moreover, the reconstructions are performed on the charac-

teristics variables and each variable of the same cell employs the same reconstruction

type. Because we employ high order polynomials and non-linear hyperbolic tangent

as reconstruction types, the limiting procedure, mandatory to avoid Gibbs phenomenon

and damp spurious oscillations, is handled in a non-classical way. Indeed following pre-

vious chapter we split the numerical solution into three parts: a large part of the domain

welcomes a smooth solution, relatively small area suffer from the presence of discon-

tinuous solutions, and, extremely small area present extreme physical situations (close

to vacuum states for instance).
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4.3 Review of reconstruction schemes for solution prop-

erty preserving

The numerical solution for the hyperbolic system of partial differential equations (PDEs)

is split into three regions: ‘smooth’ (large), ‘discontinuous’ (few) and ‘demanding’ en-

during physics violation (almost zero). An unlimited piece-wise high order polynomial

reconstruction is employed for the smooth profile, while a shock-capturing THINC re-

construction deals with discontinuous profiles in a sharp and essentially non-oscillatory

manner. At last, the demanding regions in the flow where non-admissible physical state

may be computed which are dealt with the monotonic, dissipative and robust first order

Godunov scheme.

The numerical scheme should preserve some properties of the numerical solution re-

lated to those regions, for instance, a high accurate description of smooth profiles, an

essentially non-oscillatory behavior in the vicinity of steep gradients, a sharp capture of

discontinuity (contact, material interface), and, robustness for extreme situations.

4.3.1 Candidate reconstruction schemes

In order to fulfill these properties, we design a chain of different reconstruction opera-

tors via a multi-stage BVD-MOOD algorithm [106]. We denote them as RHO, RENO,

RSHARP and RLO standing for High Order polynomial, Essentially Non-Oscillatory,

Sharp and Low Order polynomial reconstructions, respectively. The main tool is the

so-called BVD which acts as a selector which chooses the most suitable reconstruction.

For instance, for a smooth profile, the selector should choose the high-order reconstruc-

tion RHO, while the sharp one RSHARP should be selected for the steep gradient or

step-like profile/shock. In table 4.1, the five candidate reconstructions are listed with

their different behaviors; on smooth solutions, to suppress spurious oscillations, on dis-

continuous solutions, and to handle extreme demanding situations.

In this work, the BVD ‘selector’ is operating on two reconstructed candidates in the

same cell, and, chooses the most suitable one. Since we consider of three possible re-
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Table 4.1: Table of reconstructions and their associated target property.

Acronym Reconstruction Parameter Solution property
RHO Pk ⇒ unlimited polynomial k = 4 smooth profile
RENO2 THINC β = 1.2 (damp) spurious oscillations
RENO1 THINC β = 1.1 (kill) spurious oscillations
RSHARP THINC β = 1.6 steep profile
RLO Pk ⇒ no reconstruction k = 0 ensure admissible solution

(i.e positivity issue, NaN)

constructions,RHO,RENO orRSHARP , then the BVD algorithm acts in 2 stages lead-

ing to a so-called multi-stage BVD, see figure 3.2. This BVD algorithm is exhaustively

described in Section 4.3.2.

Figure 4.1: Sketch of Reconstruction schemes for Solution Property Preserving and
BVD algorithm for a given cell. At stage 1, the BVD algorithm selects betweenRHO
andRENO reconstructions to get the most suitable of the two, sayR1. Then, At stage 2,
BVD chooses either reconstructionR1 orRSHARP to getR2 as the final reconstruction

to be used to update the current cell.

4.3.2 A 3-stage BVD algorithm: local reconstruction selector

The fifth-order upwind scheme or PQM is used to achieve optimal order for smooth solu-

tion. However, the numerical oscillations will appear in the vicinity of discontinuity. In

order to suppress the numerical oscillations and to resolve the discontinuous solutions,

the THINC reconstruction functions are employed and relied on Boundary Variation

Diminishing (BVD) algorithm [30, 31, 32, 103]. In this work, the selection algorithm

in the P4-THINC-BVD-MOOD scheme designed in [106] is re-used. It determines the

candidate interpolant with three-stages cascade BVD process which minimizes the total

boundary variation (TBV) in the desired cell. More precisely, the TBV of cell Ii is de-

fined by the sum of the jumps generated by the reconstructed values using reconstruction
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operatorR at cell interfaces, that is

TBVR
i (U) =

∣∣∣UL,R
i−1/2 − UR,R

i−1/2

∣∣∣+ ∣∣∣UL,R
i+1/2 − UR,R

i+1/2

∣∣∣ ≥ 0. (4.16)

Each term of the right hand side represents the amount of dissipation introduced by the

numerical flux (4.12) for one edge of cell Ii. Thus, TBVR
i scales like the numerical

dissipation in the cell. For simplicity of exposition, we denote byRST1 ,RST2 , andRST3

the reconstruction operators in cell Ii after the first, second and third stage, respectively.

For instance, when two reconstructionsR1 andR2 of the same data U are available then

we compute, compare TBVR1
i and TBVR2

i , and choose the least dissipative one. The

BVD algorithm automatically exploits this matter.

The 3-stage BVD algorithm is implemented in the spirit of [30, 31, 106]. Let us denote

by ri the actual reconstruction employed in cell Ii which can be HO, ENO1, ENO2, or

SHARP.

Stage 1. Selection betweenRHO andRENO2 →RST1

Compute the TBVi values for the cell Ii byRHO andRENO2 as

TBVRHO
i =

∣∣∣UL,RHO
i−1/2 − UR,RHO

i−1/2

∣∣∣+ ∣∣∣UL,RHO
i+1/2 − UR,RHO

i+1/2

∣∣∣
TBVRENO2

i =
∣∣∣UL,RENO2

i−1/2 − U
R,RENO2
i−1/2

∣∣∣+ ∣∣∣UL,RENO2
i+1/2 − U

R,RENO2
i+1/2

∣∣∣ (4.17)

For cell i, if TBVRHO
i > TBVRENO2

i then (ri−1, ri, ri+1) = ENO2, else ri = HO.

RST1 = {ri, i = 1, . . . , N}

Stage 2. Selection betweenRST1 andRENO1 →RST2

Compute the TBVi values for the cell Ii byRST1 andRENO1 as

TBVRST1
i =

∣∣∣UL,RST1
i−1/2 − U

R,RST1
i−1/2

∣∣∣+ ∣∣∣UL,RST1
i+1/2 − U

R,RST1
i+1/2

∣∣∣
TBVRENO1

i =
∣∣∣UL,RENO1

i−1/2 − U
R,RENO1
i−1/2

∣∣∣+ ∣∣∣UL,RENO1
i+1/2 − U

R,RENO1
i+1/2

∣∣∣ (4.18)

Similar to stage 1, for cell i, if TBVRST1
i > TBVRENO1

i then (ri−1, ri, ri+1) = ENO1.

RST2 = {ri, i = 1, . . . , N}
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Stage 3. Selection betweenRST2 andRSHARP →RST3

Compute the TBVi values for the cell Ii byRST2 andRSHARP as

TBVRST2
i =

∣∣∣UL,RST2
i−1/2 − U

R,RST2
i−1/2

∣∣∣+ ∣∣∣UL,RST2
i+1/2 − U

R,RST2
i+1/2

∣∣∣
TBVRSHARP

i =
∣∣∣UL,RSHARP

i−1/2 − UR,RSHARP
i−1/2

∣∣∣+ ∣∣∣UL,RSHARP
i+1/2 − UR,RSHARP

i+1/2

∣∣∣ (4.19)

For cell i, if TBVRST2
i > TBVRSHARP

i then ri = SHARP.

RST3 = {ri, i = 1, . . . , N}

Remark 1. According to the formulation of this method, the essentially oscillation-

free solution is obtained after stage 1 and 2. In addition, the numerical dissipation at

discontinuous/steep gradients is reduced after stage 3, if needed. It means that the de-

sired properties are reinforced respectively at different stages by the multi-stage BVD

algorithm.

Remark 2. In this chapter, we employ the BVD algorithm independently for each char-

acteristic variables [30, 31], however, one could also consider the implementation of

BVD algorithm with a dependency among the reconstructed variables such as in [106].

Otherwise, for the reactive Euler equations, the BVD algorithm with a dependency

among the reconstructed variables is not suitable to employ since it may generate spu-

rious oscillations due to stiffness of source terms and volume fraction variables. Our

numerical experiments reveal that our approach can achieve optimal high order, how-

ever, it may produce slightly noisy and diffusive results in some cases.

Remark 3. In the multi-stage BVD the THINC reconstruction with small β values

(ENO) as β = 1.1 or β = 1.2 could be replaced by another TVD scheme. Contrarily,

the unlimited high order polynomial reconstruction (HO) and THINC with high β value

(SHARP) as β = 1.6 are mandatory operators. The HO one ensures the highest possible

accuracy for smooth profiles, while the SHARP one is efficient, robust scheme and

steepens discontinuous profiles. As well as other reconstruction scheme, the low order

(LO) must be carefully detected by MOOD algorithm in order to preserve the positivity

and valid representation of numbers. In this work, we employ the first order accurate
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Godunov scheme which is simplest, monotonic and most robust positivity-preserving

scheme.

4.3.3 Positivity-preserving and physical admissibility via an a pos-

teriori MOOD algorithm

The last property of paramount importance is the ability to handle or deal with extreme

physical and numerical situations such as the lack of positivity for density or pressure for

gas flows or the occurrence of un-representable digit values (NaN, Inf). The positivity-

preserving or a fail-safe behavior is usually difficult to ensure a priori by the recon-

struction operators which are employed in the multi-stage BVD algorithm. Here we use

the so-called a posteriori Multi-dimensional Optimal Order Detection (MOOD) algo-

rithm [22, 34, 36]. In a MOOD procedure, the non-oscillatory behavior and physics

admissibility are ensured via a list of criteria detecting the problematic or troubled cells.

Being an a posteriori limiting procedure, it is performed after the computation of a can-

didate solution at tn+1. The detection procedure checks whether the candidate solution

Un+1,∗
i satisfies the criteria for each cell. The cells where they are satisfied, are marked

as ‘valid’ cells, and, the numerical solution is accepted: Un+1
i = Un+1,∗

i . Contrarily the

cells which do not pass the criteria are marked as ‘troubled’. A troubled cell is locally

recomputed starting again at time tn but using the first-order Godunov scheme (piece-

wise constant reconstruction), see in figure 4.2. This first-order finite volume scheme

produces an excessive numerical viscosity and tends to smear out the flow structures.

However, it is conservative, monotone, robust and positivity-preserving.

In addition, the detection is split into a Physical Admissible Detection (PAD) and Nu-

merical Admissible Detection (NAD). The PAD is based on the physical properties to

ensure that a solution is admissible. For Euler system of equations the physical admis-

sibility is related to the positivity of density ρ and pressure p. More precisely, a cell is

PAD troubled if ρn+1,∗
i ≤ 0 or pn+1,∗

i ≤ 0. In addition, for the reacting Euler equations,

a cell may be PAD troubled if αn+1,∗
i < 0, where α is the mass fraction, otherwise the

cell is eligible. The NAD checks if a cell is such that Un+1,∗
i = NaN then it is flagged as

NAD troubled, otherwise the cell is valid.
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Once a cell Ii is troubled, then, as already mentioned, it is locally recomputed by the

first-order Godunov scheme. Its direct neighbors are also marked as troubled cells for

safety reason.

Figure 4.2: Sketch of FV method with an a posterioriMOOD algorithm. If the
positivity is violated or a NaN is occurring, the Detection procedure (PAD or NAD)

marks the troubled cells. Then, those troubled cells and their direct neighbors are sent
back to tn for a re-computation by the first order Godunov scheme (using P0

reconstruction). Otherwise, the valid cells are accepted as the final solution.

4.4 Extensions to multi-space dimensions

We have implemented and extended the previous numerical scheme in two-dimensions

on structured grids. The scheme in 1D has been designed to be genuinely efficient,

accurate and limiter-free, to sharply capture the shocks and steep gradients, and, to be

robust when extreme events occur (near-vacuum states for instance). Our aim is to

maintain these properties for the two-dimensional extension.

The two dimensional Euler equations with source terms are given by

∂U

∂t
+

∂F (U)

∂x
+

∂G(U)

∂y
= S(U); t ≥ 0, x, y ∈ R (4.20)

where

U(x, t) =



ρ

ρu

ρv

E


, F(U) =



ρu

ρu2 + p

ρuv

u(E + p)


G(U) =



ρu

ρuv

ρv2 + p

v(E + p)


(4.21)
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where ρ, u,v, p are the density, velocity in x and y directions and pressure, respectively.

E is the total energy and e is the internal energy. The pressure is linked to two ther-

modynamic variables via the perfect gas equation of state with adiabatic gas constant γ.

Also, S(U) are the source terms which are detailed in the next section: gravity, or two

chemical state reaction.

Similar to 1D case, we employ the fractional step approach for gravity and second or-

der Strang-splitting method [102] for chemical reaction source terms. For instance, the

numerical solution at each time step level is computed in two steps: The homogeneous

conservation law (convection step) and ODE system (source term or reaction step), suc-

cessively. The two dimensional convection operator C approximates the solution of the

homogeneous system on the time interval [tn, tn+1].

∂U

∂t
+

∂F (U)

∂x
+

∂G(U)

∂y
= 0, tn ≤ t ≤ tn+1. (4.22)

For the convection step, we consider the computational domain in space as a rect-

angular box Ω = [xL, xR] × [yL, yR] divided into rectangular uniform cells Ii,j =

[xi−1/2, xi+1/2] × [yj−1/2, yj+1/2]. We denote the cell center by (xi, yj) and the cell

sizes ∆x = xi+1/2 − xi−1/2 and ∆y = yj+1/2 − yj−1/2. For standard finite volume

semi-discretization, we employ the volume integrated-average (VIA) of the numerical

solution U(x, y, t) over a mesh cell Ii,j at time t by a piece-wise constant value

Ui,j(t) =
1

∆x∆y

∫
Ii,j

U(x, y, t) dx dy where i = 1, 2, . . . ,M, j = 1, 2, . . . , N.

(4.23)

Similar to 1D, the VIA Ui,j(t) for each mesh cell Ii,j is updated by

dUi,j(t)

dt
= − 1

∆x
(Fi+1/2,j(t)− Fi−1/2,j(t))−

1

∆y
(Gi,j+1/2(t)−Gi,j−1/2(t)), (4.24)

where Fi±1/2,j(t) and Gi,j±1/2(t) are the two-point fluxes in x and y direction, respec-

tively.

They are computed like their 1D counterparts, that is a Riemann solver is further used
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to get

Fi+1/2,j(t) = F Riemann
i+1/2,j

(
UL
i+1/2,j, U

R
i+1/2,j, t

)
, (4.25)

where UL
i+1/2,j and UR

i+1/2,j are the left-side and right-side values of Ui,j(x, y, t) at cell

boundary in x direction respectively. The same procedure is employed in y-direction

to compute the fluxes Gi,j+1/2(t). In this work, the HLLCM Riemann solver [92] is

employed. Similar to 1D section, the third-order TVD Runge-Kutta method (RK3, see

[93, 43]) is used for high accurate time integration.

In 2D the reconstructions are performed direction by direction. In other words, the same

P4 reconstructions as described in Eq.(3.8) are first made for data aligned in x direction:

Ui−2,j , Ui−1,j , Ui,j , Ui+1,j , Ui+2,j , to get the edge centered values UL
i+1/2,j and UR

i−1/2,j

for cell Ii,j . Then, the 1D reconstructions in y direction consider y-aligned data Ui,j−2,

Ui,j−1, Ui,j , Ui,j+1, Ui,j+2 to get values UL
i,j+1/2 and U

R
i,j−1/2 in cell Ii,j .

The THINC reconstructions are exactly the same as in 1D, their stencils are thus re-

stricted to two aligned neighbor cells only. The a posterioriMOOD loop operates also

alike. The local selection of reconstruction operator follows the same algorithm as in

1D and the selection of reconstruction operator is independent in x and y directions.

In the present work, the 2D scheme is constructed via a simple but efficient direction-

by-direction extension. Indeed the flux integration along the edges is calculated using

only one integration point at the edge center. So, the 2D scheme is formally of maximal

second order accuracy.

Recall that the goal in this work is not to build a genuine 5th order accurate numerical

method. On the contrary, we aim at building a genuine simple, efficient, robust and ac-

curate enough scheme emphasizing that an appropriate mixing of linear and non-linear

reconstruction operators may replace classical limiting techniques (such as slope/flux

limiters, artificial viscosity, WENO, etc.). In previous works [31, 57], it has been ob-

served that the present BVD scheme can maintain a high order of accuracy on smooth

profiles of the advection equation in 1D and 2D.Moreover, the comparison of dispersion

and dissipation relations with respect to other schemes (TVD, WENO, WENO-Z) have

been conducted and it was shown that the current scheme has comparable behaviors. Ex-

tensive numerical tests have been conducted in previous works such as [31, 32, 57, 106]
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to assess the appropriate behavior of this BVD scheme on classical 1D and 2D test cases.

One can find the tables of convergence rate for the present scheme as well as the sim-

ulation of the standard 2D isentropic vortex problem and simpler advection tests in 2D

in references [31, 57].

The following numerical section provides some numerical evidences mainly in the non

homogeneous case.

4.5 Numerical experiments

In this section, we test the performance of the numerical scheme on some benchmark

test problems of Euler system of PDEs (γ = 7/5 or 5/3) without or with various source

terms. The finite volume numerical scheme is built under the following key tools: the re-

construction process is conducted in terms of characteristic decomposition, the HLLCM

Riemann solver [92] is employed for the flux computation, a TVD-RK3 of third order

for time integration, the BVD algorithm is used for the selector of space reconstructions,

and, at last, an a posterioriMOOD loop is implemented for physical admissibility. For

homogeneous Euler equations it consists of a the PAD criterion, that is the positivity

preservation, while for the reactive Euler equations we must add the positivity of the

mass fraction αn
i ≥ 0.

4.5.1 Homogeneous Euler equations

4.5.1.1 2D explosion test

An axi-symmetric two dimensional explosion problem described in [107, 125] is first

simulated. The computational domain is Ω = [−1, 1]× [−1, 1] and the initial condition

is given by

(ρ0, u0, v0, p0) =


(1, 0, 0, 1) if r ≤ R,

(0.125, 0, 0, 0.1) otherwise,
(4.26)

where r =
√

x2 + y2 is the distance to the center of computational domain andR = 0.5.

The fluid with high density and pressure inside the circleR = 0.5 spreads out into three
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Figure 4.3: Numerical results for 2D explosion test – Density variable — Left: bird’s
eye view of density distribution computed by present scheme; Right: Cut-off profile

along the radial direction.

circular waves: a diverging shock, followed by a diverging contact discontinuity and

a converging rarefaction wave. The simulation runs up to tfinal = 0.2 with a uniform

grid made of 400 × 400 cells. In figure 4.3, we show the bird’s eye view of density

distribution and the cross-section profile along the radial direction. From the results, we

observe that the present scheme captures the contact discontinuity and the shock wave

without spurious oscillations and maintain the cylindrical symmetry.

Moreover, compared to the reference WENO-JS scheme [56] (right panel), the present

scheme captures a slightly sharper contact discontinuity.

4.5.1.2 2D Riemann problems

In order to test the multi-stage BVD-MOOD scheme (accuracy, oscillatory-free and

robustness), we simulate a set of two-dimensional Riemann problems (RP) which have

been introduced and extensively studied in [63, 64, 90]. The computational domain is

Ω = [−0.5, 0.5] × [−0.5, 0.5] and the initial conditions made of 2 × 2 constant states

are given by

U(x, y, t = 0) =



U1 if x > 0 ∧ y > 0,

U2 if x ≤ 0 ∧ y > 0,

U3 if x ≤ 0 ∧ y ≤ 0,

U4 if x > 0 ∧ y ≤ 0.

(4.27)
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Figure 4.4: Numerical results for Riemann problems 1, 2, 3, 4 – Density variable —
Left: WENO-JS scheme; Right: Present scheme.
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Table 4.2: Initial conditions for the 2D Riemann problems (RP) numbered from 1 to 4.
These data correspond to Configurations 5, 7, 11 and 17 in [63].

# ρ u v p ρ u v p
tfinal

x ≤ 0 x > 0
R
P1 y > 0 2.0 -0.75 0.5 1.0 1.0 -0.75 -0.5 1.0

0.23
y ≤ 0 1.0 0.75 0 .5 1.0 3.0 0.75 -0.5 0.3

R
P2 y > 0 0.5197 -0.6259 0.1 0.4 1.0 0.1 0.1 1.0

0.25
y ≤ 0 0.8 0.1 0.1 0.4 0.5197 0.1 -0.6259 0.4

R
P3 y > 0 0.5313 0.8276 0.0 0.4 1.0 0.1 0.0 1.0

0.30
y ≤ 0 0.8 0.1 0.0 0.4 0.5313 0.1 0.7276 0.4

R
P4 y > 0 2.0 0.0 -0.3 1.0 1.0 0.0 -0.4 1.0

0.30
y ≤ 0 1.0625 0.0 0.2145 0.4 0.5197 0.0 -1.1259 0.4

The initial conditions and the final solution time tfinal for the four configurations are

listed in table 4.2. The ratio of specific heats is set to γ = 1.4. The simulations are

run with a uniform grid made of 600 × 600 mesh cells with the CFL number 0.4 in all

calculations. We compare our numerical solution against the reference schemeWENO-

JS from [56]. The numerical results for the density variable are shown in figure 4.4.

In the left and right panels, we display the numerical density at the final time with the

same scale and color for the WENO-JS and BVD-MOOD schemes respectively. A

reference solution can be found for instance in [60]. In figure 4.4, we can observe

on the computational results of two schemes that they comparably capture the main

flow structures of all 2D Riemann Problems. Therefore, the multi-stage BVD-MOOD

scheme seems to performwell in shock capturing situation without spurious oscillations,

and, in the smooth parts of flow without excessive numerical dissipation. Furthermore,

the present scheme does capture sharper discontinuities, more pronounced small-scale

structures, and, present the birth of the Kelvin-Helmholtz instability on the shear waves

compared to WENO-JS scheme. This is an evidence of a lower dissipation.

4.5.1.3 Forward facing step (Mach 3 step tunnel)

We simulate the so-called forward facing step (FFS) benchmark test whichwas proposed

by Woodward and Collela in [117]. In this test a right-moving Mach 3 shock in a tunnel

impacts a forward step. The initial condition contains a uniform gas with density ρ =
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1.4, pressure p = 1, velocity components u = 3, v = 0 and specific heat ratio γ =

1.4. The computational domain is a wind tunnel Ω = [0, 3] × [0, 1] with a step of 0.2

units high located at 0.6 units away from the entrance of the tunnel. The inflow and

outflow boundary conditions are applied at the entrance and the exit while reflective

wall boundary conditions are imposed at the remaining boundaries. The solution of this

test involves complex flow structures, density disturbances and shear flows due to the

interactions among shocks with the boundaries. The simulation is run up to tfinal = 4 as

a final time with CFL number is 0.4. For this test, the mesh is made of uniform cells with

mesh size ∆x = 1/160 and 1/240. In figure 4.5, we display the density variable at the

final time calculated by the proposed scheme. On the top panel, we plot the 3D bird’s eye

view of density field on 1/240 mesh size, which shows the adequately resolved shock

waves, and the vortices of the Kelvin-Helmholtz instabilities developing along the top

shear wave. On the same figure, the middle panels show the numerical results of 1/160

and 1/240 mesh size respectively. Furthermore, the numerical results converge rapidly

on the finer mesh and the vortexes along the shear wave are more visible as shown in

finer grid computation. The small scale flow structures are better captured with the

finer grid results as expected, moreover the discontinuities (shocks, contact) seem to be

sharply captured by our approach. Notice that there is no issue with positivity in this

numerical simulation test.

4.5.2 Euler equations with gravitational source terms

Let us consider Euler equations supplemented with standard gravitational source terms

in vertical y-direction for the thermally ideal gas, which is expressed as



ρ

ρu

ρv

E


t

+



ρu

ρu2 + p

ρuv

(E + p)u


x

+



ρv

ρuv

ρv2 + p

(E + p)v


y

=



0

0

−ρg

−ρvg


(4.28)
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Figure 4.5: Numerical results for forward facing step problem at tfinal = 4 simulated by
the present scheme – Top-panel: Bird’s eye view of density (color and elevation) with
mesh size 1/240; Left-panel: 2D view, mesh size 1/160; Right-panel: 2D view, mesh

size 1/240.

where ρ, u,v, p are the density, velocity in x direction, velocity in y direction and pres-

sure, respectively. E is the total energy expressed as E = e+
1

2
ρ(u2 + v2) with e is the

internal energy and g is gravity source. We set g = 1 for 2D Rayleigh-Taylor instability

and g = −1 for 2D double rarefaction waves with gravity.

4.5.2.1 Two-dimensional Rayleigh-Taylor instability

The Rayleigh-Taylor instability contains both discontinuities and complex flow struc-

tures, see [39, 40, 120, 123]. In this test, the instability occurs on an interface between

two fluids of different densities when an acceleration is directed from the heavier to-

wards the lighter fluid. The computational domain is Ω = [0, 0.25] × [0, 1] and the

initial condition is given by

(ρ0, u0, v0, p0) =


(2, 0, −0.025 a cos(8πx), 1 + 2y) if 0 ≤ y ≤ 1/2,

(1, 0, −0.025 a cos(8πx), y + 3/2) if 1/2 ≤ y < 1,

(4.29)

where a =
√
γp/ρ is the sound speed and the ratio of specific heat is set to γ = 5/3.

Reflective boundary conditions are imposed for the left and right ends of the domain. On
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the upper boundary, we assign the primitive variables (ρ, u, v, p) = (1, 0, 0, 2.5) and for

the bottom boundary, we assign (ρ, u, v, p) = (2, 0, 0, 1). The computational domain is

discretized into a uniform 200×800mesh. The fluid flow is simulated up to the final time

tfinal = 1.95 with CFL number 0.4. In figure 4.6, we display 15 uniform density contour

lines spanning [0.8, 2.3] for the WENO-JS (left panel) and the present scheme (right

panel). We observe that the present scheme has resolved much richer vorticity structures

thanWENO-JS scheme. While the present scheme has a clear ability to resolve complex

and small flow structures, however it induces some symmetry breaking probably due to

the order dependency of the BVD algorithm, see [39].

Figure 4.6: Density profile with 15 iso-contour lines for the Rayleigh-Taylor instability
problem at tfinal = 1.95. Left panel: WENO-JS scheme; Right panel: Present scheme.

4.5.2.2 Two-dimensional double rarefaction waves with gravity

The double rarefaction waves problem is a 2D Riemann problem which presents near

vacuum state at the central zone as it involves two rarefaction fans moving in opposite
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directions [71, 127]. The initial condition on computational domain Ω = [0, 2] × [0, 2]

is given by [129]

(ρ0, u0, v0, p0) =


(7, −1, 0, 2) if x ≤ 1,

(7, 1, 0, 2) otherwise,
(4.30)

and the final time is set to tfinal = 0.6 with CFL number set to 0.4 and γ = 7/5. The

reflective boundary conditions are set on the top and bottom ends and outflow boundary

conditions are set to the left and right ends of the computational domain. Ameshmade of

80×80 cells is considered and a reference solution is obtained with 400×400mesh cells.

The numerical results are shown in figure 4.7. Due to the gravity source term pointing

in the negative y direction, the numerical solution presents some expansion on the top

part (y ≥ 1.6) and compression on the bottom one (y ≤ 0.05). The numerical solution

is genuinely smooth and has a good agreement with the reference one. Moreover the

obtained solution is comparable to the one in [129] without presenting any spurious

effects in the central near vacuum state for which the density drops down to ρ ≃ 5.72E−

06.

4.5.3 The reactive Euler equations – Detonation waves

In this section, we show the numerical benchmark tests suite used in 1D and 2D for the

reactive Euler equations. We set the CFL to 0.05 for WENO-JS scheme and to 0.1 for

the present BVD+MOOD scheme for the following test cases.

4.5.3.1 1D reactive Euler equations

We consider the time-dependent inviscid compressible flow with reaction between two

chemical states in one-dimensional space. The homogeneous Euler system (4.1) (i.e.

with S(U) = 0) is supplemented with an equation on the mass fraction of the unburnt
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(a) 60 contour lines of density from 0 to 60. (b) Cut along the line y = 1.7875.

(c) Extruded 3D density. (d) Extruded 3D pressure.

Figure 4.7: Numerical results for two-dimensional double rarefaction waves under
gravity – (a) 60 equally spaced contour lines of density from 0 to 60; (b) the cutting
lines along y-direction which is y = 1.7875, the solid line is the numerical solution fo
400× 400 mesh cells and the symbol is the numerical solution of 80× 80 mesh; (c)
Bird’s eye view for 3D density. (color and elevation). ; (d) Extruded 3D pressure

(color and elevation).

gas α as 

ρ

ρu

E

ρα


t

+



ρu

ρu2 + p

(E + p)u

ρuα


x

=



0

0

0

ω̇


(4.31)

where ρ, u, E, α are density, velocity, total energy and mass fraction of unrated gas,

respectively and ω̇ = K(T )ρα, T is the temperature andK(T ) is the chemical reaction
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rate. The pressure is obtained from an equation of state like

p = (γ − 1)

(
E − 1

2
ρu2 + R

)
, (4.32)

where R = −q0 (ρα) models the heat released from the chemical reaction processes,

and q0 denotes the chemical heat release. The temperature is computed by T =
p

ρ
and

we set the γ to 1.4. The reaction rateK(T ) can be modeled with the so-called Arrhenius

kinetics [109] as

K(T ) = K0 exp
(
−Tign

T

)
, (4.33)

where K0 the pre-exponential coefficient and Tign the ignition (or activation) tempera-

ture are model parameters. When the source term becomes stiff, the reaction rate may

be modeled by a Heaviside kinetics as

K(T ) =


1
ξ

if T ≥ Tign,

0 if T < Tign.

(4.34)

where ξ represents the reaction time.

Chapman-Jouguet (C-J) detonation wave with Arrhenius Law: In this test, the

Arrhenius source term Eq.(4.33) is employed, see [33, 51, 109, 115]. The initial condi-

tion consists of a completely burnt gas (α = 0) on the left-hand side facing an un-burnt

counterpart (α = 1) on the right. The density, velocity and pressure of the un-burnt

state are given by (ρu = 1, uu = 0, pu = 1, αu = 1). The heat release is set to q0 = 25,

the ignition temperature to Tign = 25 andK0 = 16.418× 103.

We obtain the C-J initial state for the burnt state (ρCJ , uCJ , pCJ , αCJ = 0) following

[21, 115]. For instance, for any given initial state of un-burnt gas (ρu = ρ0, uu =
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u0, pu = p0, αu = 1) on the right, one can obtain the C-J initial state on the left by

pCJ = −b+
(
b2 − c

)1/2 (4.35)

ρCJ =
ρ0 [pCJ(γ + 1)− p0]

γpCJ
(4.36)

DCJ =
[
ρ0u0 + (γpCJρCJ)

1/2
]
/ρ0 (4.37)

uCJ = DCJ − (γpCJ/ρCJ)
1/2 (4.38)

where b = −p0 − ρ0q0(γ − 1), c = p20 + 2(γ − 1)p0ρ0q0/(γ + 1), and DCJ is the speed

of the sharp front (in a C-J detonation). Observe that the values pCJ, ρCJ, and uCJ depend

only on p0, u0, ρ0, and q0( and not on K, i.e., ε or T0 ).

The 1D computational domain is Ω = [0, 30] and the initial discontinuity is located at

xd = 10. The final time is tfinal = 1.8 for which the detonation wave has reached lo-

cation xd = 22.8. The simulation was performed by the standard 5th order WENO-JS

scheme and the present multi-stage BVD-MOOD scheme both using N = 300 cells.

The reference solution is calculated by WENO-JS scheme with 10000 cells and dis-

played in solid line in figure 4.8. In this figure we show the numerical results for the

density, mass fraction, pressure and temperature for both schemes. We observe that the

present scheme is able to capture the correct propagation speed of the C-J detonation

wave with a larger CFL number whereas WENO-JS scheme produces spurious oscil-

lations and errors linked to an extra dissipation (extra plateaus or wrong shock speed)

in the vicinity of the discontinuity. Moreover, the WENO-JS numerical scheme inac-

curately locates the discontinuity, and, as a consequence, produces a wrong physical

solution. Contrarily, the BVD-MOOD scheme, being less diffusive is able to capture

the correct chronometry of the wave along with the expected numerical solution.

Chapman-Jouguet detonation wave with the Heaviside Model: In this example

we consider the C-J detonation model for which the chemical reaction is in its Heav-

iside form. The parameter values of the model are taken from [26, 32, 78, 115] as
1
ξ
= 0.5825 × 1010, q0 = 0.5196 × 1010, Tign = 0.1155 × 1010 and γ = 1.4. The 1D

computational domain is Ω = [0, 0.05] and the initial discontinuity is set at xd = 0.005.
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Figure 4.8: Numerical results for density, mass fraction, pressure and temperature of
Arrhenius case at time tfinal = 1.8 – Left: WENO-JS scheme; Right: Present scheme.
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The density, velocity and pressure of the un-burnt state are given by (ρu = 1.201 ×

10−3, uu = 0, pu = 8.321× 105, αu = 1).

The totally burned gas is located on the left side of the tube, where (ρCJ , uCJ , pCJ , αCJ =

0) are determined by the C-J detonation model. The computation is run up to final time

tfinal = 3× 10−7 with a uniform mesh made ofN = 300 cells. The exact position of the

detonation wave is at xd = 0.03764 at final time.

We plot the results of the density, mass fraction, pressure and temperature variables

for both schemes in figure 4.9 where the reference solution is computed by WENO-

JS scheme with 10000 mesh cells. We observe that the detonation wave is correctly

and sharply captured by the proposed scheme, whereas WENO-JS scheme produces a

wrong numerical solution (even if smaller time steps are used because the stiffness of

detonation wave is emphasized by the spatial errors rather than the temporal ones), as

already reported in [115].

Interaction between a detonationwave and an oscillatory profile (Heavisidemodel):

In this section we consider the interaction between a detonation wave and an oscillatory

profile which is taken from [9, 32, 115]. The parameter of this test are γ = 1.2, q0 = 50,
1
ξ
= 1000, and Tign = 3. The computational domain isΩ = [0, 2π]with a uniform mesh

made of N = 200 cells. The initial condition is given by

(ρ0, u0, p0, α0) =


(1.79463, 3.0151, 21.53134, 0) if x ≤ π

2
,

(1 + 0.5 sin(2x), 0, 1, 1) otherwise.
(4.39)

The numerical solution is calculated up to time tfinal =
π
5
and the reference solution

is computed by WENO-JS scheme with 10000 mesh cells. In figure 4.10 we observe

the occurrence of spurious waves produced by WENO-JS scheme. On the contrary

the present BVD-MOOD scheme prevents their appearance. Furthermore, the present

scheme is able to resolve the flow field produced after the interaction between the det-

onation wave and the oscillatory profile. At last the shock is again sharply captured.
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Figure 4.9: Numerical results for density, mass fraction, pressure and temperature of
Heaviside model at time tfinal = 3× 10−7 – Left: WENO-JS scheme; Right: Present

scheme.
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Figure 4.10: Numerical results for density, mass fraction, pressure and temperature of
interaction between a detonation wave and an oscillatory profile at time tfinal = π

5
–

Left: WENO-JS scheme; Right: Present scheme.
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Collision of two detonation waves: The last 1D reactive Euler model test case con-

sists in a collision of detonation waves. It resembles the Woodward-Collela blastwave

benchmark test used for the homogeneous Euler equations [26]. This test presents three

constant states. The middle state is the un-burnt gas while the left and right high-density,

high-pressure burnt gases moves towards the fresh middle state. At t > 0 it generates

left and right moving detonation waves along with rarefaction fans and contacts after

impinging on the burning fronts. After some time we observe the collision between two

detonation waves. The parameter of the model are taken following [9], i.e γ = 1.2,

q0 = 50, 1
ξ
= 230.75, and Tign = 3. The computational domain is Ω = [0, 100] meshed

with uniform cells (N = 200). The initial condition is given by

(ρ0, u0, p0, α0) =


(1.79463, 3.0151, 30, 0) if x ≤ 10,

(1, 0, 1, 1) if 10 < x < 90,

(1.79463, −8, 21.53134, 0) if 90 ≤ x.

(4.40)

The numerical solution is calculated up to time t1 = 4 (before collision) in figure 4.11,

and, time t2 = 6 (after collision) in figure 4.12, respectively. The reference solution is

computed by WENO-JS scheme with N = 10000 mesh cells. Density, mass fraction,

pressure and temperature are displayed in the figures.

Before and after the collisions, the BVD-MOOD scheme correctly and sharply captures

the shocks, contacts and rarefaction waves in excellent agreement with the reference

solution. On the contrary the WENO-JS scheme produces spurious supernumerary nu-

merical waves which are unrelated to the model of PDEs. The embedded numerical

diffusion of WENO-JS scheme incorrectly triggers the reaction which then produces a

wrong numerical solution as can be seen: indeed, it can not capture the correct location

of shock speed for instance. Notice that the left-most contact discontinuity is captured

on less than two cells with BVD-MOOD scheme while WENO-JS demands about five

cells. This extra numerical dissipation is responsible for the observed inappropriate be-

haviors.

From these 1D numerical tests for reactive Euler equations, we can see that the BVD-
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MOOD scheme can accurately reproduce the complex wave structure of this model,

moreover it captures sharply the contact and material interfaces (on one or two cells),

and can handle the interactions between simple waves: detonation waves, oscillatory

smooth profiles, rarefactions and contacts.

4.5.3.2 2D reactive Euler equations

The two-dimensional version of the previous 1D system considers Eq.(4.20)withS(U) =

0 supplemented with the 2D version of Eq.(1.4), i.e



ρ

ρu

ρv

ρE

ρα


t

+



ρu

ρu2 + p

ρuv

(E + p)u

ρuα


x

+



ρv

ρuv

ρv2 + p

(E + p)v

ρvα


y

=



0

0

0

0

ω̇


(4.41)

where ρ, u, v, E, α are density, velocity in x direction,velocity in y direction, total energy

and mass fraction of unrated gas, respectively and ω̇ = K(T )ρα, T is the temperature

and K is the chemical reaction rate. The pressure is obtained from an equation of state

as the following form

p = (γ − 1)

(
E − 1

2
(ρu2 + ρv2) + R

)
, (4.42)

where R = −q0ρY is the heat release from chemical reaction processes, where q0 de-

notes chemical heat release. The temperature is computed by T = p/ρ. The source term

is modeled as described in the one-dimensional case in Section 4.5.3.1.

Numerical convergence study of discontinuous solutions Here, we test the grid

convergence study of the proposed scheme [114, 131]. The computational domain is
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Figure 4.11: Numerical results for density, mass fraction, pressure and temperature of
collision of two detonations at time tfinal = 4 – Left: WENO-JS scheme; Right:

Present scheme.
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Figure 4.12: Numerical results for density, mass fraction, pressure and temperature of
collision of two detonations at time tfinal = 6 – Left: WENO-JS scheme; Right:

Present scheme.
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Ω = [0, 2]× [0, 2] and the initial conditions consist of a circular burnt region as

(ρ0, u0, v0, p0, α0) =


(1, 0, 0, 80, 0) if x2 + y2 ≤ 0.36,

(1, 0, 0, 10−9, 1) otherwise,
(4.43)

with reflective boundary conditions on the left and on the bottom and outflow on top and

right ones. The final time is tfinal = 0.2 and the parameters are γ = 1.2, q = 50, Tign =

50,K0 = 2566.4. The numerical simulations are performed over a uniform mesh made

ofNx×Ny cells withNx = Ny = 160 andNx = Ny = 320 respectively. In figure 4.13

we illustrate the density and pressure in color maps for the finer mesh. Furthermore,

we observe that the results obtained by the present scheme for the two meshes show a

good convergence in this grid-refinement test, and the results are comparable to those

in [114, 131]. Even though the value of density is low, the present scheme can simulate

the test without any blow-up or code crash.

Detonation-diffraction problems: In this subsection, some detonation-diffraction prob-

lems are simulated, see [69, 114, 130]. Physically, the test consists of the detonation-

diffraction of a shock wave emerging at a sharp convex corner with 90o angle or passing

around an obstacle with 180o angle. There exists no general theory to completely an-

alyze this situation. However, this problem has been extensively numerically studied

to understand the flow features produced by detonation-diffraction of a shock wave. It

became a popular challenging test case for numerical methods because the density and

pressure drop drastically towards zero, and positivity issues are often encountered. The

initial condition is given as

(ρ0, u0, v0, E0, α0) =


(11, 6.18, 0, 970, 1) if x < Ls,

(1, 0, 0, 55, 1) otherwise,
(4.44)

where Ls is the initial shock location. The parameters of the model are γ = 1.2, q =

50, Tign = 50, K0 = 2566.4.

90o corner test problem. The computational domain is the union of Ω1 = [0, 1]× [2, 5]
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(a) Contour lines of density. (b) Cut along the line y=0.25.

(c) Color map of pressure. (d) Cut along the line y=0.25.

Figure 4.13: Numerical results for numerical convergence study – (a) Color map of
density; (b) Cut along the line y = 0.25 for density; (c) Color map of pressure; (d) Cut

along the line y = 0.25 for pressure.

and Ω2 = [1, 5]× [0, 5]. A vertical shock is initially located at Ls = 0.5. The boundary

conditions are reflective everywhere, except that at the left-most boundary x = 0 where

(ρin, uin, vin, Ein, αin) = (11, 6.18, 0, 970, 1) is imposed as inflow boundary condition.

The final time of the computation is tfinal = 0.6. The color maps and iso-line contours

of density and pressure computed by the present BVD-MOOD scheme withNx×Ny =

400× 400 cells are plotted in figure 4.14. The complex flow structures generated from

the diffraction of the detonation wave at the corner is in adequation with the results from

[69, 114, 130]. Moreover, we can observe that the density and pressure drop down to

values 0.0077 and 0.00023, respectively, for our simulation.

180o corner test problem. The computational domain is Ω = [0, 6]× [0, 5] with a wall
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Figure 4.14: 2D Reactive Euler equations — Diffraction of detonation waves —
Numerical results of a 90o corner test case at time tfinal = 0.6 with 400× 400 mesh
cells simulated by the BVD-MOOD scheme – Top-left panel: Density variable;
Top-right panel: Pressure variable; Bottom-left panel: Temperature variable;

Bottom-right panel: Mass fraction variable.

type obstacle A = [0, 1.5] × [2, 2]. The initial vertical shock is located at Ls = 1. The

boundary conditions are reflective ones everywhere, except for the left-most boundary

x = 0 and y > 2 where inflow is imposed like previously. The final time of the compu-

tation is tfinal = 0.68. The color maps and iso-line contours for the density and pressure

computed by the BVD-MOOD scheme with Nx ×Ny = 480× 400 cells are plotted in

figure 4.15. Again the main flow structures are well resolved and in good agreement

with the ones in [69] without any trouble concerning the positivity preservation or the

out-of-bound mass fraction, or, any robustness problem in general.

In our simulations for these two demanding test cases, the MOOD loop appropriately

handles the occurrence of negative density/pressure as well as out-of-bound mass frac-

tion, which are cured by the ultimate use of first-order Godunov schemewhen andwhere
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Figure 4.15: 2D Reactive Euler equations — Diffraction of detonation waves —
Numerical results of 180o corner test case at time tfinal = 0.68 with 480× 400 mesh
cells simulated by the BVD-MOOD scheme – Top-left panel: Density variable;
Top-right panel: Pressure variable; Bottom-left panel: Temperature variable;

Bottom-right panel: Mass fraction variable.

required.

Multiple obstacles problem: As the last test case, we simulate the detonation wave

passing multiple rectangular obstacles [69, 114] which is a even more challenging test

case for the positivity preservation property. The main reason is that spurious negative

density and/or pressure may occur below and on any of the sharp corners. The com-

putational domain is Ω = [0, 8.3]× [0, 10] with the first and second obstacle located at

A1 = [1.3, 3.3]× [0, 2.6] and A2 = [5.1, 8.3]× [0, 4.3], respectively. The boundary con-

ditions are reflective everywhere including the surface of obstacles. The related model

parameters are set γ = 1.2, q0 = 50, Tign = 20, K0 = 2410.2. The initial condition is

(ρ0, u0, v0, E0, α0) =


(7, 0, 0, 200, 0) if x2 + y2 ≤ 0.36,

(1, 0, 0, 55, 1) otherwise,
(4.45)
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which corresponds to a cylindrical detonation wave separating the burnt from the un-

burnt gas. The final time is set to tfinal = 1.4. The numerical results are performed over

the uniformmeshmade ofNx×Ny = 332×400 cells. The 30 colored contours of density

and pressure are presented in figure 4.16, which fit well with those in [69, 114]. Again,

the BVD-MOOD scheme maintains the positivity of the physical variables (density,

pressure) and the in-bound property of the mass fraction α.

Figure 4.16: 2D Reactive Euler equations — Diffraction of detonation waves —
Numerical results of multiple obstacles problem at time tfinal = 1.4 with 332× 400

mesh cells simulated by the BVD-MOOD scheme – Top-left panel: Density; Top-right
panel: Pressure; Bottom-left panel: Temperature; Bottom-right panel: Mass fraction.
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4.6 Summary

In this chapter we have presented a solution properties preserving reconstructionmethod

called multi-stage BVD-MOOD scheme which solves the compressible Euler equations

supplemented with three types of source terms. Different from the classical high or-

der schemes based on a a priori limited polynomial reconstructions, the present scheme

employs limiter-free mixed reconstructions. More precisely the algorithm relies on the

Boundary Variation Diminishing (BVD) algorithm to choose between (1) a 4th order un-

limited polynomial interpolation for smooth profiles, (2) non-linear monotone THINC

(hyperbolic tangent) functions of different smoothness to add dissipation and suppress

spurious oscillations, (3) a sharp non-linear THINC function to deal with discontinuity

and steep gradients, and (4) no reconstruction (i.e piecewise-constant leading to the 1st

order Godunov FV scheme) for extreme situations as the last resort.

The BVD strategy consists in selecting the reconstruction in one cell which is produc-

ing the smallest jumps at the cell boundaries because the numerical dissipation scales

with those jumps. The BVD algorithm automatically selects the highest possible poly-

nomial interpolation P4 for smooth solutions, the THINC reconstruction with a mild

steepness on non-smooth area, which provides an oscillation-free solution (similar to

TVD-MUSCL), and the step-like THINC shape to capture sharply the genuine discon-

tinuous solution (contact, material interface, shock). Furthermore, the scheme is supple-

mented with an a posterioriMOOD loop to ensure that the numerical solution remains

in its admissible set. If the candidate solution at time tn+1 does not satisfy the Physical

Admissible Detection (PAD) criterion, then the solution is locally recomputed with a 1st

order FV scheme. The a posterioriMOOD loop cures for instance the lack of positivity

for density or internal energy, the in-bound property of mass fraction and the computer

un-representable floating points Nan, Inf.

In our approach, among several reconstructions, the scheme is able to choose the most

appropriate one according to some goodness criteria; the a priori BVD (least dissipative

reconstruction), and, an a posterioriMOOD (robustness and fail-safe).

Based on the numerical experiments of benchmark test problems, it is demonstrated that
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the present scheme can sharply capture the discontinuity, material interfaces, contacts,

shocks and detonation fronts in both 1D and 2D.Moreover, due to the small but sufficient

numerical dissipation, the small-scale structures are well represented, simultaneously

with the prevention of the occurrence of spurious oscillations. The a posteriori detection

loop renders the scheme extremely robust to positivity issues.

The comparison with the state of the art of high accurate numerical schemes such as

WENO-JS is generally in favor of our approach. Recall that our approach is ‘limiter-

free’ in the sense that the mechanism of dissipation is brought by the appropriate choice

of the type of reconstruction (polynomial, smooth THINC, sharp THINC, piecewise

constant).



Chapter 5

Implementation of BVD+MOOD

scheme for compressible multi-phase

flows

5.1 Introduction

In compressible multi-phase flow, the development of numerical methods is more chal-

lenging than in compressible single phase flow. The flow structures become complex

when involvingmaterial interfaces between two gases or twomaterials of different phys-

ical nature. Therefore, numerical algorithms have been proposed for identifying each

fluid by coupling the Euler equations with other equation such as γ-model [1, 2], the

volume fraction model [96], or a level-set function [79]. However, these models suffer

from non-physical oscillations occurred at material interfaces. On the other hand, the

numerical method for compressible multi-phase flow should obey three critical condi-

tions [28].

- Preserve the conservativeness of total mass, momentum and energy to correctly

identify the location of material interfaces.

- Preserve numerical stability (no spurious oscillations at material interfaces)

- Maintain high-order accuracy in smooth regions of the flow

There are some difficulties in the one-fluid model when we apply solving compressible

129
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multiphase flows. The density and energy in compressible flow have to be solved si-

multaneously with the material indicating function and couple with special formulations

to maintain the physical and thermodynamical consistency as well as the pressure equi-

librium across the interface. The high-resolution shock-capturing schemes for solving

single-phase compressible flow, which generating numerical dissipation, then they tend

to smear out discontinuities including the material interfaces.

In solving compressible multi-phase flows, standard shock-capturing numerical algo-

rithms were also found in literature as TVD, MUSCL and WENO scheme [28, 59].

TVD and MUSCL scheme can solve discontinuities without spurious oscillations, how-

ever, they still suffer from excessive numerical dissipation. The excessive numerical

dissipation smears out the flow fields as well as the discontinuities in mass or volume

fraction which represents the material interfaces. Otherwise, WENO scheme can gener-

ously reduce numerical dissipation, capture well for the moving interfaces and provide

high accuracy in smooth regions. However, it may generate numerical oscillations for

compressible multi-phase flows with complex EOS as discussed in [28]. Commonly,

the implementation of high order shock-capturing schemes to interfacial compressible

multiphase flows requires further investigations.

This work presents a novel strategy to resolve the problems addressed above. We apply

the multi-stage BVD-MOOD scheme [105, 106] which introduced in the previous chap-

ters to solve five-equation model. More precisely, multi-stage BVD-MOOD scheme is

applied to all state variables including volume fraction under finite volume wave propa-

gation framework, so that the consistency can be realized among the physical variables

and volume fraction throughout the solution procedure. There is no additional treatment

or special techniques to adjust the consistency of physical variables and volume frac-

tion. The numerical model is formulated under a standard finite volume method with a

HLLC Riemann solver in the wave propagation form [61].

Verifying the numerical tests show that the present method is capable in capturing the

material interfaces as a well-resolved sharp jump in volume fraction. Furthermore, there

is no visible spurious oscillations at material interfaces and the numerical results show

superior solution quality competitive to other existing methods.
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5.2 Solution procedures for compressible two-phase flows

by using five-equation model

5.2.1 Governing equations

The five-equation model [4] is employed in this present work for simulating the inviscid

compressible two-phase flows. In this five-equation model, the velocity and pressure

of the mixture are assumed to be equilibrium for material interface. The five-equation

model consists of two continuity equations for phasic mass, a momentum equation, an

energy equation, and an advection equation of volume fraction as follows

∂

∂t
(α1ρ1) +∇ · (α1ρ1u) = 0,

∂

∂t
(α2ρ2) +∇ · (α2ρ2u) = 0,

∂

∂t
(ρu) +∇ · (ρu⊗ u) +∇p = 0,

∂E

∂t
+∇ · (Eu+ pu) = 0,

∂α1

∂t
+ u · ∇α1 = 0,

(5.1)

where ρk andαk are the kth phasic density and volume fraction, respectively, for k = 1, 2

which αk ∈ [0, 1], u is the vector of mixture velocity, p is the mixture pressure, and E

is the total energy.

This five-equation model is not closed. To close the system, a mixture of two Mie-

Grüneisen fluids for equation of state [98] are consideredwhereΓk = (1/ρk) (∂pk/∂ek)|ρk
is the Grüneisen coefficient, and p∞,k, e∞,k are the properly chosen states of the pres-

sure the internal energy along some reference curves (e.g., along an isentrope, a single

shock Hugoniot, or the other empirically fitting curves) in order to match the experi-

mental data of the examined material [77]. The parameters Γk, p∞,k and e∞,k can be

simplified as functions of density only. This Mie-Grüneisen equation of state can be ap-

proximated a wide variety of materials including some gaseous or solid explosives and

solid metals under high pressure. For conservativeness constraints, the global quantities
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and thermodynamical parameters for the mixture can be defined as follows

α1 + α2 = 1,

α1ρ1 + α2ρ2 = ρ,

α1ρ1e1 + α2ρ2e2 = ρe.

(5.2)

From [98] under the isobaric assumption, the Grüneisen coefficient, reference pressure

p∞ and reference internal energy e∞ can be expressed as

α1

Γ1 (ρ1)
+

α2

Γ2 (ρ2)
=

1

Γ
,

α1ρ1e∞,1 (ρ1) + α2ρ2e∞,2 (ρ2) = ρe∞,

α1
p∞,1 (ρ1)

Γ1 (ρ1)
+ α2

p∞,2 (ρ2)

Γ2 (ρ2)
=

p∞(ρ)

Γ(ρ)
,

(5.3)

then, the mixture pressure is calculated by

p =

(
ρe−

2∑
k=1

αkρke∞,k (ρk) +
2∑

k=1

αk
p∞,k (ρk)

Γk (ρk)

)/ 2∑
k=1

αk

Γk (ρk)
. (5.4)

These mixing rules of Eq.(5.3) and Eq.(5.4) are ensuring that the mixture pressure is free

of spurious oscillations across the material interfaces[1, 2, 96, 97, 98]. Under isobaric

assumption [4], the sound speed ofmixture could be calculated as the volumetric average

of the phasic sound speeds as

c2 = α1c
2
1 + α2c

2
2 (5.5)

Note: The time step is restricted with the local wave speed and local sound speed since

sound speed is totally different from different materials.

5.2.2 Solution procedureswith finite volumewave propagationmethod

We can rewrite the Eq.(5.1) into the form of quasi-conservative five-equation model as

∂U
∂t

+
∂F(U)
∂x

+ B(U)
∂U
∂x

= 0, (5.6)
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where the vectors of physical variables U and flux function F(U) are

U = (α1ρ1, α2ρ2, ρu, E, α1)
T ,

F(U) = (α1ρ1u, α2ρ2u, ρuu+ p, Eu+ pu, 0)T ,
(5.7)

respectively. The matrix B(U) is expressed as

B(U) = diag(0, 0, 0, 0, u), (5.8)

where u denotes the velocity component is x direction.

The space computational domain is defined as Ω = [xL, xR] and divided into N cells,

Ii = [xi−1/2, xi+1/2], for i = 1, 2, ..., N . The grid size is uniform over the computational

domain and denoted by ∆x = xi+1/2 − xi−1/2. The time coordinate is t and t ≤ T ,

where T > 0 is the final time. The time interval [0, T ] is split into time steps [tn, tn+1],

the size of the time-step is non-uniform and denoted by ∆t = tn+1 − tn > 0. For

the standard finite volume semi-discretization, we employ the approximated volume-

integrated average (VIA) of the solution U(x, t) over a mesh cell Ii at time t as

U i(t) =
1

∆x

xi+1/2∫
xi−1/2

U(x, t) dx, where i = 1, 2, . . . , N. (5.9)

From Eq.(5.6), denote L(U(t)) as all the spatial discretization terms, then the semi-

discrete version of the finite volume method can be expressed as system of ODEs (Or-

dinary Differential Equations)

∂U(t)

∂t
= L(U(t)), (5.10)

where the spatial discretization terms in a cell Ci is calculated by

L
(
U i(t)

)
= − 1

∆x

(
A+∆Ui−1/2 +A−∆Ui+1/2 +A∆Ui

)
, (5.11)

whereA+∆Ui−1/2 andA−∆Ui+1/2, are the right- and left-moving fluctuations, respec-
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tively, which enter into the grid cell, and A∆Ui is the total fluctuation within Ci. We

need to solve Riemann problems to determine these fluctuations. The right- and left-

moving fluctuations can be calculated using

A±∆Ui−1/2 =
3∑

k=1

[
sk
(
UL
i−1/2, U

R
i−1/2

)]±Wk
(
UL
i−1/2, U

R
i−1/2

)
, (5.12)

where moving speeds sk and jumps Wk of the k propagating discontinuities can be

solved by Riemann solvers [108] given the reconstructed values UL
i−1/2 and UR

i−1/2,

which are computed from the reconstruction functions Ũi−1(x) and Ũi(x) to the left

and right of the cell edge xi−1/2, respectively. Normally, the notations for the quan-

tities s± are set by s+ = max(s, 0) and s− = min(s, 0). In similar manner, the total

fluctuation can be defined by

A∆Ui =
3∑

k=1

[
sk
(
UR
i−1/2, U

L
i+1/2

)]
Wk

(
UR
i−1/2, U

L
i+1/2

)
. (5.13)

Similarly, the remain task (detailed in the chapter 3 as well as previous chapter) is the

calculation of states UL
i−1/2 and UR

i−1/2 of cell boundaries at given time t through a re-

construction procedure.

In practice, given the reconstructed values UL
i−1/2 and UR

i−1/2 at cell boundaries, the

minimum and maximum moving speeds (wave speed estimates) s1(UL
i−1/2, U

R
i−1/2) and

s3(UL
i−1/2, U

R
i−1/2) can be simply determined and used in HLLC Riemann solver as

s1 = min
{
uL
i−1/2 − cLi−1/2, u

R
i−1 − cRi−1

}
,

s3 = max
{
uL
i−1/2 + cLi−1/2, u

R
i−1 + cRi−1

}
,

(5.14)

where cLi−1/2 and c
R
i−1/2 are sound speeds calculated by using reconstructed valuesU

L
i−1/2

and UR
i−1/2, respectively. Then the speed of the middle wave is estimated by

s2 =
pRi−1/2 − pLi−1/2 + ρLi−1/2u

L
i−1/2

(
s1 − uL

i−1/2

)
− ρRi−1/2u

R
i−1/2

(
s3 − uR

i−1/2

)
ρLi−1/2

(
s1 − uL

i−1/2

)
− ρRi−1/2

(
s3 − uR

i−1/2

) .

(5.15)
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The left-side and right-side intermediate state variables U∗L
i−1/2 and U∗R

i−1/2 is computed

by

U∗L
i−1/2 =

(
uLi−1/2 − s1

)
UL

i−1/2 +
(
pLi−1/2nLi−1/2 − p∗i−1/2n∗i−1/2

)
s2 − s1

(5.16a)

U∗R
i−1/2 =

(
uRi−1/2 − s3

)
UR

i−1/2 +
(
pRi−1/2nRi−1/2 − p∗i−1/2n∗i−1/2

)
s2 − s3

(5.16b)

where the vector nLi−1/2 = (0, 0, 1, uL
i−1/2, 0), nRi−1/2 = (0, 0, 1, uL

i−1/2, 0), and n∗i−1/2 =

(0, 0, 1, s2, 0).

Also, the vector uLi−1/2 and uRi−1/2 are

uLi−1/2 = (uL
i−1/2, u

L
i−1/2, u

L
i−1/2, u

L
i−1/2, u

L
i−1/2, s

2), (5.17a)

uRi−1/2 = (uR
i−1/2, u

R
i−1/2, u

R
i−1/2, u

R
i−1/2, u

R
i−1/2, s

2). (5.17b)

The intermediate pressure also may be estimated as

p∗i−1/2 = ρLi−1/2

(
uL
i−1/2 − s1

)(
uL
i−1/2 − s2

)
+ pLi−1/2 = ρRi−1/2

(
uR
i−1/2 − s1

)(
uR
i−1/2 − s2

)
+ pRi−1/2.

(5.18)

Then we can calculate the jumpsWk(UR
i−1/2, U

L
i−1/2) as

W1 = U∗L
i−1/2 − UL

i−1/2,

W2 = U∗R
i−1/2 − U∗L

i−1/2,

W3 = UR
i−1/2 − U∗R

i−1/2.

(5.19)

5.2.3 Time integration

Given the spatial discretization, time integration scheme can be used to solve ODEs. In

order to achieve high-order numerical accuracy in time, the discretization in time are

made by the third-order TVD Runge-Kutta (RK3) method [43, 93]. More precisely, the
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third-order TVD Runge-Kutta (RK3) is given by

U (1) = Un +∆tL (Un) ,

U (2) =
3

4
Un +

1

4
U (1) +

1

4
∆tL

(
U (1)

)
,

Un+1 =
1

3
Un +

2

3
U (2) +

2

3
∆tL

(
U (2)

)
.

(5.20)

5.3 Numerical experiments

In this section, we present some sample numerical results simulated by the multi-stage

BVD-MOOD scheme for tracking material interfaces arising from compressible two-

phase flows. For verifying our algorithm, we also compare the results of present scheme

to the results of WENO-Z [3] scheme which is one of representative high order shock

capturing schemes. The reconstruction process is conducted in terms of primitive vari-

ables reconstruction for both schemes, HLLC Riemann solver is employed for the flux

computation and a TVD-RK3 for time integration.

5.3.1 Passive advection of a square liquid column

Firstly, we simulate a simple interface-only problem in order to evaluate the ability of

the present scheme to correctly capture material interfaces as well as to maintain the

equilibrium of velocity and pressure fields. The problem consists of a square liquid

column in gas transported with a uniform velocity u = u0 = 102 m/s under equilibrium

pressure which is p = p0 = 105 Pa in a shock tube of one meter (Ω = [0, 1]). The initial

condition is given as

(ρ1α1, ρ2α2, u0, p0, α1) =


(1000, 0, 100, 105, 1− ϵ) if 0.4 ≤ x ≤ 0.6,

(0, 1, 0, 105, ϵ) otherwise.
(5.21)

where ϵ is set to 10−8 in numerical tests in this section. To model the thermodynamic

behavior of liquid and gas, we use the stiffened gas equation of state where the parameter
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material-dependent parameters appeared in Eq.(5.3) are

Γk = γk − 1, p∞,k = γkBk, e∞,k = 0.

with the parameter values taken in turn to be γ1 = 4.4,B1 = 6 × 108 Pa and γ2 =

1.4,B2 = 0 for the liquid and gas phases respectively. The simulation was performed

by the standard 5th order WENO-Z scheme and the present multi-stage BVD-MOOD

scheme both using a uniformmesh made ofN = 200 cells with CFL= 0.5 and the com-

putation run up to final time tfinal = 10 ms (one revolution). In this test case, periodic

boundary condition is used on the left and right boundaries during the computation. We

plot the results of density of fluid 1, volume fraction of fluid 1, pressure, and velocity

variables for both schemes in figure 5.1. We observe that the multi-sage BVD-MOOD

scheme can solve the sharp interfaces within only few cells whereas WENO-Z scheme

generates excessive numerical dissipation for the interfaces as other convectional shock

capturing schemes. In addition, the present scheme can retain the correct pressure equi-

librium and particle velocity without introducing spurious oscillations across the inter-

faces.

5.3.2 Two-material impact problem

An other benchmark test is two-phase impact problem which is in [89, 98]. This test

consists of copper plate which impacts on an inert explosive. Initially, the a right mov-

ing copper plate with velocity u1 = 1500 m/s interacting with explosive is at rest on

the right of the plate. The two materials are under atmospheric conditions which have

pressure p0 = 105 Pa and temperature T0 = 300 K throughout the domain. The mate-

rial properties of copper and (solid) explosive are governed by Cochran-Chan of state

where written in the Mie-Grüneisen as in Eq.(5.3) and we set the same Γk as in the EOS
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Figure 5.1: Numerical results computed by WENO-Z scheme and present scheme for
volume fraction, density of fluid 1, pressure and velocity of passive advection of a

square liquid column at time tfinal = 10 ms.

of stiffened gas case, but p∞,k, e∞,k are expressed as follows

p∞,k (ρk) = B1k

(
ρ0k
ρk

)−E1k
− B2k

(
ρ0k
ρk

)−E2k
,

e∞,k (ρk) =
−B1k

ρ0k (1− E1k)

[(
ρ0k
ρk

)1−E1k
]
+

B2k

ρ0k (1− E2k)

[(
ρ0k
ρk

)1−E2k
]
− CvkT0.

(5.22)

where ρ0k, B1k, B2k, E1k E2k, γk andCvk are the material-dependent quantities which are

listed in table 5.1 for a typical set of numerical values for copper and (solid) explosive.

Table 5.1: Material quantities for copper (k = 1) and explosive (k = 2) in
Cochran-Chan equation of state Eq.(5.22).

k ρ0k (kg/m3) B1k (GPa) B2k (GPa) E1k E2k γk Cvk (J/kg.K)

1 8900 145.67 147.75 2.99 1.99 3 393
2 1840 12.87 13.42 4.1 3.1 1.93 1087



Chapter 5. Implementation of BVD+MOOD scheme for compressible multi-phase 139

The solution of this test consists of two shock waves. One is facing to right and prop-

agating in the inert explosive while another is facing to the left and propagating in the

copper. A material interface is lying in between the shock waves and separating these

two different materials. We simulate this problem up to time tfinal = 85µs with a 200-

cell grid and CFL set to 0.5. The reference solution is computed by MUSCL scheme

with 8000-cell grid. In figure 5.2 we demonstrate the results for the copper volume frac-

Figure 5.2: Numerical results computed by WENO-Z scheme and present scheme for
volume fraction, partial densities and velocity of copper and inert explosive impact

problem at tfinal = 85µs.

tion, the partial densities, and velocity of both WENO-Z and multi-stage BVD-MOOD

scheme for comparison. We observe that multi-stage BVD-MOOD scheme is able to

keep sharp interface without spurious numerical oscillations in velocity fields while

WENO-Z scheme generates spurious numerical oscillations.
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5.3.3 Shock interface interaction problem

In this test, the interaction between a shock wave and a material interface is consid-

ered. Commonly, this problem is a challenging problem for numerical shock-capturing

schemes. For instance, the schemes which have lost the conservation on discrete level

at material interface may miscalculate the position and speed of waves resulted from

the interaction[28]. Here, the interaction between a strong shock wave in helium and an

air/helium interface is studied.

The initial condition of the problem is set the same as [28, 29]. As given, the problem

consists of a Mach 8.96 shock wave is traveling in helium with γ1 = 1.67, toward a

material interface with air γ2 = 1.4 which is simultaneously moving toward the shock

wave. The initial condition of this problem is given as

(α1ρ1, α2ρ2, u0, p0, α1) =


(0.386, 0, 26.59, 100, 1− ϵ) for − 1 ≤ x < −0.8,

(0.1, 0,−0.5, 1, 1− ϵ) for − 0.8 ≤ x < −0.2,

(0, 1,−0.5, 1, ϵ) for − 0.2 ≤ x < 1.

(5.23)

The computational domain is Ω = [−1, 1] with a uniform mesh made ofN = 200 cells.

The solution is calculated up to time tfinal = 0.07 and the CFL number is set to 0.1.

In figure 5.3 we plot the results of both schemes for the helium volume fraction, total

density, pressure and velocity for comparisons. The numerical solution of both schemes

has good agreement with the reference or exact one, correctly capture the location and

speed of all the waves in the shock interface interaction. Moreover, there is no spuri-

ous oscillations at the material interface are observed and the multi-stage BVD-MOOD

scheme can capture the interface sharper than WENO-Z scheme. Eventually, for both

schemes some oscillations are appeared in the wake of the reflected shock wave. As in

[28], it is an evidence of high-order accuracy of the spatial reconstruction scheme, and

spurious oscillations is latter reduced and disappeared.
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Figure 5.3: Numerical results computed by WENO-Z scheme and present scheme for
helium volume fraction, total density, pressure and velocity of shock/interface

interaction problem at tfinal = 0.07.

5.3.4 Gas/gas shock tube problem

Chen and Liang [19] first proposed the test problem. Within a shock tube of unit length

as Ω = [0, 1], the interface initially locates at x = 0.5. The high pressure gas with

γ1 = 1.6 is on the left side while the low pressure gas with γ2 = 1.4 is on the right side.

More precisely, the initial condition is given as

(α1ρ1, α2ρ2, u, p, α1) =


(1, 0, 0, 500, 1− ϵ), 0 ≤ x ≤ 0.5,

(0, 1, 0, 0.2, ϵ), 0.5 ≤ x ≤ 1.

(5.24)

The solution is run up to time tfinal = 0.01 with a uniform mesh made ofN = 200 cells

and CFL= 0.5. The results of the volume fraction, partial density (fluid 1), pressure and

velocity computed byWENO-Z and multi-stage BVD-MOOD scheme are shown in fig-

ure 5.4. It is observed that the results obtained by both schemes are in quite good agree-
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Figure 5.4: Numerical results computed by WENO-Z scheme and present scheme for
the volume fraction, partial density (density of fluid 1), pressure and velocity of

gas/gas shock tube problem at tfinal = 0.01.

ment. However, the present scheme can keep sharper interface compares to WENO-Z

scheme.

5.3.5 Gas-liquid Riemann problem

The test problem is firstly proposed as a model for under water explosions by Cocchi et

al[24], and subsequently by Shyue [98]. In this test, the stiffened gas EOS is considered.

Initially, the left state of the problem consists of high pressure air, while the right state is

low pressure water at atmospheric pressure. The solution consists of a left-moving rar-

efaction wave, a right-moving shock wave and material interface. The initial condition
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is the same as in [113] and is given in non-dimensionalization as

(α1ρ1, α2ρ2, u, p, α1) =


(1.241, 0, 0, 2.753, 1− ϵ) for − 1 ≤ x < 0,

(0, 0.991, 0, 3.059× 10−4, ϵ) for 0 ≤ x ≤ 1.

(5.25)

To model the thermodynamic behavior of liquid and gas, we use the stiffened gas equa-

tion of state where the parameter material-dependent parameters appeared in Eq.(5.3)

are

Γk = γk − 1, p∞,k = γkBk, e∞,k = 0

with the parameter values taken in turn to be γ1 = 1.4,B1 = 0 Pa and γ2 = 5.5,B2 =

1.505 for the gas and liquid phases respectively. The computational domain is Ω =

[−1, 1], which divided into uniform grid composed of 200 cells. The simulation is run

up to time tfinal = 0.2with CFL= 0.5. In figure 5.5 the numerical solutions ofWENO-Z

and present scheme for volume fraction, density, pressure and velocity are given. Once

again, the numerical solution of both schemes have good agreement with the reference

or exact one and identifies correctly the location and speed of all waves in the problem as

well as no visible oscillations at the material interface. However, there are overshoots

in vicinity of the shock wave for both schemes due to using the primitive variables

reconstruction.

5.3.6 Air-water shock problem

The problem is a general two-phase liquid-gas Riemann problem [89, 97]. A unit length

of tube which contains two chamber separated by an interface at x = 0.7 m. Its left

chamber is filled in by a liquid at high pressure and its right chamber is filled in by a

gas at low pressure. The initial condition is given as

(α1ρ1, α2ρ2, u, p, α1) =


= (1000kg/m3, 0, 0, 109Pa, ϵ), 0 ≤ x < 0.7,

(0, 50kg/m3, 0, 105Pa, 1− ϵ), 0.7 ≤ x ≤ 1,

(5.26)
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Figure 5.5: Numerical results computed by WENO-Z scheme and present scheme for
the volume fraction, partial density (density of fluid 1), pressure and velocity of

gas/gas shock tube problem at tfinal = 0.2.

where γl = 4.4 and Bl = 6× 108 Pa are the material-dependent quantities of liquid and

γg = 1.4 and Bg = 0 are the material-dependent quantities of gas. The computational

domain is Ω = [0, 1] with a uniform mesh made of N = 200 cells. The solution is

calculated up to time tfinal = 237.44µs and the CFL number is set to 0.5. In figure 5.6

we plot the volume fraction, partial density (liquid), pressure and velocity computed by

WENO-Z and multi-stage BVD-MOOD scheme. We observe that the solutions of both

schemes have good agreement with reference or exact solution by capture sharply the

interface. However, there is visible overshoot generated by WENO-Z scheme.

5.3.7 Two dimensional shock-bubble interactions

Here, we consider the shock-bubble interactions tests of Air-R22 and Air-Helium cases

(gas cylinders), respectively. These tests were first experimentally studied in [46] and
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Figure 5.6: Numerical results computed by WENO-Z scheme and present scheme for
the volume fraction, partial density (density of fluid 1), pressure and velocity of

gas/gas shock tube problem at tfinal = 0.2.

later numerically studied in [28, 29, 59, 83, 99, 100]. The R22 (refrigerant-22) gas has

greater density than the air while the Helium gas has lower density than the air. Initially,

a planar rightward-moving shock wave with Mach 1.22 in air located at x = 64 mm

impacts a stationary R22 gas bubble or Helium gas bubble with radius r0 = 25mmwith

center (xc = 89, yc = 44.5) mm as shown in figure 5.7. Reflected boundary conditions

are applied at the upper and lower walls, and constant extrapolation are imposed at the

left and right boundaries. A uniform grid of 1200 × 400 is used for both air-R22 and

air-He cases with the CFL number is 0.2.

Air-R22 test problem: In this test, both air and R22 gas are modeled as perfect gas

with γair = 1.4 and γR22 = 1.249. Inside the R22 gas bubble, the state variables are as

in [113]

(ρ1, ρ2, u, v, p, α1) = (4.415kg/m3, 1.4kg/m3, 0, 0, 1.0× 105Pa, 1− ε) ,
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Figure 5.7: Schematic diagram of the computational domain (mm) for the
shock-bubble interactions (air-R22 and air-He) cases.

while outside the bubble they are

(ρ1, ρ2, u, v, p, α1) = (4.415kg/m3, 1.4kg/m3, 0, 0, 1.0× 105Pa, ε) ,

and

(ρ1, ρ2, u, v, p, α1) = (4.415kg/m3, 1.927kg/m3, 114.42, 0, 1.57× 105Pa, ε)

in the pres-hock and post-shock region respectively, where ε = 10−8. The numerical

results for density at four different time instants are presented in figure 5.8 computed by

the multi-stage BVD-MOOD scheme. The present scheme can maintain the compact

thickness of the material interfaces and provides large-scale structures which compara-

ble to other existing high-order shock-capturing schemes [29, 113] as well as small-scale

structures even in low grid of computation. Moreover, it is observed that the numerical

results are in good agreement with experimental study as in [46], their figure 11, for

instance the clear shock structures and the deformation of R22 gas. Another important

feature in the flow field is the Kelvin-Helmholtz instability develops along the interface,

which then rolls up small-scale structures in agreements with the results from [100, 113].

Air-Helium test problem: Similarly to previous test, both air and Helium gas are

modeled as perfect gas with γair = 1.4 and γHe = 1.648. Inside the Helium gas bubble,

the state variables are as in [113]

(ρ1, ρ2, u, v, p, α1) = (0.255kg/m3, 1.4kg/m3, 0, 0, 1.0× 105Pa, 1− ε) ,

while outside the bubble they are

(ρ1, ρ2, u, v, p, α1) = (0.255kg/m3, 1.4kg/m3, 0, 0, 1.0× 105Pa, ε) ,

and

(ρ1, ρ2, u, v, p, α1) = (0.255kg/m3, 1.927kg/m3, 114.42, 0, 1.57× 105Pa, ε)



Chapter 5. Implementation of BVD+MOOD scheme for compressible multi-phase 147

Figure 5.8: Numerical results for density computed by present scheme of air-R22
problem at four different time instants – From top to bottom: 55µs, 190µs, 250µs, and

420µs.

in the pres-hock and post-shock region respectively, where ε = 10−8. The numerical

results for density at four different time instants are presented in figure 5.9 computed by

the multi-stage BVD-MOOD scheme. Similarly, the numerical results are qualitatively

in good agreement with the experiment in [46], their figure 7. In this case, the incident

shock is transmitted and reflected when it impacts the Helium cylinder and clearly cap-

tured by the present scheme. The upstream wall is compressed and the transverse jet
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Figure 5.9: Numerical results for density computed by present scheme of air-Helium
problem at four different time instants – From top to bottom: 30µs, 245µs, 380µs, and

834µs.

forms. Again, the air-He interface rolls up due to Kelvin-Helmholtz instability, similar

to air-R22 case. Furthermore, the rolling-up structures are consistent with other existing

high-order shock-capturing schemes [28, 59, 100, 113].

Note: We only solve the compressible Euler equations to produce the numerical re-

sults do not consider including the physical viscosity and surface tension. It is difficult

to differentiate between the physically-real structures and those provided by numerical
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methods. For instance, as in [64], the solution of compressible Euler equations does not

converges, and the vortices will be continuously imposed when refine the grid resolu-

tion according to the absence of physical viscosity. The significance of low numerical

dissipation schemes [29] lies in real-case or engineering applications where the physi-

cal dissipation (due to molecular or turbulent mixing) plays an important role. Under

the effects of the physical dissipation, the real flow structures can be more precisely

regenerated by the low numerical dissipation.

5.3.8 Two dimensional collapse of an air cavity in water

In this subsection, the collapse of an air cavity in water is considered. According to its

importance in a wide range of physical and practical phenomena, for instance lumines-

cence, lithotripsy, and hot-spot formation in explosives, this test has been extensively in-

vestigated [18, 47, 52, 53, 81, 113]. The computational domainΩ = [0, 10]× [−2.5, 2.5]

with an air bubble of unit radius placing in water and its center at (4.375, 0), and the

shock wave with Mach 1.72 is initially located at x = 1 at time t = 0 as in figure 5.10.

The initial condition is given as [95]

Figure 5.10: Schematic diagram of the computational domain for the collapse of an air
cavity in water.

(α1ρ1, α2ρ2, u0, v0, p0, α1) =


(10−3, 0, 0, 0, 1, 1− ϵ) for bubble,

(0, 1.325, 68.52, 0, 19150, ϵ) for post-shock,

(0, 1, 0, 0, 1, ϵ) for pre-shock.

(5.27)
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To model the thermodynamic behavior of gas and liquid, we use the stiffened gas equa-

tion of state where the parameter material-dependent parameters appeared in Eq.(5.3)

are

Γk = γk − 1, p∞,k = γkBk, e∞,k = 0

with the parameter values taken in turn for the air with γ1 = 1.4 and P∞
1 = 0, and the

water is modeled with γ2 = 4.4 and P∞
2 = 6000.

The computation is made by a uniform grid of 1000× 500 with the CFL number is 0.3.

The numerical results for density at various time instants are shown in figure 5.11 com-

puted by the present scheme. We observe that the numerical results are in consistency

and good agreement with numerical results in literature [47, 50, 52, 53, 81, 95, 113].

At early stage, the incident shock hits the bubble, creating a strong reflected rarefaction

wave in the water, and the bubble gets compressed and deforms. As shown in figure

5.11 with the time evolution, the bubble is splitting (cavity fragment) due to the forma-

tion of a high speed jet while interface remains thin throughout the simulation. Finally,

the flow structures become more complex due to the shock interaction. The computed

solution shows no spurious oscillations.

5.3.9 Underwater explosion

In the present subsection, we consider the underwater explosion problemwhich has been

extensively employed in [18, 29, 62, 81, 95]. This test case involves the interactions of

an air cavity produced by a highly compressed cylindrical air bubble placed in water

beneath a free surface (water-air interface). An significant challenge of this test is the

topological change in the interface as the bubble bursts through the free surface. The

computational domain is Ω = [−2, 2] × [−1.5, 2.5] m2. At t = 0, the horizontal water

surface that separates air and water is located at y = 0 and below this surface line, a

bulk of high compressed air lies surrounded by water. The cylindrical air cavity of 0.12

m in radius is initially centered at (xc = 0, yc = −0.3). The initial condition is given as
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Figure 5.11: Numerical results for density computed by present scheme of collapse of
an air cavity in water problem at four different time instants – From top to bottom:

10ms, 15ms, 18ms, and 20ms.

[95]

(α1ρ1, α2ρ2, u0, v0, p0, α1) =


(0, 1250, 0, 0, 109, ϵ) for air bubble,

(1000, 0, 0, 0, 101325, 1− ϵ) for below the surface,

(0, 1.25, 0, 0, 101325, ϵ) for above the surface.

(5.28)
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The units of density and pressure are in kg/m3 and Pa, respectively. The thermodynamic

behavior of water and air is modeled by the stiffened gas with the same equation of state

as in Section 5.3.1. Gravity effects are neglected, the transparent boundary condition

is imposed for the top, left and right boundaries, while for the bottom boundary the

reflection condition is implemented. We conducted the simulation on a coarse uniform

mesh with 600× 600 with the CFL number is 0.2.

We demonstrate the color-map plots for density and VOF function at the time instants

t ∈ [0.2, 0.95, 1.26, 1.90] ms in figure 5.12. After the explosion, there are two circular

pressure waves depart from the interface: a main shock wave travels outward into the

water and a rarefaction wave simultaneously travels inside the air bulk (explosion zone).

As soon as, a traveling shock impacts the free surface, causing the formation of wave

diffraction phenomenon, a weak shock transmitted air shock and the shape of the gas

bubble evolves into an oval shape. From the numerical results, we observe that the

present scheme can sharply capture the interface throughout the computation while the

conventional shock-capturing schemes (MUSCL and WENO-JS) smear out the water-

air interfaces as reported in [29]. Furthermore, the flow structures including transmitted

and reflected waves are well resolved by the present scheme. However, there is an

instability effect on roll-up-like of the interface where is near the free surface presented

by the present scheme. We also illustrate the distribution of VOF function along x = 0

cross-section in figure 5.13. The present scheme can keep the compact thickness of the

transition layer of the interface even in coarse grid.

5.4 Summary

In this chapter, we implement the multi-stage BVD-MOOD scheme to solve compress-

ible multi-phase flows by using the five-equation model. The approach relies on several

type of reconstructions: fifth order accurate polynomials, viscous nonlinear THINC, low

dissipation nonlinear ones, and peicewise constant scheme. The numerical model is for-

mulated under a standard finite volume method with HLLC Riemann solver in the wave

propagation form. The present scheme can capture sharply the discontinuous solutions
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Figure 5.12: Numerical results for density and volume fraction for underwater
explosion computed by the present scheme — From top to bottom: 0.2ms, 0.95ms,

1.26ms and 1.90ms— Left: Density; Right: Volume fraction.
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Figure 5.13: Distribution of VOF function along x = 0 cross-section for underwater
explosion test — Left: 0.2ms, 0.95ms; Right: 1.26ms, 1.90ms.

as well asmaterial interfacewithout implementing interface-sharpening techniques. The

novel scheme can realize thermodynamical-consistent reconstruction straightforwardly.

The numerical results of the scheme show an improvement in the high-solution qual-

ity, and provide competitive or even better results compared with high-order shock-

capturing schemes. This work is to provides an efficient approach with a simple proce-

dure in implementation for simulating compressible interfacial multi-phase flows.



Chapter 6

Conclusions and future work

6.1 Problems and research purposes

In the numerical simulation of compressible gas dynamics, there are two critical prob-

lems such as numerical oscillations and numerical dissipation that highly demand the de-

velopment of high-fidelity numerical scheme. The numerical oscillations always occur

in high-order schemes. However, several standard high-order shock-capturing schemes

were developed for suppressing numerical oscillations by feeding extra dissipative er-

rors or projecting to lower order. Therefore, the numerical schemes suffer from numeri-

cal diffusion when the strong discontinuities occur, which noticed that still a significant

problem in the solution. For instance, the so-called WENO schemes that can achieve

very high-order accuracy but in some cases they still generate numerical dissipation in

vicinity of strong discontinuities.

In recent years, high-order shock-capturing schemes were developed to handle both

smooth and discontinuous solutions with less numerical dissipation such as a boundary

variation diminishing (BVD) algorithm. Nevertheless, one main issue of original high-

order schemes is that theymay generate non-physical properties in the solution (negative

density or pressure), which leads to a blow-up of the numerical computation and sub-

sequent code crash. The negative values provided by classical high-order schemes due

to interpolation errors when the solution involving very strong shock waves, or when

vacuum or near vacuum states occur and very high Mach number.
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In reactive Euler equations, there are several difficulties in designing stable/robust and

high-resolution numerical schemes to accurately resolve a general hyperbolic system

with source terms. For stiff source term, some high-order shock-capturing schemes

may predict wrong wave propagation speed of detonation fronts or may generate spuri-

ous numerical propagation phenomenon of the shock waves in the flow structures. For

example, the numerical dissipation smears out some discontinuities which, in return in-

correctly trigger the reaction of the source term and then produce a wrong numerical

solution. An other main issue in the reaction flow simulation is positivity-preserving

when gaseous detonation propagating through different geometries or low density cases.

For instance, the occurrence of negative density or pressure (non-physical properties) is

quite often encounter during the time evolution, which leads to a blow-up the computa-

tion.

In compressible multi-phase flow, the development of numerical method is more chal-

lenging than in compressible single phase flow. The flow structures become complex

when involve material interfaces between two gaseous or two materials of different

physical natures. In literature, TVD and MUSCL schemes can solve discontinuities

without spurious oscillations, however, they still suffer from excessive numerical dis-

sipation. The excessive numerical dissipation smears out the flow fields as well as the

discontinuities in mass or volume fraction which represents the material interfaces. Oth-

erwise, WENO scheme can generously reduce numerical dissipation, capture well for

the moving interfaces and provide high accuracy in smooth regions. However, it may

generate numerical oscillations for compressible multi-phase flows with complex EOS

as discussed in [28].

To deal with numerical oscillations and numerical dissipation, we design a new numer-

ical under multi-dimensional optimal order detection (MOOD) framework which is an

a posteriori limiting scheme. The concept of this method is replacing the first-order

scheme to then tangent of hyperbola interface capturing (THINC) function to capture

sharply the discontinuities without spurious oscillations and obtain possible highest or-

der of accuracy.

Furthermore, in order to achieve high fidelity, the numerical methods should preserve
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the solution properties such as: Accuracy on both smooth and discontinuous profile,

non-oscillatory behavior and fail-safe behavior (positivity-preserving) we develop a

general formulation of reconstruction in finite volume method by integrating the bound-

ary variation diminishing (BVD) andmulti-dimensional optimal order detection (MOOD)

methodologies by blending of high-/low-order polynomials and hyperbolic tangent re-

constructions. As a concrete example, we propose a high-resolution scheme under a

three-stage cascade. For BVD reconstruction strategy, the linear fifth-order upwind or

piecewise quartic method (PQM) on fourth-degree of polynomial (P4) [116] is imple-

mented as one of the candidate reconstruction functions to capture smooth solutions.

Other candidate reconstruction functions use tangent of hyperbola interface capturing

(THINC) functions with different controlling the slope (jump thickness) to eliminate

the numerical oscillation and to capture sharply all discontinuities. Furthermore, a

MOOD algorithm performs and detects a candidate solution by PAD ensuring as such

the positivity-preserving property.

We further extend our new approach (multi-stage BVD-MOOD) for the compressible

Euler equations supplemented with source terms (e.g. gravity, chemical reaction). In

addition, we also apply the present scheme to solve the five-equation model for interface

two-phase flow under finite volume wave propagation method. The present method is

able to capture both smooth and discontinuous solution in Euler equations, reactive Euler

equations for compressible gas dynamics as well as five-equation model with excellent

solution quality competitive and superior solution to other existing schemes.

6.2 Major contributions of the current study

The impacts and significances of the current study are summarized as follows

1. We introduce a novel finite volume scheme to solve hyperbolic systems under the

multi-dimensional optimal order detection (MOOD) framework. We replace the first-

order finite volume method to the tangent of hyperbola interface capturing (THINC)

function. We obtain the numerical results for both scalar conservation laws and Euler

equations which are comparable to original MOOD schemes as well as other existing
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methods.

2. We present a reconstruction strategy to be employed in finite volume method which

differs from classical polynomial based with a priori limiting strategy. Our approach

differs because our cell-based reconstruction procedure relies on several types of recon-

structions:

(1) Fifth order accurate polynomials for smooth solutions,

(2) Viscous nonlinear THINC functions to add dissipation,

(3) Sharp nonlinear ones to handle discontinuity and steep gradients,

(4) No reconstruction at all for extreme situations.

The fundamental mechanism in our approach is to choose between these reconstruc-

tions relies on the BVD strategy. For instance, the present scheme must choose among

several reconstructions, the most appropriate one according to goodness criteria. Some

criteria are set a prioriwith BVD, some are verified a posterioriwith MOOD algorithm

to preserve the positivity of physical properties.

The proposed scheme is performed via the numerical experiments of benchmark test

problems which involve vacuum or near vacuum states, strong discontinuities and also

smooth flows. It is demonstrated that the present scheme is able to maintain a high ac-

curacy in smooth profile, eliminate the spurious oscillations in vicinity of discontinuity,

capture sharply discontinuous solution, and preserve some physical properties like the

positivity of density and pressure for the Euler equations of compressible gas dynamics.

3. The present scheme is applicable to non-homogeneous compressible Euler equations

(e.g. gravity and chemical reaction as source terms). Some existing shock-capturing

methods may predict incorrectly the position of the donation fronts or may generate ex-

cessive numerical dissipation. The numerical dissipation smears out the discontinuities,

then incorrectly trigger the reaction of the stiff source term produces a wrong numer-

ical solution. An other main issue is the occurrence of negative density or pressure is

quite often encounter during the time evolution. The present scheme can resolve these

problems in integrating the BVD and MOOD methodologies. We obtain superior qual-

ity results competitive to other existing shock-capturing schemes by sharply capturing
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the detonation fronts and material interfaces without any treatment. Moreover, due to

the small but sufficient numerical dissipation, the small-scale structures are well repre-

sented, simultaneously with the prevention of the occurrence of spurious oscillations.

4. The implementation of the multi-stage BVD-MOOD scheme for solving the five-

equation model in compressible multi-phase flows. With BVD principle, the novel

scheme can capture sharply the material interfaces by reducing numerical dissipation

without implementation interface-sharpening approach. The current study can realize

thermodynamical-consistent reconstruction straightforwardly. The designed schemes

are simple, however they produce much better performance and can be interested using

in complex compressible flows.

5. According to the low-dissipation property of the scheme, the present scheme is suit-

able for turbulent flows. More precisely, existing schemes have excessive numerical

dissipation, so they cannot be used for DNS of high Reynold number flows. By reduc-

ing the numerical dissipation, BVD-MOOD scheme can be applied for DNS of flows

with wider-range Reynold number. Moreover, in the implementation of LES the exces-

sive numerical dissipation in current methods will contaminant (pollute) the physical

turbulent viscosity of the LES sub-grid scale model. By reducing the numerical dissi-

pation, BVD-MOOD scheme allows LES model to work more properly.

6.3 Future work

There are several areas that the present study has not yet covered. Further research

could be usefully conducted to improve the effectiveness in numerical schemes and to

understand some physical phenomena. The directions of future whichwill be considered

as follows:

1. Wewish to extend the present approach to three-dimensions straightforward. A three-

dimensional numerical model is more realistic in calculation of complex compressible

flows and transports phenomena in natural geometries. Moreover, three-dimensional

numerical models are often employed in numerous different applications in aerospace

engineering as well as other engineering fields.
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2. We also wish to implement the BVD-MOOD methodologies in solving the com-

pressible Navier-Stoke equations for the simulations of multi-component flows as well

as phase-change phenomenon. In the computation of compressible Navier-Stoke equa-

tions, the viscosity is included which will effect on accuracy of the numerical solution.

The current numerical model is robust and low dissipation schemes. Thus, the high-

resolution positivity-preserving schemes are expected to solve these advanced numeri-

cal models.

3. Since the multistage BVD-MOOD algorithm uses several reconstruction operators

andMOOD is an a posteriori limiting projection, therefore theMPI parallel computation

should be considered. However, when we have such problem where trouble cell exists,

the parallel computation will be affected by waiting the recomputing process for trouble

cell which expected to occur in the rare events. On the other hand, the BVD algorithm

is suitable for MPI parallel computation to simultaneously compute the reconstruction

operators as well as GPU process for saving computational cost.

4. Turbulent flow is stilled considered one of unresolved challenging problems of phys-

ical phenomena. The investigation of shock turbulence interaction should be made by

introducing higher-order shock-capturing schemes. The interaction between shocks and

turbulence produces the flow structures even more complex such as shocks, discontinu-

ities and turbulent features. Other existing schemes can achieve high accuracy in smooth

solution, however, they commonly still suffer from stability or numerical dissipation in

discontinuities. Thus, our high-resolution positivity-preserving schemes are suitable in

applications of turbulent model.

5. High-resolution positivity-preserving schemes should be further explored on unstruc-

tured grids to handle more complex geometrical configurations. An development of

the proposed scheme on unstructured grids is preferable for practical simulations. Two

issues of high-order numerical schemes for compressible multi-phase flow on unstruc-

tured grids are numerical oscillations and positivity-preserving. Therefore, we plan to

extend our limiter-free and robust schemes to unstructured grids, which are expected to

be adequate to prevent numerical oscillations and fail-safe behavior.
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