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This thesis consists of two parts. Firstly, we study the interior polynomial and its properties
related to the HOMFLY polynomial. Secondly, we study the Hopf monoid of directed graphs.

The interior polynomial is a Tutte-type invariant of bipartite graphs, and a part of the
HOMPFLY polynomial of a special alternating link coincides with the interior polynomial of
the Seifert graph of the link. We extend the interior polynomial to signed bipartite graphs,
and we show that, in the planar case, it is equal to the maximal $z$-degree part of the
HOMFLY polynomial of a naturally associated link. Note that the latter can be any oriented
link. This result fits into a program aimed at deriving the HOMFLY polynomial from Floer
homology.

We also establish some other, more basic properties of the signed interior polynomial. For
example, the HOMFLY polynomial of the mirror image of L is given by $P_{L}(-v*{-1},2)$.
This implies a mirroring formula for the signed interior polynomial in the planar case. We
prove that the same property holds for any bipartite graph and the same graph with all signs
reversed. The proof relies on Ehrhart reciprocity applied to the so-called root polytope. We
also establish formulas for the signed interior polynomial inspired by the knot theoretical
notions of flyping and mutation, as well as a certain vanishing formula. This leads to new
identities for the original unsigned interior polynomial.

The Hopf monoid GP of generalized permutahedra was defined by Aguiar and Ardila, who
showed that it contains many submonoids that correspond to combinatorial objects. They also
give a basic polynomial invariant of generalized permutahedra, which then specializes to
submonoids. We define the Hopf monoid of directed graphs and show that it also embeds in
GP. The resulting basic invariant coincides with the strict chromatic polynomial of Awan and
Bernardi.
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