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Nomenclature

Main symbols are shown as follows. The detailed definition of each symbol is described
in each chapter.

A A mathematical set which represents a range of motion
b Width
c An endpoint position vector of an elastic element
d A relative position vector between two points
f A force vector / A numerical vector composed of magnitudes of forces
f A component of a force vector/ Magnitude of a force
e A basis of a local coordinate system
E Young’s modulus
F An objective function for an optimization
G A matrix including wrench screws
h Thickness
I Identity matrix
j Position vector of a joint in a linkage
k Spring constant
K A stiffness matrix
l, L Length
n A normal vector
N A number
p A position vector on a trajectory
r,R A radius
R A rotation matrix
s A position vector on a surface
Sr A wrench screw
Σ A local Cartesian coordinate system
TI A transmission index
t, u A parameter for a translation motion
U Potential energy of elastic elements
v A direction vector/ A tangent vector
w A weight parameter in multi-objective optimization
W A wrench
x, y, z Components on a coordinate system
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δ A gap
κ A curvature
λ An arc-length parameter
µ The coefficient of static friction/ The ratio between tangent force and normal

force
τ A torque vector
τ A component of a torque vector/ Magnitude of a torque
θ, ψ, ϕ Angles
ω A angular velocity vector
â An unit vector of a vector a
|a| The 2-norm of a vector a

A# The pseudo inverse matrix of a matrix A
[a×] The matrix representing the cross product operation of a
ȧ The first-order derivative of a with one variable
mean(x) The mean value of x
max(x) The maximum value of x
min(x) The minimum value of x

.
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1 Introduction 1

Chapter 1

Introduction

1.1 Background and objective
　 Linkage mechanisms are used in many mechanical systems in order to generate the
specified motion such as robotic mechanisms or to transmit motion and power to different
mechanical systems such as steering mechanisms for automobiles. In general, they are
synthesized with lower pairs, such as a revolute pair, a prismatic pair, a spherical pair,
and so on. These kinematic pairs have surface contact between two links. However,
the geometrical limitation of surface contact is severe because curvatures of the contact
surfaces in the relative-motion direction must be constant to keep in surface contact. Thus,
shapes of such contact surfaces are limited and only six types of simple relative motions
(1-axial rotation, linear motion, helical motion, cylindrical motion, 3-axial rotation, and
planar motion) are allowed between the links. This means that motion of a linkage is
synthesized with a combination of simple relative motions among links. This fact causes
the following problems in mechanism synthesis.

(a) It is difficult to synthesize a linkage with 1 degree of freedom (DOF) to generate the
specified motions completely because the mechanism does not have enough design
parameters such as link length or arrangement of lower pairs.

(b) A linkage with multiple-DOF becomes a complex mechanism with many kinematic
pairs and links.

The problem (a) indicates that it is difficult to make detailed output motions with only
simple relative motions between the links. Thus, such kinds of linkages have been generally
synthesized to generate the specified motion approximately with such as precision-point
methods [1]-[16] or optimal-synthesis methods [17]-[33] so far. The problem (b) indicates
that DOF of lower pairs is limited up to three and that a large number of kinematic
pairs are required to synthesize a linkage with multiple-DOF. Especially, linkages which
need redundant DOF tend to have complex structures. For example, in robotic field,
underactuated (flexible) robotic-mechanisms have been developed by many researchers
[34]-[66] for human safety, for passive adaptability to the environment, and so on. Since
these mechanisms need not only actuation DOF but also passive DOF, they need a lot of
DOF and their structures tend to have complex.

In order to reduce the geometrical limitation of contact surfaces, the use of higher pairs,
where two links are in contact at some points or a line, is a good choice. Since the ge-
ometrical limitation of higher pairs is not severe, many kinds of kinematic pairs can be
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2 1 Introduction

Fig.1.1 Classification of kinematic pairs based on contact state, type of motion and
constraint state

achieved and their relative motion between the links can be specified in detail. Fig.1.1
shows the types of kinematic pairs. Kinematic pairs, which are defined as a joint con-
necting two links while allows relative motion between them, are classified according to
contact state (lower or higher pair), type of motion (rotate, linear, etc...) and constraint
state (closed or unclosed) in the literature on the theory of mechanism [67] [68]. Note that
the closed state means the state where two links are sufficiently constrained geometrically,
and the unclosed state means the state where two links are not sufficiently constrained
geometrically. In order to keep in contact between the links with the unclosed kinematic
pair, external forces such as gravitational force and spring force are required. Although
the use of the closed higher pairs are a good choice for practical applications, it is con-
sidered that there are few kinematic pairs such as a cylinder-groove pair (1-axial rotation
and 1-axial translations) and a sphere-pipe pair (3-axial rotations and 1-axial translation)
because the closed state is a severe geometrical limitation of contact surfaces between the
links. However, since the geometrical constraint of the unclosed higher pairs is relatively
loose, they can allow wide variety of complex relative motion. As unclosed higher pairs,
cams have been used. Cams are used to transform a rotation to a translation with the
specified timing or used as motion guidance passing through a complex planar trajectory.
Non-circular gears also have been used. They are kinds of rolling contact pairs, which
allows the two rotations to be synchronized at the specified relative velocity. By synthe-
sizing 1-DOF mechanisms with them, the exact generation of the specified motion has
been achieved [69]-[79]. However, the exact generation of only planar motions have been
achieved so far. Although spatial cams have been proposed as a higher pair to transform
motions spatially, they have been used only to transform a driving rotation to the specified
translational reciprocation of which fixed axis do not intersect to the driving rotation axis
or to transform a driving rotation to the specified rotational reciprocation of which fixed
axis does not intersect to the driving rotation axis [80] [81]. In other words, there was no
spatial cam mechanism which can generate the specified complex spatial trajectory. The
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Fig.1.2 The proposed structure of the elastically closed pairs

reason is considered to be because not only theory to generate the specified spatial motion
is difficult but also methods to manufacture higher pairing elements with complex curved
surfaces generating complex relative spatial motions had not been developed. However,
recently, manufacturing a mechanical part with a complex shape has been becoming easy
because multi-spindle CNC (Computerized Numerical Control) machining technology and
additive manufacturing technology have been developed. Therefore, such complex pair-
ing elements can be manufactured technically. Developing such new mechanical elements
to generate complex relative spatial motions is very important especially to extend the
synthesis of spatial mechanisms and their applications.
In this dissertation, novel practical kinematic pairs which allow complex relative spa-

tial motion between the links are developed in order to extend the synthesis of spatial
mechanisms. Fig.1.2 shows the schematic diagram of the proposed structure. The joint
in the figure is an unclosed higher pair of which two curved surfaces with complex shapes
contact at points or a line with each other. For practical use of unclosed higher pairs,
external forces to the keep in contact between the links are required. Thus, the two links
are constrained with some elastic elements. Since it can keep in contact between the
links by itself, it can be used as a closed pair in mechanism synthesis. Therefore, joint
mechanisms with this structure are called ”elastically closed pairs” and they are treated
as kinds of kinematic pairs in the following discussion. A similar idea to regard a joint
mechanism composed of several mechanical elements as a kinematic pair in mechanism
synthesis has been proposed by Huesing et al [82] and it is called ”Complex joint”. This
kind of idea is also seen in the conventional mechanism synthesis. For example, a rotary
motor is regarded as an active revolute pair and a universal joint is regarded as a kinematic
pair allowing 2-axial rotations in mechanism synthesis. This means that by developing
a joint mechanism composed of multiple elements to have a specific kinematic constraint
in advance, the only relative motion between its main two links can be considered in
mechanism synthesis without considering the detailed structure of the joint. This idea
is important for efficient mechanism synthesis because the number of available kinematic
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4 1 Introduction

Fig.1.3 Conceptual diagram of the spatial rolling contact pair (SRCP)

pairs can be increased and important parts of the mechanism only have to be focused on
in mechanism synthesis. Therefore, in this dissertation, novel practical joint mechanisms
with such a structure are developed as ”kinematic pairs” based on this idea, and they are
applied to the synthesis of spatial mechanisms. Mechanisms with elastically closed pairs
are called ”ECP-linkages”.
　 The elastically closed pairs have four features. Firstly, they can allow the specified
complex relative spatial motions which cannot be generated by the geometrically closed
kinematic pairs because of their kinematic limitations. Especially, a kinematic pair gen-
erating relative spatial rolling motion is useful to improve the mechanical performances of
a mechanism because of its low friction between the links. Secondly, it can have multiple
DOF between the links. If the two links are in contact at a single point, it can have 5
DOF. This is effective to reduce the number of links in a mechanism. Thirdly, they have
elasticity between the links because of their elastic constraints. If this elasticity is used
effectively, flexible mechanism can be synthesized easily. Fourthly, if the elastic elements
move like flexible actuators, they can drive the links actively. This means that the pairs
can be treated as active kinematic pairs in mechanism synthesis. Based on these features,
this research focuses on the following three contents.

(1) Development of ”the spatial rolling contact pair”, which can generate the specified
trajectory while the relative rolling motion between the links

(2) Development of ”the flexibly constrained pair”, which can have both motion guidance
and flexibility between the links

(3) Development of ”the elastically closed active pairs”, which is driven by active elas-
tic elements, including the active spatial rolling contact pair and the active flexibly
constrained pair

The ”Spatial Rolling Contact Pair” (SRCP) shown in Fig.1.3 is a 1-DOF kinematic pair
of which two links in contact at a line roll relatively. When the link 2 rolls on the link 1 as
shown in Fig.1.3, a reference point fixed on the link 2 generates a spatial trajectory. By
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Fig.1.4 Conceptual diagram of the flexibly constrained pair (FCP)

designing the profile of the contact surfaces, the reference point can generate the specified
trajectory completely. Thus, by introducing the designed SRCP into a spatial mechanism
as shown in the figure, the mechanism can also generate the specified trajectory completely.
Therefore, the use of the SRCP for synthesis of 1-DOF mechanism can solve the problem
(a) described above. In this dissertation, a design method of the rolling contact surfaces
to generate the specified relative trajectory between the links and an effective constraint
method to keep ideal rolling contact between the links are proposed. In addition, a spatial
ECP-linkage with 1 DOF which can generate the specified spatial trajectory is synthesized
by using the SRCP, and it is prototyped with the use of additive manufacturing. Then,
its performances are examined.
The ”Flexibly Constrained Pair” (FCP), which has flexibility between the links with

the use of its elastic elements, is shown in Fig.1.4. The FCP, where two links are in
contact at some points with slippage, allow multiple-DOF at most 5-DOF. Besides, it has
stiffness in each direction of its DOF because of the elastic forces of the elastic element
and reaction forces at each contact point between the links. By dividing directions of
the relative motion between the links into the main-directions and the sub-directions,
and by specifying stiffness in the sub-directions higher than in the main directions, a
weak kinematic constraint with the difference of the stiffness can be achieved. Because
of this constraint, this kinematic pair can move in main-directions under small external
loads, but it can move in the sub-directions under large external loads. This means
that the kinematic constraint can be changed according to the mechanical condition.
This kinematic constraint is named ”flexible kinematic constraint”. Since the FCP has
both motion guidance and flexibility because of this constraint, a mechanism of flexible
robot can be synthesized with simple structure by using the FCP as shown in Fig.1.4.
Therefore, an extreme case of the problem (b) described above can be solved with the
FCP. In this dissertation, a design method of the FCP to specify the specified flexible
constraint between the links is proposed. In addition, a simple flexible robotic mechanism
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Fig.1.5 Conceptual diagram of elastically closed active pairs including the active
spatial rolling contact pair (ASRCP) and the active flexibly constrained pair (AFCP)

(an underactuated ECP-linkage) is synthesized by using the FCP, and it is prototyped
with the use of additive manufacturing. Then, its performances are examined.

The conceptual diagram of ”elastically closed active pair” including the ”Active Spatial
Rolling Contact Pair” (ASRCP) and the ”Active Flexibly Constrained Pair” (AFCP) is
shown in Fig.1.5. In both ASRCP and AFCP, linear elastic elements are replaced by
active elastic elements such as reeled elastic wires, flexible linear actuators, and so on.
Since a serial mechanism with these active kinematic pairs can be synthesized, a further
simplification of mechanisms with the SRCP or the FCP can be achieved. In order to
obtain the ASRCP and the AFCP with high mechanical performances, a design method
of them with good actuation transmission is proposed. Besides, a motion control method
of them with keeping contact between the links is also proposed. Then, several examples
of them are designed and prototyped with the use of additive manufacturing, and their
performances are examined.

1.2 Related researches
　Three topics of related researches are introduced in this section. The first topic is about
synthesis of mechanisms with 1 DOF, which is related to the research on the spatial rolling
contact pair. The second topic is about underactuated (flexible) robot mechanisms, which
is related to the research on the flexibly constrained pair. The third topic is the design
of the wire-driven joint mechanism, which is related to the research on elastically closed
active pairs. Based on a review of these topics, novelty and contribution of the proposed
approaches are discussed.
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1.2.1 Synthesis of mechanisms with 1 DOF

　 Linkage mechanisms with 1 DOF are traditionally used for industrial machines, toys,
walking robots, and so on, because of their simple structures driven with a single actu-
ator. They are classified to function-generating linkages and path-generating linkages.
Function-generating linkages are linkages to generate the specified relationship between
input and output of translational or angular displacement. Path-generating linkages are
linkages to generate the specified trajectory of a coupler point. Path-generating linkages
are sometimes synthesized to generate both the specified coupler curve and the specified
orientation of the coupler link. This is called rigid-body guidance. In order to synthe-
size them to generate the specified motions approximately, many methods have been pro-
posed so far. Traditionally, precision-point methods have been researched for this purpose.
These are methods to synthesize a linkage with 1 DOF to pass through some designated
points precisely. These designated points are called precision points. In these methods,
precision points are substituted into non-linear equations on the geometrical relationship
of the linkage, and they are solved for mechanical parameters of the linkage. Freuden-
stein synthesized a function-generating planar 4-bar linkage with three precision points
[1]. Wamper et al. synthesized a path-generating planar 4-bar linkage with 9 precision
points [2]. Note that the number of precision points are limited depending on the number
of mechanical parameters. Thus, several researchers have proposed to synthesize other
mechanisms with a larger number of mechanical parameters than the planar 4-bar linkage.
McLarnan synthesized function-generating planar 6-bar linkages with from 6 to 9 preci-
sion points [3]. Roth and Freudenstein synthesized a path-generating geared 5-bar linkage
with 9 precision points [4]. Besides, spatial linkages are also synthesized to increase the
number of mechanical parameters. Denavit and Hartenberg extended Freudensten’s equa-
tions for function-generating spatial linkages and synthesized an RRRR spherical linkage
with 3 precision points, an RSSR 4-bar linkage with 6 precision points and an RCCC
4-bar linkages with 3 precision points [5]. Ogawa et al. synthesized a function-generating
RCSR 4-bar linkage with 3 precision points [6] and a function-generating RSSR linkage
with 8 precision points [7]. Although these algebraic approaches to solve closed-loop
equations can obtain mechanical parameters directly, the non-linear equations tend to be
complex and the order to pass through precision points cannot be designated basically.
Hence, approaches where positions of kinematic pairs are derived based on the position of
the instantaneous center between each two adjacent precision points have been proposed.
These approaches are mainly used for path-generating or rigid-body guidance. In these
approaches, non-linear equations for synthesis are built for each serial kinematic chains in
a closed-loop. Willson proposed an analytical method to synthesize planar and spherical
linkages with revolute pairs [8]. Suh and Radcliffe extended the Willson’s method with
homogeneous transformation matrices [9] and applied this method for a spherical linkage
[10]. Suh derived synthesis equations of RR chain, RS chain and RR chain to synthe-
size various spatial linkages [11]. Kim and Hamid proposed a method to derive synthesis
equations for a serial kinematic chain with three revolute pairs and synthesized a planar
6-bar linkage with the proposed method [12]. Synthesis equations can be derived not only
with homogeneous matrices but also with the other representations. Sandor proposed a
representation with quaternion-operators [13]. Tsai and Roth proposed the representation
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8 1 Introduction

with geometric relationships of screws of kinematic pairs for dyads (a serial chain with
two kinematic pairs) with revolute pairs, prismatic pairs, cylindrical pairs, spherical pairs
and screw pairs [14]. Sandor et al. proposed a systematic approach to derive synthe-
sis equations represented with screws [15]. Perez proposed the representation with dual
quaternion and derived an equation to synthesize an RPRP closed-loop linkage [16].
　 As mentioned above, the number of designated points is limited in precision-point
methods. In order to overcome this limitation, optimal-synthesis methods have been pro-
posed. Although the output motion does not always pass the designated points precisely,
a lot of output points can be designated in optimal synthesis methods. The simplest
approaches are to minimize errors between the actual output motion and the specified
motion of a linkage. In order to minimize this objective function, many approaches have
been proposed. Han performed the optimization by numerically solving the equation that
the first-derivative of the objective function is zero [17]. Lewis and Gyory applied damped
least square method to minimize the objective function [18]. Fox and Willmert used a
Gradient-based method with inequality constraints on dimensions, Grashof conditions,
and so on [19]. Nechi proposed a combination method with a relaxation method and a
gradient method [20]. Paradis and Willmert proposed the ”Gauss constrained method”
to improve the convergence of the optimization [21]. Ananthasuresh and Kramar synthe-
sized an RCSR spatial 4-bar linkage with a gradient-based optimization [22]. Zhang et
al. applied interior-point methods to mechanism synthesis [23]. Sancibrian simplified to
derive the gradient of the objective function by expressing the kinematic equation of a
planar linkage with a complex function, and optimized it with a gradient method [24].
Although gradient methods are simple and useful for optimization, optimized results with
them tend to fall into the local minima. Thus, methods of metaheuristics have been ap-
plied to synthesize a linkage. Krishnamurty and Turcic used a pattern search method
[25], Cabrera et al. used a genetic algorithm (GA) [26], Shiacolas used the differential
evolution [27], and Lin used a combination method with a genetic algorithm and the dif-
ferential evolution [28] to synthesize planar linkages. Laribi et al. used a kind of GA to
the synthesis of spatial linkages [29]. As the objective function, not only structural errors
on the output motion but also different criteria have been proposed to synthesize a linkage
effectively. Sarkisyan et al. proposed a method to find a circle point and an instantaneous
center of a planar linkage which are close to them of the specified output motion with the
least-squares method [30]. Ullah and Kota [32] and Kim et al. [33] proposed methods
that minimize structural errors in the shape of the output and the specified trajectories at
first and then adjust the size and orientation of the output trajectory to the specified one
by expansion and rotation of the linkage. Zhou and Cheung proposed a method where
inverse kinematics is solved for a linkage of which a stationary point is assumed not to be
fixed and find the dimensions to minimize the motion of the stationary point [31].
　 As described above, 1-DOF linkage with only lower pairs can not completely generate
the specified trajectory. In order to achieve exact path generation, methods to introduce
kinds of higher pairs into parts of a link mechanism has been proposed. These are close
to the proposed concept in this dissertation. Singh and Kohli introduced a cam and a
linear follower into a path-generating mechanism [69]. Ye and Smith used a cam and an
oscillating roller follower in a path-generating mechanism [70]. Mundo et al. proposed to
optimize dimensions of a cam-link mechanism to obtain the cam of which pressure angle,
size and acceleration are small [71]. Gatti and Mundo achieved exact rigid-body guidance
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with a 6-bar mechanism which has two sets of a cam and linear roller follower [72]. Soong
and Chang achieved exact-function generation with a cam-link mechanism [73]. Shao et
al. proposed a method to synthesize a path-generating cam-link mechanism considering
the time series of tracking path [74]. Soong developed a simple planar-path generator
with a cam and planetary gear [75]. Zhao et al. proposed a method to obtain a smooth
cam profile by using a point close to the circle point of the mechanism for the position of
the follower [76]. Zhang et al. achieved exact path generation without changes in posture
by using a cam and a double-parallelogram linkage to develop an efficient parking system
[77]. Besides, some methods to use non-circular gears have been proposed. A pair of non-
circular gears is a kind of rolling contact pair. Mckinley et al. achieved exact rigid-body
guidance with 6-bar mechanism geared by two pairs of non-circular gears [78]. Mundo et
al. proposed a method to minimize non-circularity of pitch curves of non-circular gears in
a path-generating mechanism geared by non-circular gears [79].
　 In conclusion, exact path generation of spatial linkages has not been achieved so far.
Although a spatial cam is sometimes used in a spatial mechanism to generate specified
reciprocating motion of its follower [80] [81], it has not been used for exact path gener-
ation so far. However, by using the spatial rolling contact pair, the exact spatial-path
generation can be achieved.

1.2.2 Mechanisms for flexible robots

　 In order to reduce external loads applied when a robot comes into contact with people
or the other external environment, or in order to increase adaptability to an uncertain
external environment, methods to introduce flexibility in some parts of the robot have
been proposed. A classification of this research is shown in Table 1.1. The active com-
pliance approach can achieve compliance of a robot virtually by controlling its actuators.
Thus, this approach achieve flexibility with a simple hardware. Since this approach can
control compliance actively, it is possible to use different compliance according to the
task. Salisbury [83] and Hogan [84] proposed a method to control output compliance of
a serial manipulator. Tsuji et al. proposed a method to control both output compliance
and joint compliance of a redundant serial manipulator [85]. Although these methods can
achieve flexibility with a simple hardware, it is difficult to respond to a sudden change of
external forces, such as a dynamic collision between a robot and the environment, without
sophisticated control systems. Therefore, this approach is possible to be expensive in such
applications. Besides, since this approach has to control both the posture and compliance
of a robot, the control method is complicated.

Table 1.1 Classification of flexible robot mechanisms

Active compliance Impedance control of actuators

Passive compliance

Use of variable stiffness joint
Antagonistic-drive

Separation-drive

Use of invariable stiffness joint
for small deformation

for large deformation
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(a) Antagonistic drive (b) Separation drive

Fig.1.6 Classification of previous variable stiffness joints

As another approach, the passive compliance approach, where compliance of a mech-
anism is achieved with some elastic elements used in its joint, has been proposed. In
order to achieve passive compliance effectively, a lot of flexible joint mechanisms have
been proposed so far. Variable stiffness joints shown in Table 1.1 can adjust their pas-
sive stiffness with the additional actuators according to the task. They can be further
classified into two types. One type is the antagonistic drive shown in Fig.1.6 (a), where
some non-linear springs are antagonized by multiple actuators to control both joint dis-
placement and stiffness. This type has variations according to how to achieve non-linear
springs. Hyodo and Kobayashi achieved a non-linear stiffness in the tensile direction of
the wire by pushing linear springs in the direction orthogonal to the wire [34]. Tonietti et
al. used the same idea in the belt-driven pulley system [35]. Migliore et al. [36] and Friedi
et al. [37] used cam mechanisms, Matsuda and Murata used non-circular gears [38], and
WANG et al. [39] and Schiavi et al. [40] used linkage mechanisms to achieve non-linear
springs by changing the displacement of linear springs. As the other approaches, Palli et
al. proposed to design rotational non-linear spring with a compliant link mechanism [41],
and Koganezawa proposed a method to achieve non-linear rotational stiffness by changing
the radius of a torsion coil spring wrapped around a guide [42]. Besides, methods to use
nonlinear material properties have been proposed. English achieved a non-linear spring
by designing the shape of the flexure in a rolamite mechanism [43]. Nakamura used non-
linear stiffness characteristics of a fluid-driven rubber actuators [44]. Another type is the
separation drive shown in Fig.1.6 (b), where one actuator is used to control displacement
and another actuators is used to adjust joint stiffness. This type has variation according
to principles to adjust rotation stiffness with an additional actuator. Morita and Sugano
[45], Kim and Song [46], and Groothuis et al. [47] proposed methods to adjust rotation
stiffness by changing the moment arms on which spring forces act. Wolf and Hirzinger [48]
and Wolf et al. [49] adjusted stiffness by changing preload which applies springs in their
cam-spring based rotational spring. Ahmed and Kalaykov proposed to adjust stiffness by
changing characteristics of MR fluid [50]. Kajikawa and Abe used a method to change
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share stiffness of rubber cushion by compressing them [51].
　Note that variable stiffness joints have the disadvantage that they tend to be heavy and
to have complex structures because of the additional actuators. If a lot of variable stiffness
joints are used in a robot to have multi-directional flexibility, the whole mechanism of the
robot naturally becomes heavyweight. In order to reduce the weight of a flexible robot, it
is considered that the use of invariable stiffness joints shown in Table 1.1 is a good choice.
Pratt and Williamson proposed a series elastic actuator (SEA), where a torsion spring is
attached serially to the rotation output of a motor [52]. Lee et al. proposed a linear SEA,
where a linear spring made of a compliant mechanism is attached serially to the output
of a linear motor [53]. Okada and Nakamura developed a 3-DOF flexible joint with a
parallel linkage composed of flexible links [54]. Grebenstein et al. achieved a flexible joint
by constraining an unclosed cylindrical pair with elastic cables [55]. Lessard et al. [56]
and Jung et al. [57] achieved flexible joint with multi-directional flexibility with tenseg-
rity. Note that flexibility and motion accuracy are generally trade-off. Thus, these are
not suitable for applications which require large deformation, such as shock absorption,
because of the need to sacrifice motion accuracy for flexibility. In order to balance both
flexibility and motion accuracy, methods to use non-linear stiffness characteristics have
been proposed. Park and Song developed a rotational softening spring mechanism with a
slider-crank mechanism pushed by a linear spring to apply into a human safe robot [58].
A robot with softening spring characteristics has high stiffness during the normal task
and has small stiffness when a large external force is applied to the mechanism. There-
fore, these characteristics can work like kinds of force (torque)-limiters [59]-[63]. Besides,
Okada and Kino developed a rotational hardening spring using singularity of a linkage
[64], and Okada and Takeishi developed a hardening spring with elastically constrained
linkages [65]. They applied them for shock absorption during the landing of legged robots.
In the landing of a legged robot, legs with hardening spring characteristics reduce velocity
in the low stiffness part at first and finally support the body of the robot in the high
stiffness part. Therefore, these characteristics are suitable for this application. Kuo and
Deshpande developed a small rotational hardening spring mechanism with rubber and
pulley to apply a robotic finger for manipulation tasks [66]. In this case, fingers with
hardening spring characteristics adapt an object with the low stiffness part and grasp it
with the high stiffness part. Therefore, the use of these characteristics is a good choice
for this application.
　 In conclusion, almost all of flexible joints have flexibility just in a single direction, such
as around the rotation axis. Thus, when multi-directional flexibility is required such as
for human safety, a robotic mechanism has to be synthesized with many of them. In this
case, the mechanism tends to have a complex structure and a large weight. Although some
joints have multi-directional flexibility by using elastic links or elastic wires [54]-[57], it
is not possible to specify the detailed stiffness characteristics in the directions of passive
displacement. However, the flexibly constrained pairs, which proposed in this dissertation,
have multi-directional flexibility and the specified stiffness characteristics in the directions
of passive deformation. Therefore, they can achieve simplification and high performance
of flexible robot mechanisms.

Department of Mechanical Engineering, Tokyo Institute of Technology



12 1 Introduction

1.2.3 Design of wire-driven joint mechanisms

　Wire-driven joint mechanisms are traditionally used to reduce the weight of a manip-
ulator, to imitate musculoskeletal motions of a biological body, and so on. From the
perspective of driving methods, they are classified to the pulley-drive and the direct-drive
as shown in Fig.1.7. Pulley-drive shown in Fig.1.7 (a) is the method where a wire tension
is transmitted to a revolute pair via a pulley. This type can achieve high force transmis-
sion although the applicable joint is limited to the revolute pair. Direct-drive shown in
Fig.1.7 (b) is the method where wire tension is transmitted to a joint from the attachment
point of the wire. This type can be used in any type of kinematic pairs.

Pulley-drive is mainly used in applications of robotic arms and hands. One purpose is
developing lightweight and low inertia robots. Hirose and Ma developed a serial manipula-
tor with a coupled pulley drive system to reduce the weight of moving links and distribute
torques of motors [86]. Kim developed a lightweight dual-arm robot with pulley-drive
systems [87]. Another purpose is developing flexible manipulators. The flexible manipu-
lators can be classified to two types. One type is the antagonistic-drive type described in
section 1.2.2 [34] [43] [44]. This type achieves flexibility with the elasticity of reeled-wires
at each joint. Another type is the underactuated-drive type, where a serial manipulator
with multiple joints is driven with fewer wires than its DOF. This type achieves flexibility
with passive DOF of the whole mechanism. For example, Hirose and Umetani developed
the ”soft gripper” with two fingers each of which is a multi-joint serial mechanism driven
with a single reeled-wire [88]. This finger has shape adaptability to the gripped object.
Ozawa et al. proposed a general design method to arrange wires to achieve mechanisms
with shape adaptability and designed a compact robotic finger [89].
　 Direct-drive is used in a wide variety of applications because applicable joints are not
limited. This can be further classified based on arrangement methods of wires. The sim-

(a) Pulley-drive (b) Direct-drive

Fig.1.7 Classification of wire-driven joints based on driving methods
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plest arrangement is parallel-arrangement, where all wires are simply arranged in parallel
with each other. In the literature of developing serial manipulators for medical instru-
ments, various types of joints were driven by this arrangement. Zhang et al. [90], Dong et
al. [91] and Li et al. [92] developed manipulators with wire-driven elastic joints. Ji et al.
developed manipulators with wire-driven spherical joints [93]. Nai et al. [94], Suh et al.
[95] [96], and Jelinek et al. [97] developed manipulators with wire-driven planar rolling
contact joints. However, although this arrangement is easy to apply to a wide variety of
joints, the workspace of each joint tends to be limited. Thus, wire-arrangement methods
to maximize the workspace with numerical optimizations have been proposed. Takeda et
al. proposed a method to arrange wires (pneumatic rubber muscle) between two links of
a joint with multiple DOF to maximize the force-transmission of the mechanism [98] [99].
Lim et al. proposed a method to arrange wires between two links of a universal joint to
maximize the volume of the joint workspace [100]. Agrawal et al., proposed a method to
arrange wires in an upper arm exoskeleton, which have a spherical joint at the shoulder
and a rovolute joint at the elbow, to minimize the number of output points where wire
tensions are negative [101]. Bryson et al. proposed a method to arrange wires to a se-
rial manipulator to generate the specified motion by minimizing wire tensions subjecting
to the condition of positive wire tensions [102]. As another wire arrangement method,
methods to mimic the musculoskeletal structure have been proposed. Asano et al. drove
joints which mimic the human knee joint by mimicking the human tendon arrangements
[103] [104]. Kurumaya et al. developed a lower-limb robot which mimics the human mus-
culoskeletal structure with thin McKibben artificial muscles [105]. Russel et al. arranged
wires to the joint which mimics the human knee joint so as to generate a similar motion
to the actual human knee joint [106]. Assuming that tendon arrangements of creatures
are optimized in nature, it is a reasonable way to drive biomimetic joints.
　 As described above, direct-drive can be applied to a wide variety of joints, and optimal
wire arrangement is especially useful to design wire-driven joints with high performances.
However, methods to optimally arrange wires to the unclosed higher pairs have not been
proposed so far. In order to drive them, not only arranging wires to generate its com-
plex relative motion but also keeping contact between the links is required. Therefore,
a method to optimally arrange active elastic elements between the links of the unclosed
kinematic pairs is proposed to obtain the ASRCP and the AFCP with high performances.

1.3 Structure of the dissertation
　 This dissertation is composed of six chapters as shown in Fig.1.8. The abstracts of
from chapter 2 to chapter 6 are as follows.

Chapter 2: The Spatial Rolling Contact Pair
　 The spatial rolling contact pair (SRCP), which can generate the specified relative
trajectory between two links, is developed to achieve the exact spatial-path generation.
Firstly, a method to specify the relative rolling motion between two links is proposed.
Next, the method to derive rolling contact surfaces between the links to generate the
specified rolling motion is proposed. In addition, a hybrid elastic constraint composed
of flexible bands and linear springs and its design method are proposed. The flexible
bands are arranged on the rolling contact surfaces to suppress slippage between the links.
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Fig.1.8 Structure of the dissertation

The linear springs are optimally arranged between the links to suppress separation and
keep line contact between the links. As examples, spatial ECP-linkages with 1 DOF to
generate the specified linear trajectory and the specified spatial trajectory are synthesized
by using the SRCPs, and they are prototyped. Finally, performances of the designed
elastic constraints and the possibility of the exact spatial-path generation with the SRCP
are investigated by experiments of force measurement and motion capture.

Chapter 3: The Active Spatial Rolling Contact Pair
　 The active spatial rolling contact pair, which is driven by active elastic elements such
as flexible linear actuators, is developed as an elastically closed active pair. Firstly, a
design method to optimally arrange active elastic elements between the links based on a
transmission index is proposed. Here, a method to use more than the minimum number of
active elastic elements required to constitute force-closure state is described to design the
ASRCP with sufficient motion range. Besides, a control method of the ASRCP to generate
the ideal rolling motion is proposed, where actuation forces of active elastic elements to get
high stability between the links are calculated with the use of the actuation redundancy.
For examples, the ASRCP driven with reeled-wires and the ASRCP driven with fluid-
driven artificial muscles are designed and prototyped. Then, they are controlled with
the proposed method, and their performances are investigated through motion capture
experiments.

Chapter 4: The Flexibly Constrained Pair
　 The flexibly constrained pair (FCP), which has flexible kinematic constraints due to
the difference in stiffness, is developed. Firstly, a method to specify the relative motion
between the links is proposed, where DOF between the links is divided into main-DOF
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and sub-DOF and the main relative motion is specified. Next, a design method of the
flexible constraint to achieve the specified difference in stiffness is proposed, where linear
springs are optimally arranged to reduce stiffness in main-DOF and the specified stiffness
are implemented in sub-DOF by designing the contact surfaces between the links. As
examples, the FCP with 1-axial main rotation and the FCP with 3-axial main rotations
and 1-axial main translation along the specified trajectory are designed and prototyped.
Then, it is confirmed that they have the specified flexible constraints by some experiments.
In addition, a simple flexible robotic mechanism (an underactuated ECP-linkage) is syn-
thesized by using the FCPs, and it is fabricated. Finally, its performances are investigated
by analysis of the output flexibility and by experiments of force measurement and motion
capture.

Chapter 5: The Active Flexibly Constrained Pair
　 The active flexibly constrained pair (AFCP), which is driven by active elastic elements,
is developed as an elastically closed active pair. This is an underactuated active kinematic
pair antagonistically driven with one more active elastic element than the number of its
main-DOF. As the active elastic elements for the AFCP, reeled elastic wires with linear
elasticity are used to simplify its design and control. In order to design it, a method to
optimally arrange reeled elastic wires between the links of such an underactuated joint
based on a transmission index is described. Besides, a method to specify the stiffness
required to perform the task in main-DOF (actuation DOF) and the stiffness to have
both flexibility and motion accuracy in sub-DOF (passive DOF) is proposed. In addition,
a method to analyze the kinetostatic motion between the links is proposed to evaluate
the motion accuracy. As examples, the AFCP with 1-axial main rotation and the AFCP
with 1-axial translation along the specified trajectory are designed and analyzed. Finally,
they are prototyped, and their performances are examined by experiments.

Chapter 6: Conclusion
　 The achievements of this research are summarized. Then, future challenges of this
research and prospects for new mechanical systems with the proposed kinematic pairs are
described.
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Chapter 2

The Spatial Rolling Contact Pair

2.1 Chapter introduction
　 Linkage mechanisms with 1 DOF are widely used in industries because of their simple
structure and reliability. However, those linkages composed of only lower pairs cannot
completely generate the specified output motion. This is because the output motion
of a linkage is a combination of finite simple relative motions between two links which
are allowed by lower pairs. Therefore, methods for kinematic synthesis to generate the
approximate output motion have been proposed [1]-[33]. Methods to introduce a kind
of higher pairs including cam pairs into mechanisms with 1 DOF have been proposed to
generate exact output motions [69]-[79]. However, exact spatial-path generation has not
been achieved with these methods. Although a spatial cam is sometimes used in a spatial
mechanism to generate specified reciprocating motion of its follower [80], it is not used
for exact path generation so far.
　 In this chapter, the ”spatial rolling contact pair” (SRCP), which can generate the
specified spatial trajectory between two links, is proposed to achieve exact spatial-path

Fig.2.1 Structure of the spatial rolling contact pair (SRCP)
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generation. The proposed structure of the SRCP is shown in Fig.2.1. When two links in
contact at a line roll relatively, the output point on one of the two links passes through
the specified spatial trajectory relative to another link. In order to generate the ideal
relative rolling motion, the SRCP has a hybrid elastic constraint composed of flexible
bands and linear springs between the links. The flexible bands are attached to suppress
slippage between the links, and linear springs are arranged to suppress separation between
the links. By using the SRCP, a spatial mechanism which can completely generate the
specified spatial trajectory can be synthesized. This mechanism is expected to be used
in some industrial applications such as a pick and place machine, in medical applications
such as an exoskeleton for the human knee joint, and so on. In addition, since the SRCP
has higher energy efficiency because of low friction between the links, it is expected to
increase the mechanical performances of such machines.
　 This chapter describes the following three contributions to achieve the SRCP.

(1) Proposal and validation of a design method of rolling contact surfaces to generate the
specified spatial trajectory

(2) Proposal and validation of a design method of the elastic constraint to keep ideal
relative rolling motion between the links

(3) Prototyping and examination of spatial mechanisms with 1 DOF to generate the
specified trajectory

　 In section 2.2, a design method of the rolling contact surfaces is proposed. In section
2.3, it is confirmed that the flexible bands can be applied to the rolling contact surfaces
designed in section 2.2 by a mathematical approach, and their design method is described.
In section 2.4, the method to arrange linear springs optimally to maximize the stability of
the relative rolling motion between the links is proposed. In section 2.5, design examples
of spatial-path generators with the SRCP are shown. Finally, in section 2.6, the validity of
the proposed design method is confirmed through experiments with fabricated prototypes
of the mechanisms designed in section 2.5.

2.2 Rolling contact surfaces
　 In this section, a design method of the rolling contact surfaces to generate the specified
trajectory is proposed. At first, the relative rolling motion between the links is specified.
Next, the rolling contact surfaces to generate the specified rolling motion is mathematically
derived.

2.2.1 Specification of the relative rolling motion

　When two links in contact at a line roll relatively in space, the relative velocity on the
contact line is always zero. Thus, the contact line corresponds to the instantaneous screw
axis of the relative motion, and the component of the relative velocity in the direction
parallel to the contact line is zero. Therefore, when a trajectory 1p(t) is specified with a
parameter t (t0 ≦ t ≦ t1) as shown in Fig.2.2, the following kinematic condition holds.

1ṗ(t) · 1ω(t) = 0, (2.1)
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18 2 The Spatial Rolling Contact Pair

Fig.2.2 Specification of the relative rolling motion between the links to generate the
specified trajectory

where 1ω(t) is the angular velocity of the relative rolling motion and superscript 1 denotes
that this parameter is on the reference coordinate system Σ1, which is fixed on the link
1. When 1ω(t) is specified to place on the plane spanned by the principal normal vector
1np(t) and the bi-normal vector 1nb(t) of

1p(t) as shown in Fig.2.2, it satisfies Eq.(2.1).
Thus, 1ω(t) is specified with the following equation.

1ω(t) = θ̇(t)[cosϕ(t)1np(t) + sinϕ(t)1nb(t)], (2.2)

where θ(t) is an angle around 1ω(t) and ϕ(t) is an angle between 1np(t) and
1ω(t). 1np(t)

and 1nb(t) can be calculated as follows.

1nb(t) =
1ṗ(t)× 1p̈(t)

|1ṗ(t)× 1p̈(t)|
, 1np(t) =

1nb(t)× 1ṗ(t)

|1nb(t)× 1ṗ(t)|
(2.3)

Let Σ2 be the reference coordinate system attached on the link 2. The rotation matrix
R1,2, which represents the posture of link 2 on Σ1, can be calculated by solving the
following differential equation.

Ṙ1,2(t) = [1ω(t)×]R1,2(t) (2.4)

where [1ω(t)×] is the matrix representing the vector product of 1ω(t).

2.2.2 Design of rolling contact surfaces

　 Since a contact line of the two links in the SRCP corresponds to the instantaneous screw
axis, the ruled surface generated by the axis, which is moved by changing parameter t,
corresponds to the rolling contact surface. Based on this idea, rolling contact surfaces to
generate the specified rolling motion is calculated. Fig.2.3 shows the schematic diagram
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Fig.2.3 Calculation of the rolling contact surface to generate the specified rolling motion

for the calculation of the rolling contact surface. Since the velocity 1ṗ(t) is generated by
only rotation around the instantaneous screw axis 1s1, the following equation holds.

[1ω(t)×][1p(t)− 1s1(t)] =
1ṗ(t) (2.5)

Therefore, the instantaneous screw axis 1s1(t) can be represented as the following equa-
tion.

1s1(t) =
1p(t)− [1ω(t)×]#1ṗ(t) + u1ω̂(t), (2.6)

where [1ω(t)×]# is the pseudo inverse matrix of [1ω(t)×], 1ω̂(t) is the unit directional
vector of 1ω(t), and u is an arbitrary real number. As described above, 1s1(t, u) is the
rolling contact surface of the link 1. On the other hand, the rolling contact surface of the
link 2, 2s2(t, u), can be represented as the following equation because the instantaneous
screw axes of the two links coincide with each other at each value of t.

2s2(t, u) = RT
1,2(t)[

1s1(t, u)− 1p(t)] (2.7)

Note that width of the rolling contact surfaces (actual length of the instantaneous screw
axis) can be specified with the range of the parameter u: u0 ≦ u ≦ u1.

2.3 Constraint with flexible bands
　 In order to suppress slippage between two links of the SRCP, constraint with flexible
bands is introduced between the links. This constraint method has been proposed in the
context of rolling contact joints, whose purpose is to develop joint mechanisms with high
energy efficiency. Kuntz (1995) described that the flexible bands can be used to keep
connection two circular-shaped rolling contact surfaces [107], and some researchers have
developed planar rolling contact joint with flexible bands [108] [109] [110] [111]. In terms
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Fig.2.4 Deformation of a flexible band during the rolling motion

of spatial rolling contact joints, flexible bands have been applied to developable rolling
contact surfaces, such as cylindrical surfaces, conical surfaces and tangent surfaces [112].
However, it has not been revealed that flexible bands can be applied to any other profiles
of the rolling contact surfaces. Therefore, it is confirmed that the flexible bands can be
applied to the proposed SRCP with a mathematical approach. Besides, a design method
of flexible bands of which total bending moment always becomes zero around the contact
line between the links is described.

2.3.1 Application of flexible bands to the SRCP

　 In order to confirm that the flexible bands fitting the rolling contact surface of the link
1 can be deformed to the surface of the link 2 without extension or contraction as shown
in Fig.2.4, it should be confirmed that infinitesimal lengths on 1s1(t, u) and

2s2(t, u) are
the same value at all of the values for (t, u). Note that thickness of the flexible band
is assumed to be negligibly thin. An infinitesimal length on isi(t, u) (i = 1, 2) can be
calculated as the following equation.

|d isi(t, u)|2 = |∂t isi(t, u)dt+ ∂u
isi(t, u)du|2

= (∂t
isi(t, u))

2(dt)2 + 2∂t
isi(t, u) · ∂uisi(t, u)dtdu+ (∂u

isi(t, u))
2(du)2

≡ Ai,a(dt)
2 + 2Ai,bdtdu+Ai,c(du)

2 (2.8)

, where ∂t and ∂u represents partial derivatives for t and u, respectively. By using Eq.(2.4),
(2.6) and (2.7), A2,a, A2,b and A2,c are transformed as follows. Note that I denotes an
identity matrix.

A2,a

= ∂t
2s2(t, u) · ∂t2s2(t, u)

= [∂tR
T
1,2(

1s1 − 1p) +RT
1,2(∂t

1s1 − ∂t
1p)]T [∂tR

T
1,2(

1s1 − 1p) +RT
1,2(∂t

1s1 − ∂t
1p)]

(∵ Eq.(2.7))

= (1sT1 − 1pT )∂tR1,2∂tR
T
1,2(

1s1 − 1p) + 2(∂t
1sT − ∂t

1pT )R1,2∂tR
T
1,2(

1s1 − 1p)
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+(∂t
1sT1 − ∂t

1pT )R1,2R
T
1,2(∂t

1s1 − ∂t
1p)

= (1sT1 − 1pT )[1ω×][1ω×]T (1s1 − 1p) + 2(∂t
1sT1 − ∂t

1pT )[1ω×]T (1s1 − 1p)

+(∂t
1sT1 − ∂t

1pT )(∂t
1s1 − ∂t

1p) (∵ R1,2R
T
1,2 = I, Eq.(2.4))

= [−∂t1pT ([1ω×]#)T + u1ω̂T ][1ω×][1ω×]T (−[1ω×]#∂t
1p+ u1ω̂)

+2(∂t
1sT1 − ∂t

1pT )[1ω×]T (−[1ω×]#∂t
1p+ u1ω̂)

+(∂t
1sT1 − ∂t

1pT )(∂t
1s1 − ∂t

1p) (∵ Eq.(2.6))

= [∂t
1pT ([1ω×][1ω×]#)T − u([1ω×]1ω̂)T ]([1ω×][1ω×]#∂t

1p− u[1ω×]1ω̂)

+2(∂t
1sT1 − ∂t

1pT )([1ω×][1ω×]#∂t
1p− u[1ω×]1ω̂)

+(∂t
1sT1 − ∂t

1pT )(∂t
1s1 − ∂t

1p) (∵ [1ω×]T = −[1ω×])

= ∂t
1pT∂t

1p+ 2(∂t
1sT1 − ∂t

1pT )∂t
1p+ (∂t

1sT1 − ∂t
1pT )(∂t

1s1 − ∂t
1p)

(∵ [1ω×][1ω×]# = I, [1ω×]1ω̂ = 0)

= ∂t
1sT1 ∂t

1s1 = A1,a, (2.9)

A2,b

= ∂t
2s2(t, u) · ∂u2s2(t, u)

= [(1sT1 − 1pT )∂tR1,2 + (∂t
1sT1 − ∂t

1pT )R1,2](R
T
1,2∂u

1s1) (∵ Eq.(2.7))

= (1sT1 − 1pT )∂tR1,2R
T
1,2∂u

1s1 + (∂t
1sT1 − ∂t

1pT )∂u
1s1 (∵ R1,2R

T
1,2 = I)

= [−∂t1pT ([1ω×]#)T + u1ω̂][1ω×]∂u
1s1 + (∂t

1sT1 − ∂t
1pT )∂u

1s1 (∵ Eq.(2.6))

= ∂t
1sT1 ∂u

1s1 = A1,b (∵ [1ω×][1ω×]# = I, [1ω×]1ω̂ = 0) (2.10)

A2,c

= ∂u
2s2(t, u) · ∂u2s2(t, u)

= ∂u
1sT1 R1,2R

T
1,2∂u

1s1 (∵ Eq.(2.7))

= ∂u
1sT1 ∂u

1s1 = A1,c (∵ R1,2R
T
1,2 = I) (2.11)

Thus, |d 1s1| = |d 2s2| holds for all values of (t, u), that is, a thin flexible band fitting the
rolling contact surface on the link 1 can be deformed to the surface on the link 2 without
extension or contraction. Therefore, constraint with flexible bands are applicable to the
proposed SRCP, even if it has non-developable rolling contact surfaces.

2.3.2 Design of flexible bands

　 Statics model of flexible bands attached to developable rolling contact surfaces has
been proposed by Nelson and Herder [112]. They have proposed the concept to design
the flexible bands which can generate zero torque around the contact line in their rolling
contact joint based on their statics model. This idea is applied to the proposed SRCP. In
this method, widths of flexible bands are calculated so that flexible bands generate zero
bending moment around the contact line. The schematic diagram for designing flexible
bands is shown in Fig.2.5. Here, it is assumed that the neutral surfaces of flexible bands
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Fig.2.5 Schematic diagram for designing flexible bands based on statics

in the natural shape are on the rolling contact surface of the link 1 and they deform to
fit the surface of the link 2. In addition, the thickness of flexible bands h is assumed as
constant for (t, u). When the total bending moment around the contact line is always
zero, the following statics equation holds for all values of t.

τb,2(t)− τb,1(t)− τb,3(t) = 0, (2.12)

where τb,i is bending moment of the i-th flexible band about the contact line. On the
cross-section of the flexible bands through contact line, it is assumed that widths of the
band 1 and the band 3 are same value b, and gap between adjacent flexible bands is the
same value δ. Then, b is represented as the following equation with width of the band 2,
a.

b =
(u1 − u0)− a

2
− δ, (2.13)

where u0 and u1 are minimum and maximum values of u specified in section 2.2. Then,
τb,1, τb,2 and τb,3 can be calculated as follows.

τb,1(a, t) =
Eh3

12

∫ u0+b(a)

u0

[κn,2(t, u)− κn,1(t, u)]du, (2.14)

τb,2(a, t) =
Eh3

12

∫ u1−b(a)−δ

u0+b(a)+δ

[κn,2(t, u)− κn,1(t, u)]du, (2.15)

τb,3(a, t) =
Eh3

12

∫ u1

u1−b(a)

[κn,2(t, u)− κn,1(t, u)]du, (2.16)

where E is Young’s modulus of the bands. κn,2(t, u) is normal curvature of the deformed
shape, s2(t, u), in the tangential direction, ∂ts2. κn,1(t, u) is normal curvature of the
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natural shape, s1(t, u), in the tangent direction, ∂ts1. In general, normal curvature of
a surface si(t, u) at a point (t, u) in the tangential direction vi = α∂tsi + β∂usi can be
calculated with the following equation [113].

κn,i =
(∂tt

isTi
in̂i)α

2 + 2(∂tu
isTi

in̂i)αβ + (∂uu
isTi

in̂i)β
2

(∂tisTi )(∂t
isi)α2 + 2(∂tisTi )(∂u

isi)αβ + (∂uisTi )(∂u
isi)β2

, (2.17)

where in̂i is the unit normal vector of isi. In this case, since α = 1 and β = 0, κn,i can
be calculated as follows.

κn,i =
∂tt

isi
|∂tisi|2

· ∂t
isi × ∂u

isi
|∂tisi × ∂uisi|

(2.18)

By solving the simultaneous equations in Eqs.(2.12)-(2.18) for a, each width of the flexible
band can be calculated.

2.4 Constraint with linear elastic elements
　 If two rolling contact surfaces have convex shapes, even just constraint with flexible
bands is enough. However, if one of the two surfaces has a concave shape, the only
constraint with flexible bands is not enough because separation between the links may
occur as shown in Fig.2.6. In order to suppress the separation, constraint with linear
springs is introduced as shown in Fig.2.1. In addition, the linear springs are optimally
arranged so that their elastic forces effectively apply to the contact line to generate the
ideal rolling motion.

Fig.2.6 Separation between two links of the SRCP when a link has a concave rolling
contact surface
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Fig.2.7 Local frame Σq defined on the rolling contact surface of the SRCP

2.4.1 Formulation of the optimal design

　 In order to evaluate performances of the rolling motion, two criteria are proposed. One
of the criteria evaluates whether both slippage and separation between the two links in
the SRCP occur. Another criterion evaluates whether the two links can keep in contact
at a line between the links. These criteria are implemented into the objective function for
the optimal arrangement of linear springs.
　 Fig.2.7 shows the reference coordinate system Σq, whose origin Q is at the center posi-
tion of the contact line (uc =

u0+u1

2 ) between the links, and coordinate-axes coincide to the
contact line and the normal line at point Q. On Σq, let sum of external forces including elas-

tic forces of linear springs be represented as [qfT
e,q

qτT
e,q]

T = [fq,x fq,y fq,z τq,x τq,y τq,z]
T .

Then, the criterion of slippage and separation is represented as the following equation.

µq = −

√
f2q,x + f2q,y

fq,z
(2.19)

Let the coefficient of static friction between the two rolling contact surfaces be µ0. If
0 ≦ µq ≦ µs, the two links do not slip relatively. Note that the slippage between the links
can be suppressed by the flexible bands. However, a large value of µq leads to the large
stress in the flexible bands. Thus, this criterion has to be minimized in order to suppress
extra load applied to the flexible bands.

Even just using this criterion is not enough because unintentional relative rolling (rota-
tion) between the two links occurs on an edge of the contact segment between the links.
This means that the two links cannot keep in contact at a line. In order to evaluate
the unintentional relative rolling, zero moment point (ZMP) between the links has been
proposed as another criterion. ZMP [114] is generally used to evaluate the stability of
walking robots. This is applied to evaluate the stability of rolling motion between two
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Fig.2.8 Zero moment point (ZMP) on the virtual supporting plane defined between
two links of the SRCP

links of the SRCP. Fig.2.8 shows the schematic diagram on ZMP between the links. The
virtual supporting plane for ZMP is defined on xq − yq plane on Σq, where width of this
plane is limited with u0 ≦ u ≦ u1. If ZMP of the link 2 is on this plane, the link 2 can
roll about the contact line. In contrast, if the ZMP is out of this plane, the link 2 rolls
(rotates) on a point at yq = u0 or yq = u1 on the contact line. The yq component of ZMP
on Σq can be calculated with the following equation [115].

yq,ZMP =
qeTq,y(

qeq,z × qτ e,q)
qeTq,z

qfe,q

, (2.20)

where qeq,y and qeq,z are unit vectors [0 1 0]T , [0 0 1]T on Σq, respectively. If u0 ≦
yq,ZMP ≦ u1 holds, the unintentional relative rolling does not occur. Therefore, |uc −
yq,ZMP | has to be minimized in order to suppress the unintentional rolling.
　 Eqs.(2.19) and (2.20) show that the criteria µq and yq,ZMP become small when fq,z is
large. This means that the magnitude of the elastic forces by linear springs increase if the
criteria are minimized. If the magnitude of the elastic forces becomes large, τq,y, which
can be resistance torque on the specified rolling motion, also becomes large. Therefore, the
mean potential energy Up of linear springs also has to be minimized in this optimization.
Let the position where endpoint of the i-th spring is attached on the link 1 be 1c1,i on
Σ1 and the position of the other side attached on the link 2 be 2c2,i on Σ2 as shown in
Fig.2.9. Then, mean potential energy Up of all linear springs can be calculated with the
following equations.

1ds,i(t) = [R1,2(t)
2c2,i +

1p(t)]− 1c1,i, (2.21)

Up(t) =
1

Ns

Ns∑
i=1

[
ki
2
(|1ds,i(t)| − l0,i)

2 + fs,0,i(|1ds,i(t)| − l0,i)], (2.22)
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Fig.2.9 Linear springs arranged between two links of the SRCP

where Ns is the number of linear springs, ki is the spring constant, l0,i is natural length
of springs. In these equations, initial tension of springs fs,0,i is included because actual
extension coil springs have initial tension to tighten their coil.

Let the design parameters be endpoint positions of linear springs c = [1cT1,1, ...,
1cT1,Na

,
2cT2,1, ...,

2cT2,Na
]T . Then, the objective function can be formulated as

F (c) = max{w1F1(c), w2F2(c), w3F3(c)}, (2.23)

where w1, w2 and w3 are weight parameters, and where F1(c), F2(c) and F3(c) are
represented as follows by using Eqs.(2.19)-(2.22).

F1(c) =
1

t1 − t0

∫ t1

t0

µq(t, c)
2dt (2.24)

F2(c) =
1

t1 − t0

∫ t1

t0

[uc − yq,ZMP (t, c)]
2dt (2.25)

F3(c) =
1

t1 − t0

∫ t1

t0

Up(t, c)dt (2.26)

Eq,(2.23) is minimized for c subjecting to the following constraint conditions.

jcj,i,min ≦ jcj,i ≦ jcj,i,max (jcj,i,min,
jcj,i,max : Size limitation), (2.27)

1

t1 − t0

∫ t1

t0

fq,z(t, c)dt ≧ fq,z,req (fq,z,req : Required contact force), (2.28)

l0,i ≦ |1ds,i(t, c)| ≦ lmax,i (≦ lmax,i : Maximum length of linear springs), (2.29)

where j = 1, 2 and i = 1, ..., Ns. Eq.(2.27) represents a design space with a rectangular
parallelepiped shape on Σj , where

jcj,i,min and jcj,i,max are its diagonal positions. How-
ever, it is not useful specify the design space with this representation because the shape
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Fig.2.10 Design space of endpoints of linear springs

of each rolling contact surface is possible to be complex. Therefore, the design space is
specified according to the rolling contact surfaces. Fig.2.10 shows local coordinate system,
Σrj , whose origin is jsj(tc, uc) (j = 1, 2) and basis are as follows.

jerj ,x =
−jv1,j sinψ + jv2,j cosψ

| − jv1,j sinψ + jv2,j cosψ|
, (2.30)

jerj ,y =
jv1,j cosψ + jv2,j sinψ

|jv1,j cosψ + jv2,j sinψ|
, (2.31)

jerj ,z =
jv3,j

|jv3,j |
, (2.32)

where

jv2,j = ∂u
jsj(tc, uc),

jv3,j = ∂t
jsj(tc, uc)× jv2,j ,

jvj,1 = jv2,j × jv3,j . (2.33)

Let jcj,i on Σrj be rjcrj ,i. Then, the limitation can be represented as follows;

jcj,i (jcj,i,min ≦ jcj,i ≦ jcj,i,max)

⇔ jcj,i = [jerj ,x
jerj ,y

jerj ,z]
rjcrj ,i +

jsj(tc, uc)

(rjcrj ,i,min ≦ rjcrj ,i ≦ rjcrj ,i,max), (2.34)

These limitations (design space) also have a rectangular parallelepiped shape as shown in
Fig.2.10.

2.4.2 A solution for the optimization

　 The formulated optimization problem can be solved with various techniques. However,
the computational complexity should be low in order to design the SRCP quickly. There-
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fore, a technique to solve the problem with low computational complexity is introduced.
　 The objective function of Eq.(2.23) is the discontinuous function. Thus, the gradient
method cannot be used to solve the optimization problem. However, using gradient based
methods is desirable because metaheuristic optimization methods lead to long calculation
time to obtain the solution. Therefore, the problem to minimize Eq.(2.23) is transformed
into the following problem with a slack variable ϵ.

minimize ϵ, (2.35)

subject to F1(c
′), F2(c

′), F3(c
′) ≦ ϵ, c′min ≦ c′ ≦ c′max (2.36)

where c′ = [1cT1,1...
1cT1,Ns

...2cT2,1...
2cT2,Ns

ϵ]T . Since the objective function of Eq.(2.35) is
the continuous function, gradient methods can be solved to solve the problem. Note that
gradient methods lead to a local minimum. Thus, the original objective function g(c′) is
calculated for some randomly generated values of c′ in the design space, and the minimum
value of them is selected as an initial value of the optimization.
　 In addition, since some integrals have to be calculated in Eqs.(2.24)-(2.26), the calcu-
lation in each step in the optimization is complex. Therefore, Gauss-Legendre quadrature
[117] is used. This method can calculate integrals accurately with a small number of
sampling points. Thus, the calculation complexity can be reduced.
　 The constraint about spring length in Eq.(2.29) includes the variable t. Thus, the
number of constraints tends to be large depending on the sampling of t. Therefore, the
constraint in Eq.(2.29) is included in the objective function by replacing k in Eq.(2.22)
with the following variable k′i(t).

k′i(t) = ki + α[max{0, l0,i − |1ds,i(t)|}2β +max{0, |1ds,i(t)| − lmax,i}2β ], (2.37)

where α is a large positive real value and β is a natural number. Since the objective
function is calculated with a small sampling points of t, the calculation complexity can
be reduced.

2.5 Design examples
　 By using the proposed design method of the SRCP, two examples of spatial-path gener-
ators with the SRCP were designed. The first examples is an open-loop 2-bar mechanism
with the single SRCP to generate a planar trajectory. The second example is a closed-loop
4-bar mechanism with the single SRCP to generate a spatial trajectory. In this section,
the procedure and the result of each design are described.

2.5.1 Example 1: An open-loop 2-bar mechanism with the SRCP to generate

a linear trajectory

　 For a simple example, an open-loop mechanism which has two links connected with the
single SRCP was designed. The specified trajectory was the linear trajectory represented
as the following equation.

1p(t) =
[
100t− 50 0 100

]T
(0 ≦ t ≦ 1), (2.38)
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Fig.2.11 The specified rolling motion along the linear trajectory on Σ1

Fig.2.12 The designed rolling contact surfaces of the SRCP in example 1

where the unit is mm. Parameters of the angular velocity in Eq.(2.2) were specified as
θ(t) = πt

3 [rad], ϕ(t) = πt
6 [rad]. The specified rolling motion of the link 2 on Σ1 is shown in

Fig.2.11. The posture angle changed by π
3 rad in the parallel direction to the rolling motion

because of the specified θ(t) and by π
6 rad in the vertical direction to the rolling motion

because of the specified ϕ(t). Note that the vector 1nb(t) was specified as 1nb(t) = [0 0 1]T

because the vector 1nb(t) cannot be calculated with the linear trajectory. Rolling contact
surfaces to generate the specified rolling motion were calculated with Eqs.(2.6) and (2.7),
where the range of u was specified as −25 ≦ u ≦ 25 [mm]. The calculated surfaces are
shown in Fig.2.12. The surface on the link 1 on Σ1 is shown in the figure (a) and the
surface on the link 2 on Σ2 is shown in the figure (b). The two surfaces are in contact on
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Fig.2.13 The designed flexible bands of the SRCP in example 1 in the natural state

Table 2.1 Parameters for the optimal arrangement of linear springs in example 1

k1 = k2 = 0.028 N/mm ψ = −π
3 rad

l0,1 = l0,2 = 35.1 mm [−40 40 − 40] ≦ r1cTr1,1 ≦ [40 70 − 10]

lmax,1 = lmax,2 = 124.1 mm [−40 − 65 − 40] ≦ r1cTr1,2 ≦ [40 − 35 − 10]

fs,0,1 = fs,0,2 = 0.412 N [−40 40 25] ≦ r2cTr2,1 ≦ [40 70 60]

(w1, w2, w3) = (1, 1, 1) [−40 − 70 25] ≦ r2cTr2,2 ≦ [40 − 40 60]

fq,z,req = 2 N (Unit: mm)

each contact line at each point represented with t.
Next, the flexible bands were designed with the method described in section 2.3. The

gap between adjacent bands was specified as δ = 2 mm. Note that the thickness of
bands h and Young’s modulus E do not have to be specified in this process because
they are deleted in the statics equation of Eq.(2.12). The width of flexible bands at each
point t was calculated by solving Eq.(2.12) with the bisection method at each point t.
Since the calculated width at each point t was always b = 11.51 mm, a = 22.97 mm
(b : a ≃ 1 : 2), the result is intuitively valid. The natural shape of the flexible bands
was assumed to adjust to the rolling contact surface of the link 1 shown in Fig.2.12 (a).
Then, intermediate surfaces of flexible bands in the natural state were obtained as shown
in Fig.2.13.

Finally, linear springs were optimally arranged between the two links with the method
described in section 2.4. According to the idea of the ”force closure,” which is considered
in the context of parallel wire-driven mechanisms and so on, at least seven independent
translation forces are required to constrain an object in space [116]. In the SRCP, it
can be considered that there are two normal forces and three tangential forces on the
contact line between the links. Thus, the links are constrained with two linear springs.
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Fig.2.14 The designed SRCP with optimally arranged linear springs in example 1

(a) µq (b) yq,ZMP

Fig.2.15 Evaluation criteria in the motion simulation of example 1

Design parameters for the optimization are listed in Table 2.1. In this optimization, it
was assumed that no external forces except for elastic forces of the linear springs are
applied between the links. The optimization problem was solved with the interior-point
method [118]. As a result of the optimization, endpoints of the springs became 1c1,1 =
[18.6 − 35.7 − 37.1]T [mm] and 1c1,2 = [−16.4 95.5 2.84]T [mm] on Σ1, and

2c2,1 =
[55.4 − 51.7 67.0]T [mm] and 2c2,2 = [15.8 81.3 − 51.1]T [mm] on Σ2. Fig.2.14 shows
the SRCP with the optimal arrangement of the linear springs when t = 0.5.
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(a) The normal reaction force between the
links

(b) Torque around the contact line generated
by linear springs

Fig.2.16 Forces acting between the links in the motion simulation of example 1

　 The motion of the mechanism was simulated to confirm the performances. Fig.2.15
shows the evaluation criteria during the simulation. The figure (a) shows µq, and the figure
(b) shows yq,ZMP during the relative rolling motion between the links. The benchmarks
plotted in the figures (a) and (b) are the results when endpoints of the springs are assumed
to be placed at the center point in the specified design space. Since µq is always small
value, it is considered that the extra load applied to the flexible bands was always small.
Since yq,ZMP is always in −25 ≦ yq,ZMP ≦ 25 [mm], it is considered that the ZMP
was always on the virtual supporting plane. In addition, they were better than their
benchmarks. Besides, forces acting between the links are shown in Fig.2.16. The normal
reaction force between the links shown in the figure (a) is always about the specified value.
Therefore, the two links were able to keep ideal relative rolling contact in the simulation.
In addition, torque about the contact line τq,y shown in Fig.2.16 (b) was smaller than the
benchmark even though increasing stability between the links and reducing τq,y are in the
trade-off relationship. Therefore, the better arrangement of the springs was able to be
found with the proposed design method.

2.5.2 Example 2: A closed-loop 4-bar mechanism with the SRCP to generate

a spatial trajectory

　 A spatial mechanism with 1 DOF shown in Fig.2.17 was synthesized as an example
of a spatial-path generator. The mechanism is composed of a universal joint, a revolute
pair, a spherical pair, and one SRCP. This mechanism can be regarded as a spatial 4-bar
mechanism if the universal joint is not regarded as R-R kinematic chain but a kind of
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Fig.2.17 A spatial 4-bar mechanism with 1 DOF which can completely generate the
specified trajectory because of the SRCP

Fig.2.18 The specified motion of the mechanism in example 2

kinematic pair. One of the two revolute pairs in the universal joint is driven with an
actuator such as a motor. The output trajectory of the mechanism was specified as the
following equation.

1p(t) =
[
200 cos πt

3 200 sin πt
3 50t+ 150

]T
(0 ≦ t ≦ 1) (2.39)

Then, the position of the universal joint 1j0 and link length L0,1 and L1,p shown in Fig.2.17
were specified so that the specified trajectory is included in the maximum workspace of
the open-loop linkage, which has the universal joint, the revolute pair and the spherical
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Fig.2.19 The designed rolling contact surfaces in example 2

Fig.2.20 The designed flexible bands of the SRCP in example 2 in the natural state

pair. Its maximum workspace has a simple shape because it is the sphere whose center is
laid on J0 and radius is L0,1+L1,p. Therefore, these parameters were easily to be specified
as 1j0 = [0 0 50]T [mm], L0,1 = 100 mm and L1,p = 200 mm. As shown here, some
kinematic constraints of kinematic chains can be represented as inequality constraints by
using the SRCP. Therefore, procedure of mechanism synthesis can be simplified with the
SRCP.

Next, the SRCP was designed to generate the trajectory 1j2(t). The trajectory 1j2(t)
was calculated by specifying the length L1,2 as 100 mm. Parameters of the angular velocity
were specified as θ(t) = πt

3 rad, and ϕ = 0 rad so that the links did not interfere with
each other. Then, the specified motion of the mechanism became as shown in Fig.2.18.
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Fig.2.21 The designed SRCP with optimally arranged linear springs in example 2

Table 2.2 Parameters for the optimal arrangement of linear springs in example 2

k1 = k2 = 0.028 N/mm ψ = − 5π
12 rad

l0,1 = l0,2 = 35.1 mm [−30 40 − 40] ≦ r1cTr1,1 ≦ [30 70 − 10]

lmax,1 = lmax,2 = 124.1 mm [−30 − 70 − 40] ≦ r1cTr1,2 ≦ [30 − 40 − 10]

fs,0,1 = fs,0,2 = 0.412 N [−30 40 25] ≦ r2cTr2,1 ≦ [30 70 55]

(w1, w2, w3) = (1, 1, 1) [−30 − 70 25] ≦ r2cTr2,2 ≦ [30 − 40 55]

fq,z,req = 2 N (Unit: mm)

Rolling contact surfaces were designed to generate the specified rolling motion in the same
way as example 1. The designed rolling contact surfaces are shown in Fig.2.19, where the
range of u is −25 ≦ u ≦ 25 [mm] and the posture is at t = 0. The surface 1 is on
the fixed link and the surface 2 is on the link with the spherical pair. In order to keep
ideal rolling motion between the two links, elastic constraints were designed. Fig.2.20
shows designed flexible bands, where each gap between adjacent bands is 2 mm and the
natural shape adjusts the surface 1. Fig.2.21 shows the posture of the SRCP at t = 0.5
and the optimally arranged linear springs, where parameters shown in Table 2.2 were
used. In the optimal arrangement of springs, it was assumed that no external forces
except for elastic forces of the linear springs are applied between the links of the SRCP,
and the optimization problem was solved with the interior-point method. The optimized
positions were 1c1,1 = [110.4 97.0 37.1]T [mm], 1c1,2 = [19.9 48.3 31.9]T [mm] on Σ1

and 2c2,1 = [19.0 70.3 − 51.0]T [mm], 2c2,2 = [−71.7 24.2 − 64.9]T [mm] on Σ2.
The motion was simulated to confirm the performance. Fig.2.22 shows the evaluation

criteria during the simulation. The figure (a) shows that µq was always small positive value
during the motion. The figure (b) shows that yq,ZMP was always on the virtual supporting
plane. In addition, they were better values than its benchmark, which was calculated with
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(a) µq (b) yq,ZMP

Fig.2.22 Evaluation criteria in the motion simulation of example 2

(a) The normal reaction force between the
links

(b) Torque around the contact line generated
by linear springs

Fig.2.23 Forces acting between the links in the motion simulation of example 2

the center position in the specified design space as the endpoints of the springs. Fig.2.23
shows force acting between the two links of the SRCP during the simulation. The figure (a)
shows that the normal reaction force fq,z was always about the specified value. Therefore,
the SRCP in the mechanism was able to generate the ideal rolling motion in the simulation.
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τq,y shown in Fig.2.23 (b) are smaller than its benchmark. Therefore, a better arrangement
of springs was also obtained with the proposed method in this example.

2.6 Prototyping and evaluation
　 In order to confirm the validity of the proposed design method, some evaluation exper-
iments were performed with prototypes of the SRCP-link mechanisms designed in section
2.5.

2.6.1 Measurement of torque about the contact line

　 Rotation torque about the contact line between the links of a fabricated SRCP was
measured to confirm that the design method of the flexible bands to achieve zero torque
about the contact line is valid.
　The 2-bar mechanism with the SRCP, which was designed as example 1 in section 2.5.1,
was fabricated as a prototype. Each of the rolling contact surfaces shown in Fig.2.12 was
offset by 0.3 mm to make space to attach the flexible bands because the thickness of
flexible bands was specified as 0.6 mm. Solid models of the links were made by using
the offset surface. Solid models of the flexible bands were made by giving thickness to
the intermediate surfaces shown in Fig.2.13. Linear springs were not attached so as to
measure the torque generated by only flexible bands. The 3D-CAD model was fabricated
with 3D-printers. Fig.2.24 shows the fabricated prototype. The links were fabricated by
the fused deposition modeling (FDM). The flexible bands were fabricated by the material
jetting method.
　Measuring torque between the two links is difficult because the rotation axis between the
links drifts. Thus, the force at the output point in the direction along the specified linear
trajectory was measured instead of the torque. Fig.2.25 shows the experimental setup.

Fig.2.24 A prototype of the SRCP-link mechanism designed in example 1
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Fig.2.25 An experimental setup to measure the output force of the prototype

The prototype was attached to a force gauge stand. The output point was connected
to the force gauge through a spherical pair so that the spherical pair gives contact force
between the links during the rolling motion. The force at the output point was measured
by pulling the force gauge along the specified linear trajectory.
　 The measured force-displacement relationship is shown in Fig.2.26, where the offset
force generated by gravity was removed by tare of the force gauge. The measured torque
was always small. The mean value of the force was 2.87 × 10−4 N and the standard
deviation was 2.39× 10−3 N. Thus, the output force was assumed as zero. It means that
the torque about the contact line is negligible. Note that the error in the result was caused
by the friction in the spherical pair. Therefore, the design method of the flexible bands is
valid.

2.6.2 Motion capture of the output motion

　 Output motion of a spatial mechanism with the SRCP was measured with a motion
capture system to confirm the validity of the design method of the rolling contact surfaces
and elastic constraints.
　 As the prototype, the spatial 4-bar mechanism with the SRCP designed in example
2 was fabricated. Fig.2.27 shows the fabricated mechanism. The SRCP was fabricated
by the same procedure as described in section 2.6.1, where the thickness of the flexible
bands was specified as 0.6 mm. The linear springs were attached to the two links through
spherical joints. The active revolute pair in the universal joint was driven by a DC motor.
　 In the experiment, the input angle was controlled so that the output point reciprocates
three times in the range of motion. The generated output trajectories were measured with
OptiTrack V120:Duo (a motion capture system).
　 The measured trajectories are shown in Fig.2.28. It is shown that each measured
trajectory agrees well with the specified one. Although the mean position error between
the measured and specified trajectories was 0.739 mm, it is considered that the error
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Fig.2.26 The measured output force of the prototype

was caused by the fabrication error of the mechanism and the calibration error in the
motion capture experiment. Thus, this result shows that calculation of the rolling contact
surfaces were correct and the two links of the SRCP generated ideal rolling motion due
to the designed elastic constraints. Therefore, the validity of the design methods of the
rolling contact surfaces and elastic constraints was able to be confirmed.

Fig.2.27 A prototype of the spatial 4-bar mechanism designed in example 2
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Fig.2.28 The measured output trajectories generated by the fabricated spatial 4-bar
mechanism with the SRCP

2.7 Discussion
　 The scope of application of the SRCP designed with the proposed methods is discussed
for future developments of its applications. Although the SRCP can be designed to gen-
erate the specified trajectory, trajectories which can be specified have some limitations.
If a complex trajectory whose curvature changes frequently is specified, profiles of rolling
contact surfaces between the links may be complicated. In this case, the designed SRCP
cannot generate the specified trajectory because structural interference between the two
surfaces may occur at a part different from its contact line. In addition, the SRCP can-
not generate a periodic closed-loop trajectory because of the structural limitation of the
flexible bands. Therefore, the SRCP is preferable to be used for any applications where
an open-loop trajectory with small curvature change is required to be generated.
　 Although the SRCP can support tangential loads between its links with the proposed
elastic constraint, allowable loads are not so large. Therefore, the SRCP is preferable to
be used for any applications where the directions of external forces are known or where
tangential loads between the links are not so large.
　 An example of applications to satisfy the scope is an automatic transfer machine which
repeats to pick and place a specific object along the specified open-loop trajectory to avoid
obstacles.

2.8 Chapter summary
　 The spatial rolling contact pair (SRCP) to generate the specified relative trajectory
between two links was developed to achieve exact spatial-path generation. This is the
kinematic pair with 1 DOF where a link rolls on another link with keeping in contact at
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a line and passing through the specified trajectory. In order to generate the ideal relative
rolling motion between the links, the SRCP has a hybrid elastic constraint with flexible
bands and linear springs between the links. By using the SRCP in a spatial mechanism
with 1 DOF, the mechanism can completely generate the specified trajectory. In this
chapter, a design method of the SRCP was proposed, and some examples were designed
and examined by experiments. The obtained results in this chapter are summarized
bellow.

(1) A design method of rolling contact surfaces between the links to generate the specified
trajectory was proposed, where the rolling motion is specified to satisfy the kinematic
condition of rolling motion and rolling contact surfaces are derived as ruled surfaces
of the instantaneous screw axis of the specified rolling motion.

(2) In order to suppress slippage between the links, the elastic constraint with flexible
bands were applied. It was confirmed that this constraint can be applied to any pro-
files of rolling contact surfaces designed with the proposed method by a mathematical
approach. Then, a design method of the flexible bands is proposed, where their di-
mensions are derived so that they generate zero torque about the contact line between
the links.

(3) In order to suppress separation between the links during the rolling motion, linear
springs were optimally arranged between the links. For this optimization to generate
the ideal relative rolling motion between the links, two evaluation criteria were pro-
posed. One of the criteria is the ratio of normal reaction force and tangent reaction
force between the links, and another is zero moment point (ZMP) defined between
the links.

(4) By using the SRCP, a spatial-path generators to generate a linear trajectory and
a spatial trajectory were designed. Especially, it was revealed that procedure to
synthesis a spatial-path generator can be simplified by using the SRCP.

(5) The designed examples were fabricated, and their torque about the contact line be-
tween the links and the output motion were measured by experiments. As a result,
it was confirmed that the proposed design methods are valid and exact spatial-path
generation can be achieved with the SRCP.
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Chapter 3

The Active Spatial Rolling Contact Pair

3.1 Chapter introduction
　The spatial rolling contact pair (SRCP) proposed in chapter 2 can generate the specified
spatial trajectory between two links. However, since the SRCP is a passive kinematic pair,
it must be used in a closed-loop mechanism with multiple kinematic pairs. Thus, structure
of the spatial-path generator cannot be simplified enough. However, if linear springs of
the SRCP are replaced by ”active” elastic elements such as flexible actuators as shown
in Fig.3.1 and if the SRCP is driven actively with the actuators, the SRCP can move
actively with a simpler structure. Besides, if this structure can be compactly modularized
and treated as a kinematic pair, the use of the SRCP in mechanism synthesis can be
simplified in the same way that a motor is treated as an active revolute pair. Therefore,
in this chapter, the active spatial rolling contact pair (ASRCP), which is composed of two
links actively constrained with active elastic elements, is developed.
　 This chapter describes the following three contributions to achieve the ASRCP.

(1) Proposal and validation of a method to optimally arrange active elastic elements

Fig.3.1 The proposed structure of the active spacial rolling contact pair (ASRCP)
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between the links to maximize the actuation-force transmission
(2) Proposal and validation of a method to antagonistically drive the SRCP with keeping

in the ideal rolling contact between the links with the use of actuation redundancy
(3) Prototyping and examination of the ASRCPs to generate the specified trajectory

actively

　 In section 3.2, a design method of the ASRCP, where active elastic elements are op-
timally arranged between the links so as to maximize the driving force transmission, is
proposed to achieve a large motion range. In section 3.3, a control method to drive the
ASRCP while keeping ideal rolling contact between the links is proposed. In section 3.4,
an example of the ASRCP is designed, and numerical simulation of control is performed.
In section 3.5, the ASRCP driven with reeled elastic wires and the ASRCP driven with
artificial muscles (flexible pneumatic actuators) are prototyped, and their performances
are examined by motion capture experiments.

3.2 Design Method
　 In this section, a design method of the ASRCP based on force transmission is pro-
posed. Firstly, a transmission index for parallel wire-driven mechanisms, TIw, proposed
by Takeda et.al. [98] is introduced. Next, a criterion to evaluate the force transmission of
a parallel wire-driven mechanism with the redundant number of wires is proposed based
on the idea of TIw. Then, a method to optimally arrange active elastic elements between
the links of the SRCP to maximize the transmission index is proposed.

3.2.1 Transmission index for parallel wire-driven mechanisms

　 In previous research on parallel wire-driven mechanisms, it was revealed that at least
seven wires (uni-directional translation forces) are required to constrain an object in the

Fig.3.2 A parallel wire-driven mechanism with the least number of wires
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Fig.3.3 Schematic diagram of the transmission index, TIw, for parallel wire-driven
mechanisms

3-dimensional space as shown in Fig.3.2 [116]. In order to evaluate the force transmission
of a wire-driven mechanism with the least number of wires, the transmission index, TIw,
has been proposed by Takeda et al. [98]. This index is useful for design because the
force transmission can be evaluated with only kinematic conditions. In the following, its
definition and calculation method are described.
　 The statics equation of the mechanism shown in Fig.3.2 is represented as the following
equation.

7∑
k=1

fa,iSra,i =
7∑

k=1

fa,i

[
d̂a,i

ci × d̂a,i

]
= 0, (3.1)

where fa,i is the magnitude of the i-th wire tension, d̂a,i is the unit directional vector of
the i-th wire tension and ci is the point where the i-th wire tension is applying on the
object. Focusing on the i-th wire tension, the other wire tensions to balance it can be
represented as the following equation.

fa,−i = −G−1
a,−i(fa,iS

r
a,i) = −fa,i

[
I3×3

[ci×]

]
d̂a,i = fa,i

a
T
i,1
...

aT
i,6

 d̂a,i, (3.2)

where fa,−i = [fa,1...fa,i−1 fa,i+1...fa,7]
T and Ga,−i = [Sa,1...Sa,i−1 Sa,i+1...Sa,7]. Note

that magnitudes of all tensions must be positive values to make a force closure state.

Thus, aT
i,jd̂a,i > 0 (j = 1, 2, ..., 6) must be satisfied when fa,i is positive. Fig.3.3 shows

the schematic diagram of this inequality. The boundary of this condition, aT
i,jd̂a,i = 0,

represents a plane in a spatial mechanism. When d̂a,i is in the area of aT
i,jd̂a,i > 0, the

condition aT
i,jd̂a,i > 0 is satisfied. As shown in the figure, whether d̂a,i is in the area of
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aT
i,jd̂a,i > 0 or not depends on the angle γi,j between d̂a,i and the boundary. This means

that it just depends on the kinematic configuration of the mechanism. In order to make
it robust against external force and to transmit the i-th wire tension to the other wires

efficiently, d̂a,i should lay far from the boundary aT
i,jd̂a,i = 0. In other words, sin γi,j

should be large. This value can be calculated as

sin γi,j =
aT
i,jd̂a,i

|ai,j |
. (3.3)

The performance of the parallel wire-driven mechanism can be evaluated with the mini-
mum value of sin γi,j for all boundaries j = 1, 2, ..., 6 and all wires i = 1, 2, ..., 7. Therefore,
the transmission index TIw is defined as

TIw = min
i=1,...,7

[ρi min
j=1,...,6

(sin γi,j )], (3.4)

where ρi is a value defined as follows.

ρi =

{
1 (sin γi,j > 0)

0 (sin γi,j ≦ 0)
(3.5)

Note that TIw cannot be calculated when rank(Ga,−i) < 6. In this case, TIw is set to
zero. The posture of the mechanism in the case of TIw = 0 is called singular configuration,
and the area satisfying TIw > 0 is called the workspace.

3.2.2 Evaluation in the case of the redundant number of wires

　 If a parallel wide-driven mechanism cannot be designed to have sufficient workspace,
increasing the number of wires is an effective solution to expand the workspace. When
the number of wires Nw is more than 7, the matrix Ga,−i in Eq.(3.2) is not a regular
matrix. Thus, Eq.(3.2) can be rewritten as the following equation.

fa,−i = −G#
a,−i(fa,iS

r
a,i) + bi =

 fa,ia
T
i,1d̂a,i + b1

...

fa,ia
T
i,Nw−1d̂a,i + bNw−1

 , (3.6)

where G#
a,−i is pseudo-inverse matrix of Ga,−i and bi = [b1...bNw−1]

T is a null space of
Ga,−i. Fig.3.4 shows the schematic diagram of this inequality. In this case, since the

boundary is offset from aT
i,1d̂a,i = 0 by 1

fa,i
bj , conditions to satisfy fa,−i > 0 depend not

only on the direction of d̂a,i but also on the value of fa,i. Thus, the force-closure state can
hold even when the calculated value of TIw is zero. This means that the workspace cannot
be evaluated correctly with TIw. In order to solve this problem, alternative expression of
the transmission index is proposed as

TIrw = mean
i=1,...,Nw

[ρi min
j=1,...,Nw−1

(sin γi,j )], (3.7)
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Fig.3.4 Schematic diagram of the transmission index for parallel wire-driven mech-
anisms with the redundant number of wires

where mean(x ) represents the mean value of x. Since sin γi,j means whether the i-th
wire can generate a positive tension in the j-th wire, minj=1,...,Nw−1(sin γi,j) > 0 means
that the i-th wire can make all wire tensions positive values. Since each wire tension
is the summation of tensions exerted by all the other wires, if at least one wire satisfy
minj=1,...,Nw−1(sin γi,j) > 0, all wire tensions can be made positive values just by increas-
ing the tension of that wire. In this case, the mechanism with more than seven wires
can be the force-closure state at least seven wires. Since TIrw can evaluate such a situa-
tion, it is considered that this index can evaluate the workspace of the mechanism with
the redundant number of wires correctly. Therefore, TIrw is used to evaluate the force
transmission in this chapter.

3.2.3 Optimal design method of the ASRCP

　 The optimization problem where active elastic elements are arranged between the links
of the SRCP so as to maximize TIw is formulated. When the two links of the SRCP keep
in line contact, it can be assumed that five independent translation forces are acting at
edges of the contact segment between the links. Fig.3.5 shows forces acting on a link of

the ASRCP. fc,1
1d̂c,1, fc,2

1d̂c,2 and fc,3
1d̂c,3 are frictional forces. fc,4

1d̂c,4 and fc,5
1d̂c,5

are normal reaction forces. Their direction vectors can be obtained by using the position
vector of the rolling contact surface s1(t, u) derived in section 2.2.2 as follows.

1d̂c,1 =
∂t

1s1(t, u0)

|∂t1s1(t, u0)|
, 1d̂c,2 =

∂t
1s1(t, u1)

|∂t1s1(t, u1)|
, 1d̂c,3 =

∂u
1s1(t, u)

|∂u1s1(t, u)|
1d̂c,4 = 1d̂c,1 × 1d̂c,3,

1d̂c,5 = 1d̂c,2 × 1d̂c,3 (3.8)
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Fig.3.5 Constrained forces acting between the links of the ASRCP

Thus, their wrench screws can be obtained as follows.

1Src,1 =

[
1d̂c,1

1s1(t, u0)× 1d̂c,1

]
, 1Src,2 =

[
1d̂c,2

1s1(t, u1)× 1d̂c,2

]
, 1Src,3 =

[
1d̂c,3

1s1(t, u0)× 1d̂c,3

]
1Src,4 =

[
1d̂c,4

1s1(t, u0)× 1d̂c,4

]
, 1Src,5 =

[
1d̂c,5

1s1(t, u1)× 1d̂c,5

]
(3.9)

Since at least seven translation forces are required to constrain between the links, at least
two active elastic elements have to be arranged between the links. Thus, the number of
active elastic elements Na has to be satisfy Na ≧ 2. Let the endpoint position of the i-th
active elastic element attached on the link 1 and link2 be 1c1,i (on Σ1) and

2c2,i (on Σ2),
respectively as shown in Fig.3.5. Then, the wrench screws of the j-th actuation forces is
obtained as follows.

1c2,i = R1,2(t)
2c2,i +

1p(t) (3.10)
1da,i =

1c1,i − 1c2,i, (3.11)

1Sra,i =
[

1d̂a,i
1c2,i × 1d̂a,i

]
(i = 1, ..., Na), (3.12)

where 1p(t) is the specified trajectory and R1,2(t) is the rotation matrix from Σ1 to Σ2

described in section 2.2.1. Focusing on the i-th actuation force, the other forces to balance
it can be represented as follows like Eq.(3.6).

fa,−i = −G#
a,−i(fa,iS

r
a,i) + bi =

 fa,ia
T
1
1d̂a,i + b1
...

fa,ia
T
Na+4

1d̂a,i + bNa+1

 , (3.13)

where fa,−i = [...fa,i−1 fa,i+1...fc,1...fc,5]
T and Ga,−1 = [...1Sra,i−1

1Sra,i+1...]. In the AS-
RCP, actuation forces fa,1, ..., fa,Na

and normal reaction forces fc,4, fc,5 must be positive
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although frictional forces fc,1, fc,2, fc,3 allow negative values. Therefore, the evaluation
criterion of the i-th actuation force (sin γi,j) is considered just in terms of j = 1, ..., Na−1
(on the other actuation forces) and j = Na + 3, Na + 4 (on the normal reaction forces),
and TIrw is calculated with them.
　 In this optimal design, the design parameters are endpoint positions of active elastic
elements c = [1cT1,1, ...,

1cT1,Na
, 2cT2,1, ...,

2cT2,Na
]T . Then, the objective function based on

TIrw is formulated as follows.

Fa(c) =
1

t1 − t0

∫ t1

t0

mean(sin γi,j)dt, (3.14)

This is maximized subject to the following size limitation.

jcj,i,min ≦ jcj,i ≦ jcj,i,max (i = 1, ..., Na, j = 1, 2) (3.15)

As described in section 2.4.1, this size limitation represents a design space with a rectan-
gular parallelepiped shape, and it can be redefined with rjcrj ,i on Σrj for ease of use.
　 Note that maximizing TIrw and maximizing Fa(c) are equivalent problems. Although
TIrw is a discontinuous function for c, the objective function Fa(c) is a continuous func-
tion. Therefore, gradient-based optimization methods can be applied to reduce calculation
time.
　 In order to simplify the structure of the ASRCP, it is desirable that the small number
of active elastic elements are used. Therefore, initially, two active elastic elements are
arranged between the links optimally, and the workspace of the ASRCP is then evaluated
with TIrw. If a sufficient workspace is then not available, the number of active elastic
elements is increased by one, and the optimal arrangement of them and workspace evalu-
ation are performed again. When a sufficient workspace is obtained, the design procedure
is finished.

3.3 Control Method
　 In order to control the ASRCP, a method to calculate actuation forces generated by
active elastic elements is proposed. The statics equation on a link of the ASRCP is
represented as the following equation.

Gafa = 0, (3.16)

where Ga = [1Sa,1...1Sa,Na
1Sc,1...1Sc,5] and fa = [fa,1...fa,Na

fc,1...fc,5]
T . Since Ga is

not a regular matrix, there are countless solutions for fa. Therefore, the magnitudes of
cable tensions fa are calculated with an optimization problem to maximize the stability
of the rolling contact between the links. In section 2.4.1, two criteria µq and yq,ZMP

to evaluate the stability of the rolling contact in the SRCP have been proposed. µq is
a criterion to evaluate whether slippage and separation between the links occur or not.
yq,ZMP is a criterion to evaluate whether the two links can keep in line contact or not.
In order to generate the ideal rolling motion between the links, these criteria have to be
small values. Therefore, actuation forces are calculated to minimize them. Let the design
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parameters in this optimization is represented as fd = [fa,1...fa,Na
] Then, the objective

function is formulated as follows.

Fd(fd) = max{w1µ
2
q, w2(uc − yq,ZMP )

2, w3|fd|}, (3.17)

where w1, w2, w3 are weight variables and uc is the center value of the range of u. This
function is minimized subject to the following constraint conditions for each value of the
motion parameter t.

Gafa = 0, (3.18)

fq,z > fq,z,req, (3.19)

where fq,z is the normal reaction force at the middle point of the contact segment between
the links, and fq,z,req is the required normal reaction force. This optimization problem
can be solved with a gradient-based numerical optimization method by using the same
technique described in section 2.4.2.

3.4 Design and simulation
　 An example of the ASRCP was designed with the proposed design method and simu-
lation to control it was performed with the proposed control method.

3.4.1 Design example

　 As an example, the relative rolling motion between the links of the SRCP was specified
as the following output trajectory 1p(t) and angular velocity 1ω(t).

1p(t) =
[
60 cos πt

2 60 sin πt
2 40t+ 40

]T
(0 ≦ t ≦ 1) [mm], (3.20)

1ω(t) =
π

2
1np(t) [rad/s], (3.21)

where 1np(t) is the principal normal vector of 1p(t). Then, the rolling contact surfaces to
generate the specified motion were derived with the design method described in section
2.2, where the width of the rolling contact surfaces were specified with −25 ≦ u ≦ 25
[mm]. Then, flexible bands to suppress slippage between the links were designed with
the method described in section 2.3, where the gap δ between each two adjacent flexible
bands was 2 mm.

At first, two active elastic elements were tried to arrange between the links of the
designed SRCP. The constraint conditions were as follows.

[−70 − 180 − 60]T ≦ r1cr1,1 ≦ [70 − 120 − 10]T ,

[100 − 70 − 60]T ≦ r1cr1,2 ≦ [160 70 − 10]T (on Σr1),

[−50 − 120 60]T ≦ r2cr2,1 ≦ [50 − 70 100]T ,

[30 − 50 60]T ≦ r2cr2,2 ≦ [80 50 100]T (on Σr2) [mm],

where Σr1 and Σr2 are defined with ψ = π/12 rad as described in section 2.4.1. For the
optimal design, many candidates of the initial design value were generated in the specified
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Fig.3.6 An example of the ASRCP with two active elastic elements

Fig.3.7 Transmission index of the example with two active elastic elements

design space, and the value to maximize TIrw in among the candidates was chosen as
the initial value. The optimization was performed with the interior-point method [118].
The result is shown in Fig.3.6, where the ASRCP has the posture at t = 0.5. The
calculated endpoint of active elastic elements were 1c1,1 = [−83.21 12.91 5.912]T [mm],
1c1,2 = [108.3 − 10.87 − 57.58]T [mm], 2c2,1 = [−75.22 − 44.81 − 4.517]T [mm] and
2c2,2 = [44.72 4.695 − 53.35]T [mm]. TIrw of the designed ASRCP was calculated during
0 ≦ t ≦ 1 to confirm the workspace. Then, TIw was also calculated to be compared with
TIrw. Fig.3.7 shows the results, where benchmarks were calculated with midpoints in the
specified design space as the endpoints of the active elastic elements. In the figure, TIw
and TIrw are always zero both before and after the optimization. Therefore, the ASRCP
with sufficient workspace was not able to be designed.
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Fig.3.8 An example of the ASRCP with three active elastic elements

Fig.3.9 Transmission index of the example with three active elastic elements

In order to obtain sufficient workspace, three active elastic elements were then arranged
between the links. The constraint conditions defined on the same Σr1 and Σr2 were as
follows,

[−70 120 − 60]T ≦ r1cr1,1 ≦ [70 180 − 10]T

[−70 − 180 − 60]T ≦ r1cr1,2 ≦ [70 − 120 − 10]T

[100 − 70 − 60]T ≦ r1cr1,3 ≦ [160 70 − 10]T (on Σr1)

[−50 70 60]T ≦ r2cr2,1 ≦ [50 120 100]T

[−50 − 120 60]T ≦ r2cr2,2 ≦ [50 − 70 100]T

[30 − 50 60]T ≦ r2cr2,3 ≦ [80 50 100]T (on Σr2) [mm]
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The optimization was performed in the same way to when two active elastic elements
were used. The result is shown in Fig.3.8, where the ASRCP has the posture at t = 0.5.
The calculated endpoint of active elastic elements were 1c1,1 = [−51.17 193.7 − 2.069]T

[mm], 1c1,2 = [160.9 60.90 − 48.43]T [mm], 1c1,3 = [−87.83 − 43.30 − 62.08]T [mm],
2c2,1 = [−19.53 38.69 75.95]T [mm], 2c2,2 = [89.12 39.22 − 43.81]T [mm] and 2c2,3 =
[−50.50 − 45.27 − 32.74]T [mm]. TIw and TIrw during 0 ≦ t ≦ 1 are shown in Fig.3.9.
The results shows that both TIw and TIrw after the optimization became better values
than their benchmarks. Although TIw is zero at t = 0, TIrw is not zero at t = 0. Here, it is
possible to satisfy the force-closure state because of its redundancy. Thus, it is considered
that this ASRCP is possible to move in 0 ≦ t ≦ 1. Thus, the ASRCP with the sufficient
workspace was able to be designed.

3.4.2 Control simulation

　 Actuation forces which have to be generated by the active elastic elements were cal-
culated to control the designed ASRCP with three active elastic elements. The required
normal reaction force was specified as fq,z,req = 3 N, and weight values of the multiple-
optimizations were specified as w1 = 1×10−1, w2 = 1×10−3 and w3 = 1. The calculated
actuation forces during 0 ≦ t ≦ 1 are shown in Fig.3.10, where the i-th active elastic
element is described as Ai.

The sum of translation forces between the links during 0 ≦ t ≦ 1 is shown in Fig.3.11.
Although TIw was not zero at t = 0 in Fig.3.9, actuation forces were able to be calcu-
lated at the point as shown in Fig.3.10. In addition, the force-closure state was satisfied
as shown in Fig.3.11. Therefore, the workspace was able to be evaluated correctly with
TIrw.
　 By using the calculated actuation forces, the ASRCP was driven in a simulation.
yq,ZMP during the rolling motion is shown in Fig.3.12. This figure shows that the AS-

Fig.3.10 Actuation forces generated by three active elastic elements to control the
designed ASRCP
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Fig.3.11 Sum of the translation forces between the links of the ASRCP during the
rolling motion

Fig.3.12 Zero moment point between the links of the ASRCP during the rolling motion

RCP was always in a very stable state because yq,ZMP was always near the midpoint
of the contact segment. In addition, the normal reaction force at the midpoint of the
contact segment, fq,z, is shown in Fig.3.13. This figure shows that the normal reaction
force was always kept constant to the specified value. Therefore, the ASRCP was able
to generate the ideal rolling motion. These results are considered due to the actuation
redundancy of the designed ASRCP. Therefore, the ASRCP is considered to generate the
relative rolling motion between the links more stably than a spatial-path generator with
the passive SRCP.
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Fig.3.13 The normal reaction force between the links of the ASRCP during the rolling motion

3.5 Prototyping and evaluation
　 In this section, the ASRCPs with some types of active elastic elements are prototyped,
and their performances are evaluated by motion-capture experiments.

3.5.1 The ASRCP driven with reeled elastic wires

　 The ASRCP designed in section 3.4 was prototyped with reeled elastic wires. The
fabricated ASRCP is shown in Fig.3.14. The two links of the SRCP were fabricated with
the FDM by a 3D-printer. The flexible bands between the links were fabricated with the
material-jetting method by another 3D-printer. Note that the thickness of the fabricated
flexible bands is 0.6 mm and the gap between adjacent bands is 2 mm. Each wire is
composed of serially connected the UHPE (Ultra High Molecular Weight Polyethylene)
cable and a linear spring. The wires can be reeled by pulleys driven with geared DC
motors via cable guides. Each cable guide for Ai is placed at the position corresponding
to 1c1,i.

The actuation forces calculated in section 3.4 can be generated just by position feedback
control of the pulleys in the fabricated reeled-wire system. Fig.3.15 shows the schematic
diagram of the reeled-wire system. Let ks and kc be the spring constants of the linear
spring and the cable, respectively. Then, the spring constant of the elastic wire is as
follows.

kw = (
1

kc
+

1

ks
)−1 (3.22)

The tension of the i-th wire can be generated by controlling displacements of wires as
shown in the following equation.

fa,i(t) = kw(rp∆θi)− kw∆lw(t), (3.23)
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Fig.3.14 The fabricated ASRCP driven with three reeled elastic wires.

Fig.3.15 Schematic diagram of the reeled elastic-wire drive system

where rp is the radius of the pulley, ∆θi is the angular displacement of the i-th pulley,
and ∆lw is the kinematic displacement of the i-th wire. Therefore, ∆θi can be calculated
with the following equation.

∆θi(t) =
∆lw(t)

rp
+
fa,i(t)

rpkw
(3.24)

Note that it is possible that the cable has non-linear stiffness characteristics. However, if
kc is much larger than ks, kw ≃ ks holds. Therefore, stiffness characteristics of the wire
can be assumed as linear characteristics of the linear spring.
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Fig.3.16 The measured output trajectories generated by the fabricated ASRCP with
the reeled elastic-wire drive system

The fabricated ASRCP was controlled with the proposed method, and the output tra-
jectories were measured with the motion capture system (OptiTrack V120:Duo). In this
experiment, the output point reciprocated three times in the workspace. The measured
trajectories are shown in Fig.3.16. This result shows that the measured trajectories agree
well with the specified trajectory. The mean error between the measured and the speci-
fied trajectories was 0.341 mm. It is considered that this error was caused by fabrication
errors. Therefore, it was confirmed that the proposed design method and control method
of the ASRCP are valid. In addition, this error is smaller than the error in the experiment
in section 2.6. The reasons are considered as follows.

• The number of parts, especially joints, of the fabricated ASRCP is smaller than the
closed-loop SRCP-link mechanism fabricated in section 2.6.

• The stability of the rolling motion is better than the passive SRCP because of the
redundant actuation with the active elastic elements.

Therefore, the ASRCP is useful to generate the specified trajectory accurately.

3.5.2 The ASRCP driven with artificial muscles

　 In order to achieve a compact and lightweight structure of the ASRCP, the ASRCP with
artificial muscles (flexible pneumatic actuators) was designed and fabricated. As artificial
muscles, many types of flexible pneumatic actuators have been proposed. For example,
there are fluid-driven pneumatic actuators [119] such as Mckiben actuator, shape memory
alloy actuators [120] [121], dielectric elastomer actuators [122] and so on. In order to drive
the SRCP with a compact structure, both a large contraction ratio and sufficient output
force are required. Recently, Li et al. proposed the fluid-driven origami-inspired artificial
muscle (FOAM) [123]. It is expected to have both a large contraction ratio up to about
90% and sufficient output force. Thus, it is suitable to drive the SRCP. Therefore, the
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Fig.3.17 Operation principle of the fluid-driven origami inspired artificial muscle
(FOAM) proposed by Li et al.[123]

Fig.3.18 Block diagram of the output-force control of the FOAM

ASRCP with the FOAMs was designed and fabricated.
　 Fig.3.17 shows operation principle of the pneumatic FOAM. It has an elastic skeleton
with zigzag shape, and it is covered by a thin skin. In the skin, fluid such as air is filled.
When internal fluid is vacuumed from the skin and the pressure in the skin becomes
lower than the outside, the FOAM contracts because the elastic skeleton is deformed by
the tension generated on the skin. In order to control the output force of the FOAM,
force-feedback control was used. Fig.3.18 shows the block diagram. It is a cascade control
with force feedback control (PI control ) in the major loop and fluid-pressure feedback
control (P control) in the minor loop. Since the error of the fluid-pressure do not affect
the output force because of the minor loop, the FOAM can be controlled with robustness
against disturbances. Fig.3.19 shows a detailed control system in the case when air is used
as the internal fluid of the FOAM. The air-pressure control system has two proportional
control valves with 2 ports at inflow side from the atmosphere and at outflow side to the
vacuum pump. The current input to the valves is controlled by PWM control. When
pulse with a duty ratio ν is input to one side of the valves and pulse with the duty ratio
(1 − ν) is input to another side, the same function of a proportional valve with 3 ports
can be achieved. Therefore, this system can achieve a 3-ports valve system with low cost
parts.
　 The ASRCP with pneumatic FOAMs was designed. The specified rolling motion of
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Fig.3.19 The detailed system to control the output force of the FOAM

SRCP is as follows.

1p(t) =
[
60 cos πt

3 60 sin πt
3 40t+ 40

]T
(0 ≦ t ≦ 1) [mm] (3.25)

1ω(t) =
π

3
1np(t) [rad/s] (3.26)

The rolling contact surfaces with width of 50 mm was derived with the parameter 25 ≦ u ≦
25 [mm]. Between the two surfaces, flexible bands with thickness of 0.6 mm were attached.
Arrangement of the FOAMs were optimized subjecting to the following conditions.

[−100 70 − 120]T ≦ r1cr1,1 ≦ [70 120 − 70]T ,

[−100 − 120 − 100]T ≦ r1cr1,2 ≦ [70 − 70 − 50]T ,

[70 − 70 − 100]T ≦ r1cr1,3 ≦ [120 80 − 50]T (on Σr1),

[−50 60 50]T ≦ r2cr2,1 ≦ [50 110 100]T ,

[−50 − 110 50]T ≦ r2cr2,2 ≦ [50 − 60 100]T ,

[30 − 50 50]T ≦ r2cr2,3 ≦ [80 50 100]T (on Σr2) [mm],

where Σr1 and Σr2 were specified with ψ = π
6 rad. Then, the optimized endpoint positions

of FOAMs became 1c1,1 = [−27.47 228.8 0.7181]T [mm], 1c1,2 = [141.2 78.83 − 85.07]T

[mm], 1c1,3 = [−94.84 22.02 − 68.42]T [mm], 2c2,1 = [−21.75 51.42 58.56]T [mm], 2c2,2 =
[79.21 32.84 − 50.19]T [mm] and 2c2,3 = [−72.81 − 28.85 − 36.65]T [mm]. In order to
drive this ASRCP, FOAMs where minimum length is smaller than 87 mm, stroke is larger
than 89 mm and the contraction ratio is larger than 44 %, were required. Therefore,
the FOAMs to satisfy these requirements were designed. The design method and the
procedure are described in appendix B.

The ASRCP with the FOAMs was prototyped as shown in Fig.3.20. An end of each
FOAM Ai is connected to the upper link with 1-axial free rotation and another end is
connected to the lower link with 2-axis free rotation. The other rotations at connected
points can be absorbed by the flexibility of the FOAM because those rotation angles are
small. The detail of the fabricated FOAM was shown in Fig.3.21. The skeleton, of which
material is copolyester, was fabricated with FDM by a 3D-printer. The skin was made of
thin polyethylene (PE) sheets, of which thickness was 0.06 mm. On an end of the FOAM,
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Fig.3.20 The prototype of the ASRCP with FOAMs

Fig.3.21 The fabricated FOAM with a tension sensor

a tension sensor was attached. This sensor can measure tension by transmitting from the
tension of the FOAM to a compressive force to push an electrical capacitance force sensor.

The fabricated ASRCP was controlled with the proposed method, and the output tra-
jectories were measured by the motion capture system. In this experiment, the output
point also reciprocated three times. Fig.3.22 shows the measured trajectories. The figure
(a) is the top view and the figure (b) is the side view. Although the specified trajectory
was generated, there were some errors between the measured and the specified trajecto-
ries. The mean error between the specified and the measured trajectories was 2.59 mm.
Various factors can be considered as the cause of the errors as follows.
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(a) Top view (b) Side view

Fig.3.22 The measured output trajectories generated by the fabricated ASRCP with
the FOAMs

• At part A shown in Fig.3.22 (a) and (b), the output point was not able to reach
the position at t = 1. It is considered due to gravity. Since force-feedback control
was used to control the FOAMs, the output stiffness of the ASRCP was generated
just with kinematic non-linearity in the antagonistic drive system. Thus, the out-
put stiffness of the ASRCP was small. Therefore, the two links were able to roll
relatively from the position at t = 1 to the position at t = 0 easily.

• At part B shown in Fig.3.22 (a), the forward and backward trajectories are different.
This is because the tension sensors had hysteresis due to the friction generated in
the mechanism to convert pulling motion to pushing motion.

• The steady-sate errors shown at part C shown in Fig.3.22 (a) is considered due to
the fabrication error of the ASRCP.

Although the motion was not so accurate, the SRCP was able to be driven with the
FOAMs. If the control method of the FOAMs can be improved, it is possible to increase
accuracy of the output motion in this system. Therefore, it was confirmed that it is
possible to design the ASRCP with a compact structure by using fluid-driven artificial
muscles.

3.6 Chapter summary
　 The active spatial rolling contact pair (ASRCP), which can generate the specified
trajectory actively, was developed. In the ASRCP, the SRCP is constrained by several
active elastic elements (pneumatic flexible actuators) to keep in contact between the links
and to drive the pair actively. In this chapter, a design method and a control method of the
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ASRCP were proposed, and some examples were designed and examined by experiments.
The obtained results are summarized as follows.

(1) A criterion to evaluate the force transmission of parallel wire-driven mechanisms with
the redundant number of the wires was proposed based on the idea of the transmission
index proposed by Takeda et al. [98]. Then, a design method of the ASRCP was
proposed, where several active elastic elements are arranged between two links of the
SRCP optimally so as to maximize the transmission index, which is calculated with
both tension of active elastic elements and contact forces between the links of the
SRCP.

(2) A method to control the ASRCP with use of its actuation redundancy was proposed,
where actuation forces of active elastic elements are optimally calculated to generate
the ideal relative rolling motion between the links based on the evaluation criteria on
the stability of relative rolling motion between the links proposed in chapter 2.

(3) An example of the ASRCP was designed and simulated. As a result, it was confirmed
that it can generate the ideal rolling motion more efficiently than the passive SRCP
because of its actuation redundancy.

(4) The ASRCP driven by reeled wire systems was prototyped and examined by a motion-
capture experiment. As a result, it was confirmed that the proposed design method
and the control method are valid and that it can generate the specified trajectory
accurately.

(5) The ASRCP driven by fluid-driven origami-inspired artificial muscles (FOAMs) was
prototyped and examined. As a result, it was confirmed that the ASRCP with a
compact structure can be achieved by using artificial muscles.
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Chapter 4

The Flexibly Constrained Pair

4.1 Chapter introduction
　 Flexibility is one of the required properties for a robot to reduce the load applying to it
when it bumps with a human, or to adapt to an uncertain environment in a manipulation
task. Therefore, many methods to introduce flexibility into joints of a robot have been
proposed so far [83]-[66]. However, almost all methods provide flexibility in a single
direction such as a rotation of a revolute pair. Thus, many flexible joints are required
when multi-directional flexibility has to be achieved such as to increase safety for collision.
In this case, the whole mechanism of the robot is possible to have a complex structure and
heavy weight. Although some flexible joints have multi-directional flexibility [54]-[57], it
is difficult to specify their flexibility in detail in their design. Since flexibility and force
transmission are in the trade-off relationship, it is required to specify flexibility which is
suitable to perform the task.
　 In order to solve the above problem, the ”flexibly constrained pair” (FCP), which has
the specified multi-directional flexibility, is proposed. Fig.4.1 shows the structure of the

Fig.4.1 Structure of the flexibly constrained pair (FCP)
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(a) Relative sub-translation (b) Relative sub-rotation

Fig.4.2 Principle of the flexibly kinematic constraint of the FCP

FCP. The FCP has a link with several spherical surfaces and a link with several cam
surfaces. The two links are kept in contact by several linear springs so that each spherical
surface and cam surface are in contact at a point. When the two links move relatively
with slippage in the translation directions, they have stiffness generated by normal reaction
forces between the links and elastic forces of the linear springs as shown in Fig.4.2 (a). In
the same way, when the two links move relatively in the rotational directions, they have
rotational stiffness as shown in Fig.4.2 (b). The stiffness in each direction can be specified
by designing the arrangement of the linear springs, the cam profile, and arrangement of
the cam and the spherical surfaces. When stiffness in some directions is specified to be
higher than in the other directions, a weak kinematic constraint with the difference of the
stiffness can be generated. The directions with small stiffness are called main-directions,
and the other directions are called sub-directions. Because of this constraint, the two links
can move relatively mostly in main-directions under small external loads, but they can
also displace relatively in the sub-directions under large external loads. This means that
this kinematic constraint can change according to mechanical conditions. Therefore, this
kinematic constraint is named ”flexible kinematic constraint”. Since the FCP has both
motion guidance and flexibility because of this constraint, a mechanism of a flexible robot
can be synthesized with simple structure by using the FCP.
　 This chapter describes the following three contributions to achieve the FCP.

(1) Proposal and validation of a design method to achieve a flexible kinematic constraint
with the specified difference in stiffness between the links

(2) Proposal and validation of a design method to achieve the specified non-linear stiffness
characteristics in sub-directions between the links

(3) Prototyping and examination of a simple robotic mechanism with the FCPs
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　 In section 4.2, a design method of the FCP is described. In section 4.3, several design
examples of the FCP are shown. In section 4.4, several examples are prototyped and
examined to confirm the validity of the proposed design method. In section 4.5, a simple
robotic mechanism with the FCP is synthesized and prototyped, and its performances are
investigated through analyses and experiments.

4.2 Design method
　 A design method for the FCP to have the specified flexible kinematic constraint is
described. Firstly, multiple directions allowed between the links is divided into the main-
directions and the sub-directions. DOF of the main-directions and the sub-directions are
called main-DOF and sub-DOF, respectively. Then, the main relative kinematic motion
is specified. Next, linear springs are optimally arranged between the links to reduce
stiffness in the main-direction. Then, profiles of the cam surface is derived to have the
specified stiffness characteristics in the relative translation directions. Finally, several sets
of the designed cam and the spherical surfaces are arranged between the links to constrain
relative rotations between the links flexibly.

4.2.1 Motion specification

　 The relative motion between the links of the FCP is specified. If two links of the FCP
keep in contact at least at a single point, the FCP allows two relative translations and
three relative rotations. Thus, the FCP can allow 5 DOF. Let parameters on the two
translations be t, u, and parameters on three rotations be θr, θp and θy, which are the
roll, pitch and yaw angles, respectively. Then, parameters in main-DOF are represented
as tm, um, θr,m, θp,m and θy,m, while parameters in sub-DOF are represented as ts, us,
θr,s, θp,s and θy,s. Firstly, several main-parameters are chosen from the five parameters,
and the other main-parameters are then specified as zero. In the same way, several sub-
parameters are chosen from the five parameters, and the other sub-parameters are then
specified as zero. Note that the choice of sub-parameters must reciprocate to the chosen
main-parameters. For example, if tm and um are chosen from main-parameters, θr,s, θp,s
and θy,s must be chosen from sub-parameters.
　 Next, the relative main-motion is specified in detail. The reference position (output
position) 1p can generate the specified point, curve (line) and surface (plane) as follows.

1p(tm, um) = [x1(tm, um) y1(tm, um) z1(tm, um)]T , (4.1)

where x1(tm, um), y1(tm, um) and z1(tm, um) are arbitrary functions. If 1p is a curve
(line), only tm is used and um is specified to be zero. Besides, ranges of main parameters
are specified as follows.

Am = {(tm, ...)| tm,0 ≦ tm ≦ tm,1, ...} (4.2)

As described above, parameters which have not been chosen are fixed to zero in Am.
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4.2.2 Reduction of stiffness in main-directions

　 In order to reduce stiffness in main-directions, linear springs are optimally arranged
between the links so as to minimize elastic forces applied in main-directions. Fig.4.3 shows
the schematic diagram of the FCP. Σ1 is the reference coordinate system fixed on the link
with the cam surface (link1). Σ2 is the reference coordinate system fixed on the link with
the spherical surface (link2), of which origin is normally at1p. Several linear springs are
arranged between the two links. The endpoint positions of the i-th linear spring attached
on the link 1 and link 2 are represented as 1c1,i on Σ1 and 2c2,i on Σ2, respectively. Thus,
the elastic force of the i-th linear spring is represented as the following equation.

1ds,i = [R1,2(θr,m, θp,m, θy,m)2c2,i +
1p(tm, um)]− 1c1,i (4.3)

1fs,i = −[ki(|1ds,i| − l0,i) + fs,0,i]
1ds,i

|1ds,i|
, (4.4)

where R1,2(θr,m, θp,m, θy,m) is the rotation matrix from Σ1 to Σ2, and where ki, l0,i and
fs,0,i are the spring constant, natural length and the initial tension respectively of the i-th
linear spring. Therefore, the sum of the wrench on Σ2 is calculated with the following
equation.

2Ws(tm, um, θr,m, θp,m, θy,m) =

Ns∑
i=1

[
RT

1,2
1fs,i

2c2,i × (RT
1,2

1fs,i)

]
, (4.5)

where Ns is the number of linear springs.
　 In the optimization, the mean value of |2Ws| in the specified motion range Am is
minimized subject to the condition where the normal reaction force is larger than the
required value. Thus, the normal reaction force between the links is also calculated. Since

Fig.4.3 Schematic diagram of the FCP for the optimal arrangement of linear springs
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the cam profile has not been determined yet in this procedure, the direction of the normal
reaction force 1n̂p between the links is assumed in this process. Based on geometry of the
specified reference position 1p(tm, um), 1n̂p can be determined as follows.

• If 1p(tm, um) is a point, 1n̂p is an arbitrary direction.
• If 1p(tm, um) is a line, 1n̂p is an arbitrary direction orthogonal to 1ṗ.
• If 1p(tm, um) is a curve, 1n̂p is the unit bi-normal vector of 1p.
• If 1p(tm, um) is a surface (plane), 1n̂p is the normal vector of 1p.

Then, the normal reaction force can be calculated as follows.

fn(tm, um, θr,m, θp,m, θy,m) = 1n̂T
p

Ns∑
i=1

1fs,i (4.6)

　 Therefore, the design parameter c = [1cT1,1, ....
1, cT1,Ns

, 2cT2,1, ....,
2cT2,Ns

] is calculated by
solving the following optimization problem with a numerical optimization method.

minimize F (c) = mean
Am

(|2Ws|), (4.7)

subject to mean
Am

(|fn|) ≧ fn,req, (4.8)

cmin ≦ c ≦ cmax, (4.9)

l0,i ≦ |1ds,i| ≦ lmax,i (4.10)

where fn,req is the required normal reaction force, and lmax,i is the allowable maximum
length of the i-th linear spring.

4.2.3 Flexible translation constraint

　 If the specified 1p(tm, um) is a surface, the cam profile is uniquely derived as an envelope
surface of the spherical surface generating main-translations. However, if p(tm, um) is a
point or a curve (line), the sub-translations can be specified freely. In these cases, the
motion can be specified to have the specified stiffness characteristics in the sub-translation
directions by designing the cam profile. In this section, a design method of the cam profile
to have the specified stiffness characteristics in sub-translation directions is described.
　 Since stiffness characteristics in the sub-translation directions are generated by elastic
forces of the linear springs and the normal reaction forces between the links, they can be
specified as a relationship between the restoring force and the translation displacement.
As such kind of relationships, the following two types are proposed.

(a) 　 Relationship between force and displacement of the center of the sphere
(b) 　Relationship between force and displacement of the contact point between the links

When the characteristics (a) are used, designers can intuitively understand the motion
when an external force is applied to the FCP. However, the size of the cam surface is
possible to be large because the size cannot be controlled in the design process. On the
other hand, when the characteristics (b) are used, designers can control the size of the
cam surface because the cam surface coincides with the area where the contact point can
move. However, the relative displacement between the links is not intuitive for designers.
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Fig.4.4 Conceptual diagram of the contour map on anisotropy between specified
stiffness characteristics in the sub-direction and those in the main-direction

Since the advantage and the disadvantage of the characteristics (a) and (b) are opposite,
one of the two characteristics should be chosen by designers according to its application.
If p(tm, um) is a curve (line), it is important to specify the larger stiffness in the sub-

direction than in the main-direction. Thus, the stiffness characteristics in the sub-direction
is compared with ones in the main-direction in the process that the stiffness characteristics
are specified. If the curve (line) is represented as 1p(tm, 0), the restoring force in the main-
direction is calculated with 1fs,i of Eq.(4.4) as follows.

fs,t(tm) =

Ns∑
i=1

1fT
s,i(tm, 0, θr,m, θp,m, θy,m)1ṗ(tm, 0)

|1ṗ(tm, 0)|
, (4.11)

where θr,m, θp,m, θy,m can be specified to arbitrary posture angles. In order to obtain the
force-displacement characteristics in the main-direction, the parameter tm is transformed
to the following arc-length parameter in the main-direction.

λm =

∫ tm

tm,0

|1ṗ(t, 0)|dt (4.12)

Let the specified force-displacement characteristics be fd,u(us). Then, the following func-
tion is plotted in contour map as shown in Fig.4.4.

fe(λm, us) =
√
fs,t(λm)2 + fd,u(us)2 (4.13)

Eq.(4.13) is displayed as an elliptical shape for a value of fe. If fd,u(us) is specified so
that the λm axis is its major axis, the stiffness in the sub-direction becomes larger than
the stiffness in the main-direction.

The cam profile to generate the specified force-displacement characteristics is derived.
Fig.4.5 shows the kinetostatic model of a pair of the cam and the spherical surface con-
strained with several linear springs, where friction between the two surfaces is neglected.
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Fig.4.5 Kinetostatic model of the FCP for the cam profile design

In this process, it is assumed that the center of the sphere is initially located at the posi-
tion 1p(tm, um). In addition to Σ1 and Σ2, Σs is defined. The origin of Σs is located at
the position p(tm, um) and one of its bases 1es,z is corresponding to 1n̂p, which has been
specified in section 4.2.2. The other basis 1es,x,

1es,y are specified based on the geometry
of 1p(tm, um) as follows.

• If 1p(tm, um) is a point or a surface, 1es,x can be specified in an arbitrary direction
orthogonal to 1es,z, and

1es,y is specified orthogonal to 1es,x and 1es,z.
• If 1p(tm, um) is a curve (line), 1es,x is specified to be the unit tangent vector of the
curve, and 1es,y is specified orthogonal to 1es,x and 1es,z.

In the following, the methods to derive cam profile for each of the above force-displacement
characteristics (a), (b) are described.

(a) Design based on the center of the sphere
　 When an external force sfd(ts, us) = [fd,t(ts) fd,u(us) 0]T (on Σs) is applied to the
sphere, the center point of the spherical surface displace in the sub-translation direction
from 1p(tm, um). Then, the displaced position 1pd is represented as following equation.

1pd = 1p(tm, um) +R1,s[ts us gd]
T , (4.14)

where R1,s = [1es,x
1es,y

1es,z]. In this case, the relationship between works of the
external force and the potential energy of linear springs are as follows.

Ns∑
i=1

[
ki
2
(∆l2i −∆l2i,0) + fs,0,i(∆li −∆li,0)]−

∫ us

us,0

fd,u(u)du−
∫ ts

ts,0

fd,t(t)dt = 0,

　 (4.15)

∆li = |1ds,i| − l0,i, (4.16)
1ds,i = [R1,2(θr,m, θp,m, θy,m)2c2,i +

1pd(tm, um, ts, us, gd)]− 1c1,1, (4.17)
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where ∆li,0 is ∆li when ts = us = 0. The posture angles θr,m, θp,m, θy,m are assumed to
be arbitrary values. In this case, Eq.(4.15) is the function of tm, um, ts, us and gd, where
two variables of tm, um, ts, us are fixed to zero as described in section 4.2.1. Therefore,
each set of (tm, um, ts, us) is substituted in Eq(4.15), and it is solved for gd numerically.
Then, the surface which the center of the sphere passes through, 1pd, can be calculated
with Eq.(4.14). Since the cam surface is an envelope surface of this surface, it can be
calculated as follows.

1sc =
1pd +

rs√
1 + (∂gd∂t )

2 + (∂gd∂u )2
R1,s

∂gd
∂t
∂gd
∂u
−1

 , (4.18)

where rs is the radius of the sphere, t is ts or tm, and u is us or um, which are chosen in
section 4.2.
　 Note that since a unique cam profile is derived for the assumed θr,m, θp,m, θy,m, the
specified and output force-displacement characteristics have errors when the posture angles
change from the specified values. Therefore, a method where posture angles are specified so
that the output force-displacement characteristics vary around the specified characteristics
is proposed. Let the motion range of only translation motions be represented as Atr =
{tm, um, ts, us|tm,0 ≦ tm ≦ tm,1, ...}. Then, the following function is defined.

M(θr,m, θp,m, θy,m) = mean
Atr

(|1fs(tm, um, ts, us, θr,m, θp,m, θy,m)|) (4.19)

1fs = −
Ns∑
i=1

(ki∆l0,i + fs,0,i)
1ds,i

|1ds,i|
(4.20)

This function represents an effect of the elastic forces in the translation directions. There-
fore, the posture angles θr,m, θp,m, θy,m which take median of M(θr,m, θp,m, θy,m) in the
motion range Arot = {θr,m, θp,m, θy,m|θr,m,0 ≦ θr,m ≦ θr,m,1, ...} are used for the cam
profile design. Such posture angles can be calculated by solving the following non-linear
equation numerically.

M(θr,m, θp,m, θy,m)− maxArot
(M) + minArot

(M)

2
= 0 (4.21)

where maxArot
(M) and minArot

(M) are calculated with a numerical optimization method
in advance.

(b) Design based on the contact point
　 When an external force sfd(ts, us) = [fd,t(ts) fd,u(us) 0]T (on Σs) is applied to the
sphere, the contact point of the spherical surface displace in the sub-translation direction
from the initial position. Then, the position 1sc is represented as following equation.

1sc =
1p(tm, um) +R1,s[ts us gc]

T (4.22)

Department of Mechanical Engineering, Tokyo Institute of Technology



70 4 The Flexibly Constrained Pair

In this case, the statics equation in translation directions on Σs is represented as follows.

sfd +RT
1,s

1fs + fn,c
sn̂c = 0, (4.23)

sn̂c =
1√

1 + (∂gc∂t )
2 + (∂gc∂u )2

−∂gc
∂t

−∂gc
∂u
1

 , (4.24)

1fs = −
Ns∑
i=1

[ki(
1ds,i − l0,i) + fs,0,i]

1ds,i

|1ds,i|
, (4.25)

1ds,i = [R1,2(θr,m, θp,m, θy,m)2c2,i + (1sc + rsR1,s
sn̂c)]− 1c1,i, (4.26)

where fn,c is the magnitude of normal reaction force, gc is the cam profile on Σs, t is ts or

tm, and u is us or um. When components of RT
1,s

1fs are represented as [fs,t fs,u fs,n]
T ,

the statics equation can be rewrite as follows.{
fs,n

∂gc
∂t + fd,t + fs,t = 0

fs,n
∂gc
∂u + fd,u + fs,u = 0

(4.27)

When the arbitrary posture angles θr,m, θp,m and θy,m and each set of (tm, um, ts, us)
are substituted into Eq.4.27, the equation can be solved for gc. However, it is difficult
to solve the partial differential equation numerically because ∂gc

∂t and ∂gc
∂u are implicitly

included in fs,t, fs,u and fs,n. Thus, this differential equation is solved with the following
procedure.

(1) Arbitrary posture angles θr,m, θp,m and θy,m are assumed and substituted into
Eq.(4.27).

(2) (tm, um, ts, us) is substituted into Eq.(4.27).

(3) Eq.(4.27) is regarded as a non-linear equations for ∂gc
∂t and ∂gc

∂u , and is solved for them
with a numerical method such as the Newton-Raphson method.

(4) gc is updated with the following equations.

gc(t+ ν, u) = gc(t, u) +
∂gc
∂t

ν (4.28)

gc(t, u+ ν) = gc(t, u) +
∂gc
∂u

ν (4.29)

gc(t+ ν, u+ ν) = gc(t, u) +
∂gc
∂t

ν +
∂gc
∂u

ν (4.30)

where ν is a step variable.

The above processes (2)-(4) are performed for each value of (t, u). Finally, the cam profile
on Σ1 can be derived with Eq.(4.22).

4.2.4 Flexible rotation constraint

　 In order to constraint relative rotation between the links flexibly, several pairs of the
designed cam and spherical surfaces are arranged between the links. Depending on the
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number of posture angles in main-DOF, the pairs of the cams and the spheres are placed
in parallel in the same plane as the following patterns.

• If the number of main-posture angles is three, a single cam-sphere pair is arranged
so that the center of the sphere is located at 1p as shown in Fig.4.6 (a).

• If the number of main-posture angles is one, two cam-sphere pairs are arranged so
that the centers of the two spheres are located on the same rotation axis passing
through 1p as shown in Fig.4.6 (b).

• If the number of main-posture angles is zero, three cam-sphere pairs are arranged
so that 1p is located inside of a triangle consisting of the centers of three spheres
as shown in Fig.4.6 (c).

(a) 3-axial main-rotations (b) 1-axial main-rotation

(c) No main-rotations

Fig.4.6 Arrangement patterns of the designed cam-sphere pairs
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　 Note that the force-displacement characteristics generated in the sub-translation direc-
tions do not change even if several cam-sphere pairs are arranged in parallel between the
links. This can be explained as follows.
　 Let the number of contact point be Nc, magnitude of the i-th normal reaction force
be fn,i and direction vector of fn,i be 1n̂c,i. Then, the statics equation in translation
directions on Σ1 is represented as following equation.

1fd +
1fs +

Nc∑
i=1

fn,i
1n̂c,i = 0 (4.31)

When 1n̂c,1 = ... = 1n̂c,Nc
= 1n̂c holds, the statics equation can be rewritten as shown

below.

1fd +
1fs +

1n̂c

Nc∑
i=1

fn,i = 0 (4.32)

Thus, magnitude of the normal reaction force can be obtained as follows.

Nc∑
i=1

fn,i = −1n̂T
c (

1fd +
1fs) (4.33)

By substituting Eq.(4.33) into Eq.(4.32), the statics equation can be rewritten as follows.

1fd +
1fs − [1n̂T

c (
1fd +

1fs)]
1n̂c = 0 (4.34)

Therefore, the statics equation does not depend on Nc. This means that the force-
displacement characteristics generated in the sub-translation do not depend on the number
of cam-sphere pairs if the cam-sphere pairs are arranged in parallel.

4.3 Design examples
　 By using the proposed design method, two types of the FCP were designed. In this
section, the procedure and the result of each design are described.

4.3.1 The flexibly constrained revolute pair

　 As a simple example, the flexibly constrained revolute pair (FCRP), which allows 1-
axial rotation in main-DOF, was designed. Fig.4.7 is the schematic diagram of the motion
specification. The reference point is fixed at 1p = [0 0 33]T [mm], and the rotation around
the axis parallel to the x1-axis of Σ1 is allowed. Thus, the roll angle θr,m was just chosen
as parameter of main-DOF, and the other main-parameters were specified to be zero. In
contrast, ts, us, θp,s, θy,s were chosen from sub-parameters, and θr,s was specified to be
zero. The motion range in the main-direction was specified as Am = {θr,m| − π

2 ≦ θr,m ≦
π
2 }, where unit of the angle is rad.
Next, two linear springs were optimally arranged to minimize elastic forces in the main-

directions. In this case, the optimal solutions are obvious. When an endpoint of a linear

Department of Mechanical Engineering, Tokyo Institute of Technology



4 The Flexibly Constrained Pair 73

Fig.4.7 Specification of the main-relative motion between the links of the flexibly
constrained revolute pair (FCRP)

spring is attached on the rotation axis with free rotations, the restoring torque in the
main-direction is always zero. Therefore, endpoints of linear springs were arranged at
1c1,1 = [45 0 0]T [mm], 1c1,2 = [−45 0 0]T [mm], 2c2,1 = [45 0 0]T [mm] and 2c2,2 =
[−45 0 0]T [mm], where the direction of the normal reaction force was assumed to be in
the z1-direction. The characteristics of the linear springs were specified as k1 = k2 = 0.166
N/mm, l0,1 = l0,2 = 20.3 mm and fs,0,1 = fs,0,2 = 1.01 N, which are specs of a commercial
linear spring.
　Cam profile is derived to generate the specified force-displacement characteristics. Since
the direction of the normal reaction force was in z1-direction, Σs was specified so that
1es,x directed in the x1-direction,

1es,y directed in the y1-direction and 1es,z directed
in the z1-direction. Besides, since ts and us were chosen as the sub-parameters, force-
displacement characteristics were specified for the two directions orthogonal to 1es,z. In
the following, the two different types of force-displacement characteristics are specified as
examples.

(a) Design based on the center of the sphere
　 The specified force-displacement characteristics were as follows.

sfd(ts, us) =

 3.0 sgn(ts)(e
0.1|ts| − 1)

6.0 sgn(us)(e
0.1|us| − 1)

0

 [N] (−10 ≦ ts, us ≦ 10) (4.35)

These characteristics are illustrated in Fig.4.8. The figure (a) shows the specified charac-
teristics in the ts(x1)-direction and (b) shows the characteristics in the us(y1)-direction.
These characteristics are hardening spring characteristics.

The radius of the spherical surface was specified as rs = 13 mm and the posture angles
were assumed as θr,m = 0 rad. Then, the cam profile was designed. The designed cam
surface is shown in Fig.4.9. In order to simplify the design problem, just a part of a cam
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(a) ts-direction (b) us-direction

Fig.4.8 The specified force-displacement characteristics based on the center point
of the sphere for the FCRP

(a) Calculated surface (b) Whole cam surface

Fig.4.9 The cam surfaces of the FCRP designed with force-displacement character-
istics based on the center point of the sphere

surface in x1 ≧ 0 and y1 ≧ 0 was designed as shown in Fig.4.9 (a). The width of the
calculated cam surface was about 15 mm in the x1-direction and about 20 mm in the
y1-direction. These sizes were bigger than the specified displacement (10 mm).
　 Two cam surfaces were finally arranged in parallel because 1-axial main-rotation was
allowed. One of the two cam surfaces was obtained by placing this surface symmetrically
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about x1 − z1 plane, y1 − z1 plane and z1 axis. Then, the two cam surfaces were placed
next to each other so that the centers of the spheres were located at [x1 y1 z1]

T =
[16 0 33]T , [−16 0 33]T [mm] as shown in Fig.4.9 (b).

(b) Design based on the contact point
　 The specified force-displacement characteristics were as follows.

sfd(ts, us) =

 1.5sgn(ts)(e
0.1|ts| − 1)

2.0sgn(us)(e
0.1|us| − 1)

0

 [N] (−15 ≦ ts, us ≦ 15) (4.36)

These characteristics are shown in Fig.4.10. The figure (a) shows the specified character-
istics in the ts-direction and (b) shows the characteristics in the us-direction.
　 The radius of the spherical surface was specified as rs = 13 mm and the posture an-
gles were assumed as θr,m = 0 rad. Since the center point of the sphere was located in
1p = [0 0 33]T [mm], the initial value of gc was 33 − 13 = 20 mm. Then, the cam pro-
file was calculated by solving the derivative equation. Fig.4.11 (a) shows the calculated
a part of the cam surface in x1 ≧ 0 and y1 ≧ 0. Then, a cam surface was obtained
by placing this part symmetrically about x1 − z1 plane, y1 − z1 plane and z1 axis. Fi-
nally, two cam surfaces were placed so that the centers of the spheres were located at
[x1 y1 z1]

T = [15 0 33]T , [−15 0 33]T [mm] as shown in Fig.4.11 (b). The width of
the calculated part of the surface shown in Fig.4.11 (a) was 15 mm in both x1- and y1-
direction. This was the same value as the specified displacement. Therefore, the size of the
cam surface was able to be controlled with this method although the relative displacement
between the links is not intuitive for designers.

(a) ts-direction (b) us-direction

Fig.4.10 The specified force-displacement characteristics based on the contact point
between the links for the FCRP
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(a) The calculated surface (b) Whole cam surface

Fig.4.11 The cam surfaces of the FCRP designed with force-displacement charac-
teristics based on the contact point between the links

Fig.4.12 The 3D-CAD model of the FCRP

The structure of the FCRP designed in 3D-CAD is shown in Fig.4.12. It has multi-
axial flexibility with a simple structure. Besides, it has the specified flexibility to balance
between the performance of motion guidance and flexibility between the links. Therefore,
the FCRP is useful for the flexible robotic mechanism with a simple structure.
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4.3.2 Path-generating flexibly constrained pair

　 The FCP which allows the translation along the specified trajectory and three axial
rotations was designed. Fig.4.13 shows the schematic diagram of the motion specification.
In this example, tm, θr,m, θp,m, θy,m were chosen as the main-parameters, and um was
specified to be zero. In contrast, us was chosen as the sub-parameters, and the other
sub-parameters were specified to be zero. As the main-translation for tm, the ordinary
helix which is represented as the following equation was specified.

1p(tm) =

60 cos(πtm2 )
60 sin(πtm2 )

30tm

 [mm] (4.37)

The range of the main-relative motion was also specified asAm = {tm, θr,m, θp,m, θy,m| 0.2 ≦
tm ≦ 0.8, − π

6 ≦ θr,m, θp,m, θy,m ≦ π
6 }.

Next, two linear springs are arranged between the links to minimize elastic forces in the
main-directions. The same linear spring used in the examples in section 4.3.1 was chosen
for the two springs. Note that the maximum length of this spring was 46.5 mm. The
design spaces of endpoints of the springs, which are represented as box-shape areas, were
as follows.

[70 60 − 40]T ≦ 1c1,1 ≦ [100 100 0]T , (4.38)

[−20 − 20 − 40]T ≦ 1c1,2 ≦ [20 25 0]T , (4.39)

[30 − 20 5]T ≦ 2c2,1 ≦ [60 20 20]T , (4.40)

[−60 − 20 5]T ≦ 2c2,2 ≦ [−30 20 20]T , (4.41)

where the unit is mm. The required normal reaction force was specified as fn,req = 5 N.

Fig.4.13 Specification of the relative main-motion between the links of the path-
generating FCP
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(a) Force in the tm-direction (b) Torque in the θr,m-direction

(c) Torque in the θp,m-direction (d) Torque in the θy,m-direction

Fig.4.14 Elastic forces in various main-directions of the designed path-generating FCP

Note that the direction of the normal reaction force was assumed to be the direction of
the bi-normal vector of the specified trajectory because 1p was the spatial curve. Many
candidates of the initial points for the optimization were randomly generated, and the
point to minimize the objective function was selected as the initial position. Then, the
optimization was performed with the interior-point method [118]. Note that the Gauss-
Legendre quadrature [117] was used to calculate the mean value of elastic forces in order
to reduce the calculation time. The result of the calculation became 1c1,1 = [70.0 60.0 −
6.31]T [mm], 1c1,2 = [−2.39 25.0 − 2.81]T [mm], 2c2,1 = [30.0 4.66 5.00]T [mm] and
2c2,2 = [−30.0 −10.9 5.00]T [mm]. Elastic force (torque) in the main-directions are shown
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Fig.4.15 Normal reaction force of the designed path-generating FCP

Fig.4.16 Contour map on anisotropy of stiffness in between the main- and the sub-
directions of the designed path-generating FCP

in Fig.4.14, where figure (a) shows the restoring tangent force along the specified trajectory
when the two links displaced along the specified trajectory. The figures (b)-(d) show
restoring rotation torque when θr,m, θp,m and θy,m are displaced from (θr,m, θp,m, θy,m) =
(0, 0, 0), respectively at 1p(tm) = 1p(0.5). Benchmarks in the figures were calculated with
the center positions in the design spaces. These figures show that the normal reaction force
was kept in about the specified value and restoring forces and stiffness were reduced in
the main-directions. Besides, Fig.4.15 shows the normal reaction force when the two links
displaced along the specified trajectory. This figure indicates that the normal reaction
force was kept in about the specified value.

Then, the cam profile was designed. In order to make a difference of stiffness between the
tm-direction and the us-direction, the following force-displacement characteristics based
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(a) Calculated cam surface (b) Cam surface, spherical surface and end-
points of springs

Fig.4.17 The cam surfaces of the designed path-generating FCP

Fig.4.18 Sift of the stiffness characteristics for posture angles in the designed path-
generating FCP

on the center of the sphere were specified.

fd,u(us) = 8.0sgn(us)(e
0.1|us| − 1) [N] (−8 ≦ us ≦ 8 [mm]) (4.42)

Fig.4.16 shows the contour map of the force-displacement characteristics in the tm-
direction (displacement: λm) and the um-direction. Since the major axis of ellipses
was in the λm-direction, it was considered that the two links is easy to displace in the
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Fig.4.19 The 3D-CAD model of the designed path-generating FCP

tm-direction, and hard to displace in the us-direction. In order to calculate the cam
profile, the radius of the sphere was specified as rs = 15 mm. The posture angles
were assumed as (θr,m, θp,m, θy,m) = (0.118,−0.155,−0.298) [rad], which were obtained
by solving Eq.(4.21). Then, cam profile was calculated. The designed cam surface is
shown in Fig.4.17. The figure (a) shows the calculated cam surface, and the figure (b)
shows the cam, the sphere and endpoints of springs on Σ1. Note that since this FCP
allows 3-axial main-rotations, one pair of the cam surface and the spherical surfaces was
arranged on Σ1. Fig.4.18 shows the force-displacement characteristics when two links of
the designed FCP displace in the us-direction from 1p(tm) = 1p(0.5). The red broken line
denotes the characteristics when the posture angles were kept in the angles to maximize
M(θr,m, θp,m, θy,m). The green dotted line denotes the characteristics when the posture
angles were kept in the angles to minimizeM(θr,m, θp,m, θy,m). This result shows that the
force-displacement characteristics varies around the specified characteristics as expected
in the design.
　 The structure of the FCP designed in 3D-CAD is shown in Fig.4.19. Therefore, the
FCP allowing a complex main-relative motion was able to be designed.
　

4.4 Prototyping and evaluation
　 In this section, some prototypes of the FCP are fabricated and examined by experiments
to confirm the validity of the design method.

4.4.1 Validity of the cam profile design

　 Prototypes of the two FCRPs designed in section 4.3.1, were fabricated with 3D-
printers. Fig.4.20 shows one of the prototype. The prototype with the force-displacement
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Fig.4.20 Prototype of the FCRP fabricated by a 3D-printer

Fig.4.21 Experimental setup to measure force-displacement characteristics between
two links of prototypes

characteristics based on the center point of the sphere was fabricated by the fused deposi-
tion modeling (FDM). On the other hand, the prototype with the characteristics based on
the contact point between the links was fabricated by the material jetting. Although these
prototypes have the same structure shown in Fig.4.20, modeling accuracy of the prototype
fabricated by the material jetting is better than that of the prototype fabricated by the
FDM. By comparing the FCRPs fabricated by the two different methods, it is possible to
investigate the effect of modeling accuracy on the experimental results.

The force-displacement characteristics of the prototypes in the x- and y- directions
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(a) x-direction (b) y-direction

Fig.4.22 Comparison between calculated and measured stiffness characteristics of
the prototype designed besed on the center of the sphere

which are shown in Fig.4.20 were measured with a force gauge. Fig.4.21 shows the ex-
perimental setup. The force-displacement characteristics in the x- and y-directions were
measured by the tensile testing machine composed of the force gauge and a stand for the
force gauge. The prototype mounted on a camera platform was attached to the force-
gauge stand through prismatic pair to reduce loads orthogonal to the measured direction.
In the measurement, the link with the spherical surfaces is connected to the force gauge
via a revolute pair as shown in Fig.4.21 (b) and (c) so that the force acts at the midpoint
between the two spheres. In order to reduce friction as much as possible, a lubricant is
applied between the two links.
　 Fig.4.22 shows force-displacement characteristics of the prototype designed based on
the center of the sphere. Fig.4.22 (a) shows the result of the x(ts)-direction and Fig.4.22
(b) shows the result of the y(us)-direction. The blue solid line in each figure is the mea-
sured characteristics and the green dotted line is the calculated theoretical characteristics.
These figures show that the measured characteristics were little different from the calcu-
lated characteristics. It is considered that these errors were caused by friction between
the two surfaces because the friction was not able to be small enough. Thus, the theoret-
ical characteristics were modified to include the effect of the friction with the following
equation.

1fd = −1fs +
1eTz,1

1fs

1eTz,1(
1n̂c − µ1v̂)

(1n̂c − µ1v̂), (4.43)

where µ is the coefficient of static friction, 1v̂ is the unit tangent vector of the cam surface
in the direction of the motion and 1ez,1 is the unit vector in the z1-direction. µ was
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(a) x-direction (b) y-direction

Fig.4.23 Comparison between calculated and measured stiffness characteristics of
the prototype designed besed on the contact point between the links

substituted into Eq.(4.43) so that the theoretical characteristics fitted the measured ones
because measuring the coefficient of the static friction on the curved surface was difficult.
The recalculated theoretical values are shown as the red broken lines in Fig.4.22 (a) and
(b). The recalculated characteristics agreed very well with the measured ones. Note that
the coefficient of static friction in both results in the x- and y-directions was 0.05. This
value can be agreed upon intuitively.

Fig.4.23 shows force-displacement characteristics of the prototype designed based on
the contact point between the links. Fig.4.23 (a) shows the result of the x(ts)-direction
and (b) shows the result of the y(us)-direction. The blue solid line in each figure is the
measured characteristics, the green dotted line is the calculated theoretical characteristics
without the effect of friction. Note that the theoretical characteristics are the characteris-
tics based on the center of the sphere which is modified from the characteristics based on
the contact point shown in Fig.4.10 in order to be compared with the measured charac-
teristics. The red broken line is the recalculated theoretical characteristics with the effect
of the friction. It agreed very well with the measured characteristics while the theoretical
characteristics without the effect of the friction did not agree with the measured charac-
teristics. In this case, the coefficient of the static friction in the x-direction was 0.08 and
the coefficient in the y-direction was 0.02. These values can be agreed upon intuitively.
　 In Fig.4.22 and Fig.4.23, there were large errors between the measured and the calcu-
lated values in near the maximum displacement. The reason is considered that contact
points between the two links were located at the edge of the cam surface. Since the edge
had a corner, the link with spherical surfaces was able to have several postures. Thus,
the cause of the error is considered that the link with the spherical surface had a different
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posture from the theoretical one. In addition, the ripples shown in Fig.4.23 look less than
the ripples shown in Fig.4.22. The reason is considered due to the fabrication accuracy.
　 The results of the above experiments indicate that the proposed design method of the
cam surfaces is valid.

4.4.2 Performance of the flexible constraint of a path-generating FCP

　 An experiment was performed to confirm that two links of a path-generating FCP can
displace in the main-translation direction more easily than in the sub-translation direction
by a difference of stiffness. In order to perform the experiment easily, the path-generating
FCP which allows translation along a linear trajectory and 3-axial rotations was designed
and prototyped. The design parameters are listed in Table 4.1. This FCP was designed
with the same procedure of the FCP designed in section 4.3.2. Then, the FCP was
fabricated by the FDM with a 3D-printer as shown in Fig.4.24. The experimental setup
is shown in Fig.4.25. The FCP is fixed on the workbench. The upper part of the sphere
(link 2) and the tip of the force gauge are connected with a UHPE (Ultra High Molecular
Weight Polyethylene) cable. The force gauge is attached to the end effector of a serial
robot manipulator with 6 DOF. The manipulator can pull the cable with the specified
tensile force by controlling the motion of it based on the tensile force measured by the
force gauge. The manipulator pulled the cable slowly in the various direction with the
tensile force of 2.0 N as shown in Fig.4.26, and the stationary center position of the sphere
was then measured with a camera from its vertically upward.
The measured positions were plotted on the theoretical contour map as shown in

Table 4.1 Design parameters of the path-generating FCP for the experiment

Trajectory [mm] 1p(tm) = [0 50tm − 25 20]T

Range of the main-DOF
0 ≦ tm ≦ 1

−π
6 ≦ θr,m, θp,m, θy,m ≦ π

6 [rad]

Range of end points
of springs [mm]

[30 − 30 − 30]T ≦ 1c1,1 ≦ [60 30 0]T

[−60 − 30 − 30]T ≦ 1c1,2 ≦ [−30 30 0]T

[25 − 20 0]T ≦ 2c2,1 ≦ [50 20 15]T

[−50 − 20 0]T ≦ 2c2,2 ≦ [−25 20 15]T

Stiffness characteristics [N] fd(us) = 2.0sgn(us)(e
0.1|us| − 1) (−10 ≦ us ≦ 10 [mm])

Characteristics of springs

k1 = k2 = 0.166 N/mm

l0,1 = l0,2 = 20.3 mm

lmax,1 = lmax,2 = 46.5 mm

fs,0,1 = fs,0,2 = 1.01 N

Radius of the sphere [mm] rs = 15

Reference value of
the normal force [N] fn,req = 5
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Fig.4.24 Prototype of the FCP which allows translation along a linear trajectory
and 3-axial rotations

Fig.4.25 Experimental setup for evaluation of the effect of the anisotropic stiffness
of the fabricated path-generating FCP

Fig.4.27. It is shown that the sphere was able to displace in the main-translation direction
(the λm-direction) more easily than in the sub-translation direction (the us-direction) as
shown in the theoretical contour map. The measured positions were close to the theoreti-
cal contour of 2.0 N. Although some errors were shown in the result, their reasons can be
explained physically. The position of 0◦ displaced in the λm > 0 direction more largely
than the theory. This reason is considered that the sphere displaced largely with rolling
in the pulling direction, and then it was not able to return the theoretical position by
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Fig.4.26 Operation of the serial robotic manipulator in the experiment

Fig.4.27 Distribution of the measured center position of the sphere on the theoretical
contour map

the friction between the links. The positions of from 60◦ to 120◦ less displaced in the
us-direction than the theory. This reason is considered that the tensile force of the cable
did not ideally apply to the sphere because the cable attachment point on the sphere did
not locate between the center of the sphere and the force gauge.
　 The result of the above experiment indicates that the design method of the flexible
translation constraint is valid.
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4.5 Application
　 The FCRP has zero stiffness in the main-rotation direction and non-zero stiffness in
the other sub-directions. Therefore, the FCRP behaves like a revolute pair with 1 DOF
under small external loads, while the links can displace in the other relative directions
under large external loads. Therefore, a flexible underactuated mechanism can easily be
synthesized if ordinary passive revolute pairs in fully-actuated linkage are replaced by the
FCRPs. In this section, a flexible robotic mechanism with the FCRPs is designed and
fabricated as an application, and its flexibility and kinematic performance are investigated
through analysis and experiments.

A flexible mechanism with the FCRP is shown in Fig.4.28. Fig.4.28 (a) shows the
photograph of the fabricated mechanism and (b) shows dimensions of the mechanism. This
mechanism is a planar closed-loop five-bar mechanism composed of two active revolute
pairs (DC motors), two FCRPs and one ordinary passive revolute pair. The output point is
located at the passive revolute pair. The FCRPs were designed with parameters shown in
Table 4.2 and fabricated by a 3D-printer with the FDM. The specified force-displacement
characteristics were based on the contact point between the links so that the size of the
FCRP becomes compact.

4.5.1 Kintostatic analysis of the tested mechanism

　 A method to analyze the kinetostatic motion of the fabricated mechanism on the x-z
plane is described. The posture of the fabricated mechanism should be determined so

(a) Photograph of the mechanism (b) Dimensions of the mechanism

Fig.4.28 The fabricated planar closed-loop five-bar mechanism with the FCRPs
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Table 4.2 Design parameters of the FCRP in the fabricated mechanism

Reference position [mm] 1p = [0 0 25]T

Range of the main-DOF [rad] −π
2 ≦ θr,m ≦ π

2

Endpoints of springs [mm]
2c1,1 = [45 0 0]T , 2c1,2 = [−45 0 0]T
2c2,1 = [45 0 0]T , 2c2,2 = [−45 0 0]T

Stiffness characteristics [N] sfd =

 sgn(ts)(e
0.1|ts| − 1)

sgn(us)(e
0.1|us| − 1)
0


Range of the sub-translations [mm]

−15 ≦ ts ≦ 15

−25 ≦ us ≦ 25

Characteristics of springs

k1 = k2 = 0.110 N/mm

l0,1 = l0,2 = 19.4 mm

fs,0,1 = fs,0,2 = 0.686 N

Radius of the sphere [mm] rs = 14

Fig.4.29 Forces acting between pairing elements of each FCRP in the tested mechanism

as to satisfy static balance because the output point J3 shown in Fig.4.28 (b) displaces
when an external force acts on it. The motion of the elastically constrained underactuated
mechanism like this mechanism can be analyzed with the method of Iwatsuki et al. [124].
This mechanism was analyzed by the following process.

(1) The external force fe acting on the output point and the initial posture of the mech-
anism are assumed.

(2) It is assumed that virtual forces fv,i (i = 2, 4) are acted in the tangential direction
between pairing elements of J2 and J4 as shown in Fig.4.29. Then, statics equations
are solved and virtual forces are obtained. The solution of this calculation is uniquely
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Fig.4.30 Flowchart of the analysis of the elastically constrained underactuated mechanism

determined because the number of the statics equations is 12 and the number of the
unknown values is 12.

(3) Relative displacements s2 and s4 are updated with update formula of Newton-Raphson
method so as to satisfy fv,i = 0 because virtual forces (frictional force) fv,i should
be zero.

(4) Positions of J2, J3, J4 are updated by kinematic analysis

The processes (2)-(4) described above are repeated until virtual forces fv,i are converged
in the vicinity of zero. The flowchart shown in Fig.4.30 represents these processes, where
j1～j5 are position vectors of J1～J5.
　Note that active pairs J1 and J5 cannot be assumed to be rigid in the actual mechanism
due to servo stiffness. In that case, each passive angular displacement of J1 and J5 also
can be calculated by solving the following equation in the process (3).

τj − km(θj,0 − θj) = 0 (j = 1, 5), (4.44)

where τj is the torque of J1 and J5 calculated in the process (2), km is torsional stiffness
(servo stiffness) of active revolute pairs, θj,0 is the initial angle of J1 and J5, and θj is the
angle of J1 and J5 in each step.

4.5.2 Flexibility of the output point

　 In order to investigate flexibility at the output point of the fabricated mechanism, the
force-displacement characteristics in the y- and z-directions shown in Fig.4.28 (b) were
measured. Fig.4.31 shows the experimental setup. Force-displacement characteristics of
the output point were measured by pushing the output point in the y < 0 and z < 0
directions with a force gauge attached to the end effector of a serial robot manipulator.
The rotation angles of the DC motors were controlled with the PID control so that the
output point under no-load was located at (x, y, z) = (0, 0, 280) [mm].
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(a) z-direction (b) y-direction

Fig.4.31 Measurement of the force-displacement characteristics at the output point
of the fabricated FCP-link mechanism in the multiple directions

(a) z-direction (b) y-direction

Fig.4.32 Force-displacement characteristics at the output point of the fabricated mechanism

Fig.4.32 shows the result of the measurement, where the red solid line in figure (a)
is the measured force-displacement characteristics in the z-direction and the red solid
line in figure (b) is the measured characteristics in the y-direction. The broken blue line
in Fig.4.32 (a) is the theoretical characteristics calculated with the method described in
section 4.5.1. Note that the coefficient of static friction between the two links of the
FCRP was assumed to be 0.05, and the stiffness characteristics of the DC motors were
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assumed as linear characteristics with the rotational servo stiffness of 1.8×104 Nmm/rad.
The output point had the hardening stiffness characteristics in the z-direction and the
measured characteristics agreed very well with the calculated characteristics. In addition,
since the mechanism had the flexibility not only in the z- direction but also in the y-
direction, the flexibility in the out of the motion plane was able to be achieved with the
FCRPs. Note that the cause of the ripples in the measured characteristics is considered
to be due to fabrication accuracy of the FDM.

4.5.3 Kinematic performance

　 In order to investigate kinematic performances of the flexible mechanism, the
output trajectories of the mechanism were measured by a motion capture sys-
tem. The target trajectory was a rectangular trajectory whose vertexes are at
(x, y, z) = (50, 0, 280), (50, 0, 330), (−50, 0, 330), (−50, 0, 280) [mm]. The adjacent two
points were interpolated with a dwell-rise-dwell function for time. The output point
generated the clockwise (CW) and the counterclockwise (CCW) trajectories starting
from (x, y, z) = (50, 0, 280). Input angles were calculated by the inverse kinematics of the
planar five-bar closed-loop linkage where all kinematic pairs were assumed as ordinary
revolute pairs. The output trajectories were measured with a motion capture system
(OptiTrack V120:Duo).
　 Fig.4.33 shows the measured and target trajectories, where figure (a) shows the
trajectories shown in the x − z plane and (b) shows the trajectories shown in the y − z
plane. The green dotted line is the target trajectory, the blue solid line is the measured
CCW trajectory and the red solid line is the measured CW trajectory. The measured
trajectories agreed well with the specified one although motion accuracy was low. Thus,

(a) x− z plane (b) y − z plane

Fig.4.33 The measured and specified trajectories without external load at the output point
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Fig.4.34 Relationship between time shift of relative rotation angles of the FCRPs
and the output trajectory of the fabricated mechanism

it is considered that the FCRPs in the mechanism behaved like ordinary revolute pairs.
Note that the measured CW trajectory was a little different from the CCW trajectory.
If the error between the measured and specified trajectory was caused by the structural
error of the mechanism, the two trajectories should be the same trajectories. Thus, it
is considered that the error was caused by not the structural error but the displacement
between the two links in each of the FCRPs.
　 In Fig.4.33, the measured rectangular trajectories look being below the specified one.
It is considered that this was because the two links in each of the FCRPs displaced
relatively due to the effect of the gravity. In addition, Fig.4.33 (a) shows that the output
point displaced in the opposite direction of the motion when the top or bottom parts
of the rectangular trajectory was generated. The reason is thought to be that rolling
motion between the two links in each of the FCRPs occurred because of the friction at
the contact points. Fig.4.34 shows the relationship between the position of the output
point and time sequence of the relative angle between the two links in each of the FCRPs
when the output point generates the CCW trajectory, where the angle θ2 and θ4 are
relative angle between two links of the FCRPs, J2 and J4, respectively. When the output
point generates the top part of the rectangular (in the area II in Fig.4.34), the rotational
direction of θ2 is same as θ4. Then, the link J2-J3 and the link J3-J4 can displace in
the opposite direction of the motion due to the rolling motion between the two links in
each of the FCRPs. This idea also can be applied to the case in the bottom part of the
rectangular (in the area IV in Fig.4.34).
Next, output trajectories when an impact force applied to the output point of the fabri-

cated mechanism were measured. The specified trajectory was the CCW trajectory with
the same rectangular shape starting from (x, y, z) = (50, 0, 280) [mm]. This experiment
was performed in the following step.

(1) 　 The one cycle of the rectangular trajectory was measured under no external load.
(2) 　 The outpoint was tapped by a human hand in the z < 0 or y < 0 directions.
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(a) x− z plane (b) y − z plane

Fig.4.35 The measured trajectory before and after the fabricated FCP-link mecha-
nism subjected to impact force in the z < 0 direction

(a) x− z plane (b) y − z plane

Fig.4.36 The measured trajectory before and after the fabricated mechanism sub-
jected to impact force in the y < 0 direction

(3) 　 The one cycle of the rectangular trajectory after the tapping was measured under
no external load.

　 Fig.4.35 shows the result when the output point was tapped in the z-direction, where
figure (a) shows the trajectories shown in the x− z plane and (b) shows the trajectories

Department of Mechanical Engineering, Tokyo Institute of Technology



4 The Flexibly Constrained Pair 95

shown in the y− z plane. The point A shown in Fig.4.35 is the position where the output
point was tapped. These figures show that there were small errors between the trajectory
before and after the tapping. Fig.4.36 shows the result when the output point was tapped
in the y-direction, where figure (a) shows the trajectories shown in the x − z plane and
(b) shows the trajectories shown in the y− z plane. The point A shown in Fig.4.36 is the
position where the output point was tapped. The trajectory after the tapping was slightly
displaced to the y-direction. The reason is considered that the contact point between the
two links in each of the FCRPs was not able to return to the initial position completely
due to the static friction. However, the effect of the friction can be reduced with enough
lubrication between the two links in each of the FCRPs. Therefore, the motion of the
FCP-link mechanism is robust against an external load under the efficient lubrication
between two links of the FCRP.

4.6 Discussion
　The scope of application of the FCP designed with the proposed method is discussed for
future developments of its applications. Although non-linear stiffness characteristics can
be specified in the relative sub-direction between the links of the FCP, the characteristics
which can be specified are limited. If a complex force-displacement curve whose curvature
changes frequently is specified as non-linear stiffness characteristics, the designed profile
of the cam surface may be complicated. In this case, the FCP cannot generate the speci-
fied force-displacement characteristics in its sub-direction because structural interference
(unintended contact state) between the cam surface and the spherical surface may occur.
Therefore, a force-displacement curve whose curvature does not change frequently, such
as a curve with linear, hardening and softening stiffness characteristics, is preferable to
be specified. Actually, softening or hardening stiffness characteristics have been used for
many cases such as force limiting of a robotic arm [58], flexible support with robotic legs
[65] and grasping objects with a robotic hand [66]. In many cases, the use of hardening
and softening stiffness characteristics is considered to be sufficient.
　 Since the FCP has passive compliance, it is not preferable to be used for applica-
tions which require accurate motion. Therefore, the FCP is preferable to be used for
applications which allow rough motion and which require adaptability to its environment.
Actually, tasks in human daily life, such as grasping something, carrying something and so
on, allows rough motion and require adaptability for uncertain environments. Therefore,
the FCP is expected to be used to robots which perform such tasks in place of people.

4.7 Chapter summary
　 The flexibly constrained pair (FCP), which has both motion guidance and the specified
multi-directional flexibility, was developed. It has a simple structure composed of several
cam surfaces and several spherical surfaces kept in contact at a point with each other by
some linear springs. The kinematic constraint with multi-directional flexibility is achieved
by a difference of stiffness in the main-directions and sub-directions. By using the FCP,
a flexible robotic mechanism with a simple structure can be easily synthesized. In this
chapter, a design method of the FCP was proposed, and some examples were designed
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and examined by experiments. In addition, a simple robotic mechanism with the FCP
was fabricated and examined. The achievements of this chapter are as follows.

(1) A design method for the FCP to have the specified relative motion and flexibility was
proposed. Firstly, multiple-DOF between the links are divided into the main-DOF and
sub-DOF, and the relative motion of main-DOF is specified. Next, linear springs are
optimally arranged between the links to reduce their elastic forces in main-DOF. Then,
the cam profile is designed for the FCP to have the force-displacement characteristics
which are specified to make a difference of stiffness in the sub-translation directions.
Finally, relative sub-rotations are flexibly constrained by arranging several sets of the
designed cam surfaces and the spherical surfaces.

(2) As examples, the flexibly constrained revolute pair (FCRP), which allows 1-axial
rotation in main-DOF, and a path-generating FCP, which allows 3-axial rotations
and the translation along the specified trajectory in main-DOF, were designed by
using the proposed design method.

(3) Force-displacement characteristics of the fabricated FCRPs were measured by a tensile
testing machine. Besides, the behavior of the fabricated path-generating FCP when
external forces were applied was investigated by a motion capture system. As the
results, the measured performances agreed well with the specified performances in
their design. Therefore, the validity of the design method was confirmed.

(4) A planar closed-loop mechanism with the FCRPs was designed and fabricated as an
application, and its performances were investigated with analysis and experiments.
As a result, it was confirmed that the mechanism had multi-directional flexibility and
was able to generate the specified motion with an adequate position accuracy under
small external loads, and that it was able to absorb large external force by passive
relative motions of the FCPs.
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Chapter 5

The Active Flexibly Constrained Pair

5.1 Chapter introduction
　The flexibly constrained pair (FCP) proposed in chapter 4, which has ”flexible kinematic
constraints” between the links, can introduce multi-directional flexibility into robots with a
simple structure. However, since the FCP is a passive kinematic pair, it must be used only
in a closed-loop mechanism. In this case, a part of the mechanism with FCPs cannot be
flexible because non-flexible active pairs must be used to drive the mechanism. Therefore,
the structure of the mechanism with FCPs is limited to a closed-loop mechanism. In order
to solve these problems, it is necessary to make the FCP an active kinematic pair. As
in the case of the active spatial rolling contact pair proposed in chapter 3, if the linear
springs of the FCP are replaced by ”active” elastic elements, the FCP can be driven
actively with them and it can be regarded as an active kinematic pair. Therefore, the
active flexibly constrained pair (AFCP), which is antagonistically driven with several
active elastic elements, is developed in this chapter.
　 Fig.5.1 shows the proposed structure of the AFCP. It is composed of a link with several

Fig.5.1 Structure of the active flexibly constrained pair (AFCP)
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cam surfaces and a link with several spherical surfaces. The two links are driven actively
by several active elastic elements while each cam surface and spherical surface are kept in
contact at a point. As the active elastic elements, reeled elastic wires are used because their
linear stiffness characteristics simplify the design and control of the AFCP. As described in
chapter 3, the least number of wires required to drive a kinematic pair is one more number
than its DOF. Thus, the required wires to drive the FCP is at most six wires because
DOF of the FCP is at most five. However, the structure of the FCP becomes complicated
and heavyweight in this case. Therefore, the FCP is regarded to be a kinematic pair with
its main-DOF, and only one more wires than the number of its main-DOF are arranged
between the links. In this case, motion accuracy of the AFCP decreases because it is an
underactuated active kinematic pair. Thus, flexibility and motion accuracy are balanced
by designing the stiffness in the sub-DOF with the design method described in chapter 4.
　 This chapter describes the following three contributions to achieve AFCP.

(1) Proposal and validation of a method to optimally arrange active elastic elements
between the links so as to maximize actuation force transmission in main-direction of
an underactuated joint

(2) Proposal and validation of a design method to achieve not only the specified stiffness
characteristics in sub-directions between the links of the AFCP but also the required
stiffness to do the desired task in main-directions

(3) Prototyping and examination of AFCP with multi-axial flexibility

　 In section 5.2, a design method of the AFCP is proposed. In section 5.3, the method
to analyze kinetostatic motion between the links is proposed to evaluate motion accuracy
between the links. In section 5.4, several examples are designed with the proposed design
method. In section 5.5, the designed examples are prototyped, and their performances
are examined by motion capture experiments.

5.2 Design method
　A design method of the AFCP is proposed. Firstly, multiple-DOF between the links are
divided into main-DOF and sub-DOF, and the relative motion in main-DOF is specified.
Next, reeled elastic wires are optimally arranged between the links to maximize the force
transmission to main-DOF. Then, the required stiffness of elastic wires is calculated so
that the AFCP has sufficient stiffness to perform the desired task. Finally, the cam profile
is designed, and several sets of the cam surface and the spherical surface are then arranged
between the links to achieve the specified flexible constraints.

5.2.1 Motion specification

　The relative motion between the links of the FCP is specified in the same way described
in section 4.2.1. In this section, this method is reviewed briefly.
　 Since the FCP allows at most 5 DOF, the motion can be specified with two parameters
on translations, t, u, and three parameters on rotations, θr, θp and θy, which are the roll,
pitch and yaw angles, respectively. Then, parameters in main-DOF are represented as tm,
um, θr,m, θp,m and θy,m, and parameters in sub-DOF are represented as ts, us, θr,s, θp,s
and θy,s. Firstly, several main-parameters are chosen from the five parameters, and the
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other main-parameters are then specified as zero. Then, sub-parameters reciprocating to
the chosen main-parameters are chosen, and the other sub-parameters are then specified
as zero. Besides, the relative main-motion of the reference position (output position) 1p
is specified as a point, a curve (line) or a surface (plane) as follows.

1p(tm, um) = [x1(tm, um) y1(tm, um) z1(tm, um)]T , (5.1)

where x1(tm, um), y1(tm, um) and z1(tm, um) are arbitrary functions. If 1p is a curve
(line), only tm is used and um is specified as zero. In addition, ranges of main-parameters
are specified as follows.

Am = {(tm, ...)| tm,0 ≦ tm ≦ tm,1, ...} (5.2)

5.2.2 Optimal arrangement of reeled elastic wires

　 Reeled elastic wires are optimally arranged between the links of the FCP to maximize
force transmission in main-DOF. As the evaluation criterion of the force transmission,
the transmission index for parallel wire-driven mechanisms [98], TIw, is used in the same
way as the design of the active spatial rolling contact pair (ASRCP) in section 3.2. In
this section, the method to calculate TIw of the AFCP, which is an underactuated joint
driven by wires of which number is smaller than its DOF, and the optimization problem
to maximize it are proposed.
　 Fig.5.2 shows the schematic diagram for the design. Σ1 is the reference coordinate
system on the link 1, which has cam surfaces. Σ2 is the reference coordinate system of the
link 2, which has spherical surfaces. In addition to Σ1 and Σ2, the reference coordinate
system Σs is defined. The origin locates at 1p, and its bases 1es,x,

1es,y,
1es,z are specified

based on geometry of 1p as follows.

Fig.5.2 Kinetostatic model of the AFCP for the design method
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• If 1p is a point, arbitrary independent directions are specified as 1es,x,
1es,y and

1es,z.
• If 1p is a line, 1es,x is its tangent vector, and the other independent two directions
are specified as 1es,y and 1es,z.

• If 1p is a curve, 1es,x is its tangent vector, 1es,y is its principal normal vector and
1es,z is its bi-normal vector.

• If 1p is a surface, 1es,z is its normal vector, and the other two independent directions
are specified as 1es,x and 1es,y.

　 In order to calculate TIw in main-DOF, the FCP is regarded as a kinematic pair with
only its main-DOF, and it is assumed that virtual constraint forces are applied at the
origin of Σs in the sub-directions when external forces are applied between the links. In
this case, the direction of the normal reaction force can be represented as the following
wrench screw.

1Srn =

[
1es,z

1p× 1es,z

]
(5.3)

In the same way, the other independent directions of the constraint forces can be repre-
sented virtually as follows.

1Src,1 =

[
1es,x

1p× 1es,x

]
, 1Src,2 =

[
1es,y

1p× 1es,y

]
,

1Src,3 =

[
0

1e1,x

]
, 1Src,4 =

[
0

1e1,y

]
, 1Src,5 =

[
0

1e1,z

]
, (5.4)

where 1e1,x,
1e1,y,

1e1,z are bases of Σ1.
1Src,1 and 1Src,2 represent the t- and u- directions

of translation forces, respectively. 1Src,3, 1Src,4 and 1Src,5 represent the θr-, θp- and θy-
directions of rotation torques, respectively. From these five wrench screws of the virtual
contact forces, ones corresponding to the chosen sub-parameters are selected. Then, 1Srn
and the chosen wrench screws are put together into a matrix as Gc = [1Srn...1Src,i...].
Next, actuation forces of the elastic wires are considered. As shown in Fig.5.2, center

positions of pulleys for the i-th elastic wire are defined as 1c1,i on Σ1 and 2c2,i on Σ2.
The position of 1c2,i on Σ1 is calculated with the following equation.

1c2,i = R1,2(θr,m, θp,m, θy,m)2c2,i +
1p(tm, um) (5.5)

In order to derive the direction of the i-th wire tension, application points of the tension
on the pulleys, 1cp,1,i and 1cp,2,i, which are shown in Fig.5.2, have to be derived. The
kinematic model of the i-th reeled wire is assumed as shown in Fig.5.3. The pulley attached
to the link 1 (pulley 1) allows 2-axial rotation at the center of the pulley, while the pulley
attached to the link 2 (pulley 2) allows 3-axial rotations at the center of the pulley. The
wire is a common tangent to the two pulleys. Since the length of the wire can extend, it
is represented as the kinematic model where the two application points are connected via
a prismatic pair. If the center points of the pulleys are assumed to be stationary points,
this spatial mechanism is considered to have four links, a spherical pair, a prismatic pair
and two revolute pair. By substituting this condition into Gruebler’s equation, DOF of
the model becomes zero. Thus, the posture of the mechanism is uniquely determined with
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1c1,i and
1c2,i. Therefore, the kinematics of this model is solved. Let radii of the pulley

1 and the pulley 2 be rp,1,i and rp,2,i, respectively. Then, the condition of the size of the
pulley 1 is represented as follows.

(1cp,1,i − 1c1,i)
T (1cp,1,i − 1c1,i) = r2p,1,i (5.6)

Since (1cp,1,i − 1c1,i) and (1cp,2,i − 1c2,i) are parallel, the following equation holds.

1cp,2,i − 1c2,i =
rp,2,i
rp,1,i

(1cp,1,i − 1c1,i) (5.7)

Besides, the following equations hold because of orthogonal relationships of vectors.

(1cp,2,i − 1cp,1,i)
T (1cp,1,i − 1c1,i) = 0, (5.8)

[(1cp,1,i − 1c1,i)× (1cp,2,i − 1cp,1,i)]
T 1d̂p,i = 0, (5.9)

where 1d̂p,i is the direction of a rotation axis of the pulley 1, which is shown in Fig.5.3.
By substituting Eq.(5.7) into Eq.(5.8), the following equation holds.

[rp,2,i(
1cp,1,i − 1c1,i)− rp,1,i(

1cp,1,i − 1c2,i)]
T (1cp,1,i − 1c1,i) = 0, (5.10)

By substituting Eq.(5.7) into Eq.(5.9), the following equation holds.

[1d̂p,i × (1cp,1,i − 1c1,i)]
T [rp,2,i(

1cp,1,i − 1c1,i)− rp,1,i(
1cp,1,i − 1c2,i)] = 0 (5.11)

The non-linear simultaneous equations composed of Eqs.(5.6), (5.10) and (5.11) have three
unknown variables in 1cp,1,i. Thus, these can be solved numerically for 1cp,1,i. Then,
1cp,2,i is calculated by substituting 1cp,1,i into Eq.(5.7). Therefore, the direction of the

Fig.5.3 An assumed kinematic model of the reeled wire mechanism
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i-th wire tension applying to the link 2 can be derived as follows.

1d̂a,i =
1cp,1,i − 1cp,2,i
|1cp,1,i − 1cp,2,i|

(5.12)

1Sra,i =
[

1d̂a,i
1cp,2,i × 1d̂a,i

]
(5.13)

Then, all wrench screws of wire tensions are put together into a matrix as
Ga = [1Sra,1...1Sra,Na

], where Na is the number of elastic wires.

　 Let the numerical vector composed of magnitudes of wire-tensions be fa =
[fa,1...fa,Na

]T , and let the numerical vector composed of magnitudes of the normal
reaction force and the constraint forces in the sub-directions be f c = [fn...fc,i...]

T . Then,
the following statics equation holds.

[Ga Gc]

[
fa

f c

]
= 0 (5.14)

Let the number of main-DOF be Nf,m. Then, the number of sub-parameters is Nf,s =
5−Nf,m, and the number of wires is Na = Nf,m+1. Thus, the number of forces applying
to the link 2 is Na + 1 +Ns = 7. Therefore, the FCP can satisfy the force-closure state.
In order to calculate TIw, the statics equation is transformed with focusing on the i-th
wire as follows as described in section 3.2.1.

[
fa,−i

f c

]
= −[Ga,−i Gc]

−1(fa,i
1Sra,i) = fa,i

a
T
i,1
...

aT
i,6

 1d̂a,i, (5.15)

where fa,−i = [fa,1...fa,i−1 fa,i+1...fa,Na
]T and Ga,−i = [Sa,1...Sa,i−1 Sa,i+1...Sa,Na

]. The

angle between the direction of the i-th wire tension 1d̂a,i and the plane aT
i,j

1d̂a,i = 0
is defined as γi,j , and sin γi,j is calculated as an evaluation criterion. When sin γi,j is

a positive value, aT
i,j

1d̂a,i > 0 (j = 1, 2, ..., 6) holds. In the AFCP, wire-tensions and
the normal reaction forces are uni-directional forces. Thus, fa,1, ..., fa,Na , fn must be
positive values. Therefore, sin γi,j is considered just in terms of j = 1, ..., Na. Then, the
transmission index is calculated as follows.

TIw = min
i=1,...,Na

[ρi min
j=1,...,Na

(sin γi,j )] (5.16)

ρi =

{
1 (sin γi,j > 0)

0 (sin γi,j ≦ 0)
(5.17)

　 In order to arrange elastic wires to maximize TIw, the mean value of sin γi,j is used for
the objective function in the same way as described in section 3.2.3. Let design parameters
be c = [1cT1,1, ...,

1cT1,Na
, 2cT2,1, ...,

2cT2,Na
]T . Then, the optimization problem is as follows.

maximize Fa(c) = mean
Am

[ mean
i,j=1,...,Na

(sin γi,j)], (5.18)

subject to cmin ≦ c ≦ cmax, (5.19)

where mean
Am

(x) is the mean value of x in Am.
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5.2.3 Stiffness design in main-DOF

　 In order to make a robot with the AFCP perform a task, the AFCP must have stiffness
in main-DOF enough to perform the task. The stiffness in the main-DOF depends on the
stiffness of elastic wires. Therefore, a method to calculate wire-stiffness required for the
AFCP to have the specified stiffness in main-DOF is proposed.
　 In the main-directions of the AFCP, virtual external forces are applied. Anything from
1Src,1 to 1Src,5 that is not included in Gc is included in Gv. In the same way, anything from
fc,1 to fc,5 that is not included in f c is included in fv. Then, Gvfv represents the sum
of virtual external forces in the main-directions. Thus, the statics equation is represented
as follows.

[Ga Gv Gc]

fa

fv

f c

 = 0 (5.20)

Since [Gv Gc] is a regular matrix, this equation can be transformed as follows.[
fv

f c

]
= −[Gv Gc]

−1Gafa (5.21)

From this equation, the relationship between fv and fa can be obtained as the following
form.

fv = Dvfa (5.22)

Besides, the following equation holds from the principle of virtual work.

fT
a∆la = fT

v ∆qm, (5.23)

where la is the numerical vector composed of length of wires, and qm is the numerical
vector composed of main-parameters. In addition, the following equations hold from
Hooke’s law.

fa = Ka∆la, (5.24)

fv = Km∆qm, (5.25)

where Ka is the stiffness matrix of wires represented as Ka = diag(ka,1, ..., ka,Na),
and Km is the stiffness matrix in the main-directions represented as Km =
diag(km,1, ..., km,Nf,m

). From Eqs.(5.22)-(5.25), the relationship between Ka and
Km is represented as follows.

Km = DvKaD
T
v (5.26)

　 In order to make stiffness in the main-directions satisfy the required values, the min-
imum value of the stiffness in Am must be larger than the required value. Thus, the
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required wire-stiffness is calculated with an optimization problem. Let design parameters
be qm and ka = [ka,1...ka,Na

]T . Then, the optimization problem is proposed as follows.

minimize Fs,m(qm,ka) = KT
mKm, (5.27)

subject to qm ∈ Am, (5.28)

ka ≧ ka,req, (5.29)

where ka,req is the numerical vector composed of the required stiffness in the main-
directions to perform the desired task.

5.2.4 Stiffness design in sub-DOF

　As well as the design of the passive FCP, the specified force-displacement characteristics
can be implemented in the sub-translation directions of the AFCP by designing the cam
profile. Thus, the method to calculate the cam profile of the AFCP is described.
　 Firstly, the actuation forces of the elastic wires are calculated approximately. Since the
cam profile has not been derived in this process, the AFCP is assumed as a kinematic
pair only with main-DOF. In this case, the statics equation is as follows.

[Ga Gc]

[
fa

f c

]
= −1We, (5.30)

where 1We is an external force which applied to perform the desired task. If one of wire
tensions, fa,i, is assumed as a bias tension, the statics equation can be solved as follows.[

fa,−i

f c

]
= −[Ga,−i Gc]

−1(fa,i
1Sra,i + 1We) (5.31)

Fig.5.4 Schematic diagram for the cam profile design of the AFCP
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　 Next, the force-displacement characteristics are specified, and the cam profile is cal-
culated. In the design of the AFCP, a relationship between external force and displace-
ment of the center of the spherical surface is used as the specified force-displacement
characteristics because it is convenient to know the motion between the links intuitively.
Fig.5.4 shows the schematic diagram for the cam profile design, where the center of a
single spherical surface is assumed to locate at the origin of Σ2. When an external force
sfd(ts, us) = [fd,t(ts) fd,u(us) 0]

T , which contains the specified force displacement char-
acteristics defined on Σs, is applied between the links, the center point of the spherical
surface displaces relatively in the sub-translation direction from 1p(tm, um). Then, the
displaced position 1pd is represented as following equation.

1pd = 1p(tm, um) +R1,s[ts us gd]
T , (5.32)

where R1,s is the rotation matrix from Σ1 to Σs. Then, application points of wire tensions
1cp,1,i and

1cp,2,i (i = 1, ..., Na) are updated through the procedure described in section
5.2.2. In this case, the relationship between the work of sfd and the potential energy of
linear springs are as follows.

Na∑
i=1

[
ki
2
∆l2a,i + fa,i∆la,i]−

∫ us

us,0

fd,u(u)du−
∫ ts

ts,0

fd,t(t)dt = 0, (5.33)

∆la,i = |1da,i| − |1da,i,0|, (5.34)
1da,i(tm, um, θr,m, θp,m, θy,m) = 1cp,1,i − 1cp,2,i, (5.35)

where |1da,i,0| is |1da,i| when ts = us = 0. Arbitrary posture angles θr,m, θp,m and
θy,m are assumed. Then, each set of (tm, um, ts, us) is substituted into these non-linear
simultaneous equations, and they are solved for gd numerically. By substituting the
calculated value of gd into Eq.(5.32), the surface which the center of the sphere path
through is derived. Since the cam surface of an envelope surface of this surface, the cam
profile can be calculated with the following equation.

1sc =
1pd +

rs√
1 + (∂gd∂t )

2 + (∂gd∂u )2
R1,s

∂gd
∂t
∂gd
∂u
−1

 , (5.36)

where rs is the radius of the sphere, t is ts or tm, and u is us or um. Finally, several sets
of the designed cam and the spherical surfaces are arranged between the links in the same
way as in section 4.2.4.
　 Note that the stiffness design in sub-DOF is very important to balance between the
required motion accuracy and the required stiffness. In order to evaluate motion accuracy
between the links before fabrication, kinetostatic analysis described in the next section
is performed. If the analyzed motion accuracy is not sufficient, the force-displacement
characteristics are adjusted, and the cam profile is derived again.

5.3 Kinetostatic analysis
　 In order to evaluate motion accuracy between the links of the designed AFCP, a method
of kinetostatic analysis is proposed. Fig.5.5 shows the schematic diagram of the analysis.
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Fig.5.5 Schematic diagram of the kinetostatic analysis of the AFCP

In this analysis, the actuation force which is calculated in Eq.(5.31), and an external force
1We which is required to do a task are applied. Then, it is assumed that the origin of
Σ2 is displaced to [x1 y1 z1]

T on Σ1 and the posture angles of Σ2 on Σ1 become θr, θp,
θy. When the center position of the i-th spherical surface is defined on Σ2 in 2pc,i, it is
represented on Σ1 as follows.

1pc,i = [x1 y1 z1]
T +R1,2(θr, θp, θy)

2pc,i (5.37)

When each cam and spherical surface are assumed to be kept in contact at a point, the
following kinematic equation holds.

1pc,i = (1sc + rsn̂c) +R1,2(0, 0, 0)
2pc,i =

1pd(ti, ui) +
2pc,i, (5.38)

where n̂c is the unit normal vector of the cam surface and (ti, ui) represents the position of
the i-th spherical surface on the i-th cam surface. Besides, the following statics equation
holds.

Nc∑
i=1

fn,i

[
1n̂c

1pc,i × 1n̂c

]
+

Na∑
j=1

[ka,j(|1da,j | − |1da,j,0|) + fa,j ]

[
1 ˆda,j

1cp,2,i × da,j

]
+1We = 0 (5.39)

Simultaneous equations composed of Eqs.(5.38) and (5.39) are (3Nc + 6) nonlinear equa-
tions. Since unknown variables are x1, y1, z1, θr, θp, θy, fn,i, ti and ui (i = 1, ..., Nc),
the number of them is also (3Nc + 6). Thus, these equations can be solved numerically.
Therefore, the kinetostatic motion between the links can be calculated.

5.4 Design and analysis
　 By using the proposed design method, several examples of the AFCP were designed
and analyzed. In this section, the procedure and the results are described.
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5.4.1 Active flexibly constrained revolute pair

　 As a simple example, the active flexibly constrained revolute pair (AFCRP), which
allows only 1-axial main-rotation, was designed. Fig.5.6 shows the schematic diagram
of the motion specification. The reference point is at 1p = 0, and the rotation axis is
corresponding to the x1-axis of Σ1. Since only the rotation about the x1-axis was allowed,
the roll angle θr,m was chosen as the main-parameter and the other parameters were
specified to be zero. In contrast, ts, us, θp,s, θy,s were chosen as the sub-parameters,
and θr,s was specified as zero. The motion range in main-DOF was also specified as
Am = {θr,m| − π

4 ≦ θr,m ≦ π
4 }, where the unit of the angle was rad.

Next, elastic wires were optimally arranged to maximize force transmission. Since
main-DOF of the AFCRP was one, two elastic wires were arranged between the links.
In this case, the optimal solution is obvious. As shown in Fig.5.7, the driving force
is transmitted from the active pulley on the link 1 to the pulley fixed on the link 2
of which rotation axis is on the main-rotation axis. In this case, force transmission is
maximum. Therefore, pulleys with rp = 20 mm were arranged at [x1 y1 z1]

T = [0 0 −100]T

[mm] and [x1 y1 z1]
T = [0 0 0]T [mm] without calculation of the optimization. In the

proposed model, one pulley with a wrapping wire shown in Fig.5.7 can be expressed by
stacking two pulleys with symmetrical wire arrangements as shown in Fig.5.8. Therefore,
1c1,1 = 1c1,2 = [0 0 − 100]T [mm], 2c2,1 = 2c2,2 = [0 0 0]T [mm], 1d̂p,1 = [0 − 1 0]T and

d̂p,2 = [0 1 0]T were specified. TIw of this arrangement is shown in Fig.5.9, which was
calculated by assuming the direction of the normal reaction force as the z1-direction. As
expected, the TIw is always one (the maximum value) for θr,m.
　 Stiffness of the elastic wires was calculated to achieve the specified rotational stiffness
about the main-rotation axis. The required rotational stiffness in the main-direction was

Fig.5.6 Schematic diagram of the motion specification for the active flexibly con-
strained revolute pair (AFCRP)
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Fig.5.7 Optimal arrangement of reeled elastic wires in the AFCRP

Fig.5.8 Expression of wrapped-wire transmission in the proposed model of the AFCP

specified as kθr,req = 300 Nmm/rad. The stiffness of the wire 2, ka,2, was assumed to be
zero because the tension of the wire 2 is assumed to be controlled constantly. Then, the
stiffness of the wire 1 was calculated with the proposed method and became ka,1 = 0.75
N/mm. Note that the wire stiffness can be calculated easily without the proposed method
in this case. Since the statics equation is represented as kθr,reqθr,m = ka,1r

2
pθr,m, the wire

stiffness can be calculated as ka,1/(r
2
p) = 300/(202) = 0.75 N/mm. Since the results of

the two methods are the same, the proposed method is considered to be valid. The elastic
wire with the calculated stiffness can be achieved approximately if a linear spring with
the calculated stiffness (spring constant) is connected serially to a rigid wire as described
in section 3.5.1. However, it is a rare case to find a commercial linear spring with a
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Fig.5.9 Transmission index of the designed AFCRP

Fig.5.10 Designed structure of the AFCRP

spring constant matching the calculated value. Therefore, a linear spring with the spring
constant of 0.772 N/mm was selected and used in the elastic wire.
The cam profile to achieve the specified force-displacement characteristics in the sub-

translation directions was designed. External forces applied between the links were as-
sumed to be zero, and the bias actuation force of the wire 2 was assumed to be fa,2 = 2.0
N. Then, the actuation forces of the elastic wires were calculated. Next, force-displacement

Department of Mechanical Engineering, Tokyo Institute of Technology



110 5 The Active Flexibly Constrained Pair

characteristics in the sub-translation directions were specified as follows.

sfd(ts, us) =

 2.0sgn(ts)(e
0.2|ts| − 1)

2.0sgn(us)(e
0.2|us| − 1)

0

 [N] (−10 ≦ ts, us ≦ 10), (5.40)

where the ts-direction is the x1-direction on Σ1, and the us-direction is the y1-direction
on Σ1. These characteristics are non-linear hardening stiffness characteristics. The radius
of the spherical surface was specified as rs = 15 mm. The posture angle was assumed as
θr,m = 0 rad. Then, the cam profile was calculated. Since the FCP allowed 1-axial main
rotation, two sets of the designed cam surface and the spherical surface were arranged so
that the centers of spheres locate at 1pc,1 = [55 0 0]T [mm] and 1pc,2 = [−55 0 0]T [mm]
on Σ1. The result is shown in Fig.5.10, where wires, pulleys, cam surfaces and spherical
surfaces are shown.
　 In this example, forces applying in the sub-directions are theoretically zero. Therefore,
evaluation of motion accuracy with the kinetostatic analysis is not required.

5.4.2 Path-generating active flexibly constrained pair

　 The AFCPs which allow the 1-axial main-translation along the specified trajectory
were designed. Fig.5.11 shows the schematic diagram of the motion specification. In this
examples, tm was chosen as the main-parameter, and the other main-parameters were
specified to be zero. In contrast, us, θr,s, θp,s and θy,s were chosen as the sub-parameters,
and ts was specified to be zero. As the main-motion, the translation along the following
ordinary helix was specified.

1p(tm) =

60 cos(πtm2 )
60 sin(πtm2 )

30tm

 [mm] (5.41)

Fig.5.11 Schematic diagram of the motion specification for the path-generating AFCP
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Fig.5.12 Transmission index of the designed path-generating AFCP

The range of the relative main-motion was also specified to Am = {tm| 0 ≦ tm ≦ 1}.
Next, elastic wires were optimally arranged to maximize force transmission. Since main-

DOF of this FCP was one, two elastic wires were arranged between the links. The design
spaces of center positions of pulleys were specified as follows.

[0 − 150 − 80]T ≦ 1c1,1 ≦ [120 − 50 − 30]T , (5.42)

[−100 50 − 80]T ≦ 1c1,2 ≦ [20 150 − 30]T , (5.43)

[−60 − 100 50]T ≦ 2c2,1 ≦ [60 − 30 100]T , (5.44)

[−150 30 50]T ≦ 2c2,2 ≦ [−30 100 100]T , (5.45)

where the unit was mm. The radii of pulleys were specified to be zero. This means that
pulleys were not used. In this case, attachment directions of pulleys, 1da,1 and 1da,1,
do not have to be specified. The direction of the normal reaction force was assumed
to be the direction of the bi-normal vector of 1p(tm) because it was a curve. Many
candidates of the initial points for the optimization were randomly generated, and the
point to maximize TIw was selected as the initial position. Then, the optimization was
performed with the interior-point method [118]. The result of the optimization became
1c1,1 = [90.1 − 139.7 − 41.3]T [mm], 1c1,2 = [−75.7 150.0 − 30.0]T [mm], 2c2,1 =
[−19.9 −53.3 66.5]T [mm] and 2c2,2 = [−35.8 30.0 50.0]T [mm]. In this case, TIw for each
value of tm became as shown in Fig.5.12, where the benchmark was also calculated with
the center position in the specified design space. Since the optimized TIw was larger than
the benchmark, it was confirmed that TIw was able to become better by the proposed
optimization method. In addition, TIw was always non-zero value, it is considered that
the designed FCP can move overall area in Am when its two links are assumed not to
move relatively in the sub-directions.
　 Stiffness of the elastic wires was calculated to achieve the specified stiffness in the tm-
direction. The required stiffness in the tm direction was specified to kt,req = 1.0 N/mm.
Stiffness of the wire 2, ka,2, was assumed to be zero because tension of the wire 2 is
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Fig.5.13 Stiffness in the main-translation direction of the designed path-generating AFCP

Fig.5.14 The specified force-displacement characteristics in the sub-translation di-
rection of the path-generating AFCP

assumed to be controlled constantly. Then, the stiffness of the wire 1 was calculated with
the proposed method and became ka,1 = 1.42 N/mm. Thus, a commercial linear spring
with the spring constant of 1.46 N/mm was selected for the elastic wire. Fig.5.13 shows
the stiffness in the tm-direction, kt, in each value of tm. Since kt was always kt,req, it
was confirmed that the specified stiffness was able to be implemented by the proposed
method.

The cam profile to achieve the specified force-displacement characteristics in the sub-
translation directions was designed. In order to investigate the effect of the specified
force-displacement characteristics for the motion accuracy in the later analysis, several
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examples with different force-displacement characteristics were designed. External forces
applied between the links were assumed to be zero, and the bias actuation force of the
wire 2 was assumed to be fa,2 = 3.92 N. Then, the actuation forces of elastic wires were
calculated. Next, force-displacement characteristics were specified. The characteristics
were as follows.

sfd(ts, us) =

 0
α sgn(us)(e

0.2|us| − 1)
0

 [N] (−10 ≦ us ≦ 10), (5.46)

where α = 2.0, 3.0, 4.0. The specified characteristic are shown in Fig.5.14. These char-
acteristics have different stiffness. The radius of the spherical surface was specified as
rs = 10 mm, and the cam profile was then calculated for each specified characteristics.
Since the FCP allowed no rotations, three sets of the designed cam surface and the spher-
ical surface were arranged so that the centers of spheres locate at 1pc,1 = [20 − 10 0]T

[mm], 1pc,2 = [−80 − 10 0]T [mm] and 1pc,3 = [−30 70 0]T [mm] on Σ1 when tm = 0.
The result when α = 2.0 is shown in Fig.5.15, where wires, cam surfaces and spherical
surfaces are shown.
　 Finally, motion accuracy of the designed FCPs were evaluated by the kinetostatic anal-
ysis. The calculated trajectories of the origin of Σ2 are shown in Fig.5.16, where figure (a)
shows top view of the trajectories and figure (b) shows side view of the trajectories. Mean
errors between the specified and the calculated trajectories were 9.67 mm when α = 2.0,
7.85 mm when α = 3.0, and 6.67 mm when α = 4.0. These result shows that the larger
the stiffness was, the smaller than the position error was. Therefore, it was confirmed
that balance between motion accuracy and flexibility can be controlled by adjusting the
stiffness of the force-displacement characteristics.

Fig.5.15 Designed structure of the path-generating AFCP
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(a) Top view (b) Side view

Fig.5.16 Trajectories of the origin of Σ2 calculated by the method of kinetostaic
analysis between the links of the AFCP

5.5 Prototyping and evaluation
　 The AFCPs designed in section 5.4 were prototyped, and their performances were
examined by motion capture experiments.

5.5.1 Active flexibly constrained revolute pair

　 The prototype of the AFCRP, which was designed in section 5.4.1, was fabricated as
shown in Fig.5.17. The two links were fabricated by the selective deposition lamination
(SDL) with a 3D-printer. The driving pulley attached to the link 1 is driven with a DC
motor. The rotation angle of the DC motor was controlled with the PID control. Fig.5.18
shows the wire routing in detail. One side of the stainless wire is pulled by a constant-force
spring unit, and it is routed to the pulley 2 via the pulley 1. The wire is wound to the
pulley 2 many times so as to increase friction between the wire and the pulley 2, and it
is further routed to the pulley 1 via the linear spring. The driving force is applied when
another end of the wire is reeled by the pulley 1.

In order to investigate the kinematic performance of the fabricated AFCRP, the output
trajectories were measured by a motion capture system. The output point was on the link
2 and located 150 mm away from the main-rotation axis as shown in Fig.5.17. The rotation
angle was controlled to reciprocate three times in the motion range −π

4 ≦ θr,m ≦ π
4 [rad],

and the generated output trajectories were then measured with OptiTrack V120:Duo.
The measured trajectories were shown in Fig.5.19. This figure shows that the measured
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Fig.5.17 The prototype of the designed AFCRP

Fig.5.18 Wire routing of the fabricated AFCRP

trajectories were agreed very well with the theoretical one. The mean error between the
measured trajectories and the theoretical trajectory was 0.560 mm. Thus, it was very
accurate. Note that the position errors are theoretically zero because no-internal forces
are applied in the sub-directions. However, since friction between the links are not zero
actually, it is possible that small rolling motions occurred between the links. This is
thought to be the cause of the position error.
Next, the behavior of the AFCRP when an impact force was applied was measured by

the motion capture system. While the output point was reciprocating as in the above
motion capture experiment, the link 2 was tapped by hand as shown in Fig.5.20. This
series of actions was measured by the motion capture system. The result is shown in
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Fig.5.19 The measured output trajectories generated by the fabricated AFCRP

Fig.5.20 An experiment applying an impact force to the fabricated AFCRP

Fig.5.21. When the impact force applied, the two links deformed largely and absorbed
the impact force. Then, the two links returned to the normal position very quickly, and the
output trajectory generated accurately. In this experiment, the mean error between the
measured and the theoretical trajectories was 0.590 mm before the impact force applied,
while 0.526 mm after the impact force applied. Although the links largely deformed in
the point where the impact force applied, the motion was very accurate before and after
the impact force applied. These results indicate that the fabricated AFCRP had both
motion accuracy and flexibility and was robust against external forces.
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Fig.5.21 The measured output trajectories before and after an impact force was
applied to the fabricated AFCRP

Fig.5.22 The prototype of the designed path-generating AFCP

5.5.2 Path-generating active flexibly constrained pair

　 A prototype of the path-generating AFCP, which was designed in section 5.4.2, was
fabricated as shown in Fig.5.22. The fabricated AFCP has cam surfaces which were
designed with α = 4.0 in section 5.4.2. The link with cam surfaces (link 1) was fabricated
by the SDL, and the link with spherical surfaces (link 2) was fabricated by the FDM.
The bias tension of one of two wires was applied with a constant-force spring unit. The
reel unit has a pulley driven with a DC motor of which angle is controlled with the PID
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(a) 3D view

(b) Top view (c) Side view

Fig.5.23 The measured output trajectories generated by the fabricated path-generating AFCP

control. The output point locates at 2pout = [0 0 100]T [mm] on Σ2 and a marker can be
attached for motion capture experiments.

The output trajectories were measured by the same motion capture system as used in
section 5.5.1. The output motion was controlled to reciprocate three times in the motion
range during the motion capture experiment. The motion range was limited to be smaller
than its whole motion range. Fig.5.23 shows the results, where figure (a) shows the 3D
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Fig.5.24 The measured output trajectories before and after an impact force was
applied to the fabricated path-generating AFCP

view of the trajectories and time series of the output position, figure (b) shows the top view
of the trajectories, and figure (c) shows the side view of the trajectories. The ”calculated
trajectory” shown in the figures was calculated by the proposed method of the kinetostatic
analysis described in section 5.3 in the whole motion range. The measured trajectories
agreed very well with the calculated trajectories although the mean error between the
measured and calculated trajectories was 1.06 mm. This means that the proposed design
method and the proposed analysis method are valid, and that the errors between the
specified and actual trajectories were almost comparable to those calculated in section
5.4.2. Since hysteresis was shown in the measured trajectory, the cause of the errors is
considered to be the friction between the links.
　 Next, the behavior of the path-generating AFCP when an impact force was applied
was measured by the motion capture system. As in the experiment described in section
5.5.1, the link 2 was tapped by hand while the link 2 was reciprocating in the motion
range. This series of actions was measured by the motion capture system. The result is
shown in Fig.5.24. When the impact force applied, the two links deformed largely and
absorbed the impact force. Then, the two links returned to the normal position very
quickly. The mean error between the measured and calculated trajectories was 1.19 mm
before the impact force applied, while 1.13 mm after the impact force applied. Although
the links largely deformed in the point where the impact force applied, motion accuracy
did not change before and after the impact force applied. These results indicate that the
fabricated path-generating AFCP was also robust against external forces.

5.6 Chapter summary
　 The active flexibly constrained pair (AFCP), which is an active kinematic pair with
multi-directional flexibility, was developed. In the AFCP, the FCP is constrained by reeled
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elastic wires to be kept in contact between the links and to be driven actively. Besides,
the AFCP has an underactuated structure where the FCP is driven by one more wire
than the number of its main-DOF to simplify the structure. In this chapter, A design
method of the AFCP was proposed, and some examples were designed and examined by
experiments. The achievements are as follows.

(1) A design method for the AFCP to have high actuation force transmission and the
specified stiffness between the links was proposed. Firstly, elastic wires are optimally
arranged between the links so as to maximize the transmission index (TIw) used
in chapter 3. TIw for the AFCP is calculated with virtual constraint forces which
are assumed in sub-directions between the links and with actuation forces which are
derived by solving the kinematics of wire-pulley system. Next, wire stiffness for the
AFCP to have required stiffness to do the desired task in main-directions between
the links is calculated by solving an optimization problem. Finally, the cam profile
for the AFCP is calculated to have the specified force-displacement characteristics in
sub-DOF.

(2) The method to analyze the kinetostatics of the AFCP, which is an underactuated
active kinematic pair with multiple DOF, was proposed to evaluate motion accuracy
between the links.

(3) As a example, the active flexibly constrained revolute pair (AFCRP), which allows
1-axial rotation in main-DOF, was designed by using the proposed design method.
Besides, the path-generating FCPs, which allows 1-axial translation along the spec-
ified trajectory in main-DOF, were also designed with various stiffness of sub-DOF,
and motion accuracy of them was compared on simulations. As a result, it was con-
firmed that balance between the motion accuracy and flexibility can be controlled by
adjusting the stiffness of the force-displacement characteristics.

(4) The designed examples were fabricated, and their output trajectory was measured by
motion capture experiments. As a result, it was confirmed that the prototypes had
both flexibility and adequate positioning accuracy under small external loads, and
that they were robust against external forces because they were able to absorb large
external force by passive relative motions of the AFCPs. In addition, the validity
of the proposed design method and the analysis method was able to be confirmed
because the measured motion of the prototypes agreed well with the simulation.
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Chapter 6

Conclusion

6.1 Achievements
　 Linkage mechanisms are generally synthesized with closed lower pairs. However, rel-
ative motion between two links of a lower pair is limited to be simple because of severe
geometrical limitations on its contact surfaces between the links. Therefore, a linkage
with 1 DOF is difficult to completely generate the specified motion, and a linkage with
multiple DOF becomes a complex mechanism with many kinematic pairs. Although the
geometrical limitation between the links can be overcome by using unclosed higher pairs
such as cams, unclosed higher pairs which can generate complex relative spatial motions
have not been developed because of not only difficult theory to generate the specified
spatial motion but also the difficulty to manufacture their pairing elements. However,
since multi-spindle CNC machining technology and additive manufacturing technology
have been developed recently, the difficulty can be overcome. Developing such mechanical
elements to generate the specified complex spatial motion is very important to extend the
synthesis of spatial mechanisms and their applications. Therefore, novel kinematic pairs
composed of elastically constrained two curved surfaces were developed in this disserta-
tion. They are geometrically unclosed pairs, which allow complex relative spatial motion
and multiple DOF between the links, constrained with elastic elements for their practical
uses. Although they are kinds of mechanisms, they can be regarded as kinematic pairs
and be treated in the same way as geometrically closed pairs in mechanism synthesis be-
cause they can keep the connection between the links by themselves. Therefore, the joint
mechanisms with this structure were named ”elastically closed pairs”. This idea means
that only relative motion between its main two links can be focused on in mechanism
synthesis without considering its detailed structure. This idea is important for efficient
mechanism synthesis because the number of available kinematic pairs can be increased
and important parts of the mechanism only have to be focused on in mechanism synthesis.
In this dissertation, several practical kinematic pairs were proposed based on the features
of elastically closed pairs, and their design methods were also proposed and validated by
experiments with their prototype fabricated with additive manufacturing. In addition,
spatial mechanisms with them, which were called ”ECP-linkages”, were synthesized and
prototyped, and their performances were examined.
　 Taking advantage of the characteristic that elastically closed pairs can generate com-
plex relative motions between the links, the ”Spatial Rolling Contact Pair” (SRCP) was
developed, and its design method was proposed and validated. The SRCP is a kinematic

Department of Mechanical Engineering, Tokyo Institute of Technology



122 6 Conclusion

pair with 1-DOF of which two links roll relatively while generating the specified trajectory.
By using this kinematic pair, a spatial ECP-linkage with 1-DOF which can completely
generate the specified trajectory can be synthesized easily. Besides, by replacing some
parts of elastic elements of the SRCP with active elastic elements, the ”Active Spatial
Rolling Contact Pair” (ASRCP) was developed as an ”elastically closed active pair”, and
its design and control methods were proposed and validate. When the passive SRCP is
used to generate the specified trajectory, it must be driven in a closed-loop ECP-linkage
with many machine elements. However, the ASRCP can generate the specified trajectory
as it is.
　 Taking advantage of the characteristic that elastically closed pairs have flexibility be-
tween the links by their elastic elements, the ”Flexibly Constrained Pair” (FCP) was
developed, and its design method was proposed and validated. The FCP is a kinematic
pair with multiple-DOF which has a ”flexible kinematic constraint” generated by stiffness
difference in directions of the relative motion. Since the FCP has both a simple struc-
ture and multi-directional flexibility, the structure of a flexible robotic mechanism, which
needs redundant passive DOF, can be simplified with it. Besides, the ”Active Flexibly
Constrained Pair” (AFCP) was also developed as an ”elastically closed active pair” by
replacing some parts of elastic elements of the FCP to active elastic elements, and its
design method was proposed and validated. The AFCP is expected to further simplify
the structure of a flexible robotic mechanism.
　 The main achievements of this research are summarized as follows.

(1) For the SRCP, a method to specify the relative rolling motion between two links to
satisfy the kinematic condition of the rolling contact and the method to derive rolling
contact surfaces which can generate the specified trajectory between the links were
proposed. In order to suppress slippage and separation between the links, a hybrid
elastic constraint composed of both flexible bands and linear springs was proposed.
To make the SRCP generate the ideal rolling motion, a method to optimally arrange
linear springs between the links was proposed. Some examples of the SRCP were
designed and prototyped, and their performances were theoretically and experimen-
tally examined. As a result, it was confirmed that the proposed design methods of
rolling contact surfaces and elastic constraints are valid and that exact-path gener-
ation is possible with the SRCP. Moreover, it was confirmed that the synthesis of a
path-generating spatial mechanism with SRCP can be achieved more easily than the
conventional mechanism synthesis with only lower pairs.

(2) For the ASRCP, a design method where several active elastic elements are optimally
arranged between the links was proposed. As the evaluation criterion for the opti-
mization, a transmission index for parallel wire-driven mechanisms was introduced.
In order to obtain a large workspace in the ASRCP, the redundant number of active
elastic elements were used, and the transmission index was modified to achieve evalu-
ation in that case. In addition, a method to control the ASRCP, where driving forces
of active elastic elements are optimally calculated with the use of its actuation redun-
dancy to generate the ideal rolling motion, was proposed. An example of the ASRCP
was designed, and its simulation of control was performed. Then, it was confirmed
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that the ASRCP can generate the ideal rolling motion more efficiently than the pas-
sive SRCP because of its actuation redundancy. The ASRCP driven by reeled elastic
wires was prototyped and examined. As a result, it was confirmed that the prototype
was able to generate the specified trajectory accurately. This result indicates that
the proposed design and control methods are valid. In addition, the ASRCP with a
compact structure was achieved by using fluid-driven artificial muscles.

(3) For the FCP, a design method of the structure with the specified relative main motions
and the specified multi-directional flexibility was proposed. Especially, the specified
force-displacement characteristics (non-linear stiffness characteristics) can be imple-
mented in detail as the flexible translation constraints between the links by designing
the contact surface between the links. Some examples of the FCPs were designed
and prototyped, and their performances were examined by experiments. Then, it
was confirmed that the proposed design method is valid. Moreover, a flexible robotic
mechanism with a simple structure was synthesized and fabricated by using the FCPs.
This mechanism was synthesized easily by replacing several revolute pairs of a planar
closed-loop five-bar mechanism with the FCPs which allow 1-axial rotation in main-
DOF. Then, its performances were theoretically and experimentally examined. As a
result, it was confirmed that the mechanism had multi-directional flexibility and was
able to generate the specified motion with an adequate position accuracy under small
external loads and that it was able to absorb large external force by passive relative
motions in sub-DOF of the FCPs.

(4) For the AFCP, a design method to have high-force transmission, an adequate stiffness
to perform the task and the specified multi-directional flexibility was proposed. This
method has three steps composed of optimal arrangement of reeled elastic wires so
as to maximize the transmission index, wire stiffness design to achieve an adequate
stiffness to perform the desired task, and design of contact surfaces to achieve the
specified multi-axial flexibility to have both flexibility and motion accuracy. Some
examples of the AFCP were designed and simulated. As a result, it was confirmed
that the positioning accuracy of the AFCP can be adjusted depending on the specified
stiffness for sub-DOF. In addition, they were prototyped, and their performances were
examined by experiments. As a result, it was confirmed that they had both multi-
directional flexibility and adequate positioning accuracy under small external loads,
and that they were able to absorb large external forces by passive relative motions
in sub-DOF. In addition, it was confirmed that the proposed design method is valid
because the measured motion was well agreed with the simulated motion.

6.2 Future challenges
　 In this dissertation, concepts of several kinds of elastically closed pairs were developed,
and some ECP-linkages were synthesized with them as examples. However, in order to
use the proposed kinematic pairs in more practical applications, further improvements
of their performances are required. In particular, higher durability, lower costs, higher
accuracy, and higher efficiency have to be pursued in the future. In order to improve
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these characteristics, their materials, processing methods, lubrication methods between
the links, and their detailed structure have to be further considered.
　 Besides, it is also important to develop specific applications of the proposed kinematic
pairs. For example, since the SRCP can generate the specified trajectory with the simple
structure, an automatic transfer machine in a factory or a simple leg mechanism of a
walking robot can be designed with simple structures. Since the SRCP can generate the
complex relative motion like a human knee joint, it is possible that an exoskeleton for
human knee joints can be designed with a simple structure. Although the SRCP has a
disadvantage that constraints between the links are weaker than closed pairs, this feature
may become an advantage in this application because this feature works as safety for
unintentional external loads for the knee joint. The FCP is possible to be used for human
friendly robots, such as a nursing care robot, a households robot, and so on because
their flexible mechanisms can be designed with simple and safe structures. Since the
FCP can have the specified non-linear stiffness characteristics in the relative translation
direction between the links, a suspension mechanism for a wheeled robot or a flexible leg
mechanism for a walking robot can be designed. As described in section 1.2.2, hardening
spring characteristics are useful for the mechanisms to have both flexibility to absorb shock
and rigidity to support the body of the robot. In addition, although friction between the
links is considered to be disadvantage that it reduce mechanical efficiency, this feature
may become advantage in such applications because friction between the links works as
damping of vibration. To reveal this dynamic effect of the FCP is also a future challenge
of this research.
　 This research can open the door for some future fields of study. Mechanical elements
proposed in this dissertation were mainly fabricated by 3D-printers because mechanical
parts with complex shapes can be manufactured easily by using them. By using additive
manufacturing as shown in this research, mechanical elements with higher performance
than conventional ones are possible to be developed because geometrical limitations of
mechanical elements can be relaxed. The basic idea of this research to design complex
curved surface between the links to generate the specified kinematic function is different
from the general mechanical design. Therefore, this research may open the door for
establishing a methodology to design novel mechanical elements with the use of large
design space expanded by relaxing the geometrical limitation. Although the additive
manufacturing technology currently has some problems of the strength of materials, high
cost, and so on, if it develops in the future, demand for novel design methodology of
mechanical elements with the use of additive manufacturing will increase. Besides, the
idea of designing kinematic pair to generate the specified relative motion and the idea to
arrange actuators between the links according to their relative motion enable to design an
original musculoskeletal robotic system suitable for performing the specified task. This
idea will spur to built ”task-based design” methods of robotic mechanisms.
　 As you can see, various applications of the proposed kinematic pairs and future fields
of study based on the proposed design methods can be considered. The author hopes that
the proposed ideas of elastically closed pairs will extend mechanism synthesis and they
will be applied to a wide variety of future machines.
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Appendix A

Fabrication accuracy required to the

spatial rolling contact pair

A.1 Chapter introduction
　 The spatial rolling contact pair (SRCP) proposed in chapter 2 can completely generate
the specified trajectory, theoretically. However, exact path generation is actually impossi-
ble because the actual machine elements have dimension errors. In the SRCP, the output
position error is possible to be large because of processing errors of the rolling contact
surfaces and assembly errors between the links and flexible bands. On the other hand,
although the conventional spatial-path generators with 1 DOF composed of only lower
pairs can generate the specified trajectory only in an approximate manner, they can be
fabricated accurately because of simple structures of joints. Thus, in order to use SRCP
in conventional mechanisms, the SRCP must be fabricated so as to generate the specified
trajectory more accurately than they do.
　 In this chapter, output position errors of several spatial-path generators with only
closed lower pairs are investigated, and fabrication errors of the SRCP to achieve more
accurate path generation than they do are revealed.

A.2 Calculation of benchmark
　 Several spatial-path generators with only lower pairs were synthesized and their output
position errors were calculated as benchmarks. In the calculation of the position errors,
the clearance at each joint of the linkages was neglected to evaluate fabrication errors of
the SRCP in a strict condition.
　 At first, structural synthesis of the linkages was performed. In order to simplify the
mechanism and synthesis procedure, the following conditions were specified.

(1) The topology is a single closed-loop composed of four links.
(2) The input joint is a revolute pair.
(3) The passive joints are selected from a revolute pair (R), a prismatic pair (P), a cylin-

drical pair (C), and a spherical pair (S).
(4) The analytical kinematic solution can be derived easily.
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Fig.A.1 An RCSP spatial 4-bar linkage to generate the specified trajectory

By substituting the conditions (1) and (2) into Gruebler’s equation, the sum of DOF of
all joints in the linkage except the input joint was six. In this case, many combinations of
kinematic pairs were able to be considered. From the condition (4), the RCSP structure
as shown in Fig.A.1 was selected. The forward kinematics of this linkage can be solved
analytically as follows.
　
Fig.A.2 shows the driving link. The initial positions of the revolute pair and the cylin-

drical pair are 1j1,0 and 1j2,0 on Σ1, respectively. The initial directions of the rotation

axis of the revolute pair and the cylindrical pair are 1ω̂1,0 and 1ω̂2,0, respectively. When
the input angle of the revolute pair is θ, position and orientation of the cylindrical pair,
1j2,

1ω̂2, can be calculated with Rodriguez’s theorem as follows.

1d1,2 = 1j2,0 − 1j1,0 (A.1)

1j2 = 1j1,0 +
1d1,2 cos θ + (1dT

1,2
1ω̂1,0)

1ω̂1,0(1− cos θ) + (1ω̂1,0 × 1d1,2) sin θ (A.2)

1ω̂2 = 1ω̂2,0 cos θ + (1ω̂T
2,0

1ω̂1,0)
1ω̂1,0(1− cos θ) + (1ω̂1,0 × 1ω̂2,0) sin θ (A.3)

Since the prismatic pair is on the stationary link, the position and orientation of the
prismatic pair are known. Therefore, the position of the spherical pair can be calculated
as an intersection of the cylinder and the line as shown in Fig.A.3. Let the position of the
foot of the perpendicular line from the spherical pair to the rotation axis of the cylindrical
pair be 1a. Then, the equations of the cylinder are as follows.

1a = 1j2 + uc
1ω2, (A.4)

|1j3 − 1a|2 = r2, (A.5)

(1j3 − 1a)T 1ω̂2 = 0, (A.6)

where uc is an arbitrary value and 1j3 is position of the spherical pair, and r is the radius
of the cylinder. r can be calculated with the initial values of 1j3 and 1a as follows.
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Fig.A.2 Kinematics of the driving link of an RCSP linkage

Fig.A.3 Kinematics of the CSP kinematic chain

r = |1j3,0 − 1a0| (A.7)

Besides, the equation of the line is as follows.

1j3 = 1j3,0 + up
1ω̂4,0, (A.8)
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Fig.A.4 The output link of the synthesized linkage

where 1ω̂4,0 is the direction of the translation axis of the prismatic pair. From Eqs.(A.4)-
(A.8), up can be calculated as follows.

　


up =

−qT
1 q2−

√
D

|q1|2

D = (qT
1 q2)

2 − |q1|2(|q2|2 − r2)

q1 = 1ω̂4 − (1ω̂T
2
1ω̂4)

1ω̂2

q2 = 1j3,0 − 1j2 − [(1j3,0 − 1j2)
T 1ω̂2]

1ω̂2　

(A.9)

Therefore, the positions 1p2,
1p3, and orientation 1ω̂2 are derived.

　
In order to use the RCSP linkage as a spatial-path generator, the output point was

defined on the coupler link. As shown in Fig.A.4, a reference frame Σc was defined on the
coupler link, and its bases were defined as follows.

1ec,x =
1

r
(1j3 − 1a) (A.10)

1ec,y = 1ω̂2 (A.11)
1ec,z = 1e1 × 1e2 (A.12)

The output point was represented on Σc as cp. Thus, the output point on Σ1 was calcu-
lated as follows.

1p = [1ec,x
1ec,y

1ec,z]
cp+ 1a (A.13)

By using this kinematic model, dimensional synthesis was performed with a numerical
optimization. Design parameters were cp, 1pi,0 and 1ω̂i,0 (i = 1, 2, 3, 4). Here, 1ω̂i,0 was
represented as the angle ϕy1,i about the y1-axis and the angle ϕz1,i about the z1-axis.
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(a) An ordinary helix (b) A polynomial curve

(c) A helix (d) A closed-loop curve

Fig.A.5 The measured output trajectories generated by the fabricated ASRCP with
the FOAMs

Then, the objective function was as follows.

Fl =

Nd∑
j=1

|1p(θj)− 1pref (θj)|2, (A.14)

where 1pref (θj) is the j-th designated point andNd is the number of the designated points.
This objective function was minimized subject to the size limitation which is shown in
Table A.1 and D ≧ 0, which is shown in Eq.(A.9), with the interior-point method [118] for
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Table A.1 Size limitation of the synthesized RCSP linkages

cpT [mm] 1pT
i,0 [mm] (ϕy1,i, ϕz1,i) [rad]

minimum values [−400 − 400 − 400] [−400 − 400 − 400] (−π, − π)

maximum values [400 400 400] [400 400 400] (π, π)

Fig.A.6 The kinematic model of the SRCP including the fabrication errors

many initial points generated randomly. Then, the minimum value among the calculated
candidates was selected as the solution.
　 By using the described methods, four samples were synthesized. The specified motions
and pictures of the synthesized linkages are shown in Fig.A.5. Mean values of the output
position errors of the samples (a), (b), (c) and (d) were 0.0041 mm, 1.065 mm, 0.9483
mm, and 0.1205 mm, respectively. The sample (a) was the most accurate among the four
samples. This reason is considered that the specified trajectory (an ordinary helix) was
close to one of motions of lower pairs. The specified trajectory of the samples from (b) to
(d) is a little complicated to be made with only lower pairs. These position errors were
used for benchmarks.

A.3 Allowable fabrication error of the SRCP
　 In order to reveal the fabrication error required to generate the specified trajectory more
accurately than the linkage with lower pairs do, the relationship between the fabrication
error and the output position error of the SRCP was derived. As shown in Fig.A.6, the
rolling contact surface on the link 1 is represented as 1s1(t, u) on Σ1 and the surface on the
link 2 is represented as 2s2(t, u) on Σ2. As described in section 2.2.2, 1s2(t, u) corresponds
to 1s1(t, u) for each value of t. Therefore, the following relationship holds.

1p(t) = 1s1(t, u)−R1,2(t)
2s2(t, u), (A.15)
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where R1,2(t) is the rotation matrix from Σ1 to Σ2. By the way, the fabrication error of
the SRCP were represented as follows.

(1) Processing errors of the rolling contact surfaces were represented as infinitesimal dis-
placement of 1s2(t, u) in the normal direction of 1s1(t, u).

(2) Assembly errors of the flexible bands between the links were represented infinitesimal
displacement of 1s2(t, u) in the two independent tangent directions of 1s1(t, u).

Since these three directions are independent, the fabrication error can be represented as
an infinitesimal position displacement ∆1s. Thus, when the output error ∆1p is generated
by the fabrication error ∆1s, Eq.(A.15) is rewritten as follows.

1p(t) +∆1p = 1s1(t, u)−R1,2(t)
2s2(t, u) +∆1s (A.16)

Therefore, ∆1p = ∆1s. This means that the fabrication error effects the output error
directly.
　 In order to generate the specified trajectory with the SRCP more accurately than the
synthesized samples generate, the fabrication error must be smaller than their output
position errors. However, it is difficult to achieve a smaller error than the smallest value
of them, 0.0041 mm, if not impossible. Nevertheless, the fabrication error about 100 µm,
which is required to generate the trajectory with the SRCP more accurately than the
samples (b)-(c) generate, is possible to be achieved even if the SRCP is fabricated by
an additive manufacturing method. Therefore, the SRCP is useful especially when the
specified output trajectory is complicated.

A.4 Chapter summary
　 In this chapter, output position errors of several spatial-path generators with only
closed lower pairs were calculated, and fabrication errors of the SRCP to achieve more
accurate path generation than they do were revealed. The results are summarized as
follows.

(1) Several spatial-path generators with 1-DOF were optimally synthesized, and their out-
put position errors were calculated by assuming their fabrication errors and backlash
at their joints to be zero. As a result, it was confirmed that the error was larger than
100 µm when the specified trajectories were not so simple.

(2) In the SRCP, the fabrication error can be assumed to be corresponding to the output
position errors. Therefore, the allowable fabrication errors were considered to be about
100 µm. It can be considered that this error value is possible to be achieved easily
even if the SRCP is fabricated by an additive manufacturing method.
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Appendix B

Design of the fluid-driven

origami-inspired artificial muscle

B.1 Chapter introduction
　 In section 3.5.2, the fluid-driven origami-inspired artificial muscle (FOAM) [123] was
used as a fluid-driven pneumatic artificial muscle. In the previous research on the FOAM
by Li et al. [123], design methods for the FOAM to have the specified size and contraction
ratio had not been proposed. Therefore, a design method of the pneumatic FOAM was
proposed, and the FOAM used in section 3.5.2 was designed with the proposed method. In
this chapter, the proposed design method is described. In addition, the design procedure
of the FOAM used in section 3.5.2 is described.

B.2 Design method

B.2.1 Structural design

　
The pneumatic FOAM is composed of an elastic skeleton with zigzag shape, thin skin,

and internal fluid as shown in Fig.B.1. When internal fluid is vacuumed from the skin,

Fig.B.1 Schematic diagram of the pneumatic FOAM
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Fig.B.2 Elastic hinge at the vertex of the skeleton of the FOAM

the FOAM contracts. In this case, each vertex of the zigzag skeleton ideally has to move
like a revolute pair, and the other parts of the skeleton have not to move. In addition, the
skeleton must not deform plastically in its workspace. In order to satisfy such conditions,
a suitable structure of the skeleton is proposed as shown Fig.B.2. Each vertex of the
skeleton has an elastic hinge which is composed of a cylindrical beam and flat beams,
and its thickness is smaller than the thickness of other parts. Since the elastic hinge can
deform locally, the skeleton can generate the ideal motion. Besides, when the elastic hinge
deforms, the stress in the circular arc beam can distribute into the flat beams. Thus, it
is difficult to deform plastically.

B.2.2 Dimensional design

　 In order to get the FOAM with the specified size and contraction ratio, dimensions
of the skeleton are designed. Fig.B.3 shows design variables of the skeleton. As required
parameters, the maximum and minimum length of the skeleton Lmax, Lmin, maximum
width of the skeleton b1,max and width of another side b2 are given. In addition, radius
and thickness of the elastic hinge r, h and a ratio between flexible part and stiff part of
the flat beam, q, are given. Then, the number of the mountains in the zigzag skeleton
Nz, length of the flat part D and the length of the thin flat part a are calculated by the
following equations.

Nz = floor(
Lmin

4
), (B.1)

D = b1,max − 2(r +
h

2
), (B.2)

a =
D

2 + q
(B.3)
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Fig.B.3 Dimensions of the skeleton

where floor(x) = {n ∈ N|n ≦ x}. These equations are geometrical relationship in the
skeleton. Besides, the following equation holds.

D sin
θ

2
+ 2r cos

θ

2
− Lmax

2Nz
= 0 (B.4)

The angle at the vertex of the skeleton θ is calculated by solving Eq.B.4 with a numerical
method such as bi-section method in 0 ≦ θ ≦ π [rad].
　 In order to generate the ideal motion, r and a have to be small. However, they have to
be increased to reduce maximum stress in the elastic hinge. Thus, those values have to be
determined so that the maximum stress is less than the allowable stress. Thus, after the
calculation of the design variables, stress analysis of the elastic hinge in the maximally
deformed state has to be performed and it is confirmed whether the maximum stress is less
than the allowable stress or not. If not, h, r and q are modified and the above calculation
is performed again. 　

B.2.3 Stress analysis

　 In order to perform the above procedure effectively, a method to calculate the maximum
stress in the elastic hinge is proposed. This method is the combination of the deformation
analysis with an elastically constrained closed-loop linkage model and stress analysis of a
curved beam.
　 Firstly, the deformation of the elastic hinge is calculated. In this calculation, the
neutral surface of the elastic hinge is modeled as an elastically constrained closed-loop
linkage with 3N links and 3N +1 revolute pairs as shown in Fig.B.4. The kinematic state
of each joint is represented as curvature of beam κi (i = 1, 2, ..., 3N + 1) instead of the
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Fig.B.4 Kinetostatic model of the flexible part in the elastic hinge

link angle and position of each joint is represented as ji. The part in 1 ≦ i ≦ N + 1 and
2N + 1 ≦ i ≦ 3N + 1 is the flat beam so the initial curvature is κi,0 = 0. The part in
N + 2 ≦ i ≦ 2N is cylindrical beam so the initial curvature is κi,0 = 1/r. The tangent
and normal direction of the beam at ji are represented as vi and ni. When boundary
conditions at j1 are v1 = [0 1]T and n1 = [1 0]T , vi and ni (i = 2,…, 3N + 1) can be
calculated with the Frenet-Serret equation. The Frenet-Serret equation is represented as
the following equation with arc-length parameter λ.

d

dλ

[
vT

nT

]
=

[
0 κ
−κ 0

] [
vT

nT

]
⇔ d

dλ
V = ΓV (B.5)

Thus, the Frenet-Serret equation can be discretized based on the trapezoidal integration
as the following equation.

V i = (2I −∆λΓi)
−1(2I +∆λΓi−1)V i−1 (B.6)

where I is identity matrix, ∆λi is a/N in the flat beam and r(π− θ)/N in the cylindrical
beam. Then, each position of the joint can be calculated with the following update
function.

ji = ji−1 +
vi − vi−1

2
∆λi (B.7)

Note that another edge of the elastic hinge must be satisfied boundary conditions j3N+1 =

[2r 0]T , v3N+1 = [0 − 1]T . Therefore, curvatures are updated to minimize the potential
energy of the elastic hinge with subject to the boundary conditions by using a numerical
optimization method. The objective function (the approximated potential energy Up) is
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Fig.B.5 A segment of the curved beam

represented as the following equation.

Up =
E

2
(
b2h

3

12
)
3N+1∑
i=2

[
1

2

i∑
j=i−1

(κj − κj,0)
2]∆λi (B.8)

where E is Young’s modulus.
　 Next, the maximum stress of the elastic hinge is calculated. Fig.B.5 shows a segment
of the curved beam. R = 1/κ is the radius of curvature and τb is the bending moment.
The relationship between R and τb is represented as the following equation [125].

1

R
=

1

R0
[1 +

τb
χ(ESR0 + τb)

], (B.9)

where R0 is the initial radius of curvature, S is the cross-sectional area which is calculated
by S = hb2 and χ is the section modulus of the curved beam. Note that it is considered
that the maximum stress is generated on the outer circumference, i.e. the area of z =
−h/2. Thus, χ at z = −h/2 is calculated by the following equation [125].

χ =
1

S

∫
S

z

R+ z
dS =

R0

h
ln(

R0 + h/2

R0 − h/2
)− 1 (B.10)

Thus, the bending moment at each joint is calculated with the following equation.

τb,i = ES(Ri +R0,i)[1−
Ri

R0,i
(1− 1

χ
)]−1 (B.11)

By using calculated τb,i, the stress at z = −h/2 is calculated with the following equation
[125].

σi =
τb,i
SR0,i

[1− h/2

χ(R0,i − h/2)
] (B.12)
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Therefore, the maximum stress can be derived and the following condition must be satis-
fied.

σmax = max
i=1,...,3N+1

(σi) ≦ σyield, (B.13)

where σyield is the yield stress of the skeleton. It is thought that this method can achieve
lower cost calculation than FEM of commercial software because the division number of
this calculation can be small.

B.3 Evaluation
　

In order to confirm the validity of the proposed method to calculate the stress of the
elastic hinge, the maximum stresses of some examples were calculated with the proposed
method and they were compared with results calculated with the finite element method
(FEM) by commercial software under the same conditions. In this investigation, three
examples of the elastic hinge were used. All examples had E = 1.6 GPa, b2 = 20 mm,
h = 1 mm, r = 2 mm, θ = 45 deg but they had different values of a with each other:
a = 5 mm, 10 mm, 15 mm. As the commercial software, ANSYS was used, and maximum
principal stresses of the examples were calculated by the large deformation analysis.
　 Errors between the maximum stress calculated by the proposed method and FEM were
1.33 % in a=5 mm, 2.36 % in a=10 mm and 4.33 % in a=15 mm. Fig.B.6 shows the stress
distribution along the outer circumference of the cylindrical beam when the elastic hinge
has a = 15 mm, where λ is the arc length parameter from end to end of the circumference.
These results show that maximum stress calculated by the proposed method agrees very
well with maximum principal stress calculated by ANSYS. Note that the reason why the
stress calculated with FEM is zero at both ends of λ is that ANSYS calculated triaxial

Fig.B.6 Comparison between the stress calculated by the proposed method and by
the FEM
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stress and its component had both zero and negative values. Therefore, it can be thought
that the proposed method is valid.
　 In this calculation, the number of the links in the closed-linkage model was 120 (N =
40). Although the division number was small and calculation time is low, the maximum
stress was able to be calculated accurately. Therefore, this method is useful for the
proposed design procedure.

B.4 Design for the example of the ASRCP
　 In section 3.5.2, the FOAM of which minimum length is smaller than 87 mm, stroke is
larger than 89 mm and the contraction ratio is larger than 44 %, was required to drive
the SRCP. In order to design such FOAM, Lmin = 25 mm, Lmax = 125 mm, r = 1.5
mm, h = 0.8 mm, w1,max = 30 mm and q = 5 were specified. Then, the other parameters
were calculated with the method described in section B.2.2, and D = 26.2 mm, θ = 59.6
deg, Nz = 4 and a = 3.74 mm were obtained. When copolyester is used as the material
of the skeleton, Young’s modulus of the skeleton is E = 150 MPa. Then, the maximum
stress of the skeleton with this material was σmax = 10.36 MPa. This value is less than
the tensile strength of this material: 14 MPa. Therefore, this skeleton does not plastically
deform in the motion range.

B.5 Chapter summary
　 In this chapter, a design method of the FOAM was described. Besides, the design
procedure of the FOAM used in section 3.5.2 was described. The summary is as follows.

(1) A design method of the FOAM with the specified size and contraction ratio and
without plastic deformation of its skeleton was described.

(2) The validity of the proposed method to analyze maximum stress in the skeleton was
confirmed by comparing results calculated with the proposed method and results
calculated with commercial software.

(3) The FOAM to drive the example in section 3.5.2 was able to be designed to satisfy
its requirements and to be without plastic deformation in the skeleton.
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