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Introduction

Cluster algebras were introduced by Fomin and Zelevinsky in the seminal paper [FZ02a].
A cluster algebra is a commutative ring equipped with a combinatorial structure called a
cluster pattern. A cluster pattern is a graph whose vertices are clusters, which are tuples
of cluster variables, and edges are exchange relations. Such combinatorial structures have
been found in many areas of mathematics, and thus the theory of cluster algebra has
many applications.

One of the main applications of the theory of cluster algebras is the study of discrete dy-
namical systems. In their fourth paper on cluster algebras [FZ07], Fomin and Zelevinsky
introduced bipartite belts, which are discrete dynamical systems associated with bipartite
symmetrizable generalized Cartan matrices. They proved that the bipartite belt associ-
ated with a generalized Cartan matrix A is periodic if and only if A is of finite type, that
is, there exists a vector v > 0 such that Av > 0. Thus, periodic bipartite belts are classi-
fied by the Cartan-Killing classification. This result generalizes and refines the periodicity
of Zamolodchikov’s Y-systems, which was conjectured by Zamolodchikov [Zam91] in the
study of thermodynamic Bethe ansatz, and proved by Fomin and Zelevinsky in [FZ03]
prior to their fourth paper [FZ07]. They also proved that there is a bijection between
the set of terms appear in a bipartite belt associated with a finite type Cartan matrix
A and the set of almost positive roots in the root system associated with A. A key fact
in the proof of these results is that terms in a bipartite belt are realized as cluster vari-
ables in some cluster algebra, and recurrence relations of this bipartite belt are realized
as exchange relations in the same cluster algebra.

Bipartite belts are very special cases of discrete dynamical systems called Y-systems and
T-systems in cluster algebras, in the sense of Nakanishi’s paper [Nakl1b]. These discrete
dynamical systems have nice properties inherited from general properties of cluster alge-
bras such as the Laurent phenomenon [FZ02a], the Laurent positivity [LS15, GHKK18],
the synchronicity phenomenon [Nak19], and the quantization [BZ05, FG09]. It has been
discovered that many interesting discrete dynamical systems can be realized as Y-systems
or T-systems in cluster algebras, for example:

e periodic discrete dynamical systems that are generalization of Zamolodchikov’s Y-
systems [FZ07, GP19a, ITK"13a, ITK"13b, Kell3, NS16],

e non-periodic but integrable discrete dynamical systems such as Q-systems [DFK09,
DFK10, Ked08], pentagram maps [GSTV16, Glill], the ¢-Painlevé equa-
tions [BGM18, HI14, Okulb], and discrete dynamical systems associated
with mutation-periodic quivers [FH14, FM11] and bipartite recurrent quiv-
ers [GP19b, GP20].

Because of these nice properties and interesting examples, it is natural to ask what discrete
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dynamical systems arise from cluster algebras in general. In this paper, we give an answer
to this question.

B Main result Let r be a positive integer, and we denote by [1,7] the set {1,...,7}.
Given a triple of matrices (No, N1, N_) in Mat, «,(Z[z]) whose entries are written as

Ne = ( Z nib;pzp> ’
a,be(l,r]

PEZL>0

we consider the following relation for each (a,u) € [1,7] X Z among indeterminates in
{Ta(u) | (a7u) € [1,7"] X Z} :

TT T 7o +p)"bew = TT T ZoCu + p)"en + [T T ToCu + p)"ses. (0.0.1)

b=1p>0 b=1p>0 b=1p>0
We impose the following conditions on (Ny, Ny, N_):

) ngb;p = 0ab0p0 + Oac(b)Opp, for some o € &, and p, € Z~o,
) nib;p >0 and n,,, > 0 for any a, b, p,

(N3) njb;p =0 and n_,
)

abp =0 unless 0 < p < pg,
+ —

NapepMabp = 0 for any a, b, p,

where &, is the symmetric group on [1,7] and ¢ is the Kronecker delta. The condition
(N1) says that the left-hand side in (0.0.1) is equal to T4 (u)T5(q) (4 +Pe(a)). The condition
(N2) says that the right-hand side in (0.0.1) is a sum of two monomials. The condition
(N3) together with (N1) implies that any Tj,(u) can be written as a rational function in
the initial variables (7, (p))(a,p)c Ry, Where

Rin = {(a7p) € [LT] X Z | 0 <p <pa}'

The condition (N4) says that the two monomials in the right-hand side in (0.0.1) do not
have common divisors.

Definition 0.0.1. We say that a triple of matrices a = (A1, A_, D) is a T-datum of
size r if AL can be written as Ay = Ny — Ny by a triple of matrices (Ng, Ny, N_) in
Mat, «,(Z[z]) satisfying (N1)—(N4), and D is a positive integer diagonal matrix satisfying
the following conditions:

[ ] NOD — -DNO7
e DIN.De€e Mat, ., (Z[z]),
o A, DAN = 4_DAT,

where Al = (Ag],my1)T.

Definition 0.0.2. Let a be a T-datum. Let T(a) be the commutative ring gener-
ated by the indeterminates (T,(u)*')(q,u)e1,xz Subject to the relations (0.0.1) and
To(u)T,(u)™! = 1 for any (a,u) € [1,r] x Z. We define 7°(a) to be the subring of
T () generated by (T,(u))(a,u)e[1,rjxz. We say that T°(c) is the T-algebra associated
with a. We also say that the family of relations (0.0.1) is the T-system associated with
a.
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Let I be a finite index set. For a pair (B,x) of an I x I skew-symmetrizable integer
matrix B and an I-tuple x = (x;);cs of algebraically independent commuting variables,
the cluster algebra associated with the initial seed (B, z) is defined [FZ02a, FZ07], which
is denoted by A(B,x). In Section 2.2.4, we prove the following:

Theorem 0.0.3. Let a be a T-datum of size r. Let © = (Tap)(ap)cr,, b€ an Rin-tuple
of algebraically independent commuting variables. Then there exists a unique Ry, X Ri,
skew-symmetrizable integer matrix B such that

(1) there exists a unique injective ring homomorphism v : T°(a) — A(B,x) such that
L(Ta(p)) = Za,p fOT’ any (avp) S Rin:

(2) «(Ty(w)) is a cluster variable in A(B,x) for any (a,u) € [1,r] X Z,

(3) the image of the relation (0.0.1) by ¢ is an exchange relation in A(B,x) for any
(a,u) € [1,7] X Z.

Conversely, we also prove that T-systems in cluster algebras (in the sense in [Nak11b])
yield T-data (Section 2.1 and 2.2.2). Therefore, our definition of T-data completely char-
acterize when a system of difference equations of the form (0.0.1) is realized as a family of
exchange relations in a cluster algebra. In the following, we give remarks and applications
of Theorem 0.0.3.

B Sequences of mutations that preserve exchange matrices The matrix B in Theorem
0.0.3 is called the initial exchange matrix in the cluster algebra A(B,x). In the proof of
Theorem 0.0.3, we give the explicit formula (2.2.9) expressing B using a matrix coeffi-
cients in a T-datum. We also construct a sequence of mutations, which are fundamental
operations in the theory of cluster algebras, that preserves the exchange matrix B up to
relabeling of indices. Such a sequence of mutations is called a mutation loop.

Mutation loops themselves are of interest from a geometric viewpoint: they are rep-
resentatives of elements in cluster modular groups [FG09], which are cluster algebraic
counterparts of mapping class groups of surfaces. We show that essentially all mutation
loops are obtained by the formula (2.2.9) (Theorem 2.2.18). The formula (2.2.9) gives a
effective way to find mutation loops since finding T-data is usually easier than finding mu-
tation loops. We give many examples of T-data in Section 2.3, which recover or generalize
mutation loops in the literature. In Section 2.3.1, we classify T-data of size 1 (Theo-
rem 2.3.1), which turns out to recover the classification of period 1 quivers by Fordy and
Marsh [FM11]. In Section 2.3.2, we define T-data associated with pairs of commuting Car-
tan matrices. They are generalization of bipartite belts by Fomin and Zelevinsky [FZ07].
In particular, our definition also works for non-bipartite cases such as the “tadpole type”.
In Section 2.3.3, we define T-data associated with level restricted T-systems for quantum
affinizations [KNS09]. These T-systems are restricted version of T-systems for quantum
affinizations discovered by Hernandez [Her(07]|, where “T-systems for quantum affiniza-
tions” mean algebraic relations among ¢-characters of Kirillov-Reshetikhin modules over
quantum affinizations. Although mutation loops corresponding to these T-data are al-
ready constructed in [[TKT13a, ITKT13b, KNS09, Nakllc], our method gives a simple
systematic way to produce these mutation loops.

B T-systems with coefficients and Y-systems Theorem 0.0.3 can be extended to T-
systems with coefficients. In fact, we show Theorem 0.0.3 in this generality (Theorem
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2.2.19). Coefficients of T-systems are governed by Y-systems, which are generalization
of Zamolodchikov’s Y-systems [Zam91]. In terms of T-data, the coefficients of the T-
system associated with a T-datum « is described by the Langlands dual T-datum oV =
(AY,AY,DY). If we write the entries of the matrices in o" as

VvV ~ € p
N = < E Tabip? ) ,
a,be(l,r]

PEZL>0

the coefficients of the T-system associated with « is governed by the following system of
relations:

r ) T 1oYy(u—p Mabip
H H va(’u — p)ngb;p = Hb L HPZO( b( )) Bt
b=1p>0 [T=i [L,50 (1 @ Yo (u —p)=t) e

where @ is the “auxiliary addition” in the underlying semifield to which the coefficients
belong. We call this family of relations the Y-system associated with a.

B Periodic T-systems and Y-systems We say that a T-datum is of finite type if the
set {T,(u) € T°(«) | (a,u) € [1,7] x Z} is a finite set. This is equivalent to saying that
the T-system associated with « is periodic. By the synchronicity phenomenon of cluster
algebras [Nak19], this is also equivalent to the periodicity of the Y-system associated with
« in universal semifields.

Many examples of finite type T-data have been found in the literature, which are
associated with the following data:

finite type Cartan matrices [Zam91, FZ03, FZ07],

tensor products of pairs of finite type Cartan matrices [RVT93, Kell3],

untwisted quantum affine algebras [KN92, ITK ™ 13a, ITK™13b],

the sine-Gordon Y-systems and the reduced sine-Gordon Y-systems [Tat95, NS16],

which are associated with continued fractions,
e admissible ADE bigraphs [GP19a].

In many cases in this list, the periodicities of Y-systems in universal semifields were
conjectured in the 1990s in physics [Zam91, RVT93, KN92, Tat95], and proved in the 21st
century by using the theory of cluster algebras [FZ03, FZ07, Kell3, IIK*13a, IIK*13b,
NS16, GP19a].

Since there are many interesting examples of finite type T-data as in this list, the
classification of finite type T-data is a interesting problem. Except for special cases [FZ07,
GP19a], however, the classification of finite type T-data is still not well understood. In
this paper, we prove that any finite type T-datum satisfies the following simultaneous
positivity:

Theorem 0.0.4 (Theorem 3.1.5). Let a = (A4, A_, D) be a T-datum. If « is of finite

type, then there exists a vector v > 0 such that A;[v >0 and ATv > 0, where /ii =
Ai|z:l-

Theorem 0.0.4 gives a effective method to determine that a given T-datum is not of
finite type (see Example 3.1.6). This theorem is also used in the next topic: relationship
between cluster algebras and Nahm’s conjecture.
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BmNahm’s conjecture In [Nah(7], Nahm gave a connection between rational conformal
field theories and torsion elements in Bloch groups. In particular, Nahm’s conjecture states
that the modularity of certain hypergeometric g-series is related to torsion elements in
Bloch groups (see [Zag07, Chapter 11, Section 3]). We give a version of Nahm’s conjecture
from a viewpoint of cluster algebras.

Let « = (A4, A_, D) be a Cartan-like T-datum (see Definition 3.2.1) of finite type. By
Theorem 0.0.4, we can show that the system of equations

T

fa=[J = f)"  (ac[1,r]) (0.0.2)

b=1

has a unique real solution such that 0 < f, < 1 for any a € [1,r]|, where we define
KY = (Fap) € Mat, ,(Q) by KY = (AY)~1AY. For this solution, the value

Co 1= % > doL(fa) (0.0.3)
a=1

™

turns out to be a rational number, where L(z) is the Rogers dilogarithm function. This
fact follows from dilogarithm identities in cluster algebras that are proved by Nakan-
ishi [Nak11b]. Moreover, for any solution (fi,...,fr) € Q of (0.0.2), we can define
a torsion element in the Bloch group B(F'), where F' is a number field containing the
solution.

Motivated by Nahm’s conjecture, we introduce a family of hypergeometric ¢-series
(Za,0(q))ses, for any Cartan-like T-datum « of finite type, where S, is a finite abelian
group associated with a. We call these ¢-series the partition g-series of a. In fact,
these are generalization of partition g-series of mutation loops introduced by Kato and
Terashima [KT15]. We conjecture that partition g-series are modular functions:

Conjecture 0.0.5 (Conjecture 3.3.3). Let « be a Cartan-like T-datum of finite type.
Then q_ca/24Za,J(q) is a modular function for any o € S,, where c, is the rational

number defined by (0.0.3).

We prove this conjecture for r = 1 using Rogers-Ramanujan type identities (Theo-
rem 3.3.5). We also give the following examples (Example 3.3.6-3.3.9) supporting the
conjecture for r > 2: Zagier’s lists of 2 x 2 and 3 x 3 matrices concerning the Nahm’s con-
jecture [Zag07], a g-series in the Andrew-Gordon identity [And74], fermionic formulas for
quantum affine algebras [HKO™02], and g-series appear in the theory of nilpotent double
affine Hecke algebras [CF13].

Acknowledgment

First, I would like to thank my supervisor Yuji Terashima for his numerous support during
the course of my study. I had many fruitful discussions with him, and his insightful
comments helped me a lot. I would also like to thank my another supervisor Sakie Suzuki
for her help. I would also like to thank my colleagues and friends throughout my student
days. Finally, I am deeply grateful to my family for all their support.

This work is supported by JSPS KAKENHI Grant Number JP18J22576.



Introduction 8

Published contents
This thesis is based on the following papers:

e Yuma Mizuno Ezponents associated with Y -systems and their relationship with
q-series, Symmetry, Integrability and Geometry: Methods and Applications
(SIGMA), 16:028, 42 pages, 2020, https://doi.org/10.3842/SIGMA.2019.101

e Yuma Mizuno, Difference equations arising from cluster algebras, Journal of Alge-

braic Combinatorics, 2020, https://doi.org/10.1007 /s10801-020-00978-9



Chapter 1

Cluster algebras

We review cluster algebras following [FZ07].

1.1 Matrix mutations and quiver mutations

Let I be a finite index set. An I x [ integer matrix B = (B;j)i jer is called skew-
symmetrizable if there exist a tuple of positive integers d = (d;);cr such that B;;d; =
—DBj;d;. Such a tuple is called a (right) symmetrizer of B. For any I x I matrix B =
(Bij)ijer and bijection v : I — I’ between finite index sets, we define an I’ x I’ matrix

V(B) = <B2{/j/)i/,j'61/ by Bll/(z)l/(j) = B’L]

Definition 1.1.1. Let B = (B;;) jer be a skew-symmetrizable integer matrix, and let
k € I. The matriz mutation pg : B — B’ is a transformation that transforms B into a
new skew-symmetrizable integer matrix B’ = (ng)¢7j€ 1 defined as follows:

, {—Bij ifi=korj=k, A1)

"\ Bij + [Bi)+|Brjls — [~ Bi)+[~Brj]+  otherwise,

where [z]; := max(0, z).

If d is a symmetrizer of B, then it is also a symmetrizer of uy(B). In particular, if B is
a skew-symmetric integer matrix, then py(B) is also a skew-symmetric integer matrix. In
this case, it is convenient to describe matrix mutations in terms of quivers. A quiver is a
finite oriented graph without loops and 2-cycles. For any skew-symmetric integer matrix
B, we define a quiver Q(B) as follows: the vertex set is I, and there are [B;;]4 arrows
from i to j. Conversely, we can recover a skew-symmetric integer matrix B(Q) from a
quiver @ by B(Q)i; = Qi; — Qji, where Q;; is the number of arrows from i to j. This
gives a bijection between the set of I x I skew-symmetric integer matrices and the set of
quivers whose vertex set is I.

Definition 1.1.2. Let ) be a quiver, and let k£ be a vertex of Q). The quiver mutation py
is a transformation that transforms @ into a quiver uy(Q) defined by the following three
steps:

(1) For each length two path i — k — j, add a new arrow i — j.
(2) Reverse all arrows incident to the vertex k.
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(3) Remove all 2-cycles.

Matrix mutations and quiver mutations are compatible. The transformation

b b

7 ik v

c c
is an example of a quiver mutation.

1.2 Seed mutations

A set P is called a semifield if it is an abelian multiplicative group endowed with an
binary operation & which is commutative, associative, and distributive with respect to
the multiplication. We denote by ZP the group ring of P over Z. This ring is an integral
domain since the abelian multiplicative group of P is torsion-free. Throughout this paper,
a ZP-algebra means a commutative associative ZP-algebra with an identity element, and
we assume that a ZP-algebra homomorphism sends the identity element to the identity
element. We denote by QP the field of fractions of ZP. We fix a field F that is isomorphic
to the field of rational functions over QP in |I| variables.

Example 1.2.1. Let J be a finite index set.

(1) Let Trop(u;)jes be the abelian multiplicative group generated by the indetermi-
nates (u;)jes. We define a binary operation @ on Trop(u;);cs by

aj bj _ H min(a;,b;)
vy e]lw =11v :

jed jeJ jeJ

This binary operation makes Trop(u;),;e; a semifield, which is called a tropical
semifield. If J is the empty set, Trop(u;)jes = {1} is called the trivial semifield.

(2) Let Qg(uj);cs be the subset of Q(u;);jes consisting of all rational functions that
can be written as subtraction-free expressions in (u;);cs. The set Qs¢(u;) e is a
semifield with respect to the usual multiplication and addition, which is called a
universal semifield.

Definition 1.2.2. An (I-labeled) Y-seed in P is a pair (B, y), where

e B = (Bjj)ijer is an I x I skew-symmetrizable integer matrix,
e y = (y;)ies is an I-tuple in elements of P.

Definition 1.2.3. An (I-labeled) seed in F is a pair (B,y,z), where

e (B,y) is an I-labeled Y-seed in P,
e © = (x;);cs is an I-tuple of elements in F forming a free generating set, that is,
x;)ier is algebraically independent over QP, and F = QP(z;);c;.
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For a seed (B,y,x), we refer to B as the exchange matriz, y as the coefficient tuple, x
as the cluster, y;’s as the coefficients, and x;’s as the cluster variables.

Definition 1.2.4. Let (B,y,x) be an I-labeled seed in F, and let k € I. The seed
mutation py : (B,y,x) — (B',y',2’) is a transformation that transforms (B, z,y) into a
new seed (B',y’,z") defined as follows:

® B/ = (le'j)i,jel is given by (111),
o vy = (y))icr is given by
v ifi =k,
Y= yi(1@®yr) B%  ifi#k and By <0, (1.2.1)
yi(1@y, 1)~ Br ifi# k and By; >0,

o ' = (x})ies is given by x} = x; if i # k, and

r_ -1 Yk [Bjk]+
Ty = Ty (1@%]1;[:6]- 1@%1;[ ) (1.2.2)

We also say that the transformation py : (B,y) — (B’,y’) is the Y-seed mutation.

The relation (1.2.2) is called the ezchange relation. Seed mutations are involutions,
that iS; ,uk(lu’k(vaa ZIJ‘)) = (B7y7 Q?)

1.3 Cluster algebras

The I-regular tree T is the tree such that all vertices have degree |I| and the edges
that are incident to each vertex are labeled by the elements in I. A cluster pattern is an
assignment of an I-labeled seed to every vertex in Tj, such that the two seeds assigned
to the endpoints of any edge labeled by k£ € I are obtained from each other by the seed
mutation puy.

Definition 1.3.1. The cluster algebra A associated with a given cluster pattern is the
ZP-subalgebra of F generated by all cluster variables in the pattern. We denote A =
A(B,y,x), where (B,y,x) is any seed in the underlying cluster pattern. We often denote
A(B,y,z) by A(B,z) when P is the trivial semifield.

The Laurent Phenomenon is the one of the most important properties of cluster alge-
bras.

Theorem 1.3.2 ([FZ02a, Theorem 3.1)). Let x be a cluster in a cluster pattern. Then
any cluster variables in the same cluster pattern is expressed as a Laurent polynomial in
x with coefficients in ZIP.
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Chapter 2

Y-systems and T-systems

2.1 Y/T-systems in cluster algebras

In this section, we review T-systems and Y-systems in cluster algebras following [Nak11b].
Simply put, T-systems and Y-systems are algebraic relations that x’s and y;’s, respec-
tively, at mutation indices satisfy.

2.1.1 Mutation loops

Let B = (B;j)i,jer be a skew-symmetrizable integer matrix. Let r be a positive integer.
For any sequence of indices i = (i1,...,4,) € I", we denote the composition of mutations
Wi, © -0 p; by py. If B, = 0 for any a,b € [1,r], it is easy to see that p;(B) =
Koy (B) for any permutation p € &,., where &, is the group of bijections on [1,r] and

p(i) == (ip-1(1)s---,ip-1()). We say that a transformation B + p;(B) is a simultaneous
mutation if B; ;, = 0 for any a,b € [1,7], and a # b implies i, # i} for any a,b € [1,r].
Let i = (i1,...,4,) € I" be a sequence of indices. Consider a partition of i:
i=1(0) [i(2) [---[i(t —1),
t—1
. , . (2.1.1)
i(u) = (i(u)y,...,i(u),), Z Tu =T,
u=0

where we allow i(u) to be the empty sequence. Formally, a partition of i is an order-
preserving map [1,7] — {0,...,t — 1} where ¢ is a positive integer. A partition (2.1.1)
is called a partition into simultaneous mutations if all B(u) — B(u + 1) in the following
mutation sequence are simultaneous mutations:

B — B(O) Hi(0) B(l) :,Ufi(l) L =,U'i(t71)

B(t). (2.1.2)

Definition 2.1.1. We say that a quadruple v = (B, d, i,v) is a mutation loop if

B = (Byj)i jer is a skew-symmetrizable integer matrix,

o d = (d;)ies is a right symmetrizer of B,

i=(i1,...,1,) is a sequence of elements in I equipped with a partition into simul-
taneous mutations i = i(0) | i(1) | --- | i(t — 1),

e v: I — [ is a bijection such that p;(B) = v(B) and d = v(d).
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The integer r is called the length of v. Many examples of mutation loops are given in
[Nak11b, Section 3.

The partition (2.1.1) decomposes [1, 7] into ¢ parts. We define the subgroup &, ,,_, C
S, which is isomorphic to &,,, x --- x &,,_,, consisting of permutations that fix the each

part as a set.

Definition 2.1.2. We say that two mutation loops v = (B, d,i,v) and v = (B’,d,i',v'),
where i =1(0) | --- |i(t — 1) and i’ =1'(0) | --- | i'(¢’ — 1), are equivalent if there exists a
bijection f : I — I’ between the index sets of B and B’, and a permutation p € &, .,
such that

—1

e B'= f(B),

o d' = f(d),

o t =t and i'(u) = f(p(i(u))) for each u=10,...,t — 1,
o =fovof L

For any mutation loop v = (B, d,i,v), we have the following infinite length mutation
sequence that extends (2.1.2):

) B(~1) Hi(—1)
B(O) &9 pay Mo, L ey gy oy e (2.1.3)
Bt) 29 p41) LDy 0 JeED0 pop o) LGED o
B(2t) Al

where B(nt+ k) = v"(B(k)) and i(nt+ k) = v"(i(t+ k)) foranyn € Zand 0 < k <t —1.
Let P, be the set defined by

P, ={(i,u) e I xZ|i€i(u)}.

Elements in P, are called mutation points of v. We also define an integer A(,u) for any
(i,u) € I X Z by

A(i,u) = min{v € Z>¢ | (i,u+v) € Py}

if there exists v € Z>¢ such that (i,u +v) € P,. Otherwise, we set A(i,u) = co. The
number A(i,u) is called the latency of (i,u). For any (i,u) € I X Z with A(i,u) < oo, we
define an element s(i,u) € P, by

(i) = {(z’,u + A1, 1)) if (i,u) ¢ P,
’ (i,u+1+AG,u+1)) if (i,u) € P,.

The element s(i,u) is called the next mutation point of (i,u).

A mutation loop is called complete if all latencies are finite, that is, A(7,u) < oo for any
(i,u) € I X Z, or equivalently, for any (¢,0) € I x {0}. In the rest of this paper, we usually
assume that mutation loops are complete.

In order to describe the T-system and the Y-system so that the relationship between
them is apparent, we need another parameterization of the mutation points. For any
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elements (i,u), (j,v) € Py, we write (¢, u) ~ (j,v) if there exists g € Z such that j = v9(3)
and v = u + gt. Let 7 : P, — [1,7] be the surjective map defined by 7(i,u) = a where a
is the unique element in [1,r]| such that (i,u) ~ (is,v) and 0 < v < t — 1. We define a set
R, by

R, ={(m(i,u),u) | (i,u) € Py}. (2.1.4)
Lemma 2.1.3. The map P, — R, defined by (i,u) — (7(i,u),u) is a bijection.

Proof. The surjectivity is apparent since 7 is surjective. We assume that (¢, ), (j,u) € Py
satisfy m(i,u) = m(j,u). Then we obtain (i,u) ~ (j,u), and this implies that ¢ = j by the
definition of the equivalence relation. O

Let 0 € G, be the bijection defined by
o(a) =m(s(i,u)), (2.1.5)

where (i,u) € 7~ !(a) is any mutation point that maps to a by 7. The definition of o does
not depend on the choice of (i,u). For any a € [1,r]|, we denote by A, the positive integer
14+ A(i,u + 1) where (i,u) € 7~ !(a). In other words, )\, is the positive integer satisfying
s(i,u) = (i,u + Ag). The definition of A\, also does not depend on the choice of (i, u).

2.1.2  Y-systems in cluster algebras

Let us describe a Y-system associated with a mutation loop . For any Y-seed (B, y), we
have the following infinite length sequence of Y-seeds:

o (B(=1),y(-1)) Dy
(B(0),y(0)) 2 ... (B(t—1),y(t—1)) 2 (2.1.6)

(B(t),y(t) %

where (B(0),y(0)) = (B,y) and we define negative ones using the involution property of
mutations. We define an element Y, (u) € P for any (a,u) € R, by

Yo(u) = yi(u), (2.1.7)

where i € I is a unique index such that (i,u) € P, and a = (i, u).
Let Ny’ = (3 ez Mopp?? apeltr] € Matyxr(Z[z2]) be the r x r matrix whose entries are
integer coefficients polynomials in the variable z defined by

D 2 = ap + G2 (2.1.8)
PEZ

where @’ = 0 1(a). We also define two matrices N = (ZPGZ ﬁ(—z’_b;pzp)a,bé[l,r] and NV =
(ZpGZ ﬁ;b;pzp)a,be[l,r] in MatrxT(Z[Z]) by

Zﬁfb;pzp - Z [iBjk(U)]+Z>\(k’v)a (2.1.9)
PEL (jv)er,
s(k,v)=(k,u),m(j,v)=b

where (k,u) € m~1(a). The definition of NY does not depend on the choices of (k,u).
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J1
\k .....
| Js &_ ....... |
| J2 |
| | | bk, v1)
U— Ao/ U3 V2 U1 u !

Fig. 2.1 A schematic description of a Y-system. A black point represents a mutation
point. An arrow in a plane from (resp. to) a mutation point (j,v) to (resp. from) the
right arrow that ends at (k,w) indicates that [Bjr(v)]+ # 0 (resp. [—Bjr(v)]+ # 0).

Proposition 2.1.4 ([Nakllb, Section 5.5]). For any mutation loop vy, the family of ele-
ments (Yo(u))(a,uer, satisfy the following relation in P for any (a,u) € R:

where Hb,p = HZ:1 H;O:O‘

We call the family of relations in Proposition 2.1.4 the Y-system associated with 7,
and the triple of matrices (N.Yo, Ny, N _) the Y-system triple of v. From (2.1.8), the
left-hand side in the Y-system can be rewritten as

[T Yo(u—p)™er = Ya(u)Yar (u — Aar).
b,p

If we define elements P (u) € P by

__Ya(u) o1
J(U)—wa a(u)—m,

the relation in Proposition 2.1.4 can be written in a simpler form as

(2.1.10)

H Pb—|— (u . p)ﬁgb;p_ﬁ:b;p p— H Pb_ (u _ p)ﬁgb;p_'flab;p‘
b,p bap

Figure 2.1 is a schematic description of a Y-system.
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~
- - -

=y
°
I
g

g

~

)‘(jlvvl)

I
|
I
I
I
I
I
I
I
L
U U1 (%) u+ A, U3

v

Fig. 2.2 A schematic description of a T-system. A black point represents a mutation
point. An arrow in the plane from (resp. to) the mutation point (k, u) to (resp. from)
a right arrow that ends at (j, v) indicates that [—Bjx(u)]+ # 0 (resp. [Bjr(u)]+ # 0).

2.1.3 T-systems in cluster algebras

Next we are going to describe T-systems. Let v be a complete mutation loop. For any
seed (B, y,z), we have the following infinite length sequence of seeds:

o (B(=1),y(—-1),2(-1)) D,
(B(0),y(0),z(0)) % .. (B(t—1),y(t—1),z(t—1)) —=1 (2.1.11)

R, by
Yo(u) =yi(u), Ti(u)=z;(u), (2.1.12)

where i € I is a unique index such that (i,u) € P, and a = (i, u).
We define a matrix Ny o= (3_ 7 N0y )1<ab<r € Mat,x,(Z[z]) by

D Moy’ = ab + Saap?™. (2.1.13)
PEZ

. o + o —_
We also define two matrices Ny = (ZpGZ nab;pzp)mbe[l’r] and N, _ = (ZpEZ nab;pzp)aybe[l,r]
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in Mat,«,(Z[z]) by

anjfa;pzp = Z [FBj(u)] 4 220, (2.1.14)
PEZL jel
(s(j,u))=b

where (k,u) € m7=1(a). The definition of N1 does not depend on the choices of (k,u).

Proposition 2.1.5 ([Nakllb, Section 5.5]). For any complete mutation loop, the family
of elements (Yo(u))(auyer, and (To(w))(a,u)er,, satisfy the following relation in F for any
(a,u) € Ry:

H Tb(u ‘l— p)nga;p = P;— (u) H Tb(u —|— p)nl:a;p —|— Pa_ (u) H Tb(u _|_ 1,))’n2:1;p7

b,p b,p b,p
where ], , = ITo—1 H;io and PE(u) € P are defined by (2.1.10).
We call the family of relations in Proposition 2.1.5 the T-system associated with ~,

and the triple of matrices (N0, Ny, 4, Ny,—) the T-system triple of v. From (2.1.13), the
left-hand side in the T-system can be rewritten as

[T 75 (u + p)oese = T ()T ) (w0 + M)
b,p

Figure 2.2 is a schematic description of a T-system.

2.1.4 Relation between Y-systems and T-systems
Let v = (B, d,1i,v) be a mutation loop.

Lemma 2.1.6. The family of positive integers (d;(w));wyerxz defined by di(u) = d;
satisfies the following:

(1) Bij(u)d;j(u) = —Bji(u)d;(u) for any i,j € I andu € Z,

(2) di(u) = dj;(v) for any (i,u), (j,v) € Py, such that m(i,u) = 7(j,v).

Proof. (1) holds since mutations preserve a symmetrizer. (2) follows from d = v(d). O
From Lemma 2.1.6, the positive integers d}, ..., d] defined by d/, = d;(u) where (i,u) €

7~ 1(a) do not depend on the choices of (i,u), and d/, = d;(u) for any (i,u) € I x Z such
that 7(s(i,u)) = a. We denote by D., the positive integer diagonal matrix diag(d}, ..., d,).

Proposition 2.1.7 (cf. Proposition 5.13, [Nakl1b]). Let (N, Ny ,NY_) be the Y-

system triple and (N0, Ny, N, ) be the T-system triple of a complete mutation loop
~v. Then we have

and

D,NY.=N,.D,

V€

for any € € {0,+,—}.
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Proof. The first identity follows from
Z ﬁgb;pzp = 5ab + 60/1)2:)\&/ == 5ba + 68a2>\b - Z ngb;pzp.
P P

The second identity for € = 0 follows from Lemma 2.1.6. We now the second identity for
e ==4. Let (k,u) € 7~ 1(b) and (k',u’) € 7~1(a). Then we have

Zﬁfb;pzp - Z [j:Bjk”(v)]+Z)\(k7v)
p

(j:v)eP’Y
s(k',v):(k/,u'),ﬂ'(j,v):b

= Y By ),

j'el
7(s(j',u))=a

On the other hand, Lemma 2.1.6 implies that

Dot = Y FB] 0
p

Jel
m(s(j,u))=a
= > [Edj(w)di(u) " Byj(u)]4 20
jel
m(s(j,u))=a
=d,(dy)"" D [EBui(u)] 20,
Jel
m(s(j,u))=a

O
For any matrix A, we denote the transpose of A by AT. For any A € Mat,x,(Z[zF1]),
we define a matrix AT € Mat, . (Z[zT']) by AT = (A|,—.-1)T. Clearly, we have (AT)T = A
and (AB)T = BTAT for any A, B € Mat,.,(Z[z1]).

Let (AY ,,AY ) and (A, 4, A, ) be the pairs of matrices defined by AY ; = NY, —
N'\y/,:lz and Ay + = N, o — N, 4, respectively. We call them the Y-system pair and the
T-system pair of v. These pairs of matrices describe the following relation between the

Y-system and the T-system:

Theorem 2.1.8. Let v be a complete mutation loop, and (AY , AY _) and (A, 4, A, )
be the Y-system pair and the T-system pair of v, respectively. Then we have

VoAt gV gt
A’Y7+A’77_ - A’%_A’VH"
Proof. The claim is equivalent to the following equality:
NYNT — NyYNT — NYN! + NYNJ = NYNT — NVNT. (2.1.15)

Let a,b € [1,7] and p € Z. Let us choose an element (i,u) € 7~ !(a). Let a’ = 0~ !(a) and
b =071(b). Let p, = Ao and pp = \pr. Let v =u—p, ' = u—p,, and v/ = v —p,. Then
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the (ab;p)-th entry in the left-hand side in (2.1.15) is given by

- - + + - — - — -+ -+

Mba;—p + Maripa—p ~ Mba;—p ~ Mba'spa—p ~ Tabip ~ abriptps T Pabsp T Tabiptps

_ + L . . / /

Ty " Mha—p b pips +nib,;p+pb if w <vandu <,

— — : / /

B e —nbﬁ;_p o —p —nbﬁ,;pa_p if u <wvand v <u,

- . — - . — - : / ’

—Tgpp —|—n(ib;p ~TNprnip, Tabprp, U< uwandu <o

- — - — : / /

oy by Ty sy, v <wand o' <

if u<wvandu <7,

: if v<wandu <7,
Jel

( )
= Z Bji(u) + Bji(u') if u <wvand v <,
( )
G0ePy (0= { Byi(v) + Bja(u')

if v <wandv <,

- Z (Bji(min(u,v)) + Bj;(max(u’,v"))).
JeI
(j,'U)EP—YﬂT(j,’U):b

On the other hand, the (ab; p)-th entry in the right-hand side in (2.1.15) is given by

r
E E 5+ — — +
(nac;u—wnbc;v—w - nac;u—wnbc;v—w)

c=1weZ

= > ([Bri(w)]+[Bjr(w)l+ — [=Bjr(w)]+ [~ Bri(w)]+).
jeI,(kw)eEP,
(4,v)€Py,m(j,v)=b
max(u’,v")<w<min(u,v)

These two entries coincide since
Bji(min(u, v)) + Bj;(max(u’,v"))

= > ([Bri(w)]+ [Bjr(w)]4 = [=Bjr(w)]4[=Bri(w)]+)
(k,w)ePy
max(u’,v") <w<min(u,v)

by the rule of matrix mutations (1.1.1). O

2.2 Axiomatic approach to Y/T systems

In this section, we develop an axiomatic approach to Y-systems and T-systems based on
the paper [Miz20a] written by the author of thesis.

2.2.1 T-data

Let r be a positive integer.  As in the last section, we define an involution
t: Mat,x,(Q(2)) — Mat,»,(Q(2)) by At = (A|,—.-1)T.
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For a triple (Ng, N4, N_) of the matrices in Mat,,(Z[z]) whose entries are given by

N, = ( > nzb;pzp) : (2.2.1)
a,be(l,r]

PEZL>0
we consider the following conditions:

(N1) ngb;p = 6ab0p0 + ao(b)Opp, for some o € &, and p, € Zo,

(N2) n:[b;p > 0 and n, , > 0 for any a, b, p,
(N3) ng,.,, =0 and ng, =0 unless 0 < p < pa,
(N4) njb;pn;b;p = 0 for any a, b, p.

Definition 2.2.1. We say that a triple of matrices « = (A, A_, D) is a T-datum of
size r if Ay can be written as Ay = Ny — Ny by a triple of matrices (No, Ny, N_)
in Mat, «,(Z[z]) satisfying (N1)—(N4), and D is a positive integer diagonal matrix that
satisfies the following conditions:

e NoD = DNy,
° D_lN:tD S Matrxr(z[z])a
e A DA" = A DAT.

It is clear that the triple (Ng, N4, N_) that satisfies the conditions (N1)—(N4) is uniquely
recovered from (A,, A—) as follows: Ny = [A4]+ = [A_]4, Ny = [-A4]4+, and N_ =
[—A_]4, where we take [ |+ for each coefficient. Note that both matrices Ay and A_ have
non-zero determinants since their determinants are monic polynomials with constant terms
1, which follows from the conditions (N1) and (N3).

We say that the last equation

A, DAT = A DAY (2.2.2)

in Definition 2.2.1 is the symplectic relation due to the following lemma, which can be
easily verified:

Lemma 2.2.2. Let Ay, A_ € Mat,.(Z[z*]) be matrices with non-zero determinants,
and D be a positive integer diagonal matriz. Then the following conditions are equivalent:

(1) AyDA" = A_DAT.

(2) ALDA' is a t-invariant.

(3) A,DAL s a T-invariant.

(4) (A_)"YA, D is a t-invariant.

(5) (Ay)"YA_D is a t-invariant.

(6) D~Y(A_)"YA, is a t-invariant.

(7) DY(AL)"rA_ is a t-invariant.

(8) The rows of the r x 2r matrices [AL A_] are pairwise orthogonal with respect to the
symplectic pairing {, ) : (Z[zT1])?" x (Z[zF1])?" — Z[2T] defined by

6] ] =vem s[5 o] 1]
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where f(2),9(2), f'(2),9'(2) € (Z[z])".
Let o« = (A4, A_, D) be a T-datum. Then the triple a¥ = (AY, AY,D") defined by
NY = D7IN.D and DV = 6§D~ where ¢ is the product of the greatest common divisor
and the least common multiple of all the entries in D, is also a T-datum. The T-datum

oV is called the Langlands dual of a. Clearly, we have oV = a. We write the entries of
N as

NY = < > ﬁgb;pzp) : (2.2.3)
a,be(l,r]

DEZ>0

Definition 2.2.3. Let a = (A4, A_, D) be a T-datum of size r. We say that a subset
R C [1,7] X Z is consistent for « if the following conditions are satisfied:

(R1) If (a,u) € R and n2b;p’ n:{b;p, or ng,., # 0, then (b,u —p) € R.

(R2) If (a,u) € R and nga;p, nz:m), or ny,. # 0, then (b,u +p) € R.
(R3) There exists a positive integer ¢ such that R = R®) and

t—1
[1,r]xZ=| | RW,
k=0

where R*®) := {(a,u+ k) | (a,u) € R}.

For example, [1,r] x Z itself is always consistent since (R1) and (R2) are obvious, and
(R3) is satisfied by setting ¢t = 1. Note that the positive integer ¢ in (R3) is uniquely
determined from R. In the conditions (R1) and (R2), we can replace n with n. From
(N1) together with (R1) and (R2), we have

(a,u) € R if and only if (o(a),u + ps(a)) € R
if and only if (07 '(a),u — ps) € R.

Definition 2.2.4. Let (a, R) and (o/, R") be pairs of T-data of size r and consistent
subsets for them. They are called equivalent if there exists a permutation p € &, such

that A, = p(Ay), D' = p(D), and R’ = p(R), where p(R) = {(p(a),u) | (a,u) € R}.

Definition 2.2.5. Let a be a T-datum of size 7, and R C [1,7] x Z be a consistent
subset for . We say that a family of elements (Y, ())(q,u)er is a solution of the Y-system
associated with (a, R) in a semifield P if Y, (u) € P and the following relation holds in P
for any (a,u) € R:

[T, (1@ Yy(u —p))"es

—, (2.2.4)
Hb,p(1 O Yy(u — P)_l)nab;p

[T ¥ —p)onr =
b,p

where Hb,p =1l— HZZO'
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For any solution of the Y-system associated with («, R) in P, we define elements P:f(u) €
P ((a,u) € R) by

Yo (u) ~ (u) 1
= —— u) = —m————.
1Y, (u)” ¢ 1@ Yo (u)
Definition 2.2.6. Let a be a T-datum of size r, and R C [1,7] X Z be a consistent
subset for a. Let Y = (Yu(u))(a,u)cr be a solution of the Y-system associated with

(ar, R) in a semifield P. Let T(«, R,Y’) be the ZP-algebra generated by the indeterminates
(To(w)*) (4,u)e r Subject to the relation

Py (u)

a

0 e _ nt
| | Ty(u + p)oar = P(j'(u) | | Ty(u+ p)"var + P (u) | | Ty (u + p)oar (2.2.5)
b,p b,p bap

for any (a,u) € R, together with T, (u)T,(u)"* = 1. We define T°(a, R,Y) to be the
subalgebra of T(a, R,Y) generated by (Tu(u))(a,u)er- We say that T°(a, R,Y) is the
T-algebra associated with (o, R,Y’). We often denote T°(c, R,Y) by T°(a) when R =
[1,7] X Z and P is the trivial semifield.

The family of relations (2.2.4) is called the Y-system associated with («, R), and the
family of relations (2.2.5) is called the T-system associated with (o, R,Y).

Example 2.2.7 (Somos-4 recurrence). The triple of 1 x 1 matrices o = (A4, A_, D)
defined by

Ap=[1-222+424, A_=[1-2-23+2%, D=[1]

is a T-datum, and the whole set R = {1} x Z is consistent for cv. The family ¥ =
(Y(w)(1,uer defined by Y(u) = cic; ' for any u € Z is a solution of the Y-system
associated with « in Trop(cy, ¢2), where we denote Y1 (u) by Y (u). The family of relations

TW)T(u+4) =c1T(u+ )T (u+3) + coT(u+2)?

for u € Z is the T-system associated with («, R,Y"), where we denote T3 (u) by T'(w). This
is called the Somos-4 recurrence [FZ02b)].

Example 2.2.8 (Bipartite belt). Let A = (20a5 — Mab)a,bef1,,] e a symmetrizable gener-
alized Cartan matrix, and D be a right symmetrizer of A. Suppose that A is bipartite,
that is, there exists a function € : [1,r] — {1, —1} such that n,, > 0 implies €(a) # €(b)
for any a,b € [1,7]. Let N = 2, — A. Then the triple of r x r matrices « = (A4, A_, D)
defined by

Ay =1+, A =1+, — 2N
is a T-datum since
A.DAT — A DAl = (2+2"Y)(~DNT + ND) =0,
and the set R C [1,r] x Z defined by

R ={(a,u) € [1,r] x Z| e(a) = (~1)" '}
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U 0 1 2 3 4 5 6
1Py P 1
Yi(u) |y RNk — (1&y)ye
Y1 Loy Y2
Yo (u) (1®y1)y2 y1y22 (7
yire +1 1+ Y2
T u X —_— e X
u) | o (1@ y1)z: (1® y2)x2 2
Ty (u) . Y1Y2T2 + X1 + Y2 .
’ ’ (1D y2 ® y1y2)x12 !

Table 2.1 The bipartite belt associated with the Cartan matrix of type As.

is consistent for a. The family of relations

‘s

Ya(U)Ya(U — 2) = H(l fan) Y'b(u _ 1))nba
b=1

for (a,u) € R is the Y-system associated with «, and
Yo (u) [Tpy To(u+ 1) +1
1@ Y, (u)

for (a,u) € R is the T-system associated with («, R,Y’). The discrete dynamical system
given by these relations are called the bipartite belt associated with A [FZ07, Section 8§].
If A is the Cartan matrix of type Ay for instance, the triple of matrices in « is given by

1+ 22 0 1+ 22 —z 1 0
A*‘[ 0 1+z2}’ A_{—z 1+z2}’ D‘[O 1]'

To(u)Ty(u+2) =

Table 2.1 is the bipartite belt associated with the Cartan matrix of type Ay with ¢(1) = —1
and €(2) = 1, where y; and y, are arbitrary elements in the underlying semifield P, and
we write 77(0) and T5(1) as z1 and xa, respectively.

2.2.2 T-data from mutation loops

Let us see that we can obtain T-data from mutation loops. Let v be a complete mutation
loop of length r. Let (N5, N+, Ny ) be the T-system triple and (A, 4, A, _) be the
T-system pair of 7, which are defined in Section 2.1. Let D, be the positive integer
diagonal matrix in Proposition 2.1.7.

Lemma 2.2.9. The triple (N0, N, +, N, _) satisfies the conditions (N1)-(N4).

Proof. The condition (N1) is satisfied if p, = A\,~1(4) and o is as in (2.1.5). The condition
(N2) is obvious from the definition. The definition (2.1.14) implies (N3) since 0 < A\(j, u) <
Ao—1(p) if m(s(j,u)) = band (j,u) ¢ P,. The definition (2.1.14) also implies (N4) since at
least one of [b]4 and [—b]; is zero for any integer b. O
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Proposition 2.2.10. The triple a := (A, +, Ay —, D) is a T-datum.

Proof. We have DN, o = DN,y = Ny oD, and D;'N, . D, = N, € Mat,,(Z]2])
by Proposition 2.1.7. We also have

Ay 4D AN — A, DA =D,AY _D'D A _ - DAY _DI'D, AL
=0

by Proposition 2.1.7 and Theorem 2.1.8. U

Let DY the diagonal matrix defined by DY = 6D;' where § is the product of the
greatest common divisor and the least common multiple of all the entries in D,.

Corollary 2.2.11. The triple o) = (AY ., AY _,DY ) is a T-datum, and it is the
Langlands dual of .

Proposition 2.2.12. The subset R, C [1,7] x Z defined in (2.1.4) is consistent for c..

Proof. The conditions (R1) and (R2) follow from Proposition 2.1.4 and 2.1.5, respectively.
The condition (R3) is satisfied if we define ¢ in (R3) as the length of the partition of i. [

2.2.3 Mutation loops from T-data
In this section, we prove all T-data can be obtained from mutation loops up to equivalence.

Theorem 2.2.13. Suppose that o« = (A4, A_, D) is a T-datum of sizer, and R C [1,r|XZ
1s consistent for . Then there exists a complete mutation loop v of length r such that
(ay, Ry) and (o, R) are equivalent, where ay = (Ay 4, Ay —, D5).

The rest of Section 2.2.3 is devoted to the proof of Theorem 2.2.13. Let p1,...,p, be
positive integers and o be the permutation of [1,r] in (N1). Let ¢ : [1,7] X Z — [1,r] X Z
be the bijection defined by ¥(a,u) = (a,u+1). We define a family of subsets R**) (k € Z)
by R*) = +*(R) as in Definition 2.2.3. We also define a subset R*)(u) C R®) for any
u € Z by R®(u) = {(a,u+p) € R® | 0 < p < p,}. We denote R (u) by R(u).
The map ¢ restricts to a bijection |z (y) : R¥) (u) — R+ (y 4+ 1). We will write
this restriction simply ¢ when no confusion can arise. Let ¢ be the integer in (R3) in
Definition 2.2.3. Then we have R (u) = R*+9)(y). In particular, the map 9 restricts
to a bijection ¥| gy : R®)(u) — R®)(u +t). We also define a family of bijections
oy R(u) = R(u+1) (u € Z) by

(a,u + p) if p #0,

(o(a),u +po'(a)> if p=0. (2.2.6)

It is easy to check that ! and ¢ commute in the sense that 1! o o, = @, 0 Pt. We
define Ry(u) C R(u) by Ro(u) = {(a,u+p) € R(u) | p = 0}, which is endowed with the
linear order coming from the standard linear order on [1,7].
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For any u € Z, we define an R(u) x R(u) matrix B(u) by

5 _ -+ -
B(a,u+p)(b,u+q) (u) - _nab;p q + nab p—q + nba;q—p - nba;q—p
r min(p.g) (2.2.7)
o3 S )
ac,p v'"be;q—v ac;p—v ' be;q—v

c=1 v=0

where n¥ and 77 are defined in (2.2.1) and (2.2.3), respectively. Note that B(u) and B(v)
may be different matrices if u # v, even though they have the same expression (2.2.7).
Rather, these matrices are related by mutations, as the following lemma shows:

Lemma 2.2.14. B(u+ 1) = @y (R, w)(B(w))) for any u € Z.
Proof. Let B'(u) = piry(u)(B(w)) and (a,u + p), (b,u + q) € R(u). Then we have

_B(a,u+p)(b7u+q) (u) lf p or q fy O’

B =3
(a’u+p)(b’u+q)(U) B(a,utp) (b,utgq) (1) — Z(ni_cmﬁb_c;q o nf;c;l’ﬁl—;;q) itp,g >0,
c=1

(2.2.8)

since

Z ([B(a,u+P)(C,u) (u)]Jr[B(c,u)(b,u—i—q) (u)]+

ce[l,r]
(c,u)ERo(u)

— [=Ba,utp) () @]+ [~ Be,u) (buta) (W] +)
_Z Mac;p bc,q jt—C;pﬁb_c;q)

by (N2), (N4), and (R1).
The proof is divided into the following cases: (i) p,q > 0, (ii) p = 0 and ¢ > 0, (iii) p > 0
and ¢ =0, and (iv) p = ¢ = 0. For the case (i), we have

Blauwtp)bata) (@) = Blautn bt @+ 1) = D (0depperg = Naepiie,y)
c=1
by (2.2.7), and this yields the desired equality since p,(a,u+p) = (a,u+p) and @, (b, u+
q) = (b,u+ q). For the case (ii), we have ¢, (a,u) = (G,u + ps) where @ = o(a). Then we
have

Blau) (uta) (@) = =Blawybuta) (8) = Ty g + g
and
Bl wan. (u+1) = —nj +nz +at — A
(a,u+pa)(b,utq) abipa—q abipa—q ba;q—pa ba;q—pa

r min(pa, q)

E E o v+
+ ac,pa—v bc,q v nac,pa—v be;q— 11)
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These coincide by the (ba; ¢ — ps)-th entry in the symplectic relation, together with (N1)
and (N3). For the case (iii), we have ¢, (b,u) = (b,u + p;) where b = o(b). Then we have

_ = L B
Béa,u—ﬁ—p)(b,u) (u) - _B(a,u+p)(b,u) (u) - nab;p - nab;p
and
B ) — .t - -+ o
B (a,u+p), u+p;) (u+1) = " abip—p; + " absp—p; + Pbapy—p — baspy—p

r min(p, pb)

_ .+
— N, n.
+ Z Z aC,p ’L) bc ;P —v ac;p—v bc;pi)_v)

These coincide by the (aI;; p — p;)-th entry in the symplectic relation, together with (N1)
and (N3). For the case (iv), we have o, (a,u) = (a,u + pa) and @, (b,u) = (b,u + p;)-
Then we have

Bl )by (W) = =Ba,uyp,u) (1) = 0.

On the other hand, we have

+ - -+ o

B,. : u+1)=—n’. n_. N
(@,u+pa) (b, u+Pz;)( +1) ab;pa —py, + ab;pa —py o ba,pb —Pa ba;py—pa

r min(pa,p;)

o - - +
—n; n; =0
+ Z Z ac pa v bc,pb—v ac;pg —v bc;pg—v)

by the (ab; pa — p;)-th entry in the symplectic relation, together with (N1) and (N3). O
Lemma 2.2.15. B(u+t) = '(B(u)) for any u € Z.

Proof. Since R(u) = R(u + t), the lemma follows from the fact that B(u + t) and B(u)
have the same expression (2.2.7). O

We define an index set I by I = R(0), and define an I x I integer matrices B by
B = B(O), that is, B = (B(a,p)(b,q))(a,p),(b,q)eR(O) and

_ + >+ > —
B(a7p)(b7q) - _nab;p q + nab D—q + nba;q—p - nba;q—p
r_min(p, q> (2.2.9)
+ N, -n, g )
ac,p v'"be;q—v ac;p—v ' be;qg—v
c=1 v=0

We define a tuple of positive integer d = (da,u)(a,u)er(u) BY da,u = da, Where d, is the
a-th entry in D. We also define i = i(0) | -+ | i(t—1) by i(u) = (@u_10--0¢0) (Ro(u)),
where each i(u) is endowed with the linear order coming from the linear order on Ry(u).
Finally, we define v = (¢;_1 0+ 0¢g) "1 o1t

Lemma 2.2.16. v = (B, d,1i,v) is a complete mutation loop of length r.
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Proof. 1t is easy to check that B is a skew-symmetrizable matrix with the symmetrizer d.
Let us denote by ¢, the composition ¢, _1 0---0py. We now prove

(Hi(u—1) © - © p3(0))(B) = (Fu) "' (B(u)) (2.2.10)
for any u =0,...,¢ — 1 by induction on u. The equation (2.2.10) holds when u = 0 since
B = B(0) by definition. Suppose that v > 0. By the induction hypothesis and Lemma
2.2.14, we have

(hi(u—1) © Mi(u—2) © =+ © fi(0))(B)
= (Hi(u—1) © (Fu—1)"")(B(u—1))

= ((Pu=1)"" 0 pro(u) (B(u — 1))

= ((Pu=1)"" 0 (pu—1)"")(B(w))

= (Bu) " (B(w)),

and (2.2.10) is proved. Applying (2.2.10) for u =t — 1 yields

ui(B) = (80) "1 (B(t) = ()" o ")(B).
This shows that v is a mutation loop. By (R3) in Definition 2.2.3, we have

t—1

{(a,0) [a e [L,r]} = || 7" (Ro(u))

u=0

as a set. This implies that the length of v is r. The completeness follows from the fact
that the latency of ((a,p),0) € I x {0} is p. O

Now we complete the proof of Theorem 2.2.13 by showing the following lemma:
Lemma 2.2.17. (a4, Ry) and (o, R) are equivalent.

Proof. By replacing («, R) with a suitable equivalent one, we can assume that v < v
implies that a < b for any (a,u) € Ro(u) and (b,v) € Rg(v) such that 0 < u,v <t — 1.
Then the construction of v ensures that (., R,) = (o, R). O

2.2.4 Consequences

For any complete mutation loop v, we denote by F'(vy) the pair (o, R, ) defined in Section
2.2.2. For any pair (o, R) of a T-datum and a consistent subset R for «, we denote G(«, R)
by the complete mutation loop defined in Section 2.2.3.

We define

M, = {[vy] | v is a complete mutation loop of length r},
where [v] is the equivalence class of v (see Definition 2.1.2). We also define

Td, = {a | « is a T-datum of size r}



Chapter 2 Y-systems and T-systems 28

and

Td, = {[(a, R)] | « € Td, and R C [1,7] x Z is consistent for a},

where [(a, R)] is the equivalence class of («, R) (see Definition 2.2.4). We define
E.:Ml, - Td., G,:Td.— M,

by (7)) = [F(7)] and G,([(a, R)]) = [G(a, R)].
Theorem 2.2.18. FT o @r =1id and GT o Fr =id.

Proof. We first show that £, and G, are well-defined. Let v and 4’ be equivalent complete
mutation loops, and p be the permutation in Definition 2.1.2. Then we have A, 4 =
p(A, 1) and R, = p(R,). Thus F} is well-defined.

Let (o, R) and (o', R") be equivalent pairs of T-data and consistent subsets for them. Let
p € 6, be the permutation in Definition 2.2.4. Let v = (B, d,i,v) and v = (B’,d’,i’,/')
be the mutation loops given by v = G(«, R) and 7/ = G(/, R'), respectively. Then the
bijection f,, : R(u) — R'(u) defined by f,.(a,u) = (p(a),u) satisfies B" = f,(B),
d = fpo(d) and v/ = f,govo f;&. Moreover, Ry(u) and f, . (Ro(u)) coincide as sets.
Thus v and 4/ are equivalent, and G, is well-defined.

By Lemma 2.2.17, we have F. 0@, =id. It remains to show that G o I' = id. Let ~ be
any complete mutation loop, and I be the index set of 7. Let v = G(a, R,). Then the
index set I’ of 4 is given by I’ = {(a,u) € R, | 0 <u < p,}. Let f: I — I' be the map
defined by

#i) = {(W(i,O),O) if (i,0) € P,
(m(s(3,0)), M(4,0)) if (,0) & Py,

where 7, s, and A\, P, are defined in Section 2.1. It is easy to check that f is a bijection,
and gives the equivalence between v and +’. U

For any consistent subset R C [1,7] x Z for a T-datum of size r, we define the set Ry,
(the subscript “in” stands for initial) by Ry, = {(a,p) € R| 0 < p < pa}-

Theorem 2.2.19. Let « be a T-datum of size r. Suppose that R C [1,r] X Z is consistent
for a. Let P be a semifield, and F be a filed that is isomorphic to the field of rational
functions over QP in |Ri,| variables. Let x = (Zap)(ap)cr,, be an Riy-tuple of elements
in F forming a free generating set. Let Y = (Yo(u))(a,u)er be a solution of the Y-system
associated with (o, R) inP. Then there exists a unique Ry, -labeled Y-seed (B,y) in P such
that

(1) there ezists a unique injective ZP-algebra homomorphism ¢ : T°(a, R,Y) <
A(B,y,x) such that «(T,(p)) = xq,p for any (a,p) € Rin,

(2) «(Ty(w)) is a cluster variable in A(B,y,x) for any (a,u) € R,

(3) the image of the relation (2.2.5) by v is an exchange relation in A(B,y,z) for any
(a,u) € R.
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Proof. Let v = (B, d,1,v) be the mutation loop given by v = G(a, R). By Lemma 2.2.17,
we can assume that & = a, and R = R,. We define a family of elements ¥ = (Ya,p)(a,p)eRi,
in P by

_y i (1@ Vit =) "
T T (1@ Ya(p — q)) "o
(

Then we can define a family of seeds (B(u),y(u),x(u))yez by (2.1.11), where
(B(0),y(0),2(0)) = (B,y,z). Note that i(u) = (Gu) ' (Ro(u)) for any u € Z by
the commutativity of ¥' and ¢, where we define 3, : R(0) — R(u) by

Ya,p = (2.2.11)

(2.2.12)

. J$pu—10-r0¢pg if u >0,
Pu= (p_10---0p,)" 1 ifu<0.

We define Y’ = (Y, (u))(a,u)er, by (2.1.7), where Y, (u) in (2.1.7) is replaced with Y, (u).
Then we have Y,(p) = Y, (p) for any (a,p) € Rin by (2.2.11). Moreover, Y and Y’ are
solutions of the same Y-system, we have Y, (u) = Y/(u) for any (a,u) € R. We define
T)(u) for any (a,u) € Ry by (2.1.12), where T,(u) in (2.1.12) is replaced with T (u).
Let A,(B,y,z) be the ZP-subalgebra of A(B,y, ) generated by (Za,p(%))(a,p)eRin,ucz-
It is also generated by (77 (u))(a,p)er,- We now show that A, (B,y,z) is isomorphic to
T°(a, R,Y). Let ¢ : T°(a,R,Y) = A,(B,y,z) be the algebra homomorphism defined
by ©(Ty(u)) = T.(u). This is well-defined by Proposition 2.1.5. To construct the in-
verse of 7, we define an algebra homomorphism & : ZP[a:ai’]l)](mp)e R, — T(o,R)Y) by
k(zEl) = T,(p)**. By the Laurent phenomenon of cluster algebras [FZ02a], A, (B,y,z)
is a subalgebra of ZIP[ L l(apeRrn- Then we have w(T),(u)) = T, (u) since (T}, (u))(4,p)c R,
and (To(u))(a,p)er satisfy the same T-system. Thus we obtain the algebra homomorphism
R: A (B,y,z) = T°(a, R,Y) as the restriction of x, which is the inverse of 7. Therefore,
the existence of a Y-seed satisfying (1)—(3) is proved.

The uniqueness follows from the following facts, which hold for any skew-symmetrizable
cluster algebra: (i) given a cluster as a set, the exchange relations involving its elements
are uniquely determined [CL20, Proposition 6.1], (ii) any two clusters that have |I| — 1
common cluster variables are related by an exchange relation [GSV08, Theorem 5. [

Example 2.2.20 (Somos-4 recurrence). Let a, R, and Y be as in Example 2.2.7. Then
the Y-seed given by Theorem 2.2.19 is

(17 0) T (17 1)
rs N
5 , (2.2.13)
3 7
where we represent the Y-seed using a quiver with frozen vertices as in the cluster algebra

literature (see e.g., [FWZ16]). For instance, <« | < means y; = cic; . The

mutation loop v = (B, d,i,v) = G(«, R) is given by
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B=B(Q),
d; =1 for any € I,
i

— i(0) with 1(0) = ((1,0)),
v=((1,0)(1,1)(1,2)(1,3)),

where @) is an underlying quiver in (2.2.13), and v is the cyclic permutation corresponding
to the right 7/2 rotation of the quiver. In fact, the quiver mutation f; o) is given by

(1,0) <— (1,1) (1,00 — (1,1)

H(1,0)
—

(1,3) — (1,2) (1,3) —>> (1,2)

and we have 11(1,0)(Q) = v(Q).

Example 2.2.21 (Bipartite belt). Let o and R be as in Example 2.2.8. The mutation
loop v = (B, d,i,v) = G(«a, R) is given by

B = (B(a,p)(b.9))(a.p).(b.g)c1s Where Bia p)(v,q) = €(@)nab,

d= (dmp)(a’p)g, where D = diag(dy,...,d,) and d, p = dg,

i = i(0) [ i(1) with i(0) = {(a,0) | e(a) = —1} and i(1) = {(a, 1) | (@) = 1},

v =id,

where I = {(a,0) | e(a) = -1} U{(a,1) | e(a) = 1}. If A is the Cartan matrix of type As,
for instance, the quiver Q(B) is given by

Q(B)= (1,0) «<— (2,1) .

If A is a Cartan matrix of finite type, A(B,y,z) is a finite type cluster algebra and the
embedding ¢ : T°(a, R,Y) — A(B,y,z) in Theorem 2.2.19 is an isomorphism [FZ07,
Proposition 11.1].

2.2.5 Tropical T-system

By Theorem 2.2.19 and the Laurent phenomenon of cluster algebras [FZ02a], we obtain
the following:

Corollary 2.2.22. Let T°(a, R,Y) be a T-algebra. Then T,(u) € T°(a, R,Y) can be
written as a Laurent polynomial in (Te(p))(c,p)er,, With coefficients in ZIP, for any (a,u) €
R.

Let R = [1,7] x Z. By Corollary 2.2.22, any T,(u) can be uniquely written as

_ N
H(C,P)GRU, Tc (p)dc»p ’

T, (u) (2.2.14)

where NN is a polynomial in (7;(p))(c,p)er,, With coefficients in ZIP which is not divisible
by any T.(p) ((¢,p) € Rin). We denote by £ (u) the integer d. o in (2.2.14). The family
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of integers (téc) (4))(a,u)el1,r]xz is uniquely determined by the initial conditions
-1 if = (¢,0
£ (p) = if (a,p) = (c,0), (2.2.15)
0 if (a,p) # (¢,0) and 0 < p < pg,
together with the following recurrence relation for each (a,u) € [1,r] X Z:
Z N pt(c) (u + p) = max (Z Ny pt( )(u + p), Z n; . pt( )(u + p)) (2.2.16)
b,p b,p

In particular, the integer £ )( ) is independent of the choice of Y. The family of relations
(2.2.16) is called the tropical T-system associated with a.

We also define a family of integers (ﬁgc)(u))(a,u)e[l,r]xz by
0 (1) = 3 (npapts” (u+p) — ity 67 (u + p)) (2.2.17)
= 3 (M = Mo )6 (W D) = (Mg — M 7 (u+ D). (2.2.18)

By the relation (2.2.16), we have

00 () = D (nayy — i, 17 (u 4 p). (2.2.19)
b,p
The following lemma will be used in Section 3.
Lemma 2.2.23. The following equalities hold for any T-datum:
(1) For any a € [1,7], we have

(c)( a) _ {1 ifa = O'(C),

0 otherwise.

2) For any a € [1,r| and 0 < p < p., we have
(

—1 if (a,p) = (¢,0),
(=P =91 i (a.p) = (0 }(c),pe).

0 otherwise.

3) For any a € [1,7] and 0 < p < p., we have
( y p<p

[+ U(C)( )]Jr:ng:a;p'
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Proof. (1) is clear from (2.2.15) and (2.2.16). We prove (2) by induction on p. The case
p = 0 follows from (2.2.15). Suppose that p > 0. Then we have

) (—p) = —fff()a) (=P + Po(a)) + max (Z sty (—0 + @), Y il 67 (—p + Q))
b,q b,q
+

= 05(a)cOpp. T max(—nca;p, —n

c_a;p)
= 5a(a)c(5ppc7
and (2) is proved. We now prove (3). From (2.2.19), we have

[0 (D)t = D (Mg — i )G (—p + )
b,q

= tELC) (_p) + tgc()a)(_p + pa(a)) - ncia;ptEC) (0)
= t<(16) (_p) + tf,—c()a)(_p + pa(a)) + néta;p'
By (1) and (2) in this lemma, we have
1 if (a,p) = (07 (c), pe),

€)= {~1 i (a.p) = (c.0)
0 otherwise,

and
1 if (a,p) = (07 O),
() =+ Do) = { —1if (a,p) = (0= 1(c), o),
0 otherwise.
Thus we have tgc)(—p) + tgc()a)(—p + Po(a)) = 0. This completes the proof of (3). O

2.2.6 Indecomposable T-data
If (Ay,A_,D) and (A, A" ,D') are T-data, the direct sum

Ay O A_ O D O
(1o 2ll6 &) 5))
is also a T-datum. A T-datum (A4, A_, D) is called decomposable if it can be written as
a nontrivial direct sum after reordering the indices of matrices. A T-datum that is not
decomposable is called indecomposable.

We say that a skew-symmetrizable matrix B is connected if it cannot be written as a
nontrivial direct sum. We also say that a connected skew-symmetrizable matrix B’ =
(BZ’-j)m‘ep is a connected component of a skew-symmetrizable matrix B = (B;j); jer if
I'C 1, Bj; = Bjj forany i,j € I'’, and B;; =0 for any i € I" and j € I\ I'.
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Proposition 2.2.24. Let o be an indecomposable T-datum. Let I' be the index set of
a connected component of B, where B is the skew-symmetrizable matrix in the mutation
loop G(a, [1,7] X Z). Then the set

R = U @u(ll)

<y

is consistent for «, where B, is defined by (2.2.12). Moreover, the index set of B' is I’,
where B’ is the skew-symmetrizable matriz in the mutation loop G(a, R').

Proof. Let (B,d,i,v) = G(a,[1,7] x Z). The bijection v is given by v = ;' o). Let T
be the index set of B, that is, I = {(a,p) | a € [1,7],0 < p < p,}. We recursively define
subsets I} C I for k € Zso by Iy = I' and I} = v|;_ (I ;). Then Bl is a connected
component of B since mutations preserve connected components. We now prove (R1) and
(R2) in Definition 2.2.3 for R’. The proof of (R1) and (R2) are almost the same, we only
prove (R1). Suppose that (a,u) € R'. If ﬁgb;p # 0, then (b,u — p) € R’ by the definition
of R’. Suppose that ﬁ:{b;p or n,,., 7 0. Then we have (a,u), (b,u —p) € Fu—p(I) and
B(byu_p)(a’u)(u —p) # 0, where B(u — p) is defined in (2.2.7). This shows that (a,p) and
(b,0) lie in the same connected component B, . Thus we have (b,u —p) € R’ since
Gu—p (" 7P(b,0)) = (b,u — p) and v*7P(b,0) € I'.

We next prove (R3). Let ¢ be the smallest positive integer such that I} = I’. We now
show that

t—1
I=|]1. (2.2.20)
k=0

The equality I = Z_:t I; follows from the fact that « is indecomposable. Suppose that
I, NI, # 0 for some 0 < ky < ky < t. Then we have I} = I since B][I/Cl and B’UQ
are connected components of B. But this implies I’ = I; _, , which contradicts the

minimality of ¢. Thus (2.2.20) is proved. We now have

U o) = [ U@ o g0 = U U @usr o 5T
k=0

k=0 u€Z k=0 u€Z
t—1 t—1 t—1
=UU@mm=UU%W=U%@ﬁQ
k=0u€Z k=0u€Z u€”Z k=0
= Jdu() =[1,7] x Z.
UEL

It remains to prove the disjointness. Suppose that there exists a element (a,u) € ¥ (R)N
P2 (R') for some 0 < ky < ky < t. Then we have ((Fy_x,) " Loyp=F)(a,u) € I' fori =1,2.
Thus we have (1% o (Gy—r,) "' 0 9p™%)(a,u) € I} for i = 1,2. On the other hand, we
have V% o (Gy—r,) "t 0 9p™" = (@,)". This implies that (F,) ' (a,u) € I} NI} _, which
contradicts (2.2.20). O
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Corollary 2.2.25. Let o = (A4, A_, D) be an indecomposable T-datum of size r. Suppose
that there exists a € [1,7] such that both the a-th columns in Ny and N_ are zero vectors.
Then both Ny and N_ are zero matrices.

Proof. Let (B,d,i,v) = G(a,[1,7] x Z). By the assumption and (2.2.9), the set I’ =
{(a,0)} is the index set of a connected component of B. Then the set R’ defined in
Proposition 2.2.24 is consistent for . Let (B’,d,i’,v') = G(a,R’). By Proposition
2.2.24, B" is an I' x I’ matrix. This implies that B’ = 0 since any skew-symmetrizable
matrix of size 1 should be the zero matrix. From (2.1.14) and Lemma 2.2.17, we have
Ny =0. U

2.3 Examples of T-data
2.3.1 Period 1 quivers

Theorem 2.3.1. Letp > 0 be a positive integer, and a(z) = 14+nyz+--+n,_12P"1+2P €
Z|z] be a monic palindromic polynomial of degree p, that is, ng = n,_q for any 0 < ¢ < p.
Let d be any positive integer. Then the triple o« = (A4, A_,[d]) given by AL = Ny — N1
where

NO = [1 + Zp] ) N+ = [Z[nQ]+Zq] ) N_ = [Z[_nq]+zq] 5

is a T-datum of size 1. Furthermore, any T-datum of size 1 is of this form.

Proof. The conditions (N1)-(N4) follow immediately from the definition. Since a(2) is a
monic palindromic polynomial of degree p, both 27 P/2A4, and 2 P/2A_ are -invariant.
This implies that A+AT_ = A_Al. Thus « is a T-datum.

Conversely, let a = (A4, A_,[d]) = (Ng — N+, Nog — N_,[d]) be any T-datum of size 1.
We now identify 1 x 1 matrices with their entries. By the condition (N1), the matrix Ny
can be written as Ny = 1+ 2P for some positive integer p > 0. Then the matrices N4 can
be written as N, = Zg: ngz? since the degrees of Ny are greater that 0 and less than p
by the condition (N3). We also have ng € Z>¢ by the condition (N2). By the condition

(N4), these numbers can be written as nf = [£ng]4, where we define ng := nf —n_.
We now show by induction on ¢ that nfzt = n;tfq for any 0 < ¢ < p, where we set

n§ = n;t = 0. The case ¢ = 0 is obvious from the definition. Suppose that ¢ > 0. Let m,

be the coefficient of 2P~7 in the polynomial NONI_ + N+N1 + N_Ng, that is,
q
mg=nt+n, ,+> nf . inp. (2.3.1)

k=0

On the other hand, m, is also the coefficient of 2P~¢ in the polynomial NONi + N_ Njr +
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N+Ng by the symplectic relation. Thus we obtain

q
mg =ng, + n;_q + Z n;_kn;'_k. (2.3.2)

k=0
The sum parts in (2.3.1) and (2.3.2) coincide by the induction hypothesis, so we obtain
ng+n, ,=n; + n;_q. Then we conclude from (N4) that nj = nf_q. O

Let a be a T-datum of size 1 given in Theorem 2.3.1. Let v = (B,d,i,v) be the
complete mutation loop given by v = G(«, {1} x Z). Then the index set I of B is given
by I ={(1,i) € {1} xZ | 0 <i < p}. We identify I with the set {0,1,...,p —1}. Then
i =1(0) with i(0) = (0), and v is the cyclic permutation given by v(i) =i+ 1 (mod t).
The exchange matrix B = (B;;); jer can be computed from the formula (2.2.9) as follows:

min(i, )

Bij=—ni_j+nji+ Y (nfnip—ni i), (2:3.3)
k=0

where n" := [£n,]; and n; := 0 unless 0 < i < p.

Remark 2.3.2. The formula (2.3.3) is precisely the general solution of period 1 quivers
given by Fordy and Marsh [FM11, Theorem 6.1]. We can regard Theorem 2.3.1 as another
proof of the classification for period 1 quivers, which was also given in [FM11, Theorem
6.1].

In Example 2.2.7 and 2.2.20 (the Somos-4 recurrence), we give an example of a T-datum
of size 1 and a period 1 quiver.

2.3.2 Commuting Cartan matrices

In this section, we give T-data associated with pairs of Cartan matrices, which are gener-
alization of T-data associated with bipartite belts in Example 2.2.8 and 2.2.21.

Definition 2.3.3. A matrix C' = (cap)ape(1,r] € Mat,(Z) is called a symmetrizable
weak generalized Cartan matriz if

(1) Caq < 2 for any a,

(2) cqp > 0 for any a, b,

(3) there exists a positive integer diagonal matrix D such that C'D is a symmetric
matrix.

The diagonal matrix D is called a (right) symmetrizer of C. Note that a symmetrizable
generalized Cartan matrix is a symmetrizable weak generalized Cartan matrix satisfying
Caa = 2 for any a € [1,7].

Proposition 2.3.4. Let A and A’ be symmetrizable weak generalized Cartan matrices
that have a common symmetrizer D. Let N = (nap)apep,r] = 2Ir — A and N' =
(Nly)apept,r] = 20, — A’. Then the triple o = (A, A_, D) defined by

No=(1+2*I,, Ny=2zN, N_=2zN
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is a T-datum if and only if AA" = A’A and ngpnly, =0 for any a,b € [1,7].

Proof. The conditions (N1)—(N3) are obvious by the definition. We also have NoD = DN,
and D"'NLD € Mat,«,(Z[z]) by the definition. The condition (N4) is equivalent to

napnl, = 0 for any a,b € [1,r]. Thus it is sufficient to show that the symplectic relation is
equivalent to AA" = A’ A. Clearly, AA’ = A’A if and only if NN’ = N'N. We now have

AyDAT — A_DAY
= ((1+2*)IL. —2N)D((1 4+ 2"?)I, — 2~ 'N'T)
— (1 + 2%, —2N)D(1+2"2), —z"'NT)
= (242" (~ND-DN7" +DN"+N'"D)+ NDN'" — N'DNT'
= NDN™ — N'DNT
= (NN’ — N'N)D,

which completes the proof. Ol

Proposition 2.3.5. Suppose that o given in Proposition 2.5.4 is a T-datum. Suppose
further that there exists a function € : [1,7] — {1, =1} such that ngy or nl, > 0 implies
e(a) # €(b) for any a,b € [1,r]. Then the set

Re:={(a,u) € [L,7] x Z | e(a) = (-1)" 7'}

s consistent for a.

Proof. The conditions (R1) and (R2) follow from the assumption on the function e. The
condition (R3) is satisfied by setting ¢ = 2. O

Let v = (B,d,i,v) = G(a, R,.) be the mutation loop obtained from the data given in
Proposition 2.3.5. The index set of B is given by

I'={(a,0) [ e(a) = =1} U{(a,1) | €(a) = 1},

and we identify it with [1,r] by taking the first components. Then B = (Bgp)q per i given
by

_ o ifn, =
D (2.3.4)
+e(a)nl, if ng = 0.

The symmetrizer d is given by d = (d,)qer, where d, is the a-th entry in the common
symmetrizer D. The sequence i is given by i = i(0) | i(1) with i(0) = {a € I | ¢(a) = —1}
and i(1) = {a € I | ¢(a) = 1}. The permutation v is the trivial permutation.

Remark 2.3.6. If B is skew-symmetric, the corresponding quiver Q(B) is called a bi-
partite recurrent quiver [GP19a]. Galashin and Pylyavskyy developed the classification
theory of bipartite recurrent quivers [GP19a, GP19b, GP20]. In particular, they gave a
complete classification of bipartite recurrent quivers with which the associated T-system
is periodic.
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Example 2.3.7 (Tensor product construction). Let A and A’ be symmetrizable weak
generalized Cartan matrices of size 7 and 7/, respectively. Suppose that one of them is
non-weak. Let D and D’ be right symmetrizers of A and A’, respectively. Let A = A® I,
A" =I:®A’,and D = D®D'. The matrices A and A’ are symmetrizable weak generalized
Cartan matrices that have the common symmetrizer D. Then the triple « = (A4, A_, D)
given in Proposition 2.3.4 is a T-datum of size 77 since (A& I+ )(I;RA") = (I;R A" (AR )
and ngpdqrp dapnl,, = 0 for any a,b € [1,7] and o', b" € [1,7].

Suppose further that both A and A’ are bipartite by functions € and €, respectively.
Then the function € : [1,7] x [1,7] — {1,—1} defined by €(a, a’) = €(a)é’(a’) satisfies the
assumption in Proposition 2.3.5. Thus we get the consistent subset R, for . For example,
let

A=|-1 2 -1

be Cartan matrices of types As and As, respectively. Define € and € by €(1) = €(3) =
€(2) =1 and €(2) = € (1) = —1. Then the bipartite recurrent quiver Q(B) is given by

(12,1) <—— (22,0) —> (32,1)

QB) = l T l ,

(11,0) —> (21,1) <— (31,0)

where we denote (a,a’) by aa’.

Example 2.3.8 (Tadpole type). Although Proposition 2.3.5 is for bipartite Cartan ma-
trices, non-bipartite Cartan matrices are sometimes interesting. Let A = 2I, and A’ =
(26ab — 1y )a,bef1,r] Where

1 ifla—b]=1,
ny,=+<1 ifa=b=r, (2.3.5)
0 otherwise.
The matrix A’ is called the Cartan matrix of the tadpole type T,.. The tadpole type is

non-bipartite since (2.3.5) has a non-zero entry in the diagonal. Let D = I,.. Then « in
Proposition 2.3.4 is a T-datum. For example, o« = (A4, A_, I,.) for r = 3 is given by

1+ 22 0 0 14+ 22 —z 0
AL = 0 1+ 22 0 , A= —z 1427 —2z
0 0 1+ 22 0 —z 1—2+422

Let v = (B, d,i,v) be the mutation loop given by v = G(«, [1,7] X Z). Then the quiver
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mutation Q(B) = 11;(Q(B)) = v(Q(B)) is given as follows (we set r = 3 for simplicity) :

(1,0) «<— (2,1) —> (3,0) (1,0) —> (2,1) <— (3,0)

- R

(17 1) —> (270) < (37 1) (17 1) D (270) —> (3? 1)

where i =1i(0) = {(a,0) | a € [1,7]}, and v(a,p) = (a,1—p) is the permutation that swaps
vertices at the same position in the top and bottom rows. Intuitively, this mutation loop
is explained as follows. If we identify the vertices lying in the same v-orbits and forget
the orientation of the quiver, we obtain the following graph:

1 2 37 .

This is the Dynkin diagram of type T;.. Therefore, the mutation loop involves the “folding
method” that constructs 7, diagram from As, diagram. In general, one advantage of
the strategy of constructing mutation loops from T-data is that it can “automatically”
perform such a folding method.

2.3.3 T-systems associated with quantum affinizations

In this section, we assign T-data to generalized Cartan matrices that satisfy a certain
condition, including all finite and affine types. The T-data in this section are different
from that in Section 2.3.2 even though both use Cartan matrices.

Fix a positive integer n. Let C' = (cap)1<a,p<n be a symmetrizable generalized Cartan
matrix. We assume that C' is indecomposable. Let diag(cy,...,c,) be a left symmetrizer
of C. We define integers t, (1 < a <n) by

ty = c;  lem(ey, ..., cp).
We also define integers tq; (1 < a,b < n) by
tay = c; " lem(cy, cp).
These integers do not depend on the choice of a symmetrizer. Let [k]. € Z[zT!] be the
z-integer defined by
k k

A A
1

[k]z =

z—z
k=l k=3 o —(k=8) 4 —(k-1)

We denote [k],ca by [k],, -
Let ¢ be an integer with ¢ > 2. Let H be the index set defined by

H={(a,m)|1<a<n1<m<t,l—1}.
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We often denote an element (a,m) € H by am. For any (a,m),(b,k) € H, we define
polynomials ﬁgmybk, it s o or € Z[zF1] by

ﬁgm,bk = [2]za5abv

”:{m,bk = 0ab (O, k+1 + Omk—1)s
- B {tab1|cab|[tba —|p—FK|., ifa~b p€Z and |p— k| < tpa,

n =
am,bk 0 otherwise,

where we write a ~ b if ¢y < 0, and p = mit_, Ltra. We define two H x H-matrices ;LL
and A_ by

T (= ~+
Ai - (nam,bk - nam,bk)am,bkeH'

To illustrate the pair of matrices (;Lr, A_), it is useful to consider the graph I(Ay, ,ZI_)
defined as follows:

e the set of vertices of I'(A4, A_) is H,
e for any pair of vertices (a,m), (b,k) € H, We draw a blue edge equipped with the
pair of polynomials (fi,g4) := (ﬁ;’m bk nbk um)s and a red edge equipped with the

pair of polynomials (f—,g-) = (74, ks Ppk.am):

For a red edge

o o if (f-,9-) =(0,0),
o——o if(f-,9-)=(1,1),
a—=—o if(f-,9-)=(1,[2]..),
o i (o) = (1, 3],
o-->-—o if (f-,9-) = (0,1),
oo if (fo,9-) = (0,[2]2,),
azzeeo if (fo,9-) = (0,[3]2,)

We may use the same abbreviations for blue edges, but these are not needed here. When
we use these abbreviations, we keep in mind the symmetrizer.
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Example 2.3.9. Consider a Cartan matrix of type Fjy:

2 -1 0 0

-1 2 -1 0
¢= 0 -2 2 -1 1’
0 0 -1 2

and choose a symmetrizer as diag(2,2,1,1). When ¢ = 2, the index set H is given by
H = {(17 1)7 (27 1)7 (37 1)7 (37 2)7 (37 3)7 (47 1)7 (47 2)7 (47 3)}7

and the matrices ;Lr and A_ are given by

2, 0 0 0 0 0 0 0
0 [2.o 0 0 0O 0 0 0
0 0 [2, -1 0 0 0 0
F_10 0 -1 [2. -1 0 0 0
T 1o 0 0 -1 [2. 0 0 0|’
0 O 0 0 0 [2. -1 0
0 o o0 0 0 -1 [2. -1
0 o 0 0 0 0 -1 [2.
[12].. -1 0 0 0O 0 0 0]
~1 2,2 -1 —[2. -1 0 0 0
0 0 [2. O 0 -1 0 0
i_|o -1 0 2. 0 0 -1 0
“ 10 0 0 0 [2. 0 0 -1
0 0 -1 0 0 [2. 0 0
0 o 0 -1 0 0 [2. O
0 0 0 0 -1 0 0 [2.]
The diagram F(;Lr, 2{_) is given by
(3,3) (4,3)

aLy @A 6y @)
NG (4

More complicated examples are given in Figure 2.3. The left diagram is of

2 -1 0
C=|-1 2 -1
0 -2 2
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Fig. 2.3 Examples of the diagram I’(A}, Av_)

(the Cartan matrix of type Bs) and ¢ = 5, and the right diagram is of

2 -1 0 0
-3 2 -2 =2

0 -1 2 -1

0 -1 -1 2
and ¢ = 2.
Proposition 2.3.10. The red part of the diagram I‘(;Lr, Z_) contains the Dynkin diagram
of the transpose of C'. More precisely, we have

(Z—|z:1)am,bk = Cpq

Zf tbam = tabk.

Proof. Suppose that (a,m), (b, k) € H satisfy tyom = tqpk. Note that such pairs exist for
any a,b since m 1=ty <t, <ty —1and k :=tp, <ty < tpl — 1 satisfy the condition. If
a = b, we have

(Z—’zzl)am,bk = (ﬁgm,am”?«’:l =2,
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and this is equal to c,,. If a # b, we have

(Av—|z:1)am,bk = _(ﬁ;m”bk)lZ:l = t;blcabtba = Cacabcb_l = Cua-

Lemma 2.3.11. The matrix A;AT 18 symmetric.

Proof. The matrix ;Lr;f'_— is symmetric if and only if

~0 ~ 4 ~ 4 ~ — ~ — ~0
Z (nam,Clnbk,cl + nam,clnbk,cl + nam,clnbk,cl
(e)eH (2.3.6)

o ﬁQYYL,Clﬁb_k,cl o ﬁ(;m,clﬁ;}f,cl - ﬁ(—z’_m,clﬁgk,d) =0
for any (a,m), (b,k) € H. Let X be the left-hand side in (2.3.6). Then X = 0 is trivial

except for the following cases:

(i) a ~ b and tpam = tpk,

(i) @ ~ b, p=mt,, the € Z, and 0 < |p — k| < tpa,
(ii") a ~ b, p' = kt;, tay € Z, and 0 < |p —m| < tap,
(iii) a ~ b, p= mt;bltba € Z, and |p — k| = tpq,
(iii’) a~ b, p' = k:tb_altab € Z, and |p' — m| = tqp.

Moreover, the cases (ii’) and (iii’) reduce to the cases (ii) and (iii), respectively, since the
left-hand side in (2.3.6) is skew-symmetric under am <« bk. For the case (i), we have

X = 2t eval [tas = 1z, + 1 leanltoal, - (212,
— 2., - 5.} cbal[tab)on — 265 |can|[tba — 12,
=t M ean| ([toa + 1z, — [tba — 1)2,) =ty [ebal ([tap + 120 — [tar — 1]2,)
=t} leap] (2100 + 2750 0) — t oy (21005 4 2 00x)
~0.

Here, we use [n], - [2], = [n + 1], + [n — 1], to derive the second equality. For the case
(ii), we have

X = t;bllcabl[tba —|p— K]z, - [2]2,
—toy |cab| ([toa — p — k| — 1), + [toa — | — K|+ 1]25,)
=0.

For the case (iii), we have

X =ty leapl[Uas =ty lepal[Lze = 0.
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Theorem 2.3.12. Let No, Ny, N_ € Maty g (Z[z]) be the matrices defined by

N, = (Zc“ﬁim,bk)am,bkeH (e €{0,+,-}).

Then the triple (No, Ny, N_) and the pair (Ay, A_) = (Ng — Ny, Ng — N_) satisfy

(1) the conditions (N1), (N2), and (N4),
(2) the symplectic relation AL AT = A_AL
(3) and the condition (N3) if and only if

Cab | Cba OT Cba | Cap for any 1 < a,b < n. (2.3.7)

Consequently, for any Cartan matriz C satisfies the condition (2.3.7) and any integer ¢
greater than or equal to 2, the triple (Ay, A_,Iy) is a T-datum of size |H|.

Proof. The conditions (N1), (N2), and (N4) are obvious from the definition. The sym-
plectic relation follows from Lemma 2.3.11 and the fact that ng,, ,, are invariant under
z — 271, The condition (N3) is equivalent to (tp, — 1)cp < ¢, for any a, b such that a ~ b,
and this is equivalent to lem(cq, ¢p) < ¢4 + ¢ for any a, b such that a ~ b. This happens

if and only if ¢, | ¢, or ¢ | ¢, for any a,b such that a ~ b, and this is equivalent to the
condition (2.3.7). O

Remark 2.3.13. If the Cartan matrix in Theorem 2.3.12 and its symmetrizer satisfy the
condition

Cap < —1 = co=—Cpg =1,

which implies (2.3.7), the mutation loop corresponding to the T-datum (A, A_,Iy) is
explicitly constructed in [Nakllc]. The T-system associated with this T-datum is a cer-
tain truncation a T-system associated with Kirillov-Reshetikhin modules of the quantum
affinization of a quantum Kac-Moody algebra [Her07, KNS09] (a truncation and a quan-
tum Kac-Moody algebra are associated with ¢ and C, respectively).
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Chapter 3

Periodic Y /T-systems

3.1 Finite type T-data

Definition 3.1.1. We say that a T-datum « is of finite type if the set {T,(u) €
T°(a, R,Y) | (a,u) € R} is a finite set.

Definition 3.1.1 does not depend on R since the set being considered is a finite set for
some R if and only if it is a finite set for [1,7] x Z by (R3). We will see that this is also
independent of the choice of Y.

Definition 3.1.2. Let a be a T-datum and R be a consistent subset for «.

(1) We define Y,,in(cv, R) to be the solution of the Y-system associated with (a, R) in
Trop(Ua,p)(a,p)ers, SUch that u,, = ya,p for any (a,p) € Rin, where y,, is defined
by (2.2.11). By Theorem 2.2.19, the T-algebra T°(«, R,Y’) is embedded into the
cluster algebra with principal coefficients (see [FZ07] for the definition of cluster
algebras with principal coefficients).

(2) We define Yiniv(a, R) to be the solution of the Y-system associated with (a, R) in
Qst(Ua,p)(a,p)eRrsn Such that u,, =y, for any (a,p) € Rin, where y, , is defined
by (2.2.11).

Definition 3.1.3. Let o be a T-datum and R be a consistent subset for «. Let {2 be a
integer with t | £2, where ¢ is the integer in (R3) in Definition 2.2.3.

(1) We say that a solution (Y,(u))(a,u)ecr of the Y-system associated with (a, R) is
periodic with period 2 if Y, (u) = Yy (u + £2) for any (a,u) € R.

(2) We say that the T-system associated with («, R,Y") is periodic with period 2 if Y
is periodic with period 2 and T}, (u) = Ty (u+ 2) in T°(e, R, Y) for any (a,u) € R.

Definition 3.1.3 also does not depend on R. By the synchronicity phenomenon in cluster
algebras [Nak19], we have the following assertion:

Theorem 3.1.4. Let a be a T-datum and R be a consistent subset for o. Let {2 be a
integer with t | {2, where t is the integer in (R3) in Definition 2.2.53. Then the following
conditions are equivalent:

(1) The T-system associated with (o, R,Y") is periodic with period §2 for some Y .
(2) The T-system associated with («, R,Y) is periodic with period §2 for any Y .
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(3) Yprin(a, R) is periodic with period 2.
(4) Yuniv(a, R) is periodic with period 2.

Proof. This follows from Theorem 2.2.19 together with the synchronicity phenomenon in
cluster algebras [Nak19, Theorem 5.2 and 5.5]. O

It is easy to see that « is of finite type (for some Y') if and only if the condition (1) in
Theorem 3.1.4 holds for some 2 > 0. Therefore, Theorem 3.1.4 implies that Definition
3.1.1 does not depend on Y.

3.1.1 Simultaneous positivity of finite type T-data

For any matrix A € Mat,,(Z[z¥']), we define A € Mat,,(Z) by A = A|,—;. For any
vector u,v € R", we write v > v and v > v if all components of the vector u — v are
positive and non-negative, respectively. The following is the main theorem in this section,
which gives a effective method to determine that a given T-datum is not of finite type.

Theorem 3.1.5. Let a« = (A4, A_, D) be a T-datum. If « is of finite type, then there
exists a vector v > 0 such that AIU >0 and ATv > 0.

Proof. Without loss of generalitéf we can assume that « is indecomposable. It is sufficient
to find a vector v > 0 such that AI_U > 0 and AT v > 0 since such a vector plus a sufficiently
small positive vector is a desired vector. Let ¢ € [1,7]. Let t(¢) = (tﬁf) (4))(a,u)e[1,r)xz be
the family of integers defined in Section 2.2.5, that is, tgc)(u) is the minus of the lowest
power of T,.(0) in T, (u), where T, (u) is written as a Laurent polynomial in (T%(p))(c,p)e R, -
We also define the family of integers t(¢) = (Eﬁf) (4))(a,u)el1,r]xz, Where e (u) is the highest
power of T.(0) in T, (u). By the definitions, we have £ (u) + {((f)(u) > 0 for any (a,u) €
[1,7] x Z. By Proposition 2.6 in [RS18], the family of integers t(¢) is uniquely determined
by the initial conditions

Aoy )Lt (a,p) = (c,0),
) = {O if (a,p) # (¢,0) and 0 < p < p,, (3:-1.1)

together with the following recurrence relation for each (a,u) € [1,r]| x Z:
Z nga;p{,(f) (u + p) = max (Z nb_a;p{gc) (u+p), Z nzra;pigc) (u+ p)) : (3.1.2)
b,p b,p b,p

The family of integers t(© and (°) satisfy the same recurrence relation, but have the
different initial conditions.
Let vc(f) and ﬁc(f) be the integers defined by

2-1

-1
B = Y W, 1 = Y P,
u=0

u=0
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where {2 is a period of the T-system. By the periodicity of the T-system, we have

2-1 -1
o= 3 ©utp). @ = 3
u=0 u=0

for any p € Z. By summing up (2.2.16) with respect to the period, we have

2-1

Z ﬁga“éc) = Z max (Z nb_a;p’tl(,c) (u+p), Z nzra;ptl(f) (u+ p)) (3.1.3)
b

u=0 b,p ba;p
> max (Z s> ﬁ;av,ﬁc)) : (3.1.4)
b b

where 1y, = Zp Npa,p- Lhis implies that filv(c) >0 and ATo© > 0. Similarly, we have
fllﬁ(c) >0and AT5© >0 by summing up (3.1.2) with respect to the period. Let v and
v be the vectors defined by

NS NS

v:Z S 17:2

c=1 Uic) c=1 f)?(nc)

We then define a vector v/ by v/ = v + ©. We have v’ > 0 since t° )( )+ i (u) > 0. We
also have AI_U’ >0 and ATv > 0. Therefore, if we prove that Alv >0and ATv > 0,

the assertion of the theorem follows.

From (2.2.17), (2.2.19), and (3.1.4), the a-th component of ALv is positive if and only if
there exists (c,u) € [1,r] x Z such that [:l:t)(c)( )]+ # 0. Therefore the a-th component of
ATy is positive if the a-th column of Ny is non-zero by (3) in Lemma 2.2.23. It remains
to prove that the a-th component of Alv is also positive when the a-th column of Ny
is zero. If both the a-th columns of N, and N_ are zero, the assertion of the theorem
follows from Corollary 2.2.25. Thus we can assume that either the a-th column of N
or N_ is non-zero. Without loss of generality we assume that the a-th column of N, is

non-zero and the a-th column of N_ is zero. Let nf,. »2¥ be a term in the a-th column of

N, with the minimal degree among the terms in this column. Now we have

57D (—pyey — )]s = Z<n2a 0~ M)t (Do) = + @)
- Z Npq, qt(U(C)) —DPo(c) — P + Q)

= max <Z oty (~Pote) = P+ @), 0>
b,q

= max (1 1 (<P (), 0)

capc
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and this implies that the a-th component of AT v is positive. Ol
Example 3.1.6.

(1) A T-datum of size 1 (Theorem 2.3.1) is of finite type if and only if (A4, A_) is one
of the following three pairs of matrices for some p > 0:

Ac=[e], A= [14av),
Ap =[1—-2P+2%], A_=[1+42%],
Ay =[1+2%], A =[1— 22+ 2%].

The if part is proved by direct calculations, and the only if part follows from The-
orem 3.1.5.

(2) A T-datum associated with a bipartite recurrent quiver, which is a special case of
a T-datum in Proposition 2.3.4, is of finite type if and only if both A and A’ are
direct sums of ADE Cartan matrices [GP19a]. In fact, Theorem 3.1.5 generalizes
Proposition 7.1 in [GP19a] to arbitrary T-data.

(3) A T-datum in Example 2.3.7 is of finite type if and only if both A and A’ are of
finite type Cartan matrices, except that one of them can be of tadpole type. The
if part is proved in [Kell3], and the only if part follows from Theorem 3.1.5.

(4) A T-datum in Theorem 2.3.12 is of finite type if and only if C is of finite type
Cartan matrix. The if part is proved in [IIK"13a, ITK"13b], and the only if part
follows from Proposition 2.3.10 and Theorem 3.1.5.

3.2 Special values of the dilogarithm function

Definition 3.2.1. Let « = (A4, A_,D) be a T-datum. Let P = diag(z_pa/Q)ae[Lr},
where p, is the integer in (N1). We say that « is Cartan-like if both the matrices PA
and PA_ are invariant under z ~ 271,

This terminology comes from the fact that T-data in Section 2.3.2 satisfy this property.
All examples in Section 2.3 are also Cartan-like. Note that fii are not Cartan matrices
in general since they may not be sign-symmetric (see examples in Table 3.1 and 3.2). The
matrix Ny in the Cartan-like T-datum should be a diagonal matrix. This property is
useful due to the following fact on real square matrices whose off-diagonal entries are non-
positive. As a result, we assign a positive definite symmetric matrix to any Cartan-like
T-datum of finite type (Proposition 3.2.3).

Lemma 3.2.2 ([FP62, Theorem 4.3]). Let A be a real square matriz whose off-diagonal
entries are all non-positive. Then the following conditions are equivalent:

(1) there exists v > 0 such that Av > 0,
(2) all real eigenvalues of A are positive.

Proposition 3.2.3. Let a = (A4, A_, D) is a Cartan-like T-datum of finite type. Then
the following assertions hold:

(1) Ay and A_ are invertible.
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(2) Let K = (Kab)a,be[1,r] be the matriz defined by K = AjrlA_ Then KD is a positive
definite symmetric matriz.

(8) Let K = (Fab)apep,r be the matriz defined by K¥ = D™'KD. Then KYD" is a
positive definite symmetric matrix.

Proof. By Theorem 3.1.5 and Lemma 3.2.2, all the real eigenvalues of Ay are positive.
This implies (1). Since KV = (zzli)_ljﬂ, the assertion (3) follows from the assertion (2)
for a¥'. We now prove (2). We first see that K is symmetric due to the symplectic relation.
Suppose that there exists an eigenvector v of K with a non-positive eigenvalue. Let us
denote by — A this eigenvalue. Then we have (A + )\A+)v = (. Thus 0 is an eigenvalue of
A_+ )\A+ Since A > 0, all off-diagonal entries in A_+ )\A+ are non-positive. Moreover,
this matrix satisfies the condition (1) in Lemma 3.2.2 by Theorem 3.1.5. Thus its real
eigenvalues are positive by Lemma 3.2.2, a contradiction. O

The function

oo
Lis (= 22—2 (J2| < 1)

is called the dilogarithm function. The Rogers dilogarithm function is a function on the
interval (0,1) defined as follows:

L(z) = Lig(x) + %log(m) log(1 — x).

We can define L(0) = 0 and L(1) = 72/6 by continuity.
For any T-datum a = (A4, A_, D), we denote by d, and d; the a-th entries in D and
DY, respectively.

Theorem 3.2.4. Let o« = (A4, A_, D) be a Cartan-like T-datum of finite type. Let
KY = (Fab)apef,r e the matriz defined in Proposition 3.2.3.

(1) The system of equations

r

fa=TJ=f)  (ae[1,r]) (3.2.1)

b=1

has a unique real solution such that 0 < f, <1 for any a € [1,r].
(2) Let (fa)acp,r e the unique solution in (1). Define the real number co by

6 T
- ; Z daL(fa)'
a=1

Then we have ¢, € Q.
Proof. We define a function F,(z) : [0,00)" — R by

1 T
F.(z) = ixTKVDVa: + Z(d;/)_lLiQ(eXp(—d;/xa)).

a=1
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A+ A_ K Cq
(1422 —z 1+ 22 0 (4/3 2/3 4/5
-z 1427 0 1+ 22 2/3 4/3
[1+22 -2 [1— 2+ 22 0 2/3 1/3
_ 2 N 2 1

| =z 1+ 2z I 0 1—2+=2 _1/3 2/3
[ 1+ 22 —Z 1+ 22 0 3/2 1 5/7
_—2—25 14 26 _—z3 14 26 _1 2
[ 1+ 22 —z (1 — 2+ 22 0 1 1 3/4
—z—22 1423 I 0 1+ 23 _1 2

1+ 22 —z [ 1422 0 2 2 47
_—2—25—z9 14 210 _—z3—z7 14 210 2 4

Table 3.1 Examples of Cartan-like T-data of finite type of size 2, where D = I3 in
these examples.

By setting f, = 1 —exp(—d)xz,), we see that the statement (1) is equivalent to saying that

the function F, (x) has a unique critical point in (0,00)". This follows from the fact that

KV DV is a positive definite symmetric matrix, as in the proof of Lemma 2.1 in [VZ11].
We now prove (2). From the result in [Nakl1b, Section 6], the value

6 Yo (u)
— > daL<m) (3.2.2)
(a,u)€[l,r]XZ
0<u<$?
is an integer for any solution Y = (Y,(u))(a,u)e[1,/xz Of the Y-system associated with
(c, [1,7] X Z) in the semifield R, where {2 > 0 is a period of Yypiv (e, [1,7] X Z). Moreover,
this value is independent of the choice of Y. In fact, Nakanishi [Nak11b] proved that these
facts follow from the sign coherence property of cluster algebras, which was proved by
Gross, Hacking, Keel, and Kontsevich [GHKK18] for skew-symmetrizable cluster algebras.
It is easy to see that the system of equations (3.2.1) is equivalent to

r

- al,  —mT . -

H szjpez( abip ab;p) — H(l — fb)ZPEZ(ngb;P_nab;p) (a - [1,7‘]) (323)
b=1 b=1

Thus the family Y = (Ya())(a,u)e[1,rxz defined by Yy (u) = fo/(1 — fa) is a solution of

the Y-system associated with («, [1,7] X Z) in Rs¢. Since this is a constant solution with

respect to u, the integer (3.2.2) is equal to {2¢,. Thus ¢, is a rational number. Ol

Example 3.2.5. We give some examples of Cartan-like T-data of finite type of size 2 and
size 3 in Table 3.1 and 3.2, respectively, where the matrix D in these examples are the
identity matrices. We also show the positive definite symmetric matrix K and the rational
number ¢, associated with these T-data. The rational number ¢, can be computed by
using Theorem 6.8 in [Nak11b].
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A+ A, K Co
1+ 22 -z 0 1+ 22 0 0 [3/2 1 1/2
—z 14 22 —2z 0 14 22 0 1 2 1 1
| 0 —z 1+ 22| |0 0 1+ 22 11/2 1 3/2
1+ 22 -z 0 ] [1— 2+ 22 0 0 [3/4 1/2 1/4
-z 1422 -z 0 1—z+22 0 /2 1 1/2| 9/7
|0 —z 14 22 ] i 0 0 1—z+22 [1/4 1/2 3/4
1+ 22 —z 0 (1 — 2+ 22 0 0 (1 1 1]
—z 1+ 22 —z 0 1— 2+ 22 0 1 2 2 9/10
| 0 —z—2z2 1423 i 0 0 14 23 1 2 3]
[ 1+ 22 0 —2z [ 1+ 22 —z 0 [2 0 2]
—2z3 1+ 26 0 —z—25 1426 0 0 1 1 1
|—z—27 —22-20 1428 |0 0 1428 12 1 4]
1 + 22 —z 0 1+ 22 0 0 7 [2 2 2]
-z 1422 —z 0 1+ 22 0 2 4 4 2/3
| 0 -z 1—2z+42? | 0 0 14 22| 2 4 6]
[ 1+ 22 —z 0 1+ 22 0 0 [2 2 1]
—z—2% 1426 23 —23 1426 0 2 4 2 4/5
|0 -z 1420 . 0 0 14 26] 1 2 2]
[1 — 2 + 22 —z 0 [ 14 22 0 0 [ 4 2 —1
—z 1+ 22 0 0 1422 —z 2 2 -1 3/2
i 0 0 1+ 2° _—22 — 23 —z—2% 1425 i 1 -1 1

Table 3.2 Examples of Cartan-like T-data of finite type of size 3, where D = I3 in
these examples.

3.3 Partition g-series
Let « = (A4, A_, D) be a Cartan-like T-datum of finite type of size r. We define two sets
H, and H by

Hy={(m ) €Z" xQ" | A_m = A},

H, = {((A)™n, (AY)Tn) | nez"}.
These are free abelian groups of rank r, and the symplectic relation implies that H), is a
subgroup of H,. Let S, be the quotient group of H, by H: S, = H,/H], This is a

finite abelian group that is isomorphic to Z"/(the rows space of AJVF) In particular, the
order of S, is det A,. For any o € S,, we denote by o>¢ the set {(m,l) € o | m > 0}.

Definition 3.3.1. Let a = (A4, A_, D) be a Cartan-like T-datum of finite type. Let
o € S,. We define the partition q-series of a at o by

Zaold) = Y T

(m7l)6020

where (m,l) := m"DV[ and (¢), = [[\,(1 — ¢') is the g-Pochhammer symbol. We also
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define the total partition q-series of a by

TKYDYm

Za,tot(‘]) = Z Zoz,a(Q) = Z qém

oESa me(Zso)" [a=1(g)m,

Proposition 3.3.2.
(1) The partition q-series Zq.,(q) with ¢ = €*™7 converges to a holomorphic function

on the upper half plane H = {T € C | ImT > 0}, where we set ¢® = e*™™~ for any

k€ Q.
(2) We have
2
ii\r‘%alog Zaot(€F) = 6_5€a’
where § = lem(dy, ..., d,)ged(dy, . .., d,.) and c, is the rational number in Theorem
9.2.4.

Proof. (1) follows from the fact that KV DV is a positive definite symmetric matrix (Propo-
sition 3.2.3). (2) follows from the asymptotic analysis in [VZ11]. O

Let I' C SL(2,Z) be a congruence subgroup. We say that a holomorphic function f(7)
on the upper half plane is a modular function with respect to I' if f(7) = f (%) for any

7 € H and [‘; Z} € I', and f(7) is meromorphic at each cusp of T.

Conjecture 3.3.3. Let a« = (A, A_, D) be a Cartan-like T-datum of finite type. Then
there exists a congruence subgroup T' C SL(2,7Z) such that ¢~°*/?*Z, ,(q) with q = e*™*7
1s @ modular function with respect to I' for any o € S, where co is the rational number
wn Theorem 3.2.4.

Remark 3.3.4. For any solution (fa)aep,r] € Q' of (3.2.1), we can define the element

> dalfa] € B(F), (3.3.1)

where F' is a number field containing the solution, and B(F') is the Bloch group of F'. By
the result in [Nak11b, Section 6], we see that the element (3.3.1) is a torsion (see [Leel3]).
Conjecture 3.3.3 can be regarded as a version of Nahm’s Conjecture [Nah07, Zag07], which
relates torsions in Bloch groups and the modularity of g-hypergeometric series.

Theorem 3.3.5. Conjecture 3.3.3 holds for r = 1.

Proof. From (1) in Example 3.1.6, it is sufficient to prove the following three cases:

= (1+z2p,1+22p,d),
oy = (1 —zp+z2p,1+22p,d),
a3z = (1—}—2’2”,1 —zp+22p,d).
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For these three cases, we have S,, = Z/2Z, S,, = 0, and S,, = Z/27. We also have
Lo, = d/2, La, = 2d/5, and La, = 3d/5.

We first consider as because its proof is the simplest and follows from a well-known
discussion (e.g., see [Zag07, Chapter II, Section 3]). In this case, the partition g-series is
given by

CJ

0427
nEZ>0

Using the Rogers-Ramanujan identity

0 an B
,;) (Dn

1
H 1_qn’

n>0
n=+1 (mod 5)
together with the Jacobi triple product identity, we have

. 1 -
g 2,(q) = n(g®) Z a(n)q™ /1, (3.3.2)
ne”

where 7(q) = ¢*/** [[>°_,(1 — ¢") is the Dedekind eta, and

1 ifn=41 (mod 20),
a(n) =< -1 ifn=49 (mod 20),

0 otherwise.

Since the right-hand side in (3.3.2) is the ratio of modular forms of weight 1/2, it is a
modular function. Thus we obtain the assertion for as.

We now prove the assertion for oy and 3. The partition g¢-series in these cases are
given by

qdn2 qd(n +n+1)
Za?no(q) = E (qd) ) 063 1 E : )
n€l>o 2n n€l>o 2 1
q qd(2n +2n+3)
O‘17 a17 : :
nEZ>0 n€lx>o 2 +1

To prove the assertion for a; and as, we use the following Rogers — Ramanujan type
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identities (see [MLSZ08, S. 98, S. 94, S. 83, and S. 86] and references therein):
o0 n2 1
q
- , (3.3.3)
2 (o 1L i
n=41,43,44,+5,4+7,4+9 (mod 20)
> n?+n
q 1
= ) (3.3.4)
;::0 (@)2n+1 };[0 L —q"
n=41,42,45,46,+8,+9 (mod 20)
0 q2n2 1
_ : 3.3.5
2 (o | (359
n=42,43,4+4,45 (mod 16)
o0 op2ion
q 1
= ) 3.3.6
nz_% (@)2n+1 H 1—q" ( )

n>0
n=+1,44,46,+7 (mod 16)

Using (3.3.3) and (3.3.4) together with the quintuple product identity, we have

1 2
—d/40 _ dn? /60
q Za o\qd) = a3 .s\n)q )
o) = 1y D sl
where
(1 ifn=+1 (mod 30),
azo(n) =¢ -1 ifn==+11 (mod 30),

0 otherwise,
1 if n=44
ifn==+14

0 otherwise.

(mod 30),

a371(n) = (mod 30),

Thus we obtain the assertion for ag. Similarly, using (3.3.5) and (3.3.6) together with the
quintuple product identity, we have

1 2
—d/48 _ dn? /48
q Zal,U(Q) - 277(qd) Z al,a(”)q 9
nez
where
(1 ifn=+1 (mod 24),
ajo(n)=¢ -1 ifn==47 (mod 24),
0 otherwise,
(1 ifn=+5 (mod 24),
aji(n) =< -1 ifn=+11 (mod 24),
0 otherwise.

Thus we obtain the assertion for a;.
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We give some examples supporting Conjecture 3.3.3 for r > 2.
Example 3.3.6 (Zagier’s lists). Any 2 x 2 or 3 x 3 matrix K for the Cartan-like T-data
in Table 3.1 and 3.2 appears in lists of Zagier [Zag07, Table 2 and 3] as an example where

TKm+B"m+C

gz
2 [Toz1 (@,

mG(Zzo)r a=1

appears to be a modular function for some B € Q" and C' € Q. We can see that all
sporadic examples with B = 0 in his lists are obtained from (A4, A_) or (A_, A}) in our
Table 3.1 and 3.2.

Example 3.3.7 (Andrew-Gordon identity). Let a be the Cartan-like T-datum associated
with the tadpole type T, (see Example 2.3.8). It is of finite type since its T-system can
be obtained from the T-system associated with the bipartite belt of type As,., which is
periodic, by an identification of variables. Since det /OLF = 1, we have S, = 0. By using
Theorem 6.1 in [Nak11b], we see that the rational number ¢, is given by ¢, = 1-3/(2r+3).
The partition g-series of « is given by

Ni+-+N?

. q
Zaold) = DL g

n€(Zxo)"
where N, = ng + -+ - + n,. Using the Andrew-Gordon identity [And74]

N12+...+Nf 1

D |

nezzyr (D (@n, 250 L—q"
=0 n#Z0,£(r+1) (mod 2r+43)

together with the Jacobi triple product identity, we have

1 )

—ca/24 7 _ n=/(8(2r+3))

q 0,0(q) = > "a(n)q :
2n(q) 7,

where

1 if n=+41 (mod 4(2r + 3)),
a(n) =< -1 ifn==+(4r+5) (mod4(2r+ 3)),
0 otherwise.

This implies that ¢—¢=/?4Z, ¢(q) is a modular function.

Example 3.3.8 (Fermionic formulas). For any quantum affine algebra U, (g) and positive
integer with ¢ > 2, the level ¢ restricted T-system and Y-system for U,(g) are defined
(see [KNS11]). Reading the exponents in the T-system and Y-system in [KNS11, Section
2], we can obtain the Cartan-like T-datum «(U,(g),¥), where we replace a normalization
of the parameter u appropriately so that u € Z and the T-datum satisfies (N1), and
we also discard the parameter 2 in [KNS11, Section 2.4] for twisted g. Explicitly, the
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type of g | T-datum «a(U,(g),?)
xM a(Xn, 0)

AD) 5 a(Ar e Cy)

AS) (A1 ®T)
DY), | a(Ai @ By)

EY (A1 @ Fy)

D a(Ar—1 ® Ga)

Table 3.3 T-data associated with quantum affine algebras.

T-datum o (Uy(g),¢) is given in Table 3.3, where in the first line we denote by «(X,,, )
the T-datum in Theorem 2.3.12 associated with the Cartan matrix of type X,, and the
integer ¢, and in the remaining lines we denote by a(Y ® Z) the T-datum obtained by the
tensor product construction in Example 2.3.7 from the Cartan matrices of types Y and
Z. The T-datum a(U,4(g), ¢) is of finite type for any U,(g) and £ by the periodicity results
in [Kell3, IIK*10, ITK"13a, IIK*13b]. The partition ¢-series of a(U,(g),¢) divided by a
product of the Dedekind eta coincide with the g-series version of the fermionic formulas
defined in [HKO102, Section 5|. They conjectured that these g-series coincide with string
functions of integrable highest modules of § [HKO'02, Conjecutre 5.3]. If this conjecture
holds, Conjecture 3.3.3 for o(Uy(g), ¢) follows from the results by Kac and Peterson [KP84].

Example 3.3.9 (g-series from Nil-DAHA). Let X,, be the type of a finite type Cartan
matrix, and p be an integer with p > 2. Consider the T-datum a(X, ® A,_1), where
the meaning of this notation is the same as that in Example 3.3.8. This is of finite type
by [Kell3]. Then the partition g-series of a(X,, ® A,_1) are special cases of the ¢-series
studied by Cherednik and Feigin in the theory of Fourier transform of nilpotent double
affine Hecke algebras [CF13, Corollary 1.3]. In fact, they proved that their g-series are
modular functions [CF13, Theorem 2.3].

3.4 Exponents

In Proposition 3.3.2, we see that the leading term of the asymptotics of the partition
g-series is expressed by a special values of the dilogarithm function. In this section, we
study exponents associated with T-datum, which is a sequence of integers that describe
the sub-leading term of the asymptotics of the partition g-series.

Let a = (A4, A_, D) be a T-datum of finite type. We also assume that « is Cartan-
like. Let (fa)aepi,r] be the positive real solution of (3.2.1). We define two r x r diagonal
matrices A, = diag(f,) and A_ = diag(1l — f,), and also define a polynomial

Ta(z) =det(AL A+ A_AL) € R[z]. (3.4.1)

The following proposition give a relationship between the polynomial 7,(z) and the
asymptotics of the partition g-series.
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Proposition 3.4.1. We have

det A
li Za o —& —ca7r2/668 — +
g Zaele e 1)

where c,, and § are as in Proposition 3.3.2.

Proof. As with (2) of Proposition 3.3.2, the assertion follows from the asymptotic analysis
in [VZ11]. O

Remark 3.4.2. In [VZ11] (as well as [Ter94, Zag07]), they not only gave the limit of ¢-
series, but also gave a formula on the asymptotic expansion in the powers of . Although
it might be interesting to investigate higher order terms of the asymptotic expansion, it
is not dealt with in this paper.

We give another description of the polynomial 7,(z) in terms of a mutation loop. Let
R C [1,7] X Z be a consistent subset for a. Then we have a mutation loop associated with
(o, R) by Section 2.2.2, which we denote by v = (B,d,i,v). Considering the semifield
RL,, the mutation loop v gives a real analytic map u : RL, — RL, by the formula
y:(0) = y,(i)(t), where y(0) and y(t) as in (2.1.6). The map p has a unique fixed point
n € RL, by (1) in Theorem 3.2.4 and the formula (2.2.11). Then the differential dpu,, is
an endomorphism on the tangent space of R’;O at the fixed point 7.

Proposition 3.4.3. The polynomial det 7(2) coincides with the characteristic polynomial
of the inverse of dp, in the variable z*:

det 7o (2) = det(2" — du,),

where t is the integer in (R3) in Definition 2.2.3.

Proof. First note that 7,(27!) = 7,(z) since we assume that « is Cartan-like, where =
means the equality up to multiplying +2* for some k € Z.

Let n(u) be the I-tuple real positive number defined as y(u) in (2.1.6) associated with
the initial condition (B(0),y(0)) = (B,n). Let L(u) = (Li;(u))i jer be the matrix given

1 it = ¢ i(u),
R iti=jeilu),
L) =9 Bl (1= f) + =Bl fu i) = (au) € i(w) and i 25, P
0 otherwise.

Then L(u) is the matrix of the differential of the analytic map p(u) : RL, — RL, given
by y;(u) — y;(u + 1) at n(u) with respect to the bases (m(u)ay%u)’n(u))iel and (n;(u +
1)m‘n(u +1))i o, (see Proposition 4.1 [Miz20b]). By the chain rule for differentials,
the matrix

L:=P,L(t—1)---L(0)
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is the matrix of du,, with respect to the basis (ma%_ ‘n) where P, is the permutation

i€l
matrix of v. On the other hand, let L be the square matrix of size I x t defined by

o - @) P,L(t—1)
~ L(0) --- @) @)
L= )

: " @) O

O - L(t-2) @)

Clearly, we have
det(z! — L) = det(z — L).

Let H(u) = (Hij)i, jer be the matrix given by

8, ::{1 ifi=j¢i(u),

0 otherwise,

and let H be the square matrix of size I x t defined by

@] O P,H(t—1)
~ H() --- O @)
H = )
O @]
O H(t—2) O

Explicitly, the entries in H = (ﬁ (i,u),(j,v)) are given by

1 if (j,v) ¢ i(v), (i,u+1) = (j,v),and 0 < v < t,

H(i,u),(j,'u) = 1 if (j,U) ¢ i(U), (V(Z)7O) = (.77 U), and v = t,
0 otherwise,

By the completeness of v, the sum y .~ | Z¢H* ! ig a finite sum, giving an inverse matrix
of z71— H. In particular, we have det(z~1—H) = 1. We now sce that (z =1 —H)"1(z~1—L)
is the identity matrix except for the columns in i (we regard i as a subset of I x t by the
obvious way), and i x i submatrix of this matrix coincides with AYA_ + AY A,:

~ ~ V \2
(B - D~ [T AA O

The first statement follows from the relation

(z'—H) 'z '=L)=I+(z"'—H) Y(H-L)

and the fact that H-L _is the zero matrix except for the columns in i. Noting that
(z7' = H) ' =302 2“H" !, the second statement follows by comparing the formula
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(2.1.8) and (2.1.9) with the definition of the matrices H and L, respectively (see also
Figure 2.1).
Therefore, we have
det(2! — dpy) = det(2' — L) = det(z — L) = 7o (271) = 7o (2).
Comparing the highest degrees, we obtain the assertion. U
Definition 3.4.4. Let o = (A4, A_, D) be a Cartan-like T-datum of finite type. Suppose
that « is indecomposable, and let ¢ be the number of connected components of the skew-

symmetrizable matrix B in Proposition 2.2.24. We define a polynomial 7,(z) € R[z] by
To(2) = Ta(21/1).

We have
To(2) = det(z — duyy) (3.4.3)
by Proposition 3.4.3.

Theorem 3.4.5. Any root of the polynomial 7,(2) is a root of unity. More precisely, we
have X2/t =1 for any root \ of 7o(2), where 2 is a period in Definition 3.1.3.

Proof. Let v be a mutation loop associated with the pair («a, [1,7] X Z). By the periodicity
of the Y-system associated with «, we have pf*/* = id. Thus the assertion follows from
Proposition 3.4.3 and the chain rule for differentials. O

For a polynomial F'(z) whose roots are all N-th roots of unity, the roots of F(z) can
be written as

627mm1/N’ 627rzmz /N7 ] eQTrzmn /N’

.oy

where 0 < m; <mo < --- < m, < N is a sequence of integers. We call this sequence of
integers the exponents of F'(x), and denote by E(F(z)).

Definition 3.4.6. The sequence £(7,(2)) is called the ezponents associated with a.

Example 3.4.7. Let a be a T-datum given by

1+22 -z 0 1+22 -z 0
Ay =| —= 1+ 22 -z |, A_=| —=z 1+ 22 -z |,
0 —z 1+ 22 0 —z 1+ 22
and D = I3. Then the matrix K in Proposition 3.2.3 is given by
3 1
2 1 3
KY=11 2 1},
i 71 3
2 2

and the solution of the equation (3.2.1) is given by (f1, f2, f3) = (1/3,1/4,1/3). We have

1+ 22 —%z 0
Ta(z) =det | =22 1422 -2z
0 —%z 14 22

:z6+224+222+1,
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and

27i-2 27i-3 27i-4

Ta(2) =22 +222 4+ 224+ 1=(2—¢e" 5 )(z—e

Thus the exponents associated with « are 2, 3, 4.
We see that 7,/(z) is invariant under interchanging A, and A_:

Proposition 3.4.8. Let a = (A4, A_, D) be a Cartan-like T-datum of finite type. Then
a® = (A_, Ay, D) is also a Cartan-like T-datum of finite type. Moreover, we have To(2) =
Tao(2).

Proof. The first statement is obvious from the definition of T-data (Definition 2.2.1). Let
fa be the solution of the equation (3.2.1) for a. Then 1 — f, is a solution of the equation
(3.2.1) for a°, which can be seen from another expression (3.2.3) of this equation. The
identity 74(z) = Tao(z) now follows from (3.4.1). O

3.4.1 Exponents for T-datum of type (X,,,{)

Fist we prepare some notations of root systems. Let C' be an indecomposable Cartan
matrix of finite type X,,, and ¢ be a positive integer such that ¢ > 2, as in Section 2.3.3.
Let A be a root system of type X,, on a R-vector space with an inner product normalized
as (a | @) = 2 for long roots «, where X, is a finite type Dynkin diagram in the Figure 3.1.
Let a1, ..., a, be simple roots, where the numberings are consistent with the numberings
of nodes in Figure 3.1. Let Al°"8 and A®'™ be the set of long roots and short roots,
respectively. Let A, be the set of positive roots, and p be the half of the sum of the
positive roots:

p=5 3 a
aEAL

Let ¢, (1 < a < n) be the entries in the left symmetrizer of C' as in Section 2.3.3. We
assume that ged(cq,...,c,) = 1 for simplicity. We define an integer ¢ by

1 if Xn:An,Dn,E6,E7 or Eg,
c=lem(cy,...,cn) =12 if X,, = B,,C, or Fy, (3.4.4)
3 if X,, = Go.

Let hY be the dual Cozeter number. The list of dual Coxeter numbers is given by

X, | A, B, C, D, Es E; Es Fi G
W ln+1 2n—1 n+1 2n—-2 12 18 30 9 4

(3.4.5)

Let « be the T-datum associated with the pair (X,,,¢) given by Theorem 2.3.12, which
is Cartan-like by definition. Moreover, « is of finite type with period 2 = 2¢(¢ + hY),
which was prove in [[IK*13a, IIK*13b]. Thus we can define the polynomial 7,(z) by
Definition 3.4.4. Note that ¢ = 2 in Definition 3.4.4 for this a. We give a conjectural
formula on exponents associated with « in terms of root systems.
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A, @ @ @ o
1 2 n—1 n
B ®&—@ ¢« o
1 2 n—1 n
o —@ ¢« e
1 2 n—1 n
n
D, @ @ L
1 2 n—2 n-—1
I 4
E; @ ® ® L
1 2 3 5 6
I 7
E, @ @ @ @ o
1 2 3 4 ) 6
I 8
Ey © o o o o o
1 2 3 4 5 6 7
R &€ ® e
Yo 2 3 4
G, €=—e
S| 2
Fig. 3.1 The list of Dynkin diagrams of finite type.
We define two polynomials Nx, ((z) and Dx, ¢(z) by
no_c(+hY) _ 1
z
N = _— 3.4.6
xe =11 (3.46)
Dx, o(2) = DX%,(2) DX (2) (3.4.7)
X, t\Z X, 0\F) X, 0\Z) 4.
where the polynomials Dl)?:jgé(z) and D57} (z) are defined by
2mi(p|a)
DY) = ] (*—e ), (3.4.8)

aeAIong
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® O O @ @ @
®©® ®©@ O O @ @
®© © ®@ O O @

1 2 3 4 ) 6

Fig. 3.2 The underlying white circles represent the exponents of N4, 3(x), and the
black marks represent the exponents of D4, 3(x). The number of vertices in a same
vertical line is a multiplicity. Furthermore, the black circles and diamonds represent
the exponents that come from the positive roots and the negative roots, respectively.
The unmarked white circles represent the exponents of Na, 3(z)/Das 3(z).

DY) = [ (z-e). (3.4.9)

aeAshort

When X = A, D or E, the polynomials Nx, ¢(z) and Dx, ¢(2) can be written more

simply:
Y \"
Nx, () = (—Z — , (3.4.10)

Dx,o(z) = [[ (=€ 07). (3.4.11)
aEA

Conjecture 3.4.9. Let C be an indecomposable Cartan matriz of finite type X,,, and £
be a positive integer such that ¢ > 2. Let o be the T-datum associated with these data
(X, ) given by Theorem 2.53.12. Then the roots of 1,(z) is given by the formula

(3.4.12)

Example 3.4.10. Let (X,,,¢) = (As,3). The dual Coxeter number is given by h"Y = 4,
so £+ hY = 7. Therefore, the exponents of Ny, 3(z) is given by

g(NA373(Z)) = (17 17 17 27 27 27 37 37 37 47 4’ 4’ 57 57 5’ 67 67 6)'
On the other hand, by calculation on the root system of type As, we obtain
E(Day3(2)) = (1,1,1,2,2,3,4,5,5,6,6,6).

As the result, the exponents of Na, 3(2)/Da, 3(%) are given by

NA373(Z)
E(DM3@>

Figure 3.2 illustrates these exponents.

) =(2,3,3,4,4,5).
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®

11

O

12

®

13

Fig. 3.3 The exponents of Np; 2(z) and Dp, 2(2z). The meanings of the symbols are

the same as in Figure 3.2.

Example 3.4.11. Let (X,,,¢) = (B3,2). The dual Coxeter number is given by h"Y = 5,

so ¢({ + hY) = 14. Therefore, the exponents of Np, 2(z) is given by
E(Npy2(2)) =(1,1,1,2,2,2,3,3,3,4,4,4,5,5,5,6,6,6,7,8,8,8,9,9,9,

10,10,10,11,11,11,12,12,12, 13, 13, 13).

On the other hand, by calculation on the root system of type B3, we obtain

E(D™(2)) = (1,1,2,2,3,3,4,4,5,5,6,6,8,8,9,9,10,10,11,11,12,12,13,13),
Bs,2

E(DEY () = (1,3,5,9,11,13).
As the result, the exponents of Np, 2(2)/Dp, 2(2) are given by

NBa () o
8(D33 ( )) —(2,4,6,7,8,10,12).

Figure 3.3 illustrates these exponents.

Theorem 3.4.12. Conjecture 3.4.9 is true in the following cases:

(1) (A1,€) for all £ > 2,
(2) (An,2) for allr > 1.

We will prove Theorem 3.4.12 in Section 3.4.2.

3.4.2 Proofs of Theorem 3.4.12

(Aq1,¢) case
Lemma 3.4.13. The right-hand side of (3.4.12) is given by

L

NA1 g(Z) 27ia
- 7 — z —et+2 ),
Da,e(2) ,LUQ( )

Proof. First note that the dual Coxeter number of A; is given by hY = 2. Then, the

lemma follows from

Z€+2 -1

b
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Fig. 3.4 The mutation loop for type (A1,4).

and

27i —2mi

Daye(2) = (z —ef2)(z —e2)

=(z— ef%)(z — 6%2(31)

O

Let a be a T-datum of type (A41,¢). What we have to show is that the exponents of

Ta(2) are 2,3,...,£. To prove this, we consider the mutation loop associated with (a, R),
where

R={(m,p) € [1,£—1] X Z | m+p=0mod 2}

is a consistent subset for . Then the index set of the mutation loop associated with
(o, R) is given by I = Ry, = I(0) U I(0), where

I(0) == {(m,0) |0 <m < {—1,m = 0mod 2},
I(1) ={(m,1) |0 <m < {—1,m=1mod 2}.

For example, Figure 3.4 shows the mutation loop for (Ay,4).
Let ¢ = ™/ (+2) For m =1,2,...,¢ — 1, we define non-zero real numbers

. . 2

o 042 042
= (3.4.13)
042

I (S S [ (S S
- (Cm—i—l _ C—m—1)2 .

Then we see by direct calculations that

(3.4.14)

2 7
SN 7
2 (m+D)w
sin” 5

fmzl_zm:

is a solution of the equation (3.2.1).
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Let L(0) = (Lmk(0))m k=1,...e—1 and L(1) = (Lymx(1))m k=1, ¢—1 be matrices given by

.....

(3.4.2). Explicitly, these are given by
Om if ke I(1—p),
Lyi(p) =™ ifkelll=p) (3.4.15)
—Omk + zk(5m7k_1 + 5m,k:+1) ifkc I(p).

for p=0,1.
For any non-zero complex number A, we consider the following difference equation of
the numbers (¢, )o<m<e:

Pm—1+ Oms1 = Gmzy A+ A1) (3.4.16)

with the boundary conditions given by

b0 = ¢y = 0. (3.4.17)

Lemma 3.4.14. Let (¢n,)o<m<e be a non-zero solution of the difference equation (3.4.16)
satisfying the boundary conditions (3.4.17). Then the vector

Y1
p=1 :
Vo1
defined by

o = A, if m € 1(0),
T om ifmeI(D),
is an eigenvector of the transpose matriz of L = L(1)L(0) with an eigenvalue \%, that is,
LT = X%
Proof. Let ¢ = L(1)Ty and ¢" = L(0)Ty/'(= LT4). In the following equations, we
assume that ¢ = ¢y = ¢{ = ¢, = 0. Then we obtain
" _¢m+zm(r¢mfl +77/}m+1) if m e I(l)7

and

¢// . _¢7ln+z?71( ;n—l_i_l/};n—i—l) imeI(O),
™l if m e I(1).
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For any m € I(1), we compute

U = N2 = Py, — N2,
= —tm + 2m(Pm-1 + Ymi1) — A0
= —0m + 2 A (Dm-1 + Oms1) = N2
= Zm)‘(_z;vbl (A+ Ail)ﬁbm + Pm—1 + Gmi1)
In particular, we obtain 1/, = A2, for m € I(1). Thus, for any m € I1(0), we find that

Y — Ny = =00, + 2 (V1 + Vri1) — Ny,
= U + 20 A (Ym—1 + Vmi1) — A2,
= —APm + 2 A% (Pm—1 + Pmt1) — X
= 2 A% (=25 AN+ A" + St + b1
=0,
and this complete the proof. U

Now we focus on solving the difference equation (3.4.16) satisfying the boundary con-
ditions (3.4.17). We will show that (¢'2)n—o....¢ for

u 2 cos =% 2 cos TAmtL)
¢ =det | 0 52 mit) A ama) (3.4.18)
sin —; 5~ /sin ;75 sin Tro—/sin =i

is a non-zero solution of (3.4.16) and (3.4.17) for A = (% if a = 2,...,¢ (Theorem 3.4.18).
To prove this, we introduce the following Laurent polynomials:

o\ (z) = 2% 4 279, (3.4.19)

CROEE

a—1 _ Z—a—i—l

4.2
z—z"1 (3.4.20)

We write (@ (z™+1) and 8@ (zm+1) as o't (2) and B (z). We also define a Laurent

polynomial P (z) by

a(a) z aﬁfi) z
R e G0 E0 ). (3421

Note that ¢\ in (3.4.18) can be written as PT(,?)(C).
Let us examine difference equations for agﬁ)(z), ,(ff)(z) and P! )(z).

Lemma 3.4.15. The Laurent polynomials a,(ﬁ)(z) satisfy the difference equation

047(73)_1(2) + Oszﬁrl(z) = aéa)(z)agg)(z). (3.4.22)
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Proof. We compute
o)+ alt) )
_ (Zam + Z—am) + (Za(m—|—2) + Z—a(m—|—2))
_ (za + z—a)(za(m—H) + z—a(m—i—l))
= g’ (2)al)(2),
and this proves the lemma. Ol

Lemma 3.4.16. The Laurent polynomials ﬂr(ff)(z) satisfy the difference equation

(B0 (2) + B () (27 = 2™ (™2 = 27 )
= ap? ()8 ()" = T = al (2)867 () (= — =)

Proof. We compute

(B 1 (2) + B 1 (2)) (2™ — 27 ™) (22 — 272

o) (2) B (2) (7 — z7m 1)
—m—2)

(3.4.23)

_ (z(a—l)m _ Z—(a—l)m>(2m+2 — 5
+ (Z(a—l)(m+2) o Z—(a—l)(m+2))(zm o Z—m)
- Oé(()a) (Z)( (a—1)m __ —(a—l)m)(zm—i—l - Z—m—l)
(Zam—|—2 + z—am 2 Zam—Qm—Q _ Z—am+2m+2)
_|_( a(m+2)—2 + Z—a(m+2)+2 o Za(m—|—2)—2m—2 . Z—a(m—|—2)—|—2m+2)
_ (Za(m—|—2) + Lam Z—am+2m+2 _ Z—a(m+2)—|—2m—|—2
_ za(m+2)—2m—2 . Zam—2m—2 4 pmam Z—a(m+2))
— Zam+2 + z—am—2 + za(m+2)—2 + Z—a(m+2)+2
_ pam _ —am _ Za(m+2) o z—a(m—|—2)
— (Z - Z—l)(zam—l—l _ z—am—l + Za(m+2)—1 _ Z—a(m—|—2)—|—1)

—(Z - Z—l)(za(m—i—l) + Z—a(m—i—l))(za—l . Z—a—i—l)

= —aW(2)8" (2)(z = =71,
and this proves the lemma. O

Lemma 3.4.17. The Laurent polynomials P,Sf)(z) satisfy the difference equation

(P (2) + P (2) (2™ — 27 ™) (242 — 2 7m=2)

(3.4.24)
= PP (2)ag” () (= =272,
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Proof. By using (3.4.22), (3.4.23) and the relation

(7 =2 (p 2T = (= (R ),
we obtain
P (2)ag” () (27 — 27y
= (0" ()83 (2) — a2 (2)86” () o™ (2) (2 H! = 272
= o (2) ((B04(2) + B () (™ = 27 = 27
()57 ()= 7))
ag” (2)af) (2)85" () (z"H = 27 )
<z>< Bl 1(2) + Bika (2)) (2™ = 2T — 27 )
67 (a8 (2) (=27 = (e - 27)
= (aé“><z>(ﬁ<“> (2) + B () = ol (2)al2 ()86 (2))
(@M =2 E =)
= (6”@ (BL1(2) + B (2)) = (el (2) + @l (2)) 507 (2))
(@M =2 E =)
= (Pali(2) + Py () (27 = =) (e = 27,
completing the proof. O

Using Lemma 3.4.17, we can construct non-zero solutions of the difference equation
(3.4.16) satisfying the boundary conditions (3.4.17).

Theorem 3.4.18. For any a = 2,3,...,¢ and m = 0,1,...,¢, let qﬁ(a) (a)(C). Then
the following properties hold:

(1) The numbers {¢>$§) | 0 < 'm <} satisfy the difference equation (3.4.16) for A = (°.
(2) The boundary conditions (3.4.17) hold, i.e., (()a) = éa) =0.
(8) There exists m such that P £ 0.

Proof. The property (1) follows from Lemma 3.4.17 and the definition of z,, (3.4.13). Now
we prove the property (2). The definition of plo (z) immediately implies that Po(a) (z) =0,
hence gb(()a) = 0. To prove éa) = 0, we define a Laurent polynomial ﬁ(“)(x,y) of two
variables by

]S(a)(gg,y):det( 80 (z) Ay
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HON W N
= N W A

AW ON =
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Fig. 3.5 The values of ( ﬁ))mzo_,,,g and ( f{))m:o_,,,g for ¢ = 5.

It is easy to see that the polynomial f’(“)(m, y) satisfies
P (g, 2+ = P (z),
P (z,y™") = P (x,y),
P (2, —y) = (=1)*" P\ (,y).
Thus we have
oy = P{(¢) = P (¢,¢Y) = PO, —¢ )
= (=1)*P(¢, ¢ = (-1)*P(¢,¢) =0.

Now we prove the property (3). We will show that ¢§a> > 0. The number ¢§“) can be
written as

2a—2 _ ,—2a+2 a—1 _ »—a+1
(@ _ ¢ yga. b CQ_E_Q N C_f_l
¢ot— ¢t 1 1 2 2 1
= W((Ca T AT (G HCTE)(C )
¢ot— ¢t 1 2a+1 2a—1
= W((CvLC* ) = (¢ ¢h)
~1
= sin ((2112)” <sin 6212) (2 cos 7 I 5~ 2 cos %) .
This shows that ¢§“> >0 fora=23,...,/L O

We plot the values of ( ﬁ))mzo.,,,g for { =5 and a = 2,3,4,5 in Figure 3.5 and 3.6.
The underlying graphs are plots of the function

Ta ma(u+1)
det 2 cos £+_2 2 cos 32
sin -1 /sin 25 sin m(a—1)(ut1) /sin m(utl)
042 042 £+2 042

in an interval 0 < u < /, and the points on these graphs represent the values of

( gs))mz()...,ﬂ-



Chapter 3 Periodic Y /T-systems 69

4 4
3 3
2 2
1 1

T T T T T

1 1 4 5 q 1 3
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Fig. 3.6 The values of ( ﬁ))mzo_,,,g and ( S;))m:o_,,,g for ¢ = 5.

Corollary 3.4.19. The exponents of 1, (z) for type (A1,€) are 2,3,...,¢, that is,

In particular, Conjecture 3.4.9 is true in this case.

Proof. From Theorem 3.4.18, we find that e for a = 2,3,...,4 are eigenvalues of L,
and thus of du,,. These are all the eigenvalues and their multiplicities are one, since the
size of the matrix L is £ — 1. The assertion now follows by Proposition 3.4.3. O

(A,,2) case

The following Lemma shows that the right-hand side of the conjectural formula (3.4.12)
for (A,,2) is the same as that for (A4;,¢) if we change the parameter as n <» £ — 1. Such
a phenomenon is known as the level-rank duality.

Lemma 3.4.20. The right-hand side in (3.4.12) is given by

+1
Na2(2) _ TP (o - 2ty

a=2

Proof. Because hY = n + 1, we obtain
23 1\ "
N = —
nat) = (210)

and

2mi(p| o)
Da,2(2)=[[(z—e5).

acA

We can easily see that, say using a concrete realization of the root system of type A,,
the following holds:

n+l—a ifl<a<n+4l,

#{a€A+|(p|a):a}:{0 ifa=n+2.
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Fig. 3.7 The exponents of N4, 2 and D4, 2 for n = 6. The meanings of the symbols
are the same as in Figure 3.2.

Thus for any 1 < a < n + 2, we obtain

#{lae Ay | (p|a)=a modn+ 3}
—#{a €A, |(pla)=a} +#{a €A, |(p] —a) =a—n—3}

n if a =1,
=¢n—1 if2<a<n—+1,
n ifa=n+2,

and this implies that

n+1
2mia
Da,2(2) [[(@—e"5) = Ny, 2(2),
a=2
completing the proof. Figure 3.7 illustrates these calculations. U

We now complete the proof of Theorem 3.4.12.
Corollary 3.4.21. Conjecture 3.4.9 is true for (Ay,?2).

Proof. The assertion follows from Proposition 3.4.8 and Corollary 3.4.19. O

3.5 Relationships with affine Lie algebras

3.5.1 Partition g-series and fermionic formulas

First we study Example 3.3.8 in a little bit more detail, and give some examples. In this
section, we will for simplicity assume that g is of untwisted type, that is, of type xM.



Chapter 3 Periodic Y /T-systems 71

Fix a pair (X,,,¥) as in Section 2.3.3 and 3.4.1, and let a be the T-datum associated
with this pair. Recall the notations o, and ¢, in these sections.
Let @ be the free abelian group defined by

Q= éZaa. (3.5.1)
a=1

The free abelian group @ is called a root lattice. Let M be the free abelian subgroup of
() defined by

M =P Ztqaq. (3.5.2)
a=1

Let H be the index set given by
H={(a,m)|1<a<n1<m<t,l—1}.

For any element u € ZH, let u'? denote the (a, m)-entry of u.
Recall the abelian groups H,, H/,, and S, in Section 3.3.

Lemma 3.5.1. The group homomorphism
F:H,—Q

defined by

F(u,v) = Z mul® o,
(a,m)eH

is surjective, and the kernel of 1o F is equal to H!,, where 1 : Q — Q/{M is the projection.
Thus we obtain the group isomorphism

F:S5,— Q/{M. (3.5.3)
Proof. Since fL is non-singular, the abelian group Z, is given by
H' = {(u, K ') | u e Z7}.

Thus the map F is surjective since
n
F(u,v) = Zuga)aa
a=1

ifugs) =0 for all m > 1.
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For any element w € Z, we compute

F((AY)Tw, (AY) Tw)

= > m| Y dulCiw | o

(a,m)eEH (b,k)eEH
no ftal—1 tal—2 tal—1
= Z ( Z 2mw' — Z (m + 1w — Z (m — 1)w7(7‘;‘)> Qg
a=1 \ m=1 m=1 m=2
= talwyy 1o,
a=1
and this shows that B, = ker(vo F') as desired. O

Note that KV = K since a¥ = a. Moreover, it is known that the positive symmetric
matrix K is expressed as

Kg},k = (min(tbm,tak:) — m7k> (g | o)

where K" is the ((a,m), (b, k))-th entries of K (see [KNS11, (14.36)]).
From Lemma 3.5.1, we obtain the following result.

Theorem 3.5.2. The partition q-series of o at o € S, 1s given by

q%uTKu

u€(Z>0)",(0) H(G,M)EH(Q)ugg)

Zao(q) =

where the sum runs over u € (Z>o)® under the condition
Z muPa, =X mod (M, (0)
(a,m)eH
where X\ is a representative of F (o).

Corollary 3.5.3. The total partition q-series of « is given by

q%uTKu

Za(q) =

u€(Zxo0)H H(aam)EH(Q)ugg) ‘

The expression of the g¢-series Z, ,(¢) in Theorem 3.5.2 is called a fermionic for-
mula [HKOT02]. See also Example 3.3.8.

Example 3.5.4. Let (X,,,f) = (As,3). The index set H is given by

H={(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}.
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The T-datum is given by

1+ 22
—z

The partition g-series are parametrized by elements of the set
So. ={(a,0,0,0,¢,0) | 0 < a,b,c, < 2},

where (u,v)+H/, € H, is denoted by (
more simply as abc. Then we have

Uy Uy UL Uy 7

1+ 22
0

—Zz

0

1+z2_

u§3>). Let us write (a,0,b,0, ¢, 0)

Sa = {000, 100, 200, 010, 110, 210, 020, 120, 220,
001,101,201,011, 111,211,021, 121, 221,
002,102, 202,012, 112,212, 022, 122, 222}.

We exhibit several low order terms of the partition g-series:

Z7(q) =1+ 6¢° + 20¢° + 54¢* + 144¢° + 360¢° + 804¢" + O(¢®)

if o = 000,

2 5 s u 14 17 20 23 26
q3 + 3q3 + 13¢5 +38¢3 4+ 108¢3 + 264q3 + 622¢3 + 1364¢3 + O(q3)

if o =100, 200,010, 110, 020, 220,001,011, 111,002, 022, 222,

q +6¢* +18¢° + 56¢* + 144¢° + 357¢° + 808¢" + 1767¢® + O(¢”)
if o = 210,120,211, 021,221,012,112, 122, and
25 + 8¢F + 28¢3 + T6q + 199¢'5 + 468¢5 + 1060¢3 + 225673 + O(q™)

if o = 101,201, 121, 102, 202, 212.

Example 3.5.5. Let (X,,,¢) = (Bs,2). The index set H is given by

H = {(17 1)? (27 1)7 (37 1)’ (37 2)7 (37 3)}



Chapter 3 Periodic Y /T-systems

74

The T-datum is given by

1+ 2% 0
0 1+ 24
0 0
0 0
0 0
1424 —22
—22 1424
0 0
0 —z
0 0

0
—z—z
0
1+ 22
0

0
14 22

The partition g-series are parametrized by elements of the set

where (u,v) + Z,, € H, is denoted by (

more simply as abc. Then we have

(1)

Uy, U§2) N U(B)

y L2

() 4@

So ={(a,b,¢,0,0) | 0<a,b<1,0<c<3},

S, = {000, 100,010, 110,001, 101,011, 111,

002,102,012, 112,003, 103,013, 113}

We exhibit several low order terms of the partition g-series:

if o = 000,

% +4q7 +13¢% +38¢7 +97¢7 +228¢2 +504q % + 1057¢ = + O(q

if o = 100,010, 110, 102, 012, 112,

3 7 1 15 19 23 21 31 35
q* +5q4% +17¢% +48q¢+ +120¢+ +279¢+ +608¢+ + 1261¢+ + O(q+)

if 0 =001,011,111,003, 013,113,

3¢ +9¢7 +30g7 +75gT + 187¢7 +411¢g7 +885¢7 + 1783¢% + O

if o = 101,103, and

if 0 = 002.

27(q) = 1+ 9¢ + 21¢° + 664" + 144¢° + 349¢° + 723¢" + O(¢®)

3¢ + 6¢* + 25¢° + 57¢* + 156¢° + 3344¢° + 744q" +1491¢° + O(¢”)

17

2)

37

(g+)

). Let us write (a, b, c,0,0)
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3.5.2 Affine Lie algebras

In this section, we review basic concepts of affine Lie algebras and their integrable highest
weight modules. See [Kac90] for more detail. Let X,, (= A, By, Cpn, Dy, E¢ 78, Fa or
G2) be a finite type Dynkin diagram, and g be the finite dimensional simple Lie algebra
of type X,, over C. Let h be a Cartan subalgebra of g, and A be the set of roots. We
also use the notations on root systems that we used in previous sections. We extend the
inner product (- | -) to the nondegenerate symmetric bilinear form on h*. We define the
following two free abelian groups:

Q= ézaa; M = éZtGaa.
a=1 a=1

We also define the following sets:

P:{Aew %imﬁeZbNMa:Luwﬁ,
(aq | aa)
2(A | aq
P+:{A€P’wZOforallazl,...,r}.
(v | )

Let
g=g®C[t,t '|oCK & Cd
be the affine Lie algebra associated with g. The Lie bracket on g is defined as

(X @t Y @t"] =X, Y]t + mbpmino (X |Y)K,
(K, g] = {0},
[d, X @t"] =nX @ t".

Fix a non-negative integer ¢. Let us define the following set:

P{={Ae P [(A]6) <0},

where 6 is the highest root in A. For any A € P_‘i, there is the unique level ¢ integrable
highest weight g-module such that the classical part of its highest weight is A, which is
denoted by L(A).

We define the following rational numbers associated with L(A):

()_Edimg
R A

(A | A +2)
hy = —— 20

2(0+ 1)
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Let ¢ = €?™7. For any diagonalizable linear map o : V — V with eigenvalues A1, g, . ..
with finite multiplicities mq,mo, ..., we define the trace try ¢ by try¢* =), miq™ . We
define the following two functions as in [KW88]:

()

Xa(r) = ¢~ 3 trpy "7, (3.5.4)

c(é) T ISPy
by (1) =q~ tryan) g e (3.5.5)

where A € h* and
UM ={veLA)|(hat")v=7,0A(h)v for all h € h,n > 0}.

These series converge to holomorphic functions on the upper half-plane H = {r € C |
Im7 > 0}. The function y,(7) is called the (specialized) normalized character™ of L(A),
and b4 (7) is called the branching function for the pair (g,h). We will simply call b3 () as
the branching function. Note that dividing this branching function by the r-th power of
the Dedekind eta function yields the string function in [KP84].

The asymptotics of the normalized character and the branching function were studied
in detailed in [KP84, KW88]. Let 7\, 0 denote the limit in the positive imaginary axis.

Theorem 3.5.6 ([KP84, KWS88]). Suppose that A € A+ Q. Then

mwic(l)

lim xa(r)e” 2 = a(h), (3.5.6)
Th{%bA()_TW [P/Q|*|Q/¢M| 2 a(A), (3.5.7)

where a(A) is the real number defined by

NN T(A+p|a)
a(A)=|P/({+ h")M|™ > H 2sin —~—— P14 Y (3.5.8)
aEAL

The real number a(A) is called the asymptotic dimension of L(A) for the following rea-
son. The module L(A) is infinite dimensional unless A is trivial, and x4 (0) = dim L(A) =
oo. However, (3.5.6) says that by multiplying by the appropriate exponential term and
taking the limit, we can get the finite number a(A). Therefore, we can think that the real

number a(A) is the “dimension” of L(A).

3.5.3 Exponents and asymptotic dimension

The branching functions with A = 0 are expected to coincide with the partition g-series
that we studied in Section 3.5.1 via the conjectural formula of the branching functions
in [KNS93|. This was first observed in [KT15] for the total partition g-series with X =
ADE. Let b} (q) denote the formal g-series defined by the right-hand side of (3.5.5).

*1 More precisely, xa () is the normalized character in [KW88] at z =t = 0.
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Conjecture 3.5.7 ([KNS93]). Suppose that £ > 2. Let v be the T-datum associated with
the pair (X,,¢) as in Section 3.5.1. Suppose that o € S, and X\ € Q is a representative
of F(o), where F is defined as (3.5.3). Then

_c)—r 0
¢ T Za.(q) = bX(q). (3.5.9)

By summing (3.5.9) for all elements in Q/¢M, we obtain the following conjectural
identity on the total partition g-series:

Iz, = Y R (3.5.10)
AEQ/EM

By comparing the asymptotics in Proposition 3.3.2 and (3.5.7), and noting that
det Ay = |Q/¢M]|, we find that (3.5.10) yields the following identities:

6 n tel—1
pz Z L(f\@) = ¢(0) —n, (3.5.11)
and
1 1
=~ [P/Q|?a(0), (3.5.12)

where ff,f ) is a positive real solution of the equation
n tel— N
fﬁ;’):HH — YK (1<a<nl<m<tl—1).

The identity (3.5.11) is called the dilogarithm identity in conformal field theories, and
proved in [Naklla, ITK*13a, ITK"13b] by using cluster algebras. On the other hand, the
identity (3.5.12) is exactly Conjecture 3.4.9 at z = 1 because

-2

—NX”’Z(D = Hta(f—FhV) H 2 sin Z(j—‘hc\k/)

—2

v _7(p| @)
=|Q/(l+h")M| ag+28m Y

= |P/Q|""a(0)~

Consequently, the conjectural identity (3.5.12) gives us a consistency between our conjec-
ture on exponents (Conjecture 3.4.9) and the known conjecture on g-series (Conjecture
3.5.7), and also gives an interesting connection between the theory of cluster algebras and
the representation theory of affine Lie algebras.
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