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Abstract

We consider the prescribed mean curvature problem, which is a problem
to find a surface with the mean curvature equal to a given function. In the
present thesis, we consider the existence of a surface whose mean curvature
vector coincides with the normal component of a given vector field. We
obtained three major results under the following conditions.

In Chapter 2, we consider the problem under the Dirichlet boundary
condition in a Euclidean space, and we proved the following. If the prescribed
function and boundary value are sufficiently small in a dimensionally sharp
Sobolev norm, there exists a solution near a graphical minimal surface.

In Chapter 3, we consider the problem on the n-dimensional torus. We
proved the existence of solutions under the conditions that the Sobolev norm
of a given vector field is sufficiently small, n+ 1-th component is monotonous,
and the integrated value is zero.

In Chapter 4, we consider the Allen—-Cahn equation with the advection
term instead. Under the conditions that the Sobolev norm of the vector
field and energy are uniformly bounded, we proved that the diffuse interface
converges to a surface whose mean curvature vector coincides with the normal
component of the limit of a given vector field.
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Chapter 1

Introduction

Mean curvature has been studied in a wide range of mathematical fields such
as variational calculus, differential geometry, nonlinear partial differential
equations, and geometric measure theory. In this paper, we consider the
prescribed mean curvature problem, which is a problem to find a surface
with the mean curvature equal to a given function. The prescribed mean
curvature problem has been studied by numerous researchers in the case
that a given function depends on the position of the space and surface. On
the other hand, if a given function depends on the first derivative of a surface,
the problem has been little studied. In the present thesis, we consider the
existence of a surface whose mean curvature vector coincides with the normal
component of a given vector field. We obtained three major results, each of
which comprises the following chapters.

1.1 Dirichlet problem in R”

In Chapter 2, we consider the following prescribed mean curvature problem
with the Dirichlet condition,

div <\/#> = H(z,u(z), Vu(z)) in 9,

u=¢ on Jf),

(1.1.1)

where €2 is a bounded domain in R”. The function H(x,t, z) : @ xRxR™ — R
is given and we seek a solution u satisfying (1.1.1). Since the left hand side of
(1.1.1) is the mean curvature of the graph of u, (1.1.1) is a prescribed mean
curvature equation whose prescription depends on the location of the graph
as well as the slope of the tangent space.



Prescribed mean curvature problems in a wide variety of formulation
have been studied by numerous researchers. In the most classical case of
H = H(x), (1.1.1) has a solution if H and ¢ have suitable regularity and the
mean curvature of JS2 satisfies a certain geometric condition (see [11, 12, 16,
19, 21, 36], for example). Giusti [13] determined a necessary and sufficient
condition that a prescribed mean curvature problem without boundary con-
ditions has solutions. In the case of H = H(x,t), Gerhardt [10] constructed
H'1 solutions, and Miranda [27] constructed BV solutions. In those papers,
assumptions of the boundedness |H| < oo and the monotonicity %—If > 0 play
important roles. If |H| < I" where I is determined by €2, there exist solutions
of (1.1.1), and the uniqueness of solutions is guaranteed by the monotonicity,
that is, %—IZ > 0. Under the assumptions of boundedness, monotonicity and
the convexity of €, Bergner [6] solved the Dirichlet problem in the case of
H = H(xz,u,v(Vu)) using the Leray-Schauder fixed point theorem. Here, v

is the unit normal vector of u, that is, v(z) = ——=—(—z,1). For the same
) 1+|Z|2 Y

problem as [6], Marquardt [26] gave a condition on 92 depending on H which
guarantees the existence of solutions even for a non-convex domain 2.

The motivation of the present chapter comes from a singular perturbation
problem studied in Chapter 4, where one considers the following problem on
a domain  C R+,

—cAo¢. +

Wli@) = eV, - [ (1.1.2)

Here, W is a double-well potential, for example W (¢) = (1—¢*)* and { f. }.~0
are given vector fields uniformly bounded in the Sobolev norm of W?(2),

p > "T“ In Chapter 4, we proved under a natural assumption
e|Vol? | W(e.

that the interface {¢. = 0} converges locally in the Hausdorff distance to a
surface whose mean curvature H is given by f - v as ¢ — 0. Here, f is the
weak WP limit of f.. If the surface is represented locally as a graph of a
function u over a domain 2 C R", the corresponding relation between the
mean curvature and the vector field is expressed as

i Vu =v(Vu(z)) - flz,u(x in
div (W) = v(Vu(z)) - f(z,u(z)) inQ, (1.1.4)

where f € WP(Q x R;R*™) with p > ”TH Note that f is not bounded in
L> in general, unlike the cases studied in [6, 26]. In Chapter 2, we establish

b}



the well-posedness of the perturbative problem including (1.1.4) which has
a WP norm control on the right-hand side of the equation. The following
theorem is the main result of Chapter 2.

Theorem 1.1.1. Let Q be a CH' bounded domain in R"™ and fix constants

e >0, ”TH <p<n+1andq= nff:p' Suppose h € W2>(Q) satisfies the

minimal surface equation, that is,

V) _, (1.1.5)
v \/m = U. ..

Then there exists a constant 6, > 0 which depends only onn, p, Q, ||h|lw2=(q),
and & with the following property. Suppose G € WHP(QxR) and ¢ € W>1(2)
satisfy

|Gllwrr@xr) + [|0llw2a@) < 01, (1.1.6)

and a measurable function H(z,t,2) : Q@ x R X R" — R is such that H(z, -, ")
is a continuous function for a.e. x € Q, and for all (t,z) € R x R™,

|H(z,t,2)| < |G(z,t)] for a.e. x €. (1.1.7)

Then, there exists a function w € W>4(Q) such that u—h—¢ € W;*(Q) and

Vu
div| ——— | = H(x,u(x), Vu(z in Q, 1.1.8
( 1+|Vu|2> (z, u(z), Vu(z)) (1.1.8)
|u — hllw2a) <e. (1.1.9)

The claim proves that there exists a solution of (1.1.1) in a neighbourhood
of any minimal surface if H and ¢ are sufficiently small in these norms. In
particular, if we take H(x,t,2) = v(2) - f(z,t) and G(x,t) = |f(x,t)|, where
| fllwrrxmr) is sufficiently small, above conditions on G and H in Theorem
1.1.1 are satisfied and we can guarantee the existence of a solution for (1.1.1)
nearby the given minimal surface (see Corollary 2.3.1). The method of proof
is as follows. We prove that the linearized problem of (1.1.1) has a unique
solution in W%%(Q) and the norm of this solution is controlled by G and
¢. When (1.1.6) is satisfied, there exist a suitable function space A and a
mapping 7' : A — A, and a fixed point of T is a solution of (1.1.8) with
uw—h—¢ e WyQ). We show that T satisfies assumptions of the Schauder
fixed point theorem, and Theorem 1.1.1 follows.



1.2 Problem on torus

In Chapter 3, we consider the following prescribed mean curvature problem
on torus T" := R"/Z™:

V14 |Vul?

The vector field g(z, z" ™) : T" x R — R™™! is given, and we seek a solution u
satisfying (1.2.1). The left-hand side of (1.2.1) represents the mean curvature
of the graph of u, and the right-hand side is the normal component of the
vector field g on the graph.

As we noted in the previous section, prescribed mean curvature problems
have been studied by numerous researchers in the case of Dirichlet condi-
tions of a bounded domain €2 C R™. In the case of a compact Riemannian
manifold, Aubin [3] solved the linear elliptic problem —0;[a;;(x)0;u] = H(x)
if the integrated value of H is zero. The assumption of the integrated value
plays an important role in the existence of solutions to elliptic equations on
a compact Riemannian manifold. Denny [8] solved the quasilinear elliptic
problem —div(a(u(x))Vu) = H(z) on the torus T" with n = 2, 3. Prescribed

—div <L> =v(Vu) - g(z,u(z)) on T" (1.2.1)

14(u’)?

H(z,u,u) have been investigated for a wide variety of conditions H (refer to
[9, 22, 24, 31, 32, 46], for example), but it was not considered in the general
dimension torus T". Therefore, we considered the special case of (1.2.1). The
motivation for the present study comes from a singular perturbation problem
as well as Chapter 2. In Chapter 3, we prove the existence of solutions to
(1.2.1) assuming that the Sobolev norm of g is sufficiently small, g"*! for the
n + 1th component is monotonous, and the integrated value of g"*! is zero.
The following theorem is the main result.

/
. . /
mean curvature problems on the one-dimensional torus —( L > =

Theorem 1.2.1. Fix ”T“ <p<n+1andq= nflpfp. Then, there exists a

constant e1 = £1(n,p) > 0 with the following property. If ¢ < &1, and g =
(g%, 9" ") = (¢',g"") € WH(T™ x (1,1 R™) satisfies (1.2.2)-
(1.2.4),

win

1gllwn(rnx(-1,1)) < €3, (1.2.2)
Onirg" (@, 2™h) > £+ €2[0 g/ (w, ")), (1.2.3)

/ g (x,0) =0, (1.2.4)



then there exists a function uw € W»9(T™) such that

i Vu =v(Vu) - g(z,u(z on T"

Moreover, the following inequality holds:

u—/ u(y) dyH <e2,
g W)

The assumptions (1.2.2) and (1.2.3) guarantee the existence and unique-
ness of solutions to the linearized problem of (1.2.1) where a given function
depends on Vu. (1.2.4) is necessary for the existence of solutions to ellip-
tic equations on the torus. To our knowledge, prescribed mean curvature
problems on the torus in the general dimension have been insufficiently stud-
ied. However, we have proved the existence of the solution under natural
assumptions.

The following is method of proof. We first find the conditions of H for
the linearized problem of (1.2.1) —div (L) = H to have a unique

v/ 1+|Vv|2

solution. If we add a suitable constant term for any v, the function v(Vv) -
g(x,v(z)) satisfies the conditions. By estimating the norm of this solution
with g, the mapping T'(v) = u has a fixed point using a fixed-point theorem,
and Theorem 1.2.1 follows.

N|=

(1.2.6)

1.3 Allen—Cahn equation

The object of study in Chapter 4 is the energy functional appearing in the
van der Waals—Cahn—Hillard theory [7, 15],

E.(u) :/deu‘z + Wg(“), (1.3.1)

where u : Q@ C R" — R (n > 2) is the normalized density distribution of
two phases of a material, |Vu|> = Y;_(0u/0z)? and W : R — [0,00) is a
double-well potential with two global minima at 4+1. In the thermodynamic
context, W corresponds to the Helmholtz free energy density and the typi-
cal example is W(u) = (1 — u?)?>. When the positive parameter ¢ is small
relative to the size of the domain Q and E.(u) is bounded, it is expected
that u is close to +1 or —1 on most of 2 while a spatial change between
+1 occurs within a hypersurface-like region of O(e) thickness which we may



call the diffused interface of u. In this case, the quantity E.(u) is expected
to be proportional to the surface area of the diffused interface. Due to the
importance of the surface area in calculus of variations, it is interesting to
investigate the validity of such expectation and other salient properties of
E..

In this direction, there have been a number of works studying the asymp-
totic behavior of F. as ¢ — 0+ under various assumptions. For the en-
ergy minimizers with appropriate side conditions, it is well-known that it
[-converges to the area functional of the limit interface [20, 25, 28, 29, 38].
On the other hand, due in part to the non-convex nature of the functional,
there may exist multiple and even infinite number of critical points of E.
different from the energy minimizers. For general critical points, Hutchinson
and Tonegawa [17] proved that the limit is an integral stationary varifold
[1]. For general stable critical points, Tonegawa and Wickramasekera [44]
proved that the limit is an embedded real-analytic minimal hypersurface ex-
cept for a closed singular set of codimension seven. More recently, Guaraco
[14] showed that a uniform Morse index bound is sufficient to conclude the
same regularity for n > 3 and gave a new proof of Almgren-Pitts theorem [33]
as the application. The new proof significantly simplifies the existence part
of the proof even though one needs to use Wickramasekera’s hard regularity
theorem [45].

While the investigations on the critical points of E. have direct links
to the minimal surface theory as above, more generally, it turned out that
suitable controls of the first variation of E. guarantee the analogous good
asymptotic behaviors. For example, under the assumption that

lim inf (Ex(ue) + || fllwrra)) < oo
with f. := —eAu. + W'(u.)/e and p > n/2, Tonegawa [40, 43] proved that
the limit interface is an integral varifold whose generalized mean curvature
belongs to LY (¢ = p(n—1)/(n—p) > n—1) with respect to the surface mea-
sure. Here WH?(Q) := {u € LP(Q) : Vu € LP(Q2)}. The mean curvature of
the limit interface is characterized by the weak W1? limit of f. [35]. Another
example concerns one of De Giorgi’s conjectures. Under the assumption that
(with f. as above)

o -1 2
hslgérjf (E-(us) + ¢ ||f5||L2(Q)) < 00
and n = 2,3, Roger-Schitzle [34] (independently [30] for the case of n =
2) proved the similar result. In this case, the limit interface has an L2
generalized mean curvature.



In Chapter 4, along the line of research described above, we investigate
the asymptotic behavior of u. satisfying

W' (uc)

—eAu, + = v, - Vg, (1.3.2)

where v, is considered here as a given vector field and we assume that

lim inf (Ez(ue) + [[vellwir(@) < oo

and p > n/2. The problem is related to (parabolic) Allen-Cahn-type equa-
tions studied in [23, 39], for example. It is also natural to investigate the
effect of advection term as ¢ — 0+. We prove the analogous result Theorem
1.3.1 to [40, 43], namely, the limit is an integral varifold with L? (the same as
above) generalized mean curvature which is characterized by the weak WP
limit of v.. Using this result, we give some existence theorem for a vectorial
prescribed mean curvature problem, as described in Theorem 1.3.2. Despite
the simplicity of the problem, this is the first existence result in the setting of
the min-max method, with minimal regularity assumptions on the prescribed
vector field. As for the existence problem for scalar constant or prescribed
mean curvature using a min-max approach along the lines of Almgren-Pitts
[33], we mention papers by X. Xhou and J. Zhu [47, 48].

As for the proof, just as in the case of [17, 40, 43|, the key point is to prove
a certain monotonicity-type formula which is the essential tool in the setting
of Geometric Measure Theory. We wish to treat cv. - Vu. as a perturbative
term, and to do so, we need to control a certain “trace” norm of v, on diffused
interface. If an e-independent upper density ratio estimate of diffused surface
measure is available, then we can control v, - Vu, by the WP-norm of v..
For this purpose, we establish the key estimate, Theorem 4.1.7, which gives
a local uniform upper density ratio estimate. Once this part is done, the rest
proceeds just like [43] with minor modifications.

Chapter 4 is organized as follows. Section 1 contains the main estimates
which ultimately give a monotonicity-type formula, Theorem 4.1.8. In Sec-
tion 2, we prove the main theorem by modifying the proof in [40, 43], and in
Section 3, we give some concluding remarks.

1.3.1 Assumptions and main results

We use the notation that U,.(a) := {z € R* : |x —a| < r}, B.(a) :={z €
R™ : |x —a| <r}, U, :== U,(0) and B, := B,(0). Throughout Chapter 4, we
assume that:

10



(a) The function W : R — [0, 00) is C? and has two strict minima W (+1) =
W'(£1) = 0.

(b) For some vy € (—=1,1), W >0 on (—1,7) and W’ < 0 on (v, 1).
(¢) For some o € (0,1) and k > 0, W"(z) > &k for all |z| > «.

Let Q C R" be a bounded domain. We assume that we are given W1%(Q)
functions {u;}32;, WHP(Q;R") vector fields {v;}$°, and positive constants
{€i}$2, satistying

W' (u;)

&

—€iAui +

weakly on (Q for each ¢ € N. In addition, assume that

lim ¢, = 0, g<p<n (1.3.4)

1— 00

and that there exist constants ¢y, Fy and Ay such that, for all 7« € N, we have:

[will L (o) < co, (1.3.5)
% % 2 w 7
/ (5 Vui? | Wiw )) < By, (1.3.6)
Q 2 &
||Ui||Ln”—f;,(Q) + Vil o) < Ao (1.3.7)

The condition (1.3.5) is not essential and can be often derived from the
PDE or the proof of existence. Here we assume (1.3.5) for simplicity. Next,
define

O(s) := /_81 VW()/2 dt, wi(x):= P(u(x)).

By the Cauchy—Schwarz inequality and (1.3.6), we obtain

1 A |2 . 1
IVw;| < —/ (51|Vu,| - W(u’)) < - E,.
Q 2 Ei

Hence, by the compactness theorem for BV functions [49, Corollary 5.3.4],
there exist a converging subsequence (which we denote by the same notation)
{w;} in the L' norm and the limit BV function w. Define

u(z) == & Hw(z)).

11



where @71 is the inverse function of ®. It follows that u; converges to u a.e.
on 2. By Fatou’s Lemma and (1.3.6), we have

/W(u) :/ lim W (u; <hm1nf/W ;)
o) Q'L‘)OO 1—00

This shows that u = +1 a.e. on Q and u is a BV function. For simplicity we
write 0*{u = 1} as the reduced boundary [49] of {u = 1} and [|0*{u = 1}|
as the boundary measure.

1.3.2 Associated varifolds

We associate to each solution of (1.3.2) a varifold in a natural way in the
following. We refer to [1, 37] for a comprehensive treatment of varifolds.

Let G(n,n—1) be the Grassmannian, i.e. the space of unoriented (n—1)-
dimensional subspaces in R™. We also regard S € G(n,n — 1) as the n x n
matrix representing the orthogonal projection of R™ onto S. For two given
square-matrices S; and Sp, we write Sy - Sy := trace(S! o Sy), where the
upper-script ¢ indicates the transpose of the matrix and o is the matrix
multiplication. We say that V' is an (n — 1)-dimensional varifold in @ C R”
if V' is a Radon measure on G,_1(Q2) := Q x G(n,n — 1). Let V,,_1(€2) be
the set of all (n — 1)-dimensional varifolds in 2. Convergence in the varifold
sense means convergence in the usual sense of measures. For V € V,,_1(Q),
we let ||V be the weight measure of V. For V € V,,_;(f2), we define the
first variation of V' by

Wig) = /G o Vyg(z)-S dV(x,S) (1.3.8)

for any vector field g € C}(Q;R™). We let ||[6V]| be the total variation of
oV. If ||6V|| is absolutely continuous with respect to ||V||, then the Radon-
Nikodym derivative §V/||V]| exists as a vector-valued ||V|| measurable func-
tion. In this case, we define the generalized mean curvature vector of V' by

—6V/||V]| and we use the notation Hy .
We associate to each function u; a varifold V; as follows. First, we define

a Radon measure p; on 2 by

2

dps; == l(gi‘vu"‘ + W(“i))dm, (1.3.9)
g 2 E;

where £" is the n-dimensional Lebesgue measure and o := fjl V2W (s) ds.
Define V; € V,,_1(Q2) by

() = L V) | Vu)y,
K= [ a7 e © W) 0310

12




for ¢ € C.(Gp-1(R2)), where I is the n x n identity matrix and ® is the

tensor product of the two vectors. Note that I — ‘gzgg ® ‘gzzgg‘ represents

the orthogonal projection to the (n — 1)-dimensional subspace {a € R" :
a - Vu;(x) = 0}. By definition, we have

IVill = ti Lo 20y
and by (1.3.8), we have

Vu, Vu;
§Vi(g :/ Vg (I - =& — |du, 1.3.11
) {|Vuil£0} ( |V, IVui|> ( )

for each g € CL(Q,R").

1.3.3 Main Theorems

With the above assumptions and notation, we show:

Theorem 1.3.1. Suppose that u;,v;,e; satisfy (1.3.3)-(1.3.7) and let V; be
the varifold associated with u; as in (1.3.10). On passing to a subsequence
we can assume that

v; = v weakly in WY, w, = u a.e., Vi =V in the varifold sense.

Then we have the following properties.

(1) For each ¢ € C.(£2),

SIVI(g) = lim — —|VUZ|2¢ = lim —/ L¢
2 =0 0 o 2 100 0 Jq Ei
1
= lim _/ |Vw;|o.
i—oo 0 Jq

(2) spt||0*{u = 1}|| C spt ||V and {w;} converges locally uniformly to £1
on Q\ spt ||V]].

(3) For each 0 < b < 1, {|u;| <1 — b} locally converges to spt ||V|| in the
Hausdorff distance sense in €.

(4) V' is an integral varifold and the density 6(x) of V' satisfies

o( odd H" lae. xed{u=1},
xr) =
even H" la.e. z € spt [|[V|\O*{u = 1},

13



(5) the generalized mean curvature vector Hy of V' is given by
Hy(x) = (Tospt V) * (v()),
for |V a.e. €.

(6) For Qcc Q, there exists a constant Ay depending only on co,Ao,n,p,W,
Ey and dist($2, 092) such that

p(

n—1)
e dl[V][(x) < Av

p(n—1)
[ 1@ i) < [ o)
Q Q
Note that p(n”f_pl) >n—1 due to (1.3.4).

Since V' is integral and the generalized mean curvature vector is in the
stated class, V' satisfies various good properties described in [37, Section 17].
In particular, spt ||V is a closed countably (n — 1)-rectifiable set (see [37,
17.9(1)]), and writing T" := spt || V]|, for any ¢ € C.(G,_1(Q)),

/ 6(z, S) dV(z, S) = / o(z, T, T)0(z) dH"(x).
Gn-1(Q) T

Here, T, T' € G(n,n — 1) is the approximate tangent space of I' at x which
exists H" ! a.e. x € . With this notation, (5) implies that Hy(z) =
(T, 1)t (v(z)) for H" L a.e. z € T, i.e., the generalized mean curvature vector
of V' coincides with the projection of v to the orthogonal subspace (T, ')+
for H" ! a.e. z € T. We emphasize the difference of characterization of
the mean curvature vector from [43], where the similar equality holds only
on the reduced boundary of {u = 1}, while the equality here holds on the
whole support of ||V|| including on the “hidden boundary” I' \ 0*{u = 1}.
If we additionally assume that = 1 for H" ! a.e. x € T, then because of
the integrability of Hy and the Allard regularity theorem [1], except for a
closed H" '-null set, T" is locally a ch? hypersurface. Without the as-
sumption 6 = 1, we can still conclude that spt ||[V|| is C**~# hypersurface on
a dense open set of spt |[|V||, even though we do not know if the complement
is H" L-null or not.

1.3.4 Vectorial prescribed mean curvature problem

As an application of Theorem 1.3.1 with suitable modifications, we prove the
following;:

14



Theorem 1.3.2. Let (M, g) be a smooth compact n-dimensional Riemannian
manifold and let p € WP(M) be a given function, where p > 5. Then, there
exists a mon-zero integral varifold V' in M such that

Hy(z) = (Tyspt [[VI)*(Vp(2))
for |V a.e. x € M.

Proof. We may assume p < n. Consider the following functional for ¢ > 0
and v € W2(M):

F.(u):= /M <5|V2u|2 + Wg(u)> exp(p) dw,.

By the Sobolev embedding, p € C** » (M) and thus 0 < exp(min p) <
exp(p) < exp(max p) < oo. By considering the path space in W12(M)
connecting v = 1 and v = —1, the standard min-max method gives a non-
trivial critical point u. for each ¢ > 0, with uniform strictly positive lower
and upper bounds of F.(u.). The critical point satisfies (1.3.3) with v = Vp
and |u.| < 1, with an appropriate modification of the equation. Take a
sequence ¢; — 0+ and a corresponding min-max critical points u;. Then the
sequence u;, Vp, €; satisfy all the assumptions of Theorem 1.3.1 with a small
error terms coming from the metric of M (see Guaraco’s work [14] for an
adaptation of the results to Riemannian manifolds in the case v. = 0). The
limit varifold V' thus has the desired property. Il

For more remarks on the main results, see Section 4.

15



Chapter 2

Dirichlet problem in R"

Throughout this chapter, 2 is a bounded domain in R™ with C*! boundary
0. We define functions 4;; : R" = R (i,j =1,...,n) as

1 2i%;
Ai(2) = (5 — 2%
) = e (- )
and the operator
L[z](u) := A;j(2)Diju(z) for any u € W>'(Q),

where we omit the summation over ¢,7 = 1,...,n. By the Cauchy-Schwarz
inequality, for any £ € R",

S PR R DY
A’L](Z)glfj - \/T’ZP (513 1 + |Z’2) fzgj

S [ S |
IRVARaER T+ [P

1 r 2
e [ (o) ]

1 2
TarEmr o

Hence, as is well-known, the operator L|z] is elliptic.

2.1 Existence of solutions to the linearized
problem

Theorem 2.1.1. Suppose v € CY¥(Q) with0 < a < 1, B= (By,...,B,) €
Le(Q;R™) with || Bi||pey < K for alli € {1,...,n}, f € LYQ) and ¢ €
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W24(Q) with ¢ > n. Then there exists a unique function v € W2(Q) such
that

{L[Vv](u) +B-Vu=f 1inQ, (2.11)

u— ¢ e Wy(Q).

Moreover, there exists a constant ¢; which depends only on n, q, 2, K, and
|vllcre(qy such that

[ullw2a@) < er(lfllzaw) + [@llw2a@)- (2.1.2)
Proof. By (2.0.1), for any ¢ € R",
1

Ai'(vv)giﬁ' >
’ T (0] )

el = Mgl (213)

where the constant A depends only on [[v]|c1.e(g). Since each A;; is a smooth
function of Vv, there exists a constant A which depends only on |[v]|c1.«(q)
such that

||Aij(Vv)||Co,a(Q) < A for all ’L,j S {1, ce ,n}. (214)

By (2.1.3) and (2.1.4), there exists a unique solution u € W%4(Q) satisfying
(2.1.1) (cf. [12, Theorem 9.15]). Using [12, Theorem 9.13], we can know that
there exists a constant co which depends only on n, ¢, 2, A\, K, and A such
that

[ullwza@) < c2(llullza) + [ fllLa@) + [[@llwza@))- (2.1.5)

Using the Aleksandrov maximum principle [12, Theorem 9.1], we can know
that there exists a constant c¢3 which depends only on n, €2, K, and A such
that

[ull o) < sup Jul 4 es]| @)
€02

= sup [¢| + el fl|n(@)- (2.1.6)
€N

By the Holder and Sobolev inequalities, ¢ € C(£2) and

[ullzag) < cllullze@)
< c(sup o] + || fllne)
€N

< c(¢lle@ + 1)
< (|| fllza) + [@llw2a@)), (2.1.7)
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where ¢4 depends only on n, ¢, and Q. By (2.1.5) and (2.1.7), there exists a
constant ¢; which depends only on n, ¢, 2, A\, K, and A such that

lullw2a) < ci(| fllza@) + |Dllw2ae))- (2.1.8)

Thus this theorem follows. O

2.2 Estimate for solutions

To proceed, we need the following theorem (cf. [49, Theorem 5.12.4]).

Theorem 2.2.1. Let i be a positive Radon measure on R satisfying
1

K(p):= sup —u(B.(x)) < occ.
By(z)CRn+1 T"

Then there exists a constant cs which depends only on n such that

/ ¢du‘ <ok () [ Vol
R+ R+

for all ¢ € CHR™M).

Lemma 2.2.1. Suppose v € Wh>(Q) with ||v|lwre) <V and G € WHP(Qx

R) with ”TH <p<n+1. Letq= nflp_p. Then there exists a constant cg

which depends only on n, p, 2, and V' such that

G v( ) lza) < csl|Gllwrr@xr)- (2.2.1)

Proof. Define
I'={(z,v(x)) € 2 x R}.

A set B'(z) is the open ball with center x and radius  in R”. In the following,
H™ denotes the n-dimensional Hausdorff measure in R**! and H"Ly is a
Radon measure defined by

H'Lp(A) = H(ANT) for all A C R™ .

Then the support of H" L satisfies in particular sptH" Ly C Q x (=2V,2V).
For any B ((zg,x))) C R™™! with (zg,z)) € R" X R,

1 1
LB (o)) < o [ TGP AL < (14 Ve,
7 (x0)NQ
(2.2.2)
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where w;, is the volume of n-dimensional unit open ball. Using the stan-
dard Extension Theorem, we can know that there exists a function G €
WhP(R™1) such that G = G in Q x (—2V,2V) and

||G||W1’P(R”+1) < al|Gllwre@x(-2v2vy), (2.2.3)

where ¢7 depends only on n, p, 2, and V. By Theorem 2.2.1 and smoothly
approximating G,

/]G(x,v(x)ﬂq dx§/|é’(x,v(x))|q T+ Vo da
Q Q

:/\é(a:,xnﬂ)\q dH"™
r

< ofn, )/ VGGl acm
Rn+1
< (0, VIIVG oy |Gyt gniy
< c(n,p, )C7HGHW1p Qx(—2V,2V))
< cln.p.V)er Ol gy (2.2.4
This lemma follows. O

2.3 Schauder fixed point theorem

We write the Schauder fixed point theorem needed later ( [12, Corollary
11.2]).

Theorem 2.3.1. Let G be a closed convex set in Banach space B and let T' be
a continuous mapping of G into itself such that the image T(G) is precompact.
Then T has a fixed point.

We first prove Theorem 1.1.1 in the case that h = 0.

Theorem 2.3.2. Assume that G € W'P(Q x R) with " <p <n+1 and

¢ € W1(Q) with ¢ = nflp_p. Then there exists a constant 6o > 0 which

depends only on n, p, and ) such that, if

|G llwrr@xr) + [|Pllw2a@) < 6o, (2.3.1)

then, for any measurable function H(x,t,z) : Q x R x R™ — R such that
H(x,-,+) is a continuous function for a.e. x € ) and

|H(x,t,2)| < |G(x,t)] forae z € any (t,z) € R x R", (2.3.2)
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there exists a function u € W>(Q) such that u — ¢ € Wy (Q) and

Vu
div| ——— | = H(x,u(x), Vu(z in Q. 2.3.3
( le) (. 0(a), V() (2:33)
Proof. Define
= 17%7% 0): 1 n
A={veC (Q); HUHCLT%(Q) <1} (2.3.4)

The set A is a closed convex set in Banach space Cclhaa (Q). By (2.3.2) and
Lemma 2.2.1, H(-,v(-), Vu(-)) € L9(Q) for any v € A. Using Theorem 2.1.1,
we can know that there exist a unique function w € W%4(2) and a constant
cg > 0 which depends only on n, p, €2, and not on v such that
LIVu]|(w) = H(z,v,Vv) in Q,
w— ¢ € Wy(Q), (2.3.5)
Hw”W?v‘l(Q) < CS(HGHWLp(QxR) + H¢”W2ﬂ(9))~
By the Sobolev inequality and (2.3.5), we obtain

HwH 1,i-n < CQH’LUHCLP% -

C *%*2q €9) (%))
< col|w|lw2a(e)
< en(||Gllwrr@xr) + [[9llw2a@), (2.3.6)
where cg, 10,11 > 0 depend only on n, p, and 2. Suppose that
1Gllwrr@xry + [10llw2a) < cif = 6a(n, p, Q). (2.3.7)

Let us define an operator 7' : A — A by T'(v) = w which satisfies (2.3.5).

We show that T'(A) is precompact and T is a continuous mapping. For any

sequence {vp, }men C A, we have sup,,y ||T(vm)]|c1,1fg@) < cy' by (2.3.6)

and (2.3.7). There exists a subsequence {T' (v, )} ken C {T (V) bmen which

converges to a function ws, € CY(Q) in the sense of C1(Q) by the Ascoli-
Arzeld theorem. We see that wa, € CH' 74 (Q) because

V() = Vo @) _ | [VT(01,)(@) = VT, )0)

1-2 - 1—n

|z =y oo |z =y

<yl

Let @y, := T(n,,) — Weo, and Wy converges to 0 in the sense of C1(Q). Then
we have

[Vitn(z) — Vir(y)| <|Wk(fv) - Vw’f(y))é Vi,

o —y|2 %

< 2¢5 (2| Vil | 1oy - (2.3.8)
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Hence, {T' (v, ) bren converges to a function ws, in the sense of Cl’%_fnq(Q),
and the operator T' is a compact mapping. In particular, the set T'(A) is
precompact.

Suppose that {v,,}men converges to v in the sense of Cl’%_%(ﬁ). By
(2.3.6) and (2.3.7), sup,,ey [|T(Vm)||w2a(q) is bounded . Hence, there ex-
ists a subsequence {T'(vy,, ) bken C {T'(Um) }men which weakly converges to a
function w € W24(Q)). We show T'(v) = w, that is,

A;;(Vu(z))Djjw(x) = H(z,v, Vo).
For any ¢ € C§°(£2), by the weak convergence and the Hélder inequality,
‘/Q@/J{Aij(VU)Dijw - Az‘j(vvmk)Dij(T(vmk))}‘

< Zkﬁ&AVvﬂwa-DmuT%m»ﬂ

" /prij (T (0m,)) (A (T0) - AW"’W))‘

< /QwAij(Vv)(Dijw - Dij(T(Umk)))’

T (W lw2a@ 19 (A (Vo) = A (Vom ) 22
—0 (k— o0). (2.3.9)

By (2.3.2) and ||vpm, ||z () [|v]|ze@) < 1, we compute

|H (x Uy (), Vom, (2))]
,0m (7)) = G2, 0(2)] + [G(z, v(2))|

<|G(
/’wt B dt + |Glx, v(x)). (2.3.10)

fll |\D:G(-,t)| dt + |G(-,v(-))| is an integrable function by Lemma 2.2.1,
|vllcr@) < 1, and Fubini’s theorem. Since H is a continuous function Wlth
respect to t and z, using the dominated convergence theorem, we have

/w{H z,v(z), Vu(z)) — H(z, vm, (), Vom, (2))} = 0 (k — oo).
(2.3.11)
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By (2.3.9) and (2.3.11),
/Q WAy (Vo) Dygw — H(z, v(x), Volz)))

= i [ LA (V0,0 DT (0)) = H (., (1), T ()}
=0. (2.3.12)
Using the fundamental lemma of the calculus of variations, we have
Aij(x, Vv)Dijjw — H(z,v(x), Vu(z)) =0 for ae. z € Q,

and T'(v) = w. Hence, {T(v,,) }men weakly converges to T'(v) in W24(Q2). By
the compactness of 7" and the uniqueness of limit, we can show {T'(vy,) }men
converges to T'(v) in C’l’%_%(@), and 7 is a continuous mapping. Using
Theorem 2.3.1, we obtain a function u € W2%(Q) satisfying u — ¢ € Wy %(Q)
and (2.3.3). O

Proof of Theorem 1.1.1. We should show that there exists a function u €
W24(Q) such that

Aij(Va+ Vh)Dyj(a+ h) = H(z,u+ h, Vi + Vh), (2.3.13)
i — ¢ € Wy i(Q), (2.3.14)
||lw2a) < e (2.3.15)

Using the minimal surface equation (1.1.5) for h, we convert (2.3.13) as
Dish

(1+ |Vi+ Vh]2):
— DyiiDyii — DyiiD;h — DyiD;h)

—H(x, i+ h, Vi + V), (2.3.16)

Aij(Va+ Vh) Dy + (V| + 2V - V)6

Define
A= {v e Ch3H(Q); o] ,

g <) (2.3.17)

1)
The set A is a closed convex set in Banach space Cl’%ﬁ%((—l). We consider

the following differential equation,
D;;h
(1+ Vo + Vh]2)2
— DjvDjw — D;wDjh — DjwD;h)
=H(z,v+ h,Vv+ Vh). (2.3.18)

Aij(Vo + Vh) Dijw + (Vo - Vw + 2Vw - Vh)d;
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Define

D;;h
(1+|Vu+ Vh|?)
— DiwDjw — D;wD;h — D;wD;h).

B(Vv)-Vw =

(Vv - Vw + 2Vw - Vh)d;;

Here, there exists a constant c¢io > 0 which depends only on n, p, €2, €, and
|2 |lw2. () such that

| Bi(V)| o) < 1 forallie {1,...,n}, (2.3.19)

where B(Vv) = (B1(Vv), ..., B,(Vv)) € L*(; R").

Using Theorem 2.1.1, we obtain a unique function w € W%4(Q) satisfying
w— ¢ € Wy(Q) and (2.3.18). By (2.3.19), Theorem 2.1.1, Lemma 2.2.1,
and the Sobolev inequality, there exists a constant c;3 > 0 which depends
only on n, p, €, ¢, and ||h||w2.(q) such that

lwll 13- g ) = C3IGllwra@xr + 19llwze). (2.3.20)
Suppose that we have
1Gllwrexr) + |@llwza@) < cige = 6. (2.3.21)

Let a operator T': A — A be defined by T'(v) = w which satisfies w — ¢ €
Wy ?(Q) and (2.3.18). The compactness of T’ can be proved by the argument
of Theorem 2.3.2. In particular, the set T'(A) is precompact.

Suppose that {vm,}men C A converges to v in the sense of Cl’%_%(Q).
Then there exists a subsequence {7 (v, ) tken C {T(Vim) }men which weakly
converges to a function w € W24(Q). For any ¢ € C§°(9),

/Q W{B(V0) -V — B(Von,) - VT(vm,)}
- / GB(TY) - (Y — V(T (0,,))

+ [ W90 (BIT0) = B(Tu)
=0 (k — 00), (2.3.22)

since B is a continuous function and 7'(v,, ) converges weakly to w. By
(2.3.22) and the argument of Theorem 2.3.2, we can show that 7" is a con-
tinuous mapping. Using Theorem 2.3.1, we obtain a function u € W>9(Q)
satisfying (2.3.13) and (2.3.14). Moreover, @ satisfies (2.3.15) by (2.3.20) and
(2.3.21). Define u := @ + h. Then u satisfies u — h — ¢ € W,(Q), (1.1.8),
and (1.1.9), and the proof is complete. H
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Corollary 2.3.1. Suppose f = (f1,.., for1) € WHP(Q x R;R™) with

"T“ <p<n+1and ¢ € W>(Q) with ¢ = nflpfp. Let € > 0 be arbitrary.

Suppose h € W (Q) satisfies the minimal surface equation, that is,

h
v __Vh = 0. (2.3.23)
V14 |Vh|?
Let 61 > 0 be the constant as in Theorem 1.1.1. If

n+1

D fillwrr@xe + 16llw2a@) < 61, (2.3.24)

i=1

then there exists a function u € W>9(Q) such that u —h — ¢ € Wy (Q) and

1 vu =v(Vu(x)) - f(z,u(x in
div <—m> =v(Vu(z)) - f(z,u(z)) Q, (2.3.25)
lu = Rllwzag) <e. (2.3.26)

Proof. Define

H(x,t,z) = V(Z> ’ f(l’,t)
By f € WIP(QxR;R"™) | for a.e. z € , f(z,-) is an absolutely continuous
function. Hence H(z,-,-) is a continuous function for almost every z € .
We have

n+1
|H(x,t,2)] < Z |fi(z,t)] for a.e. x € Q, any (f,2) € R x R",
i=1

and S0 fi(x, 1)) € WHP(Q x R). By the Minkowski inequality,

=1
n+1

< Z | fillwrroxm)-

lep(ﬂxR) =1

n+1

> i)

Define
n+1

G(x,t) = Z | fi(z, 1)].

Then H and G satisfy the assumption of Theorem 1.1.1, and this corollary
follows. [

Remark 2.3.2. The uniqueness of solutions follows immediately using [12,
Theorem 10.2]. Under the assumptions of Theorem 1.1.1, if we additionally
assume that H is non-decreasing in t for each (x,z) € Q x R™ and contin-
uously differentiable with respect to the z variables in 2 x R x R", then the
solution is unique in W4((2).
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Chapter 3

Problem on torus

A theorem that holds in Euclidean space also holds on a torus, as we consider
a function on a torus to be a periodic function in Euclidean space.

Let X(T™) be a function space on T". We define a subspace X,.(T") C
X(T™) as

Xowe :={w € X; w = 0}.
’H‘n

3.1 Existence of solutions to the linearized
problem

Theorem 3.1.1. Suppose v € C1(T") and H € L?

a unique function u € WE2(T™) such that

/ Vu-Vo Ho
TR e

(T™). Then, there ezists

for all p € WH(T™).
Proof. We define a function B : WLA(T") x WL2(T") — R as

V’LUl . V’LUQ

V1+|Vo2

Blwy, we, v] :=
T'"/

By the Holder inequality, we obtain

|Blwn, wa, o] < / Vo || Vo]
']TTL

S val HLQ(Tn) ”VU}Q”LQ(Tn)

S ||1U1||W1,2(']1-n)||’w2||W1,2(Tn). (311)
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Using the Poincaré inequality, we have

1
| Blw, w,v]| >

N T

1

>
YA ”U”%l(qrn)

By (3.1.1), (3.1.2), and the Lax-Milgram theorem, for any H € L?

ave
there exists a unique function u € WL2(T™) such that

Vu-Viyp
n /14 |Vou|? "

for all ¢ € WLZ(T"). For any ¢ € W"*(T"), we define ¢y, := [, ¢ and

¢ = ¢ —cy € WEA(T™). By (3.1.3) and H € L2, (T"), we obtain

ave ave

vaH%Z('E")

IV w][fyr.200n)- (3.1.2)

(T"),

Hy (3.1.3)

Vu-Vé Vu-Vé
w1+ |Vol? T /1 + |[Vv]?
— Hé
T
= Ho. (3.1.4)
Tn
Thus, Theorem 3.1.1 follows. O

We define a mollifier as follows.

C 5 f 1
n(r) = { P (M 1) or || <

0 for |x| > 1,

where the constant C' > 0 is selected such that [y.,,n = 1. We define
m(z) :== 57n(%). For any f € L*(T" x (—1,1)) and 2" € (=1 + X, 1 - \),

f)\(xy xn-}-l) L= / 77)\(37 _ y7l,n+1 . yn—i-l)7 f(y,y”“) dy
T x(—1,1)

- / m(y, y" ) fle —y, 2™ — ") dy,
Bn+1(0 )\)

where B"*1(x, \) is an open ball with center x and radius A in T" x R. More-
over, for any g € WHP(T"x (=1, 1); R"*!), we define g := (g3, ..., g%, git") =
(g)\a gQ—H)'
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Lemma 3.1.2. Fiz 3; > 0 and 0 < X\ < 1. Suppose v € C*(T") satisfies
|vllcrerny < Br and g € WHP(T"x (=1, 1); R"*1) satisfies 919" (z, 2" th) >
B1|0ni1g (x, ™). For any positive constant c14 > 0, if v(T") + c14 C
(—1+ N 1-=N),

/ v(Vu) - gr(z,v) < / v(Vv) - gr(x,v + c1y). (3.1.5)
Proof. From the assumptions, we compute
[ 90 galao+ 1) = ga(i0)

—Vu- 8n+1g3\(l’, t) + anJrlgz\hLl('r? t) dt

']I‘n
1 v+ci4

ny/1+ |Vv|2/y
>/ ! /+ Bu1Oner0h (2, )] + B gh (2, 1) dt
- B - n x? n g :U,

. /—1+|VU‘2 ’ 1{On+19x +19

[l )

el . — (T = Y.t — Yoi1) X

n /14 |Vo|2 Jy T x(—1,1)

{_ﬂ1|8n+lg,(y’ yn+1)| + aﬂ+lgn+1(yu yn-‘rl)} dt

0. (3.1.6)
Lemma 3.1.2 follows. Il
Lemma 3.1.3. Suppose g € W'P(T"x(—1,1) andv € C*(T") with ||v]|c1 (1) <
1—76. Let ¢ = nff’_p. Then, there exists a constant c15 = ci5(n,p) > 0 such
that, if A < 3,

lga( () lLacrny < cisllgllwrrmrx(=1,1))- (3.1.7)

Proof. By the same proof as in Lemma 2.2.1, we obtain

||g/\(', U()) ||Lq('JT") < 616Hg)\”WLP(TnX(_%%))a (318)
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where ¢16 = c¢16(n, p) > 0. Using the Holder inequality, we obtain

/ galP da
T
I-3+s 1 1 +1 8
([ e =y Dty ) ) e
) \J B+,
S/ (/ m(z —y, 2" =y gy, y" )P dy) dzx
T"x(—%,%) Bnt1(z,\)

S/ 9y, y" P (/ m(z —y, 2" =y d:v) dy
T x(—1,1) Bntl(y,\)

=/ l9(y,y™ )P dy. (3.1.9)
T x(—1,1)

IA
?\
X

I
00|~
00|~

We can show that [[Vgal|poipny(—1.7) < [Vgllzernx(-1,1) in the exact same
manner, and Lemma 3.1.3 follows by (3.1.8) and (3.1.9). O

Theorem 3.1.4. Suppose v € CY(T") and g € WHP(T" x (—1,1); R**1).
Then, there exist constants 5 = ea(n,p) > 0, if A < %, £ < &g, [[v|lerny <
ez, and g satisfies (1.2.2)~(1.2.4). Then, there exist a unique function u €

WLE(T™) and a unique constant —3 < ¢, < % such that

/ Vu- Vo v(Vo) - ga(z,v+¢,)o (3.1.10)

V14| Vo2 =
for all p € WHA(T™).
Proof. We define

F(t) = /n v(Vv) - ga(z, v +1). (3.1.11)

The function F' is continuous. Suppose that ¢ < #. We will consider

that the domain of F' is [, 1]. By the mean value theorem, there exists a

constant ¢17 = ¢17(n, p) > 0 such that

F @ = [ ¢90 ~v10) +v(0) -9, ( " i)

1 1
ax <'7U<') + _) + / g§\L+1 (.T, (i _) .

(3.1.12)
28
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By Lemma 3.1.3 and [|v + {|c1 () < %, we obtain

o (004 5)

By (1.2.3) and (1.2.4), there exists a constant ¢1g = ¢15(n) > 0 such that

1
n+1 -
/n gy (:c,v + 4>

T
1
= / m(y,y" g™ <fv —y v+ - — y”“) dydx
n J Brt1(0,))

< csllgllwre(rnx(-1,1))- (3.1.13)
L4(T")

4

1
>/ / m(y,y" g™ (w — v, —) dydzx
n Bn+1(0,)\) 16

n mn 5
>/ / m(y, ™) (g 1z —y,0) +1—6) dydzx
n JBr+1(0,0)

Ci18
—. .1.14
>16¢ (3 )

1 6
By (1.22), (3.112)-(3.114), and [[v|ereny < €, if ¢ < (p2s) =
£a(n, p),

1 c
Fl-]> —615017||U||cl(1rn) gAHWl’P(’IF"x(—l,l)) + ﬁﬁ
4 16
7 Ci8
> —(C15C17€6 + 1—65
> € < 5é + Clg)
15C17 16
> 0. (3.1.15)

Similarly, we can show that F (—i) < 0. By Lemma 3.1.2 and the mean

value theorem, there exists a unique constant —}L < ey < }1 that satisfies

F(c,) = 0. Using Theorem 3.1.1, Theorem 3.1.4 follows. O

3.2 W?2P estimate

Let us define an operator 7' : A(s) — WLA(T") x [—1,1] by T(v) =

) ,
(T1(v), To(v)) := (u, c,) that satisfies (3.1.10), where A(s) := {w € W24(T") :
lwllw2am) < s}.
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Theorem 3.2.1. There exist constants e = €3(n,p) > 0 and ¢19 = c19(n, p) >

0, if A < 3, e <min{es,e3}, v € A(e2), and g € WY(T" x (—1,1); R"H)

satisfies (1.2.2)~(1.2.4). Then,
|71 () lwzacrny < cagllgllwrecrnx(-1,1))- (3.2.1)

Proof. We first assume that v € C*°(T")N.A(e2). Using [12, Corollary 8.11],
we obtain T} (v) € C°°(T™); thus, we can rewrite (3.1.10) as

AT (v)

V1+|Vo?

1

) = —v(Vv) - ga(z,v + To(v)).
(3.2.2)

Using [12, Theorem 9.11], we find that there exists a constant cag = co0(n, p) >
0 such that

173 (0)l[w2acrmy <ezo (I!Tl(v)Hanrn) v (Vo) - ga(z, v + To(v)]| Larny

1
s ()] ) o
V1+ |Vl R
Using Lemma 3.1.3, we obtain
[v(Vo) - ga(@, v + T2(v)) || Lacrn) < casllgllwremax-1,1))- (3.2.4)

Using the Sobolev inequality, we find that there exists a constant co; =
c21(n, p) > 0 such that

1

La(T™)

<[ Ty (v)|ler ()

1
V1+ |V Lo(T)

<ca1 || Th (v)[[w2.acrny || V]| w2.a (). (3.2.5)

Next, we estimate the term ||7%(v)| pa(rmy. If ¢ < 2, then, by (3.1.2) and
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Lemma 3.1.3, we obtain

T3 (v) || Lacrny < c22(n, p)||Ti (V)] L2 (1my
< ¢a3(n, p) BTy (v), T (v), v]2.

—c 3 VTl(U) . VTl(U) %
? ™ /14 |Vv]?

= 3 ( / (V) a0+ To(o))Ty (v))

2

1 1
< 024(71717)||9||13v1,p(1rn)HTl(v)Hz‘”(T")
1
< 025(n7p)||g||wl,p(’]1‘n) + Ezo”Tl (U)“WZ,q(’]rn)- (326)

If ¢ > 2, by (3.2.6) and the Riesz—Thorin theorem, we obtain

1 1-1
||T1(U)||L4(T") < ||T1(U)||z2(1rn)||T1(U)||L2(%I‘n)
% 3+1-1
< 626(7%17)||g||m31,p(qrn)||T1(U)||L%o(1rn)q

1
< car(n, )lgllwrrerny + =11 (0)llw2acrm). (3.2.7)
€20
By (3.2.3)-(3.2.7), there exists a constant cog = co5(n, p) > 0 such that

||T1<U)||W2v‘1(’]1‘") §C28(||g||W1,p(’]1‘n><(_171)) + ||T1(?})||W2,q(Tn)||v||W2,q(Tn))
1
+ ZHTl (V) [l w2.acrny.- (3.2.8)

Ife< ﬁ, we obtain
€28

171 (v) lwzaqrny < 2¢as][gllwremnx(-1,1)- (3.2.9)

For the general case of v € W24(T"), suppose that {v,,}men € C®(T")
converges to v in the sense of C'(T"). By (3.2.9), there exists a subse-
quence {vm, }ken C {Um}men such that Ti(v,,) converges to a function
Woo € W4(T™) in the sense of C'(T") and T(v,,, ) converges to a constant
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ds € [—1,1]. For any ¢ € WH2(T"), we obtain
| (90) a0+ )= v(T) - 930ty + Tafom )0

< - |¢||V<VU) - V<vvmk)||g)\<x7vmk + TQ(Umk))|

v+deo
+ / 6] / Ohsr0n (1, 5)
Tn v

mk+T2('Umk)

—0 (k— o0) (3.2.10)

and
Vs - Vo VTi(vy,) Vo
</ (Vwe — VT (v,)) - Vo

V1+|Vo)?

. 1
IR (3.2.11)

By (3.2.10) and (3.2.11), we obtain
Vs - Vo

T™ /1 + |VU’2 -

VTl(Umk) . V(b .

v(Vo) - ga(z,v+ dwo)d

V(Vumy) - ga(@, Uy + To(0m, ) )¢

— 0, (3.2.12)

that is, T(v) = (Weo, dso). By (3.2.9) and (3.2.12), Theorem 3.2.1 follows.
[l

3.3 Fixed point theorems

Next, we write the fixed-point theorem, which is needed later ([2, Theorem
1]). An operator T': X — A is considered weakly sequentially continuous if,
for every sequence {x,, }men C X and o, € X such that z,, weakly converges
t0 Too, T(x,,) weakly converges to T(z).

Theorem 3.3.1. Let X be a metrizable, locally convex topological vector
space and €2 be a weakly compact convex subset of X. Then, any weakly
sequentially continuous map T : 2 — Q has a fized point.
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We first prove Theorem 1.2.1 in the case of g,.

Theorem 3.3.2. There exists a constant 4 = e4(n,p) > 0, if A < %, £ < &y,
and g € WHP(T™ x (—1,1); R"™) satisfies (1.2.2)~(1.2.4). Then, there exists
a function uy € W1(T™) such that

—div (L) =v(Vuy) - ga(z,ur(z)) on T". (3.3.1)

\/ 1+ IVU)\P

Proof. The set W24(T™) is a metrizable, locally convex topological vector
space, and the set A(&‘%) is a weakly compact convex subset of W%4(T"). By
(1.2.2) and Theorem 3.2.1, if ¢ < min{ey, e3,cj4 + =: €4, we have

|T1(v) | w2aqrmy < crollgllwrremnx(-1,1))

11
< Cr9ebe?

N

<er for any v € Ale?), (3.3.2)
that is, T1(A(c2)) C A(e2). Suppose that {v, }men weakly converges to
Voo in the sense of W29(T"). According to Theorem 3.2.1, there exists a
subsequence {vnm, }ren C {Um}men such that T} (v,,, ) weakly converges to a
function wy, € W24(T") in the sense of W4(T") and T(vy,,) converges to
a constant dy, € [—1,1]. By the same argument (3.2.10)~(3.2.12), for any
¢ € W(T"),

Ve - Vo

'I[‘n A/ 1 + ’VUOOP a

that is, we obtain limy_. 71 (vm,) = T1(vs) by the uniqueness of solution
of Theorem 3.1.4. Therefore, every convergent subsequence of {7} (v,,)} con-
verges to T1(vs), and T3 is a weakly sequentially continuous map. Using
Theorem 3.3.1, we obtain a function vy € W24(T") satisfying

ave

V(VUso) * ga(T, Voo + doo ) = 0, (3.3.3)

—div (L> =v(Vuy) - ga(x,va(z) + To(vy)) on T", (3.3.4)

VIt [Vor?

that is, uy := vy + Ta(vy) € W>9(T") satisfying (3.3.1). O

Proof of Theorem 1.2.1. Suppose uy € W4(T") satisfies (3.3.1). By Theo-
rem 3.2.1, there exists a convergent subsequence {ux, }ren C {ur}ocpr<1 with
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a limit uy,, € W2(T") in the sense of C*(T") and A\, — 0. We show that u,,
satisfies (1.2.5). For any ¢ € W'2?(T™), we obtain

/ _div VU)\k _ Vuoo ¢
" \% 1+ |vu>\k|2 V 1+ |Vuoo’2

_/ VU)\k _ Vi qu
™ \ V14 [Vury? 1+ [Vl
—0. (3.3.5)

Using Lemma 3.1.3, we have
[ 90 g o) = (F) gl 1)

= <V<Vu>\k) - V(VuOO>> "Gy, (&}, uAk)

’]1‘77.

—|—/T y(Vuoo) . (g,\k(%%\k) - g(‘r’uAk))

n

+ /Tn v(Vue) - (g(z,uy,) — 9(x, usx))

=ci5||v(Vuy,) — v(Vus) || corn) || gag wie e x (=1,1))

+ c1sllgn, — gOOHWl*P(’]T"X(fl,l))

Uy
/ / 8n+1g<x7 S)

_l’_
0. (3.3.6)
By (3.3.5) and (3.3.6), we obtain

. Voo

: . VU)\
= lim —div | —=2— —v(Vuy,) - T, Uy,
B, <W>¢ (Fuse) - oo (o 09

—0.

Thus, us satisfies (1.2.5) using the fundamental lemma of the calculus of
variations. By (3.3.2), we obtain

Uog — / Uoo(Y) dy‘

and Theorem 1.2.1 follows.

<es, (3.3.7)
WQ,q(’]l‘n)
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Chapter 4

Allen—Cahn equation

4.1 Estimate for the upper density ratio

In this section, we prove Theorem 4.1.7-4.1.9, which give e-independent esti-
mates of the upper and lower density ratios of the energy. Throughout this
section, we drop the index i and set Q@ = U; = {|z| < 1} since the result
is local. Assume v € W2(U;) and v € WHP(Uy; R") satisfy (1.3.3) with a
positive ¢ and (1.3.5)-(1.3.7) are satisfied for a given set of ¢y, Ey, A\o. The
exponent p satisfies (1.3.4). We first derive two preliminary properties for u,
Lemma 4.1.1 and 4.1.2.

Lemma 4.1.1. There exists co9 > 0 depending only on co, \g,n,p and W
such that

sup €|Vu(z)| < cg (4.1.1)
xeUy_¢
and v ——
sup 53*%‘ ) - Zu,gx ) < ¢99 (4.1.2)
o,a! €U |z —a'|77 P

for0<e<1/2. Ife > 1/2, then we have for any 0 < s < 1

sup |Vu(x)| < cog (4.1.3)

xEUs
where cog depends additionally on s. In both cases, we have u € W/li’cp(Ul).

Proof. Consider the case 0 < ¢ < 1/2. Define @(z) := u(ex) and 9(z) :=
ev(ex) for x € U.-1. After this change of variables, we obtain from (1.3.3)
that

—Au+W'(a) =0-Va weakly on U.-1. (4.1.4)
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Under the change of variables, we obtain from (1.3.7)

||17||Ln"—f’p(U ) + VOl e, 1) < Xog” 7. (4.1.5)

For any Us(x) C U.-1, let ¢ € CH(Uy(z)) be a function such that 0 < ¢ <1,
¢ =1on By(z) and |[V¢| < 4 on Us(z). Use (4.1.4) with the test function
u¢?. Using also (1.3.5), we obtain

[1vape <a [ @olvolval+ W16 + fo|vils?)

: (4.1.6)
<5 [VaPe+ [Udvop + alwie? + Bloke?)
Since = > 2, (4.1.5) and (4.1.6) give
sup / (V]2 < c(co, Ao, m, p, W). (4.1.7)
BQ(iB)CUafl Bl(x)

We next note that the function u¢ weakly satisfies the following equation:
—A(up) = —ulA¢ — 2V - Va+ (v - Va — W'(a))e. (4.1.8)

Using the standard L? theory [12, Theorem 9.11] to (4.1.8), we may start a
bootstrapping argument as follows. Staring with ¢ = 2, we have

npq 2 npq
7

Viell — §-Viae L™ r — g e W, reran=r)

loc loc loc
npq

— Vi e L7

loc

with the corresponding estimates relating these norms. Note that the expo-

nent of integrability of Vu is raised from ¢ to ¢ - %, with the factor

strictly larger than one. Thus, in a finite number of bootstrapping, we obtain
the VVZQOCS (with s > n) estimate for u, and by the Sobolev inequality, the Lf°

loc
np

277 .
estimate for Va. Again by the LP theory, we obtain the W, "™ estimate

loc
of 4. In particular, by the Sobolev inequality, we obtain (4.1.1) and (4.1.2).
Since the right-hand side of (4.1.8) is in WL? (note that @ - V2a € L) "

loc

and gt > p by (1.3.4)), we have @ € WP and the weak third-derivatives
of @ exist. The case of € > 1/2 does not require the change of variables as

above and the proof is omitted. Il

Lemma 4.1.2. Given 0 < s < 1, there exist constants 0 < e5,m < 1 depend-
g only on co, Ao, W,n,p and s such that

sup |u(z)] <14 ¢€" (4.1.9)
rE€Bg

fore <es.

36



Proof. Let q = —land ¢ € C°(B=ya) with ¢ > 0. Multiplying (1.3.3)
by [(u— 1), ]qu$2 we have

~e [ altu = D07 Ve + 2u - 1),J%6V6 - Vu
= /g[(u —1),]%¢* — /EVu ol(u —1)4]99%. (4.1.10)
By W'(u) > k(u — 1) for u > 1 and (4.1.1), we obtain
£ =026+ [l 1. vupe?

22 [ It = 1), 106196/l + / fol[(u — 1),]7¢

qe q-1 2 42 % U — g+1 2
T [lw=vamvape + 5 [lw-1.07ve

o [l 1)1 4 S00n) / R S CR BT

IN

IN

which shows

8
o fiw=1amg <= [ ngewep + L) feng:
(4.1.12)

By (1.3.5), (1.3.7) and iterating the computation above with suitable ¢, we
obtain

/ [(u - 1>+]q+1 < 030(57(],)\07”7177 W7 607629)5q+1- (4113)

To derive a contradiction, assume that u(zg) — 1 > £" for some zy € Bs. By
(4.1.1), for y € B.i+a (o),
2¢9
1+n
u(y) — 1> u(xg) — 1 —sup |Vu|

>

g
—. 4.1.14
Sem = 2 (4.1.14)

Then we have

em\ 1t S\ "
@ﬁﬁlz/i Wk—”4ﬁ12<—) c%( ), (4.1.15)
B 147 (z0) 2 2c99

2c99

which show by ¢ = ”—f -1

gt ~nop tA < ¢c31(8, ¢, Ao, n, p, W, cg, Cag). (4.1.16)

This is a contradiction if n and ¢ are sufficiently small. © > —1—¢" is proved
similarly. n
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The next Lemma 4.1.3 is the starting point of the ultimate establishment
of the monotonicity formula.

Lemma 4.1.3. For B,.(z) C Uy, we have

d 1 / e|lVul? W (u) 1 / W(u) e|Vul?
- — + — _
dr | rm—1 B (z) 2 g T B(z) 9 2

£

2 9
I REER =Y SR SRR
(4.1.17)

Proof. Multiply both sides of (1.3.3) by Vu - g, where ¢ = (¢*,--- ,g") €
Cl(Uy;R™). By integration by parts, we obtain

3

/ <(€’VQU|2 + W>diV9 - Ezuyz‘ungzi/j +e(v- Vu)(Vu- g)) = 0-1.18)
1]

We assume that = 0 after a suitable translation and let ¢?(y) = y;p(|yl).
Writing r = |y|, (4.1.18) becomes

— e|Vulp + £(Vu - v) (V- y)p> —0.

We choose p which is a smooth approximation of yp., the characteristic
function of B,, and then we take a limit p — xp5,.. Then we have

ey [ (D) (T Y
" - 2 € TaBT 2 <

By dividing the above equation by r", the lemma follows. O

We need the following lemma to control the negative contribution of the
right-hand side of (4.1.17).

Lemma 4.1.4. Given 0 < s < 1, there exist constants 0 < By < 1 and
0 < gg < 1 which depend only on co, Ao, W, n, p and s such that, if € < €g,

sup <g\Vu|2 - @) <e P2 (4.1.19)

Bs
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The proof of Lemma 4.1.4 is deferred to the end of this section. Next, for
B,(xz) C Uy and 0 < r < dist(z, 0U;), define

2
E(ra) = 1_ e|Vu| n W (u) .
rm 1 B, (z) 2 19

Using Lemma 4.1.3 and Lemma 4.1.4, we prove:

Lemma 4.1.5. Giwven 0 < s < 1, there exist constants 0 < €7, ¢39,¢c33 < 1
which depend only on co, \og, W, n, p and s such that, if B.s,(x) C Us, |u(z)] <
a and € < €7, then

E(r,x) > csy  for alle <r < csge™. (4.1.20)

Proof. By integrating (4.1.17) over [e, 7], we have

Blrz) = / /B(x < vl = o >>
/ dT/ e(Vu-0)(Vu- (y — ). (4.1.21)

By (4.1.19) and B,(x) C Uy, we have

/ / (%'WF B @L < wyre™ ™. (4.1.22)

By (4.1.1) and (1.3.7), we have

Vuv (Vu- (y —x) / / 2o Mo
‘/ / il e 1 (4.1.23)
3ﬂ 1

< (Ao, m,p, Co9)r” P ET

Since |u(z)| < «, using (4.1.1), we have |u(y)| < * for all y € Ba-a) (2).

2cog
By choosing a larger cy9 if necessary, we may assume ( ) < 1. Define

= wn (1= )" min W (t) > 0.

C
T2 (20" psite

With this choice, we obtain

1 w
E(g,x) > n—l/ ()
€ B(1—a)e (%) €

2c99

L= i W) = 265, (4.1.24)

w —_—
=" (2e0)" pite
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Since a larger B, satisfies (4.1.19) as well, we may assume (3 — 2)82 —1>0
by choosing B2 < 1 sufficiently close to 1. Then we may show that the sum of
(4.1.22) and (4.1.23) may be bounded from above by ¢35 for sufficiently small
e and ¢33 if r < c336. Then, (4.1.20) follows from (4.1.21)-(4.1.24). O

Theorem 4.1.6. Given 0 < s < 1, there exist constants 0 < €g, B3 < 1 and
0 < ¢34 which depend only on co, Ao, W, n, p and s such that, if B.(x) C Us,
c33e® < r and e < g, then

1 - (§|Vu|2— @) < B (B(r,z) +1). (4.1.25)

rn - r1*53

Proof. The proof is similar to [43, Proposition 3.4] with a minor modification.

Define 35 := 1;5*322 and B4 := % B3 and B4 are chosen so that

B2fBs = P1 — Po, (4.1.26)
0<p3<1, 0<fy<fy<l. (4127)

We estimate the integral of (4.1.25) by separating B,(x) into three disjoint
sets. Define

A = BT(‘T)\BT7€B4 (‘T)v
B ={ye B, (x): dist({ju| < al,y) <™},
C :={y € B,_.s(2) : dist({|u] < a},y) > ™},

Note that r > c33¢™ > ¢ for small .

The estimates of the integral over A and B are exactly the same as in
[43]. Namely, for A, we use £"(A) < nw,r" e’ and (4.1.19) as well as
r~1 < (e33672)7L. For B, we use (4.1.20) and prove that £"(B) < ¢(n)e" N,
where N is an integer satisfying B C UY | B;.s,(x;). Here we only consider
the estimate on C and refer the reader to the proof of [43, Proposition 3.4].
Define

¢(2) = min{1, e P dist({y : |y — 2| > r} U {|u| <a},2)}.
¢ is a Lipschitz function and is 0 on {y : |y — x| > r} U {|u| < a}, 1 on

C and |V¢| < e . Differentiate (1.3.3) with respect to x;, multiply it by
(1 ¢? and sum over j. Then we have

/Zeuijuxjng = /W?”|Vu|2gb2 - 52/(1} Vu)y, 0Py, (4.1.28)
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By integration by parts, the Cauchy—Schwarz inequality and (4.1.1), we ob-
tain

w"
/5]V2u\2¢2 + ?Wulzqf

= / — Z 28Uy Uy 0, PPz, — EVU - v(Aug?® + 2¢pVu - Vo)
i,J
1

< §/€\V2u\2¢2 —|—035/(5|Vu]2\v¢\2 + |vPp%e™t), (4.1.29)

where ¢35 depends on ¢y9. Since |u| > « on the support of ¢, we have W” > k.
Thus

/%|V2u|2¢2 + §|Vu|2gb2 < 035/(6|Vu|2|v¢|2 + |vfPe?e™h). (4.1.30)

By |[V¢| < &% and (1.3.7), we have
np—2(n—p)
/flw%2 < o (&:254/ 6|Vu\2+51HUH2w(wnr”)W>
€ B, Ln—p
—2B4 2 —1_n—2n=p)
< e € elVul* +e7 "0 ) (4.1.31)
By

where ¢35 = 35 + ¢(n, p)A3. Since ¢ = 1 on C, multiplying (4.1.31) by %,

1 g2=2b84

— [ SivuP < Cﬁ(
" Jo 2 K

2n

E(r,z) + €r2p) : (4.1.32)

By the definitions of S5, B3, 84 and r > c33¢”, we have

2-2B4 B2B3
< = (4.1.33)
r rl—BBng
and using € <7,
n 1
e’ < (4.1.34)
rr?
where 27" — 3 < 1. Hence, we obtain
1 B2B3 1
S < S B a) ). (4.1.35)
™ Jo 2 Ko\ ri-Bsc? re 3

By re-defining 3 = min{3,4 — %”} and the estimates of integrals over A, B
and C, we proved (4.1.25). O
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Theorem 4.1.7. There exists a constant 0 < c37 which depends only on cy,
Xo, W, Eo, n and p such that, if 0 < e < 1/2 and Us,(x) C Uy_., then

dist(z,0U,_.)" ' E(r,x) < c37. (4.1.36)

Proof. Define

Ey:= sup dist(z,0U;_)" 'E(r, 2).
Ugr(x)CUl_E

By Lemma 4.1.1, we have sup .y, _e|Vu(z)| < ca9. Thus for any Us,(z) C
U,_., we have
3 W(t)

c(n, cog, W
E(nw)SwnT(%vL‘:gp 6( ) < ( 29 )
~Co

and we have E; < oo for each €. In the following, we give an estimate of F;
depending only on ¢g, Ao, n, p, W and Ey. Let Uy, (x¢) C U;_. be fixed such
that

3
dist(xo,8U1_5)"_1E(T0,x0) > ZEI (4137)

For simplicity, define
[ = dist (29, 0U1-¢) = 1 — & — ||

and change variables by & = (z — o) /l, 7 = 1/l, € = ¢/, u(Z) = u(x) and
0(z) = lv(x). Note that Uj-(xo) C U;. In particular, we write

f() = 7”0/[ S 1/2

By (1.3.3), (1.3.6) and (1.3.7), we have

W(i
—ani+ VY s v for g e Uy (4.1.38)
~ ~ 2 ~
/ (5|v“| n W@) <, (4.1.39)
Uppe 2 €
- ~ o_n
190,22, + IV8llgi0 < 250 (4.1.40)
Define for B;(z) C Uy4¢
N 1 2|V |2 i
B(7, &) = — / (5|v“| n WE“)) . (4.1.41)
rn— Bi (%) 2 £
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Under the above change of variables, note that we have E(r,z) = E(F, Z).
Next, for any = € Bsju(xg), we have dist (x,0U;_.) > [/4. Hence for any
r € Bya(vo) and r < [/8 < dist (x,0U,_.)/2, by the definition of F;, we
have

dist(z,0U, )" 'E(r,z) < E.

This shows (again using dist(x,0U;_.) > 1/4)

sup  E(F,7) <4"HYME. (4.1.42)

i€B3,0<i<i
4

We next let cog, C32, €33, C34, €5, €6, €7, €8, P2, #3 be constants obtained in
Lemma 4.1.1-4.1.5 and Theorem 4.1.6 corresponding to the same ¢y, Ao, n, p, W
and s = 3/4. Then note that the estimates up to Theorem 4.1.6 hold for @
and © for Us/, and with respect to the new variables (Z, 7, € etc.) if

£ < ¢ :=min{es, g4, €7,€5, 1/2} (4.1.43)

due to (4.1.38) and (4.1.40). It is important to note that £ depends only on

co, Ao, 1, p and W. Note that (4.1.40) yields an upper bound for ||17||L%(UH§)
IV0][Lew,, ) independent of [, as I <1 and 2 — 2 > 0. A priori, we do not
know if (4.1.43) holds or not and we prove the desired estimate for E; by
exhausting all the possibilities.

First consider the case € > . We use (4.1.3) and (4.1.1), respectively, for
£>1/2and 1/2 > £ > . Suppose that £ > 1/2. By (4.1.37) and (4.1.3), we

have

3 .
4l”—1E1 < E(7y,0) < w,o(écsg + 2 sup W(x))
|z|<co

and since [é = e < 1,1 < 1 and 7y < 1/2, we obtain

4
E, < gwn(cgg + 2 sup W(x)). (4.1.44)

lz[<co

If 1/2 > & > ¢, again by (4.1.37), (4.1.1) and 7y < 1/2, we have

B, < E(fo,O) < wn(cgg + sup I/V(yc))r—~0
4]n—1 |z|<co £
1
< e+ sup W)z
|z[<co €
and we obtain 9
By < wy(cig + sup W(z))—=. (4.1.45)
jel<eo 3¢
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Thus by (4.1.44) and (4.1.45), if £ > £, E) is bounded by a constant which
depends only on ¢y, A, n, p and W.

For the rest of the proof, consider the case € < € and consider the following
four cases (a)—(d) depending on how large 7o = r¢/l is relative to &€ and 7,
where 7y will be determined shortly depending only on ¢y, A\g, n, p, W and Ejy:

1

( )T1<T‘0<§ (b)033562<f0§7:1, (C)é<fo§033§ﬁ2, (d)0<f0§§

To control the term involving v in (4.1.17), define a Radon measure

By Theorem 2.2.1 and (4.1.42) (note that (4.1.42) has the restriction 7 <
1/8 but this can be dropped easily by replacing 4"~! by a larger constant
depending only on n), we have

‘/B?, M’“ < ()l E . Vol dL" (4.1.46)

for all ¢ € C}(R™). By (4.1.17) and (4.1.25), if c336™ < 7 < 1, we have

d c - 1 e~
& B(7,0) > rf’;(E( 0+ - [ vl
By

|Vu|2) :
+

Let ¢ € C;(Ba) be such that 0 < ¢ <1, ¢(y) = 1 in B; and [V¢| <
use (4.1.46) with (4.1.40) by smoothly approximating |0 as

(4.1.47)

+_

*?:M>
=

[ etilvar < [ colilvar <corE [ 9@l

7 Bsr

(4.1.48)

|

c(n)l' "B,

Bgi
T

0] + | V3| < e(n)>™" " » A7 v By

<

Hence, for ¢336” <7 < 1 (4.1.47) with (4.1.48) and (4.1.42) give

d
—E(7,0) > —csui™H(e(n)I' "By + 1) — c(n)l " AR TP By

dr
1 Wi ~ (4.1.49)
+ = ( Su) - £|Vﬁ]2) :
s € 2 n
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By integrating (4.1.49) over 7 € (51, 82) with c338™ < §; < 85 < %, we obtain

E(35,0) — E(31,0) > —css(85 + 1%

5 ¥ B
/82 /( 6( \Vﬂ\2>+, (4.1.50)

where c3g depends only on ¢, A\g,n,p and W. At this point, we choose
71 < 1/2 depending only on ¢y, A\g,n, p and W so that

2 1

This in particular implies from (4.1.50) that if c336% < 5, < 5, < 7, then
- - 1
E(52,0) — E(31,0) > —c33 — ZP*”EL (4.1.51)

With this 7, being fixed, we proceed to check that F; is bounded in terms
of ¢y, Mo, m, p, W, Ey in each case (a)—(d).
Case (a): By (4.1.37), (4.1.39) and 7 < 7, we have

3 ~
le’”El < E(7,0) < 7y "IV MEy < 7V R,

Hence 4
E1 S gf%inEo

and F; is bounded by a constant depending only on cg, Ao, n, p, W and Ej.
Case (b): Since c338™ < 7y < 7y, we may use (4.1.51) with 3, = 7, and
31 = 7. Then we obtain

~ 1
E(fl, O) — E(?Z(), O) Z —C38 — leinEl.
Then, by (4.1.37) and (4.1.39), we obtain
Ey < 4(E(71,0) 4 c38)l" ™t < 4(FF "By + c38),

which depends only on cy, Ao, n, p, W and Ej.
Case (c): By the same estimate used in the proof of Lemma 4.1.5, we have

E(c338™1,0) — E(7g,0) > —cso. (4.1.52)

We use (4.1.51) with §; = ¢33 and 3, = 7, to obtain

. 1
E(71,0) — E(cg38™,0) > —c35 — le‘”EI, (4.1.53)
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and (4.1.52) and (4.1.53) combined with (4.1.37) give
By < 4"HE(71,0) + c32 + c35) < 47" Ep + 4(ca2 + c38),

which depends only on ¢y, Ao, n, p, W and Ej.
Case (d): Since 79 < &, we use (4.1.1) to obtain

E(7,0) < wa(cZy + sup W(2))2 < wn(cy + sup W(x)).  (4.1.54)

lz[<co € |z|<co

Then (4.1.54) and (4.1.37) gives

4
E, < gwn(cgg + sup W)™ ! < w,(csy + sup W(x)).

lz|<co lz|<co
This completes the estimate for Ej. Il

Once we obtain the upper density estimate, we may obtain the following
monotonicity formula.

Theorem 4.1.8. Given 0 < s < 1, there exist constants 0 < c3g and 0 < g9 <
1 depending only on cy, \o,n,p, W, Ey and s, such that, if cs3e™ < 51 < 9,
Bs,(z) C Ug and € < g9, then

2
E(s9,z) — E(s1,x) > — c39(8, g + 55°)

52 4.1.55
/ T/ W §|W’2> | ( )
S1 2 +

Proof. Let g = min{es, €6, €7, €3, (1 —s)/2} corresponding to the given s and
suppose that ¢ < g9. For any z € Uy and 0 < r < (1 — s)/2, by Theorem
4.1.7, E(r,z) < c37(1 — s — €)', where the right-hand side is bounded by
a constant depending only on ¢y, Ao, n,p, W, Ey and s. For By, (z) C Us, we
have (4.1.25) and (4.1.17). Arguing as (4.1.46)-(4.1.50) without change of
variables (so [ = 1) and with p restricted to By in place of Bs/y, we obtain
(4.1.55). O

Theorem 4.1.9. Given 0 < s < 1, there exist constants 0 < c49 depending
only on co, No,n, p, W, Ey and s such that, if € < 9, |u(z)| < a, ¢ < r and
B,(z) C Uy, then

E(r,x) > cqp. (4.1.56)
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Proof. By Lemma 4.1.5, we may assume c33&? < r and E(033€52,x) > C39.
In (4.1.55), let s; = c33¢™ and s, = r. Fix 71 > 0 depending only on

co, Mo, 1, p, W, Eg and s so that C39(7’f_; + %) < ¢35/2. Then for ¢z <
r < ry, (4.1.55) shows that E(r,x) > c¢32/2. For 1 > r > ry, E(r,x) >
P E(r, x) > 7 less /2. Thus, setting cyo = 77 'esa/2, we have (4.1.56).

[

4.2 Discrepancy estimate

For the rest of the present section, we finish the proof of Lemma 4.1.4. We
use the following result proved in [43, Lemma 3.9].

Lemma 4.2.1. Given 0 < n,08; < 1, n < 85, 0 < ¢q1, there exist £19 > 0,
cqo > 0 depending only on n, Bs, ca1, n and W with the following properties:
Suppose f € C3(U.—s5), g € CHU.—s;) and 0 < € < €19 satisfy

—Af+W(f) =g

on U.-s; and

1
sup [/ < L+er s (SI97F W) <en

e Bs Ua_ﬁS

Then

1
sup (SIVIF = W(H) < cale ™ lallwris,_ +0. (421)

e Ps
2

We remark that the assumptions on W are essentially used for the proof
of Lemma 4.2.1.

Proof of Lemma 4.1.4. As in the proof of Lemma 4.1.1, define @(z) := u(ex),
0(x) := ev(ex), and subsequently drop * for simplicity. We have

—Au+ W' (u) =Vu-v

on U,-:1. With respect to the new variables, we need to prove

1
sup (§|Vu\2 - W(u)) <gth (4.2.2)

U3571
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for some 0 < (B; < 1 for all sufficiently small . Let ¢, be the standard
mollifier, namely, define

é(z) = {C’exp <|z|2+1> for |z < 1

0 for |z| > 1,

where the constant C' > 0 is selected so that [, ¢ = 1, and define ¢5(z) :=
A%(b(f) For 0 < g < 1 to be chosen depending only on n and p later, define
forx € U.-1_4

@) i= (wx )(o) = [ ule = pow(v)dy (1:23)
By (4.1.1) and (4.1.2), we have
Usup |f — u| < 2co0e™, (4.2.4)
sup |Vf —7Vu] < e, (4.2.5)
We next define g to be
9= (Vu-v)x s + (W (f) = W(u) * s ), (4.2.6)
so that we have
—Af+W(f) =g. (4.2.7)

To use Lemma 4.2.1, we next estimate the W™ norm of g on U.-s;(z) with
x € Use—1, where 0 < 84 < 1 will be chosen depending only on n and p. In the
following, let us write U,-s; (x) as U.-s; and U _—s; (x) as U_—p; for simplicity.

2 2
For sufficiently small ¢ depending on s and 4 so that Uy.-s,(x) C U.-1_4
(and so that we may use (4.1.1)), the first term of (4.2.6) can be estimated
as

||(Vu . U) * ¢€56 ||W1’H(U5*B4) S C43(1 + 5_BS>||U||L”(U2E_[;5) (428)

where ¢43 depends only on ¢, n and cy9. By (4.1.5), we obtain

_ n 2p—n
lollenw, s < Mol 2y, {2 )y
< Ne® R (g VT (4.2.9)
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Thus (4.2.8) and (4.2.9) show
(Ve ) % sl ) < caae® /0770 (4.2.10)

where cyy depends only on ¢, n,p, \g and co9. We next consider the second
term of (4.2.6). By (4.2.4), (4.2.5) and

W(f) = W) * goss = (W(f) = W' (w)) + (W' () = W'(u) * doso),

we compute

sup |[W/(f) — W' (u)| < sup |W”| sup |u — f| < cyse™, (4.2.11)
sup [V(W'(f) = W'(u))| < sup [W"|sup |V f — Vul
+ sup |Vu|sup [W"”| sup |u — f] (4.2.12)
S 6458/36(2_%)7
sup | W' (u) — W' (u) * 6| < case™, (4.2.13)
sup |V (W' (1) — W'(u) * ¢.ps )| < case™5). (4.2.14)

Here c45 depends only on ¢, n, Ao, co9 and W. Hence, (4.2.11)-(4.2.14) show
W/ (f) = W' (u) # Gossllwrnq ) < dease™F )75 (4.2.15)
By (4.2.6), (4.2.10) and (4.2.15), we have
lgllwinw ) < Caae® OB gy PoC) =05 (4.2.16)

We use Lemma 4.2.1 to f and ¢g. Due to Lemma 4.1.2, we have sup |f| <
sup |u] <14 ¢&" on U.-s; and we may choose smaller 7 if necessary. Because
of (4.1.1), we have ¢4 > supy s (3|VfI?2 = W(f)) for a constant depending
only on ¢o9 and W (here againgwe restrict € small so that U,—s, (z) C Us-1_1N
Ues1(145)/2)- Then we have all the assumptions for Lemma 4.2.1 and obtain

1

sup (/Y = W(f))

Uerps (4.2.17)
< 042(8(2—%)(1—55)—,35—136 + Po(2—3)—265 + 577)_

At this point, we fix sufficiently small 0 < 5, 55 < 1 depending only on n
and p such that

<2—§><1—55>—55—@6>o, 56<2—g>—255>o.
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This shows that we may choose a 0 < 85 < 1 such that

sup (%\VﬂQ — W(f)) < gl=Pe (4.2.18)
U

e Bs
2

for all sufficiently small € > 0. We may take the center of U_-s; (= U =55 (2))

2

2
to be any & € U,.-1 so that we have the estimate on Ug,-1. By (4.2.5),
(4.2.18) and

sup [W(f) — W(u)| < sup |[W'|sup|u— f| < a6,

we may also replace f by u in (4.2.18) by choosing a larger 0 < B < 1 if
necessary. This proves the desired estimate. O]

4.3 Rectifiability and integrality of the limit
varifold

In this section, we recover the index i and assume that {u;}°,, {v;}2; and
{e;}, satisfy (1.3.3)-(1.3.7). Define y; and V; as in (1.3.9) and (1.3.10).
By the standard weak compactness theorem of Radon measures, there exists
a subsequence (denoted by the same index) and a Radon measure p and a
varifold V' such that

pi = p, Vi—= V.

Lemma 4.3.1. For x € spt u, there exists a subsequence x; € Uy such that
wi(z;) € [—a, a] and lim;_, o x; = .

Proof. We prove this by contradiction and assume that there exists some
r > 0 such that |u;| > « on U,.(z) for all large i. Without loss of general-
ity, assume u; > a on U,(x). Then we repeat the same argument leading
to (4.1.30) with ¢ there replaced by C}(U,(x)). The argument shows that
lim; o [ Z|Vu;|?¢® = 0. Next, multiplying u; — 1 to the equation (1.3.3)

and using W' (u;)(u; — 1) > 5(u; — 1)?, we obtain

qu < (W) quz < 2e(W) [ W' (w;)(u; — 1)¢2
/ & ] M)/ £ K / £

K

(4.3.1)
/(eiAui(ui — 1) +ei(v; - V) (u; — 1))

By integration by parts and (1.3.7), the right-hand side of (4.3.1) converges
to 0. This shows that u(U,(z)) = 0 and contradicts = € spt p. O
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Theorem 4.3.2. There exist constants 0 < Dy < Dy < 0o which depend
only on co, Ao, n, p, W, Ey and s such that, for x € spt uNUs and B,(x) C Us,

we have
D"t < p(B,(z)) < Dyr™ L. (4.3.2)

Proof. This follows immediately from Theorem 4.1.7, 4.1.9 and Lemma 4.3.1.
O

For the subsequent use, define

§i = 5 - .
&g
Once we have the monotonicity formula (4.1.55), we may prove the following

“equi-partition of energy” by the same proof as in [40, Proposition 4.3]:

Theorem 4.3.3. &, 2|Vu,|* — |Vw;| and @ — |Vw;| all converge to zero
i Llloc(U1>‘
Proof of Theorem 1.3.1. Recall that ||V;|| = ft; L{jvu,j0}- Since

O i L vui=0y < |&i|dL" — 0

by Theorem 4.3.3, fi;L{jvu,20} converges to . We also know that ||V
converges to ||V|| by definition, thus we have ||V'|| = p. This proves (1). The
claims (2) and (3) follows from Theorem 4.1.7, 4.1.9 and Lemma 4.3.1 (see
also [40, Proposition 4.2]). Next, by (1.3.11), (4.1.18) and Theorem 4.3.3,

Vitg) = [ divgdu
{IVu;|#0}

_ Vg —_— Q= 5ivui _gi 433
T J{|Vuil£0} <|Vui| |vui|>( | | ) ( )
1

for g € CH(Uy; R™), where lim;_,, 0(1) = 0. By Theorem 4.1.7 and spt g C U,
for some 0 < s < 1, we have a uniform bound on E(r,z) (corresponding to
u;) for B,(x) C U,. Hence, by Theorem 2.2.1, we have

/@((vi —v) - Vu)(Vu; - g) < ¢ (/ |vi — U|p|9|p5i|vuz‘|2);

<c ( J19(0u- vmgw); (4.3.4)

< e (IVoi = Vollpolloi = vl + o = ollf)

3=

o1



where the integrations are over sptg. The above converges to 0 since we
may choose a further subsequence of v; which converges to v strongly in L .
Thus in the right-hand side of (4.3.3), we may replace v; by v. Let ¢ > 0 be
arbitrary and let o be a smooth vector field such that |[v — 0|w1r@,) < €

By the varifold convergence V; — V| we have

%/51(@ V) (Vu; - g) = /SJ-(@) - gdVi(z, S) + o(1)

(4.3.5)

— /Si(ﬁ)-ng(g;,S).
We may arbitrarily approximate the quantities in (4.3.5) by v by the same
argument in (4.3.4), hence by (4.3.3)-(4.3.5), we obtain

SV (g) = — / S () - gdV(z, S). (4.3.6)

Hence, ||0V]| is a Radon measure on U;. By (4.3.2) and Allard’s rectifia-
bility theorem [1, 5.5.(1)], V' is rectifiable. Since V' is rectifiable, there exist
an H" ! measurable and countably n — 1-rectifiable set I such that

(/y@%wW%ﬁz—/ﬁHY@@%M@WWW> (43.7)

The set I' is the measure-theoretic support of ||V|| and T, " is the approxi-
mate tangent space of I' which exists for H"! a.e. on I'. Next from (4.3.6),
|0V || is absolutely continuous with respect to ||V|| and the generalized mean
curvature Hy exists. By (4.3.6) and (4.3.7), we have Hy (x) = (T, I)*(v(z))
holds for ||V|| a.e. for x. This proves (5), except that we do not yet take
I' = spt||V||. The proof of (4) is the same as [43] for the following reason.
We may set f = eVu - v in [43] and we have ||[eVu - v||L%(US) < co9Ag due
to Lemma 4.1.1. In the proof, as long as we have the monotonicity formula
(4.1.55) and the estimate Lemma 4.1.4, all the argument goes through. The
point is that we do not need to take a derivative of f for the proof of integral-
ity and we only need the control of L7"% norm as well as the estimate (4.1.2).
See the comment in the proof of [40, Proposition 4.8] where it is explained
that (4.1.2) is necessary. We should also point out that the L™ control of V f
is not needed in the proof. Finally, by arguing as in (4.3.4) and the Holder
inequality, we have

p(n—1) n(p—1)/(n—
L¢W@MgﬂWMWMW@M
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for any function ¢ € C}(U,;R") and we have the same inequality for v €
WP(U;) by the density argument. Thus we have (6). By the well-known
property of varifold having the generalized mean curvature in L9 with ¢ >
n—1 (see [37, 17.9(1)]), spt ||V coincide with the measure-theoretic support
I', so that we have (5) with I" = spt ||V/||. This concludes the proof of Theorem
1.3.1. [

4.4 Concluding remarks
In [23, 39], we studied the singular perturbation problem for

W/(Ua)
22

Oz + v, - Vue = Au, — (4.4.1)
and proved that the time-parametrized family of limit varifolds satisfies the
motion law of “normal velocity = mean curvavture vector + v*” in a weak
formulation (see [18, 41] for the case of v. = 0). In these works, we assumed
that the prescribed initial data satisfies a boundedness of the upper density
ratio. Part of the difficulty was to show that the upper density ratio bound
can be controlled locally in time and uniformly with respect to €. For the
equilibrium problem, it is certainly not natural to assume such an upper
density ratio estimate. It is interesting to see if one can drop the upper
density ratio assumption for the initial data in the proof of [23, 39].

The vectorial prescribed mean curvature problem as in Theorem 1.3.2
seems, as far as we know, little studied so far. Traditionally, the prescription
is the scalar version, i.e. given a scalar function (or constant) f, one looks for
a hypersurface satisfying H - v = f, where v is the normal unit vector. The
vectorial version is physically natural from the view point of force balance,
in that the problem seeks the equality between the surface tension force and
an external force acting on the surface. It must be said that the prescribed
vector field in Theorem 1.3.2 is the gradient of a potential p, and not a general
vector field. This is rather restrictive for applications and it is interesting
to know if there can be a remedy for generalizations. If there may not exist
a variational framework such as the min-max method to find solutions of
(1.3.2), it should be still useful to have this diffused interface approach since
the functional is well-behaved functional-analytically. As a further question,
it is also interesting to investigate the asymptotic behavior of stable critical
points of F. in the proof of Theorem 1.3.2, since we have a very successful
analogy in [42, 44]. In this direction, we mention that a construction of
prescribed scalar mean curvature hypersurfaces along the lines suggested
here has been announced recently [5] (see also [4]).
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